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Most widely used machine learning potentials for condensed-phase
applications rely on many-body permutationally invariant polynomial or

atom-centered neural networks. However, these approaches face challenges
inachieving chemical interpretability in atomistic energy decomposition

and fully matching the computational efficiency of traditional force fields.
Here we present a method that combines aspects of both approaches

and balances accuracy and force-field-level speed. This method utilizes
amonomer-centered representation, where the potential energy is
decomposed into the sum of chemically meaningful monomeric energies. The
structural descriptors of monomers are described by one-body and two-body
effective interactions, enforced by appropriate sets of permutationally
invariant polynomials as inputs to the feed-forward neural networks.
Systematic assessments of models for gas-phase water trimer, liquid water,
methane-water cluster and liquid carbon dioxide are performed. The
improved accuracy, efficiency and flexibility of this method have promise for
constructing accurate machine learning potentials and enabling large-scale
quantum and classical simulations for complex molecular systems.

Computational simulations of molecular systems are essential for
understanding complex processes in chemistry, biology and material
sciences. A key challenge in both quantum and classical simulations
isthe extensive computations required for potential energy and force
evaluations given molecular configurations. Direct ab initio calcula-
tions using accurate electronic-structure methods such as the ‘gold
standard’ coupled cluster theory with single, double and perturbative
triple excitations, CCSD(T)", are ideal. However, it quickly becomes
prohibitive for systems with more than 15 atoms. Although density

functional theoryis widely used inab initio molecular dynamics (MD)
simulations due to its relative efficiency, its limited accuracy and still
unfavorable computational scaling present challenges for long-time
simulations of large and complex systems.

Over the past two decades, machine learning potentials (MLPs)
have emerged as a promising approachto enable efficient and accurate
computational simulations®>?*. For high-dimensional systems with
tens of thousands atoms, such as condensed-phase water, an atomistic
representation of the potential is a popular choice™:
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where the total potential energy of the system £, is decomposed as
the sum of atomic local energies E; ,comic over all Ny, atoms, where i
represents the index of each atom in the system. This representation
has been widely applied in various MLPs. Typical examples include
BPNN", SchNet'®, PhysNet", DeePMD?° and EANN? and so on. Recent
equivariant neural network (NN) potentials such as NequlP*, MACE*
and Allegro® also employ the atomistic representation.

Analogousto the difference between atomic and molecular orbital
energies in electronic-structure theory, the concept of atomic local
energy in these MLPs lacks effective chemical meaning®?¢, as the
energy of the entire molecule, rather than that of individual atoms, is
morerelevant for capturing molecular structural signatures and envi-
ronmental perturbations. Moreover, the physically undefined nature
ofatomiclocal energies may resultinarbitrary assignments by modern
NNs and compromises their transferability to different systems®. It
is worth noting that machine learning force-field approaches, such
as FFLUX*"?’, have been developed to obtain physically well-defined
atomic properties using the quantum chemical topology framework®**
and Gaussian process regression. Another aspect of the atomistic
representation of potential energy is related to computational scal-
ing, where the cost scales linearly with the total number of atoms in
the system. It remains an open question whether this scaling can be
furtherimproved to achieve greater efficiency while maintaining the
same or higher level of accuracy.

Another approach to obtain MLPs for large molecular systems is
the many-body representation, which has been widely reportedin the
literature since the 1980s**°. Taking water potentials as examples, the
most accurate ones, namely, MB-pol*°, g-AQUA* and q-AQUA-pol*,
useamany-body expansion for the total energy of Nwater monomers:
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where i, j, kand [ are indices of water monomers and each energetic
term is obtained from training an MLP on the appropriate dataset.
Specifically, the one-body (1-b) term E,_, represents the potential for
the isolated water monomer, often modeled using the spectroscopi-
cally accurate ab initio-based Partridge-Schwenke potential*’. The
two-bodytermE,_,isan MLPfit to dimer interaction electronic energies,
the three-body term E;_, is an MLP fit to trimer interaction energies
and the four-body term E,_,is an MLP fit to tetramer interaction ener-
gies. This many-body formulation allows the use of permutationally
invariant polynomial (PIP)-based methods, such as PIP®, PIP-NN’ and
fundamental invariant (FI)-NN", to accurately describe the n-body
interactions involving n molecules.

Despite recent successes in simulating water properties from
the gas phase to the liquid phase using many-body MLPs**°*>** it is
well-known that many-body representation suffers from the rapidly
increasing number of three-body, four-body and higher-order terms.
Consequently, long-time simulations of relevant molecular systems
are often prohibitive.

