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Abstract

The �rst major theme of this thesis is the deformation theory of morphisms of certain,
important in applications, properads and its relationship to the theory of graph complexes.
The second major theme of this thesis is the study of interrelations between di�erent graph
complexes in order to prove a long standing conjecture about them.
A large part of the thesis is devoted to the computation of the cohomology groups of two
chain complexes. One complex controls deformations of the standard morphism from the
operad of Lie algebras to its polydi�erential closure and another (more complicated) one
controls deformations of a morphism of the properad of Lie bialgebras to its polydi�erential
closure. We prove that in both cases these complexes are quasi-isomorphic to the famous
Kontsevich graph complex. In particular we conclude that the Grothendieck-Teichmüller
group acts transitively on the homotopy classes of both morphisms.
We also study interrelations between the Kontsevich graph complex GCd and its important
oriented version OGCd�1 which were proven to be isomorphic at the cohomology level by
Thomas Willwacher in 2015. This result is extended to the level of dg Lie algebras. More
precisely, we prove that GCd and OGCd�1 are Lie8 quasi-isomorphic.
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Chapter 1

Introduction

1.1 Motivation and historical background

There are two famous deformation quantization theories. First the deformation quantization
of Poisson structures de�ned in [BFF�78] and whose existence was proved in [Kon03] and
second the deformation quantization of Lie bialgebras [Dri92, EK96, MW18b]. These theories
can be reformulated in terms of morphisms from suitable operads/PROPs to polydi�erential
closures of some other operads/PROPs (see [MW20] and [AM22]). The polydi�erential
closures are constructed with the help of the polydi�erential endofunctor D in the category
of PROPs [MW20]

D : Props ÝÑ Props

and its reduced version

O : Props ÝÑ Operads

which was introduced in an earlier paper [MW15]. The key property of the functor D is the
following one: for any representation

P Ñ EndV

in a dg vector space V , there is an associated representation of its polydi�erential closure

DpPq Ñ EnddV

in the symmetric tensor algebra dV of V , given in terms of polydi�erential (with respect to
the standard product in dV ) operators.
Let Lied be the operad governing graded Lie algebras with Lie bracket of degree 1 � d (so
that d � 1 corresponds to usual Lie algebras and is often denoted by Lie :� Lie1). By
applying the functor O to the (PROP closure of the) operad Lied we obtain an operad
OpLiedq which occurs naturally in the study of the well-known universal enveloping functor
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U from the category of Lie algebras to the category of associative algebras. This functor can
be understood as a morphism of operads

U : AssÑ OpLieq, (1.1)

satisfying some natural non-triviality condition (see � 4.3 below).
Our starting observation is that the polydi�erential operad OpLiedq comes equipped with a
natural morphism of operads

i : Lied Ñ OpLiedq. (1.2)

The �rst main result of this thesis is the computation of the cohomology (of the connected
part) of the deformation complex DefpLied

i
Ñ OpLiedqq in terms of graph complexes. More

precisely we prove that

H
pDefpLied
i
Ñ OcpLiedqqq � H
pfGCdq

where fGCd is the famous M. Kontsevich graph complex. In particular, this result implies
that for d � 2 the mysterious Grothendieck-Teichmüller group acts (up to homotopy) non-
trivially and almost faithfully as a symmetry group of the map i.
This result gives us one of the simplest incarnations of the Grothendieck-Teichmüller group,
and explains, perhaps, why it occurs in two seemingly di�erent deformation quantization
problems, the universal quantization of Poisson structures (solved by M. Kontsevich in
[Kon03]) and the universal quantization of Lie bialgebras (formulated by V. Drinfeld and
solved by Etingov-Kazhdan in [EK96]) as both these theories involve OpLieq as a sub-
structure.
The second incarnation of the operad OpLieq is via the universal enveloping construction as-
sociating to a Lie algebra V the corresponding associative algebra UpV q which is isomorphic
by the Poincaré-Birkho�-Witt theorem to the space of symmetric tensors dV . Hence it is
not that surprising that this construction can be described in terms of the operad OpLieq.
Indeed, following M. Kontsevich [Kon03], S. Gutt [Gut11] and V. Kathotia [Kat98], one
�rst interprets the universal enveloping algebra construction UpV q as a star product con-
struction on dV given in terms of polydi�erential operators. Second, one notices that this
interpretation can be encoded as a morphism of operads

AssÑ EnddV

satisfying some non-triviality condition. The point is that this map factors through some
morphism

AssÑ OpLieq

and the canonical map
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OpLieq Ñ EnddV

induced by the functor O applied to the given representation of Lie in V . Hence all subtleties
of the universal enveloping functor U get encoded into the morphism of operads

AssÑ OpLieq

satisfying some non-triviality condition (see Section 4.3 below).

We study in this thesis the deformation complex DefpAss
U
Ñ OpLieqq and prove that its

cohomology is one-dimensional, the unique cohomology class corresponding to the rescaling
freedom of the Lie bracket. The conclusion is that the morphism U is unique (up to gauge
equivalence). This result is not surprising, of course. One can infer it from the classi�cation
theorem of Kontsevich formality maps given in terms of the graph complex GC2 [Dol21]. So
we just give a new very short proof of this uniqueness. This proof has a small advantage in
that it carries over to Lie8 straightforwardly.
There are several constructions generalizing the universal enveloping functor from Lie alge-
bras (controlled by the operad Lie) to strongly homotopy Lie algebras (which are controlled
by Lie8, the minimal resolution of Lie). All constructions involve the notion of strongly
homotopy associative algebras, which was introduced by J. Stashe� in [Sta63] and which are
controlled by the dg operad Ass8, the minimal resolution of Ass. One such generalization
of the functor U is o�ered by M. Kontsevich's formality map applied to linear polyvector
�elds. That generalization uses, in general, graphs with wheels. However, as has been
proven by B. Shoikhet [Sho01], the graphs with wheels can be removed so that one gets a
strongly homotopy extension of the functor U which works well for in�nite dimensional Lie8
algebras. Another construction was given by V. Baranovsky [Bar08] as the cobar construc-
tion of the Cartan-Chevalley-Eilenberg coalgebra associated to an Lie8 algebra, by J. M.
Moreno-Fernández [MF22] as anAss8 algebra isomorphic as graded vector spaces to the free
symmetric algebra associated to an Lie8 algebra and by T. Lada and M. Markl in [LM95].
These constructions can be understood as a morphism of operads

Ass8 Ñ OpLie8q.

We study the deformation complex of any of these maps and prove that it is quasi-isomorphic
to the deformation complex of the map considered in p1.1q, implying that all constructions are
gauge equivalent. Moreover, any other attempt to construct such a generalization satisfying
some natural conditions must be gauge equivalent to these ones as the cohomology of the
complex DefpAss8 Ñ OpLie8qq is one-dimensional (see Corollary 4.3.8). This cohomology
result is in full agreement with the derived Poincaré-Birkho�-Witt theorem established by
A. Khoroshkin and P. Tamaro� in [KT23].
The second part of this thesis is devoted to the theory of (degree shifted) Lie bialgebras.
Lie bialgebras were introduced by V. Drinfeld in the context of quantum groups [Dri87] and
their deformation quantization theory was constructed by P. Etingov and D. Kazhdan in
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[EK96]. Lie bialgebras have found applications in many areas of mathematics, for example
in string topology [CS04], integrable systems [BD82] and the study of Poisson-Lie groups
[KS97].
Our interest lies in the properad Liebc,d controlling a degree shifted version of Lie bialgebras
which were de�ned in [MW15]. By applying the polydi�erential functor D to the (PROP
closure of) the properad Liebc,d we obtain a PROP DpLiebc,dq. This PROP is very useful
in the study of the deformation theory of Lie bialgebras [Dri92, EK96], as one can interpret
any universal deformation quantization of Lie bialgebras as a morphism of PROPs [MW20]

Assb ÝÑ DpLieb1,1q

satisfying certain non-triviality conditions; here Assb stands for the PROP of associative
bialgebras. This interpretation of the deformation quantization theory was used in [MW20]
to classify all homotopy non-trivial universal quantizations in terms of the Kontsevich graph
complex.
The PROP DpLiebc,dq contains naturally a properad DcpLiebc,dq spanned by connected
decorated graphs, called the properad of polydi�erential Lie bialgebras. Similarly as in the
Lie case, there is a natural morphism of properads

i : Liebc,d ÝÑ DcpLiebc,dq (1.3)

(see Lemma 5.2.2 for the explicit formulae).The main result of this part is the following:

Theorem 1.1.1. There is an isomorphism, up to one class, of cohomology groups

H
pGCc�dq ÝÑ H
�1pDefpLiebc,d Ñ DcpLiebc,dqqq.

The connection between the two parts above goes via the di�erent types of graph complexes.
We recall that the original graph complex GCd was de�ned by M. Kontsevich in [Kon97]
while studying the deformation quantization of Poisson structures and the formality theorem:
the cohomology group H0pGC2q measures the choices while H1pGC2q measures the possible
obstructions to formality maps. Little is known about their cohomology in general, the
biggest leap forward was done in the seminal paper [Wil15a] where T. Willwacher computed
the zeroth cohomology group and proved an isomorphism of Lie algebras

H0pGC2q � grt1

where grt1 denotes the Grothendieck-Teichmüller Lie algebra introduced by V. Drinfeld in
[Dri90].
The graph complexes above and their cohomology have seen many recent application in
homological algebra, algebraic geometry [CGP21, AWZ20], algebraic topology [FW20], and
the Lie theory [AT12].
There is a directed version dfGCd�1 spanned by graphs with �xed directions on edges. In
[Wil15a] the author proved that the directed and undirected version are quasi-isomorphic
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as dg Lie algebras and thus we gain nothing new on the level of cohomology. However
there are interesting subcomplexes, the most important one for this thesis being the oriented
graph complexOGCd�1 controlling deformations of the properad of Lie bialgebras [MW18a].
An isomorphism on the level of Lie algebras between the cohomology of OGCd�1 and the
cohomology of GCd was �rst constructed in [Wil15b]. Later explicit quasi-isomorphisms of
complexes, but not of dg Lie algebras, have been constructed by M. �ivkovi¢ [�20] (on the
dual graph complexes) and S. Merkulov [Mer25]. The main contribution of this thesis is to
upgrade this isomorphism on cohomology to a zigzag of explicit quasi-isomorphisms of dg
Lie algebras.

1.2 Structure of the thesis

In Chapter 2 we recall the basic theory of properads and the construction of the di�erent
operads and properads we encounter throughout this thesis.
Chapter 3 consists of an introduction to the deformation theory of morphisms of properads.
We also present the main examples: the deformation complex of the operad of Lie algebras,
the deformation complex of the properad of Lie bialgebras and the full graph complex.
Afterwards we introduce the di�erent versions of said complex which are used in this thesis.
There are no new results in the two introductory chapters above.
In Chapter 4 we study the natural morphism Lied Ñ OpLiedq and compute the cohomology
of the associated deformation complex. We also de�ne the notion of (homotopy) S. Gutt
quantization and compute the cohomology of their deformation complexes.
In Chapter 5 we prove Theorem 1.1.1 by introducing a new graph complex of entangled
graphs and computing its cohomology.
In Chapter 6 we construct the Lie8 quasi-isomorphism between GCd and OGCd�1.
In Chapter 7 we introduce two Lie brackets on so-called reduced graph complexes GCd�1

and show that the induced Lie brackets on cohomology coincide.

1.3 Notation

We work over a �eld K of characteristic 0. We denote by dgVectK the category of di�erential
graded (or dg for short) vector spaces, which for this thesis means cohomologically graded
chain complexes. All properads encountered will live in the category dgVectK. For any
graded vector space V , the vector space V rks is de�ned by V rksi � V i�k. For any element
v P V i we write |v| � i.
For a positive integer n we abbreviate rns � t1, � � � , nu and denote by Sn its automorphism
groups. We write 1n respectively sgnn for the one-dimensional trivial respectively sign
representation. The cardinality of a �nite set A is denoted by #A while its linear span over
a �eld K by span xAy. The top degree skew-symmetric tensor power of span xAy is denoted
by detA; it is assumed that detA is a 1-dimensional Euclidean space associated with the
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unique Euclidean structure on span xAy in which the elements of A serve as an orthonormal
basis; in particular, detA contains precisely two vectors of unit length.
For any group G and G-module V , we write VG for the space of G-coinvariants and V G for
the space for G-invariants.
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Chapter 2

On the theory of operads and properads

2.1 Properads as G-algebras
Following [BM08, Mer10] we introduce the notion of G-algebras where G is some chosen set
of graphs.
For starters we give the de�nition of graphs we use throughout this thesis.

De�nition 2.1.1. A graph with hairs is a triple Γ � pHpΓq,\, τq where

1) HpΓq is a �nite set of half-edges,

2) \ is a partition of HpΓq

HpΓq �
§

vPV pΓq

Hpvq,

parametrized by a set V pΓq called the set of vertices of Γ. For a vertex v the set Hpvq
is called the set of half-edges attached to v. The valency of a vertex v is de�ned to be
the cardinality of Hpvq.

3) τ : HpΓq Ñ HpΓq is an involution. The orbits of cardinality two are called the
(internal) edges and the set of edges is denoted by EpΓq. The orbits of cardinality one
are called hairs (or legs) and the set of hairs is denoted by LpΓq

If LpΓq � H, then Γ is simply called a graph. A graph Γ is called directed if each edge
e � ph, τphqq comes with a choice of an ordering of half-edges. A directed graph is called
oriented if there are no directed cycles.
A subgraph γ of a graph Γ is a choice of a subset V pγq � V pΓq and a choice for each v P V pγq
of a subset Hγpvq � Hpvq such that

Hpγq :�
§

vPV pγq

Hγpvq

is stable under the involution τ .
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For any graph Γ with a subgraph γ, denote by Γ{γ the graph given as follows: HpΓ{γq is
obtained by deleting all half-edges of HpΓq corresponding to edges in γ. We then collect all
the remaining half-edges attached to the vertices of γ into a single vertex v and de�ne the
set of vertices of Γ{γ by

V pΓ{γq � V pΓqzV pγq \ tvu.

We say that the graph Γ{γ is obtained by contracting γ into a single vertex.

Example 2.1.2.

Γ �

v

w

γ �
v w

Γ{γ � .

