DELAUNAY DECOMPOSITIONS MINIMIZING ENERGY OF
WEIGHTED TOROIDAL GRAPHS

WAI YEUNG LAM

ABSTRACT. Given a weighted graph on a torus, each realization to a Euclidean
torus is associated with the Dirichlet energy. By minimizing the energy over all
possible Euclidean structures and over all realizations within a fixed homotopy
class, one obtains a harmonic map into an optimal Euclidean torus. We show
that only with this optimal Euclidean structure, the harmonic map and the
edge weights are induced from a weighted Delaunay decomposition.

1. INTRODUCTION

Let G = (V,E,F) be a cellular decomposition of a topological torus S where
V, E and F denote the set of vertices, edges and faces. It induces a realization
f: (V,E) — S of the 1-skeleton graph (V, E). We assume that all faces have at
least 3 edges and the graph is essentially 3-connected, i.e. the 1-skeleton graph of
the induced cellular decomposition on the universal cover is 3-connected. We equip
the graph (V, E) with some positive edge weights ¢ : E — Ry where ¢;; = ¢;;. We
relate three aspects of embedding a weighted graph in Euclidean tori.

Energy minimization. We parameterize the space of Euclidean tori with unit
area by the upper half plane H C C and write S, for the corresponding Euclidean
torus given by 7 € H. For every straight-line mapping to a Euclidean torus h :
(V,E) — S,, it is associated with the Dirichlet energy

(1) D)= 3 3 et

ijEE
where £ is the edge length. There are several interpretations of the edge weights
and the energy. One is to think of the edges as springs with force constant ¢. The
Dirichlet energy is then the total energy stored in the springs.

It is a classical result that for every fixed Euclidean torus S; and among all
mappings h : (V, E) — S, such that h is homotopic to f, the energy D, has a
minimizer h, unique up to translations [3| [7, [I8]. The map h, has convex faces and
is called a Tutte-like embedding [7]. It is known to be a harmonic map satisfying a
discrete Laplace’s equation (See Section .

One can further minimize the energy by varying Euclidean structures, i.e. to
consider the function
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(1,h) — D.(h)

where C; denotes the space of mappings h that are homotopic to f. It is known
that D, has a unique minimizer (7, h,) [13]. Our goal is to explore the geometric
relation how the optimal Euclidean structure depends on the edge weights. For
example, we shall answer a converse question.

Question A: Suppose a straight-line embedding h : V' — S, to a Euclidean torus
S; is given with convex faces. If any, what are the positive edge weights ¢ such that
(1, h) is the minimizer of D.?

Maxwell-Cremona correspondence. Every harmonic map to R? is associated
with a realization of the dual graph such that corresponding edges are perpendic-
ular. A question is whether it holds for the torus. Specifically, for every harmonic
map h : (V, E) — S,, its lift to the universal cover h : (V, E) — C has a conjugate
map h* : F — C defined by

(2) hfeft(ij) - h;ight(ij) = v—lcij(hj — hi)

where left (i) is the left face of the oriented edge ij. The map h* defines a realization
of the dual decomposition of the universal cover (V* E* F*) = (F,E, V). It
is harmonic with respect to the edge weights ¢* := 1/c. The edges of h* are
orthogonal to those of h. The maps h and h* are said to be reciprocal in the sense
of the Maxwell-Cremona correspondence [19]. Since h is doubly periodic, one can
deduce that h* projects to an Euclidean torus kS, for some k > 0 and 7/ € H.
Here kS, denotes the scaled copy of the Euclidean torus S, having area k2.

Question B: Given an edge weight ¢ and any Euclidean torus S;, the harmonic
map h, : (V,E) — S, defines a conjugate harmonic map h* (V*,E*) — C over
the universal cover. Does h* project to the same torus S, up to scaling? It is shown
in [4] that this holds only for some unique Euclidean structure.

Edge weights from weighted Delaunay decomposition. The previous two as-
pects concern geometric embeddings from given edge weights. A converse question
is to deduce edge weights from a given embedding.

