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Decomposing the spectral form factor
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Correlations between the energies of a system’s spectrum are one of the defining features of quantum chaos.
They can be probed using the spectral form factor (SFF). We investigate how each spectral distance contributes in
building this two-point correlation function. Specifically, starting from the spectral distribution of kth-neighbor-
level spacing (knLS), we provide analytical expressions for the kth-neighbor spectral form factor (knSFF). We
do so for the three Gaussian random matrix ensembles and the “Poisson” ensemble of uncorrelated energy
levels. We study the properties of the knSFF, namely its minimum value and the time at which this minimum
is reached, as well as the energy spacing with the deepest knSFF. This allows us to quantify the contribution
of each individual knLS to the SFF ramp, which is a characteristic feature of quantum chaos. In particular, we
show how the onset of the ramp, characterized either by the dip or the Thouless time, shifts to shorter times
as contributions from longer-range spectral distance are included. Interestingly, the even and odd neighbors
contribute quite distinctively, the first being the most important to built the ramp. They respectively yield a
resonance or antiresonance in the ramp. All of our analytical results are tested against numerical realizations
of random matrices. We complete our analysis and show how the introduced tools help characterize the spectral
properties of a physical many-body system by looking at the interacting XXZ Heisenberg model with local on-site
disorder that allows transitioning between the chaotic and integrable regimes.
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I. INTRODUCTION

Quantum many-body systems are studied in fields as di-
verse as condensed matter, statistical mechanics, quantum
information, and high-energy physics. Although their spectra
are usually too complicated to be described and studied ana-
lytically, certain spectral statistical properties are universally
shared among different systems. These spectral statistical
properties have become a probe of whether a quantum system
is chaotic or integrable, motivated by the Bohigas-Giannoni-
Schmit [1] and Berry-Tabor [2] conjectures, respectively.
More specifically, the eigenvalues in a quantum chaotic
system show level repulsion and thus are correlated. The
distribution of nearest-neighbor level spacings (nnLS) in
quantum chaotic systems follows closely the prediction from
random matrix theory (RMT), and, depending on certain basic
symmetries, fall into one of the three universality classes of
random matrices [3–10]. Hence, the study of random matrices
has become central to the study of quantum chaos. The exis-
tence of spectral correlations extends beyond nnLS and can
be probed by other measures—including the spectral rigid-
ity, the number variance, and the spectral form factor (SFF)
[10,11]—which can be computed analytically using random
matrix theory [9]. By contrast, integrable systems exhibit no
such correlations—a property that can be attributed to the
existence of an extensive number of conserved charges in such
systems [12]. They can be described by the Poisson ensemble.
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In this work we focus on the SFF. It is defined as the
Fourier transform of the two-point correlation function and
probes the spectrum of a given quantum system. For chaotic
systems, the time evolution of the SFF displays an initial
system-dependent decay (the slope), reaches a minimum in
the dip, starts growing back with a universal linear ramp, and
finally saturates to a constant value—the plateau. The SFF
contains information of all correlations between the energies,
and we will show that all of them play a role in building
the linear ramp. This characteristic evolution is taken as a
signature of chaos, since integrable systems do not exhibit a
linear ramp—they can decay directly to the plateau or show
periodic oscillations in time. Regardless of whether the system
is chaotic or not, at finite temperatures the early time decay
of the SFF is universally bounded [13]. Also, the SFF can be
used to set a universal bound on the quantum dynamics, which
gives insight into thermalization and scrambling [14]. Note
that the SFF is not self-averaging [15], so its computation
requires an average over an ensemble or a small time window.

Using the kth-neighbor-level spacing (knLS) known in the
literature [16], we analytically find the contribution of each
spectral spacing to the SFF, i.e., the kth-neighbor spectral
form factor (knSFF). Specifically, we find that for RMT the
knSFF can be written as a Gaussian envelope and an oscillat-
ing function, part of the latter capturing the non-Gaussianity
of the knLS distributions, for small k, since at large k the
distributions are Gaussian [17]. Conversely, for integrable
systems described by the Poisson ensemble, it is given by a
Lorentzian envelope with a different oscillating function. We
compute analytically the minimum value and corresponding
time of each of the knSFF, as well as the neighbor range
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k∗ which shows the deepest knSFF. These quantities exhibit
different behavior in the RMT and Poisson ensembles. Fur-
thermore, we study how longer-range spectral correlations
contribute to building the universal ramp of the SFF. To this
end, we introduce the partial SFF, which has a cutoff in the
neighbor range K . To see how this quantity progressively
builds the ramp as K increases, we study two timescales: the
dip time, defined as the time after which the relative maxima
of the partial SFF grow, and the Thouless time [18,19], defined
as the time after which the partial SFF remains close to the
universal connected SFF.

We provide analytical results for the three Gaussian en-
sembles, namely the orthogonal (GOE), unitary (GUE), and
symplectic (GSE) ensembles, whose spectral statistics define
the three universality classes of Hermitian random matrices.
For the spectral statistics of integrable systems, we provide
results for the “Poisson” ensemble, with uncorrelated random
energies taken from a uniform distribution. Our analytical
results are based on tractable approximations and compared
to numerical realizations of RMT. We illustrate our results in
a physical system: the XXZ spin chain with disorder, which
exhibits a transition from chaos to integrability as a function
of the disorder’s strength. This model is often used in the
context of many-body localization [20–25] and its SFF has
been studied in Refs. [19,25–27].

The paper is structured as follows: Section II briefly re-
views some key results in random matrix ensembles that
are relevant for our analysis. We introduce and explicitly
compute the contribution of the knLS to the spectral form
factor (knSFF) in Sec. III, and study its properties in Sec. IV.
Section V presents how each of the knLS distributions partic-
ipate to building the SFF, showing the progressive build-up of
the correlation hole as the number of neighbors is increased.
We find a surprising resonance when separating the even or
odd neighbors’ contributions. Section VI illustrates the in-
troduced concepts in a physical model known to exhibit a
transition from chaos to integrability, the XXZ spin chain with
local on-site disorder. A discussion and conclusions in light of
the current results are presented in Sec. VII.

The Appendices provide further details on the numeri-
cal and analytical results and include: further details on the
dip and Thouless times (cf. Appendix A), the standard re-
sults of the connected SFF (cf. Appendix B), details on the
unfolding procedure (cf. Appendix C), a discussion on the
lack of self-averaging of knSFF’s (cf. Appendix D), a test of
the approximations used in the analytical knSFF’s and how
they affect the full SFF (cf. Appendix E). In addition, we
present a toy model with only nearest-neighbor correlations
according to the Wigner distributions of level spacings, in
which we observe that the SFF does not exhibit a linear
ramp (cf. Appendix F). Finally, we propose a dissipative pro-
tocol to measure correlation functions related to the knSFF
(cf. Appendix G).

II. RANDOM MATRIX ENSEMBLES

We start by reviewing some key results for random matri-
ces belonging to either the Gaussian random ensembles or the
Poisson ensemble.

First, we consider Gaussian random matrices. These can
be described by the joint probability density of its N
eigenvalues [9]

ρβ (E1, . . . , EN ) = C
∏

1�i< j�N

|Ei − Ej |β e−A
∑N

i=1 E2
i , (1)

where β is the Dyson index distinguishing the different en-
sembles, taking the values β = 1, 2, 4 for the GOE, GUE,
GSE, respectively. The constant C is not relevant in this work
and A sets the energy scale, which we keep free for now.
A random matrix taken from a Gaussian ensemble is simply
constructed by sampling each matrix element from Gaussian
distributions, and enforcing the appropriate symmetry of the
ensemble.

To look at energy correlations, we start from the distribu-
tion of the kth-neighbor-level spacing (knLS), s(k)

n = Ek+n −
En. This is formally defined for a random matrix ensemble of
N × N matrices as a generalization of the expression for the
nnLS distribution in a 3 × 3 random matrix [28,29]

P (k)
β (s) =

∫ ∞

−∞
dE1

∫ ∞

E1

dE2 · · ·
∫ ∞

Ek

dENρβ (E1, . . . , EN )

× 1

N − k

N−k∑
n=1

δ[s − (Ek+n − En)]. (2)

One can take also a similar approach to Wigner’s idea for
the nnLS surmise and study the smallest matrix containing
a k spacing, i.e., setting N = k + 1 [30]. For k = 1, the
distribution of nearest-neighbor level spacings {s(1)

i }N−1
i=1 of

the unfolded spectrum are well approximated by the Wigner
surmise distribution P (1)

β (s) = Cβ,1 sβ e−Aβ,1s2
, where Cβ,1 and

Aβ,1 are constant in s and depend only on β. The probability
distribution for any energy spacing s(k) has been the focus of
various studies [16,30–34]. The first generalization of Wigner
surmise that we are aware of assumes a Brody-like ansatz,
which essentially leaves the power-law parameter, α in sα , as
a free parameter [31]. In Ref. [16], the power law is found
using a small s expansion and the generalized Wigner surmise,
Eq. (3) below, is obtained assuming a Gaussian behavior at
large s. This approach is also followed in Ref. [33] in the con-
text of 2D Poisson point processes. These references propose
a generalization of Wigner surmise in the form

P (k)
β (s) ≈ Cα sα e−Aαs2

. (3)

The parameter α depends on the spectral distance k and the
ensemble index β through α = k(k+1)

2 β + k − 1. The values
of Aα and Cα are

Aα =
[

�
(

α
2 + 1

)
k �

(
α+1

2

)
]2

, Cα = 2

�
(

α+1
2

)
[

�
(

α
2 + 1

)
k �

(
α+1

2

)
]α+1

. (4)

Second, we consider random matrices taken from the
Poisson ensemble, where each matrix is diagonal with el-
ements sampled from a uniform distribution. We label this
ensemble with β = 0 for convenience. In this ensemble, the
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knLS distribution reads1 [31]

P (k)
0 (s) = 1

(k − 1)!
sk−1e−s. (5)

III. CONTRIBUTIONS OF kTH-NEIGHBOR
CORRELATIONS TO THE SFF

The spectral form factor at infinite temperature is defined
in terms of the system’s energies {Ei}N

i=1 as

St = 1

N2

N∑
i, j=1

e−it (Ei−Ej ). (6)

This quantity can be easily generalized to account for finite
temperature [13,35–37] or to include other filtering functions
of the energies g(Ei ), e.g., with a Gaussian filter [19].

