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Abstract

We show that Kuznetsov—Shinder’s notion of deformation absorption of singularities leads to
a new approach for studying the bounded derived category of a hereditary order on a curve. The
starting point is a hereditary order which can be interpreted as a smoothing of the finite-dimensional
algebra obtained from the restriction to a ramified point. We construct a triangulated subcategory
inside the derived category of this finite-dimensional algebra which provides a deformation absorption
of singularities. This allows us to obtain a semiorthogonal decomposition of the bounded derived
category of the hereditary order, which is in addition linear over the base.
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1 Introduction

Hereditary orders over a curve form a well-studied class of sheaves of (noncommutative) algebras. Their
classification up to étale-local isomorphism [Rei75, Theorem 39.14], and up to Morita equivalence [BDG17,
Proposition 7.7] is well-established.

From the geometric point of view, [CI04, Corollary 7.8] provides a dictionary between
a) hereditary orders o/ on a smooth curve C, and
b) smooth root stacks C with coarse moduli space C,

in the sense that there is an equivalence coh(C, &) ~ coh(C) of abelian categories. The dictionary identifies
ramification points of the order & with the points with non-trivial stabilizer of the root stack C.

The bounded derived category D?(C, o) ~ DP(C) has been examined on both sides of the dictionary
with various objectives in mind. In particular, when trying to decompose these categories, one has the
following results if C' is projective.

o If C = P!, the stacky curve C is a weighted projective line, and DP(C) admits a tilting bundle
[GL87, Proposition 4.1]. This was recently generalized to a certain class of hereditary orders over
non-algebraically closed fields in [Bur24, Theorem 3.12].
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« Among other things, [IU15, Theorem 1.2] construct a semiorthogonal decomposition of D?(C).

We propose a novel approach, using the framework of Kuznetsov-Shinder [KS23] to decompose D?(C, &),
by viewing (C, <) as a family of finite-dimensional algebras over the curve C. The idea fits into the
general perspective of studying the bounded derived category of families of varieties over a base scheme,
see [Kuz23| for a survey. It provides the first example of a deformation absorption of singularities [KS23]
in a noncommutative setting.

To state the first main result of the paper, let C' be a smooth curve over an algebraically closed field k of
characteristic zero. Consider a hereditary Oc-order o/ with ramification locus A, = {o} and ramification
index r € Z>1. Hence, the algebra </ is Azumaya on C'\ {o}. The algebra </(0) := & ®c Speck(o) is
described in Lemma 3.1. The first main result is the existence of a triangulated subcategory in DP(.<7(0))
which absorbs singularities.

Theorem A (Theorem 4.7). The sequence (Si,...,Sr-—1) of simple </ (0)-modules is semiorthogonal
in DP(7(0)) and absorbs singularities, i.e. the triangulated subcategory

S=1(S1,...,S._1) C D?(e(0)) (1)

is admissible and both of its complements +S and S+ are smooth and proper.

More precisely, we show in Lemma 4.8 that the sequence (1) forms a semiorthogonal sequence of P>°+2-
objects. The proof uses the representation theory of finite-dimensional algebras. Appealing to a noncom-
mutative version of [KS23, Theorem 1.8] we use S to provide a semiorthogonal decomposition of D?(C, &).

Theorem B (Theorem 4.11). Let i,: (Speck(o), 27 (0)) — (C, &) be the inclusion of o € C. There is a
strong C'-linear semiorthogonal decomposition

Db(C7£{) = <io,*517~"7io,*sr717D>7 (2)

such that

i) the sequence (15451, .. .,10xSr—1) is exceptional,

ii) the admissible subcategory D is smooth and proper over D®(C).
In fact, we will show in Lemma 4.14 that D is equivalent to D®(C).

The existence of a semiorthogonal decomposition (2) can also be deduced in an indirect way from the
stacks—orders dictionary [CI04, Corollary 7.8] and the semiorthogonal decomposition of [BLS16, Theorem
4.7] for root stacks. We explain in Section 4.4 how our results translate to the stacky side in [BLS16,
Theorem 4.7].

Categorical absorption and deformation absorption of singularities. We outline the idea of
categorical absorption and deformation absorption of singularities from [KS23].

Given a flat family X — (C,0) over a smooth pointed curve with a single singular fiber X, = X x¢
Speck(o) and smooth total space X, there is sometimes an interplay of a certain semiorthogonal
decomposition DP(X,) = (S, +S) of the fiber and a C-linear semiorthogonal decomposition D(X) = (As, B)
of the total space in the following sense.

a) As in Theorem A, the category S C DP(X,,) is admissible and both of its complements ~S and S+
are smooth and proper. In this case [KS23, Definition 1.1] says that S absorbs singularities of X,.

b) The category As is the (thick) closure of the pushforward of S to DP(X). If it is admissible in D®(X),
[KS23, Theorem 1.5] show that its complement B is C-linear, as well as smooth and proper such

that
+S if p=o,
By ~ b . (3)
D°(X,) otherwise.



If additionally, (b) is satisfied for S, then Definition 1.4 of op. cit. says that S provides a deformation
absorption of singularities of X,. Theorem B shows that (b) holds in the noncommutative setting for S
defined in Theorem A.

Finding S € DP(X,) which satisfies (a) and (b) is a non-trivial task. Among other things, Kuznetsov—
Shinder thus introduce so-called P°>*2-objects S € DP(X,). This is an object S such that its ring of
self-extensions is Ext}. (S,S) = k[f] with degf = 2, see Definition 4.1. By [KS23, Theorem 1.8] a
semiorthogonal collection of P>-2-objects in DP(X,) forms a triangulated subcategory satisfying (a) and
(b). Notably, (b) is satisfied independently of the chosen smoothing X of the singular fiber X,,.

Examples of this phenomenon are odd-dimensional varieties with isolated nodal singularities [KS23,
Theorem 6.1]. Generalizing to the notion of compound P>°-objects, [Var24] observed a similar phenomenon
for a projective threefold with non-isolated singularity. An application of categorical absorption in the
context of mirror symmetry is given by [LT24]. Interpreting a hereditary order &7 as a flat family over its
central curve C, we present an example (C, «7) — C where the role of the singular fiber is played by the
restriction 7 (0) of &7 to o in Section 4.

Noncommutative base change. In Appendix A we will make sense of the fiber B, from (3) in the
derived category of a coherent ringed scheme (C, <) by providing a base change formula which follows
from some modifications of the results in [Kuzl1].

Let o be a flat Ox-algebra. Moreover, let f: X — S be a flat morphism of schemes. If h: T'— S is a
morphism of schemes, we set X7 = X xgT and o/ = hi.o/, where hp: X7 — X is the induced morphism.
In Lemma 2.4, we will show how (X7, @) is a fiber product. For its bounded derived category D°(Xr, o77)
we have the following generalization of [Kuz11, Theorem 5.6].

Theorem C (Theorem A.16). Assume that
D°(X, o) = (A1,...,An) (4)

is an S-linear strong semiorthogonal decomposition such that the projection functors have finite cohomolo-
gical amplitude. If o/ has finite global dimension, then there is a T-linear semiorthogonal decomposition

D*(Xr, ) = (Air,. .. Amr) (5)

compatible with pullback and pushforward.

It should be mentioned that Theorem A and Theorem B are independent from the base change formula
in Theorem C.

Organization of the paper. We recall properties of coherent ringed schemes in Section 2. We then
apply this point of view to hereditary orders in Section 3. In Section 4, we prove Theorem A and
Theorem B. Moreover, we show in Section 4.4 how our results relate to smooth stacky curves using the
dictionary [CI04]. In the appendix, we explain how to obtain Theorem C from its commutative version
[Kuzll].

Notations and conventions. Throughout the paper k denotes an algebraically closed field of charac-
teristic zero. Every scheme is assumed to be integral and quasi-projective over k. If X is a scheme, we
denote by k(X)) its function field.

Acknowledgements. The author was partially supported by the Luxembourg National Research Fund
(PRIDE R-AGR-3528-16-Z). We are grateful to Pieter Belmans for many helpful discussions and for his
feedback on drafts of this paper.

2 Coherent ringed schemes

In this section we define coherent ringed schemes (X, o) following the terminology of [YZ06]. Sometimes
they are also referred to as ‘mild noncommutative schemes’, see [DLR25b]. Their derived category D(X, «7)



(and bounded versions of it) were for example studied in [K06, Appendix D], [BDG17], [Xie23, Appendix
A], [DLR25a; DLR25b].

Definition 2.1. A coherent ringed scheme is a pair (X, &) of a scheme X over k and a coherent sheaf
of Ox-algebras 7.