A weighted Delaunay decomposition is also known as a power diagram. It is a
generalization of the classical Delaunay decomposition where the distance function
are modified by vertex weights. Its dual cell decomposition is the Voronoi diagram.
One can show that the dual edge is always perpendicular to the primal edge. In
case where the vertex weights are constant, one obtains the classical Delaunay
decomposition.

Given a Delaunay decomposition of the plane or a Euclidean torus, it is associ-
ated with a canonical choice of edge weights called the cotangent weights [21]. It
is related to discrete complex analysis and deformations of circle packing. More
generally, given a weighted Delaunay decomposition h : V' — C, we denote h' its
dual Voronoi diagram. The canonical edge weight ¢ : E — Ry is given by

1 Pt ~ Prigh
(3) Cij = ¢ t(”,,) }‘lg ) = Cj; > 0.
V-1 hj — h;
A question is whether such a correspondence from geometric embeddings to edge
weights provides the converse relation in the previous two aspects. We show that
it is the case.
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Theorem 1.1. Let (V,E, F) be a cellular decomposition of a topological torus and
essentially 3-connected. Assume c : E — Ry be positive edge weights. Then the
following statements on Euclidean structure T, discrete harmonic map h, as well
as a positive number k are equivalent:

(i) (7,h;) is the unique minimizer of D. with value k.
(ii) The conjugate map of harmonic map h, : V. — S, projects to the same torus
S; up to scaling k > 0.
(#ii) h; is the weighted Delaunay decomposition such that the given weight ¢ is
k-multiple of the canonical edge weight.

We denote 1. the unique Fuclidean structure satisfying the conditions above and
call it the optimal Euclidean structure, whose energy is written as k.

As shown in our proof, the equivalence between (i) and (ii) holds for any cellular
decomposition of a torus, without the assumption of being essentially 3-connected.
However, the graph being essentially 3-connected is a necessary condition for (iii) to
make sense, since the graph of any weighted Delaunay decomposition is essentially
3-connected (See the proof of Balinski’s theorem [25]). With this assumption, the
relation between (ii) and (iii) is known to Erickson and Lin [4] Theorem 4.4]. Our
main contribution is their connection to (i). Our approach involves studying dis-
crete harmonic conjugates, which is also known as the response matrix in electric
networks [12].

On the other hand, one observes that the minimal Dirichlet energy k. is intrinsic
to the weighted toroidal graph. One should be able to express k. in terms of the
edge weights without involving the embedding h as in equation . We first state
the formula and then explain the notations.

Theorem 1.2. Let ¢ : E — Rsg be a positive edge weight. Then the minimal
Dirichlet energy is given by

deto(dTCd)

ke:=minD, = {| —————+
i deto(dTCd)

In the formula, we fix an arbitrary orientation for the edges and d denotes the
ExV-incidence matrix, where d’ is its transpose. C is the ExE diagonal matrix
consisting of edge weights. Thus, A := d” Cd is a V xV-matrix that represents the
discrete Laplace operator, i.e. for every g : V — R,

(Ag)i = Zcij (Qj - gi)-

Furthermore, pick a vertex o. Then dety denotes the determinant of a matrix
with the row and column corresponding to the vertex o removed. In our case the
quantity is independent of the vertex chosen. On the other hand, d is a Ex(V+42)-
matrix. Its first V' columns are those of d, which span the space of exact 1-forms.
The last two columns of d represent closed 1-forms with nontrivial periods, whose
integrals along v1 and ~, are respectively (1,0) and (0, 1). Particularly, the formula
in Theorem suggests the minimal energy is related to a combinatorial problem
that counts spanning trees in the graph via Kirchhoff’s matrix-tree theorem.
More generally, Theorem [I.I] and Theorem [I.2] hold for edge weights with arbi-
trary signs as long as the energy functional is positive definite (See Section E[)
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1.1. Related work. It is common in discrete conformal geometry [5l 6] 10, 14} 20,
23] and computer graphics [7), 8] to consider edge weights in the form of equation
from a Delaunay decomposition. On the one hand, the corresponding discrete
harmonic functions describe infinitesimal deformations of circle packings [I7]. On
the other hand, it includes the cotangent-weight Laplacian which is obtained from
the finite element discretization [2I]. Compared to them, our result is about the
converse construction from a weighted graph to a Delaunay decomposition.

