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Abstract

Sustainable aquifer management depends on reliable predictive models cali-
brated against diverse sources of data. Poroelastic coupling between fluid flow
and surface displacement in an aquifer indicates that precise Interferometric
Synthetic Aperture Radar (InSAR) displacement observation can be used to
calibrate lateral hydraulic conductivity values. While previous Bayesian infer-
ence approaches to this problem have assumed isotropic random models for the
hydraulic conductivity, many aquifers are characterized by strong anisotropic
hydraulic conductivity (AHC). Consequently, isotropic models are in many cases
inadequate. Leveraging a recently proposed Lie group approach for constructing
random symmetric positive definite matrices, we propose a new random model
for describing AHC in aquifer systems that can incorporate directional informa-
tion from complex and potentially multi-modal structural geological data. We
apply this methodology to describing two conceptual states of uncertainty at the
1996 Anderson Junction aquifer pump test where both multi-modal circular frac-
ture outcrop and AHC principal magnitude data is available. After calibration
against this data, the induced uncertainty in AHC is propagated through a par-
tial differential equation-based conceptual model of the test. Our results show
that the proposed methodology provides a flexible tool for modeling the effect of
uncertain anisotropic hydraulic conductivity on InSAR-measurable surface dis-
placements. Complete open source scripts using the DOLFINx finite element
solver and numpyro/JAX are given as supplementary material.
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1 Introduction

Water extracted from aquifers is essential for drinking water, agriculture and indus-
try (Food and Agriculture Organization of the United Nations (FAO) 2022). However
over-exploitation presents a major threat to sustainability (Basu and Van Meter 2014;
Caretta et al. 2022), with adverse consequences including land subsidence (Heilweil
and Hsieh 2006; Burbey et al. 2006; Galloway and Burbey 2011), reduced water avail-
ability (Walker et al. 2020) and salt water intrusion (Guo et al. 2019). Therefore,
water management, supported by predictive computational models calibrated against
all available data sources, is an important part of ensuring the future sustainability of
the Earth’s water resources (Singh 2014; Amitrano et al. 2014).

In recent years, the remote sensing methodology Interferometric Synthetic Aper-
ture Radar (InSAR) has become popular for acquiring data about ground surface
displacements due to its wide spatial coverage, cost-effectiveness and non-invasive
nature (Massonnet and Feigl 1998; Tomés et al. 2014). Because the coupling between
the solid skeleton of the sedimentary rocks and the fluid flowing through the aquifer’s
pores, it has been proposed (Burbey et al. 2006; Burbey 2006; Alghamdi 2020) that
geodetic surface displacement data derived from methodologies such as InSAR and
Global Positioning System (GPS) may contain valuable information for inferring the
lateral hydraulic conductivity field of an aquifer.

Focusing on work exploring inverse problems and surface displacment data for
inferring aquifer hydraulic conductivity, a series of recent papers (Hesse and Stadler
2014; Alghamdi et al. 2020, 2021, 2024) introduced a scalable Bayesian inversion
framework that uses a log—Gaussian process prior model (Tarantola 2005; Fernandez-
Martinez et al. 2013) to infer from a heterogeneous isotropic hydraulic conductivity
field from InSAR displacement data. However, in many aquifers the hydraulic con-
ductivity exhibits anisotropy due to networks of lower scale flow-promoting features
such as cracks and faults (Hurlow 1998; Berre et al. 2019). In the subjective Bayesian
approach to inverse problems (Tarantola 2005) the choice of prior is critical in drawing
conclusions from the posterior, after incorporating data via the likelihood. Conse-
quently, the isotropic prior model imposed on the hydraulic conductivity field in
Alghamdi et al. (2020, 2021, 2024) may be a unsuitable when field studies indicate
that flow at the site is likely anisotropic (Pollard and Fletcher 2005).

In Salehian Ghamsari et al. (2025) we investigated the link between aquifer
anisotropic hydraulic conductivity (AHC) and InSAR derived surface displacements
by constructing a poroelastic partial differential equation (PDE)-based model of the
Anderson Junction aquifer test, which was determined be strongly anisotropic during a
pump test described in Heilweil and Hsieh (2006). We used forward modelling to deter-
mine that site-scale AHC would lead to distinctive elliptical displacement patterns at
the surface that, with correct pump test conditions, could be detected using InSAR.
Consequently, our hypothesis is that InSAR data contains valuable information for



inferring AHC and that it is necessary to develop random models of AHC tailored for
InSAR-based aquifer analysis. To address this gap, in this paper we develop a random
model on the AHC tensor that could be used as a prior in a subjective Bayesian infer-
ence setting to assimilate InNSAR data. In the following paragraphs, we outline the key
points of and justification for our development using the Anderson Junction pumping
test described in Heilweil and Hsieh (2006) as a foundational element.

In the original study (Heilweil and Hsieh 2006) describing the Anderson
Junction aquifer pumping test, the authors proposed a modified Papadopulus
method (Papadopulos 1965) to infer the magnitude of the hydraulic conductivity in
the direction of two pressure observation wells assumed to be aligned with the prin-
cipal directions of AHC!. Heilweil and Hsieh (2006) used the predominant fracture
azimuths determined from a circular histogram which we reproduce (rose diagram
in Fig. 1) to decide where the observation wells should be drilled. The fracture data
reveals two nearly-orthogonal primary modes — consequently well A was drilled approx-
imately along the direction of the first primary mode (z direction). Well B was drilled
orthogonal to the z direction (y direction), a constraint imposed by the modified
Papadopulus method rather than being driven by statistics of the rose diagram (more
on this below). After observing the pressure drop data and calculating the two prin-
cipal hydraulic conductivities, the major and minor directions were assigned to the x
and y directions, respectively.

