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Chapter 1

From the Casimir e�ect to quantum friction

1.1 The Casimir-Polder e�ect

The Casimir e�ect, also known as the Casimir-Polder e�ect, provides strong evidence
for the existence of quantum �uctuations. This phenomenon, which results in an
attractive force between two closely spaced neutral conducting plates, highlights the
physical implications of vacuum �uctuations predicted by quantum �eld theory. The
debate between "modern" and "old" quantum physics arises from the evolution of our
understanding of these �uctuations. Early quantum theories did not fully account for the
complexities of vacuum �uctuations and zero-point energy. In contrast, modern quantum
�eld theory incorporates these �uctuations as a fundamental aspect, leading to observable
e�ects like the Casimir e�ect. Quantum �uctuations, including the transient creation and
annihilation of virtual electron-positron pairs, are a direct consequence of the Heisenberg
uncertainty principle, which underscores the probabilistic nature of quantum mechanics.
In 1948, H. B. Casimir predicted that two parallel neutral plates in a vacuum would

experience an attractive force due to the presence of zero-point energy [1]. This force
arises because moving one plate in�nitely far away from the other would result in a
change in the zero-point energy, even though the energy required to make such a move
is in�nite. Casimir's theoretical analysis showed that the energy di�erence between the
two con�gurations is �nite. For large separations between an atom and a wall, Casimir
identi�ed that the force, δECasimir, can be expressed as [2]

δECasimir =
3

8π

α

R4
, (1.1)

where α is the polarizability and R is the distance between the plates. Subsequently,
Lifshitz clari�ed that the Casimir-Polder force and the van der Waals force represent
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Chapter 1 From the Casimir e�ect to quantum friction

the long-range and short-range limits, respectively, of the same underlying interaction
[3�5]. This interaction arises from the attraction between induced dipole moments due
to quantum mechanical �uctuations.
The �rst experimental attempt to measure the Casimir e�ect was conducted by Marcus

Sparnaay [6], but the experimental uncertainty was too large to reconcile the experimental
observations with the theories. After approximately four decades, Steve Lamoreaux
conducted the �rst direct and high-accuracy measurements of the Casimir force using a
torsion pendulum [7]. The results of these measurements were consistent with theoretical
predictions, deviating by no more than 5%. One year later, Ref. [8] reported another
highly accurate measurement of the Casimir force between a metallized sphere with a
diameter of 196 µm and a �at plate using an Atomic Force Microscope (AFM). In this
static AFM setup, the sphere is rigidly attached to a cantilever and is positioned close
to the plate. The resulting surface force causes a de�ection in the cantilever. The
root mean square deviation of 1.6 pN between theoretical predictions and experimental
results corresponds to a 1% deviation at the smallest separation between the two objects.
This small discrepancy con�rms that the Casimir-Polder e�ect is now a well-established
quantum phenomenon.

1.2 Quantum friction: the non-equilibrium counterpart of the static

Casimir e�ect

The static Casimir e�ect describes the attractive force between two relatively stationary
objects resulting from quantum �eld �uctuations. This e�ect can also be understood
in terms of atom-�eld interactions. Near a material object, the local density of
electromagnetic states is modi�ed by the boundary conditions imposed by the object's
interface, such as the presence of an evanescent wave near the interface. Polarizable
entities, like atoms and molecules, interact with these altered electromagnetic �elds,
resulting in an attractive force between the atoms and the interface. When two objects
move relative to each other, three distinct scenarios arise based on their acceleration: 1)
varying acceleration, 2) constant acceleration, and 3) zero acceleration. The �rst two
scenarios are associated with di�erent quantum e�ects. Speci�cally, varying acceleration
is linked to the dynamical Casimir e�ect [9,10], while constant acceleration is related to
the Fulling-Davis-deWitt-Unruh e�ect [9]. Both e�ects involve the excitation of particles
(such as atoms) due to the creation of real and entangled photons as a result of their
relative motion.
When an atom moves parallel to an interface at a constant velocity, as shown in Fig. 1.1,

its interactions with material objects modify nearby electromagnetic �uctuations, leading
to forces that both attract the particle toward the interface and decelerate its motion.
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1.2 Quantum friction: the non-equilibrium counterpart of the static Casimir e�ect

The latter speci�c force component is known as quantum friction [11�14] at the absolute
zero, which is denoted as F⃗x in Fig.1.1. Relative motion is crucial for breaking time-
reversal symmetry in this system, which in turn leads to the occurrence of dissipation
and quantum friction. However, the theoretical description of quantum friction remains
controversial and debatable [12, 15, 16]. Recent theoretical studies over the past decade
[17�21] have shown that equilibrium-based or perturbative approaches may not always
be appropriate for describing this phenomenon. To the best of our knowledge, there has
yet to be a clear and de�nitive experimental con�rmation of the quantum frictional force,
although numerous proposals and experiments [22�24] have been conducted on the topic.

Figure 1.1: The quantum friction system. The system comprises an atom moving parallel
to the interface between a metallic plate and a vacuum. The atom is regarded as
a two-level system, and quantum friction should oppose the motion of the moving
atom.

However, developing a comprehensive theoretical framework for quantum friction is
an important goal for researchers. This e�ect is universal and becomes particularly
signi�cant in nanoscale systems, such as when a probing tip scans the surface of a
material. Understanding quantum friction can provide new insights into how quantum
�elds interact with matter. Additionally, the principles of quantum friction have potential
applications in emerging technologies like nanotechnology. As we develop smaller and
more precise devices, understanding quantum friction is crucial for designing e�ective
systems. In some cases, the dissipation caused by quantum friction can even be bene�cial.
Understanding quantum friction, both theoretically and experimentally, is essential
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Chapter 1 From the Casimir e�ect to quantum friction

for advancing our knowledge in this �eld. As a result, many theoretical studies have
focused on this topic in recent years. Various theoretical methods have been explored
to investigate quantum friction. However, because the system is in a non-equilibrium
state, conventional methods that address typical �uctuation problems are not applicable.
Theoretical approaches used to study quantum friction encompass functional methods
based on time-dependent perturbation theory [25], path integrals [26], macroscopic
quantum electrodynamics [27] and generalized �uctuation theorems [21,28]. Additionally,
several other methods have been proposed to observe this frictional force. For example,
researchers have explored the interplay between quantum friction and decoherence [29,30]
and its impact on the Berry phase [24] as an indirect way to �nd evidence of the
phenomenon, even if the force itself is not directly measured.

This study focuses on the interaction between an atom moving at a constant velocity
parallel to and above the interface and the �eld, as depicted in Fig. 1.1. The moving
atom is modeled as a two-level system consisting of one ground state and three degenerate
excited states, as described in the inset of Fig. 1.1. Due to the boundary conditions at
the interface between the metallic plate and the vacuum, quantum �uctuations cause the
electric �eld to behave like an evanescent wave near the interface. This leads to questions
about how the interaction between an atom's electric dipole moment and the �uctuating
electromagnetic �eld is a�ected, especially since the presence of the material modi�es
this �eld. This work employs time-dependent perturbation theory to �nd the answer.

The time-dependent perturbation theory [31, 32] allows for the examination of non-
equilibrium dynamics, which is particularly important for studying dissipative processes
that break time-reversal symmetry, such as quantum friction. These processes typ-
ically involve the transfer of energy and momentum in non-equilibrium states, and
time-dependent perturbation theory accurately captures these interactions. In the case
of quantum friction, the interaction between a moving atom and a metallic plate is
mediated by plasmon polaritons. These are virtual electromagnetic states that represent
the coupling between plasmons and photons (sometimes referred to as dressed photons).
Time-dependent perturbation theory helps us understand how these virtual states
contribute to energy dissipation and friction.

1.3 Hamiltonian of the quantum friction system

To apply time-dependent perturbation theory, it is essential to �rst identify the complete
Hamiltonian of the system shown in Fig. 1.1. In this system, an atom is moving parallel
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1.3 Hamiltonian of the quantum friction system

to the interface between a plate and a vacuum. The total Hamiltonian is given by

HQF = Hatom +Hplate︸ ︷︷ ︸
H0

+V (t), (1.2)

where Hatom represents the Hamiltonian of the atom, Hplate represents the Hamiltonian
of the metallic plate, and V (t) denotes the interaction between the atom and the plate
through the plasmon polaritons. In the interaction picture, the unperturbed Hamiltonian,
denoted as H0 includes both the atom and the fermionic system of the plate, as described
in Eq. (1.2). As aforementioned, the presence of the metallic plate leads to a non-
zero expectation value of the electromagnetic �eld near the interface in the vacuum.
Consequently, the interaction Hamiltonian V (t) in Eq. (1.2) accounts for the interaction
between this electromagnetic �eld and the atom, which is modeled as a two-level system.
In a two-level atomic system with a transition energy characterized by the Bohr

transition frequency ωb, the Hamiltonian can be expressed as

Hatom = −1

2
ωbχz, (1.3)

where χz denotes the Pauli operator associated with the atomic states. For the quantum
states of an atom, we consider the unique ground state |g⟩, which is typically represented
by the 1s orbital in a hydrogen-like atom. The lowest excited state, on the other hand,
corresponds to the 2p orbital, which is actually degenerate and comprises three distinct
sublevels. The lowest energy levels can be described as the ground state and the �rst
excited state of a three-dimensional harmonic oscillator [25]. The atom's polarization,
determined by the linear combination of the excited 2p states, can be uniquely described
by a normalized three-dimensional vector η. The components in the unit vectors from
the basis of η satisfy

∑
η ηiηj = δij , where the sum is taken over the orthonormal basis

of three vectors. For example, in a standard orthonormal basis, the atomic polarization
state |η⟩ is represented by the unit vectors |η1⟩ = (1, 0, 0), |η2⟩ = (0, 1, 0), |η3⟩ = (0, 0, 1)
in real space.
In the two-level system model of an atom, the interaction with the electromagnetic �eld

is characterized by the transition dipole moment operator D. In the interaction picture,
the matrix elements of the dipole moment operator between the ground state |g⟩ and
the excited state |η⟩ represent the transition amplitude between these two states. This
transition can exhibit oscillatory behavior, re�ecting the time evolution of the system.

D(t) = ηd
(
e−iωbt|g⟩⟨η|+ eiωbt|η⟩⟨g|

)
= ηd (cos(ωbt)χx + sin(ωbt)χy)

⇒

{
⟨g|D(t)|η⟩ = ηde−iωbt;

⟨η|D(t)|g⟩ = ηdeiωbt,
(1.4)
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Chapter 1 From the Casimir e�ect to quantum friction

where d denotes the magnitude of the transition dipole moment, and d is the dipole
coupling associated with the atom polarizability α = 2d2/ωb. In the Hamiltonian, the
e�ect of the external electric potential is described by the interaction between the dipole
moment and the electric �eld.

V (t) = D(t) ·∇Φ̂(t), (1.5)

where Φ̂(t) represents the quantized electric potential in the vacuum at the atom's
location. To properly describe dissipative dynamics, the frictional force needs to be
extracted from or considered within this interaction.
To determine the quantized electric potential modi�ed by the presence of a plate, one

must �rst identify the Hamiltonian Hplate. This Hamiltonian depends on the model
used for the fermions in the plate. In this study, we will focus on the e�ects arising
from spatial dispersion in the plate, where the energy spectrum varies as a function of
the wavenumber. This direction is particularly important because a previous study [33]
highlighted that nonlocality, including spatial dispersion e�ects, can signi�cantly impact
scenarios where the atom is moving at relatively low velocities. Incorporating spatial
dispersion into the analysis increases the inaccuracies associated with the local thermal
equilibrium approximation, leading to a larger deviation from the full non-equilibrium
results [21, 33]. However, some well-known and extensively studied models for fermion
many-body systems, such as the Drude model and the simple Hubbard model, do not
exhibit spatial dispersion.
Historically, it has been believed that generic many-body quantum systems behave

like classical �uids on long time and length scales. In the 1950s, L.D. Landau pioneered
Fermi liquid theory [34�36], initially applied to liquid 3He at very low temperatures. This
groundbreaking work soon showed that the theory could also be applied to other fermion
many-body systems, notably the conduction electrons in metals and graphene. Fermi
liquid theory has since become a crucial framework for understanding many properties of
metals. Additionally, some theoretical works [37, 38] have developed the hydrodynamic
aspects of interacting fermion systems and extended the theory to account for spatial
variations and collective behavior.
The electron hydrodynamics, or quantum hydrodynamic model, provides a streamlined

way to describe the collective behavior of electrons in a metal. This model simpli�es the
analysis by avoiding unnecessary complexity while still allowing for the examination of
how the electron �uid responds to external perturbations. It is particularly useful for
studying transient phenomena and non-equilibrium e�ects. Consequently, the model
serves as an e�ective framework for investigating how spatial dispersion in�uences
quantum friction.

