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Non-Hermitian dynamics in quantum
systems preserves the rank of the state
density operator. Using this insight, we
develop a geometric framework to describe
its time evolution. In particular, we iden-
tify mutually orthogonal coherent and in-
coherent directions and provide their phys-
ical interpretation. This understanding
enables us to optimize the success rate
of non-Hermitian driving along prescribed
trajectories, with direct relevance to short-
cuts to adiabaticity. Next, we explore the
geometric interpretation of a speed limit
for non-Hermitian Hamiltonians and ana-
lyze its tightness. We derive the explicit
expression that saturates this bound and
illustrate our results with a minimal ex-
ample of a dissipative qubit.

1 Introduction

Non-Hermitian dynamics naturally arises in a va-
riety of applications in physics, engineering, and
computer science [1,2]. In quantum systems, it
describes the evolution of the state of the sys-
tem conditioned to remain in a given subspace
and can be rigorously justified using the Feshbach
projection approach. Non-Hermitian evolution
also arises in the context of continuous quantum
measurements, in the description of a subensem-
ble of quantum trajectories via post-selection,
e.g., in the absence of quantum jumps (null-
measurement conditioning) [3,4]. Non-Hermitian
descriptions have also been used since the early
days of quantum mechanics to describe decay
rates phenomenologically. They find further ap-
plications in numerical methods for quantum dy-
namics and the theory of chemical reaction rates,
among other examples [1].

In addition, an arbitrary differentiable trajec-

tory of fixed-rank density matrices can be asso-
ciated with a generator of evolution that is non-
Hermitian. The associated equation of motion
involves a nonlinear term to render the evolution
trace-preserving [5].

This work focuses on a geometric approach
to non-Hermitian quantum evolution. The de-
scription of dynamics in geometric terms has a
long history that has shed new light on the foun-
dations of physics. It is central in information
geometry, whether classical [6] or quantum [7].
In quantum physics, it plays a key role in the
understanding of quantum adiabatic dynamics
and geometric phases [8-10], proofs of the adi-
abatic theorem, and shortcuts to adiabaticity
(STA) [11-13]. A geometric understanding of
quantum dynamics is also instrumental in study-
ing time-energy uncertainty relations and their
refinement in the form of quantum speed limits,
i.e., bounds on the minimum time for a process
to unfold [14, 15].

Here, we describe how the set of reachable
states under non-Hermitian dynamics forms a
differentiable manifold. This observation allows
for a geometrical interpretation of non-Hermitian
dynamics. Specifically, the local effects of the
dynamics can be described through a tangent
space, which can be decomposed into a unitary
and commutative subspaces. We show that these
subspaces are maximally distinguishable with re-
spect to any monotone metric. This geometrical
picture provides new insight into STAs generaliz-
ing counterdiabatic driving [16-19] to open quan-
tum systems [5,20,21]. We then focus on the Bu-
res metric and explicitly describe the geodesics on
fixed-rank manifolds. We show applications to
derive quantum speed limits for non-Hermitian
systems and illustrate the control dynamics of a
dissipative qubit. The notions of differential ge-
ometry that we use are described in Appendix A.
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2 Non-Hermitian dynamics and fixed-
rank manifold

In this section, we describe how non-Hermitian
state dynamics arises as a special case of a contin-
uous implementation of efficient measurements.
We review how this dynamics gives rise to a group
action on the state space by the general linear
group and describe the differential structure of
its orbits.

2.1 Measurement and non-Hermitian dynam-
ics

From an axiomatic viewpoint, the possible trans-
formations of closed quantum systems are com-
monly divided into two types: the deterministic
unitary evolution, described by the Schrédinger
equation, and the non-deterministic measure-
ment process, described by projective measure-
ment operators. More generally, one may choose
to focus on an open system’s effective dynamics
induced by the unitary evolution of a system cou-
pled to an ancilla and measurements of the lat-
ter. Such an effective dynamics is given, accord-
ing to Stinespring’s and Naimark’s dilation theo-
rems [22], by a completely positive trace decreas-
ing (CPTD) map that admits the Choi-Kraus
representation [23]

N
P B(p) i= 3 GuupGl, (1)
m=1

where p is a reduced density matrix of the sub-
system of interest and Gy, are the so-called Kraus
operators fulfilling >~ _, GI G, <1 [24].

For a composite system initialized in a prod-
uct state with a pure ancilla state, pg ® |da )P4,
the above CPTD map reduces to the action of
a single Kraus operator. This protocol is known
as an efficient measurement [25]. Equation (1)
then gives a state conditioned on the outcome of
that selective measurement, which is to be con-
trasted with trace-preserving nonselective mea-
surements [26].

One can then pick another ancillary system in
its pure state and iterate the procedure. In the
simplest case, the old ancilla is being reused since
the projective measurement collapses its density
matrix to a pure state. The limit in which the
time of intermediate unitary evolution goes to
zero is known as continuous measurement. The

time evolution of the conditioned state can then
be described by a map of the form p — ®;(p) :=
G(t)pG1(t). Having chosen an initial state po,
we will talk about its trajectory p(t) := ®:(pg).
Given that G(t) is differentiable and invertible,
the dynamical map ®; can be associated with
the following dynamics

plt) = =i (K(p(t) = p(OET (@), (2)

where K (t) = iG(t)G~1(t) acts as a generator of
the evolution operator G(t) and need not be Her-
mitian. Physically, we can think of the map ®,
as a channel describing a continuous information
flow from the system to the observer [27,28].

2.2 States with fixed rank: manifold Q,

The invertibility condition above implies that
any state has a non-zero probability of passing
through the channel ®,. But since the map @,
is trace-decreasing, the state passes through the
channel only with probability Tr[®;(p)]. Conse-
quently, the output of the map ®, does not need
to be a physical density matrix. The remedy to
this problem is to normalize the output.

Formally, let us denote by Q the set of all den-
sity operators acting on a n-dimensional Hilbert
space H,. The non-Hermitian evolution leading
to a normalized state, described above, takes the
general form

GG (1)

P :Q—Q, Pup) = (GG (D) (3)

where, as before, G(t) is a smooth function of ¢
valued in invertible operators, i.e., elements of
the general linear group GL(n,C). Note that
G(t) can be unitary, but we do not impose it.
Since G(t) is necessarily of full rank, when acting
on density matrices p, it preserves their rank,’
i.e., if rk (p) = 7 then 1k (®:(p)) = r.? Hence,
to study the evolution of a density operator ini-
tially of rank r, we may restrict our attention to
the subset Q, C Q of density operators with the
same rank.

"Notice that (3) is also the most general form of a nor-
malized CPTD map that preserves the rank of any positive
operator.

?Although the rank of the evolving state does not
change, its trace distance to states with a different rank
can decrease rapidly, but never reach zero in a finite time.
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Figure 1: (a) The surface and the interior of the Bloch's
ball respectively form 2— and 3—dimensional manifolds.
(b) The Bloch’s ball itself does not form a standard man-
ifold as open sets touching its surface cannot be mapped
to open sets in R for any d.’

