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Abstract. Given two circle patterns of the same combinatorics in the plane, the Möbius
transformations mapping circumdisks of one to the other induces a PSL(2,C)-valued
function on the dual graph. Such a function plays the role of an osculating Möbius
transformation and induces a realization of the dual graph in hyperbolic space. We
characterize the realizations and obtain a one-to-one correspondence in the cases that
the two circle patterns share the same discrete conformal structure. These correspon-
dences are analogous to the Weierstrass representation for surfaces with constant mean
curvature H ≡ 1 in hyperbolic space. We further establish convergence on triangular
lattices.

Discrete differential geometry concerns structure-preserving discretizations in differen-
tial geometry. Its goal is to establish a discrete theory with rich mathematical structures
such that the smooth theory arises in the limit of refinement. It has stimulated applica-
tions in computational architecture and computer graphics.

An example in discrete conformal geometry is William Thurston’s circle packing [27].
In the classical theory, holomorphic functions are conformal, mapping infinitesimal circles
to themselves. Instead of infinitesimal size, a circle packing is a configuration of finite-
size circles where certain pairs are mutually tangent. Thurston proposed regarding a map
induced from two circle packings with the same tangency pattern as a discrete holomorphic
function. A discrete analogue of the Riemann mapping follows from Koebe-Andreev-
Thurston theorem. Rodin and Sullivan [25] showed that it converges to the classical
Riemann mapping as the mesh size of the hexagonal circle packing tends to zero.

In the smooth theory, holomorphic functions are related to many classical surfaces
in differential geometry. For example, the Weierstrass representation asserts that every
minimal surface in Euclidean space can be represented by a pair of holomorphic functions.
Robert Bryant [11] obtained an analogous representation for surfaces in hyperbolic space
with constant mean curvature H ≡ 1 (CMC-1 surfaces for short), where horospheres are
trivial CMC-1 surfaces.

It gives rise to a question: can one obtain discretization of classical surfaces from
discrete holomorphic data, e.g. from a pair of circle packings? It will be beneficial to
constructing interesting examples of smooth surfaces by discrete approximation.

A rich theory of discrete surfaces has been developed in terms of quadrilateral meshes
via integrable systems. Many classical surfaces in space, like CMC surfaces, possess inte-
grable system structures which provide recipes for construction. These construction often
requires a particular parametrization of the surfaces, like isothermic coordinates. As a
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discretization, quadrilateral meshes are considered with edges playing the role of princi-
pal curvature directions. For example, Bobenko and Pinkall [3] considered quadrilateral
meshes in the plane such that each face has factorized cross ratios. Each of the meshes
can be used to construct a polyhedral surface in R3 as a discrete minimal surface [5] and
in H3 as a discrete CMC-1 surface [17]. As remarked in [9], the underlying construction
relies on a solution to a discrete Toda-type equation [1] (see Definition 4.1). However,
most meshes in the plane do not admit such a solution and so their construction is not
applicable generally. It remains a question to have an alternative recipe for general meshes
in the plane.

In this article, we consider circle patterns. Given a planar graph, a circle pattern is
a placement of the vertices in the plane such that each face has a circumcircle passing
through the vertices. In this way, there is a corresponding circle for every face, a pair
of intersecting circles for every edge and an intersecting point of circles for every vertex
of the graph. It generalizes circle packings in the sense that every circle packing with
triangular interstice together with its dual circle packing forms a circle pattern. In this
case, tangent points of the primal circle packing are the vertices of the planar graph under
our consideration. Every edge corresponds to a pair of a primal circle and a dual circle.
Every face corresponds to either a primal circle or a dual circle. In particular, faces
correspond to dual circles are triangular.

By triangulating the faces of a planar graph, circle patterns are parameterized by
complex cross ratios. We denote by M = (V,E, F ) a triangulation of a disk with or
without boundary where V , E and F are the sets of vertices, edges and faces respectively.
Vertices are denoted by i, j, k. An unoriented edge is denoted by {ij} = {ji} indicating
that its end points are vertices i and j. Given a realization z : V → C ∪ {∞} on the
Riemann sphere (i.e. a placement of the vertices), we associate a complex cross ratio to
every common edge {ij} shared by triangles {ijk} and {jil}:

Xij := −(zk − zi)(zl − zj)
(zi − zl)(zj − zk)

= Xji

which encodes how the circumdisk of triangle zizjzk is glued to that of zjzizl (See Figure
1). It defines a function X : Eint → C on interior edges, which can be characterized as
solutions to a system of polynomial equations (See [21]). One can show that two circle
patterns differ by a Möbius transformation if and only if their cross ratios are identical.
Furthermore, a circle pattern is Delaunay if neighboring circles intersect with angles
ArgX ∈ [0, π).

Every pair of circle patterns induce an osculating Möbius transformation. Given
two realizations z and z̃ of a triangle mesh in the plane, there is a unique Möbius trans-
formation Aijk for every face {ijk} mapping vertices zi, zj , zk to z̃i, z̃j , z̃k. It induces
a map A : F → SL(2,C)/{±I} and we call it the osculating Möbius transformations
from z to z̃ (See Section 2). The map A can be interpreted as being defined on the
vertex set V ∗ of the dual graph. Regarding H3 as a homogeneous space with projection
i : SL(2,C) → SL(2,C)/SU(2) ∼= H3, we then obtain a realization of the dual graph
f := i ◦ A into hyperbolic space. Our goal is to investigate how such realizations are
related to surfaces with constant mean curvature H ≡ 1.

The discrete CMC-1 surfaces under consideration are certain horospherical nets in
hyperbolic space. A horospherical net is a realization of a graph in H3 such that
the vertices of each face lies on the same horosphere. It is a piecewisely horospherical
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Figure 1. Two neighboring triangles sharing the edge {ij} together with
circumscribed circles.

surface and differentiable everywhere except along edges. Thus the classical pointwise
mean curvature is not defined over edges. However, by considering the parallel surfaces of
a horospherical net, one can consider the integrated mean curvature over each face as the
infinitesimal change of the face area analogous to the Steiner formula [8]. Such a quantity
can be expressed in terms of the edge lengths ` and dihedral angles α between neighboring
horospherical faces.

Definition 0.1. Given a horospherical net f : V ∗ → H3, we define its integrated mean
curvature H : F ∗ → R over faces

Hφ := Area(f(φ)) +
1

2

∑
ij∈φ

`ij tan
αij
2

∀φ ∈ F ∗

When f is trivalent with non-vanishing edge lengths, the integrated mean curvature is
equivalent to

Hφ = −1

2

d

dt
Area(ft(φ))|t=0

where each ft is the horospherical net parallel to f at distance t.

If the ratio of the integrated mean curvature to the face area is constantly equal to one,
we call the horospherical net a discrete CMC-1 surface (see Definition 3.3). Our main
result is a Weierstrass-type representation of a discrete CMC-1 surface in terms of a pair
of circle patterns (See Figure 2). For any matrix A ∈ SL(2,C), we write A∗ the hermitian
conjugate.

Theorem 0.2. We denote a triangulation by (V,E, F ) and its dual mesh by (V ∗, E∗, F ∗).

Given two Delaunay circle patterns z, z̃ : V → C with cross ratios X, X̃ such that |X| ≡
|X̃|. Let A : V ∗ → SL(2,C) be the osculating Möbius transformation from z to z̃. Then
the realization f : V ∗ → H3 of the dual graph defined by

f := AA∗

is a horospherical net with integrated mean curvature over faces satisfying

Hφ

Area(f(φ))
≡ 1 ∀φ ∈ F ∗.
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Figure 2. The top row shows two circle patterns sharing the same mod-
ulus of cross ratios, where the triangle meshes are indicated by dotted
lines. The osculating Möbius transformation induces a realization of the
dual graph into hyperbolic space (bottom). It forms a surface consisting
of pieces of horospheres. Over each face, the ratio of the integrated mean
curvature (Definition 0.1) to the face area is constantly equal to 1. The
hyperbolic Gauss map is the vertices of the circle pattern on the top right.
Such a correspondence is a discrete analogue of the Weierstrass represen-
tation for CMC-1 surfaces in hyperbolic space.

In particular f is a discrete CMC-1 surface with hyperbolic Gauss map z̃.
Conversely, suppose f : V ∗ → H3 is discrete CMC-1 surface with hyperbolic Gauss map

z̃ : V → C. Then there exists a Delaunay circle pattern z such that

f = AA∗

where A is the osculating Möbius transformation from z to z̃. The cross ratios X, X̃ of
the circle patterns satisfy |X| = |X̃|.
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Two circle patterns satisfying |X| = |X̃| are also said to differ by vertex scaling (see
[24]).

Our construction generalizes the integrable system approach in [17]. There, the con-
struction relies on solutions to the discrete Toda-type equation (See Definition 4.1). We
shall illustrate how the solutions related to our construction. Indeed for every such so-
lution, we show that it induces a 1-parameter family of circle patterns, which contains
many pairs of circle patterns with cross ratios satisfying |X| ≡ |X̃| (Theorem 4.5). The
resulting discrete CMC-1 surfaces include the ones considered by Hertrich-Jeromin [17]
via the integrable system approach. In particular, our construction is applicable even for
meshes in the plane that does not support a solution to the discrete Toda-type equation.

We then establish convergence of discrete CMC-1 surfaces. By restricting the combi-
natorics to triangle lattices, we show that every smooth CMC-1 surfaces without umbilic
points can be approximated by our discrete CMC-1 surfaces (Theorem 5.7). It relies on
the results by He-Schramm [16] and Bücking [12].

Instead of sharing the same modulus of cross ratios |X| = |X̃|, we also investigate an
alternative theory in terms of a pair of circle patterns sharing the same intersection angles
ArgX = Arg X̃ (Theorem 6.2). We analogously obtain a Weierstrass-type representation,
though the resulting realizations in hyperbolic space are no longer horospherical nets.

