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Introduction

Let K be a field for which we fix an algebraic closure K and let A be a commutative
connected algebraic group over K. Let G be a finitely generated subgroup of A(K). For
a positive integer n, we may consider the n-torsion field K (A[n]) and the field K (1G),
which is the minimal field extension of K over which all elements 5 € A(K) such
that n3 € G are defined. The extension K(1G)/K(A[n]) is a Galois extension called
Kummer extension, and the aim of this thesis is to study its degree for specific choices of
K and A. The following cases will be considered: in Chapter[2] A is the multiplicative
group and K is a multiquadratic or a quartic cyclic number field; in Chapter 3] A is any
product of one-dimensional algebraic tori over a number field K; in Chapter[d] A is the
multiplicative group and K is a finite extension of Q, for a prime p; in ChapterE], Ais
an abelian variety and K is a number field. Each of these four chapters is the content of a
research paper, whose main results involve explicit computations or effective bounds for
the degree of Kummer extensions.

If A = G,, is the multiplicative group, and if n is coprime to the characteristic of
K, we are dealing with classical Kummer theory (see for example [Lan02, Sec.VI.8]
and [Bir67]]), which was first developed by Ernst Kummer in the 19th century in his
celebrated work on Fermat’s Last Theorem. If K is a field containing the n-th roots of
unity for some positive integer n, the main result of Kummer theory (see Theorem
characterizes the abelian extensions of exponent dividing n. These extensions are called
Kummer extensions and, if their degree is finite, they are of the form K ({/G)/K for
some finitely generated subgroup G of K*.

Kummer extensions of number fields, and in particular their degree, have found im-
portant applications more recently in the study of certain density problems. Let K be a
number field, let « € K and fix some prime number ¢. Consider the set of primes
of K for which the reduction of o modulo p is well-defined and has multiplicative order
coprime to ¢ (or more generally the order has a prescribed ¢-valuation). This set admits
natural density, and this density can be expressed in terms of the degrees of cyclotomic-
Kummer extensions K (¢, ¥/a)/K, where n is some power of £. This problem was
first studied in the sixties by Hasse in [Has65| [Has66] and recently explicit fomulas for



the density, also in the more general case of reductions of a subgroup G of K*, were
given by Perucca, Debry and Sgobba in their papers [DP16] and [PS19]. This motivated
Perucca to delve into the computation of degrees of Kummer extensions for number fields
in a more general setting, namely for any extension K ((x, ¥/G)/K (Cx) where n, N are
positive integers such that n | N. Perucca, Sgobba, Tronto and Hérmann proved that
these degrees can be explicitly computed at once for all n, IV in [PST21]], and developed
algorithms in the case K = Q in [PST20] and in the case K is a quadratic number field
in [HPST21]], whose outputs are formulas for the degrees with a finite case distinctions.
In Chapter 2] we extend this result to multiquadratic or quartic cyclic number fields, hence
proving the following:

Theorem 1. Let K be either a multiquadratic or a quartic cyclic number field. Let G
be a finitely generated subgroup of K*. Then there exists an explicit finite procedure to
compute at once the degrees

[K vy V@) 2 K(Cn))]
for all positive integers n, N such that n divides N.

One of the latest results on Kummer extensions for number fields [ACPT25|] went
beyond the study of their degrees with the computation of the size of each cyclic compon-
ent of the Galois group of K (Cy, ¥/G)/K (Cy) for all n, N with n dividing N. Motivated
by the results on number field, we extended the problem of the computation of the degree
of Kummer extensions also to other fields. If K is a finite field, then such computation
is straightforward (see [PP24al]). If K is a p-adic field, namely a finite extension of Q,,
formulas for the degrees can be given explicitly, using similar techniques as the ones used
for number fields but with some substantial differences that come from structure of the
multiplicative group of p-adic fields. This is the content of Chapter[d] where we prove the
following:

Theorem 2. Let p be a prime and let K be a finite extension of Q,. Let G be a finitely
generated subgroup of K* and let n, N be two positive integers such that n | N. Then
there exists an explicit finite procedure to compute the degree [K (Cn, V/G) : K(Cy)).

Unlike number fields, if K is either a p-adic field or a finite field, it is not possible to
compute at once all degrees for every n, N such that n divides IV, unless we assume the
knowledge of the multiplicative order of p in (Z/MZ)* for every integer M coprime to
p. In this environment, it is also natural to compare local and global results. We compare
Kummer extensions of number fields with the corresponding Kummer extensions of p-
adic fields obtained by completion with respect to some non-zero prime ideal of their ring
of integers in Chapter d] We show that there is a positive density of primes of the number
field such that the degree of the local Kummer extension is the same as the global one.

For any connected commutative algebraic group A over a number field K we may
consider density problems akin to the ones for the multiplicative group. Namely, fix an
element & € A(K) and a prime ¢. Consider the set of primes p of K for which the



reduction of & modulo g is well-defined and has order coprime to . We may investigate
whether such set admits a natural density, and, if that is the case, we may want to compute
such density. If b is the first Betti number of A, it can be shown that such density exists
for every prime / if the integer

Nb
[K(§a) : K(AIN])]

v =

which we call the Kummer failure of maximality for the degree of the Kummer extension,
is bounded independently of N. If this condition is satisfied, Lombardo and Perucca
[LP21]] gave a non explicit formula for the density.

If A = T is an algebraic torus, Bertrand [Ber88]|, following the work of Ribet [Rib79],
proved that fn is bounded independently of N. The density problem was studied by
Perucca in the case 7' is one-dimensional, giving closed formulas for the density (see
[Per17]). As for the multiplicative group, also in this case the density can be expressed
in terms of degrees of Kummer extensions where N is a power of a prime ¢, and Perucca
provided explicit formulas for the degrees of such extensions. In Chapter [3| we take this a
step further, proving the following two statements:

Theorem 3. Let T be a finite product of one-dimensional tori defined over a number field
K, and fix a finitely generated subgroup G of T(K). If n, N are positive integers such
that n divides N, then there is an explicit finite procedure to determine whether T' is split
over K(T[N], LG) and to compute the degree of this field over K and over K (T[N]).

Theorem 4. Let T be a finite product of one-dimensional tori whose splitting field
is a multiquadratic number field K, and fix a finitely generated subgroup G of
T(K). There exists an explicit finite procedure to compute at once the degree of
K(T[N], XG)/K(T[N)), for all n, N positive integers such that n divides N.

Let now A be an abelian variety over a number field K. As mentioned before, the
primes g of K for which the reductions of elements of A(K) modulo p have order
coprime to a given prime ¢ admit a natural density if the failure of maximality fy is
uniformely bounded with respect to N. This problem (together with the one already
mentioned for algebraic tori) was first studied by Ribet [Rib79]], who proved the uniform
boundedness of fy as N = £ ranges over the prime numbers. He showed that the Kum-
mer failure is trivial for all primes ¢ large enough, assuming a list of ‘axioms’ which were
later proved by Faltings [Fal83|] and Serre [Ser86l]. The existence of a uniform bound
for fi as N ranges over all positive integers was proven by Bertrand [Ber88]]. Hindry
[Hing8|| later gave a streamlined proof. In the case of elliptic curves, effective bounds
for the Kummer failure are known. The work of Javan Peykar [Jav21] deals with CM
elliptic curves, while the work of Tronto and Lombardo [LT22] handles the case of non-
CM elliptic curves. In both cases, the effective bound is obtained by exploiting certain
properties of the endomorphism ring. In his recent paper [Tro23al], Tronto refined these
results, setting the foundations for possible similar results for other commutative con-
nected algebraic groups. More precisely, he proves that, under certain conditions on the



endomorphism ring and the geometric torsion of the algebraic group (which are satisfied
for elliptic curves), the Kummer failure can be bounded in terms of three independent
parameters. In Chapter[5] we show that these three parameters exist for every abelian vari-
ety A over a number field and can be effectively bounded in terms of basic invariants of
A/K, if A has complex multiplication over K. We also show how to take care of the as-
sumptions on the endomorphism ring and on the geometric torsion of the algebraic group
of A. Ultimately, we are able to obtain bounds that only depend on the abelian variety A,
on the field K, and on the divisibility of the point « (respectively, of the subgroup G of
A(K)) for which we consider the Kummer extension.
One of the results of Chapter[5]is therefore the following:

Theorem 5. Consider an abelian variety A defined over a number field K and with
complex multiplication over K. Let G be a finitely generated subgroup of A(K). Suppose
a set of generators of G is linearly independent over End i (A) and is given in terms of a
Z-basis for A(K)/A(K)tors- There exists an effective upper bound for fn, uniform in N
and depending only on K, A and G.

In his work on exponential Diophantine equations in the seventies, Schinzel investig-
ated Galois groups of field extensions obtained by adjoining radicals. One of his results
([Sch77, Theorem 2], see Theorem [T.0.3)), which is known as Schinzel’s theorem on rad-
ical extensions, characterizes abelian radical extensions of a field and is an important
asset in the study of Kummer extensions of fields. In Chapter [5] we look into possible
analogues of Schinzel’s theorem in the setting of abelian varieties. This problem lead us
to the following, which generalizes a similar result for abelian varieties over K contained
in a recent paper of Le Fourn, Lombardo and Zywina [LLZ23]:

Theorem 6. Let A be an abelian variety over a number field K. The following are
equivalent:

(i) The extension K (A[n])/K is abelian for every positive integer n.

(ii) The variety A is K-isogenous to a product of simple abelian varieties with CM over
K.

Finally, Chapter[T]introduces Kummer theory, providing results ranging from standard
theorems in the field to more advanced ones which are preparatory for the following
chapters of this thesis. In particular, we will define for any field K and any prime /¢
the ¢-adic and /-adelic failures of maximality of the degree of a Kummer extension and,
if K is a number field, we will define the parameters of ¢-divisibility of a subgroup G
of K*. These notions will be essential for Chapters and Moreover, for any
connected commutative algebraic group A over a number field K, we define the adelic
torsion representation and the adelic Kummer representation, and we recall the theorem
by Tronto which is the starting point of Chapter [3}



Samenvatting

Zij K een lichaam, K een vast gekozen algebraische afsluiting van K, en A een com-
mutatieve samenhangende algebraische groep over K. Zij GG een eindig voortgebrachte
ondergroep van A(K). Gegeven een positief geheel getal n, kunnen we het n-torsie li-
chaam K (A[n]) en het lichaam K (1 G) beschouwen, waar K (1 G) het minimale lichaam
is waarover alle elementen 5 € A(K) zodat n8 € G gedefiniéerd zijn. De uitbreiding
K(1G)/K(Aln]) is dan een speciale Galoisuitbreiding, genaamd Kummeruitbreiding,
en het doel van dit proefschrift is de graad van deze uitbreiding te bestuderen voor spe-
cifieke keuzes van K en A. We zullen de volgende gevallen beschouwen: in Hoofdstuk
[2)is A een multiplicatieve groep en K een multikwadratisch of een vierdegraads cyclisch
getallenlichaam; in Hoofdstuk [3]is A een product van één-dimensionale algebraische tori
over een getallenlichaam K'; in Hoofdstuk []is A een multiplicatieve groep en K een ein-
dige uitbreiding van Q,, voor een priemgetal p; in Hoofdstuk [5]is A een abelse variéteit
en K een getallenlichaam. Elke van deze vier hoofdstukken is de inhoud van een artikel
waarvan de hoofdresultaten betrekking hebben op expliciete berekeningen of effectieve
grenzen voor de graden van Kummer uitbreidingen.

Als A = G, de multiplicatieve groep is, en als n en de karakteristieck van K on-
derling ondeelbaar zijn, dan hebben we te maken met de klassiecke Kummertheorie (zie
bijvoorbeeld [Lan02, Sec.VI.8] en [Bir67]]), die als eerste ontwikkeld werd door Ernst
Kummer in de 19de eeuw in zijn befaamde onderzoek naar de laatste stelling van Fermat.
Als K een lichaam is dat de nde eenheidswortels bevat, voor een geheel getal n, dan
karakteriseert het belangrijkste resultaat van de Kummertheorie (zie Stelling alle
abelse uitbreidingen met een exponent die n deelt. Deze uitbreidingen worden Kummer-
uitbreidingen genoemd en, als hun graad eindig is, zijn ze van de vorm K ({/G) /K, waar
G een eindig voortgebrachte ondergroep is van K *.

Kummeruitbreidingen van getallenlichamen, en in het bijzonder hun graden, hebben
recent belangrijke toepassingen gevonden in de studie van bepaalde dichtheidsproblemen.
Zij K een getallenlichaam, o € K * en { een priemgetal. Beschouw de verzameling van
de priemgetallen p van K waarvoor geldt dat de reductie van o modulo p welgedefiniéerd
is en een multiplicatieve orde heeft die onderling ondeelbaar is met ¢ (of, algemener, een



orde heeft met een vooraf vastgelegde /- valuatie). Deze verzameling heeft een natuur-
lijke dichtheid en deze dichtheid kan worden uitgedrukt in de graden van de cyclotomi-
sche Kummer uitbreidingen K ((,, {/a)/K, waar n een macht is van £. Dit probleem
werd als eerste bestudeerd in de jaren 60 door Hasse in [Has635, [Has66], en recenter zijn
expliciete formules voor de dichtheid, ook in het algemenere geval van reducties van een
ondergroep G van K *, gegeven door Perucca, Debry en Sgobba in hun artikelen [DP16]
en [PS19]. Dit was de motivatie voor Perucca om dieper in de berekeningen van gra-
den van Kummer uitbreidingen van getallenlichamen te duiken in algemenere situaties,
namelijk voor elke uitbreiding K ((x, ¥/G)/K ((x), waar n, N positieve gehele getallen
zijn met n | N. Perucca, Sgobba, Tronto en Hérmann hebben bewezen in [PST21] dat
het mogelijk is om deze graden voor alle n, N in één keer expliciet te berekenen, en ze
hebben een algoritme ontwikkeld in het geval K = Q (zie [PST20] ) en in het geval
dat K een kwadratisch getallenlichaam is (zie [HPST21]), waarvan de output formules
voor de graden zijn, met eindig veel gevalsonderscheidingen. In Hoofdstuk [2] breiden we
dit resultaat uit naar multikwadratische en vierdegraadse cyclische getallenlichamen, en
bewijzen we het volgende:

Theorem 1. Zijj K of een multikwadratisch of een vierdegraads cyclisch getallenlichaam.
Zij G een eindig voortgebrachte ondergroep van K*. Dan bestaat er een expliciete,
eindige procedure om, tegelijk, alle graden

(K (¢, VG) : K(Cn)]
te berekenen, voor alle positieve gehele getallen n, N zodat N deelbaar is door n.

Een van de meest recente resultaten m.b.t. Kummeruitbreidingen van getallenlicha-
men (zie [ACPT23]) gaat een stapje verder dan de studie van de graden door niet alleen
de graad te berekenen, maar ook de precieze grootte van elke cyclische component van
de Galoisgroep van K (Cy, ¥/G)/K(Cx) voor alle n, N waarvoor N deelbaar is door
n. Met de resultaten voor getallenlichamen als motivatie, breiden we het probleem om
de graden van Kummeruitbreidingen te berekenen uit naar andere lichamen. Als K een
eindig lichaam is, dan is zo’n berekening vanzelfsprekend (zie [PP24al]). Als K een p-
adisch lichaam is, d.w.z. een eindige uitbreiding van Q,,, dan kunnen formules voor de
graden expliciet gegeven worden door gebruik te maken van soortgelijke technieken als
bij getallenlichamen, met een aantal aanzienlijke verschillen, die voortkomen uit de struc-
tuur van de multiplicatieve groep van p-adische lichamen. Dit is de inhoud van Hoofdstuk
M waar we het volgende bewijzen:

Theorem 2. Zij p een priemgetal, en K een eindige uitbreiding van Q,,. Zij G een eindig
voortgebrachte ondergroep van K* en n, N twee positieve gehele getallen zodat n | N.
Dan bestaat er een eindige procedure om de graad [K (Cn, V/G) : K(Cn)] te berekenen.

In tegenstelling tot getallenlichamen, als K of een p-adisch lichaam of een eindig
lichaam is, is het niet mogelijk om alle graden voor alle n, N, zodat n niet N deelt,
in één keer te berekenen, behalve als we aannemen dat de multiplicatieve orde van p



in (Z/MZ)* bekend is voor alle gehele getallen M die onderling ondeelbaar zijn met
p. Het is een logische vervolgstap om dan de lokale en globale resultaten te vergelij-
ken. We vergelijken, in Hoofdstuk 4} Kummeruitbreidingen van getallenlichamen met de
corresponderende Kummer uitbreidingen van p-adische lichamen die verkregen worden
door vervollediging met betrekking tot een (niet-nul) priemideaal in de ring van de gehele
getallen. We laten zien dat er een positieve dichtheid van priemgetallen in het getallen
lichaam is, zodat de graad van de lokale Kummer uitbreiding hetzelfde is als die van de
globale uitbreiding.

Voor elke samenhangende commutatieve algebraische groep A over een getallenli-
chaam K kunnen we een dichtheidsprobleem beschouwen van dezelfde aard als dat voor
multiplicatieve groepen. Namelijk, neem een element « € A(K) en een priemgetal /.
Beschouw de verzameling van de priemgetallen g in K zodat de reductie van o modulo
g welgedefini€erd is en zodat zijn orde onderling ondeelbaar is met . Men kan zich dan
afvragen of zo’n verzameling een natuurlijke dichtheid heeft, en, zo ja, of we die kunnen
berekenen. Als b het eerste Betti getal is van A, dan kan worden aangetoond dat zo’n
dichtheid bestaat voor elk priemgetal ¢ zolang het gehele getal

Nb
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dat we het Kummer falen van maximaliteit noemen, begrensd is, onathankelijk van V.
Onder deze voorwaarde, hebben Lombardo en Perucca [LP21]] een niet-expliciete formule
voor de dichtheid gegeven.

In het geval dat A = T een algebraische torus is, heeft Bertrand [Ber88], als vervolg-
werk op Ribet [Rib79], bewezen dat f begrensd is, onafhankelijk van V. Dit dichtheids-
probleem is bestudeerd door Perucca in het geval dat 7' ééndimensionaal is, en Perucca
heeft expliciete formules gegeven voor de dichtheid (zie [[Perl17]]). Net zoals voor de mul-
tiplicatieve groep, kan ook in dit geval de dichtheid uitgedrukt worden in de graden van
Kummeruitbreidingen, waar NV een macht is van een priemgetal /, en Perucca heeft expli-
ciete formules voor de graden van dit soort uitbreidingen gegeven. In Hoofdstuk [3| gaan
we nog een stapje verder, door de volgende twee beweringen te bewijzen:

Theorem 3. Zij T een eindig product van eendimensionale tori, gedefinieerd over een
getallenlichaam K, en neem een eindig voortgebrachte ondergroep G van T(K). Als
n, N twee gehele positieve getallen zijn zodat N deelbaar is door n, dan is er een eindige,
expliciete procedure om te bepalen of T gesplitst is over K(T[N], %LG) en om de graad
te berekenen van dit lichaam over zowel K als over K(T[N]).

Theorem 4. Zij T een eindig product van eendimensionale tori waarvoor het splijtli-
chaam een multikwadratisch getallenlichaam K is, en neem een eindig voortgebrachte
ondergroep G van T(K). Er bestaat een eindige, expliciete procedure om, in één keer,
alle graden K (T[N], 2 G)/K (T[N)) te berekenen, voor alle n, N positieve gehele getal-
len zodat N deelbaar is door n.



Zij nu A een abelse variéteit over een getallenlichaam K. Zoals eerder vermeld heeft
de verzameling de priemgetallen p van K waarvoor de reductie van de elementen van
A(K) modulo g een orde heeft onderling ondeelbaar met een gegeven priemgetal ¢ een
natuurlijke dichtheid als het falen van maximaliteit fx uniform begrensd is met betrek-
king tot N. Dit probleem (samen met het reeds genoemde probleem voor algebraische
tori) is als eerste bestudeerd door Ribet [Rib79]], die bewees dat de fx uniform begrensd
is als N = £ over alle priemgetallen loopt. Hij liet zien dat het Kummerfalen triviaal is
voor alle voldoend grote priemgetallen ¢, onder de aanname van een aantal “axioma’s”
die later bewezen werden door Faltings [Fal83]] en Serre [Ser86]. Het bestaan van een
uniforme grens van fy wanneer [N over alle gehele getallen loopt is bewezen door Ber-
trand [Ber88]]. Hindry [Hin88]] heeft later een gestroomlijnd bewijs gegeven. In het geval
van elliptische krommen zijn effectieve grenzen voor het Kummerfalen bekend. Het werk
van Javan Peykar [Jav21] betreft CM elliptische krommen, en het werk van Tronto en
Lombardo [LT22]| betreft het geval van niet-CM elliptische krommen. In beide gevallen
is de effectieve grens verkregen door bepaalde eigenschappen van de endomorfismenring
uit te buiten. In een recent artikel [Tro23all verfijnt Tronto zijn resultaten, en weet hij de
fundamenten te leggen voor mogelijke soortgelijke resultaten voor andere commutatieve
samenhangende algebraische groepen. Preciezer, hij bewijst dat, onder bepaalde voor-
waarden voor de endomorfismenring en de geometrische torsie van de algebraische groep
(beide voorwaarden zijn vervuld in het geval van elliptische krommen), het Kummerfalen
begrensd kan worden in termen van drie onafhankelijke parameters. In Hoofdstuk [5]laten
we zien dat deze drie parameters bestaan voor elke abelse variéteit A over een getallenli-
chaam en dat deze effectief begrensd kunnen worden in termen van basisinvarianten van
A/K, als A complexe vermenigvuldiging over K heeft. Uiteindelijk verkrijgen we gren-
zen die alleen afhangen van de abelse variéteit A, het lichaam K, en de deelbaarheid van
het punt « (respectievelijk, van de ondergroep G van A(K)) waarvoor we de Kummer
uitbreiding beschouwen.

Een van de resultaten van Hoofdstuk [5]is dan ook het volgende:

Theorem 5. Beschouw een abelse variéteit A gedefiniéerd over een getallenlichaam K
met complexe vermenigvuldiging over K. Zij G een eindig voortgebrachte ondergroep
van A(K). Neem aan dat een verzameling van voortbrengers van G lineair onafhankelijk
is over Endg (A) en gegeven is in termen van een Z-basis voor A(K)/A(K )tors- Er
bestaat dan een effectieve bovengrens voor fy, uniform in N en alleen afhankelijk van
K, AenG.

In zijn werk over exponenti€le Diophantische vergelijkingen in de jaren zeventig on-
derzocht Schinzel Galoisgroepen van lichaamsuitbreidingen verkregen door wortels toe
te voegen. Een van zijn resultaten ([Sch77, Theorem 2], zie Stelling @]), karakteriseert
abelse radicaaluitbreidingen van een lichaam en is onmisbaar in de studie van Kummer
uitbreidingen. In Hoofdstuk [5] kijken we naar mogelijke analogieén van de stelling van
Schinzel in de context van abelse variéteiten. Dit probleem leidt ons tot de volgende stel-
ling, die een resultaat voor abelse variéteiten over K in een recent artikel van Le Fourn,
Lombardo en Zywina [LLZ23] generaliseert:



Theorem 6. Zij A een abelse variéteit over een getallenlichaam K. De volgende bewe-
ringen zijn dan equivalent:

(i) De uitbreiding K(A[n])/K is abels voor elk positief geheel getal n.

(ii) De variéteit A is K-isogeen met een product van simpele abelse variéteiten met
complexe vermenigvuldiging over K.

Tenslotte wordt in Hoofdstuk E] Kummertheorie geintroduceerd, met resultaten
variérend van de standaardstellingen in dit gebied, tot meer geavanceerde stellingen die
voorbereiden op de andere hoofdstukken in dit proefschrift. In het bijzonder, zullen we
voor elk lichaam K en elk priemgetal ¢ het ¢-adische en f-adelische falen van maxima-
liteit van de graad van een Kummer uitbreiding definiéren. Ook zullen we, als K een
getallenlichaam is, de parameters van ¢-deelbaarheid van een ondergroep G van K * de-
finiéren. Deze begrippen zullen onmisbaar zijn voor de hoofdstukken end Boven-
dien defini€ren we voor elke samenhangende commutatieve algebraische groep A over
een getallenlichaam K de adelische torsierepresentatie en de adelische Kummerrepresen-
tatie, en brengen we de stelling van Tronto in herinnering die het uitgangspunt vormt van
hoofdstuk 3






11

CHAPTER

Basic notions of Kummer theory

Let K be a field and fix an algebraic closure K of K. Fix a positive integer n coprime to
the characteristic of K and let a be an element in K. We denote by (,, a fixed root of
unity of order n in K (in general the choice does not matter, but when we write ¢,, and (¢
we sometimes choose ¢, = ¢!,). If K contains the n-th roots of unity, then the extension
K ({/a)/K obtained adjoining the n-th roots of a is clearly a Galois extension as K ( {/a)
is the splitting field of " — a and is cyclic of order dividing n. Kummer theory states
that, if ¢, € K, every cyclic extension of K of order dividing n is the splitting field of
x™ — a for some element a € K*.
More generally, the following holds (see [Lan02, Sec. VI.8]):

Theorem 1.0.1. Let K be a field and n a positive integer coprime to char(K). Suppose
that K contains the n-th roots of unity. Then for an extension L/K the following are
equivalent:

(i) L/K is abelian with exponent dividing n

(ii) L = K(Y/G) for some subgroup (K*)" C G C K*
Moreover, if L] K satisfies the equivalent conditions, the bilinear map

Gal (L/K) X G/(KX)n — Un (1.1)
(0,a) — a(a)

is a perfect pairing, where « is any choice of n-th root of a. This pairing exhibits a
Pontryagin duality between Gal(L/K) as profinite group and the group G /(K*)™ en-
dowed with the discrete topology.
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We define any extension satisfying the equivalent conditions of Theorem a Kum-
mer extension.

Remark 1.0.2. If a Kummer extension L/K is finite, then the subgroup G of K* such
that L = K(3/G) is finitely generated. In this situation, the fact that (T.I) is a perfect
pairing leads to the following group isomorphism:

Gal (L) = O s

If K does not contain the n-th roots of unity, then the extension L /K where L is the
splitting field of ™ — a for some element @ € K * is in general not an abelian extension.
Indeed, L = K((,, ¥/a) is abelian over K((,), but its Galois group is a subgroup of
Z/nZ x (Z/nZ)*. In this situation, the following result by Schinzel characterises the
abelian extensions:

Theorem 1.0.3 ([Sch77, Theorem 2]). Let K be a field and n a positive integer coprime
to char(K). Let a € K*. The Galois group of the splitting field of ™ — a is abelian
if and only if there exists an element b € K> such that " = b™ where w is the largest
divisor of n such that K contains the w-th roots of unity.

In general, for any field K, any pair of positive integers n, N with n dividing N and
any finitely generated subgroup G of K* we may want to study Kummer extensions of
the form

K(Cn, VG)/K((). (12)
Notice first that, if the group G is generated by r elements, the Galois group of such

Kummer extension is a subgroup of (Z/nZ)" and hence its degree divides n". It is useful
then to look at the following diagram of field extensions:

K(Cn) K (Ga, V@)

N S

K(<N> N K(CTU (Vé)

K(Cn)
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It follows that, given the prime decomposition n = [ £™, we have:

Gal K(CNa C/a) >~ Qal K(Cnv {I/é)
K(Cn) K(Cn) N K (¢, VG)

K (¢, VG
= | I Gal m
tin <K((N) N K(em, z\/G))

(1.3)

where the last isomorphism is simply the decomposition of the Galois group into its max-
imal /-subgroups. If we want to only study the degree of the extension, it is useful to
consider the integer

n”

[K (¢, VG) : K(Cy))]
which we call the failure of maximality for the degree of the Kummer extension. Using
the same decomposition of (1.3]), we can write:

fN,n =

fxn =[] fom em - BN, €™) (1.4)
ln
where N
B(N, ™) = [K(¢n) N K (Gem, “VG) : K (Gom)).