A morphism of coherent ringed schemes § = (f, fag): (X, &) — (Y, %) consists of
o a morphism of schemes f: (X,0x) — (Y, Oy).
o an Ox-algebra morphism fae: % — &

An Ox-order &7, as defined in Section 3, is a coherent ringed scheme (X, %7). Lemma 3.1 will show that
it is necessary for us to work need in the more general framework of coherent ringed schemes.

Given f = (f, faig): (X, &) = (Y, %) and g = (g, gaiz): (Y, B) — (Z,%) we define their composition h =
(h,halg) = gof: (X,o) = (Z,%) as follows:

o on the underlying schemes h := g o f, and
o on algebras halg = faig © *(galg): B*C — [*B — .

This allows us to form the category of coherent ringed schemes ncSchyg. Note that every scheme X is an
object in ncSchy by setting & = Ox.

Following [K06, Definition 10.3], we call a morphism f: (X, o) — (Y, %) strict if fa, = idpz. A
morphism f is called an extension if X =Y and f is the identity.

Remark 2.2. Every coherent ringed scheme (X, .o/) comes with a structure morphism §: (X, o) — X.
This is an extension, where faiz: Ox — & induces the Ox-algebra structure on /. Since & is a
coherent O x-algebra, we can view the structure morphism as a finite noncommutative covering generalizing
the equivalence coh(Specy (%)) = coh(X, &) for commutative o/ by allowing noncommutative finite-
dimensional k-algebras as fibers, see [L08].

Modules on coherent ringed schemes. Given a coherent ringed scheme (X, o), we denote
o by QCoh(X, o) the category of right &/-modules which are quasicoherent, and
o by coh(X, o) the subcategory of right «/-modules which are coherent as Ox-modules.

Similarly to the commutative case, we have the sheaf hom-functor Homg (—,—), and the tensor product
of & -modules — ® o —. Note that in the tensor product, the second argument needs to be a left .o/-module.

Given a morphism f: (X, o) — (Y, %) of coherent ringed schemes, the pushforward §.M = f.M of
M € QCoh(X, &) carries an induced -module structure via

JM @y B2 [.(M @x f'5) T8 f.(M 0 o) SO0 (©)
where ppr: M ®@x &/ — M is the o/-module structure of M. The pullback of N € QCoh(Y, %) along f is
given by f*N := f*N ®-2 o € QCoh(X, </).

Remark 2.3. Since we assume that &7 is coherent, it follows that Hom., ® .y and §* map coherent
modules to coherent modules. For the pushforward (as in the commutative case), one has to additionally
require properness of f: X — Y, cf. [Xie23, Lemma A.5].

Fiber products of coherent ringed schemes. We extend fiber products [K06, Lemma 10.37] for
Azumaya varieties to fiber products in ncSchy. Let f1: (X1, 94) — (X, o) and fa: (Xa, 9%) — (X, o)
be morphisms of coherent ringed schemes. Moreover, denote by p;: X1 X x X2 — X; the two canonical
projections.

(X1 xx Xo,pj o)) P2 (X, o)

I l& (7)

(X1, ) ——s (X, )



Lemma 2.4. Assume that there exists i € {1,2} such that the morphism §; is strict and let j # i. The
coherent ringed scheme (X1 X x Xg,p}zzfj) is a fibre product of f1 and f2 in ncSchy. It is unique up to
unique isomorphism.

Proof. By symmetry, we assume without loss of generality that f; is strict. Since X, X7, X5 are noetherian,
the Ox, x y x,-algebra pja% is coherent. The morphism ps = (p2,idpse,) is the strict morphism induced
from the structure morphism ps: X; xx Xo — X for schemes. The morphism p; = (p1, p5(f2,a1g)) is
given by the structure morphism p; : X; x x X9 — X for schemes and the Ox, « , x,-algebra homomorph-
ism p5(faalg): Pyt — p5efa. Note that pjefy = p fsof because fi is strict.

It is straightforward to verify the universal property using the universal property for the fiber product of
the underlying (commutative schemes). O

Remark 2.5. Note that a morphism h: T — S of schemes is always strict. Hence we can base change a
coherent ringed scheme f = (f, faiz): (X, &) — S over a commutative base S along h: T'— S, to obtain
a coherent ringed scheme (X, /) over T, where Xp = X xg T and < = p5./. We will return to this
perspective in Section 4.3 for the deformation absorption in Theorem 4.11.

K-injectives and locally projectives. The category QCoh(X, o) is a Grothendieck abelian category,
and therefore every cochain complex M*® of quasicoherent o/-modules admits a K-injective resolution, see
[Xie23, Lemma A.2]. The notion of locally free modules has to be replaced by locally projective modules.

Definition 2.6. A coherent o/-module P € coh(X,.o/) is locally projective if there exists a (Zariski-)open
covering X = |J;c; U; such that P|y, is a finitely generated projective o7 |y,-module for all i € I.
By [Rei75, Corollary 3.23], this definition agrees with [BDG17, Definition 3.6].

Lemma 2.7. Let (X,.o7) be a coherent ringed scheme and P € coh(X, <) a coherent </ -module. Then
the following are equivalent:

i) The o7 -module P is locally projective.
it) For every p € X, the o/,-module P, is projective.

Under the (standing) assumption that X is quasi-projective, [BDG17, Proposition 3.7] show that coh(X, <)
admits enough locally projectives, i.e. for every coherent «7-module M there exists a locally projective .-
module P and an /-module epimorphism P — M.

The derived category of a coherent ringed scheme. Let (X, ) be a coherent ringed scheme.
We denote by D(X, ) := D(QCoh(X, «)) the unbounded derived category of quasicoherent of -modules.
By D*(X, &), for * € {+, —,b}, we denote the bounded below, bounded above, resp. bounded derived
category of quasicoherent o/-modules.

Mostly, we are interested in the bounded derived category D°(X, o/) := DB, (QCoh(X, «)). Since < is
coherent, [Xie23, Lemma A.4] provides the useful equivalence

DP(X,.o) ~ DP(coh(X, 7). (8)

From time to time, we will have to make the distinction between D°(X,.7) and the category of perfect
complexes DP* (X, .o7), which is the full triangulated subcategory of D(X, .7) given by cochain complexes
that are locally quasi-isomorphic to bounded complexes of locally projective &7-modules. For a hereditary
order ./ on a curve C, we have an equality DP*f(C,.«7) = D®(C, /) by Lemma A.2.

Remark 2.8. It is a straightforward, but important observation, cf. [DLR25a, Example 3.7], that the
pushforward f.: D(X, &) — D(X) of the structure morphism f: (X, &) — X is exact as exactness does
not depend on the module structure.



Semiorthogonal decompositions linear over the base. Let T = DP(X,.«), and consider a
morphism of schemes f: (X, 27) — S. Recall from [K06, Section 2.6], [Per19, §§2, 3] that a triangulated
subcategory A C T is called S-linear if

MY Lf*FeA foral MeA,FeDP(S). (9)

Remark 2.9. If T=D"(X,«) or T = D(X, &), and A C T is S-linear for F € DP*(S), then S-linearity
automatically holds for D~(S), resp. D(S). This follows from [Kuzl1, Lemma 4.5].

Let T be an S-linear triangulated category. If A C T is a full triangulated subcategory, the right
orthogonal At (resp. left orthogonal ~A) of A is defined as the full subcategory containing all objects
T € T such that Homy (A, T[i]) = 0 (resp. Homt(T, Afi]) = 0) for all A € A and i € Z.

The next lemma is a straightforward generalization of [K06, Lemma 2.36].

Lemma 2.10. Let §: (X, /) — S be a morphism of schemes, and A C DP(X, /) be an S-linear category
such that A is S-linear. Then *A and A+ are S-linear as well.

Recall that an (S-linear) triangulated subcategory A of T is called right admissible (vesp. left admissible)
if its embedding functor a:: A — T admits a right adjoint o' (resp. a left adjoint a*). We say that A is
admissible if it is both, left and right admissible.

A sequence of (S-linear) triangulated subcategories Aq,...,A,, is called an (S-linear) semiorthogonal
decomposition of T if

i) for every i > j one has A; C A},
ii) the smallest triangulated subcategory containing all A; is T.

In this case we write T = (A1,...,A.,;) and every object T € T can be decomposed into distinguished
triangles
Ty —Tp 1 — Ag — Tg[l] for1 </< m, (10)

such that T,, =0, Ty =T, and A, € Ay.

Admissibility of components of a semiorthogonal decomposition is not automatic. Therefore [Kuzll,
Definition 2.6] introduced the notion of strong semiorthogonal decompositions.

Definition 2.11. We call a semiorthogonal decomposition T = (Ay,...,A;,) strong if the component Ay
is admissible in (Ag,...,A.).

We finish this section with a relative criterion for S-linear semiorthogonality generalizing [Kuz11, Lemma
2.7] to coherent ringed schemes.

