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Quantum chaos in random Ising networks
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We report a systematic investigation of universal quantum chaotic signatures in the transverse field Ising model
on an Erdds-Rényi network. This is achieved by studying local spectral measures such as the level spacing and
the level velocity statistics. A spectral form factor analysis is also performed as a global measure, probing energy
level correlations at arbitrary spectral distances. Our findings show that these measures capture the breakdown
of chaotic behavior upon varying the connectivity and the strength of the transverse field in various regimes. We
demonstrate that the level spacing distribution and the spectral form factor signal this breakdown for sparsely and
densely connected networks. The velocity statistics capture the surviving chaotic signatures in the sparse limit.
However, these integrablelike regimes extend over a vanishingly small segment in the full range of connectivity.
Our work elucidates the emergence of quantum chaos in relation to network topology, establishing a bridge

between many-body physics and network theory.
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I. INTRODUCTION

Investigating the properties of quantum Ising models is
of utmost importance given their widespread applications
across various domains, including quantum optimization
[1-6], quantum chemistry [7], condensed-matter physics [8],
and high-energy physics [9]. A pivotal aspect governing the
behavior of Ising models lies in the connectivity of their un-
derlying graphs. While many instances involve simple graph
structures such as lattices or regular graphs, certain scenarios
feature more complex networks with intricate characteristics
[10-13].

A complex network can be represented by a random graph
G(V, E), described by a set of vertices V and a set of edges
E, sampled from a given probability distribution. The ex-
amination of complex networks is of immense significance,
as they appear in diverse fields, including ecology, biology,
population dynamics, neural networks, and the World Wide
Web [14-18]. Disorder in these graphs arises from the ran-
domness of the connectivity and the weights assigned to each
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edge. This randomness is essential to investigate the statistical
properties of complex systems with exponentially growing
degrees of freedom [19-24].

Studying the connection between complex networks and
Ising models has attracted outstanding attention over the past
decades. For instance, graph-based combinatorial optimiza-
tion problems can be mapped to classical Ising Hamiltonians,
such that the ground state encodes the solution [1]. Optimiza-
tion problems as a ground-state search have been investigated
intensely in the context of the quantum annealing algorithm
(QAA) [25-29]. In QAA, quantum fluctuations induced by
the transverse field replace thermal fluctuations of classical
annealing algorithms [30]. Strong fluctuations delocalize the
eigenstates over the computational basis, improving the per-
formance of QAA.

Spectral regions corresponding to these eigenstates are
associated with quantum chaos [31-36]. In quantum chaos,
energy level correlations follow the predictions of random
matrix theory (RMT) [37-40]. The tools of equilibrium
statistical mechanics are applicable in these regimes. The
well-established ergodic hypothesis and the eigenstate ther-
malization hypothesis (ETH) are also satisfied [41-44].
However, integrable parts of the Hamiltonian may break down
quantum chaos and localize the eigenstates. In the disordered
case, this gives rise to many-body localization (MBL) [45-47]
with additional conserved quantities and local constants of
motions. In contrast to chaotic spectra, equilibrium statistical
mechanics loses its validity in the MBL phase. Due to this
property, it is crucial to identify the signatures of quantum
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chaos and its breakdown in favor of MBL. This has been
addressed in several works, including experiments with cold
atoms, trapped ions, and superconducting qubits [48,49].

However, establishing the boundary between quantum
chaos and the MBL phase remains challenging. This comes
with a numerical bottleneck as the thermodynamic limit is
approached [50,51]. Comprehensive full-spectrum analysis
has primarily been confined to Heisenberg models, with some
exceptions extending to Ising spin chains [51-56]. Studies
of spectral characteristics have mostly incorporated the dis-
order in the interaction. Nonetheless, the effect of a random
graph topology has been restricted to the analysis of the spin-
glass phase [57-60] and thermal phase transitions of classical
Ising models [61-63] near the ground state. There is a siz-
able literature on the eigenvalue statistics of the adjacency
matrix itself [64—67]. Furthermore, single-particle quantum
chaos on random graphs has been studied both in one- and
two-dimensional Anderson models [68-70] and in 2-body
Sachdev-Ye-Kitaev (SYK;) models also touching its possible
extensions to the many-body case [71,72].

In previous works, the disorder was mostly represented by
continuous random variables rather than by discrete-valued
randomness. However, the latter provides a more ideal test bed
for experimental realizations [73—78]. Additionally, plenty of
questions remain unanswered. For instance, when does graph
randomness lead to chaotic quantum behavior? Does the ex-
ponential suppression of the long-range delocalization exist
beyond the short-range perturbative regime of the transverse
fields? Is the onset of quantum chaos universal?

In this work, we address these questions for an Ising model
on a random graph network via the level spacing distribution,
the level velocity statistics, and the spectral form factor. In
particular, we identify the regimes of the graph connectivity,
where many signatures of quantum chaos disappear. Universal
conditions for the onset of quantum chaos in terms of the
transverse field are also investigated via large-order pertur-
bation theory. Quantum chaotic behavior is only absent in
vanishingly small regions compared to the full range of the
connectivities.

This work is organized as follows. In Sec. II, the struc-
ture of the spectral correlations in the computational basis is
studied. In Sec. III, the spectrum is investigated numerically
by a nearest-neighbor level spacing analysis with analytical
methods. In Sec. IV, quantum chaos is probed via a further
local measure, the level velocities. In Sec. V, the spectrum
is analyzed by the spectral form factor, diagnosing quantum
chaos via long-range spectral properties. Finally, we devote
Sec. VI to conclusions and future directions.

II. PRELIMINARIES

This section provides details about the model and the
underlying graph structure. Let us consider a general QAA
Hamiltonian

J
—Hp+ = Hx, ey

M
where H, = —) ", X;, Hp = — Zi’j A;;ZZ;, and g is the
strength of the transverse field. Here, A;; is the adjacency

matrix with A;; = 1 for connected vertices and zero otherwise.

Hlgl =

We consider the ErdGs-Rényi graphs G(L, M), where (L, M)
denotes the number of vertices and edges, as depicted in
Fig. 1. Every graph configuration is sampled with probability
pu = 1/Bin(Bin(L; 2); M), where Bin(n; m) is the binomial
coefficients (n;m). The prefactors M and L scale the band-
width to the order of the energy unit O(J). The couplings are
chosen to favor ferromagnetic ordering, J > 0. To character-
ize the connectivity, we define the connectance M = ﬁM
[12], interpolating between the limits of disconnected graphs
and the fully connected Lipkin-Meshkov-Glick model (LMG)
[79]. The connectance varies in the interval [0,1].

We investigate the relation between the graph randomness
and the statistics of the eigenenergies of Hp. The Hamiltonian
H{[g] can be realized as an “Anderson-type” disordered hop-
ping model on an L-dimensional hypercube [54,80]
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The disordered interactions generate the onsite energies Ej
with nontrivial correlations. The transverse field terms induce
the nearest-neighbor hoppings (k, k') via single spin flips
along the edges.

In the case of random interactions, the average of the on-
site energies can be shifted to zero, with the tunable energy
variances characterizing the statistical properties. However,
with the more constrained graph randomness, the influence
of the disorder cannot be described solely by the energy
variances. These variances are bounded by the finiteness of
M, and the statistical properties are strongly influenced by
the nontrivial structure of the mean values. Therefore, we
characterize the conditions of the onset of quantum chaos by
the generalized relative variances and correlations. As detailed
in Appendix A, these quantities take the form

S7 —

- L
(Ex)er =~ M J, 3

(6E7)., ~2M (1 — M) L—212 4)
k[ER ™ M2
L? + 6r(r — L)J2

(8ExEjtr)er ~ 2M(1 — M) 72 &)
Here, S; denotes the total spin of the kth spin configuration,
and (8E;8E;,)gr is the correlator of states at Hamming
distance r averaged over the graphs. Their most probable
value varies as Sy ~ +/L, yielding the typical scaling (Ex)gr ~
M %J . In the thermodynamic limit, these relations become
exact as the probability of a given link converges to M. The

corresponding relative variances and correlations scale as

A 5E2
6
(Ex)ER V ©)
v 8Ek8Ek+r [ [ 1+ 6 r

(Ex)ER
Here, the relative strength of the correlators can be character-
ized by a single average value between the configurations of k
and k + r having the same leading-order behavior in L.
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FIG. 1. Schematic diagram showing an overview of the work. Each random graph G(L, M) corresponds to a transverse field Ising model

. 7 — 2
with fixed connectance M = =D

M. (a) Quantum chaos is explored as a function of the connectance M ranging from the sparsely connected

regime to the LMG limit. (b) Signatures of quantum chaos are inspected by varying the transverse field and the connectance.