In contrast to the smooth theory, the Weierstrass data of discrete CMC-1 surfaces in
hyperbolic space is different from that of discrete minimal surfaces in R3. In [20, 19], it
is shown that every discrete minimal surface corresponds to an infinitesimal deformation
of a circle pattern. For a discrete CMC-1 surface, its Weierstrass data consists of a pair
of circle patterns.

Throughout the article, we focus on the local theory of discrete CMC-1 surfaces, where
surfaces are assumed to be simply connected. For surfaces with non-trivial topology, the
construction of discrete CMC-1 surfaces involves the period problem and it requires to
study the deformation space of circle patterns. Such a problem is related to Kojima-Tan-
Misuhima’s conjecture [18, 21].

Osculating Möbius transformations between circle patterns play an important role in
the construction of discrete CMC-1 surfaces. In the smooth theory, osculating Möbius
transformations is essential to study complex projective structures [2] and the renormal-
ized volume of hyperbolic 3-manifolds [10]. It involves the Epstein map relating surfaces
in H3 and the conformal metrics at infinity ∂H3 ∼= S2. We show that our approach to
discrete CMC-1 surfaces is a special case of such a map (See Section 2.2).

The outline of the paper is as follows. In section 1, we review the connection between
classical osculating Möbius transformations and smooth CMC-1 surfaces. In section 2,
we develop properties of osculating Möbius transformations between circle patterns. In
section 3, horospherical nets and integrated mean curvature are introduced. We then
prove the main result about the correspondence between circle patterns and discrete
CMC-1 surfaces. In section 4, we explain how our discrete CMC-1 surfaces generalize the
previous work in the integrable system approach. In section 5, we prove convergence of
discrete CMC-1 surfaces. In section 6, an alternative theory for circle patterns sharing the
same intersection angles is established. In section 7, we explain the connection between
minimal surfaces in R3 and osculating Möbius vector fields.



6 WAI YEUNG LAM

1. Background

We review some notations and results of smooth osculating Möbius transformations
related to CMC-1 surfaces.

1.1. Möbius transformations. Without further notice, we consider orientation-preserving
Möbius transformations only. They are in the form z 7→ (az + b)/(cz + d) for some
a, b, c, d ∈ C such that ad− bc = 1 and are also called complex projective transformations.
Every Möbius transformation represents an element in SL(2,C)/{±I}. These transforma-
tions are generated by Euclidean motions and inversion z 7→ 1/z. They are holomorphic,
map circles to circles and preserve cross ratios.

We also make use of the fact there exists a unique Möbius transformationA ∈ SL(2,C)/{±I}
that maps any three distinct points zi in the plane to any other three distinct points z̃i
determined via

A

(
zi
1

)
= λi

(
z̃i
1

)
for some λi ∈ C− {0}.

1.2. Cross ratios. As mentioned in the introduction, every triangle mesh z : V → C is
associated with cross ratios X : Eint → C ∪ {∞} defined over interior edges. Recall that
for ever common edge {ij} shared by triangles {ijk} and {jil}

Xij := −(zk − zi)(zl − zj)
(zi − zl)(zj − zk)

= Xji

See Figure 1.

Proposition 1.1 ([21]). Suppose M = (V,E, F ) is a triangulation of a surface with or
without boundary. Then a function X : Eint → C is the cross ratio of some triangle mesh
z : V → C∪{∞} if and only if for every interior vertex i with adjacent vertices numbered
as 1, 2, ..., n in the clockwise order counted from the link of i,

Πn
j=1Xij = 1(1)

Xi1 +Xi1Xi2 +Xi1Xi2Xi3 + · · ·+Xi1Xi2 . . . Xin = 0(2)

In particular, the realization z is unique up to a Möbius transformation.

Particularly, the triangle mesh has no branching at vertices if for every vertex i∑
j

ArgXij = 2π.

Throughout the article, we only consider triangle meshes without branching vertices for
simplicity. Indeed, the cross ratio provides a recipe to glue neighboring circumdisks as-
sociated to faces. Equations (1) and (2) ensures that the holonomy around each vertex
under the gluing construction is trivial.

1.3. Hyperbolic space. We start with the hyperboloid model. We denote by R3,1

the Minkowski space, which is a four dimensional real vector space equipped with the
Minkowski inner product

〈(x0, x1, x2, x3), (y0, y1, y2, y3)〉 := −x0y0 + x1y1 + x2y2 + x3y3

and the hyperbolic 3-space is the subset

H3 = {(x0, x1, x2, x3) ∈ R3,1| − x2
0 + x2

1 + x2
2 + x2

3 = −1, x0 > 0}
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together with the induced metric. The Minkowski space is isomorphic to the real vector
space of 2 by 2 Hermitian matrices denoted as Herm(2) via

(x0, x1, x2, x3)↔ U =

(
x0 + x3 x1 + ix2

x1 − ix2 x0 − x3

)
equipped with the bilinear form

〈U, V 〉 = −1

2
trace(UṼ )

where i =
√
−1 and Ṽ is the cofactor matrix of V defined by Ṽ V = det(V )I. In particular,

||U ||2 = 〈U,U〉 = −det(U).
The special linear group SL(2,C) acts on Herm(2) ∼= R3,1. For any A ∈ SL(2,C), we

denote by A∗ the Hermitian conjugate. The mapping

V ∈ Herm(2) 7→ AV A∗

preserves the Minkowski inner product. Particularly, it acts on H3 isometrically and
transitively.

The hyperbolic space is identified as the space of hermitian matrices with determinant
1 and positive trace, which thus can be obtained from SL(2, C) via a mapping

A 7→ AA∗ ∈ Herm(2).(3)

Two elements A and Ã induce the same hermitian matrix if and only if Ã = AB for some
B ∈ SU(2). It yields an identification of the hyperbolic space as the left cosets of SU(2)
in SL(2,C)

i : SL(2,C)→ SL(2,C)/SU(2) ∼= H3.

We denote the upper light cone by

L+ := {(x0, x1, x2, x3) ∈ R3,1| − x2
0 + x2

1 + x2
2 + x2

3 = 0, x0 > 0}
which corresponds to the set of hermitian matrices U satisfying detU = 0 and traceU > 0.
Every element in the upper light cone defines a horosphere HU in hyperbolic space

U ∈ L+ ↔ HU := {x ∈ H3|〈x, U〉 = 1}.

1.4. Totally umbilical hypersurfaces. A hypersurface in hyperbolic space is totally
umbilic if at every point the normal curvatures in all directions are the same. It turns
out that there are four types of complete totally umbilical hypersurfaces which are char-
acterized by their constant mean curvature H.

• Geodesic sphere (H > 1)
• Horosphere (H = 1)
• Equidistant (1 > H > 0)
• Totally geodesic hyperplane (H = 0)

These hypersurfaces are easily visualized in the Poincaré ball model: A geodesic sphere
is a Euclidean sphere that is disjoint from ∂H3. A horosphere is a sphere that touches
∂H3. A totally geodesic hyperplane is a spherical cap that intersects ∂H3 orthogonally.
An equidistant is a sphere that intersect ∂H3 but not orthogonally. Every equidistant has
a constant distance from the totally geodesic hyperplane that share the sames intersection
on ∂H3. Throughout the following sections, horospheres and equidistants are frequently
used.
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1.5. Smooth osculating Möbius transformations. It is a classical result [28, 26, 2]
that a locally univalent holomorphic function is associated with an osculating Möbius
transformation. We review its definition and property.

We assume Ω is a simply connected domain in C. A holomorphic function h : Ω →
C is locally univalent if h′ non-vanishing. It is associated with the osculating Möbius
transformation Ah : Ω → SL(2,C), which is a continuous mapping satisfying for each
z ∈ Ω,

Ah(z) =

(
α(z) β(z)
γ(z) δ(z)

)
induces the unique Möbius transformation that coincides with the 2-jet of h at z, i.e.

h(z) =
αz + β

γz + δ

h′(z) =
∂

∂w
(
αw + β

γw + δ
)|w=z

h′′(z) =
∂2

∂w2
(
αw + β

γw + δ
)|w=z

Together with αδ − βγ = 1, it yields

Ah =
1

h′(z)3/2

(
h′(z)2 − h(z)h′′(z)

2
zh(z)h′′(z)

2 + h(z)h′(z)− zh′(z)2

−h′′(z)
2

zh′′(z)
2 + h′(z)

)
.(4)

Notice that there is a square root in the denominator. Pointwisely, one can pick one of the
two branches arbitrarily. In order to define a continuous map to SL(2,C), it is natural
to pick the branches consistently. Generally, if Ω is a multiply connected region, the map
Ah is only defined on a double cover of Ω due to the two branches of the square root. As
we shall see in the next section, a similar phenomenon occurs in the discrete case.

We denote the Schwarzian derivative of h by

Sh(z) :=
h′′′(z)

h′(z)
− 3

2

(
h′′(z)

h′(z)

)2

.

By direct computation, the Maurer-Cartan form of Ah is the differential form

(5) A−1
h dAh = −Sh(z)

2

(
z −z2

1 −z

)
dz.

It is a sl(2,C)-valued 1-form on Ω whose determinant as a quadratic form vanishes. It
is equivalent to say that the pull-back of the Killing form on sl(2,C) via Ah vanishes.
The 1-form measures how Ah differs from being constant and hence how h differs from a
Möbius transformation.

Given locally univalent functions g : Ω→ C and h : g(Ω)→ C, we have the composition
h ◦ g : Ω → C. Notice that Ah is defined on g(Ω). It is known that osculating Möbius
transformations satisfy a composition rule [2]

(6) Ah◦g = (Ah ◦ g)Ag

where the right side involves matrix multiplication.
For the purpose of this article, we are interested in the osculating Möbius transformation

between a pair of locally univalent functions g, g̃ : Ω → C. For every w ∈ Ω, there
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is a neighborhood U such that g|U , g̃|U are injective. Denoting the composition h :=
(g̃|U ) ◦ (g|U )−1, we have the osculating Möbius transformation Ah defined on g(U). In
this way, we define the osculating Möbius transformation A : Ω → SL(2, C) from g to g̃
as the composition

A|U := Ah ◦ g|U = (Ag̃ A
−1
g )|U

where Formula (6) is used.