In this article, we aim to decompose this quantity in terms
of the spectral distance k, to understand the role played
by different energy ranges—e.g., short-range neighbors with
k = 1 versus long-range neighbors with k � 1—in building
the universal shape of the SFF. To do so, we introduce the con-
tribution of the kth-energy level to the SFF, the kth-neighbor
SFFs, and study their properties. We then sum up each such
contribution to obtain the complete SFF. In this process, we
learn about the underlying structure which can be unveiled
via the decomposition of the SFF into knSFF components.

A. Ensemble-averaged kth-neighbor SFF

The SFF (6) can be rewritten as

St = N + 2
∑

i> j cos[t (Ei − Ej )]

N2
. (7)

The numerator can be divided into terms according to spectral
distances s(k)

i ≡ Ei+k − Ei, which leads to the decomposition

St = 1

N
+

N−1∑
k=1

S (k)
t . (8)

We thus consider the SFF as formed by summing the kth-
neighbor spectral form factors (knSFF), that we introduce as

S (k)
t ≡ 2

N2

N−k∑
i=1

cos
(
t s(k)

i

)
. (9)

As briefly mentioned, the SFF is not self-averaging [15];
so we wish to compute the ensemble average St = 1/N +∑N−1

k=1 〈S (k)
t 〉, which boils down to computing the ensemble

average of the individual contributions from each spectral
distance, denoted 〈S (k)

t 〉 ≡ S(k)
t . We show below a series of ap-

proximations that allow us to derive an analytical expression
for the S(k)

t which provides a good approximation.
We start from the definition

S(k)
t = 2

N2

N−k∑
i=1

∫
dE1 . . . dEN ρ({Ei}) cos

(
t s(k)

i

)
, (10)

1Note that in Engel et al. [31], kEMV refers to the number of levels
in between two levels, e.g., for the nnLS kEMV = 0 instead of k = 1
in our setting. Thus, the notations are consistent for kEMV = k − 1.

where the energies Ei are ordered. In the first step, we
approximate all energy spacings s(k)

i = Ei+k − Ei as being
independent of the absolute energy level2 and set i = 1 as
the reference level, so s(k)

i → s(k)
1 and the sum over i just

becomes an (N − k) factor. Then, we use the largest possible
matrix that has a kth level spacing and take N → (k + 1). We
recognize the distribution of the kth level spacing, which can
be approximated by the generalized Wigner surmise (3). With
this, the knSFF (10) becomes

S(k)
t ≈ 2(N − k)

N2

∫
ds(k)P (k)(s(k) ) cos(t s(k) ),

≡ C(k)
N f (k)

t , (11)

where, for later notational convenience, we have introduced
the function and constant

f (k)
t ≡

∫
dsP (k)(s) cos(t s), (12a)

C(k)
N ≡ 2(N − k)

N2
. (12b)

Remarkably, the approach taken here can be general-
ized to quantities related to the SFF, such as autocorrelation
functions. Indeed, the autocorrelation function at infinite tem-
perature of a Hermitian operator Ô = Ô† (i.e., any observable)
can be decomposed in a similar manner using f (k)

t and
changing only the coefficients C(k)

N . To see this, consider the
autocorrelation function

Ct ≡ Tr(ÔÔ(t ))

Tr(Ô2)
= 1

N 2

N∑
i, j=1

|Oi j |2 cos[(Ei−Ej )t], (13)

where Oi j are the matrix elements of the operator Ô in the en-
ergy basis, N 2 = ∑N

i, j=1 |Oi j |2, and Ô(t ). Where Ô(t ) denotes
the time evolved operator Ô in the Heisenberg picture. This
expression can be decomposed according to level-spacing dis-
tances, namely

Ct = 1

N 2

N∑
i=1

|Oii|2+ 2

N 2

N−1∑
k=1

N−k∑
i=1

|Oi,i+k|2 cos
(
ts(k)

i

)
. (14)

Performing an ensemble average over the spectrum, which is
taken as unfolded such that Ei+k − Ei does not depend on
ρ(Ei ), we can use the distribution P (k)(s). The ensemble-
averaged 〈Ct 〉 follows as

〈Ct 〉 = 1

N 2

N∑
i=1

|Oii|2 +
N−1∑
k=1

〈
C (k)

t

〉
, (15)

with the kth-neighbor autocorrelation function〈
C (k)

t

〉 ≡ O(k)
N f (k)

t . (16)

Thus, knowledge of the function f (k)
t , defined in Eq. (12a)

and whose analytical form is given below for the

2We expect such a behavior for an unfolded spectrum [Ei+k − Ei

does not depend on the local density of states ρ(Ei )] which shows no
mixed behavior, i.e., the spectral statistics does not change within the
energy window.
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Gaussian and Poisson ensembles, together with the coef-
ficients O(k)

N ≡ 2
N 2

∑N−k
i=1 |Oi,i+k|2, provide the correlation

function 〈Tr(ÔÔ(t ))/Tr(Ô2)〉. The explicit relation between
correlation functions and the knSFF’s is made explicit in
Appendix G, together with a possible dissipative protocol to
measure such correlation functions.

We now focus on deriving analytical expressions for f (k)
t ,

and thus S(k)
t , for the RMT and Poisson ensembles.

B. knSFF in Gaussian random matrix ensembles

With the approximated analytical result for P (k)(s), Eq. (3),
we can look for an expression of the knSFF S(k)

t for the
Gaussian random matrix ensembles. Starting from Eq. (11),
we have

f (k)
t ≡

∫ ∞

0
dsP (k)(s) cos(ts) =

∞∑
n=0

(−1)n

(2n)!
t2n〈s2n〉, (17)

with

〈s2n〉 =
∫ ∞

0
ds s2n P (k)(s) =

(
α + 1

2

)
n

(Aα )−n, (18)

where we have used the Pochhammer symbol (a)n = a(a +
1) . . . (a + n − 1) = �(a + n)/�(a). The function becomes

f (k)
t =

∞∑
n=0

(
α+1

2

)
n

(1/2)n

(−t2/4Aα )n

n!
, (19)

where the sum can be expressed in terms of a hypergeometric
function, namely

f (k)
t = e− t2

4Aα 1F1

(
−α

2
;

1

2
;

t2

4Aα

)
. (20)

Since the coefficient 1/(2
√

Aα ) appears in the t-dependent
exponent, it is homogeneous to a frequency ωk . We set

1

2Aα

≡ ω2
k

α
; (21)

we will see that this quantity sets the width of the Gaussian
envelope. The hypergeometric function can itself be expressed
in terms of a Laguerre function, so we get

f (k)
t =

√
πα

2

k

ωk
e− ω2

k t2

2α L−1/2
α/2

(
ω2

kt2

2α

)
. (22)

The Laguerre function, La
μ with m − 1 < μ < m for m ∈ N

and a > −1, is defined by the infinite sum [38]

La
μ(z) =

∞∑
k=0

(
μ + a

μ − k

)
(−z)k

k!
. (23)

When α is even, α = 2m for m ∈ N, the Laguerre function in
Eq. (22) becomes a Laguerre polynomial of degree m:

La
m(z) =

m∑
k=0

(
m + a

m − k

)
(−z)k

k!
. (24)

Since the degree of the Laguerre polynomial (or function, for
non integer α/2) grows quadratically with k, we can use the

approximation for Laguerre polynomial of high degree:3

La
n (x) = na/2−1/4

√
πxa/2+1/4

ex/2

[
cos(θa,n(x))

(
1 + O

(
1

n

))

+ sin(θa,n(x))

(
ba(x)√

n
+ O

(
1

n

))]
, (25)

where θa,n(x) = 2
√

nx − aπ/2 − π/4 and ba(x) =
(4x2 − 12a2 − 24ax − 24x + 3)/(48

√
x). Note that

b−1/2(x) =
√

x
12 (x − 3).

In our case, we have a Laguerre polynomial of degree n =
α/2 (not necessarily integer), a = −1/2 and x = ω2

k t2

2α
, so the

above approximation reads

L
− 1

2
α
2

(x) ≈
√

2

πα
e

x
2

[
cos(ωkt ) +

b− 1
2
(x)

√
α/2

sin(ωkt )

]
. (26)

As can be seen in Eq. (25), the terms in the square brackets of
Eq. (26) are an approximation up to (not including) O(1/α).
Thus, when using this result into Eq. (22), we must ensure that
the combined coefficient of the square brackets is expanded to
the same order in α,

1√
α/2

�(α/2 + 1)

�(α/2 + 1/2)
= 1 + O(1/α). (27)

Eventually, we find that f (k)
t can be approximated by

f (k)
t = (1 + O(1/α))e− ω2

k t2

4α

×
[

cos(ωkt ) +
√

2

α
b− 1

2

(
ω2

kt2

2α

)
sin(ωkt ) + O(1/α)

]
.

