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Abstract

Modern satellite missions increasingly rely on formations of smaller, cost-effective satellites

working in coordination to achieve objectives traditionally handled by a single, complex space-

craft. This paradigm shift, driven by advancements in technology and the demand for robust

and flexible systems, has underscored the need for innovative solutions to guidance, navigation,

and control challenges specific to satellite formations. This thesis develops a comprehensive

toolbox tailored to the Triton-X micro-satellite platform, enabling autonomous formation flying

in low Earth orbit while addressing navigation and control challenges associated with under-

actuated propulsion systems and limited navigation capabilities.

In the navigation domain, this research focuses on the problem of relative navigation for

widely separated satellites equipped with single-frequency global navigation satellite system re-

ceivers. An extended Kalman filter algorithm is developed, incorporating a bi-linear iono-

spheric model to mitigate ionospheric errors that can significantly degrade measurement accu-

racy over large inter-satellite distances. Additionally, a carefully selected set of state variables

and observables optimizes the filter’s performance for the considered problem.

For the guidance layer, the satellite formation reconfiguration problem is formulated as a

series of convex optimization problems, including quadratic programming, second-order cone

programming, and linear programming formulations. These formulations balance fuel effi-

ciency and computational feasibility while maintaining the same constraints. The minimum
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thrust constraint, stemming from the hardware limitations is approximated by an affine relax-

ation, for which an acceleration pruning algorithm is developed to enhance the problem’s fea-

sibility. Furthermore, centralized guidance strategies are extended to distributed frameworks,

addressing scalability issues for large satellite formations by achieving linear computational

growth as the number of satellites increases.

The control strategies introduced in this thesis integrate the most efficient guidance so-

lutions into two model predictive control frameworks: the shrinking-horizon model predictive

control and the fixed-horizon model predictive control. These strategies enable closed-loop real-

time operation, ensuring continuous adjustments to control inputs based on sensor feedback.

The fixed-horizon strategy offers computational stability and simplicity, while the shrinking-

horizon strategy excels in adapting to disturbance-rich environments.

Finally, the toolbox is extended to include absolute orbit maintenance capabilities using

time-optimal maneuvers using formation flying techniques. A nonlinear programming-based

model predictive control framework addresses the coupled dynamics of attitude and orbital con-

trol, enabling efficient maneuvering with thrust applied during attitude slews.

This work provides a robust and versatile guidance, navigation, and control solution for

underactuated satellite formations, enabling autonomous, fuel-optimal operations for future

missions in low Earth orbit.
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Pas de patience, pas de science.

—Jean-Pierre Jarroux
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Chapter 1
Introduction

The emergence of the new space era has brought significant changes to satellite mission de-

sign, favoring smaller, more versatile, and economically viable satellites. Unlike traditional

missions that centered around a single, complex, and costly spacecraft, contemporary missions

now often deploy formations of lightweight, simpler, and more affordable satellites operating

in tandem. This coordinated approach offers multiple benefits, including wider coverage areas,

more frequent data collection, and enhanced system redundancy [1]. Together, these advan-

tages make satellite formation flying a critical strategy in modern missions, supporting robust

applications in Earth observation, environmental monitoring, and communication services [2,

3].

Satellites flying together to achieve a single mission objective are often referred to as

a “formation” or a “constellation”. The two terms are sometimes used interchangeably, yet

they represent distinct concepts with different operational requirements, leading to potential

misunderstandings. A formation refers to a tightly controlled set of satellites maintaining

precise relative positions with respect to one another to function as a coordinated system.

Formations are often utilized for missions where spatial geometry is crucial, such as multi-

static Synthetic Aperture Radar (SAR) imaging or scientific observations, where satellites

need to sustain fixed distances relative to each other. A constellation, by contrast, describes
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a group of satellites strategically distributed across various orbital planes to achieve extensive

coverage, usually on a global or near-global scale. Each satellite in a constellation operates

independently rather than maintaining close proximity to others. Constellations are common

in communications and navigation systems, such as the Starlink and the Global Positioning

System (GPS) constellations, where satellites in complementary orbits cover different areas

to ensure seamless service availability without requiring the real-time precise coordination

needed in formations.

A fundamental technology enabling satellite formations is the Guidance, Navigation, and

Control (GNC) system. The GNC system serves as the backbone for coordinating multiple

satellites, whether they operate in close proximity or are widely separated. It is responsible for

reconfiguring the formation and maintaining the designated positions of individual satellites

within the formation through constant feedback on the formation states such as the absolute

and relative positions and velocities of satellites.

Effective formation flying relies heavily on accurate relative navigation, serving as an es-

sential feedback element in the closed control loop. Satellites in Low Earth Orbit (LEO)

often depend on Global Navigation Satellite System (GNSS) signals to obtain real-time po-

sitioning and velocity data. For single-satellite missions, absolute positioning, estimating the

satellite’s position relative to Earth’s center, is sufficient. However, in multi-satellite mis-

sions, relative positioning becomes essential to facilitate the precise coordination needed for

formation flying. For formations with medium-large inter-satellite distances, GNSS receivers

are ideal, providing high accuracy and reliability in relative position estimation [4, 5]. This

makes GNSS-based systems preferable to vision-based sensors, such as cameras or LiDAR,

which may not function effectively over large baselines. GNSS-based Extended Kalman Filter

(EKF) have demonstrated millimeter-level accuracy for formations with inter-satellite dis-

tances ranging from 1 − 10 km, making them highly effective for close formations. When

dual-frequency receivers are used to correct for ionospheric delays, GNSS-based solutions can

also be effective for wider-spaced formations, ensuring the accuracy needed for complex multi-

satellite maneuvers.
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Another vital element is the guidance system, which calculates the optimal trajectory for

each satellite, ensuring they reach and maintain their target configurations within mission

constraints. This involves trajectory planning to account for various factors, such as fuel effi-

ciency, collision avoidance, and the impact of external forces like gravitational perturbations

and atmospheric drag. Once the guidance system determines the trajectories, the control

system implements them, using the propulsion subsystem to maintain accurate positioning

within the formation. This process involves managing thrust levels to conduct precise maneu-

vers, especially during formation reconfigurations where satellites must change their relative

positions.

This research is conducted as part of the AuFoSat project, a collaborative effort between

the University of Luxembourg and LuxSpace, aiming to develop an autonomous GNC tool-

box to enable formation flying missions, particularly those using LuxSpace’s Triton-X plat-

form. The project’s primary goal is to create a comprehensive GNC library that supports

all aspects of formation flying, including state estimation, trajectory planning, and control

for autonomous operation. The AuFoSat project is funded by the Luxembourg National

Research Fund (FNR) under the umbrella of the BRIDGES program with grant reference

BRIDGES/19/MS/14302465.

1.1 Triton-X

The Triton-X platform, developed by LuxSpace, is a multi-mission microsatellite designed

for a variety of applications in LEO, including communication, Earth observation, scientific

research, and space situational awareness. Triton-X features a modular design that allows

users to tailor the satellite to specific mission requirements, accommodating different pay-

loads, mission lifetimes, and operational needs. This flexibility supports both commercial and

scientific missions, making Triton-X a versatile option for diverse mission types.
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The Triton-X product line includes three variants: Light, Medium, and Heavy, as detailed

in Table 1.1. For the purposes of this research, the Triton-X Heavy model is used and will be

referred to simply as Triton-X.

Table 1.1: Specifications of Triton-X platform variants

Light Medium Heavy
Payload mass Up to 15 kg Up to 45 kg Up to 90 kg
Payload size Up to 12 U 13 - 50 U 50 - 280 U
Spacecraft mass 40 - 65 kg 75 - 135 kg 130 - 250 kg

Source: Specifications from https://luxspace.lu/smallsats/, accessed on 12/11/2024.

A notable feature of Triton-X is its electric propulsion system, which extends mission

lifetimes and supports advanced orbit maneuvers. Electric propulsion enables not only precise

positioning but also orbit maintenance and reconfiguration for formation flying missions. By

implementing responsible deorbiting strategies, Triton-X also aligns with sustainable space

practices, supporting a cleaner orbital environment and reducing the risk of space debris.

1.2 Aims and scope of the thesis

The primary aim of this thesis is to develop a GNC toolbox tailored for formations of Triton-X

or similar micro satellite platforms. While Triton-X provides significant potential for LEO

missions, certain design features present specific challenges for formation flying, particularly

in navigation and control.

A key limitation of Triton-X in terms of navigation is its reliance on a single-frequency

GNSS receiver, without supplemental visual sensors like cameras or LiDAR. While single-

frequency GNSS receivers are adequate for closely spaced formations [6], they present chal-

lenges for formations with larger inter-satellite distances, where ionospheric and environmental

biases introduce significant measurement errors. This research addresses these limitations by

developing filtering and estimation techniques designed to mitigate ionospheric errors, im-
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proving the accuracy of relative navigation for formations with inter-satellite distances in the

range of tens or hundreds of kilometers. The development of relative navigation filters for

satellites flying in close formations is beyond the scope of this thesis, as it has been extensively

studied in the literature [4, 7, 8].

Beyond navigation, the Triton-X platform presents unique guidance and control challenges

due to its propulsion configuration: a single, un-gimbaled electric thruster. This underactu-

ated setup requires an attitude maneuver before each thrust activation to direct the nozzle

along the desired thrust direction. While efficient, this configuration complicates formation

control, as each thrust arc must be meticulously managed to ensure alignment with formation

requirements. Traditional guidance methods are not well-suited to such underactuated sys-

tems, especially when specific operational constraints must be respected. These constraints

include:

• Thrust limits and operational windows, ensuring propulsion is applied only when suit-

able conditions are met;

• Collision avoidance within the formation, critical for safe reconfiguration maneuvers;

• Timing for attitude adjustments, as each realignment of the nozzle must be completed

before subsequent thrust activations.

This thesis focuses on developing guidance and control strategies for Triton-X and similar

platforms, aiming to achieve Delta-V optimality while integrating all necessary operational

constraints. The resulting GNC toolbox is designed to enable precise, autonomous formation

flying, supporting both current and future missions in LEO. Note that in the subsequent

chapters, the terms fuel-optimal and Delta-V-optimal are used interchangeably since they do

refer to the same thing for satellites which are equipped with a single thruster nozzle [9].
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1.3 Thesis outline

The thesis is organized into two parts, each containing a series of chapters. The first part

provides the foundational background necessary to understand the challenges addressed in

the thesis, while the second part delves into the proposed solutions and contributions to these

challenges.

The first part begins with an introductory chapter that outlines the primary domain of

the thesis, offering context and motivation for the research conducted. Following the intro-

duction, Chapter 2 presents the mathematical models that underpin the development of the

GNC algorithms discussed in the second part. The first part concludes with these two chap-

ters. It is worth noting that starting from the second part, each chapter includes a brief

literature review relevant to the problem it addresses, which provides context for the specific

contributions in that chapter.

The second part opens with Chapter 3, where a classical EKF algorithm is proposed to ad-

dress GNSS-based relative navigation between two widely separated cooperative spacecraft,

each equipped with only a single-frequency GNSS receiver. The primary challenge in this

problem lies in resolving the ionospheric delay that affects the GNSS signals received by the

spacecraft. Unlike traditional approaches, this chapter introduces a more precise ionospheric

delay model that has not been previously applied to baseline vector estimation. Additionally,

this chapter proposes a carefully chosen set of state variables and observables tailored to op-

timize filter performance for the problem considered. Validation of the proposed navigation

filter is conducted using real sensor data from the European Space Agency’s Swarm mission,

collected during two distinct solar cycles representing favorable and unfavorable atmospheric

conditions. Results indicate that, due to the adoption of the refined ionospheric model, the

filter’s performance remains consistent across different atmospheric conditions.

Chapter 4 addresses the optimization of relative trajectories for reconfiguring a satellite
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formation consisting of an arbitrary number of satellites, initially using a centralized approach.

At the beginning of the chapter, the guidance problem is formulated as a non-convex trajec-

tory optimization, which is subsequently convexified and refined through various modifications

aimed at minimizing both total Delta-V and solution time. Four distinct convex formulations

are introduced and benchmarked across four different reconfiguration scenarios using 15 of

the most common solvers to identify the most efficient formulation. These formulations share

the same set of constraints.

In the same chapter, and due to the inherent non-convexity of the minimum thrust con-

straint imposed by the hardware of Triton-X, this constraint is convexified and supplemented

by an acceleration pruning algorithm to facilitate solving the problem. Additionally, tech-

niques for softening constraints are proposed to mitigate the risk of infeasibility by allowing

small, controlled violations. These techniques are especially critical for enabling autonomy in

the overall guidance and control system, particularly when the guidance strategies are em-

ployed as a prediction function within an Model-Predictive Control (MPC) framework, where

avoiding infeasibility is crucial for repeated problem-solving.

While centralized guidance schemes typically offer better fuel efficiency than distributed

ones, they face scalability challenges as the number of satellites increases. To address this

limitation, the latter part of Chapter 4 adapts the guidance strategies for distributed systems,

which are more suitable for formations with larger numbers of satellites. Results show that,

unlike the centralized approach, where computation time grows exponentially with the num-

ber of satellites, the distributed solution exhibits linear scalability.

The guidance strategies developed in Chapter 4 function as open-loop control systems that

require sensor feedback and navigation algorithms to close the control loop. Chapter 5 intro-

duces control strategies specifically designed for Triton-X satellite formations. This chapter

incorporates the most efficient guidance strategy from Chapter 4 within two MPC schemes:

the Shrinking-Horizon MPC (SHMPC) and the Fixed-Horizon MPC (FHMPC). Performance
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evaluations demonstrate that these proposed guidance and control strategies outperform clas-

sical MPC methods from the literature, offering superior fuel efficiency and more precise final

formation configurations.

The final chapter, Chapter 6, extends the toolbox to include absolute/relative orbit main-

tenance capabilities using formation flying techniques. Unlike the previous chapters, which

prioritize Delta-V optimization, this chapter focuses on time-optimal maneuvers. The pro-

posed algorithm employs a Non-Linear Programming (NLP) optimization within an MPC

framework, integrating attitude dynamics with relative orbital dynamics. Benchmarking re-

sults show that the proposed scheme achieves significant improvements over a reference con-

troller from the literature, demonstrating enhanced performance for absolute orbit control.

1.4 Contributions to the state of the art

The contributions of each chapter to the state of the art are outlined at the beginning of their

respective chapters. For completeness, they are summarized here for the chapters included in

the second part of the thesis.

The main contributions of Chapter 3 are summarized as follows:

• A tailored set of GNSS observables is proposed for the problem of baseline vector estima-

tion for two widely separated spacecraft equipped with single-frequency GNSS receivers.

A detailed justification is provided for the relevance of each observable to the problem;

• A precise bi-linear ionospheric model is utilized in the context of GNSS-based relative

navigation to mitigate the effects of ionospheric delay, which is significant for largely

separated receivers;

• A specific set of state variables to be estimated by the EKF is selected based on the

synthesized set of measurements and the adopted ionospheric model;
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• The relative navigation scheme is validated using sensor data from the European Space

Agency (ESA) Swarm mission [10] in a simulated real-time setting.

Chapter 4 is a core chapter of this thesis and provides the most significant contributions

to the state of the art. These contributions are summarized as follows:

• Presentation of four different convex formulations of the formation reconfiguration guid-

ance problem, which vary in terms of fuel efficiency and computational complexity.

• Execution of a benchmark experiment across more than a dozen solvers, comparing the

performance of the four convex formulations;

• Development of guidelines for embedding the guidance algorithms in space-borne ap-

plications, specifically addressing typical reconfiguration challenges in remote sensing

missions;

• Introduction of the minimum thrust constraint using an affine convexification method,

along with a pruning algorithm to improve feasibility;

• Implementation of methods to soften hard-constrained problems, reducing the likelihood

of infeasibility during closed-loop control system operations;

• Exploration of the guidance problem as a distributed trajectory optimization problem

and the development of coordination algorithms to ensure collision safety throughout

the reconfiguration maneuver.

The primary contribution of Chapter 5 lies in the tailored implementation of the SHMPC

and FHMPC methods to address the specific challenges of multi-satellite formation reconfig-

uration, while the contributions of Chapter 6 are summarized as follows:

• Accounting for the coupled attitude and relative orbit control problem within the control

loop;

• Introducing a surrogate model for the attitude control system, which can be tuned to

emulate the behavior of various attitude control systems;
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• Proposing an MPC scheme for satellites with unidirectional propulsion systems, allowing

thrust to be applied during slew maneuvers.

The aforementioned contributions were distributed across five journal publications, which

form the foundation of this thesis. A graphical summary of these published works, illustrating

how the key contributions are distributed across the publications, is presented in Fig. 1.1.
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Chapter 2
Mathematical models

In this chapter, the foundational mathematical models for the design of a Guidance, Naviga-

tion, and Control (GNC) system for satellite formations are introduced. Initially, a definition

of the relevant reference frames is provided. This is followed by a brief description of the ab-

solute dynamics of a spacecraft, specifically in relation to a natural body, which in the context

of this thesis is the Earth. Subsequently, the development of the relative dynamics, which

describe the motion of one spacecraft relative to another, is presented. The relative dynamics

are formulated using the relative Cartesian state vector, as well as the quasi-non-singular

Relative Orbital Elements (ROE) parameterization.

2.1 Reference frames

2.1.1 Earth-Centered-Inertial frame

The Earth-Centered-Inertial (ECI) reference frame is defined by having its center at the

Earth’s center, with its x-axis along the mean equinox on 01/01/2000 at 12:00 Terrestrial

Time (TT), the z-axis is aligned to the mean north celestial pole at the same epoch, while

the y-axis completes the right-handed triad (see Fig. 2.1). The ECI frame defined here is

also referred to as the J2000, the J2K, or the EME2000 frame. The set which collates all the

vectors which are expressed in the inertial frame is denoted by Fi, where Fi ⊂ R3. A vector

13



expressed in the ECI frame is signified by the superscript i, e.g., vvvi ∈ Fi.

Ecliptic plane

Equatorial Plane

x

y

z

γ Meridian

Figure 2.1: ECI frame definition

2.1.2 Earth-Centered-Earth-Fixed frame

The Earth-Centered-Earth-Fixed (ECEF) frame is also Earth-centered, however, it is not an

inertial frame. It has its x-axis pointing to the Greenwich meridian, z-axis directed along the

mean rotational axis of the Earth, and y-axis completing the right-handed system (refer to

Fig. 2.2). The set Ff ⊂ R3 is that of all vectors which are expressed in the ECEF frame.

A superscript f on top of a vector indicates that it is expressed in the ECEF frame, e.g.,

vvvf ∈ Ff .

2.1.3 Satellite-body-fixed frame

The body-fixed reference frame is a local reference frame to the spacecraft in question with the

origin at the satellite’s center of mass. One common choice of the directions of the three axes

is along the three principal axes of inertia of the satellite. The body-fixed frame of Triton-X

is depicted in Fig. 2.3, where the truster nozzle extends along its z-direction. The set of

all vectors that are expressed in the body-fixed frame of a satellite is denoted by Fb, where

Fb ⊂ R3. A vector expressed in the body-fixed frame of a satellite will have the superscript

b, e.g., vvvb ∈ Fb.
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Equatorial Plane

Meridian

x

y

z

Figure 2.2: ECEF frame definition

2.1.4 Radial-Transversal-Normal frame

The purpose of the Radial-Transversal-Normal (RTN) frame is to describe the motion of one

spacecraft with respect to a reference one. The RTN frame is centered at the mass center of

the chief satellite (also referred to as the reference satellite or the formation center), which

can be either a real central satellite or a virtual point orbiting the Earth. The x-axis of the

RTN frame is defined to be along the position vector of the chief satellite, pointing away

from the Earth, the z-axis is directed along the chief’s orbital angular momentum vector, and

the y-axis completes the right-handed set (see Fig. 2.4). Similar to the previously defined

reference frames, the set which collates all the vectors expressed in the RTN frame is referred

to as Fr, where Fr ⊂ R3. In the following discussions, a vector expressed in the RTN frame

is signified by the r superscript, e.g., vvvr ∈ Fr.

2.2 Absolute orbital dynamics

In this section, the orbital motion of an artificial object around the Earth is mathematically

formulated as a Two-Body Problem (TBP). Two different parameterization sets are used

to describe the motion of the satellite in orbit, the Cartesian state vector and the orbital
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Figure 2.3: Body-fixed frame definition for Triton-X

Satellite image credits: European Space Agency (ESA)

elements. Concretely, the Cartesian elements are collated in a vector, xxx(·), such that,

xxx(·) =

rrr(·)
vvv(·)

 (2.1)

where rrr(·) ∈ F(·) is the instantaneous position vector of the satellite, vvv(·) ∈ F(·) is the instan-

taneous velocity vector as seen by an observer standing on frame (·), where the vectors are

expressed on the same frame, with (·) being a placeholder for the frame on which the states

are expressed, which can be one of the frame defined in Section 2.1.

The following set of orbital elements can be used to describe the orbital motion of a

satellite, which is under the gravitational influence of a large celestial body such as the Earth,

in a planet centered reference frame. In contrast to the Cartesian states, the orbital elements

are always described in this thesis with respect to the ECI frame, and are formally introduced

as,

ααα =
[
a θ ex ey i Ω

]⊺
, (2.2)

where a is the semi-major axis, θ = M + ω is the mean Argument of Latitude (AoL),

with M being the mean anomaly and ω being the Argument of Periapsis (AoP). Moreover,
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Figure 2.4: RTN frame definition

eee =
[
ex ey

]⊺
=
[
e cosω e sinω

]⊺
is the eccentricity vector with e being the eccentricity of

the orbit, i is the orbital inclination, and Ω is the Right Ascension of the Ascending Node

(RAAN). There exist nonlinear mappings which transform from a Cartesian state vector (ex-

pressed in the ECI frame) into an orbital elements vector and vice versa [16]. When the

proper mapping is applied to the Cartesian state vector of the satellite at a certain epoch, the

instantaneous osculating orbital elements are produced, which, in the discussions to follow,

are denoted by α̃αα. Conversely, the mean orbital elements, denoted in the rest of the thesis by

ααα, are the one-orbit averaged elements, where the short- and long-term oscillations generated

by the J2 harmonic of the Earth gravitational potential are removed. The transformations in

[17] are utilized to perform the mean/osculating elements mapping.

2.2.1 Dynamics of the Cartesian state vector

This section introduces the equations which describes the evolution of the Cartesian state

vector as seen by observers attached to the ECI, to the ECEF, and to the RTN frames.
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ECI frame

The dynamics of a satellite that moves under the gravity field of the Earth can be formulated

as a TBP [16] such that,

r̈rri = −µ⊕
r3
rrri + uuui + uuuiJ2 +wwwivvv, (2.3)

where rrri is the position vector of the satellite in the ECI frame, r =
∥∥rrri∥∥

2
is the magnitude

of position vector, µ⊕ is the Earth’s standard gravitational parameter, uuui is the known con-

trol acceleration vector, uuuiJ2 is the J2 perturbing acceleration vector, and wwwivvv collates all the

unmodeled perturbing accelerations.

Following the definition of the Cartesian elements in the Eq. (2.1), Eq. (2.3) can be easily

transformed to,

ẋxxi =

 vvvi

−µ⊕
r3
rrri + uuui + uuuiJ2 +wwwivvv

 , (2.4)

where, again, vvvi is the velocity vector of the satellite expressed in, and as seen by an observer

attached to, the ECI frame.

According to [18], the perturbing acceleration vector resulting from the effect of the J2

zonal harmonic can be modelled for a satellite with a position vector rrri =
[
xi yi zi

]⊺
as,

uuuiJ2 = −
3µ⊕J2R

2
⊕

2r7︸ ︷︷ ︸
ψ


r2 − 5zi

2
0 0

0 r2 − 5zi
2

0

0 0 3r2 − 5zi
2


︸ ︷︷ ︸

M


xi

yi

zi

 , (2.5)

where J2 is the coefficient of the second zonal harmonic, and R⊕ is the equatorial radius of

the Earth.
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ECEF frame

The acceleration vector of the satellite as seen by an observer attached to the ECEF frame

can be formulated using the transport theorem [19] in conjunction with Eq. (2.3) as,

r̈rrf = −µ⊕
r3
rrrf −ωωωf⊕ × vvvf −ωωω

f
⊕ ×ωωω

f
⊕ × rrrf + uuuf + uuufJ2 +wwwfvvv , (2.6)

which, in turn, can be rewritten as,

ẋxxf =

 vvvf

−µ⊕
r3
rrrf − 2ωωωf⊕ × vvvf −ωωω

f
⊕ ×ωωω

f
⊕ × rrrf + uuuf + uuufJ2 +wwwfvvv

 , (2.7)

where rrrf is the position vector of the satellite, r is its magnitude, ωωωf⊕ is the angular velocity

vector of the ECEF frame with respect to the ECI frame, uuuf is the known input accelera-

tion vector, uuufJ2 is the J2 perturbing acceleration vector, and wwwfvvv collates all the unmodeled

disturbance accelerations, all expressed in the ECEF frame. It is to be emphasized that vvvf

is the velocity vector as seen by an observer fixed to the ECEF frame, and unlike the other

vectors in (2.7), cannot be simply obtained by rotating vvvi to Ff . It rather can be obtained

by applying the transport theorem as,

vvvf = Afivvvi −ωωωf⊕ × rrrf . (2.8)

A simplified version of Eq. (2.6) can be obtained by ignoring the Earth’s axial precession

and approximating the rotation of the ECEF frame to be only around the z-axis with respect

to the ECI frame, i.e., ωωωf⊕ ≈ ωωωi⊕ ≈
[
0 0 ω⊕

]⊺
, with ω⊕ ≈ 7.292115 · 10−5 rad/sec being the

Earth’s spinning speed. Using this approximation, the Direction Cosine Matrix (DCM) that

transforms a vector from the ECI frame to the ECEF frame, Afi = Aif ⊺ can be written as,

Afi ≈


cos (θ⊕) sin (θ⊕) 0

− sin (θ⊕) cos (θ⊕) 0

0 0 1

 , (2.9)
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where θ⊕ is the Earth Rotation Angle (ERA).

Using (2.5) in conjunction with (2.9), and emphasizing that zi ≈ zf , with rrrf =
[
xf yf zf

]⊺
being the position vector of the satellite in the ECEF frame, the J2 perturbing acceleration

vector in the ECEF frame can be written as,

uuufJ2 ≈ −ψA
fiMAfi⊺rrrf . (2.10)

Due to the structure of Afi and M, the term AfiMAfi⊺ reduces to M, which results in,

uuufJ2 ≈ −ψMrrrf = −
3µ⊕J2R

2
⊕

2r7


r2 − 5zf

2
0 0

0 r2 − 5zf
2

0

0 0 3r2 − 5zf
2



xf

yf

zf

 . (2.11)

RTN frame

For an observer attached to the RTN frame, and utilising the transport theorem [19], the

acceleration vector of the satellite appears as,

r̈rrr = −µ⊕
r3
rrrr −ωωωrr × vvvr −ωωωrr ×ωωωrr × rrrr + uuur + uuurJ2 +wwwrvvv, (2.12)

which, in turn, can be rewritten as,

ẋxxr =

 vvvr

−µ⊕
r3
rrrr − 2ωωωrr × vvvr −ωωωrr ×ωωωrr × rrrr + uuur + uuurJ2 +wwwrvvv

 , (2.13)

where r = ∥rrrr∥2 and ωωωrr =
[
0 0 ν̇c

]⊺
is the angular velocity vector of the RTN frame with

respect to the ECI frame, expressed in the RTN frame. Moreover, νc is the instantaneous

true anomaly of the chief spacecraft, and ν̇c is its instantaneous rate of change, which can be

calculated [20] as,

ν̇c =
hc
r2c
, (2.14)
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where hc =
∥∥hhhic∥∥2 is the magnitude of the specific angular momentum vector of the chief’s

orbit, and rc is the magnitude of the position vector of the chief. The specific angular mo-

mentum vector of the chief can be obtained through,

hhhic = rrric × vvvic. (2.15)

with rrric and vvvic being the position and velocity vectors of the chief, expressed, and as seen by

an observer, in the ECI frame.

It is important to emphasize that ẋxxr and vvvr in Eq. (2.13) are the change rate of the

relative Cartesian elements vector and the relative velocity vector, respectively, as seen by an

observer attached to the RTN frame, and expressed in the same frame. All the other vectors

in Eq. (2.13), i.e., rrrr, ωωωrr, uuur, uuurJ2 , and wwwrvvv, can be thought of as rotated versions of their Fi

counterparts, e.g.,

rrrr = Arirrri, (2.16)

where Ari = Air⊺ is the DCM that transforms a vector from Fi to Fr. The DCM, Ari, is

defined as,

Ari =
[
r̂rric ĥhh

i

c × r̂rric ĥhh
i

c

]⊺
, (2.17)

with r̂rric being the unit vector in the direction of the position vector of the chief, and ĥhh
i

c being

the unit vector in the direction of the orbital angular momentum vector.

2.2.2 Dynamics of the mean orbital elements

In this section, the dynamics of the mean orbital elements are introduced. These mean or-

bital elements can be transformed into their osculating counterparts at any given epoch using

the transformation in [17]. An inverse transformation, i.e., from osculating to mean orbital

elements, is also discussed in [17].

The unperturbed variational equations for the mean orbital elements of a satellite flying
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under the gravitational field of the Earth, can be written [21] as,

α̇αα =
[
0 n 0 0 0 0

]⊺
, (2.18)

where n =

√
µ⊕
a3

is the mean motion of the satellite.

While it does not affect the semi-major axis, the inclination, or the eccentricity of the

orbit, the second zonal harmonic, J2, introduces a secular drift on the mean RAAN (nodal

precession), the mean AoL (apsidal precession), and on the mean mean anomaly, such that

the dynamics of the classical mean Keplerian elements including the effect J2 could be written

[22] as,

ȧ = 0

ė = 0

i̇ = 0

Ω̇ = −3nγ cos (i) ,

ω̇ =
3

2
nγ
(
5 cos2 (i)− 1

)
,

Ṁ = n+
3

2
nγη

(
3 cos2 (i)− 1

)
,

(2.19)

where,

γ =
1

2
J2

(
R⊕
p

)2

, (2.20)

where p = aη2 is the semi-latus rectum of the elliptic orbit, and η =
√
1− e2 is the eccentricity

factor.

The dynamics of the orbital elements vector can be deduced by taking the time derivative
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of both sides of Eq. (2.2) while leveraging Eq. (2.19),

α̇αα =



ȧ

θ̇

ėx

ėy

i̇

Ω̇


=



ȧ

Ṁ + ω̇

−ω̇ey

ω̇ex

i̇

Ω̇


=



0

n+ 3
2nγη

(
3 cos2 (i)− 1

)
+ 3

2nγ
(
5 cos2 (i)− 1

)
−3

2nγ
(
5 cos2 (i)− 1

)
ey

3
2nγ

(
5 cos2 (i)− 1

)
ex

0

−3nγ cos (i)


. (2.21)

2.3 Relative orbital dynamics

In this section, the relative motion of one artificial object with respect to a reference point

orbiting the Earth is presented. The reference orbit can indeed be a real central satellite,

or a virtual point of certain significance (e.g., the formation center). The relative dynamics

can be either formulated using the Cartesian elements (in the ECI, the ECEF, or the RTN

frame) or using the quasi-non-singular Relative Orbital Elements (ROE) vector, which is a

nonlinear mapping of the orbital elements vector. Both formulations are presented in this

section. In the rest of the thesis, and since the context is of multi-satellites, any quantity

with the subscript (·)c signifies a quantity that relates to the chief satellite/virtual satellite,

while the subscript (·)i relates to the ith deputy quantities. The subscript becomes simply

(·)d if only two satellites, chief and deputy, are considered. To this end, the ∆ operator is

introduced to indicate the arithmetic difference between quantities that relate to a deputy

and the chief. Concretely,

∆(·)i = (·)i − (·)c , (2.22)

2.3.1 Relative Cartesian elements formulation

The relative Cartesian elements are defined to simply be the arithmetic difference between

the Cartesian elements of the deputy spacecraft and that of the chief satellite, regardless of

23



the reference frame, such that,

∆xxx(·) = xxx
(·)
d − xxx

(·)
c , (2.23)

where ∆xxx(·) is the relative Cartesian elements in the proper frame F(·).

ECI frame

Using Eq. (2.4) in conjunction with Eq. (2.23), the relative dynamics as observed from the

ECI frame can be written as,

∆ẋxxi =


∆vvvi

−µ⊕
r3c

( rc√
r2c + 2rrric ·∆rrri +∆r2

)3 (
rrric +∆rrri

)
− rrric

+∆uuui +∆uuuiJ2 +wwwi∆vvv

 ,
(2.24)

ECEF frame

The relative motion in terms of the Cartesian elements in the ECEF frame can be derived in

a similar manner to that of the ECI frame. Combining equations (2.7) and (2.23), one can

write,

∆ẋxxf =


∆vvvf

−µ⊕
r3c

 rc√
r2c + 2rrrfc ·∆rrrf +∆r2

3 (
rrrfc +∆rrrf

)
− rrrfc

− 2ωωωf⊕ ×∆vvvf

−ωωωf⊕ ×ωωω
f
⊕ ×∆rrrf +∆uuuf +∆uuufJ2 +wwwf∆vvv

 , (2.25)

where ∆rrrf and ∆vvvf are the relative position and velocity vectors of the deputy spacecraft

with respect to the chief satellite expressed in the ECEF frame, with magnitudes of ∆r and

∆vf .
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RTN frame

Similar to the dynamics of the relative Cartesian state vector in the ECI and in the ECEF

frames, the nonlinear dynamics of the relative Cartesian elements in the RTN frame can

be derived by using Eq. (2.13) in conjunction with Eq. (2.23), and the resulting dynamical

equation can be written as,

∆ẋxxr =


∆vvvr

−µ⊕
r3c

( rc√
r2c + 2rrrrc ·∆rrrr +∆r2

)3

(rrrrc +∆rrrr)− rrrrc

− 2ωωωrr ×∆vvvr

−ω̇ωωrr ×∆rrrr +ωωωrr ×ωωωrr ×∆rrrr +∆uuur +∆uuurJ2 +wwwr∆vvv

 . (2.26)

Taking into account that ∆vvvr =
[
∆vrx vry vrz

]⊺
, ∆rrrr =

[
∆xr ∆yr ∆zr

]⊺
, rrrrc =[

rc 0 0
]⊺

, ωωωrr =
[
0 0 ν̇c

]⊺
, and ω̇ωωrr =

[
0 0 ν̈c

]⊺
, and ignoring the unmodeled dis-

turbances, equation (2.26) can be expanded and rewritten as,

∆ẋxxr =



∆vrx

∆vry

∆vrz(
ν̇2c −

µ⊕
β

)
∆xr + ν̈c∆y

r + 2ν̇c∆v
r
y +

µ⊕
r2c

(
1− r3c

β

)
−ν̈c∆xr +

(
ν̇2c −

µ⊕
β

)
∆yr − 2ν̇c∆v

r
x

−µ⊕
β

∆zr


+ B∆xxx

(
∆uuur +∆uuurJ2

)
,

(2.27)

where,

β =

√(
(rc +∆xr)2 +∆yr2 +∆zr2

)3
, (2.28)
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and,

B∆xxx =


0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


⊺

. (2.29)

Equation (2.27) can be further simplified to be a Linear Time-Invariant (LTI) system,

to what is widely known as the Clohessy–Wiltshire (CW) form [23], under the following

assumptions:

1. The orbit of the chief is circular, which renders ν̇c = nc, ν̈c = 0.

2. The separation between the two spacecraft is very small in comparison to the radius of

the chief, i.e., ∆r ≪ rc.

3. The motion of the chief as well as the deputy is unperturbed, i.e., in equation (2.27)

∆uuurJ2 = 000.

4. Only the deputy satellite is controllable, i.e., ∆uuur = uuurd =
[
urd,x urd,y urd,z

]⊺
(refer to

(2.27)), with urd,x, u
r
d,y, u

r
d,z being the control acceleration components exerted by the

deputy in the x, y, and z directions of the RTN frame.

Under the aforementioned assumptions, equation (2.27) is transformed to the CW equa-

tions,



∆ẋr

∆ẏr

∆żr

∆v̇rx

∆v̇ry

∆v̇rz


=



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

3n2c 0 0 0 2nc 0

0 0 0 −2nc 0 0

0 0 −n2c 0 0 0


︸ ︷︷ ︸

ACW



∆xr

∆yr

∆zr

∆vrx

∆vry

∆vrz


+



0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1


︸ ︷︷ ︸

B∆xxx


urd,x

urd,y

urd,z

 , (2.30)

where nc is the mean motion of the chief satellite.
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The LTI system (2.30) is integrated, and its solution is obtained in the form,

∆xxxr (t) = ΦCW (t0, t)∆xxx
r (t0) +ΨCW (t0, t)uuu

r
d (t) , (2.31)

where ΦCW (t0, t) is the State Transition Matrix (STM) of the CW system between the two

time instants t0 and t, and ΨCW (t0, t) is the convolution matrix of the CW system between

the two time instants t0 and t.

The STM of the CW equations can be easily obtained by solving the homogeneous part

of Eq. (2.30), which yields,

ΦCW (t0, t) = exp (ACW∆t)

=
1

nc



nc (4− 3cnc∆t) 0 0 snc∆t 2 (1− cnc∆t) 0

6nc (snc∆t − nct) nc 0 2 (cnc∆t − 1) 4snc∆t − 3nc∆t 0

0 0 nccnc∆t 0 0 snc∆t

3n2csnc∆t 0 0 nccnc∆t 2ncsnc∆t 0

−6n2c (1− cnc∆t) 0 0 −2ncsnc∆t nc (4cnc∆t − 3) 0

0 0 −n2csnc∆t 0 0 nccnc∆t


,

(2.32)

where ∆t = t− t0, snct = sin (nct) and cnct = cos (nct).

The convolution matrix, ΨCW (t0, t), can be obtained for uuurd (τ) = uuurd ∀ τ ∈ [t0, t[, i.e., for
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a constant acceleration over the period [t0, t[, by solving the following convolution integral,

ΨCW (t0, t) =

∫ t

t0

ΦCW (τ, t)B∆xxxdτ

=
1

n2c



1− cnc∆t 2 (nc∆t− snc∆t) 0

2 (snc∆t − nc∆t) 4 (1− cnc∆t)− 3
2 (nc∆t)

2 0

0 0 1− cnc∆t

ncsnc∆t 2nc (1− cnc∆t) 0

−2nc (1− cnc∆t) −nc (3nc∆t− 4snc∆t) 0

0 0 ncsnc∆t


.

(2.33)

2.3.2 ROE formulation

To describe the relative motion between two spacecraft, a deputy and a chief, the quasi-non-

singular ROE, also referred to in the rest of the thesis simply as ROE, can be utilized. The

ROE vector is formally defined as,

δααα =



δa

δλ

δex

δey

δix

δiy


=



∆a

ac

∆θ +∆Ωcos ic

∆ex

∆ey

∆i

∆Ωsin ic


, (2.34)

where δααα is the dimensionless ROE vector, δa is the relative semi-major axis, δλ is the relative

mean longitude, δeee =
[
δex δey

]⊺
is the relative eccentricity vector, and δiii =

[
δix δiy

]⊺
is

the relative inclination vector. It is to be noted that δ (·) signifies a relative quantity between

the deputy and the chief which is not necessarily the arithmetic difference between that of

the deputy and that of the chief, while ∆(·) signifies the arithmetic difference as stipulated

in Eq. (2.22). As is the case for absolute orbital elements, the osculating ROE vector is

distinguished from the mean one by the over-tilde, i.e., the osculating ROE vector is denoted
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by δα̃αα, whereas the mean ROE vector is referred to as δααα. A dimensional ROE vector is

obtained by multiplying the dimensionless ROE vector by the semi-major axis of the chief,

yyy = acδααα, (2.35)

where yyy is the dimensional mean ROE vector with units of length.

Different ROE sets have been in use in the literature to parameterize the relative motion

between two satellites [24]. A list of such formulations include singular, quasi-non-singular and

non-singular ROE vectors. The adopted ROE formulation, i.e., the quasi-non-singular one,

offer various advantages, among which is the facilitation of designing passively safe relative

orbits through the concept of eccentricity/inclination (e/i) vector separation [25]. Although

the development of the e/i vector separation concept was originally meant for the safe colloca-

tion of Geostationary Orbit (GEO) satellites [25], it was extended to passively avoid collisions

in Low Earth Orbit (LEO) satellite formations [26]. Moreover, the quasi-non-singular ROE

do match the integration constants of the CW equations [27], which allows for a direct trans-

formation from the ROE space into the Cartesian state vector and vice versa. One other

advantage of the quasi-non-singular ROE formulation, and of all other ROE formulations for

that matter, is their ability to provide a direct insight into the shape of the relative orbit,

unlike the relative position and velocity vectors which need to be integrated over time in order

to visualize the shape of the relative orbit. Given the set of ROE in Eq. (2.34), the shape of

the relative orbit can be constructed as an ellipse, in both, the Transversal-Radial and the

Normal-Radial planes as depicted in Fig. 2.5.