14



1.3 Hamiltonian of the quantum friction system

In the next chapter, we will analyze how electron interactions within the plate, as
described by the hydrodynamic model, generate a static electric �eld in the vacuum,
following the framework outlined in G. Barton's review [39]. Subsequently, we will
integrate this hydrodynamic model with an approach for quantum friction, which is
based on dipole interactions with the atom as described in Eq. (1.5) and employs
time-dependent perturbation theory [25]. This combined approach enables a relatively
straightforward analytical treatment by starting from the equations of motion for the
�elds and the microscopic degrees of freedom of the material. It will provide insight into
the microscopic mechanisms underlying this contactless dissipation.
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Chapter 2

The static hydrodynamic regime in conduc-

tors

The system consists of a semi-in�nite plate and an atom moving horizontally above the
interface. In some previous studies, the electron dynamics within the semi-in�nite plate
were described by the Drude model [28], which primarily considers electron-electron
and electron-atom interactions and results in no dispersion. To explore the force
with the dispersive limit in the electrons of the plates, one can use the hydrodynamic
(HD) model. The HD model o�ers the advantage of accurately incorporating non-local
Coulomb interactions within the metal without introducing excessive complexity. It is
applicable to clean metals at intermediate temperatures, where the scattering length due
to (momentum-conserving) electron-electron collisions is smaller than that of electron-
impurity and electron-phonon interactions [40�42].
Certainly, dispersion becomes relevant at small distances from the surface and when

the charge carriers in the material cover distances larger than the interatomic separation.
This has been demonstrated to be particularly relevant for phenomena such as quantum
friction [33]. The HD model serves as a valuable platform for understanding how quantum
friction behaves when there is a non-negligible dispersion in the plate. In this section,
we will demonstrate how to evaluate the static potential from the semi-in�nite plate in
the HD regime, following the review by G. Barton [39].

2.1 The sound speed in the classical hydrodynamic model

In the HD model, the free electron gas has an electron number density of n, an e�ective
electron mass of m, and a pressure of P . Due to �uctuations such as vacuum �uctuation,
there is a deviation of the electron number density, ∆n, and simultaneously a deviation
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Chapter 2 The static hydrodynamic regime in conductors

of the hydrodynamic pressure, ∆P .

∆n = −n∇ · ξ, ∆P = −nmv2s∇ · ξ, (2.1)

where vs is the sound velocity in the neutral medium or the compressional wave speed,
and ξ is the displacement vector of an electron's coordinate from its equilibrium position
(see Fig. 2.1).

Figure 2.1: Deviations in the HD model. This is a brief sketch illustrating how the density
deviation is expressed in the HD model. The black dots represent hydrodynamic
particles, and ξ denotes the displacement vector from equilibrium.

Collisions between electrons in the HD regime are adiabatic, meaning that energy
transforms into work done rather than thermal variation during collisions. As a
consequence, the pressure follows a polytropic process equation for the adiabatic case,
i.e.: PV Γ is constant, where Γ is the ratio of speci�c heats at constant pressure and
volume (Γ ≡ Cp/Cv). With a slight transformation, the adiabatic polytropic process
formula becomes P = KρΓ = K(mn)Γ, where K is another constant. Thus, the pressure
deviation caused by the inhomogeneous distribution of electrons can be expressed as:

∆P =
dP (n)

dn
∆n =

(
Γ
P

n

)
∆n = mv2s∆n = −nmv2s∇ · ξ. (2.2)

The sound speed or compressional wave speed is de�ned as v2s = ΓP/(mn).
To understand the sound speed in this scenario, one can draw a parallel with the

concept of sound speed in the conventional HD model, which is de�ned as the speed at
which a compressional wave propagates in a certain medium. In the electronic HD model,
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2.2 The electric potential and the displacement potential

the deviation or con�guration of electrons can be �transmitted� to surrounding electrons.
Thus, the sound speed here is analogous to how quickly an electron can in�uence its
neighboring electrons or how rapidly phonons/energy propagate between electrons.
At absolute zero temperature, vs can be expressed in terms of the Fermi velocity, as

given in Ref. [39].

v2s = 3v2f/5 for high frequencies, (2.3)

v2s = v2f/3 for low frequencies. (2.4)

When considering high oscillating frequencies, the Fermi electron gas cannot reach
equilibrium within one oscillating period. Thus, the plasmon can penetrate the interface
and reach the material's bulk modes. For low-frequency waves, there will be static
screening on the material's surface, and this case is referred to as surface modes.
The pressure gradient deviation acts as the force pulling the electrons back to their

equilibrium position, and one can conceptualize this model as a simple harmonic
oscillation between the neighboring electrons. With the expression of the pressure
deviation in Eq. (2.1),

∇ (∆P ) ≡ −mω2ξ ⇒ mv2s∇2 (ξ) = −mω2ξ. (2.5)

By using a plane-wave ansatz ξ(r) ∝ eik·r,

−mv2sk2ξ = −mω2ξ ⇒ vs =
ω

k
=

1

k

√
κ

m
, (2.6)

where k = |k|, ω is the frequency of the imaginary oscillator and κ is the oscillator
constant. When the oscillator constant κ is large, the oscillator between electrons is
�sti�� and �heavy�, resulting in a fast sound speed vs. The limit vs → 0 means no
oscillators between electrons, and this case should correspond to the Drude model without
a relaxation rate.

2.2 The electric potential and the displacement potential

In addition to the deviation in the HD model, one should also take into account the
Coulomb interaction between electrons. In this work, we consider the non-relativistic
case (c → ∞), such that the Maxwell-Faraday Equation (∇ × E = −(1/c)(∂B/∂t)),
in Gaussian units) implies that the magnetic interaction or Hall e�ect can be neglected.
Beginning with the Gauss's law and ∆n in Eq. (2.1), one can consider the electron
deviation causing

∇ ·E = 4πe∆n = −4πne∇ · ξ (z ≤ 0). (2.7)
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Chapter 2 The static hydrodynamic regime in conductors

Here, z ≤ 0 signi�es being inside the plate in the system sketched in Fig. 1.1, while z > 0
represents being in the vacuum above the plate.
We introduce the displacement potential (Ψ and ξ = −∇Ψ), and it leads the Gauss's

law in Eq. (2.7) to

∇2Φ = −4πne∇2Ψ, (z ≤ 0), (2.8)

where Φ is the static electric potential (E = −∇Φ). The equation of motion in the
electronic HD model consists of the Coulomb interaction and the gradient of the pressure
deviation.

nmξ̈ = neE −∇(∆P ) (z ≤ 0). (2.9)

The ansatz for displacement �eld vectors is de�ned with time dependence as ξ(t) ∝ e−iΩt

in normal modes of an oscillating system, such that the equation of motion becomes

− Ω2nmξ = −ne∇Φ+∇(nmv2s∇2Ψ) (2.10)

⇒ Φ = −m
e
(Ω2 + v2s∇2)Ψ (z ≤ 0). (2.11)

As shown in Eq. (2.8), one can replace Φ by Ψ once the Laplace operator is applied on
both sides in Eq. (2.11).

∇2Φ = −m
e
∇2(Ω2 + v2s∇2)Ψ (2.12)

∇2(Ω2 − ω2
p + v2s∇2)Ψ(z ≤ 0) = 0, (2.13)

where ωp is the plasma frequency: ω2
p ≡ 4πne2/m. For the static electric potential in the

vacuum (z > 0), ∇2Φ(z > 0) = 0. To �nd the electric potential Φ, one can �rst solve the
fourth derivative of the displacement potential in Eq. (2.13), then calculate Φ through
the Gauss's law in Eq. (2.8).
In the system, which is half-�lled by the metallic slab shown in Fig. 1.1, one can use

the following ansatz for both potentials.

Ψ = eik·r(x,y)ψ(z), Φ = eik·r(x,y)ϕ(z). (2.14)

Because the interface breaks the symmetry along the z-axis, one can assume the �elds
have a plane wave in the x-y plane and an evanescent wave exponentially decaying
from the interface. Therefore, we de�ne the coordinates as (r(x, y), iz) in real space
and (k(kx, ky), ikz) in momentum space. Due to the Laplace equation in the vacuum,
kz = |k|, and hereafter we use k to denote kz and the magnitude of k.
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2.2 The electric potential and the displacement potential

With the ansatz in Eq. (2.14), the di�erential equations (2.8) and (2.13) can be
rewritten as

− e

m
ϕ(z ≤ 0) =

(
Ω2 − v2sk

2 + v2s
d2

dz2

)
ψ(z ≤ 0), (2.15)(

−k2 + d2

dz2

)(
Ω2 − ω2

p − v2sk
2 + v2s

d2

dz2

)
ψ(z ≤ 0) = 0. (2.16)

These di�erential equations are valid inside the plate, but outside the plate (vacuum), ϕ
is determined by the Laplace equation:

∇2Φ = 0 ⇒ −k2eik·rϕ(z ≥ 0) + eik·r
d2

dz2
ϕ(z ≥ 0) = 0, (2.17)

ϕ(z ≥ 0) = ϕ(z = 0+) e−kz, (2.18)

where k is the modulus of k, i.e.: k =
√
k2x + k2y. As anticipated, the electric potential

ϕ(z ≥ 0) in the vacuum exponentially decays from the interface, representing the
evanescent wave. To study quantum friction, we need to compute the static electric
potential ϕ(z ≥ 0) in Eq. (2.18).
This half-space system also imposes three boundary conditions for Ψ and Φ. Firstly,

Ψ should vanish at in�nity, i.e., ψ(z → ±∞) = 0. This also applies to the electric
potential: ϕ(z → ±∞) = 0. The second boundary condition arises from the continuity
of the electric �eld through the interface at z = 0.

ϕ(z = 0+) = ϕ(z = 0−),
∂ϕ(z)

∂z

∣∣∣∣
z=0−

=
∂ϕ(z)

∂z

∣∣∣∣
z=0+

. (2.19)

For the displacement potential, the third boundary condition arises because the electrons
cannot escape the plate, so the z-component of the displacement vector ξz vanishes at
the interface.

ξz(z = 0−) = −∂ψ(z)
∂z

∣∣∣∣
z=0−

= 0. (2.20)

In the vacuum, there is no displacement potential ψ(z), and ϕ(z) behaves like an
evanescent wave. However, within the plate, ψ(z) comprises not only the evanescent
wave from the surface but also the plane wave in the bulk. In the subsequent calculation
of the potential inside the plate, we will illustrate the computation of two modes and
subsequently determine the electric potential in the vacuum.
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Chapter 2 The static hydrodynamic regime in conductors

2.3 Surface and bulk modes

Inside the plate, the ansatz of the displacement potential is de�ned as follows.

ψ(z ≤ 0) = ψ(z = 0−)epz (2.21)

⇒ d

dz
ψ(z ≤ 0) = pψ(z ≤ 0). (2.22)

Therefore, the fourth derivative equation (2.16) becomes(
−k2 + p2

)
(Ω2 − ω2

p − v2sk
2 + v2sp

2)ψ(z ≤ 0) = 0. (2.23)

Two solutions can be identi�ed, which are

p = k, (2.24)

p2 =
1

v2s
(−Ω2 + ω2

p + v2sk
2). (2.25)

Given that this concerns the interior of the plate (z ≤ 0−), we exclusively take the
positive real values for p to ensure the convergence of ψ(z ≤ 0) as z approaches −∞.
The solution p = k results in local e�ects since it lacks explicit dependence on the sound
velocity vs, resulting in the emergence of the evanescent wave mode. The other solution
for p in Eq. (2.25) is non-local and can be split into two modes: a surface mode and a
bulk mode.
As mentioned earlier, the surface mode behaves like an evanescent wave, while the

bulk mode should appear as a plane wave, both determined by the frequency Ω. When
Ω2 ≤ ω2

p + v2sk
2, Eq. (2.25) yields a real value for p, corresponding to the surface mode.

