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About Rafinex SARL

• based in Luxembourg, Berlin and London,
• development of cloud-based topology
optimization software called Möbius,

• features: stochastic optimization for robust
designs, adaptive anisotropic mesh
refinement, manufacturing constraints, stress
constraint, web based GUI.
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Topology Optimization for minimum compliance 1

Find 𝑢 ∈ 𝑈(Ω), 𝜑 ∈ 𝑉 (Ω), s.t.

min𝐶(𝑢) = min ∫
Ω

𝑓 ⋅ 𝑢 d𝑠,

𝜑 ∈ [𝛿, 1],

∫
Ω

𝜑 d𝑥 − Vol = 0,

∫
Ω

𝜀(𝑢) ∶ E(𝜑)𝜀(𝑣) d𝑥 = ∫
Γ

𝑓 ⋅ 𝑣 d𝑠, ∀𝑣 ∈ 𝑈(Ω)

i.e., find critical points of the Lagrange functional ℒ,

ℒ(𝜑, 𝑢, 𝑣, 𝜆) = 𝐶(𝑢) − (∫
Ω

𝜀(𝑢) ∶ E(𝜑)𝜀(𝑣) d𝑥 − ∫
Γ

𝑓 ⋅ 𝑣 d𝑠) + 𝜆 (∫
Ω

𝜑 d𝑥 − Vol) ,

+ bounds constraint. SIMP penalization E(𝜑) = 𝜑𝑝E0 .
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Regularization techniques

• local or global slope (gradient) constraints, which add a bound on the spatial gradient of the density,
• phasefield or diffused interface formulations, where Landau-Ginzburg functional is considered in
order to introduce a finite transition layer,

• 𝑊 1,𝑝 and Tikhonov regularization methods where an 𝐿𝑝 norm of spatial gradient is added as
additional objective term,

• density filtering which formulates the optimization problem in terms of filtered density 𝜑̂ = ℱ(𝜑),
where ℱ is a filter operator,

• sensitivity filters, where functional gradient is heuristically filtered using a filter operator,
∇̂ℒ = ℱ(∇ℒ).
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Topology Optimization for minimum compliance 2

dℒ(𝑣; 𝛿𝑣) = − ∫
Ω

𝜀(𝑢) ∶ E(𝜑)𝜀(𝛿𝑣) d𝑥 + ∫
Γ

𝑓 ⋅ 𝛿𝑣 d𝑠 = 0, ∀𝛿𝑣 ∈ 𝑈(Ω), (state equation)

dℒ(𝑢; 𝛿𝑢) = ∫
Γ

𝑓 ⋅ 𝛿𝑢 d𝑠 − ∫
Ω

𝜀(𝛿𝑢) ∶ E(𝜑)𝜀(𝑣) d𝑥 = 0, ∀𝛿𝑢 ∈ 𝑈(Ω), (adjoint equation)

dℒ(𝜆; 𝛿𝜆) = 𝛿𝜆 (∫
Ω

𝜑 d𝑥 − Vol) = 0, ∀𝛿𝜆 ∈ ℝ,

dℒ(𝜑; 𝛿𝜑) = − ∫
Ω

𝜀(𝑢) ∶ 𝜕E
𝜕𝜑

𝜀(𝑣)𝛿𝜑 d𝑥 + 𝜆 ∫
Ω

𝛿𝜑 d𝑥 = 0, ∀𝛿𝜑 ∈ 𝑉 (Ω).
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Gradient interpretation and Riesz representation 1

Sensitivity of the reduced functional

𝜕ℒ
𝜕𝜑

= −𝜀(𝑢) ∶ 𝜕E
𝜕𝜑

𝜀(𝑣) + 𝜆

𝜑1 = 𝜑0 − 𝛼𝜕ℒ
𝜕𝜑

Riesz representation theorem. Let 𝐻 be a Hilbert
space equipped with an inner product denoted
(⋅, ⋅)𝐻 and the induced norm
||𝑢||𝐻 ∶= √(𝑢, 𝑢)𝐻 . For every continuous linear
functional 𝑓 ∈ 𝐻∗ there exists a unique vector
𝑢𝑓 ∈ 𝐻, called the Riesz representation of 𝑓, such
that

𝑓(𝑥) = ⟨𝑥, 𝑢𝑓⟩
𝐻

, ∀𝑥 ∈ 𝐻. (1)

The map ℛ𝐻 ∶ 𝐻′ ⟶ 𝐻 is called the Riesz map.
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Gradient interpretation and Riesz representation 2

Gradient Descent in Hilbert spaces

𝜑1 = 𝜑0 − 𝛼ℛ𝑉 (𝐷𝜑ℒ) .