The dynamics of the dimensionless mean ROE can be obtained by differentiating both

sides of Eq. (2.34), which can be easily expanded with the help of Eq. (2.19). Differentiating
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Figure 2.5: Snapshot of the shape of the relative orbit neglecting the orbit drift

both sides of Eq. (2.34) yields,

˙δααα (αααc, αααd) =



0

∆θ̇ +∆Ω̇ cos ic

∆(−eω̇ sin (ω))

∆ (eω̇ cos (ω))

0

∆Ω̇ sin ic


,

=



0

∆n+ 3
2∆
[
nγ (η + 1)

(
3 cos2 (i)− 1

)]
+ 3ndγd cos (id)∆ cos (i)

3
2∆
[
nγ
(
1− 5 cos2 (i)

)
ey
]

3
2∆
[
nγ
(
1− 5 cos2 (i)

)
ex
]

0

−3 sin(ic)∆ (nγ cos(i))



(2.36)

Using a first-order Taylor expansion of ˙δααα around the linearization point ααα∗
c and ααα∗

d,

Eq. (2.36) can be approximated by,

˙δααα (αααc, αααd) ≈ ˙δααα (ααα∗
c , ααα

∗
d) +

∂ ˙δααα

∂αααc

∣∣∣∣∣αααc=ααα∗
c

αααd=ααα
∗
d

(αααc −ααα∗
c) +

∂ ˙δααα

∂αααd

∣∣∣∣∣αααc=ααα∗
c

αααd=ααα
∗
d

(αααd −ααα∗
d) . (2.37)

Taking the linearization point to be ααα∗
c = αααc and ααα∗

d = αααc, the approximated dynamics of
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the mean ROE can be rewritten as,

˙δααα (αααc, αααd) ≈������:0
˙δααα (αααc, αααc) +

�����������:0∂ ˙δααα

∂αααc

∣∣∣∣∣αααc=αααc
αααd=αααc

(αααc −αααc) +
∂ ˙δααα

∂αααd

∣∣∣∣∣αααc=αααc
αααd=αααc

(αααd −αααc) ,

≈ − ∂ ˙δααα

∂αααd

∣∣∣∣∣αααc=αααc
αααd=αααc

∆ααα,

(2.38)

which, after calculating the Jacobian matrix, and assuming a near-circular orbit of the chief,

i.e., ex,c ≈ 0 and ey,c ≈ 0, can be expressed [28] as,

˙δααα ≈



0 0 0 0 0 0

−Lc 0 0 0 −Kc (4 + 3ηc) sin (2ic) 0

0 0 0 −ω̇c 0 0

0 0 ω̇c 0 0 0

0 0 0 0 0 0

7
2Kc sin (2ic) 0 0 0 2Kc sin

2 (ic) 0


︸ ︷︷ ︸

Aδααα

δααα, (2.39)

where ω̇c is the apsidal precession rate of the chief’s orbit, induced by the J2 zonal harmonic

and defined in Eq. (2.19), and,

Lc =
3

2
nc +

21

3
ncγc (1 + ηc)

(
3 cos2 (ic)− 1

)
,

Kc =
3

2
ncγc.

(2.40)

It is important to note that Eq. (2.39) describes the natural dynamics of the ROE vector

without including the effect of providing a control acceleration to the deputy spacecraft.

Leveraging the Gauss Variational Equations (GVE) [29], and assuming α̃ααd ≈ αααd, which is a

valid assumption especially for low-thrust applications [29], the evolution of the quasi-non-

singular ROE can be described by,

˙δααα ≈ Aδαααδααα+Bδαααuuu
r
d, (2.41)
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where uuurd is the input acceleration vector imposed on the deputy spacecraft, expressed in the

RTN frame, and where Bδααα is a nonlinear control matrix that can be expressed [28] as,

Bδααα =



2ed sin (νd)

acndηd

2κd
acndηd

0

− ηded cos (νd)

adnd (1 + ηd)
−

2η2d
adndκd

−ηded (κd + 1) sin (νd)

adndκd (1 + ηd)

ηd sin (θd)∆ cos (i)

adndκd sin (id)

ηd sin (θd)

adnd

ηd (κd + 1) cos (θd) + ηdex,d
adndκd

ηdey,d sin (θd) cot (id)

adndκd

−ηd cos (θd)
adnd

ηd (κd + 1) sin (θd) + ηdey,d
adndκd

−
ηdex,d sin (θd) cot (id)

adndκd

0 0
ηd sin (θd)

adndκd

0 0
ηd cos (θd) sin (ic)

adndκd sin (id)



,

(2.42)

where,

κd = 1 + ed cos (νd) . (2.43)

The term Bδαααuuu
r
d, or more explicitly Bδααα (αααc,αααd)uuu

r
d, in Eq. (2.41) can be approximated

using a first order Taylor expansion around the linearization point ααα∗
c , ααα∗

d, and uuur∗d , such that,

Bδααα (αααc,αααd)uuu
r
d ≈ Bδααα (ααα

∗
c ,ααα

∗
d)uuu

r∗
d +

∂Bδαααuuu
r
d

∂αααc

∣∣∣∣αααc=ααα∗
c

αααd=ααα
∗
d

uuurd=uuu
r∗
d

(αααc −ααα∗
c)

+
∂Bδαααuuu

r
d

∂αααd

∣∣∣∣αααc=ααα∗
c

αααd=ααα
∗
d

uuurd=uuu
r∗
d

(αααd −ααα∗
d) +

∂Bδαααuuu
r
d

∂uuurd

∣∣∣∣αααc=ααα∗
c

αααd=ααα
∗
d

uuurd=uuu
r∗
d

(uuurd − uuur∗d ) , (2.44)

which, taking ααα∗
c = αααc, ααα∗

d = αααc, and uuur∗d = 000, can be rewritten as,

Bδααα (αααc,αααd)uuu
r
d ≈��������:0

Bδααα (αααc,αααc) · 000 +
�������������:0
∂Bδαααuuu

r
d

∂αααc

∣∣∣∣αααc=αααc
αααd=αααc
uuurd=000

(αααc −αααc)

+

�������������:0
∂Bδαααuuu

r
d

∂αααd

∣∣∣∣αααc=αααc
αααd=αααc
uuurd=000

(αααd −αααc) +
∂Bδαααuuu

r
d

∂uuurd

∣∣∣∣αααc=αααc
αααd=αααc
uuurd=000

uuurd, (2.45)
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which, in-turn, can be rewritten as,

Bδααα ≈ Bδααα =
∂Bδαααuuu

r
d

∂uuurd

∣∣∣∣αααc=αααc
αααd=αααc
uuurd=000

= Bδααα

∣∣αααc=αααc
αααd=αααc
uuurd=000

. (2.46)

Under the assumption of a near-circular orbit of the chief, i.e., ec ≈ ex,c ≈ ey,c ≈ 0 and

ηc ≈ κc ≈ 1, as well as the assumption of closely inclined chief and deputy orbits, i.e., ic ≈ id,

the control matrix of the linearized system can be written as,

Bδααα ≈
1

acnc



0 2 0

−2 0 0

sin (θc) 2 cos (θc) 0

− cos (θc) 2 sin (θc) 0

0 0 cos (θc)

0 0 sin (θc)


. (2.47)

Combining equations (2.47) with (2.39), Eq. (2.41) can be rewritten as,

˙δααα ≈



0 0 0 0 0 0

−Lc 0 0 0 −Kc (4 + 3ηc) sin (2ic) 0

0 0 0 −ω̇c 0 0

0 0 ω̇c 0 0 0

0 0 0 0 0 0

7
2Kc sin (2ic) 0 0 0 2Kc sin

2 (ic) 0


︸ ︷︷ ︸

Aδααα

δααα
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+
1

acnc



0 2 0

−2 0 0

sin (θc) 2 cos (θc) 0

− cos (θc) 2 sin (θc) 0

0 0 cos (θc)

0 0 sin (θc) .


︸ ︷︷ ︸

Bδααα

uuurd, (2.48)

where, again,

nc =

√
µ⊕
a3c

ηc =
√
1− e2c

pc = acη
2
c

γc =
1

2
J2

(
R⊕
pc

)2

,

ω̇c =
3

2
ncγc

(
5 cos2 (ic)− 1

)
,

Lc =
3

2
nc +

21

3
ncγc (1 + ηc)

(
3 cos2 (ic)− 1

)
,

Kc =
3

2
ncγc.

(2.49)

The solution to the Linear Time-Varying (LTV) system described by Eq. (2.48) can be

expressed as,

δααα (t) = Φδααα (t0, t) δααα (t0) +Ψδααα (t0, t)uuu
r
d (t) , (2.50)

The calculation of the STM of an LTV system is generally an elaborate process, however,

due to the fact that the Jacobian matrix, Aδααα, is constant over time, as it only depends on

the time-invariant Keplerian elements of the chief, i.e., ac, ec, and ic, the STM, Φδααα (t0, t) can
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be calculated by solving the homogeneous part of Eq. (2.48) simply as,

Φδααα (t0, t) = exp (Aδααα∆t)

=



1 0 0 0 0 0

−Lc∆t 1 0 0 −Kc (4 + 3ηc) sin (2ic)∆t 0

0 0 cos (ω̇c∆t) − sin (ω̇c∆t) 0 0

0 0 sin (ω̇c∆t) cos (ω̇c∆t) 0 0

0 0 0 0 1 0

7
2Kc sin (2ic)∆t 0 0 0 2Kc sin

2 (ic)∆t 1


,

(2.51)

where ∆t = t− t0. The convolution matrix, however, can be obtained in a similar fashion to

Eq. (2.33) by assuming a constant acceleration, uuurd, over the period [t0, t[, as,

Ψδααα (t0, t) =

∫ t

t0

Φδααα (τ, t)Bδαααdτ

=
1

acncθ̇c



0 2Dc 0

−2Dc −LcD
2
c

θ̇c
ψ23

ψ31 −2ψ41 0

ψ41 2ψ31 0

0 0 sin (θc)− sin (θc,0)

0
7Kc sin (2ic)D

2
c

2θ̇c
ψ63


,

(2.52)

35



where,

Dc = θc − θc,0,

θ̇c = Ṁc + ω̇c = nc +
3

2
ncγcηc

(
3 cos2 (ic)− 1

)
+

3

2
ncγc

(
5 cos2 (ic)− 1

)
,

Cc =
ω̇c

θ̇c
=

γc
(
5 cos2 (ic)− 1

)
2
3 + γcηc (3 cos2 (ic)− 1) + γc (5 cos2 (ic)− 1)

,

ψ23 =
Kc (4 + 3ηc) sin (2ic) [cos (θc)− cos (θc,0) + sin (θc,0)Dc]

θ̇c
,

ψ31 = −
cos (θc)− cos (θc,0 + CcDc)

1− Cc
,

ψ41 = −
sin (θc)− sin (θc,0 + CcDc)

1− Cc
,

ψ63 = −

[
θ̇c + 2Kc sin

2 (ic)
]
[cos (θc)− cos (θc,0)] + 2Kc sin

2 (ic) sin (θc,0)Dc

θ̇c
,

(2.53)

with θc ≡ θc (t) being the mean argument of latitude of the chief at the current epoch, t, and

θc,0 ≡ θc (t0) being the mean argument of latitude of the chief at the initial time, t0. The two

are related through the following formula,

θc = θc,0 + θ̇c∆t. (2.54)

Note that, in Eq. (2.52), only the mean argument of latitude is specified whether it has

been evaluated at t or at t0, since it is the only variable that changes with time. All the other

variables, e.g., nc, γc, ηc, ic, are constant over time (refer to Eq. (2.19)).

2.3.3 Transformation between the ROE and the RTN Cartesian state vec-

tor

The long discussion in [27] concluded that the ROE match the integration constants of the CW

equations, which, under the same assumption of the CW equations, allows for the deduction

of a direct transformation between the ROE and the relative Cartesian state vector in the

RTN frame [30], such that,

∆xxxr = acT (τ) δααα = T (τ)yyy (2.55)
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where τ is the time elapsed time since a predefined reference time (the time at which the

initial state is given), and,

T (τ) =



1 0 − cos (ncτ) − sin (ncτ) 0 0

0 1 2 sin (ncτ) −2 cos (ncτ) 0 0

0 0 0 0 sin (ncτ) − cos (ncτ)

0 0 nc sin (ncτ) −nc cos (ncτ) 0 0

−3

2
nc 0 2nc cos (ncτ) 2nc sin (ncτ) 0 0

0 0 0 0 nc cos (ncτ) nc sin (ncτ)


. (2.56)

The ROE vector can be transformed into its corresponding RTN relative position vector

through,

∆rrrr = acT (τ) δααα,

= ac


1 0 − cos (ncτ) − sin (ncτ) 0 0

0 1 2 sin (ncτ) −2 cos (ncτ) 0 0

0 0 0 0 sin (ncτ) − cos (ncτ)

 δααα. (2.57)

The transformation matrix T is non-singular for all the values of τ , and hence can be

inverted. The inverse transformation matrix, T−1, is able to transform the relative Cartesian

state vector into the ROE vector, such that,

acδααα = T
−1

(τ)∆xxxr (2.58)
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and,

T
−1

(τ) =
1

nc



4nc 0 0 0 2 0

0 nc 0 −2 0 0

3nc cos (ncτ) 0 0 sin (ncτ) 2 cos (ncτ) 0

3nc sin (ncτ) 0 0 − cos (ncτ) 2 sin (ncτ) 0

0 0 nc sin (ncτ) 0 0 cos (ncτ)

0 0 −nc cos (ncτ) 0 0 sin (ncτ)


.

(2.59)

It is important to emphasize that the transformations presented in this section are valid

only for close-range near-circular formation flying. For situations which violate these as-

sumptions, there exist several other non-linear mappings that relate the ROE to the relative

Cartesian state vector [31, 32].
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Contributions
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Chapter 3
GNSS-based relative navigation

3.1 Introduction

A reliable state estimation subsystem is essential to close the control loop for any control

system. Satellites in Low Earth Orbit (LEO) have long relied on the signals of the Global

Navigation Satellite System (GNSS) to estimate their position and velocity vectors in real-

time which enabled precise orbit maneuvers. Two distinct GNSS-based positioning schemes

are extricated, absolute positioning and relative positioning. Absolute positioning aims at

estimating the position vector of the receiver with respect to the center of the Earth, either

by solely relying on the measurements from that receiver (standalone positioning) or by com-

bining the measurements from the main receiver and another nearby stationary base receiver

with a precisely known position. The latter leverages Differential Global Navigation Satellite

System (DGNSS) techniques and is not suitable for space applications since the existence of

a base in space with a precisely known position and with a sustained communication link

to the main receiver is an elaborate task. Relative positioning on the other hand is after

estimating the baseline vector of one receiver with respect to another, conceivably using the

GNSS signals collected by these receivers and also sometimes, leveraging DGNSS techniques.

The accuracy of the absolute positioning schemes can vary from few centimeters to tens of

meters [33, 34] depending on many factors such as whether DGNSS is incorporated, atmo-
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spheric conditions, receiver quality and design features, and signal blockage. While absolute

positioning is a natural choice for one-satellite missions, relative positioning can be essential

for the multi-satellite ones.

3.1.1 Problem statement

In formation flying missions, estimating the relative position and velocity of a spacecraft

with respect to another is of huge interest. In this chapter, the relative state estimation is

considered, for a formation consisting of two spacecraft, a chief and a deputy. The setup of

the problem as well as the system requirements are summarized as follows:

• The baseline vector from the chief to the deputy is estimated onboard the deputy;

• The two spacecraft are separated by a large distance (10 − 500 km). In this setting,

ionospheric delay is, in most cases, the largest bias that needs to be filtered out;

• The two spacecraft are each equipped with single-frequency GNSS receivers, each of

them can provide an estimate of the absolute position and velocity of its antenna phase

center, with a noise level of 10 m for the position and of 25 cm/s for the velocity (1σ).

The exact make of the receivers is hidden for commercial reasons. The consideration of

a single-frequency receiver is especially interesting for Triton-X as it uses a 12-channel

L1 GPS receiver. Although Triton-X onboard GNSS receiver leverages only Global

Positioning System (GPS) signals, the proposed navigation scheme can be used with

other GNSS receivers;

• An inter-satellite link from the chief to the deputy is assumed to be constructed, which

allows the transfer of the necessary data to estimate the position and velocity of the

deputy with respect to the chief. The treatment of latency and synchronization is out

of the scope of this thesis;

• The complexity of the relative navigation schemes has to be bearable by the Triton-

X On-Board Computer (OBC). This constrains the tweaks that could be done to the

already existing algorithms in the literature. For instance, double-difference integer
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ambiguity resolution routines are excluded since it would be a computational burden

on the OBC, in spite of the fact that these techniques are expected to improve the

estimation accuracy while compromising the convergence time;

• As Triton-X is a multi-mission platform, the mission to which the relative navigation

algorithm is to be applied is tentative and the relative navigation requirements are

not yet concrete. However, the estimation scheme is developed for missions which do

not require stringent onboard estimation accuracy such as inspection and gravimetry

missions [35]. Concretely, it is assumed that an estimation error of less than 0.5 m

(3-Dimensional (3D) Root Mean Square (RMS)) is required, which is similar to the

real-time orbit determination requirements of the PRISMA technology demonstration

mission [36].

3.1.2 State of the art

Sensor sets other than GNSS receivers could be used to carry out relative navigation tasks for

different mission scenarios. Schemes for relative navigation between two closely flying objects,

either cooperative or non-cooperative, have been developed based on line of sight measure-

ments [37, 38], LiDAR [39], GNSS receivers [40, 41, 42], and both, cameras as well as GNSS

receivers [43]. However, GNSS sensors stand as the perfect choice for cooperative spacecraft,

especially when the baseline between the flying satellites is large, where vision-based sensors

could no longer capture the features of the target spacecraft.

GNSS-based Extended Kalman Filter (EKF) have shown to achieve superb estimates with

millimeter-level accuracy of the baseline vector for formations with small inter-satellite dis-

tances (1−10 km) in Low Earth Orbits [4, 7, 8]. Baseline estimation has also been tackled for

longer inter-satellite distances [5, 44] and remarkable accuracy could be obtained using dual-

frequency receivers. Dual-frequency receivers in the case of long baselines (10− 500 km) are

very important not only to mitigate the huge difference in ionospheric delay between the two

receivers, but also to help fixing the double difference integer ambiguities. Nevertheless, the

construction of precise relative orbit determination algorithms using single-frequency receivers
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shall be an enabling technology for low-cost satellites formations in LEO. In [45], a hybrid

Extended/Unscented Kalman Filter (KF) is proposed for baseline determination for widely

spaced formations equipped with single-frequency GNSS receivers. The algorithm which per-

forms double-difference integer ambiguity resolution could achieve excellent estimations of the

baseline vector (2 cm RMS error) using GPS data that was generated by a GNSS receiver

emulator for two spacecraft 500 km apart. Although fairly precise for large baselines, this

algorithm suffers from slow convergence time (around 1 hour).

3.1.3 Methodology and contributions

A bi-linear ionospheric model is used in conjunction with ionospheric-free combinations to

achieve relative state estimates without the need to perform integer ambiguity resolution.

Single difference quantities are fed to an EKF to produce estimates for the relative position

and velocity vectors of the deputy with respect to the chief. Single difference observables are

specifically chosen for their advantage of cancelling out common biases such as the instru-

mental delays of the commonly tracked satellites. The relative position and velocity between

two spacecraft are estimated directly by the filter rather than estimating the absolute states

then subtracting them from each other to obtain the baseline position and velocity, hence,

nonlinear relative dynamics between the deputy and the chief spacecraft are used.

Indeed, for large inter-satellite distances with loose relative navigation requirements, dif-

ferencing the onboard available position solution is shown in [46] to be a good alternative

to differencing the GNSS observables, although with reference to dual frequency receivers.

Differencing the standalone onboard solutions for the adopted single-frequency receiver is not

an option in the context of our problem since the adopted receiver provides a position accu-

racy (1σ) of around 10 m [47], which shall provide estimates that are not compliant with the

requirements in Section 3.1.1.

The main contributions of this chapter are summaries as follows:

• A set of GNSS observables are tailored for the problem stated in Section 3.1.1, where a
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detailed justification is given for why each observable is relevant to our problem;

• A precise bi-linear ionospheric model is utilized in the context of GNSS-based relative

navigation to assist in reducing the effect ionospheric delay, which prevails in the context

of largely separated receivers;

• Based on the synthesized set of measurements and on the adopted ionospheric model,

a set of state variables to be estimated by the EKF is selected;

• The relative navigation scheme is validated using sensor data from the European Space

Agency (ESA) Swarm mission [10] in a simulated real-time setting.

3.1.4 Chapter outline

This chapter is organized such that Section 3.2 discusses the different GNSS observables

as well as their models, while Section 3.3 presents the relative navigation methodology in

details, where the EKF measurement and state vectors are synthesized. Moreover, Section 3.4

introduces the dynamics of the state variables as well as the Jacobian matrices necessary for

the operation of the EKF, and Section 3.5 outlines the initialization as well as the details of

operation of the EKF. The second to last section, Section 3.6, presents the results of running

the relative navigation scheme using the Swarm mission data in the best as well as the worst

ionospheric conditions of the previous solar cycle. The last section concludes the chapter.

3.2 GNSS observables

To get a clearer understanding of the challenges that face achieving precise baseline vector

estimates for two satellites flying in a formation, a summary of the GNSS observables is briefly

introduced in the following discussion.

3.2.1 Native GNSS measurements

The ultimate goal of GNSS is to measure the distance between the phase center of the GNSS

satellite antenna and the phase center of the receiver’s antenna. Two main native measure-
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ments, which represent this range, are obtained by any GNSS receiver; the pseudo-range

(code) and the carrier phase. The pseudo-range measurement, ρpr, is simply the measured

travel time of the signal from the GNSS satellite to the receiver, multiplied by the speed of

light. The pseudo-range measurement is a coarse measurement of the geometric range that

can be modeled as follows:

ρpr = ρ+ c (δt− δts) + αfS + kpr − kspr + ρ⊕ + νpr, (3.1)

where ρ is the geometric range, c is the speed of light, δt and δts are the GNSS receiver

and satellite clock bias from the GNSS time, αfS is the frequency-dependent ionospheric

delay with αf being the frequency dependent mapping function from the Slant Total Electron

Content (STEC), S, to the ionospheric delay. Moreover, the signal delay, kpr and kspr are

the receiver’s and satellite’s instrumental delays corresponding to the pseudo-range, ρ⊕ is the

additional distance between satellite and receiver antennas that the signal travels due to the

rotation of the earth, and νpr is the pseudo-range noise. It is important to emphasize that

all the necessary parameters to calculate the satellite’s clock bias δts are transmitted in the

broadcast navigation message. A general signal that travels from the satellite to the receiver

experiences a non-dispersive tropospheric delay as well as a dispersive multipath delay. The

two are omitted here, as the receivers in the context of this thesis fly above the troposphere

and are far away from any reflecting surface. Letting ωωωf⊕ ≈
[
0 0 ω⊕

]⊺
be the rotational

velocity vector of the Earth in the ECEF frame, rrrfr (tr) =
[
xfr yfr zfr

]⊺
be the position

vector of the receiver of interest at the time of receiving the signal, tr, in the ECEF frame,

and rrrfi (tt) =
[
xfi yfi zfi

]⊺
be the position vector of the ith GNSS satellite at the time of

transmitting the signal, tt, also represented in the ECEF frame, the correction distance ρ⊕

can be written as follows [48],

ρ⊕ =
1

c

(
ωωωf⊕ × rrr

f
i

)⊺
rrrfr =

ω⊕
c

(
xfi y

f
r − xfr y

f
i

)
, (3.2)

where × is the cross product operator.
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Besides the pseudo-range, the phase of the carrier on which the information are modulated

can be utilized to measure the geometric range between the GNSS satellite and the receiver.

The carrier phase measurement is much smoother than the pseudo-range, however, it includes

an ambiguous term that results from the unknown integer number of wavelengths, and also

from the wind-up effect. It can be modeled as,

ρcp = ρ+ c (δt− δts) + λfNcp − αfS + kcp − kscp + ρ⊕ + νcp, (3.3)

where λf is the wavelength corresponding to frequency f , Ncp is the floating point ambiguity

in cycles, kcp and kscp are the receiver’s and satellite’s instrumental delays corresponding to

the carrier phase, respectively, and νcp is the carrier phase noise. Typically, the carrier phase

is two orders of magnitude more precise than the pseudo-range (i.e., |νcp| ≈ 0.01 |νpr|).

From this point on, and in order to simplify the models of the native measurements, the

receiver’s instrumental delays, kpr and kcp, are assumed to be assimilated by the receiver’s

clock bias cδt which is to be estimated by the filter that is developed later in Section 3.3, and

the satellite’s instrumental delays, kspr and kscp, are assimilated by the signal noise. Equations

(3.1) and (3.3) can then be rewritten as,

ρpr = ρ+ c (δt− δts) + αfS + ρ⊕ + νpr, (3.4)

ρcp = ρ+ c (δt− δts) + λfNcp − αfS + ρ⊕ + νcp, (3.5)

where νpr and νcp are assumed to be uncorrelated normally distributed random variables with

zero means and with standard deviations of σpr and σcp respectively.

3.2.2 Differential measurements

In the context of relative estimation of the states of the deputy satellite with respect to

the chief, the well known single and double differences can be used. Concretely, the Single

Difference Pseudo-Range (SDPR) can be obtained by subtracting the code measurement of
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the chief from that of the deputy at the same instant and for signals received from a commonly

tracked satellite.

ρsdpr = ρpr|d − ρpr|c = ∆ρ+ c∆δt+ αf∆S +∆ρ⊕ + νsdpr, (3.6)

where (·)c is a chief related quantity, (·)d is a deputy related quantity, ∆(·) = (·)d − (·)c,

and νsdpr ∼ N (0, σ2sdpr), with N (µ, σ2) being the normal distribution with a mean µ and a

variance σ2, and σsdpr ≈
√
2σpr.

The Single Difference Carrier Phase (SDCP) [4] can similarly be produced,

ρsdcp = ρcp|d − ρcp|c = ∆ρ+ c∆δt+ λf∆Ncp − αf∆S +∆ρ⊕ + νsdcp, (3.7)

where νsdcp ∼ N (0, σ2sdcp) with σsdcp ≈
√
2σcp.

The single difference concept is graphically illustrated in Figure 3.1.

GNSS satellite

Chief

Deputy

ρ
SD

 = Δρ = ρ
d
 - ρ

c

ρ
d

ρ
c

Figure 3.1: Illustration of the single difference concept
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Double difference quantities can be obtained by subtracting single difference quantities

that were collected from two different satellites. Namely, the Double Difference Carrier Phase

(DDCP) is constructed by subtracting the single difference carrier phase collected from satel-

lite q from that which is collected from satellite p as follows:

ρddcp = ρpsdcp − ρ
q
sdcp = ∆p,qρ+ λf∆

p,qNcp − αf∆p,qS +∆p,qρ⊕ + νddcp, (3.8)

where ∆p,q (·) = ∆p (·)−∆q (·), and ∆p (·) and ∆q (·) are single difference quantities related to

the GNSS satellites p and q respectively. If we assume νddcp ∼ N (0, σ2ddcp), it can be deduced

that σddcp ≈ 2σcp.

The concept of double differential measurements is illustrated in Figure 3.2.

GNSS satellite (p)

Chief

Deputy

GNSS satellite (q)

ρp,q = Δp,qρ = Δpρ - Δqρ
DD

ρ
c

p

ρ
c

q

ρ
d

p

ρ
d

q

Figure 3.2: Illustration of the double difference concept

It can be seen that using differential measurements not only allows the direct estimation

of the baseline vector between two receivers, but also features some interesting properties

such as canceled common disturbances. The most important property of the DDCP is that
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it is not affected by the wind-up [49] which renders the double difference ambiguity ∆p,qNcp

integer. This property is usually leveraged in resolving and fixing ambiguities mostly by us-

ing the Least-squares AMBiguity Decorrelation Adjustment (LAMBDA) [50] or the Modified

LAMBDA (MLAMBDA) [51] algorithms. Resolving double difference integer ambiguities is

a key factor in obtaining precise relative position and velocity estimates [5, 45, 52].

It is to be stressed that there are various types of differential measurements with different

advantages yet, this discussion is out of the scope of this thesis. Interested reader is referred to

[48]. It is also important to note that the single and double difference concepts are not limited

to the native measurements, as they are also applicable to the measurement combinations,

which will be discussed in the next section.

3.2.3 Measurements combinations

When the two receivers are close to each other, the differential ionospheric delay αf∆S, to-

gether with the other disturbances, become negligible, that is why differential measurements

perform adequately even without integer ambiguity resolution [4, 53]. However, when the two

spacecraft are separated by a large baseline, the ionospheric effect becomes the main source of

perturbation, and rigorous ionospheric models need to be used. One way to mitigate this prob-

lem is to use ionospheric-free combinations. There are many ionospheric-free combinations

that require dual-frequency receivers in order to be realized, nevertheless, for single-frequency

receivers, the well-known Group and Phase Ionospheric Correction (GRAPHIC) combina-

tion [54] can be used. The GRAPHIC combination is simply the arithmetic mean of the

pseudo-range and the carrier phase measurements. It is modeled as,

ρgr =
ρpr + ρcp

2
= ρ+ c (δt− δts) +

λfNcp

2
+ ρ⊕ + νgr, (3.9)

where νgr ∼ N (0, σ2gr) with σgr ≈ 0.5σpr. The advantages of the GRAPHIC combination are

not limited to being an ionospheric-free combination, as it also experiences lower levels of noise

in comparison to the native pseudo-range measurement (|νgr| ≈ 0.5 |νpr|), however, the noise
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level in the GRAPHIC combination is still not as low as that of the carrier phase measurement.

Similar to the SDPR and the SDCP, the Single Difference GRAPHIC (SDGR) [54] can be

obtained by subtracting the GRAPHIC value for the chief spacecraft from that of the deputy

spacecraft,

ρsdgr = ρgr|d − ρgr|c = ∆ρ+ c∆δt+
λf∆Ncp

2
+ ∆ρ⊕ + νsdgr, (3.10)

where νsdgr ∼ N (0, σ2sdgr) with σsdgr ≈ σpr/
√
2.

One other interesting linear combination of the GNSS native measurements is the Geometry-

Free (GF) ionospheric combination, which can be obtained by subtracting the carrier phase

from the pseudo-range. It can be modeled according to (3.4) and (3.5) as,

ρgf = ρpr − ρcp = 2αfS − λfNcp + νgf . (3.11)

Again, the Single Difference Geometry-Free (SDGF) [55] combination can be obtained in the

same way as the SDPR, the SDCP, and the SDGR,

ρsdgf = ρgf |d − ρgf |c = 2αf∆S − λf∆Ncp + νsdgf , (3.12)

where νsdgf ∼ N (0, σ2sdgf ) with σsdgf ≈
√
2σpr.

The linear combinations of measurements discussed in this section can be used individually

or concurrently to estimate the relative position of the receivers as well as the auxiliary

quantities such as the differential clock bias ∆δt, the differential ionospheric delay αf∆S,

or the differential float ambiguity ∆Ncp. It is to be emphasized once again that the real

challenge for far-range formations is the elimination of the ionospheric effect as the differential

ionospheric delay cannot be approximated by zero.
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3.3 Estimation strategy

The relative state estimation is considered between two largely separated spacecraft flying

in a formation. Although only two spacecraft are considered, the proposed state estimation

scheme is applicable to any two spacecraft (typically the chief and any deputy) in a large

formation. An EKF [56] is proposed to process the GNSS data in order to provide relative

position and velocity estimates that are inline with the mission requirements discussed in

Section 3.1.1. A brief discussion of how the EKF works is given in Appendix A. Indeed, using

an EKF for relative navigation is a common practice in the literature, however, a consensus

has not been reached on the choice of the states to be estimated as well as the choice of the

measurements to be processed. Different settings of the filter can lead to drastically different

results even if the same data is processed [57]. In this chapter, the setup of the filter is sought

to be optimized for the problem in hand.

3.3.1 Measurement choice

To achieve the relative navigation goal, the native GNSS measurements (i.e., the pseudo-range

and the carrier phase) can be processed, while different advantages can arise from processing

different linear combinations of these measurements. The use of the single, or double, dif-

ference of the native measurements or their combinations could also be useful [48]. For the

problem in hand, the possible measurements and their combinations are briefly discussed in

Section 3.2. Following our preliminary study [57], it has been concluded that the SDCP, the

SDGR, as well as the SDGF have the potential to overcome the ionospheric effect, to the level

that makes the resulting relative position and velocity estimates inline with the requirements.

Having chosen the observables to be processed by the EKF, the measurement vector zzz of
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the EKF is constructed as,

zzz =


ρρρsdcp

ρρρsdgr

ρρρsdgf

 . (3.13)

It is to be noted that ρρρsdcp, ρρρsdgr, and ρρρsdgf are not scalar values that correspond to one GNSS

satellite, but rather vectors that comprise the measured combinations from all the commonly

tracked satellites. In this setting, the length of the measurement vector is 3n, where n is the

number of channels of the GNSS receiver (12 channels for the Triton-X onboard receiver).

The choice for the measurements to be staged for processing in our context is justified in

the following points.

1. The relative position and velocity of one spacecraft with respect to another are estimated

directly by the filter, instead of estimating the absolute states of the two spacecraft

then subtract the state vector of one spacecraft from that of the other. In this setting,

differential measurements have to be used, hence the single difference combinations are

chosen. Moreover, another advantage of differential measurements is that they allow

some of the common biases (i.e., satellite’s clock bias and instrumental delays) to cancel

out.

2. As the ionospheric delay is the most significant bias to be accounted for, the use of

ionospheric-free combinations comes as no surprise. That is why the SDGR is used, as

GRAPHIC is the only known single-frequency ionospheric-free combination.

3. Although the SDGR is an ionospheric-free combination, it is still a noisy measurement,

that is why more precise combinations, like the SDCP, need to be included to augment

the overall accuracy of the filter. It has to be noted that the inclusion of the SDCP

comes with its own challenges, like having to estimate the ionospheric effect as well as

the floating point ambiguities.

4. It is believed that the inclusion of the single difference ionospheric geometry-free com-

bination, the SDGF, shall assist in estimating the ionospheric delay as well as the
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ambiguities however being coarse. This hypothesis was shown to be true in [57].

5. Despite the availability of range measurements directly from the inter-satellite link, it

is a coarse imprecise measurement [58], which is not expected to improve the overall

estimation precision.

3.3.2 Ionospheric model

The ionospheric delay αfS which appears in the measurement models (3.7) and (3.12) is

modeled as the integral of the linear electron density along the ray path between the satellite

and receiver [59]. The mapping function, αf , is modeled in [60] as,

αf =
40.3 · 1016

f2
m/TECU, (3.14)

where f is the carrier frequency in Hz, which for the GPS L1 carrier is equal to 1575.42 MHz,

and TECU is the Total Electron Content Unit (TECU = 1016 e−/m2). Furthermore, the

STEC, S, is itself modeled by the Linear Thin Shell (LTS) model [61] as,

S =MtsV,

Mts =
R⊕ + hts

rr

√(
R⊕ + hts

rr

)2

− cos2 (Es,r)

,

V =
[
1 δϕipp δλipp

]
· qqq

(3.15)

whereMts is the thin shell mapping function from the Vertical Total Electron Content (VTEC)

to the STEC through the path of the ray, R⊕ is the mean radius of the Earth, hts is the altitude

of the thin shell, rr is the magnitude of the position vector, in an Earth centered reference

frame, of user r (i.e., receiver r), Es,r is the elevation angle of the GNSS satellite s with

respect to the user r, measured up from the local horizon, and V is the VTEC. The bi-linear

approximation of the VTEC [62] is dependant on the coefficient vector qqq =
[
q0 q1 q2

]⊺
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which is to be estimated by the filter, as well as δϕipp and δλipp which are defined as follows:

δϕipp = ϕipp − ϕr,

δλipp = λipp − λr,
(3.16)

where ϕipp and λipp are the latitude and longitude, respectively, of the Ionospheric Pierce

Point (IPP) [63], while ϕr and λr are those of the receiver.

A common arbitrary choice for ground-based receivers is setting hts as the altitude of the

F2 peak [64], nonetheless, in this thesis, it is set to a free variable that is estimated by the EKF.

Indeed, the ionospheric effect is the largest bias in the available measurements that needs

to be accounted for, that is why the LTS model is chosen, as it is preferred to the other

empirical ionospheric models such as the commonly used Lear mapping [65]. The LTS model

provides better estimates of the ionospheric delay, although at the cost of a slightly higher

computational demands [61].

3.3.3 State variables choice

This section is dedicated to introducing the state variables to be estimated by the EKF.

Clearly, the main variables that need to be estimated are the baseline vector and the relative

velocity between two spacecraft, however, some auxiliary variables (e.g., receiver’s clock bias,

carrier phase float ambiguities,...) need to be estimated in order to increase the precision

of the filter. In fact, if an EKF filter is run without considering these auxiliary variables,

especially the receiver’s clock bias, it is susceptible to generate unusable estimates.

As discussed in Section 3.3.1, a unique set of state variables does not exist, and the choice

of the state vector is customary. In fact, the choice of the state variables to be estimated

is heavily dependant on the choice of the measurements combinations to be fed to the filter,

which itself is customary to choose. In this chapter, the advantages of the SDPR, the SDGR,

and the SDGF combinations, defined in equations (3.7), (3.10), and (3.12) respectively, are
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leveraged.

The EKF state vector xxx is constructed based on the chosen measurements. The choice of

the state variables is presented below.

xxx =



∆xxxf

c∆δt

c∆δ̇t

hts

qqq⊺

∆NNN⊺
cp


, (3.17)

where ∆xxxf ∈ R6 is the vector that contains the relative position and velocity coordinates of the

deputy with respect to the chief, expressed in the ECEF frame, ∆δt is the differential receiver’s

clock bias with ∆δ̇t being its rate of change, hts and qqq ∈ R3 are the parameters related to

the ionospheric model, and ∆NNN cp ∈ Rn is the differential carrier phase float ambiguity vector

for all the commonly tracked satellites, with n being the number of channels of the GNSS

receiver (12 channels for Triton-X onboard receiver). In this setting, the length of the state

vector in this setting is 12 + n.

3.4 Dynamics of the EKF state vector

In this section, the nonlinear dynamical models of the state variables together with the Jaco-

bian matrices necessary for the operation of the EKF are presented. The dynamics of the state

vector variables are separated into the relative orbital dynamics, concerning the ∆xxxf vector,

and the dynamics of the auxiliary variables which concern the rest of the state variables in

(3.17).
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3.4.1 Relative orbital dynamics

The relative motion of a deputy satellite with respect to a chief spacecraft as seen by an

observer lying on the ECEF frame is described by Eq. (2.25), and is mentioned here once

again for completeness.

∆ẋxxf =


∆vvvf

−µ⊕
r3c

 rc√
r2c + 2rrrfc ·∆rrrf +∆r2

3 (
rrrfc +∆rrrf

)
− rrrfc

− 2ωωωf⊕ ×∆vvvf

−ωωωf⊕ ×ωωω
f
⊕ ×∆rrrf +∆uuuf +∆uuufJ2 +wwwf∆vvv

 , (3.18)

where rrrfc is the position vector of the chief satellite with a magnitude of rc, ∆rrrf = rrrfd − rrr
f
c

and ∆vvvf = vvvfd − vvv
f
c are the relative position and velocity vectors respectively from the chief

to the deputy spacecraft with magnitudes of ∆r and ∆vf , all expressed, and as seen by an

observed, in the ECEF frame. Moreover, ∆uuufJ2 is the differential J2 perturbing acceleration

vector, and www∆vvv ∼ N (000,Q∆vvv) collates all the relative acceleration noises, with Q∆vvv being

defined as,

Q∆vvv = diag
(
σ2∆vx , σ

2
∆vy , σ

2
∆vz

)
, (3.19)

where diag (·, ·, . . .) creates a diagonal matrix with the specified inputs as its diagonal elements.

In the prediction phase of the EKF, equation (3.18) is numerically integrated after omit-

ting the disturbance, to obtain a prediction of the relative position and velocity states at

each time step. It is important to note that an estimate of the absolute position and velocity

vectors of the chief spacecraft is essential for the numerical integration of (3.18) and for a

proper operation of the EKF. These are directly acquired from the receiver’s noisy onboard

solution at each prediction step. The same approach was used in [44].
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3.4.2 Dynamics of the auxiliary variables

The state variables c∆δ̇t and qqq are modeled as Gaussian random walk processes while the rest

of the auxiliary variables are modeled as constants,

c∆δ̈t = wc∆δ̇t,

ḣts = 0,

q̇qq = wwwqqq,

˙∆NNN cp = 000,

(3.20)

where wc∆δ̇t ∼ N
(
0, σ2

c∆δ̇t

)
and wwwqqq ∼ N (000,Qqqq). The noise in the c∆δ̈t signal is set to

account for the sudden clock jumps that manufacturers embed into their receivers in order to

control the magnitude of the clock biases [66]. Moreover, Qqqq is defined as,

Qqqq = diag
(
σ2q0 , σ

2
q1 , σ

2
q2

)
. (3.21)

3.4.3 State transition matrix

With the definition of the state variables (3.17) in mind, together with their models (3.18)

and (3.20), the State Transition Matrix (STM) which is essential for the operation of the EKF

can be divided into several sub-STMs as,

F =
∂xxxk
∂xxxk−1

=



F∆xxxf 0006×1 0006×1 0006×1 06×3 06×n

0001×6 1 tk − tk−1 0 0001×3 0001×n

0001×6 0 Fc∆δ̇t 0 0001×3 0001×n

0001×6 0 0 Fhts 0001×3 0001×n

03×6 0003×1 0003×1 0003×1 Fqqq 03×n

0n×6 000n×1 000n×1 000n×1 0n×3 F∆NNNcp


, (3.22)

where F∆xxxf ∈ R6×6, Fc∆δ̇t, Fhts ∈ R, Fqqq ∈ R3×3, and F∆NNNcp ∈ Rn×n are the state transition

matrices for ∆xxx, c∆δ̇t, hts, qqq, and ∆NNN cp, respectively, while tk and tk−1 are two consecutive
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time instants to which the STMs correspond. Furthermore, 000 represents a matrix of zeros

with its dimensions indicated as a subscript.