Conversely, when Ω2 > ω2
p+v

2
sk

2, Eq. (2.25) produces a complex value for p, representing
the bulk mode.

Ω2
s = ω2

p + v2sk
2 − v2sp

2
s, (2.26)

Ω2
b = ω2

p + v2sk
2 + v2sp

2
b , (2.27)

where ps and pb are real numbers, and the subscripts s and b represent the surface and
bulk modes, respectively. In physical interpretation, we can refer to

√
ω2
p + v2sk

2 as the
e�ective plasma frequency in the hydrodynamic regime. Therefore, if an incident wave
has frequencies lower than the e�ective plasma frequency, it will be screened out at the
surface. Conversely, if the incident wave possesses frequencies higher than the e�ective
plasma frequency, it can penetrate the material and interact with the bulk modes.
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2.3 Surface and bulk modes

In both modes, the fourth derivative equation (2.16) can be expressed as

surface modes:
(
−k2 + d2

dz2

)(
−v2sp2s + v2s

d2

dz2

)
ψs(z ≤ 0) = 0, (2.28)

bulk modes:
(
−k2 + d2

dz2

)(
v2sp

2
b + v2s

d2

dz2

)
ψb(z ≤ 0) = 0. (2.29)

They result in the following solutions.

ψs(z ≤ 0) = C
′
1e

kz + C
′
2e

psz, (2.30)

ψb(z ≤ 0) = C1e
kz + C2 cos(pbz) + C3 sin(pbz), (2.31)

where C and C ′ are constants determined by the boundary conditions. The boundary
conditions in Eq. (2.20), which arise from the constraint that no electrons escape the
plate, result in both modes to

ψs(z ≤ 0) = Nk

(
pse

kz − kepsz
)
, (2.32)

ψb(z ≤ 0) =Mk

[
cos(pbz) + C

(
ekz − k

pb
sin(pbz)

)]
. (2.33)

where Nk and Mk are the normalizing constants for the surface and bulk modes,
respectively. The normalizing constant is utilized for quantization purposes.

2.3.1 The electric potential of the surface mode

Since quantum friction is concerned with the electric potential, Eq. (2.15) can be
employed to derive ϕ(z ≤ 0) from ψ(z ≤ 0). In the surface mode, we obtain ϕs from ψs

in Eq. (2.32).

− e

m
ϕs(z ≤ 0) =

(
Ω2
s − v2sk

2 + v2s
d2

dz2

)
Nk

(
pse

kz − kepsz
)
, (2.34)

⇒ ϕs(z ≤ 0) = −m
e
Nk

[
Ω2
spse

kz −
(
Ω2
s − v2sk

2 + v2sp
2
s

)
kepsz

]
. (2.35)

According to the expression in Eq. (2.26), ϕs(z ≤ 0) can be simpli�ed to

ϕs(z ≤ 0) = −m
e
Nk

(
Ω2
spse

kz − ω2
pke

psz
)
. (2.36)

At the interface, one can determine ϕs(z = 0−) = −(mNk/e)
(
Ω2
sps − ω2

pk
)
. Since

the �eld must remain continuous across the interface, ϕs(z = 0−) = ϕs(z = 0+).
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Chapter 2 The static hydrodynamic regime in conductors

Consequently, the static electric potential in a vacuum, as given in Eq. (2.18), is expressed
as

ϕs(z > 0) = −m
e
Nk

(
Ω2
sps − ω2

pk
)
e−kz. (2.37)

The last boundary condition demands the continuity of dϕs/dz across the interface,
the electric potential in the plate (Eq. (2.36)) and in vacuum (Eq. (2.37)) provide

d

dz
ϕs(z = 0+) =

d

dz
ϕs(z = 0−) (2.38)

⇒ −m
e
Nk(−k)

(
Ω2
sps − ω2

pk
)
= −m

e
Nkpsk

(
Ω2
s − ω2

p

)
(2.39)

⇒ 2Ω2
sps − ω2

p(ps + k) = 0. (2.40)

Then, using the expression of Ωs in Eq. (2.26), we can obtain

2ps
(
ω2
p + v2sk

2 − v2sp
2
s

)
− ω2

p(ps + k) = 0 (2.41)

⇒ p3s −

(
k2 +

ω2
p

2v2s

)
ps +

ω2
p

2v2s
k = 0. (2.42)

To solve the above cubic polynomial, we need a trial solution for ps. A useful strategy
here is to consider the obvious solution from Sec. 2.3: p = k in Eq. (2.24). Therefore,
ps = k can also be a solution to the above equation, resulting in

(ps − k)

(
p2s + kps −

ω2
p

2v2s

)
= 0. (2.43)

Once more, we exclusively consider the positive root for ps because ϕs(z ≤ 0) should
converge as z approaches −∞.

ps =
1

2

−k +

√
k2 +

2ω2
p

v2s

 . (2.44)

ps in Eq. (2.44) allows us to express Ω2
s in Eq. (2.26) as

Ω2
s(k) =

1

2

(
ω2
p + v2sk

2 + vsk
√
(2ω2

p + v2sk
2)
)

(2.45)

=
1

4

((
2ω2

p + v2sk
2
)
+ v2sk

2 + 2vsk
√
(2ω2

p + v2sk
2)
)

(2.46)

=
1

4

(√
(2ω2

p + v2sk
2) + vsk

)2
(2.47)
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2.3 Surface and bulk modes

Thus, we �nd a dispersion relation for the surface mode:

Ωs(k) =
1

2

(√
2ω2

p + v2sk
2 + vsk

)
. (2.48)

This dispersion equation indicates dispersion when vs is non-zero.
Accordingly, one can express the dispersion relation in Eq. (2.48) in terms of ps as

given in Eq. (2.44).

Ωs = vsk + vsps (2.49)

Using Eq. (2.37), (2.44), and (2.45), one can determine the electric potential induced
by surface modes outside the semi-in�nite plate. Furthermore, the surface-mode limit
(Ω2

s < ω2
p + v

2
sk

2) is satis�ed automatically as long as the dispersion relation of Ωs in Eq.
(2.48) holds true.

2.3.2 The electric potential of the bulk mode

Analogous to the calculation in the surface mode, we begin by computing ϕb inside the
plate by substituting ψb(z ≤ 0) from Eq. (2.33) into Eq. (2.15).

ϕb(z ≤ 0) = −m
e

(
(Ω2

b − v2sk
2)ψb + v2s

d2

dz2
ψb

)
(2.50)

= −m
e
Mk

[(
Ω2
b − v2sk

2 − v2sp
2
b

)
cos(pbz) + CΩ2

be
kz (2.51)

+C

(
Ω2
b − v2s

k3

pb
+ v2skpb

)
sin(pbz)

]
.

At the interface, the bulk mode gives

ϕb(z = 0−) = −m
e
Mk

[
(1 + C) Ω2

b − v2sk
2 − v2sp

2
b

]
. (2.52)

Thus, in vacuum, the static electric potential from Eq. (2.18) becomes

ϕb(z > 0) = ϕb(z = 0+)e−kz = −m
e
Mk

(
ω2
p + CΩ2

b

)
e−kz. (2.53)

To evaluate the unknown constant C in Eq. (2.53), one can use the boundary conditions
ensuring continuity across the interface. Here, we employ the expression of Eq. (2.50)
for ψb(z ≤ 0−).

d

dz
ϕb(z ≥ 0)

∣∣
z=0+

=
d

dz
ϕb(z ≤ 0)

∣∣
z=0−

(2.54)

⇒Mk

(
ω2
p + CΩ2

b

)
k = −

[(
Ω2
b − v2sk

2
) d
dz
ψp

∣∣
z=0−

+ v2s
d3

dz3
ψp

∣∣
z=0−

]
. (2.55)
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Chapter 2 The static hydrodynamic regime in conductors

Since no electrons escape the plate, (dψp/dz)|z=0− = 0. With ψp(z ≤ 0) from Eq. (2.33),
one can derive the expression for the constant C as follows.

Mk(ω
2
p + CΩ2

b)k = −m
e
MkCv

2
s

(
k3 + kp2b

)
, (2.56)

C = −
ω2
p

Ω2
p + v2sk

2 + v2sp
2
b

. (2.57)

Since the frequency in the bulk mode, Ωb, can be expressed as shown in Eq. (2.27), one
can express the constant C as

C = −
ω2
p

2Ω2
p − ω2

p

. (2.58)

Therefore, the potentials from the bulk mode in Eqs. (2.33) and (2.53) become

ψb(z ≤ 0) =Mk

[
cos(pbz)−

ω2
p

2Ω2
p − ω2

p

(
ekz − k

pb
sin(pbz)

)]
, (2.59)

ϕb(z ≥ 0) = −m
e
Mkω

2
p

(
Ω2
p − ω2

p

2Ω2
p − ω2

p

)
e−kz. (2.60)

Eq. (2.60) represents the �nal result for bulk modes in vacuum with frequency Ωb >√
ω2
p + v2sk

2.
Additionally, there exists another mode known as the transverse mode. This mode

arises from a more general expression of the displacement �eld, ξ.

ξ = −∇Ψ−∇×A, (2.61)

where A is a vector potential. A can be non-zero in the semi-in�nite plate, and a
chosen gauge is ∇ · A = 0. To prevent the singularity of ∇ · A at the surface, we set
Az(z = 0−) = 0. Once more, we express the position vector in the form (r(x, y), z), and
the vector potential can be expressed as

∇ ·A = 0, |A| ∝ eik·r+kz ⇒ A =

−ky
kx
0

Leik·r+kz, (2.62)

where L is a normalizing constant. Therefore, ξ can be written as

ξ = −∇Ψ−
[
∇ (∇ ·A)−∇2A

]
(2.63)

= −∇ (Ψ−∇ ·A) (2.64)

= −∇
[
eik·r

(
ψ(z)− ikLekz

)]
, (z ≤ 0). (2.65)
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2.4 Quantization of the electric static potential in vacuum

However, gauge invariance implies that ψ′ = ψ− ikLekz plays the same role as ψ. Thus,
transverse modes simply result in a shift in the z component of Ψ, and there is no need
to consider them.

2.4 Quantization of the electric static potential in vacuum

With the classical solutions, Eqs. (2.37) and (2.60), we can now quantize the potential
in vacuum using a standard elementary approach, expressing it as a Hermitian �eld
operator:

Φ(z ≥ 0) =

∫
dk eik·rakϕs(z) +

∫
dk

∫
dpeik·rakpϕb(z) + h.c., (2.66)

Φ(z ≥ 0) = −m
e
Nk

∫
dk eik·r−kzak(Ω

2
sps − ω2

pk) (2.67)

− m

e
Mk

∫
dk

∫
dp eik·r−kzakpω

2
p

Ω2
b − ω2

p

2Ω2
b − ω2

p

+ h.c.,

where k = (kx, ky). The �rst and second contributions arise from the surface and bulk
modes, respectively. The bosonic operators in Φ obey the following commutation relation:[

ak, a
†
k′

]
= δ(k′ − k),

[
akp, a

†
k′p′

]
= δ(k′ − k)δ(p′ − p). (2.68)

As shown in Appendix A, the normalizing constants can be determined as follows.

N2
k =

ω2
p(2Ω

2
s − ω2

p)
2

16π2mnΩsk3(ω2
p + 2Ω2

s)(Ω
2
s − ω2

p)
2
, (2.69)

M2
k =

v4sp
2
b(2Ω

2
b − ω2

p)
2

4π3mnΩb(Ω
2
b − ω2

p)
2((2Ω2

b − ω2
p)

2 − 4v2sk
2Ω2

b)
. (2.70)

This results in the quantized potential in Eq. (2.67) becoming

Φ(z ≥ 0) = −
∫
dkeik·r−kzakω

2
p

√
1

4πkΩs(ω2
p + 2Ω2

s)
(2.71)

−
∫
dk

∫
dpeik·r−kzakp

v2spbωp

π
√
Ωb((2Ω

2
b − ω2

p)
2 − 4v2sk

2Ω2
b)

+ h.c..

