UNIVERSITE DU
LUXEMBOURG

PhD-FSTM-2025-047
Faculty of Science, Technology and Medicine

DISSERTATION

Defence held on 20 May 2025 in Esch-sur-Alzette

to obtain the degree of

DOCTEUR DE L'UNIVERSITE DU LUXEMBOURG
EN MATHEMATIQUES

by
Vincent WOLFF

Born on 23 December 1996 in Esch-sur-Alzette (Luxembourg)

Polydifferential properads, graph complexes and
the Grothendieck-Teichmiller group

Dissertation defence committee

Prof. Dr. Sarah Scherotzke, Chairman
Université du Luxembourg

Prof. Dr. Sergey Shadrin, Vice Chairman

Universiteit van Amsterdam

Prof. Dr. Vladimir Dotsenko
Université de Strasbourg

Prof. Dr. Sergei Merkulov, Supervisor
Université du Luxembourg

Prof. Dr. Bruno Teheux,
Université du Luxembourg



Abstract

The first major theme of this thesis is the deformation theory of morphisms of certain,
important in applications, properads and its relationship to the theory of graph complexes.
The second major theme of this thesis is the study of interrelations between different graph
complexes in order to prove a long standing conjecture about them.

A large part of the thesis is devoted to the computation of the cohomology groups of two
chain complexes. One complex controls deformations of the standard morphism from the
operad of Lie algebras to its polydifferential closure and another (more complicated) one
controls deformations of a morphism of the properad of Lie bialgebras to its polydifferential
closure. We prove that in both cases these complexes are quasi-isomorphic to the famous
Kontsevich graph complex. In particular we conclude that the Grothendieck-Teichmiiller
group acts transitively on the homotopy classes of both morphisms.

We also study interrelations between the Kontsevich graph complex GC, and its important
oriented version OGC,,; which were proven to be isomorphic at the cohomology level by
Thomas Willwacher in 2015. This result is extended to the level of dg Lie algebras. More
precisely, we prove that GC,; and OGC,,; are Lie,, quasi-isomorphic.
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Chapter 1

Introduction

1.1 Motivation and historical background

There are two famous deformation quantization theories. First the deformation quantization
of Poisson structures defined in [BEFT78| and whose existence was proved in [Kon03| and
second the deformation quantization of Lie bialgebras [Dri92l, [EK96, MW18b|. These theories
can be reformulated in terms of morphisms from suitable operads/PROPs to polydifferential
closures of some other operads/PROPs (see [MW20| and [AM22]). The polydifferential
closures are constructed with the help of the polydifferential endofunctor D in the category
of PROPs [MW20]

D : Props — Props

and its reduced version

O : Props — Operads

which was introduced in an earlier paper [MW15]. The key property of the functor D is the
following one: for any representation

P — El’ldv

in a dg vector space V, there is an associated representation of its polydifferential closure

D (P) - EHd@V

in the symmetric tensor algebra ®V of V| given in terms of polydifferential (with respect to
the standard product in ®V') operators.

Let Lie; be the operad governing graded Lie algebras with Lie bracket of degree 1 — d (so
that d = 1 corresponds to usual Lie algebras and is often denoted by Lie := Lie;). By
applying the functor O to the (PROP closure of the) operad Lie; we obtain an operad
O(Lie,) which occurs naturally in the study of the well-known universal enveloping functor
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i from the category of Lie algebras to the category of associative algebras. This functor can
be understood as a morphism of operads

U : Ass — O(Lie), (1.1)

satisfying some natural non-triviality condition (see § below).

Our starting observation is that the polydifferential operad O(Lie;) comes equipped with a
natural morphism of operads

7 Lied — O(Lled) (12)

The first main result of this thesis is the computation of the cohomology (of the connected

part) of the deformation complex Def(Lie; — O(Liey)) in terms of graph complexes. More
precisely we prove that

H*(Def (Lieg 5 0,(Liey))) = H*(fGC,)

where fGC, is the famous M. Kontsevich graph complex. In particular, this result implies
that for d = 2 the mysterious Grothendieck-Teichmiiller group acts (up to homotopy) non-
trivially and almost faithfully as a symmetry group of the map 1.

This result gives us one of the simplest incarnations of the Grothendieck-Teichmiiller group,
and explains, perhaps, why it occurs in two seemingly different deformation quantization
problems, the universal quantization of Poisson structures (solved by M. Kontsevich in
[Kon03|) and the universal quantization of Lie bialgebras (formulated by V. Drinfeld and
solved by Etingov-Kazhdan in [EK96]) as both these theories involve O(Lie) as a sub-
structure.

The second incarnation of the operad O(Lie) is via the universal enveloping construction as-
sociating to a Lie algebra V' the corresponding associative algebra $4(V') which is isomorphic
by the Poincaré-Birkhoff-Witt theorem to the space of symmetric tensors ®V. Hence it is
not that surprising that this construction can be described in terms of the operad O(Lie).
Indeed, following M. Kontsevich [Kon03|, S. Gutt |[Gutll] and V. Kathotia [Kat98], one
first interprets the universal enveloping algebra construction (V') as a star product con-
struction on OV given in terms of polydifferential operators. Second, one notices that this
interpretation can be encoded as a morphism of operads

Ass — Endgy

satisfying some non-triviality condition. The point is that this map factors through some
morphism

Ass — O(Lie)

and the canonical map



O(Lie) — Endgy

induced by the functor O applied to the given representation of Lie in V. Hence all subtleties
of the universal enveloping functor L get encoded into the morphism of operads

Ass — O(Lie)

satisfying some non-triviality condition (see Section below).

We study in this thesis the deformation complex Def(Ass 4 O(Lie)) and prove that its
cohomology is one-dimensional, the unique cohomology class corresponding to the rescaling
freedom of the Lie bracket. The conclusion is that the morphism U is unique (up to gauge
equivalence). This result is not surprising, of course. One can infer it from the classification
theorem of Kontsevich formality maps given in terms of the graph complex GC, [Dol21]. So
we just give a new very short proof of this uniqueness. This proof has a small advantage in
that it carries over to Liey, straightforwardly.

There are several constructions generalizing the universal enveloping functor from Lie alge-
bras (controlled by the operad Lie) to strongly homotopy Lie algebras (which are controlled
by Liey, the minimal resolution of Lie). All constructions involve the notion of strongly
homotopy associative algebras, which was introduced by J. Stasheff in [Sta63| and which are
controlled by the dg operad Ass,, the minimal resolution of Ass. One such generalization
of the functor i is offered by M. Kontsevich’s formality map applied to linear polyvector
fields. That generalization uses, in general, graphs with wheels. However, as has been
proven by B. Shoikhet [ShoO1], the graphs with wheels can be removed so that one gets a
strongly homotopy extension of the functor { which works well for infinite dimensional Lie,,
algebras. Another construction was given by V. Baranovsky [Bar(8|] as the cobar construc-
tion of the Cartan-Chevalley-Eilenberg coalgebra associated to an Lie,, algebra, by J. M.
Moreno-Fernandez [ME22] as an Ass,, algebra isomorphic as graded vector spaces to the free
symmetric algebra associated to an Liey, algebra and by T. Lada and M. Markl in [L.M95].

These constructions can be understood as a morphism of operads

Ass,, — O(Liey).

We study the deformation complex of any of these maps and prove that it is quasi-isomorphic
to the deformation complex of the map considered in , implying that all constructions are
gauge equivalent. Moreover, any other attempt to construct such a generalization satisfying
some natural conditions must be gauge equivalent to these ones as the cohomology of the
complex Def(Ass,, - O(Liey)) is one-dimensional (see Corollary [4.3.8). This cohomology
result is in full agreement with the derived Poincaré-Birkhoff-Witt theorem established by
A. Khoroshkin and P. Tamaroff in [KT23|.

The second part of this thesis is devoted to the theory of (degree shifted) Lie bialgebras.
Lie bialgebras were introduced by V. Drinfeld in the context of quantum groups [Dri87| and
their deformation quantization theory was constructed by P. Etingov and D. Kazhdan in



[EK96]. Lie bialgebras have found applications in many areas of mathematics, for example
in string topology [CS04], integrable systems [BD82| and the study of Poisson-Lie groups
[KS97].

Our interest lies in the properad Lieb, 4 controlling a degree shifted version of Lie bialgebras
which were defined in [MW15|. By applying the polydifferential functor D to the (PROP
closure of) the properad Lieb,., we obtain a PROP D(Lieb.4). This PROP is very useful
in the study of the deformation theory of Lie bialgebras [Dri92, [EK96], as one can interpret
any universal deformation quantization of Lie bialgebras as a morphism of PROPs [MW20)]

Assb — D(Lieb, ;)

satisfying certain non-triviality conditions; here Assb stands for the PROP of associative
bialgebras. This interpretation of the deformation quantization theory was used in [MW20)]
to classify all homotopy non-trivial universal quantizations in terms of the Kontsevich graph
complex.

The PROP D(Lieb, ) contains naturally a properad D.(Lieb,. ;) spanned by connected

decorated graphs, called the properad of polydifferential Lie bialgebras. Similarly as in the
Lie case, there is a natural morphism of properads

i : Lieb, 4 — D,(Lieb, ) (1.3)
(see Lemma for the explicit formulae).The main result of this part is the following:

Theorem 1.1.1. There is an isomorphism, up to one class, of cohomology groups

H*(GC.,q) — H**'(Def(Lieb., — D.(Lieb,))).

The connection between the two parts above goes via the different types of graph complexes.
We recall that the original graph complex GC,; was defined by M. Kontsevich in [Kon97|
while studying the deformation quantization of Poisson structures and the formality theorem:
the cohomology group H°(GCs) measures the choices while H'(GCs) measures the possible
obstructions to formality maps. Little is known about their cohomology in general, the
biggest leap forward was done in the seminal paper [Will5a] where T. Willwacher computed
the zeroth cohomology group and proved an isomorphism of Lie algebras

H°(GC,) = gtt,
where grt; denotes the Grothendieck-Teichmiiller Lie algebra introduced by V. Drinfeld in
[Dri90].
The graph complexes above and their cohomology have seen many recent application in

homological algebra, algebraic geometry [CGP21] [AWZ20], algebraic topology [FW20], and
the Lie theory [AT12].

There is a directed version dfGC,,; spanned by graphs with fixed directions on edges. In
[Will5a] the author proved that the directed and undirected version are quasi-isomorphic
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as dg Lie algebras and thus we gain nothing new on the level of cohomology. However
there are interesting subcomplexes, the most important one for this thesis being the oriented
graph complex OGC,,; controlling deformations of the properad of Lie bialgebras [MW18al.
An isomorphism on the level of Lie algebras between the cohomology of OGC,,; and the
cohomology of GC, was first constructed in [Will5b]. Later explicit quasi-isomorphisms of
complexes, but not of dg Lie algebras, have been constructed by M. Zivkovié [Z20] (on the
dual graph complexes) and S. Merkulov [Mer25|. The main contribution of this thesis is to
upgrade this isomorphism on cohomology to a zigzag of explicit quasi-isomorphisms of dg
Lie algebras.

1.2 Structure of the thesis

In Chapter 2 we recall the basic theory of properads and the construction of the different
operads and properads we encounter throughout this thesis.

Chapter 3 consists of an introduction to the deformation theory of morphisms of properads.
We also present the main examples: the deformation complex of the operad of Lie algebras,
the deformation complex of the properad of Lie bialgebras and the full graph complex.
Afterwards we introduce the different versions of said complex which are used in this thesis.

There are no new results in the two introductory chapters above.

In Chapter 4 we study the natural morphism Lie; — O(Lie;) and compute the cohomology
of the associated deformation complex. We also define the notion of (homotopy) S. Gutt
quantization and compute the cohomology of their deformation complexes.

In Chapter 5 we prove Theorem by introducing a new graph complex of entangled
graphs and computing its cohomology.

In Chapter 6 we construct the Lie, quasi-isomorphism between GC,; and OGC,4, ;.

In Chapter 7 we introduce two Lie brackets on so-called reduced graph complexes GC,4
and show that the induced Lie brackets on cohomology coincide.

1.3 Notation

We work over a field K of characteristic 0. We denote by dgVecty the category of differential
graded (or dg for short) vector spaces, which for this thesis means cohomologically graded
chain complexes. All properads encountered will live in the category dgVecty. For any
graded vector space V, the vector space V[k] is defined by V[k]* = V™. For any element
v e Vi we write |v] = 1.

For a positive integer n we abbreviate [n] = {1,--- ,n} and denote by S,, its automorphism
groups. We write 1, respectively sgn, for the one-dimensional trivial respectively sign
representation. The cardinality of a finite set A is denoted by #A while its linear span over
a field K by span (A). The top degree skew-symmetric tensor power of span (A) is denoted
by det A; it is assumed that det A is a 1-dimensional Euclidean space associated with the



unique Euclidean structure on span (A) in which the elements of A serve as an orthonormal
basis; in particular, det A contains precisely two vectors of unit length.