Various linearization techniques can be adopted in order to obtain the STM F∆xxxf [67], and

in any case, it is not used to propagate the states, but rather to propagate the estimated states

covariance matrix (refer to Eq. (A.3) representing the prediction phase of the EKF), hence the

constraint of having a very precise STM becomes much looser. The simple STM in Eq. (2.32)

which is obtained from the closed form solution to the Clohessy–Wiltshire (CW) equations

can also be utilized, however, one needs to keep an eye on the fact that CW equations provide

the solution in the RTN frame, and the obtained STM has to be rotated to the ECEF. Here,

an even simpler approach is adopted by linearizing the equations of motion (3.18) taking the

chief’s orbit as a reference for the linearization. In this case, the STM of the relative states

F∆xxxf is only dependent on the chief’s states as suggested by Eq. (B.3). Appendix B includes

the details of why this assumption is plausible. Approximating the Jacobian of the relative

states by the Jacobian of the chief’s states yields,

J∆xxxf =
∂∆ẋxxf

∂∆xxxf
≈ ∂ẋxxf

∂xxxf

∣∣∣∣∣
xxxf=xxxfc

F∆xxxf =
∂∆xxxfk

∂∆xxxfk−1

≈ exp

(
(tk − tk−1) J∆xxxf |xxxfc,k−1

)
,

(3.23)

where J∆xxxf is the state-dependant Jacobian matrix that can be calculated by partial differen-

tiation of (2.7), while J∆xxxf |xxxc,k−1
is the same matrix evaluated at the chief’s state at time tk−1.

The state transition matrices of the auxiliary variables can be directly derived from the
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linear system of equations (3.20) after omitting the noise as follows:

Fc∆δ̇t = 1,

Fhts = 1,

Fqqq = I3.

F∆NNNcp

∣∣
i,j

=

1, Pi ∈ Pk−1 And i = Ci|k And j = Ci|k−1

0, Otherwise
,

(3.24)

where I(·) is an identity matrix of size (·), F∆NNNcp

∣∣
i,j

is the entry (i, j) of the F∆NNNcp matrix, Pi

is the Pseudo-Random Noise (PRN) code of the ith commonly tracked satellite (at time tk),

Pk−1 is the set of PRNs of the commonly visible satellites at time instant tk−1, and Ci|k and

Ci|k−1 are indices to the chief’s receiver channels that captured the measurement from the ith

commonly visible satellite at times tk and tk−1 respectively. Indeed, the differential ambiguity

for the newly tracked satellites are set to zero, however, the process noise covariance matrix

has to be adapted to reflect the uncertainty of this initial guess. Equation (3.24) can be used

to construct the full STM (3.22), and also to propagate the auxiliary states in the prediction

phase of the EKF.

3.4.4 Measurement model

Although the measurement vector in (3.13) is modeled by equations (3.7), (3.10), and (3.12),

the Jacobian matrix H of these nonlinear functions needs to be constructed as a requirement

for the update phase of the EKF. Concretely, the nonlinear measurement model is presented

once again as follows:

hhh =


∆ρρρ+ c∆δt+ λf∆NNN cp − αf∆SSS +∆ρρρ⊕

∆ρρρ+ c∆δt+ 1
2λf∆NNN cp +∆ρρρ⊕

2αf∆SSS − λf∆NNN cp

 . (3.25)

where the differential STEC vector, ∆SSS, is obtained from the VTEC vector according to the

mapping (3.15).
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The state dependant Jacobian matrix H can then be obtained,

H =
∂hhh

∂xxx
=


H∆rrrf 0m×3 111m×1 000m×1 −HHHhts −Hqqq λfH∆NNNcp

H∆rrrf 0m×3 111m×1 000m×1 000m×1 0m×3
1
2λfH∆NNNcp

0m×3 0m×3 000m×1 000m×1 2HHHhts 2Hqqq −λfH∆NNNcp

 , (3.26)

where H∆rrrf ∈ Rm×3, HHHhts ∈ Rm×1, Hqqq ∈ Rm×3, and H∆NNNcp ∈ Rm×n are partial derivative

matrices, with m ≤ n being the number of the commonly visible satellites and n is the num-

ber of channels of the receiver. Moreover, 1 represents a matrix of ones with its dimensions

indicated in the subscript.

Matrix H∆rrrf is a Jacobian matrix that can be obtained by partial differentiation of the

(∆ρρρ+∆ρρρ⊕) part of the measurement model (3.25) using the states of the chief (refer to

Appendix B),

H∆rrrf =
∂

∂∆rrr
(∆ρρρ+∆ρρρ⊕) ≈

∂

∂rrr
(ρρρ+ ρρρ⊕)

∣∣∣∣
c

=
[
eeef1,c eeef1,c . . . eeefm,c 0003×1 . . . 0003×1

]⊺
,

(3.27)

where the zero vectors at the end account for the chief’s receiver channels that did not track

any satellite or that tracked a satellite that is not visible by the deputy, eeefi,c comprises the

unit baseline vector from the ith commonly tracked satellite to the chief in the ECEF frame

in addition to a correction term for the Earth’s rotation,

eeefi,c =
rrrfc − rrrfi∥∥∥rrrfc − rrrfi ∥∥∥ +

ω⊕
c

[
−yfi xfi 0

]⊺
. (3.28)

Using Equations (3.14) and (3.15), the ith entry in the HHHhts vector, which corresponds to

the measurement from the ith commonly visible satellite by both the deputy and the chief,
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can be written as,

Hhts |i =
40.3 · 1016

f2

[(
∂Mts

∂hts
V

)
i,d

−
(
∂Mts

∂hts
V

)
i,c

]
,

∂Mts

∂hts
= − cos2 (Ei,r)

rr

√√√√[(R⊕ + hts
rr

)2

− cos2 (Ei,r)

]3 , (3.29)

while the ith row in the Hqqq can be written as,

Hqqq|i =
40.3 · 1016

f2

[(
Mts

∂V

∂qqq

)
i,d

−
(
Mts

∂V

∂qqq

)
i,c

]
,

∂V

∂qqq
=
[
1 δϕipp δλipp

]
.

(3.30)

Matrix H∆NNNcp is, in fact, a boolean rearrangement matrix with entries,

H∆NNNcp

∣∣
i,j

=

1, Pi ∈ Pk−1 And j = Ci

0, Otherwise
. (3.31)

3.5 EKF initialization and operation

In order for the EKF to operate properly, it needs an initial guess for the state vector, xxx, as

well as the estimated states covariance matrix, P. Indeed, many ways such as the available

onboard solution of each satellite or weighted least-square schemes can be incorporated to cal-

culate a fairly close initial relative position and velocity vectors, yet, in order to demonstrate

that the proposed filter converges even for uncertain initial conditions, the state variables are

initiated with randomly selected values within the true range of each variable. The estimation

covariance matrix, on the other hand, is inaugurated as a diagonal matrix with large variances

to reflect the uncertainties of the initial guess of the state vector. During operation, it is of

a huge importance to re-initiate the values of ∆NNN cp to account for newly tracked satellites

(see equation (3.24)). Once a value is initialized, the corresponding process noise variance

needs to be set to a large value in the process noise covariance matrix Q. Moreover, a proper

61



rearrangement of the estimated state covariance matrix, P, needs to be carried out in order

to account for the satellites that went out of sight.

Besides the initialization of the state vector and the estimated states covariance matrix,

two other covariance matrices need to be defined for the EKF to operate efficiently, the pro-

cess noise covariance matrix Q and the observation covariance matrix R.

The process noise covariance matrix Q is set to the following semi-definite time-varying

matrix,

Q = diag
(
06×6, Q∆vvv, 0, σ

2
c∆δ̇t

, 0, Qqqq, Q∆NNNcp

)
, (3.32)

where Q∆NNNcp is generally a matrix of zeros, except when a newly tracked satellite is introduced,

then the corresponding diagonal entry is set to a large value to reflect the unreliability of the

corresponding initiated ∆N value. The state variables’ noises are assumed uncorrelated,

thus all the covariance elements of the Q matrix are zeros. Furthermore, the process noise

covariance matrix is in general a time-varying matrix, as Q∆NNNcp needs constant rearrangement

as new satellites are being tracked. The diagonal entries for Q∆NNNcp are defined as,

Q∆NNNcp

∣∣
i,i

=

102, Ci tracks a new satellite

0, Otherwise
, (3.33)

Although the multipath effect was not incorporated in the measurements model (3.25),

it is not entirely true that a receiver in a low Earth orbit will not experience any multipath

interference. It has been shown in [68] that the Earth’s surface reflections could indeed disturb

the GNSS signals especially those which have to travel from a low elevation satellite with

respect to the receiver. Nonetheless, this type of interference lasts only for short periods and

can be avoided by choosing a suitable cut-off elevation angle, beyond which the signal is simply

discarded. Instead of hard coding a cut-off elevation angle, which also means that parts of

the observations have to be discarded, the measurement covariance matrix is set to vary with

the elevation angle of the transmitting satellite. In this setting, the lower the elevation angle,
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the higher the variance of the observation noise is set. Assuming uncorrelated measurement

noises, the observation noise covariance matrix is set to the following time-varying matrix,

R =


Rsdcp 0 0

0 Rsdgr 0

0 0 Rsdgf

 , (3.34)

where Rsdcp, Rsdgr, and Rsdgf are the noise covariance matrices corresponding to the SDPR,

SDGR, SDGF measurements respectively. The off-diagonal elements of the Rsdcp, Rsdgr, and

Rsdgf matrices are all zeros, while the diagonal elements are defined as,

R(·)
∣∣
i,i

=
σ2(·)

sin2 (Esmin) + ϵ
, (3.35)

where σ(·) is a pre-defined constant standard deviation for the observation (either the SDPR,

the SDGR, or the SDGF), Esmin = min (|Esd| , |Esc |) is the minimum magnitude elevation angle

between either the deputy or the chief when both track the GNSS satellite, s, and ϵ is a small

constant that acts as a safeguard from dividing by zero. Clearly, the size of each of the ob-

servation noise covariance matrices is time-varying as it depends on the number of commonly

tracked satellites.

During the operation of the EKF, a measurement vector at any time step is said to

have at least one outlier in case the collective squared Mahalanobis distance [69] is found

to be greater than the inverse of the χ2 (chi-squared) cumulative distribution function of

a significance level of 5% and with the length of the measurement vector as the degrees of

freedom. Once a batch of measurements is detected to have outliers, those are detected and

rejected using the individual squared Mahalanobis distance test [70].
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3.6 Results and discussion

In order to validate the algorithm, data from the ESA Swarm mission [10] are collected and

simulated in a real-time setting. Swarm is an Earth observation mission that consists of three

identical satellites, Alpha, Bravo, and Charlie; which were launched in November 2013.

The algorithm was tested on two different full days worth of the Swarm mission GNSS

data, namely on 16-Jul-2014 and on 08-Dec-2020. These two days are chosen keeping in mind

that the algorithm needs to be tested in the best and in the worst ionospheric conditions. The

year 2020 witnessed the lowest solar activity of the 24th Solar Cycle (SC24) [71], hence, the

best ionospheric conditions for GNSS navigation are expected. On the other hand, the peak

of the SC24 solar cycle happened in 2014 [71] and the worst ionospheric conditions are present

around this time. Indeed, SC24 is not the most intense cycle in terms of the solar radiation,

and consequently in the total electron content of the ionosphere. However, the author did not

manage to get access to other GNSS data that were recorded during a stronger solar cycle,

for two receivers flying in low earth orbit with a large inter-satellite distance.

The relative navigation is performed between Alpha (deputy) and Charlie (chief) space-

craft which share the same orbit (150 km apart in 2014 and 100 km apart in 2020 on the

dates of estimation).

In order for the EKF to converge, precise statistics of the process noises as well as the

measurement noises need to be provided. A particular issue that needs to be addressed here is

that, although the SDCP is commonly considered a smooth signal with a noise level of order

of millimeters, it cannot be considered very smooth in the context of largly separated receivers

since the differential ionospheric delay is not negligible, and also as the ionospheric model is

not accurate to the millimeters level. The statistics that were adopted in the simulations are

presented in the Table 3.1. It is to be noted that the standard deviations of the noises of

SDPR, SDGR, and SDGF can be deduced from the standard deviations of the carrier phase
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and the pseudo-range noises (refer to the discussions in Section 3.2). Moreover, the standard

deviation of the carrier phase noise for the 2014 data is set to a higher value than that of the

2020 data since the quality of the latter is better than that of the former.

Table 3.1: Assumed constant statistics used in the simulations

σ∆vx ≡ σ∆vy ≡ σ∆vz σc∆δ̇t σq0 ≡ σq1 ≡ σq2 σpr σcp|2014 σcp|2020
0.01 m/s2 1 m/s 1/

√
2 TECU/s 1.5 m 0.2 m 0.1 m

After processing the 2014 data, estimates for the relative position and velocity vectors

became available. Figure 3.3 depicts the relative position and velocity errors between the two

spacecraft for the 2014 data. It is important to note that the relative position and velocity

vectors are both estimated in the ECEF frame, then the error vectors as well as the estimation

covariance matrix are rotated to the RTN frame of the chief, by making use of the knowledge

of the receiver’s onboard solution for the chief absolute position. In order to obtain the error

signals, the output of the post-processing Precise Orbit Determination (POD) algorithms is

used as the ground truth. The POD output is accurate to the level of ±1 cm and is provided

as part of the Swarm mission data.

Results in Fig. 3.3 show that more than 99.7% of the errors lie below the 3σ threshold,

with σ being the standard deviation of the estimation error, which suggests that our assump-

tions for the model and measurement statistics (see Table 3.1) are conservative.

For the 2014 data, 3D RMS errors of 26 cm and 4 cm/s could be obtained for relative

distance and relative speed respectively, while the filter converged after only 1 iteration. The

convergence point in this setting is defined as the first occurrence of three consecutive filter

estimation errors that are less than or equal to twice the RMS. Results with such convergence

rate and accuracy, especially without implementing integer ambiguity resolution and fixing

techniques, could only be obtained thanks to the incorporation of the presented measurement

setting as well as the incorporation of a precise ionospheric model. This claim is supported

by the preliminary trials to run the filter with different measurement and ionospheric model

settings [57].
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(a) Relative position error (b) Relative velocity error

Figure 3.3: Estimation errors for 1 day of the Swarm mission data during the peak of SC24

The number of the commonly tracked satellites as well as the Relative Position Dilution

Of Precision (RP-DOP) for the 2014 data are depicted in Fig. 3.4, where the RP-DOP is

defined as,

RP-DOP =
√
σ2∆x + σ2∆y + σ2∆z, (3.36)

with σ2∆x, σ
2
∆y, and σ2∆z being the estimation variances of the relative position components,

extracted from the estimated covariance matrix.

It is clear from Fig. 3.4 that the RP-DOP is likely to have spikes when the number of the

commonly tracked satellites is low (e.g., 3 satellites). It is believed that these spikes appear

not only due to the low number of the commonly visible satellites, but also due to the ge-

ometry of these tracked satellites as well as the elevation angles of the satellites with respect

to the receivers (see for example the spike around 16:00 in Fig. 3.4 which appear when the
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Figure 3.4: Precision indicators

number of commonly tracked satellite is fairly large, 5 satellites).

The 2020 data were processed as well, and the relative position and velocity are estimated.

Figure 3.5 illustrates the relative position and velocity estimation errors respectively for the

2020 data.

An RMS error of 24 cm could be obtained for the relative distance and of 4 cm/s for the

relative speed. Indeed, the estimates of the 2020 data are of better quality than those of the

2014 data since the ionospheric conditions are better, however, the obtained estimation errors

from both data are not substantially different. It is believed that thanks to the adoption of a

fairly precise ionospheric model, almost indistinguishable performances of the filter could be

obtained, even for different GNSS data streams with different ionospheric conditions.

3.7 Conclusion

In this chapter, the problem of GNSS-based relative navigation between two spacecraft with

large inter-satellite distance and with single-frequency receivers is treated through adopting

the classical EKF. Although using an EKF for relative navigation is a common practice in the

67



(a) Relative position error (b) Relative velocity error

Figure 3.5: Estimation errors for 1 day of the Swarm mission data during the nadir of SC24

literature, there exists endless variants of filter settings. The contribution of this research is

the optimization of the filter setting for the specific problem in hand, by fixing the measure-

ments to be fed to the filter, the handling of the ionospheric delay, the choice of the auxiliary

state variables, and the definition of the process and measurement noises covariance matrices.

A measurement setting comprising the Single Difference Carrier Phase (SDCP), the Single

Difference GRAPHIC (SDGR), and the Single Difference Geometry-Free (SDGF) combina-

tion is proposed. While the incorporation of the SDCP and the SDGR comes as no surprise,

augmenting the measurement vector with the SDGF combination could help estimating the

differential ionospheric delay as well as the differential floating point ambiguities, improving

the overall estimation accuracy as well as the convergence time.

The fairly precise, however simple, thin shell ionospheric model was adopted as it provides
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superior estimates of the ionospheric delay than those of the commonly used empirical models.

As the quality of the GNSS signal improves proportionally with the elevation angle of

the tracked satellite, the measurement noise covariance matrix was made dependent on this

elevation angle, which improved the reliability of the statistics of the measurement noises.

In order to test the sensitivity of the proposed filter setting to the change in ionospheric

conditions, the algorithm was tested on a simulated real-time setting using two different data

streams that were collected by the Swarm mission during the peak and the nadir of the

24th Solar Cycle. Thanks to the adopted ionospheric model, the filter could produce almost

indistinguishable relative position and velocity estimates for both cases. For the extreme

ionospheric conditions during the peak of the solar cycle (in 2014), the filter could achieve 26

cm and 4 cm/s RMS errors in the estimated relative distance and relative speed respectively,

while it could achieve 24 cm and 4 cm/s RMS errors during the relaxed ionospheric conditions

(in 2020).

It is important to emphasize that the obtained results could be achieved without imple-

menting integer ambiguity resolution, which was excluded to relax the computational demand

from the satellites onboard computer. Indeed, excluding the integer ambiguity resolution

together with the adoption of an adequate ionospheric model contributed to the very fast

convergence of the filter which typically converges after one iteration.
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Chapter 4
Guidance strategies for multi-satellite

formation reconfiguration

4.1 Introduction

As the satellites gradually became smaller in size since the beginning of the new space

paradigm, it was no wonder that Electric Propulsion (EP) systems were increasingly used

to support their maneuverability in orbit. At the cost of lower thrust levels, electric thrusters

typically offer higher specific impulse, and hence better fuel efficiency than their chemical

counterparts [72]. The low fuel and propellant storage requirements is mainly what makes EP

an attractive option for small satellites [73]. Often motivated by the need to reduce weight,

complexity, and hence cost, some satellite manufacturers started opting to incorporate a single

electric thruster onboard their spacecraft. Examples of such satellites include the PLATiNO

platform [74] and Triton-X [75]. A satellite that employs a single electric thruster is, in nature,

under-actuated, since a desired thrust vector is only achievable after an attitude maneuver

which redirects the thruster nozzle into the desired direction. In this chapter, we develop

guidance strategies for the problem of reconfiguring multiple of such under-actuated satellites

flying in a formation.
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4.1.1 Problem statement

This chapter introduces Delta-V-optimal/fuel-optimal, safe, relative orbit trajectory opti-

mization strategies for multi-satellite formation reconfiguration in centralized and distributed

settings. The following points are the main considerations for guidance schemes developed in

this chapter:

• The formations under consideration comprise an uncontrolled chief spacecraft flying

with an arbitrary number, N , of deputy satellites;

• Each deputy is equipped with a single un-gimbaled electric thrust nozzle;

• In the centralized setting, the chief spacecraft is the satellite onboard which the for-

mation trajectory optimization calculations take place. The optimized trajectories are

then transmitted to each of the deputies via an inter-satellite link. An exception to this

rule is when the formation is composed of only one deputy flying with a real/virtual

chief. In this case, the calculations are performed onboard the deputy, and the precise

orbit of the chief is constantly transmitted to the deputy at each ground contact. No

inter-satellite link is required in such scenario;

• In the distributed approach, the computation of optimized relative trajectories is shared

among all deputies, with each deputy independently optimizing its own trajectory. To

ensure coordination, an inter-satellite link is established between all the neighboring

deputies. Additionally, the chief spacecraft is treated as a virtual point in this approach,

as the requirement for a central processing unit is eliminated;

• The main purpose of the trajectory optimization scheme is to drive the deputies from

an initial configuration at the initial time to a final desired configuration at the final

time;

• To enhance the predictability of the maneuver, the initial time, the final time, as well

as the time steps at which the thrust magnitude changes, are all treated as user inputs;
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• During the formation reconfiguration maneuver, the maximum and minimum thrust

bounds of each onboard thruster must never be violated;

• Inter-deputy collision must be avoided through keeping each satellite outside the Keep-

Out Zone (KOZ) of all its neighboring satellites at each time step the trajectory opti-

mizer considers;

• Deputy-chief collision must be avoided in cases when the chief is treated as a physical

spacecraft, namely when centralized schemes are used to optimize the reconfiguration

of a multi-satellite formation.

4.1.2 State of the art

The problem of formation reconfiguration has been a subject of extensive research. While

guidance and control strategies have been proposed for formations that leverage impulsive

thrusters [28, 76, 77, 78], they are not applicable to formations that employ electric ones.

Existing low-thrust centralized and distributed guidance schemes assume omnidirectional

thrusting [79, 80, 81, 82], rendering them inapplicable to single-thruster satellite formations.

Guidance policies were developed for the AVANTI mission [77, 83, 84], which incorporates a

satellite equipped with one impulsive thruster flying in a formation with a non-cooperative

object, yet again, these guidance methods are not suitable for low-thrust formations. On a

related note, a satellite incorporating a single impulsive thruster cannot be considered under-

actuated, unlike a spacecraft with a sole low-thruster. An impulsive thruster is idle for the

most part of the maneuver due to the fact that it is able to provide large Delta-V changes,

typically in a matter of seconds. A thruster-idle period is ample for an attitude redirection

maneuver to take place before the following thruster firing. To address the problem of relative

orbit corrections for mono-electric-thruster satellites, trajectory optimization methods which

are used within Model-Predictive Control (MPC) schemes have been proposed in [12, 85],

yet operational constraints, such as the necessary thruster-off-periods during ground contact,

during payload operations, or during eclipse, were not considered in these works.

72



4.1.3 Methodology and contribution

In this chapter, the Delta-V-optimal, collision-free, formation reconfiguration problem is con-

sidered for an arbitrary number, N , of deputy satellites flying in a formation with an uncon-

trolled chief. To allow for such reconfiguration to take place, each deputy is equipped with

one electric thruster. The proposed trajectory optimization procedures are open-loop control

strategies which can be incorporated in the closed feedback loop in many ways, such as the

shrinking-horizon MPC and the fixed-horizon MPC that will be discussed later in Chapter 5.

The first attempt to formulate the guidance problem is presented as a non-convex Quadrat-

ically Constrained Quadratic Programming (QCQP) problem, which is later relaxed to a con-

vex QCQP that can be solved using Sequential Convex Programming (SCP). A relaxation

of the quadratic constraints of the QCQP problem could cast it into a Quadratic Program-

ming (QP) problem, which is a simpler form of QCQPs. Due to the fact that the optimal

solutions to the QCQP formulation, as well as that of the QP problem, require unnecessarily

large Delta-V changes, the convex QCQP problem is reformulated into a Second-Order Cone

Programming (SOCP) problem through adopting a new cost function which makes better use

of the available fuel. A final relaxation is applied to the SOCP formulation to transform it

into the simplest form of convex programming problems; Linear Programming (LP). The di-

mensional Relative Orbital Elements (ROE) formulation, which is introduced in Chapter 2, is

utilized to develop all the guidance schemes. It is to be emphasized that while these guidance

formulations were developed specifically for the case of deputies with unidirectional low-thrust

capabilities, it can be also adapted, with minor changes, for formations with satellites that

are able to provide omnidirectional low-thrust.

The four convex formulations of the guidance strategy were initially developed without the

minimum thrust constraint, which is a limitation imposed by the onboard thruster’s specifi-

cations. This constraint was omitted in the initial formulations due to its non-convex nature,

which presents significant challenges for convexification. In this chapter, an affine convex-

ification approach is introduced to integrate the minimum thrust constraint into the set of
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constraints for the four guidance schemes. Notably, the convexified problem becomes inher-

ently more restrictive than it would be if the minimum thrust constraint were not convexified.

This restrictiveness can lead to situations where the convexified problem is deemed infeasible

for certain reconfiguration scenarios, even though the original non-convex problem remains

feasible. To increase the likelihood of obtaining a feasible solution from the convexified prob-

lem, a pruning algorithm is introduced. This algorithm first solves the convex problem with-

out enforcing the minimum thrust constraint. It then examines the control profiles for each

deputy satellite, identifying instances where the required thrust is minimal. These instances

are subsequently constrained to zero, and the problem is re-solved with these pruned thrust

instances fixed at zero. Through this iterative approach, the thrust effort is redistributed

more effectively, thereby improving compliance with the minimum thrust requirement and

enhancing the feasibility of the solution. Finally, the problem is solved once more time to

incorporate the minimum thrust constraint, with the pruned steps remaining constrained to

zero during this final stage. This ensures that the solution aligns with the minimum thrust

requirement while leveraging the improvements achieved through the pruning algorithm.

Since the guidance algorithms developed in this chapter are optimization problems that

incorporate hard constraints, they are susceptible to infeasibility, especially when later incor-

porated into MPC schemes where the guidance problem is solved recurrently under varying

initial and final reconfiguration conditions. To mitigate the risk of infeasibility during the

operation of the autonomous closed control loop, constraints that are likely to lead to in-

feasibility are identified and softened. This softening process allows specific constraints to

be violated within small, controlled margins, thereby enhancing the feasibility of the solu-

tion. The softening approach involves introducing slack variables to the problem, effectively

increasing the number of variables but enhancing the reliability of the overall control loop

by addressing potential infeasibility directly within the guidance layer. A full section is dedi-

cated to exploring how constraints can be systematically softened to maintain feasibility while

keeping deviations minimal.
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Finally, the softened guidance problem is formulated as a distributed trajectory optimiza-

tion problem to enhance the scalability of the proposed methods to formations involving

large numbers of deputy satellites. In the distributed setting, each deputy calculates its own

guidance profile onboard, while constant communication among deputies ensures inter-deputy

collision safety. Although the problem is typically solved simultaneously for all satellites, cer-

tain situations require serial calculations to ensure proper coordination and prevent potential

collisions.

The main contributions of this chapter are as follows:

• Presentation of the QP problem formulation, which serves as a foundation for a simpler

and more efficient formulation: the LP formulation;

• Development of the mathematical formulations for the SOCP and LP problems, which

yield more Delta-V efficient solutions compared to the classical QCQP problems, while

also being easier to implement and faster to solve with most solvers;

• Execution of a benchmark experiment across over a dozen solvers, comparing the per-

formance of the convex QCQP, convex QP, SOCP, and LP formulations;

• Development of guidelines for embedding the guidance algorithms in space-borne appli-

cations, tailored to address typical reconfiguration challenges in remote sensing missions;

• Introduction of the minimum thrust constraint via an affine convexification method,

along with the associated pruning algorithm to improve feasibility;

• Implementation of methods for softening hard-constrained problems to decrease the

likelihood of encountering infeasibility during closed-loop control system operations;

• Investigation of formulating the guidance problem as a distributed trajectory optimiza-

tion problem, along with the development of coordination algorithms necessary to guar-

antee collision safety throughout the reconfiguration maneuver.
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4.1.4 Chapter outline

The organization of this chapter is as follows: the next section introduces the four foundational

guidance formulations that underpin all subsequent developments. In Section 4.3, strategies

to mitigate numerical instability during the solution process are discussed, emphasizing the

use of classical normalization techniques prior to solving the guidance problems. Following

this, Section 4.4 presents a sensitivity analysis of the guidance strategies, focusing on two

key user-defined parameters. This sensitivity analysis serves as the basis for selecting the

parameters involved for the remainder of the thesis.

Section 4.5 presents and discusses the results of applying the four proposed trajectory

optimization techniques across four reconfiguration scenarios. These scenarios involve typical

configurations in multi-satellite remote sensing missions. This section benchmarks the four

techniques, comparing their performance in terms of Delta-V and the computational time

required by each method, using 15 different solvers. The results from this benchmark exper-

iment serve as the basis for practical recommendations on which formulation to use under

various conditions.

The convex relaxation of the minimum thrust constraint and its associated pruning al-

gorithm are introduced in Section 4.6. The softening strategies and their impact are then

examined in detail in Section 4.7, addressing how they enhance the feasibility of solutions

under stringent conditions.

The potential to distribute the computational effort of the guidance problem among the

deputies is explored in Section 4.8, where the corresponding coordination algorithms required

for the distributed formulation are also discussed. The chapter concludes with a summary in

Section 4.9.
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4.2 Guidance formulations

In this section, a guidance scheme is developed for a formation that comprises an arbitrary

number, N , of deputy satellites together with a chief spacecraft. The ultimate goal of the

guidance module is to drive the state of each deputy from its initial values, parameterized by

the dimensional ROE vectors, yyyi,0 at the initial time, t0, to the user-defined reference state,

yyyi,f at the final time, tf . Again, the N deputies are assumed to be each equipped with a single

throttleable electric thruster dedicated for (relative) orbit reconfiguration, while the chief is

uncontrolled. In this under-actuated setting, each deputy has to undergo repeating attitude

maneuvers in order to redirect its thruster in the desired direction before every thruster firing.

The time required for these redirection maneuvers was taken into consideration in the design

phase of the guidance procedure, and the thruster of each deputy is thus dictated to operate

on an alternating on/off mode, where the slew maneuvers are allocated in the thruster off-

periods. On top of the natural relative orbit changes during the thrusters off-periods, further

forced ROE corrections are simultaneously induced for all the deputies through
m+ 1

2
finite

burns, with m being an odd number. Figure 4.1 illustrates the alternation between the on

and off states of the electric thruster onboard one of the deputies which shall drive its state

from the initial to the reference value.
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Figure 4.1: Graphical representation of the low-thrust guidance strategy

It is important to emphasize that the time instances at which the thruster alternates

between the on and off states, ttt =
[
t0 t1 . . . tf

]
(see Fig. 4.1), are assumed to be identical

for all the deputies. It is, in fact, a common practice to unify the discretization steps for all

the deputies in centralized trajectory optimization schemes [79, 81]. The common time vector

is left for the mission operator to determine, in order to enhance the mission predictability,
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which is a very important factor in the operation of real missions. It appears that leaving ttt as a

user-input not only helps predict the behavior of the formation ahead of time, but also helps

accommodate any operational constraints within the thrusters idle intervals. Operational

constraints in our context might include not being able to use the thruster or the attitude

control system for relative orbit correction during specific times, e.g., during ground contact,

payload operations, or during times when the satellite is in the shadow. The time vector, ttt,

can be defined either through the time instances at which the thrusters switch between the

on and off states, or through defining the initial time, t0, and the periods during which the

thrusters are turned on or off. As a result, by letting L = {1, 2, . . . , (m+ 1) /2}, these periods

are divided into two categories;

• The forced motion time periods, Tf,l, l ∈ L;

• The natural motion periods (coast arcs), Tn,l, l ∈ L.

Since the attitude redirection maneuvers are allocated during the natural motion periods, a

lower bound for these coast arcs has to be imposed which is related to the maximum allowable

angular speed, i.e., angular velocity’s Euclidean norm, of the deputies, such that,

Tn,l ≥
π

ωmax
+ Tsafety ∀l ∈ L, (4.1)

where ωmax = min (ωi,max) is the maximum angular speed of the deputy with slowest angular

rate, with ωi,max being the maximum angular speed of the ith deputy, and Tsafety ≥ 0 is added

to ensure that the coast arc can accommodate the most stringent attitude maneuver. The

rationale behind Eq. (4.1) is that, since the maximum possible slew angle is π, the longest

time period it takes the satellite to perform any slew, using the maximum angular speed,

is π
ωmax

. Indeed, the satellite never uses the maximum angular speed throughout the whole

slew, that is why the Tsafety term is added to make sure that the allocated time for the slew

maneuver, Tn,l, is always more than enough.
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Let,

Y =


yyy1,0 yyy2,0 . . . yyyN,0

yyy1,1 yyy2,1 . . . yyyN,1
...

...
. . .

...

yyy1,m+1 yyy2,m+1 . . . yyyN,m+1

 , (4.2)

U =


uuu1,0 uuu2,0 . . . uuuN,0

uuu1,1 uuu2,1 . . . uuuN,1
...

...
. . .

...

uuu1,m uuu2,m . . . uuuN,m

 , (4.3)

where yyyi,k is the dimensional ROE vector of the ith deputy at time tk, and uuui,k = acuuui,k

is the scaled control vector, with ac being the semi-major axis of the chief’s orbit, and uuui,k

being the control acceleration vector, expressed in the RTN frame, provided by the ith deputy

thruster between the two time instances tk and tk+1. Note that in this chapter, and in order

to simplify the notation, the superscript indicating the frame on which a vector is expressed

is dropped. The guidance problem can thus be formally written as an optimization problem

with a quadratic objective function, as is classically done [86], as follows:

Problem 4.1 (Non-convex formulation).

min
Y,U

1

a2c

∑
i∈I

∑
k∈Kf

(
∆t2kuuu

⊺
i,kuuui,k

)
subject to,

yyyi,0 = yyyi,0, yyyi,m+1 = yyyi,f ∀i ∈ I, (4.4)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (4.5)

uuui,k = 000 ∀i ∈ I, ∀k ∈ Kn, (4.6)

uuu⊺i,kuuui,k ≤ a
2
cu

2
i,max ∀i ∈ I, ∀k ∈ Kf , (4.7)

(yyyi,k − yyyj,k)⊺T⊺
kTk (yyyi,k − yyyj,k) ≥ R2

CA ∀i, j ∈ I, i ̸= j, ∀k ∈ K, (4.8)

yyy⊺i,kT
⊺
kTkyyyi,k ≥ R2

CA ∀i ∈ I, ∀k ∈ K, (4.9)
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where ∆tk = tk+1 − tk, Φk ≡ Φδααα (tk, tk+1) (refer to Eq. (2.51)), and Ψk ≡ Ψδααα (tk, tk+1)

(refer to Eq. (2.52)). Moreover, I = {1, 2, . . . , N} is the set of deputies’ indices, K = Kf ∪Kn,

with Kf = {0, 2, 4, . . . ,m− 1} being the set of time indices where the thruster of each deputy

is turned on, i.e., forced motion periods, and Kn = {1, 3, 5 . . . ,m} being the set of time in-

dices where the thruster of each deputy is turned off, i.e., natural motion periods, ui,max is

the maximum allowable acceleration by the onboard thruster of the ith deputy. Generally,

it is the maximum allowable thrust that is provided in the data sheets of electric thrusters,

and not the maximum acceleration. However, the latter can be calculated from the former

according to: ui,max = fi,max/Mi, with fi,max being the maximum thrust of the ith deputy,

and Mi being its mass, which is assumed constant throughout the maneuver, and is set to

the mass of the satellite at t0. Furthermore, in Problem 4.1, RCA ≥ 0 is the radius of the

collision avoidance sphere, i.e., KOZ, and Tk ≡ T (tk − tref) is the matrix that transforms

a dimensional ROE vector into its corresponding position vector in the RTN frame, intro-

duced in Eq. (2.57), with tref being the reference time, typically taken as the start time of

the simulation. It is important to note that uuui,k are chosen to be included as optimization

variables instead of uuui,k in order to ensure that all the decision variables, i.e., Y and U, are

of comparable orders of magnitude, which makes it less probable that a solver will run into

numerical issues. Poorly-scaled problems typically require longer times to solve, if a solution

can be found in the first place.

The constraints imposed on Problem 4.1 are summarized as follows:

• Equation (4.4) represents the boundary constraints which dictates the guidance profile

to have the final state exactly equal to the set points defined by the user, while respecting

the initial state of each deputy;

• The relative orbital dynamics are imposed on the trajectory optimizer through Eq. (4.5);

• The acceleration constraints are forced through equations (4.6) and (4.7). Note that

Eq. (4.6) is a hard constraint to ensure that the input acceleration onboard each deputy

provided during attitude redirection maneuvers is exactly zero;
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• Inter-deputy collision is avoided by imposing Eq. (4.8), which guarantees that no deputy

enters the KOZ of another, while deputy-chief collision is prohibited at each time step

through Eq. (4.9). Since the time steps of our application are relatively small when

considering how slow the relative orbital dynamics can be, inter-step collision avoidance

is ignored in this study.

It is clear that the cost function of Problem 4.1 is the sum of the squared L2 norms of all

the control Delta-V across all deputies and across all time instances during the reconfigura-

tion maneuver. Minimizing this cost function not only results in a Delta-V-optimal solution,

but also produces a fuel-optimal solution. Indeed, the terms "Delta-V-optimal" and "fuel-

optimal" can be used interchangeably in our case, since they really do refer to the same thing

when the controlled spacecraft are each equipped with a single thruster [9].

Problem 4.1 is a non-convex optimization problem which requires a series of elaborate

processes in order to find its globally optimal solution. The non-convexity of Problem 4.1

arises solely from the non-convexity of the two last constraints. In fact, if it were not for

the constraints in Eqs. (4.8) and (4.9), Problem 4.1 would have been a convex optimization

problem that is guaranteed to produce a globally optimal solution. One way to convexify the

problem is to approximate the non-convex constraints by affine ones, then solve the problem

through Sequential Convex Programming (SCP). Using the relaxation proposed in [81] for the

collision avoidance constraints, Problem 4.1 can be rewritten in its relaxed convex Quadrati-

cally Constrained Quadratic Programming (QCQP) form as follows where the modifications

to the previous problem are marked in red:

Problem 4.2 (Convex QCQP formulation).

min
Y,U

1

a2c

∑
i∈I

∑
k∈Kf

(
∆t2kuuu

⊺
i,kuuui,k

)
subject to,

yyyi,0 = yyyi,0, yyyi,m+1 = yyyi,f ∀i ∈ I, (4.10)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (4.11)
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uuui,k = 000 ∀i ∈ I, ∀k ∈ Kn, (4.12)

uuu⊺i,kuuui,k ≤ a
2
cu

2
i,max ∀i ∈ I, ∀k ∈ Kf , (4.13)(

y̆yyi,k − y̆yyj,k
)⊺

T⊺
kTk (yyyi,k − yyyj,k) ≥ RCA

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
∀i, j ∈ I, i ̸= j, ∀k ∈ K, (4.14)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥ RCA

∥∥Tky̆yyi,k
∥∥
2
∀i ∈ I, ∀k ∈ K, (4.15)

where y̆yyi,k is a predicted value for the dimensional ROE vector of the ith deputy at time tk

and ∥·∥2 is the L2 norm of a vector. The solution to Problem 4.2 can be obtained sequentially

through SCP, where y̆yyi,k for the current iteration is set to yyyi,k from the previous iteration.

For the first iteration, y̆yyi,k can be obtained in a variety of ways, e.g., imposing the dynamics

solution, Eq. (2.50), from the initial to the final times with no control inputs, or alternatively

solving the problem without the collision avoidance constraints first and extracting yyyi,k from

the solution, then setting y̆yyi,k = yyyi,k. The SCP scheme is set to terminate when one of the

following criteria is satisfied,

•
∥∥y̆yyi,k − yyyi,k∥∥2 ≤ ϵ at the current iteration for all satellites at every time step, with ϵ > 0

being a user-defined threshold;

• The guidance profile of the current iteration is collision-free;

• The user-defined maximum number of iteration is reached, in which case, the solution

trajectory is not guaranteed to be collision-free.

A schematic illustrating the adopted flow of the SCP scheme in this chapter is presented

in Fig. 4.2.

Indeed, Problem 4.2 stands as a Convex Optimization Problem (COP) since it fulfills all

the necessary conditions for a problem to be one [87], which namely are,

• Cost function must be convex (for minimization problems);

• Inequality constraints must be convex;

• Equality constraints must be affine.
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Figure 4.2: Graphical representation of the SCP scheme
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Being a COP, Problem 4.2 is guaranteed to have a globally-optimal solution, however,

it would be much more efficient to solve if it could be put in one of the standard classes of

convex optimization problems, e.g. Quadratic Programming (QP) and LP, since dedicated

solvers with their dedicated algorithms for these classes have matured over the past decades.

