THE ASYMPTOTIC DISTRIBUTION OF ELKIES PRIMES FOR
REDUCTIONS OF ABELIAN VARIETIES IS GAUSSIAN

ALEXANDRE BENOIST AND JEAN KIEFFER

ABSTRACT. We generalize the notion of Elkies primes for elliptic curves to the setting of
abelian varieties, possibly equipped with real multiplication (RM), and prove the follow-
ing. Let A be such an abelian variety over a number field whose Galois representation
has large image with respect to the chosen RM. Then the distribution of the number of
Elkies primes (in a suitable range) for reductions of A modulo primes converges weakly
to a Gaussian distribution around its expected value. This refines and generalizes results
obtained by Shparlinski and Sutherland in the case of non-CM elliptic curves, and has
implications for the complexity of the SEA point counting algorithm for abelian surfaces
over finite fields.

1. INTRODUCTION

1.1. Setup. Let E be an elliptic curve over a finite field F,. We say that a prime number ¢
is Elkies for E if there exists an /-isogeny with domain E defined over F,. This terminology
stems from the Schoof-Elkies-Atkin (SEA) algorithm for determining #E(F,) [15]; this
algorithm is faster if E has many small Elkies primes ¢, as Elkies’s method can then be
applied to determine #E(F;) mod ¢. In order to assess the overall complexity of the
SEA algorithm, Shparlinski and Sutherland proved that there are enough Elkies primes on
average, either when considering all elliptic curves over a fixed F, [20] or when considering
reductions of a fixed, non-CM elliptic curve over Q modulo primes in a large interval [21].
For further results in a non-average setting, see [19].

We may also consider Elkies primes for abelian varieties of higher dimensions. Let A be
a polarized abelian variety of dimension g over F,. We say that a prime ¢, coprime to ¢
and the degree of the polarization, is Elkies for A if there exists an F,-rational subgroup
G C A[f] which is maximal isotropic for the Weil pairing; in that case, the quotient A/G
is also equipped with a polarization of the same degree. More generally, if A has real
multiplication (RM) by an order O in a totally real number field K of degree d, i.e. if A
is equipped with a primitive embedding O < Endp,(A) such that every x € O is invariant
under the Rosati involution, we say that a prime ideal [ of O is Elkies for A if A[l] admits
a maximal isotropic subgroup G defined over [F, and stable under O, or in other words, if
there exists an Fy-rational [-isogeny from A, as defined in [5]. This notion of Elkies primes

Date: July 10, 2025.

2020 Mathematics Subject Classification. 14K02, 11G05, 11G10.

Key words and phrases. Abelian varieties, Isogenies, Real multiplication, Elkies primes.
1



2 ALEXANDRE BENOIST AND JEAN KIEFFER

is a suitable analogue of the classical definition in the context of the SEA algorithm on
principally polarized abelian surfaces with or without RM [9].

1.2. Main results. In this paper, we show that the number of Elkies primes in certain
ranges for reductions of a fixed abelian variety A with RM over a number field asymp-
totically follows a Gaussian distribution, provided that the Galois representation attached
to A has a large enough adelic image.

To formulate this last condition precisely, we introduce the following notation. Let F
be the field of definition of A and let G be its absolute Galois group. If ¢ is a large
enough prime, the ¢-adic Tate module Ty(A) of A is a free O ® Zy-module of rank 2h where
h = g/d, endowed with an nondegenerate alternating form with values in O ® Z,, as we
review in Section 2. If n is a sufficiently large integer, we can therefore consider the global
Galois representation

ﬁn :Gp — GSpgh(O ® Zzn), where ZZn = H Zy.
¢ prime, {>n
We say that A has large Galois image if p,(GF) contains Spgh((’)@)izn) for large enough n.
Assuming that O is the whole endomorphism ring of A over Q (a necessary condition), one
can sometimes guarantee that A has large Galois image, as in Serre’s open image theorem
in the case d =1 [17]: we review this theorem and its RM analogues in Section 2.
Our main result on the distribution of Elkies primes is then the following.

Theorem 1.1. Assume the generalized Riemann hypothesis (GRH). Let O be an order
in a totally real number field K of degree d, and let A be a polarized abelian variety of
dimension g > 1 defined over a number field I with RM by O with large Galois image.

For a real number L, denote by P (L,2L) the set of prime ideals | of K such that
N () € [L,2L], and define Pp(P,2P) similarly. For a prime p of F' of good reduction
for A and L > 1, let N.(p, L) be the number of Elkies primes | € P (L,2L) for A,. Further
define ay, € (0,1) by the formula

1 &1 & 1
= W'ch‘]}_[l#{j:dj:k}!

(dlrnzdr)ezh =1

where Xy, denotes the set of unordered partitions of the integer h = g/d.
Then, as L, P — oo with P > L™ for every positive integer n, the function

XP,L3 PF(P,QP) — R
p Ne(va)_ah#PK(La2L)

\/Oéh(l — ap)# Pk (L,2L)

converges weakly to the standard Gaussian distribution with mean value 0 and variance 1.

Intuitively, ay, is the probability that [ will be Elkies for A, for random [ and p; weak
convergence to the Gaussian distribution of Theorem 1.1 is what we would obtain from the
central limit theorem in the naive probabilistic model where the events “l is Elkies for A,”
are all independent. We list the first few values of «y, in Table 1.
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h 1 2 3 4 5 6 7 8
1 3 5 35 63 231 429 6435
ap (exact value) 2 8 16 128 256 1024 | 2048 | 32768

oy, (approximate value) | 0.5 | 0.375 | 0.3125 | 0.2734 | 0.2461 | 0.2256 | 0.2095 | 0.1964

TABLE 1. Values of ay,

We prove Theorem 1.1 by analyzing the moments of Xp 1, at all orders £ > 0, which we
somewhat abusively denote by

1
E(XIkD,L) :

R DU

PEPF(P,QP)
In fact, Theorem 1.1 follows directly from the following result: see [2, Theorem 30.2].

Theorem 1.2. Assume GRH, and keep notation from Theorem 1.1. Let k > 0 be any
integer, and let My be the moment of order k of the standard Gaussian distribution (thus
My, =0 for odd k). Then E(XE ) converges to My, as P,L — co with P> L" for every
positive integer n. More precz'sel’y, we have

1 Lk(@2h?+h+3/2) log(P)2
k —
EXpr) = Myt Oa <L1/2 log(L)12 | log(L)"2P1/?

Here the notation O4 ) means that the implicit constants in Landau’s notation are
allowed to depend on A (hence on F'; O, and h) and k.

In the case of elliptic curves, Theorem 1.2 refines [21] as we consider moments of all
orders and provide an asymptotic equivalent of the even moments rather than an upper
bound. To the best of our knowledge, Theorem 1.2 is also the first quantitative result on
the distribution of Elkies primes in higher dimensions. In particular, a consequence of this
theorem is that there are enough Elkies primes to run the SEA algorithm in dimension 2
on average over reductions of a fixed abelian variety: see [9, Def. 3.7].

The proof of Theorem 1.2 is inspired from [21]: we apply an explicit version of the
Cebotarev density theorem (which relies on GRH) to number field extensions of F' cut out
by torsion subgroups of A, and count how many elements in their Galois groups correspond
to [ being Elkies for A,. The result then follows from rearranging the summations and from
a combinatorial argument to determine the leading term in the moments of Xp .

We also provide numerical experiments on the distribution of Elkies primes in large
ranges in the case of elliptic curves: it was actually the very smooth aspect of the data
which prompted us to try and prove Theorem 1.1.

One might wonder if this convergence result to a Gaussian distribution also holds when
considering all elliptic curves (or more generally abelian varieties) over a fixed F, as in [20].
To answer this, it seems that one would need careful control on the class numbers appearing
in the distribution of traces of Frobenius for elliptic curves over F,.
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1.3. Organization. In Section 2, we review the properties of Galois representations at-
tached to abelian varieties with RM, characterize Elkies primes both in terms of Frobenius
elements in the Galois representation and in terms of the existence of isogenies, and re-
call results from the literature on large Galois images. In Section 3, we count matrices
in GSpyy,(O/10) (and related groups) corresponding to Elkies primes, a key input to the
Cebotarev density theorem. We prove Theorem 1.2 in Section 4, and report on our numer-
ical experiments in Section 5.
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2. (GALOIS REPRESENTATIONS AND ELKIES PRIMES

In this section, we review basic facts on the structure of torsion subgroups of abelian
varieties with RM over any field (§2.1). Then we characterize Elkies primes for such
abelian varieties in terms of the existence of isogenies (§2.2) and, in the case of finite fields
or reductions of abelian varieties over number fields, in terms of the action of Frobenius on
torsion subgroups (§2.3). Finally, we review deeper results on large Galois images (§2.4).

