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Abstract

This thesis focuses on computational methods to describe the mechanics of deformable
bodies in unilateral contact. This field of research aims to develop numerical simulations
that predict the mechanics that occur when a deformable body comes in contact with
another deformable body, a rigid body or with itself. A diverse range of questions in this
research domain remains open to this day. The goal of this thesis is to help answer two
of them. The first part of this thesis investigates if optimization solvers can be exploited
to predict the mechanics of a quasi-static, rate-independent deformable solid body when
it experiences snap-back due to its contact with a rigid body. The second part of this
thesis investigates if machine learning can be exploited to accelerate unilateral contact
simulations.

The first part of this thesis revolves around snap-back occurring due to unilateral contact.
Snap-back occurs when (a part of) the energy stored in a quasi-static deformable body
is suddenly released. Quasi-static deformable bodies in contact are particularly prone to
experience snap-back. Conventional quasi-static simulations are not able to treat snap-
back. A well-known remedy is to enhance the quasi-static simulation with an arc-length
method. Another remedy is to perform a dynamical simulation instead of a quasi-static
simulation. Both remedies come with their own advantages, disadvantages and limitations.
To this purpose, the first part of this thesis investigates the capabilities of four optimization
algorithms to describe the mechanics of a quasi-static, rate-independent deformable body
when it experiences contact-induced snap-back. The presented investigation considers 2D
and 3D scenarios, an elastic and elastoplastic mechanical model for the deformable body
and different refinement levels to spatially discretize the deformable body.

The machine learning algorithms under investigation in the second part of this thesis
are neural networks. First, an existing neural network is investigated for its ability to
replace the entire contact detection algorithm of the simulations. Second, a new neural
network is proposed to replace only the most time-consuming tasks of the conventional
contact detection algorithm. This hybrid strategy of only replacing a part of the existing
algorithm and not interfering with the other part makes use of the speed of the neural
network but also allows for the fact that neural networks are not perfect. The reason is
that the final task of the conventional contact detection algorithm, which is responsible
for the high accuracy, is the part that remains untouched. The proposed network is a
multi-task neural network that simultaneously classifies and emulates functions. Because
the network’s classifier and function emulator exchange information during each forward
pass, its accuracy is sufficient for use in true contact simulations.
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Chapter 1

Introduction

The topic of the thesis in front of you is situated in the research domain of computational
mechanics of solids. This domain aims to develop fast, accurate and robust numerical
simulations to predict the mechanical behaviour of deformable solid bodies. These simu-
lations are crucial for industries such as the manufacturing industry and the construction
industry because they enable companies to virtually assess the manufacturing process of
existing and yet-to-be-developed products, as well as the mechanical behaviour of the
products during service life.

This thesis focuses on computational methods to describe the mechanics of deformable
bodies in unilateral contact. This field of research aims to develop numerical simulations
that predict the mechanics that occur when a deformable body comes in contact with
another deformable body, a rigid body or with itself. Unilateral contact is thus not only
important for contact between several bodies [1], it can also be essential for a single body,
for instance if delamination [2] or a crack occurs [3, 4].

An important part of the research in this domain of the last 25 years has aimed at tackling
the following problem. A deformable body requires a spatial discretization in order to
describe its mechanical behaviour in numerical simulations. The spatial discretization
usually entails that the body’s surface is C0-continuous. The lack of surface continuity
(i.e. surface smoothness) poses substantial problems for simulations that utilize the fastest
and most conventional contact framework, the node-to-segment framework [5, 6].

The first class of studies aims to solve the problem described in the previous paragraph
by improving the body’s surface smoothness [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
Thus, these studies formulate new surface descriptions for deformable bodies such that
the robustness of node-segment frameworks improves.

Instead, the second class of studies aims to solve the aforementioned problem by replac-
ing the conventional node-to-segment contact framework with segment-to-segment frame-
works, also known as mortar methods [19, 20, 21, 22, 23, 24, 25]. It is reasonable to state
that a relevant part of the research community is convinced that segment-to-segment
frameworks outperform, or will outperform conventional node-to-segment frameworks in
terms of simulation robustness. Nevertheless, mortar methods are more time-consuming
than conventional node-to-segment approaches. Moreover, commercially available soft-
ware packages, such as Abaqus, use node-to-segment approaches as the default contact
framework.
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The principle aims of this thesis are not intended to improve node-to-segment frameworks
or segment-to-segment approaches. Somewhat remarkably nevertheless, the approach de-
veloped in the first part of this thesis does improve the robustness of node-to-segment
contact frameworks. Furthermore, the developments of the second part of this thesis are
formulated for node-to-segment frameworks, but can also be exploited by certain mortar
methods. The two main problems and associated aims under investigation in this thesis
can be concisely described as follows.

• When in contact, a minor change in a deformable body’s translation or rotation can
induce a sudden release of the energy stored in the body. This phenomenon is called
‘snap-back’ and conventional quasi-static simulations cannot treat this, entailing that
the simulation cannot proceed. The two remedies that could be applied in such a
scenario come with their own drawbacks. The first aim of this thesis is to investigate
if optimization solvers can be used as an alternative remedy to treat snap-back in
quasi-static rate-independent unilateral contact simulations.

• The second aim of this thesis is related to the recent increase of artificial intelligence
in society. The second aim is to investigate whether neural networks can be used to
replace the part of the contact simulations that is responsible for treating contact.
To this purpose, both the capabilities of an existing neural network are investigated,
and a new neural network is proposed.

The remainder of this introduction chapter consists of two subsections that consecutively
explain the two objectives of the thesis in more detail. They also relate the two aims and
the associated investigations to the existing literature. Consequently, the reader will be
confronted with an increase in technical and scientific terminology in the next subsections.

The remainder of this thesis, after the current chapter, is divided into three chapters.
Chapter 2 focuses on optimization solvers to treat snap-back. Chapter 3 focuses on two
neural networks to emulate the algorithm responsible for evaluating contact in conventional
contact simulations. Finally, Chapter 4 presents several conclusions.

1.1 Aim of Chapter 2 and its relation to existing literature

Newton’s method is the preferred solver for quasi-static mechanical (contact) simulations
(and for many others, for that matter) because of its quadratic convergence, i.e. its sim-
ulation speed. The problem of interest in Chapter 2 is that Newton’s method does not
converge if one or more deformable bodies undergo snap-back. Deformable bodies in con-
tact are particularly prone to experience snap-back, and snap-through for that matter
because the bodies are compressed when in contact.

If snap-back or snap-through is expected to occur, one course of action for contact simu-
lations could be to change a quasi-static simulation to a dynamical one [24], even if the
mechanical behaviour, and not the dynamical behaviour, is of principal interest. How-
ever, dynamical simulations are slower and require additional parameters to be tuned or
identified (e.g. densities and viscosities).

Another course of action is to stick to the quasi-static paradigm and Newton solvers and
to make use of arc length methods [26, 27, 28, 29, 30]. However, a disadvantage of arc
length methods is that Newton’s method is not guaranteed to converge if the snap-back
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is so severe that the pre-snap-back force response and the snap-back force response are
significantly similar. Another disadvantage is that they require boundary conditions to be
in place because invertible stiffness matrices are required in Newton’s method and because
arc length methods modify the boundary conditions. Consequently, arc length methods
cannot be used if no boundary conditions are in place (see e.g. the multibody problem in
[1]).

The aim of Chapter 2 is to investigate the capabilities of optimization solvers as alternative
solvers to treat snap-back in quasi-static unilateral contact simulations. Optimization
solvers could be a good alternative to the two aforementioned strategies to treat snap-
back, because 1) the simulations remain quasi-static, thus circumventing the need to tune
any dynamical parameters, and 2) the potential problems of arc length methods may
be avoided (e.g. the lack of convergence in case of severe snap-back and problems if no
boundary conditions are applied).

Investigating optimization solvers for unilateral contact simulations is relatively new. The
work of Chapter 2 is most closely related to the recent work of Tupek and Talamini [31] and
to a lesser extent to the recent study of Houssein et al. [32]. The reason is that these two
studies also focus on optimization solvers for quasi-static unilateral contact simulations. Of
these two previous studies, Chapter 2 matches the least that of Houssein et al. [32], because
Chapter 2 investigates the potential of optimization solvers when snap-back occurs, whilst
the aim of [32] is to investigate if the interior point method can be used for frictional
contact if Coulomb friction is regularized using a series of Tresca models [33, 34]. In
other words, Chapter 2 focuses on mechanically non-linear bodies in frictionless contact
exhibiting snap-back, whereas [32] focuses on frictional contact between infinitesimally
elastic bodies that do not exhibit snap-back, nor snap-through.

Chapter 2 is most closely related to the study of Tupek and Talamini [31]. The most
important difference is that [31] focuses on snap-through, whereas Chapter 2 focuses on
snap-back. Other differences are that [31] considers hyperelasticity in 2D scenarios using
linear triangular finite elements (FE), while Chapter 2 considers both hyperelasticity and
hyperelastoplasticity in 2D scenarios using bilinear quadrilateral FEs and in 3D scenarios
using trilinear hexagonal FEs. Whereas [31] only investigates the preconditioned trust
region (TR) method as optimization solver, Chapter 2 investigates four optimization al-
gorithms: the BFGS method [35, 36, 37, 38, 39], its limited storage variant (L-BFGS)
[40, 41, 39], the original TR method [42, 43, 44, 39, 45, 46] and the preconditioned TR
method [44, 39, 47, 31]. As the results of Chapter 2 will indicate, the two quasi-Newton
methods perform differently than the two TR methods, not just in terms of simulation
speed.

Furthermore, Tupek and Talamini are obliged to use their optimization solver for each
time increment, because snap-through does not yield failure of Newton’s method. On
the other hand, this thesis makes use of the fact that Newton’s method fails if snap-back
is encountered. Hence, simulations in this thesis only deploy an optimization solver for
problematic time increments. Another difference is that the thesis only focuses on contact
between a deformable body and a rigid body, whereas [31] also considers deformable-
to-deformable contact (albeit only in 2D scenarios). Furthermore, this thesis constructs
the preconditioner in the preconditioned TR method for each TR iteration independently,
whereas [31] only changes the preconditioner if the number of conjugate gradient iterations
of the last global TR iteration increases a user-defined threshold. Another difference is
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that the thesis focuses on frictionless contact, whereas Tupek and Talamini also consider
frictional contact, although large sliding of contact surfaces does not occur in their sim-
ulations. Moreover, both [31] and this thesis use a node-to-segment framework, but the
thesis uses Gregory patches to smoothen the leader surface, whereas Tupek and Talamini
smoothen the closest-point projection (in a fashion that is only applicable in 2D scenarios).
Finally, the thesis uses the penalty method to enforce contact, while [31] uses augmented
Lagrange multipliers.

Newton’s method is not a true minimization method because it can converge to any type of
stationary point. Hence, switching from Newton’s method to a true minimization method
that aims to find minimizers is strictly speaking only possible if the mechanical problem
can be written as a minimization problem. This entails that Lagrange multipliers can, for
instance, not be used to enforce contact. Furthermore, rate-dependent constitutive models
can also not be used, strictly speaking. However, hyperelasticity [48, 49, 50], variational
plasticity [51, 52, 53, 54] and variational damage [55, 56, 57, 58, 59] can be used.

Chapter 2 investigates optimization solvers for two widely used hyperelastic and hyper-
elastoplastic constitutive models. The neat aspect is that true incremental variational
plasticity in the strictest sense, which considers the plastic variables as independent vari-
ables that must be optimized together with the displacements, can be avoided. This entails
that the displacement-driven nature of this thesis’ simulations is retained. In turn, this
has the advantage that the efforts to implement the optimization solvers are somewhat
limited if a standard Newton’s method is already implemented.

The thesis uses a straightforward node-to-segment contact framework [5] and smoothens
the rigid leader-surface using Gregory patches [60], although numerous other smoothening
methods exist [7, 8, 9, 10, 11, 13] - that are in certain scenarios completely unavoidable [12,
14, 15, 16, 17, 18]. As a consequence of the employed node-to-segment framework, snap-
back does not only occur this thesis’ simulations because it is physically supposed to, it also
occurs as a side effect of the discreteness intrinsic to the node-to-segment framework. In
other words, switching Newton’s method for an optimization solver may also be beneficial
for node-to-segment contact frameworks.

Thus, it is reasonable to assume that if this thesis would have considered a mortar method
[19, 20, 21, 22, 23, 24, 25] instead of a node-to-segment framework, the optimization
solvers would need to work substantially less. The reason is that segment-to-segment
mortar methods are purposefully formulated to avoid the discreteness of node-to-segment
methods. This discreteness is caused by the fact that they enforce non-penetration for
each follower-vertex individually. Mortar methods avoid this by integrating the signed
distance over the entire contact surface and enforcing this integral to be equal to zero.

Nevertheless, snap-back is physically supposed to happen in numerous contact scenarios,
regardless of the contact framework employed, as this thesis demonstrates. Hence, all
unilateral contact simulations, including those employing mortar methods, need a strategy
to deal with snap-back.

1.2 Aim of Chapter 3 and its relation to existing literature

Chapter 3 contains the second main body of this thesis’ work. It evolves around the
capabilities of neural networks (NNs) to accelerate existing contact simulations, by only
replacing the contact part of the simulations.
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NNs are these days regularly investigated and exploited in the domain of computational
mechanics. They are, for instance, frequently used to learn constitutive laws from mi-
crostructural representative volume element computations [61, 62, 63] and/or the relevant
microstructural fields [64, 65, 66]. NNs can furthermore learn to replace entire simulations
that are governed by partial differential equations [67, 68, 69, 70, 71, 72], with [73] as the
most famous study. NNs can also be taught to predict the coefficients of the basis vectors
in reduced order models [74, 75, 76]. ML can furthermore classify groups of solution fields
for reduced order models [77, 78] or rapidly select appropriate solutions to generate the
most suitable reduced basis [79].

Computational mechanics’ subdomain of unilateral contact mechanics has not seen so
many ML enhancements yet. An example is the study by Sahin et al. [80]. Sahin et
al. propose a physically-informed NN (PINN) for the displacement field and stress field
of 2D deformable bodies in quasi-static contact simulations. The aspect that specializes
the PINN of [80] in treating frictionless contact is that the loss function incorporates the
Karush-Kuhn-Tucker equations that arise in unilateral contact scenarios. Goodbrake et
al. [81] also develop a PINN for contact involving a deformable body. The difference is
that Goodbrake et al. deal with a single 3D hyperelastic body in contact with a rigid
sphere, whereas Sahin et al. consider 2D infinitesimally elastic bodies in contact with each
other.

The study of Chapter 3 differs from those of Sahin et al. [80] and Goodbrake et al. [81],
because Chapter 3 only replaces the contact detection algorithm within an otherwise con-
ventional contact simulation, while the PINNs of [80] and [81] replace the entire simulation.
A previous study that also only replaces the contact detection algorithm is that of Lai
et al. [82]. Lai et al. focus on contact between 2D ellipsoidal rigid particles in a discrete
element framework. The first NN of [82] outputs a binary value that classifies whether or
not two ellipsoids are in contact. The second NN of [82] outputs a scalar that quantifies
the amount of penetration. The inputs are two shape parameters for each ellipsoidal par-
ticle, the displacement vector between the two particles’ centers and the rotation of each
particle. In [83], three of the authors of [82] extend the approach to irregular particles in
3D.

The goal of the contact detection algorithm in the simulations of this thesis, which are
limited to quasi-static node-to-segment contact between a deformable follower-body and a
rigid leader-body, is to determine the signed distance between a point in 3D space and the
rigid leader-body, as well as the signed distance’s gradient and Hessian with respect to the
location of the point of interest. The signed distance is the shortest distance between a
point of interest and the rigid-leader body, where the sign indicates if the point is located
inside (negative) or outside the body (positive). Thus, the signed distance is used to
determine whether or not the point of interest penetrates the leader-surface. However,
it is also necessary to determine the contact force and contact stiffness in the contact
simulations. In addition to the signed distance, its gradient is also necessary to construct
the contact force. The signed distance, its gradient and Hessian are furthermore all three
required to construct the contact stiffness.

Since the signed distance is a crucial result of contact detection algorithms, it is only
natural to borrow an NN tailored to the signed distance from the field of computer vi-
sion [84, 85, 86, 87, 88]. In computer vision, signed distance NNs are used to rapidly
visualize shapes.
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The approach of [89], named ‘Neural-Pull’, is identified as a suitable candidate to poten-
tially replace the conventional contact detection algorithm. The reason is that besides the
fact that Neural-Pull’s output is the signed distance, its cleverly constructed loss function
also trains the NN for the signed distance’s gradient. In other words, Neural-Pull’s input
scalars are the three components of a point in 3D and its single output scalar is the signed
distance between the point and a 3D body. Yet, if Neural-Pull is differentiated with re-
spect to the three components of the 3D point, the resulting NN should rather accurately
output the signed distance’s gradient. (If the resulting NN is again differentiated, the new
NN should emulate the signed distance’s Hessian) Nevertheless, Neural-Pull’s loss function
consists of a single contribution.

Besides investigating the capabilities of Neural-Pull to replace the conventional contact
detection algorithm, Chapter 4 also develops its own NN. Whereas Neural-Pull is envi-
sioned to replace the entire contact detection algorithm, the second NN only emulates
the most time-consuming tasks of the conventional contact detection algorithm. However,
the task that is most critical to the accuracy of the contact detection algorithm is left
untouched. Hence, this hybrid approach is expected to yield excellent accuracy as well as
a substantial acceleration.

The conventional contact detection algorithm consists of a broad phase and a narrow
phase. The latter is split in two tasks. The broad phase calculates a subset of patches of
the leader-surface that contain the closest-point projection (i.e. the point on the leader-
surface closest to the point of interest). The first task of the narrow phase is to determine
a suitable initial guess of the surface coordinates for each patch that is identified by
the broad phase. The second task of the narrow phase is to deploy Newton’s method
in order to calculate the parametric surface coordinates that exactly match the closest-
point projection, for each patch independently. To this purpose, the second task uses
the initial guesses that are determined by the narrow phase’s first task. (Subsequently,
the parametric surface coordinates yield the signed distance, its gradient and its Hessian
almost instantaneously.)

The second NN of Chapter 3 replaces the broad phase, as well as the narrow phase’s
first task. Hence, the NN classifies a subset of patches that contain the closest-point
projection and simultaneously provides a suitable initial guess for the parametric surface
coordinates of each patch in the subset. Nevertheless, the second task of the narrow phase,
i.e. Newton’s method, is left intact. The idea behind this hybrid approach is that the broad
phase and the narrow phase’s first task are the most time-consuming, yet they require the
least accuracy. Thus, they are ideal for replacement by the NN. On the other hand, the
narrow phase’s second task is relatively fast but must be performed highly accurately.
Thus, this task is neither very suitable nor useful for emulation by a NN.

The NN that is developed in Chapter 3 is a multi-task NN, because it both classifies patches
and approximates parametric surface coordinates. It does so simultaneously, which means
that the classification part of the network and the approximation part of the network
exchange information during each forward pass. Furthermore, the multi-task NN also
approximates the signed distance, but its accuracy is not great. Consequently, the signed
distance approximated by the NN is, therefore, only used as an initial filter, but not as
the precise signed distance that is required in the governing equations.
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The accuracy of the multi-task NN’s parametric surface coordinate approximation, partic-
ularly near patch edges, is improved using a segmented regression layer with a customized
loss function. This loss function selectively propagates gradients based on patch-specific
conditions.
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Chapter 2

Optimization solvers to treat
snap-back in unilateral contact
simulations

2.1 Introduction

The current chapter investigates the capabilities of optimization solvers. The optimiza-
tion solvers are only used to treat time increments for which Newton’s method does not
converge. In the contact simulations of this thesis, if Newton’s method does not converge,
it is generally caused by snap-back. In some cases, snap-back may be perceived as a side
effect of the node-to-segment contact framework. In other cases, it is visually confirmed
that snap-back is supposed to occur and is completely unrelated to the employed contact
framework.

The thesis limits itself to 2D and 3D scenarios in which a deformable body comes in and
out of frictionless contact with a rigid body. The rigid body consistently serves as the
leader-body and the deformable body functions as the follower-body. The deformable
body is discretized using bilinear quadrilateral finite elements (FEs) in the 2D scenarios
and trilinear hexagonal FEs in the 3D scenarios. The rigid leader-surface is smoothed
using Gregory patches [60].

Non-penetration is enforced using the penalty method. Three variants are investigated
for Newton’s method. After a brief investigation of the results section of this chapter,
the bilateral variant with a constant penalty parameter is deemed the most robust and
is used for the remainder of the simulations. In the bilateral variant, Newton’s method
keeps applying the contact constraints until it has converged - even if a follower-vertex is
temporarily out of the rigid leader-body. After each time increment has converged, the
algorithm checks if the active set of follower-vertices must be updated or not. If an update
indeed takes place, the time increment is repeated. In the optimization algorithms, the
unilateral variant with a constant penalty stiffness is employed because the optimization
algorithms are more robust than Newton’s method (yet slower).

Both a hyperelastic and a hyperelastoplastic constitutive law are used to describe the
mechanical deformation of the deformable body. Since the hyperelastic model employed is
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the same as the hyperelastoplastic model used, but with a substantially large initial yield
stress, only the elastoplastic one is described in the next section.

The four optimization algorithms under investigation are the quasi-Newton method with
the BFGS update of the approximation of the inverted Hessian, its limited-storage sibling
(i.e. L-BFGS), the TR method exploiting the original Steihaug-Point conjugate gradient
method and finally the TR method that used the same but precondition conjugate gradient
method. The optimization algorithms are explained in the third section of this chapter.

The outline for the remainder of the chapter is as follows. The next section discusses the
unilateral contact simulation, with Newton’s method as the solution algorithm. Section 3
provides the objective function for the mechanical contact simulations and discusses the
minimisation algorithms that are applied in case Newton’s method fails. Section 4 briefly
discusses the smoothing of surfaces using Gregory patches. The numerical investigation
in section 5 elaborately compares the capabilities and performances of the different opti-
mization solvers. Finally, a short conclusion is provided in section 6. First, a part of the
mathematical notation is summarized in Table. 2.1.

Table 2.1: Some of the mathematical nomenclature.

a scalar a column of vectors

a vector A matrix of tensors

A 2nd-order tensor (•)c conjugate transpose of 2nd-order tensor

a column (•)T transpose of matrix

A matrix (•)−1 inverse of matrix or 2nd-order tensor

A−c conjugate transpose of the inverse of 2nd-order tensor (which equals

the inverse of the conjugate transpose)

(•)cab conjugate transpose of higher-order tensor where the ath and bth

base vector change sequence

(•)cT transposed of a matrix of 2nd-order tensors, where each tensor is

conjugate-transposed

A−cT defined according to A−cT ·AcT = I, where I denotes a diagonal

matrix with identity tensors on its diagonal

b = d a(x)
dx

the component of b at row i is defined as d a(x)
d (x)i

, where i denotes the

component of x at location i.

B =
d2a(x,y)

dy dx the component of B at row i, column j is defined as d
d(y)j

da(x,y)

d(x)i
.

2.2 Displacement driven Newton’s method

The current section discusses the most frequently employed solver in computational me-
chanics: displacement-driven Newton’s method. The displacement-driven nature entails
that Newton’s method computes a correction to the previous estimate of the displacement
vectors. Subsequently, additional computations may need to be performed to update
other variables, that directly or indirectly depend on the displacement vectors. In the case
of quasi-static simulations involving frictionless, penalty-based, node-to-segment contact
between a rate-independent elastoplastic follower-body and a rigid leader-body, these ad-
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ditional variables constitute (i) the parametric leader-surface coordinates associated with
the shortest distance between a follower-vertex and the leader-surface, and (ii) the internal
(plastic) variables of the elastoplastic constitutive model.

The first subsection discusses the governing equations which involve the signed distance
quantification, the constitutive model and the discretized weak form. The second subsec-
tion discusses Newton’s method to solve the governing equations and pays attention to
the return mapping algorithm and the consistent tangent stiffness.

2.2.1 Governing equations

The goal in the simulations of interest is to compute the unknown displacement vector
field, u, the unknown field of the internal (plastic) variables, ζ, the parametric surface
coordinates on the leader-surface associated with the closest distance between the follower-
surface and the leader-surface, ξ and the field of normal pressure, p, such that the following
strong form holds for the deformable follower-body:

∇ · σ(u∗, ζ∗) = 0 in Ω, (2.1)

σ(u∗, ζ∗)− σc(u∗, ζ∗) = 0 in Ω, (2.2)

1

J(u∗)

(
Pmat(u

∗, ζ∗)− Ė(u∗, ζ∗)− Ḋ(ζ∗)
)
= 0 in Ω, (2.3)

u∗ = ū on ΓD, (2.4)

σ(u∗, ζ∗) · n(u∗) = t̄ on ΓN, (2.5)

σ(u∗, ζ∗) · n(u∗)− p∗ n(u∗) = 0 on ΓC, (2.6)

g(u∗, ξ∗(u∗)) ≥ 0, p∗ ≤ 0, g(u∗, ξ∗(u)∗) p∗ = 0 on ΓC. (2.7)

Eq. (2.1) describes the balance of linear momentum in the absence of body forces within the
deformable body in the deformed configuration, Ω. The balance must be iteratively solved.
∇, σ, and (·) denote the gradient operator with respect to the deformed configuration, the
Cauchy stress tensor and the inner product, respectively. Asterisks are used as superscripts
when the associated variables satisfy some computational problem. Thus, here asterisks
are used because the associated variables satisfy the strong form.

Eq. (2.2) describes the balance of angular momentum. The constitutive model is formu-
lated such that it automatically holds locally.

Eq. (2.3) describes energy conservation. The constitutive model is formulated such that it
automatically holds locally. Pmat, E and D denote the internal power, the stored energy
and the dissipated energy in the reference (i.e. original or undeformed) configuration,
respectively. The dot on top of a symbol denotes the time derivative. J denotes the
volume change with respect to the undeformed configuration as a ratio.

Eq. (2.4) specifies Dirichlet boundary conditions ū on surface ΓD of the deformable body.
Eq. (2.5) specifies Neumann boundary conditions on surface ΓN using surface tractions t̄
and follower-surface’s outward pointing normal vector n. Both are defined in the deformed
configuration.

Eqs. (2.6) and (2.7) together describe the contact interactions, i.e. the Signorini problem.
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lead

lead

lead

lead

Figure 2.1: Illustration of the quantities involved in the computation of the signed distance.
Left: penetration, i.e. g < 0. Right: non-penetration, i.e. g ≥ 0.

The conditions in Eq. (2.7) are commonly known as the Karush-Kuhn-Tucker conditions.
Eqs. (2.6) and (2.7) must be incorporated in the computational procedure that solves
the balance of linear momentum. ξ∗ denotes the column of length two that stores the
parametric surface coordinates on the leader-body associated with the shortest distance
between the leader-surface and the follower-surface. g denotes the penetration of the
deformable body in the rigid body. p∗ denotes the normal pressure needed to prevent
penetration of the bodies.