Proposition 1.2. Suppose g, g̃ : Ω → C are locally univalent functions on a simply
connected region. The osculating Möbius transformation A : Ω→ SL(2,C) from g to g̃ is
given by

A = Ag̃ A
−1
g

Its Mauer-Cartan form is

A−1dA =
Sg(w)− Sg̃(w)

2g′(w)

(
g(w) −g(w)2

1 −g(w)

)
dw

which is the pull-back of A−1
h dAh via g by setting z = g(w) in Equation (5).

Osculating Möbius transformations between a pair of locally univalent functions are
closely related to CMC-1 surfaces in hyperbolic space.

1.6. Smooth CMC-1 surfaces in hyperbolic space. By considering moving frames,
Robert Bryant deduced a Weierstrass representation of CMC-1 surfaces in terms of holo-
morphic data [11]. The goal of this section is to interpret the formula in terms of osculating
Möbius transformations. It is closely related to holomorphic null curves in PSL(2,C) (See
[26]).

Recall that for a smooth surface f : Ω → H3 with unit normal vector field N , the
hyperbolic Gauss map sends each p ∈ Ω to a point in G(p) ∈ ∂H3 ∼= S2 along the oriented
normal geodesics that starts at f(p) in the direction of N(p). For a fixed horosphere, we
orient its unit normal so that its hyperbolic Gauss map is constant and the image is the
tangency point of the horosphere with ∂H3.

In the following, the hyperbolic space is identified as a subset of the space of 2 by 2
Hermitian matrices (see Section 1.3).

Proposition 1.3. [11, 29] Suppose Ω ⊂ C is simply connected and f : Ω → H3 is a
conformal immersion of a CMC-1 surface. Then there exists a holomorphic immersion
A : Ω→ SL(2,C) such that f = AA∗ and

(7) A−1dA =

(
g(w) −g(w)2

1 −g(w)

)
η

for some meromorphic function g and a holomorphic 1-form η on Ω. The Hopf differential
Q satisfies

Q = η dg = η g′(w) dw

and the hyperbolic Gauss map is

G(w) =
∂(A)11
∂w

∂(A)21
∂w

where Aij is the (i, j)-th entry of the matrix A.
Conversely, every meromorphic function g and a holomorphic 1-form η determine a

CMC-1 surface in H3 via (7).



10 WAI YEUNG LAM

The Hopf differential Q is a holomorphic quadratic differential. It describes the trace-
free part of the second fundamental form of f and vanishes at umbilic points, where the
normal curvatures in all directions are equal. The 1-form η is nowhere vanishing since A
is an immersion. Hence f(p) is an umbilic point if and only if g′(p) = 0.

We rephrase Proposition 1.3 into a form that is comparable to its discrete counterpart
(Theorem 0.2).

Proposition 1.4. Suppose f : Ω → H3 is a conformal immersion of an umbilic-free
CMC-1 surface. Then there exists a pair of locally univalent functions g, g̃ : Ω→ C∪{∞}
such that

(8) f = AA∗

where A : Ω→ SL(2,C) is the osculating Möbius transformation from g to g̃ satisfying

(9) A = Ag̃A
−1
g

Furthermore, we have the Hopf differential Q = (Sg−Sg̃)/2 and the hyperbolic Gauss map
G = g̃.

Conversely, every pair of locally univalent functions induce a conformal immersion of
an umbilic-free CMC-1 surface via Equation (8) and (9).

Proof. Consider the functions A, g, η as in Theorem 1.3. Notice that g′ is non-vanishing
since f is umbilic free. By considering the Hill’s equation, it is known that there exists a
locally univalent function g† that solves

η =
Sg(w)− Sg†(w)

2g′(w)
dw.

The map g† is unique up to a post-composition with a Möbius transformation. Writing
Ã := Ag†A

−1
g . We have

A−1dA = Ã−1dÃ

and hence A = CÃ for some constant C ∈ SL(2, C). We define g̃ the post-composition of
g† with the Möbius transformation C and obtain

A = Ag̃A
−1
g

Hence A is the osculating Möbius transformation from g to g̃.
The mapping A can be written explicitly in terms of g and g̃. By direct computation,

we have the hyperbolic Gauss map

G =
∂(A)11
∂w

∂(A)21
∂w

= g̃

�

2. Discrete osculating Möbius transformations

In this section, we define an osculating Möbius transformation between two Delaunay
circle patterns, which induces a realization of the dual graph in SL(2,C)/{±I}. In the
subsections, we further investigate lifting to SL(2,C) and the image of horospheres under
an osculating Möbius transformation.

Analogues of osculating Möbius transformations between circle patterns have appeared
in previous literature. He-Schramm [16] introduced “contact transformations” in order to
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prove C∞-convergence of circle packings while Bobenko-Pinkall-Springborn [7] considered
“discrete conformal maps”.

Definition 2.1. Suppose z, z̃ : V → C are two circle patterns with the same combi-
natorics. The osculating Möbius transformation from z to z̃ is the mapping Ã : F →
SL(2,C)/{±I} such that for each face {ijk}, the Möbius transformation Ãijk sends
zi, zj , zk to z̃i, z̃j , z̃k respectively. Explicitly,

Ãijk =
1

aijk

( z̃iz̃j(zj−zi)+z̃iz̃k(zi−zk)+z̃j z̃k(zk−zj)
(zi−zj)(zj−zk)(zk−zi)

z̃iz̃jzk(zi−zj)+z̃iz̃kzj(zk−zi)+z̃j z̃kzi(zj−zk)
(zi−zj)(zj−zk)(zk−zi)

z̃i(zj−zk)+z̃j(zk−zi)+z̃k(zi−zj)
(zi−zj)(zj−zk)(zk−zi)

z̃izi(zk−zj)+z̃jzj(zi−zk)+z̃kzk(zj−zi)
(zi−zj)(zj−zk)(zk−zi)

)
where

aijk = ±

√
(z̃i − z̃j)(z̃j − z̃k)(z̃k − z̃i)
(zi − zj)(zj − zk)(zk − zi)

.

We consider an analogue of the Maurer-Cartan form, which also characterizes whether
a mapping Ã : F → SL(2,C)/{±I} is an osculating Möbius transformation between circle
patterns.

Proposition 2.2. Suppose z, z̃ : V → C are two circle patterns with cross ratios X, X̃.
We denote by Ã : F → SL(2,C)/{±I} the osculating Möbius transformation from z to z̃.
Then for every edge oriented from vertex i to j, with {ijk} and {jil} the left triangle and

the right triangles, the transition matrix Ã−1
jil Ãijk has eigenvectors (zi, 1)T and (zj , 1)T

with eigenvalues ±λij and ±λ−1
ij satisfying λ2

ij =
Xij
X̃ij

= λ2
ji. Explicitly,

Ã−1
jil Ãijk =

1

zj − zi

(
zj
λij
− λijzi −zizj( 1

λij
− λij)

1
λij
− λij λijzj − zi

λij

)
Conversely, given a realization Ã : F → SL(2,C)/{±I}, it is an osculating Möbius

transformation between two circle patterns if there exists a mapping z : V → C ∪ {∞}
such that zi is a fixed point of the Möbius transformation Ã−1

jil Ãijk for every edge {ij}.
The other circle pattern z̃ is determined such that z̃i is the image of zi under the Möbius
transformation Ãijk for any face {ijk} containing vertex i.

Proof. We pick an arbitrary lift A : F → SL(2,C). Considering two neighboring faces

{ijk} and {jil}, both the Möbius transformations Ãijk, Ãjil map zi to z̃i and maps zj to

z̃j . We deduce that zi, zj are fixed points of the Möbius transformation Ã−1
jil Ãijk. Thus

A−1
jilAijk has eigenvectors (zi, 1)T and (zj , 1)T with eigenvalues λij and λ−1

ij . We have

X̃ij = −
det

((
z̃k
1

)
,

(
z̃i
1

))
det

((
z̃i
1

)
,

(
z̃l
1

)) det

((
z̃l
1

)
,

(
z̃j
1

))
det

((
z̃j
1

)
,

(
z̃k
1

))

= −
det

(
Aijk

(
zk
1

)
, Aijk

(
zi
1

))
det

(
Aijk

(
zi
1

)
, Ajil

(
zl
1

)) det

(
Ajil

(
zl
1

)
, Aijk

(
zj
1

))
det

(
Aijk

(
zj
1

)
, Aijk

(
zk
1

))
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= −
det

((
zk
1

)
,

(
zi
1

))
det

(
A−1
jilAijk

(
zi
1

)
,

(
zl
1

)) det

((
zl
1

)
, A−1

jilAijk

(
zj
1

))
det

((
zj
1

)
,

(
zk
1

))
= Xij/λ

2
ij

The converse can be verified directly. �

Given an osculating Möbius transformation Ã from one circle pattern z to another z̃,
the inverse Ã−1 is then an osculating Möbius transformation from z̃ to z. Its transition
matrix is expressed in terms of eigenvalues λ and z̃. We shall use this in Section 3.

Corollary 2.3. If A : F → SL(2,C) is an osculating Möbius transformation from z to z̃,
then the inverse A−1 is the osculating Möbius transformation from z̃ to z. Its transition
matrix is in the form

(10) (A−1
jil )
−1(A−1

ijk) = AjilA
−1
ijk =

1

z̃j − z̃i

(
λij z̃j − z̃i

λij
−z̃iz̃j(λij − 1

λij
)

λij − 1
λij

z̃j
λij
− λij z̃i

)
.

where λ = ±
√
X/X̃.