It is clear that the only thing which prevents Problem 4.2 from being put in the convex QP

canonical form is Eq. (4.13) since it is a quadratic constraint and not an affine one. It can

be, nonetheless, transformed into multiple affine constraints using the methodology proposed

in [88] which suggests that,

∥bbb∥2 ≤ c, bbb ∈ R2

can be relaxed by:[
cos (γd) sin (γd)

]
bbb ≤ c cos (γmax) ∀d ∈ D,

(4.16)

where D = {1, 2, . . . , ndir}, with ndir ≥ 3 being the number of affine inequality constraints

that approximate the Euclidean norm constraint, γd =
2 (d− 1)π

ndir
+ γfirst, with γfirst being

the angle corresponding to the first direction, and γmax =
π

ndir
. It is important to emphasize

that the constraint relaxation, Eq. (4.16), is only applicable to vectors in R2, while the norm

constraint in Problem 4.2, Eq. (4.13), is imposed on a vector in R3, uuui,k. The relaxation is,

therefore, applied to the projection of the constraining sphere on each plane individually. The

ROE dynamics (refer to Chapter 2) possess unique characteristics that necessitates an accu-

rate approximation of the constraining circle lying in the Transversal-Normal (T-N) plane,

while coarse approximations of the constraints on the two other planes are acceptable. Con-

cretely, the optimal solution to Problem 4.2 is expected to rarely incorporate radial thrust [77,

85] since it is known to be more expensive, from the Delta-V point of view, than relying solely

on transversal thrust, especially when the reconfiguration can afford long maneuver times for

large in-plane maneuvers. It is for this reason that the relaxation in Eq. (4.16) is applied in

the T-N plane with a larger number of directions, ndir, than the number of directions used

in the Radial-Transversal (R-T) and the Radial-Normal (R-N) planes. Namely, we introduce

ndir = 4 < ndir as the number of directions that approximate the constraining circles lying
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in the R-T and the R-N planes, with γd =
2 (d− 1)π

ndir
+ γfirst ∀j ∈ D = {1, . . . , ndir}, and

with γmax = γfirst = π
4 . In this setting, the constraints in the R-T and the R-N planes are

approximated by two rhombuses which cover around 64% of the original constraining circles.

Having introduced the constraint relaxations which transform the quadratic constraints

into multiple affine ones, the reformulation of Problem 4.2 as a QP problem can be written

as,

Problem 4.3 (QP formulation).

min
Y,U

1

a2c

∑
i∈I

∑
k∈Kf

(
∆t2kuuu

⊺
i,kuuui,k

)
subject to,

yyyi,0 = yyyi,0, yyyi,m+1 = yyyi,f ∀i ∈ I, (4.17)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (4.18)

uuui,k = 000 ∀i ∈ I, ∀k ∈ Kn, (4.19)[
0 cos (γd) sin (γd)

]
uuui,k ≤ acui,max cos (γmax) ∀d ∈ D, ∀i ∈ I, ∀k ∈ Kf , (4.20)cos (γd) sin (γd) 0

cos (γd) 0 sin (γd)

uuui,k ≤ acui,max cos (γmax) ∀d ∈ D, ∀i ∈ I, ∀k ∈ Kf , (4.21)

(
y̆yyi,k − y̆yyj,k

)⊺
T⊺
kTk (yyyi,k − yyyj,k) ≥ RCA

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
∀i, j ∈ I, i ̸= j, ∀k ∈ K,

(4.22)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥ RCA

∥∥Tky̆yyi,k
∥∥
2
∀i ∈ I, ∀k ∈ K, (4.23)

A graphical representation of the feasibility regions of the control acceleration, uuui,k =[
ui,R, ui,T , ui,N

]⊺
, is given in Fig. 4.3 for both problems, Problem 4.2 and Problem 4.3. In

Fig. 4.3, the constraint relaxation in Eq. (4.16) is depicted for ndir = 12 and γfirst =
π

ndir
which covers approximately 95.5% of the original constraining circle in the T-N plane. It is

important to note that while the relaxed Eq. (4.21) does not explicitly constrain the radial

thrust component any better than the original circular constraint, it does affect the choice of
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the radial-transversal and normal-radial combinations.
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Figure 4.3: Feasibility region comparison between the convex QCQP formulation (Problem
4.2) and the QP formulation (Problem 4.3)

Since the objective function of Problem 4.3, and that of Problems 4.1 and 4.2 for that

matter, aggregates the squared L2 norms of the Delta-V vectors, across deputies and across

time instances, it comes as no surprise that the solver gives a stronger emphasis on larger

values of Delta-V. While a quadratic objective function suppresses the control peaks, and

hence enhances the smoothness of the optimal state trajectory [89], it makes Problems 4.1,

4.2, and 4.3 close to being minimization problems for the maximum Delta-V instance. An

alternative approach is to set the cost function to the sum of the second-norms of the Delta-V

vectors, rather than the sum of the squared norms. Adopting this approach, then transforming

the problem into its separable epigraph form [90], which is a very close form to the epigraph

problem form [87], the new problem can be written as a Second-Order Cone Programming

(SOCP) problem as follows:

Problem 4.4 (SOCP formulation).

min
Y,U,Γ

1

ac

∑
i∈I

∑
k∈Kf

(∆tkΓi,k)
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subject to,

yyyi,0 = yyyi,0, yyyi,m+1 = yyyi,f ∀i ∈ I, (4.24)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (4.25)

uuui,k = 000 ∀i ∈ I, ∀k ∈ Kn, (4.26)

∥uuui,k∥2 ≤ Γi,k ∀i ∈ I, ∀k ∈ Kf , (4.27)

Γi,k ≤ acui,max ∀i ∈ I, ∀k ∈ Kf , (4.28)(
y̆yyi,k − y̆yyj,k

)⊺
T⊺
kTk (yyyi,k − yyyj,k) ≥ RCA

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
∀i, j ∈ I, i ̸= j, ∀k ∈ K,

(4.29)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥ RCA

∥∥Tky̆yyi,k
∥∥
2
∀i ∈ I, ∀k ∈ K, (4.30)

where Γ is a matrix collates all the auxiliary variables that had to be introduced in order to put

the problem into the separable epigraph form. The matrix Γ contains one entry corresponding

to every constraint in Eq. (4.27). Formally,

Γ =


Γ1,0 Γ2,0 . . . ΓN,0

Γ1,2 Γ2,2 . . . ΓN,2
...

...
. . .

...

Γ1,m−1 Γ2,m−1 . . . ΓN,m−1

 . (4.31)

It is important to note that SOCP problems can be handled in their native form, i.e., with-

out having to transform the Second-Order Cone (SOC) constraints into quadratic ones, only

by a handful of solvers, e.g., SCS, ECOS, and MOSEK. Many of the solvers require the SOC

constraints to be transformed into quadratic ones, which, if applied to Eq. (4.27), renders it

non-convex, unless an additional linear constraint is added, namely, Γi,k ≥ 0 ∀i ∈ I, ∀k ∈ Kf .

By adding this additional constraint, many solvers, e.g., Gurobi and Knitro, recognize the

transformed quadratic constraint as a second order cone, and treat it as such.

Tracking the behavior of the Second-Order Cone (SOC) constraint, Eq. (4.27), is quite
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interesting since it behaves such that,

∥∥uuu∗i,k∥∥2 = Γ∗
i,k ∀i ∈ I, ∀k ∈ Kf , (4.32)

with (·)∗ being the optimal solution to the problem, due to the fact that Problem 4.4 is push-

ing Γi,k to be as low as possible (refer to the cost function of the problem), and since the

lowest possible value for Γi,k is ∥uuui,k∥2 according to Eq. (4.27).

Problem 4.4 can be taken a step further and be formulated as a Linear Programming (LP)

problem, which makes it possible for the new formulation to be solved by the vast majority of

the numerical optimization solvers. This transformation can be applied through implementing

the same piece-wise linearization in equations (4.20) and (4.21), which approximates the SOC

constraint (sphere) in Eq. (4.27) by multiple affine ones (polyhedron). Transforming Problem

4.4 into an LP one not only enables the possibility to use many solvers that cannot handle

the SOCP form, but may also require less time to solve than that of the SOCP formulation,

although not necessarily. A less solve time can be anticipated for the LP formulation due to

the fact that LP is presumably the simplest form of a convex optimization problem, and also

due to the existence of dedicated LP algorithms, e.g., primal and dual simplex, which have

matured over the last few decades. However, transforming the SOCP formulation into an LP

one, comes at the cost of adding new constraints to the problem.

The reformulation of the SOCP problem into an LP one can be written as follows:

Problem 4.5 (LP formulation).

min
Y,U,Γ

1

ac

∑
i∈I

∑
k∈Kf

(∆tkΓi,k)

subject to,

yyyi,0 = yyyi,0, yyyi,m+1 = yyyi,f ∀i ∈ I, (4.33)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (4.34)
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uuui,k = 000 ∀i ∈ I, ∀k ∈ Kn, (4.35)[
0 cos (γd) sin (γd)

]
uuui,k ≤ Γi,k cos (γmax) ∀d ∈ D, ∀i ∈ I, ∀k ∈ Kf , (4.36)cos (γd) sin (γd) 0

cos (γd) 0 sin (γd)

uuui,k ≤ Γi,k cos (γmax) ∀d ∈ D, ∀i ∈ I, ∀k ∈ Kf , (4.37)

Γi,k ≤ acui,max ∀i ∈ I, ∀k ∈ Kf , (4.38)(
y̆yyi,k − y̆yyj,k

)⊺
T⊺
kTk (yyyi,k − yyyj,k) ≥ RCA

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
∀i, j ∈ I, i ̸= j, ∀k ∈ K,

(4.39)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥ RCA

∥∥Tky̆yyi,k
∥∥
2
∀i ∈ I, ∀k ∈ K. (4.40)

Similar to Problem 4.4, the optimal solution of Problem 4.5 lies at the boundaries of con-

straints (4.36) and (4.37). This implies that the second norm of the scaled input acceleration,

∥uuui,k∥2, lies on the surface of the polyhedron (depicted in Fig. 4.3 for Γi,k = acui,max) which

relaxes the original feasibility sphere defined in Eq. (4.27).

It is to be emphasized that while the polyhedron that relaxes the acceleration norm con-

straint has projections on the T-N, the R-T, and the R-N planes that lie well inside the

original feasibility sphere as seen in Fig. 4.3, some vertices of the polyhedron can be seen to

slightly protrude from this sphere when visualized from different angles in the 3D space for the

case of ndir = 12, which can be seen clearly in Fig. 4.4. Although the relaxing polyhedron of

Problem 4.5 can change in size depending on the value of Γi,k, and hence lie with its entirety

within the original constraining sphere, the fact that it can extend beyond the limits of the

sphere when Γi,k = acui,max can be problematic. Interestingly, this almost never causes a

problem for the QP formulation due to the fact that Problem 4.3 is very close to minimizing

the maximum L2 norm of the input acceleration vectors. Moreover, the solution of Problem

4.3 almost never lies at the boundaries of the polyhedron, and even in the rare cases when it

does, it typically does not reach the protruding regions.

As the solution of Problem 4.5 may include points where Γi,k = acui,max, the event

of ∥uuui,k∥2 getting slightly larger than ui,max becomes a real possibility, espicially since the

89



Figure 4.4: Control input feasibility regions of Problem 4.4 (red) and Problem 4.5 (blue)

solution has to lie on the boundaries of constraints (4.36) and (4.37) as established earlier.

While the effect of this slight violation of the original constraints can be tolerated for short

maneuvers, relative orbit correction maneuvers which require extended periods of time can

deviate from their set points by tens or even hundreds of meters in the dimensional ROE space

as will be discussed in Section 4.5. It is for this reason that constraints (4.36) and (4.37) are

modified such that the approximating polyhedron is uniformly scaled down so that it can be

contained entirely by the original sphere regardless of the value of Γi,k. The resulting problem

after this scaling is written as,

Problem 4.6 (LP formulation with scaled feasibility region).

min
Y,U,Γ

1

ac

∑
i∈I

∑
k∈Kf

(∆tkΓi,k)

subject to,

yyyi,0 = yyyi,0, yyyi,m+1 = yyyi,f ∀i ∈ I, (4.41)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (4.42)

uuui,k = 000 ∀i ∈ I, ∀k ∈ Kn, (4.43)
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[
0 cos (γd) sin (γd)

]
c uuui,k ≤ Γi,k cos (γmax) ∀d ∈ D, ∀i ∈ I, ∀k ∈ Kf , (4.44)cos (γd) sin (γd) 0

cos (γd) 0 sin (γd)

 c uuui,k ≤ Γi,k cos (γmax) ∀d ∈ D, ∀i ∈ I, ∀k ∈ Kf , (4.45)

Γi,k ≤ acui,max ∀i ∈ I, ∀k ∈ Kf , (4.46)(
y̆yyi,k − y̆yyj,k

)⊺
T⊺
kTk (yyyi,k − yyyj,k) ≥ RCA

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
∀i, j ∈ I, i ̸= j, ∀k ∈ K,

(4.47)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥ RCA

∥∥Tky̆yyi,k
∥∥
2
∀i ∈ I, ∀k ∈ K, (4.48)

where c is a constant scaling factor that guarantees that the polyhedron of Fig. 4.4 is situated

entirely within the sphere. The protrusion of the polyhedron beyond the constraining sphere

is truly minimal, and could be quantified with the help of a 3D modeling software. In fact,

the distance from the center of the sphere to the furthest vertex of the polyhedron is mea-

sured to be approximately 1.7% larger than the radius of the original sphere (for ndir = 12).

Appendix C provides an overview of various methods for calculating the scaling factor corre-

sponding to different values of ndir, and presents the scaling factors obtained for each scenario.

It has been demonstrated that ndir = 12 is one of the most effective choices, as it requires the

smallest scaling factor among all the ndir values that cover at least 95% of the circumcircle

area in the T-N plane (refer to Appendix C). In the following discussions, the value of ndir is

set to 12 while the constant c is fixed to 1.017.

It is important to note that while mission operators usually favor closed-form solutions

over numerical optimization-based ones due to the risk of running into an infeasible situation,

infeasibility is never a problem in our context. A feasible solution can always be obtained

when the maneuver is allowed enough time regardless of how hard the reconfiguration is,

as long as the initial and final states are collision-free. Indeed, the maneuver duration is a

user-input that can be planned and controlled by the ground operators.
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4.3 Problem normalization

In most optimization problems, normalization of the cost function as well as the constraints

improves numerical stability of the solver and increases its convergence velocity. This fact

still remains true in the context of this thesis, even for the introduced guidance problems

which have been formulated in such a way that the decision variables are within almost the

same order of magnitude. Normalization helps avoid issues of numerical instability due to

poorly-scaled matrices which might cause ill-conditioning. Problem formulations involving

badly-scaled matrices often result in poor solver convergence or in high error in a solution due

to arithmetic on floating-point numbers with a limited number of digits [91]. By normalizing

the cost function and, especially, constraints, such discrepancies are reduced, making the for-

mulation easier to work with.

The objective functions of the proposed problems, specifically Problems 4.2, 4.3, 4.4, and

4.6, are either linear or quadratic. Their constraints fall under three categories: quadratic,

linear, and second-order cone constraints. This section provides a brief discussion on the

normalization techniques adopted in this thesis, for both types of objective functions and the

three categories of constraints. Indeed, more sophisticated scaling techniques can be used,

however, the simplest normalization methods often prove to be the most effective [91].

4.3.1 Quadratic objective functions

A quadratic cost function can be written in its general form as,

JQ =
1

2
xxx⊺Qoxxx+ fff⊺oxxx, (4.49)

where xxx is the vector that collates all the decision variables. This cost function is normalized

by dividing both, Qo and fffo by the Frobenius norm of Qo, which guarantees that all the

values in Qo lie between −1 and 1.
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4.3.2 Linear objective functions

A linear cost function can be written in its general form as,

JL = fff⊺oxxx. (4.50)

The linear cost function is normalized in this research by dividing fffo by its L∞ norm.

4.3.3 Quadratic constraints

A quadratic constraint can be written in its general form as,

1

2
xxx⊺Qcxxx+ fff⊺cxxx ≤ bu, (4.51)

where the quadratic constraint is convex if and only if Qc is positive semi-definite, and where

bu is the upper bound of the constraint. Such constraint is normalized by dividing Qc, fff c,

and bu by the Frobenius norm of Qc.

4.3.4 Linear constraints

A collection of linear constraints can be written in the general form of,

bbbl ≤ Acxxx ≤ bbbu, (4.52)

where bbbl and bbbu are the vectors of lower and upper bounds, respectively. Equilibration is

utilized to normalize these linear constraints, where each row of the matrix Ac is divided by

its L∞ norm. The corresponding elements in the upper and lower bounds are divided by the

same norm to keep the scaling non-effective in the constraints.

4.3.5 Second-order cone constraints

For a SOC constraint of the form,

∥Acxxx− bbbc∥2 ≤ fff
⊺
cxxx− gc, (4.53)
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the scaling is done by dividing Ac, bbbc, fff c, and gc by the Frobenius norm of Ac.

4.4 Parameters Sensitivity Analysis

Upon examining the proposed formulations of the guidance problems and their operational

concepts in Fig. 4.1, it is evident that certain user-provided parameters may require tun-

ing. These parameters include the time instances for thruster activation and deactivation,

or alternatively, the time periods Tf,l and Tn,l ∀l ∈ L, as well as the allocated maneuver

time, tf − t0. The selection of the time periods Tf,l and Tn,l is typically constrained by

mission requirements, such as avoiding thrust during eclipses, ground contact, or scientific

experiments. In the absence of such constraints, it is natural to fix the time periods Tf,l

and Tn,l, i.e., Tf,l = Tf , Tn,l = Tn ∀l ∈ L. For this specific scenario, a sensitivity analysis

was conducted to evaluate the feasibility of the optimization problem with varying values

of Tf and Tn. In this analysis, Problems 4.2, 4.3, 4.4, and 4.6 were solved, excluding the

collision avoidance constraints, for 100 randomly selected satellite numbers and initial condi-

tions, i.e., N and yyyi,0, across 70 Tf -Tn combinations drawn from Tn ∈ {60, 90, . . . , 240} s

and Tf ∈ {0.05, 0.1, 0.15, . . . , 0.5} orbits. Furthermore, since the difference between the

initial and final ROE vectors characterizes the maneuver, rather than the vector values

themselves, only the initial values yyyi,0 were chosen randomly, while the final values yyyi,f

were set to zero for the 7000 experiments. Specifically, the entries of the initial dimen-

sional ROE vectors, yyyi,0, were randomly selected from the [−1 1] km range, except for

the initial relative mean argument of longitude, acδλi,0, which was randomly chosen from

the [−100 100] km range. The maneuver time was fixed at 20 orbits, and the number of

deputies was randomly chosen from {1, 2, . . . , 6}. Additionally, the mean orbital elements

vector of the chief at the beginning of the maneuver was fixed for all 7000 experiments to

αααc,0 =
[
6761.45 km 180 deg 1.5 · 10−3 0 98 deg 0 deg

]⊺
at t0, while ndir is fixed to 12.

A histogram of the 100 randomly chosen number of deputies used in the 7000 guidance runs

is presented in Fig. 4.5.

The output of the sensitivity analysis is the success and failure regions in the Tf -Tn
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Figure 4.5: Formation sizes over the 100 randomly chosen formation scenarios

plane, where the success region is the one in which the optimizer succeeded to find a feasible

solution for all the 100 random initial conditions and number of deputies. The success and

failure regions of the aforementioned sensitivity study are depicted in Figures 4.6a, 4.7a, 4.8a,

and 4.9a for the QCQP, the QP, the SOCP, and the LP formulations, respectively.
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Figure 4.6: Sensitivity of the QCQP formulation (Problem 4.2) to Tf and Tn variations

Indeed, not all points within the success region are equivalent in terms of fuel efficiency, as

variations in Tf and Tn alter the optimal Delta-V. To evaluate the effectiveness of each Tf -Tn

combination within the success region, a fitness function is introduced. This fitness function

is defined as the reciprocal of the average optimal cost over the 100 initial conditions at each
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Figure 4.7: Sensitivity of the QP formulation (Problem 4.3) to Tf and Tn variations

Tf -Tn point. Formally, it is expressed as,

Fitness = NIC

NIC∑
l=1

1

J∗
l

, (4.54)

where NIC = 100 represents the number of initial conditions solved at each Tf -Tn point, and

J∗
l denotes the optimal cost of the problem (i.e., QCQP, QP, SOCP, or LP) for the lth initial

condition. The fitness is calculated using Eq. (4.54) at each point in the success region, with

the results presented in Figures 4.6b, 4.7b, 4.8b, and 4.9b for the QCQP, QP, SOCP, and LP

formulations, respectively.

It is unsurprising that the success region of the QCQP formulation (see Fig. 4.6a) mirrors

that of the SOCP formulation (see Fig. 4.8a), as both problems explore the same control

acceleration space. However, the success regions of the QP formulation (see Fig. 4.7a) and

the LP formulation (see Fig. 4.9a) are smaller, as these formulations explore a more limited

feasibility region of the control acceleration. Notably, all formulations exhibit the same sen-

sitivity to changes in Tf (see Fig. 4.6b, Fig. 4.7b, Fig. 4.8b, and Fig. 4.9b).

The results depicted in Figures 4.6, 4.7, 4.8, and 4.9 align with intuition. Changes in
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Figure 4.8: Sensitivity of the SOCP formulation (Problem 4.4) to Tf and Tn variations

Tn, representing the duration of the coast arcs, minimally affect fitness for a fixed Tf value.

However, if Tn becomes excessively large, the problem becomes infeasible. Conversely, a small

Tf value allows for precise control over thrust timing, reflected in the optimal cost (higher

fitness ≡ lower cost). A very large Tf , however, is undesirable from both fitness and feasibility

perspectives. Although large Tf values reduce the number of variables and expedite problem-

solving, they eventually lead to infeasibility, as the optimization problem formulations require

constant thrust throughout the Tf period, which can be overly restrictive.

To choose a proper value for Tf , a compromise has to be made between the complexity

of the problem from one side, and the fitness of the Tn − Tf from another. It is for this

reason that the adopted value of Tf in many of the numerical experiments to follow is set

to 0.2, which is a value that guarantees acceptable fitness, and at the same time, produces

an acceptable number of decision variables. Conversely, choosing an adroit value for Tn is

rather straightforward, since Tn is typically calculated analytically using the equality option

in Eq. (4.1). For Triton-X [47], the maximum slew rate is 2deg/s, and hence Tn is calculated

to be 100 s after choosing Tsafety = 10 s.
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Figure 4.9: Sensitivity of the LP formulation (Problem 4.6) to Tf and Tn variations

4.5 Results and discussion

In this section, the proposed LP guidance scheme is validated through a case-study and the

results of this case-study are analyzed. The LP formulation is the only scheme presented in this

section as it offers more inherent details, such as the scaling factor, for discussion. Moreover,

the ability of the proposed guidance strategies to adapt to mission requirements, including

extended no-thrust-periods, is also validated. Furthermore, a comparison between the convex

QCQP, the QP, SOCP, and the LP formulations is carried out, through a benchmark study

of multiple solvers. The benchmark experiment allows for a deeper understanding of the

limitations of the proposed formulations, and helps understanding which formulation is better

suited for which reconfiguration scenarios.

4.5.1 Case study

To test the effectiveness of the guidance schemes, they were run over multiple simulation

scenarios. One example of such scenarios is Reconfiguration 0 presented in Appendix D.

Since the deputies in this reconfiguration scenario are assumed to be identical, ui,max are set

to umax and ωi,max are set to ωmax for all i ∈ I. Furthermore, the simulation is set up such

that there are no operational time constraints, and the durations of the coast arcs are thus set
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to be all equal, i.e., Tn,l = Tn ∀l ∈ L, where Tn is calculated according to the equality option

in Eq. (4.1) for ωmax = 2 deg/s and Tsafety = 10 s. The forced motion periods are also fixed to

a constant value, i.e., Tf,l = Tf ∀l ∈ L, which was tuned around the results of the sensitivity

analysis presented in Section 4.4. A full list of the parameters used in the simulation is given

in Table 4.1, which, if not tunable, correspond to that of Triton-X heavy [47].

Table 4.1: Parameters used in Problem 4.6 validation simulation

tf − t0 [orbits] Tf [orbits] Tn [s] umax [µm/s2] RCA [m] ndir [-] c [-]

5 0.2 100 35 100 12 1.017

Running the LP guidance scheme, Problem 4.6, over the described reconfiguration setting,

profiles for the state vector, the control input vector, and the slack variables are obtained for

each deputy at every step of the defined time vector. The trajectory followed by each of the

deputies is depicted in Fig. 4.10, where the final relative orbit for all the deputies is seen to

indeed resemble a Projected Circular Orbit (PCO) with a 300 m radius (refer to Appendix D).

Note that Fig. 4.10 contains legends only for Sat. A to explain the line and marker shapes’

convention in use. Legends for other satellites would have had the same shapes as those of

Sat. A, yet with their respective colors.

Figure 4.10: Trajectories followed by each of the deputies throughout the coplanar-to-PCO
maneuver

Note that Fig. 4.10 shows the 2-dimensional view of the trajectory’s projection onto the
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T-N plane. In fact, Table D.0 suggests that the maneuver is a general one, which requires

both, in-plane and out-of-plane corrections. This could be verified by looking either at the

3-dimensional visualization of the trajectories, or at the ROE profile of the maneuver. The

ROE profile of the reconfiguration maneuver is depicted in Fig. 4.11, which not only shows

corrections of the in-plane variables as well as the out-of-plane ones, but also demonstrates

how each of the relative orbital elements of all the deputies matches its set-point at the final

time of the maneuver.

Figure 4.11: ROE profile over the coplanar-to-PCO maneuver

The optimality of the results were investigated through exploring the acceleration profiles

of the maneuver. The radial, the transversal, and the normal components of the acceleration

provided by each deputy are shown in Fig. 4.12.

Figure 4.12: Control acceleration vector profile over the coplanar-to-PCO maneuver

100



One interesting aspect which can be seen in Fig. 4.12 is that the radial acceleration compo-

nent is barely used even though it was not explicitly restricted in the formulation of Problem

4.6, simply because optimality dictates not exploiting it. Leveraging mostly the transver-

sal and normal components does indeed coincide with our initial expectations, which formed

a foundation for approximating the projections of the maximum acceleration constraint on

the R-T and the R-N planes with only 4 affine constraints for each plane, unlike the 12

constraints which approximate the projection of the same constraint on the T-N plane (see

Fig. 4.3). Moreover, the fact that the radial acceleration component is minimally utilized

suggests that δλ corrections are not performed directly through thrust, but rather through

varying the value of δa which, in-turn, changes δλ according to the natural dynamics (see

Eq. (2.51)). The small corrections of the relative eccentricity vector are conceivably done

using the transversal acceleration component since it is half as expensive as using the radial

one from the Delta-V point of view [77]. Although the in-plane corrections are larger in mag-

nitude, they are mostly done by exploiting the natural dynamics as discussed earlier. Thus,

it comes as no surprise that the normal acceleration component, which is responsible only

for out-of-plane corrections, is the most component that has been utilized. In Fig. 4.12, the

dashed teal vertical lines represent the Delta-V-optimal locations to provide impulsive acceler-

ation in the normal direction to achieve the required out-of-plane corrections [77]. That said,

the obtained solution, once again, matches the expectations for an optimal control profile as

the normal acceleration component is seen in Fig. 4.12 to act as a bang-bang controller around

the optimal locations, while being zero away from them.

The difference between the two problems, 4.5 and 4.6, is only the scaling factor, c, which

scales down the feasibility region of the maximum acceleration constraint. The effect of

this scaling coefficient can be clearly seen by looking into the acceleration (norm) profiles

throughout the maneuver, which are depicted in Figures 4.13a and 4.13b for Problems 4.5

and 4.6, respectively.

When c is set to unity, which is the case in Problem 4.5, the acceleration is prone to

surpass the maximum level as seen in Fig. 4.13a. Conversely, in Fig. 4.13b, our claim that
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(a) Problem 4.5 (LP formulation) (b) Problem 4.6 (LP formulation), c = 1.017

Figure 4.13: Control acceleration vector and slack variables over the coplanar-to-PCO ma-
neuver

setting c to 1.017 (for ndir = 12) guarantees that the L2 norm of the acceleration never exceeds

the maximum acceleration level is verified (see the blue line). It is important to note that

in the former case, the acceleration will never surpass the maximum acceleration by more

than 1.7% (for ndir = 12). Despite being minimal, this violation may lead to large errors over

time in the ROE space which cannot be simply ignored when thrusters saturation is imposed,

especially when the δa variations are used to drive the in-plane variables to their set points.

Figures 4.13a and 4.13b also depict a scaled profile of the slack variable, Γ, throughout the

reconfiguration maneuver (red lines), which verifies that the constraints in Eq. (4.46) never

get violated. Note that Γ∗
i,k ̸= ac

∥∥∥uuu∗i,k∥∥∥
2

in the two LP formulations of the problem, which

can be seen in Fig. 4.13, however, Γ∗
i,k = ac

∥∥∥uuu∗i,k∥∥∥
2

in the SOCP formulation, as stated by

Eq. (4.32). This can be verified by inspecting the profiles of the L2 norm of the control

acceleration vector when Problem 4.4 is solved. These profiles are depicted for the case-study

reconfiguration scenario in Fig. 4.14, which shows that, for all the forced-motion periods, the

optimal (scaled) Γ is indeed equal to the acceleration level provided by each deputy.

A very important aspect of the modified guidance schemes, Problems 4.2 through 4.6, is
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Figure 4.14: Control acceleration vector and slack variables over the coplanar-to-PCO
maneuver, Problem 4.4 (SOCP formulation)

that they all rely on sequential convex programming, which may require the problem to be

solved multiple times before an optimal solution is obtained. As illustrated by Fig. 4.2, the

approach we adopted for solving Problem 4.2 through Problem 4.6 is to solve the problem

first without the collision avoidance constraints to obtain estimates for y̆yyi,k. The problem

is subsequently solved iteratively and the values of y̆yyi,k are updated at each iteration until

any of the stopping criteria is met. The termination criteria were introduced in Section 4.2,

but they are mentioned here once again to allow for a more elaborate discussion. The SCP

termination criteria are,

•
∥∥y̆yyi,k − yyyi,k∥∥2 ≤ ϵ at the current iteration, with ϵ > 0 being a user-defined threshold;

• The guidance profile of the current iteration is collision-free;

• The user-defined maximum number of iteration is reached, in which case, the solution

trajectory is not guaranteed to be collision-free.

Indeed, adopting only the first criterion is guaranteed to result in an optimal guidance profile,

if the problem is feasible to begin with, yet at the cost of computational time, since a large

number of iterations might be required if ϵ is chosen to be very small. Implementing the sec-

ond criterion may lead to a sub-optimal solution, however, it considerably reduces the number

of iterations required to solve the problem. The third criterion is nothing but a safeguard

to ensure that the solver is not stuck in an infinite loop. In the context of our case-study,
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two simulations were run (using the formulation of Problem 4.6) where the first adopted

the two stopping criteria, the first and the last criteria, while the second adopted all of the

three. The former required 7 iterations to solve the problem (using ϵ = 1 m), resulting in a

solution which requires a total Delta-V of 1.8 m/s, while the latter needed only 1 iteration,

providing a guidance profile which requires 1.82 m/s, which calls for only 1% increase in the

required Delta-V. One thing which is worth noting is that, throughout our test simulations,

adopting the second criterion almost always required a single iteration after the zeroth itera-

tion in which the problem is solved without the collision avoidance constraints. This behavior

is especially expected in cases where the solution of the zeroth iteration is almost collision-free.

The inter-satellite distances for our case-study are depicted in Fig. 4.15a for the zeroth

SCP iteration and in Fig. 4.15b for the first SCP iteration, where the stars signify a location

where collision avoidance is violated.

(a) Zeroth iteration (b) First iteration

Figure 4.15: inter-satellite distances over the coplanar-to-PCO maneuver
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4.5.2 Handling operational constraints

Satellite missions usually have constraints on the timing of the orbital maneuvers, which

arise from not being able to perform any thruster firing, for example during ground contact,

during eclipse periods, or during payload operations due to the need for a fully-operational

Attitude Determination and Control System (ADCS) and/or because of the thruster vibra-

tions which can compromise the pointing capabilities as well as the payload system. Unlike

impulsive-thrust absolute/relative orbit correction maneuvers, low-thrust maneuvers may re-

quire too long to execute, days in some cases. It is for this reason that low-thrust guidance

algorithms need to accommodate the no-thrust periods during the orbital maneuver itself. It

is important to emphasize that the required thruster off-periods are generally known to the

satellite/formation operator beforehand. One of the main contributions of this chapter is the

ability of the proposed guidance schemes to adapt to different scenarios where the thruster is

required to shut down for known extended periods without the need to change the structure

of the problem. The duration of each coast arc, Tn,l (see Fig. 4.1), which is a user-input, is the

only thing that needs to be adapted according to the operational constraints. To validate the

ability of the trajectory optimization routines to accommodate long coast arcs, two different

scenarios are introduced, where the reconfiguration in Table D.0 is requested in both scenar-

ios. The maneuver duration as well as the initial and final ROE vectors are fixed for the two

settings and only the no-thrust periods are varied. The simulation parameters for both cases

are identical to those reported in Table 4.1 except for the maneuver time, tf − t0, which is set

to 10 orbits. This extension of the maneuver period is motivated by the fact that, given the

large durations of the coast arcs, the problem would become infeasible if the maneuver was

required to be performed within 5 orbital revolutions. The thruster off-periods are chosen for

each of the two scenarios and are reported in Table 4.2.

Table 4.2: Adopted no-thrust periods for two simulation scenarios

No-thrust periods [orbits]

Scenario 1 {0.5-1, 1.5-2, . . . , 9.5-10}
Scenario 2 {0.25-1, 2.5-3, 4-4.75, 5-6, 8.5-9.5}
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Namely, the first scenario corresponds to eclipse periods during which the electric thruster

is turned off in order not to drain the batteries, where the satellite is assumed to experience

eclipse during 50% of each orbit. Indeed, this is an overly conservative assumption for a satel-

lite in LEO, yet the guidance problem is still solvable as will be shown. The second scenario

considers arbitrarily chosen off-periods to emphasize that the no-thrust intervals need not to

be chosen with a regular pattern.

The user-defined thruster no-thrust intervals for the two defined scenarios can be seen

graphically in Fig. 4.16 where the expected behavior of the thruster is presented.
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(b) Scenario 2

Figure 4.16: Expected behavior of the thruster in the presence of the thruster off-periods in
Table 4.2

The dimensional ROE profile, predicted by the guidance scheme in Problem 4.6, is depicted

in Fig. 4.17 and Fig. 4.18 for the first and the second scenarios, respectively, where the shaded

areas represent the thruster off-periods. It is obvious that the δλ signal is conceivably evolving,

in both cases, even when no thrust is provided, since it can be manipulated not only directly

through input thrust, but also indirectly through the non-zero value of δa. Notably, the total

Delta-V is different for each of the scenarios, as it counts to 2.193 m/s in the first scenario

and to 1.774 m/s in the second.

The acceleration level, calculated by the guidance algorithm in Problem 4.6, is depicted

in Fig. 4.19 and Fig. 4.20 for the first and the second scenarios, respectively, where it is clear

that no acceleration is being provided to any deputy during the no-thrust periods.
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Figure 4.17: Guidance dimensional ROE profile under operational constraints - Scenario 1
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Figure 4.18: Guidance dimensional ROE profile under operational constraints - Scenario 2

4.5.3 Solvers benchmark

The total Delta-V cost of the SOCP formulation, Problem 4.4, is expected to be less than

what results from solving the convex QCQP formulation, Problem 4.2, as well as that of QP

formulation, Problem 4.3. For this obvious reason, the QCQP scheme had to be modified into

the SOCP formulation. Approximating the SOCP problem by an LP formulation, Problem

4.6, could be justified by many motives, among which is the fact that this relaxation puts

the problem in the simplest form of convex programming, which is the easiest to implement.

Moreover, the LP formulation is expected to require less solve time, especially for lower dimen-

sional reconfiguration scenarios, i.e., those scenarios that involve a low number of sampling

instances, and consequently involve a low number of constraints. The LP formulation is not

expected to be very fast for higher dimensional reconfiguration scenarios, since one SOCP
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Figure 4.19: Guidance acceleration profile under operational constraints - Scenario 1

Figure 4.20: Guidance acceleration profile under operational constraints - Scenario 2

constraint is approximated by 20 linear constraints; 12 in the T-N plane, 4 in the R-N plane,

and 4 in the T-R plane. One other advantage of transforming an SOCP problem into an

approximated linear program is to use dedicated solvers for linear programming that could

not be possibly used in an SOCP context. This opens the door to many open-source non-

commercial solvers that can handle only linear constraints such as GLPK, HiGHS, OSQP, and

many others. Furthermore, some solvers which can handle SOCP problems still use dedicated

algorithms for linear programs that are not suitable for solving SOCP problems. Examples

of such solvers include CPLEX, Gurobi, and Xpress, which usually favor simplex methods for

linear programs, while using interior-point algorithms for QCQP, QP, and SOCP problems.

To get a clearer insight into the key differences between Problems 4.2, 4.3, 4.4, and 4.6,
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four different reconfiguration scenarios were identified (Reconfigurations 1-4 in Appendix D),

and were used for the purpose of benchmarking different solvers when run over each of these

formulations. In the four scenarios, the deputies are assumed identical, and consequently,

ui,max = umax ∀i ∈ I. Moreover, the four reconfigurations assume no temporal constraints,

and hence Tn,l = Tn ∀l ∈ L, and Tf,l = Tf ∀l ∈ L. The simulation parameters that are

used in the benchmark experiment are set to their corresponding values from Table 4.1, and

are shared in the four reconfigurations, except for the maneuver duration, which is defined

separately for each reconfiguration scenario.

The four scenarios were carefully selected to reflect wide ranges of formation and problem

sizes, i.e., inter-satellite distances, and number of variables and constraints, while being rel-

evant from the applications point of view. The reader is referred to Appendix D for the full

details of the reconfiguration scenarios. It is to be emphasized that the assumed configuration

geometries, i.e., PCO, pendulum, cartwheel, and helix, are all of a great interest for remote

sensing applications [3, 92], and the identified reconfigurations may resemble a formation ge-

ometry change within a multi-static Synthetic Aperture Radar (SAR) mission.

In the benchmark test, 15 of the most commonly used solvers for the types of problems

in hand, according to the Mittelmann’s benchmark1 and according to the statistics of NEOS

server2, were compared. An overview of the adopted 15 solvers is demonstrated in Table 4.3,

where the problem types that could be handled by a solver are presented, together with

information on whether the solver can be freely used in a commercial setting, or a software

license needs to be purchased (on the date of writing this study, in June 2024). A more

detailed discussion about these solvers is presented in Appendix E. Note that every QCQP

or QP problem can be formulated as an SOCP one [90], nonetheless, the solvers that cannot

handle QCQPs and QPs in their native form but can handle SOCP problems, e.g., SCS and
1This benchmark used to act a decision tree for optimization software. It can be accessed through:

https://plato.asu.edu/bench.html, accessed on 01/06/2024
2The statistics of NEOS server can be accessed through: https://neos-server.org/neos/report.html, accessed

on 01/06/2024
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ECOS, are marked with an ✗ mark in the QCQP and in the QCQP columns. The opposite

is not true, however. Solvers which do not accept SOC constraints in their native form but

rather need a reformulation of these constraints into the quadratic form are still marked with

a ✓ mark in the SOCP column, since they still recognize the SOC nature of the reformulated

constraints and treat them as such.

Table 4.3: Solvers overview

Solver Free QCQP QP SOCP LP
GLPK [93] ✓ ✗ ✗ ✗ ✓

CLP [94] ✓ ✗ ✓ ✗ ✓

OSQP [95] ✓ ✗ ✓ ✗ ✓

OOQP [96] ✓ ✗ ✓ ✗ ✓

SCS [97] ✓ ✗ ✗ ✓ ✓

ECOS [98] ✓ ✗ ✗ ✓ ✓

IPOPT [99] ✓ ✓ ✓ ✓ ✓

SCIP [100] ✓ ✓ ✓ ✓ ✓

MOSEK [101] ✗a ✓ ✓ ✓ ✓

Gurobi [102] ✗a ✓ ✓ ✓ ✓

CPLEX [103] ✗a ✓ ✓ ✓ ✓

COPT [104] ✗a ✓ ✓ ✓ ✓

Knitro [105] ✗b ✓ ✓ ✓ ✓

Xpress [106] ✗c ✓ ✓ ✓ ✓

Matlab [107] ✗ ✓ ✓ ✓ ✓

a The solver offers a free academic license.
b The solver offers a free academic licenses for the

professor and the students during the time of the
course.

c The solver offers a community license which is
limited to a maximum of 5000 variables and con-
straints.

Using their default parameters, each solver was run 10 times over each of the four re-

configuration scenario (refer to Reconfigurations 1-4 in Appendix D) using the four problem

formulations developed in this chapter, i.e., the QCQP formulation, Problem 4.2, the QP for-

mulation, Problem 4.3, the SOCP formulation, Problem 4.4, and the LP formulation, Problem

4.6. The average time it took a solver to complete each of the 10 iterations was then recorded.

The benchmark was conducted on a Windows-PC which comprises an Intel Core i9-10885H
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CPU with 16 cores and a clock speed of 2.4 GHz. The language that was used formulate the

problems is Matlab, and the problems were passed to each solver either through its native Mat-

lab Application Programming Interface (API). e.g., OSQP and SCS, or through a third-party

Matlab interface, e.g., GLPK and CLP. Some interesting details on the 15 adopted solvers

and on how they were interfaced with Matlab are presented in Appendix E. It is of utmost

importance to declare that the purpose of this benchmark is not to compare the performance

of the selected solvers. After all, tweaking the parameters of a solver may very probably

result in a different performance. The purpose is rather to draw some recommendations as

to which formulation is better used under which conditions, and also to showcase that using

the different proposed formulations for the guidance problem has a major affect on both, the

solve time of the problem, and the total Delta-V required for the maneuver. The results of the

benchmark are presented in Table 4.4. The table also conveys some of the problem properties

which are solver-independent. Namely the following properties are reported; the number of

decision variables, the number of constraints excluding decision variables’ bounds, the total

Delta-V, which is the summation of the Delta-V required by each deputy to complete the

maneuver, and the number of required SCP iterations after the zeroth iterations in order to

arrive to a collision-free reconfiguration. It is crucial to highlight that the Delta-V values

presented in Table 4.4 are drawn solely from the results of MOSEK, rather than representing

the average Delta-V across all solvers. While it is generally expected that all solvers will

yield nearly identical Delta-V costs for a given convex problem, variations can occur due to

the numerical issues a solver may encounter when applied to specific problems. Furthermore,

since not all solvers are capable of producing a solution for every reconfiguration scenario,

reporting the Delta-V from a single solver ensures a fair comparison of the required Delta-V

across the four reconfigurations. The log files for the benchmark experiment are available in

[108].