We call a directed graph Γ an pm,nq-graph if the set of hairs is partitioned LpΓq � Lin\Lout

of cardinality m and n respectively together with bijective maps fin : rms Ñ Lin and
fout : rns Ñ Lout. These maps are called labelling maps. Denote by G÷pm,nq the set of all
directed pm,nq-graphs.

Example 2.1.3.

1

1 2

P G÷p1, 2q.

Consider an S-bimodule P � tPpm,nqu and let Γ P G÷. One can associate to P and Γ a
vector space as follows. For a vertex v we de�ne

PpOutv, Invq :� xOutvy bS#Outv
Pp#Outv,#Invq bS#Inv

xInvy

where Outv and Inv stand for the set of outgoing respectively incoming half-edges of v, xOutvy
and xInvy stand for the vector space spanned by the bijections r#Outvs Ñ Outv respectively
spanned by the bijections r#Invs Ñ Inv.
This space carries an action of the automorphism groups of Outv and Inv and thus the
following unordered tensor productâ

vPV pΓq

PpOutv, Invq :� p
à

σ:rksÑV pΓq

PpOutσp1q, Inσp1qq b � � � b PpOutσpkq, InσpkqqqSk ,

where k � #V pΓq, is a representation space of AutpΓq. Here AutpΓq is the subgroup of the
symmetry group of Γ �xing the hairs and is called the automorphism group of Γ. This now
allows us to associate to P and Γ the vector space

ΓxPy :� p
â

vPV pΓq

PpOutv, InvqqAutpΓq

11



called space of decorated (by P) graphs.
If P comes with a di�erential δ then for any graph Γ P G÷pm,nq there is an induced Sm�Sn-
equivariant di�erential δΓ on the vector space ΓxPy such that the collection t`ΓPG÷pm,nqΓxPyu
is also a dg S-bimodule.
Consider G � G÷ some subset. Let Γ P G and call a subgraph γ of Γ admissible if both γ P G
and Γ{γ P G.
A S-bimodule P is called a G-algebra if there are Sm � Sn-equivariant linear maps

tϕΓ : ΓxPy Ñ Ppm,nquΓPGpm,nq

satisfying for any graph Γ and admissible subgraph γ the associativity condition

ϕΓ � ϕΓ{γ � ϕ
1
γ.

We are mainly interested in properads, which is the term for G-algebras, where G is the subset
of connected oriented graphs. If we restrict ourselves to graphs of genus zero with exactly
one output hair, we get the notion of an operad.

Remark 2.1.4. 1) If G is spanned by graphs with no directed cycles, but we drop the
connectivity condition, we obtain the notion of a PROP.

2) If we allow directed cycles, we obtain the notion of wheeled PROPs or properads.

Let P be a properad and take elements p P Ppm1, n1q and q P Ppm2, n2q. We can represent
p and q pictorially by

p � p
1 m1

1 n1� � �

� � �

and

q � q
1 m2

1 n2� � �

� � �
.

Let 1 ¤ k ¤ minpn1,m2q, let i1, � � � , ik be some collection of input hairs of p and let j1, � � � , jk
be some collection of output hairs of q. De�ne a pm1 � m2 � k, n1 � n2 � kq-graph graph
Γ obtained by gluing the hairs labelled il and jl for any 1 ¤ l ¤ k. We can de�ne now the
properadic composition p �i1,��� ,ik j1,��� ,jk

q by

p �i1,��� ,ik j1,��� ,jk
q � ϕΓppb qq.

Remark 2.1.5. If P is an operad, then m2 � k � 1 and we write �i instead of i�1.
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Let P and Q be properads. A morphism of properads is a collection f � tfpm,nq :
Ppm,nq Ñ Qpm,nqu of homogeneous morphisms of Sm � Sn-bimodules which respect prop-
eradic compositions, i.e.

fpp �i1,��� ,ik j1,��� ,jk
qq � fppqi1,��� ,ik �j1,��� ,jk fpqq

for any p, q P P .
The category of properads will be written as Properads and the subcategory of operads
will be written as Operads.

2.2 Properadic derivations

Consider a collection D � tDpm,nqu of homogeneous morphisms of Sm � Sn bimodules

Dpm,nq : Ppm,nq ÝÑ Ppm,nq.

We extend D as a derivation on the tensor algebra generated by the Ppm,nq. For any graph
Γ, D can be extended to a linear map ΓxPy Ñ ΓxPy de�ned by

DpΓxPyq � pD bvPV pΓq PpOutv, InvqqAutpΓq.

D is called a derivation of degree k if each map Dpm,nq is homogeneous of degree k and

D � ϕΓ � ϕΓ �D.

Derivations of the properad P form a Lie algebra DerpP q with Lie bracket given for homo-
geneous derivations D1 and D2 by

rD1, D2s � D1 �D2 � p�1q|D1||D2|D2 �D1.

Here |D1| stands for the degree of D1.
A di�erential δ is a derivation of degree 1 such that δ2 � 0. The fact that δ is a derivation
can be expressed using the composition morphisms leading to the following de�nition.

De�nition 2.2.1. A dg properad P is a properad such that for any m,n ¥ 1 the vector
space Ppm,nq is equipped with a di�erential δ satisfying

δpp �i1,��� ,ik j1,��� ,jk
qq � δppq �i1,��� ,ik j1,��� ,jk

q � p�1q|p|p �i1,��� ,ik j1,��� ,jk
δpqq.

We de�ne the cohomology properad HpPq by the family

tHpPpm,nqqum,n¥1

and the compositions induced on the cohomology due to the above relation.
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The di�erential on a free properad pFreexEy, δq is uniquely de�ned by its value on generators
and thus by sums of the form

δp
1 m

1 n� � �

� � �
q �

¸
k¥1

¸
ΓPGk

λΓΓ,

where Gk is a family of graphs with exactly k vertices and λΓ P K. We call the di�erential
δ minimal if G1 � H and quadratic if Gk � H for any k ¥ 3.

2.3 Derivation complex of a morphism of properads

Let f : pP , δPq Ñ pQ, δQq be a morphism of dg properads. A collection D � tDpm,nqu of
homogeneous morphisms of Sm � Sn bimodules is called a derivation for the morphism f if
for any composition p �i1,��� ,ik j1,��� ,jk

q of elements in P the following equation is satis�ed:

Dpp �i1,��� ,ik j1,��� ,jk
qq � Dppq �i1,��� ,ik j1,��� ,jk

fpqq � p�1q|D||p|fppq �i1,��� ,ik j1,��� ,jk
Dpqq.

Denote by DerpP f
Ñ Qq the set of all derivations. It comes equipped with a di�erential δ

de�ned by

δpDq � δQ �D � p�1q|D|D � δP . (2.1)

The space pDerpP f
Ñ Qq, δq is called the derivation complex.

Remark 2.3.1. If we consider the identity map id : P Ñ P we recover the derivations de�ned
in Section 2.2. In particular we have DerpP id

Ñ Pq � DerpPq.

2.4 Free properad and minimal resolutions

We consider a S-bimodule E � tEpm,nqum,n¥1 and de�ne the free properad FreexEy as the
vector space spanned by decorated graphs, i.e. elements in the space

ΓxEy :� p
â

vPV pΓq

EpOutv, InvqqAutpGq

where Γ is a connected oriented pm,nq-graph. The properadic compositions are given by
gluing and taking tensor products.
More precisely for any decorated pm1, n1q-graph Γ1, for any decorated pm2, n2q-graph Γ2, for
any 1 ¤ k ¤ minpn1,m2q, for any collection of input hairs labeled i1, � � � , ik of Γ1 and for
any collection of output hairs j1, � � � , jk the properadic composition

Γ1 �i1,��� ,ik j1,��� ,jk
Γ2

14



is given by the decorated graph Γ3 obtained by gluing for any 1 ¤ l ¤ k the pairs pil, jlq of
input and output hairs (and keeping the decorations on vertices).

Example 2.4.1.

a1

a2 a3
1

1 2

2

�1,2 1,2 b

1 2

1 2

�

a1

a2 a3

1 2

b

1 2

where a1, b P Ep2, 2q, a2 P Ep2, 1q and a3 P Ep1, 2q.

The free properad is generated by graphs of the form

e

gp1q gpmq

fp1q fpnq
� � �

� � �

for e P Epm,nq and maps f P Sn, g P Sm. These are called generating corollas.

Remark 2.4.2. If Epm,nq � 0 for any m ¥ 2, we call FreexEy the free operad.

Any collection of equivariant maps E Ñ FreexEy extends to a derivation of FreexEy and
vice-versa any derivation of FreexEy is of this form.

De�nition 2.4.3. Let P be a dg properad. A quasi-free resolution of P is a dg free properad
pFreexEy, δq equipped with an epimorphism

π : FreexEy ÝÑ P
which is a quasi-isomorphism, i.e. the induced morphism of cohomology properads

HpFreexEyq ÝÑ HpPq
is an isomorphism.
We call pFreexEy, δq minimal if the di�erential is minimal.

2.5 Endomorphism properad and degree shifted proper-

ads

Let V be any vector space. The endomorphism operad EndV is de�ned as the S-module

EndV pm,nq � HomVectKpV
bn, V bmq.

15



The properadic compositions are de�ned by composition of maps. More precisely for any
maps f : V bn1 Ñ V bm1 and g : V bn2 Ñ V bm2 , for any 1 ¤ k ¤ minpn1,m2q and for
any collection of inputs 1 ¤ i1, � � � , ik ¤ n1 and outputs 1 ¤ j1, � � � ,¤ m2 we de�ne the
properadic composition

f �i1,��� ,ik j1,��� ,jk
g

by inserting for any 1 ¤ l ¤ k the function gjl : V
bn2 Ñ V bm2 into the il coordinate of f .

The functions gjl are de�ned by

gpy1, � � � , yn2q � g1py1, � � � , yn2q b � � � b gm2py1, � � � , yn2q.

Given a properad P and a vector space V , we de�ne a representation of P in V as a morphism
of properads

P ÝÑ EndV .

For a properad P , the degree d shifted properad Ptdu is de�ned by the property that any
representation of Ptdu in some graded vector space V corresponds to a representation of P
in V rds.

2.6 Operad of Lie algebras

Let E � tEpnqu be the S-module de�ned by Epnq � 0 except that

Ep2q � sgnb|d|2 rd� 1s � span
B

1 2

� p�1qd
2 1

F
.

The operad of degree d shifted Lie algebras is de�ned to be the quotient Lied :� FreexEy{I,
where I is generated by the element

3
1 2

� 2
3 1

� 1
2 3

.

When studying linear combinations of graphs built from this generating corolla, it is useful,
not to make sign mistakes, to view each such a corolla as a degree d vertex with two degree
�d incoming half-edges and one degree 1 outgoing half-edge. Hence for d odd, such a graph
has vertices of odd degree (and thus an ordering of this set, up to a permutation σ and
multiplication by sgnpσq, has to be chosen), while internal edges have degree 1 � d. In the
case d even, the vertices are even, but the internal edges are odd so that an ordering of this
set is chosen (up to permutation).
The minimal resolution of Lied is given by the dg quasi-free operad HoLied � pFreexEy, δq
generated by the S-module

16



E � tEpnq � psgnnq
b|d|rnd� d� 1s � span

B
21 n� � �

F
un¥2,

for n ¥ 2, where

psgnnq
b|d| �

"
sgnn if d is odd
1n if d is even.

The di�erential is given on generators by [M�22]

δ

�
21 n� � �



�

¸
I\J�rns
|I|¥2,|J |¥1

p�1qdp#I�sgnpI,Jqq

· · ·
· · ·

I
J

, (2.2)

where sgnpI, Jq denotes the sign of the shu�e I, J .
In the case d � 1 we will write Lie :� Lie1 and Lie8 :� HoLie1.
If we relax the restriction n ¥ 2 on the generators above to n ¥ 1, and the restrictions in the
de�nition of the di�erential from #I ¥ 2 to #I ¥ 1 and #J ¥ 1 to #J ¥ 0, then [Mer23]
one gets a dg free operad HoLie�d�1 which is acyclic but is often very helpful in building
important deformation complexes. The newly added generator 
 controls deformations of
the di�erential in representations of HoLie�d�1 in dg vector spaces.

2.7 Operad of associative algebras

Let E � tEpnqu be the S-module de�ned by Epnq � 0 except that

Ep2q � id2 � span
B

1 2

F
,

where id2 is the regular representation.
The operad of associative algebras is de�ned by the quotient Ass :� FreexEy{I where I is
generated by

3
1 2

� 1
2 3

.

Its minimal resolution is given by the dg quasi-free operad Ass8 :� pFreexEy, δq, where E
is the S-module generated by

E � tEpnq � KrSnsrn� 2s � span

C
τp1qτp2q τpnq� � �

G
τPSn

un¥2
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and the di�erential is given on generators by

δ

�
τp1qτp2q τpnq� � �

�
:�

n�2̧

k�0

n�ķ

l�2

p�1qk�lpn�k�lq�1 τp1q τpkq τpk � l � 1q τpnq

τpk � 1q τpk � lq

� � �

� � �

� � �
.

Representations of Ass8 in a dg vector space V are precisely the strongly homotopy asso-
ciative algebras introduced by J. Stashe� in [Sta63].
The operads Ass and Lie are related via the following morphism of operads

Lie ÝÑ Ass

de�ned on the generating corolla by

1 2
ÞÝÑ

1

2

�
1 2

�
2 1



.

This map will play a role in Chapter 4.

2.8 Operad of graphs

The operad of graphs was �rst constructed in [Wil15a]. Denote by Gv,e the set of connected
directed graphs with no hairs, with v vertices labelled by t1, � � � , vu, and e edges labelled by
t1, � � � , eu. We de�ne an Sv module

Gradpvq :�

" À
e¥0 spanxGv,ey bSe
pS2qe sgnerepd� 1qs if d is even,À
e¥0 spanxGv,ey bSe
pS2qe sgn

be
2 repd� 1qs if d is odd

where d is an integer, and thus an operad Grad � tGradpvquv¥1 called the operad of graphs.
If d is even, elements ofGrad can be seen as undirected graphs with edges having degree 1�d
together with an ordering of the edges up to an even permutation, while an odd permutation
acts by multiplication by �1.
If d is odd, Grad consists of directed graphs where changing the direction of an edge yields
a multiplication by �1.
The operadic composition Γ1 �v Γ2 works by substituting the graph Γ2 in the vertex v of Γ1

and by summing over all possibilities of attaching the half-edges of v to the vertices of Γ2.