2.1. Torsion subgroups of abelian varieties with RM. Throughout, we use the nota-
tion listed in Table 2. For the reader’s convenience, the table also includes symbols defined
later in this section. For now, F'is any field, and A is a polarized abelian variety over F
with real multiplication by an order O as in the introduction. We write d4 for the degree
of the polarization of A and cp for the conductor of O.

Recall that whenever n > 1 is prime to p, the n-torsion subgroup A[n] of A, seen as
group scheme, is étale. Throughout, we abuse notation and identify these group schemes
(as well as their subgroups) with their groups of points over a separable closure F*P of F,
endowed with an action of the absolute Galois group Gg of F. For all such n, there is a
canonical nondegenerate pairing e, on A[n] x AV[n], called the Weil pairing, whose values
are n-th roots of unity in F*?. Now if £ # p is a prime number, by making compatible
choices of f-power roots of unity in F**? and by composing with the polarization of A on
the second argument, we obtain a new pairing

ey : T[(A) X T[(A) — 2y

on the (-adic Tate module T;(A). We will work with this version of the Weil pairing in the
rest of the paper. The Tate module Ty(A) is then a free Zy-module of rank 2g on which e,
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a totally real number field

the degree of K over Q

an order of K

the ring of integers in K

the conductor of O, an ideal supported at primes dividing [Of : O]
the norm map for ideals or elements of K/Q

the trace map for elements of K/Q

a prime number in Z>1

a prime ideal of O above /£

a field

the characteristic exponent of F' (a prime number, or 1 if char(F) = 0)
the absolute Galois group of F

the cyclotomic character Gp — Z;

a polarized abelian variety over I’ with RM by O, i.e. endowed with a
primitive embedding O < Endp(A), with 1 +— id4, whose image consists
of elements that are invariant under the Rosati involution

the dimension of A; in particular d|g

the integer g/d

the degree of the polarization of A

the Frobenius endomorphism of A (if F' is finite)

the f-adic Tate module of A

the Weil pairing on Ty(A), with values in Z;,

the /-torsion subgroup of A

the O-linear alternating form on A[/] defined in Lemma 2.1

the [-torsion subgroup of A, as defined in (1) below

the (-adic Galois representation with target GSpqy, (O ® Zy), cf. (2) below
the Galois representations modulo ¢ and [ as in (3), (4) below

the multiplier character GSpy;, — Gy, as in Definition 2.3
the subset of GSpyy,(R) given by A~!(U), as in Definition 2.3
the split matrices in GSpyy, (F,) with multiplier Ao, as in Definition 2.8.

TABLE 2. List of notations

is nondegenerate. If further ¢ is prime to d4, then ey also gives a nondegenerate alternating
form on A[¢] with values in F; = Z/¢Z. We may also view T;(A) as an O ® Z;-module,
using the action of O as endomorphisms of A.

Lemma 2.1. Assume that £ is coprime to p, do and co, so that O @ Zy = O Q@ Zy.
(1) Ty(A) is a free O @ Zg-module of rank 2h.
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(2) There exists a unique O @ Zy-bilinear alternating form e : To(A) x Ty(A) = ORZy
with the following property: for every x,y € Ty(A), er(x,y) = Tri o(Ye(z,y)).

Proof. (1) This is [14, Prop. 2.1.1].
(2) The existence and uniqueness of v, after tensoring with Qy is [7, Lemma 1.2.1]. In
fact, 1y exists at the level of O ® Zy-modules by [1, Lemma 3.1]. O

Under the assumptions of Lemma 2.1, we also consider the decomposition of O/¢O as a
product of fields:

0/to =] o/10.
(e
Then for each [/, we define the [-torsion subgroup A[l] C A[{] as
(1) Alll = mker(f) ={x € A[{] : f(x) =0 for every f € [}.
fel

Lemma 2.2. Assume that £ is coprime to p, da and co. Then we have a direct sum
decomposition
Al = D Al
(e
where for each (|, the summand A[l] is an (O/10)-vector space of dimension 2h. This direct
sum is orthogonal with respect to 1y, and the restriction of 1y to each A[l] is nondegenerate.

Proof. The decomposition of A[/] as a direct sum is a consequence of Lemma 2.1(1). Let us
check that this decomposition is orthogonal with respect to 1y. Let [ # [ be prime ideals
above ¢, and fix an element f € [ which is invertible modulo I'. If z € A[l] and y € A[l'],
then there exists y' € A[l'] such that y = f(y'). By O-linearity of 1y, we get

Yo, y) = Yoz, f(y) = e(f(2),y") = 1e(0,3") = 0.
Finally, each piece is nondegenerate by [1, Lemma 3.2]. O
We now include the action of the Galois group G g in the picture. Let £ be coprime to p,

da and cp. By equivariance of the Weil pairing (see for instance [1, Lemma 4.7]), we have
for all o € Gp and z,y € Ty(A):

ee(o(z),0(y)) = xe(o)ew(z,y).
The action of o on A[f] is also O-linear because the elements of O, seen as endomorphisms,
are defined over F' by assumption. By nondegeneracy of Trg /g, we have for all z,y € T;(A):

V(o (), 0(y)) = xe(0)e(z, y).
In other words, o preserves v, up to multiplication by the scalar x,(o) € Zéx.
In order to identify the action of o on A[/] as an element in a standard symplectic group,
we choose once and for all a symplectic basis (v1,...,v9p) of Ty(A) as an O ® Zs-module.
This means that the alternating form ), in this basis takes the standard form

. 0 I
JQh_ <_Ih 0)7
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where I, denotes the h X h identity matrix. We summarize our notation for the attached
symplectic group in the following definition.

Definition 2.3. We denote by GSp,;, the general symplectic group with respect to the
standard form Jop: for any commutative ring R, we have

GSpyp(R) = {m € GLap(R) : mTJop, m = A(m)Jop, for some A\(m) € R*}.

We call the character A : GSp — Gy, appearing in this equation the multiplier. The kernel
of A is Spyy, the usual symplectic group. If U is a subset of R*, we also write

GSpay (B; U) = {m € GSpy;,(R) : A(m) € U}

Assuming that ¢ is coprime to d4 and cp, the same vectors vy,...,v9, also form a
symplectic basis of A[¢] as an O/¢O-module, and for every prime [|¢ of O, a symplectic
basis of A[l] as an (O/IO)-vector space.

Summarizing, we identify the action of o € Gp on Ty(A) with an element of the general
symplectic group,

(2) pe(0) € GSpgy, (O ® Zy; 2 ) C GSpgy, (O ® Zy)
such that
Ape(©)) = xel0) € ZF C (0@ ) .

We identify the action of ¢ on the ¢-torsion subgroup A[¢] with the image of o under the
reduced representation

3) Pe(0) € GSpoy(O/LO; FY).
For each prime [ of O, we also identify the action of o on A[l] with an element
(4) pi(o) € GSpy,(O/10).

with the same multiplier x,(o). We call p; the (-adic Galois representation, and p,
(resp. py) the Galois representation modulo ¢ (resp [), attached to A. By Lemma 2.1(1)
and Lemma 2.2, the decompositions

All)=EP A and  GSpy,(0/L0) = [ [ GSps,(0/10)
e e

are compatible in the sense that the following diagram commutes:

Gp — GSpyy,(O/LO;F)) —— GSpyy(O/10).

Pr

In particular, if £ splits completely in O, then 7,(GF) is a subgroup of GSpsy, (IF¢)? consisting
of tuples of matrices (my,...,mg) such that A(my) = --- = A(my). At the other extreme,
if £ is inert in O, then p,(GF) is a subgroup of GSpyy, (Fsa; F).

