PHYSICS EDUCATION™

AAPT.

Understanding two-dimensional tractor magnets: theory and realizations

Michael P. Adams®
Department of Physics and Materials Science, University of Luzembourg,

162A avenue de la Faiencerie, L-1511 Luzembourg, Grand Duchy of Luzembourg
(Dated: 6 May 2024)

We present a comparative investigation of two-dimensional tractor magnet configu-
rations, analyzing both theoretical predictions and experimental results with a focus
on the minimal tractor magnet. The minimal tractor magnet consists of a rigid as-
sembly of one attracting magnet (attractor), two repelling magnets (repulsors), and
a fourth magnet (follower) that is magnetically stabilized in a local energy minimum.
The theoretical framework relies on magnetostatics and stability analysis of station-
ary equilibria. To calculate the magnetostatic force and energy, we use a multipole
method. In a first approximation, we derive analytical results from the point dipole
approximation. The point dipole analysis defines an upper bound criterion for the
magnetic moment ratio and provides analytical expressions for stability bounds in
relation to geometry parameters. Our experimental results are consistent with the
predictions from the fourth-order multipole expansion. Beyond the minimal trac-
tor magnet, we introduce a more advanced configuration that allows for a higher

magnetic binding energy and follower capture at larger distances.
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I. INTRODUCTION

Magnetic stability is famously difficult to achieve.!™ Here we present the counterintuitive
phenomenon of a tractor magnet: an assembly of three magnets fixed in place by a 3D mold
that creates a stable trap for a fourth "follower" magnet. Achieving and refining stable two-
dimensional magnet arrangements poses significant challenges, particularly in the presence
of non-negligible friction forces. Moreover, the calculation of magnetic forces between real
magnets often requires time-consuming computer simulations. In our study, we conducted
both experimental and theoretical investigations into two-dimensional tractor magnets and
their magnetic equilibria. The tractor magnet experiments presented may serve many uses,
providing an engaging and cost-effective means for students to gain hands-on experience in
computing stable equilibria.

The paper is organized as follows: In Section II we describe magnetostatic magnet-magnet
interactions and the related stability analysis. In Section III we discuss our findings on the
stability behavior of the minimal tractor magnet configuration and present the results of our
case study. In Section IV we provide the conclusions and an outlook. The supplementary
material to this paper features a video file showing the different dynamic behaviors, the
stl-files for 3D printing, MATLAB code, and a collection of selected tractor magnet designs

with detailed information on the geometrical arrangement.®

II. MAGNETOSTATICS AND STABILITY

We consider a magnet with magnetization My (follower magnet) under influence of the
magnetic field of a static assembly of n magnets with magnetizations My, (tractor magnet
assembly). We assume uniform magnetizations of the type M = B2 /1y, where the rema-
nent flux density is B" = pugM". The total applied magnetic flux density B, related to a
magnetizations My, is described by

B.(r) = HOVXVXZ/ Mkrkdrk (1)

|r =) =g’

where V}, is the k-th magnet volume, r is the field point, r is the center point of the k-
th magnet, r), is the integration variable over the k-th magnet volume, jyq is the vacuum

permeability, and V, denotes the del-operator. The potential magnetostatic energy of the
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FIG. 1. Example of a minimal tractor magnet with stationary stable equilibrium point [compare
with Fig. 2|. Panel (a) shows the z-component of the magnetic force function where the black
dot indicates the stationary stable equilibrium point and the magenta dot the unstable equilibrium
point. The dashed orange lines show the static friction force threshold (ffth+). Panel (b) displays
the corresponding two-dimensional potential energy landscape. The black-white dashed line high-
lights the critical energy level crossing the unstable equilibrium point (saddle point) marked with

the magenta dot.

follower is described by
Up(ro) = f/ My (r") - Ba(ro + r")d*r”, (2)
Vo

where r( is the geometrical center of the follower and r” is the integration variable with
respect to the follower volume V;. The magnetostatic force acting on the follower magnet is

then given by the negative gradient of the potential energy
Fo(ro) = =V, Up(ro). (3)