There are limitations to the analysis of the fracture data in Heilweil and Hsieh
(2006). Firstly, as noted by Heilweil and Hsieh (2006), the principal direction is inher-
ently uncertain and so if well A is not in fact aligned with the principal direction, then
this directional uncertainty will introduce further uncertainty in the inferred principal
values of the anisotropic hydraulic conductivity. This fact supports the motivation for
developing a random model that can represent uncertainty in the principal direction.
Secondly, although Heilweil and Hsieh (2006) indicate that it is ‘neither necessary
(nor warranted) to assume which is the major and which is the minor principal direc-
tion at the start of the analysis’, it is not always the case that there are two or more
nearly orthogonal fracture sets that allows well B to be simultaneously aligned with
the secondary primary fracture mode and be orthogonal to well A. This observation
supports the development of a random model that can represent multi-modal and/or
non-orthogonal fracture sets. Finally, we note that when using InSAR to infer AHC
for any prior model to be useful it should not be necessary to assume which direc-
tion is the major and minor one a priori. As we will show here, the proposed random
model of AHC can naturally support these diverse states of uncertainty.

The fracture data discussed in the previous paragraphs represent a circular ran-
dom variable. Circular random variables are increasingly used in the earth sciences
to represent directional data (Adler and Thovert 1999; Lark et al. 2014; Rad et al.
2022). Circular random variables are distributed on the unit circle, characterized by
the property that the upper limit is topologically close to the lower limit. This distinc-
tive feature necessitates specialized approaches for all aspects of statistical analysis,

n the original Papadopulos (1965) method no assumption is made on the alignment of the wells with
respect to the principal directions of AHC thus a minimum of three, rather than two, observation wells are
required to uniquely determine the AHC tensor.
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Fig. 1: Rose diagram (circular histogram) summarising fracture orientations and loca-
tions of the observation wells at Anderson Junction. We remark on the two primary
modes along the x and y axis, and the two submodes along the = axis. Figure repro-
duced from Heilweil and Hsieh (2006).

see e.g. Mardia and Jupp (1999); Ley and Verdebout (2017) for a full treatment. Exam-
ples of circular random variables include gene expression (Taghia et al. 2014) and wind
direction data (Rad et al. 2022). Returning to structural geological data (Pollard and
Fletcher 2005), Lark et al. (2014) were the first to propose using a mixture of von Mises
distributions (Pewsey and Garcia-Portugués 2021) within a frequentist maximum like-
lihood estimation (MLE) framework to capture complex multimodal directional data,
and thereby extending the earlier unimodal construction of Davis (2002).

The first contribution of this paper is to develop a Bayesian model for poten-
tially multi-modal directional structured geological data. This model will be calibrated



against the fracture data acquired at the Anderson Junction site (Heilweil and Hsieh
2006) to produce a random model of the principal direction of the AHC tensor.
The proposed model consists of a collection of circular von Mises distributions with
unknown means and variances that are then mixed with weights modeled using a
Dirichlet distribution (Bishop 2006, Chapter 9). In contrast to the non-probabilistic
analysis of the fracture outcrop data performed in the original study of Heilweil and
Hsieh (2006), our model is capable of capturing uncertainty in the principal direc-
tion and the multi-modality present in the original data. Additionally, it is able to
represent fracture sets (modes) that are non-orthogonal. Aside from some structural
differences that we discuss later, a distinct methodological difference between our work
and Taghia et al. (2014) is that we use a Markov chain for posterior exploration, rather
than variational inference (VI) (Blei et al. 2017). Further, we include an alternative
approach for determining model complexity (here, the strict number of mixtures) based
on Leave-one-out cross-validation (LOOCV) (Mao et al. 2014), rather than reversible
jump MCMC (Mulder et al. 2020) or ELBO (Taghia et al. 2014).

The poroelastic model of the Anderson Junction pump test described in Sale-
hian Ghamsari et al. (2025) is parameterised by the AHC tensor. For this model to
be well-posed, the AHC tensor must be symmetric positive definite (SPD). To con-
vert the stochastic model of the principal direction to an SPD tensor we follow an
approach for constructing random SPD second-rank tensors as proposed in (Shiv-
anand et al. 2024). In short, the SPD AHC tensor undergoes spectral decomposition
— its positive eigenvalues represent the strength of the hydraulic conductivity along
the principal axis, while its orthogonal eigenvectors capture its orientation. The eigen-
vectors are parameterized by a (random) angle, the eigenvalues by (random) strictly
positive reals, and the SPD property of the random AHC tensor is then guaranteed
by a rigorous Lie group derivation. Importantly for our application, this construction
allows for separate control of magnitude and direction, facilitating the representation
of complex anisotropy like that induced by the directional model described in the
previous paragraph.

To demonstrate the flexibility of our development, we construct two conceptual
states of uncertain AHC based on data from the Anderson Junction site. In the first
setting, we assume knowledge of the fracture outcrop data and the magnitude of AHC
in the principal directions inferred in Heilweil and Hsieh (2006) — this allows us to only
consider the first primary mode in the z-direction. In the second setting, we assume
that we do not posses knowledge of the magnitudes of AHC, so the major direction
could be in either the x or y-direction. For the two cases, we calculate summary
statistics of the InSAR Line of Sight (LOS) surface displacement to evaluate the
influence of AHC uncertainty. The results indicate that the uncertainty is greatest in
regions far from the pumping well and that directional uncertainty leads to potentially
complex standard deviation patterns in space and time, underscoring the importance
of modelling uncertain AHC on the subsidence response of an aquifer.

In summary, the main contributions of our paper are as follows:

1. We introduce a Bayesian mixture model for the rotation angle representing the
complex multi-directional fracture data at Anderson Junction. This extends the



frequentist approach for fitting structural geology data originally described in
Lark et al. (2014) to a Bayesian setting.

