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We study the quantum dynamics generated by a non-Hermitian Hamiltonian subject to stochastic
perturbations in its anti-Hermitian part, describing fluctuating gains and losses. The dynamics averaged
over the noise is described by an “antidephasing” master equation. We characterize the resulting state
evolution and analyze its purity. The properties of such dynamics are illustrated in a stochastic dissipative
qubit. Our analytical results show that adding noise allows for a rich control of the dynamics, stabilizing the
lossy state and making state purification possible to a greater variety of steady states.
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Introduction—Quantum systems are always in contact
with an environment. For this reason, any realistic descrip-
tion of quantum dynamics should include the effects of
such coupling. The theory of open quantum systems (OQS)
offers a wide range of approaches to this end [1,2]. Two
prominent approaches involve non-Hermitian (NH) [3–5]
and stochastic [6–8] Hamiltonians. NH Hamiltonians are
generally associated with effective descriptions that account
only for a subset of the total number of degrees of freedom
of a quantum mechanical system. They can be obtained by
unraveling the Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) equation [9,10] and postselecting the trajectories
with no quantum jumps [3,11], or using projector tech-
niques, as often done in quantum optics, nuclear physics,
and molecular quantum chemistry [4,5,12–14]. Recently,
non-Hermitian Hamiltonians have regained interest because
of the novel physical phenomena and topological phases
they display [15–21], and of their relation to the quantum
Zeno effect [22–27].
NH Hamiltonians generally exhibit complex energy

eigenvalues in which the imaginary part describes the
lifetime of a state [14,28]. Time evolution ceases to be
trace preserving due to the leakage of probability density
between the subspace under consideration and that asso-
ciated with the remaining degrees of freedom. The evolu-
tion is made trace preserving (TP) by renormalizing the
density matrix at all times, which renders the evolution
nonlinear in the state [29–33]. TP nonlinear dynamics has
been realized experimentally by postselection of dissipative
evolution, i.e., discarding the trajectories with quantum
jumps [34,35]. In this setting, the renormalization of the
trace comes naturally as a restriction to the subset of
trajectories with no quantum jumps. This allowed the study
of a plethora of dissipation-induced phenomena [36–40].
Stochastic Hamiltonians allow for a treatment of OQS in

which the effect of the environment is modeled through the

noise statistics [6,8,41]. These appear naturally in the
stochastic Schrödinger equations obtained by unraveling
the GKSL equation in quantum trajectories [29,42,43].
Stochastic Hamiltonians have been used to engineer many-
body and long-range interactions [7], and their behavior
beyond the noise average relates to quantum information
scrambling [44].
While the stability of certain features of NH

Hamiltonians under noise has recently been investigated
[45], non-Hermitian Hamiltonians are typically studied in a
deterministic setting. In this Letter, we go beyond this
paradigm by studying the dynamics of NH Hamiltonians
subject to classical noise. This is particularly relevant since
current experimental realizations of NH dynamics use
noisy intermediate scale quantum (NISQ) devices [46].
We choose to focus on the effect of fluctuations on the anti-
Hermitian part, which arise from noise in experimental
setups [34] or in homodyne detection of the degenerate
parametric oscillator [47]; the possible experimental setups
are detailed in [48]. By considering the stochastic dynamics
of a fluctuating non-Hermitian system, we unveil a new
kind of averaged master equation, that we call “antidephas-
ing” because of the structure of the dissipator—which
involves anticommutators instead of the commutators
commonly encountered in the GKSL dephasing master
equation. We derive an exact evolution equation for the
purity and characterize its dynamics. Specifically, we
identify the stable steady states in terms of the eigenvalues
and eigenstates of the Liouvillian. We illustrate the anti-
dephasing dynamics in an experimentally feasible stochas-
tic dissipative qubit [34,48,58], in which case we find a
novel noise-induced phase, where the noise stabilizes the
originally lossy state.
Dynamics under anti-Hermitian fluctuations—We con-

sider a system with Hermitian Hamiltonian Ĥ0 that is
subject to classical noise coupled to the anti-Hermitian
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operator iL̂, i.e.,