One may recognise that the three aforementioned parts of the domain boundary of Ω, (ΓD,
ΓN and ΓC) cannot overlap. Furthermore, displacement vector field u is a function of the
location in the undeformed domain, i.e. u(X).

Closest-point projection

In the strong form, signed distance g and parametric surface coordinates ξ are introduced.
The formulation of g and the computation to find the parametric surface coordinates that
minimize the distance between a point on the follower-surface and the rigid leader-surface
are now discussed.

For a point on the follower-surface, indicated byX in the undeformed configuration, signed
distance g in the strong form is quantified as follows:

g(u, ξ∗(u)) = (x(u)−X∗
lead) · n∗

lead, (2.8)

with

x(u) = X+ u, (2.9)

where X∗
lead denotes the point on the leader-surface that is closest to x (see Fig. 2.1).

Furthermore, n∗
lead denotes the normal outward-pointing vector of the leader-surface at

X∗
lead.

In this case, the asterisks are associated with the solution of the following minimization
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problem:

ξ∗ = argmin
ξ
∥x(u)−Xlead(ξ)∥, (2.10)

(where ∥ • ∥ denotes the L2-norm) and consequently, they implicitly depend on displace-
ment vector u (at X):

X∗
lead = Xlead(ξ

∗(u)), (2.11)

n∗
lead = nlead(ξ

∗(u)). (2.12)

Constitutive model

In the strong form, the expressions of the stresses and how the stresses, together with
the history of the deformation, govern the evolution of the internal variables are not
provided. These points are defined by the constitutive model. The constitutive model is
now discussed. It is important to acknowledge that the constitutive model is defined such
that the balance of angular momentum of Eq. (2.2) holds locally, as well as the energy
balance of Eq. (2.3).

The total deformation gradient tensor is locally defined in terms of the displacement vector
according to:

F(u(X)) = I+ (∇0u(X))c , (2.13)

where I denotes the identity tensor and ∇0 denotes the gradient operator with respect to
the reference configuration.

A multiplicative decomposition of the total deformation gradient tensor into elastic de-
formation gradient tensor Fe and plastic deformation gradient tensor Fp is furthermore
assumed:

F(u(X)) = Fe · Fp. (2.14)

The following expression for the strain energy density is used:

W (Fe) = µ1

(
tr(Fc

e · Fe)− 3− µ2 ln(Je)
)
+ µ2

(
ln(Je)

)2
, (2.15)

with
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tr(Fc
e · Fe) = I : (Fc

e · Fe), (2.16)

Je = det(Fe), (2.17)

µ1 =
E

4(1 + ν)
, (2.18)

µ2 =
Eν

2(1 + ν)(1− 2ν)
, (2.19)

where (:) denotes a double inner product and E and ν denote Young’s modulus and
Poisson’s ratio, respectively. This strain energy density yields the following expression for
the first Piola-Kirchoff stress tensor:

P =
dW

dFe
= 2µ1Fe + 2(µ2 ln(Je)− µ1)F

−c
e . (2.20)

The employed Von Mises yield function reads:

y =

√
3

2
Mdev : Mdev −My0 − hhardλ

mhard , (2.21)

where My0, hhard and mhard denote the initial yield stress, the hardening modulus and
the hardening exponent, respectively. Furthermore, λ denotes the plastic multiplier and
deviatoric Mandel stress tensor Mdev reads:

Mdev = M− tr(M)

3
I, (2.22)

where the Mandel stress tensor is expressed as follows:

M = Fc
e ·P, (2.23)

which can be shown to be symmetric with the use of Eq. (2.20).

The associative flow rule used here reads:

Ḟp = λ̇
d y

dM
· Fp, (2.24)

which ignores plastic spin. Finally, the following Karush-Kuhn-Tucker relations are in
place:

y ≤ 0, λ̇ ≥ 0, yλ̇ = 0. (2.25)
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Thus, the internal variables are entirely local, and they only depend on the deformation
at X. Locally, the internal variables consist of the nine components of the plastic de-
formation gradient tensor Fp and the plastic multiplier λ. Furthermore, the rate of the
plastic deformation gradient tensor is isochoric due to the use of the deviatoric Mandel
stress tensor in the yield function. Consequently, all volume changes are due to elastic
deformation:

det (F(u)) = det(Fe) det(Fp), (2.26)

J(u) = Je Jp(Fp), (2.27)

= Je. (2.28)

Energy balance

Next, it will be demonstrated that the constitutive model automatically satisfies the energy
balance of Eq. (2.3). For this purpose, first, the internal power for an infinitesimal material
point in the reference configuration can be written as follows:

Pmat = J σ : L (2.29)

= Je σ :
(
Ḟ · F−1

)
, (2.30)

=
(
Je σ · F−c

)
: Ḟc, (2.31)

=
(
Je σ · F−c

e · F−c
p

)
: Ḟc, (2.32)

On the other hand, free energy function E is postulated to depend on the elastic de-
formation gradient tensor and the plastic multiplier so that the rate of the free energy
reads:

Ė =
d E
dFe

: Ḟc
e +

d E
dλ

λ̇, (2.33)

=
d E
dFe

:
(
F−c
p · Ḟc

)
+

d E
dFe

:
(
Ḟ−c
p · Fc

)
+

d E
dλ

λ̇, (2.34)

=

(
d E
dFe

· F−c
p

)
: Ḟc − d E

dFe
:
(
(F−c

p F−c
p )c24 : Ḟc

p · Fc
)
+

d E
dλ

λ̇, (2.35)

=

(
d E
dFe

· F−c
p

)
: Ḟc −

(
Fc
e ·

d E
dFe

· F−c
p

)
: Ḟc

p +
d E
dλ

λ̇, (2.36)

=

(
d E
dFe

· F−c
p

)
: Ḟc −

(
Fc
e ·

d E
dFe

· F−c
p

)
:

(
Fc
p ·

d y

dM

)
λ̇+

d E
dλ

λ̇, (2.37)

=

(
d E
dFe

· F−c
p

)
: Ḟc +

(
d E
dλ
− Fc

e ·
d E
dFe

:
d y

dM

)
λ̇. (2.38)

Using this result together with Eq. (2.32), the rate of dissipation reads:
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Ḋ = Pmat − Ė , (2.39)

=

(
Je σ · F−c

e · F−c
p −

d E
dFe

· F−c
p

)
: Ḟc +

(
Fc
e ·

d E
dFe

:
d y

dM
− d E

dλ

)
λ̇. (2.40)

With the following postulate:

d E
dFe

= Je σ · F−c
e , (2.41)

and assuming that:

d E
dFe

=
dW

dFe
(= P) , (2.42)

the dissipation rate reduces to:

Ḋ =

(
M :

d y

dM
− d E

dλ

)
λ̇. (2.43)

This can further be reduced using:

d y

dM
=

3Mdev√
6Mdev : Mdev

, (2.44)

to:

Ḋ =

(√
3

2
Mdev : Mdev −

d E
dλ

)
λ̇. (2.45)

If it is further assumed that:

d E
dλ

= hhardλ
mhard , (2.46)

the dissipation rate can be ultimately reduced to (with the use of the yield criterion):

Ḋ = My0 λ̇. (2.47)

This expression entails that energy is only dissipated if plastic deformation evolves. Fur-
thermore, because the plastic multiplier can only grow (as already included in the Karush-
Kuhn-Tucker conditions of Eq. (2.25)), the dissipation rate is nonnegative, as physically
required.
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The only remaining issue is to define free energy function E in such a way that Eqs. (2.42)
and (2.46) hold. The following expression accomplishes this:

E(Fe, λ) = W (Fe) +
hhard

mhard + 1
λmhard+1, (2.48)

where the strain energy density W is defined in Eq. (2.15). Finally, it may be noted that
not all the energy stored in E is recoverable. Only the energy in the strain energy density
function can be recovered.

The fact that this constitutive model also maximizes the dissipation (i.e. it abides by the
second law of thermodynamics) is not further detailed. However, it is worth mentioning
that the second law of thermodynamics is not a prerequisite for switching from a Newton
solver to a minimization solver.

Balance of angular momentum

In addition, it can be shown that this constitutive model abides by the balance of angular
momentum of Eq. (2.2). To this purpose, Eqs. (2.41), (2.42) and (2.20) together yield the
following expression for the Cauchy stress tensor:

σ =
1

Je
P · Fc

e, (2.49)

=
1

Je

(
2µ1Fe · Fc

e + 2
(
µ2ln(Je)− µ1

)
I
)
, (2.50)

which is indeed symmetric.

Weak form

Since the constitutive model intrinsically accounts for the balance of angular momentum
of Eq. (2.2) and the energy balance of Eq. (2.3), they do not have to be solved for. In
order to solve the remaining equations of the strong form, the continuity requirements of
the strong form are reduced by transforming them into the weak form.

By application of the weighted residuals method to the balance of linear momentum of the
strong form and subsequently, the divergence theorem to incorporate Neumann boundary
conditions and the normal pressure on the potential contact surface, the strong form yields
the following weak form:

∫
Ω
(∇ϕ)c : σ(u∗, ζ∗) dV −

∫
ΓN

ϕ · t̄ dA−
∫
ΓC

ϕ · p∗n∗ dA = 0, (2.51)

g(u∗, ξ∗(u∗)) ≥ 0, p∗ ≤ 0, g(u∗, ξ∗(u)∗) p∗ = 0, (2.52)

where ϕ(X) denotes some test vector field defined in the reference configuration. Here,
the Dirichlet boundary conditions are ignored in the notation.
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As this thesis uses the penalty method to enforce contact constraints, normal pressure p∗ is
replaced by −k⟨−g⟩, where k denotes the penalty stiffness and ⟨•⟩ the Macaulay brackets.
Incorporating this in the weak form, together with the fact that the outward-pointing
normal of the deformable follower-body, n, and the outward pointing normal of the rigid
leader-body, nlead, are opposites:

n = −nlead, (2.53)

yields the following result:

∫
Ω
(∇ϕ)c : σ(u∗, ζ∗) dV −

∫
ΓN

ϕ · t̄ dA−
∫
ΓC

ϕ · k
〈
− g(u∗, ξ∗(u∗))

〉
n∗
lead dA = 0, (2.54)

which avoids the need of Eq. (2.52).

The issue with this weak form (and with the strong form for that matter) is that externally
applied traction t̄ in the deformed configuration is hard to apply, but its equivalent in the
reference configuration, t̄0, is straightforward to apply. Furthermore, the contribution due
to the balance of linear momentum is also more straightforward to express in the reference
contribution, but not the contribution due to contact. For this reason, using the following
two relations:

∇ = F−c · ∇0, (2.55)

dV = J dV0 = Je dV0, (2.56)

(where ∇0 and dV0 denote the gradient operator with respect to the original configuration
and the integral over the original configuration, respectively), the weak form is partially
expressed in the reference configuration and partially in the deformed configuration as
follows:

∫
Ω0

(∇0ϕ)
c :
(
F−1
p ·Pc(u∗, ζ∗)

)
dV0 −

∫
ΓN0

ϕ · t̄0 dA0−∫
ΓC

ϕ · k
〈
− g(u∗, ξ∗(u∗))

〉
n∗
lead dA = 0. (2.57)

Discretized governing equations

By spatially discretizing the weak form with the same test functions as the trial functions
(here with trilinear hexagonal FEs) and numerically integrating it (here with eight Gauss
quadrature points per hexagonal FE), a system of non-linear vector equations is obtained
which, in case it holds, can be written as follows:

f(u∗, ξ∗, ζ∗) = 0, (2.58)
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where f and u denote the columns containing the force vector that acts on each FE vertex
and the displacement vector of each FE vertex, respectively. The matrix ξ stores the

leader-body’s parametric surface coordinates associated with the shortest distance of each
follower-vertex. It is thus of size 2 × ncon for 3D simulations (where ncon denotes the
number of follower-vertices in contact). The matrix ζ stores the internal variables. For

the constitutive model of interest in 3D, the matrix with internal variables contains the
nine components of the plastic deformation gradient tensor and the plastic multiplier for
each quadrature point. Thus, it is of size 10× 8nel, where nel denotes the number of FEs.

The column f is additively constructed based on the three integrals of the weak form as
follows:

f(u, ξ∗, ζ) = fmat(u, ζ)− f ext − f con(u, ξ
∗), (2.59)

where f ext denotes the column with external force vectors and:

fmat(u, ζ) =

8nel∑
i=1

ηi∇0N 0 ·
(
F−1
p/i ·P

c
(
u, ζ

i

))
, (2.60)

f con(u, ξ
∗) =

∑
i∈C

ki

〈
− gi

(
ui, ξ

∗
i
(ui)

)〉
n∗
lead/i, (2.61)

where ηi denotes the weight of the quadrature point i and N 0 denotes the column of
shape functions (where the subscript 0 is included to indicate that the shape functions
are defined with respect to the undeformed configuration, i.e. X). Moreover, the following
abbreviations are used:

ζ
i
=
(
ζ
)
:,i

ξ
i
=
(
ξ
)
:,i

ui = (u)i , (2.62)

Thus, the plastic variables of integration point i, ζ
i
, constitute the plastic multiplier and

the components of plastic deformation gradient tensor Fp/i.

In Eq. (2.61) furthermore, C denotes the set that contains the FE follower-vertices that
may be in contact. The signed distance of the follower-vertex i is indicated by gi and is
given in Eq. (2.8). It only depends on the displacement vector of follower-vertex i, i.e. ui.
n∗
lead/i denotes a zero column, with the exception of the component associated with the

follower-vertex i according to Eq. (2.12).

2.2.2 Newton’s method

Displacement-driven Newton’s method uses a first-order Taylor expansion around the esti-
mated solution of iteration it, uit, to obtain a system of linear vector equations. Once the
system of linear vector equations is transformed into a system of linear scalar equations,
it can be computed numerically.

The system of linear vector equations can be expressed as follows:
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f
∣∣
uit,ζ∗it,ξ∗it +K

∣∣
uit,ζ∗it,ξ∗it · h = 0, (2.63)

where h denotes the correction to the current estimate of displacements uit that is to
be computed. Furthermore, K denotes the Jacobian, which is a matrix of second-order
tensors.

Particular in displacement-driven Newton’s method is that additional variables ζ and ξ

are recomputed to perfectly hold for each new estimate uit. For this reason, the asterisks
are included in the superscripts of ζ and ξ in Eq. (2.63). Recomputing the additional

variables is relatively efficient because the computations are entirely local; the closest
point projections in ξ can be computed for each follower-vertex independently, and the

computations of the new plastic variables can be computed for each integration point
independently.

The computation of the closest projection point was already discussed in the text sur-
rounding Eq. (2.10). The computation of the plastic variables is now discussed.

Return mapping

The computation of the updated internal variables starts with evaluating the yield function
for the existing internal variables. In case the yield function is not exceeded in a quadrature
point, the internal variables associated with the quadrature point do not change. The
reason is that Karush-Kuhn-Tucker conditions in Eq. (2.25) are not violated.

However, if the yield function is exceeded at the quadrature point, the internal variables
do change. In that case, the equations that need to hold in the integration point can be
written as follows:

y(Fp, λ̇
∣∣Fp/prev, λprev,F

it) = 0, (2.64)

Fp = exp

(
λ̇
d y

dM

)
· Fp/prev, (2.65)

λ̇ > 0, (2.66)

where Fp and λ̇ denote the variables of the problem. Furthermore, Fp/prev and λprev

together quantify the previous plastic state of the integration point and

Fit = F(uit). (2.67)

It may furthermore be clear that an eigenproblem must be solved to express:

exp

(
λ̇
d y

dM

)
=

3∑
i=1

exp(λ̇si)nini, (2.68)

where si and ni denote the ith eigenvalue and eigenvector of tensor d y
dM , respectively.
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The said return mapping problem can be simplified using the concept of ‘closest point
projection’, which in the case of Von Mises yield criterion leads to the radial return algo-
rithm. The idea is to insert Eq. (2.65) in Eq. (2.64) so that the new plastic deformation
gradient tensor is omitted as a variable and the only equation to solve is:

y(λ̇
∣∣Fp/prev, λprev,F

it) = 0. (2.69)

Newton’s method is then applied as follows:

y(λ̇itRM) +
d y

d λ̇

∣∣∣∣
λ̇itRM

∆λ̇ = 0, (2.70)

where λ̇itRM denotes the previous estimate of the change of the plastic multiplier and ∆λ̇
the correction of the previous estimate of the change of the plastic multiplier that is to be
computed in the current iteration. Furthermore, the derivative in the previous equation
reads:

d y

d λ̇
=

d y

dM
:
dMc

dFe
:
dFc

e

dFp
:
dFc

p

d λ̇
−mhardhhard(λprev + λ̇)mhard−1, (2.71)

where

d y

dM
=

3Mdev√
6Mdev : Mdev

, (2.72)

dMc

dFe
= (IP)c14 +

(
Fc
e ·
(
dPc

dFe

)c12)c12

, (2.73)

dFc
e

dFp
= −

((
F−c
p Fit · F−1

p

)c23)c34
, (2.74)

dFc
p

d λ̇
= Fc

p/prev ·
3∑

i=1

si exp(λ̇si)nini, (2.75)

with

dPc

dFe
= 2µ1(II)

c23 + 2µ2F
−1
e F−c

e + 2 (µ1 − µ2ln(Je))
(
F−1
e F−c

e

)c23 . (2.76)

Important to realize is that the return mapping problem may be so non-linear that New-
ton’s method, which is used to solve Eq. (2.70), does not converge. Here, this is monitored
by comparing the previous residual of the return mapping algorithm with the new resid-
ual. If the new residual is larger than the previous residual, cut-backs are initiated. For
the first cut-back, this entails that the return mapping algorithm is attempted for the
average between the new deformation gradient tensor Fit and the converged one of the
previous time increment. If successful, the return mapping algorithm is repeated for the
new deformation gradient tensor Fit. If unsuccessful, another cut-back is made.
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Jacobian

Next, attention is paid to the Jacobian in Eq. (2.63). The Jacobian constitutes of two
contributions; one due to contact and one due to the constitutive behaviour, i.e. the
internal forces:

K =
d f

du
=

dfmat

du
− df con

du
. (2.77)

First, the part of the Jacobian due to contact is considered. It can be expressed as follows:

df con
du

=
∑
i∈C
−kiH(−gi)

d gi
du

(
n∗
lead/i

)T
+ ki

〈
− gi

〉dn∗
lead/i

du
, (2.78)

where H(•) denotes the Heaviside function, gi is abbreviated but must be considered as in
Eq. (2.61) and the two derivatives with respect to u need to be discussed in more detail.

The first derivative will now be considered. For this purpose, the variation of gi, i.e. δgi,
can be written as follows:

δgi = δxi(ui) · n∗
lead/i − δX∗

lead/i · n∗
lead/i +

(
xi(ui)−X∗

lead/i

)
· δn∗

lead/i, (2.79)

with the help of Eq. (2.8). This exercise makes clear that, because of the following or-
thogonalities:

δX∗
lead/i ⊥ n∗

lead/i, (2.80)

xi −X∗
lead/i ⊥ δn∗

lead/i, (2.81)

the first partial derivative in Eq. (2.78) can be reduced to:

d gi
du

=
dxi(ui)

du
· n∗

lead/i = Ii · n∗
lead/i = n∗

lead/i, (2.82)

where Ii denotes a zero column with the exception of component i, which is equal to the
identity tensor. Thus, Eq. (2.78) can now be expressed as follows:

df con
du

=
∑
i∈C
−kiH(−gi)n∗

lead/in
∗
lead/i + ki

〈
− gi

〉dn∗
lead/i

du
, (2.83)

where each component of the matrix n∗
lead/in

∗
lead/i is zero, except for the one associated

with row i, column i.
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Next, the remaining partial derivative in Eq. (2.83) is considered. It can be expressed as
follows:

dn∗
lead/i

du
=

dn∗
lead/i

d ξ
i

d ξ∗
i

dui
·
(
dui

du

)T

, (2.84)

=
dn∗

lead/i

d ξ
i

d ξ∗
i

dui
· (Ii)T , (2.85)

with

dξ∗
i

dui
= −

(
∂2ω

∂(ξ
i
)2

∣∣∣∣
ξ∗
i

)−1
∂2ω

∂ui ∂ξi

∣∣∣∣
ξ∗
i

, (2.86)

which is obtained by applying the implicit function theorem to the objective function in
Eq. (2.10), where the objective function of Eq. (2.10) is denoted by ω, i.e.:

ω(ξ
i

∣∣ui) = ∥xi(ui)−Xlead/i(ξi)∥. (2.87)

Next, the part of the Jacobian (Eq. (2.77)) associated with the internal forces is considered.
It can be expressed as follows:

dfmat

du
=

8nel∑
i=1

ηi∇0N 0 · 4Kmat/i · ∇0N T
0 , (2.88)

where 4Kmat/i denotes the consistent tangent (stiffness) tensor associated with the inte-
gration point i. It depends on the displacements, as well as on the current plastic variables
and the previous plastic multiplier of the integration point i.

In case the material of the integration point i does not exceed the yield criterion for the
current estimate of the displacement, i.e. uit, the consistent tangent tensor reads:

4Kmat = F−1
p/prev ·

dPc

dFe
· F−c

p/prev. (2.89)

where subscript i is ignored for ease of notation. It may be noted that in this case, the
elastic deformation gradient tensor in the expressions of the fourth-order stiffness tensor
dPc

dFe
in Eq. (2.76) reads:

Fe = F−1
p/prev · F

it. (2.90)

However, if the material at the integration point i exceeds the yield criterion for the current
estimate of displacements uit, the consistent tangent tensor reads:
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4Kmat = F−1
p ·

dPc

dFe
· F−c

p + (
F−1
p ·

dPc

dFe
:
dFc

e

dFp
−
(
F−1
p P · F−c

p

)c23) :
dFc

p

dF
, (2.91)

with

dFc
p

dF
=

dFc
p

d λ̇

d λ̇

dF
, (2.92)

where, thanks to the implicit function theorem applied to the yield criterion:

d λ̇

dF
= −

(
d y

d λ̇

)−1 d y

dF
, (2.93)

with:

d y

dF
=

d y

dM
:
dMc

dFe
:
dFc

e

dF
, (2.94)

=
d y

dM
:
dMc

dFe
:
(
IF−c

p

)c13 . (2.95)

In this case of yielding, the elastic deformation gradient tensor in all of the said second-
order and fourth-order tensors reads:

Fe = F−1
p · Fit. (2.96)

2.2.3 Contact variants

The way in which contact is included in the method described so far is truly unilateral.
This means that the contact constraints are treated as true inequality constraints. Hence,
each follower-vertex may penetrate the leader-surface in one iteration but not in the next.
Consequently, the application of the contact force and stiffness may also change from one
iteration to the next - as indicated by the Macaulay brackets and the Heaviside function
in Eqs. (2.61) and (2.83).

The issue with this unilateral way of applying the penalty constraints is that Newton’s
method may fail to converge. This may occur, for instance, if the penalty stiffness is
too large, in which case the contact status of follower-vertices keeps changing from one
iteration to the next. On the other hand, if the penalty stiffness is too small, the amount
of penetration may be so large that the simulation loses its physical meaning. A sensitivity
study of the stiffness in the standard unilateral case as well as the variants described in
this section, can be found in Appendix A.
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Adaptive penalty stiffness

To avoid this problem, contact simulations using the penalty method may adaptively
change the penalty stiffness during the course of a simulation. Normally, a relatively small
penalty stiffness k0 is used at the start of the simulation. If the amount of penetration
after convergence of a time increment exceeds some threshold, gmax, the penalty stiffness
is increased and the time increment is repeated. On the other hand, if the amount of
penetration after convergence of a time increment is smaller than some threshold, gmin,
the penalty stiffness is reduced and the time increment is repeated.

In this thesis, the following updating rule is used to adapt the penalty stiffness of follower-
vertex i:

ki =


ki if gmin ≤ ⟨−g∗i ⟩ ≤ gmax,

(1 + κ)
⟨−g∗i ⟩
gmax

ki if ⟨−g∗i ⟩ > gmax,

max
(
(1− κ)

⟨−g∗i ⟩
gmin

ki, k
0
)

if ⟨−g∗i ⟩ < gmin,

(2.97)

where κ > 0 denotes a user-defined value, and the following abbreviation is used:

g∗i = gi

(
u∗
i , ξ

∗
i
(u∗

i )
)
. (2.98)

Updating the penalty stiffness during the course of a simulation is also not free of trouble.
The reason is that a too large value of κ may cause the penetration that is obtained after
the convergence of the repeated time increment to skip the domain [gmin, gmax] entirely.
Consequently, increments may be repeated often before a viable domain is reached, if it
is reached at all. Another potential consequence of selecting a too-large value of κ is that
Newton’s method does not converge at all because the new penalty stiffness is simply too
large. Alternatively, selecting a small value for κ means that the same time increment
must be repeated often before the penetration reaches the viable domain.

Active set method

As an alternative to considering the contact constraints as inequality constraints in combi-
nation with adjustable penalty stiffnesses, the contact constraints may also be considered
as equality constraints in combination with a relatively large, constant penalty stiffness.
This entails that before Newton’s method is applied, one has to decide which follower-
vertices are in contact and which are not. During the course of the iterative process of
Newton’s method, the follower-vertices selected to be in contact are forced to the leader-
surface, regardless of whether or not they penetrate the leader-surface. In such an active
set approach, one has to assess whether or not the follower-vertices assumed to be in con-
tact were indeed the correct ones. This assessment is made after Newton’s method has
converged. If a mistake was made, the increment must be repeated with a different set of
follower-vertices in contact, i.e. the active set. This can be easily performed by considering
the sign of the signed distance function gi of each follower-vertex. Fig. 2.2 illustrates this
process.

In the active set method, the expressions for the contact forces and the associated part of
the Jacobian slightly change. Instead of Eq. (2.61), the expression for the contact forces
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Figure 2.2: The active set method. Left: the red vertex is assumed to be in contact at
the start of the current time increment and treated with an equality constraint during the
iterative process. After convergence is reached, the sign of signed distance g indicates that
the red vertex should not have been in contact. Consequently, the increment is repeated
with the status of the red vertex changed from ‘active’ to ‘inactive’, yielding the image on
the right.

reads:

f con(u, ξ
∗) = −k

∑
i∈act

gin
∗
lead/i, (2.99)

where Cact denotes the active set of follower-vertices (i.e. Cact ⊆ C, cf. Eqs. (2.61) and
(2.83)). Instead of Eq. (2.83), the part of the Jacobian due to contact now reads:

df con
du

= −k
∑

i∈Cact

n∗
lead/in

∗
lead/i + gi

dn∗
lead/i

du
, (2.100)

In addition, it can be observed that each penalty stiffness is the same in the active set
approach of this thesis (cf. k versus ki in Eqs. (2.61) and (2.83)).

