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Universal critical holography and domain wall formation
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Using holography, we study the universal scaling laws governing the coarsening dynamics of strongly coupled
domain walls. Specifically, we studied the universal dependence of the length of the domain wall interfaces on the
quench rate. The relation satisfies the Kibble-Zurek scaling shortly after the critical point. However, as time goes
by, the coarsening dynamics suppresses the Kibble-Zurek scaling in favor of a universal dynamical scaling of
the characteristic length and the adiabatic growth of the system. Theoretical predictions of the universal scaling
laws are consistent with numerical findings in both regimes for both weak and strongly coupled systems.
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I. INTRODUCTION

A complete understanding of nonequilibrium phenomena
involving many-body systems is currently lacking. This is
particularly the case in systems far from equilibrium and at
strong coupling. The Kibble-Zurek mechanism (KZM) is one
of the few universal paradigms in this context [1–5]. It uses
equilibrium scaling theory to describe the dynamics across
a continuous or quantum phase transition. In particular, it
exploits the scaling laws for the correlation length and the
relaxation time,

ξ (ε) = ξ0

|ε|ν , τ (ε) = τ0

|ε|zν . (1)

Here, ν and z are critical exponents and ξ0 and τ0 are
system-dependent microscopic constants, while ε = (λ −
λc)/λc determines the proximity of the control parameter λ to
its critical value λc. The divergence of the relaxation time in
the neighborhood of the critical point, known as the critical
slowing down, plays a key role in the KZM. We consider
driving the system by a linear modulation of the control pa-
rameter λ, such that ε = t/τQ, where τQ is the quench time,
and the critical point is reached at t = 0. The time scale in
which the instantaneous equilibrium relaxation time matches
the time elapsed after crossing the critical point is known as
the freeze-out time and plays a key role in KZM. It is predicted
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to scale universally with the quench time according to

t̂ = (
τ0τ

νz
Q

) 1
1+νz . (2)

Using it, the KZM predicts the nonequilibrium correlation
length to be given by

ξ̂ = ξ [ε(t̂ )] = ξ0

(
τQ

τ0

) ν
1+zν

. (3)

It follows that the density of topological defects of dimension
d in a system in a D-dimensional space is given by

ρ = 1

ξ̂D−d
= 1

ξD−d
0

(
τ0

τQ

) (D−d )ν
1+zν

. (4)

A large body of accumulated evidence supports the KZM,
relying on exact solutions, numerical simulations, and ex-
perimental studies [6,7]. In particular, the last decade has
witnessed remarkable experimental progress thanks to ad-
vances in quantum simulation in platforms including trapped
ions [8–11] and Rydberg gases [12], the development of
programmable quantum annealing devices [13–15], and the
improved probing techniques in condensed matter experi-
ments [16,17]. In addition, universal physics beyond the scope
of KZM has been discovered, governing the defect number
statistics [11,14,15,18–21] and the spatial distribution of de-
fects [22,23].

Despite this progress, KZM and its generalizations have
been mostly studied in scenarios characterized by pointlike
topological defects with d = 0, such as parity-breaking kinks
[8,9,24–26] and solitons [27] in D = 1, as well as vortices
in D = 2 [16,21–23,28–31]. Evidence supporting KZM for
extended topological defects with d � 1 remains limited. In
such a setting, deviations may arise due to the enhancement
of coarsening [32,33], the role of the embedding geome-
try [34], and effects arising from the spatial configuration
of the extended defect, with no counterpart in the point-
like case. The latter can stem from conformational entropy,
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intra-defect interactions, and excitations of modes propagat-
ing along the extended degrees of freedom, such as Kelvin
modes in vortex strings. Numerical simulations have de-
scribed three-dimensional (3D) U (1) vortex string formation
following KZM scaling laws [35], while recent simulations
of skyrmions are better explained by coarsening [36]. Exper-
iments on Rayleigh-Bénard convection with convective rolls
and cells as defects match the KZM prediction [37]. Domain
formation on colloidal monolayers, probing the Kosterlitz-
Thouless-Halperin-Nelson-Young melting scenario, exhibits
important deviations from the conventional KZM due to the
nature of the transition and suggests unusually large values
of the dynamic critical exponent [38,39]. By contrast, recent
experiments on domain wall formation of 3D Ising systems
are consistent with the KZM scaling [17]; see as well [40]
for supporting numerics in 2D. Reference [41] reported KZM
deviations due to coarsening in the digital-analog quantum
simulation of a 2D XY ferromagnet.