This observation allows us to introduce a dif-
ferential structure. Indeed, the set O, is natu-
rally a (2nr — r? — 1)-dimensional manifold with
a differential structure inherited from the space
of n X n complex matrices, isomorphic to R2"2, in
which it can be smoothly embedded [29]. This is
not the case for Q, which is not a manifold in the
usual sense (see Fig. 1). However, it can also be
endowed with a generalized differential structure,
which we comment on in the conclusion.

2.3 Velocities on Q,: tangent space T,9Q,

Consider any curve describing the evolution of a
quantum state p(t), governed by the map (3) and
passing through the state p at some time that
we take to be zero. The tangent to this curve
at p can be associated with its time derivative
p = p(0). Importantly, the set of all such tan-
gents forms the tangent space T,Q,, illustrated
in Fig. 2.

The tangent vector can be expressed in differ-
ent ways. First, considering that any two states
in @, can be connected by the group action

d:0Q, x GL(TL, C) — Qr,

GpGt (4)

¢ =

Any tangent vector at p (p € T,Q,) follows as
p=—i(Kp—pK") +iTe((K - K')p)p, (5)

9The Bloch’s ball forms a manifold with boundaries.
Defining a differential structure on such manifolds does
not pose difficulties. However, higher-dimensional systems
can no longer be described as such, and extending the
presented results to them is not straightforward.

Figure 2: The manifold Q, (white/grey surface). We
illustrate two evolution curves on this manifold, p1(t)
and pa(t), that pass through p; the arrows in magenta
show the corresponding tangent vectors at this point,
p1 and po. These tangent vectors are elements of the
tangent space at p, denoted by T,Q,., and depicted as
the cyan plane.

where K € gl(n,C) is an element of the Lie al-
gebra associated with GL(n,C), consisting of all
n x n matrices [30].

Alternatively, one can decompose the genera-
tor of the dynamics into its Hermitian and anti-
Hermitian parts, namely K = H — iI' with
H=(K+K")/2and T = (KT — K)/(2i). The
tangent vector then takes the form [31]

p=—i[H, p] —A{T,p} +2Tx(Tp)p.  (6)

This equation arises in continuous quantum mea-
surements in the absence of quantum jumps, i.e.,
under null-measurement conditioning [3]. It also
occurs in spectral filtering, which modifies the
dynamics and enhances the dynamical manifes-
tations of quantum chaos [32-34].

The non-linear term appearing in (5) and (6)
is due to the renormalization of the state to pre-
serve its norm. Note that a master equation sim-
ilar to (6) has also been considered to describe
classical dissipative systems [35]. We discuss
this “dynamical decomposition” further in Sec-
tion 3.4, but first focus on a different “static de-
composition” of the tangent vectors, which refers
to the geometry of the tangent space itself.

3 Geometry of non-Hermitian trajec-
tories

3.1 Coherent and
spaces U,Q, and C,Q,

incoherent  directions:

Using the spectral decomposition of the density
matrix p = >, A\illg, where I are spectral pro-
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jections and Ay are distinct eigenvalues, any vec-
tor tangent to Q, at this point can be decom-
posed into p = py + pc, with

pu= > Iplly, (7a)
k#m

pe = ipll. (7b)
P

This decomposition, illustrated in Fig. 3, has
been explored before in the context of informa-
tion geometry [36—40]. It has also been employed
to bound the speed of evolution [41-43] and to
identify work and heat in quantum thermody-
namics [44]. Moreover, this framework extends
naturally to arbitrary observables [43].

It follows that the tangent space T,Q, can
be decomposed into a direct sum of unitary and
commutative subspaces [7,40,45] respectively de-
fined as

U,Q, = {p € T,Q,p=—i[H,pl, H=H'}, (8a)
CoQr = {p € T,Q/[[p, p] = 0}. (8b)

It is easy to check that p, € U,Q, and p. € C,Q,,
and that these spaces are linearly independent.

Remember that elements of T,Q, can be
thought of as tangents at p to all the smooth
curves in Q, passing through this point at time
zero. The set of allowed curves can be restricted
to those that form smooth submanifolds, i.e.,
curves without cusps. It is then possible to
define an eigen-decomposition along each such
path p(t) = Y5_1 Ae(t) | Ak (t) XAk (t)|, where the
one-dimensional projectors |Ag(t) Ak ()| depend
smoothly on time.# The unitary and commuta-
tive components of p = p(0) take then a simple
form

pu= D Ae( AR+ IARXARD, (9a)
P

Pe =D M| M) Ak| - (9b)
P

Physically, U,Q, and C,Q, can be thought of
as “coherent” and “incoherent” directions, re-
spectively, and we will henceforth refer to them
as such [42,43]. The evolution along the former
does not change populations in the instantaneous

4Here the eigenvalues A, are no longer assumed to be
distinct. Higher dimensional projectors may be discontin-
uous at times when the degeneracy changes.

Figure 3: At every point of the trajectory in the interior
of the Bloch'’s ball, the tangent to it (black arrow) can
be decomposed into commutative (magenta) and unitary
(cyan) components.

eigenbasis of the state but generates coherence by
contrast to the evolution along the latter.

Note that pure states (r = 1) have a triv-
ial commutative subspace, C,Q; = {0}, which
agrees with the fact that the only quantum op-
erations preserving purity are unitaries.

3.2 Classical direction: subspace Class,Q, and
complementary L,Q,

The commutative subspace can be decomposed
further when the spectrum of the state is degen-
erate [40]—i.e., Tr(II;) > 1 for at least one k. In-
deed, the incoherent component p. € C,Q, can
be expressed as p. = pc + p1, with

= 3 ity e (102)
o= %: <Hkak - T;gﬂ’;)nk) . (10b)

These directions form what we call the classical
Class,Q, and the lifting L,Q, subspaces corre-
spondingly.

To sum up, the tangent vector can be decom-
posed as

p = pu Tt pa+ pr1. (11)

The lifting direction p; is responsible for lifting
the degeneracy of the state and is, for exam-
ple, relevant in symmetry breaking in adiabatic
processes. Evolution along the unitary and lift-
ing directions can generally lead to a change of
eigenbasis. As such, they can be viewed as non-
classical. By contrast, the classical direction pg
can be interpreted as classical information pro-
cessing since we can, in a consistent way, map p
to a probability vector and consider the evolution
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along p as arising through stochastic transfor-
mations. Note that “classical” evolution assumes
the eigenbasis is fixed and that only the evolu-
tion along the above-defined classical directions is
guaranteed to leave the basis unchanged. Lastly,
it is worth noting that p, preserves the von Neu-
mann entropy of the state while p; strictly de-
creases it.

3.3 Maximal distinguishability of the coherent
and incoherent directions

Let us, for a moment, restrict our attention to
the manifold of full-rank states Q,,. It turns out
that the coherent and incoherent directions are
maximally distinguishable, or orthogonal, with
respect to any monotone Riemannian metric on
O,. These are the metrics whose geodesic dis-
tance between any two density operators in 9,
either decreases or stays the same under com-
pletely positive trace preserving (CPTP) trans-
formations. It can be argued that any meaning-
ful notion of statistical distance on @Q,, should
have this property. Intuitively, two density ma-
trices should not become more distinguishable af-
ter post-processing the data they describe.