Table 4.4 presents, in a quantitative manner, how much of the total Delta-V can be

saved simply by adopting the SOCP or the LP formulations. Conversely, adopting the QP

formulation requires more Delta-V than that which is required by the QCQP problem. This

is shown graphically in Fig. 4.21, where the Delta-V savings (in percentage with respect to
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the Delta-V required by the QCQP problem) are depicted for each formulation and for the

four reconfiguration scenarios employed in the benchmark experiment.
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Figure 4.21: Delta-V saving by adopting a different formulation from the QCQP

It comes as no surprise that the SOCP formulation is requiring less total Delta-V than

the LP formulation, since the SOCP problem is exploring a much larger action space than

the LP is. The same can be said for the QP problem which explores a smaller action space

than the QCQP (refer to Figures 4.3 and 4.4), while using the same cost function. It appears

that the effect of using the cost function of the LP formulation on the total Delta-V is much

larger than the effect of using a smaller feasibility region, which is why the total Delta-V of

the LP formulation is smaller than the one required by the QCQP formulation in all of the

four reconfiguration scenarios.

It is also clear from Table 4.4 how the number of variables is identical for the SOCP

and the LP formulations, since they both consider all the entries of the Γ matrix as decision

variables. The same is true when comparing the number of variables of the QP problem

with that of the QCQP one. Conversely, the number of constraints for the QP as well as

the LP formulations are always much higher than the identical number of constraints of the

QCQP and the SOCP formulations. The reason for this is that each instance of Eq. (4.13)

(or Eq. (4.27)) is approximated by 20 linear constraints, represented by Equations (4.20) and

(4.21) in the QP formulation (or Equations (4.44) and (4.45) in the LP formulation). The

effect of adopting the various problem formulations on the number of required SCP iterations
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(after the zeroth one) is unclear, mainly due to the fact that SCP is set to terminate once a

collision-free reconfiguration is obtained, which is a sub-optimal approach that turns out to be

much faster, as has been pointed out earlier. However, for Reconfiguration 3, the solution of

the zeroth iteration of the QCQP and the QP problems is collision-free, while it required one

more iteration from the SOCP and the LP formulations to ensure a collision-free maneuver.

To get a better idea on how fast the different solvers return the optimal solution to the

problem in hand, the solve time data, reported in Table 4.4, were averaged across the four

reconfiguration scenarios, and the mean is depicted for each solver in Fig. 4.22. For a fair

comparison, any solver that failed to produce a solution for one or more reconfiguration

scenarios, due to reasons such as time limits or license restrictions, was excluded from the

summary for the specific formulation where it was unable to generate a feasible result.
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Figure 4.22: Benchmark summary

At first glance on Fig. 4.22, it becomes very clear that, among all the solvers, those which

are not dedicated to convex optimization, i.e., IPOPT, SCIP, and Matlab in the QCQP case,

are the slowest, although SCIP perform competitively in the QP and LP cases due to the

simplicity of the problems. It is to be noted that many of the benchmarked solvers can still

handle Non-Linear Programming (NLP) problems, e.g., CPLEX and Gurobi, however, they

do recognize convex optimization problems, and hence, use dedicated algorithms that work

best for the convex cases. The free solvers which are dedicated to the QP and the LP cases,

i.e., GLPK, OSQP, and OOQP, present themselves as plausible candidates. Moreover, it is
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hardly surprising that dedicated conic solvers, namely SCS and ECOS, perform generally

faster for the conic case, while the dedicated QP solvers, i.e., OSQP and OOQP, perform

better for the Quadratic Programming (QP) case. In fact, OSQP and ECOS appear to per-

form exceptionally well for the QP and the SOCP cases, respectively, even better than the

commercial solvers for these two types of problems.

There is little to no conclusion that can be drawn based on the results of the commercial

solvers. For instance, some solvers perform the best for the QCQP formulation, some are

favored for the SOCP case, and some are faster when handling the QP problems. The main

recommendation from Table 4.4 as well as Figures Fig. 4.21 and 4.22 is to avoid the QCQP

formulation since it is Delta-V intensive, while not being the fastest to solve, despite involving

the least number of variables and constraints. One other takeaway which can be observed

by looking into the details of Table 4.4 is that the performance of the solvers over the LP

problems is better when the number of constraints of the original SOCP problem is small,

e.g., Reconfigurations 1 and 3. This claim is supported by the results of Knitro, and Gurobi.

Conversely, for larger problem sizes, the SOCP problems are generally solved faster. It is

for this reason that the LP formulation could only be recommended for small problem sizes,

while the SOCP formulation is recommended for larger problems, although being harder to

implement. In spite of the fact that the QP formulation is typically fast to solve by many of

the solvers, this formulation is not recommended for a real mission scenario, since it is the

most Delta-V intensive as outlined by Fig. 4.21.

To demonstrate the impact of the normalization described in Section 4.3 on both the

numerical stability of the solvers and the time required to find a solution, the benchmark

experiment was repeated without the normalization step. The solve time exploited by each

solver for the four formulations together with some problem properties are presented in Ta-

ble 4.5.

The average solve time of each solver across the four reconfiguration scenarios for the new

benchmark experiment is shown graphically in Fig. 4.23.
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Figure 4.23: Summary of benchmark excluding the normalization step
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By comparing the results in Fig. 4.23 with those in Fig. 4.22, it is evident that normal-

ization enhances the solve times for almost all free solvers as well as some commercial ones.

This improvement positions OSQP as the top performer for the QP case and ECOS as the

best for the SOCP case. Without normalization, these solvers perform poorly. Specifically,

OSQP and SCS fail to handle a subset of the reconfiguration scenarios (refer to Table 4.5).

This is reflected in Fig. 4.23, where the OSQP solver is indicated to have inaccurately solved

the QP and LP formulations, while the SCS solver is shown to have an inaccurate solution for

the SOCP formulation. An inaccurate solution implies that the solver arrived at a solution

with a different cost from the other solvers, and additionally, that solution was infeasible at

the boundaries of the feasibility region.

The advantages of normalizing the objective and constraints matrices extend to enhancing

the numerical stability of the solvers. This is most evident in the previously discussed inac-

curate solutions of OSQP and SCS, and also in the required Delta-V for the QP formulation,

where the non-normalized benchmark results show a much higher Delta-V compared to the

normalized benchmark results (refer to Table 4.4 and Table 4.5). Conversely, the optimal

Delta-V values for all other formulations remain nearly identical in both benchmark cases.

Again, the reported Delta-V values are those required by MOSEK, which appear to exhibit

some numerical issues when handling the QP formulation. While other solvers may exhibit

greater numerical stability for the QP case, the primary objective here is not to compare

the performance of each solver, but rather to demonstrate the effect of normalization on the

numerical stability of the solvers, which has been clearly shown by the results in Table 4.4

and Table 4.5. As demonstrated for the normalized benchmark results, the effect of adopting

the different problem formulations on the Delta-V is shown graphically in Fig. 4.24, where

the Delta-V saving of each formulation with respect to the QCQP one is depicted.

The results in Fig. 4.24 are nearly identical to those in Fig. 4.21 for the SOCP and LP

cases. However, the effect of normalization is most apparent in the QP case, as discussed

previously.
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Figure 4.24: Delta-V saving by adopting a different formulation from the QCQP when
normalization is not employed

4.6 Minimum thrust constraint

Many of the Commercial-Off-The-Shelf (COTS) electric thrusters, not to mention the one

employed by Triton-X, are constrained not only by a maximum thrust bound, but also by a

minimum one, beyond which the thruster is not throttleable. In the context of our low-thrust

formation reconfiguration problem, where each deputy is equipped with a single thruster, this

bound translates to a constraint on the L2 norm of the control thrust vector, or alternatively,

on the L2 norm of the control acceleration vector. This can be formally written as,

∥uuui,k∥2 ≥ ui,min, (4.55)

where ui,min the minimum allowable acceleration level by the ith deputy.

The constraint in Eq. (4.55) is a non-convex one, since it represents the outer region of

a sphere with radius ui,min. If the minimum acceleration constraint is incorporated in any

of the proposed convex guidance problems, it directly renders them non-convex. A lossless

convexification technique was proposed [109, 110] for this non-convex constraint, yet the

biggest drawback of this convexification proposal is that it relies on specific observability

conditions, which are not met by the ROE dynamics. Namely, when the ROE dynamics are

expressed in the standard state-space form as a Linear Time-Varying (LTV) system, the pair
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comprising the system matrix and the input matrix must be fully observable, or equivalently,

the system must be fully controllable. However, as demonstrated in [111], this is not true

for the ROE dynamics. Here, the minimum acceleration constraint is convexified using a

dynamics-independent affine relaxation, where the constraint in Eq. (4.55) is rewritten in an

approximated convex form as follows:

ŭuu⊺i,kuuui,k ≥ ∥ŭuui,k∥2 ui,min, (4.56)

where ŭuui,k is assumed to be a known vector. A visual representation of this relaxation, using

the projections of ŭuui,k and uuui,k into the T-N plane without loss of generality, is depicted

in Fig. 4.25 together with the original non-convex constraint. The maximum acceleration

constraint is also included in the figure for completeness.

u
i,T

u
i,N

ProhibitedAllowed

u
i,max

u
i,min

(a) Original non-convex constraint

ProhibitedAllowed

u
i,T

u
i,N

(b) Relaxed convex constraint

Figure 4.25: Feasibility region of the acceleration vector

The relaxation in Eq. (4.56) can be rewritten in terms of uuui,k = acuuui,k, so that it could be

added to the list of constraints of the guidance problem, as,

ŭuu
⊺
i,kuuui,k ≥

∥∥∥ŭuui,k∥∥∥
2
acui,min, (4.57)
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where, again, ŭuui,k is assumed to be a known vector.

One of the most significant challenges in implementing the proposed relaxation in (4.57)

lies in determining the linearization direction, denoted as ŭuui,k/
∥∥∥ŭuui,k∥∥∥

2
. This task is particularly

complex because the linearization direction must be computed individually for each satellite

and at every discrete time step, effectively acting as an initial guess for the affine relaxation

process. The selection of this direction is critical, as it directly influences the feasibility

and efficiency of the convexified optimization problem. To generate this initial guess, a two-

step approach is proposed. The first step involves solving the problem without enforcing

the minimum acceleration constraint given in Eq. (4.57). By doing so, an unconstrained

solution for the acceleration profile, uuui,k, is obtained for each satellite. This step namely

incorporates the SCP scheme in Fig. 4.2. In the following step, an acceleration pruning process

is performed. This procedure starts by evaluating the acceleration profile of each satellite.

Specifically, if the mean acceleration across the entire profile is less than a predetermined

threshold, the instances with the lowest acceleration values are set to zero. The rationale

for this step lies in the fact that the applied acceleration can range from the minimum to

maximum allowable levels, and can also be zero. Solving the problem while accounting for

zero acceleration typically necessitates mixed-integer optimization techniques. By selectively

pruning the smallest accelerations and re-solving the problem, a sub-optimal solution can be

achieved without resorting to these computationally expensive methods. Additionally, the un-

pruned time instances are allowed to utilize higher acceleration levels, thereby redistributing

the available capacity. This redistribution generally better satisfies the minimum acceleration

constraint and increases the likelihood of obtaining a feasible solution when Eq. (4.57) is

imposed in a later stage. Once the pruning process is complete, the pruned acceleration

profile serves as the initial guess for the linearization direction in the affine relaxation. This

refined guess is then employed in subsequent iterations of the optimization problem, which

now includes the convexified version of the minimum acceleration constraint, Eq. (4.57). By

incorporating these steps into the SCP strategy, Fig. 4.2 is modified, and the new version is

depicted in Fig. 4.26.
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Start
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Include acceleration
pruning

Include minimum
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Figure 4.26: Graphical representation of the SCP scheme with minimum acceleration con-
straint

It is important to note that, when the minimum acceleration constraints are included, the

collision avoidance constraints are also taken into account. The results from the previous iter-

ation are used as an initial guess for the affine relaxation of the collision avoidance constraints.

The pruning process is formally introduced in Algorithm 1, where the sets of indices

Ki are identified for each deputy. These indices correspond to the time steps with the lowest

acceleration values. The cardinality of eachKi is determined based on the user-defined pruning

factors, pi, as well as the mean value of the acceleration profile for the deputy satellite in

question, as illustrated by Algorithm 1.
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Algorithm 1: Acceleration pruning

1 Solve the problem without the minimum thrust constraint; Obtain the solution uuui,k

2 foreach i ∈ I do

3 Ui ←
{
∥uuui,k∥2 : k ∈ Kf

}
4 ui,mean ← mean (Ui)

5 if (ui,mean ≤ 1.5 ui,min) then

6 ni ← ⌊pi ·
(
1− ui,mean

ui,min
· |Kf |

)
⌋

7 if (ni > |Kf | − 2) then

8 ni ← |Kf | − 2

9 Ki ← Set of (k) indices corresponding to the lowest ni values in Ui

10 end

Note that in Algorithm 1, |Kf | represents the cardinality of the set Kf , while pi is the

pruning factor of the ith deputy. Moreover, the condition in line 7 is set to guarantee that

at least two acceleration instances are not pruned. This is important because maintaining at

least two control instances can be necessary since the action taken by the first acceleration

instance, e.g., adjusting the value of δa in order to achieve a desired δλ behavior, might need

to be corrected at a later point in the profile. Considering the logic described in Fig. 4.26, it

is important to clarify that the identification of pruned instances, as detailed in Algorithm 1,

is performed twice during the process. Initially, it is conceivably executed before the "Include

acceleration pruning" block to identify the indices Ki where the acceleration is constrained

to zero. Subsequently, it is executed again prior to the "Include minimum acceleration con-

straints" block to ensure that the appropriate instances are pruned at this stage. It should

be noted that the pruned instances in these two blocks are not necessarily the same.

From this point onward, all modifications to the guidance problem will focus exclusively

on the SOCP formulation. This decision is justified by its proven fuel efficiency and compu-

tational effectiveness, as outlined in Section 4.5. Accordingly, the SOCP formulation of the

guidance problem, incorporating the acceleration pruning constraints, is presented with the

modifications to Problem 4.4 marked in red as follows:
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Problem 4.7 (SOCP formulation with acceleration pruning).

min
Y,U,Γ

1

ac

∑
i∈I

∑
k∈Kf\Ki

(∆tkΓi,k)

subject to,

yyyi,0 = yyyi,0, yyyi,m+1 = yyyi,f ∀i ∈ I, (4.58)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (4.59)

uuui,k = 000 ∀i ∈ I, ∀ (i, k) ∈ (i,Kn ∪ Ki), (4.60)

∥uuui,k∥2 ≤ Γi,k ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki), (4.61)

Γi,k ≤ acui,max ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki), (4.62)(
y̆yyi,k − y̆yyj,k

)⊺
T⊺
kTk (yyyi,k − yyyj,k) ≥ RCA

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
∀i, j ∈ I, i ̸= j, ∀k ∈ K,

(4.63)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥ RCA

∥∥Tky̆yyi,k
∥∥
2
∀i ∈ I, ∀k ∈ K. (4.64)

As indicated by Fig. 4.26, the solution of Problem 4.7 is used as an initial guess for the

minimum thrust constraint in Eq. (4.57). The full guidance problem, including the minimum

thrust constraint, is written in the SOCP form with the modifications to Problem 4.7 marked

in red as follows:

Problem 4.8 (SOCP formulation with minimum acceleration constraints).

min
Y,U,Γ

1

ac

∑
i∈I

∑
k∈Kf\Ki

(∆tkΓi,k)

subject to,

yyyi,0 = yyyi,0, yyyi,m+1 = yyyi,f ∀i ∈ I, (4.65)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (4.66)

uuui,k = 000 ∀i ∈ I, ∀ (i, k) ∈ (i,Kn ∪ Ki) , (4.67)

ŭuu
⊺
i,kuuui,k ≥

∥∥∥ŭuui,k∥∥∥
2
acui,min ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (4.68)

∥uuui,k∥2 ≤ Γi,k ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (4.69)
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Γi,k ≤ acui,max ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (4.70)(
y̆yyi,k − y̆yyj,k

)⊺
T⊺
kTk (yyyi,k − yyyj,k) ≥ RCA

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
∀i, j ∈ I, i ̸= j, ∀k ∈ K,

(4.71)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥ RCA

∥∥Tky̆yyi,k
∥∥
2
∀i ∈ I, ∀k ∈ K. (4.72)

Although only the SOCP formulation is presented here, the relaxed minimum acceleration

constraint can be applied to all other formulations, namely QCQP, QP, and LP, exactly as

written in Eq. (4.68). Since this constraint is linear, adding it to any of the proposed formu-

lations does not alter their structure; for instance, a QCQP problem will remain a QCQP.

It is important to emphasize that Problem 4.8 is solved sequentially, following the process

depicted in Fig. 4.26. By applying this sequence to Reconfiguration 3 from Appendix D with

ui,min = umin = 20 µm/s2 and pi = p = 1 ∀i ∈ I, a solution which satisfies all the constraints

is obtained. The results of this simulation is used to further illustrate the mechanism according

to which the pruning process is applied. The evolution of the acceleration profile across the

SCP iterations is demonstrated in Fig. 4.27.
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(a) End of inclusion of the collision avoidance constraints - End of SCP iteration 1
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(b) Definition of the mean and the threshold for each profile - End of SCP iteration 1
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Figure 4.27: Evolution of the acceleration profiles for all deputies across Reconfiguration 3,
illustrating the pruning process (Page 1)
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(d) End of the pruning step - End of SCP iteration 2
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(e) End of inclusion of the minimum acceleration constraints - End of SCP iteration 3

Figure 4.27: Evolution of the acceleration profiles for all deputies across Reconfiguration 3,
illustrating the pruning process (Page 2)

In Fig. 4.27a, the control profiles after incorporating the collision avoidance constraints

(at the end of the first SCP iteration, following the zeroth iteration) are examined to deter-

mine whether pruning should be applied to a particular profile. The investigation process

begins by calculating the mean of each profile (mean (Ui)) and defining a threshold (set to

1.5 ui,min in Algorithm 1). If the mean of the profile falls below this threshold, the pruning

process is initiated for that profile. The computed mean values and thresholds are depicted

in Fig. 4.27b. When pruning is triggered for a specific satellite control profile, the acceler-

ation instances to be pruned are identified according to Algorithm 1. These instances are

highlighted in red in Fig. 4.27c. Up to this stage, the problem incorporating the acceleration
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pruning constraints has not yet been solved. After solving it, the resulting control profiles are

shown in Fig. 4.27d, where the pruned instances are observed to have accelerations equal to

zero. Finally, the problem that includes both pruning and minimum acceleration constraints

is solved, and the resulting profiles are illustrated in Fig. 4.27. It is evident that the L2-norms

of the control acceleration either lie within the range [umin, umax] or are set to zero.

In this particular reconfiguration, three SCP iterations were required after the zeroth iter-

ation. These include one iteration for collision avoidance, one for acceleration pruning, and a

final iteration for incorporating the minimum acceleration constraints. It is worth noting that

this four-iteration process is typical for the guidance scheme shown in Fig. 4.26. Generally,

the step involving collision avoidance constraints is the only one that may require multiple

SCP iterations, while the inclusion of minimum acceleration constraints strictly requires two

iterations; one for including the pruning and another for incorporating the relaxed minimum

acceleration constraints. Notably, the required Delta-V for solving Problem 4.8 for Reconfig-

uration 3 is 1.6883 m/s, which is only 0.3% larger than the Delta-V required for solving the

guidance problem without the minimum acceleration constraints, which requires 1.6827 m/s.

While solving Problem 4.8 yields a feasible solution for Reconfiguration 3, there is no

guarantee that it will always be feasible for other reconfiguration tasks. Unlike Problems

4.2 through 4.6, which are guaranteed to provide a feasible solution given a sufficiently large

maneuver time, Problem 4.8 is heavily dependent on the choice of linearization directions ŭuui,k.

If these directions are poorly selected, the problem is prone to infeasibility, even when the

allowed maneuver time is extended. The following section discusses techniques to mitigate

the risk of infeasibility.

4.7 Infeasibility handling

To support autonomy of the formation control tasks, the proposed guidance strategy is meant

to be solved recurrently within an MPC scheme, which makes use of the available sensor

128



measurements to perform the control task in an efficient manner while accounting for the

disturbances and model uncertainties. It does so through optimizing the trajectory as well as

the control profile over a period of time (horizon), then applies the optimized control profile

up to a certain point (usually only the first control step is utilized). The details of two distinct

MPC strategies are discussed later in Chapter 5.

One major risk for an MPC is arriving to a point where the guidance optimization prob-

lem, on which the MPC heavily depends, is infeasible. The mitigation of this risk is handled in

our context inside the guidance layer, where all the constraints that may lead to infeasibility

are softened in order to ensure that a feasible solution is always available for the MPC. This

comes understandably at the cost of slight violations of the constraints if the problem is not

initially feasible.

Before introducing methods to soften the constraints, those which are expected to lead to

infeasibility must be first identified. As discussed earlier, the relaxed minimum thrust con-

straint, in Eq. (4.68), is responsible for potential infeasibility because of its dependence on the

initial guess, ŭuui,k. Indeed, a good guess for ŭuui,k is obtained through the acceleration pruning

process, nonetheless, infeasibility could still be expected mainly because the optimizer is not

able to find a solution that satisfies the final state constraint, in Eq. (4.65), while respecting

the dynamics constraints in Eq. (4.66) and at the same time being constrained by the thrust

directions imposed by the constraints in Eq. (4.68). It is for this reason that both, the final

state constraints (Eq. (4.65)), and the relaxed minimum acceleration constraints (Eq. (4.68)),

are softened to reduce the risk of infeasibility. The process of softening the final state con-

straints involves broadening the original objective of these constraints. Initially, the goal was

to align the final state of the optimized profile with the desired one. The revised objective,

however, is for the state profile to approximate a user-defined profile at specific user-defined

time instances. This approach is supported by the fact that many MPC schemes, not to men-

tion the Fixed-Horizon MPC (FHMPC) that will be introduced in Chapter 5, rely on tracking

a user-defined state profile which typically results from solving the trajectory optimization

129



problem for the whole maneuver. In this setting, the final state constraints in Eq. (4.65)

should be anyway softened to address this tracking objective. Before the softening is formally

introduced, other constraints are identified to be potential sources of infeasibility. Namely,

the collision avoidance constraints. These constraints could induce infeasibility in a variety of

ways, one of which is when a satellite is initially situated inside the KOZ of another satellite,

which may happen during operation of the closed control loop due to a variety of reasons

including unmodeled nonlinearities, navigation inaccuracies, or actuation errors. Indeed, the

initial state is not controlled, and if the initial positions of the satellites are not collision-free,

the whole guidance problem will be doomed infeasible. It is for this reason that the guaranteed

feasible trajectory optimization problem will not constrain the first step to be collision-free.

Another way the collision avoidance constraints could induce infeasibility is, again, when the

initial states are not collision-free, and the maximum control acceleration is not enough to get

the satellite that violates the collision avoidance criteria out of the KOZ within the given time

period before the following one or more time steps. To address these concerns, the collision

avoidance constraint is also softened for all the time steps to ensure feasibility.

The SOCP formulation, incorporating the minimum acceleration constraints, is softened

and rewritten in Problem 4.9 with the modifications to Problem 4.8 marked in red. The

methodology enabling this softening, along with approaches to soften the three other guidance

reformulations, is described in Appendix F.

Problem 4.9 (Softened SOCP formulation).

min
Y,U,Γ,w,B,Υ

1

ac

∑
i∈I

∑
k∈Kf\Ki

(∆tkΓi,k)+w+

qumin
∑
i∈I

∑
k∈Kf\Ki

υi,k + qca
∑
i∈I

∑
j∈I\{i}
∪{0}

∑
k∈K\{0}

βij,k

subject to,

yyyi,0 = yyyi,0 ∀i ∈ I, (4.73)
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∥∥∥∥[[√Q
(
yyyi,k − yyyi,k

)]h
i∈I

]v
k∈K

∥∥∥∥
F

≤ w, (4.74)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (4.75)

uuui,k = 000 ∀i ∈ I, ∀ (i, k) ∈ (i,Kn ∪ Ki) , (4.76)

ŭuu
⊺
i,kuuui,k ≥

∥∥∥ŭuui,k∥∥∥
2
(acui,min−υi,k) ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) (4.77)

0 ≤ υi,k ≤ υmax ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (4.78)

∥uuui,k∥R ≤ Γi,k ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (4.79)

Γi,k ≤ acui,max ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (4.80)(
y̆yyi,k − y̆yyj,k

)⊺
T⊺
kTk (yyyi,k − yyyj,k) ≥

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
(RCA−βij,k)

∀i, j ∈ I, i ̸= j, ∀k ∈ K\ {0},

(4.81)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥

∥∥Tky̆yyi,k
∥∥
2
(RCA−βi0,k) ∀i ∈ I, ∀k ∈ K\ {0}, (4.82)

0 ≤ βij,k ≤ βmax ∀i ∈ I,∀j ∈ I ∪ {0} , i ̸= j,∀k ∈ K \ {0} , (4.83)

where w is a slack variable, qumin ∈ R+ and qca ∈ R+ are positive weighting factors, υi,k are

slack variables that represent violations to the relaxed minimum acceleration constraints, and

βij,k and βi0,k are slack variables that represent violations to the affine collision avoidance

constraints. These slack variables are collated in the sets Υ and B, respectively, which are

defined as,

Υ = {υi,k : i ∈ I, (i, k) ∈ (i,Kf \ Ki)} ,

B = {βij,k : i ∈ I, j ∈ I ∪ {0} , i ̸= j, k ∈ K \ {0}} .
(4.84)

Moreover, K is the set of indices for the time instances on which the user requires the state

of the deputies to track certain reference states, yyyi,k ∈ R6 is the user-defined reference state

required to be tracked by the ith deputy at the time step tk, ∥·∥F is the Frobenius norm

operator, Q ∈ R6×6 and R ∈ R3×3 are diagonal positive semi-definite weighting matrices

relating respectively to the minimization of the state deviation from the reference one and

to the minimization of the total control effort (Delta-V). Note that ∥uuui,k∥R =
∥∥∥√Ruuui,k∥∥∥

2
,

where the diagonal entries of R have to be strictly greater than or equal to unity, so that
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the acceleration could never exceed the maximum allowable one. Furthermore, since both

Q and R are diagonal matrices, their matrix square roots are equal to their element-wise

square roots. Furthermore, [(·)i]
h
indices and [(·)i]

v
indices are defined as the horizontal and the

vertical concatenation operators, respectively, such that [ai]
h
i∈{1,2,...,n} =

[
a1 a2 . . . an

]
and [ai]

v
i∈{1,2,...,n} =

[
a1 a2 . . . an

]⊺
.

Although the set B collates the values corresponding to violations in the affine relaxation

of the collision avoidance constraints, non-zero values of the elements of B do not necessarily

indicate violations to the original collision avoidance constraints, i.e., keeping one satellite

outside the KOZ of another. This concept is illustrated visually in Fig. 4.28 (assuming the

motion is taking place in 2D plane, without loss of generality) where it can be seen that

while the affine relaxation of the collision avoidance constraint is allowed to be violated, the

original constraint is still respected. The same can be said about violations to the relaxed

minimum acceleration constraints. A non-zero υi,k does not necessarily imply that the control

acceleration required by the ith deputy at time tk is below the minimum acceleration threshold.

It means, however, that one of the relaxed minimum acceleration constraint is violated, which

might or might not lead to a violation in the original constraint, since the relaxation is overly

restrictive.

Problem 4.9 is written in the epigraph form, which behaves such that,

w =

∥∥∥∥[[√Q
(
yyyi,k − yyyi,k

)]h
i∈I

]v
k∈K

∥∥∥∥
F

,

=

√∑
i∈I

∑
k∈K

((
yyyi,k − yyyi,k

)⊺
Q
(
yyyi,k − yyyi,k

))
.

(4.85)

Note that Problem 4.9 reduces to a softened version of Problem 4.8 if and only if K =

{m+ 1} and yyyi,m+1 = yyyi,f . Otherwise, the two problems become unrelated. It is worth not-

ing that the matrices R and Q can be adjusted to obtain specific desired solutions without

changing the structure of the problem. These desired solutions may include ones that avoid

using the radial acceleration component or those that track a given ROE profile, excluding,
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Figure 4.28: Violation of the affine relaxation of the collision avoidance constraint

for example, the relative mean argument of latitude. A third example is when the operator

requires more emphasis on minimizing the errors of specific ROE elements, such as the relative

semi-major axis, for being more critical than others.

In order to showcase the importance of softening the hard constraints, the SOCP guidance

problem in their two settings, i.e., the hard- and the soft-constrained ones, in Problems

4.8 and 4.9 respectively, are run over two of the reconfiguration scenarios for comparison

purposes. The initial and final states for the two reconfiguration scenarios are provided in

Appendix D, with only the Reconfigurations 2 and 3 being used in this comparison. Once

again, the deputy spacecraft are assumed identical in both scenarios, and hence ui,max =

umax, ui,min = umin, pi = p ∀i ∈ I. Furthermore, since the maneuver duration, tf − t0, is

defined for the two scenarios, the user-defined time vector, ttt, is provided for both maneuvers

such that the duration of the thrust arcs are identical throughout the maneuver. This also

applies to the durations of the coast arcs. Formally, Tf,l = Tf , Tn,l = Tn, ∀l ∈ L, where

L = {1, 2, . . . , (m+ 1) /2} is the list of indices of the different control cycles (refer to Fig. 4.1).
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It is important to emphasize that the soft-constrained problem is solved with K = {m + 1}

and with yyyi,m+1 = yyyi,f ∀i ∈ I. A full list of the parameters used in solving the guidance

problems for both scenarios are reported in Table 4.6.

Table 4.6: Parameters used in the comparison experiment between the soft- and hard-
constrained guidance problems

Parameter Value Parameter Value

Tf [orbits] 0.2 Tn [s] 100

umax [µm/s2] 35 umin [µm/s2] 20

RCA [m] 100 p [%] 100

Q [-] I3 R [-] I6

qumin [-] 10−2 υmax [m2/s2] ∞
qca [-] 1 βmax [m] 10

Reconfiguration 2 was chosen to showcase the significance of transforming Problem 4.8

into Problem 4.9. Specifically, when Problem 4.8 is solved according to the logic of Fig. 4.26

over Reconfiguration 2, it fails to produce a feasible solution, while it can be solved with a

tolerable level of constraint violations when the formulation of Problem 4.9 is used. This

makes Reconfiguration 2 an excellent example of how the softened formulation is beneficial.

Reconfiguration 3, on the other hand, can be solved by both, the hard-constrained formulation

as well as the soft-constrained one, and hence forms a basis for comparing the two method-

ologies. The results of the comparison experiment are summarized in Table 4.7 where the

number of variables, the number of constraints, the total required Delta-V for the maneuver,

the maximum final state error, and the maximum violation of the relaxed minimum acceler-

ation constraints as well as that of the relaxed collision avoidance constraints across all time

steps and for all satellites are reported. In the table, a column of only dashes (i.e., -) indicates

that no solution could be found for the adopted formulation over a certain reconfiguration

scenario.

The results in Table 4.7 indicate that the hard-constrained problem formulation did in-

deed fail to produce a feasible solution for Reconfiguration 2. The effectiveness of introducing

slack variables becomes particularly evident in Reconfiguration 2, as the softened problem suc-

134



Table 4.7: Comparison of the soft- and the hard-constrained problems

Reconfiguration 2 Reconfiguration 3

Hard Soft Hard Soft

Variables - 3547 1696 2185

Constraints - 2719 1632 1633

∆V [m/s] - 2.77 1.69 1.69

max
(∥∥yyyi,f − yyyi,f∥∥2) [m] - 0.00 0.00 0.00

max (Υ) [m2/s2] - 0.0 - 0.0

max (B) [m] - 0.0 - 0.0

cessfully identified a solution that satisfied all constraints, including the final state, collision

avoidance, and minimum acceleration requirements. This suggests that the hard-constrained

problem for Reconfiguration 2 was "almost" feasible, with only a minimal constraint viola-

tion needed to yield a valid solution. While it might be possible for the hard-constrained

formulation to find a feasible solution for Reconfiguration 2 by adjusting parameters such as

the pruning factor, such an approach is unsuitable for autonomous implementation due to its

reliance on manual tuning.

The results of Reconfiguration 3 are interesting since the two variants of the problems, i.e.,

soft- and hard-constrained, were able to provide feasible solutions for it. Generally, the results

from a soft-constrained problem are close to those of the hard-constrained one, but they are

not necessarily identical. This is because, as shown in Fig. 4.26, a problem incorporating both

collision avoidance and minimum acceleration constraints is typically solved in four iterations.

The solution of each iteration, except the zeroth, depends on the solution from the previous it-

eration. Consequently, the "final result" of interest is the outcome of the last iteration, which

relies on the preceding solutions. Given the complexity of the guidance problem, it is not

guaranteed that the solutions from each iteration in the soft- and hard-constrained settings

will match. Nevertheless, it can be observed that the two variants produce identical solutions

for Reconfiguration 3, although this may not be the case for a general reconfiguration scenario.
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The comparison between the soft- and hard-constrained problems, as presented in Ta-

ble 4.7, was designed to showcase the softened guidance scheme’s capability to handle infea-

sibility. This issue is particularly relevant in closed-loop operations where guidance strategies

are repeatedly employed, as will be discussed in Chapter 5. One of the key challenges in this

context is ensuring collision-free trajectories throughout the maneuver. The guidance strate-

gies developed so far guarantee collision avoidance only at discrete sampling times, tk ∀k ∈ K,

leaving the safety of the relative trajectories between these sampling times uncertain. Using

a control cycle duration of Tf = 0.2 orbits poses a potential risk for closed-loop implementa-

tion. As the interval between successive sampling times increases, the probability of a satellite

entering the KOZ of another satellite becomes significantly higher. To address this issue, the

thrust arc length within each control cycle is reduced here, and in the discussions to follow,

to Tf = 0.05 orbits, roughly equivalent to 300 seconds for LEO satellites. This adjustment

ensures finer control authority and minimizes the risk of collisions during the unmonitored in-

tervals between sampling times. To evaluate the impact of this refined setting on the guidance

layer, the comparison experiment between the hard- and soft-constrained guidance problems

was repeated. The results, summarized in Table 4.8, reveal a notable increase in the num-

ber of variables and constraints, thereby significantly raising the computational complexity.

Despite this added complexity, the shorter thrust arcs allowed the hard-constrained problem

to achieve a feasible solution for Reconfiguration 2, demonstrating the benefits of enhanced

control precision in this configuration.

4.8 Distributed guidance

Up to this point, all the presented guidance schemes have relied on a centralized processing

unit, namely the chief spacecraft, to compute the guidance profiles. However, this centralized

approach is not scalable, as the computational time required to solve the problem increases

exponentially with the number of deputies, as demonstrated in [14]. To address this limi-

tation, the guidance problem must be reformulated to allow parallel computation by each
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Table 4.8: Comparison of the soft- and the hard-constrained problems

Reconfiguration 2 Reconfiguration 3

Hard Soft Hard Soft

Variables 8244 11554 5496 7115

Constraints 8925 8926 5362 5363

∆V [m/s] 2.58 2.68 1.58 1.58

max
(∥∥yyyi,f − yyyi,f∥∥2) [m] 0.00 0.00 0.00 0.00

max (Υ) [m2/s2] - 0.0 - 0.0

max (B) [m] - 0.0 - 0.0

deputy spacecraft.

A closer inspection of Problem 4.9 reveals that the primary obstacle preventing a dis-

tributed solution lies in the constraints in Eq. (4.81). Specifically, this issue arises because

the state profile of the jth deputy at the current SCP iteration, yyyj,k, is not directly accessible

onboard the ith satellite. To resolve this, the state profile of the jth deputy from the previous

SCP iteration, y̆yyj,k, is used instead. With this modification, Problem 4.9 can be reformulated

into a distributed framework and can be rewritten for the ith deputy as follows:

Problem 4.10 (Softened distributed SOCP formulation).

min
Yi,Ui,Γi,w,Bi,Υi

1

ac

∑
k∈Kf\Ki

(∆tkΓi,k) + w + qumin
∑

k∈Kf\Ki

υi,k + qca
∑

j∈I\{i}

∑
k∈K\{0}

βij,k

subject to,

yyyi,0 = yyyi,0, (4.86)∥∥∥[√Q
(
yyyi,k − yyyi,k

)]v
k∈K

∥∥∥
2
≤ w, (4.87)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀k ∈ K, (4.88)

uuui,k = 000 ∀ (i, k) ∈ (i,Kn ∪ Ki) , (4.89)

ŭuu
⊺
i,k∥∥∥ŭuui,k∥∥∥

2

uuui,k ≥ acui,min − υi,k ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (4.90)
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0 ≤ υi,k ≤ υmax ∀ (i, k) ∈ (i,Kf \ Ki) , (4.91)

∥uuui,k∥R ≤ Γi,k ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (4.92)

Γi,k ≤ acui,max ∀ (i, k) ∈ (i,Kf \ Ki) , (4.93)(
y̆yyi,k − y̆yyj,k

)⊺∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2

T⊺
kTk

(
yyyi,k − y̆yyj,k

)
≥ RCA − βij,k ∀j ∈ I \ {i}, ∀k ∈ K \ {0} , (4.94)

0 ≤ βij,k ≤ βmax ∀j ∈ I \ {i} , ∀k ∈ K \ {0} , (4.95)

where,

Yi = [yyyi,k]
h
k∈K∪{m+1} ,

U = [uuui,k]
h
k∈K ,

Γi = [Γi,k]
h
k∈Kf

,

Υi = {υi,k : (i, k) ∈ (i,Kf \ Ki)} ,

Bi = {βij,k : j ∈ I \ {i} , k ∈ K \ {0}} .

(4.96)

It is important to highlight that the chief-deputy collision avoidance constraints were ex-

cluded from the distributed guidance strategy. This is because the distributed approach treats

the chief spacecraft as a virtual point, eliminating the need for a central processing unit since

guidance calculations are performed onboard each deputy. Despite being considered a virtual

point, the chief is assumed to orbit the Earth considering the effect of the second zonal har-

monic (J2) since the dynamics in Eq. (2.50) are developed with the second zonal harmonic

effect taken into account.

Similar to Problem 4.9, Problem 4.10 is solved using a SCP scheme, where most of the

convex sub-problems are solved simultaneously for all deputies. However, not all sub-problems

can be solved in parallel due to the collision avoidance constraints. Each deputy is only aware

of the optimized trajectories of the other deputies from the previous SCP step and not the

current one. As a result, the computed trajectories are not guaranteed to be collision-free,

even after multiple iterations. If all calculations are performed in parallel, a ping-pong situa-
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tion may arise. To explain, consider Satellites A and B solving their trajectory optimization

problems individually and in parallel. The resulting trajectories may be unsafe. If they re-

solve their problems in parallel, Satellite A computes a new trajectory that is safe relative to

the old trajectory of Satellite B, but not the new trajectory. Similarly, Satellite B computes

a trajectory that is safe relative to the old trajectory of Satellite A. This process can repeat

indefinitely, resulting in oscillations between unsafe trajectories. To mitigate this issue, some

serial computations are introduced. In this approach, all satellites temporarily fix their tra-

jectories while one satellite optimizes its path, considering the fixed trajectories of all others.

This sequential process ensures that the updated trajectory is safe relative to the current

trajectories of all other satellites. If the overall configuration remains unsafe, the process is

repeated iteratively. The execution logic for this distributed SCP scheme is illustrated in

Fig. 4.29, where the mechanism ensuring collision-free final guidance profiles is also detailed.

Serial calculationsParallel calculations (over deputies)

Start

End

Solve problem without
any of the originally

non-convex constraints

Include collision
avoidance constraints

Include acceleration
pruning

Include minimum
acceleration constraints

Ensure collision
avoidance

Ensure collision
avoidance

 

Ensure collision
avoidance

Ensure collision avoidance

No

Yes

Is collision-
free?Start

End

Find the deputy that violates collison
avoidance with the most satellites

Solve its guidance problem with collision
avoidance and optional minimum

acceleration constraints

Figure 4.29: Graphical representation of the SCP scheme in the distributed setting

Clearly, the "Ensure collision avoidance cons" block in Fig. 4.29 addresses the challenge

of avoiding the ping-pong effect by properly scheduling the calculations for each satellite to

guarantee safe relative trajectories. Placing this block as the final step in the execution logic
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is natural, as the final trajectories must be collision-free. However, this block is positioned

after the collision avoidance and pruning blocks to improve the overall problem’s feasibility.

It is worth mentioning that while Problem 4.10 incorporates the collision avoidance, mini-

mum acceleration, and final state constraints in their softened forms, there is a corresponding

formulation where these constraints are strictly hard. However, this hard-constrained version

is not explicitly discussed here for the sake of brevity and is left as an exercise for the reader.

