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ABSTRACT Factor graphs, initially developed as probabilistic graphical models, have been widely
employed for solving large-scale inference problems in robotics, particularly in tasks such as pose estimation,
Structure from Motion (SfM), or Simultaneous Localization and Mapping (SLAM). Their capability to
efficiently model uncertainty and the locality of sensor data has made them crucial for robotic perception
and situational awareness. Recently, factor graphs have evolved beyond their probabilistic origins and are
also being applied to deterministic optimization problems, such as robotic planning and control. This paper
first aims to provide a comprehensive tutorial on factor graphs and the formulation and solution of the related
optimization problems within the context of robotics perception. In addition, we undertake a thorough review
of approaches that extend factor graphs—traditionally solved by unconstrained optimization—to optimal
control tasks, emphasizing how they handle the constraints intrinsic to control problems. Finally, we analyze
the potential of factor graphs for the seamless integration of robotic situational awareness, planning, and
control, which remains one of the most critical challenges in achieving fully autonomous robot operations
in complex environments.

INDEX TERMS Factor graphs, constrained factor graphs, robotic control, slam, situational awareness,
robotic perception, graph optimization, model predictive control, least squares optimization.

I. INTRODUCTION
Factor graphs are powerful probabilistic graphical models
that represent complex systems with uncertainty [1], [2], and
offer a flexible and intuitive means of modeling probability
distributions [3]. Uncertainty in the field of mobile robots
can have various sources, including inconsistent actuation,
noisy sensors, and unpredictable surroundings. To address
these uncertainties, probabilistic robotics [4] has emerged as
a successful paradigm. This approach utilizes probabilistic
graphical models, such as factor graphs, as mathematical
tools to model and handle uncertainty effectively. Herein,
factor graphs have so far mainly been used with great success
in various robotics perception tasks, including pose estima-
tion and tracking, simultaneous localization and mapping
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(SLAM) [5], bundle adjustment [3], Structure from Motion
(SfM) [6], and also higher-level situational awareness [7], [8].
In these applications, the tasks are formulated as probabilistic
inference problems, solved by computing a Maximum A
Posteriori (MAP) estimate using optimization techniques [9].
Specifically, solving such inference problems with factor
graphs involves least-squares optimization, where graph opti-
mization serves as the back-end, and the processing of sensor
data integrated into the factor graph as the front-end [10].

Significant advancements over the past two decades have
made factor graph-based approaches highly efficient for
large-scale, real-time perception tasks [1]. The efficiency
arises from the locality of the sensor data and the resulting
sparsity in optimization problems common in robotic percep-
tion tasks [2], leading to the development of well-established
solvers capable of handling sparse optimization problems in
a very efficient way [1], [3], [11].
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Beyond perception, the tasks of planning and control
are essential for efficient operations in robotic applications.
However, perception, planning, and control have tradition-
ally been executed within different frameworks, leading
to challenges in integration and efficiency. For instance,
optimization-based planning and control often assume
deterministic system models, while perception tasks are
inherently probabilistic. This discrepancy results in different
implementation requirements: perception tasks often rely
on factor graph solvers designed specifically for robotics
applications, whereas optimal control tasks frequently use
general-purpose optimization solvers like IPOPT [12]. Con-
sequently, interfacing between the perception layer and the
control layer is required, introducing additional complexity
and implementation effort.

Factor graphs hold immense potential as a unified frame-
work for perception, planning, and control tasks. Extending
their application to modeling and solving optimal control
problems offers several key advantages. First, it simplifies
implementation by using the same libraries across tasks,
reducing the reliance on separate tools. Moreover, the
outcomes of perception tasks, such as the robot pose, can
be directly leveraged for control purposes. Additionally,
factor graph libraries come equipped with high-performance
optimization algorithms that can be effectively utilized
in control tasks. By integrating these tasks into a single
framework, factor graphs not only streamline implementation
but also enhance the scalability and performance of robotic
systems, simplifying software architectures and improving
overall system efficiency.

However, unifying these frameworks also presents sig-
nificant challenges. Factor graphs are typically designed
for unconstrained optimization, primarily using least-squares
methods, whereas optimal control inherently involves con-
straints. Handling these constraints is a primary obstacle
to fully leveraging factor graphs for optimal control tasks.
Recent research has highlighted this challenge and proposed
solutions to integrate constraints into factor graph-based
control, as we will later detail in this paper.

Although there are numerous reviews on factor graphs,
such as [1], [13], [14], [15], and [16], they focus primarily
on perception tasks. To the best of our knowledge, no review
paper comprehensively covers the use of factor graphs for
optimal control so far. This article aims to fill this gap by
providing a detailed review of the literature that integrates
optimal control with factor graph optimization, discussing
the techniques and algorithms proposed to address constraint
handling. It is important to note that factor graphs can be
solved using various approaches other than optimization
techniques, such as sampling methods [17] or message-
passing algorithms [18]. Consequently, control tasks have
also been expressed and solved using factor graphs through
sampling methods or message-passing algorithms [19].
However, since robot perception tasks are fundamentally
based on graph optimization, this article focuses on research
that employs graph optimization in optimal control problems.

Notably, the current applications of factor graph-based
optimization for control in robotics, as discussed in the
literature reviewed in this article, predominantly address
deterministic optimal control problems, as we will show later
in this article. For example, dynamic models in these studies
are typically assumed to be deterministic. Nevertheless, this
focus on deterministic models does not limit the potential of
using factor graphs for probabilistic optimization problems.
Under certain assumptions, it is possible to approximate
probabilistic optimal control problems efficiently as deter-
ministic ones [20]. Furthermore, the success of leveraging
efficient factor graph solvers for deterministic optimization
problems paves the way for exploring the direct application
of factor graphs to probabilistic optimal control, as both are
fundamentally rooted in probabilistic theory.

Given the ongoing research and potential of leveraging
factor graphs for optimal control, this article also aims to
serve as an entry point to the topic. We address four key
questions:

1) What are factor graphs from a robotics perception per-
spective, and how do the related tailored optimization
algorithms work?

2) How can factor graphs be utilized for optimal control
in robotics?

3) What is the current state-of-the-art in this regard?
4) What are potential future research directions to advance

this field?

FIGURE 1. Roadmap for this article.

To enhance navigation through this paper, we provide a
roadmap (Figure 1), with a detailed structure as follows:
In section II, we briefly introduce factor graphs and their
main solving approaches. Then, in section III, we provide
a tutorial on graph optimization algorithms as the basis for
state-of-the-art factor graph libraries employed in robotic
perception, covering the different approaches and related
aspects. In section IV, we give a concise introduction to
optimal control and its key techniques. After that, section V
presents a comprehensive review of existing literature that
utilizes factor graphs for optimal control, followed by a
discussion of future research perspectives in section VI.
Finally, section VII concludes this article.

II. FACTOR GRAPHS IN A NUTSHELL
A. INTRODUCTION TO FACTOR GRAPHS
Consider a function J (X ) of a set of variables X =

{x1, . . . , xn}, that factors into a product of r local functions
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or ‘‘factors’’ φj(Xj) of a subset Xj of X :

J (X ) =

r∏
j=1

φj(Xj)

= φ1(X1) · φ2(X2) · · · φr (Xr ) (1)

A factor graph expresses the structure of this factorization.
The factor graph G = {X ,F , E} is characterized as an
undirected bipartite graph, consisting of two sets of nodes:
a set of variable nodes denoted by X and a set of factor
nodes denoted by F . The set E involves the edges connecting
variable nodes and factor nodes.

Variable nodes may represent various entities, such as a
robot’s pose at different time steps or landmarks. In factor
graph-based control tasks, input commands and system states
can be represented as variable nodes. Factor nodes, in turn,
are functions of the variables connected to them.

An example of a factor graph for 6 variable nodes and
7 factor nodes is illustrated in Figure 2, where, X =

{x1, . . . , xn}, F = {φ1, . . . , φr }, and E = {εij | i ∈

{1, . . . , n} and j ∈ {1, . . . , r}}, with n = 6 and r = 7.
Consequently, the factor graph represents the factorization of

J (X ) =

r∏
j=1

φj(Xj)

= φ1(x1) · φ2(x2, x3, x6) · φ3(x1, x2)

· φ4(x2, x3) · φ5(x1, x4) · φ6(x2, x4) · φ7(x3, x4) (2)

Moreover, the factors can be classified into different types
based on the number of variables they represent. These types
include unary factors (e.g., φ1), binary factors (e.g., φ3 to φ7),
ternary factors (e.g., φ2), and so on.