III. LEVEL SPACING DISTRIBUTION

In this section, local spectral analysis is performed via the
statistics of the spacing between adjacent energy levels for
various g and M values.

A. Chaotic regime of connectance and transverse field

The level spacing distribution, characterizing the differ-
ence between adjacent energy levels, constitutes a prominent
tool in the analysis of spectral statistics [36]. It captures the
chaotic and the localized regimes, as tested in various models
[45,47,52,53]. We employ level spacing distribution at inter-
mediate M, sufficiently outside the densely 1 — M ~ 1/L and
the disconnected limits M ~ 1/L.

Quantum chaos is signaled when the level spacing distribu-
tion converges towards the Wigner-Dyson (WD) distribution.
However, it breaks down when the level spacings are more
likely to concentrate around zero. An example of this is the
Poissonian statistics for uncorrelated energy levels. The cor-
responding distribution functions are

s

T2
Ppoi(s) oc e, Pyp(s) ocse™ 4%,

(3)
with the level spacing scaled to have unit average s;
Ei\—E;
(Eipi—Eder " . .
Yet, the distribution of adjacent level spacings alone does

not reveal the transition towards quantum chaos. To overcome
this issue, the level spacing ratio was introduced [45,55,81]

_ min ($p41, 57)

—_—, ©))
max (si11, 5;)

which is robust against variations in the local density of states.
It captures the emerging chaotic behavior by its average value
(r), approaching rwp = 0.523 in the thermodynamic limit.
Convergence towards either the Poissonian rpy; =~ 0.386, or
a lower value, signals the breakdown of quantum chaos. The
level spacing ratio distributions read as

r—i—r2

arrrmpe 00

Proi(r) o Pyp(r) o«

Additional spectral diagnostics via these statistics are pro-
vided in Appendix C.

We perform numerical simulations to investigate the onset
of quantum chaos from the perturbatively small g = 0.01J to
the fully polarized limit g = 5J. The connectance is varied
from low to high, M € [0.07, 0.98]. To study the spacing
distribution in a spectrally resolved way, we analyze 10 uni-
formly spaced energy windows in the unfolded spectrum. The
unfolding procedure [82,83] facilitates the characterization
of the local structure of level spacing distribution. It relies
on scaling out the local density of states p(E) = (D, 8(E —
E;))E, computed numerically for each graph realization. Here,
the average (... )g runs over the given energy windows. The
cumulative distribution function is obtained by integrating the
density f(E) = f_Eoo dE' p(E’). The unfolded energies E; =
f(E;) are then mapped by fitting a fifth-order polynomial to
the cumulative distribution function.

The spectrally resolved analysis reveals the effects of the
discrete-valued disorder. In particular, the total bandwidth of
Hp scales linearly with J having i,]—] spacings. The number
of degenerate eigenstates at g = 0 with spins pointing oppo-
site ways in closed loops grows exponentially with L. With
finite g, the spectrum inherits this behavior to some extent.
These frustrated spectral regions reside with high precision
in the upper half of the spectrum, £ > J/2. We observe that
the related features appear mainly at small spacing values, but
do not change the overall structure of the statistics (see Ap-
pendix D). For these reasons, the spectral analysis is carried
out in the lower half of the unfolded spectrum in the energy
window of [0.3J, 0.4J]. This regime is sufficiently below the
frustrated upper half but close enough to the middle to test the
bulk spectral properties.

As shown in Fig. 2(e), for intermediate 0.5J < g <4J
and for 1/L <« M < 1 the level spacing distributions converge
towards the WD distribution with increasing L. On the other
hand, for small values of g = 0.1J, level repulsion is weaker,
but it still increases with the system size as demonstrated in
Fig. 2(h). For small sizes, the distributions are more concen-
trated around zero than the Poissonian one, but for L = 15
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FIG. 2. Nearest-neighbor level spacing distribution in the perturbative g = 0.1J, intermediate g =J, and strongly polarized g =5/
regimes, and for sparsely M = 0.1, intermediate M = 0.6, and densely connected M = 0.9 graphs with L = 12, 13, 14, 15. The energy
window [0.3J, 0.4J] was considered in the unfolded spectrum. (a)—(c) g = 5J, displaying the perturbative breakdown of quantum chaos.
Level repulsion gets stronger as L is increased. This growth is slower for low and high M in (a) and (c), respectively. (d)—(f) Similar behavior
for g = J with a faster restoration of quantum chaos for intermediate M. (g)-(i) g = 0.1 J, exhibiting similar features with level repulsion

getting stronger as L grows.

they already reach in-between the Poissonian and WD shapes.
The results indicate no slowing down of this tendency, thus
it is expected that the distributions eventually reach the WD
shape for larger but numerically not achievable values of L.
The effect of small transverse fields on the quantum chaotic
signatures has been studied in various spin models including,
for instance, Ising ladders, tilted and two-dimensional Ising
models [84-88].

In the present case, this behavior can be captured us-
ing first-order perturbation theory at g = 0. The overlap is
computed between two nondegenerate eigenstates |k;), |k2),
separated by unit Hamming distance around the middle of the
energy spectrum

g 1
Ty & — ,
bk T AE,

Y

where AE|; ~ \/VZ is the typical scale of the energy difference

(see Appendix A). Requiring that T;, x, ~ O(1) in the ther-
modynamic limit sets the threshold of the transverse field g 2
L~'/2]. Below this scale, the energy contributions are smaller
than the mean level spacing between nondegenerate eigen-
states differing by one spin flip. The transverse field provides
only small corrections, implying trivially localized behavior.
Thus, the spacing distribution gets concentrated around zero
more than the Poissonian distribution with a Shnirelman peak
[89,90], as displayed in Fig. 2(h). Similar behavior was re-
ported in Heisenberg models with strongly correlated random
longitudinal fields [91,92].

However, with increasing L, the spectrum escapes this
perturbative regime at fixed g values and develops chaotic
behavior, as displayed by Figs. 2 and 3(h). To understand the
nontrivial breakdown of quantum chaos, we examine the con-
dition for the instantaneous eigenstates of H[g] to have finite
overlaps with computational basis states that are separated by
~ O(L) Hamming distances. Satisfying this condition implies
the long-range delocalization of the eigenstates and thus the
onset of quantum chaotic behavior. As shown in Appendix B,
perturbative corrections of order n ~ /L order in the forward
scattering approximation [54,93] result in an amplitude,

g n
T (1) 3

my,my,...,My—1

(Hx)kl,ml e (Hx)kl,kz

n—1 n
L
X (AEklskZ 1—[ AEklM/) ~ <g7> > (12)

i=1

posing the lower boundary g > L~'J. For these g values,
exponential suppression of eigenstate delocalization breaks
down and quantum chaos sets in as a universal function of
g x L. This is verified by the scaling collapse of the (r) val-
ues in Fig. 3(h). Furthermore, the dominance of long-range
spreading of the eigenstates implies that no mobility edge
exists, in agreement with Figs. 3(g)-3(i). By contrast, in the
single-particle case [94-96], the critical values of the hopping
amplitudes are of the same order as the mean level spac-
ing. The present analysis predicts behavior similar to that of
approximate methods in Refs. [33,97]. The analysis of the
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FIG. 3. Level spacing ratio as a function of M and g for L = 10, 12, 13, 15 in the energy window [0.3J, 0.4 J] of the unfolded spectrum.
(a)-(c) Level spacing ratio as a function of (1 — M) x L for g = 0.1J, 1.5J, 5J, exhibiting the transition to the fully connected limit around
(1 = M) x L ~ 2. (d)~(f) Same g values predicting the breakdown of quantum chaos around the disconnected limit at M x L ~ 1.8. The
vertical dashed lines denote the obtained transition points around the disconnected and LMG limits. (g)—(i) Level spacing ratio as a function
of the rescaled g for low, intermediate, and high M values. Red dashed lines denote the Poissonian and WD values of (r) in all the panels.