As an analogue of the smooth theory (Equation (6)), discrete osculating Möbius trans-
formations satisfy an obvious composition rule.

Corollary 2.4. Suppose z, z̃, z† : V → C are three circle patterns with the same combi-
natorics. Then the osculating Möbius transformation from z to z† is the product of the
osculating Möbius transformation from z to z̃ with that from z̃ to z†.

2.1. Coherent lifting to SL(2,C). We are interested in a lift A : F → SL(2,C) where
signs over faces are chosen consistently so that the map A is as “continuous” as in the
smooth theory (Equation (4)). Such consistency is used for convergence in Section 5 and
the Delaunay condition plays a role here.

Consider the transition matrix in Proposition 2.2, the ambiguity of sign is due to the

branches of the square root λ = ±
√
X/X̃. In the following, we shall fix a branch for λ in

order to define a lift A : F → SL(2,C). Notice that when two circle patterns are identical

X = X̃, it is natural to expect the transition matrix has eigenvalues λ = 1 rather than
λ = −1.

Definition 2.5. Suppose z, z̃ : V → C are two circle patterns with cross ratios X and X̃.
The osculating Möbius transformation from z to z̃ induce a map Ã : F → SL(2,C)/{±I}.
We call its lift A : F → SL(2,C) coherent if the sign over faces is chosen such that the
transition matrix satisfies

(11) A−1
jilAijk =

1

zj − zi

(
zj
λij
− λijzi −zizj( 1

λij
− λij)

1
λij
− λij λijzj − zi

λij

)
with

(12) − π

2
< Arg λ ≤ π

2
.
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Proposition 2.6. A coherent lift A : F → SL(2,C) exists if both circle patterns are
Delaunay and the domain is simply connected. Such a lift is unique up to multiplying −1
to A over all faces at the same time.

Proof. The Delaunay condition yields

−π
2
<

ArgX −Arg X̃

2
<
π

2
,

and hence we could choose

Arg λ =
ArgX −Arg X̃

2
.

For each vertex i, we indeed have

Arg
∏
j

λij =
∑
j

Arg λij =

∑
j ArgXij −

∑
j Arg X̃ij

2
= 0 mod 2π

Thus multiplying the transition matrices (the right side of Equation (11)) around a vertex
always yields the identity. It implies whenever the sign of one face is fixed, the sign of
neighboring faces are determined by condition (12) consistently. �

Notice that such a lift might not exist for non-Delaunay circle patterns. Recall that
generally we have −π < ArgX ≤ π and hence

−π < ArgX −Arg X̃

2
< π.

Imposing condition 12 and the condition that λ2 = X/X̃ yields

Arg λ =
ArgX −Arg X̃

2
+ kπ

where k = 0,±1. Thus for a fixed vertex i

Arg
∏
j

λij =
∑
j

Arg λij = 0 or π mod 2π

where the product and the sum is over all edges {ij} connected to vertex i. In case the
argument is π, multiplying the transition matrices (the right side of Equation (11)) around
vertex i yields −I instead of the identity I. It implies no coherent lift exists around the
vertex i.

2.2. Horospheres at vertices. This section illustrates how horospherical nets arise from
osculating Möbius transformations.

Suppose z : V → C is a circle pattern. We consider a collection of horospheres {Hi}i∈V
such that Hi is a horosphere tangent to the Riemann sphere at zi. Given another circle
pattern z̃ : V → C, we are interested in determining whether the osculating Möbius
transformation induces a new collection of horospheres {H̃i}i∈V adapted to the circle
pattern z̃.

Proposition 2.7. Suppose z : V → C is a circle pattern equipped with a collection of
horospheres {Hi}i∈V such that Hi is a horosphere tangent to the Riemann sphere at zi.
Then a circle pattern z̃ : V → C shares the same modulus of cross ratios with z, i.e.
|X̃| = |X|, if and only if a collection of horospheres {H̃i}i∈V is induced such that for
i ∈ V
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zi z̃i

Hi

H̃i

O

Figure 3. The horospheres {Hi} on the left passes through a common
vertex O, the center of the unit ball model. The osculating Möbius trans-
formation induces horospheres {H̃i} adapted to another circle pattern. As
seen in Section 3.2, the thick arcs form a cross section of a discrete CMC-1
surface.

(1) H̃i is a horosphere tangent to the Riemann sphere at z̃i and

(2) H̃i = Aijk(Hi) for every face {ijk} containing vertex i.

Proof. Notice that Aijk is a Möbius transformation mapping zi to z̃i. As an isometry of H3,
it map Hi to a horosphere Aijk(Hi) tangent at z̃i. It remains to check if {ijk}, {jil} are two
neighboring triangles, then the horospheres Aijk(Hi) = Ajil(Hi) and Aijk(Hj) = Ajil(Hj).

It holds if and only if the eigenvalues of A−1
jilAijk have norm |λij | = 1, which is equivalent

to say z and z̃ share the same modulus of cross ratios |X| = |X̃| since |λ| =
√
|X/X̃|. �

To relate horospherical nets in the next section, we consider a collection {Hi}i∈V such
that Hi is the unique horosphere that passes through the center O in the unit ball model
of H3 and tangent to the Riemann sphere at zi. Thus O is the common intersection
point of {Hi}i∈V . For another circle pattern z̃ sharing the same modulus of cross ratios,

the induced horospheres {H̃i}i∈V generally do not intersect at a common point. Indeed,
representing the center O as the identity matrix in the Hermitian matrix model, the
Möbius transformation Aijk maps O ∈ Hi ∩ Hj ∩ Hk to the point AijkA

∗
ijk ∈ Herm(2),

which is an intersection point in H̃i∩H̃j∩H̃k. As shown in Theorem 0.2, the image points
form a realization of the dual graph regarded as a discrete CMC-1 surface (See Figure 3).

Generally, one could pick any horosphere at vertices, e.g. horospheres that are tangent
to a prescribed totally geodesic plane or tangent to a prescribed horosphere, and consider
their image under an osculating Möbius transformation. The image horospheres shall
enclose many surfaces of interest. Such choices of horospheres are reminiscent of the
smooth theory: any conformal metric ρ∞ on a domain Ω ⊂ ∂H3 yields a collection of
horospheres {Hw}w∈Ω by considering visual metrics. For more information on the smooth
theory, see the Epstein map in [2, Section 3].
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3. Discrete CMC-1 surfaces in hyperbolic space

In this section, we define a notion of integrated mean curvature on horospherical nets.
It is motivated by Steiner’s formula relating curvatures to the change in area under parallel
surfaces. The main result is to prove the correspondence between discrete CMC-1 surfaces
and circle patterns (Theorem 0.2).

Recall that we denote by (V,E, F ) a cell decomposition of a surface, where V,E, F are
the sets of (primal) vertices, edges and faces. It is associated with a dual cell decomposition
(V ∗, E∗, F ∗), where V ∗, E∗, F ∗ denote the sets of dual vertices, dual edges and dual faces.
Each dual vertex corresponds to a primal face, whereas each dual face corresponds to a
primal vertex. By subdivision, we assume the primal cell decomposition is a triangulation
without loss of generality. The dual mesh then becomes a trivalent mesh, i.e. each vertex
has three neighboring vertices. Furthermore, for simplicity we consider surfaces without
boundary. In case the surface has boundary, the same result also holds but requires
modification of notations.

The following choice of notations is taken so that it will be consistent with the osculating
Möbius transformations.

Definition 3.1. A horospherical net is a realization f : V ∗ → H3 of a dual mesh such
that

(1) The vertices of each dual face lies on the same horosphere.
(2) Every edge is realized as the shorter circular arc in the intersection of the two

neighboring horospheres. The hyperbolic lengths of the arcs are denoted as `.
(3) The tangency points of the horospheres with ∂H3 define a realization of the primal

triangular mesh z̃ : V → C ∪ {∞} that forms a Delaunay circle pattern. We call
z̃ the hyperbolic Gauss map.

We further define the dihedral angle α : E∗ → (−π, π) between neighboring horospheres.
Its sign is defined as follows: consider a dual edge oriented from dual vertex u to v and let x
be a point on the dual edge under f . It is associated with three unit vectors (Tuv, Nl, Nr)
in TxH3, where Tuv is the unit tangent vector of the circular arc oriented from u to v
while Nl, Nr are the normals of the horospheres from the left and the right face which are
oriented toward the points of tangency with ∂H3. The angle α is determined such that

sinαuv = 〈Nl ×Nr, Tuv〉
cosαuv = 〈Nl, Nr〉

In particular, the horospheres coincide if α = 0.

3.1. Integrated mean curvature via parallel surfaces. In this subsection, we intro-
duce integrated mean curvature over the faces of a horospherical net. Our approach is
motivated by the curvature theory of polyhedral surfaces in R3 by Bobenko-Pottmann-
Wallner [8].

Recall that in the smooth theory, the Steiner formula relates the mean curvature and
Gaussian curvature of a smooth surface to the area of its parallel surface. We denote by
f : Ω ⊂ C→ H3 a smooth immersion and N its unit normal vector field. For small t, we
write ft : Ω → H3 the mapping such that for every x ∈ Ω, the geodesic starting at f(x)
in the direction of N(x) with length t ends at ft(x). We call ft a parallel surface of f
at distance t. For each t, we denote by ωt the area 2-form induced from the hyperbolic
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metric in H3 via ft. By direction computation (see [14, Section 4])

d

dt
ωt|t=0 = −2Hω(13)

d2

dt2
ωt|t=0 = (2K + 4)ω(14)

where H and K is the mean curvature and Gaussian curvature of f .

Example 1. Let f be a horosphere and N the unit normal pointing toward the tangency
point of the horosphere with ∂H3. We denote by ft the parallel surfaces which remain as
horospheres for all t. Using the upper half space model, we have the area 2-form

ωt = e−2tω = (1− 2t+
(2t)2

2
+ . . . )ω

Compared with (13) and (14), it shows that the horosphere has constant mean curvature
H ≡ 1 and constant Gaussian curvature K ≡ 0.