Any monotone metric on the manifold Q,, is
an inner product defined locally and associated
with the following norm [46, 47]

I+ T,Q0 = R,
1] = ¢Z Bik2e(0g, M), (12)

Jk

where pjr = (A\j|p|Ax). The function c(A, p) is
symmetric and homogeneous of order —1, i.e.,
c(a), apn) = a~te(\ p). Its choice defines the
metric. For example, choosing c(\, u) = %ﬂ
leads to the Bures metric, widely used in quan-
tum theory [23].

Using the definition of the monotone metric
and the polarization identity, it follows that the
coherent and incoherent directions are mutually
orthogonal — see Appendix B.2 for a detailed
proof. This maximal distinguishability can be
visualized on the Bloch ball for a qubit, as seen
in Fig. 3. Similarly, the lifting and classical sub-
spaces can also be shown to be orthogonal (Ap-
pendix B.2). These results reveal a hidden rigid-
ity condition that all monotone metrics need to
respect.

The orthogonality of coherent and incoherent
directions with respect to all monotone metrics
can be proven as above for 9, only, as only on
the manifold of full-rank states are the norms as-
sociated with these metrics known to be of the
form (12). Moreover, the monotonicity of the
metric is relevant for such states only, as infor-
mation is indisputably gained under rank pre-
serving dynamics (3) in open systems, due to
efficient measurements described above.’ How-
ever, the Bures metric can be extended to the
manifold of states with rank r < n [48, 49].
Specifically, on that manifold, the Bures metric
(-, ) : TQ, x TQ, — R takes the form

(5, ')0 = 5 TH(L), (13)

where L is known as a symmetric logarithmic
derivative (SLD) and is any solution to the equa-
tion Lp + pL = p [48,50].% The coherent and
incoherent directions are also orthogonal in O,
with respect to this extended Bures metric.

3.4 Hamiltonian and gradient vector fields

Consider now a vector field representing a dy-
namics generated by a non-Hermitian operator
K = H —il'. Equation (6) shows a decomposi-
tion of the vector field into two parts where the
first term comes from the Hermitian part of K

pr = —i[H, pl, (14)

and the other two terms from the anti-Hermitian
part

pr = —{Tp, n}, (15)

where we have introduced the state-dependent
operator I, = T' — Tr(Tp). The latter can be
seen as a gradient of the function (I') : Q, —
R, (I, = Tr(I'p) with respect to the Bures
metric [30].

We recall that the gradient of any scalar field
f:9, > Risavectorfield Vf: Q, — TQ, satis-
fying Yp € O, ¥p € T,Qr ¢ (VF(p), p)n = df(5),
where df is the differential of f. In the case when
f is the expectation value of an observable A,
F(p) = Tr(Ap) = (A),, then d(A), = Tx(Ap).

“The set of CPTP maps will in general preserve the
rank only for full rank states.

%Note that we do not include any factor of two in this
definition.
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Figure 4: Vector fields —i[A, p] (on the left) and {A, p}
(on the right) on the Bloch ball for a qubit, with A = 7.
Colors represent the speed with respect to the Bures
metric. The dynamics —i[A, p] preserves the expectation
values of A as it rotates the sphere while {4, p} flows
from the south pole to the north pole along the direction
of maximal increase.

Interestingly, the fields —i[A, p] and {A, p} are
everywhere orthogonal with respect to the Bures
metric. The first one generates a rotation that
preserves the expectation value of A, while the
latter generates a flow that moves along the di-
rection of maximal change and cuts each level
hypersurface’” orthogonally; see Fig. 4. For A
with a non-degenerate spectrum, the latter gives
rise to 1 stable, 1 unstable, and n — 2 hyper-
bolic fixed points corresponding to the observ-
able’s eigenstates. More generally, the vector
fields —i[H, p] and {T,, p} are everywhere orthog-
onal when [H,T'] = 0.

Note that while the decomposition into coher-
ent and incoherent directions purely refers to the
differential structure of Q,, the decomposition
into Hermitian and anti-Hermitian directions is
dynamical, as it depends on the chosen genera-
tor of the dynamics. Moreover, while p € U,Q,,
in general pr € U,Q, @ C,Q,.

3.5 Maximal success rate

When the non-Hermitian generator arises from
the continuous measurements (see Sec. 2.1), the
Hermitian operator I' is necessarily positive-semi
definite due to the monotonic decrease of the
state’s norm. The norm decreases at a rate
~v = 2Tr(T'p), which is the non-linear contribu-
tion in (6).

Let us pick an initial state and evolve it accord-
ing to (6). At each time step, the anti-Hermitian
part of the generator naturally splits into two
parts I' = I'y + I'c, where I'y = 37, LTI

7A level hypersurface is a set on which the function
takes a constant value.

induces motion in the coherent directions and
I'c = >, I;I'ly in the incoherent directions.
Since I'y generates the dynamics along coherent
directions, by definition, there exists a (state-
dependent) Hamiltonian generating the same dy-
namics. Therefore, by exchanging I', for this
Hamiltonian, one can mitigate the decrease in
norm along the given trajectory, as there is no
probability decay for purely unitary dynamics.
This leads to finding a maximal success rate, as
we explain below.

Let us first observe that after correcting for
the change in norm (6), the dynamics remains
unaffected by a shift of the spectrum of I'. How-
ever, the decay rate is not independent of these
shifts and, under the constraint I' > 0, is mini-
mized when the smallest eigenvalue of I' equals
zero. We will view this as trivial optimization
and compare rates for operators already shifted
in this manner.
Let u((;mm) and u denote the smallest eigen-
values of I'. and I' respectively. In light of the
above comment, we set p™® = 0. Since I,
and p commute, they share a common eigen-
basis. For any common eigenvector |uc) of I'c
and p, we have .</‘LC’F’1U’C> = (pe|le|pc), which
implies that ,ugmm) > 0. The shifted operator
Topt = Te — p™™1 is positive (Topy > 0) and
satisfies

(min)

Tt(Topt p) = Tr(Tp) — u™™) < Te(Tp).  (16)
This inequality is saturated iff the kernel of I'.
is contained within the kernel of I'*—something
that never happens for full-rank qubit states

when I'y # 0.
We modify the Hermitian ope/l\"atg\)r H by
. . o+

adding the term H' = —i} ;. ﬁl’[kfﬂj,

which can be shown to satisfy —i[H',p] =
{T'w,p}.  The modified Hermitian operator
Hopy = H+H' then generates the same evolution
as H —il'y. Consequently, Kopt = Hopt — il'opt
generates the same evolution as K, but with a
smaller decrease of the state’s norm. Impor-
tantly, while the construction is set up to locally
optimize the decay rate, it also maximizes the to-
tal success rate over the prescribed trajectory—
see App. B.1 for a detailed argument.

8The kernel of a linear operator A on a vector space V
is the subspace kerA C V defined by kerA = {v € V| Av =

0}.
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To conclude, the non-Hermitian dynamics that
maximizes the success rate for obtaining the de-
sired state trajectory is achieved when the anti-
Hermitian part of the generator commutes with
the instantaneous state. We stress that both Hp
and I'gpe are constructed using the spectral pro-
jectors Il of the instantaneous state and there-
fore inherently depend on the evolved state itself.