(r) values for g = 0.1J and 1.5 J exhibits the same behavior.
As shown in Figs. 3(a), 3(b), 3(d), and 3(e), convergence for
intermediate M is observed towards the chaotic value rwp ~
0.52. In agreement with the results of the spacing distribution,
convergence is the fastest for intermediate g values.

B. Sparsely and densely connected graphs

Next, we turn to the cases of low connectance with a
growing number of disconnected subnetworks M < 2/L and
the LMG limit with 1 — M > 2/L. The ER graph falls apart
to disconnected subnetworks of size ~logL [19,20] when
the connectivity reaches the order of the number of ver-
tices. It simplifies to M = 1 in the thermodynamic limit.
The agreement with the WD statistics naturally breaks down
due to these graph-theoretical features. The energy spectrum
splits up to the sum of the ~L/log L completely uncorrelated
spectra with ~2!°¢ energy levels. The number of the subnet-
works is exponentially larger than their sizes, and therefore
the corresponding independent energy spectra can be char-
acterized by their average spectral properties in the L — oo
limit. Following the lines of Ref. [98] we approximate these
disconnected spin systems with large log L collective spins.
As the total spectrum is given by all the combinations of
the sum of individual levels of the disconnected parts, the
probability of having exact degeneracies becomes finite. This

is in contrast with the Poissonian case of independent identical
levels. Thus, the corresponding spacing distribution acquires
a larger weight than the Poissonian one around zero spacings.
However, the disconnected regime survives only when the
rescaled connectance is kept constant, M L < 2. For fixed
M, the system inherently escapes this regime and restores
quantum chaos.

These features are demonstrated in Figs. 2(a), 2(d), and
2(g). In particular, the corresponding distributions only exhibit
an early stage of convergence towards the WD shape for
the reachable system sizes. For intermediate g the spacing
distributions already acquire an intermediate shape between
the Poissonian and WD ones, as shown in Fig. 2(d). For
small and large g values chaotic signatures are weaker for
the achievable system sizes, as demonstrated in Figs. 2(a) and
2(g). Yet, level repulsion increases with the system size, as
the corresponding distributions get less and less concentrated
around small spacing values. For larger values of L, these
curves are expected to reach the WD distribution.

The perturbative argument of the onset of chaos in Eq. (12)
naturally carries on to the disconnected subnetworks. This
implies that the universal scale of g is governed by the small
subgraph sizes separately. As demonstrated in Fig. 3(g), this
leads to the scaling collapse as a function of g x log L.

Remarkably, the level spacing ratio captures the connected-
disconnected transition point. As shown in Figs. 3(d)-3(f),
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at fixed g values, the corresponding ratio curves cross each
other at approximately the same value of the rescaled con-
nectance ML ~ 1.8. This slight deviation from the theoretical
value is the consequence of finite-size effects, which are es-
pecially relevant in the disconnected subgraphs. This further
demonstrates that the distributions for arbitrary small M will
converge towards the WD distribution for large enough sys-
tem sizes. Additionally, the transition point shifts to higher
values for limiting g due to additional localization effects.
These findings are demonstrated in Figs. 3(d)-3(f) for small,
intermediate, and large g values.

Turning to the opposite limit, the scale 1 — M > 2/L nat-
urally leads to the vanishing of the relative variances and
correlations according to Eq. (6):

(BE{)Er
VTR [;1/27 (13)
(Ex)Er
SEWSEry,
VOESE )R L2 1+ 61(1 _ 1>. (14)
(Ex)ER L\L
This implies that with increasing L, onsite energy distributions

~ 2 __
get concentrated around the average (Ej)gr = M SkML. Thus,

the spectrum becomes identical to that of the LMG model up
to a vanishingly small correction due to the M prefactor and
with a relative error of

Ek _ELMG B
EL—M]((] ~ O(L 1/2). (15)
k

Note that Eq. (15) is in agreement with a more general exact

relation reported in Ref. [99]. Here, ELMC = SkZT_L denotes the
energy of the LMG model at g = 0. This error originates from
the onsite variances rather than from the M prefactor. Involv-
ing H, to the Hamiltonian will result in the same relative error
compared to the transverse field LMG model [100].

Close to the fully connected limit, quantum chaos breaks
around the complementary scale of the disconnected limit 1 —
M = 2/L. The transition also becomes sharp, as captured by
the level spacing ratios. In Figs. 3(a) and 3(b) a transition point
as a function of (1 — M) x L is displayed. The crossover sets
in at slightly larger values than 1 — M > 2/L for limiting g
values.

Similar to the regime of the intermediate values of M,
the level spacing distributions exhibit an initial stage of the
convergence towards the WD shape as they develop stronger
and stronger level repulsion as L grows, as shown in Figs. 2(f)
and 2(i). For intermediate g in Fig. 2(f) the distributions reach
in-between the Poissonian and WD shapes, while for small
g in Fig. 2(i) only the tendency can be observed, that the
distributions are getting less concentrated around zero with
increasing L. These predictions are further validated by the
sharp transition points in the level spacing ratios as a func-
tion of the rescaled connectance (1 — M) x L presented in
Figs. 3(a)-3(c).

These results show the main difference between fixing
M or (1 — M) x L. The former leads to a convergence to-
wards the regime of intermediate M and quantum chaos. In
the latter case, the system stays near the LMG limit with
vanishing onsite fluctuations upon increasing L. This explains

well the decreasing behavior of the (r) values, as demon-
strated Figs. 3(a)-3(c).

C. Strongly polarized limit

Finally, the strongly polarized limit g >> J is discussed,
which provides similar thresholds for the breakdown of the
quantum chaotic behavior. Large g values lead to localiza-
tion in the X polarized basis. Due to the degeneracies in
the X basis, the spacing distribution clusters around zero
more pronouncedly than the Poissonian distribution. Near the
LMG limit, the rescaled transition connectance (1 — M) x L
increases with g entering the intermediate regime. For fixed
M, the increasing L restores quantum chaos, as observed in
Figs. 2(c) and 3(i). In particular, these figures demonstrate
how level repulsion increases with the system size by the
spacing distributions getting less peaked around zero and by
the growth of the spacing ratios. Even though, for the reach-
able system sizes level repulsion is weak, proper convergence
towards the WD distribution is expected for larger values
of L based on the transition point in terms of the spacing
ratios, Fig. 3(c). In the connected 2/L <« M < 1 —2/L, and
disconnected M < 2/L regimes, distinct scalings are found
for the onset of quantum chaos. For intermediate M, first-order
perturbative approximation of the overlap of two X polarized
eigenstates |x), |x») scales as
Ty ~ L (16)

Mg Lg

Here, the two eigenstates are separated by two spin flips
around the middle of the spectrum, which fixes the threshold
as g < L~'J. Above this threshold the short-range delocaliza-
tion of the eigenstates of H[g] is suppressed. It means that
the overlaps between the instantaneous eigenstates and the
X basis states that are separated by finite, O(1) Hamming
distance are negligibly small.