2.3 Minimisation

The current section demonstrates that the mechanical model of the previous section can
be formulated as a true minimization problem, and hence, true minimization solvers can
be exploited to solve it. Subsequently, the current section discusses the two minimization
solvers that are utilized.

Of the three contact formulations introduced for Newton’s method - 1) unilateral con-
straints with constant penalty stiffness, 2) unilateral contact constraints with adaptive
penalty stiffness, and 3) active set approach with constant penalty stiffness - only the first
one is considered for the minimization approaches. The reason is that the second and
third variants were considered for Newton’s method to treat its relatively fragile robust-
ness, while the discussed minimization approaches are substantially more robust.
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2.3.1 Objective function

The current subsection provides the objective function of the aforementioned mechanical
problem and demonstrates that the column with force vectors in Eq. (2.59) is, in fact, the
gradient of this objective function.

According to true incremental variational elastoplasticity (see e.g. [90, 91, 92, 52]), the
objective function of the aforementioned mechanical problem, discretized in space and
time, could be written as follows:

u∗, ζ∗ = argmin
u,ζ

Πmat(u, ζ
∣∣ ζ

prev
)−Πcon(u, ξ

∗(u))− fText · u, (2.101)

with

ξ∗
i
(ui) = argmin

ξ
i

ω(ξ
i

∣∣ui) ∀ i ∈ C, (2.102)

where Πmat denotes the contribution to the objective function due to the material be-
haviour and Πcon denotes the contribution to the objective function due to contact. It
may be noted that Neumann and Dirichlet boundary conditions are again not distinguished
to ease the notation.

However, the objective function of Eq. (2.101) is not required for standard simulations
that are driven by displacement. Instead, the minimization problem exploited here is
formulated as follows:

u∗ = argmin
u

Πmat/u(u
∣∣ ζ

prev
, ζ∗)−Πcon(u, ξ

∗(u))− fText · u, (2.103)

such that

ξ∗
i
(ui) = argmin

ξ
i

ω(ξ
i

∣∣ui) ∀ i ∈ C, (2.104)

y
(
ζ∗
i

∣∣∣ ζ
prev/i

,u
)
= 0 ∀ i ∈ {1, 2, ..., 8nel}, (2.105)

where Eq. (2.105) denotes the return mapping problem. Πmat/u denotes the contribution
due to the constitutive behaviour and is formulated in such a way that it requires the exact
plastic variables. This is in contrast to Πmat in Eq. (2.101), which also considers the plastic
variables as primary variables of the optimization problem. Thus, Eq. (2.103) requires that
every time displacement column u changes, the plastic variables are recomputed exactly -
just as in the conventional Newton’s method.

The contribution due to the constitutive behaviour in Eq. (2.103) is for instance shown in
[51] to read:
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Πmat/u =

8nel∑
i=1

ηi

(
W (Fe/i) +My0λ̇i +

h

m+ 1
(λp/prev/i + λ̇i)

m+1

)
, (2.106)

where the elastic deformation gradient tensor Fe must be taken according to Eq. (2.90) if
plastic yielding does not occur (in which case λ̇i = 0) and according to Eq. (2.96) in case
of plastic yielding.

As a consequence of Eq. (2.106), the constitutive behaviour’s contribution to the gradient
reads:

dΠmat/u

du
=

8nel∑
i=1

ηi
dW

dFe/i
:
dFc

e/i

dFi
:
dFc

i

du
, (2.107)

=

8nel∑
i=1

ηi∇0N 0 ·
(
F̄−1
p/i ·P

c
(
u, ζ∗

i

))
, (2.108)

with

F̄p/i =

{
Fp/prev/i in case of purely elastic deformation,

F∗
p/i in case of plastic yielding.

(2.109)

Hence, the contribution of the constitutive behaviour to the gradient of Eq. (2.108) is the
same as the internal forces of Eq. (2.60).

In Eq. (2.103), the contribution due to contact in case of inequality constraints reads:

Πcon = −1

2

∑
i∈C

ki ⟨−gi⟩2 , (2.110)

where gi is abbreviated but must be considered as in Eq. (2.61). In the case of the active
set method, in which equality constraints are utilized, the contribution due to contact
reads:

Πcon = −1

2
k
∑

i∈Cact

g2i . (2.111)

With the help of Eq. (2.82), the contact contribution to the gradient in the case of in-
equality constraints is as follows:

dΠcon

du
=
∑
i∈C

ki⟨−gi⟩n∗
lead/i, (2.112)
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which is the same as the contact forces of Eq. (2.61). Again, with the help of Eq. (2.82),
the contact contribution to the gradient in case of equality constraints as used in the active
set method reads:

dΠcon

du
= −k

∑
i∈Cact

gi n
∗
lead/i, (2.113)

which is the same as the contact forces of Eq. (2.99).

Now, the gradient of the objective function of Eq. (2.103) is shown to be equal to the
discretized force vectors of the previous section, Newton’s method of the previous section
can indeed be considered as a potential algorithm to solve the minimization problem of
Eq. (2.103).

In the field of computational mechanics, the application of Newton’s method typically
hinges on the first-order Taylor expansion of the column with force vectors, as presented
in Eq. (2.63). In the field of optimization, however, the application of Newton’s method
typically starts with a second-order Taylor expansion of the objective function:

Π̄it(h) = Πit + hT · f it + 1

2
hT ·Kit · h, (2.114)

with

Πit = Πmat/u

(
uit, ζ

prev
, ζ∗it

)
−Πcon

(
uit, ζ∗it(uit)

)
− fText · uit (2.115)

f it = f
∣∣
uit,ζ∗it,ξ∗it (2.116)

Kit = K
∣∣
uit,ζ∗it,ξ∗it . (2.117)

Subsequently, the assumption is made that the gradient of the approximation in Eq. (2.114)
equals zero at the minimizer of the approximation in Eq. (2.114), which yields:

d Π̄it

dh
= 0, (2.118)

f it +Kit · h = 0. (2.119)

Although this expression clearly equals the same system of linear vector equations of
Eq. (2.63), it is worth presenting Newton’s method in the format of Eq. (2.114) because
the two alternate minimization algorithms in this chapter are based on it.

2.3.2 BFGS method

The first true minimization algorithm of this chapter is the quasi-Newton method [93]
(also known as [94]) with the Broyden-Fletcher-Goldfarb-Shanno (BFGS) update for the
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inverted Hessian [35, 36, 37, 38, 39]. Just like Newton’s method, quasi-Newton methods
are based on the second-order Taylor expansion of the objection function, but with one
notable difference:

Π̄it(h) = Πit + hT · f it + 1

2
hT · K̄it · h, (2.120)

which is that K̄
it
does not denote the exact Hessian, but only an approximation (hence,

the tilde on top of the symbol). The approximation of the Hessian is based on results
of previous iterations. Hence, the Hessian approximation incorporates more information
about the curvature as the iterative process progresses.

In most quasi-Newton methods, furthermore, it is not the Hessian that is approximated,
but the inverse of the Hessian. Consequently, no system of linear equations needs to be
solved to determine search direction h as in Newton’s method (cf. Eq. (2.63)), but only a
matrix-column multiplication must be performed:

h = −L̄it · f it, (2.121)

where L̄
it
denotes the approximation of the inverted Hessian of the itth iteration. This

accelerates the computation of the search direction in quasi-Newton methods, relative to
that of Newton’s method.

This thesis uses the well-known BFGS update to approximate the inverted Hessian [35,
36, 37, 38, 39]. In the mathematical notation of this chapter, the BFGS update can be
expressed as follows:

L̄
it
= L̄

it−1
+

(∆uT ·∆f +∆fT · L̄it−1 ·∆f)

(∆uT ·∆f)2
∆u∆uT

−
L̄
it−1 ·∆f ·∆uT +∆u ·∆fT · L̄it−1

∆uT ·∆f
, (2.122)

with

∆u = uit − uit−1, (2.123)

∆f = f
∣∣
uit,,ζ∗it,ξ∗it − f

∣∣
uit−1,ζ∗(it−1),ξ∗(it−1) . (2.124)

The discussion of the mathematical foundation of the approximation is considered too
lengthy for this thesis, but more information can be found in [39]. Eqs. (2.123) and (2.124)
clearly show that the estimates of the minimizer and associated gradient evaluations of
all previous iterations are incorporated into the current approximation of the inverted
Hessian.

31



Wolfe conditions

Not only the BFGS method, but all quasi-Newton methods come with two conditions on
the approximation of Eq. (2.120). First, the gradient of the approximation at the current
estimate (i.e. h = 0) must equal the gradient of the exact objective function. Second, the
gradient of the approximation at the previous estimate (i.e. h = −hit−1) must equal the
gradient of the exact objective function. Thus, these statements read:

d Π̄it

dh

∣∣∣∣
h=0

= f it,
d Π̄it

dh

∣∣∣∣
h=−hit−1

= f it−1. (2.125)

Working out the left-hand sides of these two equations and combining the results yields
the so-called secant equation:

K̄
it · hit−1 = f it − f it−1. (2.126)

By increasing the iteration number by one, the next approximation of the inverted Hessian
will only be invertible if:

hT · K̄it+1 · h > 0, (2.127)

with h = hit. If this statement must be true, the right-hand-side of Eq. (2.126) premulti-
plied by search direction h must also be larger than zero:

hT · f it+1 − hT · f it > 0 (2.128)

hT · f it+1 > hT · f it, (2.129)

where again the iteration number in Eq. (2.126) is increased by one.

Thus, to ensure that the Hessian approximation of the next iteration, i.e. it + 1, (and
hence, the approximation of the inverted Hessian) is invertible, not any stepsize in search
direction h can be taken, but only one for which Eq. (2.129) holds. For this reason, the
column with displacement vectors is not simply updated with h as in Newton’s method,
but as follows:

uit+1 = uit + αh, (2.130)

where α denotes a suitable stepsize.

In practise however, Eq. (2.129) is slightly weakened. This entails that stepsize α must be
abide the so-called curvature condition:

hT · f it+αh > χ2h
T · f it, (curvature)
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where 0 < χ2 < 1 and

f it+αh = f
∣∣
uit+αh,ξ∗it+αh,ζ∗it+αh (2.131)

with

ξ∗
i
(ui + αhi) = argmin

ξ
i

ω(ξ
i

∣∣ui + αhi) ∀ i ∈ C, (2.132)

y
(
ζ∗it+αh
i

∣∣∣ ζ
prev/i

,uit + αh
)
= 0 ∀ i ∈ {1, 2, ..., 8nel}. (2.133)

Although the curvature condition ensures that the approximation of the inverted Hessian of
the next iteration is invertible, it does not guarantee that the objective function decreases
at the next estimate of the minimizer, i.e. at uit + αh. The Armijo rule is often also
imposed to guarantee that the objective function is reduced at the next estimate:

Πit+αh < Πit + χ1αh
T · f

∣∣
uit , (Armijo)

with Πit provided in Eq. (2.115) and

Πit+αh = Πmat/u

(
uit + αh

∣∣∣ ζ
prev

, ζ∗it+αh

)
−Πcon

(
uit + αh, ξ∗it+αh(uit + αh)

)
− fText ·

(
uit + αh

)
, (2.134)

Furthermore, 0 < χ1 < χ2 < 1. If χ1 = 0, the Armijo rule accepts any stepsize α for which
the objective function is smaller than the current one. This can yield tiny reductions of
the objective function. For this reason, χ1 is typically set to be larger than zero.

The Armijo rule and the curvature condition together are known as the Wolfe conditions.
Fig. 2.3 depicts the domains in which the Armijo rule and the curvature condition are
satisfied for an arbitrary objective function.

Line search

A line search algorithm that computes a stepsize that abides both Wolfe conditions must
consider both the objective function (Eq. (Armijo)), as well as the gradient (Eq. (curva-
ture)) at a proposed stepsize. The problem is that the objective function constitutes a
sum over all quadrature points (see Eq. (2.106)) and in case of a large number of FEs, the
objective function is polluted by noise due to the machine precision.

On the other hand, the derivative of the objective function in direction h with respect to
stepsize α:
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Figure 2.3: Sketch of objective function Πit+αh (blue) in search direction h as a function
of stepsize α. The big red dashed line depicts the Armijo rule. Green domains depict
domains for which the Armijo rule holds. Shaded domains depict domains for which the
curvature condition holds. The bounds of the shaded domains (thin red dashed lines)
are governed by the derivative of the objective function in direction h with respect to α.
Domains in which the green and shaded domains overlap, abide both Wolfe conditions.
Hence, a stepsize in these overlapping domains would be accepted.

dΠit+αh

dα
= hT · f it+αh, (2.135)

is substantially less polluted by noise due to machine precision. Consequently, the line
search in this thesis only requires gradient evaluations, but no objective function evalua-
tions.

The line search algorithm of this thesis, which only exploits the derivative of Eq. (2.135),
is based on two observations. First, it can be observed in Fig. 2.3 that the first local
minimum in the search direction typically abides both Wolfe conditions. Second, Fig. 2.4
shows that only one minimum occurs for the line searches encountered in the mechanical
problems of this thesis (at dΠit+αh

dα = 0). Thus, the line search of this thesis aims to find

a stepsize α such that dΠit+αh

dα ≈ 0, because at this stepsize both Wolfe conditions are

satisifed. The line search accomplishes this by only sampling dΠit+αh

dα .

Fig. 2.4 shows that quite a variety of responses may occur. For instance, a linear approxi-
mation of response I would suffice to determine dΠit+αh

dα ≈ 0 (for which only one additional
stepsize 0 < α2 needs to be sampled, because α1 = 0 is already sampled). For response
II on the other hand, a quadratic approximation would probably suffice (for which two
additional stepsizes 0 < α2 < α3 need to be sampled). A quadratic approximation would
also work for response III, provided that the approximation is made in the convex do-
main, i.e. 0 < α1 < α2 < α3. Finally, response IV is hard to approximate with any type
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Figure 2.4: Sketch of four types of responses dΠit+αh

dα (blue) in search direction h as a
function of stepsize α that were observed in the simulations with inequality constraints.
The different types of responses are indicated by Roman numerals.

of polynomial expression.

A pseudo-code of the line search algorithm of this thesis is presented in Alg. 1. In essence,
it is based on a quadratic approximation (line 13) so that responses I, II and III can
be treated relatively rapidly. To ensure that the quadratic approximation is only made in
the convex part of responses of type III, lines 4 to 12 first increase three stepsizes α1, α2

and α3 until they are located in the convex domain. If the quadratic approximation fails
to yield a stepsize for which

∣∣dΠit+αh

dα

∣∣ < tolls in maxiterls/q iterations, a secant method
(i.e. using a linear approximation) is attempted (lines 14-16). If the secant line search
also fails because the number of iterations exceeds maxiterls/s, the algorithm switches to
bisectioning (lines 17-19).

A final issue worth mentioning is that the line search algorithm may suggest too exotic
deformations to evaluate, i.e. characterized by Je < 0 in an integration point. In these
cases, the gradient f it+αh cannot be computed and the line search algorithm must reduce
stepsize α. This particularity is not presented in Alg. 1.

Limited-storage variant

Besides the BFGS method, its limited-storage alternative is also studied (i.e. the L-BFGS
method) [40, 41, 39]. The L-BFGS approach reduces the storage requirements of the
BFGS method that are caused by the fact that the inverted Hessian approximation in
Eq. (2.122) is a full matrix - which can, for instance, be recognized by the term ∆u∆uT .

To explain the workings of the L-BFGS method, the BFGS method’s construction of the
inverted Hessian approximation is first expanded. To this purpose, it can be recognized
that the BFGS’ inverted Hessian approximation of Eq. (2.122) is effectively a function of

initially assumed inverted Hessian approximation L̄
0
and all previously recorded iterative

changes of the estimated minimizers and of the associated gradients, i.e.:

35



Algorithm 1 Line search

INPUT: uit, f it, h, δα, maxiterls/q, maxiterls/s

1: α1 = 0, α2 = δα, α3 = 2δα

2: f0 = f1 = hT · f it, f2 = hT · f it+α2h, f3 = hT · f it+α3h

3: if f2 > 0 then
4: α+ = α2, f+ = f2

5: else if f3 > 0 then
6: α+ = α3, f+ = f3

7: else
8: while f3 < 0 do
9: Increase α1, α2 and α3 and recompute f3

10: end while
11: α+ = α3, f+ = f3

12: end if
13: Quadratic line search until |f | < min(10−15, 10−7|f0|) or iterls/s > maxiterls/q. IN-

PUT: α1, α2, α3, f1, f2, f3. OUTPUT: f , α
14: if |f | > min(10−15, 10−7|f0|) then
15: Secant line search until |f | < min(10−15, 10−7|f0|) or iterls/s >

maxiterls/s. INPUT: α
1, α+, f1, f+. OUTPUT: f , α

16: end if
17: if |f | > min(10−12, 10−6|f0|) then
18: Bisection until |f | < min(10−15, 10−7|f0|). INPUT: α1, α+, f1, f+.

OUTPUT: f , α
19: end if
20: uit+1 = uit + αh, f it+1 = f it+αh

OUTPUT: uit+1, f it+1

Algorithm 2 L-BFGS method’s search direction computation

INPUT: L̄
0
, nli, f

it, ∆u = [∆uit−nli ,∆uit−nli+1, ...,∆uit−1],

∆f = [∆f it−nli ,∆f it−nli+1, ...,∆f it−1]

1: Θ = zeros(nli, 1)

2: h = f it

3: for i = nli : −1 : max(1, nli − it+ 2) do

4: ∆u = ∆u(:, i), ∆f = ∆f(:, i)

5: θ = ∆uT ·h
∆uT ·∆f

, Θ(i) = θ

6: h = h− θ∆f

7: end for
8: h = −h
9: h = L̄

0 · h
10: for i = max(1, nli − it+ 2) : 1 : nli do

11: ∆u = ∆u(:, i), ∆f = ∆f(:, i), θ = Θ(i)

12: h = h+
(
θ − ∆fT ·h

∆uT ·∆f

)
∆u

13: end for

OUTPUT: h
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L̄
it
= F(L̄0

,∆u1,∆f1,∆u2,∆f2, ...,∆uit−1,∆f it−1), (2.136)

where F(•) denotes some function and the superscripts denote the iteration numbers.

In contrast to the BFGS method, the L-BFGS method does not use the iterative changes
of all previous iterations, but only those of the nli most recent iterations. Thus, in the
general case that it > nli, the L-BFGS method writes the inverted Hessian approximation
as follows (cf. Eq. (2.136)):

L̄
it
= F(L̄0

,∆uit−nli ,∆f it−nli ,∆uit−nli+1,∆f it−nli+1, ...,∆uit−1,∆f it−1). (2.137)

The crucial difference with the BFGS approach is that the L-BFGS method does not
explicitly compute, nor store the inverted Hessian approximation. Instead, it directly
computes search direction h according to the matrix-column product of Eq. (2.121) in
terms of the intially assumed inverted Hessian approximation and the iterative changes of
the estimated minimizer and of the associated gradient of the last nli iterations. This can
be performed relatively fast because the results of not all previous iterations are considered,
but only those of the last nli iterations. Consequently, only 2nitnvar scalars need to be
stored for the L-BFGS method, whereas n2

var must be stored for the BFGS method (where
nvar denotes the number of unknowns in u).

Computing search direction h according to Eq. (2.121) directly in terms of the initially
assumed inverted Hessian approximation and the iterative changes of the minimizer and
of the associated gradient of the last nli iterations is achieved here by means of Alg. 2
[95]. The implementation of Alg. 2 is fairly simple to verify, because the predictions of the
BFGS method and the L-BFGS method should be the same for the first nli iterations.

2.3.3 Trust region method

The second true minimization algorithm investigated in this chapter is the trust region
(TR) method [42, 43, 44, 39]. Whereas minimization methods such as the non-linear
conjugate gradient method [96, 97] and quasi-Newton methods first compute a search
direction and then calculate the stepsize, TR methods work the other way around. Hence,
TR methods first need a (maximal) stepsize, and only then will they predict the correction
to the current estimate of the minimizer.

The correction to the current estimate is computed by minimizing a quadratic approxi-
mation of the objective function, whilst safeguarding that the norm of the correction does
not exceed the maximal stepsize. The maximal stepsize quantifies the size of the region
in which the quadratic approximation can be trusted to be a suitable description of the
exact objective function.

Depending on the obtained reduction of the objective function at the newly proposed
estimate, the maximal stepsize for the next iteration is updated. The pink dash-dotted
circles in Fig. 2.5 illustrate how the size of the trust region changes from one iteration to
the next. The reduction obtained also determines whether the correction should or should
not be used to update the current estimate of the minimizer.
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To better explain TR methods, the computation of the correction to the current estimate
is first considered. This computation is called the TR subproblem. Subsequently, the
updating of the maximal stepsize for the next iteration is considered as well as whether
or not the correction will be used to update the current estimate.

Figure 2.5: TR methods consider a trust region that is updated from one iteration to
the next. The trust regions of different iterations are indicated by the pink dash-dotted
circles. The black dots represent the estimate of the minimizer for different iterations.
The colored lines depict isolines of an arbitrary objective function.

Trust region subproblem

The computation of correction h∗ to the current estimate of the minimizer, uit, is based on
the second-order Taylor expansion of the objective function, just like in Newton’s method
and quasi-Newton methods (cf. Eqs. (2.114) and (2.120)). Hence, TR methods write the
computation of correction h∗ for given maximal stepsize RTR as the following optimization
problem:

h∗ =argmin
h

Πit + hT · f it + 1

2
hT ·Kit · h, (2.138)

such that ∥h∥ ≤ RTR, (2.139)

where

∥h∥ =
√
hT · h . (2.140)

It may be clear from Eq. (2.138) that the exact Hessian is used in this thesis. However,
Hessian approximations that are updated during the iteration process as in quasi-Newton
methods may also be used [39].

Although the optimization problem of Eq. (2.138) may seem similar to that of Newton’s
method of Eq. (2.114), it is rather different and not just because of the constraint in
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Eq. (2.139). The reason is that Newton’s method assumes that the minimizer is charac-
terized by a zero gradient (Eq. (2.118)). However, this is true for any stationary point.
Furthermore, Newton’s method fails if a singular Hessian is encountered.

Often, the conjugate gradient variant of Steihaug and Toint [45, 46, 39] is used to solve
the TR subproblem of Eqs. (2.138) and (2.139). The Steihaug-Toint conjugate gradient
method is rather similar to the standard linear conjugate gradient method (to solve systems
of linear equations as in Eq. (2.63)) [98]. The reason is that it first calculates a descent
direction of the TR subproblem in a conjugate fashion (lines 1 and 18 to 25 in Alg. 3) and
then calculates the stepsize in the search direction. Calculating the stepsize can most of the
time be performed in a closed-form manner (line 10 in Alg. 3), similarly as in the standard
linear conjugate gradient method to solve systems of linear equations [98], because the TR
subproblem’s objective function behaves quadratically in the search direction.

Nevertheless, the Steihaug-Toint conjugate gradient method varies from the standard lin-
ear method in three ways. First, the Steihaug-Toint variant requires to start at initial
guess h = 0 (line 1 of Alg. 3). This guarantees that ∥h∥ increases for each iteration (see
Fig. 2.6) and hence, it is easy to monitor if ∥h∥ exceeds TR radius RTR.

Second, if the minimizer of the TR subproblem’s objective function (Eq. (2.138)) lies
outside the trust region (case B in Fig. 2.6), the positive root of 1D quadratic function
must be calculated to determine for which h∗ the current step crosses the TR boundary
(lines 11 until 17 of Alg. 3). This location is then assumed to be the minimizer of the
TR subproblem - according to Steihaug [46] and implemented here, but not according to
Toint [45].

Third, the TR subproblem’s objective function in the search direction may not have a
minimum but a maximum. In this case, the stepsize in the current search direction must
be taken as large as possible, until it crosses the TR boundary (case C in Fig. 2.6). Hence,
the positive root of the same 1D quadratic function must be calculated to determine the
associated stepsize (lines 3 to 9 of Alg. 3).

As may be noted in Alg. 3, the preconditioned variant of the Steihaug-Toint conjugate gra-
dient method is also used here (Alg. 3 yields the unpreconditioned algorithm if Mit = I).
Preconditioning reduces the number of conjugate gradient iterations. However, it often
also affects the number of global TR iterations (denoted by the superscript it in the math-
ematical notation of this subsection). The reason for this is that the conjugate gradient
method takes other directions if it is preconditioned. Consequently, if the TR boundary is
crossed or a direction of negative curvature is encountered, the assumed minimizer (green
stars in Fig. 2.6) will be located elsewhere compared to the unpreconditioned conjugate
gradient method.

Preconditioners of the following format are often considered:

Mit = Λ ·ΛcT ≈ Kit. (2.141)

where Λ denotes a lower triangular matrix of tensors and its transposed ΛcT its upper
triangular counterpart. Consequently, the original TR subproblem of Eqs. (2.138) and
(2.139) is then rewritten with the help of:
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A B C

Figure 2.6: Artistic impression of the behaviour of the Steihaug-Toint conjugate gradi-
ent method for the three cases that can be encountered. Case A: the TR subproblem’s
minimizer is located within the TR boundary, case B: the TR subproblem’s minimizer
is located outside the TR boundary, case C: a direction with negative curvature is en-
countered during the conjugate gradient process. Red dots: starting points (h = 0), pink
dashed-dotted circles: TR boundaries, black arrows: updates p for h, green squares: min-
imizers of Eq. (2.138), yellow stars: assumed minimizer of the TR subproblem if p crosses
the TR boundary (case B), or if p is a direction of negative curvature (case C). This is only
an artistic impression because, for a 2D problem as sketched here, the conjugate gradient
method would converge in a maximum of two iterations.

h = Λ−cT · h̄, (2.142)

as:

h̄
∗
=argmin

h̄

Πit + h̄
T · f̄ it + 1

2
h̄
T · K̄it · h̄, (2.143)

such that ∥h̄∥ ≤ RTR, (2.144)

where h̄ denotes the preconditioned correction and

f̄
it
= Λ−1 · f it, (2.145)

K̄
it
= Λ−1 ·Kit ·Λ−cT . (2.146)

It may be observed in Alg. 3 that only preconditioner Mit is required and not necessarily
the factorization of Eq. (2.141). Nevertheless, this thesis considers the incomplete Cholesky
factorization of the Hessian, whilst [31] considers the full Cholesky factorization. No fill-in
is used nor a drop tolerance. Thus, Λ and ΛT in Eq. (2.141) denote the lower and upper
triangular forms of the Hessian, respectively.

In case of incomplete Cholesky preconditioning, the preconditioner Mit is not guaranteed
to be invertible. Therefore, the implementation of this thesis monitors if the preconditioner
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is singular, in which case it alters the Hessian’s diagonal and recomputes the incomplete
Cholesky factorization. This procedure is repeated as often as necessary.