2. Leveraging the Bayesian rotation angle model we extend the Lie group con-
struction of SPD tensors proposed in Shivanand et al. (2024) to more complex
anisotropic settings, including multi-modal principal directions.

3. We show that our AHC model is sufficiently flexible to replicate two conceptual
states of knowledge about the Anderson Junction site.

4. We propagate the resulting uncertainty through a poroelastic model of the pump
test and show that uncertain AHC leads to a substantial impact on the model’s
prediction of InSAR LOS displacements.

Although our method is applied to a hydrological problem, the overall approach is
relatively general and could be applied to other settings where complex uncertainty
in an anisotropic second-rank tensor quantity is present (Guilleminot and Soize 2012;
Guilleminot et al. 2012; Shivanand et al. 2024).

This paper is structured as follows: Section 2 provides an overview of the Anderson
Junction study area, focusing on the aquifer pumping test and fracturing observed in
this area. In section 3, we detail the methodology, including the PDE-based forward
model, the parametric Bayesian model for fracture outcrop data, the construction of
a model for the AHC tensor, and finally the forward uncertainty analysis through the
PDE-based forward model. The implementation and results are presented in section 4,
before we conclude in section 5.

2 Case study

In this section, we restate the main features of the Anderson Junction aquifer pumping
test, Utah, USA, see fig. 2 (Hurlow 1998; Heilweil and Hsieh 2006; Salehian Gham-
sari et al. 2025). The test used a pumping well and two observation wells, assumed
to be aligned with the principal directions of AHC, to estimate the major and minor
hydraulic conductivity of the confined Navajo sandstone aquifer. Groundwater extrac-
tion from the pumping well occurred over a period of four days at an average rate of
0.07m?s~!. Salehian Ghamsari et al. (2025) predicted that the vertical surface dis-
placement induced by this pumping would likely be insufficient to be detected using
Sentinel-1 InSAR. To address this limitation, we designed a hypothetical scenario
where pumping occurred at 0.28 m?s~! for 8 days — this rate is used in our numerical
experiments in this paper.

Figure 1 summarizes the relative frequency of fracture directions (azimuths) in
the Navajo Sandstone. The first fracture mode (x direction) is oriented towards the
north at 180° to 210° and the second fracture mode (y direction) at 90° to 130°.
After acquiring pressure drop data at the observation wells, Heilweil and Hsieh (2006)
estimated the hydraulic conductivity in the major principal direction as k,, = 1.1 X
1078 4+ 21% m3skg ™! and in the minor direction kyy = 4.7 x 10710 £ 19% m? skg™!.
Hydraulic conductivity is an intrinsic property of the aquifer, independent of pumping
rate. Thus, we use these inferred conductivities in our hypothetical scenario.
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Fig. 2: Location of the Anderson Junction aquifer in Utah, USA. Used under CC BY
4.0 license from Salehian Ghamsari et al. (2025). Map data (©)2023 Google.

3 Methodology

In fig. 3, we outline the key elements of our proposed methodology. In this section,
we discuss the mathematical aspects of the model. The calibration and application to
the Anderson Junction site is left for section 4.

3.1 Poroelastic finite element model

We first outline the three-field finite element formulation (Brenner and Scott 2008)
of Biot’s poroelasticity theory following Ferronato et al. (2010) and Alghamdi (2020).
The PDE system is discretized using finite elements and the solver implemented in the
DOLFINx finite element problem solving environment (Baratta et al. 2023; Scroggs
et al. 2022,7; Alnaes et al. 2014; Kirby and Logg 2006). Further technical details are
given in (Salehian Ghamsari et al. 2025, Appendix A) and (Salehian Ghamsari and
Hale 2024b).

Given a domain Q C R? with boundary I" and outward-pointing normal n find the
fluid-pore pressure p : Q x (0, 7] — R, deformation u : Q x (0,T] — R? and fluid flux
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Fig. 3: Overview of methodology. 1. Principal direction data from structural geolog-
ical data; 2. Data on hydraulic conductivity in principal directions; 3. Calibration of
Bayesian model for rotation angle from structural geological data; 4. Calibration of
model on hydraulic conductivity in principal directions using hydraulic conductivity
data; 5. and 6. Using calibrated models from 3. and 4. generate random SPD AHC ten-
sors; 7. Propagate uncertainty induced by AHC tensor through the conceptual model
of Anderson Junction aquifer system; 8. Summary statistics of the InNSAR LOS dis-
placement.



q:Qx (0,T] — R? such that

(Sep+aV-u)+V-qg=f,onQx(0,T], (1a)
-V -5 (u,p) = fu on Q x (0,77, (1b)
q+kVp=0onQx (0,7, (1c)

with boundary conditions on disjoint parts of the boundary for both the solid problem
I'=T?¢ Uy and the fluid problem I' = T'¢ UT} given by

u = ug on T'¢ x (0,7,
g-n=g,only x(0,T],
P = pg on FZ x (0,77,
q-n=gponly x(0,T],

and initial conditions

p(z,0) = p° on Q,
u(z,0) = u’ on Q,

q(z,0) = ¢° on Q.

The small strain and stress tensors for isotropic linear elasticity are given by

€= % (Vu+ (Vu)T), (2a)
o =2use+ NTre)l, (2b)

respectively, and the Biot stress tensor as
g=o0—apl, (3)

All further notations, parameters and units are given in table 1. The actual domain,
boundaries, initial conditions and parameter values for the site are provided in
section 4.1.