Similarly we consider parallel surfaces for a trivalent horospherical net f . Here we
assume the edges have non-zero lengths. Every vertex is the intersection point of the three
neighboring horospheres. For every small t, the parallel surfaces of the three horospheres
at distance t are again horospheres and intersect. The intersection points continuously
define a new mapping ft of the trivalent mesh. By construction, ft is a horospherical net.

We compute the change in face area using the upper half space model. Let φ be a face
and we normalize the horosphere containing f(φ) as the horizontal plane x3 = 1. Then

ft(φ) is contained in the plane x3 = et. We denote by Ãrea(ft(φ)) the Euclidean area on
the horosphere x3 = et. Then its hyperbolic area is

Area(ft(φ)) = e−2tÃrea(ft(φ)).

The change in area can be expressed in terms of edge lengths and dihedral angles, which
motivates the definition of integrate mean curvature in Definition 0.1.

Proposition 3.2.

d

dt
Area(ft(φ))|t=0 = −2 Area(f(φ))−

∑
ij∈φ

`ij tan
αij
2

Proof. Notice that for all t the tangency points of the horospheres with ∂H3 remain
unchanged. We denote by r̃t the Euclidean radii of the circular edges of ft(φ) on the
horosphere x3 = et (See Figure 5). By trigonometry, one obtains

r̃t =

√
1

sin2 α
2

− e2t

and
d

dt
r̃t|t=0 = −| tan

αij
2
|.

Having the centers (which are independent of t) and the radii r̃t, the vertices of ft(φ) can
be determined explicitly in terms of t. One can show that the Euclidean area

Ãrea(ft(φ))− Ãrea(f(φ)) =
∑

sign(α)`∆r̃ +O(
∑

(∆r)2)
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where ∆r̃ = r̃t − r̃0 is the change of the Euclidean radii (See Figure 5 right). The
second order term is contributed by the change in area at the corners (See Figure 6).
Differentiating both sides with respect to t at t = 0 yields

d

dt
Ãrea(ft(φ))|t=0 =

∑
ij∈φ

sign(α) `ij
d

dt
r̃t|t=0 = −

∑
ij∈φ

`ij tan
αij
2

Thus

d

dt
Area(ft(φ))|t=0 =

d

dt

(
e−2tÃrea(ft(φ))

)
|t=0

= −2 Area(f(φ))−
∑
ij∈φ

`ij tan
αij
2

since Area(f(φ)) = Ãrea(f0(φ)). �

Definition 3.3. A horospherical net f is a discrete constant mean curvature-1 surface if
it satisfies the following two properties:

(1) For every face φ, the ratio of the integrated mean curvature to the face area is
constantly equal to 1, i.e.

Hφ

Area(f(φ))
= 1.

(2) For every edge

0 ≤ ` tan
α

2
+ Arg X̃ < π.

where X̃ is the cross ratio of the hyperbolic Gauss map z̃.

As we shall see in the next section, a discrete CMC-1 surface corresponds to a pair of
circle patterns z and z̃, one of which z̃ is the hyperbolic Gauss map and is already assumed
to be Delaunay in Definition (3.1). Condition (2) in Definition 3.3 is then equivalent to
the other circle pattern z being Delaunay.

3.2. Weierstrass representation. We prove a Weierstrass-type representation that ev-
ery discrete CMC-1 surface corresponds to a pair of Delaunay circle patterns sharing the
modulus of cross ratios. It makes use of the discrete osculating Möbius transformation.

We first describe horospheres in terms of Hermitian matrices.

Lemma 3.4. For any r > 0, the Hermitian matrix

Nz,r :=
2r

1 + |z|2

(
|z|2 z
z̄ 1

)
represents a point in the upper light cone L+. Its corresponding horosphere touches the
boundary ∂H3 at z in the upper half space model. Furthermore, if (z, 1)T is an eigenvector
of A ∈ SL(2,C) with eigenvalue λ, then

(15) ANz,rA
∗ = |λ|2Nz,r

Proof. It is obvious that detNz,r = 0 and traceNz,r > 0. Thus it represents an element
in L+. The extended complex plane is identified with the light cone as follows

C ∪ {∞} → L+ ⊂ R3,1 → Herm(2)
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r̃

αx3 = 1

`

θ

r̃

Figure 4. On the left, the solid line and the circle indicates a vertical cross
section of two horospheres intersect at angle |α| in the upper half space
model, where one of the horospheres is the horizontal plane x3 = 1. The
right figure shows the horospherical face on the horizontal plane x3 = 1.
The rhombi vertices denote the projection of the tangency points of the
neighboring horospheres with ∂H3. Each circular edge is generated by a
rotation centered at a rhombus vertex with angle θ and radius r̃. The
rotation is clockwise if θ > 0 while counterclockwise if θ < 0.

r̃t x3 = 1

π−α
2

x3 = et

r̃t

Figure 5. The left figure shows the parallel surfaces of two horospheres
at hyperbolic distance t. By varying t > 0, the intersection point of the
parallel surfaces lie on a totally geodesic plane (the dotted half circle or-
thogonal to x3 = 1). The right figure indicates a deformation of the face
under parallel surfaces.

z 7→ (1,
2 Re z

1 + |z|2
,

2 Im z

1 + |z|2
,−1− |z|2

1 + |z|2
) 7→ 2

1 + |z|2

(
|z|2 z
z̄ 1

)
which is a composition of a stereographic projection and the identification between R3,1

and hermitian matrices. Hence Nz,r represents a horosphere touching ∂H3 at z. Equation
(15) follows from the observation that the columns of Nz,r are multiples of (z, 1)T while
the rows are multiplies of (z̄, 1). �

Recall that each dual vertex corresponds to a primal face and we have a bijection
V ∗ ∼= F . We then prove the main result.
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Figure 6. The area of the shaded region is bounded above by C(∆r2
ij +

∆r2
jk) for some constant C > 0 independent of t.

Proof of Theorem 0.2. Suppose A : F → SL(2,C) is the osculating Möbius transforma-
tion mapping z to z̃. Let {ijk}, {jil} be two neighbouring faces. We have

fjil = AjilA
∗
jil = (AjilA

−1
ijk)fijk(AjilA

−1
ijk)
∗

Then we have for any r > 0,

〈fjil, Nz̃i,r〉 = 〈AjilA∗jil, Nz̃i,r〉
= 〈AijkA∗ijk, (AijkA

−1
jil )Nz̃i,r(AijkA

−1
jil )
∗〉

= 〈AijkA∗ijk, Nz̃i,r〉 = 〈fijk, Nz̃i,r〉

which follows from Lemma 3.4 and the property that (z̃i, 1)T is an eigenvector of AijkA
−1
jil

with eigenvalue |X/X̃| = 1. Hence all the vertices within a dual face i lie on a common
horosphere touching ∂H3 at z̃i.

We pick a dual face i and consider the upper half space model normalized in such
a way that the horosphere at z̃i becomes the horizontal plane x3 = 1 and z̃i becomes
infinity. The transition matrix AjilA

−1
ijk across edge {ij} hence becomes a rotation around

a vertical axis through z̃j . The edge {ij} under f is a circular arc on the horizontal plane
generated by rotation with radius rij ≥ 0 (See Figure 4). We denote the rotation angle

by θij which is related to the eigenvalue λij of AjilA
−1
ijk at z̃i via

(16) θij = log λ2
ij = ArgXij −Arg X̃ij

and hence satisfies

−π < −Arg X̃ij ≤ θij ≤ ArgXij < π.

Thus the edge is the shorter circular arc in the intersection of the neighboring horospheres.
It implies f is a horospherical net.

By trigonometry, one can show that rij = | cot
αij
2 | and the hyperbolic length of the

circular arc is

`ij = |θij |rij = |θij || cot
αij
2
|.

The sign of α is indeed defined such that

(17) `ij = θij cot
αij
2
.
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Combining with Equation (16), it yields

0 ≤ ArgXij = `ij tan
αij
2

+ Arg X̃ij < π

as required in Definition 3.3.
It remains to check the integrated mean curvature of f . Notice that Equation (16) and

(17) yield ∑
j

`ij tan
αij
2

=
∑
j

θij = 2π − 2π = 0.

Hence the integrated mean curvature H : F ∗ → R satisfies for every face φ ∈ F ∗

Hφ

Area(f(φ))
=

Area(f(φ)) + 0

Area(f(φ))
= 1

and f is a discrete CMC-1 surface.
Conversely, suppose f : V ∗ → H3 is a discrete CMC-1 surface with hyperbolic Gauss

map z̃. Motivated from Equation (10), we define a function η : ~E → SL(2,C) on oriented
edges via

(18) ηij :=
1

z̃j − z̃i

(
λij z̃j − z̃i

λij
−z̃iz̃j(λij − 1

λij
)

λij − 1
λij

z̃j
λij
− λij z̃i

)

where λij = ei
`ij
2

tan
αij
2 . We use the Hermitian matrix model of the hyperbolic space.

Particularly, η is defined in such a way that

fjil = ηijfijkη
∗
ij

since both fjil, fijk lie on the intersection of two horospheres which respectively touch

∂H3 at z̃i, z̃j . Indeed η is a multiplicative 1-form satisfying ηji = η−1
ij .

We claim that there exists A : F → SL(2,C) such that

ηij = AjilA
−1
ijk.(19)

To see this, consider a primal vertex i and label its neighboring primal vertices as
v0, v1, v2, . . . , vs = v0. We denote by

s∏
j=1

ηij := ηis · · · ηi2ηi1

Then we have

(
s∏
j=1

ηij)fi01(
s∏
j=1

ηij)
∗ = fi01

(
s∏
j=1

ηij)

(
z̃i
1

)
= (

s∏
j=1

λij)

(
z̃i
1

)
=

(
z̃i
1

)
where the second equation holds because f has constant integrated mean curvature-1.
The first equation implies

∏s
j=1 ηij is conjugate to an element in SU(2) and the second

implies it has eigenvalues 1. Thus
∏s
j=1 ηij is the identity and η is a closed 1-form.