Similar to [31] (and for instance standard available in MATLAB), if the preconditioner is
singular, this thesis alters the diagonal of the Hessian by inflating its diagonal components
according to:

diag
(
Kit
)
=
(
1 + 10i−8

)
diag

(
Kit
)
, (2.147)

where i refers to the ith time that the Hessian’s diagonal of the current iteration is inflated
and diag(•) refers to the diagonal of the second-order tensors on the diagonal of the matrix.
As [31] mentions, this procedure will eventually provide an invertible triangular form if
the diagonal components of the Hessian are positive.

Where this thesis differs from [31], however, is that this thesis’ examples push the solver
to such limits that negative diagonal components are occasionally encountered. In such
scenarios, the negative diagonal components are simply made positive before they are po-
tentially inflated. Also different from [31] is that this thesis recomputes the preconditioner
for each iteration, whereas [31] only does so depending on the preconditioner’s performance
for the previous TR iteration (quantified by the number of conjugate gradient iterations
of the previous global TR iteration).

Updating in trust region methods

Once the TR subproblem of Eqs. (2.143) and (2.144) is solved, h∗ is known. The next
questions the TR algorithm must answer is whether correction h∗ is good enough to
be used as an update of the current estimate uit, and whether or not the second-order
Taylor approximation of Eq. (2.138) has reflected the exact objective function sufficiently
accurately in the TR (characterized by the radius of TR RTR).

For both decisions, TR methods consider the ratio between the reduction of the exact
objective function generated by the correction h∗ and the reduction that is expected
based on the approximation of Eq. (2.138). The ratio between the two, ρ, can thus be
expressed as follows:

ρ =
Πit −Πit+h∗

Π̄it(0)− Π̄it(h∗)
, (2.148)

where Πit denotes the exact objective function at uit as provided in Eq. (2.115) and Πit+h∗

denotes the exact objective function at uit + h∗:

Πit+h∗
= Πmat/u

(
uit + h∗, ζ

prev
, ζ∗it+h∗

)
−Πcon

(
uit + h∗, ζ∗it+h∗

(uit + h∗)
)
− fText ·

(
uit + h∗) . (2.149)

Furthermore, Π̄it denotes the objective function approximation used in the TR subproblem
of Eq. (2.138).
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Algorithm 3 Preconditioned Steihaug-Toint conjugate gradient method.

INPUT: RTR, f
it, Kit, Mit

1: r = −f it, Solve Mit · p = r for p, q = p, h∗ = 0

2: while do
3: if pT ·Kit · p ≤ 0 then

4: Raise flag that TR boundary is reached

5: a = pT ·Mit · p, b = 2pT ·Mit · h∗, c = h∗T ·Mit · h∗ −R2
TR

6: α = −b+
√
b2−4ac
2a

7: h∗ = h∗ + αp
8: BREAK
9: end if

10: α =
rT ·q

pT ·Kit·p

11: if (h∗ + αp)T ·Mit · (h∗ + αp) > R2
RT then

12: Raise flag that TR boundary is reached

13: a = pT ·Mit · p, b = 2pT ·Mit · h∗, c = h∗T ·Mit · h∗ −R2
TR

14: α = −b+
√
b2−4ac
2a

15: h∗ = h∗ + αp
16: BREAK
17: end if
18: h∗ = h∗ + αp

19: ϕ = rT · p
20: r = r− αKit · p
21: if ∥r∥ < max

(
10−15, 10−5∥f it∥

)
then

22: BREAK
23: end if
24: Solve Mit · p = r for p

25: p = q+
rT ·q
ϕ p

26: end while

OUTPUT: h∗, flag (indicating whether or not TR boundary is reached)
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Algorithm 4 Updating in the TR method of this thesis.

INPUT: h∗, RTR, RTR/max, Π
it, f it, Kit, flag (indicating whether or not TR boundary

was reached)

1: Evaluate f it+h∗
for uit + h∗

2: if ∥f it+h∗∥ = NaN then
3: ρ = 0
4: else

5: ρ = h∗T ·(f it+f it+h∗ )
2h∗T ·f it+h∗T ·Kit·h∗

6: end if

7: if ρ < 0.25 then

8: uit+1 = uit

9: RTR = 0.25RTR

10: else
11: uit+1 = uit + h∗

12: if ρ > 0.75 and ‘TR boundary was reached’ then

13: RTR = min(2RTR, RTR/max)

14: end if

15: end if

OUTPUT: uit+1, RTR

As the objective function is substantially more easily polluted by noise due to machine
precision than the gradient, the expression of Eq. (2.148) cannot be used. For this purpose,
this thesis borrows the formulation for ρ of [31], which assumes that the gradient in
direction h∗ scales similarly to the objective function in direction h∗. Thus, the following
expression is used here:

ρ =
h∗T · (f it + f it+h∗

)

2h∗T · f it + h∗T ·Kit · h∗ , (2.150)

where the denominator is replaced with the help of Eq. (2.138).

Alg. 4 clearly demonstrates that the ratio ρ is used to both decide whether or not estimate
uit must be updated with correction h∗, and if the TR radius RTR must be decreased for
the next iteration, kept the same or increased. RTR/max in Alg. 4 denotes the maximal
TR radius as defined by the user. The full TR algorithm (not shown) also requires the
user to define an initial value for TR radius RTR.

2.4 Gregory patches

One point that has not yet been discussed is the leader-surface description. The current
section sheds details on this. In other words, the current section discusses the formulation
of Xlead and nlead in Eqs. (2.11) and (2.12), as a function of the two parametric surface
coordinates in ξ.

This thesis considers FE vertices on the deformable body’s surface as the follower-vertices
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and the surface of the rigid body as the leader-surface. The leader-surface is generated
using standard bilinear FE discretizations. However, the FE discretization is not directly
used as the description of the leader-surface. Instead, the surface is transformed using
Gregory patches [99] and the resulting surface is considered as the leader-surface.

The advantage of using Gregory patches is illustrated graphically in Fig. 2.7. The top
image shows that two particularities occur if an FE discretization were used as the leader-
surface. The first particularity occurs if a follower-vertex is located in one of the two
domains bounded by blue arrows. In such a case, the projection of the follower-vertex
falls on the associated vertex of the leader-surface, regardless of where the follower-vertex
is located in the domain that is bounded by the blue arrows in Fig. 2.7.

The second and more crucial particularity occurs if a follower-vertex penetrates the leader-
surface near the top of the mountain in the middle of the image. The problem occurs if
the follower-vertex moves from the left of the red dashed line to the right of the red
dashed line. This is a problem because the direction of the follower-vertex’s force vector
changes abruptly, i.e. the horizontal force component changes sign. This problem occurs
no matter how close the follower-vertex is located near the top of the mountain, because
the red dashed line is attached to the leader-surface.

Figure 2.7: Two sketches of the same leader-surface (black lines). The top one is described
by standard linear FEs (top) and and the bottom one by Gregory patches (bottom). The
arrows indicate to which leader-surface location a follower-vertex is projected. If a follower-
vertex crosses a red dashed line, its associated force vector changes drastically. Because
the red dashed lines are not attached to the vertices of the leader-surface for the Gregory
patches (bottom), this problem is less pronounced than if an FE discretization is used for
the leader-surface description.

This problem does not occur, or at least to a lesser extent, for Gregory patches; see
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the bottom image of Fig. 2.7. The reason is that the smoothness obtained by the use
of Gregory patches shifts this discrete transition away from the leader-surface. Thus, the
discrete change may still occur, but if the follower-vertex moves closer to the leader-surface
it will eventually disappear. The bottom image of Fig. 2.7 presents this by means of the
fact that the red dashed lines are not connected to the leader-surface.

The remainder of this section provides a concise description of Gregory patches. Since
this thesis only uses the rigid body as the leader-body, the discussion here is limited to
the reference configuration. Gregory patches for contact surfaces of deformable bodies are
described in more detail in [60].

Single Gregory patch

In the current work, each quadrilateral segment of the rigid leader-body is smoothed with
a single Gregory patch. The inputs required to construct a Gregory patch are the 3D
locations of the corner vertices of the associated quadrilateral segment, and those with
which the four corner vertices share an edge (i.e. the red dots in the left image of Fig. 2.8).

The 3D location on a Gregory patch, Xlead, can be written as a function of parametric
surface coordinates ξ as follows:

Xlead(ξ) =
3∑

i=0

3∑
j=0

B3
i (ξ1)B

3
j (ξ2)Xij(ξ1, ξ2), (2.151)

where 0 ≤ ξ1 ≤ 1 and 0 ≤ ξ2 ≤ 1, B3
i (•) denotes the ith term of the Bernstein polynomial

of degree three, and Xij denotes the location of a control point, with the exception of the
following four cases:

X11(ξ) = (ξ1X110 + ξ2X111)/(ξ1 + ξ2),

X21(ξ) = ((1− ξ1)X210 + ξ2X211)/(1− ξ1 + ξ2),

X12(ξ) = (ξ1X120 + (1− ξ2)X121)/(ξ1 + 1− ξ2),

X22(ξ) = ((1− ξ1)X220 + (1− ξ2)X221)/(2− ξ1 − ξ2),

(2.152)

which are themselves clearly functions of eight other control points.

Thus, each Gregory patch (Eq. (2.151)) requires a total of 20 control points (right in
Fig. 2.8). These 20 control points can be classified as follows:

corners
{
X00,X03,X30,X33,

edges

{
X10,X20,X01,X02

X13,X23,X31,X32

interior

{
X110,X111,X210,X211,

X120,X121,X220,X221.

The locations of the four corner points correspond to the locations of the corner vertices
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Figure 2.8: Left: A Gregory patch for the highlighted quadrilateral surface segment re-
quires the average normal unit vectors in the four associated corner points (blue arrows).
This is achieved by considering all the corner points with which the four corner points
share an edge. Right: The locations of the 20 control points of a Gregory patch, together
with surface coordinates ξ1 and ξ2.

of the associated quadrilateral segment. The remainder of this section discusses the com-
putation of the locations of the edge control points and the interior control points. Since
the average normal vectors in the four vertices of the associated quadrilateral segment are
required, their construction will first be discussed.

Figure 2.9: Average normal vector nm of point m is constructed as the average of the
normal vectors of its facets.

Average normal vectors

For the mth vertex (m ∈ {0, 1, 2, 3}), the average normal vector reads:

nm =

∑nf
i=1 n

i
m

∥∑nf
i=1 n

i
m∥

, (2.153)

where ni
m denotes the (normalized) normal vector of the ith facet connected to vertex m.
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Figure 2.10: Construction of the edge control points and the interior control points asso-
ciated with the edge between corner control points X00 and X30.

nf denotes the number of facets connected to vertex m. Fig. 2.9 presents this graphically.

The normal vector of the ith facet can be expressed as follows:

ni
m =

(Xi
b −Xm)× (Xi

a −Xm)

∥(Xi
b −Xm)× (Xi

a −Xm)∥ , (2.154)

where Xi
b and Xi

a denote the locations of the two additional corner points that together
with Xi

m define facet i (see Fig. 2.9). × denotes the cross product.

Instead of discussing the construction of all edge control points and interior control points,
the discussion is limited to those that are associated with a single edge. The reason is
that the edge-wise construction must simply be repeated for all four edges to define all
edge control points and interior control points of the Gregory patch. Below, this edge-wise
construction is only detailed for the edge associated with corner control points X00 and
X30, which is presented graphically in Fig. 2.10.

Edge and interior control points

The locations of the two edge control points associated with the edge between the corner
control points X00 and X30 can be written as follows (see Fig. 2.10):

X10 = X00 + c0, (2.155)

X20 = X30 − c2, (2.156)

with

c0 =
1

3
((X30 −X00)− (X30 −X00) · n0 n0) , (2.157)

c2 =
1

3
((X30 −X00)− (X30 − y00) · n3 n3) . (2.158)
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The locations of the two interior control points associated with the edge between the corner
control points X00 and X30 can be written as follows (see Fig. 2.10):

X110 = X10 + b1, (2.159)

X210 = X20 + b2, (2.160)

with

b1 =
1

3
((d0 + d2)a0 + d0a3 + 2d1c1 + d3c0) , (2.161)

b2 =
1

3
((d0 + d2)a3 + d2a0 + 2d3c1 + d1c2) , (2.162)

where

a0 =
n0 × (X30 −X00)

∥n0 × (X30 −X00)∥
, (2.163)

a3 =
n3 × (X30 −X00)

∥n3 × (X30 −X00)∥
, (2.164)

c1 = X20 −X10, (2.165)

d0 = a0 · b0, (2.166)

d1 =
c0 · b0

c0 · c0
, (2.167)

d2 = a3 · b3, (2.168)

d3 =
c2 · b3

c2 · c2
. (2.169)

2.5 Results

This section presents a demonstration of the capabilities and limitations of the aforemen-
tioned optimization approaches. The first subsection focuses on 2D simulations and the
second subsection focuses on 3D simulations. Because the 2D results are substantially more
straightforward to visually interpret than the 3D results, the 2D results are discussed in
substantially more detail. They, for instance, indicate substantially clearly whether snap-
through or snap-back phenomena are encountered. First, however, the simulation setups
are discussed in detail.

Simulation setups

The same mechanical parameters are used in all simulations. The elastic parameters are
set to E = 0.05 and ν = 0.3. The plastic parameters are set to My0 = 0.01, hhard = 0.05
and mhard = 1. Forcing the constitutive model to behave purely elastically is achieved by
setting the initial yield stress My0 substantially large.
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Fig. 2.11 graphically presents the engineering stress-engineering strain behaviour of the
two material models for a single material point subjected to uniaxial tension. In other
words, the material point is free to contract in the directions in which it is not actively
elongated. Fig. 2.11 clearly demonstrates that the stress-strain behaviour is non-linear
during hardening, although a linear hardening law is applied. This is largely caused by
the multiplicative decomposition of the deformation gradient tensor in the constitutive
model and not merely by the fact that the engineering quantities of the stress and strain
are presented.

Newton’s method is the main solver in the simulations. If Newton’s method does not
converge in 15 iterations for the 2D simulations and 20 iterations for the 3D simulations,
a cut-back is made that divides the time increment in half, and Newton’s method is again
attempted. This process is repeated until the adjusted time increment is only a factor of
2−10 = 1024−1 of the original time increment. If another cutback is required, the solver
switches from Newton’s method to one of the true minimization algorithms. Cutbacks
are also initiated if Newton’s method with the active set strategy to enforce the contact
constraints encounters the same active set twice in the same time increment.
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Figure 2.11: The engineering stress-engineering strain responses of the two material models
for a single material point exposed to uniaxial tension.

After the true minimization algorithm has converged (or Newton’s method, for that mat-
ter), the size of the time increment is increased, and hence, Newton’s method is used for
the next time increment. Increasing the size of the time increment is continued until the
original time increment is reached. Each simulation is initially divided into 100 time incre-
ments. All solvers quantify the residual as the L2-norm of the (not normalized) gradient,
which equals the column with force vectors of Eq. (2.59). The tolerance in all solvers is
set to 10−11.

Cutbacks are also allowed in the return mapping algorithm - for each integration point
separately. Time increments solved using Newton’s method do not often require cutbacks
of the return mapping algorithm, but they can be crucial if a minimization algorithm is
used because enormous deformation changes can occur. The return mapping algorithm
performs a cutback in three cases: i) if Je < 10−12 is encountered, ii) if a plastic deforma-
tion gradient tensor is not invertible, and iii) if the new residual of the return mapping
algorithm is ten times larger than that of the previous return mapping iteration.

The residual in the return mapping algorithm is quantified by the magnitude of the yield
function y and the tolerance is set to 10−15. The total number of cutbacks that the return
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mapping algorithm is allowed to make is 25, which entails a maximum refinement of
approximately 33 million. If still no convergence is reached beyond this limit, the column
of force vector will be returned as Not-a-Number.

The true minimization algorithms come with a number of hyperparameters that are not
yet provided. For the line search of the quasi-Newton methods, parameters δα, maxiterls/q
and maxiterls/s are set to 0.5, 20 and 10, respectively. The initial approximation of the

inverted Hessian is set to L̂
0
= I. The different numbers of previous iterations that

are incorporated in the L-BFGS method (i.e. nli) are reported in the results below. In
addition, for the TR methods, the initial TR radius is set as 10−4nvar (where nvar denotes
the number of variables/degrees of freedom). No maximum for the TR radius is set,
although a preliminary investigation that is not reported below has indicated that enforcing
a maximum may accelerate the minimization, but a deceleration will be observed if the
maximum is set too small. However, the predictions did not differ from those obtained
without maximal TR radius.

(a) Trajectory of follower-body

(b) Leader-surface generation

Figure 2.12: Sketches of the 2D simulation setup.

2.5.1 2D results

The 2D contact simulations focus on the sliding of a square deformable body under com-
pression, as illustrated in the top image of Fig. 2.12. The displacements of the vertices on
the top of the block are completely prescribed during the simulation. The block is first
compressed against the leader-surface during the first 10 increments by lowering the top
edge with a vertical displacement of 0.25. During the next 80 increments, the block moves
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to the right with a displacement of 6.00. Finally, the compression is released during the
last 10 increments of the simulation.

The generation of the leader-surface is presented in the bottom image of Fig. 2.12. It is
worth to realize that the leader surface has not only a hill in the center, but also two small
valleys on both sides of the hill.

(a) Vertical force

(b) Horizontal force

Figure 2.13: 2D hyperelasticity, 5×5 FEs. The force-time curves predicted by the different
methods. The times at which a minimization solver is applied are indicated by the black
vertical lines. Around a time of 0.36 two minimizations take place almost immediately
after each other. They cannot be distinguished in the diagrams. The number behind
‘LBFGS’ in the legend refers to nli.

Appendix A shows a simple sensitivity study for the stiffness parameter k and the con-
tact variants described in Section 2.2.3. The three variants of contact enforcement are
investigated for Newton’s method for the very first 2D elastic simulation scenario. For
the unilateral case with constant penalty stiffness and the active set method, which also
comes with a constant penalty stiffness, penalty stiffnesses ranging from 102 to 106 are
investigated. In the unilateral case with an adaptive penalty stiffness, the initial stiffness
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is set to one and a conservative value of κ = 0.1 in Eq. (2.97) is used to update the penalty
stiffness. The values for maximally allowed penetration gmax range from 10−5 to 10−3.
The minimally allowed penetration is set such that gmin = 0.5gmax.

2D elasticity, 5× 5 FEs

The diagrams in Fig. 2.13 present the vertical and horizontal reaction forces predicted by
the different methods in case the block deforms elastically and is discretized with 5×5 FEs
(i.e. nvar = 60). All predictions are clearly the same. Some snapshots of the simulations
are presented in Fig. 2.14.

The vertical black lines in Fig. 2.13 indicate when so many cut-backs have taken place
(i.e. 10) that the solver switches from Newton’s method to a true minimization method.
Newton’s method with the active set strategy is applied here, in combination with a
(constant) penalty stiffness of 100. The reason that Newton’s method with the active set
method cannot get past the time of the first two minimizations is that the same active set
is encountered no matter how often the time increment is refined.

For Newton’s method with the active set approach and (constant) penalty values ranging
from 103 to 106, the simulation can, in fact, get past the first two times that a minimiza-
tion algorithm is applied without switching the solver, but not past the time of the third
minimization. In this case, the cause is that Newton’s method simply does not converge
for the time of the third minimization, no matter how many cut-backs are taken. In other
words, the incremental objective function is not sufficiently convex. This can be visually
inspected for minimization III in Fig. 2.15, since the left neighbour of the bottom right
edges passes the top of the hill, whilst the curvature of the block’s right edge changes dras-
tically. Thus, minimizations III and VI in Fig. 2.15 correspond to snap-back phenomena
that Newton’s method cannot treat but must be treated for the simulation to continue.

Because a penalty value of 103 or greater substantially reduces the speed of the true
minimization algorithms and insignificantly improves the performance of Newton’s method
with the active set method (i.e. minimizations I and II occur at about 36% of the simulation
and minimization III at 41%), Newton’s method with the active set method with a penalty
value of 100 is used as the main solver for the remaining simulations.

It is nevertheless worth mentioning that if Newton’s method with the unilateral contact
enforcement with a constant penalty stiffness of 100 or larger is used, the simulation dies
before the time of the first two minimizations because Newton’s method simply does not
converge. On the other hand, if a constant penalty stiffness of 10 or smaller is used,
the penetration in the leader-surface is so large when the block crosses the hill that the
physical meaning of the simulation is lost.

If, in addition, Newton’s method with unilateral contact enforcement with the adaptive
penalty approach is used, the simulation also dies at the time of the first two minimizations
(i.e. at approximately 36% of the simulation), because Newton’s method simply does not
converge. This is irrespective of maximally allowed penetration gmax, which was tested
for values of 10−5, 10−4 and 10−3 (whilst gmin = 0.5gmax).

In conclusion, one can state that minimizations I, II, IV, V and VII in Figs. 2.13 and 2.15
could be avoided if Newton’s method with the active set strategy and a constant penalty
value of 103 or larger would be used. However, the increments at minimizations III and
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(a) Time=0.10 (b) Time=0.33

(c) Time=0.50 (d) Time=0.60

(e) Time=0.80 (f) Time=1.00

Figure 2.14: 2D hyperelasticity, 5 × 5 FEs. The deformations predicted by all methods
for different pseudo-times.

VI still fail due to the lack of convexity of the incremental objective function. Newton’s
method with the active set method with a penalty value of 100 is selected as the main
solver of the remaining simulations because larger penalty values substantially reduce the
speed of the minimization solvers.

The only issue left to discuss for this example is the computational performance of the
different minimization methods. The performances are presented in the first main row of
Table 2.2. The L-BFGS method was clearly investigated for nli = 100 and nli = 50. The
numbers of increments that were successfully and unsuccessfully treated with Newton’s
method are all the same, as are the total number of Newton iterations. All the simulations
required to switch the solver to a true minimization solver for 7 increments. The total
number of iterations that each minimization algorithm required is rather similar for all
methods. However, the number of force evaluations is more interesting because it requires
more time. The TR methods clearly outperform the quasi-Newton methods. From the two
TR methods, the preconditioned is the clear winner, since its number of force evaluations
is only 67% of that of the original TR method (while the number of CG iterations reduces
with 27%). On the other hand, the construction of the preconditioner can certainly not
be ignored.
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(a) Minimization I

(b) Minimization II (c) Minimization III

(d) Minimization IV (e) Minimization V

(f) Minimization VI (g) Minimization VII

Figure 2.15: 2D hyperelasticity, 5 × 5 FEs. The deformations before a minimization
algorithm is applied (grey) and after a minimization algorithm has converged (green).
Thus, the deformations correspond to the vertical black lines in Fig. 2.13. Minimizations
I and II take place almost immediately after each other, around a time of 0.36.
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Table 2.2: 2D hyperelasticity: Computational performances of the different methods for
the different discretizations. Iteration counters include iterations of rejected increments.

Newt incr Newt incr Newt Min Min Min force CG
Mesh Method

accept reject iter incr iter eval iter

BFGS 167 118 1887 7 1137 6408
LBFGS100 167 118 1887 7 1240 6811
LBFGS50 167 118 1887 7 1582 8361
TR 167 118 1887 7 1496 1503 12581

5 X 5

TR-icho 167 118 1887 7 999 1006 3421

BFGS 133 82 1055 3 1692 10136
LBFGS100 133 82 1055 3 1783 9236
LBFGS50 132 90 1119 3 2158 10642
TR 133 82 1055 3 8807 8810 29104

10 X 10

TR-icho 133 82 1055 3 2395 2398 3393

BFGS 143 87 1342 4 2521 13237
LBFGS100 143 87 1342 4 2998 14309
LBFGS50 143 87 1342 4 4000 19534
TR 141 87 1302 4 35470 35474 81497

15 X 15

TR-icho 141 87 1302 4 3856 3860 4511

2D elastoplasticity, 5× 5 FEs

The same simulations are then repeated, except for the elastoplastic constitutive model.
The force-time curves are presented in the diagrams in Fig. 2.16. The diagrams clearly
demonstrate that, again, all predictions of the different methods are the same. Fur-
thermore, the force-time responses show a more asymmetric profile due to the history
dependence of the elastoplastic constitutive model. This also becomes clear from the
deformations that are presented in Fig. 2.17 for different pseudo-times.

Furthermore, the simulations only switch the solver four times, although only three vertical
black lines can be distinguished in Fig. 2.16. The deformations before and after the
minimization algorithms are applied are presented in Fig. 2.18. Again, it could be possible
that some of the increments handled by the minimization solvers could be avoided if a
larger penalty value were used for Newton’s method with the active set method. However,
minimization III looks very similar as minimization III in Fig. 2.15, which also did not
converge for Newton’s method with an active set approach and penalty values ranging
from 103 to 106. It is furthermore fair to assume that snap-back behaviour occurs for the
time increment of minimization IV in Fig. 2.18, which would not converge if Newton’s
method were applied.

The performance of the different solvers is presented in the first main row of Table 2.3. Of
the quasi-Newton methods, the L-BFGS approach with the smallest number of previous
iterations taken into account performs the worst. Again, the TR methods are the obvi-
ous winner in terms of the number of force vector evaluations - which is even more the
bottleneck in elastoplastic simulations. Again, preconditioning also requires time in the
preconditioned TR method.
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(a) Vertical force

(b) Horizontal force

Figure 2.16: 2D hyperelastoplasticity, 5× 5 FEs. The force-time curves predicted by the
different methods. The times at which a minimization solver is applied are indicated by
the black vertical lines. The number behind ‘LBFGS’ in the legend refers to nli.
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(a) Time=0.10 (b) Time=0.33

(c) Time=0.50 (d) Time=0.60

(e) Time=0.80 (f) Time=1.00

Figure 2.17: 2D hyperelastoplasticity, 5 × 5 FEs. The deformations predicted by all
methods for different pseudo-times.

(a) Minimization I (b) Minimization II

(c) Minimization III (d) Minimization IV

Figure 2.18: 2D hyperelastoplasticity, 5× 5 FEs. The deformations before a minimization
algorithm is applied (grey) and after a minimization algorithm has converged (green).
Thus, the deformations correspond to the vertical black lines in Fig. 2.16.
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Table 2.3: 2D hyperelastoplasticity: Computational performances of the different methods
for the different discretizations. Red is used for simulations that failed on the cluster, but
converged on a local computer. Iteration counters include iterations of rejected increments.