In this work, we introduce a machine learning framework that
combinesthe strengths of both methods while mitigating their weak-
nesses. This monomeric framework leverages a representation of
the system’s potential energy in terms of monomer energies instead
of atomic local energies and employs molecular energies only at the
one-body and two-body levels. Permutational invariance is enforced
by using PIPs as inputs to NNs, describing a molecule’s structure and

environment. This critical aspect of our work echoes the use of PIPs®*°

and later efficient FIs"* as inputs to NNs in applications to gas-phase
molecules. We term this approach MB-PIPNet. We demonstrate that
this method achieves high accuracy across a variety of molecular sys-
tems, ranging from gas-phase clusters (for instance, water trimer and
methane-water cluster) to condensed-phase systems (for instance,
liquid water and carbon dioxide (CO,)).

Our findings indicate that many-body interactions, such as
three-body interactions, can be accurately described using only
one-body and two-body PIP basesin the NN descriptor. This discovery
substantially enhances the efficiency of our framework, enabling fast
computational simulations of complex condensed-phase systems at
the cost of conventional force fields. Our framework shows good per-
formancein MD simulations of liquid water and achieves substantially
better computational scaling compared with other atomistic machine
learning models. Furthermore, our framework can be systematically
extended to various types of molecular system. Related challenges and
possible solutions are also discussed.

Results

Monomeric NN model

The proposed monomeric NN potential model, MB-PIPNet, isillustrated
in Fig. 1. This framework relies on appropriate decomposition of the
molecular systeminto N monomers. The total potential energy is then
represented as the sum of the perturbed energy of each monomer, £;,
analogous to the atom-centered approach, such that

N
Etoral = zfi 3)
i

Theenergy of each perturbed monomer is trained using a feed-forward
NN modelthat utilizes specifically designed structural descriptors as
theinputlayer.Indetail, after decomposing the entire molecular system
into Nfragmental monomers, the Cartesian coordinates of monomer i
are transformed into a self-structural descriptor, G,(self). We employ
the widely used PIPs to construct this self-structural descriptor, which
naturally ensures the necessary invariance to translation, rotation and
permutation.

The self-structural descriptor, G,(self), effectively describes the
energetic response of amonomer to changesinits own configuration.
However, each monomer is subjected to acomplex environment with
extensive intermolecular interactions involving other molecules.
Consequently, the potential energy of each monomer should be
polarizable. To account for this, we use two-body PIPs as the environ-
ment descriptor for each monomer, G(env). As detailed in the section
on structural descriptors in Methods, this environment descriptor
accounts for interactions with all surrounding monomers within a
defined distance cut-off. The combination of G,(self) and G,(env) offers
a systematic approach to describe the molecular response within a
complexsystem. As will be explored next, using one-body and two-body
PIPs as core components in these descriptors results in substantially
more efficient computation compared with other machine learning
methods.

Energetic properties of MB-PIPNet model for water trimer

The use of only one-body and two-body PIP bases as structural descrip-
tors in our MB-PIPNet framework raises the question of whether
MB-PIPNet can describe many-body interactions beyond two body.
To address this, we first demonstrate MB-PIPNet’s capability of captur-
inghigh-orderinteraction using the case of gas-phase water trimer. We
trained an MB-PIPNet potential based on 45,812 trimer structures with
energies calculated at the CCSD(T)-level g-AQUA-pol potential. This
water trimer dataset spans a wide energy range of [0, 15] eV, and our
final training root mean square error (RMSE) is only 1.08 meV per atom.
Asalso shown in Extended Data Fig. 1a, the corresponding MB-PIPNet
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Fig.1|Schematic of the MB-PIPNet architecture. The coordinates of each
fragmental monomer, X, are first transferred to its self-structural descriptors
G(self), such as one-body PIP bases. The structural descriptors of each
monomer’s environment, G,(env), are generated by pairwise monomer
coordinates involving different monomers, forming two-body PIP bases. The self-
and environmental descriptors of each monomer are combined as the input of
the NN and yield the effective monomeric potential energy, E;. The final energy of
the complicated molecular system, E,,,,, is the sum over monomeric energies of
all fragmental monomers. Atom colors: H, white; C, cyan; O, red.

model for water trimer shows high accuracy in predicting potential
energies of aseparate test dataset, with an RMSE of 1.07 meV per atom.
We also examined the accuracy of the MB-PIPNet potential in arep-
resentative potential energy cut. As shown in Extended Data Fig. 1b,
good agreement with the g-AQUA-pol reference datais achieved. These
single-point energy results provide direct evidence that using only
one-body and two-body PIP bases in constructing structural descrip-
tors, the trained MB-PIPNet potential is capable of handling the com-
plex molecular environments beyond simple two-body interactions.