Example 2.8.1.

1 2

3

�1 1 2 � 1 2

3

4

� 1 2

3

4

� 1 2

3

4

� 1 2

3

4
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There is a morphism of operads

Lied ÝÑ Grad (2.3)

by mapping

1 2

ÞÝÑ

"
1 2 if d is odd,

1 2 if d is even. (2.4)

This map will be used to de�ne the Kontsevich graph complex in Chapter 3.
By forgetting the action on edges we obtain an operad dGrad whose elements are graphs
with edges having �xed directions. There is a morphism of operads

Grad ÝÑ dGrad

de�ned by (skew)-symmetrizing edges

ÞÝÑ � p�1qd .

2.9 Properad of Lie bialgebras

A Lie bialgebra structure on a vector space V is given by a Lie bracket r�,�s : V b V Ñ V
and a Lie cobracket ∆ : V Ñ V b V satisfying a compatibility condition

∆prv, wsq �
¸

v1 b rv2, ws � rv, w1s b w2 � p�1q|v||w|prw, v1s b v2 � w1 b rw2, vsq

where v, w P V and ∆pvq �
°

v1 b v2, ∆pwq �
°

w1 b w2.
Lie bialgebras have been introduced by V. Drinfeld in the context of quantum groups, see
for example [Dri87].
They have been generalized [MW15] to Lie n-bialgebras (the case n � 1 has been studied
previously in [Mer06, Mer09] ). They are given on some graded vector space V by a Lie
bracket r�,�s : V b V Ñ V of degree 0 and a Lie cobracket ∆ : V rns Ñ V rns b V rns of
degree �n satisfying a modi�ed compatibility condition

∆prv, wsq �
¸

v1 b rv2, ws � rv, w1s b w2 � p�1qp|v|�nqp|w|�nqprw, v1s b v2 � w1 b rw2, vsq.

Write Liebn for the properad governing Lie n-bialgebras. Our main interest lies in the degree
shifted properad of Lie bialgebras Liebc,d de�ned by

Liebc,d :� Liebc�d�2t1� cu.
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The properad Liebc,d can be described more explicitly as follows: consider the free properad
E spanned by the S bimodule E � tEpm,nqu given by

Epm,nq :�

$''&''%
sgnb|c|2 b 12rc� 1s � spanx

1 2
� p�1qc

2 1
y if m � 2,n � 1,

12 b sgnb|d|2 rd� 1s � spanx
1 2

� p�1qd
2 1

y if m � 1,n � 2,

0 otherwise.

The properad of Lie bialgebras Liebc,d is given by the quotient of the free properad FreexEy{I
by the ideal I generated by the elements below:$''''''''''&''''''''''%

3
21

� 2
13

� 1
32

3
21

� 2
13

� 1
32

1 2

1 2

�
1

1

2

2

� p�1qd
1

2

2

1

� p�1qc�d
2

2

1

1

� p�1qc
2

1

1

2

.

Its minimal resolution HoLiebc,d is generated by the S-bimodule E � tEpm,nqum,n¥1,m�n¥3

given by

Epm,nq � sgnb|c|m b sgnb|d|n r�p1� cp1�mq � dp1� nqqs � spanx
1 m

1 n� � �

� � �
y.

Its di�erential acts on the generators by

δ
1 m

1 n� � �

� � �
�

¸
I1\I2�t1,���mu
J1\J2�t1,��� ,nu

|I1|,|J2|¥0
|I2|,|J1|¥1

�
� � �

� � �

I1

J1

� � �

� � �

J2

I2

, (2.5)

where the explicit signs can be found in [Mer06].

2.10 Coloured operads

Let C � tc1, � � � , cNu be a collection of colours and let G � G÷ be the collection of directed
pm,nq-graphs of genus 0 and with exactly one output hair. For any Γ P G we assume that
there is a partition of the set of half-edges

HpΓq � Hc1pΓq \ � � � \HcN pΓq,
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i.e. we decorate half-edges with elements of C. We require in addition that any two half-
edges forming an edge in Γ are coloured by the same element in C. We denote the set of
such graphs GC and de�ne a C-coloured operad P as a GC algebra.
More intuitively, a C-coloured operad P can be seen as an operad whose inputs and output
are decorated by elements of C and such that for any p, q P P the composition p �i q is zero
unless the ith input of p and the output of q have the same colour.
For example, let V and W be two vector spaces. Then the the 2-coloured endomorphism
operad EndV,W is de�ned by the S-bimodule

EndV,W pnq �
nà

k�0

pHomVectKpV
bk bWbn�k, V q ` HomVectKpV

bk bWbn�k,W qq.

Coloured operads play a crucial role in Chapter 6 where we de�ne a 2-coloured version of
the operad of graphs.
We refer the reader to [Mar04, Yau16] for additional details.

2.11 Polydi�erential functors

In the paper [MW20] the authors constructed an endofunctor in the category of (augmented)
PROPs

D : Props ÝÑ Props

with the main property that for any PROP P and any representation P Ñ EndV in some
dg vector space V , there is an induced representation of DpPq Ñ EnddV in the symmetric
tensor algebra dV , given in terms of polydi�erential (with respect to the standard product
in dV ) operators.
By passing to the PROP closure of a properad P one obtains an endofunctor

D : Properads ÝÑ Properads

and the properad DpPq can be described as follows: any element p P P can be pictorially
represented by a decorated graph

p

1 m

1 n
� � �

� � �
.

Generators of DpPq are given by such decorated graphs together with partitions of the input
and output edges, for example
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1 2
3

1

3 4

1

4 5

2

.

By joining all the input or output edges of each partition class we obtain the following graph

1 2
3

1

4 5

2

P DpPqp2, 5q.

Note that we allow input or output vertices which are isolated, i.e.

1 2
3

1

4 5

2

6
P DpPqp2, 6q.

The properadic composition p �j i q of two elements p, q P DpPq is done in multiple steps : we
delete the output vertex j of q and the input vertex i of p. We then sum over all attachments
of the output vertices labelled j to the input edges labelled i or to the output vertices in
the connected component of the vertex i in p. Last we sum over all possible attachments of
the remaining input edges labelled i to the input vertices of the connected component of the
vertex j in q.
For example

1 2

1
�1 1

a b

1
�

a b

1

2

�

a b

1

3

� 2

a b

1

2 .

Remark 2.11.1. The general properadic composition p �i1,��� ,ik j1,��� ,jk
q is de�ned as above

except that we follow the above procedure for each pair pil, jlq simultaneously.

The properad DpPq contains a suboperad OpPq given for n ¥ 1 by

OpPqpnq :� DpPqp1, nq.

This operad was studied in an earlier paper [MW15] as a functor

O : Props ÝÑ Operads
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having a similar property to the functor D: for any representation of a PROP P Ñ EndV of
some PROP P in a dg vector space V , there is an induced representation OpPq Ñ EnddV

of the polydi�erential operad OpPq in the symmetric tensor algebra dV .
We will use the following fact in the proof of Corollary 4.3.8:

Fact 2.11.2. [MW20] The functor D is exact.

By applying the functor O to the (PROP closure of the) operad Lied we obtain the operad
OpLiedq of polydi�erential Lie algebras whose study is the main focus of Chapter 4.
The second important example is the properad DpLiebc,dq of polydi�erential Lie bialgebras,
studied in Chapter 5.
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Chapter 3

On graph complexes and deformation

theory of properads

3.1 Deformation complexes

We follow [MV09] to introduce deformation complexes of morphisms of properads, which are
of central importance for the remainder of this thesis.
We restrict ourselves now to the case P � FreexEy for some S-bimodule E. In this case the
space of derivations can be identi�ed as a graded vector space with¹

m,n¥1

HompEpm,nq,Qpm,nqq

where HompEpm,nq,Qpm,nqq is the set of all morphisms of Sm�Sn-bimodules from Epm,nq

to Qpm,nq. The deformation complex DefpP f
Ñ Qq is de�ned as a graded vector space by

DefpP f
Ñ Qq �

¹
m,n¥1

HompEpm,nq,Qpm,nqqr�1s.

Theorem 3.1.1. [MV09]

The deformation complex DefpP f
Ñ Qq is equipped with the structure of a �ltered Lie8

algebra whose di�erential is given by (2.1). If P is quadratic then the deformation complex
is equipped with a dg Lie algebra structure.

Remark 3.1.2. If P is not free, we will pass to a minimal resolution π : P̃ Ñ P and de�ne
the deformation complex of f as the deformation complex of the composition f � π, i.e.

DefpP f
Ñ Qq :� DefpP̃ f�π

Ñ Qq.

The following result will be used in the proof of Corollary 4.3.8:
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Fact 3.1.3. [MV09]
Let f : P Ñ Q1, s : Q1 Ñ Q2 be morphism of dg operads such that s is a quasi-isomorphism.
Then there is a quasi-isomorphism

DefpP f
Ñ Q1q � DefpP s�f

Ñ Q2q.

3.2 Deformation complex of the operad of Lie algebras

We consider the deformation complex of the identity morphism id : Lied Ñ Lied. As a
graded vector space it is given by

DefpLied
id
Ñ Liedq � DefpHoLied

id�π
Ñ Liedq �

±
n¥1 rEpnq

� b Liedpnqs
Snr�1s

�
±

n¥1 rsgn
b|d|
n b Liedpnqs

Snrd� dns.

The map id � π : HoLied Ñ Lied Ñ Lied induces a di�erential as follows: an element
F P rsgnb|d|n b Liedpnqs

Sn can be interpreted as the image of

21 n� � �

under a derivation D : HoLied Ñ Lied. The di�erential is given by

δD �
¸

n�n1�1 � � �

n1

Dp q � p�1q|D|
¸

n�n1�2
� � �

n1

Dp q
.

The cohomology of this deformation complex is quite simple:

Fact 3.2.1. [Wil15a]

HpDefpLied
id
Ñ Liedqq � spanx

1 2

y.

By using Fact 3.1.3 we see that the cohomology ofDefpHoLied
id
Ñ HoLiedq is one-dimensional.

Now consider for λ P K� the map ϕλ, de�ned by

ϕλp
1 n

· · ·
q :� λn�1

1 n
· · ·

.

This is an automorphism of HoLied. We compute that,

dϕλ

dλ

���
λ�1

p
1 n

· · ·
q � pn� 1q

1 n
· · ·

,
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which implies that Λ :�
°

n¥2 pn� 1q
1 n

· · ·
P DefpHoLied Ñ HoLiedq is a cohomology class

and that

H0pDefpHoLied Ñ HoLiedqq � spanxΛy.

3.3 Deformation complex of the properad of Lie bialge-

bras

We are interested in the deformation complexes DefpLiebc,d
id
Ñ Liebc,dq which will be en-

countered in Chapter 5. By Fact 3.1.3 we know that there is a quasi-isomorphism

DefpHoLiebc,d
id
Ñ HoLiebc,dq ÝÑ DefpLiebc,d

id
Ñ Liebc,dq.

The complex DefpHoLiebc,d
id
Ñ HoLiebc,dq is given as a graded vector space by

DefpHoLiebc,d
id
Ñ HoLiebc,dq �

¹
m,n¥1

pHoLiebc,dpm,nqbsgnb|c|m bsgnb|d|n qSm�Snrcp1�mq�dp1�nqs

Thus an element of DefpHoLiebc,d
id
Ñ HoLiebc,dq can be understood as a formal sum of

elements of HoLiebc,d whose outputs (respectively inputs) are (skew)symmetrized according
to the parity of c (respectively d). The di�erential δ acts on an element Γ by

δpΓq � δ1pΓq �
¸

Γ

� � �

� � �
�
¸ Γ� � �

� � �

where δ1 acts as in p2.5q.
The authors of [MW18a] constructed an explicit morphism of dg Lie algebras

OGCc�d�1 ÝÑ DerpHoLiebc,dq � DefpHoLiebc,d
id
Ñ HoLiebc,dqr1s, (3.1)

which is a quasi-isomorphism up to one class represented by

¸
m,n

pm� n� 2q
� � �

� � �
m

n

.

Here OGCc�d�1 is the oriented graph complex. It can be explicitly described as follows:
given a graph Γ P OGCc�d�1 the associated derivation DΓ is de�ned by its image on the
generators of Lieb8
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DΓp

1 m

1 n
� � �

� � �
q �

¸
fin:rnsÑV pΓq
fout:rmsÑV pΓq

Γ

1 m

1 n
� � �

� � �

where the last sum is taken over all attachments of labelled input and output hairs to the
vertices of Γ under the condition that all vertices have valency at least 3 and at least one
input or output hair attached.

3.4 The di�erent �avours of graph complexes

3.4.1 Undirected graph complexes

Recall that there is a morphism of operads Lied Ñ Grad given by (2.4). We de�ne the full
graph complex as the deformation complex

fGCd :� DefpLied ÝÑ Gradq.

Elements of fGCd can be interpreted as connected graphs together with an ordering of the
edges, up to an even permutation when d is even, while for d odd, we assume an ordering
of the vertices, up to even permutations, together with a choice on the orientation of each
edge, up to a �ip yielding a multiplication by �1.
The cohomological degree of a graph Γ is given by

|Γ| � d#V pΓq � p1� dq#EpΓq � d

and its loop number is given by

gpΓq � #EpΓq �#V pΓq � 1.

Its di�erential can be represented by

δpΓq � �2
¸

vPV pΓq
Γ
�

¸
vPV pΓq

Γ �v ,

where the �rst term is given by summing over all attachments of a univalent vertex to a
vertex of Γ. There is a pre-Lie algebra structure � on fGCd de�ned for graphs Γ1 and Γ2 by

Γ1 � Γ2 �
¸

vPV pΓ1q

Γ1 �v Γ2 (3.2)

where Γ1 �v Γ2 is de�ned by inserting Γ2 into a vertex of Γ1. In particular there is a dg Lie
algebra structure on fGCd given by
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rΓ1,Γ2s � Γ1 � Γ2 � p�1q|Γ1||Γ2|Γ2 � Γ1.