3.6 Shortcuts to adiabaticity

The geometrical interpretation presented in the
preceding sections may be applied to STA in open
systems. Under slow driving of a physical system,
and assuming that the relevant spectral gaps re-
main open, adiabatic theorems guarantee that
the instantaneous eigenstate populations remain
constant [51-54]. Shortcuts to adiabaticity are
protocols that implement the evolution between
a given initial state and an adiabatically reach-
able final state but in finite time, that is, without
relying on slow driving. Originally developed for
unitary evolutions, for example, by counterdia-
batic driving [16,19], they have been extended to
open systems [5,20]. Especially, STA for a given
fixed-rank trajectory may be associated with an
evolution that is, in general, generated by a non-
Hermitian Hamiltonian.

Here, we show how to construct the STA gen-
erator of the trajectory

p(t) = e P00 /7 (t), (17)

governed by the Hermitian time-dependent
Hamiltonian Hy(t), with inverse temperature
B > 0, and Z(t) = Tr(e PHo) the partition
function. Note that any full-rank density matrix
(r = n) can be written in this form. The velocity
of (17) is given by p(t) = pu(t) + pc(t), where

pult) = —i[ffcp (), p(t)], (18a)
pe(t) = _ZZ((tt))2 p(t) — th) kzzjl Eye PPk | By ) Ey|
(18b)

where we have used the eigendecomposition
(Ho(t) — Ex)|Ex) = 0. The operator
H.,(t) = Ho(t) + Hi(t) is the counterdiabatic
Hamiltonian with Hi(t) = > 70— (|Ex)XEk| +
(Ex|EL) |ERXEg|). The subscripts of the two
components were chosen deliberately as it is easy
to check that py(t) € U Qr and pe(t) € Cpp Qs

The same trajectory can be generated by the
non-Hermitian generator K (t) = H (t) —iI'(¢),
where I'(t) = =5 Y0, Ey, |[Ex)Ex|—5 § log Z(¢).
Since [I'(t), p(t)] = 0, this implementation opti-
mizes the success rate, provided that the spec-
trum of I" is shifted such that its smallest eigen-
value equals zero.

4 Geodesics and speed limit

Let us now consider two points p1,p2 € Q, and
the trajectories connecting them. The shortest
geodesic is the shortest trajectory with a con-
stant speed—i.e., a constant norm of the tangent
vector. To compute it, it is useful to go into a pu-
rification space that facilitates a geometric anal-
ysis through a fiber bundle construction. Let us
first recall some notions of purifications and fiber
bundles.

4.1 Purifications, fiber bundle, and geodesics

Any density matrix p € Q, acting on a Hilbert
space ‘Hg with dimension n can be purified using
an ancilla modelled on Ha with dim(Ha) > 7.
Specifically, there always exists a normalized vec-
tor |WW) € Hg ® Ha such that p = Tra [WYW|.
We call such a vector a purification of the state
p. It can be explicitly expressed in terms of the
spectral decomposition as

Wy =S VA e, (19)
k=1

where {|ax)}}_; forms an orthonormal set in
Ha. We consider minimal purifications by fix-
ing dim(Ha) = r. Even with this restriction,
purifications are not unique because of possible
local unitary transformations on the ancilla.

For convenience, we write any, not necessarily
normalized, vector |W) € Hg ® Ha in the form
of a matrix, namely

T T
(W)= wiie [S) @A) = Y wik |S; XAk = W,
Gok=1 k=1

(20)
where wj;, € C, and |S;) and |Ay) span the ba-
sis of ‘Hg and Ha, respectively. This defines an
isomorphism between Hg ® Ha and the space of
linear maps B, := B(Ha,Hs). Such a matrix
representation considerably simplifies computa-
tion, as we will see below. In particular we may
now write p = Tra [WXW| = WWT.
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Figure 5: Schematic illustration of the bundle structure
(not specific to any n,r). To each state p = WWT,
a fiber 771(p) is attached (cyan circle). The unitary
group action transforms the purification W to a different
point on the fiber WU. The vertical space Vi W, forms
the tangent space to the fiber while Hy W, forms the
orthogonal compliment.

We restrict the set B, to matrices representing
purifications of density matrices of rank r which
defines the set

W, ={W € B,|Te(WWT) =1 and I(WTW)~1},

(21)
where the first condition corresponds to the nor-
malization and the second is equivalent to having
WWT with a fixed rank 7. In what follows, we
refer to the elements of W, simply as purifica-
tions.

At each point p € Q,, we can think of ‘at-
taching’ the set of all purifications satisfying p =
WWT. The triple (Q,, W, ) forms a fiber bun-
dle, with 7 being a projection map

W = Qp, (W) =WWTIL (22

The pre-image 7 !(p) is known as the fiber over
p and consists of the purifications for which
WWT = p. More precisely, it forms a principal
fiber bundle as one can define a unitary group ac-
tion on the fibers which account for the unitary
freedom on the ancilla system

SW xU@r) =W, E(W,U)=WU. (23)

See also Appendix A. The projection map, in
turn, induces a mapping between the tangent

spaces of W, and Q,, namely
dm, : .TWWT' — Twa Q,h (24)
dr,, (W) = WWT + Wt

The tangent vectors in T, W, that are tangent
to the fiber form the vertical space, defined as

V,, W, = kerdm,,. It may be complemented to
form the entire tangent space T, WW,. The com-
plement is known as the horizontal space, de-
noted H,,W,. We choose this complement to be
orthogonal with respect to the metric locally de-
fined as

()T We x T, W, =R,
o 1 iy (25)
(W,W):§Tr(WW +W W),

where W and W' are two tangent vectors at the
point W. This is a restriction of the Euclidean
metric on T, B,. The horizontal space can then
be thought of as orthogonal to the fiber itself; see
Fig. 5. An important property of this metric is
that it is invariant with respect to the unitary
group action, (WU, W'U) = (W, W’). This met-
ric is called right-invariant and will allow us to
connect the metric on W, to a metric on Q,, as
seen below.

Any tangent vector W € W, can now be de-
composed into a vertical and horizontal compo-
nent W = WV + Wh, with

W, = WA,
Wy = LW,

(26a)
(26b)

where AT = —A, L = LT and Tr(LWWT) = 0,
see for example [55].

In addition, the space H, W, is isomorphic
with the tangent space T . Q, [56]. This, in
combination with (25) being right-invariant, al-
lows Q, to inherit the metric from W,. The in-
duced metric turns out to be exactly the Bures
metric (13), namely

(W, W) = (5, ), (27)

where Wh, W{l €EH W, W e 1(p), dﬂ'WWh =
p and dm, W] = p/. TImportantly, the right-
invariance of (25) implies that (27) does not de-
pend on the purification W chosen from the fiber.

Since B, can be seen as a real vector space,
it can be equipped with an inner product. We
choose the inner product compatible with (25),
which takes the same form but with elements
from B, instead of TW,. This inner product al-
lows us to interpret Tr(WWT) = 1 in (21) as a
unit sphere.