The satisfactory conditions for stability in a two-dimensional plane are

82 Uo 82 UO
O0x? >0, oy?

r=req

> 0. (4)

r=Teq
In our case the second order partial derivatives are assumed to be non-zero. In practice,

the functionality of a tractor magnet device depends on friction forces that are not included
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in the magnetostatic energy, which is why we use the following recipe for the identification
of a experimentally achievable equilibrium point: For a given magnet setup (i) compute
the F§(x,0) force function along the z-direction, (ii) identify whether a sign-change of F
exists that indicates a zero point xe, with negative slope, (iii) refine the estimate of the zero
point z., by using an iterative Newton algorithm, (iv) check whether the extrema of the
positive and negative force barrier of Ff overcome a certain constant static friction force
threshold, (v) and repeat these steps for F{. In this work we use this procedure to compute
a stability map as a function of the geometry parameters of the minimal tractor magnet
configuration and compare it to the experimental stability map obtained from a case study
with real magnets. Figure 1 illustrates a possible x-y energy landscape and related force
function component F§(z) resulting from the magnetostatic potential energy described by
Eq. (2). We emphasize that the magnet configurations in our study are always assumed to
be mirror symmetric relative to the z-axis like shown in Fig. 3(a), implying that the possible
energy minimum is always located on the z-axis. Fig. 1(a) shows that the force function can

be attractive or repulsive.

IIT. RESULTS AND DISCUSSION

In our main study we consider the minimal tractor magnet configuration, which consists of
four magnets: three magnets in the tractor magnet (one attractor magnet and two repulsor
magnets) and one follower magnet. Our primary focus involves the investigation of the
stationary stability behavior of this magnet arrangement. Figure 2 illustrates a minimal
tractor magnet configuration accompanied by a corresponding 3D magnetic field line image.
The inset depicts a realization of this system. The repulsors and the follower have the same
orientation of the magnetization, while the attractor has the opposite orientation. In our
configuration, both the attractor and the follower are Nd-Fe-B magnets, while the repulsors

are ferrite magnets.

The diameters are dyg = 15mm and dg, = 10 mm and the heights are all h = 2 x 5mm
(stack of two magnets). The remanent flux densities given by the manufacturer are By, =
poMyy = 1.3 T for the Nd-Fe-B magnets and Bf, = poMp, = 0.39T for the ferrite magnets.

These flux densities satisfy the upper bound criterion (m = MV) for the magnetic moment

4



PHYSICS EDUCATION™

AAPT.

“ﬂl,, 7’// e

Sl o ttractor repulsor
N s repgf(’r 2} follower
S [0

J// ‘, “ \ ]

FIG. 2. Minimal tractor magnet configuration. The follower magnet [0] is attracted by the attractor
magnet [1] and repelled by the repulsor magnets [2] and [3]. The follower and the attractor are

Nd-Fe-B magnets and the repulsors are ferrite magnets.

ratio

mYCP d%‘c B ;‘c 2 1

= Drep _ =<z 5
b e @By, 15 2 (5)

This criterion results from the fact that we have two repulsor magnets and one attractor
magnet in our system. Equation (5) can also be verified through the stability analysis of the
point dipole approximation described in detail in Appendix A. Further statements resulting
from the stability analysis of the point dipole approximation are taken from Fig. 3. In
Figure 3(a) we introduce the geometry parameters a (distance from the origin to the center of
the attractor), b (distance from the origin to the center of a repulsor) and z., (distance from
the origin to the center of the follower). Figure 3(b) displays the stability map in the plane
of the magnetic moment ratio ft = Myep/May and the geometrical ratio § = b/a resulting
from the point dipole approximation. The colormap represents the decadic logarithm of
the dimensionless binding energy Up (for details see Appendix A), where the black solid
lines highlight stepwise integer levels of the parameter {oq = Zeq/a. From Fig. 3(b) we can

deduce the following: (i) in the gray area the tractor magnet configuration is predicted to

5
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FIG. 3. Result of the stability analysis under the point dipole approximation. Panel (a) illus-
trates the configuration of four point dipoles. The magnetic moments of the dipoles are oriented
parallel /antiparallel respectively to the z-direction (out of plane). The magnetic moments of the
follower (¢ = 0) and the attractor (i = 1) dipole are antiparallel, while the magnetic moments of the
repulsors (i = 2,3) and the follower (i = 0) are parallel. The magnitudes of the magnetic moments
are defined as myep, = |ma| = |m3| and may = |mo| = |my|. Panel (b) displays the result of the
stability analysis. The point dipole approximation predicts that the parameter configurations in
the colored region are stable. The upper and lower bound of the stable region, indicated by the
white solid lines, are computed by Eqs. (A24) with A = 0, A = 1 respectively. Along the white

dashed line the system is equally stable in  and y-direction (82U /dy? = 9%Uy/dx?).