The accuracy of the trained MB-PIPNet potential for the water
trimer is further verified through harmonic normal mode analysis
and anharmonic diffusion Monte Carlo (DMC) calculations. As seen
in Table 1, the MB-PIPNet potential provides accurate harmonic fre-
quencies for the water trimer’s global minimum structure, with devia-
tions mostly smaller than 5 cm™ compared with both g-AQUA-pol and
CCSD(T)-F12a/aug-cc-pVTZ benchmark results. As a more stringent
test of the accuracy and smoothness of the potential energy surface
(PES), unconstrained DMC calculations were performed to determine
the anharmonic zero-point energies (ZPEs) of the water trimer using
the trained MB-PIPNet potential. Notably, the rigorous quantum DMC
calculations provide the exact ZPE of the molecule and also serve as an
effective tool for detecting ‘holes’ in the analytical PES. The trained
MB-PIPNet potential was found tobe ‘hole’ free and the calculated water
trimer’s ZPE is 15,593 + 4 cm™, which agrees well with previous results
using CCSD(T)-level PESs such as q-AQUA-pol and WHBB.

Liquid water with MB-PIPNet potential

Beyond gas-phase molecular clusters, it is crucial to assess the perfor-
mance of the MB-PIPNet approach on condensed-phase systems, where
eachmoleculeis subject toasubstantially more complex environment.
Tothisend, we trained the MB-PIPNet model on a dataset consisting of
1,593 liquid water configurations, calculated at the revPBEQ-D3 level
of theory*®. The RMSE on energy and force for the MB-PIPNet model,
evaluated on the test set, are shown in Table 2. Compared with other
MLPs, the MB-PIPNet model generally outperforms invariant atom-
istic MLPs, including BPNN and EANN. More sophisticated invariant
and equivariant message-passing NN potentials, such as REANNY,
NequlP??and MACE?, show better performance, particularly for force
predictions. These MPNN models typically involve tens of thousands of
parameters, suggesting that the RMSE of the MB-PIPNet model could
potentially be further reduced with amore complicated NN structure
and the incorporation of a message-passing mechanism.

Table 1| Performance of MB-PIPNet model on vibrational
analysis of water trimer

Harmonic frequency

Method MB-PIPNet q-AQUA-pol Ab initio®
Mode 1 155.4 160.4 154.5
Mode 2 1747 176.5 178.6
Mode 3 188.9 188.3 185.7
Mode 4 195.7 194.3 1917
Mode 5 2197 2201 220.2
Mode 6 2291 2375 228.3
Mode 7 329.2 3370 3324
Mode 8 351.9 350.8 346.4
Mode 9 438.4 437.3 4371
Mode 10 555.4 562.1 558.8
Mode 11 648.9 653.8 656.8
Mode 12 829.6 844.6 846.5
Mode 13 1,648.3 1,662.2 1,654.9
Mode 14 1,655.3 1,665.3 1,660.2
Mode 15 1.674.3 1,684.0 1,678.9
Mode 16 3,618.9 3,6211 3,621.0
Mode 17 3,675.0 3,681.2 36776
Mode 18 3,684.7 3,689.3 3,685.5
Mode 19 3,903.8 3,907.2 3,903.3
Mode 20 3,908.2 3,910.2 3,908.3
Mode 21 3,909.9 3,914.3 3,908.8
Harmonic ZPE
Method MB-PIPNet q-AQUA-pol Ab initio®
15,997.7 16,048.8 16,017.7
Anharmonic DMC ZPE
Method MB-PIPNet g-AQUA-pol® WHBB®
15,593+4 15,616+2 15,587+2

Harmonic frequencies and anharmonic DMC ZPE (in cm™) of water trimer from different
methods. *CCSD(T)-F12a/aug-cc-pVTZ. °From ref. 42. °From ref. 67.