The representation p; can be seen as the restriction modulo [ of the l-adic representation
considered in [7, §1.1].
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2.2. Elkies primes for abelian varieties with RM. Let us restate the definition of
Elkies primes given in the introduction. We are mainly interested in finite fields, but for
now, our discussion remains valid over any field F'. We keep notation from Table 2, and
assume throughout that the prime ideals [ we consider are coprime with p, d4, and co.

Definition 2.4. We say that [ is Elkies for A if there exists an F-rational subgroup of A[l]
that is maximal isotropic for the Weil pairing e, and stable under O. Note that this last
condition is automatic when Np/g(l) = ¢, as O/IO only consists of scalars.

We can equivalently phrase this definition in terms of isotropic subspaces for .

Lemma 2.5. The prime | is Elkies for A if and only if there exists a maximal isotropic
sub-(O/10)-vector space of A[l] that is maximal isotropic for vy and F-rational.

Proof. Suppose [ is Elkies for A, i.e. there exists an F-rational Fy-vector space G C A[l]
which is maximal isotropic for the Weil pairing and stable under . We may also view
G C A[l] as an F-rational sub-O/¢O-vector space of dimension h. By Lemma 2.1(2), the
trace of ¢, vanishes on G x GG, so ¥y vanishes on G x G as well as the trace is nondegenerate.

Conversely, if G C AJl] be a maximal isotropic subspace for ¢y in A[l]. Seen as an F-
vector space, G is isotropic for the Weil pairing by Lemma 2.1(2), and is maximal for
dimension reasons. Therefore, [ is Elkies for A. ([l

Definition 2.4 is a suitable generalization of the notion of Elkies primes for elliptic
curves [20], abelian surfaces without RM [9, §3.2], and abelian surfaces with RM in the case
of split primes [9, §4.1]. Moreover, there is still a close link between Elkies primes and the
existence of F-rational isogenies compatible with the RM structure and the polarization
of A. Let us specify this link in more detail, for motivation only, as it will not be used in
the rest of the paper.

First we introduce the following notation. The Néron-Severi group NS(A) of A (the
group of line bundles on A up to algebraic equivalence) is related to the endomorphisms
of A, as follows. The Q-algebra End’(A) = End#(A4) ® Q is endowed with the Rosati
involution f coming from our choice of polarization on A. Let End’(A)f denote the sub-
vector space of elements invariant under t, and End(A)" = End®(A)! N End(A). There
is an isomorphism NS(A) ® Q ~ End’(A)f, which depends on the chosen polarization
of A [13, (3) p.190]. Given o € End(A)" and two polarized abelian varieties A, B with
RM by O, we say that an isogeny ¢ : A — B is an «a-isogeny if the RM structures of A
and B are compatible via ¢, and if the pullback of the polarization of B via ¢ (seen as an
element of NS(A)) corresponds to « via the previous isomorphism. The element « is then
necessarily totally positive [13, (IV) p.209]. Equivalently, we ask that the diagram

A—Cy A — A
J o
B———— BY

commutes, where V denotes duals and the unlabeled arrows are the polarizations. This
implies that ker(¢) is maximal isotropic in A[a] for its canonical nondegenerate pairing;
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conversely, if G C A[a] is a maximal isotropic subspace, then A/G carries a unique polariza-
tion of degree d4 such that the quotient isogeny A — A/G is an a-isogeny [13, Cor. p. 231].
Recall that our Elkies primes are prime to p, d4 and co.

Proposition 2.6. (1) The prime | is Elkies if and only if there exists an abelian vari-
ety B over F' with RM by O and an F-rational l-isogeny ¢ : A — B in the sense
of [5, Def. 4.1].

(2) Letly,..., L be distinct Elkies primes for A, and let kq, ...,k > 0 be integers such
that []f1 - Ak s trivial in the narrow class group of ©. Let o € O be a totally
positive generator of this product. Then there exists an abelian variety B over F
with RM by O and endowed with a polarization of degree d4, and an F-rational
a-isogeny ¢ : A — B.

Proof of Proposition 2.6. (1) directly comes from the definition of [-isogenies.

We now prove (2). For 1 <i <r, let K; C A[l;] be F-rational, maximal isotropic, and
O-stable subgroups as in Definition 2.4. Define now K| = A[[["'] if k; = 2m; is even, and
K/ = A" np~Y(K;), where 1) € O is any element whose [;-adic valuation is exactly m;,
when k; = 2m; 4+ 1 is odd. We can check that K[ is independent of the choice of 7, and
that it is an F-rational, O-stable, maximal isotropic subspace in A[[f’] By Lemma 2.1 and
the Chinese remainder theorem, we have

Alo] = @A[[fi].

Moreover, the restriction of the pairing on A[a] to each subgroup A[[fi] is precisely the
Weil pairing ey, (mod Ef"), where ¢; € Z denotes the prime below [;, and the direct sum
is orthogonal, as can be seen from the functorial properties of those pairings [13, p.228].
Therefore K = K| @---@® K is maximal isotropic in A[«a], and is the kernel of the isogeny ¢
we are looking for. O

2.3. Elkies primes and the action of Frobenius. We keep the notation of Table 2, and
assume first that F' = F, is a finite field. Let m4 denote the Frobenius endomorphism
of A. We continue to assume that [ is prime to p, d4 and co. We can also view the
Frobenius map as an element m € Gp.

Lemma 2.7. Let A be an abelian variety over F' = F, with RM by O. The prime | is Elkies
for Aif and only if A[l] admits a mazimal isotropic O-stable subspace stable under w4, if and
only if py(m) € GSpyy,(O/10) stabilizes a mazimal isotropic stable subspace in (O /10)?".

Proof. This is a restatement of Lemma 2.5, using the fact that a subspace of Al] is F,-
rational if and only if it is stable under 4. O

Lemma 2.7 prompts us to make the following definition.

Definition 2.8. Let k be a finite field. We say that a matrix m € GSpq, (k) is split if it
leaves some maximal isotropic subspace of k*" stable. We denote by Son i C GSpyy (k) the
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subset of split matrices, and for Ay € k™, we write
Sonk(Ao) == {m € Sop i : A(m) = Ao}
We note that Sap, (o) is a conjugacy-invariant subset of GSpyy, (k).
Since x¢(m) = ¢, another restatement of Lemma 2.5 is the following.
Lemma 2.9. The prime | is Elkies for A if and only if p(7) € Sap,0/10(4)-

We now switch gears and assume that F' is a number field. We fix a polarized abelian
variety A over I’ with RM by O. For every prime p of F' with residue field F}, of good
reduction for A, the reduction A, of A modulo p is a polarized abelian variety of dimension g
over I, with RM by O. Indeed, the listed properties can all be formulated in terms of
isogenies between abelian varieties and their duals, and such isogenies extend uniquely to
Néron models at p by [3, §1.4, Prop. 4]. We can characterize Elkies primes for A, in terms
of the Galois representations p; evaluated at Frobenius elements in G .

Proposition 2.10. Let p be a prime of good reduction for A above p € Z, and let | be a
prime of O that is coprime to p,da and co. Then | is Elkies for the reduction Ay if and
only if p(op) € Son,0/10(Np/g(p)), where oy € G is any Frobenius element at p (unique
up to conjugation in Gr).

Proof. Denote by F’ the field of definition of A[l], i.e. the smallest number field such that
the representation p; : Ggp — GSpy;, (O/10) factors through Gal(F’/F). Let B be a prime
of F' above p, and let 0, € G be a Frobenius element stabilizing ; we can consider oy
as a (uniquely specified) element of Gal(F’'/F). Reduction modulo P defines a bijection
Alll = Ay[(] by [18, §1, Lemma 2], so our choice of fixed symplectic basis of Ty(A) also
fixes a symplectic basis of Ay[l] as an (O/10)-vector space. By definition, o, induces the
Frobenius map of the extension of residue fields F;ig /Fy. Therefore, p(oy) is precisely the
matrix of the Frobenius endomorphism 74, in the symplectic basis of Ay[l] specified above.
We now apply Lemma 2.9, using the fact that x,(oy) = Np/g(p) mod £. O

Proposition 2.10 indicates that the Cebotarev density theorem in F’ /F will provide
information on how often a fixed prime [ is Elkies for the reduced abelian varieties A, as p
grows. In order to apply this theorem, we need to know what the Galois group Gal(F’/F)
is: this is the purpose of the “large Galois image” hypothesis in Theorem 1.1.