The shortest geodesic is the shortest path be-
tween two given points parameterized by its arc
length. On a sphere, they are the great arcs.
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Figure 6: Both paths between Wj; and W5, and be-
tween W7 and W) are geodesic on W,. The first one
however is the shortest geodesic between fibers 7=1(p;)
and 7 !(p2) and hence its projection onto Q, is the
shortest geodesic between p; and ps.

The set W, is a homogeneous space and forms
an open and dense subset of the unit sphere in
B,. As a consequence, the geodesics on W, are
also great arcs. The geodesic distance between
two purifications Wi, Wy is thus the arc length
arccos(Wy, Ws). Each geodesic in the base space
Q, can in turn be lifted to a great arc in the pu-
rification space, i.e., there exists a great arc in
W, that projects down to the geodesic in Q,.. In
particular, the shortest geodesic between p; and
p2 is a projection of a shortest great arc between
the corresponding fibers, i.e., a geodesic between
two purifications Wy € 7 1(p1), Wa € 7 (p2)
minimizing arccos(Wi, Wa) [55]. This is equiva-
lent to requiring

W W, >0, (28)

as first shown in [57]; see also Appendix B.3. The
corresponding geodesic distance on Q, equals

arccos Tr\/WlT WQWQT Wi. It may be expressed
independently of the purifications as

dist(p1, p2) = arccos \/m7 (29)

Uhlmann fidelity

2
F(p1,p2) = (Tr \/prz\/pT) [57]; see also
Appendix B.3 for a self-contained derivation.

where we recover the

4.2 Speed limit

A speed limit is defined as a lower bound on the
time required to evolve the system from an initial
state to a target state under some specified class
of dynamics. The Bures metric gives a natural
speed limit for general open dynamics in terms
of the geodesic distance and the time-averaged
speed of the trajectory [58-60]. Here, we will

describe the speed in terms of a non-Hermitian
generator of the evolution and analyze the tight-
ness of the speed limit for different upper bounds
of this speed.

A non-Hermitian evolution satisfying (6) can
be lifted to an evolution in the purification space
satisfying

W =—iHW —T,W, (30)

where T, can be written as T' — Tr(TWWT). In-
deed, the tangent p = dr,, (W) can be found us-
ing (24) and the fact that p = WWT. From (26),
it follows that f‘pW € H,,W,, while tHW in gen-
eral contains both vertical and horizontal contri-
butions. In fact, (30) is horizontal iff ITHII = 0,
where II = 37 5, o i is the projection onto the
support of p [55]. Consequently, when moving
horizontally within the support of the state, the
term pr is non-zero, implying that the system
is necessarily open. Note that in the special case
of a full-rank state, the unitary flow has to be
zero, that is, H = 0, for the evolution to be com-
pletely horizontal.

The horizontal part of (30) is obtained by de-
composing —iHW according to (26),

Wy =LW —T,W, (31)

where L is an SLD fulfilling pg = Lp +
pL. This equation can be found by imposing
dr,, (—iHW) = dm,,(LW) and using (24). By
then using the spectral decomposition of p and
projecting both sides of the equation on II; e 11,
we find

Xi — A\
L=i J I1; HTI,. 2
ljz,;)\j+)\ jHT (32)

k

As the metric (27) on TQ, is defined from the
horizontal components of the purifications, it fol-
lows that

(5, )o = Te(WWA) = Te((L = T,)%0). (33)
The form of L given in (32) helps to recognize
that Tr(L%p) = 1F(H, p), where F(H, p) is the

quantum Fisher information of the state with re-
spect to H [61]. As a result

(5o = JF(H,p)+ AT+ TH({L, Tp), (34)

where AT = Tr(I'2p) — Tr(T'p)>.
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Combining (34) and (29) results in the lower
bound of the time to evolve p(0) = p1 to p(t) = p2

arccos v/ F'(p1, p2)
+Jo (B, p)sdt!

We can yet define a weaker speed limit by upper
bounding the speed and obtain

. arccos / F(p1, p2)
Ly VATH + AT — i Te([H, T]p)dt’

(35)

(36)

To see this, note that the integrand in the de-
nominator of (36) is equal to \/ (W', W), where
W= —iprW — pr. As before, the tilde
with subscript p indicates a shift of the operator
such that the expectation value with respect to p
equals zero. The vector W' is also a lift of p, i.e.,
dr,, (W') = p and hence its horizontal compo-
nent is equal to Wy,. The inequality (36) then fol-
lows from (p, p)s = (Wi, W) < (W', W’). This
is saturated iff TTH, »1I = 0, which is equivalent to
I[MHII = oll, o € R. It holds trivially for pure
states but not for general mixed states [55].

In practice, the time-averaged speed needs to
be replaced with a constant that upper bounds
it. In this way, a lower bound on the evolution
time can be computed without the need to solve
for the whole evolution. A similar speed limit
to (35) has been proposed in [62], which holds
in the space of purifications but may be violated
for density matrices if one does not choose the
correct purifications. More precisely, the deriva-
tion presented therein relies on using the metric
that (25) induces on the projectivization of W,
(PW,), i.e., two purifications are identified as the
same element if they differ by a phase. The dis-
tance between two elements in PW, represented
by the purifications W7 and W5 is then given
by the Fubini-Study distance arccos |Tr W{ Wy .
However, it may be problematic to apply this
speed limit to mixed states. More precisely, up-
per bounding the speed in PV, by some constant
w will not guarantee that (arccos|Tr W, Wl )/w
will lower bound the evolution time from p; =
I/Vﬂ/VlJr to py = VVQWQJr . Indeed, consider the
case when WlT W5 does not satisfy (28). We
can then find a different purification W3 satis-
fying WiWs' = py and WiW} > 0. There ex-
ists an evolution W; that connects W; and W,
with length arccos|Tr W/ Wj3| and that evolves
at a constant speed equal to w. The projection

of Wy then yields an evolution between p; and
p2 that respects the upper bound on the speed
w but with an evolution time strictly smaller
than (arccos |Tr W/ Wy|)/w. The bounds (35)
and (36) avoids this issue since they are derived
through a metric well defined on Q,., rather than
on PW,.

4.3 Generator of geodesic

We move now to derive an explicit expression for
the shortest geodesics in @, and describe a non-
Hermitian dynamics that can generate it. This
section is based on [63,64] and extends the results
to states with rank r < n.

The shortest geodesic in Q,. between two states
p1 and po can be lifted to the shortest geodesic
between the fibers in W, over these states, that
is, to a geodesic between Wi, Wy satisfying the
condition (28). As an arc of a great circle, it
takes the form

W(r) = p— (sin(@ — 1)W1 +sintWs), (37)
where 6 = arccos (W1, Ws) is the geodesic dis-
tance. The geodesic on Q, is then given by
py(7) = W(r)W(r).