To obtain an MLP model for liquid water with higher accuracy
than density functional theory, we trained another MB-PIPNet model
of water using using reference data fromref. 48. The training set con-
sists of 75,874 different configurations from MD simulations of liquid
water at various temperatures, with total energy of each configuration
calculated using the MB-pol force field*. The training process over
this extensive dataset converged quickly, as shownin Supplementary
Fig. 1. The final training RMSE is 0.29 meV per atom, which is notably
smaller thanthe 0.39-0.44 meV per atom achieved using the DeePMD
approach with the same dataset*®. Figure 2a shows the performance of
the MB-PIPNet model on energy predictions for aseparate test dataset,
showing good correlations with a small RMSE of 0.30 meV per atom.
These energetic results verify the capability of the MB-PIPNet approach
inhandling complex and polarizable condensed-phase systems, such
as liquid water, where many-body interactions play crucial roles in
determining the corresponding physical and chemical properties.

Conventional Behler-Parrinello-type atomistic MLPs predict the
atomic local energies of molecular systems. However, from a chemis-
try perspective, the energy of individual molecule is often of greater
interest. A natural advantage of the MB-PIPNet model is its ability to
directly predict the perturbed monomer energies of all individual
molecules. This is analogous to the widely used concept of molecular
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Table 2 | Comparison of model accuracies on the
liquid-water dataset

BPNN*® EANN®® REANN" NequlP” MACE***° MB-PIPNet
Energy 2.33 21 0.8 0.93 0.63 119
Force 120 129 47 45 36.2 93.3

RMSE for energy (meV per atom) and force (meV A™") from different MLPs trained on the same
dataset from ref. 46.

orbital energy against atomic orbital energy in electronic-structure
theory. Figure 2b shows ascatter plot of the monomer energies of 256
water molecules from a representative liquid-water configuration
using different methods. Given the coordinates of all water molecules,
the Partridge-Schwenke* energy of each molecule is calculated using
corresponding spectroscopically accurate water monomer potential.
The q-AQUA energies are calculated through many-body expansion
using our recently developed purely many-body PES for water, where
the energy of each water moleculeis calculated as

N N
E(QAQUA) = E1p(+ X 3Eap(i)) + %, SEs-p((). )
J J>
@

N 1 PO
+ . % . ZE4—b(lsJ’ k’ D
J>k>

As seen, the Partridge-Schwenke one-body energies of 256 water
molecules are in the range [0, 5] kcal mol™, indicating the distorted
structures of these molecules in the liquid phase relative to the global
minimum structure. Wheninteractionsamong molecules areincluded,
the water molecules are polarized and the corresponding q-AQUA
monomer energies are in the range [-20, —3] kcal mol™. Inline with the
q-AQUA results, the MB-PIPNet model provides reasonable predictions
of monomer energies, with different water molecules showing distinct
perturbed energies due to their structural distortion and interactions
with other moleculesin the liquid phase. These observations provide
additional evidence that the MB-PIPNet model reasonably describes the
many-body interactionsin complex molecular systems with structural
descriptors constructed from only one-body and two-body PIP bases.

The trained MB-PIPNet model of liquid water was further
employed in MD simulations for bulk water properties using the
i-P12.0 software®. Figure 2c shows the oxygen-oxygen (00) radial
distribution function (RDF) obtained from classical MD simulations
at 298 K, with the oxygen-hydrogen (OH) and hydrogen-hydrogen
(HH) RDFs provided in Supplementary Fig. 2. As seen, the OO RDF
obtained from the MB-PIPNet model agrees well with experimental
datainterms of both peak positions and amplitudes. Extended Data
Fig.2shows additional OO RDFs results generated by the MB-PIPNet
and MB-pol across arange of temperatures. Both models consistently
show agreement with experimental data, highlighting the capability
of the MB-PIPNet model to accurately replicate the MB-pol force
field in simulating the structural properties of water across different
thermal conditions.

The oxygen-oxygen-oxygen (0O0O) triplet angular distribution
Poo0(0) is another static property used to detect the tetrahedral ori-
entational ordering of liquid water. We obtain P,,,(6) by computing
the angle formed by an oxygen atom of a water molecule and two of
its oxygen neighbors, with the neighbors defined using a cut-off of
3.27 A toyield an average OO coordination number of 4 (ref. 42). As
showninFig.2d, the distribution of Py, (60) from the MB-PIPNet model
is in excellent agreement with experiment in terms of peak position,
width and intensity.