For any group G and G-module V', we write Vi for the space of G-coinvariants and V& for
the space for G-invariants.



Chapter 2

On the theory of operads and properads

2.1 Properads as G-algebras

Following [BMO08, Mer10] we introduce the notion of G-algebras where G is some chosen set
of graphs.

For starters we give the definition of graphs we use throughout this thesis.

Definition 2.1.1. A graph with hairs is a triple I' = (H(T"), u, 7) where
1) H(T) is a finite set of half-edges,
2) w is a partition of H(T)

veV(T")

parametrized by a set V(I') called the set of vertices of I'. For a vertex v the set H(v)
is called the set of half-edges attached to v. The valency of a vertex v is defined to be
the cardinality of H (v).

3) 7 : H(I') —» H(T') is an involution. The orbits of cardinality two are called the
(internal) edges and the set of edges is denoted by E(T"). The orbits of cardinality one
are called hairs (or legs) and the set of hairs is denoted by L(I)

If L(T) = ¢, then T is simply called a graph. A graph T is called directed if each edge
e = (h,7(h)) comes with a choice of an ordering of half-edges. A directed graph is called
oriented if there are no directed cycles.

A subgraph - of a graph I is a choice of a subset V(y) < V(I') and a choice for each v € V()
of a subset H.(v) < H(v) such that

is stable under the involution .
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For any graph I' with a subgraph 7, denote by I'/vy the graph given as follows: H(T'/v) is
obtained by deleting all half-edges of H(I") corresponding to edges in 7. We then collect all
the remaining half-edges attached to the vertices of v into a single vertex v and define the
set, of vertices of I'/y by

V(I/y) = VDAV (7) w{ov}.
We say that the graph I'/v is obtained by contracting «y into a single vertex.

Ezxample 2.1.2.
v

e e A

w

We call a directed graph T an (m, n)-graph if the set of hairs is partitioned L(T") = L;, L1 Loy
of cardinality m and n respectively together with bijective maps fi, : [m] — L; and
fout : [n] = Lows- These maps are called labelling maps. Denote by GP(m,n) the set of all
directed (m,n)-graphs.

Ezxample 2.1.3.

€ GY(1,2).
L ]
1

Consider an S-bimodule P = {P(m,n)} and let T' € G©. One can associate to P and I" a
vector space as follows. For a vertex v we define

P(Outy, In,) := {Outy) ®s,,0,,, P(#FHOut,, #In,) s, {In,)

where Out,, and In, stand for the set of outgoing respectively incoming half-edges of v, {Out,, )
and (In, ) stand for the vector space spanned by the bijections [#0ut,] — Out, respectively
spanned by the bijections [#In,] — In,.

This space carries an action of the automorphism groups of Out, and In, and thus the
following unordered tensor product

X) P(Outy,In,) :=( @  P(Outeny, Ingmy) @ - - - @ P(Outbpy, Ingi)))s
veV (T") o:[k]-V(T)

where k = #V(I'), is a representation space of Aut(I'). Here Aut(T") is the subgroup of the
symmetry group of I' fixing the hairs and is called the automorphism group of I'. This now
allows us to associate to P and I' the vector space

I{P) :=( (X) P(Outy, Iny))aus(r)

veV (T")

11



called space of decorated (by P) graphs.

If P comes with a differential § then for any graph I' € G®(m, n) there is an induced S, x S,-
equivariant differential ér on the vector space I'(P) such that the collection {Bregomn)I'(P)}
is also a dg S-bimodule.

Consider G < G® some subset. Let I' € G and call a subgraph ~ of I' admissible if both v € G
and '/~ € G.

A S-bimodule P is called a G-algebra if there are S,, x S,-equivariant linear maps

{gbr . F<P> - P(m, n)}Feg(mm)

satisfying for any graph I' and admissible subgraph ~ the associativity condition

¢F = ¢F/’y © ¢fy

We are mainly interested in properads, which is the term for G-algebras, where G is the subset
of connected oriented graphs. If we restrict ourselves to graphs of genus zero with exactly
one output hair, we get the notion of an operad.

Remark 2.1.4. 1) If G is spanned by graphs with no directed cycles, but we drop the
connectivity condition, we obtain the notion of a PROP.
2) If we allow directed cycles, we obtain the notion of wheeled PROPs or properads.

Let P be a properad and take elements p € P(my,n1) and g € P(mg, ng). We can represent
p and ¢ pictorially by

1...m
p= Wp
1y
and
1...m2
= W
1 g
Let 1 < k < min(ny, ms), let iy, - -+ i, be some collection of input hairs of p and let 5y, - - -, jk

be some collection of output hairs of ¢. Define a (m; + my — k,ny + ng — k)-graph graph
I' obtained by gluing the hairs labelled ¢; and j; for any 1 <1 < k. We can define now the
properadic composition p ; . ; 0; .. ; ¢ by

D inCh1 e 4= ng(p X Q)

Remark 2.1.5. If P is an operad, then my = k£ = 1 and we write o; instead of ;o1.
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Let P and Q be properads. A morphism of properads is a collection f = {f(m,n) :
P(m,n) — Q(m,n)} of homogeneous morphisms of S, x S,-bimodules which respect prop-
eradic compositions, i.e.

F@ i iy e @ = FD)ir iy, 941 i f(@)

for any p,q € P.

The category of properads will be written as Properads and the subcategory of operads
will be written as Operads.

2.2 Properadic derivations
Consider a collection D = {D(m,n)} of homogeneous morphisms of S,, x S,, bimodules

D(m,n) : P(m,n) — P(m,n).

We extend D as a derivation on the tensor algebra generated by the P(m,n). For any graph
I, D can be extended to a linear map I'(P) — I'(P) defined by

D(F<P>) = (D ®veV(F) P(Outv, Inv))Aut(p).
D is called a derivation of degree k if each map D(m,n) is homogeneous of degree & and
Dog¢r=¢roD.

Derivations of the properad P form a Lie algebra Der(P) with Lie bracket given for homo-
geneous derivations D; and D, by

[Dl, D2] = Dl o DQ — (—1)|D1||D2|D2 o Dl-

Here |D;| stands for the degree of Dj.

A differential § is a derivation of degree 1 such that 6> = 0. The fact that ¢ is a derivation
can be expressed using the composition morphisms leading to the following definition.

Definition 2.2.1. A dg properad P is a properad such that for any m,n > 1 the vector
space P(m,n) is equipped with a differential § satisfying

5(]7 i1,-~~7ikoj1,-~~,jk Q) = 5(]3) ily"'yikojlf"y]—k q + (_1)‘p|p i1,~--,ikoj1,---7jk 5(61)

We define the cohomology properad H(P) by the family

{H(P(m, 1)) }mnz=1

and the compositions induced on the cohomology due to the above relation.
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The differential on a free properad (Free(E), d) is uniquely defined by its value on generators
and thus by sums of the form

5(1Xm) _ Z Z )\Fl"7
L k>1TeG,

where G is a family of graphs with exactly k vertices and Ar € K. We call the differential
0 minimal if G; = & and quadratic if G, = ¢ for any k = 3.

2.3 Derivation complex of a morphism of properads

Let f: (P,dp) — (Q,dg) be a morphism of dg properads. A collection D = {D(m,n)} of
homogeneous morphisms of S,, x S,, bimodules is called a derivation for the morphism f if

for any composition p i ix O i 4 of elements in P the following equation is satisfied:

D(p TR q) = D(p) i1, ik O ik f(q) + (_1)‘D||p‘f(p) i1, ik O, ik D(q)

Denote by Der(P ER Q) the set of all derivations. It comes equipped with a differential ¢
defined by

§(D) =dg0D — (—1)PID o ép. (2.1)

The space (Der(P EN Q),9) is called the derivation complez.

Remark 2.3.1. If we consider the identity map ¢d : P — P we recover the derivations defined
in Section . In particular we have Der(P 3 P) = Der(P).

2.4 Free properad and minimal resolutions

We consider a S-bimodule E' = {E(m, n)},,>1 and define the free properad Free(E) as the
vector space spanned by decorated graphs, i.e. elements in the space

I{E) = ( ® E(Outy, Iny)) aus(e)
veV(T)

where I' is a connected oriented (m,n)-graph. The properadic compositions are given by
gluing and taking tensor products.

More precisely for any decorated (mq,n;)-graph I'y, for any decorated (mg, ny)-graph I'y, for

any 1 < k < min(ny, mg), for any collection of input hairs labeled 4y, --- i of T'; and for
any collection of output hairs jy,--- , ji the properadic composition
Iy 11,0k J1 5 Jk Iy



is given by the decorated graph T's obtained by gluing for any 1 < [ < k the pairs (i, j;) of
input and output hairs (and keeping the decorations on vertices).

Ezample 2.4.1.
1 2

Fok oy

where aq,b € F(2,2), ay € E(2,1) and a3 € E(1,2).
The free properad is generated by graphs of the form

9(1)”>.<9(m)
f) fn)

for e € E(m,n) and maps f €S, g € S,,. These are called generating corollas.
Remark 2.4.2. If E(m,n) = 0 for any m > 2, we call Free(E) the free operad.

Any collection of equivariant maps E — Free(F) extends to a derivation of Free(F) and
vice-versa any derivation of Free(E) is of this form.

Definition 2.4.3. Let P be a dg properad. A quasi-free resolution of P is a dg free properad
(Free(E), §) equipped with an epimorphism

7 : Free( ) — P
which is a quasi-isomorphism, i.e. the induced morphism of cohomology properads

H(Free(E)) — H(P)

is an isomorphism.
We call (Free{E), 0) minimal if the differential is minimal.

2.5 Endomorphism properad and degree shifted proper-
ads

Let V be any vector space. The endomorphism operad Endy is defined as the S-module
Endy (m,n) = Homyeet, (VE", VE™).

15



The properadic compositions are defined by composition of maps. More precisely for any
maps f : V&1 — VO and g : V2 — VO™ for any 1 < k < min(ny, my) and for
any collection of inputs 1 < iy,---,4; < ny and outputs 1 < ji, -+, < my we define the
properadic composition

f iy ik Cgtye e 9

by inserting for any 1 <[ < k the function g;, : V¥ — V®2 into the 4, coordinate of f.
The functions g;, are defined by

I, Une) = (W1, Yne) @ @ G (Y1, Y )-

Given a properad P and a vector space V', we define a representation of P in V' as a morphism
of properads

P— Endv.

For a properad P, the degree d shifted properad P{d} is defined by the property that any
representation of P{d} in some graded vector space V corresponds to a representation of P
in V[d].

2.6 Operad of Lie algebras

Let E = {E(n)} be the S-module defined by E(n) = 0 except that

E(2) = sgn?‘d‘[d— 1] = S.pan<1/i\2 = (—1)d2)\1>.

The operad of degree d shifted Lie algebras is defined to be the quotient Liey := Free(E)/I,
where [ is generated by the element

/(ki%*/éﬁ/(kl'
1 2 3 1 2 3

When studying linear combinations of graphs built from this generating corolla, it is useful,
not to make sign mistakes, to view each such a corolla as a degree d vertex with two degree
—d incoming half-edges and one degree 1 outgoing half-edge. Hence for d odd, such a graph
has vertices of odd degree (and thus an ordering of this set, up to a permutation o and
multiplication by sgn(o), has to be chosen), while internal edges have degree 1 — d. In the
case d even, the vertices are even, but the internal edges are odd so that an ordering of this
set is chosen (up to permutation).

The minimal resolution of Lie, is given by the dg quasi-free operad HoLiey; = (Free(E), ¢)
generated by the S-module

16



E={E(n) = (sgnn)@)ldl [nd —d—1] = span<1%+.\n>}n>2,

for n > 2, where

®d _ ) sgn, if dis odd
(sgn.) { In if d is even.

The differential is given on generators by [MZ22)]

— —1)4F#+sgn(l,J))
5(1%\)— Z (—1)dG#I+sen(L M’

IuJ=[n] ‘74 J
1]>2,|J|=1

where sgn(I, J) denotes the sign of the shuffle I, J.

In the case d = 1 we will write Lie := Lie; and Lie,, := HoLie;.

(2.2)

If we relax the restriction n > 2 on the generators above to n > 1, and the restrictions in the
definition of the differential from #I > 2 to #I > 1 and #J > 1 to #.J = 0, then [Mer23)|
one gets a dg free operad HoLie;, ; which is acyclic but is often very helpful in building

important deformation complexes. The newly added generator + controls deformations of

the differential in representations of HoLie;’Jrl in dg vector spaces.