For the Hamiltonian of the plate in the hydrodynamic regime, we can start with its
classical energy from the equation of motion in Eq. (2.9).

E =

∫ ∞

−∞
dr

∫ 0

−∞
dz

(
1

2
nm

(
∇Ψ̇

)2
+

1

2
nmv2s

(
∇2Ψ

)2
+

1

2
neΦ∇2Ψ

)
. (2.72)
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Chapter 2 The static hydrodynamic regime in conductors

On the right-hand side, the �rst term represents the kinetic energy of electrons per unit
volume. The second contribution is the hydrodynamic compressional energy density, and
the last term represents the electrical energy per unit volume. The Hamiltonian can be
deduced by substituting the quantized Φ and Ψ into E.

HHD =

∫
dk Ωs(k)

(
a†kak +

1

2

)
+

∫
dk

∫
dp Ωb(k, p)

(
a†kpakp +

1

2

)
. (2.73)

This constitutes a standard scalar �eld of oscillations, where the �rst and second integrals
describe surface modes and bulk modes, respectively. The term with a factor of 1/2 in
each integral represents the so-called zero-point energy.
Given that quantum friction is a low-frequency phenomenon (i.e., the contribution to

the lowest order in velocity can be obtained from the zero-frequency response of both
the material and the atom [28]), and considering that we are in the non-retarded and
near-�eld regimes, small frequencies will have a dominant e�ect. Therefore, only surface
modes will be relevant to quantum friction.
In the interaction picture, one can apply the Heisenberg equation of motion,

ak(t) = e−iΩs(k)tak, (2.74)

and the quantized vacuum �eld becomes:

Φ̂(r, z, t) = −
∫
dk eik·r−kzak(t)e

−iΩstω2
p

√
1

4πkΩs(ω2
p + 2Ω2

s)
+ h.c.. (2.75)

After extracting the semi-in�nite material information into ϕ2k = ω4
p/[4πkΩs(ω

2
p+2Ω2

s)],
our quantized electric potential can be rewritten as

Φ̂(r, z, t) = −
∫
dk eik·r−iΩs(k)t−kzak(t)ϕk + h.c.. (2.76)

Here, ϕk represents the surface-mode shape or eigenmode, encoding information regard-
ing the internal degrees of freedom of the material, and its square has units of velocity.
Additionally, Ωs(k) follows the dispersion relation in Eq. (2.48).

2.4.1 The non-dispersive limit

In the non-dispersive limit, vs → 0. In this scenario, electrons inside the plate are more
�isolated�, and there is only Coulomb's repulsive force between them. As a result, many
physical quantities become familiar if one is well-versed in the Drude model. For instance,
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2.5 Summary for the HD model

the frequency in surface modes tends to Ωs = ωp/
√
2, which corresponds to the surface

plasmon resonance in the Drude model.
Another notable observation is that the potential of bulk modes vanishes due to the

vs-dependence of the normalizing constantMk in Eq. (2.70). Consequently, the quantized
potential changes to:

Φ̂(z ≥ 0) = −
∫
dkeik·r−kzak

√
ωp

4
√
2πk

+ h.c.. (2.77)

This quantized potential corresponds to the Drude model without a relaxation rate.

2.5 Summary for the HD model

In this chapter, we follow the approach outlined in Ref. [39] to illustrate the evaluation
of the quantized electric potential in the quantum-friction system depicted in Fig. 1.1. In
the non-relativistic limit within the HD regime, we begin with the density and pressure
deviations in Eqs. (2.1), Gauss's law in Eq. (2.7), and the equation of motion in Eq. (2.9).
Subsequently, we evaluate the classical potentials ϕs and ϕb in Eqs. (2.37) and (2.60), re-
spectively, under the boundary conditions in the half-space system. The HD regime yields
an e�ective plasma frequency

√
ω2
p + v2sk

2, which is associated with the sound speed vs.

In this context, the sound speed describes how quickly the deviation/con�guration can
propagate between neighboring electrons.
In Sec. 2.4, the potentials from both modes are quantized as Eq. (2.71). Given that

quantum friction is primarily associated with surface modes, we focus solely on Φs in
Eq. (2.76) to compute the quantum friction on the moving atom. Additionally, the HD
regime provides the dispersion relation in Eq. (2.48), enabling the study of quantum
friction within the dispersive limit. This dispersion relation will play a crucial role in the
subsequent analysis of quantum friction.
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Chapter 3

Time evolution of the dressed states in the

quantum friction system

This chapter will focus on illustrating the time-dependent perturbation theory, which is
applied to �nd the dressed states or atom-�eld states, in the system sketched in Fig. 1.1.
In this process, we assume the interaction Hamiltonian as the perturbed Hamiltonian
and calculate the system states with perturbative orders. These system states yield the
expectation values in di�erent perturbative orders. This method can be adopted when
two systems are weakly coupled, which is suitable in the scenario of a moving atom above
the interface.
To recap from Sec. 1.3 in the introduction chapter, the Hamiltonian in the interaction

picture is given by

HQF = Hatom +HHD + V (t), (3.1)

V (t) = D(t) ·∇Φ̂(t), (3.2)

where D is the dipole operator. For the moving atom, one can consider it as a two-level
system with a ground state |g⟩ and three degenerate excited states |η⟩.

Hatom = −1

2
ωbχz, (3.3)

where ωb is the Bohr transition frequency, and χz is the Pauli operator in the manifold
of the atom states {|g⟩, |η⟩}.
As shown in Eq. (1.4), the dipole operator of this atom can be written as

D(t) = ηd (cos(ωbt)χx + sin(ωbt)χy) , (3.4)
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Chapter 3 Time evolution of the dressed states in the quantum friction system

where η is a unit vector from a set {η} of an orthonormal basis in real space. The dipole
operator in Eq. (3.4) gives

⟨g|D(t)|η⟩ = ηde−iωbt, ⟨η|D(t)|g⟩ = ηdeiωbt. (3.5)

The other part of the interaction Hamiltonian V (t) in Eq. (3.2) is the quantized electric
potential in the vacuum, Φ̂ which is discussed in the previous chapter 2. For the plate
in the HD regime, Φ̂ can be taken as in Eq. (2.76), and it leads to

V (t) =

∫ ∞

0
dk

∫ π

−π
kdθ

(
D(t) · ik⃗

)
eik·r−iΩst−kzak(t)ϕk + h.c., (3.6)

where k⃗ = (kx, ky, ikz).
The quantum friction is against the movement of the atom, and when the atom is

moving along the x-axis, the force operator is as follows.

Fx(t) = − ∂

∂x
V (t) (3.7)

=

∫ ∞

0
dk

∫ π

−π
kdθ

(
D(t) · k⃗

)
k cos(θ)eik·r−iΩst−kzak(t)ϕk + h.c., (3.8)

where kx = k cos(θ). As we consider the atom moving at a constant velocity v along the
x-axis from the origin at the plane z = z0, the position vector in the horizontal plane
should be r = (vt, 0). The fact that the moving atom breaks time-reversal symmetry
results in a dissipative force as

Fx(t) =

∫ ∞

0
dk

∫ π

−π
dθ
(
D(t) · k⃗

)
k2 cos(θ)eik cos(θ)vt−iΩst−kzak(t)ϕk + h.c., (3.9)

If the atom is moving backwards, r = (−vt, 0), the force operator becomes Fx(−t) in
Eq. (3.9).

Fx(−t) =
∫ ∞

0
dk

∫ π

−π
dθ
(
D(t) · k⃗

)
k2 cos(θ)e−ik cos(θ)vt−iΩst−kzak(t)ϕk + h.c..

(3.10)

By writing − cos(θ) = cos(π− θ), one can prove this force operator is an odd function of
the time or the atom velocity v, i.e.: Fx(−t) = −Fx(t). This is anticipated, as quantum
friction always opposes the atom's movement.
The following sections in this chapter aim to �nd the coupled states of the system

and calculate the expectation friction in perturbative orders. As shown in Eq. (3.9), the
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3.1 Time-dependent perturbation theory

force operator involves the states of the atom {|g⟩, |η⟩} and the interaction photons, or
the plasmon polaritons, {|vac⟩, |k1⟩, |k1, k2⟩, . . .}, corresponding to the dipole operator
D and the bosonic operator ak, respectively. Because of the dispersion relation (2.48)
in the HD regime, the state of interaction photons can be determined solely by their
wavenumber. Thus, the dressed state is de�ned as

|φ(t)⟩ = |atom,photon⟩ = |atom⟩ ⊗ |photon⟩, (3.11)

where |atom⟩ ∈ {|g⟩, |η⟩} and |photon⟩ ∈ {|vac⟩, |k⟩, |k1, k2⟩, . . .}.

3.1 Time-dependent perturbation theory

Time-dependent perturbation theory can be applied when the total Hamiltonian includes
a perturbed Hamiltonian proportional to a small perturbation constant. In the quan-
tum friction Hamiltonian in Eq. (3.1), one can consider the dipole coupling d as the
perturbative constant.

HQF(t) = H0 + dW (t), (3.12)

where the unperturbed Hamiltonian H0 = Hatom +HHD, and W (t) = V (t)/d. For such
a Hamiltonian, its ansatz can be de�ned as

|φ(t)⟩ =
∑
n=0

bn(t)e
−iωnt|φn⟩. (3.13)

In the unperturbed system, the time dependence in the ansatz can also be expanded
using the above formula, but bn should be time-independent.
With the state function in Eq. (3.13), the time-dependent Schrödinger equation conveys

that

i
∂

∂t
|φ(t)⟩ = HQF|φ(t)⟩ (3.14)

⇒ i
∑
n=0

ḃn(t)e
−iωnt|φn⟩+

∑
n=0

ωnbn(t)e
−iωnt|φn⟩ = H0|φ(t)⟩+ dW (t)|φ(t)⟩. (3.15)

Because
∑

n=0 ωnbn(t)e
−iωnt|φn⟩ = H0|φ(t)⟩ in the unperturbed system, the perturbed

Hamiltonian acting on the state function should give

i
∑
n=0

ḃn(t)e
−iωnt|φn⟩ = dW (t)|φ(t)⟩. (3.16)
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Chapter 3 Time evolution of the dressed states in the quantum friction system

To extract the time di�erential function ḃn(t) on the left-hand side, one can compute

⟨φm|i
∑
n=0

ḃn(t)e
−iωnt|φn⟩ = ⟨φm|dW (t)|φ(t)⟩ (3.17)

⇒ ḃm(t) = −id
∑
n=0

Wmnbn(t)e
iωmnt, (3.18)

where the transition amplitude Wmn = ⟨φm|W (t)|φn⟩, and frequency di�erence ωmn =
ωm − ωn. In the above di�erential equation, the function bm(t) depends on the constant
perturbation d, such that a general form of bm(t) can be written as an expansion of
perturbative coe�cients.

bm(t) =
∑
j=0

djb(j)m (t). (3.19)

For the perturbative order j, the di�erential equation (3.18) gives

dj ḃ(j)m (t) = −id
∑
n=0

Wmnd
j−1b(j−1)

n (t)eiωmnt (3.20)

⇒ b(j)m (t) =
∑
n=0

F (j−1)
mn (t), (3.21)

where F (j−1)
mn (t) = −i

∫ t

−∞
ds Wmnb

(j−1)
n (s)eiωmns. (3.22)

To make the perturbative order j self-consistent in Eq. (3.22), the zeroth perturbative
coe�cient b(0)m should be time-independent. Because the state should be normalized at
any time, one can use b0(t = 0) = b

(0)
0 = 1.

The state function in Eq. (3.13) can be expressed using perturbative coe�cients.

|φ(t)⟩ =
∑
n=0

∑
j=0

c(j)n (t)e−iωnt|φn⟩, where c(j)n (t) = djb(j)n (t). (3.23)

For the system inducing quantum friction, we consider its initial state as |g, vac⟩, meaning
the atom is in the ground state and there are no interaction photons. Then, the possible
dressed states are |φn⟩ ∈ {|g, vac⟩, |η,k⟩, |g,k1k2⟩, |η,k1k2k3⟩, . . .}, and one can write its
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3.2 Perturbative coe�cients

state function (3.11) as an expansion of the perturbative coe�cients c(j)n (t) in Eq. (3.23)

|φ(t)⟩ =

1 +
∑
j=1

c
(2j)
0 (t)

 |g, vac⟩+
∑
η

∫
dk

∑
j=1

c
(2j−1)
1 (t)

 |η,k⟩ (3.24)

+
1

2!