2.4. Large Galois images. We keep notation from Table 2; here, F' is a number field.
To formalize the definition of large Galois images used in the introduction, we introduce
the following notation. If n is an integer, we write

Lisn = H Zo.
£ prime, £>n

The ¢-adic Galois representations p; : Gp — GSpgy, (O ® Z¢) can be combined into a global
representation

pn s Gr — GSpoy (O @ Zsy)
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Definition 2.11. We say that A has large Galois image if for some integer n > 1, the
image of p,, contains Spyy, (O ® Z>y). Because the cyclotomic character y, is surjective for
large enough ¢, an equivalent condition is that for some large enough n,

pn(GF) = GSpoy (O @ Zsn: (Z3n)™).

In the main results of this paper, Theorems 1.1 and 1.2, we only consider abelian varieties
with RM that have large Galois images. In this subsection, we gather some necessary and
sufficient conditions for this to happen.

Proposition 2.12. If A has large Galois image, then End@(A) = O. In particular A is
simple of type 1 in Albert’s classification.

Proof. Since we assumed the RM embedding O < End(A) to be primitive, it is sufficient
to prove that Endg(A) ® Q = K. Let I’ be a number field over which all endomorphisms
of A are defined. Since Gp is an open subgroup of finite index in Gg, there exists a
prime /¢ such that py(Gpgr) still contains Spyy, (O ® Zy). By Faltings [8], Endp(A) ® Qp is
the commutant of p/(Gp) in End(Ty(A4) @ Q).

We claim that the commutant of Spy, (O ® Zy) in End(7;(A) ® Q) is precisely given
by the action of elements of O ® Qp on Ty(A). This would prove that Endp (A) ® Qy is
contained in O ® Qy, hence End@(A) ® Q = K as required.

To show that the claim holds, choose an element v € End(7y(A4) ® Q) commuting
with Spyy, (O ® Zy). In particular, considering scalar matrices in Spy;,, we see that v acts
O-linearly: we can therefore consider v as a 2h x 2h matrix with coefficients in O ® Q.
Since O ® Qy is a product of fields, it is now sufficient to show that for any field k, the
commutant of Sp,y, (k) consists of scalar matrices only.

This last fact is well-known (the Lie algebra representation of sp,y;, on slyy, is irreducible),
but for completeness, we include a short proof when k is infinite. Let v be a 2h x 2h matrix
over k commuting with Sp,, (k). Consider any symplectic basis (vy,...,vo) of k2", and
let x1,...,xz, € k* be such that zq,... ,xh,xl_l, e ,x,:l are distinct. The endomorphism
whose matrix in the basis (v1,...,v9p) is Diag(x1,... ,xr,xl_l, ..., o, 1) is symplectic, so
v1,. .., v, are eigenvectors of 7. As each nonzero element of k2" is part of some symplectic
basis, we deduce that each nonzero vector is an eigenvector for v, hence ~ is a scalar. O

Conversely, we have the following theorem, after results of Serre [17], Ribet [14], Chi [7]
and Banaszak-Gajda—Krason [1].

Theorem 2.13. Assume that Endg(A) = O and either:
e d=1and g€ {2,6}, or
e h=g/d is odd.
Then A has large Galois image.
Proof. After making a finite extension of F', which only shrinks the image of the Galois
representation, we may assume that the Zariski closure G, of py(Gr) inside GSpqy,(Qy) is

connected for all £ [17, §2.5]. After taking another finite extension of F', we may also assume
that the f-adic Galois representations of A are all independent in the sense of [17, §2.1].
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The goal is then to prove that p,(Gg) contains Spy, (O ® Zy) for large enough ¢. The case
d = 1 is Serre’s open image theorem [17, Thm. 3], while [1, Thm. 6.16] covers the cases
where h is odd (and can be applied as Gy is connected.) O

In particular, if End@(A) = O and A is either an abelian surface or has odd dimension,
then A has large Galois image.

3. COUNTING SPLIT MATRICES IN GSpy,(F,)

Our goal here is to provide estimates for the cardinality of §2h7Fq (No) for A\g € Fy. In
Section 4, we will use them with F; = O/IO when applying the Cebotarev density theorem.
Since Sapr, (o) is conjugacy-invariant, it is a union of conjugacy classes of GSpyy,(Fy),
and those have been classified: see for instance [23, Section 6.2]. One key element of the
classification is the characteristic polynomial, so we start by studying its link with Elkies
primes in §3.1. We use this to count elements in Sa,r,(Ao), up to negligible terms, in §3.2.

3.1. Characteristic polynomials and Elkies primes.

Lemma 3.1. Let m € GSpy,(F,). Then m leaves a mazimal isotropic subspace of th
stable if and only if m is conjugate in GSpyy, (Fy) to a matriz of the form

(5 sohur)

for some w € GLy(F,), where w™T denotes the inverse transpose of w.

Proof. Assume that m stabilizes a maximal isotropic subspace V C th. Then we can find
a symplectic basis of th whose first h vectors generate V, i.e. we can find Q € Spy,(Fy)

such that
_ W x
QmQ ! = (0 w/>

where w, w’ € GLy(F,). Because @QmQ@Q~! belongs to GSpy,(F,) and A(QmQ~1) = A(m),
we must have w’ = A(m)w™T.

Conversely, assume that @m@Q~! has the specified form for some Q € GSpy, (F,). Let V
be the span of the first h vectors of the canonical basis of ]th. Then Q(V) is a maximal

isotropic subspace of th that is stable under m. ]

Definition 3.2. For a monic polynomial P € F,[X] of degree r with constant coefficient
ap € Fy and Ao € Fy, we define the Ag-reciprocal polynomial of P to be the monic
polynomial
PY(X) = Lxrp <A°> .
aq X
Proposition 3.3. Let m € GSpqy(Fy), let Ao = A(m), and let x,, be the characteristic
polynomial of m. If m is split, then there exists P € F,[X] such that xm = PP,

Proof. We may assume m is block-triangular as in Lemma 3.1. Let P denote the charac-
teristic polynomial of w. Then the characteristic polynomial of A(m)w™T is P, O
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Our next aim is to prove a partial converse to Proposition 3.3 when Y., is squarefree.
For a monic polynomial P(X) = X" +a,_1 X" ' +...4ag of F,[X] of degree n, we denote
by cp its companion matrix:

0 ... ... 0 —qag

1 : —ay
cP=10 1

: . .0 :

0O ... 0 1 —ap

Proposition 3.4. Let x € F,[X] be a monic squarefree polynomial of degree 2h of the form
x(X) = PP with P € Fy[X] and Ao € F. Factor P = Py --- P, € F[X] into irreducible
polynomials in Fy[X]. Then all the elements of GSpyy,(F,) whose characteristic polynomial
18 x and multiplier is Ao are conjugate to the matrix

cp

cp,
. —T -T) _ T
Diag <CP17"‘7cPr7)‘OCP17""AOCPT> = )\001_33

)‘OCI_DTT
In particular, they form a single conjugacy class in GSpqyy (Fy).

Proof. Let m be an element of GSpyy,(F,) whose characteristic polynomial is x and mul-
tiplier is Ag. Assume that m is the matrix of an endomorphism u in a symplectic ba-
sis (e;)1<i<on of th. For every i, we write V; = ker(P;(u)) and V; = ker(ﬁ{\o (u)), noting
that P; # E)\O because x is squarefree. By adapting directly Lemma 3.1 of [12] in the case
where t € GSpyy,(F,), we see that the subspaces V; and V; are totally isotropic, and that
there is an orthogonal decomposition

-

P e vi).

i=1

For every i, let (o, 8;) be a symplectic basis of V; ® Vi: both «; and Bi have length deg(P;).
The concatenation (aq, ..., ap, 81, .., By) is a symplectic basis of th. Calling @ € Spyy, (Fy)
the base change matrix from (e;) to (a1,..., ., B1,...,0,), we have

m = Q- Diag(my,...,m,,m},...,m.)- Q!

where m;, m) € GLgeg( pi)(Fq) for all ¢. For every i, the characteristic polynomial of m;
is P;, so m; is conjugate to cp, in GLgeg(p,)(Fg): there is R; € GLgeg(p,)(IFg) such that
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m; = RiCPiRi_l. We define
R = Diag (Rl, R RT. R;T) € Spon(Fy)

and we have

m = QR - Diag (cPl, o ep RIMRT, ... R;er—T) "RIQL.