be unstable, (ii) the solid white lines highlight the transition from the stable to the unstable
regions, (iii) along the dashed white line the stability in « and y-direction are equal in
strength (linear stability, 0?Uy/02% = 0°Uy/0y*) and (iv) upon increasing the geometrical
ratio &4 the binding energy Up is decreasing. Thus, configurations on the white dashed line
in Fig. 3(b) in the left lower corner are of particular interest, because they have a symmetric

stability and relatively high binding energies.

The findings from the point dipole approximation are very helpful for an initial under-
standing of the principles of a minimal tractor magnet configuration, but the precision of

this approximate calculation is not sufficient for the fine-tuning of the geometry. To achieve
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FIG. 4. Results from our experimental case study of the minimal magnetic tractor configuration
[see sketch in Fig. 3(a)]. The dots represent the experimental data, and the underlying surfaces
from (a) to (f) display the quantities from our theoretical predictions. Configurations (a,b) in the
light gray region are unstable, while the dark gray region is forbidden due to the geometrical limits.

The static friction force threshold is estimated to be Fgj. = 10mN. The comparison of the black

RNAL

squares (corresponding to stable tractor magnet configurations) with the predicted stability region

(colored surface in the shape of an elongated shark fin) shows a good agreement between theory
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O

and experiment.

higher accuracy, we use a Cartesian multipole expansion method to calculate the magneto-
static energy and force. We describe the details of this method in Appendix B, where we

show in Fig. 5 that the multipole expansion up to the fourth order converges to the six order

Y

expansion.

Figure 4 shows the results of our experimental case study alongside the theoretical predic-

AMERICA

tions derived from the fourth-order multipole expansion. In this case study we produced 82
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samples with a 3D printer (see example in the inset of Fig. 2), with variation of the geometry
parameters a and b. We then checked manually whether a certain tuple (a,b) is sufficient
for the requirements of a tractor magnet, and made entries to Fig. 4, where the markers
represent the experimental data. The markers in Fig. 4 are understood as follows: (i) the
black squares indicate functioning tractor magnet configurations, (ii) the blue dots indicate
configurations where the force barrier in y-direction is not sufficient, (iii) the white triangles
indicate configurations where the force barrier in z-direction is not sufficient, and (iv) the
violet stars indicate configurations showing no local energy minima at all. The underly-
ing colormaps in Figs. 4(a)—(f) show different quantities from our theoretical calculations:
(a) displays the absolute value of the minimum of the negative force barrier of the F§-force
component [compare to Fig. 1(a)], (b) shows the maximum of the positive force barrier of the
Fg-force component [compare to Fig. 1(a)], (c) displays the absolute value of the magnetic
binding energy Up = |Up(zeq, 0)], (d) displays the maximum of the F{-force component,
(e) displays the static equilibrium position xe, of the follower magnet [compare Fig. 3(a)],
and (f) displays the quantitiy x = log;, |0?Uy/0y* — 02Uy /Ox?| at the point (z,y) = (Teq, 0),
which is a measure for the symmetry of the stability in z and y-direction (in the symmetric
case the limit x — —oo is achieved). As in Fig. 3, the light gray background in Fig. 4
indicates the predicted unstable region that follows the recipe described in Sec. II with a
static friction force threshold of Fp;. = 10 mN. The white solid line in Fig. 4 represents the

geometrical boundaries, resulting from the fact that the magnets must not overlap:
dna + dre
Va2 + b2 > —5 = 12.5 mm, b > dpe/2 = 5 mm. (6)

Due to these boundaries, the dark gray region is forbidden. As seen in Fig. 4, the main
stable region predicted from theory has the shape of an elongated shark fin with a width
of approximately 1 mm, and apart from a few outliers, our prediction is in very good
agreement with the experimental data (black dots are stable). The pocket located in the
region 5 < b/mm < 6 is predicted to be stable, but in the experiment we observe that it is

not stable. It is not yet clear to us what the origin of this artificial pocket is.