∫
dk1dk2

∑
j=1

c
(2j)
2 (t)

 |g,k1k2⟩+ . . . .

Because we mainly focus on the low perturbative orders, the following state function is
primarily used in the calculation of friction.

|φ(t)⟩ =
(
1 + c

(2)
0 (t)

)
|g, vac⟩+

∑
η

∫
dk

(
c
(1)
1 (t) + c

(3)
1 (t)

)
|η,k⟩ (3.25)

+
1

2!

∫
dk1dk2 c

(2)
2 (t)|g,k1k2⟩+ . . . .

The subscript in c(j)n represents the number of interaction photons, and the superscript
indicates the perturbative order, which can be understood as the number of transitions
between two atom states. Therefore, for the coe�cients c(j)n , there is always n ≤ j, and
(n − j) should be even. This property should also apply to the integral F (j)

mn de�ned in
Eq. (3.22), which results in

b
(2)
0 = F (1)

01 , (3.26)

b
(1)
1 = F (0)

10 , (3.27)

b
(3)
1 = F (2)

10 + F (2)
12 , (3.28)

b
(2)
2 = F (1)

21 . (3.29)

3.2 Perturbative coe�cients

To obtain the exact state function, we need to calculate the coe�cients b(j)n using
Eq. (3.22). Because the initial state gives b(0)0 = 1, we begin with the coe�cient b(1)1 .

b
(1)
1 (t) = F (0)

10 (t) = −i
∫ t

−∞
ds W10e

iω10s, (3.30)

where W10(t) = ⟨η,k|W (t)|g, vac⟩ is the amplitude from a state with the atom in its
ground state and no photons to a state with the atom in its excited state and one
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Chapter 3 Time evolution of the dressed states in the quantum friction system

dressed photon with the momentum k. Because the operator W (t) = V (t)/d and the
interaction Hamiltonian is de�ned in Eq. (3.6), the element W10 can be expressed as

W10(t) =
1

d

∫
dk′ ⟨η,k|

(
D(t) · ik⃗′

)
eik

′·r−iΩst−k′zak′ϕk′ + h.c.|g, vac⟩. (3.31)

Because the bosonic operator follows ak|vac⟩ = 0, only the Hermitian conjugate term
remains in the above integrand. Due to the dipole D(t) in Eq. (3.5), the integral turns
into

W10(t) =
1

d

∫
dk′ ⟨η|D(t)|g⟩ ·

(
ik⃗′
)∗
e−ik′·r+iΩst−kzϕk′⟨k|a†k′ |vac⟩ (3.32)

= −i
∫
dk′ eiωbt

(
η · k⃗′

)∗
e−ik′·r+iΩst−k′zϕk′δ(k − k′) (3.33)

W10(t) = −i
(
η · k⃗

)∗
ϕke

i(Ωs+ωb)t−ik·r−kz. (3.34)

Due to the movement of the atom, the position vector is r = (vt, 0), where v is the
velocity of the atom. Thus, we obtain

W10(t) = −i
(
η · k⃗

)∗
ϕke

−kzei(ω
′(k)+ωb)t, (3.35)

where ω′(k) = Ωs(k) − k cos(θ)v represents the frequency changed by the Doppler shift
due to the motion of the atom. Then, one can write the coe�cient b(1)1 (t) (3.30) as
follows.

b
(1)
1 (t) = −

(
η · k⃗

)∗
ϕke

−kz

∫ t

−∞
ds ei(ω

′(k)+ωb+ω10)s. (3.36)

To ensure the integral converges at t = −∞, introduce an in�nitesimal parameter by
setting ω10 = −iδ+, where δ+ is in�nitesimally small. Thus, the above integral becomes

b
(1)
1 (t) = i

(
η · k⃗

)∗
ϕke

−kz ei(ω
′(k)+ωb)t

ω′(k) + ωb − iδ+
. (3.37)

After obtaining the coe�cient b(1)1 (t), it is possible to compute b(2)0 , which corrects the
contribution to the ground state, and b(2)2 which are

b
(2)
0 = F (1)

01 = −i
∫ t

−∞
ds W01b

(1)
1 (s)eiω01s, (3.38)

b
(2)
2 = F (1)

21 = −i
∫ t

−∞
ds W21b

(1)
1 (s)eiω21s. (3.39)
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3.2 Perturbative coe�cients

In the Appendix B.1, we follow the same algebra calculation and obtain

b
(2)
0 = i

∑
η

∫
dk

|η · k⃗|2ϕ2ke−2kz

ω′(k) + ωb − iδ+

∫ t

−∞
ds eδ

+s, (3.40)

b
(2)
2 = −

e−k1z−k2z
(
k⃗2 · k⃗1

)∗
ϕk1ϕk2

ω′(k1) + ω′(k2)− iδ+

(
ei(ω

′(k1)+ω′(k2))t

ω′(k2) + ωb − iδ+
+ {k1 ↔ k2}

)
. (3.41)

As noted earlier, the subscript n in the coe�cients b
(j)
n represents the number of

interaction photons involved in the state function. We can �nd that the coe�cient b(2)2

in Eq. (3.41) indeed depends on two wavenumbers, k⃗1 and k⃗2, while the coe�cient b(2)0

in Eq. (3.40) has no momentum dependence, as expected.

The time integral in the coe�cient b(2)0 Eq.(3.40) yields eδ
+t/δ+. As δ+ is in�nitesimally

small, we can approximate eδ
+t/δ+ ≈ (δ+)−1 + t. Then, we can determine the frequency

shift (δωg )and the inverse lifetime (γg) of the ground state as follows [28].

d2b
(2)
0 (t) ≈ id2

∑
η

∫
dk

∣∣∣η · k⃗
∣∣∣2 |ϕk|2 e−2kz

ω′(k) + ωb − iδ+
t = −iδωgt−

γgt

2
. (3.42)

γg is the decay rate of the ground state, which can also be obtained from Fermi's golden
rule.

γg =
∑
η

∫
dk |V01(t)|2 δ(ωb + ω′(k)), (3.43)

The delta function is the nascent delta function found by the Sokhotski-Plemelj theorem
in the Appendix C.
The last perturbative coe�cient, b31, consists of two parts.

b
(3)
1 (t) = F (2)

10 + F (2)
12 = −i

∫ t

−∞
ds W10b

(2)
0 eiω10s − i

∫ t

−∞
ds W12b

(2)
2 eiω12s. (3.44)

The �rst term, which contains the coe�cient b(2)0 , represents the process via vacuum,
while the second term, consisting of the coe�cient b(2)2 , can be considered as the process
via two dressed photons. In the Appendix B.2, one can obtain these two terms via the
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Chapter 3 Time evolution of the dressed states in the quantum friction system

expressions of b(2)0 and b(2)2 in Eqs. (3.42) and (3.41), respectively.

b
(3)
1 =

iϕke
−kzei(ω

′(k)+ωb)t

ω′(k) + ωb − iδ+

[
−

(
η · k⃗

)∗
d2

(
iδωg +

γg
2

)(
t+

i

ω′(k) + ωb − iδ+

)
(3.45)

+

∫
dk′ e−2k′z

(
k⃗ · k⃗′

)∗ (
η · k⃗′

)∗
ϕ2k′

ω′(k) + ω′(k′)− iδ+

(
1

ω′(k′) + ωb − iδ+
+ {k ↔ k′}

)]
,

where the �rst and second terms are F (2)
10 and F (2)

12 , respectively.

We can now derive the perturbative order term c
(r)
n (as given in Eq. (3.23)) up to the

third order in the state function |φ(t)⟩ (as shown in Eq. (3.25)) from b
(d)
n in Eqs. (3.37),

(3.41), (3.42) and (3.45).

c
(1)
1 (t,k) = id

(
η · k⃗

)∗
ϕke

−kz ei(ω
′(k)+ωb)t

ω′(k) + ωb − iδ+
, (3.46)

c
(2)
0 (t) = −iδωgt−

γgt

2
, (3.47)

c
(2)
2 (t,k1,k2) = −d2

e−k1z−k2z
(
k⃗2 · k⃗1

)∗
ϕk1ϕk2

ω′(k1) + ω′(k2)− iδ+
(3.48)

×

(
ei(ω

′(k1)+ω′(k2))t

ω′(k2) + ωb − iδ+
+ {k1 ↔ k2}

)
,

c
(3)
1 (t) = c

(3)
1,a + c

(3)
1,b , (3.49)
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3.3 Summary of the time evolution of the state functions

where c(3)1,a = d3F (2)
10 and c(3)1,b = d3F (2)

12 , and their explicit expressions are given by

c
(3)
1,a = − idϕke

−kzei(ω
′(k)+ωb)t

ω′(k) + ωb − iδ+

(
η · k⃗

)∗ (
iδωg +

γg
2

)
(3.50)

×
(
t+

i

ω′(k) + ωb − iδ+

)
= c

(1)
1 (t) c

(2)
0 (t)

(
1 +

i/t

ω′(k) + ωb − iδ+

)
, (3.51)

c
(3)
1,b =

id3ϕke
−kzei(ω

′(k)+ωb)t

ω′(k) + ωb − iδ+

∫
dk′ e−2k′z

(
k⃗ · k⃗′

)∗ (
η · k⃗′

)∗
ϕ2k′

ω′(k) + ω′(k′)− iδ+
(3.52)

×
(

1

ω′(k′) + ωb − iδ+
+ {k ↔ k′}

)
= − c

(1)
1 (t,k)(
η · k⃗

)∗
ϕk

∫
dk′ ekz−k′zϕk′e

−i(ω′(k)+ω′(k′))t
(
η · k⃗′

)∗
c
(2)
2 (t,k,k′). (3.53)

3.3 Summary of the time evolution of the state functions

In this chapter, we have employed time-dependent perturbation theory to compute the
state functions within the quantum friction system. The state function |φ(t)⟩ is a
tensor product of the states of the moving atom and the interaction photons, illustrated
in Eq. (3.11). We consider the dipole coupling in the atom, d, as the perturbation
constant, and consequently derive the perturbative coe�cients up to the third order in
Eqs. (3.46)-(3.49). These coe�cients encode the information of the HDmodel through the
eigenmodes ϕk, while the motion of the atom and the dispersion relation are encapsulated
within the frequency ω′(k) = Ωs(k) − k cos(θ)v, where v represents the velocity of the
atom and Ωs(k) conforms to the dispersion relation speci�ed in Eq. (2.48).
To calculate the average friction up to the fourth perturbative order, one can compute

⟨φ(t)|Fx|φ(t)⟩, where Fx represents the force operator as de�ned in Eq. (3.9). The friction
is derived as follows.

⟨φ(t)|Fx|φ(t)⟩ ≈ 2Re

{∑
η

∫
dk ⟨g, vac|Fx|η,k⟩

[
c
(1)
1 (t) + c

(2)∗
0 (t)c

(1)
1 (t) + c

(3)
1 (t)

]
(3.54)

+
1

2

∑
η

∫
dk1dk2 ⟨η,k|F̂x|g,k1k2⟩c(1)∗1 (t)c

(2)
2 (t)

}
.
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Chapter 3 Time evolution of the dressed states in the quantum friction system

Because of Fx ∝ d, Eq. (3.54) encompasses the quantum friction arising from the second
and fourth perturbative order forces. In the upcoming chapter, we will calculate the
friction forces at the second and fourth perturbative orders, allowing us to assess the
impact of dispersion and sound speed on quantum friction.
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Chapter 4

Quantum friction between plates in the hy-

drodynamic regime

Using time-dependent perturbation theory, we have evaluated the state function up to
the third perturbative order as shown in Eq. (3.25) with the corresponding perturbative
coe�cients given in Eqs. (3.46)-(3.49). The expectation value of quantum friction can
then be written as ⟨φ(t)|Fx|φ(t)⟩ in Eq. (3.54), and from ⟨φ(t)|Fx|φ(t)⟩ one can identify
the contribution to order d2 which is given by

⟨Fx⟩(2) = 2Re
∑
η

∫
dk ⟨g, vac|Fx|η,k⟩c(1)1 (t). (4.1)

The remaining contribution in Eq. (3.54) is the fourth perturbative order force, which
can be divided into two parts: one arising from processes involving a transition through
vacuum, ⟨Fx⟩(4)0 , and the other involving the creation of two photons, ⟨Fx⟩(4)2 .