We consider the subcomplexGCd � fGCd spanned by connected graphs with vertices having
valency at least 3. Let GC2

d :� p
À

p¥1
p�2d�1 mod 4

Krd� ps, 0q. It has been shown [Wil15a]

that the natural projection fGCd Ñ GC¥2
d :� GCd ` GC2

d is a quasi-isomorphism, i.e.
HpGC¥2

d q � HpfGCdq.
One of the main results known about graph cohomology was obtained by Thomas Willwacher
in [Wil15a] and states the following:

Theorem 3.4.1. For d � 2 one has

H0pGC2q � grt1,

where grt1 denotes the Grothendieck-Teichmüller Lie algebra (see 3.5 for the de�nition).

It has been shown [RW14] that HpGC2q contains the so-called wheel classes w2n�1 given by

w3 �

w5 � � 5
2

� � � � � � �

w2n�1 � � � � �
°2n�1

p�4 λpΓ
p,

where Γp is a linear combination of graphs with exactly one vertex of valency p and all other
vertices of valency strictly less than p and λp is some coe�cient.

3.4.2 Directed graph complexes

There is a directed version dGCd�1 of GC¥2
d�1 where directions on edges are �xed. As

there is a quasi-isomorphism of dg Lie algebras [Wil15a] which sends every edge to a linear
combination

ÞÝÑ � p�1qd�1

we do not gain anything on the cohomological level. There are however multiple subcom-
plexes which are of interest for this thesis, the most notable one being the oriented graph
complex fOGCd�1 spanned by graphs which are connected and oriented, and OGCd�1 �
fOGCd�1 where we require that each vertex has to be of valency at least 2 and passing
vertices are forbidden, i.e. vertices of the form

.
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Example 3.4.2.

R fOGCd�1, R OGCd�1, P OGCd�1.

The cohomology of OGCd�1 has been computed �rst in [Wil15b] where it was shown that

HpGC¥2
d q � HpOGCd�1q

as graded Lie algebras. A second proof of this isomorphism has been found in [�20] by
constructing an explicit morphism

pGCdq
� ÝÑ pOGCd�1q

�

between the dual graph complexes. Note that this map does not respect the Lie co-algebra
structures and thus the isomorphism on cohomology is only of graded vector spaces. Here
OGCd�1 denotes a reduced version introduced in op. cit. A third proof of this isomorphism
of graded vector spaces was given in [Mer25].

3.4.3 Reduced graph complexes

Let GCd�1 be a complex spanned by graphs with all vertices of valency at least 3 and two
types of edges, solid edges with �xed direction and of degree �d and dotted edges

� p�1qd of degree 1� d.
The cohomological degree of a graph Γ is given by the formula

|Γ| � pd� 1q#V pΓq � d#EsolpΓq � p1� dq#EdotpΓq � pd� 1q.

The di�erential δ1 � δ consists of a part δ1 which changes types of edges

ÞÝÑ

while δ acts by vertex splitting

ÞÝÑ .

We consider an oriented subcomplex OGCd�1 which is spanned by graphs which have no
closed cycled of directed edges, i.e. dotted edges are considered impassable. For example
the "cycle"

is allowed.
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There is an explicit quasi-isomorphism [�20]

OGCd�1 ÝÑ OGCd�1 (3.3)

sending each dotted edge to the linear combination

ÞÝÑ
1

2
p � q.

It was shown in [Mer25] that the same map de�nes a quasi-isomorphism

GCd�1 ÝÑ dGCd�1.

In Chapter 7 we will construct a Lie bracket on GCd�1 (and OGCd�1) such that (3.3) is a
quasi-isomorphism of dg Lie algebras.
We refer the reader to [Mer25] for a more detailed treatment of these complexes.

3.5 The Grothendieck-Teichmüller group and its Lie al-

gebra

The Grothendieck-Teichmüller group GRT1 and its Lie algebra grt1 were introduced by
V. Drinfeld in [Dri90] in the study of quasi-Hopf algebras and number theory. The group
GRT1 found applications in deformation quantization of Poisson structures [Kon03] and of
Lie bialgebras [Dri92, EK96, MW18b], in the Lie theory [AT12] and many other areas of
mathematics.
The Lie algebra grt1 found applications in the theory of moduli spaces of curves [CGP21]
and is of special importance for this thesis. The Deligne�Drinfeld�Ihara conjecture states
that grt1 is the completion of a free Lie algebra generated by formal variables of degree
2n � 1 for n ¥ 1. In view of Theorem 3.4.1, the wheel classes w2n�1 studied in [RW14] are
the conjectural generators. The inclusion of such a free Lie algebra has been proved by F.
Brown in [Bro12].
We recall for completeness the de�nition of the group GRT1 following [Wil15a].
Consider F2 � KxxX, Y yy the completed free associative algebra generated by X, Y . De�ne
a coproduct ∆ by setting ∆X � Xb1�1bX and ∆Y � Y b1�1bY . An element α P F2

is called group-like if ∆α � α b α.
We also need the Drinfeld-Kohno Lie algebra tn de�ned by generators tij � tji for 1 ¤ i, j ¤ n
,i � j, which satisfy rtij, tik � tkjs � 0 and rtij, tkls � 0 for any distinct i, j, k, l.
The Grothendieck-Teichmüller groupGRT1 is de�ned to be set of group-like elements α P F2

which satisfy the following relations

αpt12, t23 � t24qαpt13 � t23, t34q � αpt23, t34qαpt13 � t13, t24 � t34qαpt12, t23q
1 � αpt13, t12qαpt13, t23q

�1αpt12, t23q
αpx, yq � αpy, xq�1.
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The group structure is given by

α1pX, Y q � α2pY,Xq � α1pX, Y qα2pX,α1pX, Y q�1Y α1pX, Y qq.

The Grothendieck-Teichmüller Lie algebra grt1 is given by the elements α P F̂2pX, Y q, the
completed free Lie algebra generated by X, Y , satisfying

αpt12, t23 � t24q � αpt13 � t23, t34q � αpt23, t24q � αpt12 � t13, t24 � t34q � αpt12, t23q
αpX, Y q � αpY,�X � Y q � αp�X � Y,Xq � 0

αpX, Y q � �αpY,Xq.
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Chapter 4

Polydi�erential Lie algebras and graph

cohomology

This section is taken from the paper [Wol23]:

4.1 Operad of polydi�erential Lie algebras

When P is an operad we consider its PROP closure, which we denote P̄ . The elements of
the PROP closure are given by disjoint unions of elements of P with inputs and outputs
labelled di�erently. For example

1

1 2

3

2

4 5

P Liedp2, 5q.

We are mainly interested in the operad OpLiedq obtained by applying the functor O to
the PROP closure of the operad of degree d shifted Lie algebras. Elements of OpLiedq are
obtained joining the outputs of an element of the PROP closure of Lied to a new white
vertex and also by partitioning all of the input legs into groups and joining each group them
to a new labelled white vertex. For example

31 2 4

. P OpLiedqp4q.

The black vertices are called internal vertices and edges between internal vertices are called
internal edges. By erasing all white vertices we obtain a collection of disjoint trees which
will be called internal irreducible components (i.i.c.).
Note that for d even we implicitly assume an ordering of the internal edges as well as an
ordering of the in-edges of the white out-vertex (up to a sign). For d odd, we assume
implicitly an ordering of the internal vertices as well as an ordering (up to a sign) of the
out-edges attached to each white in-vertex.
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The compositions Γ1 �i Γ2 in OpLiedq work as follows: �rst we erase the white out-vertex
of Γ2 and the ith white in-vertex of Γ1. This step creates many "hanging" out-edges in Γ2

and in-edges in Γ1. Second we sum over all possible attachments of the hanging out-edges
of Γ2 to the hanging in-edges of Γ1 and the white out-vertex of Γ1. Finally we sum over all
attachments of remaining in-edges of Γ1 to the white in-vertices of Γ2.

Example 4.1.1. 1)
1 2

�2
a b

�
1

a b

�
1 a b

�
1 a b

.

2)
1 2 3

�1
a b

�
a b

2
3

�
a b 2 3

�
a b 2 3

.

We de�ne OcpLiedq to be the suboperad spanned by connected graphs, i.e. we assume that
the graphs remain connected when we erase the white output vertex.

Lemma 4.1.2. There is a morphism of operads

i : Lied ÝÑ OcpLiedq (4.1)

given by

1 2

ÞÝÑ
1 2

.

Proof. It su�ces to check that the Jacobi identity is mapped to 0. Indeed we need that

1

2 3

�
1 2 3

�
1 2 3

�
3

1 2

�
3 1 2

�
3 1 2

�
2

3 1

�
2 3 1

�
2 3 1

vanishes. This expression reduces to

1 2 3

�
1 2 3

�
3 1 2

�
3 1 2

�
2 3 1

�
2 3 1

.

If d is odd we observe that
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1 2 3

� �
2 3 1

and thus for any permutation of t1, 2, 3u. For d even we see that

1 2 3

1 2 � �
2 3 1

1 2 .

In any case we see that the Jacobi identity is mapped to zero.

Remark 4.1.3. The map

Ass ÝÑ OpAssq

1 2

ÞÝÑ
1 2

is not a morphism of operads as the associativity condition is not mapped to zero. Indeed
the associativity condition would require that the following relation vanishes:

3

1 2

�
1 2 3

�
1 2 3

�
1

2 3

�
1 2 3

�
1 2 3

.

This relation simpli�es to

1 2 3

�
1 2 3

,

and thus it does not vanish.

4.2 Kontsevich graph complex from the operad of Lie

algebras

There is a relation between the operad of graphs and the operad OpLiedq.

Lemma 4.2.1. Let I be the ideal in the operad OcpLiedq linearly spanned by graphs having
at least one internal edge. Then the quotient operad can be identi�ed with the operad Grad,
i.e.

OcpLiedq{I � Grad.
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Proof. The operad OpLiedq{I is generated by elements Γ of the form

1 2 ... n

· · · ,

i.e. graphs where each irreducible component has a unique black vertex.
Consider the linear map

α : OcpLiedq{I ÝÑ Grad

Γ ÞÝÑ αpΓq,

where αpΓq is a graph in Grad which by de�nition has labelled white vertices identical to
the white vertices of Γ, while the edges between vertices in αpΓq correspond to irreducible
components in Γ. If d is even the ordering of edges attached to the white output vertex of
Γ induces an ordering of the edges in αpΓq. For d odd, an orientation of the edges in αpΓq
is given by the ordering of the output edges attached to the white input vertices,

i j

ÝÑ i j .

Conversely given a generator g P Grad we can construct a generator Γ P OcpLiedq with white
input vertices corresponding the vertices of g and each edge corresponds to one irreducible
component between the two output vertices. It follows that α de�nes a bijection on generators
and it remains to show that it respects operadic compositions. By its very de�nition as
qoutient operad, for generators Γ1,Γ2 P OcpLiedq, the operadic composition Γ1 �i Γ2 is given
by erasing input vertex i of Γ1 and summing over all attachments of the hanging edges to
the input vertices of Γ2. This corresponds by de�nition of Grad to the operadic composition
αpΓ1q �i αpΓ2q and the result follows.

This map α induces a map OcpLiedq Ñ OcpLiedq{I Ñ Grad and thus a map of the defor-
mation complexes

F : DefpLied Ñ OcpLiedqq Ñ fGCd.

We can now state the main theorem:

Theorem 4.2.2. The map F is a quasi-isomorphism.

Proof. Recall that the natural projection fGCd Ñ GC¥2
d � GC2

d ` GCd is a quasi-
isomorphism and thus it is enough to show that the map C :� DefpLied Ñ OcpLiedqq Ñ
GC¥2

d is a quasi-isomorphism.
We notice that the generators of OcpLiedq can be suitably represented as connected graphs
having two types of vertices, the white vertices corresponding to the input vertices and the
star vertices corresponding to the irreducible connected components. This graph is obtained
by �rst erasing the output vertex and all attached edges. Then we contract the internal
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vertices of each irreducible component to a single vertex, denoted , which is decorated
by the internal irreducible component it originates. Last, the star vertices corresponding to

is replaced by an edge between the associated white vertices.

Example 4.2.3.

21 3

ÝÑ

1 2 3

2

11

21 3

ÝÑ

1 2 3

2

21

An edge between a white vertex and a star vertex is called star edge. Note that by construc-
tion, there are no edges between star vertices.
The complex C splits as a direct sum C � pC¤1, δq ` pC¥2, δq where C¤1 is generated by
graphs with all white vertices having valency less or equal to 1 and C¥2 is generated by
graphs with at least one white vertex of valency at least 2.
The complex C¤1 is acyclic. Indeed this complex is equal to

pspanx , , ... y, δq.

As the di�erential δ cannot create univalent white vertices we see that the complex where we
omit the �rst graph is isomorphic to DefpLied Ñ Liedq. As this complex is one-dimensional

with unique cohomology class given by , the equality δ

�� �
 � and the

above isomorphism imply that C¤1 is acyclic.

Hence it is enough to prove that the restriction f : pC¥2, δq Ñ pGC2
d, 0q ` pGCd, δq is

a quasi-isomorphism. On the right-hand side we consider a �ltration on the number of
vertices. Then on the �rst page the induced di�erential vanishes and the second page is
equal to pGC2

d, 0q ` pGCd, δq.
On the left-hand side we consider a �ltration de�ned by

F�p � span of graphs with #twhite vertices of valency at least 3u�3#tinternal edgesu ¥ p.
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There is exactly one situation where the number of vertices of valency at least 3 is decreasing.
Let v be a vertex of valency exactly 3, e.g. consider

v

Then the di�erential can split v in to two bivalent vertices u and w. In the above example
the di�erential creates (up to changing u and w) three such terms

u w

,

u w

,

u w

.