Lemma 2.12. Letf: (X, /) — S be a morphism and A,B C D(X, &) be S-linear admissible subcategories.
Then A C BL if and only if Rf.RHom (B,A) = 0.

Proof. We start with the assumption that A C B+. By the proof of [Kuzl1, Lemma 2.7] it suffices to
show that RHomg (P, Rf.RHom(N,M)) = 0 for all P € DP*f(S), N € B and M € A. Using the
adjunction Lf* 4 R f, and the tensor-hom adjunction, one obtains

RHomg(P, R f.RHom (N, M)) = RHomg (Lf*P,RHom. (N, M)) = RHom ,(Lf*P @% N, M) = 0.
The vanishing in the last step follows from the S-linearity of B. For the converse, note that
RHomg(Og, Rf RHom (N, M)) = RHomx (Ox, RHom (N, M)) = RHom (N, M) (11)

by adjunction and the fact that the pushforward along the structure morphism (X, .«7) — X is exact. [



3 Hereditary orders

Let X be an (integral) scheme. An Ox-order is a coherent Ox-algebra &/ which is torsion-free as
an Ox-module such that & ®x k(X) is a central simple k(X)-algebra. Consequently, (X, .<7) is a coherent
ringed scheme.

By definition of an order <7 there is a maximal open dense subset U C X such that the restriction 7|y
is Azumaya. The complement A, = X \ U is the ramification locus of < .

We say that an Ox-order £ is an overorder of & if o C B C of @x k(X). The order &7 is mazimal if
there are no proper overorders of 7.

Throughout this section, let C' be a smooth quasi-projective curve over k, and &7 a hereditary Og-order
with ramification locus A.. Denote by §: (C,.«7) — C the structure morphism. It is shown in [Rei75,
Corollary 3.24, Theorem 40.5] that being a hereditary order is a local property. This means that 7 is a
hereditary Oc-order if and only if the localization .27, is a hereditary O¢ ,-order for every point p € C.

In the following, let R = O¢;, be the local ring at p € C' and m < R be the maximal ideal of R. Since R
is the unique maximal R-order in k(C) by normality of C, it follows from [Rei75, Theorem 39.14] that
there is an isomorphism of R-algebras

R R ... R (n1,eemr)
m R ... R

oy = | . ) . C Mat, (R), (12)
m m ... R

where n? = rk.@/, ny +...+n, = n, and the superscript (n1,...,n,) indicates that the (i, j)-th coordinate
of the matrix on the right-hand side is to be read as an n; X n;- matrix with entries in m, or R respectively.
We call (n1,...,n,) € N” the ramification data of & at p € C. If &7 is an O¢-order such that the
ramification data at p € C satisfies r > 1, then 7 is ramified at p with ramification indez .

By [Rei75, Theorem 39.23], the indecomposable projective .27,-modules are given (up to isomorphism) by
the rows '
LY) = Eoa,p, j=1,...,7, (13)

where a; =n1 + ...+ n;, and E, g € Mat,,(R) denote the elementary matrices.

The fibers of hereditary orders. Let p € C. We describe the fiber <7 (p) := &7, ®g k(p) over p. In
the language of Remark 2.5 this is the base change of the structure morphism f: (C, /) — C along the
closed immersion i,: Speck(p) — C.

Let @, be the cyclic quiver with r vertices Qo = {1,...,r} and r arrows Q1 = {p;s41: ¢ — @ + 1}, where
here and in the following the numbering has to be understood modulo 7. The quiver @, can be depicted
as follows:

(14)

Denote by pp; 0t —i+1— ... — j—1— j the shortest path of positive length from ¢ to j and let

I = (radkQ,)" ' <kQ, (15)



be the admissible ideal generated by all cycles p; ;. The quotient
A =kQ,. /1 (16)
is an r2-dimensional k-algebra of infinite global dimension.

Lemma 3.1. Let (C, o) be a hereditary order which is ramified at p € C' with ramification index r. Then
the k-algebra </ (p) = o, ®c k(p) is Morita equivalent to A,.

Proof. By [CI04, Theorem 7.6], we find that .7, is Morita equivalent to an R-algebra I' C Mat,(R) as in
(12) with ny = ... =n, = 1. The algebra I ® g k(p) is isomorphic to A, by [KSS03, Theorem 3.1], and
hence </ (p) is Morita equivalent to A,.

We sketch a different proof of why I" ® g k is isomorphic to A, using the algorithmic characterization of
finite-dimensional basic k(p)-algebras as quotients of path algebras of a quiver by an admissible ideal
from [ASS06, Section II.3]. By [Art82, Section 2|, there is a k-basis {e;; }1<i j<r of I' ® g k(p) such that

e, fi<j<korj<k<iork<ic<yj,
€ij * Ejk = . (17)
0 otherwise.
Moreover, one has e;; - ej, = 0 if j # j'. The algebra I' ®  k(p) is basic and connected, with e1,..., e,

a complete set of primitive orthogonal idempotents.

Define a k-algebra homomorphism ¢: k@, — I' ® g k(p) by sending the lazy path e;, associated with the
vertex i € Q, to the idempotent e;;, and the arrow p; ;41 € Q1 to e;;+1. It follows from (17) that this is
a surjective k-algebra homomorphism. For dimension reasons and from the relations e; ;11 -...-e;—1; =0
for each i = 1,...r, it follows that ¢ induces an isomorphism A, = T' ® g k(p). O

We can use the representation theory of k@,./I to characterize simple A,-modules. Since there are no
non-zero oriented cycles, thanks to the relations, the simple A,-modules up to isomorphism are given

by Si,...,S, with
k if j=1,
Si)j = o ) 18
(5 {o it € Qo (i) "

Remark 3.2. The number of isomorphism classes of simple 7 (p)-modules does not change under the
Morita equivalence from Lemma 3.1. It is straightforward that the simple 7 (p)-module corresponding to .S;
consists of a single n;-dimensional non-trivial k-vector space at the vertex i € Qg. In the remainder we will
only be interested in properties of the simple A,-modules which are preserved under the Morita equivalence.
In particular Theorem 4.7 and Theorem 4.11 do only depend on &7 (p) up to Morita equivalence.

Maximal overorders. Denote by Ay = {p1,...,pm} C C the ramification locus of & and let r; > 1
be the corresponding ramification index of & at p; € C.

The inclusion of every maximal overorder jgz als: &/ — % gives rise to an extension
j{@ - (id.%aj@,alg): (C, *@) - (Cv 52{) (19)

It was shown in [DKR67, Theorem 3.1] that the pushforward jgz % is a locally projective (left and
right) o/-module. We study the shape of the locally projective &/-modules more closely with respect to

the indecomposable projective .o7,-modules Ll(,j) for j=1,...,r from (13).

Definition 3.3. Let p € A, such that & has ramification index r at p. A nonzero locally projective <7 -
module P is called purely of type j at p if

@k
P, = L;])GB for some k € N. (20)

If the type j is not specified, we say that M is purely of one type at p.



As shown in [Rei75, Theorem 40.10], hereditary orders can be characterized by the maximal orders
containing them. Using the classification of the indecomposable projective #7,-modules, one can construct
all the maximal orders containing .o explicitly.

Proposition 3.4. Let (C, o) be a hereditary order with ramification data as above.
i) There are precisely 1 - ... ry mazimal overorders of < .
i1) Fvery maximal overorder % of & is locally projective as a left and a right o/ -module.

iii) Fvery mazimal overorder B D & is purely of one type at each ramification point. Moreover, a
maximal overorder is uniquely determined by its types at the ramification points.

Proof. The first two parts can be found in [Rei75, Theorem 39.23 and Theorem 40.8]. Let us indicate
how to prove these two statements for an algebraically closed field using the classification (13) of the
indecomposable projective @%,-modules for p € C.

By Tsen’s theorem, &7 ®@c k(C') = Endycy(V), for some n-dimensional vector space V. Let 2 D <7 be a
maximal overorder. Then %, D 47, is a maximal overorder. From the classification of maximal orders in
discrete valuation rings (see Corollary 17.4 of op. cit.), it follows that there exists an O¢ p-lattice L, in V
such that %, = Endo,, ,(L,) and L, has the structure of a right .7,-module from the induced %,-module
structure on L,. It must be indecomposable as .o7,-module, because its endomorphism ring is generically
central simple. Therefore L, is an indecomposable projective 27,-module, e.g. by [Rei75, Theorem 10.6]
and the fact that 7, is hereditary.

Now # C Endy(c)(V) is coherent and torsion-free, and therefore uniquely determined by the localization
at every point p € C, see [BD22, Proposition 6.4]. For a ramified point p; € A; we have r; choices

of L,, = LZ(,ji), j=1,...,r;, hence r; different possible specializations of % at p;, and we conclude (i).