2.7 Operad of associative algebras

Let E = {E(n)} be the S-module defined by E(n) = 0 except that

EB(2) = ldQ—Span< A >

where id, is the regular representation.

The operad of associative algebras is defined by the quotient Ass := Free(F)/I where I is

generated by

=P
17 2 2" 3

Its minimal resolution is given by the dg quasi-free operad Assy, := (Free(E),d), where E

is the S-module generated by

E ={E(n) = K[S,][n - 2] = Span< 7 fnz2

(n) TES,

17



and the differential is given on generators by

A ( /\ > = nzznzk(_l)k-i-l(n—k—l)-&-l 1)
7( k=0 1=2

Dr2) " 7(n)

7(k + l.J.r.l) T

(n).

rk+1) 7(k+1)
Representations of Assy in a dg vector space V' are precisely the strongly homotopy asso-
ciative algebras introduced by J. Stasheff in [Sta63].

The operads Ass and Lie are related via the following morphism of operads

Lie — Ass

defined on the generating corolla by

Aes (A A

2
This map will play a role in Chapter [4]

2.8 Operad of graphs

The operad of graphs was first constructed in [Will5a]. Denote by G, . the set of connected
directed graphs with no hairs, with v vertices labelled by {1,--- v}, and e edges labelled by
{1,--- ,e}. We define an S, module

Grag(v) i @ 5Pan{Gy ) ®s, x(sy)e g [e(d — 1)] if d is even,
s D, 5panGy.e) ®s, x(s,)- sgns°le(d — 1)] if d is odd
where d is an integer, and thus an operad Gra; = {Gray(v)},>1 called the operad of graphs.

If d is even, elements of Gray can be seen as undirected graphs with edges having degree 1—d
together with an ordering of the edges up to an even permutation, while an odd permutation
acts by multiplication by —1.

If d is odd, Gray consists of directed graphs where changing the direction of an edge yields
a multiplication by —1.

The operadic composition I'; o, I'y works by substituting the graph I's in the vertex v of I'
and by summing over all possibilities of attaching the half-edges of v to the vertices of I's.

Example 2.8.1.
1 2 3 3 3 3
O le o2 = 1-<—~2 + 1%2 + 1%2 + 1%2
3 1 ) 4 4

18



There is a morphism of operads

Lied — Grad (23)
by mapping
1 2 ifdisodd
— o )
1)\2 { 1e—e2 if d is even. (2.4)

This map will be used to define the Kontsevich graph complex in Chapter [3]

By forgetting the action on edges we obtain an operad dGra,; whose elements are graphs
with edges having fixed directions. There is a morphism of operads

Gra; — dGray

defined by (skew)-symmetrizing edges

2.9 Properad of Lie bialgebras

A Lie bialgebra structure on a vector space V' is given by a Lie bracket [—,—]: V®V -V
and a Lie cobracket A : V' — V ® V satisfying a compatibility condition

A([v,w]) = Zvl ® [ve, w] + [v, w1] @ wy — (=) (Jw, v1] ® vy + w1 ® [wa, v])
where v,w e V and A(v) = > v ® vg, Alw) = > wy ® ws.

Lie bialgebras have been introduced by V. Drinfeld in the context of quantum groups, see
for example [Dri87].

They have been generalized [MW15| to Lie n-bialgebras (the case n = 1 has been studied
previously in [Mer(6, Mer09] ). They are given on some graded vector space V by a Lie
bracket [—,—] : V®V — V of degree 0 and a Lie cobracket A : V[n] — V[n] ® V[n] of
degree —n satisfying a modified compatibility condition

A([v,w]) = Zvl ® [vg, w] + [v, w1] @ wy — (—1)IHFWHEN ([ 1] ®@ vy + Wy @ [we, v]).

Write Lieb,, for the properad governing Lie n-bialgebras. Our main interest lies in the degree
shifted properad of Lie bialgebras Lieb, 4 defined by

Lieb,  := Lieb., 4 o{1 — c}.
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The properad Lieb. 4 can be described more explicitly as follows: consider the free properad
E spanned by the S bimodule E = {E(m,n)} given by

sgnd @ 15[c — 1] - Span(l\T/Q = (-1 ) ifm=2n=1,
1y ®sgn®‘ ‘[ = span( )\ (—1)? A ) ifm=1n=2,
2”1

0 otherwise.

E(m,n) :=

The properad of Lie bialgebras Lieb,. 4 is given by the quotient of the free properad Free(E)/I
by the ideal I generated by the elements below:

Parorrs

RO w
I \J\ \A;(—l)ﬁ*d}& —<—1>02\1J\.

Its minimal resolution HoLieb, 4 is generated by the S-bimodule E = {E(m, n)}m n>1.mn>3
given by

e

I...m
E(m,n) = sgn®l9 @ sgn®!U[—(1 + ¢(1 — m) + d(1 — n))] = span{ X ).
L

Its differential acts on the generators by

1 n NUTo—{1,m} 4 7/
Jiuda={1,n 2
' |112\,|J{2\>0 } T
[I2],|J1|=1
where the explicit signs can be found in [Mer06].
2.10 Coloured operads
Let C' = {cy, -+ ,cn} be a collection of colours and let G < GO be the collection of directed

(m, n)-graphs of genus 0 and with exactly one output hair. For any I' € G we assume that
there is a partition of the set of half-edges

HI)=H,)uw---uH.,(I),
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i.e. we decorate half-edges with elements of C. We require in addition that any two half-
edges forming an edge in I" are coloured by the same element in C. We denote the set of
such graphs Ge and define a C-coloured operad P as a G¢ algebra.

More intuitively, a C-coloured operad P can be seen as an operad whose inputs and output
are decorated by elements of C' and such that for any p, ¢ € P the composition p o; q is zero
unless the ith input of p and the output of ¢ have the same colour.

For example, let V and W be two vector spaces. Then the the 2-coloured endomorphism
operad Endy y is defined by the S-bimodule

n

Endy,w(n) = @ (Homveet, (VE @ W& V) @ Homyect, (VE* @ WE ™ W)).

k=0

Coloured operads play a crucial role in Chapter [6] where we define a 2-coloured version of
the operad of graphs.

We refer the reader to [Mar04, Yaul6] for additional details.

2.11 Polydifferential functors

In the paper [MW20] the authors constructed an endofunctor in the category of (augmented)
PROPs

D : Props — Props

with the main property that for any PROP P and any representation P — Endy in some
dg vector space V, there is an induced representation of D(P) — Endgy in the symmetric
tensor algebra ©V/, given in terms of polydifferential (with respect to the standard product
in ®V) operators.

By passing to the PROP closure of a properad P one obtains an endofunctor

D : Properads — Properads

and the properad D(P) can be described as follows: any element p € P can be pictorially

represented by a decorated graph
X

1 n

Generators of D(P) are given by such decorated graphs together with partitions of the input
and output edges, for example
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1 1 2

3 3 4 4 5
1 2

By joining all the input or output edges of each partition class we obtain the following graph

2, §
9 e eD(P)(2,5).
O @

Note that we allow input or output vertices which are isolated, i.e.

() e D(P)(2
3 @ &6
O @

The properadic composition p ;0, ¢ of two elements p, g € D(P) is done in multiple steps : we
delete the output vertex j of ¢ and the input vertex ¢ of p. We then sum over all attachments
of the output vertices labelled j to the input edges labelled i or to the output vertices in
the connected component of the vertex ¢ in p. Last we sum over all possible attachments of
the remaining input edges labelled 7 to the input vertices of the connected component of the
vertex j in q.

6).

For example

(1)

Remark 2.11.1. The general properadic composition p ;, .o, . ¢ is defined as above
except that we follow the above procedure for each pair (i, j;) simultaneously.

The properad D(P) contains a suboperad O(P) given for n = 1 by

O(P)(n) :=D(P)(1,n).

This operad was studied in an earlier paper [MW15| as a functor

O : Props — Operads
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having a similar property to the functor D: for any representation of a PROP P — Endy of
some PROP P in a dg vector space V, there is an induced representation O(P) — Endgy
of the polydifferential operad O(P) in the symmetric tensor algebra OV .

We will use the following fact in the proof of Corollary |4.3.8}
Fact 2.11.2. [MW20] The functor D is exact.

By applying the functor O to the (PROP closure of the) operad Lie; we obtain the operad
O(Liey) of polydifferential Lie algebras whose study is the main focus of Chapter [4

The second important example is the properad D(Lieb. 4) of polydifferential Lie bialgebras,
studied in Chapter [f]
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Chapter 3

On graph complexes and deformation
theory of properads

3.1 Deformation complexes

We follow [MV(9] to introduce deformation complexes of morphisms of properads, which are
of central importance for the remainder of this thesis.

We restrict ourselves now to the case P = Free(E) for some S-bimodule E. In this case the
space of derivations can be identified as a graded vector space with

| | Hom(E(m,n), Q(m,n))

where Hom(E(m, n), Q(m,n)) is the set of all morphisms of S,, x S,,-bimodules from E(m,n)
to Q(m,n). The deformation complex Def (P ZR Q) is defined as a graded vector space by

Def( P L Q) = H Hom(E(m,n), Q(m,n))[—1].

m,nz=1

Theorem 3.1.1. [MV09/

The deformation complexr Def (P ER Q) is equipped with the structure of a filtered Lieq,
algebra whose differential is given by . If P is quadratic then the deformation complex
15 equipped with a dg Lie algebra structure.

Remark 3.1.2. If P is not free, we will pass to a minimal resolution 7 : P — P and define
the deformation complex of f as the deformation complex of the composition f o, i.e.

Def(P 5 Q) := Def(P 15 Q).
The following result will be used in the proof of Corollary
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Fact 3.1.3. [MV09]
Let f: P — Qi,s: Q1 — Oy be morphism of dg operads such that s is a quasi-isomorphism.
Then there is a quasi-isomorphism

Def(P L 0,) = Def(P 4 Q).

3.2 Deformation complex of the operad of Lie algebras

We consider the deformation complex of the identity morphism id : Lie; — Liey. As a
graded vector space it is given by

Def(Lie; - Lie;) = Def(HoLie, ' Lieg) = [],., [E(n)* ® Liey(n)]*"[-1]
= Il [sgn%'d| ® Lieg(n)[|d — dn)].

The map id o 7 : HoLie; — Lie; — Liey induces a differential as follows: an element
Fe [sgn?‘d‘ ® Lieg(n)] can be interpreted as the image of

A

under a derivation D : HoLie; — Liey. The differential is given by

oo 5 oo g A

n=n’+1 ¢ / n=n’+2 n

The cohomology of this deformation complex is quite simple:
Fact 3.2.1. [Willbal

H(Def(Lie, *5 Liey)) = span( & ).
1 2

By using Fact we see that the cohomology of Def(HoLie, “ HoLie,) is one-dimensional.
Now consider for A € K* the map ¢,, defined by

NP

1 n 1 n

This is an automorphism of HoLie;. We compute that,

o) (A=t A

1 n 1 n
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which implies that A := 37 _, (n —1) /l\ € Def(HoLie; — HoLie,) is a cohomology class

. N,

and that

H°(Def(HoLie; — HoLie,)) = span{A).

3.3 Deformation complex of the properad of Lie bialge-
bras

We are interested in the deformation complexes Def(Lieb, 4 a Lieb, 4) which will be en-
countered in Chapter [5l By Fact we know that there is a quasi-isomorphism

Def(HoLieb. , *$ HoLieb, ;) —> Def(Lieb,, -5 Lieb, ).
The complex Def(HoLieb, 4 d HoLieb. 4) is given as a graded vector space by

Def (HoLieb, 4 *% HoLieb, ;) = | | (HoLieb, (m,n)@sgn“@sgnft*)s5n[c(1—m)+d(1-n)]

m,nz=1

Thus an element of Def(HoLieb, 4 ‘d HoLieb.4) can be understood as a formal sum of
elements of HoLieb, ; whose outputs (respectively inputs) are (skew)symmetrized according
to the parity of ¢ (respectively d). The differential 4 acts on an element I" by

5(I) = 6,(I) + > >< +) >.<
T F PR

where 0, acts as in (2.5).
The authors of [MW18a] constructed an explicit morphism of dg Lie algebras

OGC, 441 — Der(HoLieb, ;) ~ Def(HoLieb, 4 a HoLieb.4)[1], (3.1)

which is a quasi-isomorphism up to one class represented by

m

n;(ern—Q)X.

n

Here OGC,, 4.1 is the oriented graph complex. It can be explicitly described as follows:
given a graph I' e OGC,, 4,1 the associated derivation Dr is defined by its image on the
generators of Lieb,
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PP 1\../m
Dr( >< ) = Z r
fin A= V(T) 1/--\n

1 n Fout:[m]—=V(I)

where the last sum is taken over all attachments of labelled input and output hairs to the
vertices of I' under the condition that all vertices have valency at least 3 and at least one
input or output hair attached.