Finally, the dynamic property of liquid water, specifically the
self-diffusion coefficient D as a function of temperature, is inves-
tigated using MB-PIPNet model-based MD simulations. As seen in
Table 3, the predicted D from the MB-PIPNet model agrees well with

the experimental measurements across different temperatures. Simi-
lar performance is observed in previous MD simulations performed
directly using MB-pol*, although there are slight differences when
compared with the MB-PIPNet results. It should be noted that the cur-
rent self-diffusion coefficients were calculated using a simulation box
of 256 water molecules. Anincrease in Dis anticipated for an ‘infinitely’
large box, using the correction formula widely used in the literature
and also our previous work*>",

Computational scaling with force-field-level cost

Thus far, we have demonstrated that the MB-PIPNet approach can
accurately describe many-body interactions from gas-phase clusters
to condensed-phase systems. The chemistry-motivated architecture
ofthe MB-PIPNet method naturally provides detailed monomeric ener-
giesrather than conventional atomistic energies. Another appealing
feature of the MB-PIPNet methodis its favorable scaling and computa-
tional cost. This stems from two main aspects. The first one is associ-
ated withthe use of PIPs as key componentsinstructural descriptors.
The generation of PIPs have been extensively verified to be systematic
and efficient compared with other complicated ML descriptors’2.
Second, our MB-PIPNet framework employs a representation of the
total energy as the sum of monomer energies. Consequently, the
computational cost of the MB-PIPNet potential scales linearly with
the number of molecules rather than the number of atoms, as is the
case with most MLPs.

InFig. 3, we compare the computational cost of the MB-PIPNet
models with the q-TIP4P/F and TTM3-F force fields****, as well as the
DeePMD and REANN MLPs**8, for asingle MD step of energy and gradi-
entcalculationsacross different sizes of liquid-water simulation boxes.
In the single central processing unit (CPU) core simulations, we first
verify the linear computational scaling of the MB-PIPNet approaches
withrespect tothe number of water molecules. Moreover, withalarger
two-body cut-off (R, = 9 A), the MB-PIPNet model shows computational
efficiency comparable to the conventional polarizable water force field,
TTM3-F, and is several times faster than the DeePMD potential. For
simulations involving thousands of water molecules, the MB-PIPNet
model with R, = 9 A substantially outperforms TTM3-F in speed, as
it avoids the computationally expensive electrostatic Ewald summa-
tion. Similarly, the MB-PIPNet model with a shorter R.= 6 A, shows
even faster performance, surpassing TTM3-F and approaching the
speed of the non-polarizable q-TIP4P/F force field. As the system size
increases, the computational cost of MB-PIPNet becomes almost iden-
tical to that of q-TIP4P/F. Furthermore, with a relatively short atomic
environmental cut-off (R, =3 A), the message-passing NN REANN
exhibits computational performance comparable to the MB-PIPNet
model withR. = 9 A. Asthe cut-offincreasestoR. = 5.5 A, the computa-
tional cost of REANN rises substantially. Notably, as demonstrated in
ref. 55, sophisticated equivariant message-passing NNs such as MACE,
when utilizing an Nvidia A100 graphics processing unit (GPU) with
thousands of inner cores, can achieve computational speeds compa-
rable to those of the MB-PIPNet model with R, = 9 Ain asimulation box
containing 512 water molecules. Remarkably, the MB-PIPNet model
achieved this level of performance using only a single CPU core. Once
extensive parallelization or GPU accelerationis applied, the MB-PIPNet
approach is expected to achieve orders of magnitude improvements
incomputational efficiency than these MLPs. The computational per-
formance of message-passing MLPs, such as REANN and MACE, canbe
substantially enhanced by choosing a smaller environmental cut-off
R. while maintaining reasonable model accuracy. This strategy for
balancing accuracy and computational efficiency is also applicable
to the MB-PIPNet model.

Performance on other molecular systems
The above two MB-PIPNet potentials are associated with gas-phase
water trimer and liquid water. Here we further demonstrate the
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Fig. 2| Potential energy predictions and MD simulation results of liquid water
by MB-PIPNet model. a, Energy-energy correlation plot for MB-PIPNet model of
liquid water with reference energies calculated using MB-pol. b, Scatter plot of
monomer energies of 256 water molecules in a periodic cubic box predicted by
the MB-PIPNet model, the Partridge-Schwenke (P-S) water monomer potential
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distance, ro, for liquid water at 298 K from classical MD simulations using
MB-PIPNet model. The experimental data are taken fromrefs. 72,73.d, The
oxygen-oxygen-oxygen triplet angular distribution functions of liquid water at
298 K predicted by MB-PIPNet model. The experimental data are taken from ref.
74.The triplet angular distribution functions shown here were normalized to
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Table 3 | Dynamic property (self-diffusion coefficient) of
liquid water by MB-PIPNet model