Hence the number of white vertices of valency at least 3 can decrease by 1 but note that an
internal edge needs to be created. In this case the number F�p increases by 1 and hence is
respected by the di�erential.
As the di�erential does not create new univalent vertices we see that the di�erential δ0 on
the �rst page can only create new white bivalent vertices. As the number of star vertices
is preserved, we have a direct sum decomposition grC¥2 �

À
N¥0CN where CN is the

subcomplex spanned by graphs with N star vertices. It has been proven in [Wil15a] that
HpC0, δ0q � GC2

d `GCd. It remains to show that p
À

N¥1CN , δ0q is acyclic.
The di�erential δ0 can be represented by

δ0pΓq � �2
¸

vPVinpΓq
Γ
�

¸
vPVinpΓq

Γ �v

where VinpΓq denotes the set of white vertices of Γ. The �rst part is given by summing over
all attachments of a new univalent white vertex to a white vertex of Γ. The term Γ o1v is
given by splitting the white vertex v and summing over all attachments of the half-edges pf
v to the two newly created vertices. As the graphs Γ are connected this di�erential is equal
to

δ0pΓq �
¸

vPVinpΓq

valency of v ¥ 2

Γ �v ,

where we omit the summands creating a univalent vertex.
We show that the complex spanned by graphs having at least one star vertex and at least
one white vertex with valency at least 2 is acyclic. It is enough to show that the complex
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imin · · ·
imin · · · · · ·

imin · · · · · ·

Figure 4.1: The di�erent types of antennas.

spanned by such graphs with a labelling of star edges with integers is acyclic. In particular
the set of star edges is totally ordered. Consider the star edge with minimum label which
is attached to a white vertex of valency at least 2. We call antenna the sequence of white
vertices starting from imin and ending with a white vertex of valency di�erent from 2

or a star vertex. The two-valent white vertices of this sequence are called antenna vertices.
Consider a �ltration by the number of non-antenna vertices. To �nish the argument it is
su�cient to observe that the graphs with no antenna vertices and graphs with an antenna
given by

imin

are not cocycles and we conclude that p
À

N¥1CN , δ0q is acyclic.
On the second page of the spectral sequence, there is a map

pH�pC0, δ0q, δ1q ÝÑ pGC2
d, 0q ` pGCd, δq,

where H�pC0, δ0q � GC2
d `GCd as vector spaces and δ1 is the di�erential which increases

the value of the parameter of the �ltration by 1. Hence δ1 cannot create new star vertices
(as this gives an increase by at least 2) and thus δ1 can only split white vertices as the usual
di�erential in GCd. Finally, this shows that we have an isomorphism of complexes on the
second page and the result follows.

As a corollary we obtain

Corollary 4.2.4.

H
pDefpLied
i
Ñ OcpLiedqqq � GC2

d `H
pGCdq

In particular

H0pDefpLie2 Ñ OpLie2qqq � grt1.
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Another application is the following: we know that DefpLied
i
Ñ OcpLiedqq controls the

in�nitesimal homotopy non-trivial deformations of i, which are given by H1pDefpLied
i
Ñ

OcpLiedqqq � H1pGC2
dq ` H1pGCdq, while the obstructions to extending an in�nitesimal

deformation ∆ of i to a genuine morphism of (completed) operads

i∆ : HoLied Ñ OcpLiedq

lie in H2pGC2
dq `H2pGCdq.

Remark 4.2.5. We assume from now on that our operads are completed in the sense that we
allow formal in�nite sums.

We now consider the case d � 1 corresponding to the operad of usual Lie algebras. It is
noticed in [Wil15b] that H1pGC2

1q � 0 while H1pGC1q is one-dimensional and is generated
by the theta graph

∆ :�
1 2

.

Therefore the standard morphism i : Lie Ñ OcpLieq admits precisely one homotopy non-
trivial in�nitesimal deformation corresponding to the above mentioned theta graph, which
in our approach is incarnated as the following element in OcpLieq:

1 2
�

1 2

.

Moreover the second cohomology group is generated by

1 2

3

.

This obstruction cohomology class cannot be hit when we try to extend the in�nitesimal
deformation ∆ to a genuine deformation (cf. [Wil15b] Section 5). Hence we conclude that
the standard morphism i : LieÑ OcpLieq admits precisely one (up to homotopy equivalence)
non-trivial deformation. Remarkably, this unique non-trivial deformation is directly related
to the universal enveloping construction and the PBW theorem as we show in Section 4.4.

4.3 Gutt quantizations

Let V be a Lie algebra with Lie bracket r�,�s. This datum is equivalent to a morphism of
operads

ρ : Lie ÝÑ EndV .

Using the functor O, we see that there is an associated morphism of operads
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ρ̂ : OpLieq ÝÑ EnddV

given by polydi�erential operators.
The space dV can be canonically given a structure of an associative algebra, with product
denoted by �, as follows: denote by UV the universal enveloping algebra of V , i.e.

UV :� T V {xv1 b v2 � v2 b v1 � rv1, v2s|v1, v2 P V y,

where T V :�
À

n¥0

Ân V is the tensor algebra. Then UV is an associative algebra with
product d given by b mod I.
The spaces dV and UV are related as vector spaces by the Poincaré-Birkho�-Witt (PBW)
theorem:

Theorem 4.3.1. As a vector space dV � UV .

More precisely consider the linear map

σ : dV ÝÑ UV
v1 d � � � d vn ÞÝÑ

°
τPSn

1
n!
vτp1q b � � � b vτpnq.

By PBW this is an isomorphism of vector spaces and this allows us to de�ne a product of
p, q P dV by

p � q :� σ�1pσppq � σpqqq.

It has been shown [Kat98, Gut11] that

p � q � pd q �
¸

m,n¥1

Bm,npp, qq, (4.2)

where Bm,n are bi-di�erential operators of order m on p and order n on q. The product � is
called U -star product.
If p and q are polynomials, then the right-hand side is a �nite sum. If we try to extend
p4.2q to general smooth functions on V �, then the sum can be in�nite and thus we run into
convergence issues. This can be solved by introducing a parameter ℏ and by working with

UℏV :� T V rrℏssxv1 b v2 � v2 b v1 � ℏrv1, v2s|v1, v2 P V y.

Example 4.3.2. 1) If v1, v2 P V , then

v1 � v2 � v1 d v2 �
ℏ
2
rv1, v2s. (4.3)
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2) Let ev1 , ev2 P C8pV �q for v1, v2 P V . Then

ev1 � ev2 � eCBHpv1,v2q,

where CBHpv1, v2q denotes the Campbell-Baker-Hausdor� series

CBHpv1, v2q � v1 � v2 �
ℏ
2
rv1, v2s �

ℏ2

12
prv1, rv1, v2ss � rrv1, v2s, v2sq � � � � .

We conclude that the U -star product gives us a map UV : AssÑ EnddV . As this map does
not depend on the choice of V and is given by polydi�erential operators, we infer that it
factors through OpLieq, i.e.

Ass OpLieq

EnddV

U

UV
ρ̂ ,

for some morphism U of operads satisfying the non-triviality condition

1 2

ÞÝÑ
1 2

�
1

2
1 2

� terms with at least two internal vertices. (4.4)

This motivates the following de�nition:

De�nition 4.3.3. Any morphism of operads U : AssÑ OpLieq satisfying p4.4q is called an
S. Gutt quantization.

That the standard universal enveloping construction gives us an example of such a quanti-
zation was �rst noticed by Simone Gutt in [Gut11]. We classify below all such quantizations
up to homotopy equivalence, and prove that they are all gauge equivalent to the universal
enveloping one.

Theorem 4.3.4. Let U be an S. Gutt quantization. Then the cohomology of DefpAss
U
Ñ

OpLieqq is one-dimensional.

Proof. Recall that by its very de�nition the deformation complex DefpAss
U
Ñ OpLieqq is

given by ¹
n¥1

Asspnq� b pOpLieqpnqqSnr�1s �
¹
n¥1

pOpLieqpnqqSnr1� ns

equipped with the di�erential d associated to U .
Consider a �ltration by the number of internal vertices. As the di�erential d acts (up to
signs) by the composition of an element Γ P DefpAss

U
Ñ OLieq with the right-hand side of
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p4.4q we see that d respects the �ltration and we consider the associated spectral sequence
pEn, dnqn¥0. The di�erential on the �rst page is only induced by the �rst term of U . We
observe that if Γ is connected, then the surviving terms are also connected and the di�erential
is given by

d0Γ �
¸
i

δipΓq,

where i ranges over the number of white vertices and δi acts by

δi
i
· · ·
I

�
¸

I�I1\I2
|I1|,|I2|¥1

i1

· · ·
i2

· · ·
I1 I2

,

This follows from the fact that the two terms with a disconnected white vertex only di�er
swapping i1 and i2 and thus by the skew-symmetrization of labels of white vertices these
terms are opposites. In particular δipΓq � 0 and d0pΓq � 0 if all white vertices are univalent.
In [Mer11] it has been shown that the cohomology on the �rst page HpE0, d0q is linearly
spanned by graphs with all white vertices univalent and skew-symmetrized.
This complex can be identi�ed with the one in which white vertices are removed and where
the outputs are symmetrized and the inputs are skew-symmetrized. This space can be
identi�ed with the deformation complex of the PROP extension of Lie,DefpLieÑ LieqPROP
which in turn is isomorphic, as proven in [MV09], to dpDefpLieÑ Lieqoperadr�1sqr1s. Since
we are working over a �eld we see that the cohomology of this space is one-dimensional as
the cohomology of DefpLieÑ Lieqoperad is concentrated in degree 1.

Corollary 4.3.5. Let U be an S. Gutt quantization. Then the map

DefpLieÑ Lieq ÝÑ DefpAss
U
Ñ OpLieqq

is a quasi-isomorphism.

We will now generalize the above results to Lie8 and Ass8 structures.
Let V be a Z-graded vector space.

De�nition 4.3.6. A homotopy S. Gutt quantization is a morphism of dg operads

φ : Ass8 ÝÑ OpLie8q
satisfying

1 n
· · ·

ÞÝÑ

$''''&''''%
1 2

� 1
2

1 2

� terms with at least two internal vertices. if n � 2,

1
n!

1 n
· · ·

� terms with at least two internal vertices if n ¥ 3.
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Example 4.3.7. 1) The constructions given by Baranovsky [Bar08], Moreno-Fernández
[MF22] and Lada and Markl [LM95] can be interpreted as such maps.

2) The Kontsevich formality map [Kon03] implies this formula, but as a map to a wheeled
version OpLie÷8q which is ill-de�ned for in�nite-dimensional Lie algebras. This was
resolved by Shoikhet in [Sho01] by showing that wheels can be set to zero and thus we
get a map of the desired form.

Corollary 4.3.8. Let φ be a homotopy S. Gutt quantization. Then the complexDefpAss8
φ
Ñ

OpLie8qq is one-dimensional. In particular the map

DefpAss8
φ
Ñ OpLie8qq � DefpLie8 Ñ Lie8q.

is a quasi-isomorphism.

Proof. Since the canonical map π : HoLie1 Ñ Lie is a quasi-isomorphism and the functor O
is exact, we see that the map Opπq is a quasi-isomorphism. Hence the deformation complexes

DefpAss8
φ
Ñ OpHoLie1qq and DefpAss8

Opπqφ
Ñ OpLieqq are quasi-isomorphic. In addition

the map Opπqφ : Ass8 Ñ OpLieq factors through Ass, i.e.

Ass8 Ass

OpLieq

π1

Opπqφ
U ,

where U is a S. Gutt quantization. Thus

HpDefpAss8
Opπqφ
Ñ OpLieqqq � HpDefpAss

U
Ñ OpLieqqq.

By Theorem 4.3.4 the cohomology HpDefpAss
U
Ñ OpLieqqq is one-dimensional and the

result follows.

This result fully agrees with the PBW theorem obtained in [KT23] using the bar-cobar
duality in the homotopy theory of operads.

4.4 On the unique non-trivial deformation of the map i

Let g be a Lie algebra over some �eld K with a countable basis ttiuiPI . Then dg can be
identi�ed with the polynomial ring KrtIs. The Gutt quantization formula or the PBW quan-
tization formula applied to polynomials P ptq and Qptq can be given in terms of di�erential
operators as follows (see Theorem 5 in [Bek05]):

P ptq �Qptq � expp
¸
i

tim
ip
B

Bu

B

Bv
qq P puqQpvq|u�v�t ,
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where mi is de�ned as follows: Let X �
°

i x
iti, Y �

°
i y

iti be arbitrary elements of g (we
understand the numerical coe�cients xi and yi as formal parameters). Then de�ne

mpX, Y q :� logpeXeY q �X � Y �
¸

tim
i
j1,��� ,jp,k1,��� ,kq

xj1 � � � xjpyk1 � � � ykq

and set mp B
Bu
, B
Bv
q to be the di�erential operator obtained from the above power series by

replacing each xj1 � � � xjp by B
Buj1

� � � B
Bujp

and similarly for yk1 � � � ykq . It is hard in general to
rewrite this formula in terms of our graphs as an explicit morphism of operads

Ass ÝÑ OpLieq

but for our purposes it is enough to see its quotient modulo the graphs I � OpLieq containing
at least one internal edge

Ass ÝÑ OpLieq{I � Gra1

whose value on the generator of Ass is given by the following element in Gra1

1 2 � 1 2 �
1

2 1 2
�

1

3! 1 2
� � � � .

which was found earlier in Appendix A of [KW�17].
After skew-symmetrization of the indices 1 and 2 this series simpli�es as follows

�
1

3!
�

1

5!
� � � � P fGC1

As we see the �rst non-trivial term is precisely our theta class in H1pGC1q, we complete the
proof that the composition

Lie ÝÑ Ass ÝÑ OpLieq,

is precisely the unique homotopy non-trivial deformation of the naive map i. Thus we proved
the following theorem:

Theorem 4.4.1. In the case d � 1 the natural map i : LieÑ OpLieq has a unique homotopy
non-trivial deformation J : LieÑ OpLieq corresponding to the composition

Lie ÝÑ Ass ÝÑ OpLieq,

where the �rst arrow is the canonical map of operads, and the second arrow is the universal
enveloping map.
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Chapter 5

Polydi�erential Lie bialgebras and

deformation theory of Lie bialgebras

This section is taken from the paper [Wol25]:

5.1 Polydi�erential functor on PROPs

In [MW20] there is an endofunctor in the category of (augmented) PROPs

D : Props ÝÑ Props
P ÞÝÑ DpP q,

with the property that for any representation P Ñ EndV of a PROP P in some dg vector
space V there is an associated representation DpP q Ñ EnddV of the polydi�erential PROP
DpP q in the symmetric tensor algebra dV , such that elements of P acts as polydi�erential
operators.
Our interest lies in the properad DpLiebc,dq (technically in a sub-properad derived from said
properad, see below) obtained by applying the above functor to the PROP closure Liebc,d of
the properad of Lie bialgebras. Generators of the PROP closure are given by disjoint unions
of elements in Liebc,d, e.g.