3.4 The different flavours of graph complexes

3.4.1 Undirected graph complexes
Recall that there is a morphism of operads Lie; — Gray given by (2.4). We define the full
graph complex as the deformation complex

fGCd = Def(Lied —_— Grad).

Elements of fGC, can be interpreted as connected graphs together with an ordering of the
edges, up to an even permutation when d is even, while for d odd, we assume an ordering
of the vertices, up to even permutations, together with a choice on the orientation of each
edge, up to a flip yielding a multiplication by —1.
The cohomological degree of a graph I is given by

Pl =d#V() + (1= d)#ET) —d

and its loop number is given by

g(T) = #E(T) — #V(D) + 1.
Its differential can be represented by
(S(F)Z—Q Z é—i— Z I' o, e—e,
veV(T) veV(T)

where the first term is given by summing over all attachments of a univalent vertex to a
vertex of I'. There is a pre-Lie algebra structure o on fGC, defined for graphs I'y and I'y by

Fl o) FQ = Z Fl Oy FQ (32)

WEV(FI)

where I'y o, I's is defined by inserting I'; into a vertex of I';. In particular there is a dg Lie
algebra structure on fGC, given by
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[[,05] =Ty oy — (=)™t o 1y

We consider the subcomplex GC,; < fGC, spanned by connected graphs with vertices having
valency at least 3. Let GC2:= (@ =1 K[d — p],0). Tt has been shown [Will5a]

p=2d+1 mod 4
that the natural projection fGC,; — GC?2 =GC; P GC% is a quasi-isomorphism, i.e.
H(GC3?) = H(fGC,).
One of the main results known about graph cohomology was obtained by Thomas Willwacher
in [Will5al and states the following:

Theorem 3.4.1. For d = 2 one has

H(GC,) = grt,,
where grt, denotes the Grothendieck-Teichmiiller Lie algebra (see for the definition,).
It has been shown [RW14] that H(GC,) contains the so-called wheel classes w9,,+1 given by

s = A
v = el
2n+l = "'+Zp=4 pL

where ['? is a linear combination of graphs with exactly one vertex of valency p and all other
vertices of valency strictly less than p and A, is some coefficient.

3.4.2 Directed graph complexes

There is a directed version dGCy,q of GCffl where directions on edges are fixed. As
there is a quasi-isomorphism of dg Lie algebras [Will5a] which sends every edge to a linear
combination
N + (_1)d+1

we do not gain anything on the cohomological level. There are however multiple subcom-
plexes which are of interest for this thesis, the most notable one being the oriented graph
complex fOGC,,; spanned by graphs which are connected and oriented, and OGCy,; C
fOGC,,; where we require that each vertex has to be of valency at least 2 and passing
vertices are forbidden, i.e. vertices of the form

—— .
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Example 3.4.2.

I&f fOGCy; 1, ¢ OGCyy1, € OGCyy1.
) °

The cohomology of OGC,,; has been computed first in [Will5b| where it was shown that

H(GC3?) =~ H(OGC,.1)

as graded Lie algebras. A second proof of this isomorphism has been found in [220] by
constructing an explicit morphism

(ch)* — (OGCd+1)*

between the dual graph complexes. Note that this map does not respect the Lie co-algebra
structures and thus the isomorphism on cohomology is only of graded vector spaces. Here
OGC, | denotes a reduced version introduced in op. cit. A third proof of this isomorphism
of graded vector spaces was given in [Mer25].

3.4.3 Reduced graph complexes

Let GCy.1 be a complex spanned by graphs with all vertices of valency at least 3 and two
types of edges, solid edges — with fixed direction and of degree —d and dotted edges
» = (=1)4 < of degree 1 —d.

The cohomological degree of a graph I' is given by the formula

Ul = (d+ D#VI) = d# Esq(I') = (1 = d)## Eaer(I') — (d + 1).

The differential ¢’ + 0 consists of a part ¢’ which changes types of edges

while ¢ acts by vertex splitting

o> o—>0,

We consider an oriented subcomplex OGC,,; which is spanned by graphs which have no
closed cycled of directed edges, i.e. dotted edges are considered impassable. For example

the "cycle"
.A

29
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There is an explicit quasi-isomorphism [Z20]

0GCy,; — O0GCyy,y (3.3)
sending each dotted edge to the linear combination

1

[ - —> —(.—>.<—. — .4—.—>.).
It was shown in [Mer25| that the same map defines a quasi-isomorphism

@dﬂ - dGCd+1-

In Chapter 7| we will construct a Lie bracket on GCy.; (and OGCgyy) such that (3.3) is a
quasi-isomorphism of dg Lie algebras.

We refer the reader to [Mer25| for a more detailed treatment of these complexes.

3.5 The Grothendieck-Teichmiiller group and its Lie al-
gebra

The Grothendieck-Teichmiiller group GRT; and its Lie algebra grt; were introduced by
V. Drinfeld in [Dri90] in the study of quasi-Hopf algebras and number theory. The group
GRT; found applications in deformation quantization of Poisson structures [Kon03| and of
Lie bialgebras [Dri92, [EK96, MWI18b]|, in the Lie theory [AT12] and many other areas of
mathematics.

The Lie algebra grt, found applications in the theory of moduli spaces of curves [CGP2I]
and is of special importance for this thesis. The Deligne-Drinfeld—Ihara conjecture states
that grt; is the completion of a free Lie algebra generated by formal variables of degree
2n + 1 for n = 1. In view of Theorem the wheel classes 19,1 studied in [RW14] are
the conjectural generators. The inclusion of such a free Lie algebra has been proved by F.
Brown in [Brol2].

We recall for completeness the definition of the group GRT; following [Willbal.

Counsider Fy = K{(X,Y)) the completed free associative algebra generated by X, Y. Define
a coproduct A by setting AX = X®1+1®X and AY =Y ®1+1®Y. An element « € Fy
is called group-like if Aa = a® a.

We also need the Drinfeld-Kohno Lie algebra ¢,, defined by generators t;; = t;; for 1 <i,7 <n
i # j, which satisfy [t;;, ti + t;] = 0 and [t;;, ti] = O for any distinct ¢, j, k, .

The Grothendieck-Teichmiiller group GRT} is defined to be set of group-like elements « € Fy
which satisfy the following relations

a(tye, tay + tog)a(tis + tas, t3a) =  oltes, taa)(tis + tig, tag + tsa)a(tia, tas)
1 = altis, tiz2)a(ts, tag) "t a(tia, tas)

alz,y) = aly,z)™"
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The group structure is given by

a1 (X,Y) - ap(Y, X) = a1 (X, Y)ae(X, a1 (X,Y) 'Yy (X,Y)).

The Grothendieck-Teichmiiller Lie algebra grt, is given by the elements o € Fy(X,Y), the
completed free Lie algebra generated by X, Y, satisfying

a(tie, toz + tog) + atiz + tas, taa) = ltes, toa) + altis + tis, tog + t34) + a(tiz, tes)
a(X,Y)+aY, - X-Y)+a(-X-Y,X) = 0
a(X)Y) = —aY, X).
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Chapter 4

Polydifferential Lie algebras and graph
cohomology

This section is taken from the paper [Wol23):

4.1 Operad of polydifferential Lie algebras

When P is an operad we consider its PROP closure, which we denote P. The elements of
the PROP closure are given by disjoint unions of elements of P with inputs and outputs
labelled differently. For example

1
/(KS R Liey(2,5).
1 2

We are mainly interested in the operad O(Lie;) obtained by applying the functor O to
the PROP closure of the operad of degree d shifted Lie algebras. Elements of O(Lie,) are
obtained joining the outputs of an element of the PROP closure of Lie; to a new white
vertex and also by partitioning all of the input legs into groups and joining each group them
to a new labelled white vertex. For example

:
OORORO)

The black vertices are called internal vertices and edges between internal vertices are called
internal edges. By erasing all white vertices we obtain a collection of disjoint trees which
will be called internal irreducible components (i.i.c.).

Note that for d even we implicitly assume an ordering of the internal edges as well as an
ordering of the in-edges of the white out-vertex (up to a sign). For d odd, we assume
implicitly an ordering of the internal vertices as well as an ordering (up to a sign) of the
out-edges attached to each white in-vertex.
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The compositions I'; o; I'y in O(Lie,) work as follows: first we erase the white out-vertex
of I'; and the ith white in-vertex of I';. This step creates many "hanging" out-edges in I'y
and in-edges in I'y. Second we sum over all possible attachments of the hanging out-edges
of I'y to the hanging in-edges of I'y and the white out-vertex of I';. Finally we sum over all
attachments of remaining in-edges of I'; to the white in-vertices of I's.

Erample 4.1.1. 1)@i@02++.
2)o1++.

We define O.(Lie,;) to be the suboperad spanned by connected graphs, i.e. we assume that
the graphs remain connected when we erase the white output vertex.

Lemma 4.1.2. There is a morphism of operads

1: Lied —_— Oc(Lied) (41)

A

Proof. Tt suffices to check that the Jacobi identity is mapped to 0. Indeed we need that

given by

vanishes. This expression reduces to

If d is odd we observe that
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and thus for any permutation of {1,2,3}. For d even we see that

In any case we see that the Jacobi identity is mapped to zero.

Remark 4.1.3. The map

Ass —> O(Ass)

O
A, A
1 2

is not a morphism of operads as the associativity condition is not mapped to zero. Indeed
the associativity condition would require that the following relation vanishes:

¢ ® ® ® ®
This relation simplifies to
Q Q
e

4.2 Kontsevich graph complex from the operad of Lie
algebras

and thus it does not vanish.

There is a relation between the operad of graphs and the operad O(Liey).

Lemma 4.2.1. Let I be the ideal in the operad O.(Liey) linearly spanned by graphs having
at least one internal edge. Then the quotient operad can be identified with the operad Gray,
i.€.

O.(Liey)/I = Gra,.
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Proof. The operad O(Liey)/I is generated by elements I" of the form

PG

i.e. graphs where each irreducible component has a unique black vertex.

Consider the linear map

a: O.Liey)/I — Gray
r — (D),

where «(I") is a graph in Gra, which by definition has labelled white vertices identical to
the white vertices of T', while the edges between vertices in a(I") correspond to irreducible
components in I'. If d is even the ordering of edges attached to the white output vertex of
[ induces an ordering of the edges in a(T"). For d odd, an orientation of the edges in «(T)
is given by the ordering of the output edges attached to the white input vertices,

oo

Conversely given a generator g € Gray we can construct a generator I' € O.(Lie,) with white
input vertices corresponding the vertices of g and each edge corresponds to one irreducible
component between the two output vertices. It follows that o defines a bijection on generators
and it remains to show that it respects operadic compositions. By its very definition as
qoutient operad, for generators 'y, 'y € O.(Lie,), the operadic composition T'y o; T'y is given
by erasing input vertex ¢ of ['; and summing over all attachments of the hanging edges to
the input vertices of I'y. This corresponds by definition of Gray to the operadic composition
a(l'1) o; a(T'2) and the result follows. O

This map « induces a map O.(Lie;) — O.(Lie;)/I — Gra, and thus a map of the defor-
mation complexes

F : Def(Lie; — O, (Lie,)) — fGC,.
We can now state the main theorem:
Theorem 4.2.2. The map F is a quasi-isomorphism.

Proof. Recall that the natural projection fGC; — GC;? = GC; ® GC, is a quasi-
isomorphism and thus it is enough to show that the map C' := Def(Lie; — O.(Lie;)) —
GC7? is a quasi-isomorphism.

We notice that the generators of O.(Liey) can be suitably represented as connected graphs
having two types of vertices, the white vertices corresponding to the input vertices and the
star vertices corresponding to the irreducible connected components. This graph is obtained
by first erasing the output vertex and all attached edges. Then we contract the internal
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vertices of each irreducible component to a single vertex, denoted %, which is decorated
by the internal irreducible component it originates. Last, the star vertices corresponding to
O/K@ is replaced by an edge between the associated white vertices.

Example 4.2.3.
@/@%H@ e
@’Qgﬁ@ So

An edge between a white vertex and a star vertex is called star edge. Note that by construc-
tion, there are no edges between star vertices.

The complex C' splits as a direct sum C = (C<!,§) @ (C>?,§) where C<! is generated by
graphs with all white vertices having valency less or equal to 1 and C*? is generated by
graphs with at least one white vertex of valency at least 2.