Temperature (K) MB-PIPNet MB-pol® Experiment®
278 0.136+0.005 0.140 0131

288 0.177+0.008 0.194 0177

298 0.251+0.020 0.234 0.230

320 0.372+0.014 0.344 0.360

Self-diffusion coefficient D (A?ps™) of liquid water at different temperatures. *From ref. 51.
®From refs. 70,71.

transferability of the MB-PIPNet approach to different molecular sys-
tems. Extended Data Fig. 3aillustrates the application of the MB-PIPNet
model to methane-water clusters, CH, (H,0),. The datasets were
sourced fromour previously developed many-body PES*. Utilizing the
descriptors and network structures detailed in the section on training
detailsin Methods, the RMSE for training and testing were determined
to be 1.92 meV per atom and 1.90 meV per atom, respectively, which
are reasonably small for gas-phase systems with energies up to 15 eV.
Asdemonstrated in Supplementary Section 1, the computational cost
for such a mixture system still scales linearly with the number of mol-
ecules, although distinct structural descriptors are used for different
molecular types. Extended DataFig. 3b presents another example of the
MB-PIPNet model applied to liquid CO,. Using only 2,687 BLYP-D3-level
training data of configurations of 64 CO, molecules in a simulation
box*’, the model achieved training and test RMSE values of 0.16 meV
per atom and 0.26 meV per atom, respectively. This highlights the
applicability of the MB-PIPNet method to various condensed-phase
molecular systems. Itisimportant to note that further assessments of

model training and MD-based property calculations are necessary. In
future work, we plan to generate additional training data and under-
take more systematic MB-PIPNet potential training for awide range of
homogeneous and inhomogeneous systems.

The MB-PIPNet framework is applicable to a wide variety of mol-
ecules and molecularinteractions. This versatility stems from our PIP
library, which has beeninstrumentalin developing more than 100 MLPs
for different molecules®®. Analogous to the behavior of FI-NN compared
with PIP-NN, the Fls can also be employed as they are considered the
minimal set of PIPs. The generation of Fls is systematic and has been
frequently used in constructing high-dimensional MLPs. As noted in
therecent work>*’, an extension of Flsis anticipated for large systems
with more than 20 atoms, or even 30 atoms.

Discussion

The MB-PIPNet framework discards the widely used atomic local energy
decomposition method and represents the total potential energy as
the sumof chemically meaningful monomer energies. Unlike the stand-
ard many-body expansion approach, in MB-PIPNet, the combination
of one-body and two-body PIP-based descriptors provides a consist-
ent way to incorporate the perturbation effect that results from the
many-bodyinteractionwithother monomers. Thistreatment avoidsthe
expensive computations of high-order termsin many-body representa-
tion and greatly improves the computational cost of MLP evaluation.
These features of the MB-PIPNet approach open additional possibilities
for performing computational simulations of complex systems such
as molecular materials with first-principle accuracy but at the same
speed as conventional force fields. To the best of our knowledge, such
abalance between accuracy and efficiency has not yet been realized,
even with an atomic MLP such as DeePMD.
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Fig. 3| Computational cost of MB-PIPNet model. Computational time of single
MD step (energy and force) versus number of water molecules in a periodic
simulation box using different methods. All timing tests were performed using a
single CPU core of the AMD EPYC 7002 processors. R, is the atomic or monomeric
environment cut-off applied in different MLPs.

When training MB-PIPNet potentials for condensed-phase systems
such asliquid water, adistance cut-offisincorporated for the two-body
PIPs of environmental descriptor G(env). Similar to other ML methods
such as DeePMD, the current MB-PIPNet method lacks an explicit and
robust description of the long-range effects. One possible directionis
toincorporate amessage-passing mechanism for generating structural
descriptors®%“!, Another remark on the limitations of MB-PIPNet
framework pertains to the need for reasonable assignments of frag-
mented monomersin complex molecular systems. It can be naturally
applied to systems such as gas-phase clusters and molecular liquids.
However, additional efforts and further developments are required
to extend the MB-PIPNet approach to reactive systems, large organic
molecules, biomolecules or solid oxides.