We call the ¢-adic failure the integer fym ¢m and we call the ¢-adelic failure the integer
B(N, ¢™), which measures the so-called entanglement between the Kummer extension
and the cyclotomic extension. Clearly, both fym ¢m and B(N, £™) are powers of £.

1.1 Kummer theory for number fields

Let now K be a number field. We fix here some notation that will be used throughout
the thesis. We denote by 1 the subgroup of K™ consisting of the roots of unity. For a
positive integer n, we denote by j,, the group of n-th roots of unity in K. We also write
Moo = Up ity and, if £ is a prime number, piy = U, pem. If NV is a non-zero integer and
£ is a prime number, then we write v;(N) for the ¢-adic valuation. If « € K™ and p is a
prime of K (by which we mean a non-zero prime ideal of the ring of integers of K'), then
v, (@) is the p-adic valuation of the fractional ideal generated by «.

In this section we describe the divisibility properties of elements in K * and more in
general of finitely generated subgroups of K in terms of the divisibility parameters. If
G is a finitely generated subgroup of K, knowledge of its divisibility parameters allows
us to compute at once all the degrees of Kummer extensions K (Cy, ¥/G) /K (Cy) for all
integers n | N and the structure of their Galois groups (namely, the size of all cyclic
components), see Theorem [T.1.10}

Let a € K*. The natural notion of divisibility consists in checking whether a is a
n-th power in K for some positive integer n but, for the purpose of Kummer theory, it is
useful to consider divisibility up to roots of unity in K. Fix a prime £. If a is such that (a
is not an ¢-th power in K for any ¢ € px N e, we say that a is strongly £-indivisible.
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Proposition 1.1.1 ([DP16} Proposition 9]). Let a € K* be strongly {-indivisible and
suppose { is odd or (4 € K. For any non-negative integer m, the element a is strongly
L-indivisible in K ((pm).

Any element a € K can be written as a = (pn b*" for some non-negative integers
h and d, where (;n is a root of unity of order ¢* and b is a strongly /-indivisible element
in K*. The integers d and h are called the parameters for (-divisibility of the element
a. Notice that h is uniquely determined if we impose the restriction that either h = 0 or

h > max(0, v (#uxK) — d).

Consider now finitely many elements ay,--- ,a, € K*. We say that a1, - ,a,
are strongly {-independent if the element af* - - - a®" is strongly ¢-indivisible whenever
e1,- - , e, are integers not all divisible by ¢. Let G be a finitely generated and torsion

free subgroup of K * of rank r. The following result lets us choose a basis of G through
which we define the parameters for /-divisibility for the group.

Theorem 1.1.2 ([DP16, Theorem 14]). There is a basis {b1,--- ,b,} of G such that
b, = dei (; holds for some strongly (-independent elements By,--- , B, of K*, for
some non-negative integers di, - - - , d, and for some roots of unity (; € px of order (.

For a basis of G as in Theorem[I.1.2] we say that the tuple of non-negative integers
(dlv"' adr;hlv"' 7hr)

represents the parameters for (-divisibility for the group G. In particular, dy, - - - , d, are
the d-parameters for /-divisibility, and hq, - - - , h,. are the h-parameters for ¢-divisibility.
The d-parameters are unique up to reordering, while the h-parameters are in general not
unique, but can be made unique with additional restrictions (see [DP16, Appendix A.2]).
Moreover, for almost all primes /¢, all parameters of ¢-divisibility for the group G can be
taken to be 0, as consequence of the following result:

Theorem 1.1.3 ([PS19, Theorem 2.7]). There exists a basis of G whose elements are
strongly (-independent for all but finitely many primes £.

The following results allows us to compute the degree and the structure of the Galois
group K (Com, “VG)/K(Cm) (and hence the f-adic failure fym gm) for all positive in-
tegers m at once:

Theorem 1.1.4 ([DP16, Theorem 18]). Suppose that { is odd or {4 € K. Lett > 1
be the largest integer such that K((;) = K({p). Let M, m be positive integers with
M > max(t, m). Then we have

ve([K (Goar, VG 2 K(Cear)]) = max(0, max(h; — 6 +m — M)) + 81+ + 6y

where (dy,--+ ,dy;hy, -+, h,) are parameter for (-divisibility of G in K and 6; =
max(m — d;, 0).
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Theorem 1.1.5 (JACP™ 25| Theorem 6 and Remark 12]). Suppose that £ is odd or 4 € K.
Let t > 1 be the largest integer such that K ((y) = K((pt). Let M, m be positive integers
with M > max(t, m). There exists an algorithm to compute the structure of the Galois
group of the Kummer extension K (Cpnr, “NG) /K (Conr). This structure only depends
on the parameters for (-divisibility of G over K, and the integers m and max(M,t).
Moreover, we need to apply the algorithm above only finitely many times to compute the

structure of the Galois group of K ((ym, Z%)/K(Cgm) at once forallm > 1.

To extend Theorem [I.1.4] and Theorem to the remaining case where £ = 2 and
¢4 ¢ K, we can investigate K (Corr,”V/G) /K (Conr) by replacing the field K by K ((y).
The only case left is when M = m = 1, for which we easily conclude thanks to the
following lemma and the fact that K (+/G)/K has exponent 2.

Lemma 1.1.6 ([DP16, Lemma 19]). We have [K(vVG) : K| = e[K (¢4, VG) : K ()]
where e = 2 if G contains minus a square in K* and e = 1 otherwise.

Consider now, for a prime ¢ and positive integers m, N such that " | N, extensions
of the form

(K (Com, “VG) N K(Cn))/ K (Gom) (1.5)

and their degree, which we called the ¢-adic failure and we denoted by B(N, ™). This
extension is a finite Kummer extension over K ((ym ), and therefore by Remark there
exists a subgroup Hy ¢ of G such that:

K(Gem, VG N K((n) = K(Comy *V/Huom). (1.6)
Remark 1.1.7. By Theorem[I.0.3| we have
K (G, VG N K (Cn) = K(Ger)
for all primes £ such that £ { #pux, as the field K (Com, “V/G) N K((y) is an abelian

extension of K, obtained as the splitting field over K of a finite family of polynomials of

the form z¢" — ¢.

For the finitely many primes dividing #px we may use the following:

Theorem 1.1.8 ([PST21) Proposition 3.2 and Lemma 3.4]). There exists a computable
integer Ny depending on ¢, K and G such that, for every m > tg := vy(Ng) and N > 1
with {™ | N, we have

K (Cen, VG NE(Cx) = (K (Cutor “VG) N K (Cgoa(v,ni)) (Gom)
and hence
B(N, (™) = B(ged(N, No), (") and Hpy gm = Hy, 0.

The following Proposition allows us to explicitly determine the groups Hy ¢m:
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Proposition 1.1.9. Let t = vo(#nx ), and let o« € K*. For a prime ¢, write « = (gn Bed,
where 5 € K* is strongly {-indivisible, d and h are the parameters for ¢ divisibility of o
and either h = 0 ort — d < h < t. We define s to be the non-negative integer such that
/B € K (o) and /B ¢ K (1ioo). Then, for every positive integer m the following
holds:

K (Cpmsn), if1<m<d:
K (Com, Comen T N/B), ifd<m<d+s;
K (G, /@) 0 K () = § GV,
K (Cpprars V/B), ifd+s<m<h+d+s;
K(CZ?H, Z{/B)7 lf‘m> h+d+5.

Proof. If m < d, the statement is clear as K( “y/a) = K((m+r). Ifd < m < d+ s,
then:

K(Com, “Na) = K(Com, Coman " V/B)

is contained in K (poo) asm — d < s. If m > d + s, then

K(Gom, Vo) =K (cem, TN Corare JB)

The element (pnia+s 5/B is contained in K (fioo), but (pnsatess ©v/B is not, as
“*V/B ¢ K(poo). This implies that K (Com, ‘o) N K (poo) is generated over K (¢, ) by

Con+a+s ZVB.
O

Theoremimplies that, for the primes ¢ | #px, we are able compute the ¢-adelic
failure B(N, ¢™) and the structure of the Galois group of the extension for all pairs
(m, N) such that /™ | N by computing them only for the finitely many pairs (m, V) with
m < tp and N | Ny. To compute the group structure of the Galois group of the extension
for a pair (m, N) we apply Theoremwith the group Hy ¢ using the identity (T.6).
We can therefore conclude:

Theorem 1.1.10. Let K be a number field and let G be a finitely generated and torsion
free subgroup of K*. Then the structure of the Galois group (and in particular of the
degree) of the Kummer extension K (Cy, V/G) /K (Cy) can be computed for all positive
integers n, N withn | N at once.

Proof. If G has rank 7, Theoremm implies that fym gm = £™" for almost all primes
£. The computation of the degree is then an easy consequence of formula (T.4), Theorem
[[.T-4 and Theorem [I.T.8] The structure of the Galois group can be determined applying
Theorem to the extensions:

K(C@"‘? K%) K(Cf"% ! \/@)

K((em, VG NK(N)  K(Comy “/Hyem)

using the parameters for ¢-divisibility of G over the field K ((ym, *y/Hy ¢m ). For al-
most all primes ¢, Theorem and [ACP™25, Remark 13] imply that such group is



1.2. KUMMER THEORY FOR ALGEBRAIC GROUPS 17

isomorphic to (Z/¢™Z)". Using Theorem for the remaining primes, we may then
reduce to finitely many computations. O

The computation of fx, can be made very explicit when K is QQ or a quadratic
number field (see [PST20|] and [HPST21]). More specifically, algorithms can be described
to compute fx ,, for all n, N with n | N at once, where the output is an explicit formula
with a finite case distinction. The algorithm for K = Q was implemented in SageMath
(see [Tro19])

1.2 Kummer theory for algebraic groups

Let A be a connected commutative algebraic group over a number field K, and let o €
A(K). Fix an algebraic closure K of K. For a positive integer N we denote by [N] the
multiplication by N endomorphism of A and by A[N] the subgroup of N-torsion points
of A(K), which is isomorphic to (Z/NZ)®, where b is the first Betti number of A. We
denote by K (A[N]) the smallest extension of K on which the N-th torsion points are
defined, and by K (3;a) the smallest extension of K on which all points 3 € A(K) such
that N3 = « are defined. Clearly, K(A[N]) C K(x). The analogue of Kummer
extensions defined in the setting of fields at the beginning of this chapter are then field
extensions of the form

K (zlvo‘> /K (A[N)). (1.7)

To study such extensions, we rely on Galois representations. We recall the construction
of torsion and Kummer representations attached to A/K and « (see for example [LP21]]
and [LT22]).

For every integer N, we fix a basis {t{', - , )’} of A[N] such that Nt} = th
whenever N | M. Similarly, we fix a set of points {8~ }nez., € A(K) such that
B! = aand NBM = gM/N whenever N | M.

We denote by 7 the IN-forsion representation:

/N

7n : Gg — Aut(A[N])

given by the natural Z/NZ-linear Galois action of Gk on A[N]. Since we fixed a basis
for A[N], the Galois group of K(A[N])/K can be identified with the image of 7, and
hence with a subgroup of GL,(Z/NZ).

We denote by x the N-Kummer representation:
RN : GK(A[N]) — A[N}
o= o(BY) - Y.

Notice that this definition does not depend on the choice of 3V, as ¢ is the identity on
K (A[N]). Again, the Galois group of K (3 )/ K (A[N]) can be identified with the image
of ky, and hence with a subgroup of (Z/NZ)®. 1t is then clear that the degree of the
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extension (T.7) is bounded by N?, and hence we may define the failure of maximality for
the degree of the extension as the integer

Nb
T #Im(ry)

We define the adelic Tate module of A, denoted by T'(A), as the projective limit over
N of the groups A[N], which is isomorphic to 7b. We denote by Kiors the compositum
of all K(A[N]) and by Kyum the compositum of all K(3;«). By taking the inverse
limit over N for 7 and xp, we obtain the adelic torsion representation 7o, : Gxg —
Aut(T(A)) and the adelic Kummer representation koo : Gg,,,. — T(A).

We can therefore identify the Galois group of the extension Kios/K with Im(7)
and hence with a subgroup of GLb(Z), and the Galois group of the extension Kyum /Kiors
with Im (k. ) and hence with a subgroup of ZV.

fn:

Remark 1.2.1 ([LT22, Remark 2.6]). The following diagram shows that the Galois group
of Ktors(%a)/Kmrs is isomorphic to the Galois group of K(%a)/Ktors N K(%a), and
hence is a subgroup of Im(ky ).

(%)

AN

Ktors K(

Ktors N

)

2z~

K(xa)

K(A[N])
We have therefore that
Nb
| 1
# Gal (Ktors(ﬁa)/Ktors)
and, if Im (ko) is an open subgroup of T'(A),

fn [ T(A) = (koo )]

Theorem 1.2.2 ([Ber88, Theorem 1]). Let A be the product of an abelian variety by a
torus. Assume that o € A(K) is such that the set of its multiples Zc is Zariski dense in
A. Then Im(k o) is open in T(A), and hence [y is uniformly bounded in N.

With the extra condition for the Endg (A)-module of geometric torsion points
A(F)tors to be injective, the following theorem gives a criterion to decide whether
Im(koo) is an open subgroup of T'(A), and if this is the case gives a bound for its in-

dex.
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Theorem 1.2.3 ([Tro23al Theorem 5.4]). Let A be a connected commutative algebraic
group over a number field K. Let a € A(K) be such that Zo is Zariski dense in A and
letT := {B € AK) | 3n € Zz1 : nB € (a)}. Assume that A(K )ors is an injective
Endg (A)-module. Suppose that there exist positive integers d,n, m such that:

1. d(F N A(K)) - <O(> + A(K)tors;
2. n- H'(Im(7s), A(K )tors) = 05

3. the subring of End(A(K )tors) generated by Im (7o) contains m - End(A(K )tors)-
Then Im (ko ) contains (dnm, - Z,)°.

Theorem [I.2.3] can be applied in the case A is an elliptic curve. In this case, explicit
values of d, n, m can be found, and hence the bound is explicit:

Corollary 1.2.4 ([Tro23a, Theorem 5.11]). Let A be an elliptic curve over a number field
K andlet oo € A(K) is given in terms of a basis of A(K)/A(K )tors- Then there exists an
effectively computable positive constant ¢ such that the index of Im(k) in T'(A) divides
c. In particular, fx divides c for any integer N.






21

CHAPTER

Kummer theory for
multiquadratic or quartic cyclic
number fields

This chapter is based on the joint work with Antonella Perucca [PP22]], and its main focus
is to investigate Kummer theory for a multiquadratic or quartic cyclic number field K (to
ease notation we always consider quadratic number fields to be multiquadratic) and to
prove the following theorem:

Theorem 2.0.1. Let K be either a multiquadratic or a quartic cyclic number field. Let G
be a finitely generated subgroup of K. Then there exists an explicit finite procedure to
compute at once the degrees

(K (Cn, V@) K(Cn))
for all positive integers n, N such that n divides N.

To achieve this we fully describe the procedure mentioned in the statement, and we
prove various results that classify the intersection between the Kummer extensions and
the cyclotomic extensions of K. Since our results can be applied to study further number
theoretical questions, we give here an overview.

We investigate the cyclic Kummer extensions of K that are abelian over Q or, equi-
valently, that are contained in a cyclotomic extension of K (for K multiquadratic, see
Sections [2.4H2.5} for K quartic cyclic, see Section[2.6). In Theorem [2.2.T| we classify the
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intersection of K ((pm, “y/a) with the cyclotomic extensions of K where « € K* and
£™ is any prime power. Lemma and Lemma (for multiquadratic and quartic
cyclic number fields respectively) allow us to determine those positive integers x such
that K (,) contains /%2 or some given root of unity with order a power of 2.

For certain multiquadratic number fields, Lemmas [2.3.4] and [2.3.6] (see also Lemma
for Q(¢5)) allow us to classify all cyclic Kummer extensions of degree 4 and 8
which are contained in a cyclotomic extension of K. See also Lemma[2.3.2]to determine
whether a Kummer extension is Galois over Q.

For multiquadratic number fields, we investigate in Theorem the quadratic ex-
tensions of K, more precisely which positive integers z are such that K((,) contains
these extensions. In Theorems and we deal with the same problem for the
cyclic extensions of K of degree 4 (if (4 € K) and of degree 8 (if (s € K).

For quartic cyclic number fields we may check whether a quadratic extension is
abelian over Q thanks to Lemma[2.6.2] Then in Theorems [2.6.3] and [2.6.5] we determine
those positive integers x such that K(¢,) contains such an extension. See also Lemma
2.6.6)

Finally, Propositions 2.4.2] [2.4.3] 2.5.3] (for multiquadratic number fields) and Pro-
positions (for quartic cyclic number fields) allow us to compute the positive
integers  for which K (¢,) contains elements of the form (an+/f, (an /B, (an ¥/ B with
B € K*. See also Propositions which are related to the prime numbers 3 and
5 instead.

To prove Theorem [2.0.1] by [HPST21| Section 8] we may replace G by one element
« € K which is not a root of unity, and we consider the Kummer extension

K (G, /) /K(Cn) 2.1

for all positive integers n, N such that n divides N. Recall by Chapter [I] that, instead
of computing the degree of these extensions, we can focus on computing the failure of
maximality fn . for the degree of the Kummer extension. If n = [[¢™ is the prime
decomposition of n, we have

Fon = e ) Kigwy] — LLfemen BT

where fym ¢m is the (-adic failure and B(N, {™) is the (-adelic failure, namely:
B(N7 gm) = I:K(C£7n7 ”{7&) N K(CN) . K(C@7n):| .

By Theorem we can compute at once, with explicit formulas, all /-adic failures
fem ¢m where £ is a prime number and m > 1, so we only need to provide formulas for
the ¢-adelic failure B(N, (™).

As mentioned in Chapter E], [PST20] and [HPST21] describe a finite procedure for
the computation of the ¢-adelic failure over Q and over quadratic number fields. Now we
consider number fields which are either multiquadratic or quartic cyclic, and we provide
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an explicit finite procedure to compute the ¢-adelic failure B(N, ¢™) for all prime num-
bers 4, all m > 1, and for all N > 1 such that /™ divides N, see Sectionsand By
Remark [1.1.7) we have B(N, ™) = 1if (; ¢ K. Thus for all considered number fields
we investigate the 2-adelic failure; if K is multiquadratic and (3 € K, then we also study
the 3-adelic failure; for the quartic field Q({5) we also study the 5-adelic failure.

Finally, we have the following:

Remark 2.0.2. Theorem also holds for all number fields that have no quadratic
subfields (in particular, it holds for all number fields of odd degree).

Indeed, the above discussion is still valid hence it suffices to study the 2-adelic failure,
see Section 271

2.1 Preliminaries

Squarefree numbers, multiples, and divisors can be negative integers. The same holds for
the squarefree part of a non-zero integer (i.e. the squarefree integer that multiplied by the
given integer is a square) and for the odd squarefree part (i.e. the odd squarefree integer
which multiplied by a power of 2 is the squarefree part). When we say that an integer is
minimal, then we always mean that it is minimal w.r.t. divisibility.

Let K be a number field. If the extension K/Q is abelian, we define the conductor
cx of K to be the minimal positive integer n such that K C Q(¢,).

Lemma 2.1.1. Consider a number field QQ and two finite abelian extensions K/Q and
K'/Q which are linearly disjoint. A quadratic subextension of KK'/Q which is not
contained in K or K’ is of the form Q(\/dd') for some d,d’' € Q such that \/d € K \ Q
andVd € K'\ Q.

Proof. If L is a quadratic subextension of K K’/ which is not contained in K or K’,
then it suffices to prove that it is contained in Ly Ly, where Ly C K and Lg: C K’
are quadratic over (). Consider the quadratic character

x: Gal(KK'/Q) — {£1}
corresponding to L: composing x with the natural embedding
Gal(K/Q) — Gal(K/Q) x Gal(K'/Q) =2 Gal(KK'/Q)

we get a character yx : Gal(K/Q) — {%1}. Since L ¢ K, the character xx is
quadratic and corresponds to a quadratic subextension Lg /). We similarly define x k-
and Lg/. The kernel of x is contained in the product of the kernels of xx and x g,
and we conclude because this product corresponds to Lx L. Indeed, it is the largest
subgroup of Gal(K K'/Q) whose restriction to Gal(K/Q) (respectively, Gal(K'/Q)) is
contained in the kernel of x i (respectively, x ). O
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Remark 2.1.2. Let F be the largest multiquadratic subextension of Q((as), where M >
3. By Lemma F is generated by the elements \/£p, where p | M is a prime such
that +p = 1 mod 4, and by ¢4 (if 4 | M), and by /2 (if 8 | M). Moreover, if K
is a multiquadratic number field, then K F' is the largest multiquadratic subextension of
K(Cm)-

Remark 2.1.3. Let K = Q(\/dy, . . . v/d,.) for some squarefree integers dy, . . ., d,.. Fora
non-empty subset [ of {1,...,r} we call d the squarefree part of [ [, d;. By applying
Lemma the squarefree integers in K *? are the integers d;.

Lemma 2.1.4 ([HSO0, Lemma C.17 and its proof]). Let K be a number field and let n be
a positive integer such that ¢, € K*. Let o € K* and let p be a prime of K.

1. If vy, («) is not divisible by n, then o ramifies in K (/o).

2. If vy(a) is divisible by n and the prime integer below ¢ is coprime to n, then ©
does not ramify in K (/«).

Quartic cyclic number fields

A quartic cyclic number field (i.e. an abelian extension of Q with Galois group Z/47Z)
is either a totally real or a CM field, and the quadratic subextension is totally real: for
a CM quartic field embedded in C, the quadratic subextension is the field fixed by the
complex conjugation. The roots of unity contained in a quartic cyclic number field are
u1o for Q(¢s), and o otherwise. In particular, for Q({5) we have to study only the 2-
adelic failure and the 5-adelic failure, and for the other quartic cyclic number fields only
the 2-adelic failure.

Remark 2.1.5 ((HHR ™87, Theorem 1 and the following lines, Theorem 3]). Let D be a
squarefree positive integer. A quartic cyclic number field containing v/D is of the form

o(AD + BVD)) = @(/A(D - BVD))

where A is an odd squarefree integer coprime to D and B is a positive integer such that
D — B2 is a square (the integers A and B exist unique). In particular, D and B cannot be
both even, and (by the Sum of two squares theorem) D is not divisible by prime numbers
congruent to 3 modulo 4. The conductor of the quartic cyclic number field is

8|A|D if2¢B
4]A|D if A+ B =3mod4
|A\D ifA+B=1mod4.

In particular, A is the product of the odd prime numbers coprime to D that ramify in the
quartic cyclic number field.
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Let C be the positive integer such that D = B2 + (2, and notice that precisely one
among the integers D, B, C'is even. We define

—AD+BVD) and + =AD+CVD).

Remark 2.1.6. Suppose that 2 | C. Then we have Q(,/7,v2) = Q(v/7/, V'2) because
we can write

2

l/ — (M)Q (2.2)

¥ B

Moreover, the conductor of Q(,/7) is 8 |A| D, so we have Q(C 4| /7) = Q({ja|p, VE2)
and hence /£7" € Q((|4|p) for one choice of the sign.

2.2 Intersection between cyclotomic extensions and Kummer
extensions

Theorem 2.2.1. Let K be a number field, and let ¢ be a prime number. We assume that
t € {1,2,3}, where t = vy(#(pug~ N K)). Let & € K* \ pioo, and write o = Con 3%,
where 3 € K* is strongly ¢-indivisible, d > 0, and h = 0ort —d < h < t. Forn > 1
we describe the field

K (Cons /) N K (1)
1. If1 < n < d thenitis K(Cpntn).

2. If VB & K(uoo), then it is

K(C@n+2) ifn=d+1,h=3
K((pn+1) ifn=d+1Lh=20orn=d+2,h=3
K (¢en) ifn>d+h.

3. If /B € K(jioo) and /B ¢ K (j1so), then it is

K(Con, Cpnin/B) ifn=d+1

K(an+2f) zfn:d+2,h:3

K (¢m+1+/B) ifn=d+2 h=20rn=d+3, h=3
K (Comy /B) fnzd+1+h.

4. If /B € K(uoo) and /B ¢ K (1uso) (Which implies t € {2,3}), then it is

K(Gon, Cnin ) ifn=d+1

K(Gen, C@Hh\F) fn=d+2

K (Cpms2"/B) ifn=d+3 h=>3

Ko, CninV/B) ifn=d+3 h=20rn=d+4, h=3
K (Cen, /B) ifn>d+2+h.
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5. If Y/B € K (o) (which implies t = 3), then it is

K(Cens Cninv/B)  ifn=d+1

K (Cen, QH'L\F) fn=d+2

K (Con, Gouan'y/B) ifn=d+3

K (Cem, Cpni2/B) ifn=d+4,h=3

K (¢en, ngf) fn=d+4h=20orn=d+5 h=3
K(Cen, V/B) ifn>d+3+h.

If1 < r < h, then by Cgn+r we mean here any £"+"~"-th root of n.

In the above formulas, the extension K ((pn, “v/a) N K (poo) /K (¢en) is generated by
an element of the form (yn+=+/B only when n + z > t + 2, of the form (pn+e 4/5 only
when n 4+ 2 >t + 3 (and t € {2,3}) and of the form (yni- &/B only when n + 2 > 7
(and t = 3).

Proof. This is just an application of Proposition|1.1.9]in our situation.

2.3 Cyclotomic extensions of multiquadratic number fields

Let K be a multiquadratic number field.

Lemma 2.3.1. Let K = Q(\/du, . . .\/d;) for some squarefree integers dy, . . . ,d,. Fora
non-empty subset I of {1, ...,r} we call d the squarefree part of [ [, d;. Ifm 1, then
the following are necessary and sufficient conditions for the elements (on for any n > 2

and for \/£2 to be in K((;):

Element in K () | Equivalent condition

Con (n > 4) 2 [z

Gs (1, V2 € K(C)

(s 4 |z, ord; =3 mod 4 and d; | x for some 1

VE2 8|, ord | xzand?2 | dr and dy | 2x for some I,
ordy | 2z and d; = +2 mod 8 for some I .

Proof. The assertion for (s~ follows from the fact that 16 1 ¢k, and the assertion for (g
is clear. It is straight-forward to prove that all given conditions are sufficient. We now
apply Remarks If ¢4+ € K((,) and 4 { =, then there is some squarefree
m |  such that m = 1 mod 4 and —md; € Q*? hence we have d; = —m for some
I. If /£2 € K(¢,) and 8 1 z, then there is some odd squarefree m | z (such that
m = 1 mod 4, if 2 { x) such that +2md; € Q*? hence we have d; = +2m for some
1. O

The following result allows us in certain cases to conclude directly that a Kummer
extension of K is not contained in any cyclotomic extension of K:
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Lemma 2.3.2. Ifa € K* and 0 < s < va(#(ua N K)), then the following properties
are equivalent:

e The extension K ( 3/a)/Q is Galois.

e For every o € Gal(K/Q) we have K( 3/a) = K( 3/o(«)).

e For every o € Gal(K/Q) there is some odd integer x such that o - o(a)® € K*?".