Coarsening is governed by a dynamic critical exponent
zd , which is generally different from the equilibrium value z.
According to Biroli et al. [42], for t � t̂ , the nonequilibrium
correlation length scales as

R(t ) = ξ [ε(t )]1− z
zd t

1
zd , (5)

where ξ [ε(t )] = ε(t )−ν = (t/τQ)−ν .
In this study, we investigate the formation of domain walls

in a holographic setting [43]. Holography provides a frame-
work to explore strongly coupled field theories, in and out
of equilibrium, and has been used to explore the validity of
KZM [21,44–46]. We focus on recent developments allowing
for the description parity symmetry breaking, which results
in domain formation analogous to that in a ferromagnet. In
this setting, we establish the universality of the critical dy-
namics by characterizing the domain wall average length and
its statistics beyond the scope of KZM, revealing a crossover
from KZM to coarsening-dominated scaling laws.

II. BACKGROUND OF GRAVITY

The schematic setting to probe the holographic domain
wall formation is shown in Fig. 1. The dimension of the
bulk is 3 + 1 while the boundary is 2 + 1, which may mimic
the coarsening dynamics in a thin film system. The gravity
background we choose is the AdS4 black brane in Eddington-

Boundary

Black Hole

AdS4 : (Ψ, Mµ)

FIG. 1. Schematic figure of the holographic mapping.

Finkelstein coordinates,

ds2 = 1

z2
[− f (z)dt2 − 2dtdz + dx2 + dy2], (6)

in which f (z) = 1 − (z/zh)3 with zh the horizon position. The
AdS infinite boundary is at z = 0 where the field theory lives.
The Lagrangian of the model we adopt is the usual Abelian-
Higgs model for holographic superconductors [47],

L = − 1
4 FμνFμν − |Dμ�̃|2 − m2|�̃|2, (7)

where Fμν = ∂μAν − ∂νAμ and Aμ is the U (1) gauge field,
Dμ = ∇μ − iAμ, and �̃ is the complex scalar field. We work
in the probe limit, in which the equations of motion (EoMs)
read

DμDμ�̃ − m2�̃ = 0,

∇μFμν = i(�̃∗Dν�̃ − �̃(Dν�̃ )∗). (8)

To transform the Lagrangian with U (1) symmetry to Z2 sym-
metry, we must transform the complex scalar fields into real
ones. To this end, we make the following transformations
[48,49]:

�̃ = �eiλ, Aμ = Mμ + ∂μλ, (9)

where �, Mμ and λ are real functions. With these real func-
tions, the previous Eq. (8) can be rewritten as

DμDμ� − m2� = 0, ∇μFμν = 2Mν�2, (10)

where Dμ = ∇μ − iMμ. We use the following ansätze
for the fields: � = �(t, z, x, y), Mt = Mt (t, z, x, y), Mz =
Mz(t, z, x, y), Mx = Mx(t, z, x, y), and My = My(t, z, x, y).
The details of the EoMs can be found in [50].

III. BOUNDARY CONDITIONS

The asymptotic behavior of fields near z → 0 is
described by � ∼ z(�0(t, x, y) + �1(t, x, y)z + ...), Mt ∼
μ(t, x, y) − ρ(t, x, y)z + ..., Mz ∼ az(t, x, y) + bz(t, x, y)z +
..., Mx ∼ ax(t, x, y) + bx(t, x, y)z + ..., My ∼ ay(t, x, y) +
by(t, x, y)z + .... We have set the scalar field mass square as
m2 = −2 and a unit AdS radius. By choosing the standard
quantization setting �1 ≡ 0, it follows that �2 is related to the
condensate of the superconducting order parameter O(t, x, y)
in the boundary field theory. The parameters μ and ρ are
interpreted as the chemical potential and charge density, re-
spectively, at the boundary. At the horizon, we set Mt (zh) = 0
and the regular finite boundary conditions for other fields. In
addition, we use the periodic boundary conditions for all the
fields along (x, y) directions. The fourth-order Runge-Kutta
method is used to propagate the system with time step �t =
0.01. In the radial direction z, the Chebyshev pseudospectral
method with 21 grid points is used. In the (x, y) direction,
we set the length of the space as Lx = Ly = 200, and we use
the Fourier decomposition with 201 × 201 grid points. We
add the random seeds of the fields in the bulk by satisfying
the distributions 〈s(t, xi )〉 = 0 and 〈s(t, xi )s(t ′, x j )〉 = hδ(t −
t ′)δ(xi − x j ), with the amplitude h = 10−3.
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FIG. 2. Time evolution of the order parameter and the birth of domain wall in the AdS boundary. (a) Density plots of the evolving order
parameter at eight specific times with τQ = e6.25. One can see how the order parameters evolve from initial random configurations into domain
structures. (b) The average absolute value of the order parameter 〈|O|〉 during quenches. Each diamond corresponds to one of the snapshots in
panel (a).