Forlarge organic molecules orbiomolecules, theimplementation of
MB-PIPNet can be facilitated by: (1) improving the relevant PIP or FItheory
to enable efficient computation of polynomials for systems with more
than 20 atoms and (2) developing fragmentation theories to automati-
cally divide large molecules into smaller, computationally manageable
fragments®. For condensed-phase reactive systems or materials, such as
solid oxides, atomistic machine learning methods are often more natural
choices, anditis challengingto directly apply the MB-PIPNet approach. A
potential direction could involve integrating the MB-PIPNet framework
with atomisticmachinelearning approaches. Forexample,inthereaction
of CO, with water to produce carbonic acid, the central reactive region
couldbe modeled by an atomistic MLP, while the MB-PIPNet model could
efficiently describe the non-reactive solvent water molecules, thereby
accelerating the simulations. Such a hybrid framework involving the
MB-PIPNet approach could alsobe applied tomaterial-molecule systems,
offering broad applicationsin catalyst design and material discovery.

The monomer-centered concept of our MB-PIPNet can be further
appliedin other machine learning approachesincludinginvariant and
equivariant NNs'*?>, We hope that the proposed method will stimu-
late further development of MLPs in the wide fields of computational
chemistry, physic, materials science and biology for classical and
quantum simulations of complex systems with abinitio-level accuracy
and conventional force-field cost.

Methods

Structural descriptors in MB-PIPNet approach

The PIPs are employed to generate the self-structural descriptor,
G,(self), based onthe Cartesian coordinates of monomer. For instance,

foratetraatomic monomer, aset of symmetrized polynomialsat order
ncanbegenerated:

Gi(self) = POX) = 8 [yayh,ye 4, v 1, | ©

where Sis the symmetrization operator that produces the appropriate
sumof monomialswitha + b +c+d+e+f=n.Eachy;isthe Morse-like
variable in terms of internuclear distance r;between atomiandj, such
that y; = exp(-ry/a,) with a, as the hyperparameter.

The environmental descriptor G,(env) also employs the PIPs and
is defined as:

Ninol ERc

Genv) = . PX; X)fe(Xi, X;,Ro) (6)
=1

where N, represents the total number of surrounding monomers
withinadistance cut-off of R.. P(X;, X)) is the corresponding two-body
PIPs generated from Cartesian coordinates of monomer i and .
JX;, X, R.) is a switching function that ensures a smooth transition
to zero for the two-body polynomials when the distance between
two monomers exceeds R.. Taking water as example, the two-body
PIPs, P(X,, X)), are generated with 42 symmetry for the H,0---H,0 pair.
This includes permutational invariance for all four H atoms and both
O atoms. These PIP bases are further purified to ensure that they
approach zero asymptotically as the distance between the O atoms
increases*.

Reference datasets

For the water trimer, a total of 51,006 configurations were generated
with energies calculated using the q-AQUA-pol potential. Among
these, 45,332 configurations are trimer structures used in our previ-
ous three-body PES development in -AQUA* and q-AQUA-pol** PESs.
The remaining 5,674 structures were added by running DMC simula-
tions using the initially trained MB-PIPNet models. The final dataset
was randomly divided into a training dataset of 45,812 structures and
atest dataset of 5,194 structures.

For liquid water, the first dataset is from ref. 46, which includes
1,593 liquid water configurations with each structure containing
64 water molecules. The energies were calculated at the revPBEO-D3
level of density functional theory. For the second dataset, we employed
the one fromref. 48 where afinal training dataset of 75,874 configura-
tions and test dataset of 9,448 configurations were generated from MD
simulations at various temperatures and pressure of 1 atm for a cubic
box containing 256 molecules under periodic boundary conditions.
The potential energy of each configuration was calculated from the
MB-polforce field*.

Atotal of 21,570 structures of CH, (H,0), were obtained from our
previous work®® with energies calculated using developed many-body
potential. Ninety percent of the dataset was used for training, result-
ing in 19,342 training and 2,228 testing configurations. The dataset
for liquid CO, was directly obtained from ref. 57 where the configu-
rations were obtained from MD simulations of bulk liquid states at
temperature 7=220-300 K and pressure P=100 bar for a system of
64 CO, molecules under periodicboundary condition. A total of 3,800
configurations at the BLYP-D3 level of theory were used, with 2,687 for
training and 313 for testing.