FIGURE 2. An illustrative example of a factor graph with 6 variable nodes
depicted as green circles and 7 factor nodes represented as blue dots.
Edges between nodes are visualized in black.

B. FACTOR GRAPHS: A UNIFYING FRAMEWORK FOR
MODELING UNCERTAINTY
Graphical models, including factor graphs, provide a
framework for representing uncertainty and performing
probabilistic inference. Factor graphs are extensively used
in probabilistic graphical modeling and one of their key

advantages is their ability to serve as a unifying framework
for both Bayesian networks and Markov random fields [21],
which are two widely employed models in probabilistic
reasoning.

Factor graphs have widespread applications in various
fields, including error-correction coding theory, detection
and estimation, wireless networking, artificial intelligence,
control systems, and robotics. In robotics, they play a crucial
role in tasks such as simultaneous localization and mapping
(SLAM), structure frommotion (SfM), bundle adjustment for
3D scene reconstruction, or more general situation awareness
models such as S-Graphs [22].

C. FACTOR GRAPHS: A FOUNDATION FOR PROBABILISTIC
INFERENCE
Statistical inference on probabilistic graphs (including factor
graphs) involves several tasks or queries that aim at under-
standing the relationships between random variables based
on observed data (evidence) [23]. Here are some common
inference tasks:

1) Marginalization: This involves computing the probabil-
ity distribution of a subset of variables in the graph,
independent of the remaining variables. It essentially
‘‘marginalizes out’’ the influence of the remaining
variables, allowing a focus on a specific set.

2) Conditional Inference: This task computes the condi-
tional probability distribution of one set of variables
given another set, considering observed evidence.
It helps to understand how the values of one set of
variables influence another set, given the available
evidence.

3) Maximum A Posteriori (MAP) Inference: This deter-
mines the most probable values of all variables in the
graph, given observed evidence. It essentially finds the
maximum likelihood of variables that explain the given
data.

In order to perform queries or tasks on factor graphs, various
inference techniques can be used, including:

1) Sampling Methods
Sampling-based inference techniques are used to
approximate the posterior distribution. These methods
rely on generating a large number of random samples
from the underlying probability distribution. Well-
known examples include Markov chain Monte Carlo
(MCMC) or Gibbs sampling [17], [24].
While powerful, sampling-based methods can be
computationally demanding. The accuracy of the
approximation depends on the number of generated
samples, which often requires a significant amount
of computational resources. Additionally, assessing
convergence, which ensures that the samples accurately
reflect the true distribution, can be challenging, espe-
cially for complex or high-dimensional problems like
SLAM [25]. These limitations make sampling-based
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methods less suitable for real-time inference tasks such
as those encountered in SLAM.

2) Message Passing Methods
Message passing algorithms (MPAs) are a powerful
approach to perform inference on factor graphs.
These algorithms work by iteratively passing messages
between nodes. Each node updates its belief about
a variable based on information received from its
connected neighbors in the graph [26], [27]. This dis-
tributed approach enables simultaneous computation
of marginal functions for all variables by processing
messages across all edges of the factor graph.
A fundamental MPA, called sum-product (also known
as belief propagation or BP), is widely used for
marginalization tasks. It estimates the probability
distribution of each variable by considering incom-
ing messages from connected factors. Max-product,
a variant of BP, computes the maximum a posteriori
(MAP) estimate, which corresponds to the most likely
configuration of variables [28], [29].
While the standard BP offers an efficient algorithm,
it only guarantees convergence for tree-structured
graphs (without loops). For graphs with loops (loopy
graphs), BP provides an approximate solution and
convergence is not guaranteed. To address this lim-
itation, researchers have proposed several extensions
of BP, including generalized BP [30], [31], tree
weighted BP [32], and affinity propagation [33]. These
variants aim to improve the accuracy and convergence
properties of BP for loopy graphs, as detailed in the
review by Santana et al. [27]
It is important to note that MPAs have also been
successfully applied to control problems (see [19],
[34], [35], [36], [37], [38], [39], [40]). However, this
paper focuses on control problems that exploit a state-
of-the-art framework for SLAM and robot situational
awareness, namely the graph optimization approach
described below.

3) Graph Optimization Approach
In SLAM and robotic situational awareness, the
inference problem on factor graphs is often formulated
as an optimization problem and solved using numerical
optimization algorithms [1]. This approach, known as
graph optimization, is the primarymethod employed by
state-of-the-art SLAM libraries, including:

• GTSAM [41]
• g2o [3], [42]
• Ceres Solver [11]
• SE-Sync [43]
• SLAM++ [44]
• SRRG2 [9]

A comparison of these libraries can be found in Juric
et al. [45]. Since graph optimization is the primary
approach used in SLAM and situational awareness
tasks, we provide a tutorial on this approach in the

following section and then present an overview of
control techniques that utilize graph optimization.

III. FACTOR GRAPH OPTIMIZATION (TUTORIAL)
Graph optimization is a broad and well-studied subject. This
tutorial provides a concise overview of the most important
concepts in graph optimization, as this is essential to under-
stand their application to optimal control problems in the
following. To clarify the structure of this tutorial, a flowchart
is shown in Figure 3. We begin by considering Maximum
A Posteriori (MAP) inference as an optimization problem in
§ III-A. Then, we explain how this problem can be reformu-
lated as a least squares optimization in § III-B. Depending
on whether the factors are linear or can be easily linearized
with a good linearization point, we can use direct methods to
solve the resulting optimization problem, which are discussed
in § III-C. For more complex cases, iterative solvers are
used, as presented in the context of modern SLAM in §III-D.
Finally, regardless of the solver type used, a linear solver is
required, so we cover various aspects in this regard in § III-E.

FIGURE 3. Optimization approach for factor graphs: A Flowchart.

A. MAP INFERENCE AS OPTIMIZATION PROBLEM
This section explores how Maximum A Posteriori (MAP)
inference in factor graphs can be formulated as an opti-
mization problem. From a probabilistic standpoint, the
factor graph represents the factorization of a global joint
(unnormalized) probability density function as

J1(X ) =

r∏
j=1

φj(Xj)

= φ1(X1) · φ2(X2) · · · φr (Xr ), (3)
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where r is the number of factors in the graph. Let’s
assume that each factor defines an (unnormalized) Gaussian
probability density function as

φj
(
Xj

)
= cj exp

(
−
1
2
ej

(
Xj

)T
�j ej

(
Xj

))
= cj exp

(
−
1
2

∥∥ej (Xj)∥∥2�j

)
(4)

where exp () denotes the exponential function, cj is a positive
constant, .T represents the transpose operator and ej is a
function of the set of variables Xj linked to that factor.

In addition, the information matrix �j is positive definite
and symmetric. This matrix is often defined as the inverse
of the covariance matrix 6j of the corresponding factor.
Therefore, the higher the numerical value of the information
matrix, the more reliable that factor is and thus the more it
contributes to determining the values of X . For instance, in a
SLAM problem, such a factor φj could represent Gaussian
priors or likelihood factors derived from measurements
corrupted by zero-mean, normally distributed noise [1].

SinceMAP inference for factor graphs impliesmaximizing
the joint probability distribution represented by the graph,
it can be mathematically expressed as

XMAP
= argmax

X

r∏
j=1

φj(Xj) (5)

As scaling the optimization problem with positive constants
does not affect the solution of the optimization problem [46],
we can simplify the MAP inference as

XMAP
= argmax

X

r∏
j=1

exp
(

−
1
2

∥∥ej (Xj)∥∥2�j

)
(6)

As it becomes obvious, assuming that the factors represent
Gaussian uncertainty models, MAP inference in factor
graphs finally involves solving an unconstrained optimization
problem. In the next section, we will explain how this
optimization problem can be further reformulated as a least
squares optimization problem.

B. MAP INFERENCE AS LEAST SQUARES OPTIMIZATION
The MAP optimization problem in (6) can be conveniently
converted into a least squares problem using the following
steps:

1) Logarithmic transformation: We apply the logarithm
function (where it does not affect the solution) to
transform the product of exponentials into a sum of the
least squares.

2) Maximization to Minimization: To switch from max-
imizing a cost function to minimizing it, we multiply
the entire expression by −2.