For the design of a “good” tractor magnet (where good means symmetric and having
a strong binding energy), Figs. 4(c), (e) and (f) are of highest interest. In Fig. 4(f) we

surprisingly find from our theoretical predictions a “line of symmetry” in the (a, b)-stability

8
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map that is approximately described by the linear function [solid yellow line in Fig. 4(f)]:
bmia(a) ~ 0.89a — 1.29 mm, 10 < a/mm < 14.5. (7)

Along this path, the difference of the second-order derivatives of the potential magnetic
energy vanishes [02Uy/0y? = 0?°Uy/02?, indicating symmetric stability. In Fig. 4(c) we see
that the binding energy Up is relatively strong for small ¢ ~ 10mm, making this range
interesting for practical applications. By contrast [see Fig. 4(e)] the equilibrium distance zq
is decreasing with a decreasing geometry parameter a. This makes sense, since the potential

energy decreases with increasing distance between the magnets.

IV. CONCLUSIONS AND OUTLOOK

We investigated 2D magnet configurations with a stable stationary equilibrium point.
Based on the theory of magnetostatics we have derived general statements on the work-
ing principle and we have provided practically useful information for the fine-tuning of
the minimal tractor magnet configuration: (i) we made a qualitative statement on mag-
net stacking and gave an explanation of the consequences for the binding energy based
on the pole-avoidance principle, (ii) we have introduced an upper bound criterion for the
magnetic moment ratio (u < 1/2), (iii) based on a point dipole approximation, we have
analytically derived a stability map of the problem that allows one to identify the prac-
tically important regime of the magnetic moment ratio p = myep/Maye and the geometry
parameter ratio 3 = b/a, (iv) we have demonstrated that the theoretical predictions (based
on a fourth-order multipole expansion) are in qualitative agreement with the experimental
stability map (obtained with 82 samples), (v) our fourth-order multipole calculation results
into a linear path in the (a,b)-stability map, along which the linear stability is equal in
strength with respect to the x- and y-directions, and (vi) we have introduced an advanced
tractor magnet composed of two minimal tractor magnets and discussed the possibility of
much higher binding energies in such arrangements. Our results establish a connection be-
tween the magnet geometry, characterized by size parameters such as the diameter d and
height h, the spatial arrangement of the magnets (geometrical parameters a and b), and the
magnetization magnitude M", elucidating their collective influence on stability properties.
In the supplementary Material we provide a video where we show different tractor magnets

and showcase their stability behavior on a qualitative level.



PHYSICS EDUCATIO !\O

ACKNOWLEDGMENTS

I thank the National Research Fund of Luxembourg for financial support (AFR Grant
No. 15639149). I thank Prof. Andreas Michels, Prof. Hamid Kachkachi, Dr. Venus Rai and

Dr. Ivan Titov for fruitful discussions and the critical reading of the manuscript.

REFERENCES

LA. Zangwill, Modern Electrodynamics (Cambridge University Press, 2012).

2M. V. Berry and A. K. Geim, European Journal of Physics 18, 307 (1997).

3E. Brandt, Science 243, 349 (1989).

4A. Geim, M. Simon, M. Boamfa, and L. Heflinger, Nature 400, 323 (1999).

SW. T. B. Kelvin, Reprint of papers on electrostatics and magnetism (Macmillan & Company,
1884).

6See the Supplemental Material [URL] for a video showing the stability behaviour, the .stl-
files for 3D printing and a collection of possible tractor magnets with detailed information.

TA. Nisbet, Proceedings of the Royal Society of London. Series A. Mathematical and Physical
Sciences 231, 250 (1955).

8E. Essex, American Journal of Physics 45, 1099 (1977).

9J. D. Jackson, Classical Electrodynamics (John Wiley & Sons, Inc., 1999).