1 2

1 2 3

3
.

Given p P Liebc,d and a partition of the input and output vertices respectively, we obtain an
element of DpLiebc,dq by combining all input respectively output vertices in each partition
class into a single vertex. For example

1 2

1 1 2

2
ÝÑ

1

1

2

2
.
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For elements Γ1,Γ2 P DpLiebc,dq the properadic compositions Γ1 i1,��� ,ik �j1,��� ,jk Γ2 are de�ned
as follows: We �rst erase the input vertices i1, � � � ik of Γ1 and output vertices j1, � � � , jk of
Γ2. Then if the input vertex i is paired with the output j , we �rst sum over all possible
attachments of the input vertices labelled i and and output edges labelled j. Secondly we
sum over all possible attachments of the remaining input edges labelled i to the input vertices
of Γ2 and similarly for the remaining output edges labelled j.

Example 5.1.1. a)
1

1 2
1�2

1 2

1
�

1

1

2

2

�
1

1

2

2
.

b)
1 2

1
1�1

1 2

1
�

1 2

1 2

�
1

1

2

2
�

1

1

2

2
�

1

1

2

2
�

1

1

2

2
.

5.2 Properad of polydi�erential Lie bialgebras

Given the polydi�erential properad DpLiebc,dq associated to the properad of Lie bialgebras,
we consider a sub-properad DcpLiebc,dq, called properad of polydi�erential Lie bialgebras,
whose elements are required to be connected as graphs and remain connected if we delete
either the input or the output vertices. For example

1

1

2

2
P DcpLiebc,dq,

1 2

1 2 3

3
R DcpLiebc,dq.

An element of DcpLiebc,dq consists of three types of vertices, the output and input vertices,
which are at the top respectively at the bottom. We call the black vertices the internal
vertices and any edge between two internal vertices will be called an internal edge. The
graph induced by deleting the input and output vertices is in general not connected and
each connected component will be called an irreducible connected component.

Remark 5.2.1. The condition that the elements of DcpLiebc,dq are connected is in this case
equivalent to say that there is at least one irreducible connected component, i.e. we exclude

the element
1

1
.

We observe that the compositions in DcpLiebc,dq does not decrease the number of internal
edges and thus we can consider the quotient properad DcpLiebc,dq{I where I is the ideal
generated by all elements with at least one internal edge. This quotient can be fully described
using hairy graphs (see �5.3).
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Lemma 5.2.2. There is a morphism of properads

i : Liebc,d Ñ DcpLiebc,dq

given by $'''''&'''''%

1

1 2

ÞÝÑ
1

1 2

1

1 2

ÞÝÑ
1

1 2

.

Proof. The proof of the Jacobi and co-Jacobi identity follows from Lemma 4.1.2. It remains
to show that the compatibility condition is satis�ed in DcpLiebc,dq:

1 2

1 2

�
1

1

2

2
�

1

1

2

2
�

1

1

2

2
�

1

1

2

2

�

�� 1

1

2

2

�
1

1

2

2

�


�p�1qc

�� 1

2

2

1

�
1

2

2

1

�


�p�1qc�d

�� 2

2

1

1

�
2

2

1

1

�


�p�1qd

�� 1

1

2

2

�
2

1

1

2

�
.

This now follows from the observations

�

1

1

2

2
� p�1qd

2

1

1

2

�

1

1

2

2
� p�1qc�d

2

2

1

1

�

1

1

2

2
� p�1qc

1

2

2

1
.
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Remark 5.2.3. The above morphism is not well-de�ned for any properad generated by two
operations. Indeed if we consider the properad Assb of associative bialgebras, then it was
shown in Remark 4.1.3 that already the associativity condition fails.

The aim of this chapter is to study the deformation complex of the above morphism.

5.3 Complex of entangled graphs

De�nition 5.3.1. We de�ne the properad of entangled graphs Grac,d as the properad whose
elements are pairs of graphs pΓ1,Γ2q where Γ1 has an orientation induced for even c by an
ordering of the undirected edges e1 ^ � � � ^ e#EpΓ1q up to an even permutation, while an odd
permutation gives a multiplication by �1. For c odd we assume that edges are directed up
to a �ip and multiplication by �1. Similarly for Γ2. In addition we assume that Γ1 has
hairs labelled by the edges of Γ2 and vice-versa. Given two pairs pΓ1,Γ2q and pγ1, γ2q and
given vertices i1, � � � , ik P V pΓ1q and j1, � � � , jk P V pγ2q we de�ne the properadic composition
pΓ1,Γ2q i1,��� ,ik �j1,��� ,jk pγ1, γ2q is de�ned to be the pair pG1, G2q where G1 is the graph obtained
by erasing the vertices i1, � � � , ik of Γ1 and summing over all possible attachments of the half-
edges to the vertices of γ1. Similarly G2 is obtained by erasing the vertices j1, � � � , jk of γ2
and summing over all possible attachments of the half-edges to the vertices of Γ2.

Example 5.3.2. The properadic composition�� a

3

1 2

e1 e2
, 1 2

a

e1 e2

�

1,2�1,2

��� 1 2
b

E1 E2

,

b

3

1 2

E1 E2

��
�
¸

1¤i,j¤4

pΓ1i,Γ
2
jq

with

Γ11 �

a

1

2 3

e2
e1

b

E1 E2

, Γ12 �

a

1

2 3

e1 e2

b

E1 E2

, Γ13 �

a

1

2 3

e2 e1

b

E1 E2

, Γ14 �

a

1

2 3

e2

e1

b

E1 E2

,

and

Γ21 �

b

3

1 2
E2

E1

a

e1 e2

, Γ22 �

b

3

1 2

E1 E2

a

e1 e2

, Γ23 �

b

3

1 2

E2 E1

a

e1 e2

, Γ24 �

b

3

1 2

E2

E1

a

e1 e2

.

Lemma 5.3.3. Let I � DcpLiebc,dq be the ideal linearly spanned by graphs with at least one
internal edge. There is an explicit isomorphism of properads
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DcpLiebc,dq{I
F
ÝÑ Grac,d.

Proof. For a generator G

1 n

1 m

� � �

� � �

we associate a pair of graphs pΓ1,Γ2q as follows: the vertices of Γ1 respectively the vertices
of Γ2 correspond to the input respectively output vertices of G. There is an edge between
two vertices v1 and v2 of Γ1 if the corresponding input vertices are connected in G by a tree
of the form

w

v1 v2

,

for some output vertex w.
In addition each such tree points to exactly one output vertex of Γ2 to whom we add an hair
labelled by that edge.
Similarly the edges of Γ2 (and hairs of Γ1) are given by trees of the form

v

w1 w2

,

for some output vertices w1, w2 and input vertex v in G.
The properadic compositions in Grac,d are de�ned to make this map a morphism of prop-
erads. More precisely given F pG1q � pΓ1,Γ2q and given F pG2q � pγ1, γ2q we see that in the
properadic composition G1 i1,��� ,ik �j1,��� ,jk G2 deleting the input i of G1 and summing over
all attachments to the input vertices of G2 corresponds to deleting the vertex i of Γ1 and
summing over all attachments of the half-edges of i to the vertices of γ1.

Using the maps

Liebc,d Ñ DcpLiebc,dq Ñ DcpLiebc,dq{I Ñ Grac,d

we de�ne the complex of entangled graphs by the deformation complex fcGCc,d :� DefpLiebc,d Ñ
Grac,dq of the above composition. Its elements are given by pairs of graphs pΓ1,Γ2q with
(skew)symmetrized vertices depending on the parity of c respectively d. The di�erential δ is
given by

δpΓ1,Γ2q � δ1pΓ1,Γ2q � δ2pΓ1,Γ2q,
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where

δ1pΓ1,Γ2q �
¸

vPV pΓ1q

wPV pΓ2q

p
Γ
,Γw

2 q �
¸

vPV pΓ1q

wPV pΓ2q

pΓ1 �v ,Γw
2 q,

i.e. the �rst sum is given by attaching a univalent vertex with no hairs to any vertex of
Γ1, while the term Γ1 �v is given by splitting the vertex v and summing over all possible
attachments of its half-edges (including hairs) to the newly created vertices. For a vertex w
of Γ2 the graph Γw

2 is obtained by attaching an hair labelled by the new edge in Γ1 to the
vertex w. Similarly δ2pΓ1,Γ2q is given by switching the roles of Γ1 and Γ2.

Remark 5.3.4. a) We do not count hairs for the valency of a vertex.

b) If a vertex v P V pΓ1q is of valency at least one then the terms adding a univalent vertex
with no hairs are canceled with the similar terms created by splitting v. Note however
that univalent vertices with hairs can be created by the di�erential.

The cohomology of fcGCc,d is surprisingly simple as shown by the following theorem:

Theorem 5.3.5. The cohomology of fcGCc,d is two-dimensional and generated by p , q

and p , q.

Proof. Let fcGC0
c,d be the di�erential closure of the subspace

span
B
p , q, pΓ1,

EpΓ1q
q for Γ1 P fcGCc

F
.

Then the cohomology of fcGC0
c,d is two-dimensional. Indeed we �rst observe that δp , q � 0

and as by connectivity of the elements in fcGCc,d there has to be always an edge it has to

be a cohomology class. Similarly p , q is a cohomology class. In addition if #EpΓ1q ¥ 2

we have

δpΓ1,
EpΓ1q

q � pδΓ1,
EpδΓ1q

q �
¸

I\J�EpΓ1q

I,J�H

pΓe
1,

I J
q.

The last sum is never zero and thus pΓ1,
EpΓ1q

q is never a cycle.

The theorem is proven if we show that the inclusion fcGC0
c,d ãÑ fcGCc,d is a quasi-

isomorphism or equivalently if we show that the quotient complex fcGC¥1
c,d :� fcGCc,d{fcGC0

c,d

is acyclic. We consider on fcGC¥1
c,d a �ltration on the number of vertices of Γ2, i.e. for p ¥ 0

F�p � span xpΓ1,Γ2qwith #V pΓ2q ¥ py .
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Given a pair pΓ1,Γ2q in the associated graded complex grfcGC¥1
c,d the induced di�erential

acts by splitting vertices in Γ1 and attaching hairs to Γ2. In particular the vertices of edges
of Γ2 stay invariant and we can consider the larger complex �grfcGC

¥1

c,d spanned by pairs
pΓ1,Γ2q with the vertices and edges of Γ2 being totally ordered. Denote by wmin respectively
emin the minimal vertex respectively minimal edge of Γ2. As the di�erential increases the
number of hairs in Γ2 we can consider the �ltration on �grfcGCc,d

¥1
by the total number

of hairs attached to the to the vertices in the set V pΓ2qztwminu. Let {grfcGCc,d

¥1
be the

associated graded complex. For a pair pΓ1,Γ2q the induced di�erential acts as above on Γ1

but the new hair is only attached to the vertex wmin. Call a vertex vmin P V pΓ1q very special
if it is of the form

vmin

emin

Es

and the edge Es is uniquely attached as a hair to wmin. Note that vmin being very special is
only de�ned in a pair pΓ1,Γ2q. Next call a maximal chain of bivalent and bald vertices of
the form, for k ¥ 1,

emin

vmin
Es1

Esk

,

the minimal antenna if all edges Es1 , Es2 , � � � , Esk are uniquely attached as hairs to the vertex
wmin. The ending vertex of the minimal antenna is either of valency di�erent from 2, not
bald or one of its edges is attached as a hair to a vertex di�erent from wmin. Call the vertices
of the above special and consider a �ltration on {grfcGCc,d

¥1
by the number of non-special

vertices in pairs pΓ1,Γ2q. Let grfcGCc,d
¥1

be the associated graded complex. We �nally
show that grfcGCc,d

¥1
is acyclic.

Let C �
À

k¥1Ck be the subcomplex where Ck is generated by the following pair

pΓ :�

emin

vmin
Es1

Esk

,
wmin

EpΓq
q.
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Then C is acyclic as the di�erential δ : Ck Ñ Ck�1 is injective for k odd and zero for k

even. In addition the complex splits as grfcGCc,d
¥1

� C ` C 1. For k ¥ 0 denote by C 1
k

the subspace of C 1 spanned by pairs pΓ1,Γ2q with the minimal antenna being of length k.
The di�erential δ : C 1

k Ñ C 1
k�1 is an injection for k even and zero for k odd (which was the

opposite for the complex C). Hence the complex C 1 is acyclic and the result is proven.

As a small application of the above result, we will brie�y discuss, what happens if we restrict
ourselves to graphs with univalent vertices. More precisely, let GC1

c,d be the subcomplex
spanned by pairs pΓ1,Γ2q with at least one univalent vertex. Then, contrary to the standard
graph complex, the cohomology of GC1

c,d is highly non-trivial. To see this, we �rst need to
investigate the quotient complex GC¥2

c,d :� fcGCc,d{GC1
c,d. It is spanned by pairs pΓ1,Γ2q

with all vertices bivalent and an induced di�erential which does not create univalent vertices.
The cohomology of GC¥2

c,d is unknown at the moment, but we have a partial result:

Proposition 5.3.6. There is an inclusion of complexes

Sym : GCc bGCd ÝÑ GC¥2
c,d

Γ1 b Γ2 ÞÝÑ
°

f1:EpΓ2qÑV pΓ1q
f2:EpΓ1qÑV pΓ2q

pΓf1
1 ,Γf2

2 q

i.e. we sum over all possible hair attachments. In addition the map induces an inclusion on
the level of cohomology

H
pGCcq bH
pGCdq Ñ H
pGC¥2
c,dq.

Proof. We need to show that the map Sym respects the di�erentials. Indeed, while splitting
a vertex in fcGCc,d, the only situation where we do not sum over all hair attachments, is
when we create univalent vertices (as we do not create univalent bald vertices). As these
terms disappear in GC¥2

c,d we conclude that Sym is a morphism of complexes.