To represent the AHC tensor k in eq. (1) using vector and matrix notation, we
specify the three-dimensional Euclidean space with mutually orthogonal axes (x,y, z).
The z-axis and y-axis are aligned with the directions  and y shown in fig. 1. The z-axis
points downward into the earth. Unless otherwise stated, all first- and second-ranked
tensor-valued quantities in the paper are written as vectors and matrices, respectively,
with respect to this Euclidean space.

We calculate the displacement in the LOS direction of Synthetic Aperture Radar
(SAR) data. This technique uses radar pulses emitted in the LOS direction, perpen-
dicular to the satellite’s motion. Following Fuhrmann and Garthwaite (2019), we use



Symbol  Description Units

Ot time derivative s—1!

v gradient operator m~1!
divergence operator m~1!

Tr trace operator dimensionless

T transpose operator dimensionless

p fluid pore pressure Pa

U elastic deformation m

q volumetric fluid flux ms—?!

fp fluid source density s—1

Ip boundary fluid flux ms~?!

fu body force density Nm~—3

Ju traction Pa

o linear elastic stress tensor Pa

G Biot stress tensor Pa

1 identity tensor dimensionless

« Biot coefficient dimensionless

Se drained storage coefficient Pa—!

k hydraulic conductivity tensor m3skg—?!

k 2 X 2 hydraulic conductivity tensor ~—m3skg™?!

s drained shear modulus Pa

A second Lamé parameter Pa

Table 1: Table of main notations and units used in the
three-field formulation of Biot’s poroelasticity theory.
Used under CC BY 4.0 license from Salehian Ghamsari
et al. (2025).

the incidence angle 6 and satellite heading angle «j, to calculate LOS displacement

Up
ULOS = [— sin 6 cos ay, sin @ sin ay, cos 9] un | . (4)
uy
where ug, uy, and uy represent deformation in the East, North, and Up directions.

Surface displacements are derived by transforming the predicted displacements in the
model coordinate system to the East-North-Up (ENU) coordinate system.

3.2 The anisotropic hydraulic conductivity (AHC) tensor

We define the space of real-valued symmetric second-rank tensors (matrices) as
Sym(d) := {k € R | kij = kj;}, (5)
and the subset of positive definite tensors as

Sym™(d) := {k € Sym(d) | z2Tkz > 0, Vz € R\ {0}}. (6)

10



To guarantee that eq. (1) is well posed, the AHC tensor k must be a member of
Sym™(3). We assume that one of the eigenvectors of k is aligned with the z-axis and
thus k., = ky, = 0. In this case we have k

kxm k'xy
kyx kyy

];j:

where the lines in the tensor emphasize the natural block structure. The random mod-
eling in our paper will focuses on the top left block of k, which we denote k € Sym™(2),
and represents uncertainty in the AHC in the z—y plane. Alghamdi (2020) noted that
InSAR displacement data provides little information for inferring k... Therefore we
treat k. as perfectly known (non-random).

The arguments presented in Shivanand et al. (2024) lead to a natural parametriza-
tion of k£ € Sym(2) in terms of a clockwise rotation angle ¢ in the x — y plane about
the z-axis and two positive eigenvalues A, and A,. We focus here on basic notions
that apply in both the deterministic and random setting, and return to the specifics of
the stochastic construction in section 3.5. We begin by defining the space of diagonal
tensors as

Diagt(d) := {A € R | A = diag(A1, A2, ..., \a), N € RT}, (8)
where R} is the space of strictly positive real numbers. The space of orthogonal tensors
O(d) = {Q eR™ | QTQ =1}, (9)
the subset of special orthogonal tensors
SO(d) :={R € O(d) | det(R) = 1}, (10)
and its Lie algebra of skew-symmetric tensors
so(d) = {W e R | WT = -W}. (11)
We also define the unit circle
5! = {(cos(@),sin(¢)) | ¢ € [0,2)}. (12)

Any k € Sym™(2) can be decomposed into a tensor A := diag(A;, \,) € Diag™(2)
of eigenvalues and an tensor of eigenvectors @ € O(2)

k= QAQT. (13)
We can further rotate the eigenvectors ) by applying a rotation tensor R € SO(2)

k= (RQARQ)", (14)

11



It is this decomposition that forms the basis of the stochastic construction in Shivanand
et al. (2024). Using the rotation angle ¢ about the z-axis we construct an infinitesimal
rotation tensor W € so0(2) as

0-1
_— i
Following Hall (2015), it is possible to connect the space SO(d) with its Lie algebra
s50(d) through the map exp : s0(d) — SO(d), leading to
R = exp(W). (16)
As a consequence of the Cayley-Hamilton theorem (Axler 2024), the Euler-Rodrigues

formula gives

sin ¢ 1—cos¢
5 W+ pe w2 (17)

which reduces to the standard result linking a rotation angle with a rotation matrix

. {cosgb smﬂ | as)

sing cos ¢

R=exp(W)=1+

This construction can be extended to the more general three-dimensional case without
the block structure in eq. (7). By parametrizing R using two angles ¢ and 7, the
latter representing a tilt around the y-axis, we can incorporate uncertainty about an
additional preferential direction, for example, in a bedding plane dip angle.

3.3 Rotation angle model

In this subsection we develop a hierarchical Bayesian model for the rotation angle ¢
used in egs. (14) to (16). Throughout the rest of the paper we use a hat * to emphasize
that a quantity is non-stochastic, i.e. is perfectly known.

To model potentially multi-modal directional data, a mixture of circular von
Mises distributions is a suitable choice (Ley and Verdebout 2017; Taghia et al.
2014). We write the joint random model for n > 1 mixtures on the latent parame-
ters 0™ = (u1, K1, C1, W1, M1 -+, finy Kny Cny We, My ) and p independent and identically
distributed (iid) rotation angles ¢1, ¢a,..., ¢,

[,y e S VonMises(fi, &), (19a)

Kly...,Kn £ Gamma(d, §), (19b)

ClyenyCn S VonMises(p;, 4 ), (19¢)

w1, ..., w, ~ Dirichlet(as,...,a,), n>2, (19d)

wy =1, n=1, (19e)

my,. .., my ~ Categorical(wy, ..., wy), (191)
iid o .