Newt incr Newt incr Newt Min Min Min force CG
Mesh Method

accept reject iter incr iter eval iter

BFGS 149 80 1657 4 686 3935
LBFGS100 149 80 1657 4 727 3941
LBFGS50 149 80 1657 4 926 5167
TR 149 80 1657 4 1128 1132 9108

5 X 5

TR-icho 149 80 1657 4 661 665 1265

BFGS 122 74 1099 1 578 3472
LBFGS100 122 74 1099 1 724 3729
LBFGS50 122 74 1099 1 829 4339
TR 137 123 1365 3 8807 2964 18599

10 X 10

TR-icho 137 123 1365 3 1703 1706 2628

BFGS 118 84 1195 1 893 5212
LBFGS100 118 84 1195 1 1108 5676
LBFGS50 118 84 1195 1 1585 8208
TR 118 84 1195 1 3104 3105 13779

15 X 15

TR-icho 118 84 1302 4 1255 1256 1638

2D hyperelasticity, 10× 10 FEs

Next, the focus returns the hyperelastic material behaviour, but the block is now dis-
cretized with 10 × 10 FEs (i.e. nvar = 220). The forces predicted by the methods during
the course of the simulations are presented in Fig. 2.19. The predicted forces are seem-
ingly the same for all the methods. The simulations switch three times to a minimization
algorithm.

Some deformations predicted for different simulation times are presented in Fig. 2.20.
They indicate that the block deforms substantially differently than for the 5 × 5 case.
This is particularly pronounced for a pseudo-time of 0.50, since the block is ‘stuck’ behind
the hill at this time instance. Based on the deformation at a pseudo-time of 0.50 and that
at a pseudo-time of 0.60, snap-back must happen some time in between. The diagrams
in Fig. 2.19 indicate that this occurs just before a pseudo-time of 0.60. The image named
’Minimization II’ in Fig. 2.21 shows the snap-back behaviour in detail. The image named
‘minimization III’ in Fig. 2.21 also illustrates the snap-back that occurs for a pseudo-time
of approximately 0.62.

Even though the force-time diagrams do not show much of a discrete force jump at the
time of the first minimization, nor does the deformation before and after minimization I
in Fig. 2.21, a discrete event does happen at this moment. The issue is that the block’s
contact moves from its bottom edge (see image b in Fig. 2.20) to its right edge (see
minimization I in Fig. 2.21). During this rotation, the bottom left FE undergoes a drastic
change of deformation. At some time during this process, this change is sufficiently abrupt
to cause a switch of the solver.

Although the forces presented in the diagrams Fig. 2.19 are seemingly the same for all
methods, the L-BFGS simulation with nli = 50 behaves slightly differently than the other
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ones. This can well be observed for the deformations presented in Fig. 2.22. The large
deformations in the bottom right corner are introduced during the second time the L-
BFGS algorithm is applied. Nevertheless, no deformation occurs such that J < 10−12,
as this would not be accepted by the solver. A careful consideration has indicated that
self-penetration occurs during the L-BFGS minimization. As contact between deformable
bodies, such as self-contact, is not implemented, a further investigation can currently not
be performed.

(a) Vertical force

(b) Horizontal force

Figure 2.19: 2D hyperelasticity, 10 × 10 FEs. The force-time curves predicted by the
different methods. The times at which a minimization solver is applied are indicated by
the black vertical lines. The number behind ‘LBFGS’ in the legend refers to nli.
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(a) Time=0.10 (b) Time=0.33

(c) Time=0.50 (d) Time=0.60

(e) Time=0.80 (f) Time=1.00

Figure 2.20: 2D hyperelasticity, 10× 10 FEs. The deformations predicted by all methods,
except for the L-BFGS method with nli = 50, for different pseudo-times.

(a) Minimization I

(b) Minimization II (c) Minimization III

Figure 2.21: 2D hyperelastcity, 10 × 10 FEs. The deformations before a minimization
algorithm is applied (grey) and after a minimization algorithm has converged (green).
Thus, the deformations correspond to the vertical black lines in Fig. 2.19.
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(a) Time=0.60 (b) Time=1.00

Figure 2.22: 2D hyperelastcity, 10× 10 FEs. The deformations predicted by the L-BFGS
approach with nli = 50 for two pseudo-times.

The fact that the L-BFGS approach with nli = 50 predicts different results can also be
noticed in the second main row of Table 2.2 in which the performance of the different
methods are presented for this example. The number of increments successfully and
unsuccessfully solved with Newton’s method is, for instance, different from those of the
other methods, as is the total number of Newton iterations. Nevertheless, it can hardly be
noticed in the simulation time, which is governed by the number of times that the column
with force vectors must be evaluated.

In contrast to the previous simulations, in which both TR methods performed rather
similarly and substantially faster than the quasi-Newton methods, only the preconditioned
TR method is the clear winner in terms of the number of gradient/force evaluations for
the current test case.

2D hyperelastoplasticity, 10× 10 FEs

The next set of simulations is the same as the previous set, except that elastoplasticity is
considered. The forces predicted by the different methods over the course of the simula-
tions are presented in Fig. 2.23. The quasi-Newton simulations only switch solvers once.
Both TR methods make different predictions than the quasi-Newton methods and switch
solvers three times. Snapshots of the deformations predicted by the quasi-Newton meth-
ods for different pseudo-times are presented in Fig. 2.24. They seem physically correct at
first sight.

Two of the deformations predicted by the TR methods are presented in Fig. 2.25. The
deformation at a pseudo-time of 0.60 (just after the first minimization is performed) is
noticeably non-physical because some of the internal vertices penetrate the leader-surface.
This occurs because the line segment between the follower-vertex at the bottom right
corner and its left neighbour is substantially stretched by the leader-surface.

For this reason, an additional preconditioned TR simulation is performed in which not
only edge vertices serve as follower-vertices, but also internal vertices. A snapshot of a non-
converged deformation predicted by the preconditioned TR method is presented on the
right in Fig. 2.26. The left image of Fig. 2.26 presents its counterpart for the conventional
simulation in which only edge vertices serve as follower-vertices for the same global TR
iteration. In fact, internal vertices do not penetrate the leader-surface (right image of
Fig. 2.26). However, this change does not avoid the non-physical prediction made by the
preconditioned TR method (not shown).

It is furthermore worth mentioning that all simulations of this thesis are performed on the
cluster of the University of Luxembourg, but the two TR simulations for this test case fail
on the cluster. However, they ‘succeed’ if performed on a local computer. This highlights
the relative fragility of the two TR simulations of interest.
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The computational performances of the different methods are presented in the second main
row of Table 2.3 for this test case. Of the three quasi-Newton methods, the standard one
requires the least minimization iterations and, more importantly, the least force/gradient
evaluations. This was also observed for the 5×5 discretizations. Although the simulations
with both TR methods require more increments to be handled by the minimization solvers,
they require fewer force evaluations than all quasi-Newton methods. The preconditioned
TR method is again the clear winner in terms of the number of force evaluations.

(a) Vertical force

(b) Horizontal force

Figure 2.23: 2D hyperelastoplasticity, 10 × 10 FEs. The force-time curves predicted by
the different methods. The time at which a quasi-Newton solver is applied is indicated by
the black vertical lines. Simulations employing the TR solvers switch solvers three times,
of which the first time correpond to the vertical black line. The other two times are not
indicated. The number behind ‘LBFGS’ in the legend refers to nli.
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(a) Time=0.10 (b) Time=0.33

(c) Time=0.50 (d) Time=0.60

(e) Time=0.80 (f) Time=1.00

Figure 2.24: 2D hyperelastoplasticity, 10× 10 FEs. The deformations predicted by quasi-
Newton methods for different pseudo-times.

(a) Time=0.60 (b) Time=1.00

Figure 2.25: 2D hyperelastoplasticity, 10 × 10 FEs. Two deformations predicted by the
TR methods.

(a) Conventional approach (b) Follower-vertices include inner vertices

Figure 2.26: 2D hyperelastoplasticity, 10 × 10 FEs. Two non-converged deformations
predicted by the preconditioned TR method for the same global TR iteration. (a) The
regular approach in which only surface-vertices serve as follower-vertices, (b) all vertices
serve as follower-vertices. Red dots: vertices in contact.
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(a) Vertical force

(b) Horizontal force

Figure 2.27: 2D hyperelasticity, 15 × 15 FEs. The force-time curves predicted by the
different methods. The times at which a minimization solver is applied are indicated by
the black vertical lines. The number behind ‘LBFGS’ in the legend refers to nli.
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(a) Time=0.10 (b) Time=0.33

(c) Time=0.50 (d) Time=0.60

(e) Time=0.80 (f) Time=1.00

Figure 2.28: 2D hyperelasticity, 15 × 15 FEs. The deformations predicted by the quasi-
Newton methods for different pseudo-times.

(a) Quasi-Newton methods (b) TR methods

Figure 2.29: 2D hyperelasticity, 15 × 15 FEs. The deformations predicted by the quasi-
Newton methods (a) and the TR methods (b) at a pseudo-time of 0.64.

2D hyperelasticity, 15× 15 FEs

The next set of simulations considers elasticity and a discretization of 15×15 FEs (nvar =
480). The forces predicted by the different methods during the course of the simulations are
presented in Fig. 2.27. They show that all simulations switch four times to a minimization
solver during the course of a simulation. Again, the results predicted by the quasi-Newton
methods differ from those predicted by the TR methods for a short time interval.
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A visual inspection of the deformations predicted by the simulations using quasi-Newton
solvers in Fig. 2.28 yields the conclusion that the quasi-Newton simulations have made
rather acceptable predictions, except for the region of the top left corner (see image (d) for
a pseudo-time of 0.60). However, it could very well have been the case that if a horizontally
straight rigid body had been included that moves along with the top edge of the block,
these large deformations would not have occurred. For this reason, the large deformations
in the upper left corner are considered insufficiently interesting for further analysis.

More interesting are the deformations predicted for a pseudo-time of 0.64 in Fig. 2.29.
They show that for this set of simulations, the TR methods (right image) predict better
results than the quasi-Newton methods (left image). This is in contrast to the previous
set of simulations performed for the elastoplastic block discretized by 10 × 10 FEs, since
the results of the quasi-Newton methods were deemed physically more accurate.

The computational performances of the different methods are presented in the third main
row of Table 2.2. They show that thanks to the better predictions of the TR methods,
Newton’s method had to work less for the associated simulations. It is also clearly visible
that the BFGS method again required the least gradient evaluations of all quasi-Newton
methods and the L-BFGS method with nli = 50 the most. Furthermore, the precondi-
tioned TR method is again the clear winner based on the number of force evaluations.
The interesting thing is that the original TR method requires, by far, the most force
evaluations.

2D hyperelastoplasticity, 15× 15 FEs

The last set of 2D simulations is the same as the previous set except that elastoplastic-
ity instead of elasticity is considered. The predicted force-time curves are presented in
Fig. 2.30. The diagrams indicate that all methods make the same predictions and that
they only switch once to their minimization algorithm. Some deformations predicted for
different pseudo-times can be inspected in Fig. 2.31.

2.5.2 3D results

This subsection reports the capabilities and performances of the methods for 3D scenarios.
Because the 3D results are substantially less trivial to interpret, the discussion and analysis
of the 3D results are less in-depth than that of the 2D results.

The rigid leader-body in Fig. 2.32 is used in all scenarios. The figure indicates that its
generation consists of three steps. Two types of contact simulation are considered as
presented in Fig. 2.33. A cubic deformable follower-body is brought in contact with the
rigid leader-body.

In the simulations of type I, the follower-body approaches the leader-body from the bottom
and then moves in the positive y-direction. The displacement vectors of all vertices on
the block’s bottom edge are prescribed during the entire simulation, which is initially
subdivided in 100 time increments. During the first 40% of the simulation, the block is
displaced in the positive z-direction with a magnitude of 1.50. During the last 70% of
the simulation, the block is displaced in positive y-direction with a magnitude of 5.00.
Thus, between pseudo-times of 0.30 and 0.40, the block displaces in the y-direction and
the z-direction.
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(a) Vertical force

(b) Horizontal force

Figure 2.30: 2D hyperelastoplasticity, 15 × 15 FEs. The force-time curves predicted by
the different methods. The times at which a minimization solver is applied are indicated
by the black vertical lines. The number behind ‘LBFGS’ in the legend refers to nli.
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(a) Time=0.10 (b) Time=0.33

(c) Time=0.50 (d) Time=0.60

(e) Time=0.80 (f) Time=1.00

Figure 2.31: 2D hyperelastoplasticity, 15 × 15 FEs. The deformations predicted by all
methods for different pseudo-times.

Figure 2.32: Leader-body. Left: ellipsoid with semi-axes of lengths 4.00, 3.00, and
2.00. Middle: ellipsoid with random perturbations of the vertices. Right: leader-surface
smoothened using Gregory patches.

In the simulations of type II, the follower-body approaches the leader-body from the top
and then moves in the positive x-direction. The displacement vectors of all vertices of the
block’s top edge are prescribed during the simulation, which is again initially subdivided
in 100 time increments. During the first 40% of the simulation, the block is displaced in
the negative z-direction with a magnitude of 1.50. During the last 70% of the simulation,
the block is displaced in positive x-direction with a magnitude of 6.00. Thus, between
pseudo-times of 0.30 and 0.40, the block displaces in the x-direction and the z-direction.

Originally, the intention was to investigate the capabilities of all methods for cubes with
similar discretizations as the blocks in the 2D scenarios, i.e. 5 × 5 × 5, 10 × 10 × 10 and
15 × 15 × 15 FEs. However, the minimization methods failed for a substantial part of
the simulations with discretizations consisting of 15 × 15 × 15 FEs. On the one hand,
this is somewhat surprising because all minimization algorithms performed very similarly
for the 2D simulations with the finest discretization. Nevertheless, an investigation in
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Figure 2.33: Sketches of the two types of 3D simulations. The cubic deformable follower-
body of size 4.00× 4.00× 4.00 is presented twice and indicated by Roman numerals I and
II. The ellipsoidal leader-body is presented in grey. υI = 1.20 and υII = 1.00 denote the
maximal overlaps in z-direction that occurs during the two types of simulations.

the manner in which the 3D simulations with the finest discretization failed indicates
that the cause is simply that the force/gradient evaluations are too polluted by machine
precision. This may indicate that more advanced methods are required if large numbers
of FEs occur. These could, for instance, be domain decomposition methods [100, 101] or
multigrid methods [102, 103].

It is also worth mentioning that the number of previous iterations incorporated in the L-
BFGS method is furthermore increased to nli = 500, because the 3D simulations contain
more variables.

3D hyperelasticity, Type I, 5× 5× 5 FEs

The first set of simulations discussed are of type I and discretize the block with 5×5×5 FEs
(nvar = 540). The forces predicted by the different methods for the elastic constitutive
model are presented in Fig. 2.34. The simulations exploiting the quasi-Newton solvers
require to switch solvers four times, whereas those using the TR methods switch solvers
five times. For a short interval, which follows directly after the fourth minimization, the
forces predicted by the TR methods are different from those predicted by the quasi-Newton
methods. The interesting thing is that the TR methods predict an increase of the force in
the x-direction, whereas the quasi-Newton methods predict a decrease of the same force.
After a short time, the predictions of all simulations are the same again.

Some deformations predicted by the quasi-Newton methods for different time instances
are presented in the left column of Fig. 2.36 and show substantial deformations.

The computational performances of the different methods are presented in the first main
row of Table 2.4. Although the simulations exploiting the TR methods require more
Newton increments and one additional minimization increment, they clearly beat the
quasi-Newton methods in terms of the number of force evaluations, with the precondtioned
TR method as the overall winner.
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(a) Force in x-direction

(b) Force in y-direction

(c) Force in z-direction

Figure 2.34: 3D hyperelasticity, simulation type I, 5 × 5 × 5 FEs. The force-time curves
predicted by the different methods. The times at which a minimization solver is applied
in the quasi-Newton simulations are indicated by the black vertical lines. The number
behind ‘LBFGS’ in the legend refers to nli.
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(a) Force in x-direction

(b) Force in y-direction

(c) Force in z-direction

Figure 2.35: 3D hyperelastoplasticity, simulation type I, 5 × 5 × 5 FEs. The force-time
curves predicted by the different methods. The times at which a minimization solver is
applied in the quasi-Newton simulations are indicated by the black vertical lines. The
number behind ‘LBFGS’ in the legend refers to nli.
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Figure 2.36: 3D simulation type I, 5 × 5 × 5 FEs. Some deformations predicted by the
simulations that use the BFGS method.
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Table 2.4: 3D simulation type I, 5×5×5 FEs. Computational performances of the different
methods. Iteration counters include iterations of rejected increments.

Newt incr Newt incr Newt Min Min Min force CG
Method

accept reject iter incr iter eval iter

Hyperelasticity

BFGS 158 159 2230 4 2340 13194

LBFGS500 158 159 2231 4 2166 11846

TR 167 169 2463 5 5428 5433 16716

TR-icho 167 169 2463 5 2368 2373 2932

Hyperelastoplasticity

BFGS 174 158 2898 8 3218 19876

LBFGS500 164 140 2660 7 2754 16381

3D hyperelastoplasticity, Type I, 5× 5× 5 FEs

Only the constitutive model is switched from the elastic model to the elastoplastic one for
the next set of simulations. The forces predicted by the different methods are presented in
Fig. 2.35 and some deformations in the right column of Fig. 2.36. The force-time diagrams
show six instances in which minimization takes place, but more than one occurs in the first,
third, and last instances. The simulations exploiting the TR methods did not converge
for the minimization at the third instance. Furthermore, the simulation exploiting the
standard TR method predicts a slightly different result for the second instance in which
minimization is applied. This fact becomes clearer directly after the second pseudo-time
that minimization is applied.

Moreover, the two quasi-Newton simulations also make somewhat different predictions.
This is, for instance, visible in the force in the x-direction at a pseudo-time of approxi-
mately 0.78. It can also be observed in the second main row of Table 2.4 by the different
numbers of successfully and unsuccessfully performed Newton increments, by the differ-
ent numbers of Newton iterations and the different number of times the solver switched
to the minimization algorithm. Exceptionally, the L-BFGS method required fewer force
evaluations than the BFGS approach.

3D hyperelasticity, Type I, 10× 10× 10 FEs

Next, the same simulations are carried out, but with the elastic material model and a
discretization of 10 × 10 × 10 FEs (nvar = 3630). The predicted forces over the course
of the simulations are presented in the diagrams of Fig. 2.37, whilst some deformations
predicted by the simulation utilizing the BFGS approach are presented in the left column
of Fig. 2.39.

The force diagrams of Fig. 2.37 clearly indicate that towards the end of the simulation, the
quasi-Newton methods and the TR methods predict different results for about 5% of the
simulation. With the help of additional minimizations, the results predicted by the TR
simulations match those predicted by the quasi-Newton methods again for a pseudo-time
of approximately 0.82. This is obviously only possible because the simulation considers
hyperelasticity and frictionless contact.
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(a) Force in x-direction

(b) Force in y-direction

(c) Force in z-direction

Figure 2.37: 3D hyperelasticity, simulation type I, 10×10×10 FEs. The force-time curves
predicted by the different methods. The times at which a minimization solver is applied
in the quasi-Newton simulations are indicated by the black vertical lines. The number
behind ‘LBFGS’ in the legend refers to nli.
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(a) Force in x-direction

(b) Force in y-direction

(c) Force in z-direction

Figure 2.38: 3D hyperelastoplasticity, simulation type I, 10× 10× 10 FEs. The force-time
curves predicted by the different methods. The times at which a minimization solver is
applied in the quasi-Newton simulations are indicated by the black vertical lines. The
number behind ‘LBFGS’ in the legend refers to nli.
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Figure 2.39: 3D simulation type I, 10× 10× 10 FEs. Some deformations predicted by the
simulations that use the BFGS method.
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Table 2.5: 3D simulation type I, 10 × 10 × 10 FEs. Computational performances of the
different methods. Iteration counters include iterations of rejected increments.

Newt incr Newt incr Newt Min Min Min force CG
Method

accept reject iter incr iter eval iter

Hyperelasticity

BFGS 154 216 2910 6 5019 28784

LBFGS500 154 215 2911 5 5033 27100

TR 167 244 3498 8 5428 20465 81473

TR-icho 173 242 3449 7 6475 6482 9516

Hyperelastoplasticity

BFGS 134 163 2337 2 1992 10854

LBFGS500 134 163 2337 2 2008 10585

TR 134 163 2338 2 2441 2443 19529

Although simulations using the TR methods require the optimization solver more often
than those using quasi-Newton methods, as can be seen in the first main row of Table 2.5,
they still require less force/gradient evaluations than the quasi-Newton simulations. How-
ever, it is also clear to see that the preconditioned TR simulation is the obvious winner in
terms of the number of force/gradient evaluations.

3D hyperelastoplasticity, Type I, 10× 10× 10 FEs

The only change in the next set of simulations compared to the previous one is that
the constitutive model is adjusted from hyperelastic to hyperelastoplastic. The predicted
forces are presented in the diagrams in Fig. 2.38. The diagrams show that all simulations
required the switch of solvers twice and that the preconditioned TR method was unable
to converge for the second instance in which it was applied.

All curves in Fig. 2.38 match each other furthermore. This entails that the deformations
in the right column of Fig. 2.39 are the same for all methods (except the final one that
could not be predicted by the preconditioned TR method).

Moreover, the number of force evaluations of the different methods in the second main
row of Table 2.5 shows that both quasi-Newton methods performed similarly and that the
standard TR method requires approximately four times fewer gradient evaluations than
the quasi-Newton methods.

3D hyperelasticity, Type II, 10× 10× 10 FEs

Next, simulations of type II are analyzed. In these simulations, the deformable cube
approaches the rigid leader-body from above, and the amount of contact pressure is slightly
lower. Because the elastic and elastoplastic simulations with a discretization of 5× 5× 5
FEs did not require to switch solvers, they are not considered below.

First, hyperelasticity is considered. All simulations predicted the same results as can be
seen in the force-time diagrams in Fig. 2.40. It also clear that the solver was switched
only once. Some deformations predicted during the simulation process are presented in
the left column of Fig. 2.42.
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(a) Force in x-direction

(b) Force in y-direction

(c) Force in z-direction

Figure 2.40: 3D hyperelasticity, simulation type II, 10 × 10 × 10 FEs. The force-time
curves predicted by the different methods. The times at which a minimization solver is
applied in the quasi-Newton simulations are indicated by the black vertical lines. The
number behind ‘LBFGS’ in the legend refers to nli.
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(a) Force in x-direction

(b) Force in y-direction

(c) Force in z-direction

Figure 2.41: 3D hyperelastoplasticity, simulation type II, 10×10×10 FEs. The force-time
curves predicted by the different methods. The times at which a minimization solver is
applied in the quasi-Newton simulations are indicated by the black vertical lines. The
number behind ‘LBFGS’ in the legend refers to nli.
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Figure 2.42: 3D simulation type II, 10 × 10 × 10 FEs. Some deformations predicted by
the simulations that use the BFGS method.
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Table 2.6: 3D simulation type II, 10 × 10 × 10 FEs. Computational performances of the
different methods. Iteration counters include iterations of rejected increments.

Newt incr Newt incr Newt Min Min Min force CG
Method

accept reject iter incr iter eval iter

Hyperelasticity

BFGS 126 139 2018 1 550 2764

LBFGS500 126 139 2018 1 591 2932

TR 126 139 2018 1 829 830 3234

TR-icho 126 139 2018 1 272 273 369

Hyperelastoplasticity

BFGS 130 150 2160 1 555 2741

LBFGS500 130 149 2193 1 626 3663

TR 130 150 2152 1 1173 1174 5842

TR-icho 130 151 2177 1 171 172 404

The computational performances of the methods are summarized in the first main row of
Table 2.6. It can be seen that the preconditioned TR method required less than 10% of
the force evaluations than the quasi-Newton methods. The original TR method required
approximately 30% of the force evaluations of the quasi-Newton methods.

3D hyperelasticity, Type II, 10× 10× 10 FEs

In the last set of simulations, the constitutive model is switched from the elastic one to the
elastoplastic one, whilst the rest remains the same as in the previous set of simulations.
The predicted force-time diagrams in Fig. 2.41 show that all optimization solvers were
applied only once and that they all predicted the same results. The right column of
Fig. 2.42 shows some deformations predicted during the simulations.

The second main row in Table 2.6 indicates that the L-BFGS method required 34% more
force evaluations than the BFGS method. The original TR method required 57% less force
evaluations than the BFGS method, and the preconditioned TR method required 94% less
force evaluations than the BFGS method - of course, at the expense of preconditioning.

2.6 Conclusion

Newton’s method with bilateral contact enforcement and a constant penalty value was
the main solver of the contact simulations presented in this chapter (and in the next
chapter, for that matter). If Newton’s method failed to converge or if the same active
set was encountered for the same increment, the current time increment was cut in half
and Newton’s method attempted again to solve the new time increment. If this strategy
did not provide a converged solution after 10 cut-backs were made, Newton’s method was
exchanged for an optimization solver.

In the contact scenarios in this chapter, three cases can be identified. This chapter has
demonstrated that, for certain increments, Newton’s method alone would have been suffi-
cient if a larger penalty stiffness had been used. Because this would have yielded drastically
longer simulation times for the optimization solvers, this was not performed.
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For other time increments, Newton’s method indeed did not converge due to snap-back,
but the snap-back was a numerical artifact of the node-to-segment contact framework. In
such cases, mortar methods are likely to avoid the need for an optimization solver.

In other cases, Newton’s method also did not converge due to snap-back, but the snap-
back was physically supposed to occur and completely unrelated to the employed contact
framework.

The optimization solvers performed well for the first two cases. For the third case, i.e. when
snap-back is physically correct and unrelated to the contact framework, the change of
deformation of the deformable body was so substantial that not all optimization solvers
predicted the same minimizer. Such differences seem to appear more easily in 3D scenarios
than in 2D scenarios.

The optimization solvers under investigation were the BFGS method, the L-BFGS method,
the trust region (TR) method using Steihaug-Toint’s conjugate gradient method and the
TR method with the same but preconditioned conjugate gradient method. If the methods
converged to a different minimizer, the two quasi-Newton methods would normally yield
the same minimizer and the two TR methods would yield the other minimizer.

The TR methods would generally require fewer gradient evaluations than the quasi-Newton
methods, with the preconditioned TR method being the clear winner. Most of the times,
the preconditioned TR method would require approximately 3 to 7 times less gradient
evaluations, but for one simulation setup, this number reached 20. The preconditioned
TR method also requires fewer conjugate gradient iterations than the original TR method.
On the other hand, additional time is required to construct the preconditioner.

Part of the reason that the TR methods require fewer gradient evaluations than quasi-
Newton methods is that they are not hindered by a relatively time-consuming line search.
At the same time, the line search ensures that the quasi-Newton methods do not cross
energy barriers, which is unphysical. This is the most likely reason that the quasi-Newton
methods appear to be more robust for the contact simulations of this chapter.

An interesting part of this chapter was that the optimization solvers were used not only
in the context of hyperelasticity, but also in the context of hyperelastoplasticity. This is
unique to the best of the author’s knowledge and definitely in the context of unilateral
contact simulations. The elastoplastic simulations required the optimization solvers less
frequently than the elastic simulations. The optimization solvers performed equally well
for hyperelasticity as for hyperelasticity.