These steps can be presented mathematically as

XMAP
= argmax

X
log

(
exp

(
−
1
2

∥e1(X1)∥2�1

)
· · · exp

(
−
1
2

∥er (Xr )∥2�r

) )
= argmax

X
−

[
1
2

∥e1(X1)∥2�1
+ · · · +

1
2

∥er (Xr )∥2�r

]
= argmin

X

r∑
j=1

∥∥ej(Xj)∥∥2�j︸ ︷︷ ︸
J2(X)

(7)

This reformulation leads to an unconstrained least squares
problem, a well-studied area in optimization with numerous
established methods [47], [48]. However, for practical
applications in SLAM and situational awareness, specific
optimization techniques have been derived and implemented
in modern SLAM libraries such as GTSAM, g2o and
Ceres Solver. These libraries typically leverage advanced
optimization techniques such as the Gauss-Newton (GN) or
Levenberg–Marquardt (LM) method to perform the back end
of the SLAM task at high accuracy.
Example 1: Localization Using Factor Graphs
Consider a robot localization problem where we aim to

estimate the pose of a moving robot, denoted as xk at the time
step k . The robot detects a landmark, represented by l, which
is an identifiable and stable feature within the environment,
crucial for accurate localization. Landmarks can be either
natural or artificial. In this example, the landmark is observed
at both time steps k − 1, and k . In addition, we denote ω. as
a random variable following a normal distribution N , where
6. is the covariance matrix. In addition, the semicolon ‘‘;’’ is
used to distinguish between variable nodes and parameters in
the model.

For this problem, we assume the following:
1) Process Model: The robot’s motion is described by a

process model:

xk = fp(xk−1; uk−1) + ωp, ωp ∼ N (0, 6p) (8)

Here, uk−1 represents the control input at the previous
time step, which is given and thus considered as a
parameter.

2) Measurement Model: The robot is equipped with a
sensor that can measure the position of the landmark
when detected, modeled as:

zk = h(xk , l) + ωm, ωm ∼ N (0, 6m) (9)

The input zk is also given by the sensor and thus
considered as parameter.

3) Initial Position Measurement: The initial position of
the robot is measured directly by a sensor, modeled as:

µx0 = x0 + ωi, ωi ∼ N (0, 6i) (10)

The functions ej in (6) in this case represent the differences
between the predicted state from the process model and
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the actual state or between the predicted measurement and
the observed values and will therefore be called ‘‘error
functions’’ in the following. These error functions, along
with their corresponding information matrices, are defined as
follows:

ep,k (xk−1, xk ; uk−1) = fp(xk−1; uk−1) − xk , �p = 6−1
p ,

em,k (xk , l; zk ) = h(xk , l) − zk , �m = 6−1
m ,

eµx0 (x0; µx0) = x0 − µx0, �µx0 = 6−1
µx0

, (11)

The set of variables defining the variable nodes is X =

{x0, x1, . . . , xk , l} and the corresponding factor graph is
shown in Figure 4. The optimization problem formulated by
this factor graph can be expressed as:

XMAP
= argmin

X
Jex1,

where

Jex1 =
∥∥eµx0∥∥2�µx0

+

k∑
i=k−1

∥∥em,i
∥∥2

�m
+

k∑
j=1

∥∥ep,j∥∥2�p
(12)

FIGURE 4. An illustrative example of a factor graph representing Example
1. The factors are depicted as blue circles, where each factor

φj = cj exp

(
−

1
2

∥∥∥ej

∥∥∥2

�j

)
is defined with the function ej and the

information matrix �j .

The next section examines methods for solving this
optimization problem, distinguishing between direct and
iterative approaches.

C. DIRECT OPTIMIZATION
Direct optimization methods become applicable when the
error function is linear or can be effectively linearized around
a suitable point. Here, we consider a scenario involving
nonlinear error functions with an appropriate linearization,
denoted as X̃ . For the sake of clarity, we represent the error
function as a function of all variables, ej(X ), which can be
linearized using the first-order Taylor series as∥∥ej (X)

∥∥2
�j

=
∥∥ej (X̃ + 1X

)∥∥2
�j

≈
∥∥ej(X̃ ) + Jej (X̃ )1X

∥∥2
�j

=
∥∥Aj1X − bj

∥∥2
2 ,

(13)

where Aj = �
1
2
j Jej (X̃ ), bj = −�

1
2
j ej(X̃ ), and Jej (X̃ ) denotes

the Jacobian matrix of the error function ej(X ) evaluated at X̃ ,
i.e., Jej (X̃ ) =

∂ej(X)

∂X

∣∣
X=X̃ .

This linearization allows us to approximate the solution of
the overall MAP problem (7) as

XMAP
≈ X̃ + 1Xd , (14)

where the update step1Xd minimizes the approximated error
terms. It can be written as

1Xd = argmin
1Xd

r∑
j=1

∥∥Aj1Xd−bj
∥∥2
2=argmin

1Xd
∥A1Xd−b∥22 ,

(15)

where A and b are composed of all Aj and bj in the form of
a ‘‘vertical stacking’’ as shown in (19). Note that the update
step 1Xd belongs to the class of second-order optimization
methods.

To find the optimal update step, the stationary point
condition is applied: The gradient of the cost function must
be zero at the minimum point. Applying this condition to the
optimization problem in (15) leads to the linear system

∇1X ∥A1Xd − b∥22 = 0 ⇒ ATA1Xd − ATb = 0, (16)

where ATA is called the information matrix of the system.
The linear system (ATA1Xd = ATb) can be efficiently
solved using various methods, such as Cholesky and QR
factorization, as detailed in § III-E. In addition, GTSAM
can use LDL factorization to efficiently solve the system
(A1Xd = b) without computing the information matrix of
the system.

In summary, a direct solver handles the MAP problem by
1) linearizing the error terms and compose the overall

matrix A and vector b
2) computing the update step 1Xd by solving either

ATA1Xd = ATb or A1Xd = b,
3) updating the variables by adding 1Xd to the lineariza-

tion point.

D. ITERATIVE OPTIMIZATION
If the error function is highly nonlinear, as is typically the
case in SLAM problems, finding an appropriate linearization
point for direct optimization might become challenging.
In this case, iterative optimization algorithms are the
preferred approach for solving these nonlinear problems.
These algorithms fall under the umbrella of unconstrained
optimization.

The basic idea of iterative optimization is that the algorithm
starts with an initial guess, ideally close to the optimal point,
and then calculates the update step in the direction of the
optimal point until it meets the stopping criteria, which can be
based on the change in the error function, a maximum number
of iterations, or a combination of both.

Algorithms can be broadly classified into two categories:
gradient-based and gradient-free algorithms. Gradient-based
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algorithms use first, second, or possibly higher-order deriva-
tives to update the solution efficiently. Examples include
methods like Newton’s Method and Gradient Descent [49],
[50], [51]. On the other hand, gradient-free algorithms
do not rely on derivatives to make updates. Examples
of gradient-free methods include the Nelder-Mead algo-
rithm [52], genetic algorithms [53], and simulated anneal-
ing [54]. However, gradient-free methods are generally
slower than gradient-based approaches [55] and are therefore
typically not considered suitable for solving MAP problems.
As a result, we focus on gradient-based methods with second-
order derivatives in this article.

Second-order optimization methods leverage the second
derivative (the Hessian matrix) of the cost function to
compute the update step, enabling faster convergence.
Although the computation of the Hessian matrix can be
challenging, it can be easily approximated in the context of
factor graphs by considering a linearized version of the error
terms, similar to direct solvers. Therefore, let us consider an
approximation of the cost function of MAP problems as

J (X i) =

r∑
j=1

∥∥∥ej(X i + 1X iso)
∥∥∥2

�j

≈

r∑
j=1

∣∣∣∣∣∣∣∣� 1
2
j Jej (X

i)︸ ︷︷ ︸
Aij

1X iso + �
1
2
j ej(X

i)︸ ︷︷ ︸
−bij

∣∣∣∣∣∣∣∣2
2

︸ ︷︷ ︸
J̃2(1Xso)

. (17)

For second-order optimization, two general steps are fol-
lowed to derive the update step. First, the cost function is
approximated using the second-order Taylor series. Then,
the stationary point condition is applied to find the update
step. In the literature, the update step appears in two forms
due to different procedures how the approximated costs are
handled. For the sake of distinction, we call these procedures
the stacking and the accumulating method:

• Stacking Method:
The GTSAM library and related works such as [56],
[57], and [58] consider this approach. In the stacking
method, the approximated cost function is represented
as

J̃2(1X iso) =

r∑
j=1

∣∣∣∣∣∣∣∣Ai
j1X

i
so − bij

∣∣∣∣∣∣∣∣2
2

=

∥∥∥Ai1X iso − bi
∥∥∥2
2

(18)

where Ai and bi result from a vertical stacking of Aj and
bj, namely

Ai
=

Ai
1
...