Since the surface is assumed to be simply connected, by integration we obtain a mapping
A : F → SL(2,C) satisfying Equation (19). It is unique up to multiplication from the
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right by a constant matrix in SL(2, C). Such constant matrix is determined so that the
matrix A furthermore satisfies

f = AA∗

Proposition 2.2 implies A−1 is indeed an osculating Möbius transformation by con-
struction. There is another circle pattern z : V → C and A is the osculating Möbius
transformation from z to z̃. The cross ratios X, X̃ satisfy

|X|
|X̃|

= |λ2| = 1

and hence the two circle patterns share the same modulus of cross ratios. On the other
hand, the second condition in Definition 3.3 implies that

0 ≤ ArgXij = `ij tan
αij
2

+ Arg X̃ij < π

and thus z is Delaunay. �

The Weierstrass-type representation enables us to deduce some properties of discrete
CMC-1 surfaces as in their smooth counterparts. For example, it is known that every
smooth CMC-1 surface f admits a dual CMC-1 surface f̃ such that their Hopf differentials
are related by Q̃ = −Q.

Corollary 3.5. Suppose f : V ∗ → H3 is a discrete CMC-1 surface with edge lengths `
and dihedral angle α. Then there is a dual discrete CMC-1 surface f̃ : V ∗ → H3 such that

(20) ˜̀tan
α̃

2
= −` tan

α

2
.

Proof. By Theorem 0.2, we know f = AA∗ for some osculating Möbius transformation
A from some circle pattern z to z̃. Then A−1 is the osculating Möbius transformation
from z̃ to z. It defines another discrete CMC-1 surface f̃ := A−1(A−1)∗ which satisfies
Equation (20). �

Remark 3.6. Theorem 0.2 also holds for general circle patterns sharing the same modulus
of cross ratios (not necessary Delaunay) if we broaden the definition of discrete CMC-1
surfaces as follows:

(i) In Definition 3.1 condition (2), edges are allowed to be realized as the longer circular
arcs in the intersection of neighboring horospheres

(ii) In Definition 3.1 condition (3), the hyperbolic Gauss map is allowed to be non-
Delaunay.

(iii) Condition (2) of Definition 3.3 is removed.

4. A 1-parameter family of cross ratio systems

Hertrich-Jeromin [17] introduced discrete CMC-1 surfaces in the context of integrable
systems. These surfaces are constructed from special meshes in the plane that admit a
real-valued solution to a discrete Toda-type equation [9]. We show that such a solution
induces a family of circle patterns sharing the same modulus of cross ratios and thus our
discrete CMC-1 surfaces. In this way, our discrete CMC-1 surfaces generalize those from
discrete integrable systems.
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In this section, we consider a cell decomposition M = (V,E, F ) of a simply connected
domain that is not necessarily triangulated. For simplicity, we assume the domain is
without boundary.

The following is a reformulation of the discrete Toda-type equation in [9, 1]. See the
appendix in [15] for its relation to the Toda lattice.

Definition 4.1. Suppose z : V (M) → C is a realization of a cell decomposition M . A
function q : E(M)→ C is a solution to the discrete Toda-type equation if it satisfies∑

j

qij = 0 ∀i ∈ V(21)

∑
ij∈φ

qij = 0 ∀φ ∈ F(22)

∑
j

qij
zj − zi

= 0 ∀i ∈ V(23)

The zero function q ≡ 0 is a trivial solution.

We shall be interested in real-valued solutions to the discrete Toda-type equation. Given
a generic realization, the only real-valued solution is the trivial solution. Heuristically,
consider a triangulated disk with boundary. Equations (21) and (23) are imposed at
interior vertices while Equation (22) is imposed on faces. Assuming the constraints are
linearly independent, with the Euler characteristic, the space of the real-valued solutions is
2|Vb| − |F | − 3, where |Vb| is the number of boundary vertices. Thus, a generic realization
of a triangulated disk with 2|Vb| − |F | − 3 < 0 does not admit non-trivial real-valued
solutions.

Example 2. The standard square grid Z2 admits a nontrivial real-valued solution q,
where it takes values +1 on horizontal edges and −1 on vertical edges. Generally, every
orthogonal circle pattern admits such a nontrivial q [9, 19] (See Figure 7).

Figure 7. The intersection of an orthogonal circle pattern (left) yields a
realization z (right) with a nontrivial solution q to the discrete Toda-type
equation, where q = 1 on thin edges and q = −1 on thick edges.

Equations (21) and (22) are related to a combinatorial object called a labeling on zig-zac
paths of M . Given a cell decomposition M and its dual M∗, we build the double DM of
M , which is a quadrilateral mesh as follows: The vertex set is V (DM) = V (M)∪V (M∗).
A primal vertex v ∈ V (M) and a dual vertex f ∈ V (M∗) are joined by an edge in
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i
j

ij+

ij−

ji−

ji+

k

Figure 8. The dotted lines and the black vertices form a cell decompo-
sition M . The double DM consists of the solid lines, the black and the
white vertices. Every edge {ij} of M corresponds to a quadrilateral face
of DM enclosed by {ij+}, {ij−}, {ji+}, {ji−} ∈ E(DM). Under this no-
tation, {ij−} and {ik+} represent the same edge of E(DM). A collection
of edges in E(DM) are indicated where a labeling α has to take the same
value.

DM if the vertex v belongs to the face corresponding to the dual vertex f . It forms a
quadrilateral mesh, where each edge of M corresponds to a face of DM . Notice that the
graph DM is bipartite: one can color the vertices of M black and those of M∗ white. In
this way, every edge of DM connects two different color. See Figure 8.

Definition 4.2. A labeling is a function α : E(DM)→ C on unoriented edges such that
the values of α on two opposite edges in any quadrilateral face of F (DM) are equal.

Every labeling α on E(DM) induces a function q on E(M) as follows. Let {ij} ∈ E(M).
It corresponds to a quadrilateral in DM . We denote by {ij+}, {ij−} ∈ E(DM) the two
edges in the quadrilateral sharing the vertex i so that {ij+} is on the left of {ij} and
{ij−} is on the right. We define

qij := αij+ − αij− = αji+ − αji− = qji

since αij+ = αji+ and αij− = αji− . By construction, it satisfies Equations (21) and (22).
The following lemma is elementary.

Lemma 4.3. A function q : E(M) → C satisfies Equations (21) and (22) if and only if
there exists a labeling α : E(DM)→ C such that

qij = αij+ − αij−
The labeling is unique up to a constant. Furthermore, If q is real-valued, α can be chosen
to be real-valued as well.

We then relate Equations (21) and (23) to the infinitesimal change in cross ratios.
Consider a family of cross ratio systems Xt : E(M) → C on a triangle mesh and denote
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X0 = X, we consider its logarithmic derivative

q :=
d

dt
(logXt)|t=0

By differentiating (1) (2), it is known [21] that the function q satisfies for every interior
vertex i with neighboring vertices 1, 2, . . . n

0 =
∑
j

qij

0 = qi1Xi1 + (qi1 + qi2)Xi1Xi2 + . . .+ (qi1 + qi2 + . . .+ qin)Xi1Xi2 · · ·Xin

Such a linear system defines a tangent space of the space of cross ratios at X. Substitute
the developing z for the cross ratios X, the second equation becomes∑

j

qij
zj − zi

= 0.

Proposition 4.4 ([22, 21]). On a triangular mesh, a function q : E → C describes an
infinitesimal change in the cross ratio if and only if it satisfies Equations (21) and (23).

To summarize, a solution to the discrete Toda-type equation represents a tangent vector
in the space of cross ratios that is also induced from a labeling on the graph. In the
following, we show that such a solution induces a canonical family of cross ratios.

Theorem 4.5. Suppose a realization z : V (M)→ C of a cell decomposition M admits a
solution q : E(M)→ C to the discrete Toda-type equation with labeling α. We denote by
TM a triangulation of M and X : E(TM)→ C the cross ratios. Then for small t, there
is a 1-parameter family of cross ratios Xt : E(TM)→ C

Xt,ij :=

{1−tαij−
1−tαij+

Xij if {ij} ∈ E(M)

Xij if {ij} ∈ E(TM)− E(M)

satisfying (1) and (2). It defines realizations zt : V (M) → C of M and osculating

Möbius transformations Ãt : F (M) → SL(2,C)/{±I} from z to zt. Both zt and Ãt are
independent of the triangulation chosen.

Proof. The function Xt satisfies Equation (1) and (2) by direct computation and the
property of the labeling that if a vertex i has neighboring vertices 1, 2, . . . n in M , then
αik+ = αi(k+1)− for k = 1, 2, 3 . . . , n.

For each t, there is a developing map zt and Ãt : F (TM) → SL(2,C)/{±I} mapping
z to zt. Recall that if {ijk}, {jil} ∈ F (TM) are two neighbouring faces sharing an edge

{ij}, then Ã−1
t,jilÃt,ijk has eigenvectors (zi, 1)T and (zj , 1)T with eigenvalues ±(

Xt,ij
Xij

)
1
2 and

±(
Xt,ij
Xij

)−
1
2 . If {ij} ∈ E(TM) − E(M), we have Ãt,jil = Ãt,ijk. If {ij} ∈ E(M), we have

λ2
ij =

1−tαij−
1−tαij+

. Hence Ãt is well defined on the faces of M and is independent of the

triangulation. Since zt is the image of z under Möbius transformations Ãt, we deduce
that zt is independent of the triangulation as well. �

Corollary 4.6. If q : E(M) → R is a real-valued solution to the discrete Toda-type
equation, then the labeling α can be chosen to take real values and for any small t ∈ R

Im logXt = Im logX
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Re logXit = Re logX−it

where i =
√
−1. In particular, for small t > 0, the osculating Möbius transformation from

zit to z−it induces a discrete CMC-1 surface.