Although the conclusion chapter of this thesis presents additional conclusions related to
this chapter, a final comment is in place with regard to the finite element interpolation
employed. The only other two studies that have investigated optimization solvers for
quasi-static unilateral contact simulations (and did not consider snap-back and such large
deformations as in this chapter) have used linear triangular finite elements. In this chapter,
however, bilinearly quadrilateral and trilinearly hexagonal elements were employed. It
is quite possible that if linear triangular and tetrahedral elements had been used, the
optimization solvers would have predicted the same outcome results.
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Chapter 3

Neural networks for contact
detection in deformable-to-rigid
unilateral contact mechanics

3.1 Introduction

The current chapter focuses on the capabilities of two neural networks (NNs) to replace the
contact detection algorithm in the simulations of the previous chapter. The contact de-
tection algorithm was not explicitly introduced in the previous chapter, but is elaborately
explained in the current chapter.

It is worth noting that the current chapter employs the same simulations, test setups,
constitutive laws, discretizations, hyperparameters for the solvers, and the same node-to-
segment contact framework (including the penalty value) as the previous chapter. Only
two aspects are different. First, only the 3D rigid leader-body is used as the test problem
in the current chapter. Hence, the current chapter does not treat the 2d test problem of
the previous chapter. The reason is that the geometry of the rigid leader-body of the 2D
test problem is deemed too simple to pose an interesting test case. The second difference
is that the type I 3D simulation of the previous chapter is replaced by another simulation.
The reason for this will become clear later in this chapter.

The two NNs are a network called Neural-Pull and a multi-task NN that is newly proposed
in this chapter. Neural-Pull was selected from the broad offer of NNs developed by the
computer vision community to rapidly emulate the signed distance between a surface and
a point in space. Neural-Pull was selected from all available NNs because of its loss
function. The loss function uses only one contribution to train Neural-Pull for both its
primary output (i.e. the signed distance), as well as for its gradient. Normally, the loss
function requires two contributions to train an NN for its primary output and the primary
output’s first-order derivatives with respect to the NN’s input.

The second NN is not taken from the literature but is newly proposed in the current
chapter. It is a so-called multi-task NN and is tailored to mimic some tasks of the contact
detection algorithm simultaneously. In fact, it only emulates the most time-consuming
tasks of the conventional algorithm that require the least accuracy. By not replacing the
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last task of the conventional algorithm, which is responsible for the algorithm’s accuracy,
potential errors of the multi-task NN are envisioned to not occur in the algorithm’s final
output that is required for the simulation.

Table 3.1: List of symbols

Symbol Description

X location vector in undeformed follower-body

u = u(X) displacement vector of follower-body

x = X+ u(X) location vector in deformed follower-body

C set with all follower-vertices

Cact set with follower-vertices in contact (Cact ⊆ C)

ξ parametric surface coordinates

p patch number

P set with all patch numbers

Pact set with exact patch numbers associated with fol.-vertices in Cact

P̂act set with candidate patch numbers associated with fol.-vertices in Cact

Xlead = Xlead(p, ξ) location vector on rigid leader-surface

nlead = nlead(p, ξ) outward pointing normal of the rigid leader-surface

g signed distance

x function input/1 of 3 global directions

y output of perceptron or of NN/1 of 3 global directions

z input of activation function/1 of 3 global directions

f function

f , f force vector, column with force vectors

K, K 2nd-order stiffness tensor, matrix with 2nd-order stiffness tensors

w, w, W weight, column of weights of perceptron, matrix of weights of layer

b, b bias, column of biases of a layer

α stepsize, i.e. learning rate for NNs

µ mean

σ2 variance

ϵ positive constant

m matrix with first moment estimates

s matrix with second moment estimates

Some comments are required to relate some of the mathematical notation and concepts of
the previous chapter to those of the current chapter. First, the reader may have noticed
that nearly all the letters of the alphabet have already been used as mathematical symbols
in the previous chapter. Consequently, the meaning of some symbols is changed in the
current chapter. Table 3.1 lists the most important symbols used in the current chapter,
including all those whose meaning has changed. Second, an important difference from
the previous chapter is that in the previous chapter, the parametric surface coordinates ξ
were sufficient to reach any location on the leader surface. Thus, a simplified dependency
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Xlead(ξ) was considered to ease the notation of the previous chapter. This simplification
cannot be used in the current chapter. The current chapter considers that the leader
surface is subdivided into patches. Within each patch, the parametric surface coordinates
are bounded between zero and one, i.e. 0 ≤ ξ1 ≤ 1, 0 ≤ ξ2 ≤ 1. Thus, the dependency
Xlead(p, ξ) is considered in the current chapter, where p denotes the number of the patch.

The outline of the remainder of this chapter is as follows. The next section discusses
the workings of the conventional contact detection algorithm and how it is used in the
full simulation algorithm. Section 3 provides a concise explanation of the concepts of
NNs. Section 4 discusses Neural-Pull, whilst the proposed multi-task NN is presented in
Section 5. Section 6 presents the generation of the training data, compares the accuracy of
Neural-Pull with that of the proposed multi-task NN, and investigates the performance of
the contact simulations enhanced by the multi-task NN relative to those that exploit the
conventional contact detection algorithm. Finally, a short set of conclusions is presented
in section 7.

3.2 Contact detection algorithm

The first subsection of the current section discusses the purpose of the contact detection
algorithm (CDA) and the individual parts of the CDA in detail. The second subsection
discusses its place within the entire contact simulation algorithm.

3.2.1 Purpose and implementation

The contact simulations of this thesis consider a deformable follower-body and a rigid
leader-surface in frictionless unilateral node-to-surface contact. Gregory patches are used
to smooth the rigid leader-surface. The rigid leader-surface does not translate or rotate.

In this context, the conventional CDA is responsible for computing which location on
the rigid leader-surface corresponds to the shortest distance between a follower-vertex
of interest (i.e. a vertex on the follower-surface) and the rigid leader-surface. To do so,
the CDA must solve a minimization problem for each follower-vertex. This minimization
problem is also known as the closest-point projection and reads for a single follower-vertex:

p∗, ξ∗ = argmin
p∈P

0≤ξ1≤1

0≤ξ2≤1

∥∥x−Xlead(p, ξ)
∥∥, (3.1)

where ∥•∥ denotes the L2-norm, x the location vector of the follower-vertex in the deformed
configuration, and Xlead the location vector of the rigid leader-surface and is a function of
patch number p and two parametric surface coordinates stored in ξ. P denotes the index
set with all patch numbers. For completeness, the location vector of the follower vertex in
the deformed configuration can be expressed in terms of its location vector in the reference
configuration, X, and its displacement vector relative to the reference configuration, u, as
follows:

x = X+ u(X). (3.2)
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Once the patch and parametric surface coordinates that minimize the closest distance are
available, the signed distance and its gradient and Hessian (with respect to the displace-
ment vector of the follower-vertex) can rapidly be evaluated. The signed distance, g, is
formulated as:

g =
(
x−Xlead(p

∗, ξ∗)
)
· nlead(p

∗, ξ∗), (3.3)

where the leader-surface’s outward-pointing normal vector is denoted by nlead. Once the
closest-point projection of Eq. (3.1) is solved, the CDA also evaluates the signed distance -
at hardly any additional costs. It uses signed distance g to determine whether the follower-
vertex of interest is located inside the rigid leader-body (g < 0), outside the leader-body
(g > 0), or exactly on top of its surface (g = 0).

Once the CDA has considered all follower-vertices in index set C, the CDA constructs i)
Cact: a set of follower-vertices that are currently penetrating the leader-body, ii) Pact: a set
that indicates which patch number contains the closest-point projection of each follower-
vertex in Cact, and iii) ξ∗: a matrix that provides the closest-point projections for each

follower-vertex in Cact.

The CDA consists of three individual algorithms. The first algorithm is called the broad
phase and filters out the follower-vertices that are located far away from the leader-body.
For each follower-vertex that has passed the broad phase, the narrow phase precisely
computes its patch number and parametric surface coordinates. The narrow phase ac-
complishes this in two steps. In the first algorithm of the narrow phase, suitable initial
guesses for the parametric surface coordinates are calculated. In the narrow phase’s sec-
ond algorithm, Newton’s method is used to compute the parametric surface coordinates
exactly.

The ‘filtering’ performed by the broad phase starts with the generation of a convex hull
around each patch of the leader-surface. In this thesis, the convex hull is a bounding
sphere (see Fig. 3.2). The center of the bounding sphere, XBS

lead, is set as the average
location vector of those of the twenty control points of the Gregory patch. Subsequently,
the distance between the bounding sphere’s center and the control point that is located the
furthest is calculated. The radius of the bounding sphere, rBS, is then set as this distance
multiplied by a factor between 1 and 2. The use of the factor helps to prevent that no
follower-vertices near the patch edges remain undetected. Because the leader-surface does
not translate nor rotate during the course of a simulation, the centers and radii of all
bounding spheres are calculated only at the start of each simulation.

A pseudo-algorithm for the broad phase is presented in Alg. 5. It essentially consists of
a double for-loop, where the outer loop loops over all follower-vertices (in C) and the
inner loop loops over all patches (in P ). The result of the broad phase algorithm are
two sets, Ĉact and P̂act. Set Ĉact stores the indices of follower-vertices that are located in
the bounding sphere of at least one patch. Each component in P̂act stores the associated
patch numbers. Fig. 3.2 graphically illustrates that the index of a follower-vertex may be
present more than once in Ĉact. Then it will also have more associated patches stored in
P̂act.
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BS
lead

BS

Figure 3.1: Broad phase: a bounding sphere around a patch of the lead surface.

pA pB
x1

x2

x3 candidate

x4 candidate

x5 candidate candidate

x6 candidate

x7 candidate

x8

x9

x10

Figure 3.2: Broad phase: Sketch of ten follower-vertices and whether or not they will be
selected by the broad phase for further inspection in the narrow phase. The table on the
right illustrates that five follower-vertices will be selected by the broad phase, and one will
appear twice in Ĉact because it is associated with two patches.

Algorithm 5 Broad phase: Candidate selection

INPUT: u, C, P , XBS
lead, r

BS

1: Ĉact = {}
2: P̂act = {}
3: for i ∈ C do
4: xi = Xi + ui

5: for p ∈ P do
6: if ∥xi −XBS

lead/p∥ ≤ rBS
p then

7: add i to Ĉact

8: add p to P̂act

9: end if
10: end for
11: end for

OUTPUT: P̂act, Ĉact
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Algorithm 6 Narrow phase 1: Calculate initial guesses ξ̂ (detailed alg. in Appendix B)

INPUT: u, Ĉact, P̂act

1: for i ∈ Ĉact do
2: xi = Xi + ui

3: for p ∈ P̂act do
4: Given xi and p, determine ξ̂

i
via recursive seeding

5: end for
6: end for

OUTPUT: ξ̂

Once the broad phase is completed, the set Ĉact stores the indices of follower-vertices
that are close to the leader-surface. The associated set P̂act stores the potential patches
that may contain the closest-point projections. Both sets are handed to the first stage of
the narrow phase. The narrow phase will first calculate for each combination of follower-
vertex/associated patch in Ĉact and P̂act, a suitable initial guess of parametric surface
coordinates ξ̂. It accomplishes this by seeding a 5 × 5 point grid of parametric surface
coordinates on the patch associated with the follower-vertex (left image in Fig. 3.3). The al-
gorithm calculates the distance between each grid point and the follower-vertex of interest.
Subsequently, the algorithm determines which grid point is closest to the follower-vertex
of interest (red point in the left image of Fig. 3.3) and seeds another 5 × 5 grid around
the grid point closest to the follower-vertex of interest (right image in Fig. 3.3). The area
difference between two subsequent grids is 49

1024 (if the grid remains fully located within
the patch, i.e. 0 ≤ ξ1 ≤ 1, 0 ≤ ξ2 ≤ 1). The recursive seeding of ever-decreasing grids is
repeated a maximum of eight times, or until the parametric surface coordinates associated
with the closest distance between two consecutive grids change by no more than 0.005.
Algorithm 6 presents a highly simplified pseudocode.

After applying the broad phase and the first narrow phase algorithm, the results are i) set
Ĉact of follower-vertices that are close to the leader-surface, ii) set P̂act of potential patches
that contain the closest-point projections, and iii) matrix ξ̂ that stores the initial guess for

each combination of follower-vertex/associated patch in Ĉact and P̂act. The next step of
the narrow phase is to deploy Newton’s method to calculate the closest-point projections
accurately, i.e. ξ∗. Alg. 7 presents this in a simplified fashion. After the accurate closest-

point projection of each follower-vertex is computed, the algorithm also evaluates the
signed distance to determine which follower-vertex penetrates the leader-body (and which
patch contains its closest-point projection).

The total CDA, i.e. Algs. 5, 6 and 7 together, do not compute the gradient and Hessian
of the signed distance, but they can be rapidly evaluated using the final outputs of the
CDA. As the previous chapter has shown, the signed distance’s gradient and Hessian with
respect to the follower-vertex’s displacement vector, u, read:

d g

du

∣∣∣
p∗,ξ∗

= nlead(p
∗, ξ∗) = n∗

lead, (3.4)

d2 g

du2

∣∣∣
p∗,ξ∗

=
dnlead

du

∣∣∣
p∗,ξ∗

=
dn∗

lead

du
. (3.5)
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Figure 3.3: Recursive seeding to calculate initial guess ξ̂ for Newton’s method. Left: Initial
grid. Right: Second grid centered around the closest point found in the initial grid.

Algorithm 7 Narrow Phase 2: Compute ξ∗, Cact and Pact

INPUT: u, Ĉact, P̂act, ξ̂

1: Cact = {}
2: Pact = {}
3: for i ∈ Ĉact do
4: xi = Xi + ui

5: for p ∈ P̂act do
6: Given xi, p and ξ̂

i
, use Newton’s method to calculate ξ∗

i
7: if 0 ≤ ξ∗

i
≤ 1 then

8: Compute g(xi, p, ξ
∗
i
)

9: if g ≤ 0 then
10: add i to Cact

11: add p to Pact

12: end if
13: end if
14: end for
15: end for

OUTPUT: ξ∗, Cact, Pact

3.2.2 The contact detection algorithm in the simulation algorithm

Algs. 8, 9 and 10 present the locations of the contact detection algorithm within a trust
region (TR) method, a quasi-Newton method, and Newton’s method. To ease the notation,
only the most relevant dependencies are incorporated. For instance, the history variables
of the hyperelastoplasticity are completely omitted.

It is perhaps the most straightforward to start with the TR method of Alg. 8. In this
algorithm, the TR method computes a potential update (h) of the current estimate (u).
For the newly proposed estimate (ũ = uh), the gradient must be evaluated. However,
before the gradient can be evaluated, the CDA must evaluate the contact situation for the
newly proposed estimate ũ.
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The pseudo-algorithm for the quasi-Newton method of Alg. 9 resembles that of the TR
method, but includes two differences. First, the quasi-Newton method computes the
proposed search direction h in a different manner (line 2). Second, the quasi-Newton
method deploys a line search that computes a suitable stepsize α in the direction of h.
Nevertheless, for each newly proposed estimate ũ, the gradient evaluation in line 7 depends
on the results of the CDA (line 6).

Algorithm 8 Location of the CDA inside the TR method.

INPUT: C, P , unconverged u, Cact, Pact, ξ
∗

1: while no convergence do
2: Evaluate K = K(u, Cact, Pact, ξ

∗)

3: h = F
(
K, f

)
4: ũ = u+ h
5: Cact, Pact, ξ

∗ = CDA(ũ, C, P )

6: Evaluate f̃ = f(ũ, Cact, Pact, ξ
∗)

7: end while

OUTPUT: u, Cact, Pact, ξ
∗

Algorithm 9 Location of the CDA inside the quasi-Newton method.

INPUT: C, P , unconverged u, Cact, Pact, ξ
∗

1: while no convergence do
2: h = F

(
L,u, f

)
3: while no convergence do
4: Suggest α
5: ũ = u+ αh
6: Cact, Pact, ξ

∗ = CDA(ũ, C, P )

7: Evaluate f̃ = f(ũ, Cact, Pact, ξ
∗)

8: end while
9: end while

OUTPUT: u, Cact, Pact, ξ
∗

Whereas the TR method and the quasi-Newton method employ the entire CDA to evaluate
contact situations for each newly proposed estimate, this is not performed in Newton’s
method for the contact simulations of this chapter. As can be observed in Alg. 10, the
entire CDA is only applied once Newton’s method finishes. Besides the standard outputs
Cact, Pact and ξ∗, also the results of the broad phase (i.e. Ĉact and P̂act, see Alg. 5), are

stored for later use.

Within Newton’s method itself, only a part of the CDA is used to evaluate the contact
situation for each update of the estimate. This is presented as CDA’ in Alg. 10 and only
constitutes the two algorithms of the narrow phase (Algs. 6 and 7). The broad phase is
here thus bypassed, which is why the broad phase’s results in line 8 of Alg. 10 must be
stored as well. Another difference between the standard CDA and the simplified CDA
(CDA’ in Alg. 10) is that the simplified CDA is not allowed to decide which follower-
vertices are penetrating the rigid leader-body. Thus, the only task of the simplified CDA
in Newton’s method is to compute which patch contains the closest-point projection and
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what is the closest-point projection (i.e. ξ∗). The reason for this particular use of the CDA
in Newton’s method relative to its use in the quasi-Newton and TR methods is that the
contact constraints are enforced in a bilateral manner if Newton’s method is the solver
but in a unilateral manner if the optimization solvers are used. The previous chapter has
discussed this in considerable detail.

Algorithm 10 Location of the CDA inside Newton’s method.

INPUT: C, P , unconverged u, Cact, Pact, ξ
∗, Ĉact, P̂act

1: while no convergence do
2: Evaluate K = K(u, Cact, Pact, ξ

∗)

3: Solve for h: K · h = −f
4: u = u+ h
5: Cact, Pact, ξ

∗ = CDA’(u, Ĉact, P̂act)

6: Evaluate f = f(u, Cact, Pact, ξ
∗)

7: end while
8: Cact, Pact, ξ

∗, Ĉact, P̂act = CDA(u, C, P )

OUTPUT: u, Cact, Pact, P̂act, ξ
∗

3.3 Review of neural networks

This section reviews some basic details of the structures and principles of artificial neural
networks (ANNs), which are to replace the CDA. Thus, the current section serves as a
theoretical basis for the following sections which detail the ANNs that mimic the CDA. If
the review below is insufficient, studies such as [104, 105] may provide additional details.

3.3.1 From perceptron to multi-layer neural network

ANNs are built upon the concept of interconnected units or neurons that process data
hierarchically. This subsection introduces the perceptron as the fundamental building
block, followed by activation functions, which allow for non-linear transformations. Finally,
the current subsection describes multi-layer neural networks, which enable the modelling
of complex input-output relationships.

The perceptron (see Fig. 3.4) is a computational model inspired by biological neurons. It
functions as a linear binary classifier and transforms a set of input signals into a single
output signal based on a weighted sum of the inputs. Mathematically, the perceptron
computes a weighted sum z according to:

z =
n∑

i=1

wixi + b, (3.6)

where xi denotes the i
th input signal, wi its associated weight, and b the perceptron’s bias

term. Subsequently, the perceptron applies an activation function f(z) to z, producing its
output, y:

y = f(z). (3.7)
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Figure 3.4: Representation of a perceptron that takes inputs x1, . . . , xn and outputs the
activated value y.

For a binary classification problem, a common activation function is the (Heaviside) step
function:

f(z) =

{
1 if z ≥ 0,

0 if z < 0.
(3.8)

This makes the perceptron’s output y binary and describes the two possible classes. Ge-
ometrically, the perceptron divides the input space into two regions with a hyperplane
defined by the weights and bias. Points on one side of the hyperplane belong to one class,
while points on the other side belong to the other class.

While the step function is foundational, its inability to handle non-linear relationships
limits its applications. This motivates the use of other activation functions, enabling the
learning of more complex patterns. Without non-linear activation functions, a network
composed of multiple perceptrons would still behave like a single linear model, regardless
of its depth. Some common activation functions that partially fulfil these criteria are
presented in Fig. 3.5.

Arguably, the most widely used activation function in ANNs is the rectified linear unit
(ReLU). This function reads:

fReLU(z) = max(0, z). (3.9)

It resembles the step function in that it only activates when the weighted sum z reaches a
threshold. Additionally, it provides an output signal that is sensitive to the weighted sum
z once the activation threshold is attained.

The choice of activation function depends on the task at hand and the network’s architec-
ture. ReLU is particularly prevalent in deep learning thanks to its computational efficiency
and ability to mitigate vanishing gradients. In some scenarios, however, a more gradual
activation of the percetron’s output is more suitable. In the case of binary classification,
the sigmoid function may yield a useful choice (but may suffer from vanishing gradient
issues in deeper networks). The Sigmoid activation reads:

fSigmoid(z) =
1

1 + exp(−z) . (3.10)
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Figure 3.5: Graphical representation of three frequently used activation functions.

If zero-centered outputs are useful, the tanh function can be used instead. The tanh
activation reads:

ftanh(z) =
exp(z)− exp(−z)
exp(z) + exp(−z) . (3.11)

To overcome the limitations of single-layer perceptrons to emulate more complex phenom-
ena, multi-layer neural networks are generally used. These networks consist of multiple
hierarchically organized layers of neurons, including an input layer, one or more hidden
layers, and an output layer (see Fig. 3.6). Each neuron computes a weighted sum of its
inputs, applies an activation function, and passes the result to all neurons of the next
layer. By stacking multiple hidden layers, the network can model complex, non-linear
relationships between inputs and outputs.

Mathematically, for a network with nL layers, the computation at layer l can be expressed
as:

z[l] = W [l]a[l−1] + b[l], (3.12)

where z[l] is the linear combination of inputs for layer l, W [l] and b[l] are the weights and

biases of layer l and a[l−1] is the activation output from the previous layer (a[0] denotes
to the network’s input features in this notation). The activation function is then applied
element-wise to compute the activations for layer l:

a[l] = f(z[l]). (3.13)

This layered structure makes multi-layered networks more suitable to approximate highly
complex functions for a wide range of tasks, including classification, regression, and feature
extraction.

The next subsection concentrates on important concepts that are necessary to identify
the values of the weights and biases. The identification of the weights and biases is an
optimization problem that is called ‘training’ in machine learning terminology.
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Figure 3.6: A feedforward neural network consisting of an input layer, one hidden layer
and an output layer. Signals travel from left to right. Each connection is associated with

a weight. Weight w
[l]
ij is associated with the connection between the ith neuron of layer

[l − 1] and the jth neuron of layer [l]. Each neuron in layers other than the input layer is

associated with a bias (b
[l]
j ).

3.3.2 Concepts for training

The training of a neural network involves adjusting its parameters—weights and biases—so
that its predictions closely match the target values. This process is guided by three key
steps: the forward pass, loss computation, and back-propagation.

In a forward pass, input data is propagated through the network to produce predictions.
For a single sample (i), the network computes the activations at each layer as follows:

z[l](i) = W [l]a[l−1](i) + b[l], (3.14)

where z[l](i) denotes the linear combination of inputs at layer l for sample (i), and a[l−1](i)

denotes the activation output from the previous layer (where a[0](i) denotes the network’s
input features). The activation function f is then applied element-wise to compute:

a[l](i) = f(z[l](i)). (3.15)

This sequential process continues until the output layer produces the final prediction ŷ(i).
Once the prediction ŷ(i) is generated, the performance of the network is evaluated by
comparing it with the target values y(i). A loss function measures the error for a single
sample (i). A widely used loss function for regression ANNs is the mean squared error
(MSE), which reads:

L(i)MSE =
∥∥ŷ(i) − y(i)

∥∥2, (3.16)

On the other hand, the cross-entropy (CE) loss function is often used for classification
ANNs and reads:

L(i)CE = −
nC∑
j=1

y(i)
j

log
(
ŷ(i)
j

)
, (3.17)

where nC denotes the number of classes, and ŷ(i)
j

(the jth number of column ŷ(i)
j
) denotes

the predicted probability for class j.
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The loss measures introduced quantify the error for each sample. In practice, the NN must
learn its weights and biases for a wide variety of samples. Cost function J aggregates the
loss over nm training samples as follows:

J =
1

nm

nm∑
i=1

L(i), (3.18)

where L denotes an unspecified loss function.

Minimizing this cost function with respect to the NN’s weights and biases is the objective
of the training process. To minimize the cost function, the NN must adjust its weights and
biases. To know how to adjust the weights and biases, the gradient of the cost function
with respect to the weights and biases must be computed.

Computing the NN’s gradient heavily relies on the chain rule for NNs that consist of several
layers. For layer l, the gradient of the cost function with respect to z[l](i) is computed as:

δ[l](i) =
∂L(i)
∂z[l](i)

. (3.19)

The error δ[l](i) is then back-propagated through the network. Using the chain rule, the
gradients of the cost function with respect to the weights and biases are computed as:

∂J
∂W [l]

=
1

nm

nm∑
i=1

δ[l](i) ·
(
a[l−1](i)

)T
, (3.20)

∂J
∂b[l]

=
1

nm

nm∑
i=1

δ[l](i). (3.21)

The gradient indicates how much the cost function changes with respect to each parameter.
Using an optimization algorithm, such as stochastic gradient descent (SGD) or Adam, the
weights and biases are updated to minimize the cost function:

W [l] ←W [l] − α
∂J
∂W [l]

, (3.22)

b[l] ← b[l] − α
∂J
∂b[l]

, (3.23)

where α denotes the learning rate.

This iterative process of forward pass, loss computation, and back-propagation forms the
core of how neural networks learn. The next subsection will review a number of opti-
mization algorithms that are specifically formulated to efficiently and accurately minimize
NN’s cost function, i.e. to efficiently and accurately train an NN. Challenges specific to
the training of NNs, such as over-fitting and vanishing gradients, are also addressed.

3.3.3 Training strategies

Gradient descent is considered the backbone minimization method for NN training due to
its simplicity. Gradient updates the current estimate of the optimal parameter values in
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every iteration, taking a step in the direction in which the cost function locally decreases
the most. Often, however, minimization based on gradient descent is time-consuming. The
cost function is also characterized by numerous local minima. For these reasons, a variety
of adaptations have been proposed [106, 107, 108]. Some important ones are summarized
in this subsection.

A well-known method is stochastic gradient descent (SGD). Like conventional gradient
descent, it updates the parameters of the network (weights and biases) using the gradient
of the cost function with respect to their variations. The difference is that not all samples
are considered at once, but only a part of them. Such a subset is called a batch, and for
every iteration, another batch of samples is considered. For completeness of the notation
below, SGD writes the update of the parameters (weights and biases) as follows:

W [l] ←W [l] − α
∂Jbatch
∂W [l]

, b[l] ← b[l] − α
∂Jbatch
∂b[l]

, (3.24)

where Jbatch denotes the cost function computed for a batch of samples.