Ai
r

 , and bi =

bi1
...

bir

 . (19)

Hence, applying the stationary conditions yields the
linear system for the update step as

AiTAi1X iso = AiTbi (20)

This form allows the determination of the update step
either by solving AiTAi1X iso = AiTbi or equivalently by
solving Ai1X iso = bi. In the GTSAM library and related
works, the variable eliminationmethod is widely applied
to solve the system Ai1X iso = bi.

• Accumulating Method:
The g2o and SRRG2 libraries, and other related works
such as [59], [60], use an expanded form for the
approximated cost

J̃2(1X iso)

=

r∑
j=1

( Hij︷ ︸︸ ︷
1X iso

TJej (X i)
T
�jJej (X i)1X iso

︸ ︷︷ ︸
−bij

+ 2
(
Jej (X i)

T
�jej(X i)

)T
1X iso + ej(X i)

T
�jej(X i)

)

(21)

By applying the stationary point condition, the update
step can be described as:

r∑
j=1

Hi
j︸ ︷︷ ︸

Hiso

1X iso =

r∑
j=1

bij︸ ︷︷ ︸
biso

, (22)

where we can see that the approximated Hessian and
gradient are accumulated. This linear system can be
solved efficiently using factorization algorithms like
QR, Cholesky, and LDL factorization.

After exploring different representations of the update
step in the second-order optimization, various algorithms
have been developed to efficiently find the optimal point.
These include methods like Gauss-Newton, which is usually
faster than other methods but requires a full-rank Hi

so.
In contrast, Trust Region methods, such as Levenberg-
Marquardt [61], [62] and Dogleg [63], [64], offer greater
stability of conversion at the cost of typically requiring more
iterations to converge.

E. LINEAR SOLVERS
As discussed earlier, solving linear systems of equations is
crucial for many of the previously described optimization
problems as applied in robotic perception tasks such as, e.g.,
in SLAM. Here, we will discuss several aspects of linear
system solvers in this context.

1) COEFFICIENT MATRIX AND SOLVER TYPES
The type of solver best suited for a specific robotic perception
problem depends on the properties of the coefficient matrix.
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For a linear system defined in general as

CX = d, (23)

C is called the coefficient matrix or system matrix and
d is called the residual vector. Different properties of the
coefficient matrix play important roles in choosing the
algorithm and type of solver. Primary properties include:

• Sparsity: The system is called sparse if many of the
entries in the coefficient matrix are zero, while it is
called dense in the opposite case. Therefore, the solving
algorithm treats a sparse matrix differently from a dense
matrix in terms of focused entries, storage, memory
demand and computational process. The sparse matrices
are more common in robotic perception problems.

• Dimensions: The coefficient matrix can be square or
rectangular—either short (more columns than rows) or
tall (more rows than columns). Some solvers require
specific dimensions, such as the Cholesky factorization,
which requires the coefficient matrix to be square.

• Structure: If the coefficient matrix has a certain struc-
ture, such as easily invertible blocks, techniques like the
Schur complement [65], [66] or block elimination [67],
[68] can be employed to reduce the size of the system
and simplify the solution process.

The solver can be divided into two main types:

• Iterative solvers: These are preferred for very large,
sparse systems due to their lower memory requirements.
However, their performance is problem-dependent, and
the number of iterations needed to converge is generally
unpredictable. In addition, preconditioning is often
required. The preconditioning matrix is a customized
matrix transformation that transforms the original linear
system into one that produces the same solution but with
better convergence speed [69].

• Direct solvers: return an exact solution by decomposing
(factorizing) the coefficient matrix into simpler subma-
trices, leading to a simpler solution process [9]. Because
of their efficiency, direct solvers are the preferred choice
for graph optimization problems. We’ll explore further
details in the following section.

2) DIRECT SOLVERS FOR GRAPH OPTIMIZATION
Factor graph libraries typically utilize direct solvers cus-
tomized for sparse matrices. Here, we explore some common
factorization methods:

• Cholesky factorization:
This requires the coefficient matrix to be symmetric and
positive definite [70]. In this method, the coefficient
matrix is decomposed into the product of a lower
triangular matrix and its conjugate transpose, C = LL∗.
The system is then solved in two steps: solving Ly = d
by forward substitution and then solving L∗X = y by
backward substitution.

• LDL factorization:

LDL factorization is a variant of Cholesky factorization
that relaxes some of its constraints. Unlike Cholesky
factorization, LDL factorization does not require the
matrix to be positive definite but only symmetric. LDL
decomposes the matrix into C = LDL∗, where D is a
diagonal matrix [71].

• QR-factorization:
This provides a more accurate and numerically stable
alternative to Cholesky factorization [1], particularly
suited for cases where the matrix does not meet the
requirements of being positive definite or square. In QR
factorization, the coefficient matrix is decomposed into
an orthogonal matrix (Q) and an upper triangular matrix
(R):
C = QR (for square coefficient matrices)

C = Q
[
R
0

]
(for tall coefficient matrix).

Since the inverse of an orthogonal matrix is its transpose,
solving the linear system via QR factorization can be
done using back substitution of the linear system RX =

QTd or
[
R
0

]
X = QTd .

Common methods for computing QR factorization
include the Gram-Schmidt process, Householder reflec-
tions, and Givens rotations (details [68], [72, §5.1]).
Moreover, QR factorization has been utilized in the
Variable Elimination algorithms within the GTSAM
Library to solve linear systems efficiently [1], [73].

3) EFFICIENT LINEAR SOLVER IMPLEMENTATIONS
Factor graph libraries leverage linear solver libraries that
provide optimized algorithms for efficiently solving lin-
ear systems, especially those with large sparse structures
common in optimization problems. Some popular libraries
include:

• CHOLMOD [74]
• CSparse [75]
• SuiteSparseQR [76]
• Eigen [77]
• LAPACK [78]

For a more comprehensive list, we refer to [79, §13].

4) VARIABLE ELIMINATION IN GTSAM LIBRARY
Let us revisit the linear system corresponding to SLAMunder
the GTSAM library:

Ai1X i = bi, (24)

where Ai is a sparse-block matrix. Each column of the matrix
Ai corresponds to a specific variable in the SLAM problem,
while each row represents a single factor in the SLAM
problem. The elements within a row essentially form the
Jacobian of the factor with respect to the variables.
The library exploits the sparsity of this matrix through

a variable elimination process. This section provides a
high-level overview of the variable eliminationmethod. Refer
to [1, Chapter 3] for a more detailed explanation.
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Assume the vector X is ordered in a way that minimizes
fill-in during the elimination process. The elimination
proceeds sequentially, eliminating variables one by one from
the first element to the last in the ordered vector X . Here’s a
breakdown of each step:

1) Identify the submatrix
[
Ai
xj | bi

]
corresponding to the

variable to be eliminated. This submatrix is extracted
from Ai and includes the variable to be eliminated and
the variables connected to it (excluding the previously
eliminated variables). The rows of the submatrix
correspond to the factors connected to that variable.

2) Perform QR factorization on
[
Ai
xj | b

i].
3) Update the linear system

[
Ai

| bi
]
by removing the rows

corresponding to the factors considered in the first step
and appending the factorized matrix from the previous
step. Note that the Q matrix from the QR factorization
performed in the last step is dropped because its norm
is 1, and thus it does not alter the values of the norms
involved.

After all variables are eliminated, the updated matrix will
be a square upper triangular matrix, and the corresponding
linear system can be solved using backward substitution.
Additionally, the graphical representation of the new linear
system forms a chordal Bayes net, which can be used to
generate a Bayes tree, allowing incremental updates to the
factor graphs [73].

5) HANDLING NEW MEASUREMENTS AND UPDATING THE
LINEAR SYSTEM
In the GTSAM library, three approaches are used to handle
the new measurements to update the linear system.

1) Square Root SAM (
√
SAM) [80]: This method updates

the information matrix when new measurements arrive
and then factorizes it completely. While this is com-
putationally expensive, it provides the most accurate
solution.