(28)

Note that we are not expanding terms involving time in α. We
note that the frequency is well approximated at large k by a
linear function in k:

ωk ≈ k − 1

2βk
+ O(1/k2). (29)

Let us make several remarks about expression (28):
(1) The initial value is always equal to unity, f (k)

t=0 = 1 for
all k;

(2) For t → ∞, the overall exponential factor, e− ω2
k t2

4α ,
makes f (k)

t → 0;
(3) f (k)

t is expressed as a sum of a cosine and a sine with
the same frequency ωk , which tends to k;

(4) Apart from the overall exponential factor, the coeffi-
cient of cos(ωkt ) is 1 while the coefficient of sin(ωkt ) is time-

dependent and is equal to
√

2
α

b−1/2( ω2
k t2

2α
) = 1

12α
ωkt ( ω2

k t2

2α
− 3).

It is of O(1/k) and thus of less consequence for large k. Note
that, at the same time, it is more significant at large t . This is
compatible with the fact that small k terms (corresponding to
low frequencies) are more significant at long timescales;

(5) We can compute the number of oscillations in one
standard deviation of the envelope

√
2α/ωk , by comparing it

3See Digital Library of Mathematical Functions [39].
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FIG. 1. Time evolution of the knSFF for Poisson (black), GOE (red), GUE (green) and GSE (blue) for different spectral neighbors, k =
1, 5, 20, 40 in systems of dimension N = 100. The plots show analytical results (thin lines) which are exact for Poisson, Eq. (32), and RMT
with k = 1, Eq. (22), and approximate for larger k in RMT, Eq. (31). For comparison we give numerical results for random matrices (thick
transparent lines) averaged over Nav = 1000 realizations. While we do not expect the approximation (31) to be good for small k, it works
already quite well for GSE and k = 1 and less so for GUE and GOE, in that order. Note the different scales in the time axis, chosen to better
represent the increasing number of oscillations with the spectral neighbor k, see Eq. (30).

with the period of the oscillations Tk = 2π/ωk . We thus find
√

2α

2π
−−−→
k→∞

√
β

2π
k. (30)

So the number of oscillations of the knSFF in the envelope
is proportional to

√
α, and scales linearly with the neighbor

degree k for large k, as illustrated in Fig. 1. The figure also
illustrates that the largest number of oscillations that happen
before the signal flattens because of the exponential decays is
for the GSE, which has the largest β;

(6) Were the knLS distribution a perfect Gaussian centered
at 〈s(k)〉 = k, the knSFF would only involve the Gaussian
envelope and the cosine term f (k)

t = e−k2t2/(4α) cos(kt ) with
frequency ωk = k, since the Fourier transform of a Gaussian
is another Gaussian. The nonzero mean is accounted for by
including ei〈s(k)〉t , whose real part is cos(kt ). Thus, the sine
term in the knSFF comes from the non-Gaussianity of the
knLS distribution.

With the approximation (28), the final expression for S(k)
t

becomes

S(k)
t ≈ 2(N − k)

N2
e− ω2

k t2

4α

[
cos(ωkt )

+ 1

12α
ωkt

(
ω2

kt2

2α
− 3

)
sin(ωkt )

]
. (31)

Figure 1 shows that our analytical approximation above re-
produces well the numerical data for all three Gaussian
ensembles.

C. knSFF for Poisson ensemble

The averaged kth-neighbor SFF can be computed for matri-
ces with uncorrelated eigenenergies, in the same manner as for
the Gaussian ensembles case, but now using the correspond-
ing probability distribution, Eq. (5). We thus find

S(k)
t = 2(N − k)

N2

cos(k arctan t )

(1 + t2)k/2
. (32)

This expression shows a Lorentzian envelope multiplied by
a cosine function; note that the cosine function gives oscil-
lations, but they are not periodic due to the arctan(t ) in the
argument. Figure 1 (black curves) shows that this expression

captures well the numerical results and that the envelope for
Poisson has a much smaller width, suppressing the oscilla-
tions much faster than for the RMT ensembles.

IV. PROPERTIES OF THE kTH-NEIGHBOR SPECTRAL
FORM FACTORS

Before turning to the complete SFF, we study some more
properties of the kth-neighbor SFF, in particular, the time tm
at which it reaches its minimum, and the corresponding depth
as a function of k. We also look at the scaling of the neighbor
k∗ for which the knSFF is the deepest, as a function of the
system’s dimension.

A. Minimal value of knSFF and associated time

We now study the time at which each S(k)
t reaches its

minimal value for both RMT and Poisson ensembles.

1. Random matrices

For Random matrices, the “minimum time” tm(k) can be
computed from the exact expression using f (k)

t given by
Eq. (22), or from the approximate one, Eq. (31). However it
is challenging to analytically determine the minimum of those
functions. One possibility to overcome this is take Eq. (31)
for large enough k (and not too large t). Then, the main con-
tribution comes from the cosine. We know that its minimum
happens when its argument is equal to π , therefore

tm(k) ≈ π

ωk

Eq. (29)≈ π

k
. (33)

Note that this result implies that the minimum time does not
depend on the ensemble β, but only on the neighbor degree k.
Figure 2(a) confirms this observation as the behavior predicted
by Eq. (33) very well captures results for the three RMT
ensembles, shown in the dots. From this estimate, we can also
find the knSFF depth as a function of k. Inserting Eq. (33) into
Eq. (31), we obtain

S(k)
tm ∼ −2(N−k)

N2
e− π2

2k(βk+β+2) . (34)

Note that this expression has two contributions: the prefac-
tor comes from the number of knLS, while the exponential
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(a) tm(k)
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k

(b) tm(k)

100

101

W

FIG. 2. Minimum time as a function of the neighbor degree for
(a) ideal ensembles: Poisson (black), GOE (red), GUE (green), and
GSE (blue) computed numerically from the unfolded spectrum along
with the approximate expression (33) (dashed gray). (b) Results for
the XXZ spin chain for different values of the disorder (blue color
scale) along with the analytical result tm(k) = π/k (dashed gray).

depends on the Dyson parameter β. This expression is plotted
in Fig. 3 (left), which shows that at small k, the minimum
values obtained by different knSFF’s depend on the ensemble,
with deeper minima for larger β. In turn, around k ≈ 10 the
three ensembles converge to a similar curve. Furthermore, the
analytical results (dashed lines) are in very good agreement
with the numerical RMT results (solid lines).

2. Poisson ensemble

In the Poisson ensemble, the minimum time is the first
minima of the function (32). It can be computed exactly as

tm(k) = tan

(
π

1 + k

)
. (35)

100 101 102

k

−0.010

−0.005

0.000

min(S
(k)
t )

101 102 103

N

101

102
k∗

FIG. 3. (Left) Minimum value of knSFF S(k)
t as a function of the

spectral distance k. Approximate analytical results (dashed lines) for
the RMT ensembles (34) and Poisson distribution (36), and numeri-
cal results (solid lines). Colors are as in Fig. 1, i.e., Poisson (black),
GOE (red), GUE (green), and GSE (blue). The numerical results
are obtained from matrices of dimension N = 200 and averaged
over Nav = 2000 elements of the ensemble. Note that the function
at large k is linear, even if the choice of logarithmic scale in the
k axis does not allow a simple visualization. (Right) Scaling of
the deepest neighbor k∗ as a function of the system size N com-
puted numerically for RMT and Poisson ensembles (circles) and
the analytical approximations (38) and (40) rounded to the nearest
integer (lines). Numerical results are averaged over Nav = 200 ma-
trices. We show a guide for the eye at N = 200 (gray dotted line)
which is the values of k∗ used in Fig. 9 for the Poisson and GOE
endpoints of W .

Note that it diverges at k = 1 because the first knSFF for the
Poisson ensemble shows no dip and asymptotically goes as
π/k, similarly to the Gaussian ensembles. Figure 2(a) shows
that the minimum time for Poisson (35) quickly converges to
the RMT approximation (33). This suggests that the period
of oscillations of the knSFF cannot be used to differentiate
between RMT and Poisson for k � 2. In other words, this
minimum time does not capture (except for k = 1) on the
presence or absence of chaos in the system. Furthermore, the
minimum time agrees with the numerical simulation from
the different Gaussian ensembles and for the XXZ model
(which is introduced in Sec. VI), provided that the spectrum
is unfolded.

The minimum value of 〈S(k)
t 〉 is

S(k)
tm = 2(N − k)

N2
cosk

(
π

1 + k

)
cos

(
kπ

k + 1

)
. (36)

Figure 3 (left) shows that this analytical expression (dashed
black) agrees with numerical realizations for the Poisson en-
semble. At k = 1, the knSFF in Poisson shows a minima at
zero. Perhaps counterintuitively, the knSFF’s for Poisson can
have a quite deep minima for large k, with its minimum being
deeper than the one shown for k = 1 for GOE and GUE.
Interestingly, at very large spectral distance, over k ∼ 100, the
minima of the SFF in Poisson converges to the minima in the
RMT ensembles. This is the regime in which the prefactor
−2(N − k)/N2 dominates in both expressions (36) and (34).
This occurs because both of the remaining functions in the
expressions converge to unity at long times. This convergence
happens with terms of O(k−2) for RMT and of O(k−1) for
Poisson, which explains the faster convergence of random
matrices. In this regime, the minimum of the knSFF’s is made
shallower due to the small number of neighbors at long range.