IV. COOLING THE SYSTEM

In the setup of a holographic superconductor, decreasing T
is equivalent to increasing μ. To linearly quench the temper-
ature across the critical point as T (t )/Tc = 1 − t/τQ, we vary
the chemical potential as

μ(t ) = μc/(1 − t/τQ), (11)

where τQ is the quench rate and μc = 4.06 denotes the critical
potential in the static case. We drive the system from the initial
temperature Ti = Tc to the superconducting state with the final
equilibrium temperature Tf = 0.8Tc.

Following a thermal quench from high to low temperatures
across the critical point Tc, the system enters the supercon-
ducting phase, and domain walls appear as predicted by the
KZM. Figure 2 shows the evolution of the order parameter in
(a) and its average absolute value in (b) during the transition
from a homogeneous phase to the symmetry-breaking phase.
Figure 2(a) shows eight snapshots at different times of evo-
lution for a fixed quench time τQ = e6.25, each of which is
marked by a diamond symbol in Fig. 2(b). At the initial time
t/τQ = 0, the order parameter exhibits a random configura-
tion similar to a mosaic picture and then evolves and grows
rapidly around t/τQ = 0.0859. At the time t/τQ = 0.1072, the
system is divided into domains, but the order parameter still
exhibits smooth gradients. From time t/τQ = 0.1294 to t/τQ

= 1.1573, the average value of 〈|O|〉 increases linearly and
saturates at a plateau. As the coarsening dynamics becomes
more prominent, it reduces the small-scale structures in the
nonequilibrium configuration, leading to the coalescence of
domains into bigger ones.

V. SCALING OF THE AVERAGE DOMAIN-WALL LENGTH

In the domain formation associated with the breaking of
parity in two spatial dimensions, the number of defects can be
associated with the total domain wall length, which we denote

by L, averaged over an ensemble of realizations. Adapting the
KZM scaling law in Eq. (4), the generic universal dependence
on the quench time τQ reduces to

L ∝ τ
−(D−d )ν/(1+zν)
Q ∝ τ

−ν/(1+zν)
Q , (12)

in two spatial dimensions (D = 2) for domain walls (d = 1) in
the AdS boundary. From AdS/conformal field theory (CFT),
the boundary field theory is a mean-field theory. As a result,
ν = 1/2 and z = 2, and thus L ∝ τ

−1/4
Q .

Figure 3(a) shows the relations between domain wall
length L and the quench rate τQ for several values
of the average absolute value of the order parameter
〈|O|〉, using 2000 independent trajectories. Figure 3(a)
indicates that for different 〈|O|〉, there exist different
scaling relations between L and τQ. Specifically, as
〈|O|〉 = 10−3, the fitted line has a power-law scaling L =
28283 × τ−0.278

Q , which is close to the KZM prediction
−(D − d )ν/(1 + zν) = −1/4 in Eq. (12). However, when

FIG. 3. (a) Dependence of the domain wall length L on the
quench rate τQ for the average absolute value of the order parameter
〈|O|〉. (b) Lag time as a function of the quench rate for various
condensates. The circles, hexagons, stars, squares, and triangles are
the numerical data, while the straight lines are the best-fitted lines in
the slow quench regime.
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FIG. 4. (a) Time evolution of domain wall length for various
quench rate τQ. The dashed line is the theoretical reference line with a
slope of −1/2; (b) Average condensate for slow quenches. The linear
relation reflects the adiabatic growth.

〈|O|〉 = 3.33, the fitted line is L = 31571 × τ−0.488
Q , and the

scaling deviates from the theoretical KZM prediction. This
behavior is attributed to coarsening, as it takes more time
for a slowly quenched system to achieve the same value of
〈|O|〉 than for a rapidly quenched system. The coarsening pro-
cess always exists after the formation of defects. Therefore,
to achieve the same 〈|O|〉 value, a slowly quenched system
must undergo a longer coarsening evolution than a rapidly
quenched system. As a result, coarsening competes with the
KZM scaling.