In the last two properties we could restrict to any set of generators for Gal(K/Q).

Proof. Up to replacing o with a root which is in K * and choosing a smaller s, we may
suppose that [K( %3/a) : K] = 2°. The second and third property are equivalent by
Kummer theory. The number fields K ( %2/a) and K( %/c(a)) have the same degree,
so the equality means that 5( 3/a) € K(%/a), where & : K(%/a) — K is any field
homomorphism extending o. This shows that the first two properties are equivalent. We
are left to show that the second property holds for all 7 € Gal(K/Q) if it holds for a set
of generators. We write 7 as a product of generators, and we proceed by induction on the
number of factors. The assertion is clear if there is only one factor, so let 7 = oo’, where
o is a generator and the induction hypothesis holds for /. We know that K( 3/a) =
K(*/o'(a)), and we conclude because &( %/c) is in this field, and 5( 3/0’(a)) is a
2%-th root of 7 (). O

Definition 2.3.3. Let p be a prime number such that p = 1 mod 4. If p = 5 mod 8§, then

let 8, € Q(¢4) be such that Q({4, v/3) is the quartic subextension of Q({sp)/Q(C4); if

p = 1 mod 8, then let 8, € Q((4,/p) be such that Q(C4, /P, v/B) is the subextension
of degree 8 of Q(C4p)/Q((4). To determine these elements one can apply the procedure

presented in [HPST22), Section 4].

Lemma 2.3.4. Suppose that (4 € K, and let N be a positive integer such that \/p € K
for every odd prime p | N. Any cyclic subextension of K({n)/K of degree 4 equals
K (/9) for some g € K* \ K*? of the form

g=¢ [ s I s2

p=5 mod 8 g=1mod 8

such that p, q are odd prime divisors of N and the integers e € {0,1,2,3}, e, € {0,2},
and e, € {0,1,2} satisfy the following conditions:

e#1ifG € K;

e#3,if(s¢ Kor32{N;
e=0,if8Y Norif(s € Kand 161 N;
e =3 oreq =1 for some q.

Different choices for the exponents give rise to distinct extensions. If x > 1, then we have
Vg € K((.) if and only if we have vo(x) > e + 2 for e # 0 and p | x for all primes
p = 1 mod 4 such that e, # 0.

Proof. The given conditions on x are clearly sufficient to ensure /g € K ((.). They are
also necessary, as can be seen by adding the fourth roots of all but one of the elements (ze
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(if e # 0) and BS" (if e, # 0). This line of reasoning also shows that different choices for
the exponents give rise to distinct extensions, and that K (/g)/K has degree 4.

We have (/g € L, where L is the field corresponding to the largest quotient of expo-
nent 4 of Gal(K ({n)/K). We can factor Gal(L/K) as the product of the largest quotient
of exponent 4 of Gal(K ((yv.(v))/K) and, for every odd prime p | N, the quotient of or-
der 2 (respectively, 4) of Gal(K(¢,)/K) if p = 5 mod 8 (respectively, p = 1 mod 8),
calling Ly and L,, the corresponding fields. Notice that the fourth roots of (¢ (respect-
ively, 8,7) generate a cyclic subextension of Lo /K (respectively, L,/ K) of degree divid-
ing 4, and of degree dividing 2 if p = 5 mod 8. By taking products of these roots, we
get an extension of K of degree 4 unless all roots generate extensions of degree at most
2, so we may conclude with a counting argument as in the proof of [HPST21, Theorem
11]. O

Definition 2.3.5. Let p be a prime number. If p = 5 mod 8, then let n, € Q(¢4) be
such that Q((s, /7,) is the quartic subextension of Q((4p)/Q(¢4). If p = 9 mod 16,
then let 1, € Q(C4,+/p) be such that Q((4, /P, {/7,) is the subextension of degree 8
of Q(Cap)/Q(C4) (alternatively, one could work with 7, € Q(Cs) such that Q(Cs, 3/7;,)
is the subextension of degree 8 of Q((sp)/Q((s)). If p = 1 mod 16, then let 1, €
Q(Cs; /p) be such that Q(s, /P, /1) is the subextension of degree 16 of Q(s;) /Q(Cs).
To determine these elements one can apply the procedure presented in [HPST22, Section
4].

Lemma 2.3.6. Suppose that (3 € K, and let N be a positive integer such that \/p € K
for every odd prime p | N. Any cyclic subextension of K({n)/K of degree 8 equals
K (/9) for some g € K* \ K*? of the form

g9=C [ = TII = I] »

p=5 mod 8 q=9 mod 16 r=1 mod 16

such that p, q, r are odd prime divisors of N and the integers e € {0,1,2,3}, e, € {0,4},
eq € {0,2}, and e, € {0,1,2,4} satisfy the following conditions:

e=0,if16 1 N;
e<1,if324 N;
e #3,if641N;

e =3 ore, =1 for somer.
Different choices for the exponents give rise to distinct extensions. If x > 1, then we have

¥9 € K(() if and only if we have va(x) > e + 3 for e # 0 and p | x for all primes
p = 1 mod 4 such that e, # 0.

Proof. The proof is analogous to the one of Lemmal[2.3.4] O
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2.4 Quadratic extensions of multiquadratic number fields

Let K be a multiquadratic number field, and write K = Q(v/d1,...,/d,) for some
squarefree integers dy, ..., d, such that Gal(K/Q) = (Z/2Z)". An extension of K of
degree 2 is of the form K (/a) for some o € K* \ K*2, and we fix such an a. The
extension K (y/a)/Q is abelian if and only if K(1/a) € Q(iw), and in this case the
Galois group Gal(K (y/a)/Q) is isomorphic to either

(z/27)"  or  (Z/27)"' x Z.JAT.

In the first case K (y/a) is multiquadratic and hence K (y/a) = K(y/m) for some
squarefree integer m (thus, a/m € K*2). We can find m or conclude that no such m
exists by checking finitely many possibilities because the odd prime divisors of m ramify
in K(y/«).

In the second case we have K (/o) = K(,/7) for some v € K* such that Q(,/7)
is quartic cyclic (thus, a/y € K*2). We let v,v', A, B,C, D be as in Section We
can find v or conclude that no such ~y exists by checking finitely many possibilities (since
Q(v/D) C K, there are only finitely many possibilities for D and hence for B; the prime
divisors of A ramify in K (y/«)). Notice that the odd primes ramifying in K (y/«) are
those ramifying in K and those that lie below a prime of K ramifying in K (y/«) (these
can be found with Lemma 2.1.4).

Theorem 2.4.1. We keep the above notation, and we suppose that K (\/a)/Q is abelian.
The minimal integers © > 1 such that \/a € K((;) form a non-empty, finite, and com-
putable set. For any x > 1 we have \/a € K((;) if and only if one of the following
holds:

1. We have K (\/a) = K(y/m) and \/m[],c; dj € Q(C) for some J C{1,... r}.
2. We have K (/o) = K(./7) and x is a multiple of

w8D  for some w such that VA € K (Cusp) if2| D
wD  for some w such that V+A € K(Cyp) ifl1+ B =+1mod4
wD  for some w such that V+2A € K((yp) if14+C=+1mod4.

We can take w minimal, so that it belongs to a finite computable set.

Proof. Case (1) is a consequence of Lemma [2.1.1| because we can focus on the maximal
multiquadratic subextension of Q((,) and because it is immediate to determine the con-
ductor of each field Q(y/m ][ d;). Now we deal with Case (2) (recall that precisely one
among B, C, D is even). If p | D is prime, then let C,, be the quartic cyclic subextension
of Q(¢p), or Q(C16 + (i) for p = 2 if ¢ f D is an odd prime ramifying in K (\/a), then
consider the quadratic subextension Cy, of Q((,). So K'(,/7) is contained in

L:=q) [T TG
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We claim that K (,/y) € L', where L' is obtained from L by replacing some C), by
a quadratic subextension. This implies that D | z, and that 16 | z if 2 | D. In the three
subcases of (2) the field K (¢,) contains \/v/A, \/£7/A, and \/£7'/A respectively. So
we are left to determine the minimal 2 such that K (¢, ) contains \/Z VEA and v+2A4
respectively, and we conclude by Case (1).

To prove the claim, let G := Gal(L/Q) = (Z/4Z)* x (Z/27Z)" for some integers s, t.
We may choose g1, . .., gs which generate the cyclic factors of order 4 and are such that
g19; fixes v/D. Without loss of generality we have

G = Gal(L'/Q) = G/ < g? > (Z)27) x (ZJAZ)*~' x (Z/27)" .

If \/7 € L/, then there are subgroups G5 < G| < G’ such that G'/GY, = Z/4Z and
G'/GY = 7,/2Z. This is impossible because we have G} = (Z/4Z)*~! x (Z/27)" (as
generators for (Z/47)°~! we can take the class of g; g; for i # 1). O

Proposition 2.4.2. If 3 € K* \ K*? is such that K (/B) is multiquadratic, then the set
S consisting of the squarefree integers b such that K (v/b) = K (+/B) is non-empty, finite,
and computable. For x > 1, the following are necessary and sufficient conditions for the
elements /B and (/B for any e > 3 to be in K ((;):

Element in K () | Equivalent condition

VB Vb € Q(¢,) for some b € S
Cae/B (e = 4) 2¢| z and b | x for some b € S
(VP (s € K(Cy) and b |  for some 0odd b € S, or

V2,v/=2¢ K and {4 € K((.) and b | 2x for some evenb € S .

Proof. There is a squarefree integer m such that K (1/3) = K(y/m), thus S consists of
the squarefree part of the integers mz, where z is a subproduct of d; - - - d,.. The assertion
on +/3 then follows from Theorem (1). Consider b € S. If 8 | z, then the condition
b | x is equivalent to /b € Q((,), and in general it is a necessary condition. If v/2 and
¢y are in K((,), orif ¢4 € K () and b is odd, then b | x is sufficient for Vb € K ((,).
The given conditions for (3¢+/3 and (g+/B are then sufficient (for the last one, we have
V2b € K((,) and we conclude because v/2/¢s € Q((4)). The given condition for
(2¢ /B is necessary because we must have 2¢ | = (if v2(y) < e, then 2¢ does not divide
the conductor of K (v/f3, {y)).

Now suppose that (g+/3 € K((;) and hence {4 € K((;). If (s € K((;), then we
conclude for b odd. If b is even and /2 or /=2 are in K, then we can reduce to the case
bodd and (s € K((.). Now suppose that v/2,1/—2 ¢ K. Since for all b € S we have
Vb e K (Clem(s,2))» by Lemmawe deduce that Vb € Q(Ciem(s,z)) for some b € S
and hence b | 2. If b is odd, then /3 and hence (g would be in K((;). O

Notice that in the following result the sets .S, S4 and Sy exist and they are non-empty,
finite, and computable by Lemma[2.3.T]and Theorem [2.4.1]
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Proposition 2.4.3. If 3 € K* \ K*? is such that K (\/B) is contains a quartic cyclic
number field, then consider the finite non-empty computable set S of minimal positive
integers y such that \/B € K((,), and similarly define Sy by requiring (4 € K((,) and
Sg by requiring (s € K((y). Lety’ denote the odd part of y. For any fixed e > 3, the
integers ¥ > 1 such that (2c+/B € K () are those satisfying at least one of the following
conditions:

e 2¢| xandy | x for somey € S;

e ife =3, lem(s,y) |  for some s € Ss and for some y € S;

eife =4, vy(y) =4 (thus, (s € K), y' | x for somey € S;

eife=3and v2,v/=2 ¢ K, va(y) = 3, lem(s,y') | « for some s € Sy and for some
yeS.

Proof. By minimality, for every y € S we have: v2(y) € {0,2,3,4}; v2(y) = 4 implies
(s € K;va(y) = 3 implies v2,v/—2 ¢ K; vo(y) = 2 implies 4 ¢ K.

If z > 1 is such that (3¢+/3 (and hence also (se-1) is in K({;), then we have /3 €
K (Ciem(2¢,2)) and in particular 3/’ | 2 for some y € S. If (- € K((.), then we have
Caev/B € K(() if and only if /3 € K((,) (this leads to the first two conditions in the
statement). If (o ¢ K((;), then we can have (2cv/B € K((;) only if /8 ¢ K(().
Now suppose that (ac, /8 & K((,): we claim that (3cv/B € K((,) holds if and only if
Coe-1 € K((z),y' | x forsomey € S, and va(y) = e (this leads to the last two conditions
in the statement).

To prove the converse implication in the claim, consider that K (¢, (ac) = K (2, VB)
because both fields have degree 2 over K ((,) and the former contains the latter, thus
C2e/B € K(y). We now prove the direct implication, namely that va(y) = e: if va(y) <
e, then we would deduce /3 € K((;); if va(y) > e (which holds for either none or all
y € S), then (since vz(z) < e) we would have /8 ¢ K(Cem(2e,)), contradicting

<26\/B€ K(Ca:) O

2.5 Cyclic extensions of degree 4 or 8 of multiquadratic number
fields

Let K be a multiquadratic number field containing (4, and let Gal(K/Q) be isomorphic
to (Z/2Z)" for some r > 1. If L/K is an extension which is cyclic of degree 4 and
it is contained in K (1), then L/Q is abelian and we have L = K(/«a) for some
a € KX\ K*2. Moreover, Gal(L/Q) is isomorphic to either

(Z)22)" x ZJAZ  or  (Z/2Z)""' x Z/8Z

because it has a cyclic subgroup of order 4 and it is not (Z/2Z)"~2 x (Z/4Z)?, as
Gal(K/Q) is obtained by quotienting a cyclic subgroup of order 4. We now fix o €
K>\ K*2, so that K ({/a)/K is cyclic of degree 4.

Theorem 2.5.1. It is possible to check whether K(/a)/Q is abelian with an explicit
finite procedure, and in this case there are finitely many computable minimal integers
x = 1 such that /o € K ().
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Proof. The extension K (/a)/Q is abelian of exponent 4 if and only if K(/a) =
K (/7). where Q(,/7) is quartic cyclic (we keep the notation of Section . If y exists,
then it belongs to a finite computable set, as seen at the beginning of Section (there
are only finitely many possibilities for D because K (v/D) = K (/a), and we may work
with this multiquadratic number field). Those integers x as requested can be found with
Theorem (first we make sure that VD € K (¢x), and then we apply the result to
K(VD)).

Let M be the product of all odd prime numbers ramifying in K (/a) (the primes of
K ramifying in K ({/) can be found with Lemma[2.1.4). If K'({/«)/Q is abelian (and
hence it has exponent dividing 8), then /o € K ((32ps) (and o € K (C16p1) if (s ¢ K).
To determine whether it is abelian of exponent 8, let F' be the extension of K obtained
by adding ,/p for all odd primes p | M. It is equivalent that F'(y/«)/Q is abelian of
exponent 8, and this is the case if and only if /g € F** for some g as in Lemma
(notice that the set of possible g is finite and computable).

By Lemma we can also determine the minimal integer y > 1 such that /o €
F({y). Lety = yo2", where y is the odd part of y, and consider the largest multiquadratic
subfield of K (¢y,), which we call K’. If 0 < e < 3 is as in Lemma 2.3.4] then we have
e+2 =wv < 4if (g ¢ K and hence (3. € K. So we have g € K’. Since F/Q
has exponent 2 and m € F, we must have m € K’ and hence by Proposition
we are able to find those finitely many minimal Y (requiring o | Y) such that
{/a/g, respectively Coet2 ¢/ /g if e > 0,is in K'((y) = K ((y). These Y are minimal
with the property that yo | Y and /o € K({y) because, writing g = (2 gy, we have

Vg0 € K(Cyp)- O

Now we suppose that (s € K, and we study the extensions L/K which are cyclic
of degree 8. We have L = K (/a) for some a € K>\ K*2, so we fix « as such. If
K(¥/a)/Q is abelian, then its Galois group is isomorphic to either

(Z)22)" xZ)8Z  or  (Z/2Z)""' x Z/16Z

because there is a cyclic subgroup of order 8, and Gal(K/Q) is a quotient by a cyclic
group of order 8.

Theorem 2.5.2. It is possible to check whether K(&/«)/Q is abelian with an explicit
finite procedure, and in this case there are finitely many computable minimal integers
x = 1 such that ¥a € K(().

Proof. Let o/ = /. The extension K (/«)/Q is abelian of exponent 8 only if K () is
multiquadratic. In this case we have K (/o) = K(o/, v/a/), so we can apply Theorem
22.5.1]to find all = such that {/a € K(a’,(,), and then Theorem[2.4.1] (1) to select those
x such that o/ € K((,).

Let M, F be as in the proof of Theorem The extension K (&/a)/Q is abelian
only if /o € K (Cganr). It is abelian of exponent 16 if and only if the same holds for
F(¥/a)/Q, equivalently there is some g € F as in Lemma such that a/g € F*®
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(the set of possible g is finite and computable). By Lemma[2.3.6 we can find the minimal
y > 1 such that /o € F((,). Consider the largest multiquadratic subfield of K ((,)
or equivalently of F'((,), which we call K’. As in the proof of Theorem [2.5.1] we have
g € K’ and m € K’'. By Proposition we may then find the finitely many
minimal Y > 1 with y | Y such that ¥/« /g € K'(¢y') = K ((y). These are the minimal
Y > 1suchthaty | Y and {/a € K((y) because &g € K((y). O

Proposition 2.5.3. Let 3 € K* \ K*2.

1. Suppose that {4 € K (here we do not require (s € K) and that K(/B)/Q is
abelian. Let e > 6, ore = 5 and (s ¢ K. We have (acv/B € K () for some
x > 1ifand only if lem(2¢, y) | © for some y > 1 such that /B € K((,).

2. Suppose that (g € K and that K (¥/B)/Q is abelian. Let ¢ > 7. We have (ac /3 €
K ((;) for some © > 1 if and only if lem(2¢,y) | x for some y > 1 such that

VB € K(Gy)

In particular, the minimal integers x > 1 as above are, in both cases, a finite computable
set.

Proof. The minimal integers y as in the statement are a non-empty finite computable set
S by Theorems and Moreover, the condition lem(2¢,y) | x for some y € S
is clearly sufficient. To prove that it is necessary, we apply Lemma [2.3.1] For (1), since
VB e K (Glem(2¢,2))» the odd part of some y € S divides  and we are left to prove 2 | x.
If e > 6, then (3.1 € K((,) and hence 2¢~1 | z. Thus y | x hence (2c € K((,) and
we conclude. If e = 5 and (g ¢ K, then for every odd z > 1 we have (32¥/8 ¢ K (16-)
(this field contains +//3 but not (32) and we conclude. For (2), since (s-—1 V8 € K ()
we get 2°71 | 2 by (1), and we similarly conclude. O

2.6 Extensions of a quartic cyclic number field

In this section K = Q(,/7) is a quartic cyclic number field, and we keep the notation of
Section 2,11

Lemma 2.6.1. For x > 1, the following are necessary and sufficient conditions for the
elements Con for any n > 2 and for /2 and /=2 to be in K ((,):

Element in K () | Equivalent condition

Con (n25) 2" | x

(16 16 |z, or2 | D, 4AD | x

(s 8|z, 0r2|D, 2D |z, 0r2|C,4AD | x

Ca 4|z, 0or AD | 2, A+ B =3 mod 4

V2 Cs € K(¢z),0or2| D, D|2x,0r AD |2, A+ C =1mod 4
NS (s € K(¢z), or AD |z, A+ C =3mod 4.
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Proof. We may suppose without loss of generality that x is odd or 4 | « (notice that in the
conditions in the statement each congruence implies that D is odd). We set n = 2 + /2
and vy = /A, and we call ¢k the conductor of K. The assertion for (o= is clear because
32 f Ck.

The element (16: Suppose that (16 € K((,) and 16 { «, which implies 16 | cx and
hence 2 | D. Thus /7 € K () \ Q(¢,). We claim that vVD € Q((,) or equivalently
4D | z. If not, then by Lemma we have vnD € Q((,) thus (D/2) | z and
n € Q(¢;), which gives 8 | = and hence 4D | x, contradiction. The conductor of
Q(,/70) is 8D, so both /7 and /7o generate K ((;) over Q({,). Thus v'A € Q((,) and
hence A | x. For the other implication: if 2 | D, 4AD | x, and 16 { x, then we have
Q(Cﬂl) g K(Ca:) C Q(Cﬂi) Clﬁ) so we conclude because CS € Q(Cﬂc)

The element (s: Suppose that (s € K ((,) and 8 { x, which implies 8 | ¢k and hence
either 2 | D or 2 | C. If VD ¢ Q((,), then by Lemmawe have v2D € Q((y),
which implies 2 | D and (D/2) | . We have K ((;) = Q((s, v/2) and hence ¢4 € Q((z),
s0 2D | 2. Now suppose /D € Q((,): if D is even, then 4D | x; if D is odd, then
V2 € K((,) implies 2 | = hence 4D | . To prove A | x, or equivalently vA € Q((,),
consider that /7, /70 are both in K ({;) \ Q((z) because 8 | cx and the conductor of
Q(\/0) is 8D. For the other implication: if 8 { =, 2 | D, and 2D | z, then we have
¢4 € Q(¢), and we also have /2 € K((,) because both v/D and /D/2 are in this
field; if 8 t z, 2 | C, and 4AD | z, then ¢4 € Q((,) and we conclude because K (¢, ) is
contained in Q(¢;, ¢s) but not in Q(¢;).

The element (4: Suppose that {4 € K((,) and that z is odd, hence 4 | cx. We cannot
have 8 | cx, else K ((ja|pz)/Q(C a|pe) Would not be cyclic as it would be generated by
(s. So cx = 4|A|D and hence A+ B = 3 mod 4, thus D is odd and hence it is congruent
to 1 mod 4. Since K (¢,)/Q(¢;) is cyclic and K ((,) contains v/ D and (4, we must have
VD € Q(¢,), thus K (¢,) = Q((4,) and hence AD | z. For the other implication: if
4tzand AD | x and A+ B = 3 mod 4, then we conclude because K (¢j4p) € K((z)
is contained in Q(C41.4)p) but not in Q(j4)p).

The elements \/£2: Suppose that /+2 € K((,) and (s ¢ K(C;), s0 (4 & K(()
and = is odd. Since 8 | cx, we have either 2 | D or 2 | C. If VD € Q((,), then 2 D
and D | z. It VD ¢ Q(C,), then v/E2D € Q(C,) by Lemmal[2.1.1]and so the odd part
of D divides x. Now we may suppose that 2 { BD and D | z, which imply v'D € Q(¢,)
and hence K (,) = Q((s, vE2). In particular, we have A | z. From Remark [2.1.6]
we deduce that /7" € Q((,). With the plus sign, the conductor of Q(v/77) is odd,
else the conductor is four times an odd number. We conclude that A + C = £1 mod 4.
For the other implication: if 2 | D and D | 2z (recalling that all odd prime divisors
of D are congruent to 1 mod 4), then K ((,) contains /D and \/D/2; if AD | z and
A+ C = +1mod4, then \/7 € K((,) and /7" € Q({jajp) C K(Cz), so K((z)
contains /42 by Remarkﬁ O

Fix o € K* \ K*2. If K(y/a) is contained in K (i), then it is an abelian exten-
sion of QQ of degree 8. Its Galois group over Q has a cyclic quotient of order 4, so it is
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isomorphic either to
Z/AZ x 7./27 or Z7/87.

Lemma 2.6.2. The extension K (\/a)/Q is abelian if and only if it is Galois if and only
if we have o - o() € K*2, where o is some generator for Gal(K/Q).

Proof. If K(y/a)/Q is Galois, then it is abelian because its Galois group has order 8 and
it has a quotient isomorphic to Z/4Z. For the second equivalence we may reason as in
the proof of [HPST21, Lemma 4], where we consider o - () instead of N g(a). O

The extension K (1/«)/Q is abelian and not cyclic only if there is some squarefree
integer m such that K (y/a) = K(y/m) and hence a/m € K*2. To determine if m
exists and to find it, it suffices to check finitely many possibilities because the odd primes
dividing m ramify in K (y/a) (these can be found with [HPST21, Lemma 2] and by
considering the conductor of K).

Theorem 2.6.3. We keep the above notation and the one from Section IfK(ya) =
K(y/m), then for x > 1 we have /a € K((,) if and only if x is a multiple of at least
one of the following numbers:

e the conductor of Q(v/m);

o the conductor of Q(v/Dm);

e 8D times the conductor of Q(v/Am);

e D times the conductor of Q(v/+Am), if A+ B = £1 mod 4;

e D times the conductor of Q(v/£2Am), if A+ C = £1 mod 4.

Proof. Since Q(/m) and Q(v/'mD) are the quadratic subextensions of K (y/a) not
contained in K, the first two given conditions are sufficient. The other conditions
are also sufficient because Q((,) respectively contains the square roots of D + BVD,
of £(D + BvV/D) and of +2(D + Bv/D) by Remark @ and (2.2), so it contains
VA/EA and VE2A.

Now suppose that /o € K((,). If K C Q({,) or K N Q(¢;) = Q, then by Lemma
2.1.1|/m or v/Dm is in Q(C,) and we have the first or second condition. Now suppose
that VD € Q(¢,) and K Z Q((,), and in particular we have D | x, and 4D | 2 if 2 | D.

If A+ B = +1mod4, then \/+(D + BVD) € Q((,) and hence K((,) =
Q(¢z, VEA). Thus, by Lemma vm or /+Am is in Q({,) and we have
the first or fourth condition. If 8D | z, then we may reason analogously because
VD + BVD € Q).

If 2 | D (thus 4D | z) and 8D ¢ =, then we have K ((;) = Q((x, VA(2 + V/2)) be-
cause V2 + v/2 and /D + Bv/D generate the same extension over Q((4p). By Lemma
and since V2 € Q((,) all quadratic subextensions of K ((;) are contained in Q((;),
so we have the first condition.

If A+ C = +1mod 4, then we have /+2(D + BvVD) € Q((,) by @2). So
K(¢:) = Q(¢z, vVE+2A) and hence /m or /+2Am is in Q({,) and we conclude.  [J
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Proposition 2.6.4. Let 3 € K* be such that K(+/f3)/Q is abelian and not cyclic, and
let e > 3. An integer x > 1 such that (ae/B € K((;) is the multiple of at least one of
the following numbers:

e lcm(2¢,y), for e > 5, where y is such that \/B € K((,);

e lcm(w, y), if e = 4, where w is such that (se € K () and y is such that /B € K((,);
e lcm(4, 2), if e = 3, where z is such that /23 € K((,);

elem(AD, 2), ife = 3and A+ B = 3 mod 4, where z is such that /23 € K((.).

The minimal integers x form a non-empty finite computable set.

Proof. We can find all minimal w, y, z by applying Lemmas [2.6.1]and Theorem[2.6.3]
Write K(v/8) = K(y/m) for some squarefree integer m as seen before Theorem
So we need to describe those x such that (se/m € K((;). Notice that (se/m €
K () implies (ae-1 € K ((;). For e > 4 (considering Lemma[2.6.1]for e > 5) it suffices
to prove that both (e and /m are in K (). This is the case because, if K ((,,+/m) and
K ((, Co-) are non-trivial over K ({, ), then they cannot be equal as the former field has
more quadratic subextensions than the latter by Lemma If e = 3, then {4 € K(()

and hence /25 € K((;) so we conclude by Lemma O

Theorem 2.6.5. Let cx be the conductor of K (call ¢y its odd part and v its 2-adic
valuation). Let P be a prime of K over 2. If K(\/a)/Q is cyclic of degree 8, then there
exists unique a minimal integer x > 1 such that \/a € K((;). The odd part of x is
a multiple of ¢ and it is the product of all odd primes whose primes of K above them
ramify in K (\/a). Moreover, vy(x) is given by

5 lf’UK =4

l'f’UK =3
3 ifvk = 2 and P ramifies in K (\/a),

or v = 0 and P ramifies in K (y/a), K(v/—a)
2 ifvk = 0and P does not ramify in K (v/—«)

if v = 0,2 and P does not ramify in K(\/«) .