Delaunay decompositions minimize energy in several other ways. An example is
Rippa’s theorem [22]. For that setting, vertex positions are fixed while combina-
torics are allowed to change. It is in contrast to our setting where combinatorics
and edge weights are fixed but vertex positions are allowed to move.

Realizations of graphs to other surfaces that minimize the Dirichlet energy have
been considered [24]. For a finite planar graph, one obtains the classical Tutte
embedding. For hyperbolic surfaces, one also gets a harmonic map to an optimal
hyperbolic surface [9] and Theorem [1.1] holds analogously [15].

Our approach involves discrete harmonic 1-forms and their harmonic conjugate.
Although we apply it to Euclidean tori, the method is also useful for complex affine
tori [16]. Similar questions can be asked for surfaces of genus larger than 1 and are
related to translation surfaces. However, its connection to Delaunay decomposition
is unclear.

As seen in equation , we took the perspective where the edge weight is the
ratio of the dual edge length to the primal edge length. It is similar to conductance
in electric networks where conductance is the ratio of the current to the voltage
difference. With different interpretation of the edge weights, one obtains different
geometric realizations of the graph. For example, if one regard the edge weights as
distance between circumcenters, one also can obtain circle patterns [I1].

We also consider edge weights with arbitrary signs under the condition that the
energy functional is positive definite (Definition [7.1)). Nevertheless, it is interesting
to consider cases where the energy functional fails to be positive definite (See [2], [17]
for example).

2. THE SPACE OF MARKED EUCLIDEAN TORI

We denote G = (V, E, F') a cellular decomposition of a topological torus where V',
E and F are the sets of vertices, edges and faces respectively. Vertices are denoted
by i,j,k. An edge is denoted by 4j indicating its end points are vertices i and 7,
where ¢ = j is allowed and in that case the edge has to form a non-contractible
loop on the surface. Furthermore, we denote G = (V, E,F ) the lift of the cellular
decomposition to the universal cover.

We assume that 1, v, are the generators of the fundamental group. We parame-
terize the space of Euclidean tori with unit area by the upper half plane H C C such
that for each 7 € H, the Euclidean torus S, is obtained as a quotient of R? = C by

translations
()=t = ppld) =5+
z) =2+ —, 2)=z+ —.
2% Tm T p"{z Tm
For every mapping h : (V, E) — S, where edges are realized as straight lines, we

consider its lift to the universal cover h : (V, E) — C. It satisfies

1 ~ _
) h072:h+

(4) iLO’yl:?lJr
Im T Im T
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In terms of the lift, the energy can be expressed as

1 7 72
De(h) = 5 > cijlhy — by
ijEE
where z~] € F is a lift of edge ij. The map h is harmonic if it is a critical point
of the energy under variation of vertex positions. Equivalently it satisfies discrete
Laplace’s equation, i.e. for s € V

(5) ZCZJ (hj — hy)

where the summation is over the adjacent edges ij € E. In the following sections,
we shall interpret Reh and Imh as integrals of harmonic 1-forms with specific
periods.

3. DISCRETE HARMONIC 1-FORMS

A discrete 1-form is a function on oriented edges w : E — R such that Wi = —Wj;
for every edge ij. A discrete 1-form is closed if its summation over the boundary of
every oriented face is zero. For example, in the case of a triangulation, w is closed
if for every triangle {ijk},

wij + Wik + W = 0.

For a closed discrete 1-form w on a torus, one can consider its periods
E w=A, E w=208
Y1 Y2

where the summation is over an edge path homotopic to ;. Because w is closed,
the summation is independent of the path chosen. A 1-form w is exact if there
exists f: V — R such that
wij = fj — fi-
One can show that a 1-form is exact if and only if it is closed with vanishing periods,
e. (4,B) = (0,0) in the case of tori.

The orientation of the primal edges naturally induces an orientation for the dual
edges. Given an oriented edge ij, the dual edge *ij is oriented from right face of ij
to the left face. In this way, we say a 1-form w is co-closed if it is a closed 1-form
with respect to the dual decomposition, i.e. for every vertex i € V'

Zwij =0
J

where the summation is over all edges adjacent to i.
For every 1-form w, there is an associated 1-form *w defined by
(*w),;j = c,;jw,;j.