T

Because
; T,/ p—T -
Diag (Cpl,...,CpT,lelRl ooy RIMp R T)

is in GSpay, (IFy) with multiplier Ao, we have R]m}R; T = Xocp! for every i, so m is conjugate
to the block-diagonal matrix specified in the lemma. O

A direct consequence of Proposition 3.4, noting that the block-diagonal matrix specified
there is of the form required by Lemma 3.1, is that the converse to Proposition 3.3 holds
when x,, is squarefree.

In fact, following a referee’s kind suggestions, we are able to prove the stronger result
that the converse to Proposition 3.3 holds in general. This result will not be used in the rest
of the paper, so the reader could directly proceed to §3.2, where our counting arguments
rely on Proposition 3.4 instead (which does not hold in the non-squarefree case).

Proposition 3.5. Let m € GSpy,(Fy), and let \o = A(m). Then m € Sopr,(Mo) if and
only if its characteristic polynomial X, factors as xm = PP for some P € F,[X].

We start with a lemma.

Lemma 3.6. Let m € GSpyy,(F,), let A\g = A(m), and assume that X, is of the form R"

where R is monic, irreducible of degree 2 and satisfies R = R. Assume that h > 2. Then
there exists a 2-dimensional isotropic subspace V C th stable under m.

Proof. We prove this lemma by induction on h. In any case, considering the Jordan decom-
position of m, there always exist a 2-dimensional subspace V' C th that is stable under m,
and on which the characteristic polynomial of m is R. Because m € GSpy,(F,), it is easy
to see that m also stabilizes the orthogonal complement V+ of V. We may assume that V'
is not isotropic, in other words VNV, = {0}. Since the symplectic form is nondegenerate,
we have dim V 4 dim V- = 2h, which implies that we have an orthogonal decomposition

F2l=VeV’
If h > 2, then by induction there exists a 2-dimensional isotropic subspace W C V-, so

we are done. Assume now h = 2, and write R = (X — u)(X — Ao/p) for some p € Fp2 \ Iy
Extending scalars to Fg 2, we have a direct sum decomposition

V=VieW, and Vi=V,®&W,

where the V; (resp. W;) for i = 1,2 are generated by eigenvectors of m for the eigenvalue p
(resp. Ao/u). Let v1,ve be generators of V; and Vs respectively, and let wy,ws be their
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Galois conjugates, which generate Wi and W respectively. Denoting the alternating form
by (-,-) and the generator of Gal(FF,2/F;) by o, we have

o((v1,w1)) = (wi,v1) = —(v1,w1),
and similarly for vg, we. Hence
v cF;.
(v, wa)

Let a € IE?;2 be an element with this specific norm, and define W' as the [ 2-span of the

vectors v + avy and w; + @wsz, where the bar denotes conjugation. Then we directly check
that W is isotropic and descends to F,. ]

For an alternative proof of Lemma 3.6 in the case h = 2 (at least when ¢ is an odd
prime), we can use the classification of conjugacy classes in GSp,(F,) from [23, Section

6.2]. In particular, each class whose characteristic polynomial splits as PP admits a

representative of the form
(w *
m=\o A(m)w=T )"

Proof of Proposition 3.5. By assumption, x,, factors over F,[X] as

Xm = H (PP HQ2b

i=1
where the polynomials P;, ]51»)‘0 and @); are coprime, the exponents a; and b; are integers,
and Q)-‘O = @ for each 1 < j < ny. We make the following reductions.

(1) We can assume ny =0 and ny = 1. To see this, define V; (resp. V;) as the primary

subspace for m relative to P; (resp. PZ 0) for each 1 < i < nq, and define W; as the
primary subspace for m relative to Q; for each 1 < j < ny. Asin [12, Lemma 3.1],

we have
ni

12
w2 - Puiew s Bw,
i=1 j=1
where the two big direct sums are also orthogonal. Moreover, the spaces V; and V/
are isotropic. If the result holds when nq; = 0 and ny = 1, then one can construct a
maximal isotropic subspace WJ’ C W; stable under m for each j. Then, the direct

sum
ni ng
Drio W,
i=1 j=1

is maximal isotropic in th and stable under m.

From now on, we assume Y, = Q% where Q € F,[X] is irreducible and satis-

fies QVAO = . The map p +— A\o/p is an involution of the roots of @ in an algebraic
closure of [F,.
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We can assume that this involution has no fixed points. Otherwise, since @ is irre-
ducible, we actually have Q = X + pg where o € F is a square root of Ag. Con-
sidering the Jordan decomposition of m, we only need to prove that any unipotent
element in GSp,, (F,) stabilizes a maximal isotropic subspace. This is a well-known
fact that is easy to prove by induction on the dimension.

From now on, we assume that the involution u — Ag/p has no fixed points
among the roots of (). This implies that ) has even degree 2r, and that there exists
an irreducible polynomial R € F,[X] of degree r that is the minimal polynomial
of i+ Xo/p over Fy for each root p of Q.

We can assume that QQ has degree 2. Indeed, working over Fyr (seen as the splitting
field of R), we can factor @ as

Q= I @)
o€Gal(Fgr /Fq)

where Q' = X2 — (u+ Xo/p)X + Ao € Fyr[X] is irreducible of degree 2. Because
the polynomials o(Q’) for o € Gal(F,- /IF,) are coprime, another application of [12,
Lemma 3.1] yields an orthogonal decomposition

Fgf} = @ ker(U(Q’)Qb(m)).
o€Gal(Fyr /Fq)

If we are able to construct a maximal isotropic subspace V' C ker(o(Q')%*(m))
defined over F,r and stable under m, then the subspace

V= @ o)

o€Gal(F,r /Fy)

descends to [F, and yields a maximal isotropic subspace of ]th stable under m.

After these reductions, we can assume that i = 2b is even, and that x, = Q2 where
Q € F,[X] is irreducible of degree 2 and satisfies QM = Q. We construct a maximal
isotropic subspace V' C }th stable under m by induction. By Lemma 3.6, we can construct

a 2-dimensional isotropic subspace W C th stable under m. If h = 2, we are done

with V = W. Otherwise, the quotient space W+ /W carries an induced alternating form
which is nondegenerate, and m induces an endomorphism of that space. By the induction
hypothesis on h — 2, there exists a maximal isotropic subspace V! C W+ /W stable under
(the endomorphism induced by) m. We let V' be the preimage of V' under the quotient
map W+ — W+t /W, which is maximal isotropic for dimension reasons. [l

3.2. Estimating the size of Sojr, (Mo). We recall that

h

# Gy (Fy) = (= 1) - #Spoy(Fy) = (4 = 1) - " - (6% = 1) = "1 4 O(** ).

i=1
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In the following, we will write f(h) = 2h? + h + 1. As in Theorem 1.1, we set

v S oM Mgy

(dl,...,dT)GEh

The main result in this subsection is the following. Recall that the notation Oy means that
the implied constants are allowed to depend on A, but not on Ag.

Proposition 3.7. We have #Sor,(Xo) = ang/ W= + 0y, (¢/M2).

Let SQhF (Mo) (resp. S;Eqé (Ao)) be the set of elements m € Sapr,(Ao) such that x, is
squarefree (resp not squarefree). We obviously have

f
Sanr,(Ao) = S2h JFq (Ao) U SSZ?Fq()‘O)’
and we will count elements in each subset separately.

Lemma 3.8. We have #55% (Ao) = On(g/M72).