⟨Fx⟩(4) = ⟨Fx⟩(4)0 + ⟨Fx⟩(4)2 , (4.2)

where ⟨Fx⟩(4)0 = 2Re
∑
η

∫
dk ⟨g, vac|Fx|η,k⟩

(
c
(2)∗
0 (t) c

(1)
1 (t) + c

(3)
1,a

)
, (4.3)

⟨Fx⟩(4)2 = 2Re

{∑
η

∫
dk ⟨g, vac|Fx|η,k⟩c(3)1,b (4.4)

+
1

2

∑
η

∫
dk1dk2 ⟨η,k|Fx|g,k1k2⟩c(1)∗1 (t,k)c

(2)
2 (t,k1,k2)

}
.

The coe�cients c(3)1,a and c
(3)
1,b are give in Eqs. (3.51) and (3.52), respectively. In the
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Chapter 4 Quantum friction between plates in the hydrodynamic regime

upcoming sections, we will demonstrate the calculation of the second-order force ⟨Fx⟩(2)
and the fourth-order force ⟨Fx⟩(4).

4.1 The second-order force

Using the expression for the force operator Fx in Eq. (3.9) and the coe�cient c(1)1 in
Eq. (3.46), the second-order force in Eq. (4.1) can be written as follows.

⟨Fx⟩(2) = −2Re
∑
η

∫ ∞

0
dk

∫ π

−π
dθ ϕkk

2 cos(θ)e−kz (4.5)

× e−iω′(k)t
(
⟨g|D(t)|η⟩ · k⃗

)
id
(
η · k⃗

)∗
ϕke

−kz ei(ω
′(k)+ωb)t

ω′(k) + ωb − iδ+
.

Here, the Hermitian conjugate vanishes due to the bosonic creation operator, i.e.,
⟨vac|a†k′ |k⟩ = 0.The dipole operator, as described by Eq. (3.5), leads to

⟨Fx⟩(2) = −2d2Re

∫ ∞

0
dk

∫ π

−π
dθ ϕ2kk

2 cos(θ)e−2kz
i
∑

η|η · k⃗|2

ω′(k) + ωb − iδ+
. (4.6)

As mentioned around Eq. (3.4), the unit vector η is taken from an orthonormal basis,
so that

∑
η|η · k⃗|2 = |⃗k|2. To satisfy the Laplace equation in vacuum, we de�ned the

vector k⃗ = (k cos(θ), k sin(θ), ik) ensuring that ∇2[exp (ik⃗ · r⃗)] ≡ 0. This leads to the
second-order force

⟨Fx⟩(2) = −4d2Re

∫ ∞

0
dk

∫ π

−π
dθ ϕ2kk

4 cos(θ)e−2kz i

ω′(k) + ωb − iδ+
. (4.7)

Using the eigenmode of the HD model, ϕk = ω2
p

/√
4πkΩs(k)

(
ω2
p + 2Ω2

s(k)
)
, results

in

⟨Fx⟩(2) = −d2
∫ ∞

0
dk

ω4
pk

3e−2kz

πΩs(k)
(
ω2
p + 2Ω2

s(k)
) (4.8)

×
∫ π

−π
dθ cos(θ)Re

(
i

ω′(k) + ωb − iδ+

)
.

In the Appendix C, one can approximate Re
[
i (ω′(k) + ωb − iδ+)

−1
]
to a nascent delta

function −πδ(ω′(k) + ωb) when δ+ → 0+.

⟨Fx⟩(2) = d2
∫ ∞

0
dk

ω4
pk

3e−2kz

Ωs(k)
(
ω2
p + 2Ω2

s(k)
) ∫ π

−π
dθ cos(θ)δ

(
ω′(k) + ωb

)
. (4.9)
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4.1 The second-order force

Since the integrand with respect to the angle θ in the integral is an even function of
θ, the interval of the integral can be halved by simply adding a prefactor of 2. Recalling
that the frequency with the Doppler e�ect is given by ω′(k) = Ωs(k) − kv cos(θ), the
peak of the delta function δ (ω′(k) + ωb) is located at cos(θ) = (Ωs(k) + ωb)/kv which is
positive if we assume the atom's velocity v is positive. By substituting that u = cos(θ),
we obtain the integral with respect to the angle θ as follows.∫ π

−π
dθ cos(θ)δ

(
ω′(k) + ωb

)
= 2

∫ 1

0

du√
1− u2

u

kv
δ

(
Ωs(k) + ωb

kv
− u

)
(4.10)

×Θ(kv − Ωs(k)− ωb) ,

=
2(Ωs(k) + ωb)Θ (kv − Ωs(k)− ωb)

kv
√
(kv)2 − (Ωs(k) + ωb)2

(4.11)

where Θ(kv − Ωs(k)− ωb) is the Heaviside step function ensuring that cos(θ) = (Ωs(k)+
ωb)/kv ≤ 1. Therefore, the second-order force in Eq. (4.9) is simpli�ed to

⟨Fx⟩(2) =
2d2ω4

p

v

∫ ∞

0
dk

k2e−2kz

Ωs(k)
(
ω2
p + 2Ω2

s(k)
) (Ωs(k) + ωb)Θ (kv − Ωs(k)− ωb)√

(kv)2 − (Ωs(k) + ωb)2
.

(4.12)

As aforementioned in Chapter 2, the HD model exhibits a dispersion relation in the
surface modes, as shown in Eq. (2.48).

Ωs(k) =
1

2

(√
(2ω2

p + v2sk
2) + vsk

)
⇒


k =

2Ω2
s − ω2

p

2vsΩs
,

dk =
2Ω2

s + ω2
p

2vsΩ2
s

dΩs.

(4.13)

By de�ning the following dimensionless variables,

ṽ =
v

vs
, ω̃ =

ωb

ωp
, Ω̃ =

Ωs

ωp
, z̃ =

zωp

vs
, (4.14)

we obtain the dispersion relation as

k =
2Ω̃2 − 1

2Ω̃

ωp

vs
, dk =

2Ω̃2 + 1

2Ω̃2

ωp

vs
dΩ̃. (4.15)
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Chapter 4 Quantum friction between plates in the hydrodynamic regime

From the Appendix D, we substitute the momentum with the dimensionless variable Ω̃
as follows.

⟨Fx⟩(2) =
d2ω4

p

2ṽv4s

∫ ∞

1/
√
2
dΩ̃ Θ

(
2Ω̃2 − 1

2Ω̃
ṽ − Ω̃− ω̃

)
(4.16)

× (Ω̃ + ω̃)(2Ω̃2 − 1)2e−(2Ω̃
2−1)z̃/Ω̃

Ω̃4

√
(2Ω̃2ṽ − ṽ)2 − 4Ω̃2(Ω̃ + ω̃)2

.

In the expression in Eq. (4.16), the integral is dimensionless because the Heaviside
step function is dimensionless. The dimension of the second-order force is factored out
into the prefactor, which corresponds to d2ω2

p/v
4
s . This is identical to the dimension

of the Casimir-Polder static force, FCP = −3αc/(2πz5) [2], where c is the speed of
light and the polarizability is α = 2d2/ωb. Thus, the normalized second-order force
⟨fx⟩(2) = ⟨Fx⟩(2)/FCP .

⟨fx⟩(2) =
πω̃z̃5vs
6ṽc

∫ ∞

1/
√
2
dΩ̃ Θ

(
2Ω̃2 − 1

2Ω̃
ṽ − Ω̃− ω̃

)
(4.17)

× (Ω̃ + ω̃)(2Ω̃2 − 1)2e−(2Ω̃
2−1)z̃/Ω̃

Ω̃4

√
(2Ω̃2ṽ − ṽ)2 − 4Ω̃2(Ω̃ + ω̃)2

.

The Heaviside function in the normalized second-order force (4.17) might change the
boundary limits of the integral. Therefore, we will perform the analytic calculation of
the Heaviside function, followed by numerical analysis.

4.1.1 The Heaviside step function

The Heaviside function in the second-order force ⟨fx⟩(2) (4.17) will not vanish, when

2Ω̃2 − 1

2Ω̃
ṽ − Ω̃− ω̃ > 0 ⇒ 2Ω̃2 (ṽ − 1)− 2ω̃Ω̃− ṽ > 0. (4.18)

As de�ned in Eq. (4.14), all of these dimensionless variables should be positive, so that
ṽ = v/vs must be greater than one to satisfy the non-vanishing Heaviside function. This
means that the second-order force vanishes when the atom's velocity v is smaller than
the sound speed vs.

⟨fx⟩(2)(ṽ < 1) = 0. (4.19)
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4.1 The second-order force

In perturbation theory up to this order, only one (virtual) photon can be stimulated
out of the (dressed) vacuum due to the interaction with the moving atom. When the
atom's velocities are too low, the energy supplied by the external source maintaining the
particle's constant speed is insu�cient to excite the material. Consequently, no friction
is generated. A comparable threshold was observed in the case of graphene [43], where
for relative velocities between the plates smaller than the Fermi velocity of graphene,
no fermion could be stimulated in the material, resulting in the disappearance of the
frictional force at the lowest perturbative order.
In the context of the HD model, we o�er a straightforward visual interpretation of

this outcome in Fig. 4.3. When the atom is in motion, the electrons within the plate
will recon�gure to ensure that its re�ection (formed by image charges) keeps pace with
the atom's movement. The speed at which the electrons can reorganize and propagate
through the material is constrained by the sound speed. In scenarios where v ≤ vs, the
image charge of the atom will match its speed. Consequently, the force between the
dipole and its image charge will consistently align along the perpendicular axis, resulting
in the elimination of frictional force. From the perspective of energy conservation, the
presence of the delta function in Eq. (4.9). establishes a resonant condition. According
to the dispersion relation (2.48), this resonance is necessitated by

ωb +
1

2

(√
2ω2

p + v2sk
2 − vsk

)
+ (vs − v cos θ) k = 0. (4.20)

The positivity of the �rst two terms necessitates that the third term be negative. This
inference indicates that v > vs is a requisite condition for resonance to occur.
We consider the atom's velocity exceeds the sound speed (ṽ > 1), and de�ne

h(Ω̃) = 2Ω̃2 (ṽ − 1)− 2ω̃Ω̃− ṽ. (4.21)

One can �nd the root of h(Ω̃) as follows.

Ω̃± =
ω̃ ±

√
ω̃2 + 2ṽ(ṽ − 1)

2(ṽ − 1)
. (4.22)

Since ṽ > 1, we can determine that ω̃ <
√
ω̃2 + 2(ṽ − 1)ṽ and the relatively smaller

root Ω− should be negative. Therefore, the Heaviside step function in the second-order
force (4.17) will not vanish in the interval

Ω̃ ∈

[
ω̃ +

√
ω̃2 + 2ṽ(ṽ − 1)

2(ṽ − 1)
,∞

)
, for ṽ > 1. (4.23)
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Chapter 4 Quantum friction between plates in the hydrodynamic regime

As shown in Eq. (4.17), the lower limit in the integral is 1/
√
2, and one can derive the

positive root Ω̃+ as

Ω̃+ =
ω̃ +

√
ω̃2 + 2ṽ(ṽ − 1)

2(ṽ − 1)
(4.24)

=
1√
2

(
ω̃2 + 2ω̃

√
ω̃2 + 2ṽ(ṽ − 1) + ω̃2 + 2ṽ(ṽ − 1)

2(ṽ − 1)2

)1/2

(4.25)

=
1√
2

(
ω̃2 + 2ω̃

√
ω̃2 + 2ṽ(ṽ − 1) + ω̃2

2(ṽ − 1)2
+

ṽ

ṽ − 1

)1/2

. (4.26)

Since ṽ > ṽ − 1 for ṽ > vs, it is a�rmed that the root Ω̃+ > 1/
√
2. Consequently, the

range of the non-vanishing Heaviside step function in Eq. (4.23) is a subset of the interval
[1/

√
2,∞). This leads to modi�cations in the boundary of the normalized second-order

force, as given by Eq. (4.17), as follows.