The map sending w to *w is a discrete analogue of the Hodge star operator.
We call w a harmonic 1-form on the primal decomposition (V, E, F') if w is closed
and *w is co-closed. The co-closeness implies for every vertex ¢ € V'

D (w)ig = cijwiy =0.
j

J
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One can check that xw is a harmonic 1-form with respect to the dual cell decom-
position and edge weights ¢* := 1/c. We also call *w the harmonic conjugate of
w.

It is known [I, Theorem 3.9] that the space of discrete harmonic 1-forms on a
torus is isomorphic to R? and is parameterized by the period (4, B) € R2.

4. RESPONSE MATRIX OVER THE PERIOD SPACE

For any edge weights ¢, we consider the response matrix on the period space
L:R* - R?
(A,B) — (A", B)
which maps the periods of a harmonic 1-form on (V, E, F) to the periods of the

conjugate harmonic 1-form. Namely, for every (4, B) € R?, there exists a unique
harmonic 1-form w : E — R such that
Z w=A, Z w = B.
Y1 2

Its conjugate would have periods

Z*w = A", Z*w = B*.

71 2

Then we define L(A, B) = (A*, B*). We shall relate it to the Dirichlet energy and
derive an explicit form of L.
Definition 4.1. We define a skew symmetric bilinear form over R2.  For any
(4, B), (A, B) € R, o o

{(4,B),(A,B)} := AB — BA.

One can check that the bilinear form is non-degenerate in the sense that (A, B) €
R? satisfies o o
{(A,B),(4,B)} =0 V(4,B) eR?
if and only if (A, B) = (0,0).
Given a closed 1-form w and a co-closed 1-form @ we consider the summation
D wiii
ijeE

Because of the closeness and the co-closeness, the summation can be rewritten as

the product of integrals along the boundary of a fundamental domain, which is
analogous to Stokes’ theorem.

Proposition 4.2. [I] Suppose w is a closed 1-form on the primal decomposition
(V, E, F) with periods (A, B) and & is co-closed, i.e. a closed 1-form on the dual
decomposition (V*, E*, F*), with periods (A, B). Then
> wij@iy = AB— BA={(A, B),(4, B)}
ijEE
For any harmonic 1-form w and @ on the primal graph, we consider the product
Z Cijwij@ij = Zw*&z = Z *W W
ijEE
Since w is closed on the primal graph and *w := cw is co-closed, we can apply
Proposition [1.2]
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Corollary 4.3. Suppose w,w LEi—> R are harmonic 1-forms on the primal decom-
position with periods (A, B), (A, B) respectively. Then
(6) Z CijWijWij = {(A7 B), L(Aa B)} = _{L(A7 B), (Av B)}

ijEE
Proof. We have from Proposition
{(A,B),L(A,B)} = ) wij +@i

= Z CijWijWij
= Z Wij *Wij
={(4,B), L(4,B)} = —{L(A, B), (4, B)}

and the claim follows. O

Now we are able to derive the operator L.

Proposition 4.4. For any edge weight ¢ : E — R~q, in terms of the standard basis
of R?, the operator L over the period space has the matriz form

Re 7. 1
I = kCImTzc 7kclm'rc
- k || —k Re 7.

¢Im 7. ¢Im 7.

for some k. > 0 and 7. € H in the upper half plane. Furthermore, the matrix has

etgenvalues —kq.v/—1 and k./—1 with corresponding eigenvectors (:) and <1 )
(&

C

Proof. In terms of the standard basis of R?, we write the operator L as a 2 x 2-matrix

L(ZZ).