For the compliance functional there is

𝐷𝜑ℒ𝐶[𝛿𝜑] = − ∫
Ω

𝜀(𝑢) ∶ 𝜕E
𝜕𝜑

𝜀(𝑣)𝛿𝜑 d𝑥

and we denote
∇𝜑ℒ = ℛ𝑉 (𝐷𝜑ℒ) .

7



Gradient interpretation and Riesz representation 3

Let us consider 𝑉 (Ω) ∶= 𝐻1
𝜅(Ω) with the scalar product

⟨𝑢, 𝑣⟩𝐻1
𝜅

∶= ∫
Ω

𝑢𝑣 d𝑥 + 𝜅2 ∫
Ω

∇𝑢 ⋅ ∇𝑣 d𝑥.

Then 𝑔 ∈ 𝐻1
𝜅(Ω) s.t.

∫
Ω

𝑔𝜏 d𝑥 + 𝜅2 ∫
Ω

∇𝑔 ⋅ ∇𝜏 d𝑥 = − ∫
Ω

𝜀(𝑢) ∶ 𝜕E
𝜕𝜑

𝜀(𝑣)𝜏 d𝑥

could be seen as sensitivity filter based on positive definite Helmholtz PDE.
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Optimality Criteria 1

• Gradient Descent could be slow,
• Sequential Quadratic Programming methods costly,
• special case of SAO (Sequential Approximate Optimization), along with the MMA (Method of Moving
Asymptotes),

• for the case of the compliance functional we know that it behaves locally as 𝜑−1 ,

ℒ ≈ ℒrec(𝜑) = ℒ(𝜑0) + ⟨𝜑 − 𝜑0, ∇𝜑ℒ⟩
𝐿2

+ 1
2

⟨𝜑 − 𝜑0,
−2∇𝜑ℒ𝐶

𝜑
(𝜑 − 𝜑0)⟩

𝐿2

=

… + 1
2

⟨𝜑 − 𝜑0, 𝐻(𝜑 − 𝜑0)⟩𝐿2

where the Hessian approximation 𝐻 = −2∇𝜑ℒ𝐶
𝜑 .
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Optimality Criteria 2

Optimality

dℒrec(𝜑; 𝛿𝜑) = 0, ∀𝛿𝜑 ∈ 𝑉 (Ω)

of the above leads to: find 𝜑 ∈ 𝑉 (Ω), s.t.

∫
Ω

(𝜆 + ∇𝜑ℒ𝐶
𝜑2

0
𝜑2 ) 𝛿𝜑 d𝑥 = 0, ∀𝛿𝜑 ∈ 𝑉 (Ω),

which suggests

𝜑1 = (
−∇𝜑ℒ𝐶

𝜆
)

1/2

𝜑0.
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Optimality Criteria 3

Alternatively, we take constant Hessian
approximation based on previous iterate

𝐻 =
−𝛾∇𝜑ℒ𝐶

𝜑0
.

which would be satisfied for

𝜑1 = ((1 + 𝛾)
𝛾

+ 𝜆
𝛾∇𝜑ℒ𝐶

) 𝜑0.

• quadratic approximation
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Figure 1: Comparison of the traditional OC method with
the OC method based on quadratic approximation.
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Optimality Criteria 4

Traditional results on the existence of minimizers for the SIMP scheme work for the following assumptions
(not exclusive)

• set of admissible densities is bounded in 𝐻1 ,
• SIMP exponent 𝑝 < 𝑑/(𝑑 − 2),
• set of displacement solutions for all admissible densities is bounded in [𝐻1

0 ]𝑑 .

Set of admissible densities is bounded in 𝐻1?