By contrast, the onset of quantum chaos near the strongly
polarized limit is better encapsulated by long-range delocal-
ization. Employing again the forward scattering approxima-
tion of order n ~ +/L, we obtain

1) s n—1
]Bc x X Z (HP))q mp - (HP)m 1,X2

MY,y My

n—1 -1 n
L
xM‘”(AEM,xZHAEM,m,) ~ <L> . a7
g

i=1

leading to the threshold of g < L!/2J (see Appendix B).
Therefore, strong transverse field terms cannot challenge
quantum chaos beyond suppressing short-range hybridization.
Increasing L facilitates the restoration of quantum chaos. The
whole procedure can be repeated in the disconnected regime
by replacing L with logL. The uncorrelated subnetworks
are separately governed by the strong transverse fields. This
implies that the threshold scales with the subnetwork sizes,
g ~ /logLJ. The convergence of the level spacing distri-
bution and the spacing ratios is presented in Figs. 2(a) and
2(b) and 3(g) and 3(h). This convergence slows down near
the disconnected regime. This implies a similar weak feature,
namely, that the convergence towards the WD distribution and
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spacing ratio value is only observed in an early stage due to
the numerical restrictions on reaching larger system sizes.

IV. LEVEL VELOCITY ANALYSIS

This section addresses the chaotic signatures of the spec-
trum from the point of view of energy level dynamics
[36,101,102]. The parametric variations of energy levels of
a Hamiltonian H[g] capture nonequilibrium phenomena in-
duced by external driving potentials in disordered systems.
The corresponding derivative of the energy levels is referred
to as “level velocity” v,, = dd—i;”. This quantity effectively
measures the sensitivity of the spectrum against external per-
turbations. Prominent examples are the fluctuations of the
microscopical conductance in the presence of time-dependent
magnetic fields [103,104]. Further research has focused on
level dynamics in disorder Heisenberg models and one-
dimensional quantum systems [105—107]. Universal velocity
correlations were revealed in disordered hopping models
with changing boundaries. Analytical velocity statistics were
derived in the localized phase of driven Anderson models
[108-111].

Similar to the spacing distribution, level velocity

dE,, 1
= gt = 7 Ol Hlng) (18)

is used as a local characterization of the spectral properties.
Here, |n,) refers to the eigenstate of H[g] in Eq. (1). To this
end, we probe chaotic signatures via v, as a function of
gand M.

The level velocity provides valuable insights into the sta-
tistical properties of both the eigenvalues and eigenstates. To
capture the local spectral properties, the unfolding method is
applied similarly to level spacing,

5, = Ene _ E 19
= = = p(En,)vn, (19)

VU,
where ¥, represents the unfolded level velocities. The eigen-
states of H[g] can be expanded as

1 1
v, = 7 (gl Hy Ing) = — ;c,*ck (I|H k), (20)
where |k), |I) are the eigenstates of Hp, with amplitudes Cg,
C;. The nonzero terms in Eq. (20) occur when |k) and |/) differ
by only one spin, leading to

Uy, = % ZCkaa(Ask, -1, Q1)
k.l

where ASy = ¥, 0" — 0" and 0/ = £1 denotes the ith
spin Z value of the kth spin configuration. Based on the
level spacing analysis, eigenstates are captured by RMT up
to high precision. This leads to approximately independent
and extended amplitudes Cy, C; ~ \/LTL Thus, Eq. (21) leads
to Gaussian velocity statistics in quantum chaotic spectral re-
gions, which is in agreement with previous findings [112,113].
However, its deviation from the Gaussian shape does not
necessarily capture the integrable regimes. In contrast to the

spacing distribution, v,, is governed by short-ranged eigen-
state delocalization for small g. In Eq. (21), C¢, C; spread
uniformly over the threshold g > L~!/2.

The breakdown of quantum chaos in terms of the de-
viations of the level velocity statistics from the Gaussian
distribution can be understood via first-order perturbation the-
ory. For small g values, H, can be treated as a perturbation to
Hp. In this limit (see Appendix E)

vy, ~ gV M. 22)

Note that the estimation of these scales is not affected by the
density of states, therefore, these predictions remain valid also
for the unfolded velocity ¥,,. In the strongly polarized limit,
Eq. (18) is governed by the eigenstates of H, in leading order
around the middle of the spectrum yielding (see Appendix E)

1
Up, ~ —=. 23)
g ﬁ

Based on numerical results the intermediate regime between
the strongly polarized and small g limits is narrow enough,
allowing us to identify the breakdown by matching the two
scales. Comparing Egs. (22) and (23) leads to the threshold
scale

§xX ——=, (24)

where v, breaks down. It further validates the first-order per-
turbation approach since, for large L, low-order perturbation
corrections converge with the breakdown scale.

The velocity statistics breaks down near the perturbatively
small and strongly polarized g limits at fixed M and L, as
shown in Fig. 4. The dependence on the connectance exhibits
different behavior in the disconnected limit M ~ 1/L, as the
Gaussian shape persists with reasonably increased variances.
While the spacing distribution shows strong deviations from
the WD statistics in the disconnected regime, the velocity
statistics is a proper candidate to study chaotic signatures of
the individual subnetworks. In particular, Gaussian velocity
statistics survive separately in these disconnected parts, which
sum up as independent random variables. This results in a
final normal distribution in line with the central limit theorem.
However, the densely connected regime exhibits the same
behavior as in the preceding section, where Gaussian shape
and quantum chaos break down. These results are presented
in Fig. 5.

Furthermore, in the disconnected regime, the upper thresh-
old of g also increases in contrast to the spacing analysis. This
property is well explained by the scaling in Eq. (24) as the
crossover connectance M ~ 1/L implies a size-independent
threshold of g. Close to the fully connected limit, quantum
chaos survives only in a narrower window of g, as similarly
revealed by the spacing analysis.

In contrast to the level spacing distribution, increasing L
leads to the breakdown of the chaotic character. Near the
strongly polarized limit, considering Hp as a small perturba-
tion, the velocity reads as

1 ) !
v, =7 2 CiCululln) = 7 Z o

X5 Xk

)
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FIG. 4. Level velocity distributions for L = 14 scaled to unit variance, compared with a standard Gaussian distribution. The figure shows
results for (a) M = 0.18, (b) M = 0.49, and (c) M = 0.71. Deviations from the Gaussian curve is observed as the transverse field g increases.

This happens for smaller g values as M increases.

with |x;), |x;) denoting the eigenstates of H,. Here, the ve-
locity statistics are governed by the amplitudes of the X
polarized eigenstates. The spreading of these eigenstates
becomes strong enough when g is sufficiently below the long-
range delocalization threshold. The C,, amplitudes delocalize
in the X basis satisfying the conditions of Gaussian velocity
statistics at the scale g ~ L~'/2. The deviations from the Gaus-
sian shape against increasing the system size are illustrated
in Fig. 6. For smaller sizes L = 10, 11, the distribution still
follows precisely the Gaussian shape, whereas the statistics
for higher ones with L = 13, 15 show clear deviations.

The variance of the level velocities is investigated both
in the connected and the disconnected regimes around the
middle of the spectrum. Using Eq. (21) the approximate RMT
description of the eigenstates, the variance reads as

1
60 ~ £ Y NCCNBAS — 1. (26)
k.l
40¢ (a)L=14,g=104 . igz 8}18
>l \ N =0.491
20t
10t
=0
) ' "~ M=0.18
o - M=0.271
M=0.4
2l ~ M=0.731
20t -
10} -
0 . aBbesedi m
01 -005 0 005 0.1

FIG. 5. Level velocity distributions for low to high connectances
M = [0.18, 0.73]. The figure shows results for (a) L = 14, g = 0.4 J,
and (b) L = 15, g = J. For the larger g value, the velocity statistics
break down earlier with increasing M.

Approximating Cy, C; ~ 1/+/2L, Eq. (26) becomes

1 1
(8v?) ~ I > Zr0(ASu = 1. (27)
k,l

However, there are a total of 2EL possible ways to obtain
nonzero delta functions. Hence, (§v2) ~ ZLTLZ% ~ 2% in the
chaotic region. This analysis predicts a fast decrease in (§v?)
with respect to the system size L. The corresponding level
velocity statistics are depicted in Appendix E.