The complex C'S! is acyclic. Indeed this complex is equal to

O
(span( 7@/%’ : 5,0).
O

As the differential o cannot create univalent white vertices we see that the complex where we

omit the first graph is isomorphic to Def(Lie; — Lie,). As this complex is one-dimensional
O

and the

with unique cohomology class given by , the equality o

@)
above isomorphism imply that C'<! is acyclic.

Hence it is enough to prove that the restriction f : (C®2,6) — (GC2,0) @ (GCyq,0) is
a quasi-isomorphism. On the right-hand side we consider a filtration on the number of
vertices. Then on the first page the induced differential vanishes and the second page is
equal to (GC32,0) ® (GCy, d).

On the left-hand side we consider a filtration defined by

F_, = span of graphs with #{white vertices of valency at least 3}+3#{internal edges} > p.
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There is exactly one situation where the number of vertices of valency at least 3 is decreasing.
Let v be a vertex of valency exactly 3, e.g. consider

Then the differential can split v in to two bivalent vertices u and w. In the above example
the differential creates (up to changing u and w) three such terms

AR AR

Hence the number of white vertices of valency at least 3 can decrease by 1 but note that an
internal edge needs to be created. In this case the number F', increases by 1 and hence is
respected by the differential.

As the differential does not create new univalent vertices we see that the differential 6y on
the first page can only create new white bivalent vertices. As the number of star vertices
is preserved, we have a direct sum decomposition grC>? = @nsoCn where Cy is the
subcomplex spanned by graphs with N star vertices. It has been proven in [Will5a] that
H(Cy,dp) = GC;@® GC,y. It remains to show that (P, Cw,do) is acyclic.

The differential d, can be represented by

y=-2 £>+ > FOUH

veVip(T) veVip (T

where Vi (T') denotes the set of white vertices of I'. The first part is given by summing over
all attachments of a new univalent white vertex to a white vertex of I'. The term I' 0} o o is
given by splitting the white vertex v and summing over all attachments of the half-edges pf
v to the two newly created vertices. As the graphs I' are connected this differential is equal
to

do(I) = Z I oy oo,

vEVip ()
valency of v = 2

where we omit the summands creating a univalent vertex.

We show that the complex spanned by graphs having at least one star vertex and at least
one white vertex with valency at least 2 is acyclic. It is enough to show that the complex
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Figure 4.1: The different types of antennas.

spanned by such graphs with a labelling of star edges with integers is acyclic. In particular
the set of star edges is totally ordered. Consider the star edge with minimum label which
is attached to a white vertex of valency at least 2. We call antenna the sequence of white
vertices starting from . mn_~ and ending with a white vertex of valency different from 2
or a star vertex. The two-valent white vertices of this sequence are called antenna vertices.
Consider a filtration by the number of non-antenna vertices. To finish the argument it is
sufficient to observe that the graphs with no antenna vertices and graphs with an antenna
given by

: Imin : :
are not cocycles and we conclude that (., Cn,do) is acyclic.

On the second page of the spectral sequence, there is a map

(H* (C()a (50)7 51) B (GC?[, O) ® (ch7 6)7

where H*(Cp, 8) = GC3 @ GC, as vector spaces and ¢ is the differential which increases
the value of the parameter of the filtration by 1. Hence d; cannot create new star vertices
(as this gives an increase by at least 2) and thus d; can only split white vertices as the usual
differential in GC,. Finally, this shows that we have an isomorphism of complexes on the

second page and the result follows.
O

As a corollary we obtain

Corollary 4.2.4.
H*(Def(Liey 5 0,(Liey))) = GC2 @ H*(GC,)
In particular

H°(Def(Lie, — O(Liey))) = grt;.
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Another application is the following: we know that Def(Liey SR O.(Lie,;)) controls the

infinitesimal homotopy non-trivial deformations of i, which are given by H'(Def(Lie; —
O.(Liey))) = H'(GC2) ® H'(GC,), while the obstructions to extending an infinitesimal
deformation A of ¢ to a genuine morphism of (completed) operads

i® : HoLiey; — O, (Liey)
lie in H2(GC3) @ H?(GC,).

Remark 4.2.5. We assume from now on that our operads are completed in the sense that we
allow formal infinite sums.

We now consider the case d = 1 corresponding to the operad of usual Lie algebras. It is
noticed in [Will5b] that H'(GC?) = 0 while H'(GC,) is one-dimensional and is generated
by the theta graph

A = T@;

Therefore the standard morphism i : Lie — O.(Lie) admits precisely one homotopy non-
trivial infinitesimal deformation corresponding to the above mentioned theta graph, which
in our approach is incarnated as the following element in O, (Lie):

T@;;%.

Moreover the second cohomology group is generated by
3
S

This obstruction cohomology class cannot be hit when we try to extend the infinitesimal
deformation A to a genuine deformation (cf. [Will5h] Section 5). Hence we conclude that
the standard morphism i : Lie — O, (Lie) admits precisely one (up to homotopy equivalence)
non-trivial deformation. Remarkably, this unique non-trivial deformation is directly related
to the universal enveloping construction and the PBW theorem as we show in Section [4.4]

4.3 Gutt quantizations

Let V be a Lie algebra with Lie bracket [—, —]. This datum is equivalent to a morphism of
operads

p : Lie — Endy.

Using the functor O, we see that there is an associated morphism of operads
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p: O(Lie) —> Endgy

given by polydifferential operators.

The space ®V can be canonically given a structure of an associative algebra, with product
denoted by =, as follows: denote by UV the universal enveloping algebra of V, i.e.
Uuv = TV/<U1 ®U2 — Uy ®U1 — [7}1,2}2“1)1,1)2 € V>,

where TV := @, ., ®" V is the tensor algebra. Then UV is an associative algebra with
product ® given by ® mod I.

The spaces ©V and UV are related as vector spaces by the Poincaré-Birkhoff-Witt (PBW)
theorem:

Theorem 4.3.1. As a vector space OV = UV
More precisely consider the linear map

o oV — uv
Ul@"'Qvn — ZTGS” %UT(1)®"'®UT(’R)'

By PBW this is an isomorphism of vector spaces and this allows us to define a product of
p,q € OV by

prq:=0""(o(p)oa(q))
It has been shown [Kat98| [(GutlI] that
Pra=p@q+ Y, Bualp.q) (4.2)
m,n=1

where B,,,, are bi-differential operators of order m on p and order n on ¢. The product = is
called U-star product.

If p and ¢ are polynomials, then the right-hand side is a finite sum. If we try to extend
(4.2) to general smooth functions on V*, then the sum can be infinite and thus we run into
convergence issues. This can be solved by introducing a parameter A and by working with

UV = TV][h][{v1 ® va — va ® v1 — hlvy, va]|v1,v2 € V).
Ezxample 4.3.2. 1) If vy, vy € V, then

h
V1 *# Vg = U1 @UQ + 5[1)1,?}2]. (43)
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2) Let e, e" e C®(V*) for v1,v9 € V. Then

eVl x 2 = €CBH(1)1,1)2)7

where CBH(vy, v2) denotes the Campbell-Baker-Hausdorff series

h h?
CBH(v1,v2) = vy +v2 + 5[%@2] + E([Uh [v1,v2]] + [[v1,v2], v2]) + -+

We conclude that the U-star product gives us a map Uy : Ass — Endgy. As this map does
not depend on the choice of V' and is given by polydifferential operators, we infer that it
factors through O(Lie), i.e.

Ass —4 O(Lie)

End@V

for some morphism U of operads satisfying the non-triviality condition

O 1 . . .

A — + = + terms with at least two internal vertices. (4.4)
1 2 @ @ 2

This motivates the following definition:

Definition 4.3.3. Any morphism of operads U : Ass — O(Lie) satisfying (4.4)) is called an
S. Gutt quantization.

That the standard universal enveloping construction gives us an example of such a quanti-
zation was first noticed by Simone Gutt in [Gut11]. We classify below all such quantizations
up to homotopy equivalence, and prove that they are all gauge equivalent to the universal
enveloping one.

Theorem 4.3.4. Let U be an S. Gutt quantization. Then the cohomology of Def(Ass LN
O(Lie)) is one-dimensional.

Proof. Recall that by its very definition the deformation complex Def(Ass % O(Lie)) is
given by

| [Ass(n)* ® (O(Lie)(n))*[-1] = | [(O(Lie)(n))*[1 —n]

equipped with the differential d associated to U.
Consider a filtration by the number of internal vertices. As the differential d acts (up to
signs) by the composition of an element I € Def(Ass % OLie) with the right-hand side of
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(4.4) we see that d respects the filtration and we consider the associated spectral sequence
(Enydy)n=0. The differential on the first page is only induced by the first term of U. We
observe that if I' is connected, then the surviving terms are also connected and the differential
is given by

dol" = > 6(T),

where ¢ ranges over the number of white vertices and ¢; acts by

I L I

i = Z o o,

WL W
[11],112]21

This follows from the fact that the two terms with a disconnected white vertex only differ
swapping 7; and iy and thus by the skew-symmetrization of labels of white vertices these
terms are opposites. In particular §;(I') = 0 and dy(I") = 0 if all white vertices are univalent.

In [Merll] it has been shown that the cohomology on the first page H(&y,do) is linearly
spanned by graphs with all white vertices univalent and skew-symmetrized.

This complex can be identified with the one in which white vertices are removed and where
the outputs are symmetrized and the inputs are skew-symmetrized. This space can be
identified with the deformation complex of the PROP extension of Lie, Def (Lie — Lie)prop
which in turn is isomorphic, as proven in [MV09], to ©(Def(Lie — Li€)operad[—1])[1]. Since
we are working over a field we see that the cohomology of this space is one-dimensional as

the cohomology of Def(Lie — Lie)yperaa is concentrated in degree 1.
O

Corollary 4.3.5. Let U be an S. Gutt quantization. Then the map
Def(Lie — Lie) —> Def(Ass 5 O(Lie))

18 a quasi-isomorphism.

We will now generalize the above results to Lie,, and Assy, structures.
Let V' be a Z-graded vector space.

Definition 4.3.6. A homotopy S. Gutt quantization is a morphism of dg operads
¢ : Assq, — O(Liey,)

satisfying

O
+

A= @i
—
(G L + terms with at least two internal vertices if n> 3.

N =

i + terms with at least two internal vertices. if n = 2,

n!
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Ezample 4.3.7. 1) The constructions given by Baranovsky |[Bar(8|, Moreno-Fernandez
IME22] and Lada and Markl [LM95| can be interpreted as such maps.

2) The Kontsevich formality map [Kon03| implies this formula, but as a map to a wheeled
version O(Lie%) which is ill-defined for infinite-dimensional Lie algebras. This was
resolved by Shoikhet in [ShoOI| by showing that wheels can be set to zero and thus we
get a map of the desired form.

Corollary 4.3.8. Let ¢ be a homotopy S. Gutt quantization. Then the complex Def (Assq 5
O(Liey,)) is one-dimensional. In particular the map

Def(Ass,, - O(Liey)) = Def(Lie,, — Liey).
18 a quasi-isomorphism.

Proof. Since the canonical map 7 : HoLie; — Lie is a quasi-isomorphism and the functor O
is exact, we see that the map O(r) is a quasi-isomorphism. Hence the deformation complexes

Def(Ass,, > O(HoLie,)) and Def(Ass, o O(Lie)) are quasi-isomorphic. In addition
the map O(m)p : Ass,, — O(Lie) factors through Ass, i.e.

7
Ass,, ——— Ass

O(Lie)

where U is a S. Gutt quantization. Thus

H(Def(Ass,, “B¥ O(Lie))) = H(Def(Ass % O(Lie))).

By Theorem [4.3.4 the cohomology H(Def(Ass % O(Lie))) is one-dimensional and the
result follows.

[]

This result fully agrees with the PBW theorem obtained in [KT23| using the bar-cobar
duality in the homotopy theory of operads.

4.4 On the unique non-trivial deformation of the map ¢
Let g be a Lie algebra over some field K with a countable basis {t;};e;. Then ®g can be
identified with the polynomial ring K|[¢;]. The Gutt quantization formula or the PBW quan-

tization formula applied to polynomials P(¢) and Q(t) can be given in terms of differential
operators as follows (see Theorem 5 in [Bek05]):

P(1) Q1) = exp(D i (=) P)Q)],.

43



where m' is defined as follows: Let X = > 2't;, Y = Y, y't; be arbitrary elements of g (we
understand the numerical coefficients 2 and y* as formal parameters). Then define

m(X, Y) = log(@XeY) — X - Y == Z tim;ly“',jpvklf",kqle P wjpyk'l N ykq
and set m(%7 %) to be the differential operator obtained from the above power series by
replacing each z7! -+ 2% by 52— ... =% and similarly for y* .- y*s. It is hard in general to
J1 Jp

rewrite this formula in terms of our graphs as an explicit morphism of operads

Ass — O(Lie)

but for our purposes it is enough to see its quotient modulo the graphs I < O(Lie) containing
at least one internal edge

Ass — O(Lie)/I = Gra,

whose value on the generator of Ass is given by the following element in Gra,

1 1
Pt gro gt

which was found earlier in Appendix A of [KWZ17].