Proof. Let x be minimal such that v/a € K((.): its odd part =’ is squarefree, 1 #
va(x) < 5, all prime divisors of x ramify in K (y/a). Recall that the primes ramifying in
K are those dividing cf, and notice that, if p { ck is a prime ramifying in K (y/«), then
pla.

To show ¢ | 2’ it suffices to prove ¢ | y, where y > 1 is such that /oo € K (C4, ().
Notice that K (¢4, /a)/Q(v/D,(4) is a cyclic Kummer extension of degree 4 with in-
termediate extension K ((4). Thus the extension K (4, (y)/ Q(D, &, Cy) is trivial as it
has degree at most 2 and hence the base field contains K ({4). We deduce that A and
the odd part of D divide y because if p | AD is an odd prime, then Q(Ci6/41p/p) 7#
K(Ci6jaip/p) € Q(Ci6)a)p). We may reason analogously to prove that vx < va(x)
holds if v > 3.

Since K (v/a, e, ) /Q(cx ) has degree at most 2, we have va(z) < max(3,vx + 1).
If v = 3,4, then we know vy (x) € {vk, vk + 1}, so we conclude by the minimality
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of z because K (Covrz) = K((yvi—-14). If vg = 2, then K (y/a, () is either Q(Cyyr)
or Q({sz’)- In the latter case P ramifies in K (y/c), while in the former case it does not
because K (v/, () = K((w). If v = 0, then 2 does not ramify in K: if P does
not ramify in K (y/), then va(z) = 0; else va(z) € {2,3}, and it equals 2 if and only
if P does not ramify in K (y/—«). Notice that there is an explicit finite procedure to
check whether the primes of K lying over 2 ramify in K (y/a), see [Coh93, Algorithm
6.2.9]. O

Lemma 2.6.6. If A has some prime divisor congruent to 3 mod 4, then K (/a)/Q is not
cyclic. If K(/a)/Q is abelian, then it is cyclic if and only if all prime ideals of K above
the odd prime divisors of AD ramify in K (\/a) (we can apply Lemmamta check this
condition).

Proof. If K(y/a)/Q is cyclic, then /o ¢ K((4) and we have /oo € K ((164|pw) for
some odd squarefree integer w > 1 coprime to AD. So K (¢4, /a)/Q(v/D, (4) is cyclic
of degree 4 and K Z Q(v/D, {4, () if At x. Thus, if p | A is prime, then

K (Ci6141Dw/p> V) /Q(Cr614| Dw/p)

is a subextension of Q((16)4| pw)/Q(C16/4|Dw/p) Of degree 4, which implies p = 1 mod
4.

In the second assertion, the prime divisors of AD divide the conductor of K hence
the ramification condition is necessary by Theorem [2.6.5] It is also sufficient because if
K (y/a)/Q is abelian and not cyclic, then by Theorem (the first two cases) there is
some x > 1 such that /o € K((,) and D ¢ 2z.

O

Proposition 2.6.7. Let 8 € K* be such that K(\/B)/Q is cyclic of degree 8, and let
e > 3. Let y vary in the set of integers such that \/ € K ((,), and denote by y' the odd
part of y. Those integers x > 1 such that (sc/B € K((,) are the multiples of at least
one of the following numbers:

o lem(2°,y);

o4y ife = va(y) = 5;

o lem(w,y'), if e = va(y) = 4dorife = 3 and va(y) < 3, where w is such that
C8 €K (Cw);

e lem(z,y), if e = va(y) = 3, where z is such that {4 € K((.).

The minimal x are a non-empty finite computable set.

Proof. We can find all minimal w and z with Lemma [2.6.T] and y with Theorem [2.6.5]
If > 1 is such that (3c4/8 € K((;), then we have (5.-1 € K((;) and /8 €
K (Ciem(2¢,2))» and in particular ¢’ | 2 for some .

Unless (2- and /f are both in K ((;), we have (s ¢ K((,) and /B ¢ K((;) so,

as in the proof of Proposition [2.4.3| (2cv/B € K ((;) holds if and only if (ye-1 € K ({z),
y' | « for some y as above, and vy (y) = e.
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Suppose that (3¢ and /3 are both in K(¢,). If e > 3 orif e = 3 and v2(y) > 3, then
the first condition is necessary and sufficient. Now let e = 3 and v2(y) < 3. Then the
third condition is sufficient because K (Ciem(w,y)) = K (Clem(w,4y)) and it is necessary
because (g € K((y).

Now suppose that neither (s nor v/f3 are in K((;), and let e = vo(y) and 3’ | z. We
only have to ensure (ye-1 € K((,). If e = 3 or e = 4, then clearly the last condition or
respectively the third condition applies. Finally let e = vo(y) = 5, which implies 2 | D
and that (recalling from Theoremthat AD | 2y) we have K (Cyy) = Q(Cayr, V) =
Q(C16y7), Where § = 2 + /2, while clearly (16 ¢ K(Cyr). O

2.7 The 2-adelic failure

The 2-adelic failure for quartic cyclic number fields

Let K be a quartic cyclic number field and let m, N > 1 be such that 2™ | N. Without
loss of generality let & € K™ be not a root of unity. We write F' = K((om, 2Va) N
K (1100) and we compute the 2-adelic failure

B(N,2™) = [FNK((n) : K(Cm)]

We can write o = :i:ﬂ2d, where d > 0 and 5 € K * is strongly 2-indivisible. By Theorem
[22.1] we can determine F, and we have

2 if F = K((gm+1) and (om+1 € K(Cn),
orif F = K (Cym,/B) and /B € K(Cn),

orif m > 2, F = K(<27n+1 \/B), and C27n+1 \/B S K(CN)
1 otherwise

B(N,2™) =

so we may conclude by applying the results of Section[2.6|to determine whether the given
elements are in K (Cy).

Example 2.7.1. Let K = Q(V3(5+2v/5)), and let « = 21 or « = —21%. Consider
all m, N > 1 such that 2™ | N, and recall that B(N,2™) € {1,2}. If a = 21, then
B(N,2™) = 2 if and only if 2™ - 21 | N or 2@2x(2™) . 35 | N. If a = —21%, then
B(N,2™) = 2 if and only if we are in the following cases: m < 2 and 2™ | N;m = 3
and 16 -21 | Nor16-35| N;m >4and 2™ -21 | Nor2™-35| N.

Indeed, Theorem@ gives K (Cam,>V21) N K (pioo) = K (Cam,+/21) and

K(C2'77L+1) if m < 2
K(Com," V=21 N K (o) = { K((om1V/21) ifm=3
K(C2WL7\/2>1) lfm>4.

Moreover, by Lemmam for m > 2 we have (om € K((y) if and only if 2™ | N; by
Theorem@we have /21 € K ((x) if and only if 21 | N or 4 - 35 | N; by Proposition
form > 3 we have (om /21 € K((y) if and only if 2™ - 21 | N or 2™ - 35 | N (by
Theoremwe have v/42 € K ((y) if and only if 8 - 21 | N or 8 - 35 | N).
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Example 2.7.2. Let K = Q(,/7), where v = 5(17 + /17), so the conductor of K is
8-85. Let « = — 3%, where 8 = 12,/7 + 78y + 7v,/7. Consider all m, N > 1 such that
2™ | N, and recall that B(N,2™) € {1,2}. We prove that B(NV,2™) = 2 if and only if
we are in the following cases: m = 2,and 8 | N or4-85| N;m =3 and 16 | N; m = 4
and 32-85 | N;m > 5and 2™ - 85 | N.

With [The21l] we can check that 8 € K * is strongly 2-indivisible, and that 5 - o(8) €
K2, where o is a generator of Gal(K/Q). By Lemma K(+/B)/Q s then abelian,
so Theorem [2.2.1] gives

K(C2m+1) if m <3
K(Gom V@) N K (o) = { K(Gminy/B) ifm =4
K(Cm,v/B) ifm>=5.
By [The21]], working with the ring of integers of K, the prime ideals dividing (/3) with
an odd exponent lie over 2,5, 17. Then by LemmaMthe Galois group of K(v/B)/Q
is Z/87 and hence by applying Theorem we have /B € K((,) if and only if
16 - 85 | .
By Lemmal[2.6.1]for m # 1,3 we have (om € K((,) if and only if 2™ | z, while (s €
K (¢,) if and only if 8 | x or 4 - 85 | x. By Proposition we have (om /B € K((,) if
and only if m > 5and 2™ -85 | x,orm =4 and4 -85 | x,orm = 3 and 16 - 85 | .

The 2-adelic failure for multiquadratic number fields

Let K be a multiquadratic number field and let mn, N > 1 be such that 2™ | N. Without
loss of generality let & € K™ be not a root of unity. We write F' = K ((om, 2Va) N
K (1100) and we compute the 2-adelic failure

B(N.2™) = [F N K(Cw) : K (Gan)].

We can write o« = (Qhﬁ2d, where (on € K (thus h < 3),d > 0,and 8 € K* is strongly
2-indivisible. We can find F' by applying Theorem[2.2.1] and then we can find the degrees
B(N,2™) by applying the results in Sections [2.4H2.5|to the generator of F' over K ((om)
indicated by Theorem[2.2.1](and to the generators of the subextensions of F over K ((om ),
which are 2-powers of the given generator).

Example 2.7.3. Let K = Q(4,v/5,v/21) and o = (43%, where 8 = 3(5+2v/5) € K*
is strongly 2-indivisible. We prove that for all m, N > 1 such that 2™ | N we have

4 ifm=2,3and 2™"2 | N, or
ifm=4and2%-15| Nor26-35| N

2 ifm=1and2®|N,or
ifm=23and vo(N)=m+1, or
ifm=4and2% | N,25-15¢N,26-35¢{ N, or
ifm=>5and2%-15| Nor2°-35| N, or
ifm>6and2™-15| Nor2™-35| N

1 otherwise.

B(N,2™) =
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Since Q(+/B) is quartic cyclic, the Galois group of K(1/3)/Q is isomorphic to
(Z)27)% x ZJAZ. We have /B ¢ K(us) = Q(y/B,ps) by Lemma [2.6.2] because
VB -3(5—2v5) = 3v5 ¢ Q(v/B)*% By Theoremﬁwe have /3 € K((y) if and
only if 15| N or35 | N.

For M > 3, (,u € K((y) implies 2M | N by Lemma so by Propositionm
we have (om /B € K(Cy) if and only if 2M - 15 | N or 2M . 35 | N. We may conclude
because Theorem[2.2.1] gives

K(Coms2)  ifm <3
K (Cm,*Va) VK (fios) = 4 K(CGev/B)  ifm =45
K(Com,/B) ifm >6.

Example 2.7.4. Let K = Q(C4,v/17) and let o« = 8(13+/174-51)(4¢,—1). With [The21]
we can check that K (/«) is the subextension of degree 8 of Q((4.17)/Q(¢4), and then
by Lemma[2.3.4] that K (/o) C K ((x) holds if and only if 17 | N. Since K (/) is
the quartic subextension of Q((4.17)/Q(4), we also have that \/a € K({y) holds if and
only if 17 | N. We can apply Theorem[2.2.1]to get, for m > 1 and 2™ | N:

4 ifm>2and17| N
B(N,2™)=<2 ifm=1and17| N
1 otherwise.

Number fields without quadratic subfields

Let K be a number field without quadratic subfields, i.e. such that the maximal subex-
tension of K which is Galois over Q has odd degree. In particular K’ N Q(ioo) has odd
degree, and K N ps = {£1}. So for K we only need to study the 2-adelic failure:
if € K* \ {£1}, then we write ' = K((am, *V/a) N K(us) and we compute the
2-adelic failure

B(N.2") = [F N K(Cy) : K(Gn)]

for all N,m > 1 such that 2™ | N. We can write o« = :i:ﬁQd whered > O0and 8 € K*
is such that 3 ¢ K*2. Notice that v/3 ¢ K (i) by Schinzel’s Theorem on abelian
radical extensions (see [Sch77, Theorem 2]). We can apply Theorem[2.2.T]to compute F,
and we have

2 if F = K (Cymss) and Comis € K(Cy),
orif F = K((am,+/B) and /B € K((n),

orifm =2, F = K(Cmi1y/B), and Comi1v/B € K(Cy)
1 otherwise.

B(N,2™) =

To determine whether the given elements are in K ((x ), we can apply the following Pro-
position.

Proposition 2.7.5. There is a finite procedure to determine whether \/8 € K (jis0). In
this case there exists unique a minimal integer v > 1 such that /B € K (). Moreover, if
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e > 3, then there exists unique a minimal integer y. > 1 such that (2c+/B € K((y, ). We
have y. = lem(2¢, x) unless e = vo(x) = 3, where we have y, = x /2. We can determine
x (and hence y.) with a finite procedure.

Proof. We have \/B € K () if and only if there is some squarefree integer m (it is
unique) such that K(v/3) = K(y/m), which means fm € K*2. In this case, since
K N Q(uoo) has odd degree over Q, we have that x is the unique conductor of Q(y/m),
and g, is the unique conductor of Q((ze+/m). To check if m exists and, if so, to determine
it, it suffices to find a finite set to which m belongs: an odd prime divisors of m is such
that there is some prime p of K above it which ramifies in K (1/[3), so the p-adic valuation
of the fractional ideal () is odd (see [HPST21, Lemma 2]). O

Example 2.7.6. Consider the number field K = Q(T'), where T is aroot of X*+8X +12.
By [Conal Remark 4.16] K has no quadratic subfields because the Galois group of K/Q
is isomorphic to Ay. Let « = 2T + 3 = —(T?/2)2, so with the above notation we have
B =T?/2and d = 1. Since K(/B) = K(+/2), we have /B € K((,) if and only if
8| z. By Theorem (where t = 1 and h = 1) and by Proposition we deduce
that for m, N > 1 and 2™ | N we have

2ifm=1and4 | N
B(N,2m):{ if m and 4 |

1 otherwise.

2.8 The /-adelic failure for ¢ odd

The 3-adelic falilure for multiquadratic number fields containing (3

Let K be a multiquadratic number field containing (3, and let m, N > 1 be such that
3™ | N. If @ € K*, then we set F = K((3m, *V/a) N K(l) and we compute the
3-adelic failure

B(N,3™) = [FNK((n) : K(Csm)] -
This computation is evident if « is a root of unity, so we exclude this case and we write
a= B3 withd > 0ora = (383" withd > 1, where 3 € K* is strongly 3-indivisible.
We can apply Theorem[2.2.1]to compute F', and we have

3 if F = K(Cyms1) and 37+ | N,
orif F' = K((3m, </B) and /B € K({n),

orif m > 2, F = K (Cyms: /B), and Cams /B € K(Cn)
1 otherwise.

B(N,3™) =

To determine whether the given elements are in K ({) we can apply the following result:

Proposition 2.8.1. We can check whether K(/B)/Q is abelian with an explicit finite
procedure. In this case, if e > 0, then there is precisely one minimal integer x > 1 such
that (3« /B € K((.), and x is computable. If e > 3, then x = lem(3¢,y), where y is the
minimal integer such that /8 € K (), which is computable.
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Proof. Since K(+/B)/K has degree 3, we have K (/) = K L for some number field L
such that L/Q((3) is an extension of degree 3. Moreover, we have

K({/B)CK(C) <+ LCQ(6).

Thus to check if K(/3)/Q is abelian it suffices to check whether /g € K*3 for any
of the finitely many elements g as in [HPST21| Theorem 9], where we take IV to be the
product of 3 and all primes congruent to 1 modulo 3 that ramify in K ({/3) (which can be
found with [HPST21, Lemma 2]). The same result provides the minimal y > 1 such that

/g, or equivalently /3, is in K ().

For e = 1 we may reduce to the case e = 0 because (3 € K, and the same holds for
e = 2 because we may replace 3 with (3. Finally, if e > 3 and (3 /8 € K((;), then
we need 3¢ | z. Blse K((;,(3¢) = K((z, +/) would be impossible because the latter
field does not contain (3e. O

Example 2.8.2. Let K be a multiquadratic number field containing (3. Then the element
o= @ is such that /« generates the cubic subextension of Q(¢21)/Q((3). Thus,
7 is the minimal integer z > 1 such that /o € Q((s,). Form > 1 and 3™ | N we have:

3if7| N
1 otherwise.

[K(Cam, *Va) NK((n) @ K(Gm)] = {

The 5-adelic failure for Q((5)
Let K = Q((5), and let m, N > 1 with 5™ | N. If « € K*, then we set
F=K(Gmn, *Vea) N K (1)
and compute the 5-adelic failure
B(N,5™) = [F N K(Cy) : K(Gon) -

We proceed as in the previous subsection: without loss of generality « is not a root of
unity, and we associate to it some 5 € K * which is strongly 5-indivisible. We can apply
Theorem [2.2.T]to compute F', and we have

5 if F = K(Csm+1) and 51 | N,
orif F = K (G, /B) and /B € K(Cw),

orifm2>2,F= K(<5m+1 \‘VB), and (5m+1 \E/B € K(CN)
1 otherwise.

B(N,5™) =

To determine whether the given elements are in K ({) we can apply the following result:

Proposition 2.8.3. We can check whether K(/B)/Q is abelian with an explicit finite
procedure. In this case, if e > 0, then there is precisely one minimal x > 1 such that
Cse /B € K((), and x is computable. If e > 3, then x = lem(5%,y), where vy is the
minimal integer such that /8 € K (), which is computable.
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Proof. The statement is analogous to Proposition thus we can prove analogously
the last assertion and we may reduce to the case e = 0. So, let e = 0. Since z is minimal,
then we have x | 25¢, where ¢ is either 1 or it is a squarefree product of prime numbers
congruent to 1 modulo 5, and we may take ¢ to be the product of the prime numbers p # 5
ramifying in K (/). We may find these p with Lemma and having p # 0,1 mod 5
for some p ramifying in K ({/3) already implies that K ({/3)/Q is not abelian. Then to
check if K (y/B)/Q is abelian it suffices to check whether 3/g € K*® for some of the
finitely many elements g as in Lemma [2.8.4] (where N = 5t). We conclude because we
know the minimal integer x such that {/g € K((,). O

Lemma 2.8.4. Let N = [[._, pi, where the p;’s are distinct prime numbers such that
pi = borp; =1 (mod 5). Set f5 = (5, and for p; # 5 let B,, € K* be such that
K (3/B;) is the subextension of K ((p,)/K of degree 5 (to find B; see [HPST22, Section
4]).

The extension Q((sn)/K has (5" — 1) /4 subextensions of degree 5. They are of the
form K (/g), where

g= ]I c e €{1,2,3,4}.
PAIC{1,...,r}

Moreover, for every x > 1 we have K ({/g) € Q((s2) if and only if p; | x for every i € 1.

Proof. The field K ({/g) is contained in Q((s,) if p; | = for every i € I by definition
of the 3;’s. Conversely, if K({/g) € Q((sz), then p; | x because {/B; € Q((s5z). In
particular, K ({/g)/K has degree 5.

There are 5" — 1 elements ¢ as in the statement, and they generate (5" — 1) /4 distinct
extensions (because K ({/g1) = K(¢/gz2) holds if and only if g1 - g5 € K for some
e €{1,2,3,4}).

We conclude by proving that Q((sx)/K has (5" — 1) /4 subextensions of degree 5. Its
Galois group G is such that G/G® ~ (F5)". Thus counting the kernels of the surjective
group homomorphisms G — 5 amounts to counting the kernels of the surjective linear
maps (F5)" — Fs. These are precisely the vector subspaces of (F5)" of codimension
1: by orthogonality w.r.t. the standard scalar product (after having fixed a basis) they
correspond to the vector subspaces of dimension 1 and we conclude. O

Example 2.8.5. Let K = Q((5) and let o = (53°, where 3 = 11(15¢3 + 35¢2 + 25(5 +
41). We can check with [The21]] that /3 generates the subextension of Q((s5)/Q(¢5) of
degree 5. Thus 11 is the minimal integer z > 1 such that /3 € Q(¢52). We then have,
form > 1and 5™ | N:

5 ifm =1and5%|N,or
ifm=2and 5% 11| N, or
ifm>3and 11 | N

1 otherwise.

[K (G5 "Vea) N K(Cn) 2 K(Gsm)] =
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CHAPTER

Kummer theory for products of
one-dimensional tori

This Chapter is based on the joint work with Antonella Perucca [PP23]], and its main focus
is to investigate Kummer theory for products of one-dimensional tori defined over number
fields. Our main result is the following:

Theorem 3.0.1. Let T be a finite product of one-dimensional tori defined over a number
field K, and fix a finitely generated subgroup G of T(K). If n, N are positive integers
such that n divides N, then there is an explicit finite procedure to determine whether
T is split over K(T[N], %G) and to compute the degree of this field over K and over
K(T[NJ).

To prove this theorem we fully describe the procedure mentioned in the statement, see
Section [3.2] for the case of a single one-dimensional torus and Section [3.3|for the general
case. Then in Section[3.4) we prove the following result:

Theorem 3.0.2. Let T be a finite product of one-dimensional tori defined over Q, and
fix a finitely generated subgroup G of T(Q). There exists an explicit finite procedure
to compute at once the degree of all extensions Q(T[N], 2G)/Q(T[N)), for all n,N
positive integers such that n divides N.

The above result is stated over Q for simplicity, however one may generalize it to
those number fields such that the analogous computations are feasible. For example, by
Theorem [2.0.1] we have the following:
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Remark 3.0.3. In Theorem [3.0.1] we may compute at once the degree of the torsion-
Kummer extensions for all n and NV if the splitting field of 7" is multiquadratic.

Finally, in Section [3.5] we present various examples of computations of the degree
of torsion-Kummer extensions. Notice that the results about one-dimensional tori from
Sections and may be used to study further arithmetic problems.

The challenge is to study Kummer theory for all tori, and in this Chapter settle a first
important case in higher-dimension.

3.1 Torsion fields of one-dimensional tori

Fix a number field K and some algebraic closure K. Let 7" be a non-split one-dimensional
torus over K with splitting field L, and call T'(K) the group of K -points. Every such torus
is defined by the equation 2 — dy? = 1 for some d € K* which is not a square and its
splitting field is L = K (v/d), see for example [Vos98, §4.9]. Over L the above equation
becomes (z + v/dy)(x — v/dy) = 1 thus for every field L C F' C K the map

T(F) = F*  (z,y) — 2 +Vdy (3.1)

is a bijection (the image of T'(K') consists of the elements of L™ whose L/K-norm is 1).
The multiplication of K * induces a group law for 7', namely we have

(1, 91) * (x2,92) = (x122 + dy1Y2, T1Y2 + T2y1) - (3.2)

For every positive integer N we let (; € K be a root of unity of order N and write

un = (Cn). Moreover, we call T[N] C T'(K) the group of points of order dividing N.
By (B.1) we have the following group isomorphism:

C+¢t C—C_l)
2 7 9v/d /-

We set Qn := Q({n) and call Q; the largest totally real subfield of Q. Moreover,
we use the notation K := K ((y) and K := K-Q};. We call K (T[N]) the smallest ex-
tension of K over which the points of T'[N] are defined. We write Ko, K, for the union
of the fields Kom, Ky and we similarly define K (7'[2°°]) and K (T'[c0]). We clearly have
K(T[1]) = K(T[2]) = K. If N is odd, then we have K (T[2N]) = K(T[N]) hence to
study the torsion fields we may suppose that either N is odd or 4 | N.

uv = TINL ¢ ( (3.3)

Proposition 3.1.1. Let N, M > 3 with M | N. Then we have

-1
_ o+ CM—CM _ gt
K(T[N]) = KN(i\/& ) — K- K(T[M]). (3.4)
In particular, K (T[N]) is at most quadratic over K; and we have L(T[N]) = Ly. Thus
L C K(T[N)) holds if and only if L C K3 or Kj; = K (for example, it holds if
G € K).
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Proof. By (3.3) we get K(T[M]) = K}, (CM \/EM ) and this implies the second equality
in (3.4). We conclude the proof of (3-4) because ({n —Cy')/(Car — €37 ) is areal number
contained in Q. If L € K}, then L C K(T[N]) holds if and only if v/d and = gN

generate the same quadratic extension over K7, that means (y — N € K ~ and hence
K = K. O

Remark 3.1.2. If 4 | N, then by (3.4) we have
K(T[N)) = K(V—-d). (3.5)

Moreover, if N is odd and w is its squarefree part, then L C K (T'[N]) holds if and only
if L C K(T[w]) because by (3.4) the degree of K (T[N])/K (T[w]) is odd.

Theorem 3.1.3. Suppose that (4 ¢ K and 4 | N, and write N = wt2°, where wt is odd
and w is the squarefree part of wt. Let r > 2 be the largest integer such that QF, C K.
Ife <, then L C K(T[N]) holds if and only if L C K}, or (s € Kj,. Ife >+ 1,
then L C K(T[N]) holds if and only if L C K(T[w2r+1]) ifandonly if L C K, ., or
C4 S KJQTJA.
Proof. We make repeated use of (3.3), and by Remark we may assume ¢ = 1.
Notice that we have Qf,. = Q4w Q. Ife < r then K (T[N]) = K}, (vV—d) - Qf. =
K} (v/—d). Therefore 1fL C K or¢, € K, then L C K(T[N]), while if V/d, (4 ¢
K}, then K (Vd) # K} (vV—d) hence L ¢ K(T[N]). Now let e > r + 1. Notice
thatif L C K, ,, or (4 € wal, then L C K(T[w2"+Y]), while if Vid, (4 & K1,
then Kw2T+1(\/3) # K, 11 (vV=d) hence L ¢ K(T[w2"*!]). To conclude, suppose
that L ¢ K (T[w2"*']) and hence K N Qg = QF,.. Let K’ = K (v/—d), so we have
K' NQg= C Q;‘m because (4, (or+1 — CQ_TL ¢ K" and K’ N Qa< is at most a quadratic
extension of Q... Therefore K’ - Qe N Q2> = Qjw and, as {4 € L - K’, we deduce
that L ¢ K(T[w2*]) = K" - Qj.

[

3.2 Kummer theory for a non-split one-dimensional torus

Let T' be a non-split one-dimensional torus defined over a number field K, and call L the
splitting field. Let G be a finitely generated and torsion-free subgroup of T'(K). For all
positive integers N, n with n | N, consider the torsion-Kummer extension K (T'[N], 1 G)
which is obtained by adding to K (T'[N]) the coordinates of all points P € T'(K) such that
nP € G. We present an explicit finite procedure to compute the degree of the extension
K(T[N],2G)/K. Notice that for n = 1 we are computing the degree of K (T[N])/K,
thus we can also determine the degree of K (T'[N], LG) over K(T[N]). Also notice that
we could remove the assumption that G is torsion-free because, if the torsion subgroup
of G has order ¢, then we can reduce to the torsion-free case replacing N by lem(N, nt).