We now ask what evolution follows this path.
More precisely, we look for a geodesic evolution
operator Gg(7) such that W(r) = Gg(1)Wi, or
equivalently pg(7) = Gg(T)png(T). To do so,
we introduce the operator M that maps the ini-
tial purification onto the final one, Wy = MWj.
This operator is defined uniquely only for full-
rank states. For r < mn, we have some freedom
and pick

M = WoW +iR
+ (1—H1)W2W1+ + (WQWT)T(]I_HI)a (38)

where II; = W1W1+ is the projection onto the
support of Wi, defined from the Moore-Penrose
inverse W1+ . We choose R > 0 such that R =
(I —1II;)R (1 —II;) to ensure invertibility of the
geodesic evolution operator Gy(7), and detail this
choice in Appendix B.4.

Any point W (7) on the shortest trajectory can
thus be obtained from the initial state as W (1) =
Gg(T)W1, where

Gy(1) = (sin(@ — 7)1 +sinT M). (39)

S
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Trivially, conjugation with such an operator
yields the evolution on Q,.

Note that such dynamics preserves the trace
along the chosen geodesic but not necessarily
along another trajectory. We therefore define the
map

. L Gg(T)PG}Lg(T)
PO On Bk Te(Gy(r)pGh(r) ) !

which is of the form (3). As described in Sec. 2,
the generator of this evolution is given by

Ko(r) = z'%ag(f) Gl (1)

Note that, by construction, the trajectory in
the purification space is horizontal, i.e., W(T) €
Hyy(yW;. For full-rank states, this implies that
K,(7) is anti-Hermitian at all times and corre-
sponds to the unique solution of Ky(7)pg(7) +
pe(T)Kg(T) = id%Pg(T)-

In general, the generator (41)
dependent and not unique. It prescribes the mo-
tion along the shortest path between two states
with constant speed. A natural question is
whether it can be made time-independent by pos-
sibly loosening the restriction on the speed being
constant. In the qubit case, it is always possi-
ble to do so. The resulting generator is neces-
sarily anti-Hermitian for the full-rank state, as
illustrated in the application below. In the gen-
eral case, however, a time-independent generator
does not always exist. This claim is supported by
the counter-example of a qutrit, which we detail
in Appendix B.5.

is time-

5 Application: Non-Hermitian control
in a qubit

To illustrate our findings, we consider the short-
est geodesic between the qubit states p; = %(]l +
%UZ) and py = %(]l — %ax — %az). This trajectory
is generated using (41) and then compared with
the optimization described in Sec. 3.5. For a fair
comparison, the spectrum of the anti-Hermitian
part is shifted so that the smallest eigenvalue
equals zero for both generators. Fig. 7 shows
how the state norm and its decay rate change
over time for the two trajectories. As expected,
we see that the optimization leads to a smaller
decay of the norm. Notably, the relative differ-
ence in norms—indicating how many more times

the experiment must be re-run for the trajectory
p to achieve the same success rate as the opti-
mized trajectory popt—approaches one.

Figure 7 also depicts the decay rate v cal-
culated for both un-normalized and normalized
states along the evolution. The former is sim-
ply the derivative of state’s norm and can thus
be seen as a “global” decay rate. From the con-
tinuous measurement point of view, it describes
the behavior of the whole ensemble of experi-
ments. The latter is renormalized by decreas-
ing trace and hence corresponds to a “local” de-
cay of the state. For a given experiment, it de-
scribes the probability per unit time of not sur-
viving the measurement, conditioned on the state
having survived this long. It may serve as an il-
lustration of the inequality (16). The decay rate
for the optimized dynamics ~opt drops to zero
and becomes non-analytic at the time when the
state passes the minor axis of an ellipse associ-
ated with the geodesic, as discussed below. At
that point, such an ellipse is tangent to a con-
centric sphere, meaning that the velocity at this
point has no commutative component and can be
fully expressed in terms of a Hamiltonian vector
field. That is exactly what the optimization pro-
cedure does. The non-analyticity there is caused
by the level crossing in I'..

In order to construct these generators, we first
took the trivial purifications of the states, respec-
tively W1 = /p1 and W3 = |/p2, which in gen-
eral do not satisfy the condition (28). Keeping
W fixed and using the unitary freedom, we then
found a purification Wy satisfying (28) by pick-
ing Wy = W4UT, where W]W} = PU is the po-
lar decomposition with P > 0 and U unitary.
We defined W(r) according to (37) and found
Gy(1) = W(r)Wy ! (notice the simplification due
to the existence of the inverse W 1). Finally, we
defined K4(7) according to (41).

Interestingly, the image of any shortest
geodesic in a qubit can be generated by time-
independent anti-Hermitian Hamiltonians (see
Appendix B.6 for details) being a rescaled gener-
ator (41). Consequently, each shortest geodesic
will form a segment of an ellipse that has its cen-
tre at the fully mixed state and the points con-
tained along its major axis being the two eigen-
states of (41), as illustrated in Fig. 8.

Accepted in (uantum 2025-04-22, click title to verify. Published under CC-BY 4.0. 11



(b)

0.8

0.6

0.4

0.2

N
TTTT T TITT[TTTT]T

I T
0.8

Figure 7: (a) State norm Tr(p) along the un-normalized evolution between p; and ps generated by (41) (red dashed)
and its optimization (solid blue). Inset: relative difference of the norms. (b;c) Decay rate «y for the generator (41)
(red dashed) and ~opy for its optimization (solid blue) along the (b) un-normalized and (c) normalized evolution

between p; and ps. Inset: difference of the rates.

Figure 8: The figure depicts the plane (cyan) containing
the maximally mixed state (p5) and the initial and final
states (p1 and p2). The intersection with the Bloch
sphere forms a great circle, and the ellipse (magenta)
for which the shortest geodesic is a segment of is the
unique ellipse intersecting p; and p and with its two
points on its major axis (p; and p,) lying on the great
circle. The point p, lies on the minor axis of the ellipse
and is always an interior point for full-rank states.

6 Conclusion

Starting from the basic description of quantum
evolution, we have shown how a trace-preserving
non-Hermitian evolution preserves the rank of
the density matrix. This allowed us to develop
a geometrical understanding of such dynamics.
Specifically, the tangent vector (master equations
(5) and (6)) can be decomposed in the instanta-
neous state eigenbasis into a direction that gener-
ates coherence and another that changes popula-
tion only. These directions are mutually orthog-
onal. The incoherent part can further be decom-
posed into a component that lifts degeneracy and
decreases the von Neumann entropy and a part
that can be viewed as classical since it does not
change the eigenbasis. By decomposition of the

anti-Hermitian part of the generator into the co-
herent and incoherent direction, we showed that
the non-Hermitian dynamics that maximizes the
success rate of a given trajectory is one whose
anti-Hermitian part commutes with the instan-
taneous state.

Using techniques of purification, we then ana-
lyzed the tightness of a quantum speed limit (36),
which is saturated when the evolution moves
along the shortest geodesic linking the initial
and final state. An explicit expression for this
geodesic was derived and used to construct a gen-
erator of it (39), that is, a non-Hermitian evolu-
tion that saturates the speed limit.

It is natural to ask whether the above geomet-
rical interpretation could be extended to rank-
changing dynamics, as resulting from a Lindblad
master equation, including the jump terms—see
e.g., [65—68] for different approaches. Although
the set of all quantum states Q is no longer a
manifold, it forms a Whitney stratified space,
that is, a collection of manifolds glued together,
and as such, it can be endowed with a general-
ized differential structure [69]. Then, it is possi-
ble to extend the notion of tangent spaces to Q
and distinguish the commutative and unitary di-
rections. The precise treatment of this problem
exceeds the scope of this paper.