For the second part, we pass to the local ring at a point p € C using Lemma 2.7. From the construction
of 4 above, it is clear that % is locally projective as a right /-module. The isomorphism as left modules
follows similarly using that Homo,. , (Ll(fi), Oc,p) describes indecomposable projective left modules.

The third part can be calculated locally as well. We have at p; € A, that
#,, = Endo,., (LY) = Homo,,, (0Z" , L)) = LY*". (21)

The isomorphism as left <7, -modules is given similarly. Uniqueness follows from the local modification
theorem [BD22, Proposition 6.4]. O

The explicit description of £ allows us to draw some powerful conclusions about jg.

Lemma 3.5. Let jg: (C, %) — (C, o) be the extension corresponding to a maximal overorder 8 O .
Then the following hold.

i) The pullback ji;: QCoh(C, /) — QCoh(C, A) is exact.

it) The pushforward jz .: QCoh(C, %) — QCoh(C, &) is exact and fully faithful.
Proof. The pushforward jg . is the restriction of scalars to &/, forgetting the Z-module structure.
Therefore, it does not affect exactness of a sequence, and hence jg . is exact.

Since jg is an extension, the pullback is given by j%; = —® . %. By Proposition 3.4, % is locally projective,
hence j%; is exact.

For the second statement it suffices to show that ji,jz .M = M for all M € coh(C, B). As itz M =
M ® .z B, the B-module structure leads to a homomorphism M ® ., % — M with inverse (locally) given
by m—m® 1. O



4 Deformation absorption applied to hereditary orders

We start by recalling in Section 4.1 the notion of absorption of singularities and deformation absorption of
singularities from [KS23] for a flat family of varieties over a curve. A crucial role is played by P°*2-objects,
which can only exist in the bounded derived category of a singular variety X.

In Section 4.2 and Section 4.3 we apply this theory to hereditary orders, where the role of the singular fiber
is played by the restriction of the order to a ramified point. This yields a semiorthogonal decomposition
of the bounded derived category of a hereditary order. In Section 4.4 we compare this result to the
semiorthogonal decomposition [BLS16, Theorem 4.7] for stacky curves.

4.1 Background
P>-objects. Let T be a triangulated category and q € Z~(. We recall [KS23, Definition 2.6].

Definition 4.1. An object S € T is a P>*9-object if
i) there is a k-algebra isomorphism Ext$(S5,S) = k[f] with degf = ¢, and

ii) the induced map 6: S — S[q] satisfies hocolim(S — S[g] — S[2¢] — ...) = 0 in a cocomplete
category T containing T.

Similarly to [KS23, Remark 2.7] for the bounded derived category of a projective variety the definition
simplifies for finite-dimensional k-algebras.

Remark 4.2. Let A be a finite-dimensional k-algebra. An object S € DP(A) is a P*%-object if and only
if Ext3(S, S) = k[4].

Indeed, since D(A) D DP(A) is cocomplete with a compact generator A which satisfies for every M € DP(A)
that Ext% (A, M) = H*(M) is bounded above, we can apply [KS23, Lemma 2.3].

Every P*°9-object comes with the distinguished triangle
M— S S[q — M1 (22)

induced by the non-trivial morphism ¢ € Hom~ (S, S[g]) = Ext%(S, S). Following [KS23, Definition 2.8],
we call this triangle the canonical self-extension of S.

Remark 4.3. The object M can be used to detect whether the triangulated subcategory (S) C T
generated by S is admissible by [KS23, Lemma 2.10]. For right (resp. left) admissibility one needs M
to be homologically left (resp. right) finite-dimensional, that is, Ext$ (M, N), (resp. Ext} (N, M)) is
finite-dimensional for all N € T, see [KKS25, §4.1] for a definition.

Overview and definitions. A (sequence of) P>?-object(s) detects the difference between smooth and
singular varieties resp. categories of finite and infinite global dimension. In special cases, they generate a
proper subcategory S C T which absorbs the singularities in the sense of [KS23, Definition 1.1] for projective
varieties. We present an analogous definition for T = DP(A), where A is a finite-dimensional k-algebra.

Definition 4.4. A triangulated subcategory S C T absorbs singularities of T if S is admissible and its
complements S+ as well as +S are smooth and proper.

Remark 4.5. Note that by [ELS20, Theorem A] T = DP(A) is always smooth, but not proper unless A
has finite global dimension. This is the same phenomenon as for D?(X), where X is a projective variety.

We propose the following definition for a noncommutative smoothing.

Definition 4.6. Assume that f: (X, ) — C is a morphism of coherent ringed schemes such that C is a
smooth pointed curve with fixed (closed) point o € C. If the fiber over o € C' is

(X Xc Spec k(O)V@Spec k(o)) = (X7 JZ{) (23)
we say that f: (X, %) — C is a smoothing for (X, <) if the following conditions are satisfied:
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o for each p € C\ {o} the fiber (X[gpeck(p), PBspeck(p)) i5 a smooth scheme with an Azumaya
algebra HBgpec k(p)»

o the total space X is smooth and f is flat, and
e the Ox-algebra £ flat as an Ox-module, and gldim Z = dim X.

Kuznetsov—Shinder [KS23] provided powerful results for the derived category of such a smoothing,
when &7 = Ox and & = Ox. We recall some of their results, stressing the link to P°°2-objects.

If a singular projective variety X admits a semiorthogonal collection S, ..., .S, of P>2-objects such that
the triangulated subcategory S C DP(X) generated by these objects absorbs singularities of X, then by
[KS23, Theorem 1.8]:

e the pushforward of Sy,..., S, to any smoothing X — B defines a collection of exceptional objects
in DP(X), and

o the triangulated subcategory in DP(X') provides a deformation absorption of singularities of X with
respect to any smoothing X — B, i.e. it is admissible in D°(X).

In particular the second point implies by Theorem 1.5 of op. cit. that there is a B-linear semiorthogonal
decomposition

D*(X) = (As,B) (24)
where Ag is the triangulated subcategory generated by the pushforward of S, and B is smooth and proper
such that the base change satisfies

LS if p =
By~{ Bp=0 (25)
D°(X,) else.

In Theorem 4.11 we provide the last two results in the special case where a hereditary order is viewed as
the smoothing of the finite-dimensional algebra A, defined in (16).

4.2 Absorption of singularities for the fiber over a ramified point

Let o/ be a hereditary order over a curve C. Let o € C' be a ramified point with ramification index r.
From Lemma 3.1 we know that the fiber <7 (0) is Morita equivalent to the algebra A, defined in (16). For
each i € Qo = {1,...,r}, denote by S; the simple A,-module as defined in (18), and by P; the unique
indecomposable projective A,-module such that P;/rad P; & S;.

Theorem 4.7. With the notation as above let i € Q.

i) There is a semiorthogonal collection (Sii1,...,S;_1) of P=2-objects in DP(A,.).
it) Let
S, = <S7;+1,...,S1;_1> C Db(Ar) (26)
be the triangulated subcategory generated by Siy1,...,S;—1. Then there is a semiorthogonal decom-
position
Db(A,) = (i, ). (27)

i1i) The triangulated subcategory S; absorbs singularities of A,..

Note that every S; has infinite projective dimension and admits a 2-periodic projective resolution of the
form p p

° [i41,4] iy i1 [i4+1,4] i it1
C? = ( .. Pi+1 a Pi Pi+l * Pl), (28)

K2

where the maps in the cochain complex are given by left multiplication with the elements written above
the arrows. See (14) for their definition.

Lemma 4.8. Let i € Q.
i) The simple A.-module S; is a P>2-object.

ii) The triangulated subcategory (S;) C DP(A,) generated by S; is admissible.
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Proof. Let i € Q. By Remark 4.2, it suffices to show that Ext} (S5;,S5;) = k[f] with degf = 2.
Since Homy, (P;11,.5;) = 0, it follows from (28) that

k6" if k € 27>,

29
0 else. (29)

EXtir(Si, Sl) = {

The map 60: S; — S;[2], can be explicitly described, using the projective resolution C?, as the morphism
of cochain complexes which is the identity map in each degree below —1.

For the admissibility of (S;), we use that the cochain complex M; = (P;y; — P;) € DPef(A,) of
projective A,-modules, which is concentrated in degrees {—1,0}, represents the third object in the
canonical self-extension (22) of S;. The algebra A, is Gorenstein in the sense of [Jin20, Assumption 0.1],
because every injective A,-module is projective as well. Hence by [KS25, Proposition 6.9] the cochain
complex M; is homologically left and right finite-dimensional. It follows from [KS23, Lemma 2.10] that
the triangulated category (S;) generated by S; is admissible. O

Lemma 4.9. For all1 <i,5 <r, one has
Hompp(a,y (S5, Si[¢]) =0 forall L € Z, (30)
if and only if 5 ¢ {i,i+ 1}.