In the sparsely connected regime, (8v?) exhibits a differ-
ent scaling. Although the chaotic behavior of the velocities
survives in the disconnected regime, (§v?) still captures the
corresponding transition point. The variance exhibits a sud-
den growth around M = 2/L due to the independence of the
chaotic subnetworks. In particular, the level velocities of the
subnetworks add up as independent Gaussian random vari-
ables, eventually leading to a larger system size scale of (§v?):

1 1 \?
(51}2) ~ Z Z Z (W) S(ASH — 1)

subgraphs k.l

1 logL
~ Z Z 2210gL2 ¢ IOgL
subgraphs
~ llOgL L _ L710g2 (28)
L2l logL ’

The first summation is performed over the L/loglL dis-
connected subnetworks. This leads to a decrease in (§v?)
with increasing L in the thermodynamic limit. As shown in
Figs. 7(a) and 7(b), (§v?) x L captures the disconnected tran-
sition point around M = 1.8/L. Remarkably, the LMG limit
is also captured by (8v?) x L as a function of the rescaled
connectance (1 — M) x L, as demonstrated in Figs. 7(d) and
7(e).

V. SPECTRAL FORM FACTOR

In this section, quantum chaotic signatures are tested by
the spectral form factor (SFF) analysis. In contrast to the
local analysis, SFF probes both short- and long-range spec-
tral correlations. In this approach, one accesses the two-point
correlation function via its Fourier transform. The SFF is a
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FIG. 6. Level velocity statistics scaled to unit variance compared to standard Gaussian distribution. The figure shows results for (a) g =
0.57,M =0.49, (b) g=0.75J,M = 0.4, (c) g=J,M = 0.24, for L = 10, 11, 13, 15. Increasing L leads to strong deviations compared to
the Gaussian shape. This is observed for L = 13, 15 whereas L = 10, 11 approximately follows the Gaussian curve. Furthermore, deviations

appear earlier for increasing g and M.

function of the continuous time parameter 7,

2
>ER
Nav

Z o—i2mt(Ei—E))

i,j=1,i#]j

NZIV

E :67127'[[15,'

av \| =]

2
_ ! + ! (29)
SN w Na

where N,, is the number of the investigated eigenvalues. The
SFF provides a complementary characterization to measures
of the local spectral statistics [114—118] and has been used
to diagnose quantum chaos and MBL [82,119]. It has further
been investigated in systems with classically chaotic counter-
parts [31,37,120-122] and in relation to the quantum decay of
the survival probability [123—126].

SFF(t) = ]%<

g=0.25

%107
(a)

(1—M)xL (1-M)xL

FIG. 7. Rescaled level velocity variances for g < 1.25J values
where the Gaussian shape persists. (a), (b) Transition point around
the disconnected regime as a function at M x L ~ 1.8 for g=
0.25J, 0.4J.(c), (d) Transition towards the LMG limit at (1 — M) x
L~ 1.6 for g=0.25J, 0.4J. The transition points to the discon-
nected and fully connected limits are highlighted by the vertical
dashed lines.

For short timescales compared to the mean level spacing,
t < 8e~! spectral correlations at large separations dominate,
resulting in a polynomial decaying shape. In terms of the
survival probability, initial short-time behavior corresponds
to large energy scales, allowing for level-to-level transitions
regardless of the spectral distance. This regime is governed
by long-range level repulsion, inducing a characteristic os-
cillatory behavior for a chaotic spectrum. This “dip” regime
decays as ¢t~ for chaotic and as t~> for the Poissonian
regimes.

At intermediate timescales, the SFF exhibits a correla-
tion hole, which is one of the most prominent signatures
of quantum chaos governed by short-ranged level repulsion.
The correlation hole sets the many-body Thouless time #ry,
[126]. The Thouless time, originally studied in the single-
particle scenario, is identified with the inverse of the typical
energy scale below which disordered quantum systems exhibit
universal dynamics and strong similarities to random matrix
theory. Recently, it has been generalized for many-body sys-
tems, in which it sets the timescale needed to develop chaotic
behavior [82].

Fort > t,, quantum chaotic systems exhibit a linear ramp
starting from the minimum of the correlation hole and sat-
urating at SFF(t — o0) = f This sets the relaxation or
Heisenberg time fy. It naturally captures the inverse of the
mean level spacing de below which all level-to-level transi-
tions are suppressed. Beyond 7y, the double sum of Eq. (29)
converges to zero with increasing ¢ due to the cancellations of
the randomly changing phases. In the Poissonian regime, the
correlation hole does not emerge, and the short-time power-
law decay immediately turns into a plateau. The absence of the
correlation hole is equivalent to the breakdown of the quantum
chaotic behavior. For disordered systems it also provides a
prominent signature of the emerging MBL phase [82,92,119],
while it is also a generic feature for integrable models and
the same behavior is expected in the case of many-body scars
[127-129].

The above picture changes for frustrated energy levels with
exact or quasidegeneracies. In particular, adjacent levels ap-
proaching much closer than e give rise to strong oscillations
beyond ¢ . Furthermore, exact degenerate pairs of eigenvalues
with E; = E; fori # j cancel out the phases e 27" (Ei=E) = 1.
This leads to a constant increase of the plateau value scaling
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FIG. 8. Spectral form factor for different g, M, and L values for N,, = 400 energy levels around the middle of the spectrum. The linear
ramp is indicated between #r;, and ¢y by a dashed line for comparison with the RMT result. Cyan circles show the positions of 7 and tr, while
the horizontal dashed line highlights the long-time plateau of the SFF. (a)—(c) Exhibit the breakdown of the chaotic SFF for different (M, g)
pairs with varying L. (d), (¢) Show similar breakdown for L = 14 with varying M for g = 2.J, whereby (f) shows similar features varying g,
for M = 0.56. Insets show the close neighborhood of the correlation hole and the structure of the ramp.

linearly with the number of degenerate eigenvalue pairs Neg:

1 Nee
4pde

SFF(t = .
(t = o0) N Nazv

(30)

While these effects break down the local spectral analysis, the
correlation hole survives [130]. This allows for the identifica-
tion of quantum chaos as demonstrated in Figs. 8(b), 8(e), and
8(f).

The relative range of the correlation hole provides an ef-
ficient measure of the degree of chaoticity, captured by the
logarithmic ratio of #y and 1, [82] given by

gn = In(ty /tm). 31

It compares the relative size of the correlation hole to the
corresponding RMT model with N,, investigated levels.

For chaotic spectra, gy diverges with the number of lev-
els, while for localized systems, it converges to zero in the
thermodynamic limit. To focus on the width of the cor-
relation hole, all SFF curves were normalized as SFF(tr =
0) = 1. The spectrum was unfolded to the energy range
[0, 2F J]. This choice sets ty A 1/J around the middle of
the spectrum. The minimum position of the correlation hole
identifies tty,.

To this end, quantum chaotic behavior was probed for the
same data as via the local measures around the middle of
the spectrum. As shown in Figs. 8(a)-8(c), the short- and the
long-time behavior of the SFFs converges with increasing L
towards the corresponding RMT curve. Similar to the spacing
distribution, this convergence gets substantially weaker near
the disconnected and fully connected regimes [Figs. 8(a) and

8(c)], as the correlation hole develops more slowly with the
system size.