B. Deepest k-nSFF

We now look at the spectral distance k∗ associated to
the knSFF with the deepest minimum, and see if it can
capture some aspects of energy correlations. This value rep-
resents the spectral distance k∗ such that the knSFFs with
shorter range (k < k∗) get deeper, while those with longer
ranger (k > k∗) get shallower. It can be computed from the
minima of Eq. (34) for the Gaussian random matrix ensembles
and Eq. (36) for the Poisson ensemble.

1. Random matrices

For Gaussian random matrices, it is challenging to extract
the minimum from the exact expression due to the interplay
between the oscillations and the envelope. Taking the large k
approximation, we find the deepest k∗ to be given approxi-
mately by the solutions of

k∗2(2 + β + βk∗) = Nπ2, (37)

whose exact solution can be found exactly using Mathematica
but which is too cumbersome to bring any insight. However, a
large N expansion yields

k∗ ∼ C 1
3
N

1
3 + C0 + C− 1

3
N− 1

3 + O
(
N− 2

3
)

(38)
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for the Gaussian ensembles, where the coefficients are given
by C 1

3
= ( π2

β
)

1
3 , C0 = − β+2

3β
, C− 1

3
= (2+β )2−3βπ2

9β
5
3 π

2
3

. Thus, the

spectral range with the deepest knSFF scales with the cube
root of the dimension of the system. Figure 3 (right) shows a
good agreement between this expression for different values
of β and numerical random matrices for the three Gaussian
ensembles, specially at large k. It also shows that the deepest
knSFF is reached first in the GSE, then in the GUE, and last
in the GOE.

2. Poisson ensemble

The expression for the minimum of the knSFF for the
Poisson ensemble (36) admits the asymptotic expansion

S(k)
tm = 2(N − k)

N2

(
−1 + π2

2k
− 4π2 + π4

8k2
+ O(k−3)

)
, (39)

which leads to a third-order polynomial equation whose so-
lution can be expanded for large N . We thus find the deepest
knSFF to scale as

k∗
0 ∼ π√

2
N

1
2 −

(
1 + π2

4

)
+ O

(
N− 1

2
)
, (40)

which scales faster than for the Gaussian ensembles (38), i.e.,
with the square root of the dimension of the system. Thus,
the deepest knSFF in the Poisson ensemble happens for k∗
larger than in the chaotic case, as seen in Fig. 3 (right). The
figure also shows good agreement of the above analytical
approximation with the numerics, specially at large k.

To end this section, we recall that the total SFF is not
self-averaging. Then, it will not come as a surprise that the
knSFF is also not a self-averaging quantity. For more details
and results in the GUE, see Appendix D.

V. BUILDING THE SFF FROM THE k-nSFF’s

In this section, we study how the decomposition of the
spectral form factor in terms of knSFF’s can help to un-
derstand the build-up of the correlation hole. We begin by
studying the partial SFF with neighbors only in the range
k ∈ [1, . . . , K] and studying the characteristic timescales of
that quantity, namely the dip and Thouless time. We then
report an intriguing result showing the contributions from
even and odd neighbors, and finally discuss the full SFF as
obtained from the knSFF’s.

A. Building the correlation hole: The partial SFF

We now have the tools to ask how the correlation hole
and ramp build up (or not) in different systems. This can be
answered by introducing the partial SFF, which we define as

St,K ≡ 1

N
+

K∑
k=1

S(k)
t , (41)

and represents the SFF with a cut-off K on the neighbor range
contributing to it. Note that St,N−1 = St . When it exists, we
observe that the ramp progressively builds up by adding up
contributions S(k)

t with longer range k, as detailed below.

1. Timescales of the ramp: Dip and Thouless times

To characterize how the ramp is built, we introduce two
timescales. First, we define the partial dip time as the time
after which the initial oscillations of the SFF stop being im-
portant and the SFF starts growing on average. This increase
is not monotonous due to SFF fluctuations originating from
quantum noise. So we propose to look at the absolute minima
of the relative maxima of the partial SFF, specifically:

(1) Compute the set of relative maxima of the par-
tial SFF trel-max, i.e., trel-max := {t ∈ R, s.t. ∂t St,K |t = 0,

∂2
t St,K |t < 0};

(2) Given this set of times, compute the absolute minima
of the relative maxima, i.e., tdip such that Stdip,K = min Strel-max,K .

This definition ensures that after the dip time, the relative
maxima (including the ones coming from quantum noise)
grow, such that this time can be interpreted as the onset of
the SFF growth, i.e., the beginning of the ramp.

The second timescale that is natural to define is the
Thouless time, originally introduced in a single-particle con-
text [18]. In the particular case of the SFF, we follow Suntajs
et al. [19] and define it through the logarithmic ratio between
the partial and the connected SFF’s

�St,K =
∣∣∣∣log10

(
St,K

bt

)∣∣∣∣, (42)

where bt is the universal connected part of the SFF (see
Appendix B). The choice between GOE, GUE or GSE is
done according to the symmetries of the system. The Thouless
time is then defined as the time such that �StTh,K = ε and
�St,K < ε, ∀t > tTh. This time thus captures the time after
which, considering only up to K neighbor correlations in the
SFF, we follow the universal ramp of the connected SFF.
Further explanation of the meaning of both times are given
in Appendix A.

The partial SFF is not necessarily positive if K < N − 1,
which means that some of the oscillations become negative.
This poses a problem for the smoothing of the SFF, since
the quantity has very pronounced oscillations. For this reason,
contrary to the approach followed in Ref. [19], we decided
not to smoothen the partial SFF for the computation of these
timescales. Note that taking an absolute value of the partial
SFF would bring extra maxima to the quantity, and thus does
not solve this issue.

The results obtained for these timescales are shown in
Fig. 4. The partial SFF has been computed from the analytical
approximations for the different RMT ensembles. We see that
both the dip and Thouless times decrease as we increase the
number of neighbors, i.e., the ramp gets longer. Interestingly,
we also observe here that the dip time precedes the Thouless
time, this means that the relative maxima of the partial SFF
start to grow before the partial SFF gets close to the connected
SFF. Both of these timescales also show that adding the inter-
mediate neighbors does not decrease too much the dip and
Thouless times, suggesting that the neighbors that contribute
the most to the “duration” of the ramp are the short-range
neighbors k < 5 and the very long-range neighbors k > 150
for N = 200. From these observations, we conclude that all
neighbors are needed to explain the full duration of the ramp,
although some contribute more than others.
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β = 2
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β = 4
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FIG. 4. Timescales for the partial K-neighbors SFF. The plots
show the dip (pink), Thouless Eq. (42) (turquoise), and plateau tp =
2π (black) times as a function of the maximum number of neighbors
K considered, for the three Gaussian ensembles. The shaded regions
represent the part where the SFF grows in a nonuniversal way (pink)
and where it grows with the universal ramp of the connected SFF
(light blue). The results are computed with Nen = 400 from the
analytical expressions of the SFF for random matrices (31). For the
Thouless time, we used the partial SFF without smoothing, taking
ε = 0.1 for GOE and GUE and ε = 0.25 for GSE. This choice is due
to the challenge in building the full spike of the GSE from summing
knSFF’s (cf. Appendixes A and E).

A similar argument can be made from the relation-
ship between the two-level correlation function R2(s) =∑∞

k=1 P (k)(s) and the probability densities P (k)(s) given in
Ref. [40], as discussed in Appendix B. From here we find that
small, medium, and large k neighbor correlations contribute
to the structure of the connected SFF.

B. Contribution from even and odd neighbors

The approximation (31) for the ensemble average of the
knSFF’s for RMT is expressed as a combination of cosines
and sines with frequency ωk given by Eq. (29). We wondered
about the even and odd range contributions, defined as

〈
S (even)

t

〉 ≡ 1

2N
+

∑
k even

〈
S (k)

t

〉
, (43a)

〈
S (odd)

t

〉 ≡ 1

2N
+

∑
k odd

〈
S (k)

t

〉
. (43b)

These are presented in Fig. 5 for random matrices taken
from GOE, GUE, and GSE ensembles of dimension N = 100.
Inspecting the plots, we find a constructive interference for
〈S (even,odd)

t 〉 at t ≈ π . More specifically, there is a “resonance”
(positive peak) for 〈S (even)

t 〉 and an “antiresonance” (negative
peak) for 〈S (odd)

t 〉 at t ≈ π . This observation can be explained
by our analytical results,

S(even/odd)
t ≈ 1

2N
+

∑
k even/odd

C(k)
N f (k)

t , (44)

where C(k)
N is given by Eq. (12b) and f (k)

t is given by the
approximation (28). Taking ωk ≈ k, the sum of even neighbor
ranges involves a sum of cos(k t ) with k = 2, 4, 6, . . . which
interfere constructively at t = π to create a “resonance”; sim-
ilarly, the sum of odd neighbor ranges involves a sum of
cos(k t ) with k = 1, 3, 5, . . . which interfere constructively at
t = π to create an “antiresonance.” Interestingly, Fig. 5 also
shows that most of the ramp is constructed from the even
neighbors contribution, while the odd terms mostly contribute
to cancel the even resonance and render the universal ramp.
We also note that the ‘spike’ seen in the complete SFF for GSE
(as can be seen in Fig. 6) is nothing but the next constructive
interference from both the even and odd contributions, and
happens (for the unfolded spectrum) at t = 2π . Note that
the transition from the ramp to the plateau also happens at
tp = 2π for GUE and GOE.