We call G’ C L* the image of G under (3.1).
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Remark 3.2.1. We have

() o] = { PG V8 e+

Thus we may reduce to the multiplicative group (and do the computations thanks to
[DPI6]) provided that we can determine whether L C K (T'[N], %G ). We may suppose
that n is a power of 2 because, if 7 is odd, then the degree of K (T[N], LG)/K(T[N]) is
odd.

We are left to investigate the following question:
Question 3.2.2. Given N > 1andm > 0with2™ | N, do we have L C K(T[N], 7G)?

Notice that we could easily investigate Question also if G is not torsion-free,
reducing to the torsion-free case by replacing N.

Theorem 3.2.3 ([Per17, Lemmas 3.3 and 3.4]). We have L C K (3G) if and only if there
is some P € G suchthat L C K(%P) This means, identifying P with its image P’ € L*
by @.1), that /P’ € L and NL/K(\/PT) # 1. If a basis of G is given and P exists, then
we may take P to be a sum of a subset of basis elements.

Consider K’ := K(T[4]) = K(v/—d) and suppose w.l.o.g. that ¢; & K’. We call
L' = L(¢4). We let s > 2 be the largest integer satisfying Q. C K’. For s > 3, we
call Q5. the subextension of Qg of relative degree 2 which is neither Q;Z. nor Qgs—1. By
[Perl7, Theorem 2.3] we know that K (7T'[2°]) = K’ and we have either K/ N Qg =
Qo and L' = Kiy. ., = K(T[2°7]), or K'NQg = Q3. and L' = K}, ¢ K(T[2*)).

Consider a Z-basis Py, ..., P. for G and its image under (3.1). Up to replacing this
basis of G’ in a computable way, see [DP16, Theorem 14], we may suppose that it is
of the form fiaf(;i, where the a;’s are strongly 2-independent elements of (L), the
d;’s are non-negative integers and the &;’s are roots of unity in L’ of order 2" for some
non-negative integer h; such that h; = 0 or (on4s5, ¢ L. If {4 ¢ K', then we have
Np/ i (a;) € {£1} by [Perl7, proof of Lemma 3.8].

Theorem 3.2.4 ([Perl7, Theorems 3.9 and 3.10]). With the above notation, suppose that
1 & K'. Consider the property L' C K'(T[2"], 3= G) for non-negative integers v > m.

1. IfL' = K}, = K(T[2°%1Y]), then the property holds if and only if v > s + 1 or
min({s+1}U{s+1—h,:i€I}U{d:jeJ})<m

where I consists of the indices satisfying h; # 0 and J of the indices satisfying
hj = 0and NL,/K,(aj) = —1.

2. If ' = Kb, & K(T|2°)), then the property holds if and only if there is some
J € J such that ; < m and
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hj +6; < max({v} U{h; + min(m, ;) : i ¢ J}
U{h; + min(m,d; — 1) : 3 € J})

where J is the set of indices j satisfying Ny /k(a;) = —1.
Thus L C K (T[2%°], 5% G) holds if and only if J # 0.

) 200

We conclude this section by answering Question By (33), if ¢4+ € K’ and
L ¢ K(T[N]), then 4 { N hence L C K (T[N], 7 G) holds if and only if m = 1 and
there exists P as in Theorem [3.2.3| with base field K (T'[N]). Now assume (4 & K': by
Theorem we may determine whether L € K(T'[2%], 7-G) holds for any integer
v > max(2,m), as this is equivalent to L' C K'(T[2"], 7= G).

Suppose that 4 | N, and write N = wt2”, where wt is odd and with squarefree part w.
By Remark [3.1.2] we reduce to the case ¢ = 1. If L C K (T'[4w]), then we are done. Else,
we replace K by K (T[4w]) = K}, (v/—d) and, since again ¢, ¢ K, we have reduced to
the known case where N is a power of 2.

Finally suppose that 4 { N hence m € {0, 1}. By Proposition[3.1.1 we can determine
whether L C K (T[N]). If not, then we consider the largest subfield F C K (T[N])
whose Galois group over K has exponent dividing 2, and we investigate whether L C

F(3G) with Theorem

3.3 Kummer theory for a product of one-dimensional tori

Let T = []._, T; be a finite product of one-dimensional tori defined over a number field
K,andlet L, = K (\/E) be the splitting field of T;.

Remark 3.3.1. For N = 1,2 we have K(T[N]) = K, while for N > 3 by Proposi-
tion[3. 1.1l we have

(v — (N
K(T[N]) = K7; (\/d1d2,...,\/d1d,«,71]\’>. (3.6)

We may thus compute the degree of K (T'[N])/K (this is an extension of K3, obtained
by adding square roots). Moreover, all T; are isomorphic over K (T[N]) because they are
either all split over K (T'[N]) or none is, and they are all split over K (T'[N],/dy).

We fix a finitely generated subgroup G of T'(K') and consider the group G; consisting
of the coordinates in 7; of the points in G.

Remark 3.3.2. For N > 1 the extension K (T'[N], G) /K (T[N]) is generated by square-
roots of elements of K (T'[N]). Indeed, if P = (z,y) € G;\T;[2], then by [Per17, Lemma
3.1] we have K (3 P) = K(1/2(z + 1)).

Proof of Theorem[3.0.1] Avoiding trivial cases we may suppose that either N > 3 or
N = n = 2. By Remark [3.3.3| we reduce to the case in which all G; are torsion-free.
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We then reduce to the case where the T;’s are pairwise not K -isomorphic (up to replacing
(7). Indeed, having a point in the power of a torus amounts to having a group of points on
the torus, so we may suppose that T; # T} for i # j. Moreover, if w.l.o.g. T} and 75 are
K-isomorphic, then we may replace T by T} because, if H; C T7(K) and H denotes
its isomorphic image in 75, then we have

K(T1 V], %Hl) - K(TQ[N}, %HQ) .

For the case N = n = 2 see Remark [3.3.2] while for N > 3 we reduce to a single one-
dimensional torus over K (T[N]) by Remark[3.3.1] and then we refer to Section[3.2] [

Remark 3.3.3. If G, has a torsion group of order ¢;, then we may reduce to the case
where G is torsion-free provided that we work over the torsion field

K(T1 lem(N, nt1)], .. ., Tp[lem(N, ntr)]) . (3.7)

For N > 3 this field is
Vs, i,
1cm(N,nt1,...,nt,,)( 16425 .- 1 T’W)

K-‘r

while for N = n = 21itis

K+ (Ctl — G CtT*Cf:l)
lem(2tq,...,2¢,) \/a PR \/a 3

so the degree of this torsion field is computable, similarly to Remark[3.3.1]

Remark 3.3.4. For every i, let n; be a positive integer dividing N, and call n their
least common multiple. Then the compositum of the fields K (T;[N], =-G;) equals

K(T[N], %G’ ), where G’ is any finitely generated subgroup of T'(K) whose points have
coordinates in 7; that form the group G} = *G;.

3.4 Products of one-dimensional tori defined over Q

This section is devoted to the proof of Theorem We write T = [[;_, T}, where T;
is given by the equation 22 — d;y? = 1 for some squarefree d; € Q. By Theoremm
we can deal with finitely many pairs (IV,n) so we may suppose N > 3 and we apply
Remark [3.3.1]to work with Ty over Q(T'[N]).

Remark 3.4.1. We may compute at once the degree of Q(T[N]) for all N > 1, where
w.l.0.g. Nisoddor4 | N. Indeed, by we have

QITIND = Q% (V=di.....,v~d) (3.8)
if 4 | N since ((v — Cy') - vV—1 € Qf, and

QTIND = Q% (V=pdi.....v/~pd;) (3.9)




3.4. PRODUCTS OF ONE-DIMENSIONAL TORI DEFINED OVER QQ 51

if V is odd and it has some prime divisor p = 3 mod 4, since ((y — (y') - v—p € Q.
Else, we have

[Q(T[N]) : QF] = 2[Q% (Vdida, ..., \/did,) : QF]. (3.10)

d
exponents over Q differ by a factor 2. Thus the former field is not contained in a compos-

itum of the latter with a multiquadratic field. We conclude by Lemma[3.4.2]

—1
Indeed, in this last case the field Q7 ( <N\;£1N ) has degree 2 over the field Qf; and their

Lemma 3.4.2. Ifc,cy,...,c, are rational numbers, then there is an explicit finite pro-
cedure to compute at once the degree of Qi (\/c1, .. .,+/cn)/QN for all N > 1 and to
determine those N > 1 such that \/c € QL (\/C1, . - -, \/Cn)-

Proof. The second assertion follows from the first (appliedto ¢y, ...,c, and ¢, ¢y, ..., cp
respectively). For the first assertion suppose w.l.o.g. that the degree of Q( /¢y, ..., /cn)
is 2. Then we may compute the requested degree for all V as

on
#{Ig{l,...,n} : Hieﬂ/ae@}}.

(3.11)

Given a squarefree positive integer z, it is a standard fact (see for example [Was97, Ch.
2]) that \/z € Qp if and only if m, | N, where m, = zif z = 1 (mod 4) and m, = 4z
otherwise. Therefore we can compute the denominator of (3.1T)) at once for all N. O

We work now over the base field K = Q(v/d1da, . . .,v/d1d,). AseachT; is split over
L= K(J/dy) =Q(\di,...,\/d,), the torus T over the field K is isomorphic to T} and
has splitting field L. The image of the group G under this isomorphism is generated by
points of the form

-
(xj, yj\)é?) where (z;,y;) € T;(Q) forsomej e {l,...,r}.

We may suppose that the image of G is torsion free up to replacing N by lem (N, nt),
where ¢ is the order of its torsion subgroup (notice that ¢ | 24 because L is multiquadratic).
Calling G’ the image of this group in Ly, by Theorem we may compute the degree
of all extensions Ly (¥/G’)/ Ly at once.

Notice that K (T1[N]) = Q(T[N]) for N > 3. By the above discussion and by
Remark[3.2.1] to conclude the proof of Theorem3.0.2]it suffices to answer Question[3.2.7]
for T3 over the field K for every /N and m at once.

We first determine those N > 3 such that v/d; € Q(T'[N]), where without loss of
generality N is odd or 4 | N. By Remark the suitable IV are those for which d; is
the squarefree part of:

* asubproduct of (—d;) - - - (—d,) times a positive divisor of IV (respectively, an odd

positive divisor of N) if 8 | NV (respectively, if 4 | N but 8 { N);
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* a subproduct of (—pdy)---(—pd,) times a positive divisor of N congruent to
1 mod 4, if N is odd and p | N holds for some prime number p = 3 mod 4;

* a subproduct of (didz) - - - (did,) times a positive divisor of IV, if all primes p | N
are such that p = 1 mod 4.

We now determine those N > 3 such that \/d; € Q(T[N], 1G), where w.lL.o.g. N
is odd or 4 | N. By Remark this field is the extension of Q(7'[N]) obtained by
adding, for every generator (ap, by,) of G, the element \/2(a, + 1). Recall that a;, € Q,
so by Remark [3.4.T|we can apply Lemma [3.4.2]to find the suitable V. Notice that, if all
prime divisors of IV are congruent to 1 mod 4, then the condition is

Vi € Q}(\/dldz, o didy, \2(an + 1)).

Finally, suppose that m > 2 hence 4 | N. We first determine whether \/d; €
Q(T[N]), and we reduce to the case \/d; ¢ Q(T[N]). If 8 | N, then we also have
Vdi ¢ Q(T[2°°N]), as for every positive integer ¢ the maximal field of exponent 2 over
Q contained in Q(T'[2¢N]) is the same. If 8 1 N, then v/d; € Q(T[2°°N]) is equivalent
to v/di € Q(T[2N]) (because 8 | 2N) and hence to Q(v/d1, T[N]) = Q(T[2N]), so we
can determine by Lemma which N satisfy this condition.

Consider the multiquadratic field L = Q(y/dy, . .., +/d,.) and its extensions L. We
apply Lemma over L to find, for all N such that 4 | N, appropriate generators
for the subgroup of L* corresponding to G' (we use below the notation of the lemma).
Lemma [3.4.3| provides a finite partition of the integers IV for which the divisibility para-
meters of the group G’ in Ly stay the same in each subset of the partition. Therefore we
need to apply Theorem [3.2.4/over Q(T'[N]) only for finitely many N.

Consider the case v/d; € Q(T[2N]) and hence 8 N and m = 2. We can apply
Theoremm (1) to T} over Q(T'[N]), noticing that s = 2 because v/d; ¢ Q(T[N]).
Thus v/d; € Q(T[N], 1G) holds if and only if

min({3} U{3—h;:iel}U{d:jeJ})<2. (3.12)

Now consider the remaining case v/d; ¢ Q(T[2°°N]). Recall that the 2-adic valu-
ation v of N is at least m. Applying Theorem (2) to Ty over Q(T'[N]) we have
Vdi € Q(T[N], 7G) if and only if J # () and (v, m) satisfies, for some j € .J, the two
conditions J; < m and

hj +6; < max({v} U{h; + min(m, ;) : i ¢ J}
U{h; + min(m,d; — 1) : i € J}).

If m > max{d;}, then the second condition does not depend on 1 and we only need to
check it for v < max{h; 4+ 6;}. If m is small and fixed, then for each j we check the
first condition, and then we check the second condition for v < h; 4 ;. This leaves only
finitely many pairs (v, m) to be checked.

This concludes the investigation of Question[3.2.2]and also the proof of Theorem[3.0.2]
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Lemma 3.4.3. Let L be a multiquadratic number field, and let H be a torsion-free sub-
group of L*. We may compute at once, for all N > 1 such that 4 | N, a Z-basis of H
whose elements are of the form §ia?5i, where &; € us, 0; > 0, and where the elements
a; € LY are strongly 2-independent. Moreover, we may suppose that the order of &;
equals 2" where h; = 0 or (yni+s;, ¢ L. There is a finite partition of the integers N
such that &;, 9;, a; are the same for all N in each subset of the partition.

Proof. As 4 | N, we may suppose w.l.o.g. that (4 € L. Notice that, up to refining
the partition in the end, the condition on the parameters h; can be easily dealt with: if
Coni+s; € Ly, then we can change a; by a root of unity to ensure h; = 0. It suffices
to determine &;, &;, a; for N odd because these objects are the same for 2" N (strongly
2-independent elements in L are still strongly 2-independent in Lom n by [DP16| Pro-
position 9]).

By [DP16), Theorem 14] we may determine the requested basis for N = 1, calling
Aq,..., A, the involved strongly 2-independent elements. Consider the finite set S con-
sisting of the 2%-th roots of

G [T AT (3.13)
I3
where I C {1,...,r} and a, b, ¢; are non-negative integers such that b € {0,1,2,3} and

a and ¢; satisfy the following restrictions:
e a <3andc¢; < aforalli,ifb=0;
e a+b<6and0 < a—¢ <3foralli,ifd+#D0.

We define a partition of the integers IV such that the elements belonging to the same
subset of the partition have the same intersection S N L (we can determine this intersec-
tion for all NV as seen in Sections and . Notice that {15 ¢ Ly and that no product
[I;c; Ai for any non-empty J C {1,...,7} has a 16-th root in Lo, by Theorem
Thus if for some element of the form (3.13)) we have a — ¢; > 3 for some ¢ € I, then its
2%-th root is not in L,. Moreover, if ¢; > a for some i, we can reduce to the product
over I \ {i}. If b = 0, then increasing a and all ¢; by the same amount does not change
SN Ly. Ifb# 0, the root of (3.13) is equal to

Coa+s H 2a7c</fTi'
I

If this element belongs to Ly for some N, then Ly (I]; >~ V/A;) = Ln((aate) is an
extension of degree at most 2°@*:(¢=¢) of I, hence a + b < 3 + max;(a — ¢;) < 6.
Therefore we can lift the restrictions above without changing the defined partition.

In each subset of the partition we may use the same &;, d;, a;, thus we only need to
apply [DP16l Theorem 14] over Ly for finitely many N. Indeed, the algorithm from
[DP16, Theorem 14] only involves elements of S N Ly, and it applies with exactly the
same steps for N, N’ satisfying S N Ly = S N Ly, leading to the same a; and the same
parameters J; and h;. O
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3.5 Examples

Example 3.5.1. Consider the torus 7" over Q given by x? + 5y? = 1. The splitting field
L = Q(+/—5) is not contained in

o) =af (£ ) =g (V5 2LV

The point P = (4, 3) corresponds to P/ = — (2= F) € L*. Since VP’ ¢ L, The-

orem-rmphes L ¢ Q(T[10], 2 P) hence by Remark-the degree of Q(T'[10], 1 P)
is 4. Alternatively, one may compute that Q(7[10]) has degree 4 and notice by Re-

mark [3.3.2]that Q(T[10], 1 P) = Q(T[10], 2V/5) = Q(T'[10]).

Example 3.5.2. Let K = Q4 and consider the torus 2 — 2y? = 1 over K whose splitting
field is L = Qg. The point P = (3,2) corresponds to P/ = (1 + \f) and we have
VP € Land Ny /i (14+/2) = —1soby Theoremwe get L C K(3P). The point
Q = (2, %) corresponds to Q' = 2472 and we have \/Q' ¢ Q(f) because 63 4 28v/2
is not a square in Z[v/2], so by Theoremwe get L Z K(3Q).

In the following examples we consider a torus 7' = T} x T, over a number field K,
where for i = 1, 2 the torus Tj is defined by 22 — d;y?> = 1 forsome d; € K. For N > 3

by we have
K(T[N]) = K(T1[N],\/dids) .

Example 3.5.3. If d; =5, d> = 13, and K = Q, then by Remark the tori T} and Ty
are isomorphic and not split over F = Q(T[8]) = Q4 (v/—5,v/—13). We call L the split-
ting field of T over F. To study Q(T'[8], £ P) for the point P = ((2227, 957); (497, 130))

in T(Q) we replace P by the group H C Tl(F) generated by P; = ( @, 957) and

Py = (%27, 12?7\/\/?3). We check with Theorem that T3 is split over F(L+H). We
have {4 ¢ F(T1[2°°]), and the points Py, P, correspond to al®, a3, where a; = 1+2‘5,

2+‘/ﬁ are strongly 2-independent over F'(1/5), and Npsp(ar) = Ny p(ag) = —1:
we conclude because 9 = 2 < 3, 0; = 4, and h;y = hy = 0, so that Ay + J9 <
hi +min(3,46; — 1).

ag =

Example 3.54. Letd, = 3,d> =7, K = Q, and consider the point P = ((7,4); (3, %))
in T(Q). We have FF = Q(T[6]) = Q(v—1,v21) and F(3P) = F(v/2) by Re-
mark The degree of /(4 P)/F is the same as that of L( VH)/L, where L = F(1/3)
and H is generated by @ = 7 + 4v/3 and b = (4 + /7)/3. The degree is 9 because
a,b,ab, ab? are not cubes in L*. We conclude that Q(T'[6], £ P) is a number field of
degree 72.

Example 3.5.5. Letd; = —2,dy = —3, K = Q, and consider P = ((—Z,5); (13, 1))
in T(Q). By Remarkwe have Q(T'[98]) = Qfy(+v/14,v/6) hence by Remark
we get Q(T[98], 1 P) = Qi (V14, V6, \/13/3), which is a number field of degree 168.
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Finally, we give two examples where we apply the procedure seen in Section 3.4]

Example 3.5.6. Consider the torus 7" over Q defined by x? — 3y? = 1 with splitting
field L = Q(+/3), and the point P = (7,4). We determine those N, n such that L C
Q(T[N], £P), withn | N and w.l.o.g. n = 2™. Notice first that L C Q(T'[N]) holds
if and only if 12 | N. Therefore for m = 0, 1 the suitable N are the multiples of 12, as
Q(T[N]) = Q(T[N], 3P). If m > 2, we show that the suitable N are the multiples of
12 or of 8. Suppose in fact that L Z Q(T'[N]) i.e. 12 { N. The point P corresponds to a2,
where a = 2 + /3 € L* is strongly 2-independent in L. If 8 | N, then a = (%)2 €
L is the square of an element with norm —1 over Q(7T'[N]), while a is not a fourth power
in Ly for any N by Theorembecause ¢4 ¢ Land \/a ¢ Ly. Asseenin Section
we must have L ¢ Q(T'[2°°N]) hence we apply Theorem[3.2.4](2): if 8 t N, then J = ()
and hence L ¢ Q(T'[N],1P); if 8 | N, then m and the 2-adic valuation v of N satisfy
the given conditions hence L C Q(T[N], 7= P).

Example 3.5.7. Consider the torus T = T3 x Ty over Q, where T} is defined by 22 —
2y? = 1 and T by 2® — 3y®> = 1. Also consider the point P = ((2,%);(7,4)) in
T(Q). By Remark we replace P by the group H C Ti(Q(+/6)) generated by
P = (2,%) and Pg = (7 21/6). We thus determine the positive integers N,n with
n | N and w.l.o.g. n = 2™ such that the splitting field L = Q(+/2,/3) is contained in
Q(T[N], £H). Clearly 2 € Q(T[N]) holds if and only if 8 | N or 12 | N, and we
have /2 € Q(T'[N],3H) = Q(T[N],v14) if and only if 8 | N or 12 | N or 28 | N.
Now suppose m > 2 and V2 ¢ Q(T'[N], 3H). Hence we only need to consider m = 2
and N divisible by 4 and not by 8,12,28. The point P; corresponds to some ¢ € L*
that is not plus or minus a square and that is a square in Ly if and only if v/7 € Ly
(i.e.28 | Nor2l | N),as = 4‘[ (2\[“) The point P, corresponds to b* for
b= ‘[ f € L* thatis not a square in L by Theorem-because ¢ ¢ Q(V3),
v’ € Q(\f) and b ¢ Q((4,V/3). Moreover ab € LY is not a square, else (for some
possibly larger N) a and ab but not b would be squares. Since v/2 € Q(T[2N])\Q(T'[N])
we only need to check (3.12)), which is not satisfied as I = J = (), so we find no further
suitable N. We conclude that L C Q(T[N], L&) holds if and only if 8 | N, or 12 | N, or
we have 2 | nand 28 | N.
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CHAPTER

Kummer theory for p-adic fields

This Chapter is joint work with Antonella Perucca [PP24b], and its main focus is on the
development of Kummer theory for the p-adic fields (namely, the finite extensions of the
field of p-adic numbers Q).

We fix some p-adic field K and a finitely generated subgroup G of K*. For all
positive integers N, n such that n | N we consider the Kummer extension

K (v, VG)/K(Cn).

and we aim at computing their degrees with a finite procedure, for all N, n at once. Given
the prime factorization n = [] tn ™, by Kummer theory (see Chapter the degree of
the Kummer extension above is the product of the degrees

(K (Com, “VG) 2 K(Com)]
(K (Cem, “VG)NK((n) : K (Cem)]

[K(Cv, “VG): K(Cn)] = (4.1)

To compute the numerator in @.I), we show more generally how to compute
K (G, “VG) 2 K ()]

for all positive integers M > m, see Section d.2] We rely on the method for number
fields, adapting it to the specificities of p-adic fields (the case £ = p requires a different
definition of the divisibility parameters).

As for the denominator in (@.I]), we show more generally how to compute the degree

(K (¢n, VG)NE(Cn) : K(Ga)]
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for all positive integers N, n such that n | N, see Section These degrees measure the
entanglement between Kummer extensions and cyclotomic extensions, which is described
explicitly in Section[4.3] (see Theorem [4.3.2).

Finally, in Section4.5|we compare Kummer extensions of number fields to the corres-
ponding Kummer extensions of p-adic fields obtained by completion (completing number
fields with respect to the non-zero prime ideals of their ring of integers). We prove in
particular (see Theorem [4.5.3) that there is a positive density of primes of the number
field such that the local Kummer degree is the same as the global Kummer degree.

4.1 Preliminaries on p-adic fields

A very valuable introduction to the theory of p-adic fields is [Ser86]. We fix an algebraic
closure Qp of Qp, and some p-adic field K C @p. We write [K : Q,] = ef, where
e is the ramification index and f is the degree of the maximal unramified subextension
of K/Qp. The residue field of K is the finite field IF,,;. Let O be the ring of integers
of K, and let 7 € Ok be a uniformizer. We call vk the valuation on K extending the
normalized valuation on @, and such that vg (7) = 1/e.

Cyclotomic extensions of (Q,. For every positive integer n we denote by (,, a root
of unity in Q,, of order n, and by 1, the group of roots of unity of order dividing n. We
write /i, for the group of all roots of unity inside Q,. Remark that for every positive
integer n the cyclotomic extension Q,((,,)/Q, is abelian.

Supposing p 1 n, this cyclotomic extension is unramified at p and it is cyclic because
its Galois group is isomorphic to the one of F,,((,)/F,. In particular, for every positive
integer z there exists n coprime to p such that z is the degree of Q,((,)/Q,.

For every positive integer k the cyclotomic extension Q,,((,x)/Q, has degree ¢(p*) and
it is totally ramified at p. If p # 2, then it is cyclic, while for every k£ > 2 the Galois
group of Q2 ({ax)/Qy is isomorphic to Z/27Z x Z/2F~27Z. Moreover, if n is coprime to
p, then we have Q,(¢,) N Q,(¢yr) = Q. Thus for every positive integer N we know
the structure of the Galois group of Q,(¢x)/Q,. In particular, for p # 2 (respectively,
p = 2), this group can be generated by 2 (respectively, 3) elements.

Considering the supernatural numbers p> and pg° := [], prime, ¢£p £°°, the cyclotomic
fields Q;,(Cpee ) and Qy,((pee ) are then linearly disjoint over Q.

Roots of unity and the unit group. Define px := oo N K and 7 := #(ux), and
for any prime ¢ write 7, := £%¢(7), For every £ # p we have vy(7) = v¢(p/ — 1) hence
(p/ — 1) | 7. Moreover, Q,((-,) € K implies that ¢(7,) | e. Notice that 7 is even
because Z C K. We also define d,, := [K((,) : K], noticing that d,, | (p — 1) and that
d, = 1if p | 7. The unit group of Ok is the group

Of = pipr 1 x (1+70k) = pg x 28 4.2)

where Z;f is an additive group and the second isomorphism is induced by the p-adic
logarithm (see for example [Rob00, Chapter 5 §4.5]). For any prime number ¢ # p we
consider the projection map

Proj, : O = pir,
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induced by and by the projection g — pir,. Since pi, C 151, forevery a € 0%
the ¢-adic valuation of the order of Proj,(«), which we call hy(«), is the same as the ¢-
adic valuation of the order of (o mod 7) € ]F;f. We clearly have hy(a) < v(7). Notice
that for almost all ¢, and in particular if £ { 7, we have h¢(«) = 0.

4.2 The /-adic Kummer degrees

We fix a p-adic field K and a prime number ¢. If z is a positive integer, we say that
a € K* is (*-divisible if « has some ¢*-th root in K * (which implies £* | e - vi ().
Only the elements in O} can be (*°-divisible, namely ¢*-divisible for every z. By @.2)
we get the following:

Remark 4.2.1. The p°°-divisible elements are the roots of unity in K of order coprime
to p, namely 1,5 ;. For £ # p, the £>°-divisible elements are those v € O such that
(e mod m) € F*, has order coprime to £. In general, & € Oj equals a root of unity of
order ¢"¢(®) times an ¢>°-divisible element of K *. If a ¢ O}, then vg () # 0 and for
all £ not dividing e - v («) we have a{ ¢ K** for every € k.