The dependence of the SFF curves on M is also in good
agreement with the predictions of the local analysis. Increas-
ing L aids the system in escaping the limiting regimes of g
and M. The SFF exhibits a crossover to a Poissonian-type
shape for low and high M. For low M, this happens on smaller
timescales due to the smaller system sizes of the disconnected
subnetworks, as demonstrated in Figs. 8(d) and 8(e). In this
regime, the degeneracies appearing in the peaks of the level
spacing distribution around zero induce a constant shift of the
plateau. Similar to the level spacing ratios, gz — 0 values
capture the crossovers to the fully connected and the discon-
nected limits. These regimes are separated approximately at
M ~ 2 and 1 — M ~ 2 for intermediate g. Moreover, these
transition points get slightly shifted in the extreme transverse
field regimes, as demonstrated in Figs. 9(a)-9(f). The local-
ization effects destroy the correlation hole for small and large
g, as shown in Fig. 8(f). Additional oscillations appear beyond
the ramp owing to the original degeneracies. In both limits, in-
creasing L restores the chaotic behavior and helps the system
to develop a correlation hole. The logarithmic ratio gy follows
approximately a universal curve as a function of g x log L in
the disconnected and g x L in the connected regimes. These
findings are presented in Figs. 9(g)-9(i). Let us remark, that
as in the case of the level spacing ratios, for extreme values
of g the correlation hole extends substantially slower than for
intermediate values, as shown in Figs. 9(a), 9(c), 9(d), and
9(f). Additionally, similar features are present for small and
large values of M exhibiting a considerably slower growth
with L compared to the intermediate connectance regime,
Figs. 9(g) and 9(i).
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FIG. 9. Logarithmic ratios of #; and tr, characterizing the correlation hole with varying M and g values for L = 10, 12, 14, 15. (a)-
(c) Transition to the transverse field LMG limit as a function of (1 — M) x L for g = 0.25J, 2.5J, 5J. (d)—(f) Transition to the disconnected
limit as a function of M x L for the same g values. The vertical dashed lines are indicated for the positions of the crossover towards the
disconnected and LMG limits. (g)—(i) gz as a function of the rescaled g, for M = 0.11, 0.44, 0.89 exhibiting the universal onset of quantum

chaos.

The local and SFF measures allow us to spot the transition
points in the space of (M, g) as observed in Fig. 10. For inter-
mediate g, the scales M ~ 2/L and (1 — M) ~ 2/L separate
the chaotic regimes from the disconnected and fully connected
limits, respectively. These values become slightly larger when
approaching the polarized and perturbative regimes. Here,
(8v?) remains a proper measure for g < 1. Integrability is re-
stored in the fully connected regime by reaching the transverse
field LMG limit. Poissonian-type behavior naturally arises
in the disconnected limit due to the independent subgraphs.
However, the spectral nature of the small subnetworks pre-
serves their chaotic behavior.

VI. CONCLUSIONS

We have reported that random Ising networks exhibit
quantum chaos, originating from the underlying Erd6s-Rényi
graph topology. We investigated the level spacing distribution,
the level velocity distributions, and the spectral form factor.

The spin Hamiltonian with ferromagnetic interactions and
connectivity given by the Erd6s-Rényi random graph was
mapped to a hopping model on an L-dimensional hypercube.
The ratio of the onsite energy correlations and the averages
allowed for the analytical treatment of the onset of quantum
chaos as a function of the connectance and the transverse
field. The level spacing distribution captures the transitions in
the limiting regimes of the connectance. In the disconnected

regime, the Wigner-Dyson spectral statistics breaks down due
to the independence of the disconnected parts. Increasing the
connectance washes out randomness and develops integrable
behavior as the fully connected limit is approached. However,
these disconnected and LMG limits only survive for con-
nectances converging to zero and unity, respectively, in the
thermodynamic limit. As for the transverse field dependence,
a universal system size scale was computed by large-order
perturbation theory and verified numerically. This approach
captures the onset of quantum chaos via the condition of
long-range delocalization.

Supplementing the level spacing analysis, the level velocity
statistics was also employed as a local spectral diagnostics. In
particular, Gaussian velocity statistics is found in the chaotic
regime, which survives in the disconnected subnetworks as
well. In contrast to the spacing distributions, level velocities
are governed by short-range delocalization. Gaussian velocity
statistics emerges when the instantaneous eigenstates have
finite overlaps with X basis states separated by Hamming
distance of order O(1). Thus, level velocity captures different
regimes of quantum chaos. Remarkably, the velocity variance
provided a new measure to capture the crossovers to both the
disconnected and the fully connected regimes.

Finally, we investigated level correlations via the spectral
form factor at arbitrary spectral distances. The correlation
hole provides an efficient quantum chaotic indicator in spec-
tral regimes where level spacing distribution and velocity
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FIG. 10. Phase diagram in the parameter space (M, g), separat-
ing the quantum chaotic regions via the local and global measures of
the level spacing ratio, the velocity variance, and the correlation hole.
(a) Shows the transition to the regime of disconnected networks as a
function of the rescaled connectance M x L. (b) Shows the transition
to the LMG integrable limit as a function of the rescaled connectance
for L = 15.

statistics exhibit slight deviations. The spectral form factor
curves and the correlation hole exhibit similar conditions for
the breakdown of quantum chaos. In particular, the correlation
hole vanishes in the disconnected and the fully connected
limits. The former originates from the independence of the
subnetworks, not accounting for the remaining chaotic sig-
natures. The latter captures the LMG limit, similar to that
observed in the spacing distribution and the velocity statistics.
Furthermore, the correlation hole signals the same universal
onset of quantum chaotic behavior when the transverse field
is increased or decreased from the small and large limits,
respectively.

This work has several natural extensions. The relation be-
tween the graph randomness and the efficiency of quantum
annealing algorithms and methods of shortcuts to adiabatic-
ity are interesting topics for future research. Exploring the
velocity statistics and its variance in systems with an MBL
phase also provides an exciting question. In addition, it is of
interest to explore how dynamical signatures of the spectral
statistics are modified in the presence of noise and coupled
to a surrounding environment, which is ubiquitous in noisy
intermediate scale quantum devices.
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APPENDIX A: ONSITE ENERGY CORRELATIONS

In this Appendix, we show the explicit calculations leading
to the onsite energy correlations in Eq. (6), capturing the
dependence on L and M. Let us consider two arbitrary spin
configurations, such that the last r spins appear with opposite
signs, {oy,...,0.}, {o1,...,00—r, —OL—y41, ..., —0L}. For
convenience, we use the variables o; = =£1. This construction
separates the two spin configurations by Hamming distance r.
The corresponding onsite energies can be written as

(0) (r)

E = ZA,’]GI'O']' = ZA,‘]'O','O’]' + ZZA,'J'O','O'J'
L] L]

i#]
=E© +E",
(0) (r)
E= ZA,-ja,-oj = ZAija,-aj — ZZAijoioj
i#j iJ iJ

=E9 - E", (A1)

where for brevity, we suppressed the 1iv1 normalization and the
z superindices. The last factor of 2 is due to the symmetry of
A;j = Aj;. Here, the summations are understood as

0 L—r L
Zz(J)Al]GlOI = Z Aijgioj + Z AijO'iO'j,
’ ij=Li#] i j=L—rtlisj
(A2)
- L—r L L L—r
i’injO-iO'j = g; Z A,’jO'j+ Z O','ZA,’jO‘j.
i=1 Jj=L—r+1 i=L—r+1 j=1
(A3)

In particular, the first accounts for both sums inside either the
flipped or the identical sectors, while the second for the sums
performed in different segments.