We observe that if Γ P GC¥2
c,d satis�es δΓ P SympGCc b GCdq then either δΓ � 0 or

Γ P SympGCcbGCdq. This follows from the fact that if there are hair attachments missing
in Γ these cannot be created by the di�erential. In particular the morphism

H
pGC¥2
c,d{SympGCc bGCdqq ÝÑ H
�1pSympGCc bGCdqq

induced by the short exact sequence of complexes

0 ÝÑ SympGCc bGCdq ÝÑ GC¥2
c,d ÝÑ GC¥2

c,d{SympGCc bGCdq ÝÑ 0

is the zero morphism and thus by exactness we see that the morphism

H
pSympGCc bGCdqq ÝÑ H
pGC¥2
c,dq

is injective.
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The cohomology of GC1
c,d can now be �nally computed:

Proposition 5.3.7. The cohomology of GC1
c,d is equal to the cohomology of GC¥2

c,d shifted

by 1, up to the additional classes p , q and p , q.

In particular there is an inclusion in cohomology

H
pGCc bGCdq ÝÑ H
�1pGC1
c,dq

Proof. De�ne fcGCc,d � fcGCc,dztp , q, p , qu and GC1
c,d � GC1

c,dztp , q, p , qu.

The result is now proven using the short exact sequence

0 ÝÑ GC1
c,d ÝÑ fcGCc,d ÝÑ fcGCc,d{GC1

c,d � GC¥2
c,d ÝÑ 0

and the fact that fcGCc,d is acyclic by Theorem 5.3.5.

5.4 Proof of Theorem 5.4.1

Recall that we are interested in the deformation complex of the morphism de�ned in Lemma
5.2.2. The main contribution is to compute its cohomology.

Theorem 5.4.1.

H
pDefpLiebc,d
i
Ñ DcpLiebc,dqqq � H
pDefpLiebc,d

id
Ñ Liebc,dqq.

Before we prove this, we will explain how to interpret elements ofDefpLiebc,d
i
Ñ DcpLiebc,dqq

as (hairy) graphs with three types of vertices. Given Γ P DefpLiebc,d
i
Ñ DcpLiebc,dqq we

�rst contract each irreducible connected component into a single vertex, called star vertex,
which is decorated by the corresponding element in DefpLiebc,d

id
Ñ Liebc,dq together with

a partition of the input and output vertices. Next we delete each star vertex decorated by
, add an edge between the two input vertices and add an hair decorated by said edge to

the output vertex. Similarly for the star vertices decorated by .

Example 5.4.2.

ÝÑ

e

e

1

1

2 2

ÝÑ

e

e

1

1

1 2
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Note that there are no edges between two star vertices. Any edge attached to a star vertex
will be called star edge.

The di�erential δ of DefpLiebc,d
i
Ñ DcpLiebc,dqq can be written δ � δLieb� δGraph where the

�rst part increases the number of internal edges (and creates star vertices) while the second
part acts by splitting the input and output vertices as in fcGCc,d.

Proof. Theorem 5.4.1
We can see DefpLiebc,d

id
Ñ Liebc,dq in DefpLiebc,d

i
Ñ DcpLiebc,dqq as the subspace spanned

by the elements with all input and output vertices being univalent, i.e.

DefpLiebc,d
id
Ñ Liebc,dq � span

B
, , ...

F
.

As the graph part of the di�erential cannot create univalent bald vertices we have δGraph � 0

onDefpLiebc,d
id
Ñ Liebc,dq and there is an inclusion of complexesDefpLiebc,d

id
Ñ Liebc,dq ãÑ

DefpLiebc,d
i
Ñ DcpLiebc,dqq. In addition the di�erential cannot reduce the number of

vertices of valency at least 2 and thus the complex DefpLiebc,d
i
Ñ DcpLiebc,dqq splits

DefpLiebc,d
i
Ñ DcpLiebc,dqq � DefpLiebc,d

id
Ñ Liebc,dq ` C,

where C the complex spanned by elements with at least one non-star vertex of valency
greater than 1. It remains to show that C is acyclic. Consider a �ltration on the number of
internal edges. Then the induced di�erential on the associated graded complex grC cannot
create any new star vertices and thus the complex splits

grC �
à
N¥0

CN ,

where CN is spanned by graphs having N star vertices. Let N ¥ 1. We show that CN is
acyclic. Since the di�erential cannot create star vertices, the set of star edges is invariant
and thus we can consider the complex rCN where the star edges are totally ordered. As there
is at least one non-star vertex of valency greater than 1 and by connectivity of the graphs,
there is at least one star edge connected to a vertex of valency at least 2. Denote by emin the
minimal such edge. We can split the complex rCN � rCN,in ` rCN,out where rCN,in respectivelyrCN,out is spanned by graphs where emin is connected to an input respectively output vertex.
We will show that rCN,in is acyclic, the proof for rCN,out is obtained by changing the roles of
input and output vertices.
Consider a �ltration on rCN,in by the number of output vertices. By construction the di�er-
ential on gr rCN,in acts only by splitting input vertices and attaches hairs to output vertices.
In particular the set of output vertices is invariant and thus we can consider the complexygrCN,in where we assume a total ordering on the set of output vertices. Denote by wmin the
minimal output vertex and de�ne a minimal antenna as a maximal chain of bivalent bald
input vertices as below (k ¥ 1q
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emin Es1 Esk ,

where we assume that all edges Es1 , Es2 , � � � , Esk are attached uniquely as hairs to the vertex
wmin. The square vertex is either a star vertex (and in that case we do not have a condition
on Esk), an input vertex of valency di�erent from 2 or a vertex of valency 2 which is either
not bald or one of its edges is not uniquely attached as hair to wmin. Call the vertices in
the above antenna special and consider a �ltration on the number of non-special vertices.
Then the associated graded complex grCN,in �

À
k¥1C

1
k splits by the length of the minimal

antenna. The di�erential δGraph : C 1
k Ñ C 1

k�1 is an injection if k is odd and zero for k even.
Hence we conclude that grCN,in is acyclic.
It remains to show that C0 is acyclic. As the elements of C0 do not have star vertices, they are
given by two disjoint hairy graphs and thus the complex is isomorphic to fcGCc,dztp , q, p , qu,

as these elements correspond to and which are elements in DefpLiebc,d
id
Ñ Liebc,dq.

By Theorem 5.3.5 we conclude that C0 is acyclic as we removed all cohomology classes. This
�nishes the proof of the theorem.

Remark 5.4.3. The above result implies that any homotopy non-trivial deformation γ of i
comes from the in�nitesimal deformations of the identity map id : Liebc,d Ñ Liebc,d. It has
been proven in [MW18a] that every in�nitesimal deformation of id exponentiates to a genuine
deformation. As D is a functor, the latter result implies that every such γ exponentiates to
a genuine deformation of i.
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Chapter 6

The oriented graph complex revisited

The following text is taken from a joint work with Sergei Merkulov and Thomas Willwacher
[MWW24]:

6.1 Introduction

The aim of this Chapter is to prove the following theorem:
Denote by GC0

d � fGCd and OGC0
d�1 � fOGCd�1 subcomplexes spanned by graphs Γ of

loop order gpΓq � #EpΓq �#V pΓq � 1 ¥ 1.

Theorem 6.1.1. For any d P Z there exists a dg Lie algebra {OGCd,d�1 of graphs which �ts
into the following diagram of quasi-isomorphisms of dg Lie algebras

GC0
d

π1ÐÝ {OGCd,d�1
π2ÝÑ OGC0

d�1.

There is a grading by loop order on {OGCd,d�1 and the arrows π1, π2 respect the loop order
gradings.

The intertwining dg Lie algebra {OGCd,d�1 is explicitly described in Section 6.1: it is gen-
erated by graphs with two types of vertices, and is equipped with a relatively non-trivial
but explicitly described di�erential. This dg Lie algebra controls the deformation theory of
a certain morphism of 2-coloured operads as explained in Section 6.1 of this paper. The
morphisms π1 and π2 are very simple and explicit. The theorem is proven in Section 6.3.
By extending the zigzag with the inclusions GC2

d � GC0
d and OGC2

d�1 � fOGCd�1, which
are known to be quasi-isomorphisms, we also obtain a zigzag of quasi-isomorphisms of dg
Lie algebras

GC2
d

�
ÝÑ 


�
ÐÝ OGC2

d�1

connecting the bivalent versions. It is furthermore known that the inclusions GCd � GC2
d

and OGC3
d�1 � OGC2

d�1 are quasi-isomorphisms in loop orders ¥ 2. Hence extending our
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zigzag and truncating to loop orders ¥ 2 we also obtain a zigzag of quasi-isomorphisms of
dg Lie algebras

GCd
�
ÝÑ 


�
ÐÝ OGC3

d�1.

Here OGC3
d�1 � OGC2

d�1 denotes the subcomplex spanned by graphs with all vertices of
valency at least 3.

6.2 A 2-coloured operad of oriented graphs

6.2.1 A 2-coloured operad of homotopy Lie algebras

Let HoLie�d,d�1 be the 2-coloured operad controlling HoLie�1 -algebra structures in the dg
vector spaces which are direct sums

V rds `W rd� 1s

for arbitrary dg spaces V and W ; put another way, a representation of HoLie�d,d�1 in the
2-coloured endomorphism operad EndV,W is the same as a HoLie�1 -algebra structure in the
above direct sum. Thus HoLie�d,d�1 is a dg free 2-coloured operad generated by two sets of
corollas, one set having the output in, say, white colour (shown in pictures as the dotted
legs), and the other set having an output in black colour (shown as solid legs)

C�m�n :� 

...

1 2 m
...

n̄2̄1̄

P sgnb|d�1|
m b sgn|d|n rpd� 1qm� dn� 2� ds, m� n ¥ 1,

C
m�n �



...
1 2 m

...
n̄2̄1̄

P sgnb|d�1|
m b sgn|d|n rpd� 1qm� dn� 1� ds, m� n ¥ 1.

We understand these corollas as generators of the 1-dimensional Sm � Sn modules shown
above. The di�erential in HoLie�d,d�1 is given by splitting each corolla into two sums, one
is via the substitution of the dotted edge inside the unique vertex, and the other is via the
substituting the solid edge (cf. (2.2)).
Let I be the ideal in HoLie�d,d�1 generated by corollas C�1�0, C



1�0, and all corollas C
m�n with

m ¥ 1. It is closed under the di�erential so that the quotient 2-coloured operad

HoLied,d�1 :� HoLie�d,d�1{I

is a dg free 2-colored operad with the following generators,#



...
1 2 m

...
n̄2̄1̄

m� n ¥ 2, 
 ,
. . .

1 2 3 n�1 n


 n ¥ 2

+
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and with the di�erential given by (2.2) on generators with black output, and by the following
formula

δ 

...

1 2 m
...

n̄2̄1̄

�
¸

A�rns
#A¥2

�



... ...
m̄2̄1̄loomoon

A

loomoon
rnszA



...

�
¸

rms�I1\I2
rns�J1\J2

�



... ...loomoon

I2

loomoon
J1

loomoon
J2

loooomoooon
I1



......

on the generators with white output. We use the operad HoLied,d�1 together with a certain
2-coloured operad of graphs to build a new graph complex {OGCd,d�1 below, the main gadget
which solves the long standing problem as stated in Theorem 6.1.1.

6.2.2 A 2-coloured dg operad of graphs Grad,d�1

Let Gm,n;p be the set of connected graphs Γ with m labelled (by integers from t1, . . . ,mu)
white vertices, n labelled (by integers from t1̄, . . . , n̄u) black vertices, and p labelled directed
solid edges, e.g.

1 2 P G2,0;0,

1̄

2̄

3̄



��




))


 uu

P G0,3;3,

1̄

2̄

1 


2
____

oo

OO
P G2,2;3,

1̄

2̄ 3̄


 1 2



GG //::

$$
P G2,3;4.

We also assume that the generators Γ

(a) have no closed paths of directed edges, and

(b) have no outgoing edges attached to white vertices.

Let us call a sink any vertex which has no outgoing edges attached; then every white vertex
of a graph from Gm¥1,n;p,q is a sink (we put no such restriction on black vertices).
If we denote by EpΓq the set of edges of Γ P Gm,n;p, then the labelling of edges means that
some isomorphism

EpΓq Ñ rps,

is �xed; we do not show these labellings in our pictures as soon we shall get rid of this extra
datum.
The group Sp acts on the Gm,n;p by permuting labels of edges. Hence it makes sense to
consider, for any integer d P Z and any �xed pair of natural numbers m,n P N, a dg vector
space (in fact, a dg Sm � Sn-module),

Gra�d,d�1pm,nq :�
¹
p¥0

spanxGm,n;py bSp sgn
|d|
p rpds

equipped with the zero di�erential.
One can understand a generator of the Sm � Sn-module as a graph Γ with
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(i) m labeled white vertices,

(ii) n labelled black vertices,

(iii) some number of unlabeled edges whose directions are �xed,

(iv) a choice (up to sign) of a unital basis vector (called the orientation) of the following
1-dimensional Euclidean vector space

orpΓq P

"
detpEpΓqq if d is even
K if d is odd

that is an ordering of edges for d even.

A generator Γ P Gra�d,d�1pm,nq is assigned the cohomological degree

|Γ| � �d#EpΓq,

i.e. every edge is assigned the degree �d.
Next we de�ne a dg 2-coloured (with colours called white and black) operad of graphs

Grad,d�1 �
 
Grad,d�1ppq :� Gra�d,d�1ppq `Gra
d,d�1ppq

(
p¥1

,

where Gra�d,d�1ppq (resp., Gra
d,d�1ppq) stands for the dg Sp-module spanned by elements
with so called white (resp. black) output; more precisely,

Gra�d,d�1ppq :�
à

p�m�n

IndSpSm�SnGra�d,d�1pm,nq, Gra
d,d�1ppq :� Graor
d�1ppq.

Thus a generator of Grad,d�1 is a pair of graphs�
Γ� P Grad,d�1pm,nq�, Γ
 P Graor

d�1

�
and the operadic composition, @ i P rps,

�i : Grad,d�1ppq �Grad,d�1pqq ÝÑ Grad,d�1pp� q � 1q,
pΓ1 � pΓ�

1,Γ


1q,Γ2 � pΓ�

2,Γ


2qq ÝÑ Γ1 �i Γ2,

is given by

Γ1 �i Γ2 :�

$&% pΓ�
1 �i Γ

�
2, 0q if i is a white vertex in Γ�1,

pΓ�
1 �i Γ



2, 0q if i is a black vertex in Γ�

1,
p0,Γ


1 �i Γ


2q if i is a black vertex in Γ


1.