⟨fx⟩(2) =
πω̃z̃5vs
6ṽc

∫ ∞

Ω+

dΩ̃
(Ω̃ + ω̃)(2Ω̃2 − 1)2e−(2Ω̃

2−1)z̃/Ω̃

Ω̃4

√
(2Ω̃2ṽ − ṽ)2 − 4Ω̃2(Ω̃ + ω̃)2

, (4.27)

where the lower limit Ω̃+ =
(
ω̃ +

√
ω̃2 + 2ṽ(ṽ − 1)

)
/(2ṽ−2) is derived as a consequence

of the Heaviside step function.

4.1.2 Numerical analysis of the second-order force

The integral in Eq. (4.27) converges as it approaches in�nity and can be numerically
solved. For this purpose, we will employ the parameters speci�ed for the model as
presented in Table 4.1. The chosen values correspond to typical characteristics of metals
and experimental con�gurations well within the con�nes of our analysis, speci�cally, the
non-retarded and near-�eld limits.
In Fig. 4.1, we depict the normalized frictional force (4.27) as a function of the

dimensionless velocity of the atom. The expected behavior of the force increasing with
velocity and decreasing with the gap distance is evident. While we have previously
demonstrated analytically the existence of a threshold leading to a non-vanishing force
only for v > β, the plots in the �gure reveal that the force can exponentially diminish
even for higher velocities. This e�ective threshold escalates with the gap distance and
diminishes with the plasma frequency ωp. As mentioned earlier, the sound speed typically
has a magnitude around 106 m/s, approximately 1% of the speed of light in a vacuum. To
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4.1 The second-order force

Model parameter Range
Plasma Frequency (ωp) 1015 − 1016 s−1

Sound Speed (vs) 106 − 107 ms−1

Gap Distance (z) 10− 100 nm
Bohr Transition Frequency(ωb) 1015 − 1016 s−1

Dimensionless parameter Range
ṽ (v/vs) 1− 20
ω̃ (ωb/ωp) 0.1− 2
z̃ (zωp/vs) 10− 1000

Table 4.1: Range of magnitudes considered for the di�erent parameters of the model.

ω̃ = 1, z̃ = 10

ω̃ = 0.2, z̃ = 10

ω̃ = 1, z̃ = 102

ω̃ = 0.2, z̃ = 102

ṽ

Figure 4.1: The second-order force as a function of the atom's speed. The force
in Eq. (4.27) is normalized by the static Casimir-Polder force, and the velocity is
normalized as ṽ = v/β, where β represents the sound speed in the material. The
parameters are considered as ω̃ = ωp/ωb = 0.2, 1 and z̃ = zωp/β = 10, 100. The
sound speed is taken as β = 106m/s.

ascertain whether quantum friction may also manifest at lower speeds, we will examine
the fourth-order force in perturbation theory in the subsequent sections of this chapter.
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Chapter 4 Quantum friction between plates in the hydrodynamic regime

4.1.3 The non-dispersive limit

The non-dispersive limit is realized by vs → 0, which causes the dispersion relation (2.48)
to become a momentum-independent surface-plasmon frequency: Ωs = ωp/

√
2. Accord-

ingly, we can rederive the second-order force from the expression in Eq. (4.12).

⟨Fx⟩(2)vs=0 =
2d2ω4

p

v

∫ ∞

0
dk

k2e−2kz

√
2ω3

p

(ωp/
√
2 + ωb)Θ

(
kv − ωp/

√
2− ωb

)√
(kv)2 − (ωp/

√
2 + ωb)2

. (4.28)

The Heaviside function will not vanish, when

k > k0, where k0 =
ωp/

√
2 + ωb

v
. (4.29)

Since we assume the atom's speed v is positive, the Heaviside function shifts the lower
limit of the integral from 0 to k0.

⟨Fx⟩(2)vs=0 =

√
2d2ωp

v

∫ ∞

k0

dk k2e−2kz k0√
k2 − k20

. (4.30)

One can normalize this force using the Casimir-Polder static force FCP = 3αc/(2πz5),
and by substituting k with k′ = k/k0, we derive the second-order force in the non-
dispersive limit as follows.

⟨fx⟩(2)vs=0 =

√
2πωpωbz

5k30
3vc

∫ ∞

1
dk′ k′2e−(2zk0)k′ 1√

k′2 − 1
(4.31)

=

√
2πωpωbz

5k30
3vc

(
K2(2zk0)−

K1(2zk0)

2zk0

)
, (4.32)

where Kn(x) is the modi�ed Bessel functions of the second kind.
To understand the relative in�uence of dispersion on the frictional force, we will

compare the non-dispersive force (4.32) with the normalized force given in Eq. (4.27).
Here, we de�ne the ratio between two forces as σf which is given by

σf =
⟨fx⟩(2)

⟨fx⟩(2)vs=0

=

(
ṽ

1 +
√
2ω̃

)3
∫∞
Ω+

dΩ̃ (Ω̃+ω̃)(2Ω̃2−1)2e
−(2Ω̃2−1)z̃/Ω̃

Ω̃4
√

(2Ω̃2ṽ−ṽ)2−4Ω̃2(Ω̃+ω̃)2

K2(2zk0)−K1(2zk0)/(2zk0)
. (4.33)

Fig. 4.2 shows a numerical analysis when z̃ = 10 and ω̃ = 1 and 0.2. In this context,
we observe that as the speed ratio ṽ increases su�ciently, the dispersion e�ect becomes
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4.2 The fourth-order force

ω̃ = 1, z̃ = 10

ω̃ = 0.2, z̃ = 10

log10(ṽ)

σf

Figure 4.2: The comparison of non-dispersive limits. In this �gure, we illustrate the ratio
of the frictional force in the dispersive and non-dispersive regimes (σf de�ned in Eq.
(4.33)) as a function of ṽ. The parameters are chosen as follows: ω̃ = ωp/ωb = 0.2, 1
and z̃ = zωp/vs = 10. The sound speed is taken as vs = 106m/s.

negligible, converging towards σf tending to one. Based on our numerical simulations, it
is indicated that the dispersion e�ect can be disregarded when the velocity v of the atom
exceeds the sound speed vs by approximately a factor of ten. Hence, we conclude that in
materials characterized by a low sound speed, transitioning to the non-dispersive limit is
unlikely to signi�cantly a�ect the results of the frictional force. Conversely, in materials
featuring a high sound speed, the frictional force is suppressed by the dispersion e�ect
when the atom's velocity fails to reach a su�ciently high threshold.

4.2 The fourth-order force

We have examined the second-order force in the previous section, and our current focus is
on investigating the subsequent higher-order perturbative term, speci�cally, the fourth-
order force. Without loss of generality, we express the fourth-order force as Eq. (4.2),
which is comprised of two components: the transition via vacuum, ⟨Fx⟩(4)0 (4.3), and the
transition via two photons, ⟨Fx⟩(4)2 (4.4).

4.2.1 The transitions via vacuum

Using the coe�cient c(2)0 , c(1)1 and c(3)1,a in Eqs. (3.47), (3.46) and (3.51), respectively, the
contribution to the fourth-order force associated with the transition via vacuum, as given
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Chapter 4 Quantum friction between plates in the hydrodynamic regime

in Eq. (4.3), is expressed as follows.

⟨Fx⟩(4)0 = 2Re
∑
η

∫
dk ⟨g, vac|Fx|η,k⟩ (4.34)

×
(
c
(2)∗
0 (t) c

(1)
1 (t) + c

(1)
1 (t) c

(2)
0 (t)

(
1 +

i/t

ω′(k) + ωb − iδ+

))
= 2Re

∑
η

∫
dk ⟨g, vac|Fx|η,k⟩c(1)1 (t)

(
−γgt+

ic
(2)
0 (t)/t

ω′(k) + ωb − iδ+

)
. (4.35)

Because of the expression of the second-order force in Eq. (4.1), one can �nd ⟨Fx⟩(4)0 as

⟨Fx⟩(4)0 = −γgt⟨Fx⟩(2) + 2Re
∑
η

∫
dk ⟨g, vac|Fx|η,k⟩

ic
(1)
1 (t)c

(2)
0 (t)/t

ω′(k) + ωb − iδ+
(4.36)

= −γgt⟨Fx⟩(2) − 2Re

{
c
(2)
0 (t)d2

t

∫
dk ϕ2k

∑
η

|η · k⃗|2e−2kz k cos(θ)

(ω′(k) + ωb − iδ+)2

}
.

Given that the frequency ω′(k) = Ωs − kv cos(θ), one can �nd that

∂

∂v

(
1

ω′(k) + ωb − iδ+

)
=

−∂ω′(k)/∂v

(ω′(k) + ωb − iδ+)2
=

k cos(θ)

(ω′(k) + ωb − iδ+)2
. (4.37)

Hence, ⟨Fx⟩(4)0 can be expressed as

⟨Fx⟩(4)0 = −γgt⟨Fx⟩(2) − 2Re

{
c
(2)
0 (t)

t

∂

∂v

(∫
dk

d2ϕ2k
∑

η|η · k⃗|2e−2kz

ω′(k) + ωb − iδ+

)}
. (4.38)

Considering how we approximate the coe�cient b(2)0 in Eq. (3.42), the integral in the
second term of ⟨Fx⟩(4)0 can be expressed as

⟨Fx⟩(4)0 ≈ −γgt⟨Fx⟩(2) − 2Re

{
c
(2)
0 (t)

t
× ∂

∂v

(
−ic(2)0 (t)

t

)}
(4.39)

= −γgt⟨Fx⟩(2) − 2Re

{(
i
γg
2

− δωg

)
× ∂

∂v

(
−γg

2
− iδωg

)}
(4.40)

= −γgt⟨Fx⟩(2) −
(
δωg

∂γg
∂v

+ γg
∂δωg

∂v

)
(4.41)

⟨Fx⟩(4)0 = −γgt⟨Fx⟩(2) −
∂

∂v
(γg × δωg) . (4.42)
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In Eq. (4.42), the contribution of the zero-photon sector to the fourth perturbative
order is exponentially small, attributable to the adiabatically stored energy in the Lamb-
shifted ground state δωg [28]. In the HD model, it becomes evident that this sector will
vanish when v < vs, as the expression for γg in Eq. (3.43) features a delta function akin to
that in ⟨Fx⟩(2) (4.9), which is determined by energy conservation. Consequently, similar
to the second perturbative order force, γg vanishes, resulting in no contribution from the
zero-photon case.

4.2.2 The transition via two interaction photons

The second contribution to the fourth-order force is expressed in Eq. (4.4), which is the
sum of two integrals. Using the expression for the coe�cient c(3)1,b in Eq. (3.52), the �rst

integral in ⟨Fx⟩(4)2 becomes

2Re
∑
η

∫
dk ⟨g, vac|Fx|η,k⟩c(3)1,b (4.43)

= 2Re
∑
η

∫
dk ⟨g, vac|Fx|η,k⟩c(1)1 (t,k)

d2(
η · k⃗

)∗
×
∫
dk′ e−2k′z

(
k⃗ · k⃗′

)∗ (
η · k⃗′

)∗
ϕ2k′

ω′(k) + ω′(k′)− iδ+

(
1

ω′(k′) + ωb − iδ+
+ {k ↔ k′}

)
.

Here, we �nd that the part of the integrand with respect to the momentum k is identical
to the second-order force in Eq. (4.1). Therefore, we can use the expression of the
second-order force from Eq. (4.6).

2Re
∑
η

∫
dk ⟨g, vac|Fx|η,k⟩c(3)1,b (4.44)

= −2d4Re

∫ ∞

0
dk

∫ π

−π
dθ

ϕ2kk
2 cos(θ)e−2kz

ω′(k) + ωb − iδ+

×
∫
dk′ e−2k′z

i
∣∣∣⃗k · k⃗′∣∣∣2 ϕ2k′

ω′(k) + ω′(k′)− iδ+

(
1

ω′(k′) + ωb − iδ+
+ {k ↔ k′}

)
.
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By taking the limit δ+ → 0, one can again use the Sokhotski-Plemelj theorem, as
illustrated in Appendix C to identify the delta function in the integrals.