Appendix A: Stability analysis of the point dipole model

In the first approximation, a point dipole model provides useful insights into the stability
behavior of magnetic tractors. Figure 3(a) shows the arrangement of four magnetic point
dipoles, where the dipole with index ¢ = 0 represents the follower magnet and the assembly
dipoles with indices ¢ = 1,2, 3 represent the tractor magnet. The tractor magnet consists
of an attractor magnet (i = 1) and two repulsor magnets (i = 2,3). The polarization of

the dipoles is parallel or antiparallel to the z-direction (out of plane). The corresponding

10
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positions r; and magnetic moments m; are:

ro = 2% + yy, my = M2, (A1)
r; = —ax, m; = —M,y7, (A2)
ry = by, m; = My, (A3)
r3 = —by, ms = MyepZ, (A4)

where a,b > 0 are the position parameters of the tractor magnet. The sign convention
follows the interpretation of the attractor and repulsor magnets, thus, the repulsor magnets
(i = 2,3) are parallel and the attractor magnet (¢ = 1) is antiparallel in its magnetization
relative to the follower magnet (i = 0). In the case of a magnet with uniform magnetization
parallel /antiparallel to the z-direction and a cylindrical volume V, = wR2h, the magnetic
moment is written as:

m— /M 7TR2]LBr 2 (A5)

Ho

where R is the radius, h denotes the height of the magnet, M* = B"/uq is the remanent
magnetization. The magnetic flux density at the position ry of the follower magnet (i = 0)

is:

3
H Rn - my, Rn m,,
Bo(z,y) = ﬁz {3% - RJ ; (AG)

n=1
where R,, = rg—r, is the difference vector between the field point and the source point, and

R, = /(R2)2+ (R})2 + (R3)? is the magnitude of R,,. The potential energy then reads:

UO($7 y) = —IMg - Bo(fL‘, y) (A7)
— HoMattMrep 1 1
- R G
. L !

i (rar e

(A8)

By analyzing the first-order stability conditions we find that the following relation between

the magnetic moment ratio jt = Myep/Maye and the geometry parameters must be satisfied:

aUg m (:CZ + b2)5/2

(260, 0) =0  — = _ a4 7 A9
o (l' 2q)) ) H Mot Qxeq(weq ¥ a)4 ( )
oU,

a—yo(xcq, 0)=0 — satisfied due to symmetry (A10)

11
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The second-order stability conditions provide lower and upper bound inequalities for the

geometry parameters:

02U, ) ) dax?

W(Icq, 0) = C()[4(lf[eq —b (a + 5Icq)] >0 — b< bup = 516(17_:1@ (A].l)
Uy ) ) ax?

W(Icq, 0) = C()[b (51‘0{1 + 4(1) - U/qu] >0 — b> b]o = %ﬁ (AlZ)
82UO 82U0 ax?

0 (0 0) = 0200, 0) > 0 = g = 4 0 A13
o2 (eq, 0) 2 (Zeq; 0) d 2Teq +a (A13)

3uom?2e,
Co = . Al4
O Ao (eq + a)®(x2, +0?) (Al4)

The parameter by;q gives the condition that the slope of the z- and y-force components are
equal and thus describes the middle path between the lower and upper bound. Using the
reduced parameters &q = Teq/a, f = b/a, and p = Myep/Mayy We can express the lower

bound S, the upper bound f,,, the middle path Syiq, and the magnetic moment ratio

as:
_ S o %ea
ﬁlo - \/m7 ﬁup \/m7 (A15)
2 2\5/2
Bunid = S e 67 (A16)

V2 + 1 N 2yl + DV

By inversion of the relations (A15) and (A16) we find the lower and upper bound for the

magnetic moment ratio p depending on the scaled parameter £qq:

4 - 15/2
5&eq + 5
- eq cq , Al17
Mo ™ 2eq + D)7 (B + 4, (A1)
4 - 15/2
5Eeq +5
= eq il , Al18
4 r 15/2
26eq +2
mid = = = . A19
it = S + D7 |26 + L (A19)
Computing the limits of Egs. (A17) and (A18) we find:
51(1}30 o = 0, 5},}‘130 Hup =0, (A20)
li _ 1 li _ 1 A21
Jm o =5, Jm i = 5, (A21)
leading to the following critical bounds for the magnetic moment ratio:
1
O<pu<<. (A22)

2

12
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This result indicates that the magnetic dipole moment of the repulsor magnets should be
less than half of the magnetic dipole moment of the attractor magnet. Further, these limits
suggest that if we would like to have a large holding distance ratio {oq = Zeq/a, the magnetic

moment ratio g must be close to 1/2. In contrast the reduced binding energy:

B 4dra? B \82q+ﬂ2 1
Ul D) = gz, o000 = g e 71T ™ (G v 1 )

vanishes in the limit {, — oo, showing the competition between holding-distance and bind-
ing energy. Combining the results for the upper bounds By, ftup and lower bounds S, fuo,
we can describe the region of stability S in the (5, u)-map by introducing the dimensionless

parameter 0 < A < 1 by the parametrization

S(Seq, )\) _ B(feqa /\) _ ﬁup(feq) _ ﬁlo(ﬁeq) A + 5lo(§eq) ) (A24)

/L(Sem A) gup (é-eq) flo(&eq) 510 (geq)

Here, A is a free parameter that spans the stability surface between the lower and upper
bounds (see Fig. 3). This mapping is essential for making statements on the stability of the
tractor magnet configuration, since it reflects the stability behavior directly related to the

magnetic-moment ratio fi = Myep /My and the geometrical ratio f = b/a.

Appendix B: Cartesian multipole expansion method

To formulate the potential energy of the magnetostatic interaction in terms of the mul-

tipole expansion, we use the magnetic Hertz vector I (r) (dipole vector potential) for the

k-th magnet with magnetization My(r) in the convolution integral formulation”®
1 M
Hk(r) / k( /) &3 (Bl)
dr Jy e =7

The inverse relation between the magnetostatic Hertz vector and the magnetization vector

field is described by the Poisson equation V2II,(r) = —M,(r). The Cartesian multipole

expansion of Eq. (B1) is then written as’

1 & ‘”‘Mk (=] =)
EZ aox¥

v=0

; (B2)

X=r—rj
where v = {v,, vy, .} is a multi-index, |v| = v, + v, + v, denotes the absolute value of the

multi-index, My, ,, are the mutipole moments of the magnetization M, and rj represents

13
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the position of the center of the k-th magnet. In the case of cylindrical magnets with radius
Ry, and height h with uniform magnetization vector field My = py B}/ oz, pr € {—1,1}, the

multipole moments read

. B;
My = | My dr =p=tIf, I, T (B3)
) " g Fvets ke Thvs
with the integrals
Ry, Rum+uy+2
[p — Vw+Vy+1d — k B4
27
e+ 1 1
Iy, = / cos™ psin” pdp =2 B (% Vy; ) K, Ky (B5)
0
h/2 fLVZ+1H
2 = / Srdy = Yz , B6
v —h/2 2= (v, + 1) (B6)
1+ (—1)"
Kn = #7 (B7)

where B(+, -) denotes the Euler beta function. The total magnetic flux density is then derived
through the double-curl operation on the sum over the Hertz vectors associated with the
related magnets,”®
B(r) = 4oV x V x Y _TIi(r). (BS8)
k=1
In the case of the tractor magnet with minimum number of magnets n = 3, the center

positions are

r, = {—a,0,0}, (B9)
ro = {0,b,0}, (B10)
rs = {07 —b, O} (Bll)

The potential energy of the follower magnet (k = 0), with magnetization My and position
r = {z,y, 0}, is described by the correlation integral:
Up(r) = — | My(r") B(r +1") d®", (B12)
Vo

and finally the multipole expansion of this correlation integral reads

=My, IHB(r)
p=0
14
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—MPEXO0

FIG. 5. Convergence of the F§(z) force function computed with the multipole expansion method.
MPEXO illustratets the result from the four dipole model with potential energy (A8). The graphs
MPEX2/4 and 6 illustrate the results from the second to the six order multipole-expansion method
described in Appendix B. Here we used the parameters a = 14 mm, b = 12 mm, Ry = 7.5 mm,

Ry =5 mm, Bj = 1300 mT and Bj = 390 mT.

In our calculation, we first compute the potential energy analytically up to a certain order
and then evaluate the resulting expression numerically. Figure 5 shows the convergence when
increasing the order of the multipole expansion. The result MPEXO0 (multipole expansion)
reflects the point dipole approximation described by the potential energy in Eq. (A8). The
higher-order multipole expansions (MPEX2, 4, 6) are computed following the equations
described in this Appendix. At far distances, the graphs converge asymptotically, while for
short distances, especially around the positive force barrier, the disagreement of MPEX0
and MPEX2 compared to MPEX4 is quite large. The results of MPEX4 and MPEX6
coincide. This demonstrates that the fourth-order multipole approximation provides a very
good approximation. In the supplementary material the stability map 4 is shown as a result
of the MPEX0, MPEX2 and MPEX4 method. These figures show that the MPEX4 method

gives a prediction that is the closer to the experimental data.

15
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