C. Full SFF

We now add up the contributions from all spectral distances
to write the total SFF and compare our approximate analytical
results to numerical simulations. Using the approximation
(31) for the kth-neighbor SFF, the total averaged SFF for the
Gaussian ensembles follow as

St ≈ 1

N
+

N−1∑
k=1

2(N − k)

N2
e− ω2

k t2

4α

[
cos(ωkt )

+ 1

12α
ωkt

(
ω2

kt2

2α
− 3

)
sin(ωkt )

]
. (45)

Figure 6 present a comparison of our analytical results with
numerical results for the random matrix ensembles. It shows
that for the Gaussian ensembles, the above approximate

FIG. 5. Odd vs even neighbor contributions to the SFF and their sum for Poisson, GOE, GUE, and GSE; computed numerically from
Nav = 1000 matrices of dimension N = 100. For visualization of the data in log-log scale, an extra factor of 1/2N was added to the even and
odd contributions. The even contributions construct a “resonance” while the odd ones construct an “antiresonance.” The vertical lines highlight
the time at which the resonance and antiresonance happen, t∗ = π (dashed gray), and at which the plateau starts for the Gaussian ensembles,
tp = 2π (dotted gray).
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FIG. 6. Spectral form factor for: Poisson (black), GOE (red), GUE (green), and GSE (blue) computed numerically (thick transparent line)
and using the analytical results (thin solid line) given by Eq. (46) (black) and Eq. (45) (red, green, blue). The connected SFF for each of the
ensembles, see Appendix B, is also shown (black dotted line). The plots show results for random matrices with dimension N = 100 and the
numerics have been averaged over Nav = 1000 matrices. The dotted gray line marks the start of the plateau at tp = 2π .

expression gives good results, even without using any exact
results for S(k)

t . In particular, the transition between the ramp
and plateau is well captured for the three ensembles: smooth
for GOE, “kink” for GUE, and “spike” for GSE. The time at
which this transition happens was first discussed in Ref. [41]
and we provide an alternative rationale for it by decomposing
the SFF into the contributions from odd and even spectral
distances, as discussed in the previous section. Importantly,
all the ensembles, when unfolded, show the plateau time at
tp = 2π . This is consistent with the results in Ref. [41] which
show the plateau for the Gaussian ensembles at tp/(2πρ̄) = 1.
In our case unfolding the spectra sets ρ̄ = 1 and thus tp = 2π .
A careful observation of Fig. 6 shows that the SFF computed
from our analytical expressions slightly overestimates the ac-
tual value of the ramp, specially for GOE. In Appendix E,
we test the accuracy of the total result given in Eq. (45) with
respect to the SFF for RMT computed numerically and with
respect to the connected SFF.

One question that naturally arises from the analytical ex-
pression is: how important is the contribution of the sines?
Can we recover the full SFF from just summing over the
cosine part, i.e., with a Gaussian approximation for the knLS
distribution? The answer is that doing so yields a correla-
tion hole but no linear ramp. So the sines contributions are
especially important at the beginning of the ramp and at the
transition to the plateau.

The total averaged SFF for the Poisson ensemble is given
exactly by

S(Poisson)
t = 1

N
+

N−1∑
k=1

2(N − k)

N2

cos(k arctan t )

(1 + t2)k/2
. (46)

Although for k > 1 the kth-neighbor SFF for the Poisson
ensemble has a dip and shows some oscillations before flat-
tening out (as can be seen in Fig. 1), the full Poisson SFF
has no “dip” or “correlation hole,” as expected for completely
uncorrelated levels. It is natural to ask the question: Why
does this function not build any correlation hole; is it because
of the arctan t in the argument of the cosine, or because the
envelope is a Lorentzian instead of a Gaussian? It is none of
these two reasons. Instead, the main reason is that the width of
the Lorentzian decreases as k grows—due to the power k/2;
similarly, the ramp is absent when the envelope is substituted
for a Gaussian with decreasing width, e.g., e−kt2

or e−k2t2
. This

ensures that the contribution from large k neighbors is quickly
attenuated, effectively restricting their ability to build a ramp.

This behavior sharply contrasts with the one observed
for RMT. In such case, the width of the Gaussian envelope
initially decays but saturates to a constant

√
2α/ωk ∼ √

β

for large k, as can be observed in Fig. 7(a) for GSE and
in Fig. 7(b) for all the ensembles. The slowing down of the
Gaussian envelope width ensures that large k neighbors have
many oscillations in their knSFF, resulting in the build-up of
the ramp.

Note that the fact that the GSE exhibits a spike is related to
the Gaussian attenuation that multiplies the sum of cosines
and sines in Eq. (45), which has the largest width of the
Gaussian ensembles. Indeed, the width is set by

√
2α/ωk ,

which is proportional to
√

β, and the GSE has the largest
β = 4. Figure 7 shows the ratio of the plateau time tp = 2π

to the width of the Gaussian envelope for GOE, GUE, and
GSE. The envelope width is the largest for the GSE, in which
the plateau time lies between 2 and 3 standard deviations of
the Gaussian envelope.

VI. ILLUSTRATION: THE DISORDERED XXZ CHAIN

The tools and methodology we introduce in this work are
illustrated in a physical model. Specifically, we quantify how

0 5 10
t

−0.01

0.00

0.01

tp

√
2α

ωk

(a) S
(k)
t

k =1
k =40
k =90

100 101 102

k

2
3
4
5
6
(b) ωktp/( 2α)

FIG. 7. (a) knSFF for GSE for k = 1, 40, 90 (solid thin lines)
and Gaussian envelope (dashed thick line), standard deviation of the
Gaussian envelope

√
2α/ωk (solid horizontal lines) and plateau time

tp = 2π (dotted gray line). (b) Ratio between the plateau time tp =
2π and the width of the Gaussian envelope

√
2α/ωk as a function of

the neighbor degree k for the three Gaussian ensembles: GOE (red),
GUE (green), and GSE (blue).
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FIG. 8. kth-neighbor spectral form factor for the disordered XXZ spin chain for different neighbor levels k = 1, 10, 30, 70 in the chaotic
(W = 1, light blue dots) and the integrable (W = 20, dark blue dots) phases along with the Poisson (black line) and GOE (red line) curves.
The deviation between the integrable phase and the Poisson results is apparent starting from k = 10, and increases for larger k. Note that the
oscillations differ only in their amplitude but not in their frequency. We emphasis the different scales in the time axis.

closely a many-body quantum system follows the random
matrix or Poisson predictions.

A. XXZ spin chain with disorder

We choose the XXZ spin chain with a varying amount
of disorder in the on-site magnetic field, Ĥ = ĤXXZ + Ĥdis,
because this model is known to interpolate between chaos
and integrability as a function of disorder strength. The
Heisenberg XXZ spin-chain Hamiltonian for L spins reads

ĤXXZ =
L∑

n=1

(
Ŝx

nŜx
n+1 + Ŝy

nŜy
n+1 + JzŜ

z
nŜz

n+1

)
, (47)

where Ŝx,y,z
n are spin 1/2 operators on site n. We assume

periodic boundary conditions. This model is known to be
integrable and can be solved using the Bethe ansatz [42].
Adding on-site magnetic fields with random strengths

Ĥdis =
L∑

n=1

hz
nŜz

n, (48)

where hz
n are real random numbers taken from a uniform

distribution U[−W/2,W/2], changes the integrability properties
of the XXZ chain as a function of the disorder strength W .
Roughly speaking, when W is small (but not too small), in-
tegrability is broken, while as W increases, integrability is
restored. In the chaotic regime, the spectral statistics agree
with those of GOE due to the system’s time-reversal sym-
metry.4 The transition from chaos to integrability in this and
similar models can be probed using the SFF [19,27]. The
XXZ Hamiltonian with the disorder term (48) conserves the
total spin in the z-direction; in other words, it commutes with
the operator Ŝz = ∑L

n=1 Ŝz
n. The Hamiltonian thus does not

mix sectors of different Ŝz eigenvalues, and we can work
in one such sector. We choose to work in the sector with
half of the spins up and half of the spins down, which is
of dimension

( L
L/2

)
. We present results for L = 16 for which

4For T̂ = ÛK̂ the antiunitary time-reversal operator, generally
written as the product of a unitary and complex-conjugation but
which can be chosen as T̂ = K̂ [43], we verify that T̂ Ĥ T̂ −1 = Ĥ
since the Hamiltonian is real.

the Hilbert space dimension in the above-mentioned sec-
tor is 12,870. In practice, however, we draw our statistics
from N = 200 eigenvalues around the densest part of the
spectrum.

B. Dynamical signatures of chaos (knSFF)
in the disordered XXZ

To test how the dynamical signatures of a real system
match those predicted by RMT or Poisson, we extract data
for the knSFF from the XXZ model with disorder. Figure 8
shows numerical results for the kth-neighbor SFF for various
values of k, where the behavior for a disorder strength of
W = 1 can be compared with W = 20. The plot compares the
spin chain numerical data with those from the Poisson and
GOE ensembles. In particular, we see that at small k the XXZ
dynamics agrees very well with the analytical result. However,
we observe a more pronounced deviation from both GOE and
Poisson at large spectral distance, i.e., k = 30 and specially
k = 70. The period of the oscillations is well captured by the
analytical expressions, but the deviations from the analytical
knSFFs show up in the envelope, i.e., in the amplitude of
the oscillations, which is narrower than GOE for W = 1 and
broader than Poisson for W = 20. This is a well-known be-
havior for other long-range measures of spectral correlations,
which stop following the universal predictions of random
matrices and Poisson.