®1, P2, .., Op ~ Mixture((ma,...,my), (c1,...,¢n)), (19¢)

12
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ki ~ Gamma,
e e e ¢; ~ VonMises
w ~ Dirichlet
m ~ Categorical
e ¢ ~ Mixture
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o
Jj=12,..,p

Fig. 4: DAG of the mixture of von Mises model for n > 2 mixtures. The square boxes
denote fixed or observed quantities, and the circles denote unknowns.

which in the case of n =1 (i.e., no mixtures) reduces to

p1 ~ VonMises(fi, &),
k1 ~ Gamma(é, B),

iid .
®1, P2, ..., ¢p ~ VonMises (i1, K1).

The hierarchical model for the n > 2 case is visualised as a directed acyclic graph
(DAG) in fig. 4. Here, we summarize the components, parameterization and structure
of the model. We do not show explicit expressions for the probability density function
(PDF) associated with each component, as these are relatively standard, and instead
refer the reader to e.g. Mardia and Jupp (1999); Taghia et al. (2014). The VonMises
distribution, parameterized by a mean p and concentration « is the natural extension of
the normal distribution to the circle. For each von Mises component ¢; in the mixture,
we place a VonMises hyperprior on each p;, and a Gamma hyperprior on each &,
parameterized by shape & and rate B parameters. The mixture weights w are selected

from a Dirichlet prior with concentration parameters aq, ..., d,, fed into a Categorical
prior to produce the latent component probabilities my, ..., m,. Finally, the rotation
angles are assumed iid from a Mixture of ¢q, ..., ¢, weighted with mq,...,m,.

Our model construction roughly follows that of Taghia et al. (2014) except that
those authors choose to set the hyperprior p; concentration parameter as Bni with B a
positive constant. We have experimented with both versions of the model and did not
find any issues with identifiability using our construction on the examples we present
later.

After observing p iid samples of the rotation angle ¢S, ... ,gbgbs, we condition
the joint model for a specific number of mixtures n in eq. (19) on data to form the
Bayesian posterior 6™ | ¢9%5 ¢9Ps, ... gbgbs. We generate samples from the posterior
using the No-U-Turn Sampler (NUTS) (Hoffman and Gelman 2014), a gradient-based
Hamiltonian Monte Carlo (HMC) method (Duane et al. 1987; Neal 1996). In our

13



numerical computations we use the parameterizations as defined in the probabilistic
programming language NumPyro (Phan et al. 2019; Rgnning et al. 2021).

Later, we will calibrate models with varying number of mixtures n to the observed
rotation angle data. Consequently it will be necessary to select the number of mixtures
that best represents the underlying data, while remaining conservative. This model
selection problem can be tackled via a number of approaches, e.g. information theoretic
approaches (Akaike 1998; Spiegelhalter et al. 2002; van der Linde 2005; Watanabe and
Opper 2010), Bayes factors (Friel and Pettitt 2008) and cross-validation (CV) (Vehtari
et al. 2017). Please see Gelman et al. (2014); Watanabe (2021); Zhang et al. (2023)
for the relative merits of these different approaches.

In this study we use a CV approach, specifically Leave-one-out cross-validation
(LOOCV) as described in (Vehtari et al. 2017) via the implementation in
ArviZ (Kumar et al. 2019), a Python package for exploratory data analysis. LOOCV
is widely used to obtain a reliable test for model performance estimation and less
commonly used as a model selection criterion. Although LOOCYV is significantly
more computationally expensive than information theoretic approaches such as Akaike
information criterion (AIC) (Akaike 1998) and deviance information criteria (DIC)
(Spiegelhalter et al. 2002; van der Linde 2005), LOOCYV offers greater flexibility and
applicability to complex models like the mixture model we consider here (Vehtari et al.
2015, 2017).

3.4 Eigenvalue model

We model the eigenvalues as log-normal random variables

A\, ~ Lognorm(fi,, 52), (20a)

Ay ~ Lognorm(fi,, &5). (20b)
This representation ensures positivity thus guaranteeing A € Diag™ (2). 2
The simplicity of the model and the available data allow us to calibrate our model
with Heilweil and Hsieh (2006) by calibrating the four parameters (fi,d?2, fiy, 65)
manually. In the presence of richer data more complex models could be developed and
formally calibrated using e.g. MLE or Bayesian approaches.

3.5 Anisotropic hydraulic conductivity model

Following the arguments in Shivanand et al. (2024), we extend the construction of k
in egs. (14) and (18) to the stochastic setting. We treat k as a function of the random
variable w := (¢, Ay, Ay) composed of the rotation angle and eigenvalues, i.e.

k(w):S' x Rf x Rf — Sym™(2), (21)

on a probability space (triple) defined in the standard way, see e.g. Klenke (2020).