Proof. From (28) and Homjy, (P}, Sx) = 0 unless j = k, one obtains that Ext} (S;,Sx) = 0 unless k €
{j,j + 1}. Therefore, the collection is semiorthogonal. O

Lemma 4.10. With the notation from Theorem 4.7, let P; be the indecomposable projective and I; the
indecomposable injective A,.-module associated with the vertex i € Qy. Then

D°(A,) = (Si, Fi), (31)
DP(A,) = (I;,S;). (32)
are semiorthogonal decompositions of DP(A,.).

Proof. By rotational symmetry, it suffices to consider ¢ = r. Both collections are semiorthogonal by
Lemma 4.9, and because

Homy, (P, S;) = Homy, (S;,1,) =0 forall1 <j<r. (33)

It remains to show that Si,...,S,_1, P, generate DP(A,.). Since DP(A,) is generated by A,, it suffices
to show that all indecomposable projective A,-modules Py, ..., P. are in the smallest triangulated
subcategory T generated by S1,...,S5._1, P.

From the canonical self-extension for S;, we obtain that My = (P, — Py),...,M,_1 = (P, — P,_1)
belong to T. For every ¢ € 1,...,7 — 1, one obtains a distinguished triangle
Since T is closed under taking cones and P, € T, the claim follows. O

We are now ready to prove the main assertion of this section.

Proof of Theorem 4.7. Part (i) is a consequence of Lemma 4.8 and Lemma 4.9. Statement (ii) is part of
Lemma 4.10.

Lemma 4.10 implies in particular that S; is admissible, and both 1S; as well as S;- are generated by an
exceptional object, hence smooth and proper. Therefore, S; absorbs singularities. O
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4.3 Deformation absorption of singularities

Throughout this section let (C, o) be a pair of a curve C, and a hereditary O¢-order & with ramification
locus A, = {o} asingle closed point of ramification index r > 1. Since orders are generically Azumaya, this
can always be achieved for every hereditary O¢-order &7 by shrinking C' to a Zariski open neighborhood
around a chosen ramification point.

Given a closed point p € C, we denote by i,: Speck(p) — C the inclusion. Building on the perspective
of Remark 2.5, we consider the base change diagram

(Speck(p),  (p)) L) (0, o7)

2 lf (35)
Speck(p) v C

of the structure morphism f: (C, o) — C along i,. If p # o, the k(p)-algebra 7 (p) is a matrix algebra
and therefore Morita equivalent to k(p). From Lemma 3.1, one knows that </ (0) is Morita equivalent to
the algebra A, from (16).

Since § is an extension and every Oc-order is flat, the morphism i, is faithful for f by Lemma A.10.
Moreover, using Lemmas A.2 and A.4 for hereditary Og-orders, we may appeal to Theorem A.16 for
the base change of strong semiorthogonal decompositions of D?(C, &) along i,. Our main result of this
section is the following.

Theorem 4.11. Let & be a hereditary Oc-order ramified over A = {o} with ramification indexr € Z>1.

For each i € {1,...,r} there is a strong C-linear semiorthogonal decomposition
Db(07 "Q{) = <iO,*Si+17' e aio,*Si—17D> (36>
such that
i) the sequence ip +Sit1, ... ,10,+5i—1 1S exceptional,

ii) the admissible subcategory D is smooth and proper over D®(C),

iii) the fibers of D over p € C are equivalent to D*(mod k(p)).

In light of [KS23, Theorem 1.5] we say that S; = (Sit1,...,5:—1) (from Theorem 4.7) provides a
deformation absorption of singularities of A, with respect to (C, /), i.e. it is admissible in D?(C, <7).

We split the proof of Theorem 4.11 into three steps. In the first step, we show that, as in the commutative
case of [KS23, Theorem 1.8], a semiorthogonal collection of P>°2-objects on the singular fiber pushes
forward to an exceptional collection along the noncommutative smoothing. The idea of the proof is similar,
but requires the extension to ncSchy. Let us spell out the details.

Lemma 4.12. The semiorthogonal collection of P>2-objects (Sii1,-..,S;_1) of D’(A,) pushes forward
to an exceptional collection

(i04Sit1,---si0xSi—1) in DP(C, ). (37)
Proof. By the rotational symmetry of the question, it suffices to consider the case i = r.

Since i is the base change of (C, /) — C along i,: Speck(o) — C, the object Li*i, .Sy fits into the
distinguished triangle
Sill] = Li%ion Sy — S 2 Sy 2] (38)

for Cartier divisors with trivial normal bundle [KS23, Section 4.2]. The map Sy — Sk[2] is non-zero,
because the pullback Li* preserves perfect complexes and Sy ¢ DP*f(A,.). It follows from the comparison
of this triangle to the canonical self-extension (22) that

EXt;{(io’*Sk,ioy*Sk) = EXt;\T (Li*io,*Sk, Sk) = EXt;\T (Mk7 Sk) = k[O] (39)

Therefore, each object is exceptional.
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Similarly, the distinguished triangle (38) leads to the vanishing of Ext{c o) (io,« Sk, 10,5;) for 1 <j <k <
r — 1, because My, = (Pyy1 — Pi) maps only trivially to S;. O

Together with Theorem 4.7 this lemma already shows that S; C D(A,.) provides a deformation absorption
of singularities with respect to (C, 7). In the next step we prove that (36) is a C-linear semiorthogonal
decomposition.

Lemma 4.13. There is a C-linear semiorthogonal decomposition

D*(C, o) = (ip«Sit1s--i045i—1,D). (40)

Proof. A sequence of exceptional objects generates an admissible subcategory by [Bon89, Theorem 3.2].
Hence we obtain a semiorthogonal decomposition of D*(C, /) with D = L (iy+Siq1,- -+, i0xSi—1).

As before we consider only the case i = r. For the C-linearity, we use that each of the admissible
subcategories (i, .Sy) is C-linear. More precisely, for each Sy € D(A,) and every F € DP*f(C), the
projection formula implies

(i0,45%) ®E f*F Z g (Sk @k L(fo 0i0)* F). (41)

Since L(f,01,)*F can be represented by a bounded cochain complex of k-vector spaces, one obtains Si, ®x
L(f, 0i0)*F € (Sk). Since i, is exact and commutes with direct sums, the C-linearity of (i, ..Sy) follows.
The C-linearity of the complement D follows from Lemma 2.10. O

For the last lemma recall the notion of locally projective .&7-modules purely of one type from Definition 3.3
and the characterization of maximal overorders of .27 from Proposition 3.4. For i € Qo = {1,...,r} denote
by %; the (unique) maximal overorder of 7 which is purely of type i at o.

Lemma 4.14. The component D in the semiorthogonal decomposition from Lemma 4.13 is equivalent
to DP(C) given by the thick closure of the embedding

j.@i,*: Db(Ca '@z) - Db<Cv ’Q{)v (42)
where B; is purely of type i at o. In particular, D is an admissible subcategory.

Proof. Each of the maximal orders Z; is in fact Azumaya. We consider the case ¢ = r. Since k is
algebraically closed, we have coh(C, %,.) ~ coh(C).

By Lemma 3.5, the pushforward and the pullback are both exact, and the pushforward is fully faithful.
This implies that
i, «: D*(C, %B,) — DP(C, <) (43)

is fully faithful on the bounded derived category as well.

We need to show that jg, .DP(C, %,) = D. Using Lemma 2.12, one has to show that M € jg,.D"(C, %,)
if and only if RHom (M, i,.Sk) = 0 for every k = 1,...,7—1. Note that f is an extension. Therefore R f,
is the identity.

Since M € D®(C, ), we can calculate RHom (M, i, .Sk) by replacing M by a bounded cochain complex
of projective o7-modules. Moreover i, .Sk € coh(C, /) and it is supported at o € C. Thus, it suffices to
show

RHom, (M,,10,+Sk) = 0. (44)

Assume that M € jg, .D*(C,%,). As %, is purely of type r at o, it follows from Proposition 3.4 and its
proof that %, = EndOCYO(LE)T))7 where L{" is the indecomposable projective Y o-module defined in (13).
Hence M, can be expressed as an iterated cone of direct sums of LE,T). Since k # r, it follows that M € D

as
RHom ., (L{",1,.5,) = Homy, (L, i,.S;) = 0. (45)

o

14



Vice versa, assume that M € D. Restricting to (Spec(O¢,0), %), we can represent M, by a bounded cochain
complex Q° of projective 7,-modules. Since we have by assumption that Home(%)(Q', i.+5,) =0 for

every i = 1,...,7 — 1, the cochain complex @°® belongs to the subcategory generated by L((,r). It follows
that M must belong to the C-linear subcategory of DP(C, &7) generated by %, i.e. M € j,. .DP(C, ).