Figure 9(a) shows the results for the minimum value S(k)
tm as

a function of k as well as the values of k∗ as a function of the
disorder strength W . The minimum of the knSFF agrees very
well with the Poisson and GOE limits because, as discussed
previously and seen in Fig. 8, the most relevant corrections to
the knSFF are in the envelope, and thus are only for longer
times, comparable to the width of the envelope. Furthermore,
for k = 10 the chaotic phase of the XXZ model follows well
the GOE prediction and for k = 30 the integrable phase of
XXZ agrees with the Poisson prediction, as seen in Fig. 8.
Deviations from the limiting behavior will not be apparent
there. Therefore, as mentioned above, the minimum attained
by the knSFF is a quantity which, even if it can give infor-
mation about the transition between chaos and integrability,
is not sensitive to deviations of universality in long-range
correlations k � 1.
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FIG. 9. (a) Minimum of the knSFF as a function of the neighbor
degree k, the colored dots mark the deepest knSFF, (b) deepest
kth-neighbors SFF k∗ as a function of the disorder strength, the
color scale marks the 〈r〉 parameter [44]. The values of k∗ for GOE
and Poisson are k∗ = 11 and k∗ = 28, respectively, which can be
obtained from the expansions for k∗ (38), (40), respectively, with
N = 200 which is the energy window size.

The deepest neighbor k∗ shows different behavior in the
chaotic and integrable phase, and thus can be used to probe
the transition, in a similar way to the level spacing ratios 〈r〉
[44]. This is shown in Fig. 9(b) where as we increase W we go
from a value of k∗ = 11 to a value of k∗ = 28. These values
of k∗ are exactly those predicted from the GOE and Poisson
ensembles and respectively correspond to chaotic (small W )
and integrable (large W ) dynamics.

Figure 10 shows the dip and Thouless times of the partial
SFF for the XXZ spin chain with disorder in the chaotic phase.
Similarly to the behavior observed in random matrices we see
that both of these times decrease as the maximum number of
neighbors K is increased. Another interesting behavior, also
shown by RMT, is that the short K � 100 and the very long
range K � 300 neighbors are the ones that contribute the most
to the length of the ramp of the SFF, indeed Fig. 10 shows that
both the Thouless and dip times stay almost constant as we in-
crease the maximum range of neighbors considered from K ≈
100 to K ≈ 300. Counterintuitively, even if these long ranges
do not show RMT universality, they are key to explain the
full extent of the ramp observed in the SFF. This suggests that
either the ramp involves some contributions from long-range
neighbors which do not show much difference with RMT, or
that the deviations from universality cancel out to give the uni-
versal ramp. Interestingly, for the disordered XXZ we do not
see that the dip time precedes the Thouless time, but remark-
ably the two curves show much more similarity that for GOE.

Univ.

FIG. 10. Thouless and dip times for the knSFF as a function of
the maximum neighbor range K for the XXZ model in the chaotic
phase. The results use ε = 0.2 [19] considering Nen = 400 energy
levels and averaged over Nav = 150 realizations of the disorder.

VII. DISCUSSION

In this work, we studied the role played by the short,
medium, and long-range spectral correlations in building the
SFF. Introducing the kth-neighbor SFF, we found analytical
results for it in the three Gaussian ensembles (GOE, GUE,
and GSE) and the Poisson ensemble. It has been conjectured
that realistic many-body systems, as illustrated by the dis-
ordered XXZ spin chain, will show similar spectral statistics
[1] as these ensembles (GOE and Poisson) in their chaotic
and integrable phases, and interpolate between them in the
transition. This correspondence breaks down when long-range
correlations are considered, as measured, e.g., by the num-
ber variance [23], which are known to show deviations from
universality. Our results provide an alternative point of view
to study the breakdown of random matrix universality for
long-range correlations, focusing on the role that nonuniversal
correlations play in building the universal ramp of the SFF.

Leveraging the kth-neighbor-level spacing surmise, we
found expressions for the kth-neighbor SFFs for the ran-
dom matrix ensembles and for the Poisson ensemble. The
Gaussian ensembles knSFF’s can be approximated by a sum
of cosines and sines with appropriate polynomial coefficients
and an overall Gaussian envelope function. We first character-
ized the properties of single knSFFs, providing expressions
for: its minimum value, the time at which the minimum
happens, and the energy range for which the k∗nSFF is the
deepest. In general, these quantities depend on the dynami-
cal phase of the system, whether it is chaotic or integrable.
However, the minimum time tm(k) does not distinguish be-
tween chaos and integrability for k � 2. The minimum value
attained by the knSFF’s is smaller in the random matrix en-
sembles than for Poisson, and the deepest knSFF shows a
different scaling k∗ ∼ N1/3 for random matrices and k∗ ∼
N1/2 for Poisson. These three features of the knSFF’s are
not sensitive to deviations from RMT universality since the
minimum time [cf. Fig. 2(b)] and the minimum value and
deepest k∗ (cf. Fig. 9), computed for the disordered XXZ
along the chaos to integrability transition, accurately follow
the RMT results. This can be understood since the single
knSFFs show deviations from universality in the width of the
envelope, which are very small at short times.

For the Gaussian ensembles, the several approximations
we made to achieve simple, tractable expressions capture
the main properties of the complete SFF. The role of each
kth-neighbor-level spacing in the full SFF (cf. Sec. V) is
investigated using the partial SFF considering only spectral
neighbors in the range [1, . . . , K] and in particular introducing
two timescales that determine the onset of the ramp, the dip
and Thouless times. For the different ensembles of random
matrices, we observe that these times decrease as more and
more neighbors are accounted for. However, they show a
particularly fast growth for the longest range spacings, when
K is close to the number of energy levels considered. A similar
behavior is also seen for XXZ in the chaotic phase, where the
biggest decrease in the characteristic timescales of the onset
of the ramp happens for short-range-level spacings and for
very-long-range-level spacings, with an almost constant onset
of the ramp from K ≈ 100 to K ≈ 300. Interestingly, the dip
and Thouless times of the partial SFF are much more similar
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for the disordered XXZ model than for RMT. Surprisingly,
when only even or odd neighbor ranges are considered, the
SFFs change drastically, with even neighbors building most
of the correlation hole and having a constructive interference
at t = π , while the odd neighbors only contribute to cancel the
constructive interference. Last, we also studied how the SFF
computed from the approximated knSFF’s builds the full SFF.
We compared it with numerical results and the analytics given
by the connected part. In particular, the Gaussian envelope
times oscillating function shape of the knSFF’s allows to
understand why GSE shows the spike right before the plateau,
because the envelope has not decayed enough to avoid all
the knSFF’s constructively interfering to give the spike at
tp = 2π .

Possible future research directions include the study of how
finite temperature affects the knSFFs [13], the extension of the
knSFFs to the dissipative case, and for which only nearest-
neighbor correlations and SFF have mostly been studied
[45,46]. Last, in light of our results a natural question arises:
which functional forms of the knSFF’s build a linear ramp
with a correlation hole and which do not? We have so far only
argued that the narrow Lorentzian envelope in the Poisson
ensemble was hindering any possible buildup of a correlation
hole. However it remains to be understood why the Gaussian
RMT expressions build a linear ramp. We also leave to future
research the investigation of the kth-neighbor autocorrelation
functions defined in this work. Our analytical results, in par-
ticular Eq. (28), can be used to better understand the behavior
of the autocorrelation function for different operators.

To summarize, our results suggest that correlations beyond
first energy neighbors have a clear manifestation in dynamical
quantities such as the spectral form factor, and are key to
explain the full extent of the ramp. The specific nature of
the level repulsion beyond just nearest-neighbor eigenenergies
plays an important role in accurately capturing the complex
features of many-body quantum systems at all timescales. We
have shown how the introduced tools, particularly through the
width of the knSFF envelope, can help quantify the deviation
of many-body spectral correlations from the idealized RMT
and Poisson models.
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APPENDIX A: DETAILS ON THE DIP AND THOULESS
TIMES OF THE PARTIAL SFF

In this Appendix, we give further details on the Thouless
and dip times of the partial SFF. Figure 11(a) shows �S(K )

t

FIG. 11. Visualization of the Thouless (blue) and dip (red) times
for the partial SFF with K = 150, N = 200 for the GUE, constructed
from the analytical expressions for the knSFF’s derived in the main
text. (a) Visualization of the logarithm of the ratio of SFF and the
connected SFF �St,K . The tolerance parameter ε = 0.1 (turquoise
horizontal line) and the Thouless time (blue vertical line). (b) Partial
SFF for the GUE (light green solid line), along with the relative
maxima (green circles), and the connected SFF (black dotted line).
The shaded area shows the interval [bt 10−ε, bt 10+ε] for visualization
of the condition �St,K = ε. We stress out that the defining condition
of the Thouless time is more clearly seen in the behavior of �St,K

and not in this area.

as defined in Eq. (42) for the partial SFF with K = 150
neighbors for the GUE, computed from the approximation of
the knSFF. The conditions to define the Thouless time ensure
that the ratio between the partial SFF St,K and the connected
SFF bGUE(t ) remain close, within a window defined by the
tolerance parameter ε. This plot also shows that the distance
between the sum of some of the approximated knSFFs and
the connected SFF remains small, but has a minimum before
the onset of the plateau at 2π , a maximum exactly at the
Heisenberg time tp = 2π , and decreases in the plateau. This
suggests that higher neighbors, with k > 150 in this case, play
a role in the transition from the ramp to the plateau of the SFF.