2In Shivanand et al. (2024) precisely the same construction is derived via Diag+(2) having Lie algebra
Diag(2) and modeling log(A) € Diag(2) with the two diagonal entries modeled as two normal random
variables.
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We now discuss the full stochastic extension of eq. (14) and two special cases (Shiv-
anand et al. 2024). In the full model, we will generate AHC tensors with randomness
in both scaling and rotation

k(w) = R()QA (N, ) QT R(¢)7 . (22)

In the first simplified model ks we assume that ¢ is known perfectly and there is no
rotation, i.e. gZ; = 0 and R = I. This means that the scaling is the only parameter that
is varied, leading to R R

ks(w) = QA(Nz, A)QT. (23)
In the second simplified model k, we assume that both A\, = 5\1; and Ay = S\y are
perfectly known, leading to randomness only in the rotations

kr(w) = R(G)QA(Asy Ay) QT R()T. (24)

To produce samples {k(wl)}ivzl distributed according to k in egs. (21) and (22),
we first generate rotation angle samples assumed iid {¢L}f\;1 according to the poste-
rior predictive distribution ¢ | ¢§"*, ..., ¢o"* (Gelman et al. 2020, Section 6.1) induced
by the model eq. (19) at fixed n. We then generate eigenvalue samples {\, } _, and

{)\y}fvzl using a standard generator for the log-normal distribution, before finally pass-
ing each w; = (¢, Azi, Ayi) through equation eq. (22). The process for generating
samples from the models with fixed parameters egs. (23) and (24) will be described in
the following section.

3.6 Forward uncertainty propagation

To study how uncertainty in the AHC tensor induces uncertainty in the LOS surface
displacement we calculate summary statistics of the LOS surface displacement using
the Monte Carlo technique. Given N assumed iid samples {kl}f\il we can calculate N

solutions of {uros(z,t, kl)}f\il by solving the PDE system eq. (1) and calculating the
LOS displacement eq. (4). The mean of the LOS displacement is then computed as

p(uros(z,t)) =~ ZULOS z,t,k;), (25)

i=1

and the unbiased estimation of standard deviation is calculated as
1/2

N
Std(uros(z,t)) Z uLos(,t, ki) — pluros(z, 1)) - (26)
i=1

N-1

4 Results

We apply the methodology described in section 3 to develop two models reflecting dif-
ferent states of subjective Bayesian belief (Jaynes 2003) about the Anderson Junction
site.
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Upper confining
~40m layer (alluvial and
colluvial deposits)

Aquifer layer
(Navajo sandstone-
Jn)

~180 m

Lower confining
~200m Jayer (Kayenta
formation- Jk)

20°

Fig. 5: Simplified conceptual model of the Anderson Junction aquifer system
highlighting the dimensions, formations, and thicknesses of the layers within the cross-
section. The figure also illustrates the model coordinate system in relation to the ENU
global coordinate system. The domain is not to scale. Used under CC BY 4.0 license
from Salehian Ghamsari et al. (2025).

In the first scenario, detailed in sections 4.1 to 4.5 we use the fracture data fig. 1 and
the major and minor hydraulic conductivity estimates from the pump test in Heilweil
and Hsieh (2006). Since the pump test determined the major principal direction of
AHC using Papadopulus method, the rotation angle ¢ cannot lie along the fracture
mode coinciding with well B. Consequently we construct a model that captures the
complexity in the rotation angle data only in the direction of well A.

In the second scenario, described briefly in section 4.6, we assume no knowledge
of the outcome of the pump test. Instead we rely solely on the fracture data and the
general understanding that the hydraulic conductivity may be anisotropic — this is
the same state of knowledge as in Heilweil and Hsieh (2006) prior to the pump test.
Without the pump test data, the major principal direction remains uncertain and
could be aligned with either of the primary fracture directions in fig. 1.

4.1 Specification of the poroelastic finite element model

Figure 5 shows the areal extent, formations, and thicknesses of layers in the model
cross-section. The resulting three-dimensional mesh for finite element analysis fig. 6
represents three layers of the aquifer system. Figure 6 shows the positions of pumping
and observation wells, and lines zz’ and yy’ are aligned with the z and y directions
in fig. 1.
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[ Upper confining layer

[ Aquifer layer

I Lower confining layer
e Pumping well

Observation wells

\

Line yy'(x = 750 m)
Line xx'(y = 1450 m)

\

s

Fig. 6: Generated 3D mesh of the aquifer system illustrating the three layers. The
figure also highlights the positions of the pumping and observation wells, as well as
lines za’ and yy’. Used under CC BY 4.0 license from Salehian Ghamsari et al. (2025).

Description Symbol  Unit Value
Fluid source fo s™1 0.0

Body force fu Nm~=23 0.0
Specific weight of water  pg Nm~—3 9807
Pumping rate P, m3s—1 0.28
Extraction rate 9p ms~1 7.6 x 1073
Pumping duration Ty d 8
Incidence angle 0 deg 43.86
Satellite heading angle ap, deg 15.0

Table 2: Model parameters. Used under CC BY
4.0 license from Salehian Ghamsari et al. (2025).

The model and layer parameters used in the finite element poroelastic model are
presented in table 2 and table 3, respectively.

The boundary conditions on the variables (u,p,q) are displayed in table 4 and
fig. 7 shows the boundaries used in the table.

More detailed justifications for these choices can be found in Salehian Ghamsari
et al. (2025).

4.2 Calibrating the rotation angle model

Following the developments in section 3.3 we calibrate the rotation angle model eq. (19)
for n = 1,2, 3 mixtures against the fracture direction isolated around the direction of
well A in fig. 1. This leads to three calibrated models denoted VM1, VM2 and VM3.

Because fracture orientation data at the Anderson junction site is only available
in summarized form fig. 1, rather than raw rotation angle data {(b‘fbs}ij\il, we gener-
ate M = 1000 synthetic rotation angle observations for use in the calibration. Our
methodology is not limited to this setting and works well with raw rotation angle data.
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Description Symbol  Unit Upper conf.  Aquifer Lower conf.
Porosity 1) - 10% 32% 8%

Biot coefficient a - 0.868 0.998 0.858
Specific storage Se Pa—! 0.8x 10710 1.5x1071° 0.8x 1010
Shear modulus s Pa 7.7 x 10° 5.06 x 109 7.9 x 10°
Lame’s first parameter A Pa 6.088 x 109 3.768 x 10° 6.156 x 10°
Hydraulic conductivity zz  kgx m3skg=™! 5 x 10712 1.1x 1078 5x 10712
Hydraulic conductivity yy  kyy m3skg=! 5x 10712 4.7x 10710 5 x 1012
Hydraulic conductivity zz = k., m3skg=™! 5x 10712 5x 10~7 5 x 10712

Table 3: Material parameters of the layers.