After skew-symmetrization of the indices 1 and 2 this series simplifies as follows

1 1
o—o‘f‘go@o‘i‘a@ﬁ‘"'EfGCl

As we see the first non-trivial term is precisely our theta class in H'(GC}), we complete the
proof that the composition

Lie — Ass — O(Lie),

is precisely the unique homotopy non-trivial deformation of the naive map i. Thus we proved
the following theorem:

Theorem 4.4.1. In the case d = 1 the natural map i : Lie — O(Lie) has a unique homotopy
non-trivial deformation J : Lie — O(Lie) corresponding to the composition

Lie — Ass — O(Lie),

where the first arrow is the canonical map of operads, and the second arrow is the universal
enveloping map.
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Chapter 5

Polydifferential Lie bialgebras and
deformation theory of Lie bialgebras

This section is taken from the paper [Wol25|:

5.1 Polydifferential functor on PROPs

In [MW20] there is an endofunctor in the category of (augmented) PROPs

D: Props — Props
P —>  D(P),

with the property that for any representation P — Endy of a PROP P in some dg vector
space V' there is an associated representation D(P) — Endgy of the polydifferential PROP
D(P) in the symmetric tensor algebra OV, such that elements of P acts as polydifferential
operators.

Our interest lies in the properad D(Lieb, 4) (technically in a sub-properad derived from said
properad, see below) obtained by applying the above functor to the PROP closure Tequ of
the properad of Lie bialgebras. Generators of the PROP closure are given by disjoint unions
of elements in Lieb, g4, e.g.

Given p € Lieb,. 4 and a partition of the input and output vertices respectively, we obtain an
element of D(Lieb, ) by combining all input respectively output vertices in each partition
class into a single vertex. For example
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For elements I'1, 'y € D(Lieb, 4) the properadic compositions I'y ;, ... ;, ©j, ... j, I'2 are defined
as follows: We first erase the input vertices i, ---i; of I'y and output vertices ji,--- , jr of
I's. Then if the input vertex ¢ is paired with the output j , we first sum over all possible
attachments of the input vertices labelled i and and output edges labelled j. Secondly we
sum over all possible attachments of the remaining input edges labelled 7 to the input vertices
of I'; and similarly for the remaining output edges labelled j.

Ezample 5.1.1.  a) @9@102%@+.
R (e e R N

5.2 Properad of polydifferential Lie bialgebras

Given the polydifferential properad D(Lieb, ) associated to the properad of Lie bialgebras,
we consider a sub-properad D.(Lieb.4), called properad of polydifferential Lie bialgebras,
whose elements are required to be connected as graphs and remain connected if we delete
either the input or the output vertices. For example

oo'ee S DC(Liebcvd), ? 999 ¢ DC(LiebC7d).

An element of D.(Lieb, ;) consists of three types of vertices, the output and input vertices,
which are at the top respectively at the bottom. We call the black vertices the internal
vertices and any edge between two internal vertices will be called an internal edge. The
graph induced by deleting the input and output vertices is in general not connected and
each connected component will be called an irreducible connected component.

Remark 5.2.1. The condition that the elements of D.(Lieb, ) are connected is in this case
equivalent to say that there is at least one irreducible connected component, i.e. we exclude

the element .
We observe that the compositions in D.(Lieb,.,) does not decrease the number of internal

edges and thus we can consider the quotient properad D.(Lieb,4)/I where I is the ideal
generated by all elements with at least one internal edge. This quotient can be fully described

using hairy graphs (see §5.3).
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Lemma 5.2.2. There is a morphism of properads

i : Lieb. 4 — D.(Lieb. 4)
given by

( 1

/L\.—>

1 2

1\(2
\ 1 '
Proof. The proof of the Jacobi and co-Jacobi identity follows from Lemma It remains
to show that the compatibility condition is satisfied in D.(Lieb, 4):

. o8 .08 a8 o
] +
o (38 .08
(e +
e +.

This now follows from the observations

e
o e
© @

oN© Q O
. _1d
o=V R
@ Q O
. — 1c+d
Fo~ VT R
Q @ Q O
'y (& = (—1)°
T® =) ofc
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O

Remark 5.2.3. The above morphism is not well-defined for any properad generated by two
operations. Indeed if we consider the properad Assb of associative bialgebras, then it was
shown in Remark that already the associativity condition fails.

The aim of this chapter is to study the deformation complex of the above morphism.

5.3 Complex of entangled graphs

Definition 5.3.1. We define the properad of entangled graphs Gra,. 4 as the properad whose
elements are pairs of graphs (I'y,I's) where I'; has an orientation induced for even ¢ by an
ordering of the undirected edges e; A -+ A expr,) up to an even permutation, while an odd
permutation gives a multiplication by —1. For ¢ odd we assume that edges are directed up
to a flip and multiplication by —1. Similarly for I';. In addition we assume that I'; has
hairs labelled by the edges of 'y and vice-versa. Given two pairs (I'1,'y) and (v1,72) and
given vertices iy, -+ ,ix € V(I'1) and ji,- -+ , jx € V(72) we define the properadic composition
(T'1,T9) iy i O g (71, 72) 1s defined to be the pair (G, G2) where G is the graph obtained
by erasing the vertices 7y, - - - , 7, of I'y and summing over all possible attachments of the half-
edges to the vertices of 7,. Similarly G5 is obtained by erasing the vertices ji,--- , jx of Yo
and summing over all possible attachments of the half-edges to the vertices of I's.

Example 5.3.2. The properadic composition

a

>, (T

1<i,j<4

a
(3) %}—CE) 1,201,2

(&) €9 ?

© ©®a e

with

a

(1)
£

and

Lemma 5.3.3. Let I < D.(Lieb, ) be the ideal linearly spanned by graphs with at least one
internal edge. There is an explicit isomorphism of properads
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D.(Lieb,4)/I - Gra 4.

Proof. For a generator GG

we associate a pair of graphs (I'y,T'y) as follows: the vertices of T'; respectively the vertices
of I's correspond to the input respectively output vertices of G. There is an edge between
two vertices v; and vy of I'y if the corresponding input vertices are connected in G by a tree
of the form

Y

for some output vertex w.

In addition each such tree points to exactly one output vertex of I's to whom we add an hair
labelled by that edge.

Similarly the edges of 'y (and hairs of I'y) are given by trees of the form

Y

for some output vertices wq, wy and input vertex v in G.

The properadic compositions in Gra,.4 are defined to make this map a morphism of prop-
erads. More precisely given F'(G1) = (I';,T's) and given F'(G3) = (71,72) we see that in the
properadic composition Gy ... i, ©j,.... j, G2 deleting the input ¢ of G; and summing over
all attachments to the input vertices of G5 corresponds to deleting the vertex ¢ of I'; and
summing over all attachments of the half-edges of i to the vertices of ;.

O

Using the maps
Lieb., — D.(Lieb.4) — D.(Lieb.,)/I — Gra.q4

we define the complex of entangled graphs by the deformation complex fcGC. 4 := Def(Lieb, 4 —
Gra.4) of the above composition. Its elements are given by pairs of graphs (I'y,I's) with
(skew)symmetrized vertices depending on the parity of ¢ respectively d. The differential § is
given by

§(Iq,Ty) = §' (T4, Tq) £ 6"(T4, 1),
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where

F(ITe) = Y (%,Fg”)i S (I 0y 00, T),

veV (1) veV(I'y)
weV () weV (T2)

i.e. the first sum is given by attaching a univalent vertex with no hairs to any vertex of
I'y, while the term I'y o, 0o—o is given by splitting the vertex v and summing over all possible
attachments of its half-edges (including hairs) to the newly created vertices. For a vertex w
of I'y the graph I'Y is obtained by attaching an hair labelled by the new edge in I'; to the
vertex w. Similarly 6”(I';,'y) is given by switching the roles of 'y and T's.

Remark 5.3.4. a) We do not count hairs for the valency of a vertex.

b) If a vertex v € V(I'y) is of valency at least one then the terms adding a univalent vertex
with no hairs are canceled with the similar terms created by splitting v. Note however
that univalent vertices with hairs can be created by the differential.

The cohomology of fcGC, 4 is surprisingly simple as shown by the following theorem:

Theorem 5.3.5. The cohomology of fcGC, 4 is two-dimensional and generated by (&, 0—0)
and (o—o,b).

Proof. Let chng be the differential closure of the subspace

span <($,<H>), (I'y, Egl))for INRS chCc> :

Then the cohomology of fCGng is two-dimensional. Indeed we first observe that §(5,0-0) = 0
and as by connectivity of the elements in fcGC,.  there has to be always an edge it has to

be a cohomology class. Similarly (M,&) is a cohomology class. In addition if #FE (1) > 2

we have
ET E(6T I
sy, ey = o, Ty 2 S (e,
TuJ=E(Tq)
1,J#£

E(r
The last sum is never zero and thus (I'y, %1)) is never a cycle.
The theorem is proven if we show that the inclusion chCS}d — fcGC,, is a quasi-

isomorphism or equivalently if we show that the quotient complex fCGCﬁ = fcGC. 4/ chng

is acyclic. We consider on chCicll a filtration on the number of vertices of I'y, i.e. for p >0

Iy, = span{(I', Tp)with #V(I'2) = p).
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Given a pair (I';,T'2) in the associated graded complex grchijl the induced differential

acts by splitting vertices in I'; and attaching hairs to I's. In particular the vertices of edges
=

=

of I'y stay invariant and we can consider the larger complex grfcGC,_,; spanned by pairs
("1, Ty) with the vertices and edges of T'y being totally ordered. Denote by wy,, respectively
emin the minimal vertex respectively minimal edge of I's. As the differential increases the

— =1
number of hairs in I'y we can consider the filtration on grfcGC.,; by the total number

of hairs attached to the to the vertices in the set V(I'9)\{wmin}. Let grf?G\Cafl be the
associated graded complex. For a pair (I'1,T'y) the induced differential acts as above on I'y
but the new hair is only attached to the vertex wp,. Call a vertex vy, € V(I'y) very special
if it is of the form

€min

Umin

Es

and the edge F, is uniquely attached as a hair to wy,. Note that v,,;, being very special is
only defined in a pair (I'y,T'y). Next call a maximal chain of bivalent and bald vertices of
the form, for k > 1,

€min

Umin

-

the minimal antenna if all edges E, , E,, - - - , E,, are uniquely attached as hairs to the vertex
Wmin- The ending vertex of the minimal antenna is either of valency different from 2, not
bald or one of its edges is attached as a hair to a vertex different from wy,;,. Call the vertices

of the above special and consider a filtration on gr@ad}l by the number of non-special
vertices in pairs (I'1,I'y). Let grfc—GCQd21 be the associated graded complex. We finally
show that grfc—GCC,d21 is acyclic.

Let C' = @, Ck be the subcomplex where C}, is generated by the following pair

€min
Umin E(F)
FE
(F:: . y o=

Wmin

IES k

o1



Then C' is acyclic as the differential § : C), — Cjy1 is injective for k odd and zero for k

even. In addition the complex splits as grchCC,d21 = C@ (' For k = 0 denote by C},
the subspace of C” spanned by pairs (I';,T's) with the minimal antenna being of length k.
The differential ¢ : C}, — C} ., is an injection for k even and zero for k odd (which was the
opposite for the complex C'). Hence the complex C” is acyclic and the result is proven. [

As a small application of the above result, we will briefly discuss, what happens if we restrict
ourselves to graphs with univalent vertices. More precisely, let GCi,d be the subcomplex
spanned by pairs (I';, I's) with at least one univalent vertex. Then, contrary to the standard
graph complex, the cohomology of GCid is highly non-trivial. To see this, we first need to
investigate the quotient complex GCZ] := fcGC,q4/GC; . It is spanned by pairs (I';, )
with all vertices bivalent and an induced differential which does not create univalent vertices.
The cohomology of Gij is unknown at the moment, but we have a partial result:

Proposition 5.3.6. There is an inclusion of complexes

Sym: GC.® GC, — GCZ;
[Ty — Y imm vy (01T
f2:E(l'1)—>V(T'2)

i.e. we sum over all possible hair attachments. In addition the map induces an inclusion on
the level of cohomology

H*(GC.)® H*(GCy) — H*(GC)).

Proof. We need to show that the map Sym respects the differentials. Indeed, while splitting
a vertex in fcGC, 4, the only situation where we do not sum over all hair attachments, is
when we create univalent vertices (as we do not create univalent bald vertices). As these
terms disappear in GC?; we conclude that Sym is a morphism of complexes.