Remark 4.2.2. The p-adic logarithm is explicit hence we can apply the second isomorph-
ism in to check the p*-th divisibility of an element in O;. Another way to check
this is with Hensel’s Lemma. Indeed, o € Oj is a p*-th power if and only if there
exists u € O such that vg (uP” — a) > 2z /e, see [Conb, Theorems 9.1 and 9.3]. By
expanding u = 3 >0 w;m" and o as power series in m (where the coefficients are zero or
roots of unity in p,s_;) we are left to check solvability for a system with finitely many
polynomial equations in I, [(u; mod 7), ..., (u2. mod m)].

We fix some finitely generated subgroup G of K *, aiming at computing the degree
and the structure of the Galois group of K (Conr,“V/G) /K (Conr) for all positive integers
m < M (all at once). We call D(EM , ™) the degree of this extension, which is a power
of £.

Remark 4.2.3. There can be arbitrarily large integers n such that there are elements x
in K* \ pg satisfying 2" € G and 2" ¢ G (thus [DP16, Lemma 12] does not hold
for p-adic fields). If ¢ # p, this phenomenon is due to the ¢>°-divisible elements that are
not roots of unity. If £ = p, we may consider as an example a subgroup of (’)6 (thanks
to we may work in pg, x Zp): if G is generated by (1,1) and (1,2?20 a;pt),
where the sequence of coefficients a; € {0,...,p — 1} is not eventually periodic, then
z:= (1,50 a;p'™™) is such that 22" € G and 22" ¢ G.

The p-adic Kummer degree.

We define p-divisibility parameters for G. These parameters differ from those for num-
ber fields [DP16, Section 3] but they allow to extend [DP16, Theorem 18] (and [DP16,
Lemma 19]if p = 2 and {4 ¢ K).
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Iflog : O — pi x Z% is the isomorphism in @2), we also have the isomorphism
¢ K* = ug x 2 x 7
x> (log(zr=¢VE@) e v (x)).

By composing ¢ with projection maps we define ¢g : K* — sz x Z and ¢p, : K* —
pr,. Ifa € Z;f X Z is not zero, we can define v,(a) as the minimum of the p-adic
valuation of the non-zero entries of a.

Suppose that G is torsion-free and non trivial, and let > 0 be its rank. In particular,
¢0(G) is isomorphic to G. Consider the Z,-module ¢o(G) ®z Z, < Z;f *1. Using the
Smith normal form algorithm, we can find a basis 1, - - - ,vs (Where s < min(ef +1,7))
such that v, (1) < - -+ < vp(7s) and moreover

Up (Z aipvp(%)%) =0
i=1

holds for all a; € {0,---,p — 1} that are not all zero. We define the d-parameters of
p-divisibility of G as the tuple (dy, - - - , ds) where d; := v, (y;).

Let B := {b1,...,b,} be a basis of G. We consider the matrix M € GL,(Z,) that
maps ¢o(B) to the vectors yq,- -+ ,7s,0,--- ,0 and the matrix M’ € GL,(Z/7,Z) such
that M = M’ mod 7,. Forall i = 1,...,r we define h; € Z as the p-adic valuation
of the order of the ¢-th entry of

¢p(b1)
M’ :
p(br)
Theorem 4.2.4. If G is torsion-free with positive rank T, then for any positive integer n
there exists a basis g1, - - , gr of G such that
dj . n .
g =AV"& for1 <i<s and g; € KXY fors<i<r

where &; € iy has order p" and A; € K* and the A;’s are strongly p-independent.

Proof. We let B and M be as above, and we suppose w.l.o.g. that n > max(ds, v,(T)).
Since M is invertible, we may choose M’ € GL,(Z) such that (M’ mod p™) = (M mod
p™). Welet M’ acton (Z x Z&7 )" and set g} := M’(¢o(b;)). Then gi, ..., g, is a basis of
¢0(G) that satisfies v, (g;) = d; for i < s and v,(g}) > n otherwise. Moreover, we have

S
o (Eorea) -
i=1

for all a; € {0,--- ,p — 1} that are not all zero. Thanks to this property, the elements
A = ¢71((1,p % g})) for 1 < i < s are strongly p-independent in K *. We also have
d~1((1,9}) € K*P" fors <i <.

Since G N px = {1} there exists unique a basis B’ = {g1,- -+, g} of G such that
do(B') = M’¢o(B). The basis B’ is as requested because we have ¢(g;) = ({;,g;) for
some root of unity (; whose 7,-part &; has order pli,asn > Up(Tp)- O
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Corollary 4.2.5. With the above notation, suppose w.l.o.g. that M > v, () and (applying
Theorem withn = m) call H :== {(g1,...,9s). Let h := max(hgs11,--+,h;),
setting h = 0 if r = s. Then we have

K (G, "VG) = K (Cpmaxrtmin " VH).
In particular, we have
DM, p™) = pr L MRt i, " V) § K (Cmancarmin)]

Proof. Fori = s+ 1,---,r we have K((nm, »/g;) = K((pnm, (ym+n; ) and the state-
ment follows. O

Remark 4.2.6. Since the given basis of H satisfies the assumptions of [DP16, The-
orem 14], to compute the Kummer degree for H we may apply [DP16, Theorem 18]
(and [DP16, Lemma 19] if p = 2 and {4 ¢ K) to H with parameters of p-divisibility
(dy,--+ ,ds;h1,-- -, hs). By inspecting those degree formulas, for all integers n < N
large enough we have

D(p™,p")=D(p",p") and D", p"t") =p°D@R".p")

and therefore we only need to compute finitely many degrees to determine D(p™,p™)
for all positive integers m < M.

Example 4.2.7. Consider the subgroup of Q, generated by g1, g2 where ¢(g1) = (1,1,0)
and ¢(g2) = (1,Y 2, aip',0), the sequence of coefficients a; € {0,...,p — 1} being
not eventually periodic. Then we have H = (g1), dy = 0 and h;y = hy = 0. Then for
every M > m > 1 we have D(p™ p™) = p™.

The /-adic Kummer degree for £ £ p.

We fix some prime ¢ # p. We define d;(G) as follows: if G C OF, then d¢(G) = oo if
G € OF, then d;(G) is the minimum of v, (e - vk (a)) by varying & € G \ Oj;.

First, we reduce to the case where 1 is the only element of G that is ¢°°-divisible.
Denote by H the subgroup of K= consisting of the £°°-divisible elements, and consider
the subgroup GH/H of K*/H. Any class in GH/H is represented by an element of
K> of the form (7P for some root of unity ¢ € jx whose order is a power of ¢ and some
non-negative integer D. Call G, the group consisting of these representatives, which is
a finitely generated subgroup of K * such that Gy N H = {1}. Moreover, remark that
K(¢on, W\L/é) = K (o, 'VGy) and do(G) = do(GY).

Second, we may suppose w.l.o.g. that G4 is torsion-free. Indeed, suppose that the
torsion group of G is generated by (,n for some h > 0 and write G, = ({n) x Gy for
some torsion-free subgroup G, of G,. Then we have

K (QM, f\/@) K (cmx(w,ghm), ”{/CZ) .
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Since the unit group consists of products of roots of unity and ¢°°-divisible elements, we
may now suppose w.l.o.g. that G, N Oy = {1}. As we may clearly suppose that G, is
non-trivial, we have reduced to the case where Gy is cyclic, being generated by an element
B ¢ O such that vy (e- vk (B)) = d¢(G). We can formally apply to Gy = () the theory
presented in [DP16} Section 3], where the ¢-divisibility parameters of G, are those of 3,
namely (d;(G), he(5)). Supposing w.l.o.g. that M > max(m,v¢(7)), [DP16, Theorem
18] gives
v (D(EM, ™)) = max(0, he(B) — 6 +m — M) + 6

where § = max(0, m — dy(G)).

Remark 4.2.8. Suppose that G, = (f) is as above. We have dy(G) = 0 for almost all
primes and we have hy(S8) = 0 if 74 = 0. Therefore, for all but finitely many primes
¢ # p we have D({M (™) = (™ for every m < M. In general, for £ # p and for all
n < N large enough (in particular, if n > hy(8) + d¢(G)) we have

DN "y =D(e", ") and DL ) = D0 0y .

Therefore we only need to compute finitely many degrees to know D(¢M (™) for all
primes ¢ # p and for all positive integers m < M.

Example 4.2.9. For the group G = (35,98) inside QF we have D(2,2) = 2 and
D(3,3) = 9 because Gy = (—7) and G5 = ({3, 7).
4.3 Kummer extensions inside cyclotomic extensions

We consider a p-adic field K and work within an algebraic closure @p containing K. The
largest Kummer extension of K is the largest abelian extension of exponent 7, namely
Kxum = K({/a : a € K*). We study the entanglement field

Kgnt = Kxum N K(IU'OO) :
We also define
KEnt,p = KKum N K(,Upoo) KEnt,po = KKum N K(,up(‘jo) .

Lemma 4.3.1. Suppose that ;= € K for some prime { and for some z > 1. Let K(3)/ K

be a cyclic extension of degree (%, and let o be a generator of its Galois group. Then
o= Zle Ci.o(B) is such that K (o) = K(B) and o*” € K*.

Proof. We have o =[], (-'a = [[;0%(a) € K, we have o # 0 because the o(3)’s
are K-independent, and we have K (o) = K (f3) because the o (a)’s are distinct. O

We remark that 7 /7, = p/ — 1 and hence 7 = p/ — Lifp{ 7.
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Theorem 4.3.2. The extension Kgy/K is finite and abelian of exponent T. Moreover,
we have
KEnt = KEnt,poKEnt,p and KEnmpo N KEnt,p =K.

The extension Kgns p, /K is cyclic of degree T, and we have Ky p, = K(((pﬁ,l)). We
can write Kgnt p, = K (7o) such that v§ € K*, setting

No 1= Cre lprT
aCTQ/Tp ifp | T,

where, letting q be a prime such that v,(ord(p mod q)) > 2v,(7) + v, (f), the element o
is as in Lemmad.3.1|for the cyclic subextension of K ((g)/K of degree 7.
Letting v > 3 be the greatest integer such that (ar + (2_,,'1)2 € K, we have

K(¢p) = K(*%/=p) ifp#2andpfT
Kpntp = K(Cor) = K(Ca, Gor +(5Y) ifp=2and4fT
K((,2) otherwise

P

Z)d,Z  ifp#2andpiT
and Gal(Kgntp/K) ~ < (Z/22)? ifp=2and4tT
LTy otherwise .

Proof. Since Kgng p,/K is unramified while Kgye p/K is totally ramified, we have
Kgnt,po N Kgnt,p = K. Clearly we have Kgng po Kent,p & Kgng, while the other in-
clusion follows from the fact that K () = K (Cpgo,(pm) and that Kgne py» Kent,p
are the largest Kummer subextensions of K ((pe)/K and K ((pe)/K respectively. In-
deed, it suffices to show that any cyclic Kummer subextension of Ky is contained in
Kent,po KEnt,p, Which can be done by working within a finite cyclotomic extension and
decomposing the radical generating the Kummer extension.

The remaining assertions are easy to prove. First of all, Kgnip, = K (C(p_ff,l))
and Kyt p, /K is cyclic of degree 7 (this is the unique unramified extension of K of
degree 7). It is clear that v € K* and Kgnp, = K () if p { 7, while the same
assertions hold by Lemma if p | 7 (notice that the choice of ¢ does not matter).
If 2 # p { 7, the largest extension of K of degree dividing 7 inside K ({p) is K ((p),
as (p — 1) | 7 and the only subextension of Q,((p)/Q, of degree coprime to p is
Qp(¢p)/Qp. Similarly, the cases p = 2 and p | 7 arise from the structure of the extension
Q,(¢p==)/Qp. Finally, recalling e.g. from [Gou97, §5.6] that (¢, — 1)?~! = —p, we have
K(G) = K(»V/=p). O

Remark 4.3.3. Define

=Y "p ifp£2andptr
yi=Q Cor + (b ifp=2and4fr
(Tg otherwise .
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According to this case distinction, y%, 72, or 4" belongs to K*. We have Kp, =
K(Rg) where R := (v9,7) or,if p=2and 4 t 7, Rk := (C4,70,7y). Notice that the
quotient Ry K™ /K™ is finite.

Example 4.3.4. For p # 2 we have Gal(Q, gnt/Qp) ~ (Z/(p — 1)Z)? and hence

Qp Ent = Qp(Cp (pr—1 1) \/ Cp 1, Qp( P2y, P V= )
for any z, € Z; whose residue in F; has orderp — 1, e.g. 23 = —1 and z5 = 2.

4.4 Computing the entanglement

Let K be a p-adic field, and fix a finitely generated subgroup G' of K *. The aim of this
section is computing the degrees

B(N,n) = [K (¢, VG) N K (Cn) : K(Ga)]
adapting the method for number fields seen in Chapter I}

Theorem 4.4.1. For all positive integers n, N such that n divides N we have
K (Gay VG) N K (Cn) = K (Goy Hu ) 43)

for some computable group Hy , (generated over K* by at most two elements and pos-
sibly (4) such that

HED € KX C Hy, CKE N K(Cy)S

n

Moreover, Hy ,, belongs to a finite set independent of N, n, and we may take
Hyn,:=H,NK(nN) where H, = VGK*" N K}, -
Proof. We have HEAMT) © KX (recall that Ky /K has exponent 7) and

Then (@.3)) holds for Hy ,, := H,, N K ({n). If S denotes the finite set of the subgroups of
Ry K* containing K (where Ry is as in Remark , then H, is the largest M € S
satisfying M C V/GK*". We easily conclude because this condition is equivalent to
M7 C {/GTK*7 and it can be computed because Ry and G are finitely generated. []

Remark 4.4.2. Let t be the largest integer such that K((,) = K((pt) if p # 2 and
K (¢y) = K(Cot) if p = 2. We can write

p2r(M=a(pfm/b _ 1) ifp#£2,p|rorp=2.4|1

FUK ()N Ken: = pt(p/T/b —1) ifp£2,ptr,p|Norp=2,4f7,4| N
pf7/b —1 ifp#£2,ptT,ptNorp=2,441,4¢t N
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where 0 < a < v,(7) depends on N only through v,(N) and b | 7 depends on N
only through the multiplicative order of p modulo ged(N, p3°). Then we have Hy ,, =
H, N M'K*, where M’ C Ry is, with the above case distinction: (v§,7?"); (8,7) if
p# 2and (G4, 75,7) if p = 2; (7§)-

We remark that the group H,, can be computed with a finite procedure for all n > 1.
Indeed, for every n | m the group H,, is a subgroup of H,,. Also notice that the ¢-part
of H,/K* is Hyv,ny /K™ and it is trivial if £ { 7. For every ¢ | T there is some integer
By such that H,s, contains Hy for every v > 1 (this integer B, can easily be computed
in terms of the (-divisibility parameters of ). Consequently, H,, = Hg.q(n,B) Where
B = H(Z|r (B,

Fixing n, the group Hy » N K ({pe) is determined by v, (V), and

HN,n n K(Cp‘x’) = HpN,n N K(Cpoo)

holds if v,(N) > 2v,(7). Moreover, the group Hy , N K ((pee) depends on N only
through the multiplicative order of p modulo N’ := ged(V, pg°). Indeed, this group is
determined by px (¢, N Hy (because K ({n+)/K corresponds to an extension of finite
fields), and we recall that 5 (¢, is isomorphic to the multiplicative group of F (Cnr),
whose order only depends on p/ and the multiplicative order of p modulo N’. This leads
to a finite but not explicit case distinction. If one accepts it, then we have shown that Hy ,
can be determined for all N, n at once and hence all degrees B(IN, £) for all integers m
and N such that £™ | N can be computed at once. Therefore (accepting the above case
distinction), thanks to the considerations in Remark the degrees of the Kummer
extensions K ({x,¥/G)/K((x) can be determined for all 7 | N at once with an explicit
finite procedure.

Remark 4.4.3. We can compute at once the groups H y ,, for all IV, n that are powers of
one fixed prime number £. It suffices to compute Hy- (see the proof of Theorem[4.4.1)) for
every z, namely determining the largest subgroup M € S such that M7 C VGTK*T,
Notice that M7 C (“/G™ N K*)K*" and that we can replace G by G as done in
Section Then we easily conclude because ‘i/CTE N K* is finitely generated and can
be computed for all z (it does not depend on z provided that z is sufficiently large).

Example 4.4.4. We continue Example showing that [Q7 ({18, VG) : Q7(Ci8)] =6
by computing B(18,2) = 1 and B(18,3) = 3. Notice that [Q7({1s) : Q7] = 3 hence
B(18,2) = 1 and B(18,3) € {1,3}. To conclude, observe that (13 € Q7(V/G) because
76.102 € G and ord(10% mod 7) = 3, thus the residue field of Q7(¥/G) contains the
18-th roots of unity.

Example 4.4.5. For the group (—1) C QJ and for any positive integers Z > z, clearly
B(2%,2%)is 2 if Z = 2, and it is 1 otherwise. As Rg, = ((4,v/—3), we have Hy: =
(€4)QF. Thus for 2 | N we have Hy o: € {H2-,Q5 } and it is Ha- if and only if
(1 € Q3(Cw), ie. 4| (30rdB mod N) 1) or equivalently, 2 | ord(3 mod N).
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We conclude by considering the structure of the Galois group of the Kummer exten-
sions:

Remark 4.4.6. Fix some positive integers N, n such that n | N. Considering the prime
decomposition of n = [ £™, we can write

Gal(K (Cy, VG)/K( Gal (C‘ffj" VG) ) 4.4
(K¢, VG)/K((N)) H < K(Com, V) MK (Cx) (4.4)

By Theorem[4.4.1| we have
= K(Cem, “VG)NE(() = K (Gemy Hygm)-

The size of the cyclic components of the factor in {#.4) corresponding to the prime £ = p
can be then computed with the method described in [ACP™ 25| Theorem 6] with paramet-
ers of p-divisibility

(00, dy, -+ ,dg;hyhy,- -, hy)

with h = max(hst1,- - ,hy), where the h; and d; are as in Theorem [4.2.4] applied to
the group G over the field K’. Consider now the factors in for primes ¢ # p. If
G C Op,, then each factor is cyclic as it corresponds to a cyclotomic extension. If
G ¢ Oy, then each factor can be reduced to the product of at most two cyclic groups,
again applying [ACP™25| Theorem 6] with parameters of ¢-divisibility

(00,de(G); hy he(B))

defined in Section[4.2] for the group G and over the field K’. Notice that h = hy(3) = 0
if £ § #(uk+) and d¢(G) = 0 for almost all primes as seen in Remark Therefore
there are only finitely many primes ¢ # p for which the factor is not cyclic of order £".

Remark 4.4.7. If we accept the case distinction to compute Hy ¢ for all V and m at
once, we can also compute for all NV and n at once the group structure of the Galois group
of the Kummer extension K (Cy, ¥/G)/K(Cy).

4.5 Completions of Kummer extensions of number fields

In this section k is a number field and & € k* is not a root of unity. If e is a non-
zero prime ideal of the ring of integers Oy, over the rational prime p, we write k,, for the
corresponding completion of k£ and we identify £ with a subset of k. If £ is a prime
number and M > m are positive integers, we consider the Kummer extension of number
fields

k(Cenr, V) [k (Cenr)

and the corresponding Kummer extension of p-adic fields

kg (Cenr, “Var) [ (Cenr) -
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Let £ # p. For almost all primes o we have v, («) = 0, and in this case the above ex-
tension of local fields is a cyclotomic extension, uniquely determined by Ay, («), namely
the ¢-adic valuation of the order of (o mod p). For a fixed p, we have hy () = 0 for
almost all primes £ (as « is £>°-divisible if £ { N(p) — 1 = pf — 1). If we fix £ instead,
a prime p is such that hy () > 0 if and only if ¢ divides the order of (o mod p) in
(Ok/p)*. There are infinitely many such g, even a set with positive density [Perl5].

Remark 4.5.1. Let Cl(k) be the class group of k and Ay the class number. Let h, d be
the ¢-divisibility parameters of «, meaning that a = (yn ﬁed, where 8 € k* and d is
maximal (we refer the reader to [DP16]). If £ 1 hy, there exists a prime g of & such that
ged(vg(B),£) = 1, else d would not be maximal. Consequently, the parameter d,, of
(-divisibility of 3 in k,, is the same as the one in k. In general, supposing that v,,(3) # 0,
consider the order of [p] in Cl(k) and denote by n its ¢-adic valuation: the parameter d,
can be any integer between d and d + n.

Example 4.5.2. Let k = Q(v/—5) and ¢ = 2. Since hj, = 2, we could have d,, = d + 1.
This happens for « = 2 — /-5 and p = (3,/—5 + 1), noticing that d = 0 and
(@) = (3,V/=5+ 1)~

If £ is odd (respectively, ¢ = 2) we define ¢ as the largest integer for which k((;) =
E(Cpt) (respectively, k(Ca) = k(C2t)) and, for a non-zero prime ideal p of Oy, we call t,,
the largest integer for which k,((r) = k(e ) (respectively, ki, (Ca) = ke (Cote ).

Theorem 4.5.3. We keep the above notation, and suppose that £ { hy.. Consider the set
P of non-zero prime ideals a C Oy, for which v¢(ve(«)) = d. Fix some positive integers
m < M such that M > minp t,. If the extension

k(Genr, V) [k (Conr)

is not a cyclotomic extension, there exists o € P such that the corresponding extension

ko (Cont, “Var) [ (Conr)
has the same degree and it is also not a cyclotomic extension.

Proof. Let A := [k((om, “V/a) : k((pm)], which is a power of £. Since the given exten-
sion is not cyclotomic, we must have d < m. Since M > t, by [DP16| Theorem 18] we
get
m—(M—h) ifd>=M-—h
ve(A) = ( ) '
m—d ifd< M —h.

Consider a prime p € P for which ¢, is minimal, so M > t, (we have P # () by
Remark . The (-divisibility parameters of « in k, are h, and d. We show that
Ay = [ko(Conr, *Va) t ko (Cear)] equals A by applying [DP16, Theorem 18] also to
compute A. If h, = h, then A = A, as all the parameters in the formula are the same.
Else, we claim that d < M — h,, and we conclude because vo(A,) = m — d = v, (A).
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To prove the claim, we show that d < t,, — hy, in case h, > h (respectively, d < t, — h
in case hy, < h). For h, > h, the claim holds because Bld /¢ mod g has oder coprime
to ¢ for some root of unity ¢ of order ¢¢ (since he > 0, we conclude by considering the
order of (8 mod ), whose (-adic valuation is at most ¢,,). For h,, < h the claim holds
because Bzd /¢ [hl( has order coprime to ¢ for some root of unity ¢ of order /"¢, and again
the order of (8 mod @) has ¢-adic valuation at most £, O

Theorem 4.5.4. Fix a prime number { and positive integers m < M. There is a positive
density of primes @ of k such that

[k(CEM7 Z”\L/a) . k(CeM” = []{/’P(CgM, “{L/a) N ]{?p(Cgkf)] .

Proof. Set £P¢ := [k(Cm, “V/a) : k((m)]. The degree of the local extension at o
divides ¢P¢. So the statement is clear if Dy = 0, and we suppose that Dy > 1.

If ¢ = 2, we suppose that {4 € k or that M > 1. Then, without loss of generality, we
may assume that M > ¢. Consider the primes p of k such that v, () = 0 and remark
that hy, is the £-adic valuation of the order of (o mod g). The conditions ¢, > M and
he, = t,— (m— Dy) imply that k, ((par, “V/a)/ke(Coar) is cyclotomic of degree £7¢. By
the Chebotarev density theorem and the density results in [Perl5] the primes satisfying
to = M and hy, = t, — (m — D) admit the density

1 1 1 1
B(Cor) K] [R(Gone) t k] [k(Conr, V™ ) K] [k(Corrns Val™ 1) 1 K]

This density is positive because Cpn+1 ¢ k(Con) (as M > t) and o * ¢ k(Conr) (as
Dy > 1). We are left with the case £ = 2, (4 ¢ kand M = 1 hence m = Dy = 1. We
may similarly consider the primes ¢ of & for which 4 { # 4 _and /o ¢ kg, which have
density at least 1/4. O

_|_

Now consider a more general Kummer extension k((n, ¥/a)/k((x) where n and N
are positive integers such that n | N. We generalize Theorem[4.5.4}

Theorem 4.5.5. Let n, N be positive integers such that n | N. There is a positive density
of primes g of k such that

[B(Cw, V) : (Cw)] = [k (s V@) = ko (Cn)] -

Proof. Let T be the greatest integer for which k({x) = k({r). Up to replacing N, we
may assume that N = T'. For a prime g of k, consider the prime factorization n = [ [ £™*
and write

o _ [k (Comes V@) : ki (Come )]
[ko(Cn, V) : ko (CN)] = g [kp((emi, T N E () : Fo(Con)] (4.5)

Suppose that @ is such that N | #uy., and gretN)+1 g #/ur,, for every £ | N. For such
o the denominators in (#.3) are 1 because we have k,((sme ) = k,(Cn). We additionally
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require that, for every £ | N, the ¢-adic local Kummer extension has degree

0P = k(Cy, V) k().

If D, = 0, this condition holds because the degree of the local extension divides ¢7¢. If
D, > 0 and if we exclude the finitely many primes p for which v, () # 0, the above
condition means that the order of (o mod p) has ¢-adic valuation vy(N) — (my — Dy),
because the extension k,(Cn, “"V/a)/k,((n) is cyclotomic.

We conclude by proving that there is a positive density of primes g such that the
following holds: we have N | #puy,; for every £ | N, we have greN)+1 4 H#ig,; if
Dy > 0, the order of (« mod p) has ¢-adic valuation vo(N) — (my — Dy). We may
restrict to the positive density of primes g that split completely in k((y, £/a), where

E = H (mg—Dg).

0:Dp>0

We are left to select those primes that, for every /, satisfy the following condition: they do
not splitin k((n¢, ¥/a) and, if Dy > 0, they do not split in k(x, "{/«). Notice that these
two fields have degree £ over k(Cy, ¥/«). Indeed, by the definition of Dy, for every £ such
that Dy > 1 we have that “™*~"{/a € k() but ™~ """\ /a ¢ k(Cw). In particular, the
conditions for different primes ¢ involve field extensions that are linearly disjoint. So we
are left to check that the density of primes g satisfying the condition for one single ¢ is
positive. This holds because not splitting in any of the two given extensions of degree ¢
gives density 1 — 4 if the two fields are the same and density (1 — )(1 — ) if the two
fields are different hence linearly disjoint. O

Remark 4.5.6. For any number field extension L(y)/L and for any prime @ of L, we
have [L(7y) : L] > [L,(v) : Ly). Then Theorem 4.5.5|implies

k(G V) - k(Cw)] = max [k (C Va) : ko (Cv)]-

© prime

Example 4.5.7. Remark does not hold for a subgroup G of £* in place of «. For
k= Qand G = (2,5), the Kummer extension Q(Co, V'G)/Q((o) has degree 9, while
for every prime p the extension Q,((o, V/G)/Q,(Co) has degree strictly less than 9: the
degree is at most 3 for p # 3 and it is 1 for p = 3. (For p = 3 notice that 2 and 5 are
cubes in Q3. For p # 3 we can use the results of Section[d.2] considering G, for ¢ = 3.
Indeed, if p ¢ {2,3,5} then G3 is a subgroup of p, hence it is cyclic, while if p = 2,5
the group G is torsion free and hence it is cyclic.)
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CHAPTER

Kummer theory for abelian
varieties

This Chapter is based on [Per24]]. Let A be an abelian variety of dimension g defined over
a number field K, for which we fix an algebraic closure K. We denote by A[N] the group
of torsion points in A(K) of order dividing N. If P € A(K), we denote by K (- P) the
smallest extension of K containing all points Q € A(K) such that NQ = P. We fix a
rational point P € A(K) and assume that the set ZP of multiples of P is Zariski-dense
in A.