To ensure consistency with the centralized guidance schemes, the experiment comparing the

hard- and soft-constrained formulations, with results presented in Table 4.8, is conducted for

the distributed case as well. The outcomes of this distributed comparison are summarized in

Table 4.9.

Table 4.9: Comparison of the soft- and the hard-constrained problems in the distributed
setting

Reconfiguration 2 Reconfiguration 3

Hard Soft Hard Soft

Variables 1374 2145.67 1374 1851.5

Constraints 1703.5 1707.67 1412.5 1413.5

∆V [m/s] 2.59 2.76 1.58 1.58

max
(∥∥yyyi,f − yyyi,f∥∥2) [m] 0.00 0.00 0.00 0.00

max (Υ) [m2/s2] - 0.0 - 0.0

max (B) [m] - 0.0 - 0.0

The reported numbers of variables and constraints in Table 4.9 represent the averages

across all deputies for the final SCP iteration. Notably, the average values for the two re-

configurations are generally not whole numbers, indicating that the deputies did not have

identical numbers of variables and constraints at the last SCP iteration, despite solving the

same guidance problem. This discrepancy arises because the cardinality of Ki varies among

the deputies. In other words, differences in the number of pruned time instances for each

satellite result in varying numbers of constraints. Consequently, the number of variables dif-

fers due to variations in the number of slack variables used to soften the minimum acceleration
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constraints, |Υi|, which might be unique to each satellite.

The results presented in Table 4.9 highlight the significant reduction in the number of

variables and constraints when compared to the centralized case (see Table 4.8). Indeed,

the number of variables and constraints increases linearly with the number of deputies, driven

solely by the inclusion of collision avoidance constraints. Another notable observation, evident

from the comparison of results in Tables 4.8 and 4.9, is that the distributed guidance strategy

generally necessitates a higher Delta-V compared to the centralized strategy. Furthermore, as

claimed earlier, the softened problem generally exhibits a distinct guidance profile compared to

its hard-constrained counterpart, although the Delta-V requirements for the two trajectories

do not differ substantially. The state profiles in the ROE space, corresponding to the solutions

of both the hard- and soft-constrained distributed problems for Reconfiguration 3, are depicted

in Fig. 4.30, illustrating the close resemblance between the trajectories followed under the two

settings, but also showing that the profiles of the hard- and soft-constrained problems are not

exactly the same.

To highlight the capabilities of the distributed approaches, an experiment was conducted

where the number of deputies was varied from 1 to 20, while the formation was tasked to per-

form a Coplanar-to-PCO maneuver. In the initial configuration, the distance between every

two consecutive deputies was set to 200 m, and the radius of the final PCO was set to 500 m.

For a fair comparison, each of the 20 reconfigurations was allowed 10 orbits to complete.

The MOSEK solver was executed 10 times on Problems 4.9 and 4.10 for each of the 20

reconfiguration scenarios. The average solve time over the 10 runs is plotted against the

number of deputies in Fig. 4.31. For the distributed case, the reported solve times correspond

to the maximum solve time across all satellites, as calculations are performed in parallel.

It is evident, and unsurprising, that the solve time grows exponentially with the number

of deputies in the centralized setting. Conversely, in the distributed setting, the solve time

increases linearly. The observed increase in solve time for the distributed approach can be

attributed to the inclusion of collision avoidance constraints, which requires additional time

141



(a) Solution of the hard-constrained problem (b) Solution of the soft-constrained problem

Figure 4.30: ROE profiles resulting from solving the distributed guidance problems over
Reconfiguration 3

for the serial calculations in the "Ensure collision avoidance" blocks from Fig. 4.29 as the

number of deputies increases. Without the collision avoidance constraints, the solve time for

the distributed guidance scheme would remain nearly constant, irrespective of the number of

deputies.

In line with this observation, Fig. 4.32 shows the number of SCP iterations required

by both the centralized and distributed settings as the number of deputies increases. For

the centralized setting, the number of iterations remains constant. As previously discussed,

the centralized setting typically requires three iterations after the zeroth iteration: one to

include the collision avoidance constraints, another to incorporate the acceleration pruning

constraints, and a final iteration to enforce the minimum acceleration constraints, as depicted

in Fig. 4.26. A reconfiguration requiring only two SCP iterations indicates that the step in
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Figure 4.31: Solve time as the number of deputies increases

which collision avoidance constraints are included was not exploited because the trajectories

from the zeroth iteration were already collision-free.

In contrast, the distributed case generally requires significantly more SCP iterations than

the centralized case. This is due to the "Ensure collision avoidance" blocks, which demand

additional iterations for a subset of the deputies. It is important to note that the reported

number of SCP iterations for the distributed setting corresponds to the maximum across all

deputies for a given reconfiguration scenario.

4.9 Conclusion

This chapter presented centralized and distributed guidance schemes designed for the efficient

reconfiguration of multiple deputies’ relative orbits around a chief satellite. A key feature of

the proposed strategy is the reliance on single electric thrusters per deputy, with the chief

satellite remaining uncontrolled. In the centralized approach, the chief functions as a physical

satellite and serves as the central processing unit for optimizing the formation’s trajectory.

Conversely, in the distributed approach, the chief is treated as a virtual point orbiting the
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Figure 4.32: Number of required SCP iterations as the number of deputies increases

Earth, with each deputy independently calculating its own guidance profile using onboard

computational resources.

The development of these guidance strategies incorporated critical considerations such as

inter-deputy and deputy-chief collision avoidance (in the centralized case), as well as the in-

herent under-actuation of each deputy. These factors ensured safe and feasible execution of

reconfiguration maneuvers. The chapter introduced a series of progressively refined numer-

ical optimization formulations, each building on and relaxing constraints from the previous

one. Four key formulations emerged based on their balance of computational efficiency and

performance: Quadratically Constrained Quadratic Programming (QCQP), Quadratic Pro-

gramming (QP), Second-Order Cone Programming (SOCP), and Linear Programming (LP).

To evaluate the effectiveness of these formulations, a comprehensive benchmarking exper-

iment was conducted across four distinct reconfiguration scenarios using fifteen solvers. The

results revealed that while the QCQP and QP formulations offered fast solve times, their

high Delta-V requirements rendered them unsuitable for practical use. In contrast, the SOCP
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formulation proved to be the most favorable, achieving minimal Delta-V while maintaining

computational efficiency, making it ideal for complex, fuel-sensitive maneuvers. The LP for-

mulation demonstrated exceptional efficiency and compatibility with various solvers, but its

application was most appropriate for small-scale problems.

To address the physical limitations of the employed electric thrusters, the guidance formu-

lations were extended to include a minimum thrust/acceleration constraint, below which the

thruster becomes non-throttleable. As this constraint is inherently non-convex, an affine ap-

proximation was introduced to convexify it. Additionally, an acceleration pruning algorithm

was developed to improve feasibility. However, the inclusion of the minimum acceleration

constraint increased the likelihood of infeasibility for certain reconfiguration scenarios, par-

ticularly under strict hard constraints.

To mitigate these challenges, the chapter explored techniques for softening critical con-

straints, particularly for use in MPC-based schemes where guidance methods are applied

iteratively in a closed-loop control framework. Softened formulations were shown to reliably

produce feasible solutions for complex reconfiguration scenarios where hard-constrained ap-

proaches failed. Even when hard constraints were feasible, softened formulations delivered

comparable results. This ability to generate approximate solutions when hard-constrained

problems became infeasible underscores the robustness of softened formulations for real-time

MPC applications.

Finally, methods for distributing the computational effort of solving the guidance problem

were introduced, enabling each deputy to calculate its own guidance profile. These distributed

approaches achieved performance comparable to centralized methods from the fuel efficiency

point of view while offering scalability to larger satellite formations, making them suitable for

missions with a large number of satellites.
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Chapter 5
Control approaches for multi-satellite

formation reconfiguration

5.1 Introduction

The guidance schemes discussed in Chapter 4 represent open-loop control systems. If applied

directly to the formation reconfiguration system, these schemes may fail to achieve the desired

control objectives due to unmodeled disturbances, linearization errors, and other factors.

To mitigate these issues, it is essential to close the control loop by incorporating sensor

measurements and navigation filters. A crucial element of this closed-loop system is the

stepping control function, which leverages the guidance schemes to generate the appropriate

control inputs based on the current state of the formation. This chapter explores different

implementations for this stepping control function.

5.1.1 Problem Statement

The focus of this chapter is to introduce Model-Predictive Control (MPC) strategies that

leverage the guidance strategies developed in Chapter 4 to close the control loop. The control

system presented here represents a closed-loop extension of the problem described in Chap-

ter 4. The following considerations are incorporated in the development and testing of the

146



closed-loop control system introduced in this chapter:

• The problem settings are consistent with those defined in Chapter 4. Specifically, a

multi-satellite formation is tasked with reconfiguring from an initial configuration to

a final configuration within a user-defined time frame, with the additional complexity

that the satellites involved are underactuated.

• The control module takes the current state of the formation and outputs the optimal

acceleration vector to be applied to each deputy from the current time up to the next

sampling time;

• The control module is executed onboard the chief satellite in the centralized setting and

onboard each deputy separately in the distributed case, thereby supporting the guidance

strategies in both centralized and distributed settings;

• During the MPC operation, the control horizon is set equal to the prediction horizon.

This approach is motivated by the absence of time-optimality requirements in the for-

mation reconfiguration maneuver, and the well-known observation that the location of

thrust arcs significantly impacts fuel efficiency [30];

• The Attitude Determination and Control System (ADCS) and the navigation system

are assumed to be reliable, and hence their specific implementations are left out of the

scope of this chapter. However, surrogate models for navigation and pointing errors are

incorporated in the validation experiments to enhance the fidelity of the simulations.

5.1.2 State of the art

The literature on formation reconfiguration control mirrors that of guidance, presented at

the beginning of Chapter 4, as most guidance strategies from the literature also include or

rely on a specific control mechanism, often implemented through MPC. For instance, [81, 85,

112] highlight the advantages of MPC in realizing optimal trajectories for satellite formations

while incorporating constraints such as collision avoidance and thrust limitations. MPC is

particularly effective for continuous low-thrust applications due to its predictive capabilities
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and ability to handle multiple constraints simultaneously. In [112], the efficiency of MPC

was demonstrated in controlling 3D force-free formations, employing convex optimization to

achieve real-time feasibility. Similarly, [85] extended the application of MPC by integrating

both relative and absolute control for high-drag environments.

In addition to MPC, other control methods have been investigated. Nonlinear approaches,

such as State-Dependent Riccati Equation (SDRE) controllers, address specific nonlinearities

in system dynamics but often demand substantial computational resources, making them less

suitable for onboard use [113]. Artificial potential fields [114, 115] provide intuitive solutions

for collision avoidance, yet they provide a solutions which are neither time- or fuel-optimal.

Despite these alternatives, MPC-based approaches remain the most practical and versatile

for formation control, particularly when paired with convex optimization techniques. For in-

stance, [81] demonstrated the effectiveness of fuel-optimal MPC in managing close-formation

reconfigurations, ensuring collision-free trajectories while respecting thrust constraints.

However, challenges persist in adapting these approaches for formations of low-thrust

underactuated satellites. This chapter addresses these challenges by introducing tailored

MPC strategies that build on the guidance methods developed in Chapter 4, focusing on

adaptability to underactuated satellite formations and practical operational constraints.

5.1.3 Methodology and contribution

In this chapter, two distinct stepping strategies (control modules) are utilized: a Shrinking-

Horizon MPC (SHMPC) and a Fixed-Horizon MPC (FHMPC). The SHMPC employs a

shrinking horizon, solving the guidance problem from the current time to the user-defined

end of the maneuver. Conversely, the FHMPC relies on a pre-optimized trajectory, which

serves as a reference for the MPC to track. It operates with a fixed-size receding horizon,

solving the guidance problem to minimize fuel expenditure while maintaining close adherence

to the reference trajectory. In both MPC settings, only the first control cycle from the control

profile generated at each horizon is utilized.
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While the SHMPC and FHMPC are not entirely novel strategies, the primary contribution

of this chapter lies in the tailored implementation of these methods for the specific challenge

of multi-satellite formation reconfiguration.

5.1.4 Chapter outline

The next section introduces the MPC schemes adopted in this chapter, namely the SHMPC

and the FHMPC. It also discusses the closed-loop operational settings of these two MPC

strategies. To test the stability of the adopted control strategies, a Monte Carlo campaign

is conducted, and its results are presented in Section 5.3. Additionally, the SHMPC and the

FHMPC are benchmarked against a reference MPC from the literature, with the outcomes of

this comparison also included in the same section. The key takeaways from the chapter are

summarized in Section 5.4.

5.2 Model predictive control strategies

In this chapter, the Shrinking-Horizon MPC (SHMPC) and the Fixed-Horizon MPC (FHMPC)

strategies are presented in detail. Additionally, the operational specifics of the Model-Predictive

Control (MPC) within the closed-loop control framework are discussed, with a focus on their

application to both centralized and distributed satellite formation reconfigurations.

5.2.1 Shrinking-horizon MPC

The shrinking-horizon MPC relies on optimizing the state and the control profiles over a time

span that extends from the beginning of the current control cycle to the final time of the

reconfiguration. In light of Fig. 4.1, the SHMPC starts by solving the guidance problem over

the time span from t0 to tf , while the second horizon extends from t2 to tf and so on. The

evolution of the shrinking horizons is illustrated graphically in Fig. 5.1, where the prediction

horizon is shaded gray, starting at the current time tk.

Although solving the guidance problem produces state and control profiles over the entire
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Figure 5.1: Evolution of the shrinking horizons

current horizon, only the first control cycle of each control profile is utilized and is provided

as the output of the control stepping function.

5.2.2 Fixed-horizon MPC

In contrast to SHMPC, FHMPC employs a fixed number of steps, Nh with Nh << m+ 1, in

each horizon over which Problem 4.9 (or Problem 4.10) is solved. In order for the FHMPC

to operate properly, a prior optimization of the trajectory of each deputy throughout the
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formation reconfiguration maneuver is required, which is a one-time procedure that can be

performed either online onboard the satellites or offline on the ground (see the yellow area in

Fig. 5.2). The optimized trajectory is used as the reference trajectory that the guidance tries

to track across all the horizons of the FHMPC. In other words, K = {0, 1, 2, . . . , Nh − 1} and

the values of yi,k ∀k ∈ K are drawn from the optimized state profile throughout the maneuver.

One unique requirement of the FHMPC is that the number of steps in each horizon needs

to be an odd number, since a horizon contains an integer number of control cycles. The

evolution of the horizons in the FHMPC scheme is shown in Fig. 5.2. In this figure, the

yellow area represents the initial optimized trajectory, which is computed only once over the

entire horizon, while the fixed receding horizons are displayed in gray. In the figure, it is

assumed that each horizon consists of 5 steps, corresponding to 2 control cycles.

It is important to note that the size of each horizon is fixed in terms of the number of

steps, and not in terms of the actual duration of a horizon, aligning each of them with the

fixed steps introduced by the first whole optimization. To keep the size of each horizon fixed,

specifically those which approach the end of the maneuver, some artificial steps must be

introduced beyond the final time of the reconfiguration (refer to the last horizon in Fig. 5.2).

The reference states for these artificial steps are drawn from propagating the linear dynamics in

Eq. (2.50) with zero control input, and starting from tf . The initial states for the propagation

are set to yyyi,m+1 for each satellite, which is the last step from the pre-optimized trajectory

that was run over the whole maneuver.

5.2.3 MPC operation

The output of the control stepping function, whether the SHMPC or the FHMPC, consists

of a set of acceleration vectors required to be executed by each deputy satellite’s onboard

propulsion system. Notably, these acceleration vectors are provided by either MPC scheme

in the RTN frame, necessitating an additional layer for each deputy. This layer translates

the acceleration vector into a reference attitude for the attitude control system to track, as

well as determines the required thrust level. Moreover, since the L2 norm of the acceleration

vector is allowed to be less the the minimum acceleration in the guidance layer as a result of
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Figure 5.2: Evolution of the fixed horizons

the softening procedures, a saturation function is necessary to guarantee that the acceleration

vector demanded by the control function is either bounded by the minimum and the maximum

levels, or strictly zero. The adopted saturation scheme in this research is written as follows:

Sat (uuu, umin, umax, α) =



0, ∥uuu∥2 ≤ αumin
uuu

∥uuu∥2
umin, αumin < ∥uuu∥2 ≤ umin

uuu, umin < ∥uuu∥2 ≤ umax
uuu

∥uuu∥2
umax, umax < ∥uuu∥2

(5.1)
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where 0 ≤ α < 1 is a user-defined parameter. In the context of the proposed guidance

and control schemes, the last option of the saturation function (the fourth line) is never ex-

ploited since the guidance layer strictly constrains the L2 norm of the acceleration vector to

be less than or equal to the maximum allowable acceleration (see Eqs. (4.79) and (4.92)),

unlike the soft constraints on the minimum allowable acceleration (see Eqs. (4.77) and (4.90)).

For the numerical simulations, the absolute position and velocity are propagated indi-

vidually for each deputy, and the relative states are later extracted from the absolute ones.

Moreover, surrogate models are used to account for estimation and pointing errors that affect

the formation control system, as the development of these systems is beyond the scope of this

thesis. The adopted surrogate models are discussed in details in Appendix G.

5.3 Results and discussion

In order to validate the proposed MPC schemes, they were run over Reconfigurations 2 and 3

from Appendix D. These two scenarios are specifically interesting because they form a basis

to compare the performance of the closed-loop system with that of the open-loop system,

presented in Tables 4.8 and 4.9. The parameters used for the guidance scheme are consistent

with those listed in Table 4.6, with the exception of the thrust arc duration, which is set

to Tf = 0.05 orbits. Parameters specific to the SHMPC and FHMPC schemes include a

sampling time of 50 seconds for both MPC strategies, a fixed horizon size of Nh = 21 steps

for the FHMPC, and a parameter α set to 40% for both schemes. Additionally, the parameters

related to the surrogate models for navigation and pointing errors are set to identical values

across all deputy satellites and the chief. Specifically, these parameters are:

• σrrrc = σrrri = σrrr =
2.5√
3

m, ∀i ∈ I,

• σvvvc = σvvvi = σvvv =
4.7√
3

mm/s, ∀i ∈ I,

• σ∆rrri = σ∆rrr =
32√
6

mm, ∀i ∈ I,

• σ∆vvvi = σ∆vvv =
95√
6
µm/s, ∀i ∈ I.

153



These values ensure that the surrogate absolute and relative navigation models (see Ap-

pendix G) align with the performance of the absolute and relative navigation systems devel-

oped for the PRISMA technology demonstration mission as presented in Table 3.12 of [6].

Furthermore, the pointing error ζpe is set to 25 arc-seconds for all deputy satellites, which is

consistent with the publicly available specifications of Triton-X [47].

Due to the inherent randomness in navigation and pointing errors, the two MPC strategies

were evaluated over the two reconfiguration scenarios with 100 repeated runs for both the

centralized and the distributed settings. For each run, the total required Delta-V, the final

state errors, and the maximum intrusion of one satellite to the KOZ of another, were recorded

and then averaged across the 100 trials. The results, presented in Table 5.1, summarize the

total required Delta-V, the maximum and mean L2 norm of the state error at the final time

of the maneuver, and the maximum collision avoidance violation, for each MPC strategy.

Table 5.1: Results of the proposed control strategies over the two case studies

Centralized Distributed

Reconfig. 2 Reconfig. 3 Reconfig. 2 Reconfig. 3

SH FH SH FH SH FH SH FH

∆V [m/s] 2.78 2.69 1.67 1.58 3.02 2.77 1.65 1.58

max
(∥∥yyyi,f − yyyi,f

∥∥
2

)
[m] 2.03 1.57 2.40 1.37 7.21 1.49 2.19 0.93

mean
(∥∥yyyi,f − yyyi,f

∥∥
2

)
[m] 0.82 1.20 1.68 1.05 1.90 1.06 1.42 0.90

max
(
RCA − ∥yyyi,k − yyyj,k∥2

)
[m] 0.13 6.90 0.17 5.29 12.00 1.02 0.04 0.00

The results in Table 5.1 are best understood in comparison to the open-loop results of

the softened problem, presented in Tables 4.8 and 4.9. From a Delta-V perspective, both

MPC schemes, SHMPC and FHMPC, demonstrate similar or slightly higher Delta-V require-

ments compared to the open-loop performance in both centralized and distributed settings.

Notably, for these two specific reconfigurations, the SHMPC tends to demand slightly more

Delta-V than the FHMPC, which exhibits strong tracking capabilities of the reference open-

loop trajectory. However, as maneuver durations increase, the FHMPC begins to deviate

more significantly from the reference trajectory, a trend that will be further explored later.
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These deviations can be attributed to longer maneuvers being more susceptible to discrepan-

cies between the linear model used in the guidance strategy and the nonlinear model employed

for state propagation in validation simulations. In particular, these deviations are evident in

the convolution matrix presented in Eq. (2.52), where certain assumptions inherent to its

derivation play a significant role [28].

While the control accuracy of the SHMPC appears lower than that of the FHMPC for the

specific reconfigurations examined here, this is not a general trend, as will be illustrated in sub-

sequent discussions. The primary strength of the SHMPC lies in its adaptability. For example,

it can dynamically improve performance when relative navigation accuracy is enhanced, such

as during a rendezvous task when a vision-based navigation system is activated. Addition-

ally, the SHMPC demonstrates superior resilience to elevated disturbance levels, including

those arising from nonlinear dynamics not captured by the linear model. This adaptability

is due to the SHMPC’s approach of optimizing the entire trajectory from the current epoch

to the end of the maneuver, making it particularly suitable for longer or disturbance-prone

maneuvers. Conversely, the FHMPC optimizes over a shorter, fixed horizon and focuses on

tracking a pre-optimized trajectory. This approach makes the FHMPC more vulnerable to

control inaccuracies or higher Delta-V demands in scenarios involving prolonged maneuvers,

increased navigation errors, or disturbance-heavy conditions.

Regarding collision risk, the FHMPC shows strong tracking performance in the distributed

setting, leading to safe trajectories throughout the Monte Carlo simulations. However, in the

centralized setting, the SHMPC clearly outperforms the FHMPC by producing collision-free

relative trajectories, even in the presence of navigation and pointing errors. Violations of colli-

sion avoidance criteria can be traced to two main factors: the softening of collision avoidance

constraints and the piecewise safety guaranteed by the guidance layer, which only ensures

collision-free trajectories at specific sampling times. As indicated in Table 5.1, although the

safety violations are generally within acceptable levels—given that βmax was set to 10 m in

Table 4.6—there may still be a desire to eliminate these violations entirely. This can be
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achieved either by adopting a smaller sampling time in the guidance layer, which would in-

crease computational demand, or by introducing an artificial margin to the KOZ radius for

each satellite to further enhance safety.

The state error profiles for the six satellites involved in Reconfiguration 2 are presented in

Fig. 5.3, comparing the SHMPC and FHMPC approaches for a single Monte Carlo run out of

the 100 conducted. For clarity and conciseness, only the results of the centralized approach

are shown. It can be seen that each element of the dimensional ROE error vector gradually

converges to zero by the end of the maneuver, achieving the primary control objective.

(a) SHMPC (b) FHMPC

Figure 5.3: State error profiles for Reconfiguration 2 in the centralized setting.

Beyond verifying the achievement of the primary control objective, it is also necessary

to assess the adherence to specific constraints, such as the minimum acceleration threshold

and collision avoidance. These aspects are investigated here. The control acceleration profiles

corresponding to the same Monte Carlo run as in Fig. 5.3 are shown in Fig. 5.4. The effect

of the saturation function defined in Eq. (5.1) is evident, as the controller ensures that the
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satellite never exceeds feasible acceleration limits, even though the guidance layer allows slight

violations of the minimum acceleration constraint.
Sat. A Sat. B

Sat. C Sat. D

Sat. E Sat. F

(a) SHMPC

Sat. A Sat. B

Sat. C Sat. D

Sat. E Sat. F

(b) FHMPC

Figure 5.4: Control acceleration profiles for Reconfiguration 2 in the centralized setting.

Finally, the adherence to collision avoidance constraints is evaluated by examining the

baselines between any two satellites throughout the maneuver. These baseline distances, cor-

responding to the same Monte Carlo run shown in Fig. 5.3 and Fig. 5.4, are depicted in Fig. 5.5.

A star symbol highlights instances of collision avoidance violations. For this particular Monte

Carlo run, the FHMPC exhibits a 5 m intrusion of satellite A into the KOZ of satellite B.

This aligns with the results in Table 5.1, which indicate that, in the centralized setting, the

FHMPC experiences larger violations of the collision avoidance threshold compared to the

SHMPC. It is also worth noting that, as the results in Fig. 5.5 correspond to the centralized

approach, the baselines of each satellite relative to the chief spacecraft are included. This is

because, in the centralized setting, the chief spacecraft is treated as a physical satellite.

The SHMPC and FHMPC schemes, in both their centralized and distributed configura-

tions, were benchmarked against other MPC approaches from the literature. Specifically, the
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Figure 5.5: Baseline distances between satellites for Reconfiguration 2 in the centralized
setting.

MPC algorithm presented in [85] was selected as a reference for comparison. This benchmark

experiment was conducted using Reconfiguration 5, detailed in Appendix D, which was ini-

tially introduced in [85]. To ensure a fair comparison, both navigation and pointing errors

were set to zero, consistent with the conditions in [85].

A summary of the results for the three MPC schemes is provided in Table 5.2. The table

includes the final state errors for each satellite, the mean final state error across all satellites

(mean
(∥∥yyyi,f − yyyi,f∥∥2)), the Delta-V requirements for each satellite, and the total Delta-V for

the maneuver. Additionally, the table highlights the improvements achieved by the SHMPC

and FHMPC schemes relative to the reference MPC, expressed as a percentage reduction in

the mean final state error and the total Delta-V. The benchmark experiment was conducted

using the same parameters listed in Table 4.6, except for the thrust arc duration, which was set

to Tf = 0.1 orbits and the weighting matrices for the guidance problem which were adjusted
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to Q = 100 · I6 and R = 1.1 · I3. The MPC parameters used are the same as the ones in the

earlier comparison experiments. It is noteworthy that all generated trajectories during this

benchmark experiment were collision-free.

Table 5.2: Benchmark summary

L2 Norm of the final dimensional ROE error [m] Required Delta-V [m/s]
Sat. A Sat. B Sat. C Sat. D Mean Improved Sat. A Sat. B Sat. C Sat. D Total Saved

Ref. MPC 2.96 4.46 7.42 3.39 4.56 0% 0.09 0.97 0.91 0.12 2.09 0%
Cent. SHMPC 1.08 0.13 0.11 1.08 0.60 86.81% 0.08 0.77 0.82 0.08 1.76 15.82%
Cent. FHMPC 5.76 0.90 0.34 7.32 3.58 21.35% 0.27 0.74 0.77 0.24 2.02 3.30%
Dist. SHMPC 1.07 0.12 0.10 1.08 0.59 86.98% 0.08 0.86 0.89 0.08 1.91 8.41%
Dist. FHMPC 5.74 1.13 0.94 7.48 3.82 16.09% 0.27 0.79 0.82 0.24 2.12 -1.26%

The results in Table 5.2 demonstrate that both SHMPC and FHMPC offer significant

improvements over the reference MPC in terms of Delta-V efficiency and final state accuracy,

particularly in the centralized setting. Despite the reference MPC using a much smaller sam-

pling time for its guidance layer (50 seconds, compared to 0.1orbits ≈ 600 seconds for SHMPC

and FHMPC), which permits the reference MPC a much finer control authority, the SHMPC

outperformed it significantly in terms of both control accuracy and Delta-V demand. These

findings validate the suitability of SHMPC for longer maneuvers, as its optimization approach

dynamically adapts to discrepancies in the system states. The FHMPC also demonstrated

measurable benefits over the reference MPC, particularly in the centralized configuration,

where it achieved better final state accuracy and required less Delta-V. However, its perfor-

mance ranked second to that of the SHMPC, which remains the most efficient strategy for the

reconfiguration scenario considered in this study. Overall, the results confirm that adopting

either SHMPC or FHMPC can significantly enhance satellite formation control performance

compared to the reference MPC. Notably, SHMPC stands out as particularly advantageous

for longer maneuvers, offering more precise control while demanding less fuel. Moreover, a

comparison between the results of the centralized and distributed approaches reveals that the

centralized setting consistently yields more fuel-efficient Delta-V trajectories, as is generally

anticipated.
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The state error profiles for Sat. A, across all three MPC schemes benchmarked in both the

centralized and distributed settings, are depicted in Fig. 5.6. The figure highlights the distinct

differences between the trajectories resulting from the centralized and distributed approaches.

(a) Centralized setting (b) Distributed setting

Figure 5.6: State error profiles of Sat. A in Reconfiguration 3

The fact that the reference MPC does not rely on a pre-optimized trajectory enhances its

resilience to unexpected external disturbances, similar to the SHMPC. However, the absence

of a constraint on the maneuver’s final time, combined with its objective of tracking the re-

quired final state at each MPC horizon makes it naturally inclined toward quicker maneuvers

rather than fuel-efficient, longer-duration ones, as depicted in Fig. 5.6. This tendency to pri-

oritize rapid convergence to the final state from the start of the maneuver makes the reference

MPC more suitable for formation keeping rather than formation reconfiguration, as discussed

in [12]. While the FHMPC closely resembles the reference MPC, its adherence to an opti-

mized reference trajectory makes it more fuel-efficient under standard conditions. However,

this tracking approach also makes the FHMPC more sensitive to external disturbances than
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the SHMPC or the reference MPC.

The benchmark experiment clearly demonstrates that, typically, the SHMPC not only is

able to achieve more precise final states than the FHMPC, but also requires less Delta-V

to complete the maneuver. However, this comes at the expense of increased computational

complexity. Unlike the FHMPC, which maintains a fixed optimization horizon, the SHMPC

utilizes a variable horizon that starts at a maximum length at the beginning of the maneuver

and gradually decreases toward the end. A larger horizon length generally requires more

time to solve its associated guidance problem. This is illustrated in Fig. 5.7, where the

computation time for solving the guidance problem at each optimization horizon is shown for

both the SHMPC and FHMPC in the centralized and the distributed settings. The absolute

values presented in Fig. 5.7 are not crucial for our analysis, as they can vary depending on the

onboard processor, the solver used, and other implementation factors such as the programming

language. Instead, the focus is on the trend of each line. The solve time for each FHMPC

horizon remains nearly constant, reflecting its fixed horizon length, whereas the solve time

for each SHMPC horizon decreases as the horizon length reduces. For longer maneuvers, the

SHMPC may become considerably more computationally demanding.

(a) Centralized setting (b) Distributed setting

Figure 5.7: Solve times of the guidance problem over Reconfiguration 3

The advantages of the FHMPC extend beyond its stable and predictable computational
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complexity as it is also well-suited for onboard implementation. By keeping the horizon

length fixed, the size of the recurrent guidance problem is also fixed, which simplifies the

writing/generation of embedded software without the need for dynamic memory allocation.

This characteristic is especially beneficial in developing safety-critical software, such as that

used onboard spacecraft, where dynamic memory allocation is often avoided to enhance re-

liability and safety [116]. Indeed, SHMPC can also be implemented using static memory

allocation, however, this process is significantly more challenging and requires certain pro-

grammatic techniques to manage the variable horizon effectively.

5.4 Conclusion

In this chapter, two Model-Predictive Control (MPC) schemes were presented, building upon

the guidance strategies introduced in Chapter 4. Specifically, the Shrinking-Horizon MPC

(SHMPC) and Fixed-Horizon MPC (FHMPC) were described in detail.

The schemes were validated through a Monte Carlo campaign that focused on two rep-

resentative reconfiguration scenarios. The simulations accounted for navigation inaccuracies

and pointing errors to evaluate the robustness and reliability of the proposed methods. The

SHMPC and FHMPC schemes were also benchmarked against a reference MPC strategy from

the literature to provide a comparative analysis.

The results showed that the FHMPC performed well for short-duration reconfiguration

maneuvers, excelling in tracking its pre-optimized reference trajectory. This strong tracking

capability led to high control accuracy and reduced fuel consumption, making it suitable for

short tasks. However, its performance declined in longer maneuvers due to increased sensi-

tivity to modeling errors and disturbances.

In contrast, the SHMPC demonstrated superior adaptability and robustness in longer

and disturbance-rich scenarios. By continuously re-optimizing the trajectory over a shrinking
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horizon, the SHMPC managed discrepancies between the model and the actual system states

effectively.

Both schemes outperformed the reference MPC in terms of control accuracy and fuel effi-

ciency in the evaluated scenario.

The FHMPC was shown to be advantageous for onboard implementation as it can be im-

plemented with static memory allocation, whereas the SHMPC requires additional techniques

to avoid dynamic memory allocation during onboard use.
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Chapter 6
Guidance and control strategies for absolute

orbit keeping

6.1 Introduction

Maintaining a satellite in its desired orbit after achieving the targeted trajectory is a chal-

lenging task. Orbital perturbations, caused by natural dynamics, lead to both secular and

non-secular drifts in certain orbital elements, as partly described in Eq. (2.19). To counter

these effects, small corrective maneuvers are necessary to preserve the orbit over time. This

chapter expands the scope of the thesis to include absolute orbit-keeping maneuvers, leverag-

ing Formation Flying (FF) techniques to address this challenge.

6.1.1 Problem statement

This chapter focuses on developing optimal guidance and control strategies for absolute orbit

keeping of LEO satellites equipped with a single electric thruster. The objective is to align

the satellite’s orbital elements with a reference set of orbital elements. A key requirement

of the absolute orbit-keeping control system is balancing maneuver speed and fuel efficiency.

Unlike orbit transfer maneuvers, which are similar to formation reconfiguration maneuvers in

multi-satellite systems and which can span long durations, orbit-keeping maneuvers must be
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executed quickly while still considering fuel efficiency.

To simplify the design of the guidance and control methods, the minimum thrust constraint

is not considered, and the satellite is hence assumed to have a fully throttleable electric

thruster. The formal requirements for absolute orbit keeping are as follows:

• The system must autonomously guide the satellite from an initial orbit, defined by a

set of initial orbital elements, to a nearby final orbit, defined by a set of target orbital

elements;

• The orbit correction maneuver must achieve a trade-off between time-optimality and

fuel efficiency, with a higher priority placed on time efficiency;

• The satellite is equipped with a single electric thruster that is fully throttleable from

zero to its maximum thrust level.

6.1.2 State of the art

Many contributions on autonomous absolute orbit keeping for LEO satellites have been intro-

duced over the last few decades [117, 118, 119, 120, 121]. Among these works, formation flying

techniques were utilized for absolute orbit control in [121], where the satellite maintained its

ground track close to a reference trajectory defined as the orbit of a virtual chief satellite. A

specific set of variables parameterized the relative motion, and linear and quadratic optimal

regulators were employed. All these studies assumed satellites with 3D thrusting capabili-

ties and primarily adopted impulsive thrust models, rendering them unsuitable for satellites

equipped with unidirectional electric thrusters.

A notable exception is the Autonomous Vision Approach Navigation and Target Identi-

fication (AVANTI) experiment [83], where a single impulsive thruster was utilized. In this

mission, a specific guidance scheme incorporated no-control windows to enable nozzle re-

orientation [84, 77]. Similarly, in [122], formation flying techniques were applied to develop

a control scheme for orbit drift correction using a single impulsive thruster. The satellite

165



employed a passive magnetic attitude control system to align its longitudinal axis, where the

thruster was mounted, with the local geomagnetic induction vector.

To the author’s knowledge, the only research addressing absolute orbit control for unidi-

rectional low-thrust satellites is presented in [85]. However, this approach does not account

for the coupled attitude evolution, which limits its suitability for rapid orbit corrections.

Additionally, [85] does not consider navigation or actuator errors, further restricting its ap-

plicability for realistic mission scenarios.

6.1.3 Methodology and contribution

The absolute orbit keeping problem in this chapter is addressed using formation flying tech-

niques, where the Triton-X satellite is assumed to be flying in formation with a virtual chief.

Specifically, when a small orbit transfer maneuver is defined, the chief’s orbit serves as the

target orbit, and the satellite must ultimately rendezvous with the virtual chief. Unlike the

guidance methods presented in Chapter 4, the guidance problem here is formulated as a Non-

Linear Programming (NLP) problem, which explicitly accounts for the coupling between the

attitude and orbit control systems. This ensures that the thruster is consistently aligned with

the desired firing direction. Such an approach is particularly relevant for orbit corrections

that must be performed within a limited time frame, especially when operating at very low

thrust levels.

For the closed-loop control layer, a Model-Predictive Control (MPC) scheme is proposed,

which builds on the NLP-based guidance strategies and runs them recurrently to predict the

satellite’s roto-translational state at each horizon. While the proposed MPC in this chapter

is a Fixed-Horizon MPC (FHMPC), it differs from the one discussed in Chapter 5. Instead

of tracking a pre-optimized trajectory, it tracks the reference orbital elements at each time

step. This design aligns with the requirement to perform orbit correction maneuvers that

balance speed and fuel efficiency, with a preference for quicker maneuvers. Another distinc-

tion lies in the prediction and control horizons: the control horizon is set to be significantly
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smaller than the prediction horizon to simplify the computations of the optimization problem.

The output of the MPC is a tuple comprising the optimal level of acceleration to be

delivered by the thruster and the optimal desired attitude to be achieved by the attitude con-

trol system. The overall cost function at each receding horizon balances Delta-V optimality,

time optimality, and attitude effort optimality, making it specifically tailored for small orbit

changes (less than 1 km) as typically encountered in absolute orbit control problems around

a reference orbit. To simplify calculations within the NLP formulation, a surrogate model of

the attitude control system is introduced. This surrogate model not only reduces computa-

tional complexity but also generalizes the proposed methods for applicability to a wide range

of satellites by tuning it to match the behavior of various attitude control systems.

The original contributions of the proposed approach are as follows:

• Accounting for the coupled attitude and relative orbit control problem within the control

loop;

• Introducing a surrogate model for the attitude control system, which can be tuned to

match the behavior of diverse attitude control systems;

• Proposing an MPC scheme for satellites with unidirectional propulsion systems, where

thrust can also be applied during slew maneuvers.

6.1.4 Chapter outline

The following section of this chapter introduces the formulation of the adopted surrogate

model for the attitude control system. In Section 6.3, the MPC problem is formally established

in the sense that the employed cost function is introduced and the inherent constraints of the

problem in hand are presented. The problem of MPC parameter tuning as well as the module

execution logic of the closed control loop are discussed in the same section. The stability of

the proposed MPC scheme is then tested by means of a Monte Carlo simulation in Section

6.4, and the proposed MPC is benchmarked against that introduced in [85].
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6.2 Surrogate model of the attitude control system

Given that the adopted satellite is equipped with only one thruster, continuous attitude

maneuvers are necessary in order to direct the thruster to the desired direction during time-

extended orbit maneuvers, which are likely to occur with the available low-thrust level. In

this chapter, it is assumed that the attitude control system of Triton-X is capable of tracking

a desired attitude profile. The specifications of the attitude control system are obtained from

the publicly available Triton-X specifications [47]. A surrogate model for the Attitude Deter-

mination and Control System (ADCS) is presented here, but first the attitude kinematics are

introduced.

Let qxy ∈ Q, with Q = {q ∈ R4 : ∥q∥2 = 1} as the unit quaternion that describes the

attitude of a general frame y with respect to another frame x. The vector rotation between

these two frames can be performed according to,

vvvx = qxy ◦ vvvy ◦ q̃xy, (6.1)

where vvvx ∈ Fx, vvvy ∈ Fy, ◦ is the quaternion multiplication operator, and q̃xy is the quaternion

conjugate of qxy. Equivalently, the attitude rotation can be performed using the Direction

Cosine Matrix (DCM) A (qxy) ∈ A, with A = {A ∈ R3×3 : A⊺A = I3} (see Appendix A in

[123]) as follows:

vvvx = A (qxy)vvvy. (6.2)

The attitude kinematics of a rigid body can be described as follows [124]:

q̇xy =
1

2
qxy ◦ωωωy, (6.3)

where ωωωy ∈ R3 is the angular velocity of frame y with respect to frame x, expressed in Fy.

Letting q ≡ q (t) = qrb (t) and ωωω ≡ ωωω (t) = ωωωb (t), and letting qr ≡ qr (t) be the de-
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sired/reference quaternion at time t, Eq. (6.3) can be written as

q̇ =
1

2
q ◦ωωω, (6.4)

and the error quaternion, qe, is defined, in terms of the current attitude and the reference

one, as

qe =

qe,0
qqqe

 = q̃r ◦ q. (6.5)

The ultimate behavior of a stable ADCS would be to force the error quaternion to asymp-

totically approach either
[
1 0 0 0

]⊺
, which could be achieved through forcing the angular

velocity, ωωω, profile to follow:

ωωω = −Kqe,0 qqqe, (6.6)

where K is a positive control gain. The rationale behind why the ωωω profile is plausible is given

in Appendix H.

An additional operational constraint is imposed on the ADCS that dictates that the

angular rate around any axis does not exceed the maximum allowable angular rate, i.e.,

ω = ∥ωωω∥2 ≤ ωmax. To be compliant with the attitude control specifications of Triton-X [47],

the value of K is set to 0.2, while the value of ωmax is set to 2 deg/s. Indeed, ωmax could

be found directly in the data sheets. The numerical value of K, instead, has been assessed

through numerical simulations in order to properly emulate the behavior of Triton-X ADCS,

based on the time duration to perform a 60-degree slew.