We observe that if I' € GCZ] satisfies 6I' € Sym(GC. ® GC,) then ecither ' = 0 or
I'e Sym(GC.®GC,). This follows from the fact that if there are hair attachments missing
in I' these cannot be created by the differential. In particular the morphism

H*(GCZ2/Sym(GC, ® GC,)) — H*"'(Sym(GC.® GC,))

induced by the short exact sequence of complexes

0 — Sym(GC.® GCy) — GCZ? — GCZ2/Sym(GC, ® GC,) — 0

is the zero morphism and thus by exactness we see that the morphism
H*(Sym(GC.® GC,)) — H*(GC?))

is injective.
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The cohomology of GCi’d can now be finally computed:
Proposition 5.3.7. The cohomology of GCi,d s equal to the cohomology of Gij shifted
by 1, up to the additional classes (5,0-0) and (0-o,d).

In particular there is an inclusion in cohomology
H*(GC.® GC,;) — H'H(GCijd)

Proof. Define fcGC.q = fcGC,4\{(4,0-0), (0-0,4)} and GCL,; = GCL\{(4,0-0), (o0, d)}.
The result is now proven using the short exact sequence

00— Gc}:,d — fCGCCad — fCGCQd/GCid = GC?& — 0

and the fact that fcGC, 4 is acyclic by Theorem m

5.4 Proof of Theorem |5.4.1

Recall that we are interested in the deformation complex of the morphism defined in Lemma
The main contribution is to compute its cohomology.

Theorem 5.4.1.
H'(Def(Liede R DC(Liebc,d))) >~ H'(Def(Liebc,d 4 Liebc,d)).

Before we prove this, we will explain how to interpret elements of Def(Lieb, 4 BN D.(Lieb,.,))

as (hairy) graphs with three types of vertices. Given I' € Def(Lieb., — D.(Lieb.q)) we
first contract each irreducible connected component into a single vertex, called star vertex,

which is decorated by the corresponding element in Def(Lieb, 4 ‘4 Lieb, ) together with
a partition of the input and output vertices. Next we delete each star vertex decorated by

)\, add an edge between the two input vertices and add an hair decorated by said edge to
the output vertex. Similarly for the star vertices decorated by Y
Example 5.4.2.

23



Note that there are no edges between two star vertices. Any edge attached to a star vertex
will be called star edge.

The differential ¢ of Def(Lieb, 4 BN D.(Lieb,.4)) can be written 0 = dpieb + dgrapn Where the
first part increases the number of internal edges (and creates star vertices) while the second
part acts by splitting the input and output vertices as in fcGC,_ .

Proof. Theorem [5.4.]
We can see Def(Lieb, 4 4 Lieb,. ) in Def(Lieb,, — D.(Lieb.,)) as the subspace spanned
by the elements with all input and output vertices being univalent, i.e.

Def(Lieb. 4 - Lieb, ) = span <JK Y ;\lﬁ> .

As the graph part of the differential cannot create univalent bald vertices we have dgrapn = 0

on Def(Lieb, 4 a Lieb, 4) and there is an inclusion of complexes Def (Lieb, 4 i Lieb, ) —

%

Def(Lieb., — D.(Lieb.4)). In addition the differential cannot reduce the number of
vertices of valency at least 2 and thus the complex Def(Lieb,. , — D.(Lieb, 4)) splits

Def (Lieb, 4 > D.(Lieb,,)) = Def(Lieb, 4 -5 Lieb,4) ® C,

where C' the complex spanned by elements with at least one non-star vertex of valency
greater than 1. It remains to show that C is acyclic. Consider a filtration on the number of
internal edges. Then the induced differential on the associated graded complex grC' cannot
create any new star vertices and thus the complex splits

grC = @ Chy,

N=0

where Cy is spanned by graphs having N star vertices. Let N > 1. We show that C is
acyclic. Since the differential cannot create star vertices, the set of star edges is invariant
and thus we can consider the complex Cy where the star edges are totally ordered. As there
is at least one non-star vertex of valency greater than 1 and by connectivity of the graphs,
there is at least one star edge connected to a vertex of valency at least 2. Denote by ey, the
minimal such edge. We can split the complex C’N = C’N in® C’N out Where CN in Tespectively
C’N,Out is spanned by graphs where e, is connected to an input respectively output vertex.
We will show that CN’Nﬂ-n is acyclic, the proof for éN,out is obtained by changing the roles of
input and output vertices.

Consider a filtration on CN’NJ-n by the number of output vertices. By construction the differ-
ential on gré’N,m acts only by splitting input vertices and attaches hairs to output vertices.
In particular the set of output vertices is invariant and thus we can consider the complex
grCy ;, where we assume a total ordering on the set of output vertices. Denote by wp;, the
minimal output vertex and define a minimal antenna as a maximal chain of bivalent bald
input vertices as below (k > 1)
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where we assume that all edges I, , E,, - - , E,, are attached uniquely as hairs to the vertex
Wmin- The square vertex is either a star vertex (and in that case we do not have a condition
on Ej, ), an input vertex of valency different from 2 or a vertex of valency 2 which is either
not bald or one of its edges is not uniquely attached as hair to wy,;,. Call the vertices in
the above antenna special and consider a filtration on the number of non-special vertices.
Then the associated graded complex gr_C’Nm = @, C}, splits by the length of the minimal
antenna. The differential dgraph : C}, — €}, is an injection if £ is odd and zero for £ even.
Hence we conclude that gr_C’Nm is acyclic.

It remains to show that Cj is acyclic. As the elements of Cjy do not have star vertices, they are

given by two disjoint hairy graphs and thus the complex is isomorphic to chqu\{(&, 0—0), (oo, 3>)}7

as these elements correspond to )\ and \T/ which are elements in Def(Lieb, 4 d Lieb, ).
By Theorem we conclude that (Y is acyclic as we removed all cohomology classes. This

finishes the proof of the theorem.
m

Remark 5.4.3. The above result implies that any homotopy non-trivial deformation ~ of ¢
comes from the infinitesimal deformations of the identity map ¢d : Lieb.,, — Lieb, 4. It has
been proven in [MW18a] that every infinitesimal deformation of id exponentiates to a genuine
deformation. As D is a functor, the latter result implies that every such v exponentiates to
a genuine deformation of 7.

35



Chapter 6

The oriented graph complex revisited

The following text is taken from a joint work with Sergei Merkulov and Thomas Willwacher
IMWW24]:

6.1 Introduction

The aim of this Chapter is to prove the following theorem:

Denote by GCY < fGC, and OGCSJrl c fOGC,,; subcomplexes spanned by graphs I' of
loop order g(T") = #E(T') — #V() + 1 = 1.

Theorem 6.1.1. For any d € Z there exists a dg Lie algebra (TG\Cd,dH of graphs which fits
wnto the following diagram of quasi-isomorphisms of dg Lie algebras

GCY < OGCyu1 = OGCY, .

There is a grading by loop order on O/\GCd7d+1 and the arrows 7, my respect the loop order
gradings.

The intertwining dg Lie algebra (T@d,dﬂ is explicitly described in Section it is gen-
erated by graphs with two types of vertices, and is equipped with a relatively non-trivial
but explicitly described differential. This dg Lie algebra controls the deformation theory of
a certain morphism of 2-coloured operads as explained in Section of this paper. The
morphisms 7; and 7y are very simple and explicit. The theorem is proven in Section

By extending the zigzag with the inclusions GC3 c GCY and OG:C?,+1 c fOGC,, 1, which
are known to be quasi-isomorphisms, we also obtain a zigzag of quasi-isomorphisms of dg
Lie algebras

GC; =5 ¢ & OGCE
connecting the bivalent versions. It is furthermore known that the inclusions GC; = GC?
and OGC3,, ¢ OGC3,, are quasi-isomorphisms in loop orders > 2. Hence extending our
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zigzag and truncating to loop orders > 2 we also obtain a zigzag of quasi-isomorphisms of
dg Lie algebras
GC; > ¢ < OGCE,,.

Here OGC},; € OGC3,, denotes the subcomplex spanned by graphs with all vertices of
valency at least 3.

6.2 A 2-coloured operad of oriented graphs

6.2.1 A 2-coloured operad of homotopy Lie algebras

Let HoLiej{’dJr1 be the 2-coloured operad controlling HoLie] -algebra structures in the dg
vector spaces which are direct sums

VIdl®Wl[d - 1]

for arbitrary dg spaces V' and W; put another way, a representation of HoLie:[’d +1 in the
2-coloured endomorphism operad Endyyy is the same as a HoLie] -algebra structure in the
above direct sum. Thus HoLie;ﬁd +1 is a dg free 2-coloured operad generated by two sets of
corollas, one set having the output in, say, white colour (shown in pictures as the dotted
legs), and the other set having an output in black colour (shown as solid legs)

Corpn = =7 esgnB™@sgnl[(d+ m+dn—2—d], m+n=1,
1 2 m 1 2 n

Coin = / o esgn®tl @ sgnd[(d+ )m+dn—1—d], m+n=1.
1 2 m 1 2 7

We understand these corollas as generators of the 1-dimensional S,, x S, modules shown
above. The differential in HoLie;d .1 1s given by splitting each corolla into two sums, one
is via the substitution of the dotted edge inside the unique vertex, and the other is via the
substituting the solid edge (cf. (2.2))).

Let I be the ideal in HoLiej ;,, generated by corollas €7, €1, and all corollas €,

rin With
m > 1. It is closed under the differential so that the quotient 2-coloured operad

. . s+
HolLiey 4, := HoLieg,;, /1

is a dg free 2-colored operad with the following generators,

n—1 n

{ % S MmN =2, t 12/3/1\ "= 2}
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and with the differential given by (2.2]) on generators with black output, and by the following
formula

m n n n m]=I1u 1 Lod2
B T [l ? NGRS
I J1
on the generators with white output. We use the operad HoLie, 441 together with a certain

2-coloured operad of graphs to build a new graph complex (TG\CMH below, the main gadget
which solves the long standing problem as stated in Theorem

6.2.2 A 2-coloured dg operad of graphs Grag .,

Let Gyunyp be the set of connected graphs I with m labelled (by integers from {1,...,m})
white vertices, n labelled (by integers from {1,...,7n}) black vertices, and p labelled directed
solid edges, e.g.

1 2
o—©0

) % o
O @ € Gapyp, e € Goza;3, ? € Gya3, }<\@ € Ga3.4.
Q — 3\ 1 1/ @D

We also assume that the generators I
(a) have no closed paths of directed edges, and
(b) have no outgoing edges attached to white vertices.

Let us call a sink any vertex which has no outgoing edges attached; then every white vertex
of a graph from G,,>1 ., is a sink (we put no such restriction on black vertices).

If we denote by E(T') the set of edges of I € G, ., then the labelling of edges means that
some isomorphism

E() — [p],
is fixed; we do not show these labellings in our pictures as soon we shall get rid of this extra
datum.

The group S, acts on the G, ,, by permuting labels of edges. Hence it makes sense to
consider, for any integer d € Z and any fixed pair of natural numbers m,n € N, a dg vector
space (in fact, a dg S,, x S,-module),

GraZ,dH (m,n) := H span{G,np) ®s, Sgn;‘ud‘ [pd]

p=0

equipped with the zero differential.
One can understand a generator of the S,, x S,,-module as a graph I' with
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(i) m labeled white vertices,

(ii) n labelled black vertices,

(iii) some number of unlabeled edges whose directions are fized,
)

(iv) a choice (up to sign) of a unital basis vector (called the orientation) of the following
1-dimensional Euclidean vector space

det(E(T)) if d is even
or(l) € { K it d is odd

that is an ordering of edges for d even.

A generator I' € Grag ;,,(m,n) is assigned the cohomological degree
| = —d#E(T),

i.e. every edge is assigned the degree —d.

Next we define a dg 2-coloured (with colours called white and black) operad of graphs
Gragq.1 = {Grad,dJrl(p) = Grajl7d+1(p) S Gra:l,d+1(p) }p>1>

where Grag ,,,(p) (resp., Graj,,,(p)) stands for the dg S,-module spanned by elements
with so called white (resp. black) output; more precisely,

Grag,, (p) = @ Indy s Grag,. (mn), Graj,,,(p) = Graf,,(p).

p=m-+n

Thus a generator of Grag 441 1s a pair of graphs
(T° € Graggy1(m,n)°, IT'* € GraZ,,)
and the operadic composition, V i € [p],

o; 1 Graggi1(p) x Gragaii1(q) — Gragga(p+q—1),
Iy = ('}, 1Y), Ty = (I'5,T3)) — I'yo; I'y,

is given by
(TS 0; T5,0) if i is a white vertex in 'S,
[0, T :=< (I'50;T5,0) if iis a black vertex in I'S,
(0,T'y 0, T's) if 7 is a black vertex in T'5.