The above statement holds analogously if q is purely imaginary or generally if Arg q
mod π is constant.

Finally, we sketch how our discrete CMC-1 surfaces are related to those of Hertrich-
Jeromin [17]. In [17], Hertrich-Jeromin started with a quadrilateral mesh z : V (Z2)→ C
with factorized cross ratios. The vertices of Z2 can be colored black and white in such a
way that each edge connects a black vertex to a white vertex. The black vertices form a
sub-lattice Z2

b . The white vertices form another sub-lattice Z2
w, which naturally is a dual

graph of Z2
b . The restriction z|Z2

b
is known to possess a real-valued solution to the discrete

Toda-type equation [9]. By Theorem 4.5, it produces a family of osculating Möbius trans-
formations At on the dual graph, which turns out to be the “Calapso transformations”
[17] restricted to the white vertices Z2

w. By considering the discrete CMC-1 surfaces in
[17] restricted to Z2

b , one obtains discrete CMC-1 surfaces considered in this article.

5. Convergence to smooth surfaces

In this section, we show that every simply connected umbilic-free CMC-1 surface can
be approximated by our discrete CMC-1 surfaces. Based on the convergence result on
circle patterns by He-Schramm [16] and Bücking [12], we deduce that discrete osculating
Möbius transformations converge to their smooth counterparts and so do discrete CMC-1
surfaces as a result of the Weierstrass-type representation.

We follow the notations in [13]. We consider a regular triangular lattice T in the plane
with acute angles α, β, γ ∈ (0, π/2) and edge directions

ω1 = 1 = −ω4, ω2 = eiβ = −ω5, ω3 = ei(α+β) = −ω6

as well as edge lengths

L1 = sinα = L4, L2 = sin γ = L5, L3 = sinβ = L6

(See Figure 9). Denote T (ε) the lattice T scaled by ε > 0. Its vertex set is parameterized
by the vertex position in complex coordinates

V (ε) = {n ε sinα+mεeiβ sin γ|m,n ∈ Z}.

By abuse of notation, T (ε) might refer to the geometric realization or solely the combina-
torics. Its meaning shall be clear from the context. For a subcomplex of T (ε), its support
is the union of vertices, edges and faces as a subset of C.

Proposition 5.1 ([12]). Let h : Ω → C be a locally univalent function and K ⊂ Ω be a
compact set which is the closure of its simply connected interior domain ΩK := int(K).

Consider a triangular lattice T with strictly acute angles. For each ε > 0, let T
(ε)
K be a

maximal subcomplex of T (ε) whose support is contained in K and is homeomorphic to a
closed disk.

Then if ε > 0 is small enough (depending on K, h and T ), there exists another realiza-

tion h(ε) : V
(ε)
K → C with the same combinatorics of T

(ε)
K such that

(1) h(ε) is Delaunay and share the same modulus of cross ratios with the lattice T
(ε)
K
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α

β γ

ω1

ω2ω3

ω4

ω5 ω6

sinα

sinβsin γ

Figure 9. Triangular lattice

(2) For all z in the support of T
(ε)
K , we have |h(ε)

PL(w) − h(w)| ≤ Cε where h
(ε)
PL is

the piecewise linear extension of h(ε) over triangular faces and C is a constant
depending only on K, f, T .

The uniqueness of h(ε) holds if scale factors are prescribed at boundary vertices (See
[12]). It was later improved to be C∞-convergence by Bücking [13] in the sense of locally
uniform convergence as considered by He-Schramm [16].

Definition 5.2. Let f : Ω → Cd. For each ε > 0, let f (ε) be defined on some subset

V
(ε)

0 ⊂ V (ε) with values in Cd. Assume for each z ∈ Ω there are some δ1, δ2 > 0 such that

{v ∈ V (ε) : |v − z| < δ2} ⊂ V (ε)
0 whenever ε ∈ (0, δ1).

Then we say that f (ε) converges to f locally uniformly in Ω if for every σ > 0 and every
z ∈ Ω there are δ1, δ2 > 0 such that |f(z) − f (ε)(v)| < σ for every ε ∈ (0, δ1) and every

v ∈ V (ε) with |v − z| < δ2.

For k = 1, . . . , 6, we denote by τ
(ε)
k : V (ε) → V (ε) the map that combinatorially shifts

vertices in the k-th direction

τ
(ε)
k (v) = v + εLkωk.

For any subset W ⊂ V ε, a vertex v ∈ W is an interior vertex of W if all the six neigh-
bouring vertices are in W . Write W1 the set of interior vertices of W and inductively Wr

the set of interior vertices of Wr−1.
Given a function η : W → C, the discrete directional derivative ∂εkη : W1 → C is defined

as

∂εkη(v) =
1

εLk
(η(v + εLkωk)− η(v)).

It is analogous to a directional derivative of a differentiable function f : Ω→ C, where we
write

∂kf(z) := lim
t→0

f(z + tωk)− f(z)

t
for k = 1, 2, . . . , 6.

Definition 5.3. Let n ∈ N and suppose that f is Cn-smooth. Then we say f (ε) converges
to f in Cn(Ω) if for every sequence k1, . . . , kj ∈ {1, . . . , 6} with j ≤ n the functions

∂kj∂kj−1
. . . ∂k1f

(ε) converges to ∂kj∂kj−1
. . . ∂k1f locally uniformly in Ω. If this holds for

all n ∈ N, the convergence is said to be in C∞(Ω).
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It is known that C∞(Ω)-convergence has some nice properties.

Lemma 5.4 ([16]). Suppose that f (ε), g(ε), h(ε) converge in C∞(Ω) to functions f, g, h :
Ω→ C and suppose that h 6= 0 in Ω. Then the following convergences are in C∞(Ω)

(1) f (ε) + g(ε) → f + g

(2) f (ε)g(ε) → fg

(3) 1/h(ε) → 1/h

(4) if h(ε) > 0, then
√
h(ε) →

√
h

(5) |h(ε)| → |h|

We consider cross ratios associated to edges. Denote by X(ε) the cross ratios of the
lattice T (ε) while denote by X̃(ε) the cross ratios of h(ε) in Proposition 5.1. Notice since
T (ε) differs from T by scaling, we have X(ε) = X independent of ε. On the other hand

log(X̃(ε)/X) is purely imaginary since |X̃(ε)|/|X| = 1. For k = 1, 2, 3, we define s
(ε)
k :

V
(ε)
K → R

s
(ε)
k (v) :=

1

iε2
log

X̃(ε)(e)

X(e)

where e is the edge joining v and τ
(ε)
k (v). It plays the role of a discretization of the

Schwarzian derivative (See [4]).
Following the result by He-Schramm [16], Bücking introduced contact transforma-

tion Zk : V (ε) → SL(2,C) such that Zk(v) is the Möbius transformation mapping

0, εωkLk, εωk+1Lk+1 to h(ε)(v), h(ε)(τk(v)), h(ε)(τk+1(v)). In [13, Section 5], she proved
the convergence of the contact transformations.

Proposition 5.5 ([13]). Under the notations in Proposition 5.1, the mappings h(ε) con-
verge in C∞(ΩK) to h. Furthermore, the discrete Schwarzian derivative in the k-th direc-
tion

lim
ε→0

s
(ε)
1 =

L1

2
Re(ω2ω3Sh)

lim
ε→0

s
(ε)
2 = −L2

2
Re(ω1ω3Sh)

lim
ε→0

s
(ε)
3 =

L3

2
Re(ω1ω2Sh)

where Sh is the classical Schwarzian derivative of h. For each k = 1, 2, . . . , 6, the contact
transformations Zk converge to a complex analytic function Z in C∞(Ω) satisfying

dZ = Z
(

0 1

−Sh
2 0

)
dz

As a special case, when T is the regular triangular lattice consisting of equilateral trian-

gles of unit lengths, then sk converges to −Re(ei
2kπ
3 Sh)/2. The proposition immediately

implies the convergence of discrete osculating Möbius transformations.

Proposition 5.6. Under the notations in Proposition 5.1, discrete osculating Möbius

transformations A(ε) from the regular lattice T
(ε)
K to the realization h(ε) converge to the

smooth osculating Möbius transformation Ah in C∞(ΩK).
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Proof. Define B(ε) : V
(ε)
K → SL(2,C) to be the translation matrix

B(ε)(v) =

(
1 zv
0 1

)
where zv is the complex coordinate of v in the lattice T

(ε)
K . Then we have the following

relation between contact transformations and osculating Möbius transformations

Z
(ε)
0 (v) = A

(ε)
vτ0(v)τ1(v)B

(ε)(v)

Notice that B(ε) converges in C∞(Ω) to B(z) =

(
1 z
0 1

)
. Thus A(ε) converges to

Ã = ZB−1 and satisfies

Ã−1dÃ = BZ−1dZB−1 + dBB−1

= −Sh(z)

2

(
z −z2

1 −z

)
dz

= A−1
h dAh

It implies Ã = CAh for some constant C ∈ SL(2,C). For every z we further know that

Ã(z) and Ah(z) are Möbius transformations mapping z to h(z). Hence C = ±I and A(ε)

converges to Ã = Ah. �

The convergence of osculating Möbius transformations implies the convergence of dis-
crete CMC-1 surfaces.

Theorem 5.7. Suppose f : Ω→ H3 is a conformal immersion of an umbilic-free CMC-1
surface. Let K ⊂ Ω be a compact set which is the closure of its simply connected interior
domain ΩK := Int(K). Consider a triangular lattice T with strictly acute angles. For each

ε > 0, let T
(ε)
K be a maximal subcomplex of scaled lattice T (ε) whose support is contained

in K and is homeomorphic to a closed disk.
Then for ε > 0 small enough (depending on K, f, T ), there exists discrete CMC-1

surface f (ε) : (V
(ε)
K )∗ → H3 and we have f (ε) converging to f in C∞(ΩK) as ε→ 0.