Equation @ implies for any column vectors U,V € R?,

t 0 1 __tt O ].
U(_l O)LV— UL(_1 0>V

and we deduce that a = —d.
Furthermore, since the energy is always non-negative, Equation @ implies for
any nonzero column vector U € R2,

t 0 1 ot C —a
0<U (_1 O)LU—U(_G _b>U

C

It is deduced that ( :Z ) is positive definite. Thus

det(ca _a):—bc—a2>0, ¢>0, b<0

—b
We define
ke ==V —bc—a? >0

a

Rer,:=— -

e, 5

k
Im7.:=—=>0

b
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and obtain the matrix form of L. One can check that

()= (2) i o(2) ()

5. PROOF OF THEOREM [L.1]

We investigate harmonic maps to the torus from the information of the operator
L. Throughout the section, we assume 7., k. to be the one given in Proposition

E4

Proposition 5.1. Let 7 € H represent any Euclidean torus and h, : V. — S, be
the corresponding harmonic map. Then its energy satisfies

DC(T) hT) = D(,(hT) Z kc - Dc(Tca hTC)
and (7¢, hr,) is the unique minimizer of D..

Proof. We abbreviate h, as h and write h the lift of h to the universal cover. For
every oriented edge ij, we consider

Wij = Re(ﬁ; — iLg), Nij == Im(/}; — il;)

which defines harmonic 1-forms on the torus (V, E, F'). Equation implies that
they have periods

Z(JJ* 1 ZW* Re’T
o~ Vimt — vVIimT

ImT7
;”‘0’ %:’7‘ Ve

We compute its energy using Proposition [.2]

1
Dc(h;) = B Zcijwz‘zj + Zcz’jﬁfj

ij ij
1 1 Rer 1 Rer 1 Im Tt Im~
=3 ) 7L 9 +7 Oai >L07
2{(\/Im7' \/ImT) VImT \/IIHT)} 2{( \/ImT) ( Imr)}
ke

2 2
—— (|7 —2Re7. R
ST I 7_(|7'\ + |7] eT.ReT)

ke
:m((RQTG—RGT)2+|ImTC|2+|ImT|2)
kc - c2
kel — 7] s

- 2Im7.ImT
> ke

The equality holds if and only if 7 = 7. O

Proposition 5.2. For any 7 € H, the conjugate map of h, : V. — S, projects to
kS; for some k >0 if and only if (1,h;) = (7¢, hr,) and k = k.
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Proof. We abbreviate h, as h and define w,n as in the proof of Proposition [5.1}
We consider the conjugates *w and *n which have periods

1 Rer k
*W, *w) = L , = c Rer, — ReT,|7.|> —Rer.Ret
Qo ) = LU ) = i ™ Irel” = Ree Re)
Imr ke
*7), *n) = L(0, = - —Im7,—Re7.ImT
(%: K %: ") ( Imr) Im 7, ImT( ¢ )

By Equation 7 the conjugate harmonic map h* .V — C is in the form
hleft(ij) - hright(ij) =—*xn; + s Wij

and hence
~ ~ ke Im~ Re7. —Rer
7 h* —h* = < V-1
@) o \/m( Im 7, * \/IHITCIIHT)
~ - 2
(8) R oy — I = ke ,VImTRer, +\/_—1|Tc\ ReTCReT)

N \/IH’ITC( vVIm T, Im 7,

On the other hand, we look for 7 € H such that h* projects to kS, for some k > 0,
i.e. in the form

(9) B* oy — ]fL* _ k
Im 7

(10) B*oyg—ﬁ*zi
Im 7

Comparing the imaginary part of and @ yields Re 7 = Re1,.. Comparing the
real part of (7) and (9) implies k. Im7 = kIm7.. Substituting them into (8) and
, we obtain 7 = 7. and k = k.. O

We now relate the optimal Euclidean structure with a weighted Delaunay de-
composition.

Proof of Theorem[I1]. Statements (i) <= (ii) follow from Proposition and

0.2
To show (i) = (iii). Suppose (¢, hr,) is the given harmonic map whose scaled
conjugate map hiﬂ := h}_/k. projects to the same torus as h,,. The map hlc is

unique up to translation. From the result in [4, Theorem 4.4], there is a unique
choice for Al such that h._is a realization of a weighted Delaunay decomposition
and hip is the dual Voronoi diagram. For the edge weight, it is shown by an index
argument in [7] that edges have non-zero lengths. Hence, the right hand side of
Equation is well defined and its k.-multiple is equal to the edge weight ¢ by the
construction of the conjugate map.