2) Incremental Smoothing and Mapping (iSAM) [81],
[82]: When a new measurement arrives, the corre-
sponding

[
Aj|bj

]
are added to the previously factorized

matrix and the Givens rotations are employed to
zero out the new row. Periodic variable reordering is
performed to avoid unnecessary fill-in in the factor
matrix. This is combined with re-linearization and
batch factorization to improve the estimation in the case
of nonlinear measurement functions.

3) iSAM2 [56], [83]: utilizes a Bayes tree constructed
from the chordal Bayes net obtained through variable
elimination (asmentioned earlier). This allows efficient
handling of new measurements:

a) Isolating the impact: When a new measurement
arrives, iSAM2 identifies the smallest subtree
within the Bayes tree that is directly affected
by the new information. This minimizes the
computational cost of processing the update.

b) Incorporating the new data: A temporary factor
graph is created within the isolated subtree,
including the new measurement as a factor. Then,
variable reordering and elimination are applied to
this factor graph to create a modified subtree.

c) Reintegrating the update: The modified subtree,
now reflecting the incorporated measurement,
is seamlessly merged back into the original Bayes
tree.

Moreover, iSAM2 efficiently handles nonlinear factors
through a technique called fluid linearization: Herein,
only the subtree corresponding to the marked vari-
ables is isolated and treated with re-linearization, re-
ordering, and an elimination process to generate the
modified subtree. The variables are marked if the
step update is higher than a predefined threshold.
This approach minimizes the computational overhead
needed to handle nonlinear factors, making iSAM2
efficient for real-time nonlinear applications.

In other libraries, e.g., g2o, the update step uses accumulating
method (e.g.,

∑r
j=1 Hj1X =

∑r
j=1 bj) as presented earlier.

Upon receiving a new measurement, the corresponding Hj
matrix and the bj vector are calculated and accumulated
into the overall coefficient matrix and residual vector before
solving the updated linear system for the variable updates.

IV. CONTROL TASKS AND FACTOR GRAPHS
As described, factor graphs have been successfully employed
in solving various robotic perception tasks, such as SLAM
or the generation of situational awareness, using a graph
optimization approach. However, their applications extend
beyond these domains—they can also be used for optimal
control. This section provides an overview of control theory
and explores the integration of optimal control into factor
graphs. In addition, it presents prominent techniques like
Linear Quadratic Regulation (LQR) and Model Predictive
Control (MPC) that have already been integrated in some
works with factor graphs for solving robotic control tasks.

A. OVERVIEW OF CONTROL THEORY
Control engineering focuses on modeling system dynamics
and designing control policies to ensure that these sys-
tems operate as desired, mainly in a closed-loop feedback
structure. Its applications span various industries, includ-
ing robotics [84], [85], autonomous vehicles [86], [87],
aerospace [88], [89], [90], [91], and chemical processes [92],
[93], [94].

Control theory offers a diverse toolbox of approaches
categorized by several aspects, such as system type (linear
vs. nonlinear systems [95], [96]), domain (frequency vs.
time domain [97]), control strategy (open-loop vs. closed-
loop [98]), and control design philosophy (classical vs. opti-
mal [99]). While classical control methods like Proportional-
Integral-Derivative (PID) control might be able to achieve
stability and desired performance for linear time-invariant
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systems [100], [101], they are not applicable for non-
linear and/or time-varying systems and are furthermore not
always the most efficient or cost-effective solution, especially
for complex systems with multiple constraints [102]. This
is where optimal control comes in. It uses optimization
techniques to determine the best control actions, taking into
account both an objective function and various constraints,
including system dynamics, actuator limits, safety bounds,
and others [103], [104].

B. CLASSIFICATION OF OPTIMAL CONTROL METHODS
Optimal control methods can be classified based on the
techniques used to solve them. For instance, Pontryagin’s
maximum principle utilizes a Hamiltonian function to derive
necessary conditions for optimality, ultimately determining
the optimal control law [105], [106]. In contrast, dynamic
programming breaks the problem into smaller, manageable
steps, solving each recursively [104], [107]. Moreover,
nonlinear programming [108] is another technique, where
the dynamic control problem is reformulated into a static
optimization problem. Then nonlinear programming is
applied, which can directly optimize control inputs while
considering system dynamics and constraints, often yielding
computationally efficient solutions [109].

Optimal control methods can also be categorized by
how system dynamics are discretized. Methods such as
direct collocation [110], [111], shooting methods [112], and
pseudo-spectral methods [113] are commonly used to solve
discretized control problems.

C. INTEGRATION OF OPTIMAL CONTROL INTO FACTOR
GRAPHS
As discussed in the previous section, probabilistic robotic
perception tasks, formulated as MAP inference using factor
graphs, can finally be expressed as least-squares optimization
problems. This problem is then solved numerically by
iteratively updating the system through solving a linear
system of equations, constructed depending on the specific
optimization algorithm employed. Similarly, optimal control
problems (e.g., MPC) can also be formulated such that
ultimately a system of linear equations needs to be solved to
update the solution of the optimization problem. However,
the construction of the linear system and the treatment of
constraints vary based on the optimization algorithms used,
which remains an active area of research.

Given that both robotic perception and control tasks rely
on optimization and solving linear systems of equations,
integrating these taskswithin a unified and factor graph-based
framework seems feasible and advantageous. This unified
approach would simplify data flow, reduce the need for
separate optimization solvers, and enhance overall system
efficiency. An example of this integration, inspired by [114],
is illustrated in Figure 5. The framework unifies perception
(estimation) and control tasks of a robot within a single factor
graph.

Let us assume that the robot is currently in state xk .
In the estimation part, which considers the states in the
past, factor nodes represent the probabilistic measurement
and process models, which are used to compute the current
state of the robot, as discussed in Example 1. On the other
hand, the control parts consider future states {xk+1, xk+2, · · · }

over a certain horizon that the robot intends to reach
using suitable control actions {uk , uk+1, · · · }. This segment
of the factor graph incorporates constrained dynamics
factors (depicted in yellow in Figure 5), which are
typically treated as deterministic models in the literature,
in contrast to the probabilistic process models used in
estimation. Additionally, cost factors represent the objective
function of the optimal control problem. Finally, constraint
factors (depicted in green in Figure 5) define the relationship
between predicted states and environmental landmarks.
These constraints may take the form of inequality constraints,
such as obstacle avoidance, where the robot’s distance from
an obstacle must exceed a predefined threshold, or equality
constraints, such as reaching a specific target point. The
treatment of constraint factors in control varies, and the
review section examines different approaches to address
these constraints.

FIGURE 5. Unified framework for estimation and control tasks using a
factor graph. The estimation part is on the left of the dashed line, while
the control part is on the right.

D. PROMINENT OPTIMAL CONTROL TECHNIQUES
INTEGRATED WITH FACTOR GRAPHS
Two prominent optimal control techniques that have already
been integrated with factor graphs in the literature are Linear
Quadratic Regulation (LQR) and Model Predictive Control
(MPC).

1) LINEAR QUADRATIC REGULATION (LQR)
LQR is a state-feedback control strategy designed to compute
the optimal control for a linear system, minimizing a
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quadratic cost function. The finite-horizon, discrete-time
LQR formulation in general is as follows [99, Chapter 2].
Assume that the system is initially in the known state x0 and
consider a control horizon of N time steps. The related
optimization problem can then be formulated as

min
uk

xN TQN xN +

k=N−1∑
k=1

xN TQkxN +

k=N−1∑
k=0

ukTRkuk

(25a)

s.t. xk+1 = Akxk + Bkuk , k = 0, . . . ,N − 1 (25b)

Here, Ak and Bk are the system and input matrices,
respectively, and QN , Qk , and Rk are symmetric and positive
semidefinite weightingmatrices. The LQR strategy is defined
as uk = −Kkxk , where the optimal gain is obtained from
dynamic programming:

Kk = (Rk + BkTPk+1Bk )−1BkTPk+1Ak (26a)

Pk = Qk + AkTPk+1Ak − KkTBkTPk+1Ak , PN = QN
(26b)

where Pk is the symmetric and positive semidefinite solution
of the Riccati differential equation.

a: LQR IMPLEMENTATION USING FACTOR GRAPHS
Factor graphs have been successfully employed to implement
Linear Quadratic Regulators (LQR) [115], [116], as we
will detail in the following section. In the factor graph
representation of LQR, the variable nodes correspond to the
system states and control inputs.