Proof. Define GSanqf(Fq, {Xo}) as the set of elements of GSpy,(F,) of multiplier Ao and
whose characteristic polynomial is not squarefree. We will in fact prove the stronger claim

# GSpo Y (Fys o)) = On(gfM72).

To this end, we wish to view GSpnsqf( Fg;{A\o}) as the set of Fy-points of a certain va-
riety. Let A : GSp,;, — Al be the morphism which maps m to the discriminant of its
characteristic polynomial. The points m € GSpy;, for which A(m) = 0 are precisely the
elements whose characteristic polynomial is not squarefree. Moreover, the restriction of the
morphism A : GSpy;, — Gy, to elements m for which A(m) = 0 is surjective on geometric
points (hence as a map of schemes): indeed, if \; is a point of Gy, then A(v/A;iday) = A;.
Thus, the set of points of GSpy;, of multiplier Ao and whose characteristic polynomial is
not squarefree is a subvariety of GSpy,, of dimension dim(GSpyy,) — 2 = f(h) — 2, defined
by polynomial equations whose degrees are independent of Ag.

In [11], Lang and Weil prove that the number of points defined over F, of a variety of
dimension r is O(q"), where the implicit constant only depends on the dimension and the

degree of the variety. We conclude that # GSpnsqf(Fq, Xo) = Op(gfM=2). O

We now estimate the size of S;%f]Fq (Xo). For a partition (dy,...,d,) of the integer h such

that d; < ... < d,, we denote by D(q,, . 4.)(No) the set of conjugacy classes contained in

GSpay(Fg)(Ao) whose characteristic polynomial is squarefree and factors as
pl...pr.ﬁf\on.é{\o

where P; € F,[X] is irreducible of degree d; for every i € {1,...,7}. By Proposition 3.4,

the set D(q, . dr)()\O) is in one-to-one correspondence with those characteristic polynomi-

als. Moreover, 82h F, (Ao) is the union of all elements of D4, . 4.)(Xo) as (di,...,d;) runs
through partitions of h.
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We first show that the conjugacy classes of D4, . 4,)(Ao) all have the same size. Recall
that for a element m € GSpy,(F,), the number of elements conjugate to m is

# GSpap (Fq) /#C(m)

where C(m) is the centralizer of m.

Lemma 3.9. Let P(X) = X" +a, 1 X" ! +... 4+ ag be a monic irreducible polynomial
of Fq[X] of degree n. The number of elements m € GLy(F,) which commute with the
companion matriz cp is equal to q" — 1.

Proof. Let u be the endomorphism of Fy associated to the matrix c¢p. Then, for every
nonzero z € F, the family (z,u(z),...,u" !(z)) is a basis of F{ because P is irreducible.
An element v in C(u) is determined by v(z) since for every i € {0,...,n — 1}, we have
v(ul(x)) = ui(v(x)). If v(z) # 0, then v maps the basis (z,u(x),...,u" (z)) to the basis
(v(x),u(v(z)),...,u" L(u(z))), so v is invertible. Therefore, the elements m € GL,(F,)
commuting with cp are in one-to-one correspondence with the nonzero elements of Fy. [

Lemma 3.10. With the above notation, the cardinality of each element of D(dl,...,d,.)()\O)

N 4 GSpon(F,)
(¢q—1) IT1(¢% —1)

=1

Proof. By Proposition 3.4, a representative of the class is the block-diagonal matrix
m = Diag (cPl, e CPLACR )\gc;:) )

Matrices in C(m) preserve the invariant subspaces of m, so they are also block-diagonal of
the form
Diag (Nl, NG NNT L ,A’N;T)
where N; commutes with cp, for every i. By Lemma 3.9, the number of elements N;
in GLg, (F,) which commute with cp, is ¢% — 1. Hence,
T
#C(m) = (¢ -1 JJ(¢™ - 1),
i=1
where the first factor (¢ — 1) corresponds to the choice of the multiplier X' O

Second, we estimate the size of D(g, . 4,)(Mo). We denote by I (g, . 4,)(Ao) the set of tuples
of irreducible polynomials (P, ..., P,) € F,[X]" such that P; is irreducible of degree d; for

all 4 and the product P;--- P, - ﬁf‘ 0.. ﬁr)‘o is squarefree. In the next lemma, we identify
D(4,....,)(Ao) with a set of characteristic polynomials.

Lemma 3.11. Consider the map

g ] LanayPo) = Day,ay(do)
"\ (P,...,P,) — P---P.-PM...PM
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Then, for every x € D(q,,.. 4,)(Ao), we have

h
#H () =2"-[[#{ : dj =k}
k=1

Proof. Fix an element (Py,...,P.) € H '(x). Then, because y is Squarefree choosing
another element of H~!(x) consists in choosing one element of the pair {P;, P 201 for every
i € {1,...,7}, as well as a permutation of the tuple (P, ,,..., P;, ) where P% v P

are the polynormals of degree k, for every k € {1,...,h}. O

Proof of Proposition 3.7. By Lemma 3.10, the number of elements in S;%f]Fq (No) is

. GS
#Sye, (M) = D #D(aan(R0) - # p2h< 2
(1o ) €S, (g—1) l;[l( L= 1)

For a partition (dy, ..., d;) of h with dy < ... < d,., we estimate the size of D4, . 4,)(Ao)
by determining the size of I(g, . 4,)(Ao) and using Lemma 3.11.

The last coefficients of a monic polynomial P of degree d such that P = P are de-
termined by the first coefficients, so the number of irreducible polynomials P such that
P =Pis O(q?1). For every i, one has to choose P; such that P; # ]52-)‘0 and P; # Pj, ]5].’\0
for indices j < i. Then, according to a formula from Gauss for the number of irreducible
polynomials of F,[X] of given degree (see [6] for a proof), the number of choices for P; is
d%qdi + O(¢%1). Hence

r 1 ~
#1a,,...d,)(Ao) = (H d) q" + On(q"™).
i=1 "

Therefore,

and consequently
#S5e (M) = ang ™71+ 0(¢/M72).
Combining this with Lemma 3.8 ends the proof. O

Even using Proposition 3.5, we note that giving an exact count of S;Zqéq()\o) would be

more difficult than in the squarefree case, because a given characteristic polynomial may
correspond to several conjugacy classes, contrary to Proposition 3.4. For our purposes, the
asymptotic upper bound of Lemma 3.8 is sufficient.

As a final remark, when h = 2 and ¢ = £ is an odd prime, we are able to determine the
exact cardinality of Spp, w,, through the classification of the conjugacy classes of GSp4(FFy)
and the computation of the cardinality of the classes in [4].
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Proposition 3.12. We have

(BB + T2 +T70+11)(L+1)(£ —1)3¢
< .

Proof. Conjugacy classes of GSp,(FF;) have been sorted in different types [23, Section 6.2]
according to the factorization of the characteristic polynomial, and the number of classes
of each type is known. The order of each center has been computed in [4, Table 1] (beware
that the antisymmetric matrix used to define GSpy;, there is not Jop, so notation differs
from [23]). Thus we can deduce the size of each conjugacy class; we omit the detailed
calculation. O

#S4F, =

4. THE DISTRIBUTION OF ELKIES PRIMES

In this section, we prove Theorem 1.2. We introduce the character sum Uy, similar to
the sum U in [21, eq. (4)], in §4.1. We control the small terms in this sum in §4.2 and we
estimate the dominant term in §4.3. Finally, we conclude the proof in §4.4.

4.1. Setup. We keep the notation from Theorem 1.1. We may assume that P and L are
sufficiently large, so that A, is well-defined for every p € Pp(P,2P), and if L =11 -1, is
the product of r distinct primes of Pk (L, 2L), then

G := Gal(F(A[L])/F)

contains Spyy, (O/L0O). (Recall that we always have Gz C GSpy, (O/L0O).) This assump-
tion is harmless since we want to establish an asymptotic result.
The Landau prime ideal theorem [10] for the fields K and F' asserts that

P
log(P)’

#PK(L, 2L) ~ and #'PF(P, QP) ~

log(L)
Let
(1 —oy,) if lis Elkies for Ay,
5p [ = .
' —ay, otherwise

For a product [ - - - [, we define
Op,11-ly = Op,ty =+ Op .-
We further set
p=ap#Pr(L,2L) and o= /oy(1 — o) #Pk(L,2L).