Ĥt ¼ Ĥ0 − i
�
1þ

ffiffiffiffiffi
2γ

p
ξt
�
L̂: ð1Þ

This describes fluctuations around the mean in the
Hermitian operator L̂ ¼ L̂†, positive L̂ ≥ 0 operators, with
standard deviation

ffiffiffiffiffi
2γ

p
, and could be amenable to exper-

imental implementation [48]. The classical noise is taken as
Gaussian real white noise for simplicity, characterized by
EðξtÞ ¼ 0 and Eðξtξt0 Þ ¼ δðt − t0Þ, where Eð•Þ denotes the
classical stochastic average. The (unnormalized) system
density matrix for a single trajectory ϱ̃t evolves, over a
small time increment, as ϱ̃tþdt¼ Ûdtϱ̃tÛ

†
dt, where the propa-

gator Ûdt ¼ expð−iĤ0dt − L̂dt −
ffiffiffiffiffi
2γ

p
L̂dWtÞ depends

on the Wiener process dWt ¼ ξtdt. For Gaussian white
noise, the latter obeys Itō’s rules [59]: dW2

t ¼ dt and
ðdWtÞn¼ 0; ∀ n> 2. Expanding the exponential dictating
the evolution of the densitymatrixwith these rules, we find a
stochastic differential equation (SDE) for its evolution,

dϱ̃t ¼
�
−i½Ĥ0; ϱ̃t� − fL̂; ϱ̃tg þ γfL̂; fL̂; ϱ̃tgg

�
dt

−
ffiffiffiffiffi
2γ

p
fL̂; ϱ̃tgdWt: ð2Þ

We denote ρ̃≡ Eðϱ̃Þ the noise-averaged density matrix and
use the tilde e• to highlight that it is not normalized. Trace
preservation can be imposed either by (i) renormalizing
all single trajectories and then averaging over the noise
[26,29,43,60], or (ii) first averaging over the noise, and only
then imposing trace preservation. These two approacheswill
generally yield different dynamics. We focus on the latter to
capture the evolution of ensembles of trajectories analyti-
cally and defer the former for future analysis.
The average over the noise of the unnormalized evolu-

tion reads

dρ̃t
dt

¼ −i½Ĥ0; ρ̃t� − fL̂; ρ̃tg þ γfL̂; fL̂; ρ̃tgg≡ L̃½ρ̃t�; ð3Þ

for the noise-averaged density matrix, where L̃½•� denotes
the Liouvillian superoperator, which is not necessarily trace
preserving. This master equation can be formally solved as
ρ̃t ¼ eL̃t½ρ̂0�. Imposing trace preservation at the average
level yields the nonlinear master equation

dρ̂t
dt

¼ L̃½ρ̂t� − TrðL̃½ρ̂t�Þρ̂t
¼ −i½Ĥ0; ρ̂t� − fL̂; ρ̂tg þ γfL̂; fL̂; ρ̂tgg
þ 2TrðL̂ρ̂tÞρ̂t − 4γTrðL̂2ρ̂tÞρ̂t; ð4Þ

the solution of which is given by normalizing the nontrace-
preserving (nTP) evolution, i.e., ρ̂t ≡ ρ̃t=Trðρ̃tÞ ¼
eL̃t½ρ̂0�=TrðeL̃t½ρ̂0�Þ. Since the NH Hamiltonian is stochas-
tic, the evolution leads to quantum jumps—terms of the

form γL̂ρ̂tL̂. Note that this master equation is not of GKSL
form; instead, the jump operators act on the density matrix
through a double anticommutator and do not conserve the
norm of the state. We term this new dissipator “antidephas-
ing.” A more standard form is detailed in [48]. Similar
equations, with a double anticommutator but with a minus
sign, appear when studying the adjoint Liouvillian with
fermionic jumps and evolving operators [61,62].
Note that, in general, the unnormalized evolution (3) can