Here, E© and E correspond to the energies of the
identical and the flipped segments of the spin configurations,
respectively. First, we compute the onsite average energies
and variances,

(0) (0)
(E®) =Y (Aij)oio; =p Y _ 0i0;
ij iJ
= p((S) + (") - L),
(r) (r)
(ET) =2 (Aij)oio; =2p Y 005 =2pSVS). (A4)
ij ij
Both expressions are the direct evaluations of the defining

relations in Eq. (A2) as the adjacency matrix disappears from
the summation due to the averaging. Here, p denotes the
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probability of a link between two nodes, which converges
to the connectance in the thermodynamic limit. In addition,
SO = Zfo) o;, SV = Zf’) o; denotes the total spins of the
identical and flipped segments. Next, we consider the onsite
variances, starting first with each segment separately,

0) (O

E E A,jAk] 0000}

i,j k1

E(O))

0) 0)

= ZpZaizojz + p? Zaicrj —L
ij ij

0) (0)

E oro; — L —2p22 Uizoz
k.l ij

=2p(1 = p)I(L —
+ P(EOY S = L),

(r) ()
(ED)Y)=4)" Z (AijAw)0,0j0%01
ij

r)2 + 72 — L]

(r) (r)

=8p Z ai20j2 +4p° Z Z 0,0j001 — 8p
ij

i,j kil

(r)

2.2
X E 0/ 0;
i.j

= 8}7(1 — p)r(L —r)+ 4[72(5(0))2(5'("))2’

(EE) = (E®)) — (ED)*) = 2p(1 — p)(L — r)?
+ 7 —4r(L—r)—L)+ p*(S* - L)
x (SO —8")?—L),
(SESE) = (EVY) — (EDY) — (E©)* = (EM)?)
_apl - L= )+ r21;124r(L —r)—
~op(l oL (AS)

M?2

where in the last step, we restored the 1/M? factor, and the
total spin was denoted by S = )", 0; = S© + S©, which is
by definition the sum of the total spins inside the identical and
flipped sectors. Here, we also dropped the relatively vanishing
L factor in the numerator. The first term in ((E©)?) and
((E)?) originates from the case where either i = k, j = [ or
i =1, j =k.Inthis case, A;; and Ay; belong to the same two
vertices so their average is simply (A;jAx) = (A2 ) =DpasA;;
is either one or zero. If this is not the case, A;; and Ay behave
as independent random variables, so (A;;Ay) = (A;;)(Au) =

p?. The second term stems from the case of no constraints
between the pairs (7, j) and (k, /). In this latter, however, the
summations are overcounting the cases of either i =k, j =1/
or i =1, j = k. This is compensated by the third term. As a

result, the onsite energy variances read as

(E?) =) (AijAu)oiojoi0;

i#j kel
=20 Y oo} 41 Y Yoo~ 2 Yoo}
i#] ij kA i#]

=2p(1 — p)L* + p*(S* — L)%,

E)=p) 0i0;=pS*—L)~L",
i#j
2p(1 = p)L?
M?2

following the same power law as the correlations and where
the 1/M? factor has been restored in the variance. Here, for
the second moment of the total energy we followed the same
steps as in Eq. (AS).

Finally, we investigate the averages and the variances of
the energy differences between spin configurations separated
by arbitrary r Hamming distances:

(8E?) = (E*) — (E)* = ~ L7, (A6)

(E —E)=4psOSO ~ap/r(L—r), (A7)
(8(E — E)*) = (BE?) + (8E*) — 2(8ESE)
=4p(1 — p)L* — 4p(1 — p)
x (L>=6r(L—r)—1L)
~24p(1 — pyr(L —r). (A8)

In the first equation, the sum and the difference of the identical
and flipped segments of the two spin configurations simplify
to the product of them. Around the middle of the spectrum,
this typically scales as S©S® ~ /r(L = r). In the second
equation, we dropped the single L term again as it provides
subleading corrections for r ~ /L Hamming distances. Note
that both the averages and variances scale as ~~/L for r ~
O(1) finite Hamming distances. However, for large r ~ VL
values, the variances (§(E — E)?) ~ L3/ dominate over the
averages (E — E) ~ L. This feature will be central to our
purposes in Appendix B.

APPENDIX B: PERTURBATION THEORY APPROACH OF
LONG-RANGE DELOCALIZATION

In this Appendix, we use a large-order perturbation the-
ory within the forward scattering approximation to verify
the overall presence of chaotic spectral properties outside
the limiting regimes M and g. Chaotic spacing distribution
is governed by correlated energy levels around the middle
of the spectrum, which can be captured by the overlaps of
computational basis states separated by Hamming distances
r ~ /L. For this, we consider the perturbation theory of order
r ~ /L to investigate the spread of the eigenstates among
the most frequent spin configurations. Here, the dominant
number of energy states accumulates within the range scaling
as N\/A_/I ~ L in the connected limit. This requires a minimum
number of n ~ /L spin flips as the typical size of energy
jumps scale as ~~/L. This is in agreement with the typical
Hamming distance r ~ +/L between the corresponding spin
configurations.
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To get a lower bound on the overlap, we neglect spin-flip
trajectories involving degenerate states, as they appear with a
relative frequency suppressed as ~1/ VL. A spin flip leaves
the energy invariant if its neighboring spins add up to zero.
This can happen via (L?Z) ~ 2L /\/L ways out of all possible
2L neighboring configurations, where the connectivity of the
flipped spins has been replaced with their average of M/L ~ L
in the connected regime. Only the shortest spin trajectories
are considered within the forward scattering approximation,
which further validates neglecting spin flips between degen-
erate states. Thus, the nondegenerate perturbative correction
reads as

eM\" o1
Tn~<L—J> > 11— (BI)

Ap,
P (shortest paths) r=1 4

with the sum running over the possible permutations of the
shortest spin trajectories. Here the scaling (g/L)" comes from
the coefficient of the perturbation part %Hx and the M factor
originates from the normalization of Hp. The rescaled ~O(J)
energy differences after the ith steps are denoted by A,.

Now, using the exact result of Eq. (A7) and exploiting
that the terms in the denominator in Eq. (B1) on average
increase apart from small fluctuations. This leads to A, ~
(Ey —E,) ~r>—2r§ ~ r«/L. Here, for finite r, the second
term dominates, while for a large r ~ «/Z, the two terms
become of the same order. Note that the variances are pro-
portional to the average only in the long-range, r ~ /L case,
while for r ~ O(1) (8(Ey — E,)*) ~ (Ey — E,)?. This verifies
further that the terms in the denominators of Eq. (B1) can be
characterized solely by the average in leading order. Thus, the
typical scaling of the denominators reads as

n 1 . -
| | ~ Y% ~ (JL)™". B2
r=1 r\/_LJ (L) VL) (B2)

The numerator includes all possible jumps that increase the
energy by +/LJ. The number of possible jumps in a typi-
cal scenario of reaching states at the opposite edges of the
energy range ~L J scales down linearly with the already per-
formed steps, leading to the scale L(L — 1)...(L—n+1) ~
L". Putting together the two competing terms arising from
the number of possible spin trajectories and the suppressing
energy denominators, we get

sM\" ., —n/2 sL\"
T,~|l— | L L ~[=. B
(LJ) (n"L) <J (B3)

Now, ergodicity is expected to break down when the long-
range spreading becomes exponentially suppressed, i.e., per-
turbatively small in the thermodynamic limit g < L~'J. For
g > L™, the perturbation expansion breaks down, signaling
the onset of long-range delocalization. Thus, long-range expo-
nential suppression is expected for smaller g values than the
breakdown scale of one spin-flip spreading. This indicates the
absence of nontrivial localization and the dominance of quan-
tum chaos whenever long-range suppression breaks down.
Next, let us consider the opposite limit when g/L >> J and
the eigenstates are near the X polarized spin states. Again, we
consider the perturbation theory of order n ~ /L matching

the energy window of the dominant fraction of states around
the middle of the spectrum. Here, single spin flips in the X
basis induce energy changes of 2g/L. Now, the nth order of
perturbation expansion can be captured by random two spin-
flip trajectories, neglecting the degenerate intermediate states.
As dictated by forward scattering approximation, these spin
flips provide energy-increasing contributions. In this case, the
number of spin flips is restricted by a factor of 2 but still leads
to a numerator scaling as M". The denominator trivially scales
as [1'_, r ~ n" leading to

LI\"M" 12
Iy~|—) —~1=>g~L"J. (B4)
Mg) n"

This implies that at fixed g values, increasing L restores
quantum chaos by helping the system escape the perturbative
regime around the strongly polarized limit. Both of the results
in Egs. (B3) and Eq. (B4) naturally carry on to the discon-
nected limit with L replaced by log L.