To show (ili) = (i). Suppose h : (V,E) — S, is induced from a weighted
Delaunay decomposition and At is the dual Voronoi diagram. For any k > 0, we
define the edge weight ¢ to be k-multiple of the canonical weight (eq. ) The
edge weight is real-valued since the primal edge under h is perpendicular to the
dual edge realized by ht. Indeed, it takes positive values because of the Delaunay
condition. Observe that the scaled map h* := kh' is the conjugate to h mapping
the dual graph to the scaled torus k£S,. By Proposition and we know (7, h)
is the minimizer of D, with value k. O
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Remark 5.3. In fact, the Dirichlet energy associated to a weighted Delaunay de-
composition is the surface area. Suppose h: (V, E) — S; is induced from a weighted
Delaunay decomposition and h' is the dual Voronoi diagram. We take the canonical
edge weight ¢ in FEquation . Then for every edge ij, the quantity
Lo 15y 7t P g
3%t = 5 Mefis) ~ Prightn | - 1ha = Pl

' j ices hi B B B
is the area of the quadrilateral formed by the four vertices hleft(ij)’ hi, hright(ij)’ h;
(See figure . Hence the energy

1
D.(h) = 3 Z cijl;; = Area(S;).

ijeE

7t
Piesyigy

Al

right(ij)

FIGURE 1. When the edge weight is induced from a weighted De-
launay decomposition, the energy associated to the edge ij is the
area of the shaded quadrilateral.

Remark 5.4. When minimizing the Dirichlet energy over Euclidean tori, it is im-
portant to normalize the tori to have unit area. If one considers discrete harmonic
maps to Euclidean tori generated by 1 and T in the complex plane without normal-
ization, one can modify the proof of Theorem[5.1] to show that the Dirichlet energy
decreases whenever Im T decreases. The Dirichlet energy achieve the minimum when
Im7 = 0. In this case, the Fuclidean torus degenerates to a line.

6. RESPONSE MATRIX L FROM LAPLACE OPERATOR A

In the section, we shall express the response matrix L : RZ — R? in terms of the
discrete Laplacian and prove Theorem

We first define an incidence matrix d. We fix an arbitrary orientation for every
edge e so that e, and e_ represent the head and the tail of the oriented edge e.
Then we define d : RV — R by

df(e) = fles) — fle).
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We further define

A:=d"Cd
where C' : R — RF is the diagonal matrix of the corresponding positive edge
weights and d” is the transpose of d. One can show that the operator A : RY — RV
satisfies for every vertex @

(Af)i= Zcij(fj — fi)

and A is the so called discrete Laplacian. It is positive semi-definite and the kernel
consists of constant functions.

Notice that each column vector of d represents a closed discrete 1-form that is
exact. Any |V|— 1 column vectors form a basis of the space of exact 1-forms on
the cell decomposition G = (V, E, F'). To get a basis of the space of closed 1-forms,
we consider two more closed 1-forms m; and msy that have nontrivial periods

Zml = 1,Zm1 =0
7 Y2
ng :O,ng =1
7 2

Thus, every closed 1-form with periods

Zw:A,Zw:B
71 2

can be expressed as

.
w=df+|mg ms (g) =:df + M <g)
.

for some f € RY unique up to constants. The closed 1-form w is harmonic if

0=d'Cw=d"Cdf +d*CM (g) =Af+d'CM <g) .
To obtain a solution in terms of f uniquely, we can pick a vertex o and demand
fo = 0. We write d; as the submatrix of d with the column corresponding to vertex
o removed. We also write As; as the submatrix of A with the column and the
row corresponding to vertex o removed. One can show that Ag; is invertible. The
values of f at vertices other than o can be obtained via

(11) fo=—-AdECM (g) :
Now we can compute the operator L : R? — R? in terms of the edge weights.

Proposition 6.1.