Regarding factor nodes, there are two primary types in
this setup: (I) those representing the cost function terms,
and (II) those encoding equality constraints, which typically
capture system dynamics or enforce relationships between
variables. As noted, each factor node is characterized by an
error function and an information matrix.

The cost function for LQR is typically expressed as:

JLQR(x, u) =

N∑
k=1

(xk − ck )TQk (xk − ck ) +

N−1∑
k=0

uTk Rkuk ,

(27)

where the corresponding error functions of the factor nodes
representing the LQR cost function are (xk −ck ) for the states
and uk for the control inputs. The corresponding information
matrices areQk and Rk , associated with the states and control
inputs, respectively. The constant ck typically represents a
desired state and can be set to zero when no specific target
is given. Regarding equality constraint factor nodes, the error
function is directly defined as the constraint for example
xk+1 − (Akxk + Bkuk ), and the information matrix Qeq is
assigned a large value to ensure that the constraint is strictly
enforced. In theory, this matrix should be set to infinity to
rigorously impose the constraint, but for numerical stability,
a sufficiently large value is used in practice. The factor graph,
which reflects the LQR problem with equality constraints

hk (x, u) = xk+1 − (Akxk + Bkuk ), solves the following cost
function:

JFG(x, u)

=

N∑
k=1

∥xk − ck∥2Qk +

N−1∑
k=0

∥uk∥2Rk +

N−1∑
k=0

∥hk (x, u)∥2Qeq

Solving the factor graph for this cost function yields the
values of the control inputs and states. The control gain Kk
for the control strategy uk = −Kkxk is obtained when the
variable elimination method is applied [117]. Notably, Kk is
inherently embedded within the QR factorization process.

Figure 6 illustrates the factor graph for an LQR problem
with N states and N −1 control inputs. The system dynamics
are modeled by the state equation

xk+1 = Akxk + Bkuk

An equality constraint is applied on the final state xN to
ensure that it satisfies the terminal condition GtxN + gt = 0,
where G. is a matrix and g. is a vector, both of appropriate
dimensions. This constraint could represent a desired target
for the final state in practical applications. Furthermore,
additional equality constraints, such as ex1,u1 , can be easily
incorporated between variables as needed.

FIGURE 6. Factor graph representation of LQR with linear dynamics and
equality constraints.

2) MODEL PREDICTIVE CONTROL (MPC)
MPC, also known as receding horizon control, is a well-
established feedback control strategy with high perfor-
mance [118], [119], [120], [121] and inherent robustness
against disturbances and uncertainties [122].

MPC systematically handles state and input constraints,
making it a versatile solution applicable to control various
categories of systems, including Multiple-Input Multiple-
Output (MIMO), nonlinear [123], [124], stochastic [20],
[125], [126], [127], time-delayed, hybrid [128], [129], and
distributed systems [130]. Moreover, MPC finds applications
beyond control including path planning [131], trajectory
generation [132], [133], [134], and the principle of optimizing
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over a receding time horizon can also be applied for receding
horizon estimation [135], [136].

MPC can generally be divided into two types: explicit
[137], [138] and implicit [139]. Explicit MPC precomputes
control laws for all possible states and stores them for
online retrieval, offering runtime efficiency but being limited
to low-dimensional state spaces. In contrast, implicit MPC
solves an optimization problem at each step, making it
flexible and suitable for the integration with factor graphs. Its
working principle is depicted in Figure 7. MPC utilizes the
system dynamics to predict the behavior of the system over a
prediction horizon N . It solves an optimization problem that
minimizes a cost function subject to the system dynamics,
input, and state constraints. The solution provides a sequence
of input commands, with the corresponding prediction of
system states over the horizon. Only the first input is applied
to the system, while the other future inputs are discarded.
At the next sampling instant, the optimization problem is
solved again based on the updated system information,
correcting any deviations from the previous prediction. This
process is repeated at each sampling instant, which directly
helps to compensate for disturbances and uncertainties.

Different toolkits are available to implement MPC, such as
CasADi [140], AMPC [129], [141], and other options listed
in [142]. These toolkits serve as interfaces to the optimization
solvers, simplifying the implementation process. Addition-
ally, MPC can be implemented directly using optimization
solvers. However, this requires adherence to the specific
syntax and formulation methods of each solver, making it
cumbersome and time-consuming to switch from one solver
to another. As a connection between Figure 7 and Figure 5,
MPC starts from the current state node xk , depicted in red.
The green nodes represent the future predictions of the MPC,
while the orange nodes indicate the past states associated with
the estimator.

The optimization problems of MPC can be expressed in a
general form as

min
Xc

Jc(Xc) (28a)

s.t. hj(Xc) = 0, j = 1, · · · , l (28b)

gj(Xc) ≤ 0, j = 1, · · · , q (28c)

where Jc(Xc) is the cost and Xc involves all system states
{xk+1, xk+2, · · · } and all control inputs {uk , uk+1, · · · }. The
cost function is typically a quadratic function, similar
to (25a). In addition, a set of equality (28b) and inequal-
ity (28c) constraints are defined using the function hj and gj.
To solve the MPC problem, various constrained optimiza-

tion approaches can be used. We present here the Augmented
Lagrangian (AL)method [143], [144] because it has been also
used in the factor graph framework.

AL tackles constrained optimization including both equal-
ity and inequality constraints by transforming it into an
unconstrained problem using a Lagrangian function with

FIGURE 7. Working principle of MPC.

penalty terms

L(Xc, λ, γ ; ρ)

= Jc(Xc) +

l∑
j=1

(
γhjhj(Xc) + ρhj

∥∥hj(Xc)∥∥22)

+

q∑
j=1

(
λgjgj(Xc) + ρgj

∥∥max(0, gj(Xc))
∥∥2
2

)
(29)

where λgj ≥ 0 and γhj are the Lagrange multipliers associated
with the inequality and equality constraints, respectively, and
ρ. > 0 is a penalty parameter (with ρ. = 0, we get the
Lagrangian function). The semicolon separates the variables
from the parameters. The AL method iteratively solves
two optimization problems: the primal and dual problem
(max

λ,γ
min
Xc

L(Xc, λ, γ ; ρ)):

• Primal Optimization Problem:
Minimize the Augmented Lagrangian function with
respect to Xc, treating the Lagrange multipliers as
constants (min

Xc
L(Xc; λ, γ, ρ)). The penalty terms drive

the variables to satisfy the constraints without requiring
excessively high penalty parameters due to the presence
of the Lagrange multiplier [48, Example 17.4]. This
helps to prevent ill-conditioning.

• Dual Optimization Problem:
Maximize the Augmented Lagrangian function with
respect to the Lagrange multipliers, treating Xc as con-
stant (max

λ,γ
L(λ, γ ;Xc, ρ)). The Lagrangemultipliers are

updated using the gradient ascent method, with ρ as the
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step size, which yields the following updating policy:

γ i+1
hj = γ ihj + ρhjhj(Xc) (30a)

λi+1
gj = max(0, λigj + ρgjgj(Xc)) (30b)

a: MPC IMPLEMENTATION USING FACTOR GRAPHS
Implementing Model Predictive Control (MPC) using factor
graphs is more complex than Linear Quadratic Regu-
lators (LQR) because it requires integrating constrained
optimization algorithms within the factor graph solver.
As demonstrated in the tutorial, the factor graph solver
constructs a system of linear equations to encode the cost
terms. Fortunately, also constraint optimization as applied in
MPC primarily involves the solution of a system of linear
equations, in addition to other steps. Different algorithmsmay
yield different linear systems depending on how they handle
constraints.