Substituting from Eq. (6.6) into Eq. (6.4), the adopted surrogate model for the ADCS is

obtained:

q̇ = −1

2
Kqe,0 q ◦ qqqe. (6.7)

One thing that has to be acknowledged is that the attitude and angular velocity profiles

of the actual satellite could differ slightly from the profiles generated by the surrogate model
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assumed here, depending on the exact quaternion feedback regulator used by the ADCS as

well as the exact inertia tensor of the satellite. Nonetheless, changing the value of K could

bring the attitude and angular velocity profiles of the surrogate model very close to those of

the actual ADCS. This claim could be verified through benchmarking the surrogate model

against a full attitude control system, which uses one of the commonly used feedback regulator

proposed in [125], and the results are depicted in Fig. 6.1. It is to be noted that the initial

and reference quaternions are randomly chosen for the simulation in Fig. 6.1. Moreover,

the subscript (·)full refers to a quantity relating to the full attitude control model, while the

subscript (·)surr refers to surrogate model quantities.

(a) Quaternion evolution (b) Angular speed

Figure 6.1: Validation of the surrogate ADCS model through random initial and desired
attitudes
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6.3 Model Predictive Control

6.3.1 Guidance layer

In the context of our problem, attitude dynamics are coupled with the ROE-based relative

translational motion, and the state vector is set to

sss =

yyy
q

 , (6.8)

where the dynamics of the state vector are described by Eq. (2.50) and Eq. (6.7). The control

input, on the other hand, is set to

uuu =

u
qr

 , (6.9)

where u is the magnitude of the piece-wise constant input acceleration provided by the single

thruster, and qr is the desired quaternion. The state vector as well as the control vector are

collated over the prediction and the control horizons in the two matrices S and U respectively,

such that
S =

[
sss0 sss1 . . . sssNp

]
,

U =
[
uuu0 uuu1 . . . uuuNu−1

]
,

(6.10)

with Np being the length of the prediction horizon, and Nu being the length of the con-

trol horizon, where Np ≥ Nu. It is to be noted that the notations sssk = sss (tk), where

k ∈ {0, 1, . . . , Np}, and uuuj = uuu (tj), where j ∈ {0, 1, . . . , Nu − 1}, are used, and the time

difference between any two consecutive instances is constant and is equal to the user-defined

sampling time, i.e., tk+1 − tk = Ts. Moreover, after the control horizon is over, the input

acceleration is set to zero (i.e., uk = 0 ∀k ∈ {Nu, Nu + 1, . . . , Np}) and the desired at-

titude is left to be decided by the mission-specific mode management logic of the ADCS.

For the sake of simulating the attitude evolution, the reference attitude at an arbitrary time

step beyond the control horizon is set to the quaternion from the previous step. Formally,

qr (tk) = qr (tk−1) ∀k ∈ {Nu, Nu + 1, . . . , Np}.
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It is also important to note that the adopted satellite is assumed, without loss of generality

of the approach, to have its thruster directed along the z-direction of its body frame (with the

thrust vector passing by the center of mass of the satellite), and hence the input acceleration

vectors in the body and in the RTN frames can be related as

uuur = A
(
qrb
)
uuub,

uuub =
[
0 0 u

]⊺
.

(6.11)

After having introduced the necessary notations, the guidance optimization problem can

be formulated as follows:

Problem 6.1.

min
S,U

Jyyy + Ju + Jδq

Subject to

sss0 =

yyy0
q0

 , (6.12)

yyyk+1 =


Φkyyyk + acΨkuuu

r
k, k ∈ {0, 1, . . . , Nu − 1}

Φkyyyk, k ∈ {Nu, Nu + 1, . . . , Np − 1}
(6.13)

qk+1 = RK4 (tk, tk+1, qk, qr (tk)) ∀k ∈ {0, 1, . . . , Np − 1} (6.14)

∥qk∥22 = 1 ∀k ∈ {1, . . . , Np − 1} , (6.15)

∥ωωωk∥22 ≤ ω
2
max ∀k ∈ {1, . . . , Np − 1} , (6.16)

0 ≤ uk ≤ umax ∀k ∈ {0, 1, . . . , Nu − 1} , (6.17)
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∥qr (tk)∥22 = 1 ∀k ∈ {0, 1, . . . , Nu − 1} , (6.18)

where t0, yyy0, and q0, are the time, dimensional ROE vector, and quaternion vector, respec-

tively, at the beginning of each horizon. Note that these are receding quantities that are

specific to each prediction horizon. Accordingly, they coincide with the quantities at the be-

ginning of the simulation only once, at the time of the first prediction. Moreover, umax is

the maximum applicable acceleration that can be provided by the thruster, and ωmax is the

maximum allowable angular rate around any axis.

According to the solution of ROE dynamics in Eq. (2.50), a constant value for the input

acceleration vector, uuurk, has to be fed to the dynamics constraint in Eq. (6.13). However,

the attitude dynamics are much faster than those of the ROE, and since the vector uuurk is

attitude-dependent, its value can change significantly from tk to tk+1, even when uuubk is kept

constant. Therefore, a prediction of uuurk, uuu
r
k had to be fixed and fed to the dynamics constraint

in Eq. (6.13). The value of uuurk is set to that of uuurk at time (tk + tk+1) /2, with its formal

definition being as follows:

uuurk = A

(
q

(
tk + tk+1

2

))
uuubk,

uuubk =
[
0 0 uk

]⊺
.

(6.19)

The attitude kinematics in Eq. (6.7) are discretized through a symbolic Runge-Kutta

fourth-order (RK4) scheme and the discrete kinematics are imposed in Eq. (6.14). Moreover,

the discrete angular velocity vector in Eq. (6.16), ωωωk, could be obtained by applying the for-

mula in Eq. (6.6) using the discrete unit quaternion signal qk. It is also worth noting that the

squared norms (∥qk∥22, ∥ωωωk∥
2
2, and ∥qr (tk)∥22) are constrained instead of the norms themselves.

This formulation is adopted to facilitate the job of the optimizer since it allows the Jacobian

of the constraints to be defined at all values of S and U.
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The components of the cost function of Problem 6.1, Jyyy, Ju, and Jδq, are defined as

Jyyy =
(
yyyNp − yyyr

)⊺
P
(
yyyNp − yyyr

)
+

Np−1∑
k=0

(yyyk − yyyr)⊺Q (yyyk − yyyr),

Ju = Ru

Nu−1∑
k=0

u2k,

Jδq = Rδq

Nu−1∑
k=0

δqk
⊺δqk, δqk = qr (tk)− q (tk) ,

(6.20)

where yyyr is the reference dimensional ROE vector, while P ∈ R6×6, Q ∈ R6×6, Ru ∈ R, and

Rδq ∈ R are positive-definite MPC gains.

It is important to note that the ultimate goal of autonomous orbit keeping is to rendezvous

with a virtual target then track its absolute orbit, i.e., yyyr = 000. Moreover, the matrices P and Q

are chosen to be diagonal matrices, which renders Jyyy a summation over the squared weighted

L2-norms of the error vector. This ultimately means that Jyyy is a measure of distance between

yyyk and yyyr in a scaled-ROE space. Indeed, reasoning Jyyy in terms of the magnitude of the

error vector in a scaled-ROE space does not only allow to eventually drive yyy to yyyr, and hence

for the satellite to rendezvous and then track the orbit of the virtual target, but also allows

to indirectly minimize the total Delta-V cost, since the distance in the ROE space, or in a

scaled-ROE space for that matter, can be used as a measure for the total Delta-V cost [77,

84]. A closer look at Jyyy reveals that while minimizing it indeed drives the error signal to zero,

it is, in fact, an implicit trade-off between fuel and time optimality, depending on the ratio

between the traces of P and Q, respectively. The greater the value of this ratio, the more

inclined towards fuel optimality the cost function becomes, while the lower the ratio, the more

the scheme leans towards time optimality.

Adding Ju to the compound cost function directly minimizes the total required thrust

from the onboard single thruster. The adopted convex form of Ju is the fuel-optimal form of a
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cost function, which also coincides with the Delta-V-optimal form for single-thruster satellites

[9].

Finally, the purpose of adding the last component of the cost function, Jδq, is to softly

constrain the desired attitude to be as close as possible to the actual attitude in order to

avoid unnecessary large slews, which in turn minimizes the attitude control effort. This soft

constraint allows for large maneuvers, depending on the choice of the MPC gains, only when

it is meaningful from the point of view of the ROE error, i.e., Jyyy, and fuel cost, i.e., Ju.

6.3.2 Parameter Tuning

In the proposed formulation of the MPC guidance layer, there are many parameters and gains

to be chosen, which can affect the overall performance and robustness of the MPC. In many

industrial applications, such parameters are chosen through engineering experience. In this

application, the initial guess for the prediction horizon has been formulated based on the

literature. Since the Delta-V-optimal locations for ROE changes through impulsive Delta-V

increments are known to occur, at most, every half-orbit [77], and since the input acceleration

of the low-thrust propulsion system should be distributed around these Delta-V-optimal loca-

tions (if Delta-V optimality is sought), the prediction horizon, NpTs, is chosen to be at least

half the orbital period. In this setting, the MPC is able to foresee all the Delta-V-optimal

locations throughout a certain orbit, which hence leads to optimal allocation of the available

thrust. Overly increasing the prediction horizon is expected to only overwhelm the onboard

processor, while not having much effect on the optimality of the solution.

The choice of the control horizon, NuTs, on the other hand, is decided through trial and

error, which is an iterative process as all the other parameters have to be fixed before the

tuning process starts. Nonetheless, regarding the choice of the Nu value, it has to be a small

positive integer less than or equal to Np. Common guidelines for choosing the prediction and

control horizons can be found in [126].
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Tuning of the sampling time, Ts, has also been performed through trial and error. In the

context of Problem 6.1, although the dynamics of the ROE are slow and the sampling time

could be chosen as a large value in order to not solve the optimization problem so frequently,

the following important consideration has to be taken into account to carry out the tuning

process. Since the attitude dynamics are much faster than that of the ROE, one cannot

ignore that a fixed value for the input acceleration vector in the RTN frame, uuurk, is fed to

the linearized ROE dynamics constraint in Eq. (6.13), which renders the model used in the

MPC not accurate unless a small value is chosen for the sampling time. Indeed, including Jδq

in the compound cost function helps in slowing down the attitude dynamics. Still, the need

to choose a scant value for the sampling time is meaningful. A compromise has to be found

between choosing a small Ts and having a more accurate model for the MPC on one hand,

and choosing a large Ts that allows the optimization problem to be solved less frequently on

the other.

The cost function gains (i.e., P, Q, Ru, and Rδq in this chapter) are more challenging

to tune, since the cost function of the MPC is problem-dependent and no general guidelines

exist for its weighting. Thus, more focus is put on analyzing the effect of choosing different

cost function weights and on actually selecting an optimal set of these weights.

In order to reduce the number of tunable parameters, the components of the cost function,

i.e., Jyyy, Ju, and Jδq, are related to the main weighting matrix, Q, such that

P = fPQ,

Ju = fuJyyy,

Jδq = fδqJyyy,

(6.21)
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where
Jyyy = (Np + fP)yyy

⊺Qyyy,

Ju = NuRuu
2,

Jδq = NNRδqδq
⊺
δq,

(6.22)

with yyy being the expected value of yyy over the prediction horizon, which is approximated by the

ROE vector at the beginning of each horizon, and u ≈ 0.5umax and δq ≈
[
0.1 0.1 0.1 0.1

]⊺
being predictions for the values of u and δq over the control horizon. The approximated

expected values, yyy, u, and δq, are illustrated graphically over one prediction horizon in Fig. 6.2.

For imaging purposes, each of them is taken to be one-dimensional. Indeed, the values assumed

for u and δq are merely the author’s predictions for the expected values of these quantities

over the whole simulation; however, choosing other values for these variables would not affect

the final MPC gains, as will be elaborated later in the text.

Figure 6.2: Assumed expected values yyy, u, and δq over one prediction horizon

Substituting from Eq. (6.22) into Eq. (6.21), the MPC gains can be related to Q, yyy, u,

and δq as

Ru =
fu (Np + fP)

Nuu2
yyy⊺Qyyy,

Rδq =
fδq (Np + fP)

Nuδq
⊺
δq

yyy⊺Qyyy,

(6.23)
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where Ru and Rδq change for every prediction horizon.

It is conceivable that when y = ∥yyy∥2 is very small (i.e., the rendezvous of the satellite

with its virtual target has already taken place), the priority should be given to Jδq in order

for the ADCS not to hyper-react to the small errors in yyy. Indeed, the phenomenon of hyper-

reaction of the ADCS when y becomes too small has been verified via numerical simulation

for a system using the definition of Rδq in Eq. (6.23). It is for this reason that Rδq has to be

redefined in order to steer the priority to Jδq when y is approaching zero, such that

Rδq = Sat
(
fδq (Np + fP)

Nuδq
⊺
δq

yyy⊺Qyyy, Rδqmin, ∞, 0
)
, (6.24)

where Sat (x, xmin, xmax, α) represents the same saturation mechanism described in Eq. (5.1),

with the distinction that it is applied here to a scalar value rather than a vector.

Looking at Eqs. (6.21)-(6.24), it is clear that in order to define all the MPC gains, one

has to choose Q, fP, fu, fδq, and Rδqmin.

The choice of Q is rather simple since all the ROEs can be weighted equally. However, in

order to enhance the stability of the final relative orbit (i.e., to keep the obtained orbit for as

long as possible without it being affected much by the perturbations), an emphasis is put on

minimizing δa when the ROEs are close to the target ones, and Q is defined as

Q =



QI6, y ≤ 1 m

Q

100 0

0 I5

 , y > 1 m

, (6.25)

where Q is a tuning parameter that controls the order of magnitude of the cost function.

Fixing the value of Q to 105/a2c , of fP to 10, and of Rδqmin to 10−5, a brute force sen-
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sitivity analysis over fu and fδq is carried out to choose their adroit values. Thanks to the

High-Performance Computer (HPC) of the University of Luxembourg [127], 726 closed-loop

MPC could be run simultaneously where, in addition to interchanging the values of fu and

fδq, the seed of the Random Number Generator (RNG), which controls the initial state at the

beginning of the simulation, could also be taken into account. Note that the details of the

closed-loop system are yet to be presented in Section 6.3.3. In these simulations, and in the

discussions to follow, warm-starting is employed at the beginning of each prediction horizon,

meaning that the optimized state and control profiles from the previous prediction horizon

are utilized to construct the initial guess for the current one.

Before starting the simulations, it was noted that the admissible values for fu and fδq

belong to the period [0, 1], since the most important component of the cost function is Jyyy

and since the two other components are normalized with respect to Jyyy (see Eq. (6.21)).

One simulation would have its RNG seed, fu, and fδq as one possible combination from the

following sets:

seed ∈ {0, 1, 2, 3, 4, 5} ,

fu, fδq ∈ {0, 0.02, 0.04, 0.06, 0.08, 0.1, 0.3, 0.6, 0.7, 0.9, 1} ,
(6.26)

To this end, a fitness function is introduced in order to asses how good the output of the

simulation is. Such fitness function in our context needed to address four criteria (performance

metrics):

1. Driving the ROE vector to zero, which is the main goal of the MPC scheme to achieve

orbit keeping. This is assessed through observing the Root Mean Square (RMS) of the

dimensional ROE over the finale period of each simulation, denoted as yfin.

2. Enhancing the stability of the relative orbit finale which, in other words, is minimizing

the RMS of the last portion of the relative semi-major axis profile over time, denoted

as δafin.

3. Minimizing the total Delta-V, ∆V over the whole maneuver.
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4. Reducing attitude effort, which is quantified by the mean angular rate of the satellite

throughout the orbit correction maneuver, ωmean.

It is necessary to state that the term “finale” in this chapter refers to the last 10% of the

simulation time span. Consequently, the formal definition of yfin can be written as,

yfin = RMS (yyy (tk)) ∀tk ∈ [t0 + 0.9 (tf − t0) , tf ] , (6.27)

where t0 and tf are the initial and final times of the closed-loop simulation, respectively.

Similarly, δafin is formally defined as,

yfin = RMS (δa (tk)) ∀tk ∈ [t0 + 0.9 (tf − t0) , tf ] . (6.28)

Although this research is concerned with low-thrust propellers, the total Delta-V is consid-

ered instead of the total thrust in order to enable comparisons between the proposed scheme

and those from the literature. The total Delta-V in our context can be calculated using the

following formula:

∆V =

∫ tf

t0

u · dt. (6.29)

Given that the input thrust/acceleration from the single thruster is piece-wise-constant,

the total Delta-V can be rewritten as follows:

∆V =

Nh∑
j=1

(
Nu−1∑
k=0

ukTs

)
j

, (6.30)

with Nh being the number of receding horizons being processed within a simulation, j the

horizon index, and Ts being the fixed sampling time.

Having introduced the fitness criteria, the adopted overall fitness function can then be

written as,
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ϕtot = Ky · fitness (yfin)︸ ︷︷ ︸
ϕy

+Kδa · fitness (δafin)︸ ︷︷ ︸
ϕδa

+K∆V · fitness (∆V )︸ ︷︷ ︸
ϕ∆V

+Ky · fitness (ωmean)︸ ︷︷ ︸
ϕω

, (6.31)

where Ky, Kδa, K∆V , and Ky are weights that determine the importance of each of the four

criterion, and the function fitness (·) is defined as

fitness (x) =
1
x −min

(
1
x

)
max

(
1
x

)
−min

(
1
x

) , (6.32)

with min (·) and max (·) being the minimum and maximum functions over all the 726 simu-

lations. It is clear that this form of the fitness function only shoots out values between 0 and 1.

Running the simulations for the 726 combinations in Eq. (6.26) for a fixed initial orbit

of the chief, which is parameterized by α̃ααc,0 =
[
7121km 0 deg 10−5 0 45 deg 0 deg

]⊺
,

and applying the definition of the fitness function in Eq. (6.32) to all the 726 simulations and

to the four performance metrics, and fixing the values of the weights to Ky = 5, Kδa = 1,

K∆V = 1, and Ky = 1, which reflect the high importance of minimizing yfin in comparison to

the other metrics, the heat maps that summarize all the simulations could be obtained and

are presented in Fig. 6.3. The heat maps in Fig. 6.3 could only be obtained after averaging

the fitness over each RNG seed in Eq. (6.26), and after adopting a scattered data interpolant

in order to smooth the heat maps.

It is clear from the figures that the smaller fu is, the better ϕy and ϕδa become, while

this relation is conceivably inverted for ϕ∆V . Furthermore, ϕ∆V and ϕω could be noticed to

be positively correlated, and are both negatively correlated with ϕy and ϕδa. Further inves-

tigations on the simulations where ϕ∆V and ϕω are both large revealed that minimal input

acceleration is provided at an almost stagnant attitude of the satellite, while the effect of this

acceleration on the orbit correction is, as well, minimal. Nonetheless, for these simulations,

the ROE vector is approaching its set point, although very slowly.
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(a) y fitness (ϕy) (b) δa fitness (ϕδa)

(c) ∆V fitness (ϕ∆V ) (d) ω fitness (ϕω)

Figure 6.3: Fitness of the four performance metrics

The overall fitness function, ϕtot, is depicted in Fig. 6.4 and the fittest point, i.e., the

point with maximum overall fitness, (fu = 0 and fδq = 0.02) is marked with the gray circle

on the heat map. It is clear from the fittest fu − fδq combination that, it was not necessary

to include the direct Delta-V penalty, Ju, in the cost function, since Jyyy was already indirectly

accounting for Delta-V cost as previously mentioned. One has to acknowledge that the fittest

combination of fu and fδq in Fig. 6.4 is not necessarily universal for any arbitrary initial

chief’s orbit, and the selection of the optimal fu − fδq combination needs to be performed

again for each initial orbit of the virtual chief. This does not represent a limitation of the

approach, since the reference orbit of the chief is fixed once as soon as the satellite mission is

designed.
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Figure 6.4: Overall fitness (ϕtot)

The employed approach served the need to identify an adroit set of combinations of fu

and fδq. Future investigations may focus on the setup of a heuristic approach, e.g., genetic

algorithms, to search for the combination that globally maximizes the overall fitness function.

In this context, note that the definition of the fitness functions and of the related parameters

impact the global optimum.

Finally, the values of the optimized fu and fδq are heavily dependant on the authors’

predictions of u and δq, and another choice of these quantities would have definitely led to

different optimal fu and fδq; however, the values of Ru and Rδq will not change since fu is

directly divided by u2 to obtain Ru and the same dynamics apply for fδq with the squared

L2-norm of δq to obtain Rδq (see Eq. (6.23)).

6.3.3 Closing the Control Loop

The MPC described so far is one key module of the whole control loop, which, at practical

implementation, requires feedback to operate properly. This feedback is provided by the

navigation system, which, in turn, relies on sensors as well as a state estimation filter. The

full closed loop, which illustrates the module execution logic onboard the deputy spacecraft,
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is depicted in Fig. 6.5. There, Osc2Mean is the function that transforms osculating orbital

elements to mean ones [17], Body2Inert is the method that rotates any vector from the body

frame to the inertial frame, and OE2ROE is the function that transforms the absolute orbital

elements of both the chief and the deputy to a ROE vector. The breve accent, (̆·), signifies a

quantity which is affected by either one or a combination of the following sources of errors:

• Estimation errors (e.g., ᾰααd);

• Actuator errors (e.g., q̆);

• Physical constraints (e.g., ŭuub).

Post-processing

OE2ROEDisplay
Display

Navigation (Deputy)

OE2ROE Osc2Mean SensorsFilter

Operator input

1. Chief's initial osculating orbit
2. Required final ROE (optional,
default is a vector of zeros)

Pre-processing

Osc2Mean
Define orbital
period & mean

motion

Dynamics (Deputy)

Osc2MeanOrbit propagator

Dynamics (Chief)

Osc2MeanOrbit propagator

Information that are passed once

Information that are recurrently
passed

Controller & Actuators (Deputy)

MPC

ADCS Pointing
error Body2Inert.

Figure 6.5: Closed loop of the deputy spacecraft

The proposed MPC is validated by means of numerical simulations, emulating the per-

formance of the navigation module and the effects of the physical limitations of the adopted

actuators. The physical limitations are only present in the saturation block (see Fig. 6.5).

In fact, this saturation is taken into account in the guidance layer, but the saturation block

after the MPC is implemented anyway as a safeguard in case the MPC computes an infeasible
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solution. The "Navigation" set of blocks as well as the "Pointing error" block in Fig. 6.5 are

modeled according to the surrogate models presented in Appendix G.

It is important to note that although the chief, in this context, is a virtual point, it is

propagated using the perturbed dynamics for three main reasons:

• The dynamics in Eq. (2.48) are derived for a perturbed chief orbit;

• In many applications, the tracking of the reference orbit and the absolute control of the

reference orbit are handled separately;

• The proposed scheme can be directly applied to the rendezvous with an actual space-

craft.

As a result, the autonomous orbit keeping compensates errors and perturbations acting

on the relative dynamics.

6.4 MPC Validation

In order to test the stability of the proposed MPC scheme, and thanks to the parallelization

capabilities of the HPC facilities of the University of Luxembourg, the algorithm was

run over 500 different simulations, each with a different initial ROE vector. Specifically,

the entries of the initial dimensional ROE vectors, yyyi,0, were randomly selected from

the [−0.1 0.1] km range, except for the initial relative mean argument of longitude,

acδλi,0, which was randomly chosen from the [−1 1] km range. Moreover, the initial

orbit of the chief is fixed for all the 500 Monte Carlo runs, and is parameterized by

α̃ααc,0 =
[
7121km 0 deg 10−5 0 45 deg 0 deg

]⊺
.

The simulation and MPC parameters employed in the 500-run Monte Carlo campaign are

listed in Table 6.1. Notably, the parameters σrrr, σvvv, σyyy, and ζqpe are directly associated with

the surrogate models for navigation and pointing errors, as detailed in Appendix G. For a de-

tailed description of these parameters, the reader is encouraged to consult the aforementioned
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appendix.

Table 6.1: Monte-Carlo simulation and MPC parameters

MPC parameters

Ts [s] Np [Ts] Nu [Ts] umax [m/s2] ωmax [deg/s]

50 s 60 15 3.5× 10−5 2

Q fP fu fδq Rδqmin

105 10 0.0 0.02 10−5

Miscellaneous
K σrrr [m] σvvv [m/s] σyyy [m] ζqpe [arcs]

0.2 10 0.5 1 25

It is to be noted that although the sampling time used in predicting the MPC states,

Ts, is 50 s, the attitude dynamics are propagated each second in the simulations since the

attitude changes much faster than the ROEs. Moreover, the value of the maximum allowable

acceleration, umax, was obtained from the information on Triton-X brochure [47] on both,

the maximum thrust, which is set equal to 7 mN, and the mass of the satellite, which is

assumed to be constant, 200 kg, throughout the maneuver.

The main performance metrics over the 500 Monte Carlo runs are depicted in Fig. 6.6,

while the statistics of these metrics are presented in Table 6.2.

Figure 6.6: Performance metrics over the Monte Carlo simulation
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Table 6.2: Performance metrics over 500 simulations

yfin [m] acδafin [m] ∆V [m/s] ωmean [deg/s]

Mean 4.38 2.05 0.406 0.228

Median 4.29 2.02 0.409 0.226

Max 9.82 4.49 0.58 0.331

In order to gain an insight into how the proposed scheme performs, the results of an

arbitrary simulation out of the 500 simulations are presented. The randomly selected initial

dimensional ROE vector is yyy0 =
[
64.62 −947.77 −57.84 23.68 −80.35 24.03

]⊺
m,

while the the reference dimensional ROE vector is yyyr = 000.

The ROE states are seen to approach their set points (zero for rendezvous with the virtual

target) in Fig. 6.7. It is of significance to mention that the chief’s mean orbital period, which

is the unit of time in Fig. 6.7, is 5974.46 s.

Figure 6.7: ROE profile of the selected Monte Carlo run

The trajectory followed by the satellite is depicted in Fig. 6.8 in both the Transversal-

Radial and the Normal-Radial planes. This trajectory could be obtained by transforming the

ROE to the relative Cartesian states in the RTN frame using the transformation in Eq. (2.56).

It can be seen from Fig. 6.8a that the orbit maneuver is taking place gradually thanks to the

187



continuous firing of the thruster, in contrast to the impulsive-thrust maneuvers where the

velocity changes at a handful of points on the orbit.

(a) Trajectory in the TR plane (b) Trajectory in the NR plane

Figure 6.8: Trajectory followed by the satellite of the selected Monte Carlo run

The thrust exerted by the onboard thruster is depicted in Fig. 6.9. This thrust is also

projected on the RTN frame and the projection is presented in Fig. 6.10. It is interesting to

see that the MPC does not follow a trajectory that minimizes the radial burns, which has

been a usual constraint imposed on the MPC in earlier studies [85]. Although firing in the

radial direction to correct δλ errors is known to be more Delta-V-expensive than firing in

the transversal direction to build up δa drift, which takes care of correcting the δλ error by

exploiting the natural dynamics, this is not the case for close-proximity maneuvers where the

initial δλ error is small. This can be verified by looking at the solution to the linearized forced

Gauss variational equations [28].

In Fig. 6.11a, the error quaternion angle signal suggests that at each optimization step, the

attitude starts from a value that does not coincide with the reference attitude. Nevertheless,

by the end of each step, the attitude gradually converges towards the reference one, resulting

in the error quaternion angle approaching a value close to zero. A very interesting feature of

the proposed scheme is that the propulsion system is always turned on even when attitude

redirection maneuvers are taking place. The optimizer calculates the reference attitude know-
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Figure 6.9: Thrust output of the single thruster

ing that the satellite will not necessarily be aligned with it for the whole upcoming control step.

It is worth noting that the angle of any quaternion (e.g., the error quaternion, qe, or the

current quaternion, q) can be found as follows:

ζq = arctan

(
∥qqq∥2
q0

)
, (6.33)

where qqq and q0 are the vector and the scalar parts of the quaternion q, respectively. Lastly,

the effect of adding the Jδq term to the cost function of Problem 6.1 could be seen clearly

in Fig. 6.11b, where the quaternion angle rate is depicted. The quaternion angle rate, which

can be thought of as a signed version of ω, is seen to be much lower than its maximum

allowable values, 2◦/s. Our preliminary simulations, which did not contain the term Jδq on

their cost function, always had the attitude rate saturating at its maximum value, which is a

hyper-reaction that is not desired in a real mission.

In order to test the efficiency and the optimality of the proposed MPC scheme, it is bench-

marked against the approach proposed in [85] for a similar problem, where an Out-Of-Plane

(OOP) relative orbit correction maneuver had to be performed. The initial orbit of the chief
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Figure 6.10: Thrust vector in the RTN frame

in this benchmark simulation is set to α̃ααc,0 =
[
6828km 0 deg 10−5 0 78 deg 0 deg

]⊺
,

where the initial and the reference dimensional ROE are set to yyy0 =
[
0 0 273 0 10 70

]⊺
and yyyr =

[
0 0 273 0 400 120

]⊺
. The rest of the parameters are set to their values from

Table 6.1, except for the maximum allowable acceleration, which is set to umax = 32 µm/s2.

Applying this maximum acceleration to the satellite employed in [85], which has a mass of

20 kg, renders the maximum thrust as 0.64 mN.

The setting of this maneuver is interesting not only because it allows two different MPC

schemes to be compared, but also because OOP maneuvers require only normal acceleration.

In fact, the Delta-V-optimal locations for impulsive normal burns for such maneuvers could

be analytically calculated [77]. For the case of electric propulsion, a controller is said to be

Delta-V-optimal for out-of-plane maneuvers if the thrust in the normal direction is bang-

bang-like and is distributed almost evenly around the Delta-V-optimal locations. The thrust

profile of the proposed MPC is depicted in Fig. 6.12a, which reveals that the proposed MPC

190



(a) Quaternion angle
(b) Angular speed (signed)

Figure 6.11: Attitude profile of the selected Monte Carlo run

behaves as a fuel-efficient scheme would be expected to behave.

(a) (b)

Figure 6.12: Thrust level for the benchmark simulation: (a) thrust vector in the RTN frame
(b) comparison of the thrust in the normal direction

It can also be seen from Fig. 6.12a that the thrust components in the radial and the

transversal directions are not exactly zero due to in-plane perturbation compensation and

also owing to the fact that the thrust is provided during slew maneuvers. Therefore, the

radial and transversal thrust components become more visible when the thrust direction is

required to flip from the positive to the negative normal direction. In this situation, the
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satellite has to pass by many transient attitudes for which the radial and the transversal

components are not necessarily zero. Fig. 6.12b depicts a comparison between the normal

component of the thrust profile of the proposed MPC scheme and the MPC scheme proposed

by [85].

The dimensional ROE profiles of the two MPCs are also shown in Fig. 6.13, and a brief

comparison between the performance of both schemes is presented in Table 6.3, where the

convergence time is defined as the time it takes all elements in the error-dimensional ROE

vector, yyyerr = yyy − yyyr, to be less than 5 [m].

Table 6.3: Comparison between the proposed and the reference MPCs

Convergence time [orbits] Terminal yyyerr [m] ∆V [m/s]

Proposed MPC 4.1
[
0.9 −0.4 1.9 −0.33. 0.0 −0.5

]⊺
0.664

Reference MPC 6.6
[
−3.6 9.2 −1.4 2.0 −2.9 1.6

]⊺
0.501

Figure 6.13: ROE profile of the benchmark maneuver

It is clear from Table 6.3 as well as Fig. 6.13 that, for the benchmark simulation, the

proposed scheme is much faster, in fact 1.61 times as fast as that of [85]. Furthermore,
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the proposed MPC appears to be much more precise than the reference one; however, it

consumes 24.04% more Delta-V, as seen in Table 6.3. Indeed, consuming more Delta-V

than the reference MPC is conceivable since the proposed MPC is not designed to be Delta-

V-optimal in the first place. Again, the cost function of Problem 6.1 has two components

(after eliminating Ju as discussed in Section 6.3.2): the first one, Jyyy, deals with gradually

approaching the reference ROE vector, and implicitly implies a trade-off between fuel and

time optimality (depending on fP), while the second component, Jδq, is added to minimize

the attitude change throughout the maneuver. It is believed that a smaller total Delta-V

could be achieved using a different set of MPC gains; however, it would be at the cost of

more abrupt attitude changes and/or more maneuvering time. The ROE profile in Fig. 6.13

implies the evolution of the OOP variables, δix and δiy, from their initial values to their

set points, while the in-plane variables fluctuate slightly around their initial/reference values

as a response to the relative orbital perturbations as well as to the unavoidable radial and

transversal accelerations during each attitude flip from the positive to the negative normal

direction and vice-versa.

Lastly, Fig. 6.14 relates to the attitude evolution of the system, where Fig. 6.14a shows

how the attitude is changing smoothly to recurrently flip the thrust direction from/to the

positive to/from the negative normal direction, while the error quaternion angle is starting

from a nonzero value only when the thrust direction is required to be flipped, and is seen to

always approach zero. Moreover, although the objective is clearly to flip the thrust direction,

the error quaternion angle is never 180◦, which could only mean that the optimizer chooses the

reference quaternion to evolve smoothly until it reaches the flipped attitude so that a hyper-

reaction of angular velocity can be avoided. The quaternion angle rate is seen in Fig. 6.14b

to turn swiftly and almost reach its full potential, i.e., ±ωmax, when the thrust direction is

set to change from/to the positive to/from the negative normal direction.
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(a) Quaternion angle
(b) Angular speed (signed)

Figure 6.14: Attitude profile of the benchmark maneuver

6.5 Conclusions

This chapter presents an MPC scheme to solve the problem of optimal absolute orbit keeping

for underactuated satellites equipped with electric propulsion systems. Many small-satellite

platforms are currently equipped with unidirectional thrusters, which require continuous

attitude slews during extended orbit maneuvers to redirect the thrust in the desired propul-

sion direction. Although the controller is designed for a single satellite, formation flying

techniques are adopted by assuming the satellite flies in formation with a virtual spacecraft

(following the reference trajectory). The satellite is tasked with maintaining a predefined

relative orbit with respect to this virtual chief, typically achieving rendezvous. This approach

enables the direct extension of the proposed algorithm to multi-satellite relative orbit-keeping

scenarios.

The proposed MPC is designed to balance fuel and time optimality by tuning the

controller gains. Importantly, it couples the attitude dynamics and relative orbital dynamics,

ensuring that thrust is provided even during attitude redirection maneuvers. The control

scheme’s stability is validated through Monte Carlo numerical simulations that emulate

navigation errors, hardware inaccuracies, and physical constraints.
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To evaluate the controller’s performance, the proposed MPC is compared to a reference

MPC from the literature. The results demonstrate that the proposed scheme achieves more

accurate orbit keeping in a shorter time frame. This performance improvement comes at a

marginal increase in Delta-V, approximately 24% of the total maneuver cost. However, this

increase is considered negligible at the mission level, given the significant gains in orbit-keeping

accuracy and time efficiency.
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Chapter 7
Conclusion

This thesis presents a comprehensive Guidance, Navigation, and Control (GNC) toolbox de-

veloped for formation flying missions of the Triton-X multi-mission satellite platform and

similar satellites. The research addresses the key challenges imposed by the hardware specifi-

cations of Triton-X, which significantly influence the design of the GNC system. Specifically,

the thesis develops novel relative navigation algorithms, formation reconfiguration guidance

and control approaches, and absolute/relative orbit-keeping strategies.

The navigation system faces challenges due to Triton-X’s reliance on a single-frequency

Global Navigation Satellite System (GNSS) receiver. For close formations with intersatellite

distances under 10 km, existing GNSS-based relative navigation algorithms are suitable, as

this area has been extensively studied. However, for widely separated spacecraft with single-

frequency receivers, ionospheric delay becomes a dominant bias. To address this, the thesis

presents a precise bi-linear ionospheric delay model integrated into a novel Extended Kalman

Filter (EKF). Using real sensor data from the European Space Agency (ESA) Swarm mission

under the best and worst ionospheric conditions in the 24th Solar Cycle (SC24), the filter

achieved consistent performance. Even under the worst conditions, the filter achieved Root

Mean Square (RMS) errors of 26 cm in relative distance and 4 cm/s in relative speed, demon-

strating exceptional accuracy for many technology demonstration missions.
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The guidance and control system faces the challenge of Triton-X’s single, ungimbaled

electric thruster, which renders the orbit control system underactuated. This configuration

requires attitude redirection maneuvers before each thrust activation. To address this, the

maneuver span is split into multiple control cycles. Each control cycle consists of a thrust arc

followed by a coast arc. During the latter, an attitude redirection maneuver is performed to

align the thruster nozzle with the desired direction. The formation reconfiguration problem is

divided into guidance and control subproblems, where the guidance problem is formulated as

a convex trajectory optimization problem that incorporates operational constraints, including

collision avoidance and thrust limits. Multiple formulations of the guidance problem are pro-

posed, varying in computational complexity and fuel efficiency. Centralized and distributed

frameworks are developed, and benchmarking across more than a dozen solvers reveals that

the Second-Order Cone Programming (SOCP) formulation is the most fuel-efficient while

maintaining computational efficiency. This formulation is adopted as the prediction function

for two Model-Predictive Control (MPC) strategies: the Shrinking-Horizon MPC (SHMPC)

and the Fixed-Horizon MPC (FHMPC).

The SHMPC and FHMPC approaches were evaluated in both centralized and distributed

settings. The FHMPC excels in tracking pre-optimized reference trajectories for short maneu-

vers, achieving high accuracy and low Delta-V consumption. However, the SHMPC demon-

strated greater flexibility, adapting to disturbances and achieving superior performance in

long-duration or disturbance-rich scenarios. Consequently, SHMPC is recommended for long

reconfiguration maneuvers or when external disturbances are significant. Both MPC strate-

gies outperform a reference MPC from the literature in terms of final control accuracy and

Delta-V efficiency.

The thesis also addresses absolute/relative orbit-keeping, prioritizing time efficiency over

fuel-optimality. To this end, an MPC strategy is proposed that allows thrust application dur-

ing attitude maneuvers. This strategy employs a Non-Linear Programming (NLP) problem
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with a multi-objective cost function, balancing fuel efficiency, attitude control effort, time-

optimality, and precision. Compared to a reference MPC, the proposed strategy is shown

to achieve more precise orbit-keeping in less time, albeit with a slight increase in Delta-V

consumption.

The primary outcome of the research in this thesis is a Matlab toolbox that is readily

available for use by LuxSpace. The developed codes can be automatically transformed into

embedded software, making them suitable for integration as part of the complete Triton-X

software framework. In fact, embedded C-code was successfully generated for one formulation

of the guidance problem for multi-satellite formations, alongside the FHMPC approach for

closing the control loop. This C-code was staged for implementation on the Digital Mother

Boards (DMBs), which act as the onboard computers for multiple Triton-X satellites. How-

ever, the implementation could not be realized within the time frame of this doctoral study

due to the unavailability of the DMBs, as they were allocated for Verification and Validation

(V&V) experiments related to another mission. The implemented Matlab toolbox allows for

automatic code generation using Matlab Coder. The only remaining work involves modifying

the toolbox interfaces to ensure compatibility with the complete Triton-X software architec-

ture.
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Appendix A
Extended Kalman Filter

The Extended Kalman Filter (EKF) is an extension of the well-known Kalman Filter (KF).

Unlike the KF, the EKF combines information from the process and the observation models

which can be nonlinear models of the states. An EKF aims at giving an estimate of the state

vector xxx assuming the following nonlinear process and measurement models.

xxxk = fff (xxxk−1,uuuk) +wwwk, (A.1)

zzzk = hhh (xxxk) + νννk, (A.2)

where are the state transition and the measurement models, respectively, which are generally

nonlinear. If fff (xxxk−1,uuuk) and hhh (xxxk) were linear mappings, the EKF reduces to a KF. The

vector xxxk represents the state vector at time instant k which is to be estimated by the EKF, uuuk

is the known/estimated control vector, and wwwk and νννk are the process and the measurement

noises, respectively, which are assumed normally distributed multivariate random variables,

i.e., wwwk ∼ N (000,Qk) and νννk ∼ N (000,Rk), with N
(
µ, σ2

)
being the normal distribution with

a mean µ and a variance σ2.

In the following discussion, the breve accent (̆·) signifies a quantity that is produced by

the filter (i.e. an estimation), while the double subscript (·)m|n represents the estimation of
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(·) at the time instant m given the measurements up to and including the time instant n,

where n ≤ m.

The EKF is typically divided into two successive phases, the prediction and the update.

The prediction phase is model-dependant, and is depicted in the following set of equations.

x̆xxk|k−1 = fff
(
x̆xxk−1|k−1,uuuk

)
P̆k|k−1 = FkP̆k−1|k−1F

⊺
k +Qk,

(A.3)

where,

Fk :=
∂fff

∂xxx

∣∣∣∣
x̆xxk−1|k−1, uuuk

. (A.4)

The update phase can as well be summarised by the following equations.

Kk = P̆k|k−1H
⊺
k

(
HkP̆k|k−1H

⊺
k +Rk

)−1

x̆xxk|k = x̆xxk|k−1 +Kk

(
zzzk − hhh

(
x̆xxk|k−1

))
P̆k|k = (I−KkHk) P̆k|k−1,

(A.5)

where

Hk :=
∂hhh

∂xxx

∣∣∣∣
x̆xxk|k−1

.