L= <(1) 01> (- MTCdyAZdTCM + M CM)
Proof. To compute the formula, we need further notations on the dual graph. Since
the orientation of the primal edges is chosen, it naturally induces an orientation of
the dual edges. Namely, a dual edge *e is oriented from the right face of e to the
left. We then define the incidence matrix d, : R — RE similarly. The columns of
d, span the space of exact 1-forms on the dual graph. We further define a |E|x2
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matrix M, such that its columns m,; and m.s represent closed 1-forms on the dual
graph having nontrivial periods

Zm*l = 1,Zm*1 =0
71 2
Zm*g = O,Zm*Q =1
71 72

For a harmonic 1-form w, it is closed and *w is co-closed. So we have

A A*
Cdf +CM (B) = Cw=d.g+ M, (B*>

for some f: V — Rand g: F — R. Applying M7 to both sides from the left yields
A A 0 1\ /A"
T T _ (agT T _
M Cdf + M- CM (B) =(M"d,)g+ M* M, (B) =0+ <_1 0> (B*>

where Proposition is applied to MTd, and MT M, since the rows of M7 repre-
sent closed 1-forms on the primal graph while the columns of d, and M, represents
co-closed 1-forms. Because f, = 0, we have from Equation

(g:) = <(1) _01) (MTCdyfs + MTCM <g>)

— (0 _01> (—~MTCdsAtdE oM + MTCM) <g>

and thus

L= (? 01) (—~MTCd,AdEeM + MTCM).

We now express the minimal energy in terms of the discrete Laplacian.

Proof of Theorem[I.3. From Proposition [£.4] the minimal energy is k.. We know
(12) k2 = det L = det(MTOM — M*Cdy A5} dEOM)

Recall that the determinant of a block matrix satisfies

P Q\ _ AT p-1

det (QT R) =det Pdet(R— Q" P Q)

whenever P is an invertible matrix. Applying this formula to Equation yields
det Ass dfcm o

2 MTCd;, MTCM B det(dL Cdy)

¢ det Aaa o det(dnga)

where
d}, = (da M)

is a |E|x(|]V|+1) matrix. Notice that both matrices d” Cd and d”Cd are positive
semi-definite. One has

drcdf =0
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if and only if f € RV is a constant function. On the other hand

T
d'Ccd| A =0
B
if and only if f € RV is a constant function while A = B = 0. Thus
L det(dfCdy) | deto(d?Cd)
-\ det(dfCdy) \ deto(dTCd)

and dety denotes the determinant of a matrix with the row and column correspond-
ing to the vertex o removed. ]

Remark 6.2. The discrete Laplace operator dLCd is a sub-matriz of dTCd. The
Schur complement of the block (d¥ Cd)ss of the matriz (dT Cd)qs is the matriz

(5 o)

where L is the response matriz that we used.

Example 6.3. We illustrate how to compute the incidence matriz. Consider a cell
decomposition of a torus as in Figure [J There are 4 vertices and 8 edges. The
edges are oriented as described in the caption and labeled as e; with corresponding
conductance c;, where j = 1,2,...8. The incidence matricz d has size |V| by |E|.
The (i,j) entry corresponds to

df 9 (e;) = fDese) = £ (es-).
where f@ 1V — R takes value 1 at vertex i and 0 otherwise. The symbols ej+ and

ej— indicate the vertices that is the head and the tail of the oriented edge e;. One
gets

-1 1 0 0
0 -1 0 1
0 0 -1 1
-1 0 1 0
d= 1 -1 0 0 ’
0 0 1 -1
1 0 -1 0

0 1 0o -1
where the columns span the space of exact 1-forms. To get closed 1-forms that are
not exact, consider a vertical line oriented homotopic to yo not passing through any
vertex, say the dotted vertical line. It intersects with the oriented edges es and eg
once positively. We then define a 1-form mq which is equal to 1 along es and eg
but zero otherwise. Then we can check my is a closed 1-form with non-vanishing

periods
Z my = ]., Z miy = 0.
71 V2

Similarly, the dotted horizontal line is homotopic to v, and intersect e7,eg once
positively. We then define a 1-form mq which is equal to 1 along er and eg but zero
otherwise. Then we can check mo is a closed 1-form with non-vanishing periods

Zm2:0, Zmzil
71 Y2
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FIGURE 2. A cell decomposition of the torus with 4 vertices. All
horizontal edges are oriented to the right. All vertical edges are
oriented upward.

It yields the columns of matriz M

O == OO OO
_——_ 0 0000 oo

0
From these, one can compute the operator L via Proposition [6.1}

We consider the simplest example where we have space to write down the oper-
ator L.