The symbol A o; B in the right hand side of the above equality stands for the substitution
of a graph B into the i-labelled vertex v of a graph A and taking a sum over all possible
re-attachments of dangling edges (attached before to v) to the vertices of B (cf. §2.8).
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6.2.3 Proposition

There is a morphism of dg 2-coloured operads
J : HoLieg 411 — Gragg

which vanishes on all generators of HoLieg 4.1 except the following ones,

A s D e

e N

This Proposition can be proven in two ways. The first proof goes via a direct checking that
the above formulae respect the differentials in both sides of the morphism f (which is a
straightforward but a bit tedious calculation).

We choose another approach which is more suitable for our purposes in the next section, an
approach which starts with a consideration of the dg Lie algebra

O/-\ch,d-i-l := Def <H0Lied7d+1 —O> Grad7d+1> (61)

controlling loop order g = 1 deformations of the zero morphism of the aforementioned op-
erads; the differential in OGCy 4.1 is zero (for now). In view of the operadic composition

formulae in Gragqy1 described above, we conclude that the dg Lie algebra (TC_%\Cd,dH de-
composes into a semidirect product,

OGCa41 = OGCyysi x OGCY, |, (6.2)

of the dg Lie algebra OG.CSJrl studied above and the dg Lie algebra OGC, 441 generated
by graphs I'° with two types of unlabelled vertices, black and white ones.

A\, €0GCyan.
L N

(e} O

The cohomological degree is given by the formula
IT°| = d#VL(D) + (d + 1)#V,(I'°) — d#E(I'°) — d.

The graded Lie algebra O/G\CMH has an underlying dg pre-Lie algebra structure which is
fully analogous to the one in GCY. If we represent a generic element I' of the graded
Lie algebra O/\ch,d—i-l as a pair I' = (I'°,T'*), with ['* € OGCgyg44; and IT'* € OGCY, |, then
the pre-Lie composition is given by

([3.05) o (5, T5) = | Y Doy Ts+ Y Iie, I3, ) Tio I3

veVo VEV, veV(T'Y)
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The calculations given in §5.1 and §5.2 of [Mer25| imply that the degree 1 element

vy = . i%&\_&g 7':=I

k

in (T(—}T]d,dﬂ satisfies the equation,
yovy =0,
i.e. that I" is a Maurer-Cartan element of the deformation complex (6.1). Any such a MC

element corresponds to some morphism from HoLieg 441 to Graggy1, and the one shown
just above corresponds precisely to the morphism f. The proposition is proven.

The twisted dg Lie algebra (@d7d+1,[ , |,0 :=[v, ]) controls the deformation theory of

the morphism f. From now one we abbreviate this structure to OGC441; it provides us
with the main tool which we use to prove Theorem in the next section.

6.3 Proof of Theorem |6.1.1

We claim that there are morphisms of dg Lie algebras
GCY - OGC, 41— OGCY,,.

Here the right-hand arrow 7y is the obvious projection onto the second factor in (6.2)).

To construct the left-hand arrow 7; we introduce the following notation. Let us call a black
vertex of a graph I' € OGCy 4y, (or in OGCY, ) inessential if it is of valence 2 with two
outputs, and essential otherwise. Then we define m; as follows:

e m(0OGCY,,) =0.
e For I'e OGC, 41 with at least one essential black vertex we set m (I") = 0.

e Suppose I' e OGC, 4.1 has only inessential black vertices. Then necessarily each such
vertex has two white neighbors. We may hence build a graph m(I') € GCY by retaining
only the white vertices, and adding one edge between white vertices (u,v) for every
inessential vertex connected to u and v. (Note that here possibly u = v.)

O<—e—>0 O o)

It is elementary to check that 7m; and 7 are both morphisms of dg Lie algebras. The main
Theorem is then an immediately consequence of the following two Propositions.
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6.3.1 Proposition
The map m is a quasi-isomorphism.

Proof. Since m, is surjective, the statement of the proposition is equivalent to the fact that
ker my = OGCy 441 is acyclic, which we shall show. Let us consider a filtration of OGCy 441
by the total number of vertices. The induced differential in the associated graded complex
grOGCg 441 just makes white vertices (if any) into black ones, o — o. By Maschke’s
Theorem, to prove the acyclicity of grOGCg 441 it is enough to prove the acyclicity of its
version grOGCZ?;f‘fd in which the generating graphs I' have all their edges and vertices
totally ordered, but the type of vertices is not fixed. Then there is an isomorphism of

complexes

grOGCy gt =[] ( X 0) ,
generators I' \veV(I")
where C, is either a one-dimensional trivial complex (generated by a black vertex) in the
case when v has at least one outgoing solid edge in I', or C, is a two-dimensional acyclic
complex (generated by one black and one white vertex) if v has no outgoing solid edges in
I'. As any generating graph I' has least one vertex of the latter type since there cannot be

directed cycles, the complex grOGCZ}ﬁiﬁEd has at least one acyclic tensor factor. The claim
is proven (cf. Lemma 6.2.1 in [Mer25]). O

6.3.2 Proposition
The map m is a quasi-isomorphism.

Proof. Note that the map m; is also surjective. Hence it is sufficient to check that
@;,dﬂ = kerm

is acyclic. Furthermore note that (T@;,d 1 C (T(??d,dﬂ is the subcomplex spanned by

graphs with at least one black essential vertex. Let us filter (T(—}T};’d 41 by the total number
of white vertices + twice the number of essential black vertices which are not univalent
sources. Here we use the fact that the differential in OGC, ;,, cannot create new univalent
black sources, but can kill such vertices by attaching to them univalent white targets.

We claim that the associated graded with respect to this filtration is acyclic

H*(9rOGCj 4,1) = 0, (6.3)

from which the proposition immediately follows. To see this, note that the differential on
the complex grOGC, ;,, has only the following two terms, 0 = d; + do with

e ¢ is the natural inclusion of OG.CSJrl into (the kernel of 7 inside) OGC 441-
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e 0, creates one new inessential vertex from an edge between two essential vertices:

The map 6; : OGC?[+1 — OGC, 441 1s injective. Hence it is sufficient to check that
coker(d;) =: OGCY,,

is acyclic, i.e.,
H(OGCS),1,0) =0

Note that OGCy,,; can be identified with the subquotient of OGCy 441 spanned by graphs
with at least one white vertex and at least one black essential vertex. Finally, the acyclicity
of (OGCY, ,02) can be easily shown using the argument of §6.2.3 in [Mer25]. Indeed,
one can assume without loss of generality that the essential vertices of graphs I' generating
OGCy ., are distinguished, say totally ordered. Every such graph I' contains at least one
black essential vertex and at least one white vertex which are connected by an edge, or are
both neighbors of some (the same) inessential vertex, and we can assume without loss of
generality that their labels are 1 and 2 respectively. Considering a filtration of OGCZ,,, by
the number of inessential vertices not between 1 and 2, we arrive at the associated graded
complex which is the tensor product of a trivial complex and the complex C'5 which controls
the types of all possible "edges" between vertices 1 and 2. One has

Cra = @@kc

k=1

where C'is a 2-dimensional complex generated by the two possible connections,

1 2 1 2
C = Span< e—=0 o< >0

with the differential sending the first element to the second. This complex is acyclic implying
the acyclicity of OGCY;,,. The Proposition is proven. O

The proof of Theorem [6.1.1] is hence completed.
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Chapter 7

Lie brackets on reduced graph complexes

The aim of this chapter is to introduce and compare two dg Lie algebra structures on GC,44
and to show that the two induced Lie algebra structures on cohomology are isomorphic.

7.1 A reduced operad of graphs

Let Grag,; be an operad spanned by connected graphs with labelled vertices and two types
of edges: solid edges — with fixed direction and of degree —d and dotted edges - » =
(—=1)2 < of degree 1 — d. The operadic composition are given by graph insertions.

There is a differential §" which acts on edges by

Lemma 7.1.1. There is a morphism of dg operads
(LiedH, O) — (Grad+1, 5,)

defined by

/{ > 1o—>e2 + (—1)" le—e2.
1 2
Proof. This follows from the computation

5 (10—02 + (—1)" 1e—02) = 10 »02 + (= 1) 1o« 02 = 0.
O
The full reduced graph complexr is now defined as the deformation complex fGCy; =
Def(Liegy; — Gragyq). It comes equipped with a differential § + ¢’ where § is given

by vertex splitting and ¢’ changes the types of edges. We denote by [e, o], the Lie bracket,
which is given by graph insertions.
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The reduced graph complex GC,,; spanned by graphs with vertices being at least trivalent
of Section is a subcomplex of fGC,,; and more importantly a sub dg Lie algebra.

7.2 Another Lie bracket on GC,

Recall the quasi-isomorphism ({3.3)

[ :GCyqp — dGCyyy
sending every dotted edge to a linear combination

1

o - ——> —(.—>.<—. — .<—Q—>.).

Theorem 7.2.1. There is a Lie algebra structure [—, —] on GCypy such that the morphism
f:GCyy1 — dGCy.y s a morphism of Lie algebras.

Proof. As the map f is a monomorphism, it is enough to show that the image f(GCgyy;)
dGC,., is Lie subalgebra. In this case we define, for I';,I'y € GCyy1, the Lie bracket by
[T1, To] o= f7HLA(T), f(T2)]).

Let T,y € GCyyy. Summands in [f(I';), f(I's)] have either all vertices at least trivalent
and belong to the image or contain bivalent vertices. Any bivalent comes from some dotted
edge and by the definition of the map we have the same term except for a change of
sign and the edges of the bivalent vertex being reversed. Hence the two bivalent vertices
combine to a dotted edge and doing this for the remaining bivalent vertices yields the desired
result.

O

The Lie bracket can be described intrinsically in the following way. There is a pre-Lie algebra
structure I'y o I'y defined by

Pioly= Y Tiolh+ Y Tyo.T

UEV(Fl) eEEdot(F1)

First for a vertex v € V(I';) we have

1
['ho,I'y = 2_’f Z Iy Ou,I I,
k=0 IcEg,:(T2)
#I=k
where I'y o, ; I'y is given by summing over all attachments of the half-edges of v to the
vertices of I's and the middle vertices obtained by replacing each dotted edge in I by the
linear combination e—e<—e — e<—e—e. We also require that each middle vertex is hit by
at least one half-edge of v.

65



Second for a dotted edge e € Ey,4(I'1) we have

min(2,# Eq0¢(T'2))
F1 Oe FZ = Z 9k+1 Z Fl Oerl F2’

k=0 ICEg,(T2)

where I'; o, ; I's is obtained as above except that we replace the edge e by the linear combi-
nation e—»e<—e — e<~—e—e and insert [’y into the newly created bivalent vertex.

The Lie bracket is given by

[, 5] =T ol — (=), o 1y

In particular we can write

[T, T2] = [y, Dol + [T'1, T2 sp
where [I'1, I's ] is the standard graph insertions defined as in dGC,; while [I'}, 'y ], consists
of all terms which have additional vertices, i.e. where a dotted edge got destroyed.

Note that for graphs I'y,I's having no dotted edges, the two Lie brackets coincide. This
observation can be used as follows. There is a quasi-isomorphism ¢ from the usual graph
complex GCgq,; to the reduced complex GCgy,; by sending an (undirected) graph to the
sum over all possible direction. As the Lie brackets in GCyyq and [—, —]s are both given
by graph insertions, the map ¢ defines a quasi-isomorphism of dg Lie algebras

(ch+1, [_7 _]) - (@dJrla [_7 _]st)-

In addition the summands to not contain any dotted edges and thus on the subcomplex
g(GCy,1) the two Lie brackets on GCy,; are equal. In particular the map ¢ defines a
quasi-isomorphism of dg Lie algebras

(GCai1,[— =]) — (GCayr, [—, —]a).
We can summarize the discussion above in the following theorem.

Theorem 7.2.2. There is a zigzag of quasi-isomorphism of dg Lie algebras

(@d-&-ly [_’ _]st) A (GCd+17 [_a _]) - (dGCd+17 [_a _]) — (@d-i-l: [_’ _])

In particular there is an isomorphism of Lie algebras

(H*(GCas1), [= —]st) = (H*(GCapa), [-, —]).
Remark 7.2.3. Tt is not hard to see that all the constructions above work if we consider
oriented graphs and thus we have two dg Lie algebra structures on OGC,, ;. However the
proof of Theorem [7.2.2]does not work here (as summing over all directions will create directed
cycles). Hence whether the induced Lie algebra structures on H*(OGC,y1) are isomorphic
or not is left open.
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