Training details

For MB-PIPNet models of water and liquid CO, in this study, we
employed sixth-order full-symmetry PIPs for the self-structural
descriptor, G(self) and fourth-order full-symmetry two-body PIP bases
for the environmental descriptor, G(env). Specifically, for both water
trimer and liquid water, the input layer of the NN has a dimension of
188, with 49 for G(self) and 139 for G(env). For liquid CO,, the input
layer is 80, with 30 for G(self) and 50 for G(env). For CH, (H,0),, 80
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PIPs with 41symmetry and 30 PIPs with 21 symmetry are employed to
describe G(self) of CH,and H,0, respectively. For the environmental
descriptors, G¢y, (env) and Gy,q(env), 100 methane-water PIPs with
4,211 symmetry and 50 water-water PIPs with 42 symmetry are used.
With this set-up, the input layers of the NN for CH, and H,0 are both
180. Allthe MB-PIPNet models utilize NNs with two hidden layers. The
neuron structures for these layers are [30, 60] for the water trimer,
[15, 30] for liquid water, [10, 20] for CH, (H,0), and [10, 30] for liquid
CO,. The training of all MB-PIPNet models was realized using the
Levenberg-Marquardt algorithm®, The training stopped when the
learning rate dropped below 107, The cut-off distances for the 3 sys-
tems were set as 9.0 A.

DMC simulations of water trimer

We employed DMC calculations to rigorously determine the ground
vibrational state wave function and the full-dimensional anharmonic
ZPE. By linking the imaginary-time Schrodinger equation to the diffu-
sion equation, we express the wave function evolution as

N
WD _ > 2*‘— PO, D) — V) — e 90X, 7) @)

where (X, 7) is the wave function, m; is the mass of atom i and V(x) is
the potential energy of the molecule at configuration x. The reference
energy, E,.;, serves as the estimator of the ZPE®*, stabilizing the system
toits ground state.

The DMC method utilizes N(0) equally weighted Gaussian random
walkers to sample theinitial wave function and propagates equation (7)
in imaginary time with a Gaussian distribution. During the diffusion
process, the number of walkers is dynamically adjusted through

aN(r) — N(0)

NO) (8)

Eref(r) = (1) -

where E, (1), N(7) and (V(1)) are the reference energy, the number of
walkers and the averaged potential energy of all walkers at the time
step 7, respectively.

For the water trimer system, DMC calculations were conducted
with animaginary time step Ar=5a.u.and a = 0.25. Fiveindependent
DMC simulations were performed, each employing 40,000 random
walkers. The diffusion equation was propagated for 40,000 steps, with
theinitial 2,000 steps allocated for equilibration.

MD simulations of liquid water
All classical MD simulations were conducted usingi-PI 2.0 software™,
interfaced with the MB-PIPNet water potential. The simulation system
includes 256 water molecules with the box dimensions adjusted to
reproduce experimental liquid water densities at the corresponding
temperatures. Simulations were performed in the canonical ensemble
(NVT)withaLangevinthermostat. Ateach temperature, 3 independent
trajectories were propagated for 1 ns with a time step of 0.5 fs.

The diffusion coefficient Dis related to the slope of mean square
displacement (MSD) relative to time through

d(ll r©) — r )

de &

1
b=gim
where (||r(t) - r(0)||?) is the MSD of the center of mass of each water
molecule. The slope of MSD over time is obtained by applying alinear
fit to the corresponding MSD curve.

Data availability

All data generated or analyzed during this study are available at
https://doi.org/10.6084/m9.figshare.28510238.v1 (ref. 65). Source data
are provided with this paper.

Code availability

The source codes and examples of the MB-PIPNet approach are avail-
able on Zenodo at https://doi.org/10.5281/zenod0.14954863 (ref. 66)
and GitHub at (https://github.com/qiyuchem/MB-PIPNet and https://
github.com/szquchen/MSA-2.0).
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colors: H-white, O-red.
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Extended Data Fig. 2 | Structural properties of liquid water at different temperatures predicted by MB-PIPNet model. OO radial distribution function from
classical molecular dynamics simulations at different temperatures using MB-PIPNet model. The MB-pol data are taken from ref. 51. The experimental data are taken

fromref.71,72.
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Extended Data Fig. 3 | Performance of the MB-PIPNet model for methane-
water clusters and liquid CO,. (a) Correlation plots of test datasets for gas-phase

CH,(H,0), cluster with reference energies calculated using previously reported

15

(b)

EgLyp_p3 (V)

Liquid CO,

RMSE = 0.26 meV/atom

1 L L L 1

3 6 9
Eme-piPNet (€V)

potential®®. (b) Correlation plots of test datasets for liquid CO, with 64 molecules
insimulation box with reference energies calculated at the BLYP-D3 level of

theory”’.
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