SGD, like gradient descent methods, may converge slowly if the objective function presents
large differences in the different components of the gradient. In such scenarios, the dom-
inant descent step oscillates, whereas the more convenient (although less pronounced)
direction of descent is largely neglected. In those cases, considering the momentum of the
iterative process can partially alleviate the issue of slow convergence.

One method developed to include momentum is Adagrad (Adaptive Gradient) [106], which
scales learning rates individually for each parameter. This can enable rapid progress of
infrequently updated parameters. Adagrad updates the weights as follows:

q
t
= q

t−1
+

(
∂Jbatch
∂W [l]

)2

, W [l] ←W [l] − α√
q
t
+ ϵ

∂Jbatch
∂W [l]

(3.25)

where q
t
denotes the cumulative sum of squared gradients, and (•)2 and •√

• here and below

are applied in an element-wise fashion. Subscrips t − 1 and t refer to the previous and
the current iteration of the training (optimization process). The biases are furthermore
updated in the same manner as the weights, including their own cumulative sum of squared
gradients.

The cumulative sum of squared gradients in Adagrad, q
t
, depends on those of all previous

iterations. Consequently, the progress per iteration can substantially reduce during the
course of the training process. To alleviate this deficiency, the formulation of the mo-
mentum can be fine-tuned to emphasize the influence of the most recent iterates, at the
expense of that of earlier iterates. The following way of updating yields an exponentially
decay of the contribution of previous iterates:

m
t
= βm

t−1
+ (1− β)

∂Jbatch
∂W [l]

, (3.26)

W [l] ←W [l] − αm
t
, (3.27)

where m
t
denotes the first moment estimate and β the momentum coefficient. Again, the

biases are updated in the same fashion, but not presented here for ease of presentation.
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An alternative to Adagrad that uses the exponential decay of previous iterations is called
Adadelta [107]. Whereas the learning rate in Adagrad often reduces too rapidly, the ex-
ponential decay in Adadelta often improves the performance. In addition to incorporating
the exponential decay with respect to Adagrad, Adadelta also normalizes the gradient
with respect to its magnitude. This may improve the performance as the training data in
each batch is different. The update of the weights in Adadelta is formulated as follows:

s
t
= βs

t−1
+ (1− β)

(
∂Jbatch
∂W [l]

)2

, (3.28)

W [l] ←W [l] −
∆W

t√
s
t
+ ϵ

, (3.29)

∆W
t
=

√
∆s

t
+ ϵ√

s
t
+ ϵ

· ∂Jbatch
∂W [l]

, (3.30)

where s
t
denotes the decaying average of squared gradients and ∆s

t
the decaying average

of squared parameter updates. β denotes the decay rate and the small constant ϵ improves
the numerical stability.

Another popular training algorithm is the Adam (Adaptive Moment Estimation) opti-
mization algorithm [108]. Adam updates the weights as follows:

m
t
= β1mt−1

+ (1− β1)
∂Jbatch
∂W [l]

, (3.31)

s
t
= β2st−1

+ (1− β2)

(
∂Jbatch
∂W [l]

)2

, (3.32)

m̃
t
=

m
t

1− βt
1

, s̃
t
=

s
t

1− βt
2

, (3.33)

W [l] ←W [l] − α
m̃

t√
ṽ
t
+ ϵ

, (3.34)

where m
t
and s

t
denote the first and second moment estimates (running averages of

gradients and squared gradients, respectively), while m̃
t
and s̃

t
are their bias-corrections.

Bias corrections prevent vanishing terms of the very first iterations (i.e. for small t). β1
and β2 denote the exponential decay rates for m

t
and s

t
.

Unlike Adam, which combines momentum with adaptive learning rates, Adadelta focuses
on maintaining unitless and consistent updates by normalizing gradient magnitudes and
parameter changes over time. While Adam is often favoured for its robust performance
across tasks, Adadelta is particularly well-suited for problems where learning rate tuning
is challenging or where parameters need to adjust dynamically over a wide range of scales.

Besides the different optimization techniques employed in the training of ANNs, other
improvements have also been developed in the last decades. A suggestion that provides
regularization is called ‘batch normalization’. Batch normalization reduces internal co-
variate shifts, improves gradient flow, and makes training less sensitive to initialization
and learning rate choices. It is especially effective in deep networks. Batch normalization
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for a layer, l, starts with the following expression:

z̃[l] =
z[l] − µ√
σ2 + ϵ

,

where µ and σ2 denote the mean and variance of the batch, and ϵ again denotes a small
constant that prevents division by zero. The normalized values are then scaled and shifted
with the help of learnable parameters γ and κ as follows

z̄[l] = γz̃[l] + κ.

Moreover, deep NNs often suffer from vanishing gradients. This means that training
an NN becomes harder as the number of layers of the NN increases. One structural
improvement in these cases is so-called ‘skip connections’. Skip connections in residual
networks (ResNets) pass inputs or intermediate activations to deeper layers:

a[l+1] = f(z[l] + a[l−1]), (3.35)

where a[l−1] denotes the activation layer l − 1, and z[l] denotes the linear combination of
inputs for layer l. This concept can be generalized and used to share information between
any layer.

Using optimization algorithms and structural enhancements, such as skip connections,
ANNs can be trained faster and more accurately. Several of these techniques are applied
to the proposed multi-task ANN of section 3.5 that is to replace the CDA.

3.4 Neural-Pull

The current section introduces and discusses Neural-Pull as a potential replacement for
the conventional CDA. Neural-Pull is, in fact, not an ANN, but a loss function tailored
to train an NN with the signed distance as its primary output. The loss function of
Neural-Pull trains the NN not only for its primary output, i.e. the signed distance, but
also for the gradient of the signed distance with respect to its input, i.e. the location
vector of the follower-vertex of interest. The particularity of the Neural-Pull loss function
is that measures the loss in terms of the signed distance and the gradient in one single
contribution. In contrast, the conventional way to quantify the loss with respect to both
the primary output and the gradient of the primary output with respect to the NN’s input
would be to formulate a separate loss function for the primary output and a separate loss
function for the gradient.

Thus, in the context of the contact simulations of this thesis, Neural-Pull considers an NN
that uses the current location vector of a follower-vertex of interest, x, as its input. The
NN’s primary output is signed distance ĝ, where the hat on top of the signed distance
indicates that the NN’s prediction for the signed distance is an approximation and not
necessarily perfect. Differentiating the NN’s output with respect to its input yields the
following expressions of the gradient and Hessian that are used in the current section:

d ĝ

dx
=

d ĝ

du
= n̂∗

lead = ∇xĝ, (3.36)
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where use is made of Eqs. (3.2) and (3.4).

With this notation, the following approximation for the location vector on the rigid leader-
surface that corresponds to the closest-point projection of x can be formulated:

X̂lead = x− ĝ
∇xĝ

∥∇xĝ∥
. (3.37)

The Neural-Pull loss function is then formulated as follows:

Lpull = ∥X̂lead −Xlead∥, (3.38)

which indeed consists only of a single contribution. Particular of the Neural-Pull loss
function is furthermore that it does not require the target signed distance, even though it
is the NN’s primary output. Instead, the target location vector on the rigid leader-surface
is required, i.e. Xlead.

It may be clear that an ANN trained with the Neural-Pull loss function does not exactly
emulate the aforementioned conventional CDA. The reason is that the conventional CDA
outputs Cact, Pact and ξ∗, whereas the NN trained with Neural-Pull outputs ĝ and its

first-order and second-order derivatives with respect to the location vector of the follower-
vertex of interest, i.e. x. Nevertheless, hardly any implementation efforts are required to
adjust the full contact simulations (i.e. Algs. 8, 9 and 10) such that they are compatible
with a NN trained using the Neural-Pull loss function.

3.5 Multi-task neural network

In Section 3.2, the conventional CDA was dissected in three separate algorithms. First,
the broad phase (Alg. 5) finds follower-vertices close to the rigid leader-surface and stores
them with potential patches in sets Ĉact and P̂act. Second, the first algorithm of the narrow
phase (Alg. 6) determines suitable initial guesses for parametric surface coordinates ξ̂ for

the patches stored in P̂act. Third, the second algorithm of the narrow phase (Alg. 7)
computes the exact closest-point projections, i.e. parametric surface coordinates ξ∗.

Unlike the NN trained by the Neural-Pull loss function of the previous section, the ap-
proach proposed in this section aims to replace the broad phase algorithm and the first
algorithm of the narrow phase, whereas the second algorithm of the narrow phase remains
untouched. To this purpose, a multi-task ANN is proposed. A multi-task NN is an ANN
that emulates more than one task simultaneously. Fig. 3.7 highlights the difference be-
tween a multi-task NN that is constructed to perform two tasks and two separate NNs
that each perform one task.

Based on Fig. 3.7, one can conclude that a multi-task NN is indeed a single NN, because
the different branches responsible for each task share information during their evaluation.
Consequently, a multi-task NN has to be trained for all tasks simultaneously. In contrast,
a combination of NNs, where each NN is responsible for a single task, enables training
each NN separately. This makes the training of the multi-task NN that is to replace a
combination of NNs more time-consuming than the training of the individual NNs. On
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Figure 3.7: Illustrative comparison of conventional NNs (left) versus a multi-task NN
(right). Left: Two NNs are presented that each emulate a separate task. Right: An NN
emulates the same tasks as the two NNs on the right, but exchanges information between
the green and pink branches. The exchange of information makes it a single NN, with the
consequence that it must be trained as one. It is called ‘multi-task’ because it emulates
two tasks simultaneously.

the other hand, thanks to the sharing of information between the branches, multi-task
NNs can be substantially more accurate than a combination of conventional ANNs.

A simple representation of inputs and outputs of the envisioned multi-task NN is presented
in Fig. 3.8. The input of the multi-task NN is the location vector of a follower-vertex of
interest, i.e. x but represented by scalars x, y and z in Fig. 3.8. The multi-task ANN
emulates three tasks. First, a (rough) signed distance approximation enables the discarding
of follower vertices that are definitely not close to the rigid leader surface. As a second and
substantially more important task, a classification is performed that finds the closest patch
to the follower-vertex of interest. In fact, the classification does not find a single patch, but
ranks the possibilities of all patches. The third and final task, equally important as the
second task, is to provide a suitable initial guess for the parametric surface coordinates.

Particular in Fig. 3.8 is that not two parametric surface coordinates are emulated (i.e. the
two scalars in ξ̂ for the follower-vertex of interest), but 2np, where np denotes the total
number of patches. The problem that would have arisen if only a single pair of parametric
surface coordinates would be emulated is illustrated in Fig. 3.9 for the case in which only
one parametric surface coordinate is of interest. The sketch shows that the parametric
surface coordinate experiences sudden steps because it is bounded between zero and one
within each patch. An ANN that is trained by means of regression would have difficulties in
treating these sudden changes. The multi-task ANN has the advantage that deep layers,
associated with the different tasks, can share information. In doing so, the geometric
information relevant to all patches is shared between the classification branch and the
projection branch.

Important for this type of construction of the multi-task NN is that only the specific
parametric surface coordinates for the associated patch are trained. In other words, for a
follower-vertex associated with patch 5 for instance, the multi-task NN should only train
for the two parametric surface coordinates associated with patch 5. If the multi-task
NN would also train for all other parametric surface coordinates, the accuracy of their
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Figure 3.8: General concept of the proposed Multi-Task neural network, highlighting
the inputs and outputs. The inputs (green) are the three scalars of the location vector
of follower-vertex of interest. The outputs (orange) are a scalar quantifying the signed
distance, 2np parametric surface coordinates, and np scalars between zero and one that
rank the patches most likely to contain the closest-point projection.

prediction reduces for the instances that they are the ones of interest.

1.
0

0.
0

Figure 3.9: 2-D Representation: A single projection regression output (red line) for a
multi-patch body introduces significant errors at patch boundaries. The exact surface
coordinate ξ is depicted in green

To ensure that back-propagation occurs only from the appropriate output pair (ξ1, ξ2), a
segmented regression approach is proposed. This is illustrated graphically in Fig. 3.10. It
is achieved using the following loss function:

Lproj =
∥∥ˆ̂ξ

p
− ξ∗

∥∥2, (3.39)

where ξ∗ denotes the (two) target parametric surface coordinates for the combination of
the follower-vertex and patch of interest (which is not the initial guess for the parametric

surface coordinates that the multi-task NN is supposed to predict). Furthermore,
ˆ̂
ξ denotes

the matrix containing all 2np parametric surface coordinate predictions that the multi-task
NN outputs. Two hats are placed on top of the matrix to unify the notation with respect
to the aforementioned equations of this chapter. One is used because the prediction of
the multi-task NN is only an approximation. The other one is because the multitask NN
predicts the initial guess for the parametric surface coordinates and not the exact ones.
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Figure 3.10: Segmented regression ensures that back-propagation (red arrows) occurs only
for the (ξ1, ξ2) pair corresponding to the true closest patch p.

However, the most important aspect here is that the subscript p denotes that only the
parametric surface coordinates associated with patch p are extracted.

Another way to formulate this loss function, that is more in line with common NN notation
and suits the precise implementation reported in Appendix C, is as follows:

Lproj =
np∑
p=1

(ξ̂τ,p − ξ∗τ,p)
2yclass,p, τ ∈ {1, 2}, (3.40)

where yclass,p denotes the one-hot encoding of the target patch number,
ˆ̂
ξτ,p and ξ∗τ,p

denote the multi-task NN’s prediction and target value of parametric surface coordinate
τ on patch p.

The total cost function for this task can then be written as follows:

Jproj =
1

nm

nm∑
i=1

L(i)proj, (3.41)

with nm denotes the number of training samples. Consequently, the total cost function
for the entire multi-task NN reads:

J = JMSE + Jproj + JCE, (3.42)

where JMSE denotes the cost function for the signed distance (using the loss function of
Eq. (3.16)) and JCE the cost function for the patch classification (using the loss function
of Eq. (3.17)).

3.6 Results

The current section presents the generation of the training data, the accuracy of the rele-
vant quantities obtained with Neural-Pull, the accuracy of the relevant quantities obtained
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with the multi-task NN, and finally both the accuracy and performance of the multi-task
NN as a replacement of the CDA in the contact simulations. First, however, the unilateral
contact simulations of the previous chapter are concisely repeated, with one difference
with respect to the previous chapter highlighted.

The simulations consider frictionless unilateral node-to-segment contact between a 3D
deformable follower-cube and a rigid leader-surface that neither translates nor rotates.
Gregory patches are responsible for the smoothness of the rigid leader-surface. 96 Gre-
gory patches are used, i.e. np = 96, P = {1, 2, . . . , 96}. The cube’s outer finite element
(FE) vertices function as follower-vertices. In some simulations, the cube is made to be-
have hyperelastically and in others hyperelastoplastically. Different trilinear hexagonal
discretizations with eight Gauss quadrature points per FE are furthermore applied to the
cube.

The difference from the previous chapter is that simulation type III is introduced, whereas
simulation type I is not considered anymore. As Fig. 3.11 illustrates, the displacement
vectors of all vertices of the cube’s top surface are prescribed during simulation type III.
The cube only translates in the positive x-direction during type III simulations.

Figure 3.11: Sketches of the three types of 3D simulations considered in this thesis. The
cubic deformable follower-body of size 4.00× 4.00× 4.00 is presented thrice and indicated
by Roman numerals I, II and III. The ellipsoidal rigid leader-body is presented in grey.
Simulations of type I are not considered in the current chapter. υII = 1.00 and υIII = 0.50
denote the maximal overlaps in z-direction that occurs during the two types of simulations.

3.6.1 Training data

The training and validation data are generated by sampling points around and inside the
rigid leader-body. The bounding box for these points is defined by extending the minimum
and maximum coordinates of the rigid leader-body by 10% in each direction, as shown in
Fig. 3.12. A uniform cloud of 200×200×200 points is generated, resulting in 8×106 points.
For each point, a collection of quantities is stored. The collection consists of the index of
the patch that contains the closest-point projection, the parametric surface coordinates of
the closest-point projection, the signed distance, the signed distance’s gradient ∂g

∂u = n∗
lead

and the six unique components of the symmetric Hessian tensor ∂2g
∂u2 .
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Figure 3.12: The rigid leader-surface enclosed in the bounding box used for the generation
of training data.
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From the generated point cloud, only points with a signed distance g ∈ [−0.5, 1.5] are
retained for further use. This reduces the size of the dataset to approximately 5.6 million,
thereby accelerating the training. It also concentrates the dataset on relevant regions near
the rigid leader-surface, thereby improving the accuracy of the NNs where it matters.
To ensure robust model validation, 20% of the generated points are randomly selected
for validation purposes during NN training. For illustration purposes, Fig. 3.13 shows
heatmaps at x = 0 for the signed distance and the x-component of n∗

lead. The images
highlight the spatial variation of the quantities.

Figure 3.13: Heatmaps for a single slice of the rigid leader surface in the plane with its
normal in x-direction: (a) signed distance g, (b) x-component of n∗

lead.

3.6.2 Neural-Pull

The conventional ANN trained with the Neural-Pull loss function consists of four hidden
layers, each containing 512 neurons. The ReLU activation function is used for all neurons,
except for those of the layer before the output layer. The sigmoid activation function is
used for these neurons. The Adam optimizer is used for training, with a learning rate of
α = 10−4. The batch size was set to 512 samples. It is relevant to mention that during
investigations not reported here, the number of hidden layers was varied, as were the
number of neurons per layer, the activation functions, the hyperparameters of Adam, as
well as that Adadelta was investigated as the training algorithm.

The accuracy of the Neural-Pull ANN is expressed in terms of absolute errors that are
computed for the validation data only. The expressions for the errors presented below for
the emulated signed distance, its gradient and Hessian, respectively, read:

e(ĝ) = |ĝ − g|, (3.43)

e(n̂lead) =
√

(n̂lead − n∗
lead) · (n̂lead − n∗

lead), (3.44)

e

(
d̂nlead

du

)
=

√√√√( d̂nlead

du
− dn∗

lead

du

)
:

(
d̂nlead

du
− dn∗

lead

du

)
, (3.45)

where the hats on top of the symbols refer to outputs of the NN and the symbols without
hats refer to their target quantities.

The error of the NN’s primary output, the signed distance, is presented as a distribution
in Fig. 3.14. The distribution in Fig. 3.14 shows that the error does not depend on the
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Figure 3.14: Neural-Pull: Error distribution for the signed distance.

distance between the point and the rigid leader-surface (vertical error). It also shows that
the worst error of the signed distance is approximately 10−2 (neglecting two outliers), and
the best error is approximately 10−8. The mean error is approximately 10−3. This can
be deemed accurate considering that the smallest length of the ellipsoid’s semi-axis is 2.00
units (see Fig. 3.12).

Fig. 3.15 presents the same distribution for the gradient of the signed distance. This
distribution also shows no significant effect of the signed distance on accuracy. The mean
error of approximately 10−1.75 = 0.018 is not too bad considering that the target vector
is a normal vector, i.e. has a length of one. Nevertheless, for some validation points the
error reaches values of more than 1. The reason for this becomes clear from comparing
the image on the left in Fig. 3.13 to the one on the right. The left image, which shows the
field of the signed distance is visually continuous. The right image, however, which shows
the field of (the x-component of) n∗

lead and is currently under investigation, shows that
n∗
lead is not continuous. Hence, the ANN’s predictions for the signed distance’s gradient

(i.e. n̂lead) are less accurate.

Finally, Fig. 3.16 again presents the same distribution, but this time for the Hessian. The
error increases relative to the one for the gradient (Fig. 3.15), but a direct comparison is
not applicable since the error for the gradient is defined using the L2-norm (Eq. (3.44))
and the one for the Hessian using the Frobenius norm (Eq. (3.45)). It is worth to realize
that the Neural-Pull loss function does not train the NN for the Hessian, whereas it does
so for the gradient (and the signed distance).
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Figure 3.15: Neural-Pull: Error distribution for the gradient.

Figure 3.16: Neural-Pull: Error distribution for the Hessian.
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BatchNorm

Figure 3.17: Multi-task NN: Architecture. Every arrow represents a full connection be-
tween layers. Layers show the number of neurons between parenthesis. Every task branch
is enclosed in a green rectangle.

Although the accuracy of the NN trained by the Neural-Pull loss function is undoubtedly
sufficient to visualize shapes as reported in [89], use of the NN in the overall simulation
algorithm did not yield convergence of Newton’s method. Consequently, no additional
results could be generated for this NN.

3.6.3 Multi-task neural network

The final architecture of the multi-task ANN is presented in Fig. 3.17. The number of
outputs for each layer (i.e. the number of neurons) is specified in parentheses. The neurons
of the hidden layers employ the ReLU activation function. The neurons of the output
layers do not use any activation function, except those of the classification branch which
use the softmax activation function. One can furthermore observe that the output of the
regression task is of size 2np + 1. One additional output is required for the training using
the segmented regression of the previous section. After training, however, this additional
output is ignored. The multi-task ANN also uses several skip-connections as can be seen
in Fig. 3.17.

The multi-task ANN is trained for 1000 epochs with the Adadelta optimizer. The Adam
optimizer was also examined, but performed worse. The learning rate is set to α = 0.001,
the decay rate to β = 0.95 and the denominator conditioner to ϵ = 10−7. Each batch
contains 32 samples. The cost functions of the different tasks are shown in Fig.3.18 for
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Figure 3.18: Multi-task NN: The cost functions of the different tasks. Left diagram:
signed distance, center diagram: patch classification, right diagram: parametric surface
coordinates.

the course of the training. The curves show stably decreasing trends. The classification
and projection tasks show a correlated learning behaviour due to the connections between
the two branches (see Fig. 3.17).

Accuracy of the multi-task neural network

As mentioned in section 3.5, the multi-task NN’s signed distance predictions are only
envisioned to serve as a filter. For this reason, a somewhat reduced accuracy of the signed
distance prediction is acceptable, and a rather modest sub-architecture for the signed
distance is used (left branch in Fig. 3.17). Despite this, Fig. 3.19 shows that the mean
error of the signed distance is only one order of magnitude larger than that of the NN
trained with Neural-Pull (10−2 versus 10−3). Consequently, the multi-task NN in the
contact simulations filters at a threshold of g = 0.10, which is a fairly conservative choice
as can be seen in Fig. 3.19.

Fig.3.20 illustrates the accuracy of the patch classification of the multi-task NN by means
of three confusion matrices. The first axis of the confusion matrix corresponds to the
target indices and the second axis to the predicted indices. By recording the combination
of target index and predicted index for a single sample, the counter of one square of
the confusion matrix is increased by one. This is repeated for all samples. Thus, in a
perfect scenario, only the squares on the diagonal are populated and the counters of the
off-diagonal squares remain zero.

The top-left confusion matrix in Fig. 3.20 visualizes the multi-task NN’s classification
prediction without any training. The confusion matrix indicates that the multi-task NN
effectively classifies randomly. After training with five epochs however, the top-right confu-
sion matrix in Fig.3.20 illustrates that the multi-task NN has already learned substantially,
since the multi-task NN maps substantially more samples to the diagonal squares - which
it is supposed to do. The bottom-left confusion matrix in Fig. 3.20 illustrates the capa-
bilities of the multi-task NN after it is trained for 1000 epochs. Relative to the top-right
confusion matrix, it can be seen that the counters of the diagonal squares have increased
even more at the desired expense of the counters of the off-diagonal squares after training
is completed for 1000 epochs.

The final confusion matrix is not perfect because the counters of some off-diagonal squares
are not zero. To investigate the mistakes of the multi-task ANN, the confusion matrix
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Figure 3.19: Multi-task NN: Error distribution of the signed distance.
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Figure 3.20: Multi-task NN: Confusion matrices for closest patch prediction after a) 0
epochs, b) 5 epochs, c) 1000 epochs of training. The neighbourhood matrix of the 96
patches is shown in diagram d).
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can be compared to the neighbourhood matrix in the bottom-left of Fig.3.20. The neigh-
bourhood matrix illustrates the neighbours of each patch. A white square means that two
patches are not neighbours, a green square means that two patches share an edge, and
an orange square means that two patches share a vertex. The similarity of the confusion
matrix and the neighbourhood matrix indicates that if the multi-task ANN makes a mis-
take, it has predicted the patch with which the target patch shares an edge in most of the
cases.

Next, the accuracy of the multi-task NN’s predictions of the parametric surface coordinates
is investigated. To this purpose, the L2-norm (Euclidian norm) of the difference between
the predicted and target parametric surface coordinates is recorded for each validation
sample. Fig. 3.21 presents the error distribution individually for each patch. Important to
realize is that the results in Fig. 3.21 are generated without interference of the classifica-
tion branch of the multi-task NN. In other words, potential mistakes of the classification
predictions have no influence on Fig. 3.21.

Fig. 3.21 shows that the average error is approximately 10−1.6 = 0.025. This seems like a
decent result for two reasons. The first reason is that each parametric surface coordinate
is bounded between 0 and 1 and hence, an error of 0.025 relative to a value 1 is not bad.
The second reason is that the multi-task NN will only be used to predict the initial guesses
of the parametric surface coordinates and not the exact ones. Hence, Newton’s method
will subsequently be employed to compute the exact parametric surface coordinates (since
the second algorithm of the narrow phase of Alg. 7 will remain untouched and will remain
in place in the envisioned CDA.

Fig. 3.21 illustrates two more points. First, the accuracy of the predicted parametric
surface coordinates clearly depends on the patch. Second, for some patches, the maximum
error seems substantial.

In addition, it is interesting to investigate if the accuracy of the multi-task NN’s prediction
of the parametric surface coordinates depends on the location inside a patch. For this
purpose, Fig. 3.22 presents the error distributions of the individual parametric surface
coordinates as a function of the target values for patch 50. The distributions show that
the errors do not seem to depend on the location inside patch 50.

Accuracy of the hybrid CDA

The next investigation focuses on the accuracy of the newly envisioned CDA that results
from replacing the broad phase algorithm (Alg. 5) and the first algorithm of the nar-
row phase (Alg. 6) with the multi-task NN (Fig. 3.17). Thus, the current investigation
concentrates on the accuracy that results from combining the multi-task NN and Alg. 7.

Similarly to the presentation of the accuracy of the NN trained with Neural-Pull, the same
errors of the signed distance, the signed distance’s gradient and Hessian are presented in
the left column that the hybrid CDA has predicted for the validation samples. Interest-
ingly, the hybrid CDA’s predictions of the signed distance, its gradient and Hessian are
near machine precision for the vast majority of the validation samples, and terribly large
for a small minority. Newton’s method in Alg. 7 must be credited for reaching near ma-
chine precision errors. The substantially large errors that occur for a small minority of the
samples is caused by inaccuracies of both the patch classification branch and the branch
responsible for the parametric surface coordinate predictions.
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Figure 3.21: Multi-task NN: Error distribution of the parametric surface coordinates for
each patch.
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Figure 3.23: Hybrid CDA. Left column: Error distributions of the signed distance, its
gradient and Hessian. Right column: Each distribution on the left is split in two at an
error of 10−10. The distribution of the validation samples that fall in the domain on the
right of an error of 10−10 is presented as a function of the signed distance.
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More precisely, if the distributions in the left column of Fig. 3.23 are split into two domains
at an error of 10−10, it can be stated that the error of the signed distance falls below 10−10

for 99.94% of the validation samples. The errors of the gradient and the Hessian fall
below 10−10 for 99.54% of the validation samples. The next question is whether or not
the validation samples with a substantial error (i.e. those with an error of more 10−10)
show some dependency on the signed distance. The distributions in the right column of
Fig. 3.23 show that this is not the case for the signed distance. For the gradient and
Hessian, however, an increase of the signed distance increases the chance of a completely
wrong prediction of the hybrid CDA.