Salehian Ghamsari et al. (2025).

Used under CC BY 4.0 license from

Boundary condition

Boundary

Fluid problem q-n=0 Ty UTsg UTsy UT
(2;p) &g pr

qg-n=20 Tw

u=20 Iy

Uy = 0 st
Solid problem (u) uy, =0 Ly

oc-n=0 Iy Ulpw

u-n=20 Tw

Table 4: Boundary conditions of fluid and solid
problem. Used under CC BY 4.0 license from Sale-
hian Ghamsari et al. (2025).

Symbol Description Unit Value

[ measure of location rad 0.0

i measure of concentration rad—2? 7

& shape parameter - 20.0

B rate parameter rad? 0.1
ai,...,4n  concentration parameters - 1,1,...,1.

Table 5: Non-informative prior parameters for the
rotation angle model.

The posterior predictive distributions of the three calibrated models are shown in
fig. 8. The blue histogram summarizes the posterior predictive rotation angle data, and
the green histogram summarizes the rotation angle data used for calibration. 2VM and
3VM show a reasonable fit to the original data, while 1VM is, as expected, inadequate.
In table 6 we show the results of the model selection. The models are ranked from
best to worst based on the elpd_ loo — a higher elpd_loo indicates a better out-of-
sample predictive fit. The estimated effective number of parameters p_loo reflects the
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Fig. 7: Aquifer model illustrating the domain and defined boundaries referenced in
the table 4, the domain is not to scale. Used under CC BY 4.0 license from Sale-
hian Ghamsari et al. (2025).

complexity of the model — a higher value indicating greater complexity. Following the
guidelines in Vehtari et al. (2017), a model can be considered better than another only
if the elpd_diff significantly exceeds the standard error SE of the ELPD estimate.
The elpd_diff between 2VM and 3VM is 15.99, which is less than the standard error
of 21.52, so we cannot conclude that 3VM is superior to 2VM. We then compare
the complexity using p-loo and determine that 2VM is less complex than 3VM -
consequently we choose 2VM and continue with 2VM through the following sections.

4.3 Calibrating the eigenvalue model

We calibrate the four parameters (fiy, fiy, 62, &5) of the stochastic model of the eigen-
values eq. (20). As data we use the inferred values of the AHC k,,4+21% and k,,, +19%
reported in Heilweil and Hsieh (2006) which corresponds to an anisotropy ratio of
approximately 24 to 1. The values of k., and k,, are provided in table 3. In the orig-
inal study no precise meaning is attached to the quoted =+ statistic, so we choose to
interpret this to mean that approximately 98 % of the probability mass of the Lognorm
should lie between the £ limits. We set i, = ky., fiy = kyy and iteratively adjust the
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Model rank elpd-loo p-loo elpd-diff SE

3VM 1 276.80 23.41  0.00 20.63
2VM 2 260.81 4.95 15.99 21.52
1VM 3 44.48 1.41 232.32 13.98

Table 6: Model selection results. rank: The
rank-order of the models based on elpd_loo.
elpd_loo: Expected log pointwise predictive den-
sity. p_loo: Estimated effective number of param-
eters. elpd_diff: The difference in expected log
pointwise predictive density (ELPD) between
models, computed relative to the top-ranked
model, which always has an elpd_diff of 0. SE:
Standard error of the ELPD estimate. 2VM is the
preferred model; interpretation of the results is
given in the text.

variance. We find that 62 = Ag = 0.0064 approximately satisfies the 98 % condition.
The PDF with these parameters are shown in fig. 9.

4.4 Generation of AHC tensors

Using the calibrated models in sections 4.2 and 4.3 we generate stochastic AHC tensors
via egs. (22) to (24). Figure 10 provides a visualization of the random samples of the
three different AHC models. The elliptical shape of the AHC tensor illustrates both the
direction and magnitude of AHC along the principal directions. The direction of the
ellipses indicates the principal major and minor directions of hydraulic conductivity,
while the radii represent the magnitude of hydraulic conductivity in those principal
directions.

4.5 Forward uncertainty analysis

For each case egs. (22) to (24) we generate N = 8000 samples of the AHC tensor and
propagate this uncertainty through the PDE model of the Anderson Junction. The
evaluation of the model at each sample takes around 10 min on 32 MPI processes on the
aion High-Performance Computing (HPC) at the University of Luxembourg (Varrette
et al. 2022). We execute 128 evaluations simultaneously across the HPC using GNU
Parallel (Tange 2024). For each evaluation line-of-sight displacement uros on the
top surface I'; is written out to disk (around 35MB) in the ADIOS2 format using
adios4dolfinx (Dokken 2024). The data is read back in on a single HPC job with 8
MPI processes to compute summary statistics eqs. (25) and (26).

As a baseline for comparison in fig. 11, we show the deterministic Anderson Junc-
tion hypothetical intermediate pumping scenario with rate 4 x P, after 8d duration
from (Salehian Ghamsari et al. 2025). We remind the reader the effect of the LOS
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Observed data Observed data
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Rotation angle (rad) Rotation angle (rad)
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(a) Posterior predictive distribution of 1VM. (b) Posterior predictive distribution of 2VM.

T T

ir B Posterior predictive (3VM) ]

Observed data

us 3
2

Rotation angle (rad)

(c¢) Posterior predictive distribution of mix-
ture of 3VM.