We hope that the insights presented in this
manuscript and the intuition that can be gained
from our results will help develop new control
protocols in quantum systems.
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A Geometrical preliminaries

This Appendix provides a brief overview of the
concepts from differential geometry used in the
main text.

A.1 Differentiable manifolds

Let us start by reviewing the notion of a man-
ifold. A real d-dimensional manifold M is a
topological space locally homeomorphic to open
subsets of RY.  For example, a sphere is a 2-
dimensional manifold. However, a sphere with
an attached string is not because the string it-
self is 1-dimensional. If these local homeomor-
phisms, called charts, “glue together” in a dif-
ferentiable way, the local similarity to real space
allows for introducing the notion of differentia-
bility, otherwise not defined on the topological
spaces. We call the collection of such charts cov-
ering the whole M a differentiable atlas and the
manifold itself a differentiable manifold.

One may ask if such a differentiable manifold
could not be embedded in R™ with n > d and
inherit the notion of differentiability from there
instead of having it defined locally in the charts.
It turns out that it is indeed possible, as made
precise by the Whitney embedding theorem, and
that the two notions are compatible (in the sense
that every embedding induces a differentiable at-
las and every differentiable atlas defines an em-
bedding). Throughout this paper, we use the
later picture as a natural embedding of our man-
ifolds exists in higher dimensional spaces. How-
ever, all notions discussed here can be seen as in-
ternal to the manifold without the need for any
external space, which is exactly where the true
power of the geometrical picture lies.

A.2  Tangent spaces and bundles

The tangent space is one of the most important
and used notions in differential geometry. Con-
sider a differentiable path ~ : [0,1] — M on a
differentiable d-dimensional manifold M (embed-
ded in R™) passing through a point p. Trivially,

the velocity of v at p is given by its derivative at
p (in the embedding) and is tangent to . The set
of all possible velocities of all differentiable paths
passing through p is the tangent space T,M. In
fact, T, M can be thought of as a d-dimensional
hyperplane tangential to M at point p.

The velocity of a curve at each of its points
belongs to different tangent spaces. It would be
useful to have a unified description of this veloc-
ity along the whole curve. The proper way to do
S0 is to introduce the notion of a tangent bundle
as a locally trivial fiber bundle.

A locally trivial fiber bundle, later called just
fiber bundle, is a triple (€, 7, M) consisting of
a total space £ and a base space M, both be-
ing differentiable manifolds and a surjective map
m: & = M, called projection, satisfying the local
triviality condition. Namely, £ has to look locally
like a product space M x F for some manifold F
called the fiber. More formally, we require that
there exist a smooth manifold F, such that for
any p € M there exists a neighborhood U and a
smooth homeomorphism ¢ such that the follow-
ing diagram commutes

EoaWU) L UxF
l” L (42)
proj;
U

The tangent bundle TM is then an exam-
ple of a fiber bundle over M with the total
space being a disjoint union of all tangent spaces
& = pem TpM and a natural projection TM D
TpM 3 X = w(X) = p. A velocity of 7 is then
a path in TM. However, we are still unable to
talk about its change along the path as we did not
specify how to relate different fibers T, M C TM
and take derivatives. We are going to fill this gap
in the next subsection.

We can further enrich the fiber bundle by
adding a smooth right action of a Lie group G
on the total space &£, which preserves the fibers
and acts freely and transitively on them. Such a
fiber bundle is then called a principal fiber bun-
dle.

A.3 Connections, vertical and horizontal

spaces

To connect different fibers, we need to add yet
another structure, a connection. A connection
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is a smooth way of splitting all tangent spaces
to the total space Tx& into two complementary
subspaces: a vertical space Vx& consisting of di-
rections along the fiber F, and a horizontal space
Hx&. Their disjoint unions together with the
bundle projection 7’ : TE — £ form vertical VE
and horizontal HE bundles respectively.

Note that specifically, to talk about a change
in the velocity of a curve or acceleration, we have
to define connection on a tangent bundle with a
tangent bundle as its base space TTM.

A.4 Riemannian manifolds

So far, we have defined a differentiable manifold
and a tangent bundle over it. It is easy to check
that every T, M is a vector space. However, we
cannot yet quantify how different are the vec-
tors, i.e., there is no scalar product. It is tempt-
ing just to inherit the Euclidean inner product
from the embedding (this is what we indeed do
in the main text, as the considered embeddings
will be, in some sense, natural). In general, how-
ever, a different choice may be more natural (al-
though Nash’s theorem states that for any such
choice, there exists an embedding inducing the
same local inner product). A smooth assignment
of scalar products to each tangent space is called
a Riemannian metric, and a differentiable mani-
fold now endowed with such a metric becomes a
Riemannian manifold.

As an additional side note, let us mention that
there exist complex manifolds that locally look
like C¢ and not RY. For example, a physical
Hilbert space is, in a natural way, such a com-
plex manifold. Complex manifolds can, however,
be seen as real manifolds of double the dimension
with an additional structure, a particular endo-
morphism of the tangent bundle, which amounts
to specifying the multiplication by an imaginary
unit. We use this fact to introduce a natural Rie-
mannian structure on Hilbert spaces.

B Fixed rank dynamics

B.1 Global success rate optimization

Consider a generic non-Hermitian Hamiltonian
K = H —I'. For a given initial state pg, it gen-
erates the un-normalized dynamics [0,1] > t —

p(t). The dynamics reaches the final state with
probability Tr p(1). Our goal is to construct a
non-Hermitian Hamiltonian K’ = H' — iI"” such
that p/(t) is proportional to p(t) at all times, i.e.,
the normalized evolutions of py agree, and more-
over, the probability of reaching the final state
Tr p'(1) is the maximal possible.

The Hamiltonian K,p constructed as in Sec-
tion 3.5 satisfies these demands. In fact, sup-
pose that there exists K’ # Kqpe such that
Trp'(1) > Trpopt(1). Initially, the decay rate
is lower bounded Tr(IV(0)pg) > Tr(Tops(0)po)-
By continuity, there exists a time 7 < 1 such
that Trp/(7) = Trpept(7) and thus p/'(1) =
popt (T). At that point, however, the decay rate
is again bounded by the locally optimal one
Te(T(7)p/ (7)) = Tr(Lope(F)pope (7). Tt implies
that Tr p'(t) < Tr pept(t) at all times, contradict-
ing our assumption that Trp'(1) > Tr pept(1).
Therefore, the local optimization is also a global
optimization.

B.2  Orthogonality between coherent and inco-
herent directions

The inner product (-,-) corresponding to the
monotone metric (12) can be computed through
the polarization identity

0. 0) = 3o+ #1215 - 1D (43)

For any pair of tangent vectors p, € U, Q,, and
pec € C, Qp, we can choose an eigenbasis common
to p and p. such that (pc);x = 0 Vj # k and
(pu)j; = 0 Vj. From (12), we have

pe £ pull® =D [(he £ pu)je*e(Aj k)

7.k
=Y 1) PN, A) + D 1(pu) ikl *e(N, M)
j 7k
= [lpell” + llul®.