• add Tikhonov penalty term to the reciprocal approximation

ℒtikh = ℒrec+
𝛼
2

⟨∇𝜑, ∇𝜑⟩𝐿2

• explicit expression for 𝜑1 = (…) 𝜑0 does not exist, since Optimality Criteria step is now a PDE.
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Algorithm summary

Start 𝜑0 = 0.5;
while ||𝜑𝑘+1 − 𝜑𝑘||𝐻1

𝜅
> 10−2 do

Find 𝑢𝑘 , solve state equation
K(𝜑𝑘)𝑢𝑘 = 𝑓;

𝑣𝑘 ← 𝑢𝑘 ;
Find 𝑔𝑘 , solve Riesz representation
H𝑔𝑘 = 𝐷𝜑ℒ𝐶 ;
Estimate 𝜆min, 𝜆max ;
while volume constraint > 10−8 do

Find 𝜑∗
𝑘+1 , solve Optimality Criteria;

Project into (box) bounds constraint,
𝜑𝑘+1 ← 𝒫(𝜑∗

𝑘+1);
end
𝑘 ← 𝑘 + 1, 𝜑𝑘 ← 𝜑𝑘+1

end

Toolchain:
• gmsh, triangular/tetrahedral mesh generation,
• FEniCSx, FEM assembly and MPI mesh
parallelism,

• PETSc, matrix solvers,
• GMRES+GAMG,
• CG+Jacobi,

• ParaView, visualization.
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Examples: Cantilever

2ℓ

ℓ

𝑥

𝑦

0.1ℓ

𝐹

Figure 2: Cantilever beam setup.
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Example: Cantilever

(a) *𝜅 = 0. (b) 𝜅 = 0.05ℓ.

(c) 𝜅 = 0.2ℓ.

Figure 3: The effect of Riesz scale parameter 𝜅 on the optimal design in the cantilever beam example, 𝛼 = 0.
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Example: Cantilever
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Figure 4: Convergence of the OC method for the cantilever beam problem.
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Example: Cantilever

Figure 5: Mesh-independent optimal cantilever beam topology for locally refined mesh (𝑥 > 0.5ℓ), 𝜅 = 0.05ℓ and
𝛼 = 0.
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Example: Cantilever
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Figure 6: Convergence of the cantilever optimal solution under uniform mesh refinement for a fixed 𝜅 = 0.05ℓ, 𝛼 = 0.
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Example: Cantilever
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Figure 7: Convergence of the cantilever optimal solution under uniform mesh refinement for 𝜅 = ℎ, 𝛼 = 0.
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Example: Cantilever
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Figure 8: Convergence of the cantilever optimal solution under uniform mesh refinement for 𝜅 = 0.02ℓ, 𝛼 = 0.002ℓ.
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Example: L-shape
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Figure 9: L-shape beam setup.
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Example: L-shape

(a) *𝜅 = 0. (b) 𝜅 = 0.05ℓ. (c) 𝜅 = 0.2ℓ.

Figure 10: The effect of Riesz scale parameter 𝜅 on the optimal design in the L-shape beam example, 𝛼 = 0.
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Example: L-shape
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Figure 11: Convergence of the OC method for the L-shape beam problem.
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Example: L-shape

Figure 12: Mesh-independent optimal L-shaped beam topology for locally refined mesh (𝑦 < 0.25ℓ), 𝜅 = 0.05ℓ,
𝛼 = 0. 24



Example: L-shape
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Figure 13: Convergence of the L-shape optimal solution under uniform mesh refinement for a fixed 𝜅 = 0.05ℓ, 𝛼 = 0.
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Example: L-shape
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Figure 14: Convergence of the L-shape optimal solution under uniform mesh refinement for 𝜅 = ℎ, 𝛼 = 0.
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Example: L-shape
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Figure 15: Convergence of the cantilever optimal solution under uniform mesh refinement for 𝜅 = 0.02ℓ, 𝛼 = 0.002ℓ.
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Example: L-shape

(a) 𝛼 = 0. (b) 𝛼 = 0.003ℓ.

Figure 16: Independent diffused interface thickness and “feature size” control.
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Summary

• density-based compliance TO formulated in 𝐻1
𝜅 ,

• Helmholtz sensitivity filter interpreted as Riesz map,
• efficient OC-like reciprocal Hessian approximation,
• 2D mesh convergence study.
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