Let xy be the Kummer representation attached to A and P. This is a representation
of the absolute Galois group of K(A[N]) with values in A[N] =2 (Z/NZ)?9 whose
image is isomorphic to the Galois group of the extension K (+ P)/K (A[N]). The aim of
this Chapter is to find an effective bound, independent of N, for the Kummer failure of
maximality, namely the ratio

N?29
#(Im(ky))

Remark that we will actually tackle the more general problem where P is replaced by a
finitely generated subgroup G of A(K).

In the case of abelian varieties, Theorem is as follows, where we denote by 7

(resp. ko), the adelic torsion (resp. Kummer) representation:

fv =

Theorem 5.0.1 (Tronto). Let P € A(K) be such that ZP is Zariski-dense in A, and let
I':={Q € A(K) | 3n € Zz1 : nQ € (P)}. Assume that A(K )iors is an injective
Endg (A)-module. Suppose that there exist positive integers d,n, m such that:
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1. AT NA(K)) C (P) + A(K)tors;

2. n- H'(Im(7oo), A(K)tors) = 05

3. the subring of End(A(K )iors) generated by Im (7o) contains m - End(A(K )iors)-
Then Tm (koo ) contains (dnm, - 7,)29.

Consequently, we have the following result (see Remark [I.2.7):
Corollary 5.0.2. For any positive integer N, the Kummer failure fy divides (dnm)?9.

In this chapter we show that the three integers d, n, m as in Theorem |5.0.1| exist for
every abelian variety A over a number field. Moreover, we prove that d and m can always
be effectively bounded in terms of basic invariants of A/K, while n can be effectively
bounded in the case A has CM over K. We also show that the assumption on A(F)tors
is satisfied by an abelian variety A’ in the same isogeny class of A and we study how
the minimal admissible values of d, n, m change under isogeny. Since the degree of the
isogeny A — A’ can also be bounded effectively in terms of A/K, we ultimately obtain
bounds that only depend on the abelian variety A, on the field K, and on the divisibility of
the point P (respectively, of the subgroup G of A(K)) for which we consider the Kummer
representation.

In this chapter we will therefore prove the following:

Theorem 5.0.3. Consider an abelian variety A of dimension g defined over a number
field K and with complex multiplication over K. Let G be a finitely generated subgroup
of A(K). Suppose a set of generators of G is linearly independent over End g (A) and
is given in terms of a Z-basis for A(K)/A(K )iors. There exists an effective upper bound
for fn, uniform in N and depending only on K, A and G.

Our bound in Theorem [5.0.3 depends exponentially on [K (A[3]) : K], on [K : Q]
and on g, and linearly on the Faltings height Az (A) and on the ‘divisibility parameter’ d
of the group G (see Section[5.1). Notice that [K (A[3]) : K] divides # GL94(Z/37Z) and
can therefore be bounded by 319°,

This chapter is almost entirely dedicated to the proof of Theorem In Section
we adapt Theorem to the case when we consider a group G instead of a single
point P, and we provide methods to compute effectively the integer d. In Section [5.2) we
prove a result (Theorem [5.2.1) which allows us to compare the cardinality of the images
of torsion and Kummer representations for isogenous abelian varieties. In Section[5.3| we
take care of the assumption of Theorem [5.0.1| concerning the injectivity of the module of
torsion points A(K )¢ors by finding an abelian variety A’ isogenous to A that satisfies this
condition. Theorem [5.3.3|proves the existence of such an isogeny A — A’ and gives an
effective bound to its degree. Sections [5.4] and [5.5] are devoted, respectively, to finding
effective bounds for the integer n of Theorem [5.0.1]if A has complex multiplication (see
Corollary [5.4.2) and for the integer m of the Theorem [5.0.1] for any abelian variety (see
Theorem[5.5.3). Section[5.6]contains the proof of Theorem[5.0.3]
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Further results in this chapter arise from the study of possible analogues of Schinzel’s
theorem on radical extensions [Sch77, Theorem 2] (see Theorem in the setting of
abelian varieties. This is the content of Section[5.7] independent of the rest of the chapter.
in particular, we prove the following:

Theorem 5.0.4. Let A be an abelian variety over a number field K. The following are
equivalent:

(i) The extension K (A[n])/K is abelian for every positive integer n.

(ii) The variety A is K-isogenous to a product of simple abelian varieties with CM over
K.

Preliminaries

Let A be an abelian variety defined over a number field K for which we fix an algeb-
raic closure K, and let g be its dimension. Let R := Endg(A) be the ring of K-
endomorphisms of A. We denote by A(K') the Mordell-Weil group of K-rational points
of A. If N is any positive integer, we denote by [N] the multiplication-by-N endomorph-
ism of A and by A[N] the subgroup of torsion points of A(K) of order dividing N. We
also write K (A[N]) for the N-th torsion field of K, obtained by adjoining to K the co-
ordinates of the points in A[N]. For any prime ¢ we write T;(A) := lim A[€™] for the
{-adic Tate module of A. Recall that Ty(A) is a free Z,-module of rank 2g. We write
Ve(A) for the base change of T;(A) to Q; and T'(A) := Jim A[N] =TI, T, (A) for
the adelic Tate module. For an element ¢ € Ty(A), we write e = (e(”))n€Z>1 with
e(™ € A[("] and fe(™) = (=1,

Let ¢ be a prime and let z be an integer or an ¢-adic integer. We denote by vy(z) the
¢-adic valuation of z, with the convention v¢(0) = +o0.

For any field F, after fixing an algebraic closure F', we denote by G'r the absolute
Galois group Gal(F'/F). For every positive integer N, fix a basis {77V, T2} of A[N]
such that NTM = TM/N whenever N | M.

7
We denote by 74, the N-torsion representation

TAN * Gk — Aut(A[ND

given by the Z/NZ-linear action of Gk on A[N]. The group A[N] is abstractly iso-
morphic to (Z/NZ)?9, hence we also have Aut(A[N]) = GLg,(Z/NZ). The Galois
group Gal(K(A[N])/K) can be identified with the image of 74 n, and hence with a
subgroup of GLyy(Z/NZ).

Given a point P € A(K), we denote by K (+ P) the smallest extension of K over
which all points @ € A(K) such that NQQ = P are defined. In particular, K (+ P) 2
K (A[N]). We denote by x4,y the Kummer representation

kN Grany — A[N]
o= J(Q) - Qa
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where Q € A(K) is such that NQQ = P. Since we only consider the action of G K(A[N])»
it is easy to see that the map k4, is independent of the choice of ). The Galois group
Gal(K (% P)/K(A[N])) can be identified with the image of £ 4., and hence with a sub-
group of (Z/NZ)?9. We call Kummer failure of maximality, denoted by fy, the integer
NZQ/# Im(l@AJ\r).

Fix a set of points {Q" }nez., € A(K) such that Q' = P and NQM = QM/N
whenever N | M. An element o € Gal(K (4 P)/K) can be expressed as a (2g + 1) x
(2g + 1) matrix M, with entries in Z/NZ of the form

M,=| Bt |, (5.1)

where B, is the image of o under 74 v, while t, = o(Q") — QY € Im(ka n). Given
two elements o, 7 € Gal(K (% P)/K), we have that M, = M, M.

Fix a prime ¢. By taking the inverse limit over n, the representations 74 ¢» and x4 ¢n
yield the ¢-adic torsion representation T4 4= : G — Aut(Ty(A)) and the (-adic Kum-
mer representation kg~ : Gg(aje=)) — T¢(A). Likewise, by taking the inverse limit
over all positive integers IV, we get the adelic torsion representation T4 » : Gg —
Aut(T'(A)) and the adelic Kummer representation ki a,cc : G (a®),...) — T (A). If the
abelian variety A is clear from the context, we drop the subscript A from the notation.

We denote by K., the smallest extension of K over which all points in A(F)tors are
defined. We let

I':={Q € A(K) | In € Zz1 : nQ € (P)}

and denote by K, the smallest extension of K5 over which all points in I" are defined.
We call Kyo,s and Ky, respectively the torsion extension and the Kummer extension of
K associated with A and P.

By taking the limit, with our previous identifications, in the ¢-adic situation we have

Gal(K (A[f®])/K) 2 Im(rg~) C GLag(Z¢)
and
Gal (K (;OP> /K(A[éﬂ)) > Im(kgoe ) C (Zg)*
and in the adelic case we have
Gal(Kiors/ K) 2 Im(7oo) € GLog(2)

and
Gal(Kyum/Kiors) = Im(koo) C (Z)%.

Moreover, an element 0 € Gal(K (7% P)/K) (resp. o € Gal(Kyum/K)) can be identi-
fied with a matrix as in (5.I), where B, is the image of o under 7= (resp. 7o) and ¢, is
the inverse limit over n of o(Q*") — Q" (resp. the inverse limit over N of o(Q™) — Q™).
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5.1 The divisibility parameter

Let G be a subgroup of A(K) generated by r points that are linearly independent over
Endg (A). For a positive integer N, let

—G—{QeA )| NQ € G} and rG_UN

We consider the Kummer extension K (I';) / Ktors, which generalises the case considered
in Theorem [5.0.1] (which corresponds to the case of rank 1). In this situation, the adelic
Kummer representation we consider is

1
KN @ GK(A[N]) — Hom (NG/(G—I—A[N])’A[N])
= (Q—0(Q) - Q)

where the target space can be identified with A[N]". Indeed, if Pi,..., P, are gener-
ators of GG, an element in the codomain of ky is uniquely determined by the images
of points ); such that NQ; = P; (for each i such image is independent of the choice
of ;). The image of x is isomorphic to the Galois group of the Kummer extension
K(%G)/K(A[N]), and we define the Kummer failure of maximality in this situation as
fn = N9 /4 Im(k ). Similarly, the adelic representation is

) r _ 37 §7
Roo * GKtors — Hom ( G/(G + A(K)tors)7 A(K)tors) = A(K)tors

Remark that, if » = 1, the assumption that P is linearly independent over Endy (A)
is equivalent to requiring that ZP is Zariski-dense in A, and ensures that the index
[A(K)tors : Im(koo)] is finite. Notice that Ribet in [Rib79] uses the same assumption,
which is needed to generalise [Hin88| Proposition 1] to subgroups G of A(K).

Theorem [5.0.1and Corollary [5.0.2]still hold with the expected adjustments, namely:

Theorem 5.1.1. Let G be a subgroup of A(K) that is generated by r elements that are
linearly independent over Endy (A). Assume that A(K )iors is an injective R-module.
Suppose that there exist positive integers d,n, m such that:

1. dTgNA(K)) C G+ A(K)tors:
2. n- Hl(Im(Too)v A(F)torS) =0;
3. the subring of End(A(K )iors) generated by Im (7o) contains m - End(A(K )tors)-

Then Im (koo ) contains (dnm, - Z)297. In particular, for any positive integer N, the Kum-
mer failure fy divides (dnm)?9".

The smallest positive integer d that satisfies condition (1) in Theorem (resp. The-
orem[5.1.1)) is called the divisibility parameter of P (resp. of G).
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Lemma 5.1.2. The divisibility parameter d exists. It is effectively computable if P (resp. a
set of generators of G) is known in terms of a Z-basis for A(K)/A(K)ors.

Proof. We can compute d as shown in [Tro23b, Section 6.1]. Indeed, the method used for
elliptic curves also applies to general abelian varieties. O

Remark 5.1.3. In order to apply Lemma|5.1.2] we only need to know the non-zero coef-
ficients of the point P (resp. of the generators of the group G) with respect to some
(potentially unknown) basis for A(K)/A(K )ors. Therefore, a priori, we do not need to
know what the basis is, or even what the rank of the Mordell-Weil group is, to effect-
ively compute d. Moreover, in the case a single point P is considered, the parameter of
divisibility d is simply the ged of its coefficients in any basis representation.

We may still be able to bound the parameter d effectively, through other methods. An
example is the following result, which applies for example to Jacobians of curves of genus
2.

Theorem 5.1.4. Let A be an abelian variety over a number field K. Let P € A(K), and
suppose that there exist:

1. an algorithm that, given a point in A(K), computes its canonical height (up to
arbitrary numerical precision);

2. an algorithm that, given a positive real number o, enumerates the (finitely many)
points in A(K) whose canonical height is less than .

Then the divisibility parameter d for P can be effectively bounded.

Proof. The parameter d is the maximal integer for which there exist Q € A(K) and
T € A(K)tors such that P = d@ + T'. By standard properties of the canonical height
h, we know that h(P) = d2h(Q). The canonical height A(P) can be computed through
algorithm [T} Consider the finite set of points

={Q" € A(K) | I Q') < h(P)}

which is the output of algorithm [2| applied to the real number i(P), and let S" = S\

A(K)tors- Then we have:
R R -1
d </ h(P in h(Q' .
( )<551é2/ (Q ))

Note that, while there are more efficient algorithms to determine the set A(K )¢ors, the
knowledge of the set S is sufficient to determine it: indeed, A(K )iors is contained in S,
and we can test whether a point 7' € S is torsion by computing i7" for i = 1,...,#S
(indeed, the order of a torsion point is at most #A(K )iors, Which in turn is at most

#5S) O
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Remark 5.1.5. Let .J be the Jacobian of an algebraic curve C' of genus 2 over a number
field K and let P € J(K). Suppose we know the equation of the curve C' and the
Kummer coordinates of the point P (see [MS16l §3]). Then there exist algorithms as in
Theorem@] (see for example [MS16])). The divisibility parameter d for P can therefore
be effectively bounded in this case.

Example 5.1.6. Consider the hyperelliptic curve C of genus 2 over Q given by the equa-
tion:
y? = a5 — 62 +22° +52% — 20+ 1

and let J be the Jacobian of C. Consider the rational points p; = (—1, —1) and po = (2, 1)
of C. Let P be the point of J corresponding to the divisor class [p; —p1]. One can compute
that A(P) ~ 0.669 and that the set

§'={P' € J(Q | M(P") <I(P),P' ¢ J(Q)rors}
consists of 26 points, with ming: 2(P’) ~ 0.128. The parameter d is then bounded by
(h(P)/ ming: h(P"))*/? ~ 2.286. Indeed, it can be checked in this case that d = 1.

5.2 Torsion and Kummer extensions for isogenous abelian varieties

Throughout this section, let A and A’ be two isogenous abelian varieties of dimension
g defined over a number field K, and let ¢ : A — A’ be a fixed K-isogeny between
them. Let D denote the degree of . We first define the tangent space 7, of the ¢-adic
torsion representation of an abelian variety. We then compare the degrees of the torsion
and Kummer extensions of K associated with A and A’. To do so, we compare the images
of the relevant Galois representations. In particular, we will prove the following result,

consequence of Lemmas [5.2.6|and [5.2.10]and Corollary [5.2.11}

Theorem 5.2.1. Let ¢ : A — A’ be an isogeny of abelian varieties of degree D and
consider a point P € A(K) \ A(K)tors. For every prime { and for every positive integer
n we have

#Tm(7ar m) < (#T2)"P) - #Tm(14 4n)

f29n gw(D) ' # Tg(A)
#Im(/@ugn) Im(/@moc)
and, for every positive integer N, we have
N?29 ’ T(A)
#Im(kar,N) Im(kA,00)

where the Kummer representations on A and A’ are relative to the points P and ¢(P)
respectively, and where Ty is the tangent space of T ge.
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There exists a K-isogeny ¢ : A" — A such that 1) o ¢ = [D]. If a prime ¢ does not
divide D, then [D] induces an isomorphism on 7T;(A), and therefore the map T,(A) —
Ty (A”) induced by ¢ is an isomorphism. It follows that the ¢-adic torsion representations
on A and A’ are isomorphic. If ¢ | D, then [D] is not an isomorphism on the Tate
module, but it becomes an isomorphism on Vy(A). The two torsion representations are
again isomorphic when tensored by Q,, however, in general, Im(74 ¢oc ) and Im(7 4+ g )
are not conjugate subgroups of GLo,(Zy).

The tangent space of the image of the /-adic representation

Consider an abelian variety A of dimension g defined over a number field K. For a prime
¢ and a positive integer n, consider the group Im(7¢») as a subgroup of GLoy(Z/¢"Z).
Notice that we have

# Im(TgnJrl)
# Im(Tgn)

The projection Im(7pn+1) — Im(7¢n) is surjective, and we can identify its kernel with a
subgroup of

= #ker (Im(Tg71+1) _mod &7, Im(TZn)> .

mod £"

ker (GLay (%ni17) 5% Glag (Znz) ) = 1a+0" Magucay (Fo).
It is easy to check that the following map is a group homomorphism:

ker (Im(7gn+1) = Im(7gn)) = Magxag(Fe)
(Id+£°S) s 5.

We call 72(") its image: it is an IFy-vector subspace of Magx24(Fe).

Lemma 5.2.2 ([LP21] Proof of Lemma 9]). We have ﬁ(n) - 72("+1) for all integers
n > 1.

Since E(n) is a subspace of Mgy 24(FF¢), which is a finite dimensional vector space

over [Fy, Lemma implies that dim(ﬁ(")) and hence also 72(") stabilise for n large
enough. We denote such stabilised space by 7, and we call it the tangent space of the
{-adic torsion representation 7y (see [LP21, Definition 9]). In particular, for n large

enough, we have
#Im(7gn) = k- ¢ dm(T0) (5.2)

for some constant k£ which does not depend on n.

Example 5.2.3. For an elliptic curve F, the tangent space 7, can be described as follows
(see [LP17, Definitions 18 and 19]):

* if E does not have CM, then 7, = Maxa(Fy);

e if £ has CM and ¢ splits in End?(E), then, for a suitable choice of basis, T, =
Diag, (F,), the subspace of diagonal matrices;
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* if £ has CM and ¢ > 2 is inert in the quadratic ring Endz(E), then, in a suitable

basis,
_ r dy
72—{<y x)!x,yem},

where d is a quadratic non-residue modulo /;

* more generally, if End(E) is isomorphic to the quadratic ring Z[z]/(z* — cz — d),
then, in a suitable basis,

T d
ﬁ—{(y x+yyc> |:v,y€]Fz}.

Isogenies and Tate modules

Given a K-isogeny ¢ between the abelian varieties A and A’ and a prime /, there is an
associated Zj-linear map on the Tate modules: if e = (e(™),,cz_, is a point of T;(A), we
set p(e) = (p(e™))nez,,. Fix bases v1,...,vay of Ty(A) and vf,... , g, of Ty(A').
Thenv; ®1,...,v3y®@1and v} ®1, ..., vy, ® 1 are bases for V;(A) and Vi (A’), respect-
ively. We can describe ¢ : Ty(A) — Ty(A’) as a matrix M € GLo,(Q,) with (-integral
entries (we write this matrix with respect to the chosen bases). Notice that the multiplic-
ation by an integer N from A to itself corresponds to the matrix N Id, and the isogeny v
from A’ to A such that ¢ o ¢ = [D] corresponds to the matrix DA~!, which again has
integer entries.

Lemma 5.2.4. The matrix M is such that ve(det(M)) = ve(D).
Proof. One may easily check that the map

(Te(A) @ Qo) /Te(A) — A[E]
e@ L ™

is an isomorphism of Z,-modules. Moreover, the kernel of the action of M by multi-
plication on (Ty(A) ® Q)/Ty(A) = A[¢>°] is the ¢-part of the kernel of the isogeny ¢,
whose cardinality equals ¢v(D) - As 7, is a PID, we can write M = P, SP,, where S
is the Smith normal form of M and P; and P, are invertible matrices in GLogy(Zy), so
that v, (det(M)) = v(det(S)). Since the matrices P; and P; are invertible, it suffices to
compute the ¢-adic valuation of the cardinality of the kernel of the action of the diagonal
matrix S.

Let the diagonal entries of S be of the form u; (% fori = 1,...,2g, where u; € Z)
and the k; are non-negative integers. Let

t;
h = <Z wi,nﬁfn + Zg)
n=1

be an element in (T;(A) ® Qg)/Ty(A) = (Q¢/Z¢)?9, where the t; are non-negative
integers and the w; ,, are in {0,--- ,£ — 1}, with w; ¢, # 0. Then for any element hg €

i=1,...,.2g
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?9 whose class in (Q¢/Z¢)?9 is h, we have S - hy € Zgg if and only if k; > ¢, for
all 7, and hence the ¢-adic valuation of the cardinality of the kernel of ¢ is Zfi 1 ki =
ve(det(9)). O

The map ¢ ® 1 is an isomorphism between V;(A) and V;(A’). A K-isogeny is com-
patible with the Galois action of G'i, hence for every o € Gk and every v € V;(A) we
have:

g-o=(p@1) (o (p@1)(v)).

We conclude that
Im(74,¢00) = M~ Im(7a7 4o ) M, (5.3)

where Im(74 ¢o ) is represented in the basis v; ® 1 and Im(74/ ¢ ) is represented in the
basis v ® 1.

Example 5.2.5. Let E be an elliptic curve over a number field K and let T' € E[¢](K)
be a point of prime order ¢. Consider the elliptic curve E/ = E/(T) and let ¢ be the
canonical projection ¢ : F — F'.

Let e1, ey be a basis of Ty (FE), where e(ll) = T. We define a basis ¢/, e of T;(E’) as
follows:

1. we set e, = (ez). Notice that eél) ¢ (T) since T and eél) are linearly independ-

ent, and hence 6,2(1) # O. This implies that e/, generates a saturated submodule of
To(E").

2. we choose ¢} = (e'l(”))nez21 € Ty(E’) that completes €} to a basis of T;(E")
(the existence of such an e} follows from the structure theory of finitely generated
modules over a PID: any saturated submodule of a finitely generated, free module
has a free complement).

Therefore we have ¢(e2) = €} and p(e1) = ael + Se, with a, 8 € Zy. By definition
of the isogeny ¢, we know that p(e;) = 0 mod ¢, hence « = 8 = 0 mod ¢. Now,
a # 0 mod /2, for otherwise we would have

o) = Bel® = v(tp(es?)) = ve(el))

where 3 = vf mod £2, contradicting the fact that ker ¢ is generated by T = egl). We

then have () (O =4(0) ()

as Zy-modules, hence we can choose @ = ¢ and 8 = 0. We conclude that, with this
choice of basis, ¢ acts on the Tate module as multiplication by the matrix M = (§9). In
particular, it is not a bijection on the Tate modules.

Consider now Im(7g ¢ ). Since T' € E[¢](K) and egl) =T, we have

Im(7g o0 ) C {(Z Z) € GLo(Zy) | a=1,c=0mod é}
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as all elements of G i fix the point 7. Applying (5.3) we get:
Im(7gr g ) C {(Z Z) € GL2(Zy) | a=1,b=0mod é} .

Automorphisms in Im(7g ¢ ) do not necessarily fix a point of E’[/], but fix the line
corresponding to the second basis vector. In particular, £ admits an ¢-isogeny over K:
this is not surprising, as the isogeny having as kernel this fixed line is the dual of the map
E — E’ we started with.

Torsion extensions

Let ¢ : A — A’ be a K-isogeny of degree D and consider Im(74 ¢») and Im (747 ¢n).
Let 7, and 7, be the tangent spaces relative to A and A’, respectively.

Lemma 5.2.6. For every n > 1 we have

(29— # Im (747 ¢n) D
7—/ (2g—1)ve(D) < > < T ve( )
(# Z) # Im(TA7['rL) (# @)
Proof. Lete :=vy(D) and D = ¢¢D’, where D' is coprime to £. We claim that A’[¢"] C
©(A[f"*¢]). Indeed, let P € A’[¢"] and let P = ¢(Q) for some Q € A(K), which exists
by surjectivity of ¢ over K. Consider an integer E such that ED’ = 1 (mod ¢"), so that
P=FED'Pandlet Q' = ED'Q. We have

0="P =1"p(Q) = p(I"Q).

Since £"Q € ker(p), we have {"Q € A[D] and therefore ("Q’ € A[¢¢]. The claim
follows as P = ¢(Q’) and Q' € A[¢"¢]. Since ¢ commutes with the action of Gk, we
have the inclusion
K(p(A["*e])) € K(A[e"])

and hence K(A'[("]) C K(A[¢""¢]). The same reasoning, applied to the isogeny 1) :
A’ — A such that ¢ o ¢ = [D], implies that K (A[¢"]) C K (A’[¢"+(297D¢]) (recall that
1 has degree D297 1). Since Im(74 ¢~ ) is isomorphic to the Galois group of the torsion
extension K (A[¢"])/ K, we have:

#Im(raen) _ # Gal (K(A[])/K) oo

HTm(rae) © # Gal (K(A[("])/K) (#70)°
and
#Im(rarem) _ # Gal (K(A'["])/K) oo 1
#Im(Tam) ~ # Gal (K(A/[(n+(9-De]) /K) (#7;) 29— De

By Lemma[5.2.2] for any positive integer ¢ the sequence
(# Gal(K (A[("™]) /K (A[£"])))n

is increasing (and eventually constant) and the same holds for A’, so this concludes the
proof.
O
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Corollary 5.2.7. The tangent spaces T; and T, have the same dimension.

Proof. For n large enough, let
#Im(ram) = kal™™TDand  #Im(ragn) = ka0
for some positive constants k4 and k- as in (3.2). We have that

(kA/k/'A’ )gn(dim(T[’)—dim(TZ))
is bounded by Lemma|5.2.6] which implies that dim(7;) = dim(7;). O

Remark 5.2.8. Corollary[5.2.7]can also be obtained by noticing that the F,-dimension of
T¢ (resp. T/) is equal to the Q,-dimension of the identity component of the ¢-adic mono-
dromy group attached to A (resp. A’). Since an isogeny A — A’ induces an isomorphism
between the identity components of the respective ¢-adic monodromy groups, the claim
follows.

Kummer extensions

Let o : A — A’ be a K-isogeny of degree D. Let M be the matrix associated with ¢
introduced in Section Let P € A(K) \ A(K)tors be a fixed non-torsion point. By
equation (5.3) and the Galois-equivariance of ¢, and using the notation (5.I), we have that

Gal (K (;OP>/K> = Gal (K (5‘1"@(})))/}(>

MBM~! | Mt

—>
0 |1 0o |1

Consider the /-adic Kummer representations k4 ¢ and k 4/ ¢, with respect to the points
P and ¢(P) respectively. The previous formula implies

Im(nA/’goc) = @(Im(KJA,goo)). (54)
Lemma 5.2.9. For any prime { and any positive integers n and N, we have

for | [Te(A) : Tm(rpe)]
fn [ T(A) - Tm(ke)].