The symbol A �i B in the right hand side of the above equality stands for the substitution
of a graph B into the i-labelled vertex v of a graph A and taking a sum over all possible
re-attachments of dangling edges (attached before to v) to the vertices of B (cf. �2.8).
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6.2.3 Proposition

There is a morphism of dg 2-coloured operads

f : HoLied,d�1 ÝÑ Grad,d�1

which vanishes on all generators of HoLied,d�1 except the following ones,

f :

$''&''%



21
ÝÑ 1

2

�

 

1 2// � p�1qd 
 


1 2oo
�




1̄
...

n21

ÝÑ
1 2 ... n



1̄

�� 

 ��

This Proposition can be proven in two ways. The �rst proof goes via a direct checking that
the above formulae respect the di�erentials in both sides of the morphism f (which is a
straightforward but a bit tedious calculation).
We choose another approach which is more suitable for our purposes in the next section, an
approach which starts with a consideration of the dg Lie algebra

{OGCd,d�1 :� Def
�
HoLied,d�1

0
ÝÑ Grad,d�1

	
(6.1)

controlling loop order g ¥ 1 deformations of the zero morphism of the aforementioned op-
erads; the di�erential in {OGCd,d�1 is zero (for now). In view of the operadic composition
formulae in Grad,d�1 described above, we conclude that the dg Lie algebra {OGCd,d�1 de-
composes into a semidirect product,{OGCd,d�1 � OGCd,d�1 �OGC0

d�1, (6.2)

of the dg Lie algebra OGC0
d�1 studied above and the dg Lie algebra OGCd,d�1 generated

by graphs Γ� with two types of unlabelled vertices, black and white ones.







� �

��

yy�� ��%%
P OGCd,d�1.

The cohomological degree is given by the formula

|Γ�| � d#V�pΓq � pd� 1q#V
pΓ
�q � d#EpΓ�q � d.

The graded Lie algebra {OGCd,d�1 has an underlying dg pre-Lie algebra structure which is
fully analogous to the one (3.2) in GC0

d. If we represent a generic element Γ of the graded
Lie algebra {OGCd,d�1 as a pair Γ � pΓ�,Γ
q, with Γ� P OGCd,d�1 and Γ
 P OGC0

d�1, then
the pre-Lie composition is given by

pΓ�1,Γ


1q � pΓ

�
2,Γ



2q �

��¸
vPV�

Γ�1 �v Γ
�
2 �

¸
vPV


Γ�1 �v Γ


2,

¸
vPV pΓ
1q

Γ
1 �v Γ


2

�
.
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The calculations given in �5.1 and �5.2 of [Mer25] imply that the degree 1 element

γ �

��γ� :� 
 �
8̧

k�1

1

k! � �� ...


loomoon
k

�� ���� , γ
 :�




��

�

in {OGCd,d�1 satis�es the equation,

γ � γ � 0,

i.e. that Γ is a Maurer-Cartan element of the deformation complex (6.1). Any such a MC
element corresponds to some morphism from HoLied,d�1 to Grad,d�1, and the one shown
just above corresponds precisely to the morphism f . The proposition is proven.
The twisted dg Lie algebra p{OGCd,d�1, r , s, δ :� rγ, sq controls the deformation theory of
the morphism f . From now one we abbreviate this structure to {OGCd,d�1; it provides us
with the main tool which we use to prove Theorem 6.1.1 in the next section.

6.3 Proof of Theorem 6.1.1

We claim that there are morphisms of dg Lie algebras

GC0
d

π1ÐÝ {OGCd,d�1
π2ÝÑ OGC0

d�1.

Here the right-hand arrow π2 is the obvious projection onto the second factor in (6.2).
To construct the left-hand arrow π1 we introduce the following notation. Let us call a black
vertex of a graph Γ P OGCd,d�1 (or in OGC0

d�1) inessential if it is of valence 2 with two
outputs, and essential otherwise. Then we de�ne π1 as follows:

� π1pOGC0
d�1q � 0.

� For Γ P OGCd,d�1 with at least one essential black vertex we set π1pΓq � 0.

� Suppose Γ P OGCd,d�1 has only inessential black vertices. Then necessarily each such
vertex has two white neighbors. We may hence build a graph π1pΓq P GC0

d by retaining
only the white vertices, and adding one edge between white vertices pu, vq for every
inessential vertex connected to u and v. (Note that here possibly u � v.)

� 
 �oo // Ñ � �

It is elementary to check that π1 and π2 are both morphisms of dg Lie algebras. The main
Theorem is then an immediately consequence of the following two Propositions.
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6.3.1 Proposition

The map π2 is a quasi-isomorphism.

Proof. Since π2 is surjective, the statement of the proposition is equivalent to the fact that
kerπ2 � OGCd,d�1 is acyclic, which we shall show. Let us consider a �ltration of OGCd,d�1

by the total number of vertices. The induced di�erential in the associated graded complex
grOGCd,d�1 just makes white vertices (if any) into black ones, � Ñ 
. By Maschke's
Theorem, to prove the acyclicity of grOGCd,d�1 it is enough to prove the acyclicity of its
version grOGCmarked

d,d�1 in which the generating graphs Γ have all their edges and vertices
totally ordered, but the type of vertices is not �xed. Then there is an isomorphism of
complexes

grOGCmarked
d,d�1 �

¹
generators Γ

� â
vPV pΓq

Cv

�
,

where Cv is either a one-dimensional trivial complex (generated by a black vertex) in the
case when v has at least one outgoing solid edge in Γ, or Cv is a two-dimensional acyclic
complex (generated by one black and one white vertex) if v has no outgoing solid edges in
Γ. As any generating graph Γ has least one vertex of the latter type since there cannot be
directed cycles, the complex grOGCmarked

d,d�1 has at least one acyclic tensor factor. The claim
is proven (cf. Lemma 6.2.1 in [Mer25]).

6.3.2 Proposition

The map π1 is a quasi-isomorphism.

Proof. Note that the map π1 is also surjective. Hence it is su�cient to check that

{OGC



d,d�1 :� kerπ1

is acyclic. Furthermore note that {OGC



d,d�1 �
{OGCd,d�1 is the subcomplex spanned by

graphs with at least one black essential vertex. Let us �lter {OGC



d,d�1 by the total number
of white vertices + twice the number of essential black vertices which are not univalent
sources. Here we use the fact that the di�erential in {OGC




d,d�1 cannot create new univalent
black sources, but can kill such vertices by attaching to them univalent white targets.
We claim that the associated graded with respect to this �ltration is acyclic

H
pgr{OGC



d,d�1q � 0, (6.3)

from which the proposition immediately follows. To see this, note that the di�erential on
the complex gr{OGC




d,d�1 has only the following two terms, δ � δ1 � δ2 with

� δ1 is the natural inclusion of OGC0
d�1 into (the kernel of π1 inside) OGCd,d�1.
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� δ2 creates one new inessential vertex from an edge between two essential vertices:


 �// Ñ 
 
 �oo // , 
 
// Ñ 
 
 
oo // .

The map δ1 : OGC0
d�1 Ñ OGCd,d�1 is injective. Hence it is su�cient to check that

cokerpδ1q �: OGC
�
d,d�1

is acyclic, i.e.,
HpOGC
�

d,d�1, δ2q � 0.

Note that OGC
�
d,d�1 can be identi�ed with the subquotient of OGCd,d�1 spanned by graphs

with at least one white vertex and at least one black essential vertex. Finally, the acyclicity
of pOGC
�

d,d�1, δ2q can be easily shown using the argument of �6.2.3 in [Mer25]. Indeed,
one can assume without loss of generality that the essential vertices of graphs Γ generating
OGC
�

d,d�1 are distinguished, say totally ordered. Every such graph Γ contains at least one
black essential vertex and at least one white vertex which are connected by an edge, or are
both neighbors of some (the same) inessential vertex, and we can assume without loss of
generality that their labels are 1 and 2 respectively. Considering a �ltration of OGC
�

d,d�1 by
the number of inessential vertices not between 1 and 2, we arrive at the associated graded
complex which is the tensor product of a trivial complex and the complex C12 which controls
the types of all possible "edges" between vertices 1 and 2. One has

C12 �
à
k¥1

dkC

where C is a 2-dimensional complex generated by the two possible connections,

C � span
@

1 2

 �// , 1 2


 
 �oo //
D

with the di�erential sending the �rst element to the second. This complex is acyclic implying
the acyclicity of OGC
�

d,d�1. The Proposition is proven.

The proof of Theorem 6.1.1 is hence completed.

63



Chapter 7

Lie brackets on reduced graph complexes

The aim of this chapter is to introduce and compare two dg Lie algebra structures on GCd�1

and to show that the two induced Lie algebra structures on cohomology are isomorphic.

7.1 A reduced operad of graphs

Let Grad�1 be an operad spanned by connected graphs with labelled vertices and two types
of edges: solid edges with �xed direction and of degree �d and dotted edges �
p�1qd of degree 1� d. The operadic composition are given by graph insertions.
There is a di�erential δ1 which acts on edges by

ÞÝÑ .

Lemma 7.1.1. There is a morphism of dg operads

pLied�1, 0q ÝÑ pGrad�1, δ
1q

de�ned by

1 2

ÞÝÑ 1 2 � p�1qd�1
1 2 .

Proof. This follows from the computation

δ1p 1 2 � p�1qd�1
1 2q � 1 2 � p�1qd�1

1 2 � 0.

The full reduced graph complex is now de�ned as the deformation complex fGCd�1 �
DefpLied�1 Ñ Grad�1q. It comes equipped with a di�erential δ � δ1 where δ is given
by vertex splitting and δ1 changes the types of edges. We denote by r
, 
sst the Lie bracket,
which is given by graph insertions.
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The reduced graph complex GCd�1 spanned by graphs with vertices being at least trivalent
of Section 3.4.3 is a subcomplex of fGCd�1 and more importantly a sub dg Lie algebra.

7.2 Another Lie bracket on GCd�1

Recall the quasi-isomorphism (3.3)

f : GCd�1 ÝÑ dGCd�1

sending every dotted edge to a linear combination

ÞÝÑ
1

2
p � q.

Theorem 7.2.1. There is a Lie algebra structure r�,�s on GCd�1 such that the morphism
f : GCd�1 Ñ dGCd�1 is a morphism of Lie algebras.

Proof. As the map f is a monomorphism, it is enough to show that the image fpGCd�1q �
dGCd�1 is Lie subalgebra. In this case we de�ne, for Γ1,Γ2 P GCd�1, the Lie bracket by
rΓ1,Γ2s :� f�1prfpΓ1q, fpΓ2qsq.
Let Γ1,Γ2 P GCd�1. Summands in rfpΓ1q, fpΓ2qs have either all vertices at least trivalent
and belong to the image or contain bivalent vertices. Any bivalent comes from some dotted
edge and by the de�nition of the map p3.3q we have the same term except for a change of
sign and the edges of the bivalent vertex being reversed. Hence the two bivalent vertices
combine to a dotted edge and doing this for the remaining bivalent vertices yields the desired
result.

The Lie bracket can be described intrinsically in the following way. There is a pre-Lie algebra
structure Γ1 � Γ2 de�ned by

Γ1 � Γ2 �
¸

vPV pΓ1q

Γ1 �v Γ2 �
¸

ePEdotpΓ1q

Γ1 �e Γ2.

First for a vertex v P V pΓ1q we have

Γ1 �v Γ2 �

minpvalpvq,#EdotpΓ2qq¸
k�0

1

2k

¸
I�EdotpΓ2q

#I�k

Γ1 �v,I Γ2,

where Γ1 �v,I Γ2 is given by summing over all attachments of the half-edges of v to the
vertices of Γ2 and the middle vertices obtained by replacing each dotted edge in I by the
linear combination � . We also require that each middle vertex is hit by
at least one half-edge of v.

65



Second for a dotted edge e P EdotpΓ1q we have

Γ1 �e Γ2 �

minp2,#EdotpΓ2qq¸
k�0

1

2k�1

¸
I�EdotpΓ2q

#I�k

Γ1 �e,I Γ2,

where Γ1 �e,I Γ2 is obtained as above except that we replace the edge e by the linear combi-
nation � and insert Γ2 into the newly created bivalent vertex.
The Lie bracket is given by

rΓ1,Γ2s � Γ1 � Γ2 � p�1q|Γ1||Γ2|Γ2 � Γ1.

In particular we can write

rΓ1,Γ2s � rΓ1,Γ2sst � rΓ1,Γ2ssp

where rΓ1,Γ2sst is the standard graph insertions de�ned as in dGCd�1 while rΓ1,Γ2ssp consists
of all terms which have additional vertices, i.e. where a dotted edge got destroyed.
Note that for graphs Γ1,Γ2 having no dotted edges, the two Lie brackets coincide. This
observation can be used as follows. There is a quasi-isomorphism g from the usual graph
complex GCd�1 to the reduced complex GCd�1 by sending an (undirected) graph to the
sum over all possible direction. As the Lie brackets in GCd�1 and r�,�sst are both given
by graph insertions, the map g de�nes a quasi-isomorphism of dg Lie algebras

pGCd�1, r�,�sq ÝÑ pGCd�1, r�,�sstq.

In addition the summands to not contain any dotted edges and thus on the subcomplex
gpGCd�1q the two Lie brackets on GCd�1 are equal. In particular the map g de�nes a
quasi-isomorphism of dg Lie algebras

pGCd�1, r�,�sq ÝÑ pGCd�1, r�,�sstq.

We can summarize the discussion above in the following theorem.

Theorem 7.2.2. There is a zigzag of quasi-isomorphism of dg Lie algebras

pGCd�1, r�,�sstq ÐÝ pGCd�1, r�,�sq ÝÑ pdGCd�1, r�,�sq ÐÝ pGCd�1, r�,�sq.

In particular there is an isomorphism of Lie algebras

pH
pGCd�1q, r�,�sstq � pH
pGCd�1q, r�,�sq.

Remark 7.2.3. It is not hard to see that all the constructions above work if we consider
oriented graphs and thus we have two dg Lie algebra structures on OGCd�1. However the
proof of Theorem 7.2.2 does not work here (as summing over all directions will create directed
cycles). Hence whether the induced Lie algebra structures on H
pOGCd�1q are isomorphic
or not is left open.
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