be trace decreasing (TD), trace preserving (TP), or trace
increasing (TI). While TD dynamics can easily be inter-
preted through postselection, e.g., with hybrid Liouvillians
[63–65], TI evolutions are conceptually challenging; even
if sometimes deemed nonphysical [66] they can describe a
biased ensemble of trajectories [67–72]. Remarkably, the
present TI dynamics can always be made TD or TP by a
gauge transformation in the master equation, namely, using
an imaginary offset −ia in (1), as we detail in [48]. This is
because such a transformation rigidly shifts the Liouvillian
spectrum, conserving the relative differences between
eigenvalues and, hence, the dynamical features.
We now characterize the dynamics generated by (4) in

terms of the purity evolution and the stable steady states in
the general setup before illustrating them in a stochastic
dissipative qubit.
Purity dynamics—The purity Pt ¼ Trðρ̂2t Þ quantifies

how mixed a state is, even when its trace evolves in time.
For antidephasing dynamics, it evolves according to the
differential equation

∂tPt ¼ −4TrðL̂ρ̂2t Þ þ 4γ
�
TrðL̂2ρ̂2t Þ þ TrðL̂ρ̂tL̂ρ̂tÞ

�

þ 4TrðL̂ρ̂tÞPt − 8γTrðL̂2ρ̂tÞPt: ð5Þ

Evaluating this expression at t ¼ 0 yields the decoherence
time 1=τP ≡ ∂tPtjt¼0. Whenever the state is pure,
ρ̂t ¼ jΨtihΨtj, the terms coming from the deterministic
anti-Hermitian part cancel out and the purity evolution
∂tPt ¼ −4γVarΨðL̂Þ is dictated by the variance VarΨðL̂Þ ¼
hΨtjL̂2jΨti − hΨtjL̂jΨti2. Thus, initial pure states exhibit a
purity decay unless they are eigenstates of L̂, in this case,
the purity remains constant at first order in t (τP → ∞).
This result is identical to the decoherence time of pure
states in a dephasing channel and quantum Brownian
motion [1,73,74]. Interestingly, this expression contains
out-of-time-order terms reminiscent of OTOC’s [44] and
generalizes the known evolution for NH Hamiltonians [30].
Long time dynamics: Stable steady states—To character-

ize the long-time dynamics, we use the right and left
eigendecompositions of the Liouvillian superoperator,

L̃½ρ̃ν� ¼ λνρ̃ν and L̃
†½ρ̃ðLÞν � ¼ λ�νρ̃

ðLÞ
ν , respectively. We define

the eigenoperator basis as σ̂ν ¼ ρ̃ν=Trðρ̃νÞ if the operator
has nonzero trace and as σ̂ν ¼ ρ̃ν if the operator is traceless.
Furthermore, the eigenstate is physical when it has unit
trace, Trðσ̂νÞ ¼ 1, and is positive semidefinite σ̂ν ≥ 0. The

PHYSICAL REVIEW LETTERS 135, 010402 (2025)

010402-2



basis is ordered such that the physical states appear first
0 ≤ ν < Np, the traceful states appear secondNp ≤ ν < NT,
and the traceless states come last. In each subset, the states
are further ordered by decreasing ReðλνÞ. Assuming the
Liouvillian L̃ to be diagonalizable, the evolution of the
density matrix in this operator basis follows as

ρ̂t ¼
P

N2−1
ν¼0 cνeλνtσ̂νPNT−1
μ¼0 cμeλμt

∼t→∞
σ̂0 þ e−Δt

X

ν∈M2

cνeiωνt

c0
σ̂ν; ð6Þ

where the coefficients are cν ¼ Trðσ̂ðLÞν ρ̂0Þ=Trðσ̂ðLÞν σ̂νÞ. All
the physical states (σ̂ν with ν < Np) are steady states.
However, only those whose eigenvalues have the largest
real part σ̂0 are stable under all perturbations [75].
At long times, the stable steady state σ̂0 is the eigenop-

erator associated with the eigenvalue with the largest real
part over which there is initial support, i.e., Reðλ0Þ ¼
maxν ReðλνÞ such that cν ≠ 0. The corrections to this state
are suppressed at a rate dictated by the “dissipative gap”
Δ ¼ Reðλ0 − λ1Þ. They can oscillate with a frequency
ων ¼ ImðλνÞ, depending on the presence or absence of
complex eigenvalues in the set of states with the second
largest real part, denoted by M2.
The long-time limit above (6) assumes that the largest

eigenvalue is real and nondegenerate. In a more general
case, denoting by M1 the set of states with the largest real
part among those on which the initial state has nonzero
support, the steady state follows as ρ̂S¼½ðPN2−1