According to KZM, the instant at which the system
“freezes out” is set by t̂ in Eq. (2). In practice, one defines
the lag-time tL by the response of the system to represent
the freeze-out time [23,44,45,51]. In theory, where tL ∝ τ

1/2
Q

in the holographic setup. Figure 3(b) exhibits the relation
between the lag time and the quench rate for various conden-
sates. When the condensate is small, 〈|O|〉 ≈ 10−3, the scaling
exponent is roughly 0.4375, which is close to the KZM pre-
diction. By contrast, for large condensates (e.g., when 〈|O|〉 ≈
3.33), the scaling is roughly 0.98, which rules out the KZM
prediction. This is an important advantage of our setting over
previous one-dimensional studies of parity-symmetry break-
ing in which the power-law exponent associated with KZM
[24,52] and coarsening [20,26] happen to coincide, hindering
the study of their interplay. We expect that the deviations of
the scaling in the tL ∼ τQ relation are also due to the coarsen-
ing in the late stage of the evolution.

VI. DOMAIN COARSENING

Coarsening involves gradient flow dynamics. The relax-
ation of a nonequilibrium system follows the steepest descent
in the energy landscape. Adapting the prediction by Biroli
et al. [33,42], the domain wall length scales as

L ∝ 1

R(t )D−d
∝ τ

(D−d )ν
zd

(z−zd )

Q t− (D−d )
zd

[1+ν(z−zd )]
. (13)

For z = zd = 2, L ∝ t− (D−d )
zd ∝ t−1/2 and R(t ) ∝ t1/2, which is

in agreement with the results in Ref. [53]. In Fig. 4(a), we
present the length of domain walls L as a function of t for
several values of τQ. Long after the quench, it can be found
that regardless of the value of τQ, the time evolution of L
follows a similar power law and is almost parallel, in log-
log scale, to the reference line L ∼ t−1/2, which agrees with

FIG. 5. (a) Histogram of the probability of the domain wall
length, for different values of τQ at 〈|O|〉 = 10−3, are well fitted by
a Gaussian distribution. (b) Histogram of the domain wall length
probability for different values of τQ at 〈|O|〉 = 3.33. Coarsening-
induced deviations from the Gaussian fit arise in the slow quench
limit, leading to a multimodal distribution.

the theoretical prediction in Eq. (13). At this late stage, the
system has reached a state of local equilibrium, and coarsen-
ing dynamics completely govern the evolution of the system.

Figure 4(b) shows that the condensates transit from expo-
nential growth to a common linear growth as a function of
t/τQ, for large τQ. This is an implication of the adiabatic evo-
lution [44]. For large values of τQ, the condensate scales with
the same function of t/τQ. In this regime, when 〈|O|〉 is large
(e.g., 〈|O|〉 = 3.33) the lag-time is linearly proportional to τQ.
This is consistent with the numerical relation in Fig. 3(b)
that tL ∝ τ 0.98

Q as τQ is large. From the relations L ∼ t−1/2

and t ∼ τQ after the coarsening dynamics, we deduce that
L ∼ τ

−1/2
Q , which is consistent with the relation between L

and τQ in Fig. 3(a) as 〈|O|〉 = 3.33. Additional information is
revealed by the domain wall statistics. Figure 5(a) shows the
histogram of the probability of the domain wall lengths for
three kinds of quench rates, and a small condensate 〈|O|〉 =
10−3. In this regime, the nonequilibrium dynamics is consis-
tent with the KZM. The universality of average quantities with
the quench rate carries over the full distribution, according to
the recent extension beyond KZM [18,19]. Numerical evi-
dence to date supporting such extensions is limited to point-
like defects in one and two spatial dimensions [11,14,15,18–
21]. For large system sizes, the distribution approaches a nor-
mal distribution, justifying the accuracy of the Gaussian fit in
Fig. 5(a). This provides the first numerical evidence regarding
the universal character of the distribution of domain walls
as extended topological defects with d = 1. Such universal-
ity remains in larger condensates as shown in Fig. 5(b) for
〈|O|〉 = 3.33 for quenches τQ = e6.5 and τQ = e7.5. However,
the distribution for slow quenches τQ = e9.25 is dominated
by coarsening; it becomes bimodal and no longer universal,
with increasing probability near the origin, with low defect
numbers.

VII. DISCUSSION AND CONCLUSIONS

We have established the universal scaling laws gov-
erning the critical dynamics leading to strongly coupled
domain walls via the AdS/CFT correspondence. The KZM
describes the universal scaling of the domain wall length
with the quench time near the critical regime. Far away
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from this regime, a different scaling holds that is no
longer consistent with KZM and reflects the coarsening dy-
namics of domain walls. A theoretical analysis yields a
universal prediction for the scaling dominated by coars-
ening that is in agreement with numerical simulations. In
Ref. [50], we further show the similar phenomenon of
domain wall coarsening in the Ginzburg-Landau model,
which is a weakly coupled theory. Therefore, we can con-
clude that our findings of the new scalings in the far-from

critical regime may apply universally in the coarsening
dynamics.
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