The right admissibility of D is automatic and left admissibility follows from the adjunction jz; —jgz, .. U

Proof of Theorem 4.11. The fact that the semiorthogonal decomposition (36) is strong follows from
Lemma 4.14. We have shown in Lemma 4.12 that (i,.Si+1,...,10.+5i—1) is an exceptional collection
in D®(C, «7). From the equivalence D ~ D(C) of Lemma 4.14, it follows that D is smooth and proper
over DP(C). For the third point, note that over each point p # o, the restriction <7 (p) is Azumaya, and
hence Morita equivalent to a point. Moreover, D, is the admissible subcategory generated by the r-th
indecomposable projective A,-module, which is exceptional. O

Remark 4.15. There is a two-dimensional analogue given by tame orders of global dimension 2. By
[RV89, Theorem 1.1] a tame order on a surface is uniquely determined by its overorders. Moreover
Theorem 1.14 of op. cit. hints to a similar decomposition of the derived category of a tame order as
in Lemma 4.14 using a maximal overorder. The precise shape of such a decomposition must take into
account that maximal orders on surfaces are not necessarily Azumaya. In light of the recently developed
stacks—orders dictionary [Fab+] in dimension two, such a decomposition would be interesting.

Periodicity of the semiorthogonal decomposition. As an application we show that the semiortho-
gonal decomposition (36) of D°(C, .<7) is 2r-periodic. Let

T=(A,B) (46)

be a semiorthogonal decomposition. We denote the right dual semiorthogonal decomposition by T =
(B,RgA), where Rg is the right mutation functor as defined in [Bon89, §2]. By [BD24, Definition 4.2]
a semiorthogonal decomposition T = (A, B) is N-periodic if the Nth right dual is again the original
decomposition.

In [BD24, Section 4] the periodicity of a semiorthogonal decomposition for the derived category of a
root stack is studied. We provide the same result for the semiorthogonal decomposition (36) thereby
explaining the connection between the r different versions of (36).

Theorem 4.16. The semiorthogonal decomposition (36) is 2r-periodic.

Proof. Start with the semiorthogonal decomposition
D(C, ) = (104 Si41, - 10 Si—1,i, . D°(C, &)). (47)

By the proof of Lemma 4.14, the category jggi’*Db(C, &) is generated by {P; ®c L}, where {L,}a
is a generating set of D?(C), and P; is the locally projective .2Z-module purely of type i at o such
that P; , = L(()Z) is indecomposable. See (13) for a definition.

By [VV84, Theorem 1] D®(C, &) possesses a Serre functor S, : D(C, &) — D°(C, &) given by Sy (M) =
M ® oy wer[1] with dualizing bimodule wo, = Homx (47, wx ). The Serre functor satisfies S/ (P;) = P;11][1],
and Sd(ioy*si) = i01*5¢+1.

If we denote by A = (i5+Si11,...,i0,xSi—1),and by B = ja, , Db(C, &), it follows from [BK89, Proposition
3.6] that Rg(A) = S(A). Hence, after 2r times taking the right dual of B, the category B is replaced
by S"(B). Since S"(B) is generated by {S"(P;) ®c L4 }a, and B is triangulated, it follows that S"(B) = B.
Similarly, we have that S"(A) = A. O

4.4 The dictionary between hereditary orders and smooth root stacks

There is a stacks—orders dictionary in dimension one and two [CI04; Fab+; BBG24]. Let C' be a quasi-
projective curve. By [CI04, Corollary 7.8], resp. [BBG24, §2.2] in the language of root stacks, the dictionary
relates the following two objects.
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i) Let & be a hereditary Og-order with ramification divisor A = {py,...,pm} and ramification
indices r = (r1,...,7n) € N, and

ii) denote by 7: {/C; A — C the iterated root stack over C' by doing the r;-th root construction
at p; € Ay

Theorem 4.17 (Chan-Ingalls). With the notation as above, there is an equivalence of categories
coh(C, &) ~ coh(~/C; Ay). (48)

Therefore, there is a stacky version of Theorem 4.11. Assume that A = {o} and do the r-th root
construction at o. Then the singular fiber is described by

Speclk(o)) xe /58 = [spec (5 ) /] (49)

where .. is the group scheme of r-th roots of unity, and the r-th primitive root acts by multiplication
on t. Coherent sheaves on the singular fiber are given by

coh([Spec(k(t]/(t"))/ur]) ~ coh™ (K[t]/(t")) =~ coh(k[t]/ (") * ), (50)
where k[t]/(t") * p, is the skew group algebra.

On the other hand each closed point in {/C; A (i.e. a morphism Speck — {/C; A) factors through its
residual gerbe BAut(p), where p € C' is obtained by postcomposing with the map to the coarse moduli
space C. The residual gerbe is only nontrivial at o € C, where we have By, = [(Speck(0))/u.], and

coh(Bp,) =~ mod(k|[u,]). (51)

The group algebra k[u,| is semisimple with 7 simple modules. Following the terminology of [LP21, Section
2.2], we obtain therefore r generalized points (0,¢1),. .., (0,¢), each corresponding to one character
of k[u,]. Denote by O, ¢, the irreducible p,-representation corresponding to (o, ¢;).

By [Cad07, Example 2.4.3], the residual gerbe over o embeds as a closed substack into the fiber Spec k(o) x
+/C; A so that we obtain a commutative diagram

[Speck(0)/pr] —— [Spec(klt]/(t"))/pur] —— {/C; A
\ l Jﬂ (52)
Speck(o) - L

On the level of algebras, j corresponds to the k-algebra homomorphism k[t]/(t") * pu, — k[u,], which
identifies the irreducible module O, ¢, with a simple k[t]/(¢") * pu,-module, denoted by O, ¢,. We can use
the modules O, ¢, for the version of Theorem 4.7 for stacky curves.

Corollary 4.18. Let i € {1,...,r}. The collection (50,0“7...,(507@71 (counted modulo r) is a semi-
orthogonal collection of P>*2-objects in D®(Spec(k(0)) xc {/C;A).

Moreover, the smallest triangulated category O; C DP(Spec(k(0))xc{/C; A) containing (”)VO,QH, ce (;)vo)CF1
absorbs singularities of Spec(k(0)) x¢ 1/ C; A.

Proof. This follows from Theorem 4.7 and the k-algebra isomorphism k[¢]/(¢") * p, & A,, which identifies
the simple k[¢]/(t") * p,-module O, ¢, with the simple A,-module S;. O

Using [BLS16, Theorem 4.7] we obtain the deformation absorption result for {/C; A as well.

Theorem 4.19. Let /C;0 — C be smooth stacky curve with nontrivial stabilizer u, over the closed

point o € C. For each i € {1,...,r} there is a strong C-linear semiorthogonal decomposition
Db( V/Cio0) = <LO7*60,C1‘+17 R Los*607<i717 D) (53)
such that
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i) the sequence toxOo¢,iys- -1 toxQo,_, 5 exceptional,
ii) the admissible subcategory D is smooth and proper over D®(C),
iii) the fibers of D over p € C are equivalent to D®(mod k(p)).

In other words O; provides a deformation absorption of singularities of [Spec(k[t]/(t"))/pr] with respect
to the smoothing /C;0 — C.

Proof. We have that 1o .O, ¢, = R(tox07)Oo.c,. Therefore, [BLS16, Theorem 4.7] provides the semiortho-
gonal decomposition (53) for i = 0, where D = Lx*DP(C). For i > 0 the semiorthogonal decomposition
follows by [BD24, Theorem 4.3]. O

A A noncommutative base change formula

The goal of the appendix is to give a version of Kuznetsov’s base change formula [Kuzl1, Theorem 5.6]
for the bounded derived category DP(X,.7) of a coherent ringed scheme (X,.o7). After restricting our
attention to coherent O x-algebras o7 of finite global dimension, we only have to make small modifications
of the proofs of op. cit. to arrive at Theorem A.16, the base change formula for noncommutative schemes.
We denote

e by D(X, o) = D(QCoh(X, &)) the unbounded derived category of quasicoherent <7 -modules, and
by D*(X, &), for x € {+, —, b}, its bounded below, bounded above, resp. bounded derived category;

o by Deon(X, o) = Deon(QCoh(X, o)) the derived category of quasicoherent of -modules with coherent
cohomology, and by DP(X, o) := D, (QCoh(X, 7)) the bounded derived category of (X, </);

coh

o by DPf(X,.o7) the category of perfect complexes consisting of objects which are represented by
complexes that are locally quasi-isomorphic to bounded complexes of locally projective «7-modules;

o by Dletl(X, o7) C D(X, o), fora < b€ Z, all M € D(X,.o7) such that the cohomology sheaf H*(M)
vanishes for i ¢ [a,b]. If a = —o0, we write DS?(X,.«7), and if b = 0o, we write DZ%(X, 7).