By definition,
Ne(p7L) — M= (1 - ah)Ne(pa L) - ah(#PK(La 2L) - Ne(p) L))

= Z Sp.1-

lePk(L,2L)
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For any integer k > 1, the k-th moment of Xp 7, is

1 Ne(paL) - M)k
E(Xp;) = e <
)= (PP pepg;%zz?) 7
k

1
= #Pp(P,2P) - oF > > O

pePr(P2P) \IEPK(L,2L)

1
- #PF(P, 2P) - ok Z Z 6P,[1~~-[k~

pEPp(P2P) .l
€Pk(L,2L)

Hence, we are led to considering the sums

Up= > > oy

pEPR(P2P) l1,...lk
€PK(L,2L)

We expect compensations in the sum U, when some primes among [, ..., [ appear an
odd number of times, and we will sort terms according to the number of distinct primes.
In the spirit of the proof of [21, Theorem 1], for 0 < j < k, let Qi ; be the set of tuples
(1, ..., 1) of primes in P (L,2L) such that [ - - - [, = a?b where b is a squarefree product
of j prime ideals and a is the product of k%j prime ideals (Qy, ; is empty if k — j is odd).
If k = 2v is even, we also define Q) ; C Qg to be the set of tuples (I1,...,[;) such that
[1--- [ = a® where a is a product of v distinct prime ideals. We will see that the dominant
term comes from the contribution of the terms of Q;?O. We begin by estimating the other
terms.

4.2. Small terms. We want to prove the following result, which generalizes Lemmas 5
and 6 in [21]. As in Theorem 1.1, the dependency on A in Landau’s notation includes the
dependency on F', O and h.

Proposition 4.1. Assume GRH. For P > 2L and a product L = 1;...L. of r distinct
primes of Px(L,2L), we have

P
E — - f(h)r p1/2
5p7£ OAJ« (log(P)L’" + L P log(P)> .
pGPF(P,QP)

The proof of this proposition is based on the Cebotarev density theorem in the Galois
group G, which is a subgroup of

GSpyy, (H O/[i0> = HGSPQh(O/[z‘O)-

i=1 =1
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Thus, an element m € G2 can be identified with an element

(m1,...,m;) € [ GSpay(0/10)

i=1
and its multiplier A(m) with an element

T

(M- 4 € [Jo/t0)%.
=1

For (A1,...,A) € MGpr), we define
GeMi, .o, ) i ={m e Ge: A(m) = (A1,...,\)}
which can be identified with
[ GSpan(0/60, {N:}).

i=1
In particular, by the large Galois image assumption,

#Go, - A) = [[ #5902 (O/L0) and  #Gr = #M(Gr) - [ [ # Span(O/1:0).
=1

= i=1
Let us now construct the conjugacy-invariant subsets of G, we are interested in. Given
a tuple e = (e1,...,¢e,) € {£1}", we denote by
6[17_”7[T(61, . ,ET) C GE
the set of elements m = (my,...,m;) of G such that m; € Sop 0,0 if & = 1 and
m; ¢ Sop o0 if €0 = —1. These sets Cy,_ 1. (€1, .,&r) are indeed stable by conjugation

in Gz, and form a partition of G, as € varies.
We also need to determine the size of these sets. For \; € (O/;0)*, we define

CL(N) = #Sn0mo0N),
Ci' (M) = #(GSpay (0/LO; {A}) — San0/1:0(M)).

Considering the preimage of each multiplier (A1,...,\;) € M(G) separately, we immedi-
ately obtain

#Cyy, i (e1,. . 80) = > [Iciio.

(A1, Ar)ENGL) =1
For a given prime p of good reduction for A, if we set

)1 if [; is Elkies for Ay,
P 1 otherwise.

then by Proposition 2.10, the Frobenius element o, at p in G satisfies

(ﬁ[l (Up)a o 7p[T (UP)) € C[17---,[r (Ep,[n cee 7€p,[r)'
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Lemma 4.2. Let L =1y -1, be a product of distinct primes of Px(L,2L) and (e1,... &)
be an element of {+1}". Then, for x > 2L, we have

S o)

(Mo Ar)EXN(G) =1 T
#Gr log(x)
4 0ar (NO® N (1) D0 log(a)

#{p : N(p) <z and ey, =¢; foralli} =

Proof. This follows from an effective version of the Cebotarev density theorem in G [16, §2,
Equation (20g)] for the set C, . (€1,...,&r). In the left-hand side of (20z), an upper
bound on #Cy, . (€1,...,&p) is the order of G, which is O, (N([l)f(h) e N([T)f(h)) . The
degree n of the extension F(A[L])/F is equal to the order of G,. Since z > 2L, we have
log(n) = O, p(log(x)). For every i € {1,...,7}, let ¢; be the prime number below [;. The
ramified primes in the extension F'(A[L])/F lie among the divisors of ¢;,...,¢, and the
primes of bad reduction of A (this follows from the Néron-Ogg-Shafarevich criterion), so

log (H 6,-) = O, (log(x))
i=1

under the assumption x > 2L. ]
Proof of Proposition 4.1. We have

Z Sp.c = Z i #{p: N(p) <z and ey, =¢; for all i}

pepF(P72P) (’717"'7’77‘)
e{l_a}u_ah}r

where g; = 1 if v, =1 — ap, and ¢; = —1 if v = —ay,. Write

Sty b)) = DEEEERRE N || [eieh)

(Y15ee7r) i=1
e{lia}m*ah}r

By the previous lemma,

Z 5 s = (A1, Ar)EX(GE) P
ni = .
(5) DPolP2P) #Gr log(P)

+Oap (N ® - N1, O P2 10g(P))

Fix (A1,...,A) € M(Gg). Then,

S()q,‘..,)\r)([l? cey [7“) = H S/\z([l)

i=1
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where Sy, ([;) == (1— ah)Cé (i) — OzhC[:l(/\i). We have Sy, (I;) = Op(N(1;)/"=2) according
to Proposition 3.7. Thus,

-----

In this equation, the implicit constant is independent of (A1,..., ;). Therefore,

3 Sty l) = Oy (#)\(GL) N (1) =2 ..N([T)f(h)—2) .
(AL Ar)EA(GL)

Consequently,
> Sy (oo )
(A1, Ar)EXGL) — 04 <1) '
#Gr AL
Inserting this upper bound and writing N(I;) < 2L in (5) ends the proof. O

4.3. The dominant term. When k is even, the dominant term of Uj corresponds to
the contribution of elements of Q%O. We begin by estimating the size of this set. For a
positive integer v, we recall that Mo, is the moment of order 2v of the standard Gaussian
distribution. Its value is

Moy, =Q2v—-1)-(2v—-3)---3- 1.
Lemma 4.3. Let v be a positive integer. Then,

#Q/ = M L+O L d
w0~ T og(my Y log(zp 1)

, Lufl
#(Qav,0 — Qo 0) = Oy (bg(L)y1> :
Proof. For n € {1,...,v}, let A, be the set of tuples (A41,...,A,) of disjoint subsets of
{1,...,2v} such that:
e forevery i € {1,...,n}, A; #0,
e for every i € {1,...,n}, #A; is even,

o EIAi:{l,...,QV}.
i=1

We equip Pr(L,2L) with an arbitrary total order <. We also define B} to be the set of
ordered n-tuples of distinct prime ideals of Px(L,2L). Let s = (Iy,...,[2,) be an element
of Qg,0 such that lem(ly,...,l,) has n distinct prime factors, and [} < ... < [}, be the
primes such that

(G, ol = {0, .. 1),

Then, we define by = (I},..., ). For j € {1,...,n}, we set
Al={ie{l,....2v} : =1}
and as = (Af,..., A%).
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With this notation, the set Qg, ¢ is in one-to-one correspondence with
|| A xBE
1<n<v

via s — (as,bs), and Qb is in one-to-one correspondence with A, x BY.
If n is fixed, we have

g (#PK;L,QL)> o

n!log(L)"

as L goes to infinity. For n = v, we have

= () (75 ()

so #(A, x BY) ~ Mo, —L” . On the other hand, for n < v — 1, we have

log(L)”
. Ly—l
#5120 (i)

Since #.A,, is a constant independent of L, we obtain

v—1 Lu—l
> - #81 = 00 (e ) -

n=1
We are able to prove a more precise statement than Proposition 4.1 for elements of Q’QV’O.