Proof. The considerations in [LT22, Remark 2.6] hold also in the case of abelian varieties.
The statement follows. O
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Lemma 5.2.10. Let ¢ : A — A’ be an isogeny of abelian varieties of degree D. Fix a
point P € A(K) \ A(K)ors and suppose that the set Z.P of multiples of P is Zariski-
dense in A. Consider the Kummer representations k 4 g and k a go relative to (A, P)
and (A’ p(P)) respectively. Then we have

TA) ), TA)
Im(xar goe) Im(K4 geo)
and ,
T = (oD Ti(4) :
R A goo (Gal(K/Ktors)) Y WAS (Gal(K/Ktors))

Proof. As in Section let M be the matrix representing the injective linear morph-
ism ¢ : Ty(A) — Ty(A’) induced by ¢ on the Tate modules. Recall from (5.4)
that o(Im(ka ¢)) = Im(kas e). Let p (resp. p') be the Haar measure on V;(A)
(resp. Vz(A’)), normalised so that p(Ty(A)) = 1 (resp. p'(Ty(A’)) = 1). Pulling back
1’ along the invertible linear map ¢ : Vy(A) — V;(A’) we obtain a Haar measure on
Ve(A), which is therefore a multiple ¢ i of the Haar measure p. To determine ¢, we use
the change of variables formula in /-adic integration:

c= C/ dp = / p*(dp) = / du’ = 1 (p(Te(A))).
T (A) Te(A) P (Te(A))

Since T;(A’) is the disjoint union of [T;(A’) : ¢(T¢(A))] translates of (T, (A)), we have

1

— é*’l}((det(l\/f)) _ g*Ug(D>,
[Te(A) = o(Te(A))]

1 (o(Te(A))) =

where the last two equalities follows from well-known facts in the theory of modules over
a PID (Smith normal form) and Lemma The Kummer image Im(r 4 ¢~ ) is an open
subgroup of Ty(A): see for example [Hin88| Proposition 1], which implies the openness
of Im(k 4 ¢ ) by passing to the inverse limit (because ZP is Zariski-dense in A). We can
then compute, using again the change of variables formula in /-adic integration:

p (=) = [ ' = [ ay
Im(k 47 goo) M(Im(ka, o))

- / M*(dp') = ¢ / dp = "D (I (ka0 ))-
Im(ka o)

Im(ka,go0)
This concludes the proof of the first claimed equality, as

A 1 wa g DA
Im(karee) 0/ (Im(kare)) Im(kae=)  pm(raes))

The proof of the second equality in the statement follows, simply replacing Im £ 4/ o
with 54/ oo (Gal(K / Kiops)) and Im k4 g with k4 goo (Gal(K /Kyors)). Note that the
torsion fields of A and A’ coincide. O
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Corollary 5.2.11. With notation and assumptions as in Lemma let N be any
positive integer. We have
_N® pp T
#Im(ka N) Im(ka o)
Proof. By Lemma(5.2.9} the left-hand side divides [T'(A’) : Tm(k.a7,00)]-
We have

TA) 1, Te(A 11 Ty(A)
Im(ﬁA’,oo) H@ KA’ g (Gal(K/Ktors PR A Gal(K/Ktorb))

HZ

By the second part of Lemma(5.2.10| we then obtain that the order of # is
Ty(A Ty(A T(A
o kanee (Gal(K/ Kios)) 7 kg g (Gal(K [ Kiors)) I K4 0

O

5.3 Injectivity of A(K )

Let A be an abelian variety defined over a number field K. Consider the Endg (A)-
module A(F)wrs. We aim to understand when this module is injective. By [Iro23a,
Remark 5.2], if End g (A) is a domain which is a maximal order inside Endx (A) ® Q,
then A(K)ors is an injective End i (A)-module. Up to isogeny, we can always assume
that End g (A) is a maximal order in Endg(A) ® Q (see [Lom16, Lemma A.3]). Our
goal is then to drop the assumption that Endx (A) is a domain, or equivalently, that A is
a simple abelian variety over K.

Up to isogeny, we can write any abelian variety A over K as A7' x ... x A" for
some non-negative integers r,n1, ..., n,, where each A; is K-simple and A; is not K-
isogenous to A; for ¢ # j. We will consider separately powers of simple abelian varieties
and products of abelian varieties sharing no common factors.

Lemma 5.3.1. If A(K)ors is an injective End g (A)-module, then A™(K )iors is an in-
Jjective End i (A™)-module.

Proof. We have End g (A™) = M, xn(Endg (A)). Since any ring R is Morita equival-
ent to My, «,(R) (see for example [Lam99, Theorem 17.20]), we have an equivalence
between the categories End g (A)-Mod and M, «,,(Endg (A))-Mod. In particular, the
module A(K )iors in the category of Endg (A)-modules corresponds to A™(K)iors =
(A(K)tors)®™ in the category of M., ,(Endg (A)) modules through this equivalence,
from which the statement follows. O

Lemma 5.3.2. Let A and B be abelian varieties defined over K with no common factor
and let C = A x B. Then C(K )iors is an injective End g (C)-module if and only if
A(K)tors and B(K )iors are injective as modules over End g (A) and End i (B) respect-
ively.
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Proof. We have C(K)iors = A(K)tors X B(K)tors and Endg (C) = Endg(A) x
Endg (B) as A and B have no common factor. We conclude because for two rings R,
and Ry the product category R1-Mod X Ro-Mod and the category (R; x Ry)-Mod are
equivalent. O

Theorem 5.3.3. Letr A be an abelian variety defined over the field K = K (A[3]). There
exist an isogeny ¢ : A — A’ and an isogeny 1) : A" — A such that A’ (K )iors is an
injective End i (A’)-module. There exists an effective bound =, depending only on A and
on K, for the degree of both ¢ and .

Proof. Since K = K(A[3]), we know that Endg (A) = Endy(A) (see for instance
[Eck05, Lemme 8]). By [Réml7, Théoremes 1.1 and 1.6] there exist K -isogenies ¢ :
A— A =2AT" x ... x Al and ¢ : A — A, where the A; are geometrically simple
abelian varieties defined over K that are pairwise not isogenous over K and such that
Endg(4;) is a maximal order in Endg (4;) ® Q = Endyx(A;) ® Q for each i. By
[Tro23a, Remark 5.2], A;(K )iors is an injective End g (A;)-module, so we can conclude
by Lemmas and An effective bound = for the degree of ¢ and 1 is given in
[GR23| Théoreme 1.9(2)], see Remark[5.3.4] (notice that another non-effective but sharper
bound is given in [GR23| Théoreme 1.4]). O

Remark 5.3.4. Let A be an abelian variety of dimension g defined over a field K. The
explicit value of = given in [[GR23] is:

2

=(4) = ((7g)892 [K : Qmax(1,log[K : Q},hp(A))) »

and it depends only on the dimension g of A, on the degree [K : Q] and on the Faltings
height hp(A).

5.4 Torsion representations and homotheties for CM abelian
varieties

In this section we consider the cohomology group H'(Im (7. ), A(K )tors) for an abelian
variety A. We look for a positive integer n that is a multiple of the exponent of this
cohomology group. The best tool we have to find such an integer is Sah’s Lemma (see
for instance [BRO3, Lemma A.2]), which states that, if an element z is in the center of a
group G, then (z — Id)H' (G, M) = 0 for any G-module M, where we identify z to the
endomorphism of H'(G, M) induced by it. To use Sah’s Lemma in our case, we consider
homotheties inside Im (7).

Serre proved that for any abelian variety A there exists an integer ¢ > 1 such that
the image of the torsion representation 7, contains all the homotheties inside (ZX )€ (see
[Win02| Théoreme 3]), but this integer c is not effective.

The following result by Eckstein [Eck05, Théoreme 7] gives us an effective integer
c in the case of abelian varieties with complex multiplication, therefore allowing us to
provide an effective integer n to use in Theorem [5.0.1](2) in this case.
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Theorem 5.4.1 (Eckstein). Let A be an abelian variety over a number field K and with
complex multiplication over K. Then Im(1y) contains (Z,)° C GLogy(Zs), where ¢ =

[K(A[3)) : Q] (which divides # Aut(A[3]) - [K : Q]).

Corollary 5.4.2. Let A be an abelian variety over a number field K. There exists a
positive integer n such that

n - H'(Im(7s0), A(K)tors) = 0.

If A has complex multiplication over K, then we can effectively bound the integer n in
terms of g = dim A and [K : Q).

Proof. Let ¢ be a positive integer such that Im(7..) 2 (Z*)¢. In particular, by Theorem
5.4.1} we can choose ¢ = [K(A[3]) : Q] if A has complex multiplication over K. We
define the element z = ()¢ € Z as:

142v2(0)+2 jfp—29
Zy =
¢ 2¢ otherwise

We have z; € (Z; )¢ for each ¢, and therefore z € 7%¢ C Tm (7o ). Define
n =202 _1)e7

and notice that z—1 = un for some unitu € Z*. By Sah’s Lemma, since z is a homothety
in Im(7.) and hence in the centre of Im(7.,), we have that z — 1 kills H!(Im(7w), M)
for any Im (7., )-module M, and hence the statement follows.

O

5.5 The algebra generated by the image of the torsion
representation

In this section, we consider the subring of End(A(K )sors) generated by Im (7). In order
to apply Theorem we wish to find an integer m such that this subring contains
m - End(A(K )¢ors). Notice that in the case of (non-CM) elliptic curves an effective
value for such an integer m was found by bounding the so-called parameter of maximal
growth p (see [Iro23bl §6.2]), that is, an integer such that the image of 7, contains all
the elements of the form Id 4B where B € End(A(K )iors) = Magxag(Z).

Let R = Endg(A). We first consider the ¢-adic case and look for integers m, such
that the subring of End g (7;(A)) generated by Im (7 ) contains my - End g (7(A)). We
rely on the following result by Gaudron and Rémond (see [GR23| Théoreme 1.5(2) and
Théoréme 1.9(5)]), which will also allow us to patch the various ¢-adic results to an adelic
one.
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Theorem 5.5.1 (Gaudron-Rémond). There exist an integer d and an explicit constant =,
depending on the abelian variety A/ K (see Remark , such that:

[ disc(Ze[tm(w)]) | d
/

and

[ [ disc(Z[im(r))) < =2.
14

Lemma 5.5.2. Let ¢ be a prime and R = End (A). There exists a positive integer my
such that the subring of Endg(TyA) generated by Im(7ye) contains my - Endg(TpA).
In particular one can take such an my that satisfies m3 | disc(Ze[Im(7ge)]).

Proof. LetV,A = T; A®Qy and consider Endyy, (7. ) (V¢ A), the endomorphisms of V; A
that commute with the elements of Im(7y ). By Faltings’s theorem (see [Mil08, Chapter
IV, Theorem 2.5]) we have that Endlmmx)(VgA) = R ® Qy. Therefore, the centraliser
CEIld(VgA) (Qg [Im(Tgoo )D of Qy [Im(Tgoc )] inside End(VgA) is R®Qy. Trivially, the cent-
raliser of R®Qy inside End(V;A) is End rgq, (Ve A), hence by the double centraliser the-
orem (see for example [Mil20a, Chapter IV, Theorem 1.14]) we obtain End peg, (V:A) =
Qy [Im(Tgoo )] This implies that I‘kze (EHdR(TgA)) = I‘kze (Z@ [Im(Tgoo )]), and hence that
the index [(Endg(T¢A)) : Ze[Im(7e=)]] is finite. This proves the existence of m,, which
can be taken to be this index.

The second statement follows from the basic properties of discriminants, since we
have

diSC(Z@[Im(Tgoc )]) = [(EndR(TgA)) : Zg[lm(Tgac)]]Z . diSC(EndR(TgA)).
O

The next result can also be obtained directly from [[GR23| Corollaire 13.8], but with a
less sharp bound.

Theorem 5.5.3. There exists a positive integer m such that the subring of End(A(K )tors)
generated by Im(7..) contains m - End(A(K )iors). We may take m such that m < Z,
where Z is as in Remark[5.3.4]

Proof. If we let my be as in Lemma[5.5.2] by Theorem [5.5.1| we have m, = 1 for almost
all £. We can therefore define the integer m = [[, m,, which is as requested because

m - Endg(TA) = m - [ [ Endr(T;A) = [ [(ms - Endgr(T;A))
4 14

C [] Zeltm(re<)] = Z[Im(r-0)]
4
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by Lemma To justify the last equality, note that for all Z-modules M one has
M =7ZM = (][, Z¢) M = [],(Z¢M), and it follows from the definitions that

Ze (Z[Im(%)}) = Zy[Im(rge )]

The last assertion follows from Theorem [5.5.11 O

5.6 An effective bound for the Kummer failure in the CM case

We are now ready to prove Theorem [5.0.3}

Theorem 5.6.1. With the notation and the assumptions of Theorem there is an
abelian variety A’ over K such that A'(K )iors is an injective End i (A’)-module and a
K-isogeny ¢ : A’ — A such that deg(y) can be effectively bounded (the bound depend-
ing only on A and K ). Moreover, we have

| deg(e) - (dnm)* (5.5)

where d is the divisibility parameter of G C A(K) and n > 0 is the exponent of
HY(Im(747 00), A (K )tors) and m is the smallest positive integer such that the subring
of End(A(K )tors) generated by Im(74/ o) contains m - End(A’ (K )yops). The integer d
can be effectively computed and the integers n and m exist and can be effectively bounded
(where the bound depends only on A and K).

Proof. Since [K(A[3], +G) : K(A[lem(3, N)])] divides [K(%G) : K(A[N])], the
Kummer failure for A over K divides the Kummer failure for A over K (A[3]), and their
ratio is at most [K(A[3]) : K]. We will then assume, without loss of generality, that
K = K(A[3]). By Theorem|5.3.3|there exist A’ and ¢ as in the statement. By Theorem
B2l we have

T(A")

Im(ﬁ A/,oo) '
We can now apply Theorem to the abelian variety A’. By Lemma the divis-
ibility parameter d of G C A is effectively computable, and it is easy to check that this
is also the divisibility parameter of o~ !(G) C A’. By Corollary n can be effect-
ively bounded. By Theorem [5.5.3|m exists and can be effectively bounded. By (5.6) and
Theorem[5.1.1] we can conclude that (5.3)) holds.

By Theorem deg ¢ and m are both bounded by the same constant =, which
only depends on A. Finally, the integer n determined in Corollary [5.4.2] depends on the
primes of K for which A’ has bad reduction. By [ST68], Corollary 2], these are precisely
the primes of bad reduction of A. O

Iv|deg(p) - # (5.6)

Corollary 5.6.2. We have

v <E(dneZ)% and fn | E (dng=")?9
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where ng is an effective constant such that ng - H*(Im (747 o0 ), A’ (K )tors) = 0 and = is
as in Remark and Z' = eV ) where 1) is the second Chebyshev function (namely,
=/ is the least common multiple of all integers less then or equal to =).

Proof. The integer ng exists by Corollary[5.4.2]and we may easily conclude. O

Remark 5.6.3. In Theorem [5.6.1| we may remove the assumption that A has complex
multiplication over K, provided that we have an effective bound for n. Indeed, we have
not assumed complex multiplication to effectively bound deg ¢, d and m.

5.7 Analogues of Schinzel’s theorem on radical extensions for
division fields

Schinzel’s theorem on radical extensions [Sch77, Theorem 2] (see also [LenQ7]]) gives a
characterization of the abelian radical extensions of a field. For number fields, it states:

Theorem 5.7.1 (Schinzel). Let K be a number field and let n be a positive integer. For
an element a € K, the Galois group of the splitting field of " — a over K is abelian
if and only if there exists an element b € K such that a® = b", where w is the largest
divisor of n such that K contains the w-th roots of unity.

Let A be an abelian variety over a number field K. In this setting, the role of an
element a € K in Schinzel’s theorem is played by a point P € A(K), and similarly the
Galois group of the splitting field of ™ — a over K corresponds to the Galois group of
the extension K (%P) /K. Moreover, the group of torsion elements of order n over K
is cyclic group p,, of roots of unity in the setting of Schinzel’s theorem and the group
Aln] = (Z/NZ)? in our setting.

A first obstacle to the generalization of Schinzel’s theorem to abelian varieties comes
from the fact that any cyclotomic extension K ({,,)/K is abelian, but the torsion extension
K (A[n])/K need not be, as its Galois group is a subgroup of GLg,(Z/nZ). Since the
group Gal(K (A[n])/K) is a quotient of Gal(K (1 P)/K), the latter group can be abelian
only when the former is. This leads to the following question, which we answer in Section

5.7
Question 5.7.2. When is K(A[n])/K abelian for all values of n?

A second problem arises from the fact that the torsion subgroup A[n] is not cyclic, as
the cyclicity of ji,, plays a vital role in the proof of Schinzel’s theorem. On top of this, if
A(K )tors 18 not cyclic, there is no clear integer w’ dividing n which plays the same role as
w in the statement of Schinzel’s theorem. Two candidates for w’ are the largest divisor of
n such that A[w'] C A(K) and the integer w’ = ged(exp(A(K )tors), 7). We investigate
the following question for both choices of w’, and we show in Section [5.7]that the answer
is negative in both cases:

Question 5.7.3. Fix a positive integer n and assume K (A[n])/K is abelian. Is it true
that K (X P)/K is abelian if and only if there exists Q € A(K) such that w'P = nQ?
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Finally, we consider the following question, to which we can only give a partial answer
in Section 3.7t

1
n

define a proper divisor v of n such that there exists Q) € A(K) withvP = nQ?

Question 5.7.4. Fix a positive integer n and assume K(=P)/K is abelian. Can we

Abelian torsion extensions

The aim of this section is to answer Question [5.7.2] by proving Theorem [5.0.4] We show
that an abelian variety A is such that K (A[n]) is an abelian extension of K for every n if
and only if A is K-isogenous to a product of simple abelian varieties with CM over K.
Notice that thea similar result over K was already proven in [LLZ23, Lemma 8.2].

Proof of Theorem[5.0.4] The abelian variety A is K-isogenous to A’ := Ay x --- x A,
where each A; is K-simple. We clearly have that K (A'[n]) = K(Ai[n],...,Aq[n]).
By the argument in the proof of Lemma there exist integers d,d’ > 1 such that
K(A'ln]) € K(A[nd]) and K(A[n]) C K(A'[nd]) forall n > 1. If K(A[nd])/K
is an abelian extension, we obtain that K (A’[n])/K is abelian, and the same holds for
K(A;[n])/K for all i. Similarly, if K (A;[nd’]) is abelian for all ¢, then K (A[n])/K is
abelian. Thus, it suffices to prove the statement in the case A is K -simple.

We first prove (i)=>(ii). Let g be the dimension of A and fix a prime ¢. By taking
the limit in n, since K (A[¢"])/K is abelian, the image Gy of T4 ¢ is an abelian sub-
group of GL(T;(A)) = GLa,y(Z¢) C GL24(Qy). A well-known theorem of Faltings (see
[M1l08l Chapter IV, Theorem 2.5]) gives

Endg,. (Vi(A)) = Endg, . (Q}Y) = Endx (A) ®z Q. (5.7)

By assumption, A is K-simple, so End g (A) is an integral domain. By [Mil20bl Propos-
ition 3.6], to prove that A has CM over K we aim to show that Endx (4) ® Q contains
a number field of degree 2g over Q (equivalently, it contains an étale (Q-algebra of de-
gree 2g over Q). By integrality of the free Z-module End g (A), it suffices to show that
Endg (A) ®z Q contains a commutative semisimple Q-subalgebra of rank 2g.

Let Gy be the Zariski closure of Gy. Since Gy~ is abelian, the identity component
g?oo is an abelian affine reductive (by Faltings’ results [Fal83||) algebraic group, hence a
torus. In particular, all of its irreducible representations over Q,, which is algebraically
closed of characteristic 0, are 1-dimensional. The same is true for Gy itself since this is
a commutative group of multiplicative type [Mill7, Theorem 12.30]. It follows that, as a
representation of Gy, the Q,-vector space Ty @ Q =2 @Qg decomposes as @ W7,
where each W; is 1-dimensional, Zz m; = 2g, and W;, W; are non-isomorphic for ¢ # j.

Using we obtain that End i (A) ®7 Qy is isomorphic to

End, (@) = @ Endg,. (WE™) = @D Matu,xm, (Q), (5.8)

where the last equality follows from Schur’s lemma on irreducible representations.
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Let D = Endg (A) ® Q and let F be its center. Since A is K-simple, D is a central
simple algebra over F. Let e = [F : Q] and m? = [D : F]. As we are working in
characteristic zero, we have em? | 2¢ (see [Mum70, §21, Theorem 2]). Moreover, the
theory of central simple algebras shows that

D ®g Qr = (Matyxm(Qr))°

Comparing this with (3-8), we obtain that em = >, m; = 2g and hence, since em? | 2g,
we must have m = 1. We conclude that End x (A) ® Q contains a field of degree 2g over
Q.

Now we prove (ii)=-(i). It suffices to treat the case when n is the power of a prime
number ¢, and clearly it suffices to show that the extension K (A[¢*°])/K is abelian, or
equivalently that Im(7y~) is abelian. This is a well-known property of (simple) CM
abelian varieties, see for example [ST68, Corollary 2 to Theorem 5]. O

Abelian Kummer extensions

Fix a positive integer n. Let L, = K(A[n]) and suppose Gal(L,,/K) is abelian. Let
L, = K(:P)and G, = Gal(L,,/K). In general, as discussed in Sectionand with the
same notation, an element o € (&, can be represented as a matrix:

M, = B, |ts | e M 2g41)x (2g+1)(Z/nZ).
0 1

It is easy to check that, in general, two elements o, 7 in G,, commute if and only if
(B, — Id)t, = (B, — 1d)t,.

We begin by answering Question choosing first w’ as the largest divisor of n
such that A{w’] C A(K), and then w’ = ged(exp(A(K )tors, 7))

Let w’ be the largest divisor of n such that A[w'] C A(K). If there exists a point
Q € A(K) such that n@Q = w'P, then G,, is abelian, since K (1 P) is the compositum of
the two fields K (A[n]) and K (-5, Q), which are both abelian extensions of K. To see that
the latter of these extensions is abelian, notice that, since A{w’] C A(K), the extension
K(-1Q) is generated by the coordinates of any single point R € A(K) with w'R = Q.

However, the following example shows that the converse does not hold: if G, is
abelian, there need not exist a point Q € A(K) such that nQ = w'P.

Example 5.7.5. Consider the elliptic curve E : y? = 23 + 1 over the field K = Q(y/—3)
whose torsion subgroup is E(K )iors = Z/27 x 7./67Z. We have w’ = 2. Let P be a
torsion point of order 6 and let n = 3. The extension K (3P)/K is abelian, but there
exists no point @) € E(K) such that 3¢Q) = 2P, as ) would need to be a K -rational point
of order 9.
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Let w’ be the greatest common divisor of 7 and exp(A(K )tors). In this case neither of
the two implications in Schinzel’s theorem holds (see Examples and[5.7.10)), but we
have the following result if n = p is prime.

Lemma 5.7.6. Let p be a prime number and suppose that K(A[p])/K is an abelian
extension with group H,,. The exponent of A(K )iors annihilates H'(H,, A[p)).

Proof. Let H1/7 be the maximal subgroup of H,, of order prime to p. Since [, is abelian,
this is the direct product of the ¢-Sylow subgroups of H), for ¢ # p. In particular, the
order of H,,/ HIQ is a power of p. Consider the inflation-restriction sequence with respect
to the normal subgroup HIQ of H,:

0 H'(H,/H,, Alp]"») — H'(H,, Alp]) — H'(H,, Alp)"/"".

Since (|H,|, |A[p]|) = 1, the cohomology group H'(H},, A[p]) is trivial. We now distin-
guish two cases:

1. If p | #A(K)tors, the exponent of A(K )iors is a multiple of p, and therefore it
annihilates H'(H,, A[p)), as it annihilates A[p).

2. Ifpt #A(K)tors, then it suffices to prove that H* (Hp/H,, Alp] HIIJ) is trivial. More
precisely, we show that A[p]™» is trivial. If not, A[p]
space over IF,,. It is well-known that a p-group acting on a non-trivial vector space
over [F,, has non-zero fixed points. Applying this fact to the p-Sylow subgroup of
H,/H,, (which is the image in H,,/ H}, of the p-Sylow subgroup of H,,) yields that
Alp]f» = A(K)[p] is nontrivial, contradiction.

» would be a non-zero vector

O

Corollary 5.7.7. Let p be a prime. IfK(%P)/K is abelian and A(K)[p] = {0}, then we
have P = pQ for some K -rational point Q.

Proof. Let H, be the Galois group of the extension K (A[p])/K and let G, be the Galois
group of K (%P) /K. Consider the following inflation-restriction sequence:

0— Hl(Gp/Hp,A[p]Hp) N HI(GWA[[?]) N Hl(Hp’A[p])Gp/Hp.

The cohomology group on the left is trivial, as A[p]f» = A(K)[p] = {0}, making
the map on the right injective. The integer exp(A(K )tors) kills H'(H,, A[p])&»/H» by
Lemma hence exp(A(K )tors) also annihilates H' (G, A[p]). Using the following
injective map coming from the exact sequence in [LT22, Lemma 4.3] when n = p:

A(K) NpA(K (;P))

pA(K) ;)Hl(GimALp]L

we conclude that there exists a K -rational point ) such that P = pQ). O
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Remark 5.7.8. An analogue of Lemma does not hold for composite integers. In-
deed, consider the subgroup H of GLy(Z/47) generated by the matrices

563

One easily checks that the invariants of H acting on (Z/47)? are given by (Z/27)?, while
H' (H,(Z/AZ)?) has exponent 4. With MAGMA, we found the following example,
where H is the Galois group of K (E[4])/K for the elliptic curve E over K, K(}P)/K
is abelian, but w’ P is not 4 times a K -rational point, where w’ = gcd(4, exp(E (K )iors)-

Example 5.7.9. Consider the elliptic curve E : 2 = 23 + 222 — 8z and P = (4, 8) over
the field K = Q(4). One can check that E(K )iors = (Z/27)* and that K (3 P, E[4])/K
is abelian, with Galois group (Z/27)? x 7Z/47. We have w' := gcd (4, exp E(K )tors) =
2, but w' P = 4(Q) does not have solutions in E(K).

Example 5.7.10. Consider n = 2 and the abelian variety A = E; X Fs over QQ, where
Ey : y? +y = 23 — z has trivial torsion over Q and E» : % 4+ 2y = 23 — z has torsion
Z/2Z over Q. Notice that w’ := gecd(2, exp A(Q)tors) = 2. Clearly, Q(E[2])/Q is not
abelian as Q(E1[2])/Q =2 Ss. For any point P € A(Q), we have that w' P = nQ for
Q = P,but Q(3 P, A[2])/Q is not abelian.

We now address Question[5.7.4] Let G,, be abelian, and consider the injective homo-
morphism coming from the exact sequence in [LT22, Lemma 4.3]:

a: W — HY(G,, An]) (5.9)
P (o ty).

The group ring Z[G,,] acts on A(L/,) by extending the Galois action, and therefore it also
acts on H(G,,, A[n]). We call H the kernel of the action of Z[G},] on H'(G,,, A[n]),
which — by Sah’s lemma (see [BRO3, Lemma A.2]) and since GG, is abelian — contains
the elements (o — 1) for o € Gp,. If a = 3_ ngyg is an element of Z[G,,], we denote its
trace by [la]| = 3, ng. We define v to be the positive integer such that the ideal vZ is
generated by the integers ||h|| for h € H. Notice that n - 1 € H, therefore v | n. The
following Proposition gives a partial answer to Question[5.7.4} even if v divides n, we are
not excluding that v may be n itself.

Proposition 5.7.11. If G,, is abelian and v is as above, then there exists Q) € A(K) such
that vP = nQ.

Proof. Since G, is abelian, the map « in (3.9) is Z[G,,]-equivariant. Indeed, we have
a(oT)(p) = plot) — ot = o(pl) — ot = 7 (aT)(p))

forall o,p € Gy, and for all T € (A(K) NnA(L}))/nA(K), with ¢ such that nt = T.
Fix h € H. We have
a(hP) =ha(P)=0
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by definition of H. Since P belongs to A(K), the Galois group G,, acts trivially on it, and
therefore hP = ||h||P. As « is injective, this implies that ||h||P € nA(K), concluding
the proof. O
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