APPENDIX B: THE CONNECTED SFF FOR GAUSSIAN
ENSEMBLES AND SINE-KERNEL

The two-point spectral connected correlation function
ρc(E , E ′) of a certain ensemble is defined as [10]

ρc(E , E ′) = 〈ρ(E )ρ(E ′)〉 − 〈ρ(E )〉〈ρ(E ′)〉, (B1)

where ρ(E ) = ∑
j δ(E − Ej ) and 〈•〉 represents a suitable

average, e.g., over the random matrix ensemble. Thus, 〈ρ(E )〉
is the average density of states. After unfolding, i.e., intro-
ducing the rescaled energies ε = EN〈ρ(E )〉, the renormalized
two-point correlation function reads

ρc(E , E ′)
〈ρ(E )〉〈ρ(E ′)〉 = δ(ε − ε′) − Y (ε, ε′), (B2)
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where Y (ε, ε′) is Dyson’s two-level cluster function, defined
as

Y (ε, ε′) = 1 −
〈∑

m �=n

δ(ε − εn)δ(ε′ − εm)

〉
. (B3)

This function depends only on the difference s = ε − ε′ and
for the GUE in the large N limit reads [10]

Y β=2(s) = sinc2(πs), (B4)

where the sinc function is defined as sinc(x) = sin(x)/x. This
is typically known in the literature as the sine-kernel. The
two-point correlation function is closely related to it through
R2(s) = 1 − Y2(s), which can be obtained as a sum of the
knLS-level-spacing distributions [40]

R2(s) =
∞∑

k=1

P (k)(s). (B5)

The connected SFF is defined as the Fourier transform
of the connected correlation function, which, for the random
matrix ensembles, can be obtained from the cluster function.
For GUE, it reads [10]

bGUE(t ) =
{

t
2πN for t � 2π,

1
N for t > 2π,

(B6)

after a rescaling such that it reaches a plateau value of
limt→∞ St = 1/N at the Heisenberg time tp = 2π

bGOE(t ) =
{

t
πN − t

2πN log
(
1 + t

π

)
for t � 2π,

2
N − t

2πN log t+π
t−π

for t > 2π.
(B7)

And last, for the GSE, it is

bGSE(t ) =
{

t
4πN − t

8πN log
(
1 − |t |

2π

)
for t � 4π,

1
N for t > 4π.

(B8)

APPENDIX C: UNFOLDING THE SPECTRUM

The spectrum of a system is a property which a priori
depends on the system under consideration. However, its en-
ergy correlations can obey some universal laws. To study the
latter, we need to remove the dependence of the spectrum
on nonuniversal features, like the density of states ρ̄(E ). In
doing so, systems that are originally completely different can
be compared. The procedure to remove the dependence on the
local density of states is known as unfolding (see, e.g., [47]).
In this Appendix, we explain how we unfold a generic spec-
trum. We then study some aspects of the effect of unfolding
on our results.

Our method of unfolding involves computing the function

f (E ) = N
∫ E

−∞
dE ′ ρ̄(E ′), (C1)

where ρ̄(E ) is the average density of states, and then pass
the energy eigenvalues {Ei}N

i=1 into this function to get the
set of unfolded energy levels {ei}N

i=1 = { f (Ei )}N
i=1. For the

random matrix ensembles we study, the average density
of states is given by the Wigner semicircle distribution,

FIG. 12. Quality of the unfolding as a function of the order and
the number of bins for the GOE.

ρ̄(E ) = 1
πβN

√
2Nβ − E2. This leads to an analytical form for

the function f (E ), which reads5

f (E ) = N

2
+ 1

πβ

(
Nβ arcsin

E√
2Nβ

+ E

2

√
2Nβ − E2

)
,

(C2)

for −√
2βN < E <

√
2βN , while it is f (E ) = 0 for E �

−√
2βN and f (E ) = N for E � √

2βN ; see also Ref. [49].
For the disordered XXZ spin chain, there is no analytical

expression for the average density of states. We thus rely on
a numerical polynomial fit for f (E ) for each realization of
disorder. We used a larger window of energies to perform
the fit, and then discarded the two edges, thus focusing our
analysis on a window of around N = 200 energies.

Our numerical unfolding depends on two parameters: the
maximum order of the polynomial fit η and the number of bins
with which we construct our histogram (related to the bin’s
width). These parameters, especially the polynomial order,
can critically change the results since we can be overfitting the
spectrum and include some of the universal correlations into
the density of states. To check which minimum order gives
a reasonable fit, we compare the numerical and analytical
unfolding on a random matrix and define a quality of the fit,
Q, as the square of the difference between the histograms of
the analytical and numerical unfolded spectra, namely,

Q =
∑

n∈bins

[Histn( f ana(E )) − Histn( f num(E ))]2
. (C3)

Figure 12 shows that η = 3 is an unfolding order with already
good results. So, we chose this order to avoid over-fitting. The
parameter of the number of bins is not too critical, and we set
Nbins = 50 to have enough bins and enough points per bin.

Although our results refer to the unfolded spectrum, we
study here some of the same results for the folded (i.e., the
original, not unfolded spectrum), namely, the even-odd signa-
tures discussed in Sec. V B. Figure 13 confirms that such a
signature is still present in random matrices without unfolded

5This result can be found in Ref. [48].
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FIG. 13. The even-neighbor (red) and odd-neighbor (blue) contributions are compared for the folded and unfolded cases of Poisson, GOE,
GUE, and GSE (left to right). The black solid line is the total SFF. The figure shows numerical data from random matrices of dimension
N = 100 averaged over Nav = 1000 realizations folded (top) and unfolded (bottom) cases.

spectrum. The main difference is in the time at which the “res-
onance” and “antiresonance” appear: while for the unfolded
spectrum, they appear at t = π , for the folded spectrum, they
appear at a timescale related to the matrix dimension.

APPENDIX D: SELF-AVERAGING
OF THE kTH-NEIGHBOR SFF

In this Appendix, we discuss the self-averaging properties
of the kth-neighbor SFFs, as a function of k.

A quantity is said to be self averaging if its relative variance
becomes smaller as the system size is increased. The SFF is
known to be particularly not self-averaging around its plateau
(the flat part which the SFF tends to at large t), i.e., the relative
variance of its plateau increases as N is increased. Here, we
numerically study the self-averaging of the plateau of the kth-
neighbor SFF. The relative variance of the kth-neighbor SFF
can be defined as (see, e.g., [27]):

Rk (t ) =
〈(
S (k)

t + S̄
)2〉 − 〈

S (k)
t + S̄

〉2
〈
S (k)

t + S̄
〉2 , (D1)

where S̄ = 1
N (N−1) is the value of the plateau divided equally

among the N − 1 possible neighbors, which we added such
that the average 〈S (k)

t + S̄〉 is nonzero.
Figure 14 shows the relative variance of the plateau as a

function of the neighbor degree k for different dimensions of
the random matrices. We can observe several features:

(1) S (k)
t is never self-averaging since the relative variance

increases with the dimension of the matrix.
(2) The limiting value of the relative variance decreases

linearly with k in the following way:

R̄plat
k = 1

T

∫ tp+T

tp

Rk (τ )dτ = (N − k)
N − 1

2N
, (D2)

where indeed Fig. 14 suggests a linear function of k with a
constant slope independent of N and a constant which scales
linearly with N . So the knSFF is not a self-averaging quantity.

APPENDIX E: TEST OF THE APPROXIMATIONS
FOR THE SFF

Since we have made several approximations on the way
to our final expressions for the total SFF for the Gaussian
ensembles, Eq. (45), we test the validity of our approximate
analytical expression. Figure 15 (top) shows the relative error
between the numerical SFF (computed for RMT) and the
expression (45) for the three Gaussian ensembles, as well
as a comparison between the Poisson expression (46) and
numerical data for the SFF taken from the Poisson ensemble.
Following the discussion of the Thouless time [19], we decide
to take | log( f (x)/g(x))| as our notion of the distance between
the two SFFs. We see that in GOE and GUE the approximation
over-estimates slightly the ramp, and especially in GOE has a
distance to it of around 10%. However, the distance between

FIG. 14. Relative variance of the plateau of the knSFF as a func-
tion of the neighbor degree k, for GUE random matrices of dimension
N (color scale). The results are averaged over Nav = 1000 ensemble
realizations and R̄plat

k := 1
T

∫ tp+T
tp

Rk (τ )dτ is the time averaged rela-
tive variance on the plateau. Solid lines correspond to Eq. (D2).
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FIG. 15. Comparisons of the approximate analytical SFF with numerical (top) and connected (bottom) SFF’s for (left to right): Poisson,
GOE, GUE, and GSE. The dashed line marks the ε = 0.1 difference between the two quantities. We observe that the difference with the
numerics stays bounded by 0.1, i.e., a 10% difference between the two SFF’s. The colored regions indicate the universal ramp (light blue),
from the Thouless time to the Ehrenfest time, and the plateau (light yellow), after the Ehrenfest time.

the two SFFs always remain bounded by 0.1, indicating that
the approximations derived in the main text work reasonably
well.

A further interesting comparison is the SFF obtained from
the analytical approximations to the connected SFF; see
Fig. 15 (bottom). This defines the Thouless time for random
matrices, as the time after which our analytical expression re-
mains close to the universal connected SFF. We observe that at
short times, in the initial slope of the SFF the distance between
the SFF, and the connected part is big since at short times bt

is very small. Then we see a transition to the ramp, indicated
in blue, where the distance remains below a certain tolerance
parameter ε = 0.1. The onset of the ramp is defined from the
Thouless time [19]. At tp = 2π , we have a transition to the
plateau. For GOE we see a power law ∼t−2 convergence to
the plateau, also seen for Poisson. Interestingly, for GOE and
GSE this convergence is much faster than this power law, we
also observe that the onset of the plateau is smooth for GOE
and becomes less smooth for GUE and GSE. This is due to the
fact that recovering the kink in GUE, and especially the spike
in GSE, is hard with our approximations to the SFF. However,
this distance remains small. The spiky behavior observed for
GSE implies that the value of the tolerance parameter ε should
be taken carefully so that it characterizes the ramp, and not
just the plateau.