Fig. 8: Posterior predictive checks: posterior predictive (green) and original training
data (blue).

perspective in the outputs, which ‘shifts’ the observed displacement towards the east-
south of the pumping well as the satellite is positioned to the west-north of the
aquifer.

In fig. 13, we present the mean and standard deviation of LOS displacement cal-
culated using AHC with random scaling alone. The mean fig. 13a closely resembles
the LOS displacement predicted at Anderson Junction using the hypothetical inter-
mediate pumping test scenario (fig. 11). The standard deviation indicates a very slight
variation along a band aligned with the major principal direction.

Figure 14 shows the mean and standard deviation of the LOS displacement with
random rotation applied. The results are similar to those observed in the random
scaling and rotation scenario, implying that the randomness in rotation, induced by
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(b) Distribution of AHC magnitude in minor axis.

Fig. 9: Probability density functions of the two eigenvalues.

the structural geological data, has the dominant effect on the line-of-sight displacement

4.6 Second scenario

In this second modeling scenario, we assume that the AHC (from Heilweil and Hsieh
(2006)) is unknown. Consequently the major principal direction could be coincident
with either of the fracture modes fig. 1. The lack of knowledge of the pump test also
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(a) Samples from scaling and rotation model eq. (22).
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(b) Samples from scaling model eq. (23). Line in x direction is shifted by a constant translation
for easier visualization.

---- xdirection

North

East

(c) Samples from rotation model eq. (24).
Fig. 10: Visualization of random samples from three models for stochastic AHC. Each

random sample is plotted as an ellipse with the direction of the ellipse representing

the principal directions and the radii representing the magnitude of the hydraulic
conductivity in the principal directions.
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Fig. 11: Simulated LOS surface displacement at the end of pumping for an hypo-
thetical intermediate pumping with 4 x P, and 8d duration. Used under CC BY 4.0
license from Salehian Ghamsari et al. (2025).

means that we need to express a greater degree of uncertainty about the anisotropy
ratio between the principle directions.

Because of the additional mode to account for in the fracture data, we choose to
calibrate 3VM and a new richer 4VM model for the rotation angle - the model selection
process (full results not shown) selects 4VM. The posterior predictive distribution of
this mixture model is shown in fig. 15a.

Using eq. (20), we generate eigenvalues applying a higher standard deviation, which
leads to a anisotropy ratio from around 1:9 to 1:1. We then generate random AHC
tensors with random scaling and rotation using eq. (22). The elliptical shape of these
random AHC tensors is shown in fig. 15b. We can see that our parameterization using
a multi-modal angle model and two eigenvectors can represent that the major principal
direction could lie in the direction of either well A or well B.

Finally, we quantify AHC uncertainty in the LOS displacement outputs by solving
our poroelastic finite element model for the generated random AHC tensors. A few
sample LOS displacement outputs are presented in fig. 15¢c, illustrating the variability
in responses due to different AHC orientations and magnitudes. We remark how the
mean shown in fig. 15d exhibits an almost circular shape due to the AHC tensors
having major direction approximately oriented along the direction of either well A or
B.
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Fig. 12: Mean and standard deviation of the LOS displacement outputs from execut-
ing the poroelastic model using AHC with randomness in both scaling and rotation.
T, is the time when the pumping finished after 8d of pumping. The mean values are
truncated at zero from above.

5 Conclusions

In this study we presented a novel random model of AHC that can incorporate uncer-
tain structural data. The model consists of three components; a Bayesian rotation
angle model built from a mixture of circular von Mises distributions that encodes the
principal direction of AHC, a model for positive eigenvalues that controls the magni-
tude of the AHC in the principal directions, both feeding into a Lie group construction
for the AHC tensor. Our goal has been to design a model that could serve as a prior
in a Bayesian inference setting where InSAR-derived line-of-sight data contain infor-
mation about AHC. By calibrating the model against observed fracture orientations
and pump test data from Anderson Junction, we were able to define two conceptual
states of belief about the site. Our results show that the methodology provides a flex-
ible tool for modeling uncertainty and that uncertainty in the AHC orientation has
a larger impact on the LOS InSAR displacement predictions than the magnitudes of
the principal directions.

In the future, we plan to explore the Bayesian calibration of the full model against
real and synthetic InSAR data in order to explore parameter identifiability. The
computational burden of the PDE solver presents some technological challenges. In
particular, to minimise the number of model evaluations needed to create a Markov
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(a) Mean of LOS displacement (random scal- (b) Standard deviation of LOS displacement
ing AHC). (random scaling AHC).

Fig. 13: Mean and standard deviation of the LOS displacement outputs from execut-
ing the poroelastic model using AHC with randomness in scaling. The mean values
are truncated at zero from above.

chain on the posterior we need to use a gradient-based sampling algorithm, e.g. NUTS,
which requires the derivative of the log-posterior with respect to the model parame-
ters. This can be calculated efficiently via the adjoint (back-propagation) technique.
However, our full model is constructed from a complex mixture of NumPyro (prob-
abilistic) and DOLFINx (PDE) components and although we can derive the adjoint
model of each part individually and automatically using NumPyro/JAX (Phan et al.
2019; Bradbury et al. 2018) and pyadjoint (Mitusch et al. 2019), we are not currently
able to write a NumPyro model containing a DOLFINx PDE solve and then derive
the corresponding adjoint model. Some recent work (Bouziani and Ham 2023) show
coupling of PDE and machine-learning model graphs for gradient calculation and this
technique could be adapted to our model.

Supplementary material. The supplementary material (Salehian Ghamsari and
Hale 2024a) includes input data, full code and further mathematical details of the
finite element model.
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