(a) Elasticity

(b) Elastoplasticity

Figure 3.24: Simulation type II, 5× 5× 5 FEs. The forces in x-direction predicted by the
conventional simulation and the hybrid CDA simulation as a function of the pseudo-time.

Performance of the hybrid CDA contact simulations

Finally, the performance of contact simulations enhanced by the hybrid CDA is investi-
gated. First, a simulation of type II is considered in which the deformable follower-cube
behaves elastically and is discretized using 5 × 5 × 5 FEs (nvar = 540). This simulation
is completely solved by Newton’s method. The forces in the x direction predicted by the
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Table 3.2: Performance of simulations that do not require minimization solvers. Times (in
seconds) taken for different parts of the simulation. The last column does not have units
since it reports the number of Newton iterations, including accepted and rejected Newton
increments.

type deformable method Total K+solv fmat CDA’+fcon CDA Newt iter

no ANN 406.88 56.41 14.69 196.79 127.63 10295×5× 5
elastic ANN 197.72 47.32 11.90 111.94 18.28 982

no ANN 387.45 49.39 38.20 167.31 121.31 891
II

5×5× 5
plastic ANN 236.04 49.05 36.64 113.90 19.27 884

no ANN 13922.90 8010.07 1173.25 2443.12 1905.63 281115×15× 15
elastic ANN 10180.17 7487.15 1101.67 1015.80 204.27 2855

no ANN 13203.27 7511.77 1224.12 2340.70 1851.06 3261
III

15×15× 15
plastic ANN 9409.99 6940.42 1147.12 881.90 182.05 2943

conventional simulation and the hybrid CDA simulation over the course of the simulation
are presented in the top diagram of Fig. 3.24. The forces match nearly perfectly. Some
minor differences do occur, but they can be barely observed with the naked eye.

The computational times of the two methods for this simulation are presented in the first
two rows of Table 3.2 (type II, 5 × 5 × 5, elastic). Also, the performance indicates that
the two simulations behave slightly differently, since the number of Newton iterations is
slightly different. As a consequence, the times required to construct the stiffness matrix,
to solve the linear system (K + solve in Table 3.2) and to construct the part of the force
column associated with the material behaviour (fmat in Table 3.2) are also somewhat
different, although they are not directly affected by the CDA.

In this contact simulation, which is completely based on Newton’s method, the CDA is
exploited twice (see Alg. 10); once in its entirety when Newton’s method has converged
(CDA in Table 3.2), and once in its simplified form for each Newton iteration (reported
together with the construction of the force column associated with contact in Table 3.2).
Consequently, the most significant accelerations can be observed when the CDAs are
employed. For this simulation, the hybrid CDA accelerates the simulation by a factor of
two.

The next simulation setup is the same as the previous one, but elastoplasticity instead of
elasticity is considered. The force-time curves in the bottom diagram of Fig. 3.24 show
an excellent match. In this case, it is expected that the relative acceleration obtained by
the hybrid CDA is somewhat less because the return mapping algorithm entails that more
time is required to construct the part of the force column associated with the constitutive
material law.

The third and fourth rows in Table 3.2 indeed show that the construction of the force
column associated with the constitutive material law is substantially increased compared
to the previous elastic simulation. Consequently, the relative acceleration has also reduced
relative to the elastic simulation, as can be observed by comparing the total simulation
times. It can furthermore be observed that the simulation time of the elastoplastic simula-
tion with the conventional CDA has been reduced relative to that of its elastic equivalent
(even though the return mapping is performed). This is caused by fact that 10% less
Newton iterations are required in the elastoplastic simulation.
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Next, the simulation type is changed from II to III, hyperelasticity is considered, and a
discretization of 15 × 15 × 15 FEs is used (nvar = 11520). The force-time curves pre-
sented for this simulation in the top diagram of Fig. 3.25 match perfectly. Since type III
simulations were not considered in the previous chapter, the deformations predicted for
different pseudo-times for hyperelasticity are presented in the left column of Fig. 3.26 for
completeness.

(a) Elasticity

(b) Elastoplasticity

Figure 3.25: Simulation type III, 15× 15× 15 FEs. The forces in x-direction predicted by
the conventional simulation and the hybrid CDA simulation as a function of the pseudo-
time.

What makes this simulation interesting in relation to the previous ones is that the number
of variables is drastically increased (540 versus 11520). Consequently, the time of the linear
solver in relation to the total simulation time is substantially increased. Consequently, the
relative time savings obtained by the hybrid CDA are less, although they substantially
increase in the absolute sense, as the fifth and sixth rows in Table 3.2 indicate.

Because the acceleration achieved with the hybrid CDA is only a factor of 1.4, an important
note is to be made here. Solving the systems of linear equations is performed with a direct
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Figure 3.26: 3D simulation type III, 15×15×15 FEs. Some deformations predicted using
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Table 3.3: Performance of simulations that require minimization solvers. Times (in sec-
onds) taken for different parts of the simulation. The last three columns are counters and
they include iterations of accepted and rejected increments.

type deformable method Total K+solv K+MINsolv fmat CDA+fcon
Newt
iter

Min
iter

Min force
eval

BFGS 6824.40 1126.94 254.33 549.38 4128.92 2024 556 2898
BFGS-ANN 4729.26 1148.66 253.31 541.62 2573.19 2059 567 2860
TR 7004.45 1126.80 2876.51 344.48 1913.87 2024 735 736

10×10× 10
elastic

TR-ANN 4333.68 1153.79 1804.54 317.60 867.62 2059 463 464
TR 5934.61 1021.14 1769.31 632.14 1868.62 2017 260 261

II

10×10× 10
plastic TR-ANN 9977.79 1879.82 4512.81 1029.35 2323.00 3310 688 712

solver in the contact simulations of this thesis. If an iterative solver would be used instead,
the time to solve the systems would be drastically reduced. Consequently, the acceleration
of the hybrid CDA would be substantially more noticable in the total simulation times.

Next, the same simulation setup is retained, but the elastoplastic constitutive law is em-
ployed. The force-time curve in the bottom diagram of Fig. 3.25 shows minor differences
with that of the elastic simulation (top diagram of Fig. 3.25). A look at the right column
of Fig. 3.26 confirms that some plastic deformation develops, but the plastic multiplier
does not exceed 0.031 during the course of the simulation. Consequently, the times for
this simulation reported in the seventh and eight rows of Table 3.2 (type III, 15× 15× 15,
plastic) are similar to those for the elastic simulation.

The next simulation setup goes back to type II, considers hyperelasticity and a discretiza-
tion of 10 × 10 × 10 FEs (nvar = 3630). This simulation setup is interesting because the
simulation switches the solver from Newton’s method to a true minimization solver for
one time increment. This can be observed in the predicted force that is presented over the
course of the simulation in the top diagram of Fig. 3.27. The curve predicted by the con-
ventional simulation matches the one predicted by the hybrid CDA simulation extremely
well.

Next, the same simulation setup is used, but elastoplasticity instead of elasticity is consid-
ered. The force-time curves in the bottom diagram of Fig. 3.27 again match very well and
show that the Newton solver is twice replaced for a minimization solver. The predictions
of the quasi-Newton methods are not reported because they did not converge - neither the
hybrid CDA simulations nor the conventional one.

The performance reported in the two bottom rows of Table 3.2 shows that the simulation
with the hybrid CDA took substantially longer than the conventional one. Apparently, the
mistakes of the hybrid CDA yielded a substantial increase in the number of TR iterations
and Newton iterations, yet the converged results did not change.

Lastly, the reason for the lack of simulations of type I is explained. The simulations of type
I require more frequently that the Newton solver is exchanged for a minimization solver
(see e.g. Fig. 3.28). Furthermore, the minimization problems that the solvers must tackle
are also more complex - as derived from the magnitude of the discrete force jumps. Thus,
the minimization solvers seem to be more affected by the mistakes introduced by the hybrid
CDA than Newton’s method. On the other hand, this cannot be stated with complete
certainty because the contact constraints are applied in a bilateral fashion when Newton’s
method is deployed, whereas they are applied in a unilateral fashion if a minimization
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(a) Elasticity

(b) Elastoplasticity

Figure 3.27: Simulation type II, 10×10×10 FEs, requiring minimization solvers. The forces
in x-direction predicted by the conventional simulations and the hybrid CDA simulations
as a function of the pseudo-time.

solver is used.

3.7 Summary

The results presented in this chapter focus on evaluating two neural network-based ap-
proaches for accelerating the contact-specific computation processes in deformable-to-rigid
unilateral contact simulations. First, the Neural-Pull method was tested, achieving high
levels of accuracy in predicting the signed distance function; however, the accuracy proved
insufficient for contact mechanics simulations, particularly for its derivatives. The second
approach, a multi-task neural network, showed promising performance for its three tasks:
signed distance prediction, patch classification, and surface projection. The signed distance
task effectively filtered potentially active nodes with a modest sub-architecture, achieving
an error of approximately 10−2 and enabling small broad-phase thresholds to mantain a
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Figure 3.28: Simulation type I, 5× 5× 5 FEs, requiring minimization solvers. The forces
in x-direction predicted by the conventional simulations and the hybrid CDA simulations
as a function of the pseudo-time.

conservative filter of possibly active nodes. The patch classification task reached an over-
all accuracy of 98.7%, with misclassifications mainly concentrated among neighbouring
patches, which appears to be a reasonable outcome. Similarly, the surface projection task
demonstrated uniformly low errors across coordinates, with typical values on the order of
10−2.

To assess the precision of the MTNN as a whole, the signed distance and its derivatives
have been computed directly from the predictions of ξ̂ and the highest probabilities of p̂. In

this scenario, a larger dataset was tested and the predicted values for the signed distance
and its derivatives have attained very high precision for the vast majority of the points
tested. Furthermore, the simulations performed have shown results with high accuracy
in most of the cases and an improvement in the computation times. The times employed
to compute the active set show a clear tendency to reduce, as well as the times of the
contact-specific parts. In some cases, the overall contact-specific times did not improve,
but in those cases, this effect was due to having more iterations required. This can be
linked to accuracy.
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Chapter 4

Conclusions

Deformable bodies in unilateral contact simulations frequently undergo snap-through and
snap-back phenomena. Whereas [31] has shown that optimization solvers are capable to
treat snap-through phenomena in contact mechanics, Chapter 2 has investigated whether
optimization solvers are also able to treat snap-back phenomena that may occur in uni-
lateral contact simulations.

The test problems focused on frictionless contact between a deformable follower-body and
a rigid leader-body. A node-to-segment contact framework was used in combination with
Gregory patches to smoothen the rigid leader-surface. The investigation involved four dif-
ferent minimization algorithms, hyperelasticity and hyperelastoplasticity, 2D simulations
with bilinear quadrilateral finite elements, 3D simulations with trilinear hexahedral finite
elements and different element sizes. The conclusions can be summarized as follows:

• Several times that the simulations switched from Newton’s method to an optimiza-
tion solver were caused by the specifities of the node-to-segment contact framework
used. Hence, minimization algorithms seem to improve the robustness of node-to-
segment frameworks.

• In other instances, the simulations switched solvers because a snap-back occurred
that was physically desired and unrelated to the employed contact framework. Hence,
optimization algorithms may also be interesting for mortar frameworks.

• In general, the snap-backs occur less frequently in the simulations where plasticity
has been considered, which is expected since the elastic energy stored that could
potentially be released is less than in the elastic case.

• It is reasonable to predict that if friction were to be considered, the snap-back effect
would not be as abrupt as it has been observed for the frictionless examples studied
in this thesis. Furthermore, fewer snap-backs would be expected to happen in every
case for frictional cases since, similarly to the effects observed in the plastic cases,
the elastic recovery would be restricted.

• Minimization algorithms are able to treat hyperelastoplasticity in displacement-
driven contact simulations.
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• The trust region (TR) methods outperform the quasi-Newton methods in terms of
the number of force evaluations. Of the two TR methods, the preconditioned one
requires substantially fewer force evaluations (and conjugate gradient iterations)
than the original, unpreconditioned one. The price to pay for this improvement is
the construction of the preconditioner.

• The TR methods predict non-physical deformations more often than the quasi-
Newton methods. This may be explained by the fact that the line search of the
quasi-Newton method guarantees that no energy barriers are crossed during the
minimization.

• Because the objective function is quickly polluted by machine precision for an in-
crease in the number of FEs, the use of the objective function is circumvented by
replacing it by the gradient (i.e. the force column)as suggested by [31]. However,
this remedy only works to some extent. Hence, for true engineering problems, other
treatments must be exploited or formulated. Domain decomposition methods and/or
multigrid methods may form potential remedies.

All minimization algorithms may predict non-physical deformations. This may be avoided
by (combinations of) several approaches:

• The node-to-segment method can be replaced with a mortar method at the price of
increased simulation times. This would also reduce the number of times that the
optimization solver is deployed.

• Incorporating self-contact may improve the quasi-Newton predictions. It is ques-
tionable whether it will also improve those of the TR methods.

• The accuracy of the TR subproblem’s minimizer is limited once the TR boundary
is encountered. The reason is that the TR methods of Chapter 2 stop searching
as soon as the TR boundary is encountered, since the location where the search
direction crosses the TR boundary is taken as the minimizer of the TR subproblem.
More advanced methods that continue to explore the TR boundary as soon as the
boundary is encountered (e.g. [47, 109]) may prevent the erroneous deformations
predicted by the TR methods of Chapter 2.

• Changing or adjusting the constitutive model so that the stored energy increases
more substantially for moderate deformations may avoid the prediction of non-
physically exotic deformations.

• Domain decomposition methods or multigrid methods may reduce the chance that
non-physical deformations occur.

• Instead of linear quads and hexahedrons, linear triangles and tets may be used.
Triangular and tetrahedral discretizations increase the ‘stiffness’ of deformable bod-
ies compared to the use of quads and hexahedrons and may, therefore, reduce the
chance that non-physical deformations occur. However, limiting the approach to a
particular type of finite element is not a truly satisfying remedy.

The direct prediction of the contact quantities with Neural-pull does not provide enough
accuracy to be used for the integration of their contributions into the mechanical system.
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The neural network model was tested for the detection and solving of contact simulations
with the reference body as an obstacle for a given deformable body. It fails to approximate
a good guess for Newton iterations, resulting in no convergence of the simulations at the
starting point of the contact between the deformable body and the given obstacle. This
is coherent and indeed expected with respect to the order of the errors computed from
the approximated fields. The performance of the model can be considered accurate in the
context of computer vision and robotics, but in the case of computational mechanics, it
fails in terms of applicability as the algorithms need a higher order of accuracy for com-
puting reaction forces and modified material stiffness at the contact points in the context
of penalty-based contact simulations. In conclusion, current methods in artificial intel-
ligence are not sufficient to assist the aforementioned mechanical simulations, providing
evidence of the need for more powerful architectures to consider direct AI accelerators for
simulations in contact mechanics.

On the other hand, a multi-task neural network model has been proposed, which enables
the replacement of parts of contact detection in conditions such as smooth, irregular 3D
rigid surfaces in contact with deformable solids. The model has been trained, achieving
similar accuracy when compared to solving the simulations with more traditional meth-
ods of contact detection and, in all the observed cases, performing the contact-specific
computations in less time per iteration. When the active set strategy for contact nodes
is considered, the contact detection carried out at the end of each increment results in a
significant improvement.

For finer meshes, the computation time specifically related to contact detection shows
significant acceleration. However, while the overall simulation time improves, it does not
exhibit the same level of speed-up. This is likely because a simple linear solver was used
for the Newton iterations. Employing an iterative solver is expected to better reflect the
acceleration achieved in contact computations within the total simulation time.

Within the MTL model, the subparts perform their tasks, and together they are capable of
predicting the correct p closest patch and the respective (ξp1 ,ξ

p
2) surface projection values

that, along with the position of the contact node, allow accurate values for g and its
derivatives, failing to find the correct contact quantities in fewer than 3 of every 1000
cases for points in the range inspected. Despite this level of accuracy, the completion
of a simulation cannot be guaranteed, especially for cases that cannot be solved using
Newton’s method and instead rely on other methods, such as minimization, which require
many more iterations and, therefore, more contact evaluations.

The segmented regression sub-architecture of the projection subtask achieves its objec-
tive, avoiding error concentrations at the edges for the patches considered, showing that
selective back-propagation can be employed in neural networks like the one used in this
thesis, where multiple regressions of different specimens of the same class (in this case,
96 different Gregory patches) need to be approximated. At the same time, the errors
introduced by these approximations are small enough to use their estimations as an initial
guess to find the exact (ξ1,ξ2) projection using only Newton for this purpose, completely
avoiding the need to recur to other iterative methods such as the recursive seeding method
presented.

124



Appendix A

Sensitivity to penalty value and
contact constraint variants

This appendix presents a brief study of how the stiffness parameter k affects the responses
obtained for the 2d simulations described in section 2.5 for a mesh of 5×5. It also describes
how the bilateral contact variant performs, as well as the variant with the adaptive penalty
stiffness (see section 2.2.3). Each simulation is initially discretized in time using 100
increments that solved using Newton’s method. If Newton’s method fails to converge after
15 iterations, a cut-back of the time increment is performed and attempted again using
Newton’s method. If more than 20 cut-backs for the same time increment are attempted
(in which case the initial time increment is reduced by a factor of 220), the simulation is
stopped.

A.1 Penalty stiffness for unilateral constraints

First, a series of simulations are performed for the 2D case mentioned using the values
k ∈ {10−2, 10−1, 100, 101, 102, 103}. Higher values of the penalty parameter k guarantee
a more realistic situation of unilateral contact in the sense that the penetrations of the
follower nodes in the leader surface are reduced. Figure A.1 shows the number of cut-backs
needed in each time increment as Newton failed to converge. It can be observed that the
simulations using k = 10−2 and k = 10−1 reach the furthest and all others stop at the
same time. However, the penetrations observed in these two cases cases are unphysical
and, furthermore, their horizontal force-displacement curves deviate from the forces of the
more realistic cases (those with higher penalty stiffness k).

A.2 Adaptive penalty stiffness for unilateral constraints

The contact variant with the adaptive penalty stiffness of Eq. (2.97) is studied next for
different values of gmax. In each case, the minimum penetration value is taken as gmin =
1/2 gmax. The initial stiffness for each follower node is k0 = 1.0, and the stiffness correction
value κ is set to 0.1.

Figure A.2 shows the results of three simulations with values of gmax of 10−5, 10−4 and
10−3. The three cases reach a similar simulation time with similar horizontal reaction
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Figure A.1: Responses for the unilaterally-constrained simulation for different values of
contact penalty k.
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forces. This time, the number of cut-backs needed when Newton’s method does not con-
verge has decreased. However, some increment repetitions are required in order to adjust
the stiffness parameters when the gap limits are violated after converged increments. From
the Contact stiffness graph, it can be seen that a stiffness values of k = 10 result in maxi-
mum penetrations of 10−3 throughout the simulations, which is considered acceptable for
this study, as it provides force responses similar to those of stricter maximum penetration
values.

A.3 Bilateral constraints (Active set method)

Finally, the last method described in 2.2.3 is studied for penalty values of k ∈ {102, 103, 104, 105, 106}.
The cut-backs needed are only visible at the most critical part of the simulations (see Fig-
ure A.3). This shows that there are no longer in-and-out behaviours from nodes during
the iterations of Newton’s method. The cost of adopting this is reflected in having to re-
peat increments whenever it is necessary to update the set of nodes in contact over which
the bilateral contact constraints are applied. These repetitions, however, are much less
frequent than the cut-backs in the unilaterally-constrained versions of the same simulation.

After these quick sensitivity studies, it has been decided to adopt the bilateral constraint
to address the increments that use Newton’s method. For the 2D case presented here,
the maximum number of permitted Newton iterations is 15, after which a cut-back is
implemented to attempt solving a smaller increment with Newton’s method. If more
than 10 consecutive cut-backs occur, it is assumed that Newton’s method is insufficient
to resolve the configuration at the current simulation time; therefore, alternative solution
methods must be considered.
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Figure A.2: Unilaterally-constrained cases with adaptive contact penalty stiffness for dif-
ferent values of maximum penetration allowed gmax.
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Figure A.3: The bilaterally-constrained case (Active set method). Responses for different
contact penalty values k.
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Appendix B

Recursive Seeding Strategy

The algorithm of recursive seeding employed in this thesis can be summarized as follows:

Algorithm 11 Recursive Seeding for Initial Guess ξ0

1: Input: Follower node x, initial parametric domain bounds [ξ01 , ξ
1
1 ], [ξ

0
2 , ξ

1
2 ], seeding

level nseed, recursion depth nrec, maximum recursion depth nmax
rec .

2: Output: Refined initial guess ξ̂ = (ξ̂1, ξ̂2).

3: Initialize ξ̂min
1 , ξ̂min

2 ← 0.
4: dmin ← ∥x−Grg(0, 0)∥.
5: Define step size ∆ξ1,∆ξ2 ← (ξ11 − ξ01)/nseed, (ξ

1
2 − ξ02)/nseed.

6: for ξ1 ∈ [ξ01 , ξ
1
1 ] with step size ∆ξ1 do

7: for ξ2 ∈ [ξ02 , ξ
1
2 ] with step size ∆ξ2 do

8: Compute Xlead = Grg(ξ1, ξ2).
9: d = ∥x− xlead∥.

10: if d < dmin then
11: dmin, ξ̂

min
1 , ξ̂min

2 ← d, ξ1, ξ2.
12: end if
13: end for
14: end for
15: if nrec < nmax

rec then
16: Refine bounds:

ξ01 , ξ
1
1 ← max(0, ξ̂min

1 −∆ξ1),min(1, ξ̂min
1 +∆ξ1)

ξ02 , ξ
1
2 ← max(0, ξ̂min

2 −∆ξ2),min(1, ξ̂min
2 +∆ξ2)

17: Return RecursiveSeeding(x, [ξ01 , ξ
1
1 ], [ξ

0
2 , ξ

1
2 ], nseed, nrec + 1, nmax

rec ).
18: end if
19: Return ξ̂min

1 , ξ̂min
2 .

The recursive seeding strategy addresses convergence issues when finding, for a specific
point in space point, the closest projection point on a surface by systematically refining
the initial guess through a hierarchical search. This is depicted in Fig.3.3 for the two
first search iterations. By dividing the parametric space into progressively smaller regions
and evaluating candidate points, the method ensures that Newton’s method begins close
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enough to the global minimum for reliable convergence. However, this approach is com-
putationally expensive and becomes infeasible for large-scale simulations. This motivates
the need for alternative approaches, such as using artificial neural networks (ANNs), as
proposed in the next chapter, to provide sufficiently accurate initial guesses while avoiding
the cost of recursive refinement.

Limitations of Recursive Seeding. Although recursive seeding provides a robust
mechanism for improving the reliability of Newton’s method, it is computationally in-
tensive. Each level of recursion involves evaluating multiple candidate points across the
parametric space, leading to significant overhead, particularly for large-scale simulations
with complex geometries. This motivates the exploration of alternative approaches, such
as leveraging ANNs to predict initial guesses, which can bypass the need for recursive
refinement altogether.
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Appendix C

Loss function for Segmented
regression: Implementation
Example

The implementation of the custom loss function in TensorFlow Keras is presented in
Listing C.1. In this numerical implementation, some modifications have to be made from
the one shown in Eq.3.40. That is, an additional term had to be introduced for the training
set of the task and consequently, it is also introduced as output. The reason for this is
that we want to access the true closest patch p in order to calculate the loss as in Eq.3.40
and, for the package to do this, the output layers must have an output corresponding with
this label, however, the value of this output is neither considered during training nor for
the predictions.

1 . . .
2p r o j e c t i o n e x t r a t r u e = np . z e r o s ( ( n data ,2∗96+1) ) # the ’+1 ’ i s to s t o r e the

patch number to be used in the custom l o s s func t i on
3

4 f o r i in range ( n data ) :
5 p i = in t ( y c l a s s i f i c a t i o n [ i ] )
6 p r o j e c t i o n e x t r a t r u e [ i , [ p i , p i +96] ] = p r o j e c t i o n t r u e [ i ]
7

8p r o j e c t i o n e x t r a t r u e [ : , 2 ∗ 9 6 ] = c l a s s i f i c a t i o n t r u e . r av e l ( ) # <−− adds t rue
patch l a b e l as l a s t p r o j e c t i o n l a b e l

9

10de f cus tom los s ( p r o j e c t i o n e x t r a t r u e , p r o j e c t i o n e x t r a p r e d ) :
11 # Extract patch/ c l a s s l a b e l s and convert to one−hot encoding
12 p idx = t f . c a s t ( p r o j e c t i o n e x t r a t r u e [ : , −1] , t f . i n t32 )
13 y c l a s s = t f . one hot ( p idx , depth=96)
14

15 # Extract r e g r e s s i o n t a r g e t s f o r xi1 , x i2
16 x i 1 t r u e = p r o j e c t i o n e x t r a t r u e [ : , : 9 6 ]
17 x i 2 t r u e = p r o j e c t i o n e x t r a t r u e [ : , 9 6 : 1 92 ]
18 x i1 pred = p r o j e c t i o n e x t r a p r e d [ : , : 9 6 ]
19 x i2 pred = p r o j e c t i o n e x t r a p r e d [ : , 9 6 : 1 92 ]
20

21 # Compute weighted sum of squared e r r o r s us ing the t rue patch l a b e l
22 x i 1 l o s s = t f . reduce sum ( y c l a s s ∗ t f . square ( x i 1 t r u e − x i1 pred ) , ax i s=1)
23 x i 2 l o s s = t f . reduce sum ( y c l a s s ∗ t f . square ( x i 2 t r u e − x i2 pred ) , ax i s=1)
24

25 # Compute mean l o s s a c r o s s a l l samples
26 t o t a l l o s s = t f . reduce mean ( x i 1 l o s s + x i 2 l o s s )
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27 r e turn t o t a l l o s s

Listing C.1: Customized Loss Function for Projection Coordinates. Example in Python
code. In this example for 96 patches, the first 96 output terms correspond to ξ̂p1 , the next

96 terms are ξ̂p2 (p ∈ {1, ..., 96}) and the last added term is p, the true patch for the sample.
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