APPENDIX F: TOY MODEL: THE COMPLETE SFF
WITH ONLY NEAREST-NEIGHBOR CORRELATIONS

As we have shown in the main text, the nearest-neighbor-
level spacing, although indicative of chaotic or regular
behavior, is not a sufficient condition for chaos, since truly
chaotic models (as modeled by RM) have correlations all
over the spectrum. In this spirit, we construct a toy model
which only has energy correlations to nearest neighbors, but
nowhere else in the spectrum. What would be the SFF of such
a system? To answer this, let us recall that the probability

distribution of the sum of two uncorrelated random variables
z = x + y is given by their convolution. So, in this toy model,
the second-level spacing distribution simply reads

P (2)(s(2)) = P (1)(s(1) ) ∗ P (1)(s(1) ) (F1)

=
∫ s(2)

0
dsP (1)(s)P (1)(s(2) − s).

The convolution theorem states that the Fourier transform
of a convolution is the product of the Fourier transform, and
vice versa. The knSFF for this toy model follows as

S(k)
t = Re(F[P (1)]k (t )), (F2)

where the Fourier transform of the nnLS distribution,
F[P (1)](t ), admits the exact expression

F[P (1)](t ) = 1F1

(
β + 1

2
,

1

2
,− t2

4Aβ

)

− it 1F1

(
β

2
+ 1,

3

2
,− t2

4Aβ

)
. (F3)

The sum of the knSFF is shown in Fig. 16 for the GUE
ensemble. The SFF of this toy model shows a correlation hole
since it decays and grows back, but the ramp is not linear
and therefore it cannot be modelled by a random matrix, and
thus this toy model is not chaotic. Similar nonlinear ramps
in the SFF have been reported for integrable models like the
SYK2 [50,51]. Thus, we conclude that correlations beyond the
nearest energy levels are needed to find the linear ramp in the
SFF characteristic of chaotic systems.

APPENDIX G: DISSIPATIVE PROTOCOL
TO MEASURE THE knSFF

The autocorrelation function of a general operator
Ô (13) can be obtained from knowledge of the spec-
trum and the operator. We propose a protocol, based on
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FIG. 16. SFF computed numerically for the GUE (green) and
for the toy model with energy correlations to nearest neighbors only
(purple), Eq. (F3).

dissipative dynamics, to measure the k-neighbor autocorrela-
tion function.

Assume that we are able to prepare an initial operator with
nonzero weight only in its main and kth diagonal, namely,
Ô(k) = ∑N

n=1 Oii|i〉〈i| + ∑N−k
i=1 Oi+k,i|i + k〉〈i| + H.c. Its au-

tocorrelation function will be related to the knSFF since it
only contains spectral information from the knLS,

C (k)
t = 1

N 2
Tr

(
Ô(k)Ô(k)

t

)

=
∑

i

|Oii|2
N 2

+
N−k∑
i=1

|Oi+k,i|2
N 2

cos[(Ek+i − Ei )t )]. (G1)

If at this point we further assume that we unfold the spec-
trum, so that the knLS Ei+k − Ei does not depend on the
density of states ρ(Ei ), and average over a suitable ensemble,
then we find that the time evolution will depend on time
only through f (k)

t , which in turn completely determines the
knSFF.

The initial operator Ô(k) might look somewhat artificial,
so let us propose a way to engineer it through a dissipative
evolution. In the case of dissipative dynamics in which the
unitary part is dictated by Ĥ0 and the dissipator consists of a
single Hermitian jump operator L̂ = L̂†, any system operator

evolves according to the adjoint Lindblad equation [52,53]

∂t Ôt = i[Ĥ0, Ôt ] − γ [L̂, [L̂, Ôt ]], (G2)

where γ is the dissipation rate associated with L̂. Consid-
ering commuting operators, [Ĥ0, L̂] = 0, which then share
a common eigenbasis, Ĥ = ∑

i Ei|i〉〈i|, L̂ = ∑
i li|i〉〈i|, the

solution of the above equation simply reads

Ôt =
∑
i, j

Oi je
−i(Ei−Ej )t−γ (li−l j )2t |i〉〈 j|. (G3)

We now assume that we do not apply the Hamiltonian dynam-
ics yet (e.g., going to a rotating frame such that they are not
relevant) and that we can engineer the jump operator in a way
such that its eigenvalues repeat once after the kth element,
namely,

L̂ = diag(l1, . . . , lk, l1, . . . , lk, l2k+2, . . . , lN ), (G4)

where we have set lk+i = li for 1 � i � k, and we also con-
sider no extra degeneracies li �= l j ∀ i, j ∈ {1, . . . , k, 2k +
2, . . . N}. The evolution at a time T becomes ÔT =∑

i, j Oi je−γ (li−l j )2T |i〉〈 j|. All off-diagonal elements decay ex-
ponentially fast with time, except for those with |i − j| = k
and i, j ∈ {1, . . . , k} which are preserved due to the structure
of L̂. Thus, we see that limT →∞ ÔT = Ô(k) = ∑N

i=1 Ôii|i〉〈i| +∑2k
i=1 Oi+k,i|i + k〉〈i| + H.c., i.e., this protocol leads to a ma-

trix with 2k nonzero elements only in the kth diagonal. The
full diagonal could be obtained by repeating the sequence of
eigenvalues l1, . . . , lk more times in Eq. (G4), but this would
lead to higher “harmonics,” i.e., nonzero terms for |i − j| =
2k, 3k, . . . , which would contain contributions from higher
degree knSFFs.

Other possible experimental probes are to experimentally
measure the energy levels of the system, and compute the
knLS distribution and the associated knSFF by a Fourier trans-
form. Alternatively, another way could be to use the formalism
introduced in Ref. [54]. More specifically, one would need to
find a partition the total Hilbert space in two, H = HA ⊗
HB, such that the condition TrB(ρB(Ei )ρB(Ej )) ∝ δ|i− j|,k
holds, where ρB(Ei ) = TrA(|Ei〉〈Ei|). If there exists such a
subspace HA, then the randomized measurement protocol
devised in Ref. [54] could be readily used to compute the
knSFF’s and knLS distribution.

[1] O. Bohigas, M. J. Giannoni, and C. Schmit, Characterization
of chaotic quantum spectra and universality of level fluctuation
laws, Phys. Rev. Lett. 52, 1 (1984).

[2] M. V. Berry and M. Tabor, Level clustering in the regular
spectrum, Proc. R. Soc. Lond. A 356, 375 (1977).

[3] E. P. Wigner, in Proceedings of the Conference on Neutron
Physics by Time-of-Flight (Oak Ridge National Laboratory,
1957).

[4] E. P. Wigner, On the statistical distribution of the widths and
spacings of nuclear resonance levels, Math. Proc. Camb. Philos.
Soc. 47, 790 (1951).

[5] M. Gaudin, On the limit law of the spacing of the
eigenvalues of an aleatory matrix, Nucl. Phys. 25, 447
(1961).

[6] E. P. Wigner, Random matrices in physics, SIAM Rev. 9, 1
(1967).

[7] M. V. Berry, I. C. Percival, and N. O. Weiss, The Bakerian
lecture, 1987. Quantum chaology, Proc. R. Soc. Lond. A 413,
183 (1987).

[8] M. C. Gutzwiller, Periodic orbits and classical quantization
conditions, J. Math. Phys. 12, 343 (2003)

[9] M. L. Mehta, Random Matrices (Elsevier, Amsterdam, 2004).
[10] F. Haake, Quantum Signatures of Chaos (Springer, Berlin,

1991).
[11] S. Wimberger, Nonlinear Dynamics and Quantum Chaos

(Springer, Berlin, 2014), Vol. 10.
[12] J.-S. Caux and J. Mossel, Remarks on the notion of quantum

integrability, J. Stat. Mech. (2011) P02023.

165108-16

https://doi.org/10.1103/PhysRevLett.52.1
https://doi.org/10.1098/rspa.1977.0140
https://doi.org/10.1017/S0305004100027237
https://doi.org/10.1016/0029-5582(61)90176-6
https://doi.org/10.1137/1009001
https://doi.org/10.1098/rspa.1987.0109
https://doi.org/10.1063/1.1665596
https://doi.org/10.1088/1742-5468/2011/02/P02023


DECOMPOSING THE SPECTRAL FORM FACTOR PHYSICAL REVIEW B 111, 165108 (2025)

[13] P. Martinez-Azcona and A. Chenu, Analyticity constraints
bound the decay of the spectral form factor, Quantum 6, 852
(2022).

[14] A. Vikram and V. Galitski, Exact universal bounds on quantum
dynamics and fast scrambling, Phys. Rev. Lett. 132, 040402
(2024).

[15] R. E. Prange, The spectral form factor is not self-averaging,
Phys. Rev. Lett. 78, 2280 (1997).

[16] A. Y. Abul-Magd and M. H. Simbel, Wigner surmise for high-
order level spacing distributions of chaotic systems, Phys. Rev.
E 60, 5371 (1999).

[17] T. A. Brody, J. Flores, J. B. French, P. Mello, A. Pandey, and
S. S. Wong, Random-matrix physics: Spectrum and strength
fluctuations, Rev. Mod. Phys. 53, 385 (1981).

[18] J. T. Edwards and D. J. Thouless, Numerical studies of localiza-
tion in disordered systems, J. Phys. C 5, 807 (1972).
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