Proposition 4.4. Let (I1,..., 1) € @5, 4. Then,

v P P v
Z Op i1tz = (an(l —an)) m +Oap <log(P)L + L/ (v pl/2 log(P)) :
pEPF(P,QP)

Proof. Assume that {l;,...,lo,} = {},..., [} where [} < ... < [[. Given (y1,...,7) in
{1—ap, —an}”, denote by Dy 1 (71, .--,7v) the set of primes p € Pp(P,2P) such that for
every i, the prime [} is Elkies for A, if v; =1 — oy, and [} is not Elkies for A, if 3 = —ay,.
As in Lemma 4.2, the Cebotarev density theorem yields:

SR | erleY

(/\1:--~7/\u)€/\(G[/1~-t{,)izl
Dy ¢ YY) =
#Dy o, (715 W) #Gy .., log(P)

+ 04, <va (h) pl/2 log(P))

= (n)"! (1= o)~ + LI0P  0g(P) )

_|_O L
log(P) " \log(P)L
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where k1 is the number of entries 7; equal to 1 — ay,. Then,

Z Op,l1-lay, = Z (1 — ap)? ™ (ap) 2R #Dy o (V155 W)

PGPF(P,QP) ('Yl,mﬂ/u)

~ (v 1 v—Fk1 1 vty _ L
- Z <k1> (1= an)™ (an)@ ™) () (1= ap)" " log(P)

P
O s [f(h)l/ P1/2 P
v (log(P) L log( )>

= (an(1 — ap))” + Lf(Mv pl/2 log(P)> O

P, (P
log(P) et log(P) - L

4.4. Conclusion of the proof. We go back to estimating the moments of Xp . First,
assume that k is odd, and write £ = 2v + 1. Then

Uk = Z Z Z 5P,[1---[2u+1'

=0 (I1,...,l2041) pEPE(P,2P)
€Q2u+1,2j+1

For j € {0,...,v}, we have

Lr+itl
#Qo11.2j41 = Oy ( ) ;

10g(L)V+j+1
so by Proposition 4.1,

Z Z 6P,[1"~[2u+1

(..., loy4+1) pEPF(P,QP)
€Q2,41,2j+1

— O LV+.7'+1 P Lf(h)(2j+1)P1/21 P
A log(L)r it LQJ+1log(P)+ o)) ).

The dominant terms occur for j = 0 and j = v. By getting rid of the non-dominant terms,
we obtain

LYP Lv+L(f(R)+1) p1/2 log(P)
Uk = Oa V1 + 2041 :
log(L)¥*1log(P) log(L)

We finally plug this upper bound into the expression for E(X 1]3, ;) in §4.1. We have

k. 4Do(Pop ) v+1)2 P v+1/2
o # F( ) )P,L:+oo (Oéh( —Oéh)) IOg(P) ’ log(L)y—i-l/Q'
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Hence,
U
k o k
B(XpL) = #Pr(P,2P)o*
1 L(2V+1)(f(h)+1)—1/—1/2 10g(P)2
AR\ 712 log(L)1/2 + log(L)*+1/2P1/2 ’

proving Theorem 1.2 for odd k.
Second, assume that k = 2 is even. We also write

v
Uy = Z Z Z Op, 1y~
J=0(l1,...,[2,)€Q2, 25 pEPER(P,2P)
For j € {1,...,v}, we obtain as above

> > Gpnetn, = Oy LVH. P + L Mipl210g(P) ) ) .
P Y \log(L)¥+7 \ L2 log(P)

(1,..0,l20)EQ2y 25 PEPR(P,2P)

Now assume that j = 0. By Lemma 4.3 and Proposition 4.4, the contribution of elements
of @, to Uy is

L P
Moy, (1 — v
prv-1 LU (R)+1)r p1/2 log(P)
+0a, + — Tt
log(P)L ~ log(P)log(L)¥ log(L)¥

while the contribution of elements from Qg, o — Q/ZV,O is

0y< Plog(L)"~! )

log(P)log(L)»—1

The dominant terms in the above upper bounds occur for j = 0 and j = v, and we have

LY , P
Vo = Mgy (o ) o)
P vl L@2f(R)+2)v p1/2 10g(P)>

+Oaw <log(P) log(Ly" T log(L)*

Therefore,

1 ) L(2f(h)+1)l/1 P)2
E(X} 1) = My + Oap < oe(l) o&(P)

L log(L)¥ P1/2

This concludes the proof of Theorem 1.2; Theorem 1.1 is a consequence of this theorem
and [2, Theorem 30.2].
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5. NUMERICAL EXPERIMENTS

At the beginning of this project, we performed numerical experiments with SageMath [22]
in order to confirm experimentally the estimate of [21, Theorem 1]. All the experiments
presented in this section were made with the non-CM elliptic curve F given by the Weier-
strass equation y? + y = 23 — 22 defined over Q (Cremona label 11a3). We began by
computing some values of the left-hand side of [21, Theorem 1] for v = 1, namely

1 m(2L) — (L) ?
©(2P) — n(P) 2 (Ne(p’L) 2 )

pEPQ(P,QP)

by fixing one of the variable L or P and by letting the other one vary. Fig. 1 shows the
evolution of the left-hand side for three values of L (namely 25, 100 and 250) and P varying
between 102 and 5 - 10°.

@ L=25 ... A o9
101 ..@- L=100 e e ®
®- =250
..... ." .
& Q... g
8_
£ %]
] o . P 0. ..g.- ®
.__.....,. pe [ ]
4
2_
. PUSRIE o [ ] ® ® SOt I 9 9 o9
T T T T
10? 10* 10° 108

P (log scale)

FIGURE 1. Moment of order 2 for P € [103,5 - 10

This graph suggests that the left-hand side has a finite limit (which depends on L) as P
goes to infinity. To go further, we analyzed the distribution of N(p, L), i.e. the number of
primes p € Pg(P,2P) such that N.(p, L) = n as n varies between 0 and 7(2L) — 7(L) + 1.
We observed that this distribution has a Gaussian shape when P is much larger than L as
in Fig. 2.

We then tried to predict the mean value and the standard deviation as a function of L
through a naive probabilistic model, relying on the the standard hypothesis that roughly
50% of prime numbers are Elkies. (Indeed, for a given elliptic curve E defined [, of trace
of Frobenius ¢, the prime ¢ is Elkies if and only if t? — 4¢ is a square modulo ¢, and half
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of the elements of F,* are squares; we neglect the probability that t? — 4¢ is 0 modulo £.)
In other words, for every p € Pg(P,2P), a prime ¢ € [L,2L] has a probability 1/2 to be
Elkies for the reduced curve E,, and those events are independent. Then, the number of
Elkies primes for E,, in [L, 2L] follows a binomial distribution B(7(2L) — w(L), 1/2), whose
expected value p and deviation o are

[ w(2L) — w(L) and o — m(2L) — 7T(L)'
2 2
Therefore, when P is much larger than L, we expect the actual distribution of Elkies primes
to look like a Gaussian function with those parameters. In Fig. 2, we plot the distribution
for L = 250 and P = 107 in blue and the associated Gaussian red; we see that the naive
model fits very well with the reality.

— data
—— Model

70000 A

60000

50000 A

40000 ~

30000 A

20000

10000 ~

number of p in [10™7,2%¥10"7] such that Ne(p,L) =n

FIGURE 2. Distribution with L = 250 and P = 107

The predicted value of the left-hand side of [21, Theorem 1] for v = 1 is the moment of
order 2 of the binomial distribution B(w(2L) — w(L),1/2), which is (7(2L) — w(L))/4. In
Fig. 3, we fix P = 10° and we let L vary in [20,500]. We plot the evolution of the left-hand
side for in blue and the predicted value in red. We see that the model is accurate for small
values of L, but when L is larger than v/P, a gap between the model and the reality starts
appearing.

All in all, these numerical experiments gave us the idea that the distribution of Elkies
primes converges to a Gaussian function when P and L go to infinity with P growing quickly
compared with L. The naive model allowed us to predict the parameters of this Gaussian
function in the setting of elliptic curves, setting us on the path towards Theorem 1.1.
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--@- data o®
@ (pi(2L)-pi(L))/4

15.0 '..':o'....

12.5 LN

°
10.0 A ..."—
7.5 .‘.'

]
5.0 LI
2

17.5 1

2.5 A od

0 100 200 300 400 500

FIGURE 3. Evolution of the moment of order 2, with P = 10° and L € [20, 500]
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