Perfect complexes

Recall that an object P € D(X, &) is compact if Hompx, )(P, —) commutes with filtered colimits.

Remark A.1. For (X, o) a coherent ringed scheme, [BDG17, Proposition 3.14] shows that D(X, &) is
compactly generated, and the compact objects are D(X, o7)¢ = DP*f (X, .«7).

Using the identification (8), it is straightforward to extend [TT90, Proposition 2.3.1] to coherent ringed
schemes (X, o), where 7 has finite global dimension. For & = Oy, it says that a perfect complex on a
quasi-projective scheme X is quasi-isomorphic to a bounded cochain complex of locally free sheaves.

Lemma A.2. Let (X, o) be a coherent ringed scheme.

i) If & has finite global dimension or X = Speck is a point, each perfect complex is globally quasi-
isomorphic to a bounded cochain complex of locally projective modules.

ii) If o/ has finite global dimension, then DP* (X, /) = D?(X, o).

Proof. Let M € DP*f(X, /). Since X is quasi-compact and the cohomology sheaf H*(M) does only
depend on the Ox-module structure, it follows that H¢(M) is coherent for all £ € Z, and non-zero for
only finitely many ¢. From (8) one sees that M € D°(X,.«7) ~ DP(coh(X,.«7)) since </ is coherent. Hence
every perfect complex is quasi-isomorphic to a bounded cochain complex of coherent o7-modules.

If X = Speck the statements follow from the fact that every module &/-module admits a projective
resolution and by definition of perfect complexes. Hence, we pass to & of finite global dimension.
Let M € DP(X,.o/). By [BDG17, Proposition 3.7], there is a locally projective resolution P* = M,
with P* € D™ (coh(X, &/)) bounded above. Since M is bounded on both sides, there exists n < 0 such
that H*(P*®) = 0 for all k¥ < n. Then the canonical truncation N® = 75, P* (cf. [SP, Section 0118]) is
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quasi-isomorphic to P°®. The canonical truncation consists of locally projective &/-modules except at
the n-th position, we have N = Coker(d"~!: P"~! — P") = Im(d"). Since N™ is a coherent </-module,
it admits a locally projective resolution £: Q® — N™, which is of finite length if & is of finite global
dimension. Replacing N™ by its locally projective resolution, we obtain a bounded cochain complex

L':(...—>Q_1—>QOL°—€>P”+1—>...) (54)

of locally projective «7-modules and an induced morphism of cochain complexes L®* — N*®. Here t: N™ —
Pntl s the inclusion of the image of d”. This is a quasi-isomorphism. All in all, we obtain that M
quasi-isomorphic to L®* € DP*f(X, o). O

Recall from [Orl06, Definition 1.6] that an object M € D°(X, &) is homologically finite if for every N €
DP(X, /) the k-vector space @, ., Ext, (M, N) is finite-dimensional. The following generalizes [Orl06,
Proposition 1.11] to the noncommutative setting.

Lemma A.3. Let (X, /) be a coherent ringed scheme such that < is of finite global dimension or X =
Speck is a point. An object M € DP(X,.o7) is perfect if and only if it is homologically finite.

Proof. We explain how to modify the proof in [Orl06, Proposition 1.11] so that it works in our setting.
Since every homologically finite object is bounded, by [Kuz08, Proposition 2.9] it is perfect. Vice versa,
assume that M is perfect. By Lemma A.2 it is represented by a bounded cochain complex P* of locally
projective «7-modules. The spectral sequence

HP (X, HY(Hom,(P*,N))) = Ext’f%(M,N) (55)

is concentrated in p € [0,dim X]. It is zero in the g¢-direction outside the bounds of P*. Moreover,
each k-vector spaces on the Fa-page is finite-dimensional, because  is coherent. Therefore, Ext’, (M, N)
is finite-dimensional for all ¢+ € Z and non-zero for only finitely many i € Z. O

Next, we come to a generalization of [Kuz08, Proposition 2.5] to coherent ringed schemes. Let T be a
triangulated category with a t-structure (T<°, T29), and C C D(X,.«/) be a triangulated subcategory. A
functor ®: C — T has finite cohomological amplitude if there are a, b such that

d(CND2(X,a)) Cc T2, and ®(CND=(X, o)) C T=P, (56)
We refer to Section 2.3 of op. cit. for a short introduction to (bounded) t-structures.

Lemma A.4. Let (X, o) be a coherent ringed scheme, where X is a quasi-projective variety. Let T be a
triangulated category which admits a bounded t-structure. Then every functor ®: DP*(X, /) — T has
finite cohomological amplitude.

Proof. The proof of [Kuz08, Proposition 2.5] needs only a small modification. Let Ox (1) be an ample
line bundle on X, and denote by &7 (n) = &/ ®x Ox(n). Since T has a bounded t-structure, and X is
quasi-projective, one finds a,b € Z such that ®(7(n)) € T for all n € Z. The remainder works as in
[Kuz08, Proposition 2.5]. O

Induced semiorthogonal decompositions

Now, we may look at the question when semiorthogonal decompositions on D(X, <) and its bounded
versions are induced from each other. The exposition is close to [Kuzll, Chapter 4]. In order to compare
semiorthogonal decompositions we need the notion fo compatibility from [Kuzll, Section 3] for exact
functors.

Definition A.5. Let ®: T — T’ be an exact functor between triangulated categories with semiortho-
gonal decompositions T = (Ay,...,A,) and T/ = (A],...,Al ). We say that ® is compatible with the
semiorthogonal decompositions if ®(Ag) C Al

18



Throughout the section we let f: (X, 27) — S be a morphism of coherent ringed schemes. The first lemma
follows as in [Kuzll, Proposition 4.1] using Lemma A.3.

Lemma A.6. Let D°(X, /) = (A1,...,A,) be a strong S-linear semiorthogonal decomposition. If <
has finite global dimension or X = Speck, then there is a unique S-linear decomposition

DPerf (X, o) = (AP APey (57)

which is compatible with the inclusion DP* (X, «7) C DP(X,.o7). The components are given by AP =
A; N DP(X, o7 ).

The next step was already provided for oco-enhanced categories by [Per19, Lemma 3.12]. We restrict
ourselves to the derived category of coherent ringed schemes. Recall from (10) that a semiorthogonal
decomposition comes with distinguished triangles. This gives rise to projection functors pr,: T = T, T —
Ay. If the decomposition is S-linear, it follows from [Kuzll, Lemma 3.1] that pr,(M ®x Lf*F) =
pr,(M) @x Lf*F for M € T, F € DP*f(S). In other words, the projection functors are S-linear.

Lemma A.7. Assume that DP*" (X, /) = (Aq,...,A) is an S-linear semiorthogonal decomposition.

i) There is a unique S-linear semiorthogonal decomposition D(S, o) = (Kl, ... ,Km> compatible with
the inclusion DP** (X, /) C D(S, o).

ii) If the semiorthogonal decomposition was induced by one of D*(X, /), where the projection func-
tors pr;: D*(X,.a/) — DP(X, /) have finite cohomological amplitude, then the semiorthogonal
decomposition of D(X, /) is compatible with the inclusion D*(X,.o/) C D(X, /) as well.

Proof. Part (i) carries over analogously from [Kuzl1, Proposition 4. 2] using Remark A.1 that D(X, &7)° =

DPe (X, o7) and D(X, &) is compactly generated. Note that A; is obtained from AP*f  D(S, o) as the
smallest triangulated category closed under (arbitrary) direct sums and cones containing AEerf. Part (ii)
also follows as in [Kuzl1, Proposition 4.2], because every object in D?(X, &) admits a resolution by
locally projective «7-modules, see [BDG17, Proposition 3.7]. O

The projection functors pr;: AP*" — AP have finite cohomological amplitude by Lemma A.4. Therefore,
as in [Kuz11, Proposition 4.3], we obtain an induced semiorthogonal decomposition on D~ (X, .«7).

Lemma A.8. Assume that DP* (X, o7) = (AP*" . APe) is an S-linear semiorthogonal decomposition.
There is a unique S-linear semiorthogonal decomposition

D=(S,o) = (A],...,AL), (58)

m

with components A, = Z\iﬂD_(S, ), compatible with the embeddings DP*f(S, o7) C D=(S,</) C D(S, <).