Proof. Proposition 1.2 implies that there exists locally univalent functions g, g̃ : Ω → C
such that

f = AA∗

where A = Ag̃A
−1
g is the osculating Möbius transformation from g to g̃. For ε > 0

small, there exists Delaunay circle patterns g(ε) and g̃(ε) defined on T
(ε)
K sharing the same

modulus of cross ratios that converge to g and g̃ respectively. They induce a discrete

CMC-1 surface defined on the dual graph of T
(ε)
K via

f (ε) = A(ε)(A(ε))∗

where A(ε) = Ag̃(ε)A
−1
g(ε)

is the discrete osculating Möbius transformation from g(ε) to g̃(ε).

By Proposition 5.6 and Lemma 5.4, A(ε) converges in C∞(Ω) to Ag̃A
−1
g = A, which implies

f (ε) converges to f . �

Combining with Proposition 5.5, we obtain convergence to the Hopf differential as well.



OSCULATING MÖBIUS TRANSFORMATIONS BETWEEN CIRCLE PATTERNS 29

Corollary 5.8. Under the notation of Theorem 5.7, the Hopf differential Q of f satisfies
for k = 1, 2, 3, . . . 6

Lk Re(ωk+1ωk+2Q) = lim
ε→0

`
(ε)
k

ε2
tan

α
(ε)
k

2

where `k, αk : V
(ε)
K → R are the edge lengths and the dihedral angles in the k-th direction,

i.e.
`
(ε)
k (v) := `(ε)e , α

(ε)
k (v) := α(ε)

e

and e is the edge joining v and τ εkv.

6. Circle patterns with the same intersection angles

Previous sections focus on circle patterns with the same modulus of cross ratios, i.e.
|X| = |X̃|. In fact, similar results hold for circle patterns with the same intersection angles,

i.e. ArgX = Arg X̃. The analogues are considered in this section. As a replacement of
horospherical nets in H3, we consider equidistant nets. (See section 1.4 for the definition
of equidistants.)

Definition 6.1. An equidistant net is a realization f : V ∗ → H3 of a dual mesh such that

(1) Each vertex is associated with an equidistant that contains the vertex and the
neighboring vertices.

(2) Every edge is realized as a circular arc in the intersection of the two neighboring
equidistants.

(3) For each face of f , the equidistants associated to the vertices of the face intersect
at a common vertex on ∂H3. It defines a circle pattern z̃ : V → C∪{∞} regarded
as the hyperbolic Gauss map.

In the case of quadrilateral meshes, equidistant nets resemble asymptotic parametriza-
tions in Euclidean space [6] while horospherical nets resemble curvature line parametriza-
tions. Unlike horospherical nets, integrated mean curvature is not defined on equidistant
nets. However the assumptions on equidistant nets are strong enough to deduce that they
correspond to a pair of circle patterns sharing the same intersection angles. The following
is an analogue of Theorem 0.2.

Theorem 6.2. Given two Delaunay circle patterns z, z̃ : V → C with cross ratios X, X̃
such that ArgX = Arg X̃. Let A : V ∗ → SL(2,C) be the osculating Möbius transforma-
tion from z to z̃. Then the realization f : V ∗ → H3 of the dual graph given by

f := AA∗

is an equidistant net with hyperbolic Gauss map z̃.
Conversely, suppose f : V ∗ → H3 is an equidistant net with hyperbolic Gauss map

z̃ : V → C. Then there exists a circle pattern z such that f = AA∗ and A is the osculating
Möbius transformation from z to z̃. The cross ratios X, X̃ of z, z̃ satisfy ArgX = Arg X̃.

Proof. Let A : F → SL(2,C) be the osculating Möbius transformations mapping z to
z̃. Pick a dual vertex {ijk} ∈ F = V ∗. Then there exists a unique equidistant pass-
ing through fijk and intersect ∂H3 at the circumcircle of z̃i, z̃j , z̃k. We claim that this
equidistant contains the neighbouring vertices of fijk as well. Let {jki} be a neighbouring

dual vertex. Since Xij/X̃ij is real valued, the transition matrix AjliA
−1
ijk is a scaling with
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fixed points at z̃i and z̃j . Hence fjki lies on the circular arc through fijk, z̃i and z̃j (not
necessary to be a geodesic). In particular fjki lies on the equidistant through fijk, z̃i, z̃j
and z̃k.

Conversely, given an equidistant net f with Gauss map z. We define η as in Equation
(18) with real eigenvalues λ such that ηij is a scaling sending fijk to fjil with fixed points

z̃i and z̃j . Notice that ηij = η−1
ji . We claim that for every primal vertex i with neighboring

primal vertices denoted as v0, v1, v2, . . . , vs = v0, we have

s∏
j=1

ηij = I.

To see this, observe that

(
s∏
j=1

ηij)

(
z̃i
1

)
= (

s∏
j=1

λij)

(
z̃i
1

)
(24)

(
s∏
j=1

ηij)fi01(
s∏
j=1

ηij)
∗ = fi01(25)

Equation (25) implies
∏
j ηij is conjugate to some element in SU(2,C). Equation (24)

implies
∏
j ηij has positive real eigenvalue (

∏
j λ). Thus we deduce that the eigenvalue

is 1. It implies that
∏
j ηij is the identity and hence there exists A : F → SL(2,C) such

that

ηij = AjilA
−1
ijk.

Applying A−1 to z̃, we obtain a new realization z with cross ratios X̃ satisfying X/X̃ = λ.

Since λ is positively real, we have ArgX = Arg X̃. �

Following Corollary 4.6, equidistant nets also arise from the discrete Toda-type equa-
tion.

As an analogue of Theorem 5.7, smooth CMC-1 surfaces can be approximated by
equidistant nets. The proof can be carried over analogously, by establishing the conver-
gence of discrete osculating Möbius transformations. For circle patterns induced from
circle packings, the convergence holds as a result of He-Schramm [16].

7. Minimal surfaces in Euclidean space

Smooth minimal surfaces in R3 share the same holomorphic data as CMC-1 surfaces
in H3. However in the discrete theory, the holomorphic data no longer remains the same.
In the section, we discuss the relation to discrete minimal surfaces in R3.

In [20, 19], it was shown that every discrete minimal surface in R3 corresponds to
an infinitesimal deformation of a circle pattern. It can be regarded as a pair of circle
patterns that are infinitesimally close to each other. Equivalently, the holomorphic data
involves cross ratio X and its first-order change Ẋ. Previous construction is based on
reciprocal parallel meshes from the rigidity theory [23]. The approach developed in this
article provides another perspective of the construction in terms of osculating Möbius
vector fields.
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A Möbius vector field is generated by an infinitesimal Möbius transformation. It is a
quadratic vector field

(−γz2 + 2αz + β)
∂

∂z
corresponding to an element (

α β
γ −α

)
∈ sl(2,C).

Analogous to osculating Möbius transformations, every holomorphic vector field h(z) ∂∂z
on a domain Ω is associated with an osculating Möbius vector field a : Ω→ sl(2,C) that
coincides with the 2-jet of h at every point in Ω

h(z) = −γz2 + 2αz + β

h′(z) = ∂w(−γw2 + 2αw + β)|w=z

h′′(z) = ∂2
w(−γw2 + 2αw + β)|w=z

which gives

a(z) =

(
1
2 (h′(z)− zh′′(z)) 1

2

(
z2h′′(z)− 2zh′(z) + 2h(z)

)
−1

2h
′′(z) 1

2 (zh′′(z)− h′(z))

)
and

da = −h
′′′(z)

2

(
z −z2

1 −z

)
dz.

The coefficient h′′′ is the Schwarzian derivative of a holomorphic vector field. It vanishes
identically if and only if the vector field is globally generated by a Möbius transformation.
Furthermore, the osculating Möbius vector field defines a holomorphic null curve in sl(2,C)
in the sense that the Killing form evaluated on the tangent vectors vanishes. We denote
by i : sl(2,C)→ C3 an isomorphism between sl(2,C) equipped with the Killing form and
C3 equipped with the standard complex bilinear form. Then the composition of mappings

Re(i ◦ a) : Ω→ sl(2,C)→ C3 → R3(26)

yields a minimal surface in R3. One can verify that every minimal surface in R3 correspond
to an osculating Möbius vector field. In fact, it is related to a well known correspondence
between minimal surfaces in R3 and holomorphic null curves in C3 (See references in [26]).

Given a circle pattern z : V → C and a vector field ż : V → C denoting an infinitesimal
deformation of the vertices, it is associated with an osculating Möbius vector field a : F →
sl(2,C) analogously: for every face {ijk}, aijk is the unique quadratic vector field that
coincides with żi, żj , żk at vertices zi, zj , zk. Equation (26) induces a realization of the
dual graph in R3. The characterization has been carried out in [22, 19] when ż preserves
the modulus of cross ratios |X| or the intersection angles ArgX. Such realizations are
regarded as discrete minimal surfaces.

We conclude with a comparison between discrete minimal surfaces in R3 and CMC-1
surfaces in H3 in Table 1 and 2.
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Table 1. Modulus of cross ratios |X| is preserved

Minimal surfaces in R3 CMC-1 surface in H3

Edges Geodesics Circular arcs
Faces Piecewise linear Piecewise horospherical

Holomorphic data X, Ẋ s.t. Re(log Ẋ) ≡ 0 X, X̃ s.t. Re log(X̃/X) ≡ 0

Table 2. Intersection angles ArgX is preserved

Minimal surfaces in R3 CMC-1 surface in H3

Edges Geodesics Circular arcs
Vertex stars Planar Equidistant

Holomorphic data X, Ẋ with Im(Ẋ) ≡ 0 X, X̃ s.t. Im log(X̃/X) ≡ 0
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