Example 6.4. We investigate a one-vertex triangulation of a Fuclidean torus as
in Figure @ (Left). It is essentially 3-connected since its lift to the universal cover
is the triangular lattice which is 3-connected. We pick an orientation of edges as
indicated in the figure. Since for every edge the head and the tail coincide, we have
the incidence matriz vanishing. We also obtain the matrix M by considering the
intersection with a vertical line and a horizontal line respectively as in Example[6.5,
Altogether we have

0 10
d=[o |, Mm=|1 1|,
0 0 1

and obtain via Proposition

—C9 —Cg — C
L= 3 ).
1+ C2 C2

One finds that the minimal energy is

k. = \/det(L) = v/cica + cacs + 31
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and the optimal Fuclidean structure is

—C2 + i\/Clcg + CoC3 + C3Cq1
co + 3
where 1 = v/—1. Observe that Re1. < 0 for this weighted graph. In other words,

with this combinatoric, any realization to a Fuclidean torus S» with ReT > 0 cannot
be the minimizer of the energy D, for any positive edge weights c.

c =

(ReT,ImT) (ReT,ImT)
Y2k €3 P
C1

FIGURE 3. A one-vertex triangulation of the torus is shown on the
left. Opposite sides are identified. The orientation of the edges are
indicated by the arrows. The one-vertex triangulation on the right
cannot be the minimize of D, since the Euclidean torus has Re m >
0.

Example 6.5. There are many more straight-line embeddings that could not be
minimizers of the Dirichlet energy D. for any choice of positive edge weight c.
Figure [f] shows another one-vertex triangulation of the square torus with a long
diagonal wrapping around the torus. Here the square torus has T = \/—1, particu-
larly ReT = 0. Repeating the computation in Example shows that the optimal
FEuclidean torus has Ret. < 0. Thus, with the vertices fized on the square torus,
this combinatoric can not be induced from any weighted Delaunay decomposition.

FIGURE 4. A one-vertex triangulation of the square torus that is
not a minimizer of D, for any choice of positive edge weight c.

7. WEIGHTS WITH ARBITRARY SIGN

In Theorem [I.I] the assumption about edge weights being positive is not com-
pulsory. We can allow the edge weights taking negative values as long as the energy
functional is positive definite over the space of closed discrete 1-forms.
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Definition 7.1. Let (V,E,F) be a cellular decomposition of a torus. The edge
weight ¢ : E — R is said to be non-degenerate if for every closed 1-form w : E — R

1
w) = 5 § :CijwigjeE >0
ij

and the equality holds if and only if w = 0.

Proposition 7.2. Suppose the edge weight ¢ : E — R is non-degenerate. Then
over the period space L : R? — R? is well defined.

Proof. We first show that if w is a harmonic 1-form with vanishing periods, then
it must be trivial. Observe that w having vanishing periods implies there exists
f:V — Rsuch that w;; = f; — fi. Thus

Z CZJW” Zfz ZC'LJ fz =0

z]GE i€V

because of the harmonicity
0= Zcijw” ch —fi) YieW
J

Thus, the non-degeneracy of the edge weight yields w = 0. It implies the uniqueness
of the harmonic 1-form with any given periods if exist. Indeed, using a dimension
argument, we further deduce that for any prescribed period (A, B), there exists a
unique harmonic 1-form w such that

szA, Zw:B
71 72

Thus the map L : R? — R? as in Section [4]is well defined. (]

For non-degenerate edge weights, one can check Proposition [£.4] [5.1] and [5.2] hold
and the proofs remain the same. We have a generalization of Theorem [I.1]

Theorem 7.3. Let (V,E, F) be a cellular decomposition of a topological torus and
c: E — R be non-degenerate edge weight. Then the following statements on Eu-
clidean structure T, harmonic map h. as well as a positive number k are equivalent:

(i) (7,h;) is the unique minimizer of D, with value k.
(i) The conjugate map of harmonic map h, : V. — S, projects to the same torus
S; up to scaling k > 0.

In this case, the harmonic map generally does not gives a Delaunay decomposi-
tion since the edge weight might take negative values.
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