When building the graph for MPC, it is essential to
distinguish between three types of factor nodes: equality,
inequality, and cost factor nodes. Consider the following
optimization problem:

min
Xc

r∑
j=1

∥∥ej(Xc)∥∥2�j
(31a)

s.t. gj(Xc) ≤ 0, j = 1, · · · , q (31b)

hj(Xc) = 0 j = 1, · · · , l (31c)

In this setup, the cost factor node represents a cost function
term, such as

∥∥ej(Xc)∥∥2�j
, which is defined by an error

function and information matrix, similar to an unconstrained
factor graph. The inequality factor node encodes inequality
constraints, for example, gi(Xc), while the equality factor
node encodes equality constraints, such as hi(Xc).
In the back-end, the constrained optimization algorithm

builds a linear system while considering the influence of
each type of factor node. For example, let Jf represent the
Jacobian of the function. The Augmented Lagrangian (AL)
algorithm [60] constructs the linear system— defined in (22)
— as follows

• Cost Factor Node:
Hso = Hso + Jej (Xc)T�jJej (Xc)
bso = bso − Jej (Xc)T�jej(Xc)

• Equality Factor Node:
Hso = Hso + Jhj (Xc)TρhjJhj (Xc)
bso = bso − Jhj (Xc)T

[
ρhjhj(Xc) + γhj

]
• Inequality Factor Node:
Hso = Hso + Jĝj (Xc)

TρĝjJĝj (Xc)
bso = bso − Jĝj (Xc)

T [
ρgj ĝj(Xc) + λgj

]
,

where ĝj = max(0, gj(Xc))
After solving the linear system, other steps such as updating
the Lagrange multipliers and checking the stopping criteria
must be considered. These steps are handled by the optimiza-
tion algorithm in the backend.

As an example, consider an MPC problem with dynamic
equality constraints and box constraints on the state and input

variables:

min
Xc

N∑
k=1

(xk − ck )TQk (xk − ck ) +

N−1∑
k=0

uTk Rkuk (32a)

s.t. hj(Xc) = fm(xk , uk ) − xk+1 = 0 (32b)

uk ≤ uk ≤ ūk (32c)

xk+1 ≤ xk+1 ≤ x̄k+1, (32d)

where Xc represents the vector containing all system states
and control inputs, while fm(.) is the dynamics model, with
k ∈ 0, 1, . . . ,N − 1. The factor graph representation of this
optimization problem is shown in Figure 8.

FIGURE 8. Factor graph representation of MPC with dynamics and box
constraints. The terms ḡr ,k = rk − ¯rk and gr ,k = rk − rk represent
respectively the upper and lower bounds constraints for the control
inputs or states.

Both LQR and MPC, when combined with factor graphs,
can lead to powerful solutions to various control problems.
In the next section, we will examine the works that have
already used factor graphs to implement these techniques.

V. REVIEW OF OPTIMAL CONTROL LEVERAGING FACTOR
GRAPHS
Both optimal control and factor graph optimization are
formulated as optimization problems. However, there is
a key difference: factor graphs are typically designed as
unconstrained problems, whereas optimal control problems
often include constraints arising from system dynamics (e.g.,
LQR) or limitations of the physical system (e.g., equality and
inequality constraints in MPC).

Therefore, the main challenge in using factor graphs
for optimal control lies in handling these equality and
inequality constraints. This section provides an extensive
review of works that employ factor graphs for optimal control
implementation, detailing the types of constraints considered,
the base frameworks utilized, and the specific applications
addressed (see Table 1).

A. EQUALITY-CONSTRAINED CONTROL
One significant approach to handling equality constraints
in factor graph-based realization of control problems is
converting these constraints into soft constraints using
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TABLE 1. Key works in optimal control using factor graphs (AL:
Augmented Lagrangian, EM: Elimination Method, FPGA: Field
Programmable Gate Array, SQP: Sequential Quadratic Programming).

penalty terms. This method has been employed in the work of
Chen and Zhang [115], who presented a general framework
for LQR-based factor graphs within the GTSAM library.
They defined new factors for each difference equation with
zero covariance, effectively imposing a high weight on the
cost function to guarantee the satisfaction of the equality
constraints. The elimination algorithm within the GTSAM
framework has been employed with the elimination order
{xN , uN−1, xN−1, . . . , u0, x0}. This approach showed that

solving LQR using factor graphs leads to an equivalent
solution to solving the Ricatti equation. Darnley [145], [146]
further explored the application of factor graphs in the context
of flow control for wireless mesh networks. They compared
the performance of factor graphs against other methods, such
as different implementations of dynamic programming in
C++ and least squares implemented in the Eigen library.
Their results showed that factor graphs outperformed these
methods, particularly in terms of runtime, which exhibited
linear growth with the increasing state space size.

Yang et al. [117] extended the work of Chen et al.
by advancing the Linear Quadratic Regulator (LQR) frame-
work to include equality constraints, incorporating states and
control inputs across different time steps. Their approach
employs the elimination method from the GTSAM library
while preserving the same variable ordering as presented
by Chen et al. This technique has been validated using
optimization problems for generating optimal trajectories
for a single-leg hopping robot. To further evaluate the
performance of the factor graph solver across varying scales,
they formulated the following optimization problem:

min
Xc

xTNQN xN +

N−1∑
k=0

(
xTk Qkxk + uTk Rkuk

)
(33a)

s.t. xk+1 = Axk + But , k = 0, . . . , k − 1 (33b)

x0 = 0 (33c)

xN/2 + uN/2 + gN/2 = 0 (33d)

xN/2 + gN = 0, (33e)

where dt = 0.01, A = In×n + In×ndt , B = In×ndt ,
Qk = 0.001In×n, Rk = 0.001Im×m, and QN = 500In×n.
The vectors gN/2 and gN have dimensions of n rows. In this
context, the number of system states, n, and control inputs,
m, are assumed to be equal. A comparative analysis was
conducted against the state-of-the-art solver proposed by
Laine and Tomlin [162], alongside factor graph (FG) solvers
at a horizon length of N = 100. The results, presented in
Table 2, demonstrate the runtime performance for various
state and control dimensions.

TABLE 2. Comparison of run times for different state and control
dimensions. Results are based on the study by Yang et al. [117].

As depicted in Table 2, the factor graph approach consis-
tently exhibits competitive performance as both state (n) and
control (m) dimensions increase. The superior performance
is attributed to the efficiency of the linear solver employed in
GTSAM, where QR factorization outperforms the Singular
Value Decomposition (SVD) used by the alternative solver.
This leads to faster computations, particularly for larger state
and control dimensions.
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The factor graph methodology has also been adopted in
other research. For instance, Kim et al. [147], [148] applied it
in the context of tactile estimation and control of interaction
forces between a grasped object and its environment using
tactile sensors. Herein, LQR control has been deployed for the
control task and factor graphs using iSAM2 were employed
to simultaneously perform estimation and control tasks. The
results demonstrate successful force control using factor
graph optimization, taking advantage of the integrated tactile
estimator-controller architecture.

Chen et al. [149], [150], [151], [152] applied iterative LQR
(iLQR) within a factor graph framework for trajectory gener-
ation in a cable-controlled graffiti robot. They implemented
the iLQR algorithm to calculate offline trajectories, involving
reference states, inputs, and feedback gains. In terms of
the hardware design for factor graph-based LQR, Hao et
al. [116] introduced a factor graph accelerator for LQR
control in autonomous vehicles using FPGA technology.
This approach leveraged parallel computation to significantly
speed up the LQR algorithm, demonstrating the potential of
hardware acceleration in enhancing the performance of factor
graph-based control systems.

In the realm of Model Predictive Control (MPC),
Ta et al. [114] utilized Sequential Quadratic Program-
ming (SQP) to solve optimization problems with nonlinear
equality-constrained factor graphs. Their approach is to solve
the factor graph by defining and solving sequentially a
quadratic program (QP) derived from applying Newton’s
method on the Karush–Kuhn–Tucker conditions of the
Lagrangian function. The constrained factor graph has been
utilized to solve the simultaneous estimation and MPC-based
flight control with obstacle avoidance for a quadrotor. King-
Smith et al. [153] added inequality constraints to their MPC
formulation, namely a box constraint for the joint angle,
to cope with the physical limitations of the tested system.
They handled the inequality constraints as soft constraints by
leveraging the loss hinge function, which penalizes the angles
that fall outside the acceptable bound. The approach has
been validated in controlling different dynamics, including
a simple cart pole, a 7-DoF Kuka arm, and a 12-DoF
quadrupedal robot. Similar approaches can also be found in
the work of King et al. [154] on estimation and MPC-based
control of autonomous robotic spacecraft systems and the
work of Yang et al. [155], [156] on MPC-based planning and
control of multirobot systems. Both leveraged the GTSAM
framework and treated the inequality constraints using the
loss hinge function as well.

In addition, motion planning also benefited from the
application of factor graphs, as shown by Dong et al. [157]
and Mukadam et al. [158], [159], [160]. They utilized factor
graphs within the GTSAM and iSAM2 frameworks for
motion planning under dynamic, equality, and inequality con-
straints. This approach treated constraints as soft constraints
using penalty terms and a loss hinge function, which were
weighted carefully to ensure the constraints were satisfied
without causing ill-conditioning in the optimization problem.