201



Appendix B
Linearization of a general difference function

Consider the general vector valued function fff (xxx) and the following difference function,

∆fff = fff (xxx)− fff (xxx0) . (B.1)

The differential vector valued function ∆fff can be approximated by Taylor expansion

around xxx0. Taking into account that ∆xxx = xxx− xxx0, and ignoring the higher order terms, the

Taylor approximation of ∆fff around xxx0 can be written as,

∆fff ≈

(
fff (xxx0) +

∂fff

∂xxx

∣∣∣∣
xxx=xxx0

∆xxx

)
− fff (xxx0) =

∂fff

∂xxx

∣∣∣∣
xxx=xxx0

∆xxx, (B.2)

which, assuming ∂∆fff
∂∆xxx ≈

∆fff
∆xxx , suggests that,

∂∆fff

∂∆xxx
≈ ∂fff

∂xxx

∣∣∣∣
xxx=xxx0

. (B.3)

This approximation is valid as long as ∥∆xxx∥ is small in comparison to ∥xxx0∥.
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Appendix C
Estimation of the scaling factor used in the

affine relaxation of the maximum

acceleration constraints

In order to put Problem 4.4 into the Linear Programming (LP) form, the Second-Order Cone

(SOC) constraint in Eq. (4.27) had to be transformed into multiple piece-wise affine con-

straints. Specifically, Eq. (4.27) defines a constraining sphere with circular projections on

the Transversal-Normal (T-N), Radial-Transversal (R-T), and Radial-Normal (R-N) planes.

These circular projections were approximated by regular polygons, where the polygons in

the R-T and R-N planes form rhombuses, and the number of sides for the polygon in the

T-N plane, ndir, is left to the user to choose. This transformation is graphically presented

in Fig. 4.3. It is important to highlight that the union of all the affine constraints forms a

constraining polyhedron in the 3D space, which is depicted in Fig. 4.4 for ndir = 12. A notable

aspect of this piece-wise affine relaxation is that, although the approximating polyhedron is

designed to have projections on the three planes that remain within the original constraining

sphere, the entire polyhedron is not necessarily contained within the sphere. Therefore, in

Eq. (4.44) and Eq. (4.45), and in order to ensure that the constraining polyhedron lies with

its entirety inside the original constraining sphere, the relaxed constraints had to be scaled
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using a constant scaling factor, c, which represents the ratio of the distance from the center

of the sphere to the furthest point on the polyhedron relative to the radius of the sphere. In

this appendix, a method to estimate the scaling factor, c, is presented for different values of

ndir.

Given the value of ndir, one approach to calculating the scaling factor involves using a 3D

modeling package to model both the polyhedron and the sphere. By doing so, the distance

from the center of the sphere to the furthest vertex of the polyhedron can be measured di-

rectly. However, this method is not scalable, as it requires constructing a 3D model for each

specific value of ndir. A more precise method takes advantage of the fact that the polyhedron

is formed by the intersection of the ndir+8 planes that define the piece-wise linear constraints.

The scaling factor c can be calculated accurately by constructing a convex hull from the ver-

tices created by the intersection of each pair of planes with one of the three principal planes

(R-T, R-N, and T-N). While this method guarantees precision, it requires implementing a

3-plane intersection algorithm. An alternative method involves a Monte Carlo simulation,

where a large number of random points is generated within the cube that circumscribes the

constraining sphere. Each point is tested to determine whether it lies within the polyhedron.

The points that are inside the polyhedron are kept, and their distances from the origin are

calculated. The maximum distance found is divided by the radius of the sphere to calcu-

late the scaling factor. This method offers a rather easy implementation, however, it does

not guarantee the precision of the scaling factor. Therefore, in this study, the Monte Carlo

method is adopted, with an additional safety margin added to the calculated scaling factor

to account for any potential inaccuracies.

The Monte Carlo simulation was run for 9 different values of ndir, namely {4, 6, . . . , 20},

and the results of these experiments are summarized in Table C.1. The table also includes

the ratio of the area of relaxing polygon in the T-N plane relative to the area of the original

constraining circle.

Table C.1 indicates that the rhombuses used to approximate the circles in the R-T and
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Table C.1: Monte Carlo results over different values of ndir

ndir Area ratio [%] c

4 63.7 0.999
6 82.7 1.008
8 90.0 1.041
10 93.5 1.018
12 95.5 1.016
14 96.7 1.027
16 97.4 1.040
18 98.0 1.032
20 98.4 1.031

R-N planes cover approximately 64% of the area of the corresponding constraining circles. In

contrast, the smallest polygon that covers at least 95% of the area of the constraining circle in

the T-N plane is the polygon with 12 sides. The choice of ndir = 12 has additional advantages

beyond just covering 95% of the constraining area in the T-N plane; it also requires the least

amount of scaling among all the cases that cover at least 95% of the circumcircle.

Fig. C.1 depicts the results of the Monte Carlo simulation over the case when ndir = 12.

The resulting scaling factor of this experiment is 1.016, which is very close to the one calculated

by the 3D modeling technique in Chapter 4, which was calculated to be 1.0166, and was

approximated to 1.017. Indeed, the Monte Carlo result is less precise.
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Figure C.1: Monte Carlo results for ndir = 12
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Appendix D
Reconfiguration scenarios used throughout

the thesis

This appendix outlines the reconfiguration scenarios utilized throughout this thesis. Each sce-

nario is assigned a unique identifier, referred to as Reconfiguration i or the ith reconfiguration

scenario, which is used consistently throughout the text.

Reconfiguration 0 - Coplanar to PCO

This scenario involves a formation of four identical satellites flying in close proximity to a

chief satellite. Initially, the deputies are distributed equidistantly along the transversal axis,

forming a trailing or coplanar configuration, with the chief at the center of the formation. The

goal is to reconfigure the formation so that the satellites are distributed along a Projected

Circular Orbit (PCO) by the final time. The parameterization of the coplanar and PCO

configurations using mean ROE is discussed in [79]. The initial and final states for each

satellite are summarized in Table D.0.

In this case, the initial inter-satellite distance in the trailing formation is 200 m,

while the radius of the final PCO is 300 m. The orbit of the chief is defined by

αααc,0 =
[
6761.45 km 180◦ 1.5 · 10−3 0 98◦ 0◦

]⊺
at t0. The reconfiguration maneuver is

allocated 5 orbital periods.
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Table D.0: Initial and final (required) states for each deputy

Satellite yyyi,0 [m] yyyi,f [m]

Sat. A
[
0 −400 0 0 0 0

]⊺ [
0 0 0 −150 300 0

]⊺
Sat. B

[
0 −200 0 0 0 0

]⊺ [
0 0 −150 0 0 −300

]⊺
Sat. C

[
0 200 0 0 0 0

]⊺ [
0 0 0 150 −300 0

]⊺
Sat. D

[
0 400 0 0 0 0

]⊺ [
0 0 150 0 0 300

]⊺

The unforced relative orbits corresponding to the initial and final configurations are shown

in Fig. D.0.

(a) Initial relative orbits (Coplanar) (b) Final relative orbits (PCO)

Figure D.0: Unforced relative orbits for Reconfiguration 0

Reconfiguration 1 - Multi-pendulum to PCO

In this scenario, four identical deputy satellites initially form a multi-pendulum configura-

tion. The objective is to rearrange the satellites into a PCO within tf − t0 = 4 orbital

periods. The term "multi-" indicates that the satellites are distributed across different pen-

dulum relative orbits rather than sharing a single orbit. The chief’s orbit is parameterized by

α̃ααc,0 =
[
6978 km 10−3 97.87◦ 0◦ 0◦ 90◦

]⊺
at t0.
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Table D.1: Initial and final (required) states for each deputy in Reconfiguration 1

Satellite yyy0 [m] yyyf [m]

Sat. A
[
0 −250 0 0 0 −250

]⊺ [
0 0 0 −100 200 0

]⊺
Sat. B

[
0 −125 0 0 0 −125

]⊺ [
0 0 −100 0 0 −200

]⊺
Sat. C

[
0 125 0 0 0 125

]⊺ [
0 0 0 100 −200 0

]⊺
Sat. D

[
0 250 0 0 0 250

]⊺ [
0 0 100 0 0 200

]⊺
The initial and final relative trajectories for this configuration are visualized in Fig. D.1.

(a) Initial relative orbits (Multi-pendulum) (b) Final relative orbits (PCO)

Figure D.1: Unforced relative orbits for Reconfiguration 1

Reconfiguration 2 - Multi-PCO to Multi-cartwheel

In this reconfiguration, six identical satellites are initially organized in a multi-PCO for-

mation. The goal is to transition these satellites into a multi-cartwheel configuration over

tf − t0 = 5 orbital periods. The term "multi-" reflects that the satellites occupy dif-

ferent PCO and cartwheel relative orbits. The chief’s orbit is parameterized by α̃ααc,0 =[
6978 km 10−3 97.87◦ 0◦ 0◦ 90◦

]⊺
at t0.

The unforced relative orbits corresponding to the initial and final configurations are de-

picted in Fig. D.2.
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Table D.2: Initial and final (required) states for each deputy in Reconfiguration 2

Satellite yyy0 [m] yyyf [m]

Sat. A
[
0 0 0 −150 300 0

]⊺ [
0 0 −500 0 0 0

]⊺
Sat. B

[
0 −35.91 −129.90 −75 150 −259.81

]⊺ [
0 0 −333.33 0 0 0

]⊺
Sat. C

[
0 −35.91 −129.90 75 −150 −259.81

]⊺ [
0 0 −166.67 0 0 0

]⊺
Sat. D

[
0 0 0 150 −300 0

]⊺ [
0 0 166.67 0 0 0

]⊺
Sat. E

[
0 35.91 129.90 75 −150 259.81

]⊺ [
0 0 333.33 0 0 0

]⊺
Sat. F

[
0 35.91 129.90 −75 150 259.81

]⊺ [
0 0 500 0 0 0

]⊺

(a) Initial relative orbits (Multi-PCO) (b) Final relative orbits (Multi-cartwheel)

Figure D.2: Unforced relative orbits for Reconfiguration 2

Reconfiguration 3 - Multi-cartwheel to Multi-helix

In this scenario, four identical satellites are initially in a multi-cartwheel configuration and

are reconfigured into a multi-helix formation over tf − t0 = 4 orbital periods. The chief’s

orbit is parameterized by α̃ααc,0 =
[
6978 km 10−3 97.87◦ 0◦ 0◦ 90◦

]⊺
at t0.

The unforced initial and final relative orbits are illustrated in Fig. D.3.
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Table D.3: Initial and final (required) states for each deputy in Reconfiguration 3

Satellite yyy0 [m] yyyf [m]

Sat. A
[
0 0 −500 0 0 0

]⊺ [
0 34.56 0 −250 0 −250

]⊺
Sat. B

[
0 0 −250 0 0 0

]⊺ [
0 17.28 0 −125 0 −125

]⊺
Sat. C

[
0 0 250 0 0 0

]⊺ [
0 −17.28 0 125 0 125

]⊺
Sat. D

[
0 0 500 0 0 0

]⊺ [
0 −34.56 0 250 0 250

]⊺

(a) Initial relative orbits (Multi-cartwheel) (b) Final relative orbits (Multi-helix)

Figure D.3: Unforced relative orbits for Reconfiguration 3

Reconfiguration 4 - Multi-helix to Multi-pendulum

In this scenario, six identical satellites are initially arranged in a multi-helix configura-

tion. The reconfiguration goal is to transition the satellites into a multi-pendulum for-

mation within tf − t0 = 9 orbital periods. The chief’s orbit is parameterized by α̃ααc,0 =[
6978 km 10−3 97.87◦ 0◦ 0◦ 90◦

]⊺
at t0.

The initial and final relative orbits are depicted in Fig. D.4. These represent the trajec-

tories the spacecraft would follow in the absence of applied thrust or disturbances.
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Table D.4: Initial and final (required) states for each deputy in Reconfiguration 4

Satellite yyy0 [m] yyyf [m]

Sat. A
[
0 34.56 0 −250 0 −250

]⊺ [
0 −1000 0 0 0 −1000

]⊺
Sat. B

[
0 23.04 0 −166.67 0 −166.67

]⊺ [
0 −666.67 0 0 0 −666.67

]⊺
Sat. C

[
0 11.52 0 −83.33 0 −83.33

]⊺ [
0 −333.33 0 0 0 −333.33

]⊺
Sat. D

[
0 −11.52 0 83.33 0 83.33

]⊺ [
0 333.33 0 0 0 333.33

]⊺
Sat. E

[
0 −23.04 0 166.67 0 166.67

]⊺ [
0 666.67 0 0 0 666.67

]⊺
Sat. F

[
0 −34.56 0 250.00 0 250.00

]⊺ [
0 1000.00 0 0 0 1000.00

]⊺

(a) Initial relative orbits (Multi-helix) (b) Final relative orbits (Multi-pendulum)

Figure D.4: Unforced relative orbits for Reconfiguration 4

Reconfiguration 5 - Coplanar to Tetrahedron

This scenario involves four identical satellites initially arranged in a trailing or coplanar con-

figuration. The objective is to reconfigure the satellites into a tetrahedron formation over

tf − t0 = 7.5 orbital periods. The orbit of the chief is parameterized by the osculating orbital

elements α̃ααc (t0) =
[
6780.678 km 90◦ 0 029 97◦ 30◦

]⊺
The initial and final relative trajectories are depicted in Fig. D.5. These illustrate the

unforced motion of the satellites in the absence of thrust or external disturbances.

In the final tetrahedron configuration, Satellites A and D appear to follow identical relative
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Table D.5: Initial and final (required) states for each deputy in Reconfiguration 5

Satellite yyy⊺0 [m] yyy⊺f [m]

Sat. A
[
0 750 0 0 0 0

] [
0 400 0 0 0 0

]
Sat. B

[
0 250 0 0 0 0

] [
0 100 177 177 354 354

]
Sat. C

[
0 −250 0 0 0 0

] [
0 −100 −177 177 −354 354

]
Sat. D

[
0 −750 0 0 0 0

] [
0 −400 0 0 0 0

]

(a) Initial relative orbits (Coplanar) (b) Final relative orbits (Tetrahedron)

Figure D.5: Unforced relative orbits for Reconfiguration 5

orbits when viewed from the Normal-Radial plane. However, they occupy distinct orbits due

to their separation in the Transversal direction, as indicated by their different mean arguments

of longitude in Table D.5. The tetrahedron configuration consists of two satellites in a helix

formation (Satellites B and C) and two in a trailing configuration (Satellites A and D).
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Appendix E
A brief introduction to some relevant

convex optimization solvers

Fifteen solvers were chosen for the benchmark using the four reconfiguration scenarios defined

in D. These solvers were chosen from the list of the most commonly used solvers on NEOS

server in the category of LP and SOCP problems, and also from the solvers involved in the

Mittelmann’s benchmark. Since NEOS server does not have a distinct category for QCQP,

the solvers which are used for the SOCP problems are considered, since SOCP is the closest

form of a convex programming formulation to the QCQP, and since any QCQP problem can

be eventually formulated as an SOCP one. On top of the common solvers for each category,

IPOPT was added for being one of the most commonly used free solvers for a variety of

problem classes. Moreover, the solvers of the Matlab Optimization Toolbox were added to

the list of solvers that are involved in our benchmark experiment under the name "Matlab".

A brief overview of the 15 solvers is presented in the following bullet points:

• GLPK (GNU Linear Programming Kit): GLPK is intended for solving large-scale linear

programming, mixed integer programming (MIP), and other related problems.

• CLP (COIN-OR Linear Program solver): CLP is part of the COIN-OR project and is

a solver meant for linear programming problems.
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• OSQP (Operator Splitting Quadratic Program solver): OSQP is a numerical optimiza-

tion package for solving convex quadratic programs. Linear programs, as a subset of

quadratic programming problems, can be handled by the solver.

• OOQP (Object-Oriented software for Quadratic Programs): OOQP is an object-

oriented software package for solving convex quadratic programming problems.

• SCS (Splitting Conic Solver): SCS is primarily meant for large-scale convex quadratic

cone problems.

• ECOS (Embedded Conic Solver): ECOS is a numerical software for solving convex

second-order cone programs.

• IPOPT (Interior Point OPTimizer): IPOPT is vastly used for large scale nonlinear

optimization of continuous systems.

• SCIP (Solving Constraint Integer Programs): SCIP is one of the fastest non-commercial

solvers for mixed integer programming and mixed integer nonlinear programming

(MINLP). SCIP uses the SoPlex solver internally to solve linear programming prob-

lems.

• MOSEK: MOSEK is a commercial solver with an emphasis on solving large-scale sparse

problems. It supports a wide range of problem types, including linear, quadratic, and

convex nonlinear programs (NLP).

• Gurobi: Gurobi is a commercial solver that performs very well in large-scale optimization

settings. It can solve various types of optimization problems, including linear as well as

nonlinear programming problems.

• IBM ILOG CPLEX Optimization Studio (CPLEX): CPLEX is high-performance op-

timization solver for linear, mixed-integer and quadratic programming. It was named

the for the simplex method implemented in the C programming language, although, at

the moment, it supports other types of mathematical optimization and offers interfaces

other than C.
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• COPT (Cardinal optimizer): COPT is a mathematical optimization solver for large-

scale problems. It supports many problem types including LP, SOCP, and Convex

QCQP.

• Knitro: Knitro is a commercial software package for solving large scale nonlinear math-

ematical optimization problems. It supports a wide range of problem types, including

linear and nonlinear programs, including non-convex NLPs.

• Xpress: Xpress is a mathematical optimization solver designed to solve linear program-

ming, mixed integer programming, and other types of optimization problems.

• Matlab: Matlab is a high-level language and interactive environment that is used to

perform computationally intensive tasks. In our context "Matlab" refers to the solvers

offered by the Matlab Optimization Toolbox, which includes a dedicated linear pro-

gramming solver, linprog , a dedicated conic programming function, coneprog , a

general purpose NLP solver, fmincon , and many other solvers and capabilities.

Matlab has been used as a modelling language, and the problems were passed to each

solver through an interface, either provided by the solver developer, by Matlab, or by a

third party. Table E.1 contains the information about the version of each solver used in

the benchmark, the interface that has been used between Matlab and the solver. The

most interesting interfacing case is that of CPLEX, which is interfaced through the OPTI

Matlab toolbox [128]. Although International Business Machines Corporation (IBM) used

to provide a Matlab API for their CPLEX solver, this interface was discontinued, and the

latest compatible Matlab version with that API was R2019b. Since the OPTI Matlab toolbox

provides an interface that works flawlessly with newer Matlab versions, and since the authors
1The details of the interface as well as its source files are available on:https://github.com/blegat/glpkmex
2The details of the interface as well as its source files are available

on:https://github.com/jonathancurrie/OPTI
3The details of the interface as well as its source files are available on:https://github.com/bodono/scs-

matlab
4The details of the interface as well as its source files are available

on:https://github.com/ebertolazzi/mexIPOPT
5The details of the interface as well as its source files are available on:https://github.com/leavesgrp/COPT-

MATLAB
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Table E.1: Benchmark solvers information

Solver Version Interface with Matlab

GLPK v4.62 GLPKmex1

CLP v1.16.11 OPTI2

OSQP v0.6.2 Developer’s API

OOQP v0.99.22 OPTI2

SCS v3.2.3 SCS-Matlab3

ECOS v2.0.10 Developer’s API

IPOPT v3.14.4 mexIPOPT4

SCIP v5.0.1 OPTI2

MOSEK v10.1.15 Developer’s API

Gurobi v11.0.2 Developer’s API

CPLEX v12.10.0.0 OPTI2

COPT v7.1.3 COPT-MATLAB5

Knitro v14.0.0 Developer’s API

Xpress v9.4.0 Developer’s API

Matlab v9.2 (R2021b) No interface needed

used a newer Matlab version to model the problems, with no guarantee that the same code

can be used in Matlab2019b to produce the parameters of each problem, it was decided

to interface CPLEX with Matlab through OPTI, instead of moving to an older version of

Matlab. It is to be noted, however, that SOCP problems are not handled by OPTI. Another

thing to note is that most solvers have multiple internal methods that the user can choose

from according to the problem in hand. Many solvers offer the possibility to choose the

most suitable algorithm for the problem in hand, according to the pre-solve results. In the

benchmark experiment, the algorithm was set to the default, which in most cases means that

the solve method is automatically chosen by the solver. The specific algorithms used in the

benchmark experiment are reported, by most solvers, in the benchmark log files, which are

available in [108].
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Appendix F
Softening of the different guidance

formulations

This appendix presents the softened variants of all the hard-constrained guidance formula-

tions introduced in Chapter 4. The category of each formulation is preserved during the

softening process; for instance, the QCQP remains a QCQP and so on.

F.1 Softening of the QCQP formulation

The QCQP formulation, including the minimum acceleration constraints, is softened and is

rewritten as,

Problem F.1 (Softened convex QCQP formulation).

min
Y,U,B,Υ

1

a2c

∑
i∈I

∑
k∈Kf\Ki

(
∆t2kuuu

⊺
i,kRuuui,k

)
+

∑
i∈I

∑
k∈K

((
yyyi,k − yyyi,k

)⊺
Q
(
yyyi,k − yyyi,k

))
+

qumin
∑
i∈I

∑
k∈Kf\Ki

υi,k + qca
∑
i∈I

∑
j∈I\{i}
∪{0}

∑
k∈K\{0}

βij,k
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subject to,

yyyi,0 = yyyi,0 ∀i ∈ I, (F.1)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (F.2)

uuui,k = 000 ∀i ∈ I, ∀ (i, k) ∈ (i,Kn ∪ Ki) , (F.3)

ŭuu
⊺
i,kuuui,k ≥

∥∥∥ŭuui,k∥∥∥
2
(acui,min − υi,k) ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) (F.4)

0 ≤ υi,k ≤ υmax ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (F.5)

uuu⊺i,kuuui,k ≤ a
2
cu

2
i,max ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (F.6)(

y̆yyi,k − y̆yyj,k
)⊺

T⊺
kTk (yyyi,k − yyyj,k) ≥

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
(RCA − βij,k)

∀i, j ∈ I, i ̸= j, ∀k ∈ K \ {0} ,

(F.7)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥

∥∥Tky̆yyi,k
∥∥
2
(RCA − βi0,k) ∀i ∈ I, ∀k ∈ K \ {0} , (F.8)

0 ≤ βij,k ≤ βmax ∀i ∈ I, ∀j ∈ I ∪ {0} , i ̸= j,∀k ∈ K \ {0} , (F.9)

where R ∈ R3×3 is a positive semi-definite weighting matrix associated with minimizing

the control effort, specifically Delta-V. K denotes the set of indices corresponding to the

time instances at which the user specifies that the deputies should track certain reference

states. The term yyyi,k ∈ R6 represents the user-defined reference state that the ith deputy is

required to track at the time step tk. The matrix Q ∈ R6×6 is another positive semi-definite

weighting matrix, this time associated with minimizing deviations of the deputies’ states

from their specified reference states. The constants qumin ∈ R+ and qca ∈ R+ serve as

positive weighting factors, while the variables υi,k are slack variables representing the degree

of violation allowed in the relaxed minimum acceleration constraints, and βij,k and βi0,k are

slack variables capturing the extent of violation permitted in the relaxed collision avoidance

constraints. Finally, υmax and βmax represent the maximum allowable levels for the respective

relaxed violations in minimum acceleration and collision avoidance constraints.

The aforementioned slack variables are collated in the sets Υ and B, respectively, which
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are defined as,

Υ = {υi,k : i ∈ I, (i, k) ∈ (i,Kf \ Ki)} ,

B = {βij,k : i ∈ I, j ∈ I ∪ {0} , i ̸= j, k ∈ K \ {0}} .
(F.10)

F.2 Softening of the QP formulation

The QP formulation is rewritten in Problem F.2 in a softened manner, similar to Problem F.1.

The only difference between the softened QCQP formulation and the softened QP one is the

transformation of the maximum acceleration constraint from the quadratic form in Eq. (F.6)

into the piece-wise linear form in Eq. (F.16) and Eq. (F.17).

Problem F.2 (Softened convex QP formulation).

min
Y,U,B,Υ

1

a2c

∑
i∈I

∑
k∈Kf\Ki

(
∆t2kuuu

⊺
i,kRuuui,k

)
+

∑
i∈I

∑
k∈K

((
yyyi,k − yyyi,k

)⊺
Q
(
yyyi,k − yyyi,k

))
+

qumin
∑
i∈I

∑
k∈Kf\Ki

υi,k + qca
∑
i∈I

∑
j∈I\{i}
∪{0}

∑
k∈K\{0}

βij,k

subject to,

yyyi,0 = yyyi,0 ∀i ∈ I, (F.11)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (F.12)

uuui,k = 000 ∀i ∈ I, ∀ (i, k) ∈ (i,Kn ∪ Ki) , (F.13)

ŭuu
⊺
i,kuuui,k ≥

∥∥∥ŭuui,k∥∥∥
2
(acui,min − υi,k) ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) (F.14)

0 ≤ υi,k ≤ υmax ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (F.15)[
0 cos (γd) sin (γd)

]
uuui,k ≤ acui,max cos (γmax)

∀d ∈ D, ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) ,

(F.16)
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cos (γd) sin (γd) 0

cos (γd) 0 sin (γd)

uuui,k ≤ acui,max cos (γmax)

∀d ∈ D, ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) ,

(F.17)

(
y̆yyi,k − y̆yyj,k

)⊺
T⊺
kTk (yyyi,k − yyyj,k) ≥

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
(RCA − βij,k)

∀i, j ∈ I, i ̸= j, ∀k ∈ K \ {0} ,

(F.18)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥

∥∥Tky̆yyi,k
∥∥
2
(RCA − βi0,k) ∀i ∈ I, ∀k ∈ K \ {0} , (F.19)

0 ≤ βij,k ≤ βmax ∀i ∈ I,∀j ∈ I ∪ {0} , i ̸= j,∀k ∈ K \ {0} , (F.20)

F.3 Softening of the SOCP formulation

The softening of the SOCP formulation is more challenging compared to the QCQP and QP

problems because the cost function must be strictly linear. In the cases of QCQP and QP, the

summation related to minimizing the minimum acceleration violations as well as that which

relates to minimizing the collision avoidance violations are already linear, and hence can be

directly incorporated in the softened SOCP formulation. However, the quadratic terms in the

cost function, which are responsible for minimizing the total Delta-V effort, as well as the

deviation of the optimized states from the reference ROE profile, specifically,

1

a2c

∑
i∈I

∑
k∈Kf\Ki

(
∆t2kuuu

⊺
i,kRuuui,k

)
+
∑
i∈I

∑
k∈K

((
yyyi,k − yyyi,k

)⊺
Q
(
yyyi,k − yyyi,k

))
,

are replaced by

1

ac

∑
i∈I

∑
k∈Kf\Ki

(
∆tk

√
uuu⊺i,kRuuui,k

)
+

√∑
i∈I

∑
k∈K

((
yyyi,k − yyyi,k

)⊺
Q
(
yyyi,k − yyyi,k

))
.

Although these new terms are still not linear functions of the decision variables, they allow

the problem to be cast in a separable epigraph form [90] with additional SOC constraints as

follows:
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Problem F.3 (Softened SOCP formulation).

min
Y,U,Γ,w,B,Υ

1

ac

∑
i∈I

∑
k∈Kf\Ki

(∆tkΓi,k) + w+

qumin
∑
i∈I

∑
k∈Kf\Ki

υi,k + qca
∑
i∈I

∑
j∈I\{i}
∪{0}

∑
k∈K\{0}

βij,k

subject to,

yyyi,0 = yyyi,0 ∀i ∈ I, (F.21)∥∥∥∥[[√Q
(
yyyi,k − yyyi,k

)]h
i∈I

]v
k∈K

∥∥∥∥
F

≤ w, (F.22)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (F.23)

uuui,k = 000 ∀i ∈ I, ∀ (i, k) ∈ (i,Kn ∪ Ki) , (F.24)

ŭuu
⊺
i,kuuui,k ≥

∥∥∥ŭuui,k∥∥∥
2
(acui,min − υi,k) ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) (F.25)

0 ≤ υi,k ≤ υmax ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (F.26)

∥uuui,k∥R ≤ Γi,k ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (F.27)

Γi,k ≤ acui,max ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (F.28)(
y̆yyi,k − y̆yyj,k

)⊺
T⊺
kTk (yyyi,k − yyyj,k) ≥

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
(RCA − βij,k)

∀i, j ∈ I, i ̸= j, ∀k ∈ K \ {0} ,

(F.29)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥

∥∥Tky̆yyi,k
∥∥
2
(RCA − βi0,k) ∀i ∈ I, ∀k ∈ K \ {0} , (F.30)

0 ≤ βij,k ≤ βmax ∀i ∈ I,∀j ∈ I ∪ {0} , i ̸= j,∀k ∈ K \ {0} , (F.31)

where w is a slack variable, ∥·∥F is the Frobenius norm operator, and [(·)i]
h
indices and [(·)i]

v
indices

are defined as the horizontal and the vertical concatenation operators, respectively, such

that [ai]
h
i∈{1,2,...,n} =

[
a1 a2 . . . an

]
and [ai]

v
i∈{1,2,...,n} =

[
a1 a2 . . . an

]⊺
. Moreover.

√
Q is the matrix square root of Q, which, in the context of Problem F.3, is strictly a

diagonal positive semi-definite matrix, and ∥uuui,k∥R =
∥∥∥√Ruuui,k∥∥∥

2
with R being a diagonal

positive semi-definite matrix. Note that the diagonal entries of R have to be strictly greater

than or equal to 1 so that the acceleration could never exceed the maximum allowable one.
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Additionally, since both Q and R are diagonal matrices, their matrix square roots are equal

to their element-wise square roots.

F.4 Softening of the LP formulation

Softening the LP formulation is also somewhat challenging, as both the cost function and the

constraints must remain linear. This requirement makes the separable epigraph form unus-

able. In order to cast the guidance scheme as a softened LP problem, the cost function terms

are treated separately. Namely, the term responsible for minimizing the collision avoidance

violations, b
∑

i∈I
∑

j∈I\{i}∪{0}
∑

k∈K\{0} βij,k, remains unchanged, while the term that mini-

mizes the Delta-V effort is taken as the one adopted in Problem F.3, and the SOC constraints

in Eq. (F.27) are linearized using the same piece-wise linearization discussed for Problem 4.6.

Moreover, the term which is meant to drive the deviations between the optimized states and

the reference ones to zero is written as the summation of the L1 norms of these deviations.

Concretely, it is written as
∑

i∈I
∑

k∈K
∥∥√Q (yyyi,k − yyyi,k)∥∥1. Adopting the summation of the

L1 norms allows for the problem to be cast as an LP one [129], as follows:

Problem F.4 (Softened LP formulation).

min
Y,U,Γ,W,B,Υ

1

ac

∑
i∈I

∑
k∈Kf\Ki

(∆tkΓi,k) +
∑
i∈I

∑
k∈K

111⊺6×1wwwi,k+

qumin
∑
i∈I

∑
k∈Kf\Ki

υi,k + qca
∑
i∈I

∑
j∈I\{i}
∪{0}

∑
k∈K\{0}

βij,k

subject to,

yyyi,0 = yyyi,0 ∀i ∈ I, (F.32)

−wwwi,k ≤
√
Q
(
yyyi,k − yyyi,k

)
≤ wwwi,k ∀i ∈ I, ∀k ∈ K (F.33)

yyyi,k+1 = Φkyyyi,k +Ψkuuui,k ∀i ∈ I, ∀k ∈ K, (F.34)

uuui,k = 000 ∀i ∈ I, ∀ (i, k) ∈ (i,Kn ∪ Ki) , (F.35)

ŭuu
⊺
i,kuuui,k ≥

∥∥∥ŭuui,k∥∥∥
2
(acui,min − υi,k) ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) (F.36)
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0 ≤ υi,k ≤ υmax ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (F.37)[
0 cos (γd) sin (γd)

]√
Ruuui,k ≤ Γi,k cos (γmax)

∀d ∈ D, ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) ,

(F.38)

cos (γd) sin (γd) 0

cos (γd) 0 sin (γd)

√Ruuui,k ≤ Γi,k cos (γmax)

∀d ∈ D, ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) ,

(F.39)

Γi,k ≤ acui,max ∀i ∈ I, ∀ (i, k) ∈ (i,Kf \ Ki) , (F.40)(
y̆yyi,k − y̆yyj,k

)⊺
T⊺
kTk (yyyi,k − yyyj,k) ≥

∥∥Tk

(
y̆yyi,k − y̆yyj,k

)∥∥
2
(RCA − βij,k)

∀i, j ∈ I, i ̸= j, ∀k ∈ K \ {0} ,

(F.41)

y̆yy⊺i,kT
⊺
kTkyyyi,k ≥

∥∥Tky̆yyi,k
∥∥
2
(RCA − βi0,k) ∀i ∈ I, ∀k ∈ K \ {0} , (F.42)

0 ≤ βij,k ≤ βmax ∀i ∈ I, ∀j ∈ I ∪ {0} , i ̸= j,∀k ∈ K \ {0} , (F.43)

where 1116×1 is a matrix of ones with dimensions 6 × 1, and wwwi,k ∈ R6 are vectors of slack

variables which are collated in the set W as,

W =
{
wwwi,k : i ∈ I, k ∈ K

}
. (F.44)

Similar to the softened SOCP case in Problem F.3, the two matrices Q and R must be

diagonal positive semi-definite matrices, with the diagonal entries of R being strictly greater

than or equal to unity.
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Appendix G
Surrogate models of navigation and pointing

errors

The relative navigation system introduced in Chapter 3 addresses the problem of relative

navigation between satellites with large inter-satellite distances. In contrast, the guidance and

control schemes developed in this thesis are tailored for close-formation satellite operations.

As a result, the absolute and relative navigation systems fall broadly outside the scope of this

thesis. Similarly, this exclusion applies to the Attitude Determination and Control System

(ADCS). To validate the control strategies presented in this work, surrogate models are

incorporated into the validation simulations to account for navigation and pointing errors.

This appendix introduces these surrogate models, which simulate the effects of such errors

on the performance of the control schemes.

It is important to remind the reader that, in the subsequent discussion and throughout

the thesis, specific notation conventions are used to distinguish between different types of

orbital elements and their affected states. An over-tilde signifies osculating absolute or

relative orbital elements. For example, α̃αα represents the vector of osculating absolute orbital

elements of a satellite, while δα̃αα denotes the vector of osculating relative orbital elements.

Additionally, an over-breve sign is used to indicate quantities affected by errors or physical
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limitations, such as navigation errors, pointing errors, or constraints like saturation. For

instance, ᾰαα is the vector of mean orbital elements that the satellite believes to be true but

are actually impacted by navigation errors. Similarly, ˘̃ααα represents the vector of osculating

orbital elements influenced by navigation inaccuracies.

The following sections detail the surrogate models for navigation and pointing errors,

explaining their integration into the validation framework.

G.1 Model of the absolute navigation system

The simulation experiments validating the proposed control strategies rely on propagating

the absolute Cartesian states of the chief and deputy spacecraft in the ECI frame. From these

Cartesian states, the absolute and relative orbital elements are derived. The propagated states

are treated as the ground truth for the surrogate absolute navigation model. The Cartesian

state vector of the chief at time tk is modeled as follows:

x̆xxic,k = xxxic,k + ϵϵϵxxxc , (G.1)

where ϵϵϵxxxc ∼ N (000,Σxxxc). The covariance matrix Σxxxc models the noise affecting the estimation

of the Cartesian state of the chief satellite, defined as,

Σxxxc = diag
(
σ2rrrc , σ

2
rrrc , σ

2
rrrc , σ

2
vvvc , σ

2
vvvc , σ

2
vvvc

)
, (G.2)

where diag (·, ·, . . .) creates a diagonal matrix with the specified inputs as its diagonal

elements. Here, σ2rrrc and σ2vvvc denote the variances of the position and velocity estimation

errors in one dimension (x, y, or z), respectively.

The absolute osculating and mean orbital elements are derived from the Cartesian state
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vector as,

˘̃αααc,k = Cart2OE(x̆xxic,k),

ᾰααc,k = Osc2Mean(˘̃αααc,k),
(G.3)

where the method Cart2OE transforms the Cartesian state vector into orbital elements [16],

and Osc2Mean converts osculating orbital elements to mean orbital elements [17].

For the ith deputy, the mean orbital elements can be similarly disturbed using the model in

Eq. (G.1), but with distinct variances for the position and velocity estimation errors, denoted

as σ2rrri and σ2vvvi . The absolute osculating and mean orbital elements for the ith deputy are

obtained using the same approach described in Eq. (G.3).

G.2 Model of the relative navigation system

Relative navigation is generally more accurate than absolute navigation, as demonstrated in

[8, 11]. To reflect this improved accuracy, the disturbed relative states are not derived from

the disturbed absolute states. Instead, a separate surrogate model tailored for relative states

is developed.

The ground truth of the ROE vector for the ith deputy is defined as,

δαααi,k = OE2ROE (αααc,k, αααi,k) , (G.4)

where OE2ROE is the method that transforms the absolute orbital elements of the chief and the

deputy into a ROE vector, as defined in Eq. (2.34). The absolute mean orbital elements of the

chief and a deputy, denoted as αααc,k and αααi,k, respectively, are obtained by first transforming

the undisturbed Cartesian state vector into osculating orbital elements and subsequently
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converting them to mean orbital elements:

α̃ααc,k = Cart2OE(xxxic,k),

αααc,k = Osc2Mean(α̃ααc,k).
(G.5)

Two surrogate models are introduced to simulate the relative navigation system with

realistic error conditions. The first model assumes uniform disturbances across all components

of the ROE vector:

y̆yyi,k = acδαααi,k + ϵϵϵyyyi , (G.6)

where ac is the semi-major axis of the chief satellite, ϵϵϵyyyi ∼ N (000,Σyyyi), and Σyyyi is the covariance

matrix of the zero-mean normally distributed random error vector affecting the ROE vector:

Σyyyi = diag
(
σ2yyyi , σ

2
yyyi , σ

2
yyyi , σ

2
yyyi , σ

2
yyyi , σ

2
yyyi

)
, (G.7)

where σ2yyyi is the variance of the estimation error for each component of the ROE vector.

The second model accounts for increased errors in the transversal direction, typically

observed in relative navigation systems [6]. It is expressed as,

y̆yyi,k = acδαααi,k +T
−1
k www∆xxxi , (G.8)

where T
−1
k is the transformation matrix that converts the relative Cartesian state to the

ROE vector at time tk (explicitly defined in Eq. (2.59)), and www∆xxxi is the zero-mean normally

distributed random error vector affecting the relative Cartesian state:

www∆xxxi = ϵϵϵ∆xxxi , (G.9)

where ϵϵϵ∆xxxi ∼ N (000,Σ∆xxxi) and Σ∆xxxi is the covariance matrix of www∆xxxi , given as,

Σ∆xxxi = diag
(
σ2∆rrri , 4σ

2
∆rrri , σ

2
∆rrri , σ

2
∆vvvi , 4σ

2
∆vvvi , σ

2
∆vvvi

)
, (G.10)
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where σ2∆rrri and σ2∆vvvi are the variances of the estimation errors for the radial and normal

components of the relative position and velocity vectors, respectively. The covariance matrix,

Σ∆xxxi , indicates that the relative position/velocity errors in the transversal direction are twice

as large as the errors in the radial or normal directions.

Note that the models in Eqs. (G.6) and (G.8) consider constant covariance matrices over

the whole maneuver horizon and do not account for potential improvements in the relative

estimation accuracy.

G.3 Effect of pointing errors on the control acceleration vector

The effect of the pointing errors affecting the direction of the thrust vector is modeled ac-

cording to the following equation:

qpe =
[
cos (ζpe/2) sin (ζpe/2)q̂qq

⊺
pe

]⊺
,

ŭuuk = qpe ◦ uuuk ◦ q̃pe,

(G.11)

where qpe is the thruster misalignment unit quaternion, with q̃pe being its quaternion

conjugate, ζpe is the pointing error angle, q̂qqpe is a random 3-element unit vector, ◦ is the

quaternion multiplication operator, and uuuk is the acceleration vector commanded by the

controller at time tk.
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Appendix H
Stability of the surrogate model of the

attitude control system

Letting qe be the unit error quaternion between the desired and the actual attitudes as defined

in Eq. (6.5), and ωωωe := ωωω −ωωωr be the error angular velocity vector, with ωωω being the angular

velocity vector and ωωωr being the reference/set point of ωωω, the dynamics of the error unit

quaternion as given by [124] could be written as

q̇e =
1

2
qe ◦ωωωe. (H.1)

Note that, for slew maneuvers, the reference angular velocity vector is always zero, i.e.,

ωωωr = 000, which enables (H.1) to be rewritten as

q̇e =
1

2
qe ◦ωωω. (H.2)

If the angular velocity profile could be forced, via the input torques, to follow (6.6), i.e.,

ωωω = −K qe,0 qqqe, the error quaternion kinematics could be expressed as

q̇e = −
K qe,0

2
qe ◦ qqqe = −

K qe,0
2

−∥qqqe∥22
qe,0 qqqe

 =
K

2

∥qqqe∥22 qe,0
−q2e,0 qqqe

 . (H.3)

230



Noting that K is a positive gain, (H.3) could be rewritten as


q̇e,0

q̇e,1

q̇e,2

q̇e,3

 =


K0 qe,0

−K1 qe,1

−K2 qe,2

−K3 qe,3

 , (H.4)

where K0, K1, K2, and K3, are all positive, and qe,1, qe,2, and qe,3 are the three components

of qqqe. Equation (H.4) suggests that, under the constraint ∥qe∥2 = 1, the error quaternion

asymptotically approaches
[
1 0 0 0

]⊺
regardless of the initial condition of qe.
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