ν∈M1
cνeiωνtσ̂νÞ=

ðPNT−1
μ∈M1

cμeiωμtÞ�.
Illustration: The stochastic dissipative qubit—Many of

the exciting phenomena displayed by non-Hermitian
Hamiltonians have been experimentally observed in a
dissipative qubit [34–40]. The setting corresponds to the
Lindblad evolution of a three-level system fjgi; jei; jfig,
where all quantum jumps from jei to jgi are discarded.
This postselection process leads to the non-Hermitian
Hamiltonian Ĥ ¼ Jσ̂x − iΓΠ̂, where J is the hopping
between jei and jfi, Γ ≥ 0 is the decay rate from jei to
jgi, and Π̂ ¼ jeihej denotes the projector over state jei. The
(shifted) spectrum ε� þ iðΓ=2Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J2 − Γ2=4

p
is real for

J ≥ Γ=2 and imaginary for J < Γ=2. These two regimes
respectively correspond to (passive) PT unbroken and
broken symmetry phases [76].
In this Letter, we are interested in the effect of noise in

the anti-Hermitian part of the Hamiltonian. We thus
consider a stochastic dissipative qubit (SDQ) with time-
dependent Hamiltonian

ĤSDQ
t ¼ Jσ̂x − iΓð1þ

ffiffiffiffiffi
2γ

p
ξtÞΠ̂; ð7Þ

which physically corresponds to considering Gaussian
fluctuations in the decay parameter Γ, with strength γ.
This system can be experimentally realized with super-
conducting qubits [34], where noise is known to be present

in the setup [48], or in trapped ions [58], where noise may
be easier to tune [48]. The master equation (4) for this
system reads

∂tρ̂t ¼ −iJ½σ̂x; ρ̂t� − ðΓ − γΓ2ÞfΠ̂; ρ̂tg þ 2γΓ2Π̂ρ̂tΠ̂

þ ð2Γ − 4γΓ2ÞTrðΠ̂ρ̂tÞρ̂t: ð8Þ

The trace of the Liouvillian acting on any state reads
TrðL̃½ρ̂�Þ ¼ ð4γΓ2 − 2ΓÞTrðΠ̂ ρ̂Þ. Note that it depends on the
population of the jei state, since TrðΠ̂ ρ̂Þ ¼ ρee. Therefore
the dynamics inhibits the state jeiwhen 4γΓ2 − 2Γ < 0 and
favors itwhen 4γΓ2 − 2Γ > 0. Thus, the dynamics exhibits a
transition at γ� ¼ 1=ð2ΓÞ. At this critical value, the trace of
the Liouvillian vanishes, the dynamics is completely pos-
itive and trace preserving (CPTP), and its generator admits
the standard GKSL form, with jump operator Π̂ and rate Γ.
The dynamics is trivially unitary when the Hamiltonian is
Hermitian (Γ ¼ 0). The noise can be used to tune the success
rate, i.e., the number of trajectories with no jumps.
Assuming that the trace of the unnormalized state gives
the success rate, it reads Trðρ̃tÞ ¼ e−2Γð1−2γΓÞtðc0 þ
JB

R
t
0 e

−JBτρffðτÞdτÞwhere JB ¼ 2Γð2γΓ − 1Þ. If the noise
increases, the overall decay will be slower; thus, a stronger
noise γ could be used to mitigate the decay of the success
rate, especially near the critical value γ�.
Every state of a qubit can be expressed in the Bloch

sphere as ρ̂t ¼ 1
2
ð1̂þ rt · σ̂Þ, where σ̂ is a vector containing

the Pauli matrices [66]. Expressing the Bloch vector rt ¼
ðxt; yt; ztÞ in spherical coordinates ðrt; θt;ϕtÞ, the purity (5)
evolves for any state ρ̂t as