(44)

It then follows from (43) that (py, pc) = 0.

To show orthogonality between two tangent
vectors pq € Class, @, and p € L,Q,, con-
sider a common eigenbasis between p, p. and p;
{IAjk)}, where the first index runs over the num-
ber of distinct eigenvalues and k over the multi-
plicities m;. We let A; denote the distinct eigen-
values so that \j, = A\; Vk € {1,2,...m;}. We
can then write pq = >, Sy i 1Nk Ajk| and
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pr= 35 5y vik Ngr)Njl, where 377 v =
0 Tr(pIl;) = 0. We then have

mj
per £ Aull* =33 (et £ A1) kgl (N Ajie)
7 k=1
my
= (N M) D (s Evjr)?
j k=1
m;
= (N, A) D (15 + ).
i k=1
(45)

Together with (43), it follows that (pe, p1) = 0.

In conclusion, we have shown that the sub-
spaces U,Q,, Class,Q, and L,Q, are mutually
orthogonal to one another with respect to any
monotone metric.

B.3 The Bures angle

The Bures angle between two states p; and ps
equals the length of the shortest spherical arc
connecting the respective fibers and reads

@(pl,pg):Winf arccos(Wh, Wa), (46)

1,Wa

where (W1, W) = ReTr(W{Wy
clidean inner product. The minimization over
the purification can be done by fixing purifica-
tions Wy, W4 of p1, pa respectively, and then
considering all possible gauge transformations
Wy = WiU. The angle is minimized when the
inner product between W7 and W is maximized.

Let A be an operator and let {|k)} be
the set of the eigenvectors of AAT, We
then have Re(TrA4) < Y. [(k|lAlk)| =
S/ (RIALR) (K| ATR) < 5, \/(k|AAT k)
Tr vV AAT. The inequalities are saturated iff A
is positive. If we now take A = Wf Wo we see
that the upper bound is independent of U and
the angle is minimized iff W{r Wy > 0.

Note that A > 0 «<— A = VAAl =
VWIWWIW, = [\ /pipey/pr where we fixed
Wi = /p1 without loss of generality. Conse-
quently

) is the eu-

©(p1, p2) = arccos Tr

Voip/or. (47)

which recovers the Uhlmann fidelity.

B.4 Invertibility of the geodesic evolution op-
erator

We show that the evolution operator Gg(7) (39)
has a trivial kernel and is thus invertible for all
7€ 0,6].

It is enough to ensure that there are no nega-
tive or zero eigenvalues in the spectrum of M.
Indeed, the condition Y|¢) € H : M) #

Sir;gﬁf) |1) is equivalent with the kernel of
Gy (7) being trivial.

Using the projectors Wi Wit and (1 — W W;"),
the operator M can be expressed as the symmet-
ric block matrix

A Ct
(3 9) ame

where dim(A4) = r and dim(B) = n —r. We let
this matrix act on any vector

A ct\ (a Aa + C'b
(0 B) <b>:<0a—|—Bb>’ (49)

and compute the inner product between the vec-
tor and its image with respect to M. It reads
(a,b)pr == (a, Aa) + (b, Bb) + 2Re(b, Ca). Now,
choosing B such that B = £i¢R where R > 0 is
sufficient for (a, b),s to never be a negative num-
ber. This implies that no negative numbers are
included in the spectrum of M, and thus ensures
Gy4(7) has a trivial kernel.

B.5 Time-independent geodesic generator — a
counterexample

In the main text, we derive the generator of the
geodesic (41), which, in general, is not unique and
is time-dependent. We asked whether it could
be made time-independent by loosening the con-
stant speed requirement. Here, we show an ex-
ample in a qutrit for which this is not possible.
Consider the initial and target states

100 10 0
pr=[0 2 0], p2=[0 & 0]. (50)
00 2 0o 0 1

In this case, choosing the purifications W1 = ,/p1
and Wy = /p2 satisfies (28) and, according to
(38)-(39) and (41), the generator of the evolution
at initial time reads

1—cos
w0 o
K 0)=i| o Z=° 0|6
Y5 _cosf
0 0 2sin0
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Because p; and py are both full rank and diag-
onal, the geodesic p(t) is diagonal at all times.
This means that it has no velocity in the coher-
ent directions, and hence, any time-independent
generator K, if it exists, can be made anti-
Hermitian. Such a generator can thus be as-
sumed to be of the form K = aKgz(0) + ipl,
a € Ry, u € R. We further show in Appendix B.6
that if the generator of the shortest path is time-
independent and anti-Hermitian, then it neces-
sarily has only two distinct eigenvalues. Since
this is not the case for such K, we must conclude
that a time-independent generator that generates
the shortest path does not always exist.

B.6 Time-independent geodesic generators on

Qn

Consider a full-rank state evolution generated by
a non-Hermitian time-independent operator K =
H —iT". One possible lift of this dynamics to the
purification space is described by the Schrédinger
equation W (t) = —iHW (t)— (T —(I'))W (). Due
to the fact that the images of geodesics are great
arcs, we may say that if the image of W (t) is
an image of a geodesic, then it lies in the real
span formed by the initial state W (0) and the
initial tangent 1/ (0). Consequently, by Taylor
expanding the evolution over some open interval
and using the fact that W is invertible because
of the full-rank condition, we get K™ € sp{1, K'}
for any power n € N. In this case, we can always
subtract a scaling of the identity from K to en-
sure that K2 = k1, where k is a real number?.
So up to rescaling, we get three cases: K? = +1
and K? = 0; thus the generator is either diag-
onalizable with eigenvalues {1,—1}, {i,—i}, or
nilpotent of degree two.

For the geodesic to be a shortest one between
the fibers, it must be horizontal. This is the case
iff WT(KT+ K)W = 0, which for invertible W is
equivalent to Kt + K = 0. We hence have that
the generator of the shortest geodesic on Q,, has
to have its spectrum contained in {i, —i}, up to
a global shift and rescaling.

9Indeed, since K? = al + ibK holds for some pair of
real numbers a, b, we can look at K’ = K — cl for which
K? =K? - 2cK + 1 = (a + )1 + (ib — 2¢) K. Taking
c=1ib/2 and k = a — b*/4, we get K'*> = k1.

B.7 Qubit geodesics contained on an ellipse

Let K = i0, and consider a general qubit state
which, without loss of generality, is assumed to be
p = 3(1+x0,+z0.). The (normalized) evolution
is then given by

1

20t 20t

— : “0z)-

P 2(cosh 2t + zsinh 2t) (e Hwoy+ze™02)
(52)
The Bloch ball coordinates (X, Z) are thus ex-
pressed in terms of X = ot 00 and Z =
h 2¢+sinh 2

Zhoitsamnor- Now, note that

X2 X? ?

T 4721 = g= = )

a " o2 Y

The fact that a is positive and time indepen-
dent proves that the state moves along an ellipse
spanned by the zz-plane. We also see that the
major axis is equal to one and thus touches two
antipodal pure states, which are the eigenstates
of K.
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