Finally, a recent work by Jaafar et al. [55] utilized the
flexibility and scalability of factor graphs to implement
MPC-based planning and control of multi-robot systems.
Their approach highlighted the ease of adding or removing
robots and new constraints, making it a robust solution for
large-scale multi-robot scenarios.

B. INEQULAITY-CONSTRAINED CONTROL
While converting constraints to soft constraints using penalty
terms is a common approach, it does not guarantee that
the constraints will always be satisfied. Determining the
appropriate weight for the penalty term that forces the
variables to satisfy the constraints can be challenging, where
a high weight can lead to numerical issues. To address
this limitation, Sodhi et al. [57] proposed the Incremental
Constrained Smoothing (ICS) framework, in which an
Augmented Lagrangian (AL) is used to handle equality
and inequality constraints combined with the incremental
Smoothing and Mapping (iSAM) framework. This allows
them to efficiently handle hard constraints with the capa-
bility to incrementally update the matrix factorization
upon receiving new measurements or constraints. Their
framework was evaluated on simulated datasets involving
robotic manipulation tasks, where contact constraints were
enforced to ensure the manipulated object remained in
contact with the robotic gripper. These constraints were
implemented as equality constraints to maintain a physically
consistent interaction between the object and the gripper.
Additionally, the framework was tested on both simulated
and real-world robotic navigation datasets, which required
the use of inequality constraints to ensure collision avoidance
during navigation. Their results demonstrate the framework’s
capability to precisely satisfy these constraints, leading to
improved estimation accuracy and performance compared
to an incremental unconstrained optimization approach like
iSAM. Inspired by the work proposed by Bazzana et al.
[59] applied the Augmented Lagrangian method combined
with the SRRG2 factor graph solver for localization and
MPC-based local planning for a unicycle robot.

The main limitation in the ICS framework, however,
is the assumption of a fixed linearization point throughout
the optimization process, which makes it unsuitable for
highly nonlinear problems. To address this limitation, Qadri
et al. [58] proposed Incremental Constrained Optimization
(InCOpt) using the iSAM2 framework, which efficiently
handles nonlinear factors with fluid linearization techniques
combined with AL for efficient constraint handling. InCOpt
performs alternating upward and downward passes (equiva-
lent to forward and back-substitution) on the Bayes tree to
solve for both primal and dual variables until convergence.
This was evaluated in simulations for 2D robotic navigation
involving inequality constraints to keep the robot within
boundaries, 2D planar pushing involving equality constraints
to ensure that the object remains in contact with the probe, and
3D arm planning involving collision avoidance constraints.

VOLUME 13, 2025 15



A. Abdelkarim et al.: Factor Graphs in Optimization-Based Robotic Control—A Tutorial and Review

The simulation results demonstrated that InCOpt not only
improves accuracy but also reduces runtime compared to ICS.

Finally, leveraging the results from the above works,
a recent study by Bazzana et al. [60] presented an extended
version of the Augmented Lagrangian (AL) method com-
bined with the SRRG2 factor graph solver. This approach
was tested on various applications, including pose estimation,
rotation synchronization, and real-world Model Predictive
Control (MPC) of a pseudo-omnidirectional platform, show-
ing significantly reduced runtime compared to the IPOPT
solver. More specifically, the comparison involved IPOPT
and two variants of the Augmented Lagrangian implemented
using factor graph-based methods. The difference between
the two AL variants lies in how they present the inequality
constraints. The first variant, AL: g+, converts the inequality
constraints into equality using slack variables, while the
second variant uses the operator max(0,g) to ensure that the
inequality constraints are satisfied. The results demonstrated
an average runtime reduction by a factor of approximately
seven for the factor graph-based approaches compared to
IPOPT, as illustrated in Figure 9.

FIGURE 9. Comparison of average runtime per MPC optimization
between the Augmented Lagrangian with two variants and IPOPT, with a
horizon length of N = 3 and a goal number representing the number of
target locations set for the robot to reach. Results are based on the study
by Bazzana et al. [60].

VI. DISCUSSION AND PERSPECTIVE RESEARCH
DIRECTIONS
Factor graphs have demonstrated impressive capabilities in
handling large-scale and real-time robotic perception tasks,
making them versatile tools for control tasks as well. While
factor graphs excel at unconstrained optimization, optimal
control in general requires the handling of equality as
well as inequality constraints. The existing literature offers
some approaches to tackle this challenge, with varying
degrees of effectiveness. One method involves converting
the equality and inequality constraints (leveraging a loss
hinge function for inequality constraints) into soft constraints
usingweighted penalty functions. However, this approach has
limitations: low weights may not be sufficient to satisfy the
constraints, while high weights can lead to ill-conditioning.
Additionally, relying on a hinge loss function may fail to

meet inequality constraints. This function penalizes variables
that violate constraints without knowing their actual values,
so an initial guess is used to apply the penalty. If this guess
is inaccurate, it can lead to unnecessary penalties or missed
penalties, resulting in solutions that violate the constraints.

A more promising approach is the Augmented Lagrangian
method. Most implementations use the Gauss-Newton
method to solve the primal problem, while [60] added a
constant damping term to the linear system to address ill-
conditioning. However, further investigations are necessary
in order to improve the efficiency and convergence of the
Augmented Lagrangian method while effectively countering
ill-conditioning. Additionally, in [58], two main limitations
are highlighted: the system may become underdetermined
in some cases and the threshold used to mark variables
for linearization is set manually. Research into automatic
threshold selection and automatic detection of causes leading
to underdetermined systems could enhance robustness and
performance. Finally, the works in [59], [60] show higher
levels of the cost function compared to alternative solvers
like IPOPT, indicating the need for further refinement and
improvement.

As a general overview of the available literature,
we observe that research on this topic is relatively recent
and predominantly based on the GTSAM library. It primarily
addresses deterministic system models for MPC and includes
a limited number of applications. In contrast, the literature
on perception and control, when considered separately,
is extensive. This indicates significant potential for this
research area, especially given the anticipated benefits of
integrating perception and control.

Based on the discussion above, the following key direc-
tions for future exploration can be identified::

• Optimization Methods: Develop robust and generalized
algorithms that efficiently handle nonlinear optimization
problems with both equality and inequality constraints.
This will enable broader applicability beyond current
limitations.

• Applications: Extend research to safety-critical control
systems in robotics and autonomous vehicles, as well as
explore applications beyond, such as control of dynamic
systems in various fields.

• Implementation Frameworks: While existing work pri-
marily utilizes the GTSAM library, incorporating other
state-of-the-art libraries like g2o and Ceres Solver can
facilitate the integration of robotic perception tasks
implemented with these libraries into control tasks.

• System Models and Probabilistic Framework: While
factor graphs are powerful tools for probabilistic model-
ing, most current approaches applying factor graphs to
optimal control primarily focus on deterministic models
of system dynamics. A promising research direction is
to investigate how stochastic MPC [125], [163], [164],
[165] can be effectively integrated within the factor
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graph framework to account for uncertainty in system
dynamics.

By addressing these challenges and exploring these
research directions, we may unlock the full potential of
integrating optimal control, and MPC in particular, with
factor graphs, leading to more robust and efficient control
systems across various domains.

VII. CONCLUSION
This article introduces factor graphs as a unifying framework
for various robotic perception tasks, such as SLAM and
situational awareness, as well as control tasks such as
robot motion planning and model predictive control (MPC).
We highlighted the significant benefits obtained from this
framework, including the potential for seamless integration
of robotic situational awareness, planning, and control. Fur-
thermore, we introduced the basic concept of factor graphs,
provided a tutorial on graph optimization, and presented the
methods utilized in this domain. Addressing the challenge of
efficiently handling constraints remains a central issuemainly
for factor graph-based optimal control and consequently
for a unifying framework. Our extensive literature review
provides an overview of how various approaches manage
these constraints within factor graphs. This field remains
promising for research, with substantial potential for future
advancements. We propose several research directions, such
as developing more robust and generalized algorithms for
nonlinear and inequality-constrained optimization problems.
Additionally, integrating stochastic model predictive control
(MPC) with factor graphs as a probabilistic framework offers
exciting opportunities for further research. In summary, the
integration of MPC-based control with graph optimization is
an evolving field. Further research is needed to fully realize
its potential in diverse applications in robotics and beyond,
such as in dynamic control systems and other engineering
domains.
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