∂tPt ¼ Γrt½ð2γΓ − 1Þðr2t − 1Þ cos θt − γΓrt sin2 θt�: ð9Þ

Note that this expression shows a change in behavior at the
TD-TI transition Γγ ¼ 1

2
. When Γγ < 1

2
, the purifying states

are in the north hemisphere of the Bloch sphere, while for
Γγ > 1

2
, these states are shifted to the southern hemisphere,

see Fig. 1. More details on the steady states are provided
in [48].

FIG. 1. Purity evolution for different strengths of the noise,where
we set Γ ¼ 1, as given by (9) in a cross section of the Bloch sphere.
The stable steady states correspond to parameters ðΓ=J; γJÞ, the
hopping being increased in the range J∈ ½10−2; 102� (green line).
See Ref. [48] for the analytical expressions.
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We now investigate the spectral properties of the SDQ
Liouvillian (8). The phase diagrams in Fig. 2 have three
distinct phases: at weak noise γ, the notions of PT broken
Γ=J > 2 and unbroken Γ=J < 2 symmetry of the NH
Hamiltonian govern the dynamics, while at large noise
strength, we see a transition to the TI dynamics at γ�. We
refer to these phases as PT broken (PT b), PT unbroken
(PT u), and noise induced (NI). Figure 2(a) shows the
dissipative gap Δ as a function of the noise strength γ and
the decay rate Γ. In the PT u phase, the dissipative gap is
very small; thus, the convergence to the stable steady state
is very slow. Interestingly, a small residual damping rate
was observed experimentally in this phase [34,48]. In the
PT b phase, the gap is larger. Therefore, the steady state is
reached faster than in the PT u phase. In the NI phase, the
gap is very large, ensuring fast convergence to the stable
steady state [cf. Eq. (6)]. Note that the gap is always smaller
around the transition to the NI phase, which implies that the
GKSL dynamics has slower convergence to the stable
steady state. Figure 2(b) shows the maximum imaginary
part of the eigenvalues of the Lindbladian, which dictate the
oscillatory behavior of the dynamics. Deep in the PT b and
NI phases, the imaginary part vanishes, implying that the
dynamics is not oscillatory. However, it is nonzero in the
PT u phase. This fact, along with the very small dissipative
gap, shows what features of the PT u phase survive the
application of classical noise.
We now characterize the nondegenerate stable steady

state ρ̂S. Figure 2(c) shows the z component of the Bloch

vector of ρ̂S, which reads zðρ̂SÞ ¼ −λ0ðλ0 − AJÞ=½4J2 þ
λ0ðλ0 − AJÞ� [48], where λ0 denotes the eigenvalue with the
largest real part and A ¼ ðΓ=JÞðγΓ − 1Þ is a constant. In the
PT u phase, the z component is close to zero, and the steady
state is close to the maximally mixed state. Thus, when a
very small noise is added to the PT symmetric NH
Hamiltonian, the time evolution leads to a highly mixed
state at very long times. In the PT b phase, z is close to
unity—so the stable steady state is close to jfi, as losses
induced by Γ remove all population in the jei state. In the
NI phase, the steady state is jei—the state that originally
leaked to the ground state. This can be interpreted as a
noise-induced transition to stability [77] of the originally
unstable state, a feature shared by other noisy dynamics
[44]. The y Bloch coordinate phase diagram in Fig. 2(d)
shows that the transition from the mixed state to the jfi
(jei) state happens by acquiring a negative (positive) value
of the y coordinate in the Bloch sphere. The analytic
expression for this quantity is yðρ̂SÞ ¼ 2λ0J=½4J2 þ
λ0ðλ0 − AJÞ� [48].
Let us now turn to the dynamics generated by the master