APPENDIX C: ADDITIONAL LOCAL SPECTRAL
CHARACTERISTICS

In this Appendix, we provide further spectral character-
istics of the level spacing distribution and level velocities.
We demonstrate the ubiquitous presence of quantum chaotic
behavior by the level spacing ratio distribution. Expectedly,
they exhibit the same qualitative behavior for the same M
and g values. In short, the WD character breaks down at
extreme g limits, and the same features are also observed in the
disconnected and densely connected regimes. The combina-
tion of these limits induces larger deviations from the chaotic
behavior. However, the curves display an overall convergence
towards the WD distribution with increasing L. As shown in
Figs. 11(a), 11(d), and 11(g), in the disconnected regime, the
level spacing ratio distribution becomes more peaked around
zero than the Poissonian one, similar to the spacing distri-
bution. Here, the speed of the convergence towards the WD
shape decreases substantially for large and small g values. For
intermediate M, the curves are much closer to the WD dis-
tribution. These features are shown in Figs. 11(b), 11(e), and
11(h). Near the LMG limit, the chaotic character gets restored
slower than for intermediate M values; see Figs. 11(c), 11(f),
and 11(1).

As demonstrated in Fig. 12, the velocity statistics follow
Gaussian distributions, indicating chaotic signatures in the
spectrum. Additionally, in agreement with Sec. IV, the Gaus-
sian curves get narrower, indicating a smaller variance with
increasing L. However, extracting the precise size scale is
beyond the numerical capacity.

APPENDIX D: SPECTRAL INDEPENDENCE OF LOCAL
MEASURES AND SLIGHT DEVIATIONS IN THE UPPER
HALF OF THE SPECTRUM

This Appendix provides additional details about the spac-
ing distribution and velocity statistics, investigated separately
in 10 energy windows in the unfolded spectrum. As shown
in Figs. 13 and 14, the upper half around the middle of
the spectrum exhibits a slight deviation from the traditional
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FIG. 11. Level spacing ratio distribution for g=0.1J, J, 5J, M =0.1, 06, 0.9, and L =12, 13, 14, 15. The energy window
[0.3J, 0.4J] was considered in the unfolded spectrum. (a)—(c): g = 5J displaying the perturbative breakdown of quantum chaos, remedied
by the increasing system size. Restoration of quantum chaos happens slower for low and high M in (a) and (c), respectively. (d)—(f) Similar
behavior for g = J with a faster restoration of quantum chaos for intermediate M. (g)-(i) g = 0.1 J exhibiting similar features with an overall

slower convergence towards the WD distribution.

spectral characteristics, whereas the lower half remains con-
sistent with the local measures. As illustrated in Fig. 14, the
level spacing distributions for L = 15 show noticeable devia-
tions compared to the lower half of the spectrum. In Fig. 14,
spacing distribution in spectral regions £ > J/2 shows addi-
tional peaks compared to the Poissonian and WD statistics,
making it difficult to interpret the chaotic or integrable be-
havior of the spectrum. Moreover, the discrepancy from the
chaotic behavior becomes more pronounced with increasing L
as shown in Fig. 13. The velocity statistics for L = 14, 15 de-
viate from the Gaussian distribution, whereas for L = 12, 13
it follows approximately a Gaussian shape throughout the
spectrum. Nevertheless, the deviations that appear in the upper
half in Fig. 13 are of different kinds compared to Figs. 4-6.

Here, the velocity distribution widens without any additional
peaks, making it an efficient indicator of quantum chaos.

The observed deviations can be attributed to several fac-
tors. Frustrated loops can occur in connected graphs, leading
to more degeneracies within the system. Additionally, certain
graph configurations may involve nodes with even connec-
tivity. Due to the uniform interaction strength, flipping these
spins increases the number of degenerate excited states. These
instances are more likely to occur around the middle of the
spectrum at the highest density of states. The presence of
degeneracies introduces a bias in the statistics, causing de-
viations from traditional spectral measures. In particular, the
number of degenerate states is considerably lower for smaller
L compared to larger L.

30 T — y T = y y = y
— — =0. =0. = 0.6, M =0.27
(a)g = 0.25, M = 0.73 L1 |36} )9=04M=0 9 (c) g » iy |
- L =13
L =14
,\20 +L =15
& ]
& i L
- " s 2 () L Sug 0 N ma . °99eeo
-0.1 -0.05 0 0.05 0.1 -0.05 0 0.05 -0.05 0 0.05
v v v

FIG. 12. Level velocity distributions for transverse field g = 0.25J, 0.4J, 0.6J with connectance M =0.73,0.49, 0.27 in (a)—(c), respec-
tively. The system sizes ranging from small L = 11 to large L = 15 are considered here. The distributions depicted here do not exhibit unit
variance because these plots serve to illustrate the shape of Gaussian curves, which become narrower as the system size increases.
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FIG. 13. Level velocity distributions for M =0.27, 0.49, g=0.25J,04J,0.5J,and L = 12, 13, 14, and 15. The energy spectrum has
been divided into 10 energy windows. (a)—(c) 3rd, 4th, 8th, 9th energy windows. (d)—(f) Windows 3rd, Sth, 7th, 8th. Frustration in the upper
half of the spectrum induces slight deviations (4th, 7th, 8th energy windows).

APPENDIX E: PERTURBATIVE ARGUMENT FOR THE

The deviations of the velocity statistics from the Gaus-

LEVEL VELOCITY

to the level velocity is

1
o'V = — (n| H,
L

sian shape can be understood approximately using first-order

perturbation theory. Here, we limit our analysis to the nonde-
generate cases as the degenerate spin configurations separated
by one spin flip emerge with a vanishingly small frequency
of 1 /ﬁ in the thermodynamic limit, as discussed in Ap-
pendix B. For small g, H, acts as a perturbation to the
unperturbed Hamiltonian Hp in Eq. (1). Thus, the correction

difference between tw

given as
M — | (n| H k) |

|én) = =— _— . (ED)
L AEy,

k#n

Here, |k) and |n) are energy eigenstates of Hp, and AEy, /M =
E;, — E, as the energy spectrum is rescaled to 1/M with E;
and E, denoting the eigenenergies of Hp. The average energy

o spin configurations separated by a unit

Hamming distance scales as AEy, ~ S.. Here, the average
connectivity of a single node scales as c = M/L ~ ML in the

M=0.1 M =10.6 M =10.9
1 5 0 o F window: 2 e F window: 2 o F window: 3
' » E window: 3 u E window:4 | » E window: 4
v i FE window: 5 E window:5 | * FE window: 5
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FIG. 14. Level spacing distribution in different spectral windows with M =0.1, 0.6, 0.9, g=0.1J,J, 5J,and L = 15. Slight deviations
are present in the upper half of the spectrum.
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connected limit. The total spin of the connected nodes S, on
average takes values within the range [—~ML/2, +ML/2] in
agreement with the average connectivity. The most probable
value of these spin configurations scales as ~~/ML. This is
in agreement with Eq. (A7), where the fluctuations vary as
VML. Moreover, for each spin configuration |k), there exist L
possible one-spin-flip neighbors |n), for which (n| H, |k) = 1.
Hence, Eq. (E1) becomes

L
v(l)z‘% |<n|HX|k)|2~ﬂZ:I: 1
n ~

L* = AEq L> = ML

M L
L ML

The minus sign in the summation comes from the fact that the
fluctuations dominate over the average. Due to the fluctuating
sign but with the same order of magnitudes, the sum intro-
duces a factor of +/L. Using M ~ M/L? in the thermodynamic

(E2)

limit, Eq. (E2) becomes
Up ™~ g\/ﬁ . (E3)

Now, let us investigate the opposite extreme, the fully polar-
ized limit. In this regime, the level velocity in Eq. (18) can be
written as
Lo En E4
vnx—L(an ) = 7 (E4)
where |n,) is an X polarized eigenstate of H, with eigenenergy
E, . The spins in the paramagnetic phase can orient in X di-
rections with E, € [—L/2, +L/2]. The degree of degeneracy
is given by the binomial coefficients peaking at E,, = 0. This
implies E, ~ VL in the middle of the spectrum for large g.
Thus, Eq. (E4) becomes

L 1
Up, ™~ £ = —. (ES)
L JL
Matching the two limits gives the result in the main text of
Eq. (24).
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