Base change of semiorthogonal decompositions

We generalize the base change formulas [Kuzl1, §5] for semiorthogonal decompositions to the noncom-
mutative setting. For DP*f(X, «7) and D(X,.«7) this can be seen as a special case of [Per19, Lemma 3.15].
There have been several generalizations of Kuznetsov’s base change formula, notably [Bay+21, Theorem
3.17], and [BOR24, Theorem 3.5] weakening the assumptions on the schemes. Besides the base change
formula [K06, Theorem 2.46] for certain Azumaya varieties, we are not aware of results for the bounded
derived category D?(X,.«7). However, most of the proofs can be adapted from the commutative case.

We specialize to the situation mentioned in Remark 2.5 Assume that h: T' — S is a morphism of schemes
and f: (X, &) — S is a morphism of coherent ringed schemes. Consider the base change

(X7, 1) —— (X, )

Ji | )

T—" 5
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of f along h: T — S. Lemma 2.4 implies that @/ = h%.o7. Then, there is a natural transformation of
functors
Lh* o Rf, = Rir.. o Lbi. (60)

from D(X, o) to D(T).

This follows from the push-pull adjunction [Xie23, Lemma A.6]. Then, the construction of the natural
transformation translates verbatim from [SP, Section 02N6 and Remark 08HY].

Definition A.9. A morphism h: T — S is faithful for § if Lh* o Rf. = Rfr. o L} from D(X, &)
to D(T') is an equivalence.

If & is flat over X, a K-flat resolution F'® of an «/-module M € D(X,.«7) is also flat over X. Hence, on
has Lb} = LA}, and we can appeal to commutative base change, to obtain the following.

Lemma A.10. If o is flat over X and f: X — S is flat, then each morphism h: T — S is faithful for §.

In the following we will always assume that h: T'— S is faithful for §: (X, &) — S.

Perfect complexes. For base changing perfect complexes, one uses that DPf(Xr, o77) is gener-
ated by ‘box tensors’ of the components DP*(T") and DP*f(X,.«7) inside the unbounded derived cat-
egory D(Xr, «7r). This holds in the full generality of co-categories by [Per19, Lemma 2.7]. We provide
the small modifications to apply the proof of [Kuzll, Lemma 5.2].

Lemma A.11. The category DP*' (X, o/7) is the minimal triangulated subcategory of D(X, o7r) closed
under taking direct summands which is generated by the objects

LhsM Q% LfrF,  where M € DP*(S,.o/) and F € DP*"(T). (61)

Proof. Since h: T'— S is a quasi-projective morphism, every coherent Ox,.-module F admits a surjection
f20L(n)®* — F for some n,k € Z, where Oy(1) is an h-ample line bundle on T. Note that by [SP,
Lemma 0893], the line bundle 3Oy (1) is hp-ample.

Therefore, every coherent #-module M admits a surjection 70}, (n)@k QT @ — M of o/r-modules,
where we use the right @-module structure on M. Since b is strict, o/ is the pullback of (the locally
projective «7-module) 7. For this reason we find for every M € DP*f(Xr, o7r) a bounded above locally
projective @Zp-resolution P® — M such that for each P! = h%.Q° @ f+E, where Q' is locally projective,
and &' is a locally free Op-module. This allows us to proceed as in [Kuzl1l, Lemma 5.2]. O

With this lemma, we are ready to define the base change of admissible subcategories in the category of
perfect complexes. Given an S-linear semiorthogonal decomposition

DPerf (X, o) = (AP APerf) (62)

we define Af;rf to be the smallest triangulated subcategory, closed under direct summands containing all
objects of the form Lh; M @% Lf;Ffor M € /—\ferf and F € DPef(T).

Proposition A.12. From the S-linear semiorthogonal decomposition (62) one obtains a T-linear semi-
orthogonal decomposition
DP (X, o) = (AR ..., APy (63)

compatible with Lb7..

L
Proof. Using Lemma 2.12, it follows from a standard manipulations that A;eTrf C A?;rf . The construction

of A?;rf implies T-linearity and Lb}(Aferf) - A?;rf. Generation follows Lemma A.11. O
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The unbounded derived category. We extend [Kuzll, Proposition 5.3] to our setting.
Proposition A.13. Let D(X, o) = (A1, ...,An) be an S-linear semiorthogonal decomposition. Then
D(Xr, o) = (Air, -y Amr) (64)

is a T-linear semiorthogonal decomposition compatible with Lyt .. and Lb%. Moreover, if the decomposition
is induced from a semiorthogonal decomposition (62) on DP(X,.), the semiorthogonal decomposition
(64) is compatible with the one constructed in Proposition A.12.

Proof. Recall from the proof of Lemma A.7 that by construction &»T is obtained as the closure of AE;rf
in D(X7r, /) under direct sums and iterated cones. In particular, it contains all homotopy colimits of
perfect complexes in Af;rf. The compatibility with the pullback follows now directly from Lh”‘T/-\i?erf C
AE;rf C A;r, where the first inclusion follows from the compatible base change in Proposition A.12.

Next consider the pushforward. By Lemma A.11, we can consider M € AP*" and F € DPef(T'). It is to
show that Rbr . (Lb5 M @% Lf;F) € A;. Because Lb; M @% Lf;F = LM@Y, Lf;F in D°(X7p, o/p),
we can use the noncommutative projection formula [Xie23, Proposition A.6] to obtain

Rbr.(Lhp M @%, LipF) = M @ (Rbr Lf;F). (65)

The right hand side lies in Ei as Rhp Lf3F = Lf*Rh.F € D(X), because h is faithful for f, and /&z
is S-linear. Note that by Remark 2.9, each component is S-linear for pullbacks of all quasi-coherent
sheaves F € D(S5). O

Similarly to [Kuzll, Proposition 5.3], we can give a more precise description of the components E\iT.
For M € D(Xr, /1) we find that M € A,z if and only if Rhp . (M % Lf:F) € A; for all F € DPe(T).
With statement (ii) of the next lemma this can be shown as in [Kuzll, Proposition 5.3].

Lemma A.14. Let f: (X, o) — (Y, %B) be a morphism of coherent ringed schemes, such that f is
quasi-projective M € D(X, o7) and Of(1) an f-ample line bundle on X.

i) Then M € DP9(X, o7) if and only if there is a sequence Oy(ky) — Of(kz) — ... with k; — oo
such that hocolim Rf, (M ®@x Oy (k;)) € DP4(Y, B).

it) Moreover, M = 0 if and only if there is a sequence Of(k1) — Of(ks) — ... with k; — oo such
that hocolim Rf.(M ®x Oy(k;)) = 0.

Proof. Given a quasi-coherent «/-module M, we have M € DIP4(X, o7) if and only if M € DP4(X),
because the cohomology sheaf of M does not depend on its 27-module structure. By [Kuzll, Lemma 5.4],
this holds if and only if hocolim R f.(M ®x Oy (k;)) € DP4(Y). Since Rf, = R f., we find in particular
that hocolim Rf.(M ®x Of(k;)) € DIPd(Y, #). Similarly, Lemma 5.4 of op. cit. implies (ii). O

Remark A.15. With the assumption that the projection functors in the semiorthogonal decompositions
of Proposition A.12 have finite cohomological amplitude one obtains a semiorthogonal decomposition of
the bounded above derived category D™ (T, .a7) = (Aj, ..., A, ) compatible with derived pushforward

and pullback. The T-linear components are A. = Air N D~ (T, «r).

The bounded derived category. We are now ready to formulate the main statement of this section,
the generalization of [Kuzl1, Theorem 5.6] to coherent ringed schemes.

Theorem A.16. Let §f: (X, o) — S and h: T — S be morphisms of coherent ringed schemes. Assume
that D*(X, o) = (A1,...,A,) is an S-linear strong semiorthogonal decomposition such that the projection
functors have finite cohomological amplitude and h is faithful for §. If o/ has finite global dimension, then

D®(Xr, o) = (A1, .., Ar) (66)

1s a T-linear semiorthogonal decomposition compatible with
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o the induced semiorthogonal decomposition on D(Xr, /1) and D~ (X1, /1),
o the pullback Lh%: D°(S, o/) — D~ (Xr, o) and the pushforward Rbr ..: D*(Xr, or) — D(S, o).

The proof follows as in [Kuzll, Theorem 5.6] with the following lemma for the approximation of the
pushforward of bounded quasi-coherent complexes M € DP:d] (X, o).

Lemma A.17. Let §: (X, o) — (Y, %) be a morphism of coherent ringed schemes, such that f is
quasi-projective M € D(X, o7) and Of(1) an f-ample line bundle on X. If M € DP4(X, o7) and k > 0,
then there is a direct system {N,,} in DIP9(Y, B) such that Rf.(M @x Oy (k)) = hocolim N,,, .

Since every quasi-coherent .o/-module is a colimit of its coherent submodules, one can use the same
argument as in [Kuzll, Lemma 2.20] to prove this lemma.
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