equation (8). The dynamics can be solved numerically in
two complementary ways [48]. We characterize the dis-
tinguishability between the evolving and stable steady
states using the Uhlmann fidelity FS

t ¼ Fðρ̂t; ρ̂SÞ [78,79],
which admits a compact form in a qubit system [48,80,81].
Figure 3 shows the evolution of the fidelity as a function
of time and the decay parameter Γ for a small noise,
γJ ¼ 0.05. This value ensures that the three different
phases are manifested: (i) For Γ=J < 2, the system is in
the PT u phase, and the fidelity to the steady state exhibits
the anticipated oscillatory behavior until it vanishes at a
time close to the inverse dissipative gap t ∼ Δ−1 (white
dotted line). The period of these oscillations is perfectly
characterized by 2π=ω where ω ¼ maxν ImðλνÞ, as high-
lighted by the red dotted line. Note that this oscillatory
frequency is affected by the increase of Γ as we approach
the PT phase transition, as also observed experimentally in
the dissipative qubit [34]. (ii) For 2 < Γ=J < 1=ð2JγÞ, the
system is in the PT b phase, with a larger dissipative gap
[cf. Fig. 2(a)], and thus a faster convergence to the steady

(a) (b)

(c) (d)

FIG. 2. Spectral and steady-state phase diagrams: (a) Dissipative
gap Δ dictating the timescale of convergence to the steady state,
(b) maximum imaginary part of the eigenvaluesων, (c) z, and (d) y
components of the Bloch vector for the stable steady state ρ̂S. The z
coordinate (c) characterizes the three different phases to which the
dynamics can stabilize. The dimensionless parameters determine
the noise strength γJ and the decay rate Γ=J. The transition to the
noise-induced phase is at γ� ¼ 1=ð2ΓÞ (black line). The transition
from PT broken to the PT unbroken phase happens at Γ=J ¼ 2
(gray dashed line). In (b) the power laws γ ¼ 1=ð3ΓÞ and γ ¼ 1=Γ
are also shown (orange dotted lines).

FIG. 3. Fidelity between the time-evolved state and the stable
steady state as a function of the decay parameter Γ and time for
noise strength γJ ¼ 0.05. PT u to PT b phase transition (gray
dashed) and PT b to NI phase transition (black). Timescales of
the dissipative gap Δ−1 (white dotted) and oscillatory dynamics
2π=ω (red dotted).
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state. Interestingly, the oscillatory timescale can be finite
outside the PT u phase as ω does not vanish identically. In
particular, it shows minima at Γ ¼ 1=ð3γÞ and Γ ¼ 1=γ, as
observed in Fig. 2(b). Exactly at the transition Γ ¼ 1=ð2γÞ,
the dynamics is CPTP, and its convergence is slower, as
explained by the smaller gap at the transition line. (iii) For
Γ=J > 1=ð2JγÞ, the system is in the NI phase and exhibits
the fastest convergence to the steady state. Experimentally,
the decay rate is Γ ¼ 6.7 μs−1 [34], which upper bounds
the noise strength γ < γ� ≈ 0.074 μs given that no NI phase
was observed.
Conclusions—We have considered the time evolution

governed by a fluctuating non-Hermitian Hamiltonian
describing a quantum mechanical system subject to sto-
chastic gain and loss. The resulting noise-averaged dynam-
ics is described by a novel antidephasing master equation
beyond the GKSL form. We characterized the purity
dynamics and found that the stable steady states live in
the Liouvillian eigenspace whose eigenvalues have the
largest real part. The salient features of such dynamics are
manifested in a stochastic dissipative qubit. The addition of
noise allows for control over the steady states and the
convergence rate. We find three main dynamical phases: the
PT unbroken and broken regimes, complemented with a
noise-induced phase. Our results are amenable to current
experimental platforms realizing non-Hermitian evolution
and provide a framework to capture the effect of noise, as
exemplified by the residual damping rate [34]. Our findings
suggest that engineering fluctuating operators associated
with gain and loss may open new avenues for quantum state
preparation [82]. Our results may also be applied to
understand the stability of imaginary time evolution [83]
against classical noise.
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