Re

∫
dkdk′

(
lim
δ+→0

i

ω′(k) + ω′(k′)− iδ+

)
= −π

∫
dkdk′ δ

(
ω′(k) + ω′(k′)

)
.

(4.45)

We obtain the �rst term in ⟨Fx⟩(4)2 as follows.

2Re
∑
η

∫
dk ⟨g, vac|Fx|η,k⟩c(3)1,b (4.46)

= 2πd4Re

∫ ∞

0
dk

∫ π

−π
dθ

ϕ2kk
2 cos(θ)e−2kz

ω′(k) + ωb

×
∫
dk′ e−2k′z

∣∣∣⃗k · k⃗′∣∣∣2 ϕ2k′δ (ω′(k) + ω′(k′)
)( 1

ω′(k′) + ωb
+ {k ↔ k′}

)
.

Due to the Bose symmetrization of the integrand, one can replace 2k cos(θ)/(ω′(k)+ωb)
with k cos(θ)/(ω′(k) + ωb) + (k → k′).

2Re
∑
η

∫
dk ⟨g, vac|Fx|η,k⟩c(3)1,b (4.47)

= πd4Re

∫
dkdk′ ϕ2kϕ

2
k′

∣∣∣⃗k · k⃗′∣∣∣2 e−2kz−2k′z

(
k cos(θ)

ω′(k) + ωb
+

k′ cos(θ′)

ω′(k′) + ωb

)
× δ

(
ω′(k) + ω′(k′)

)( 1

ω′(k′) + ωb
+ {k ↔ k′}

)
.

By employing the expressions for the coe�cients c(1)1 and c
(2)
2 in Eqs. (3.46) and

(3.48), respectively, the derivation of the second integral in ⟨Fx⟩(4)2 (4.4) is detailed in
Appendix E, which gives

Re
∑
η

∫
dk1dk2 ⟨η,k|Fx|g,k1k2⟩c(1)∗1 (t,k)c

(2)
2 (t,k1,k2) (4.48)

= πd4
∫
dk1dk2 ϕ

2
k1ϕ

2
k2

∣∣∣⃗k1 · k⃗2∣∣∣2 e−2k1z−2k2z

(
k1 cos(θ1)

ω′(k2) + ωb
+

k2 cos(θ2)

ω′(k1) + ωb

)
× δ

(
ω′(k1) + ω′(k2)

)( 1

ω′(k2) + ωb
+ {k1 ↔ k2}

)
.
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In the integral of Eq. (4.47), one can substitute the dummy variables k → k1 and
k′ → k2. Consequently, the fourth-order force arising from two interacting photons can
be represented as the summation of Eqs. (4.47) and (4.50).

⟨Fx⟩(4)2 = πd4
∫
dk1dk2 ϕ

2
k1ϕ

2
k2

∣∣∣⃗k1 · k⃗2∣∣∣2 e−2k1z−2k2zδ
(
ω′(k1) + ω′(k2)

)
(4.49)

×
(
k1 cos(θ1)

ω′(k1) + ωb
+

k2 cos(θ2)

ω′(k2) + ωb
+

k1 cos(θ1)

ω′(k2) + ωb
+

k2 cos(θ2)

ω′(k1) + ωb

)
×
(

1

ω′(k2) + ωb
+ {k1 ↔ k2}

)
= πd4

∫
dk1dk2 ϕ

2
k1ϕ

2
k2

∣∣∣⃗k1 · k⃗2∣∣∣2 e−2k1z−2k2zδ
(
ω′(k1) + ω′(k2)

)
(4.50)

× (k1 cos(θ1) + k2 cos(θ2))

(
1

ω′(k2) + ωb
+

1

ω′(k1) + ωb

)2

.

The delta function implies that ω′(k2) = −ω′(k1) and Ωs(k1) + Ωs(k2) = k1v cos(θ1) +
k2v cos(θ2), which results in the following expression.

⟨Fx⟩(4)2 =
πd4

v

∫
dk1dk2 ϕ

2
k1ϕ

2
k2

∣∣∣⃗k1 · k⃗2∣∣∣2 e−2k1z−2k2zδ
(
ω′(k1) + ω′(k2)

)
(4.51)

× (Ωs(k1) + Ωs(k2))

(
−2ωb

(ω′(k1) + ωb)(ω′(k1)− ωb)

)2

.

The delta function in ⟨Fx⟩(4)2 , as shown in Eq. (4.51), will not vanish when Ωs(k1) +
Ωs(k2) = k1v cos(θ1) + k2v cos(θ2). Using the dispersion relation in Eq. (2.48), one �nds
that the delta function implies∑

j=1,2

1

2

(√
2ω2

p + v2sk
2
j + vskj − 2kjv cos(θj)

)
= 0. (4.52)

Because the plasma frequency ωp and the sound speed vs are real and positive, one can
prove that√

2ω2
p + v2sk

2
j + vskj − 2kjv cos(θj) ≥2vskj − 2kjv cos(θj) (4.53)√

2ω2
p + v2sk

2
j + vskj − 2kjv cos(θj) ≥2kj (vs − v cos(θj)) . (4.54)

When the atom's velocity is smaller than the sound speed, v < vs, the right-hand side
is always positive due to cos(θj) ≤ 1. This implies that even the minimal values of the
left-hand side in Eq. (4.52) cannot be less than zero. Therefore, the contribution of the
fourth-order force in the HD model ⟨Fx⟩(4)2 also vanishes when v < vs.
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4.3 Summary

In this chapter, we derive the second and fourth perturbative orders of the frictional force
from the force operator in Eq. (3.9) and the corresponding state functions in Eq. (3.25).
We determine two delta functions in the forces at both orders: δ(ω′(k)+ωb) and δ(ω′(k1)+
ω′(k2)). Using the dispersion relation (2.48) from the HD model, we �nd that these delta
functions will vanish when the atom's velocity is less than the speed of sound, denoted
as vs.
In the second-order force (4.9) and the fourth-order force (4.51), the delta functions

signify energy conservation. For higher perturbative orders of the force, one would
encounter the same type of delta function, imposing analogous energy conservation
conditions. For example, the sixth-order term will generate a new delta function
δ(ω′(k1)+ω′(k2)+ω′(k3)+ωb), where k1, k2 and k3 represent the momenta of the three
interacting photons. Consequently, the frictional force will vanish at all perturbative
orders when v ≤ vs.
The observed outcomes diverge from those obtained by other models, such as the Drude

model for metals [28]. Inherent dissipation within the material leads to a frictional force
across all velocities. While the secondary frictional force is found to be negligibly small at
low velocities in the local models discussed in the existing literature, no speci�c threshold
is identi�ed.
Incorporating intrinsic dissipation into the model is not essential for the presence of

friction at higher velocities in non-local models. However, its absence does establish a
velocity threshold, as observed in the case of graphene [43, 44]. In the HD model, we
observe this threshold persisting even at the fourth order in perturbation theory. This
is in contrast to �ndings in models that incorporate intrinsic dissipation. Instead, we
identify a force that diminishes at low velocities even at higher orders in perturbation
theory.
To elucidate the speci�c velocity threshold in the HD model, we must revisit the

de�nition of the speed of sound within this framework. As previously discussed in
Chapter 2, the speed of sound is the maximum velocity at which electron-electron
interactions can propagate through the medium in the HD regime. In Fig. 4.3, we
initially position a stationary atom above a plate, and an attractive force between them
arises due to the Casimir-Polder e�ect. This can be conceptualized as if there is an
electron con�guration in the plate that acts as a mirror image of the atom in a vacuum.
When the atom moves, this mirror image will also propagate through the plate to keep
pace with the atom. The speed of sound represents the maximum velocity of this mirror
image propagation. When the atom's velocity exceeds the speed of sound, the frictional
force comes into play, as depicted in Fig. 4.3.
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Figure 4.3: v > vs. The left sub�gure shows a static atom above the plate with its mirror
image inside the plate, creating an attractive force due to the Casimir-Polder e�ect.
In the right sub�gure, as the atom moves faster than the speed of sound (vs), the
mirror image's propagation is limited by the speed of sound, resulting in a backward
de�ection that generates frictional force.

When the atom moves at a velocity higher than the speed of sound, we conduct a
numerical analysis of the second-order force by selecting parameters within a reasonable
range (see Table 4.1). In Fig. 4.1, the force increases with the atom's velocity as expected.
However, the plots shown in Fig. 4.1 reveal that the force can vanish exponentially
even for larger velocities. This e�ective threshold increases with the gap distance z and
decreases with the plasma frequency ωp.
In the non-dispersive limit, the velocity threshold for the occurrence of the frictional

force vanishes, and we demonstrate analytically the dispersive e�ect on the second-order
force in Fig. 4.2. The dispersion e�ect suppresses the friction when the atom's velocity is
relatively low. However, when the atom's velocity is approximately an order of magnitude
greater than the speed of sound, the dispersive e�ect becomes negligible.
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Chapter 5

Introduction to non-Abelian braiding for

topological quantum computing

A Majorana fermion [45] is a type of exotic fermion �rst proposed by Ettore Majorana in
1937. This unique fermion is its own antiparticle. In the framework of second quantiza-
tion, the creation and annihilation operators for a Majorana fermion are equivalent. This
implies that Majorana fermions carry zero electric charge. Initially, Majorana fermions
were expected to be found in the realms of high-energy and particle physics [46]. To
date, it remains an open question whether neutrinos could be Majorana fermions [47].
It has been proposed that the properties of Majorana fermions could emerge in certain

quasiparticles within the �eld of condensed matter physics, such as those found in
topological superconductors [48]. In this context, Majorana fermions are quasiparticles
localized at speci�c points or defects within a material. These quasiparticles are known
as Majorana bound states (MBSs) because they exhibit the property of self-conjugation,
meaning they are their own antiparticles. In simpler terms, MBSs behave like a
superposition of electron-like and hole-like excitations, re�ecting the unique property of
Majorana fermions where each particle is identical to its antiparticle. MBSs are unique
in that they have no electric charge and their energy is exactly zero or very close to zero.
This distinguishes them from other conventional quasiparticle excitations. Due to these
properties, MBSs are sometimes also referred to as Majorana zero modes.
Early proposals for solid-state systems hosting MBSs involve using the edge or

surface states of topological insulators that have been coupled to a superconductor
[49�53]. Subsequently, research on MBSs has been extended to various experimental
platforms. Some of the most promising platforms include heterostructures composed of
semiconductor nanowires with Rashba spin-orbit coupling, exposed to a magnetic �eld
and experiencing a superconducting proximity e�ect [54�67], chains of ferromagnetic
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atoms placed on top of a superconductor [68�84], topological insulator nanowires [85�87],
and planar Josephson junctions [88�92], among others. Fig. 5.1 presents schematic
sketches of these solid-state systems that have the potential to host MBSs.

(a) A junction consisting of a
superconductor (S) and a
quantum spin Hall insula-
tor (QSHI) in the sequence
S-QSHI-S [51].

(b) A (blue) nanowire on a (green)
superconducting substrate has
its spin-orbit-interaction vec-
tor, α, along the z-axis and a
magnetic �eld along the per-
pendicular x-axis [93].

(c) A chain of magnetic
nanoparticles with helical
spin alignment is placed on
a lead (Pb) superconducting
substrate [68].

(d) A �nite topological insulator (TI)
nanowire is proximity-coupled to a
bulk s-wave superconductor (SC) and
subjected to a longitudinal magnetic
�eld B [85].

(e) A Josephson junction in a Rashba
2D electron gas (2DEG) is formed by
coupling to two s-wave superconduc-
tors with phase di�erence ϕ, while
an in-plane magnetic �eld is applied
parallel to the interface [88].

Figure 5.1: Systems proposed for MBSs. (a) The junction enters the topological phase when
the periodicity ϕ is 4π. Panels (b), (c), and (d) show the paired MBSs at the ends
of nanowires. (e) The MBSs are denoted as γ, where the lead width WSC and the
junction length L are much larger than the separation W .

To understand MBSs at the ends of chains, we can introduce the Kitaev chain, a
well-known toy model described by Kitaev in 2001 [94]. This model involves spinless

60



Dirac fermions on a one-dimensional chain whose Hamiltonian is given by

Hkitaev = −µ
N∑

n=1

c†ncn +
N−1∑
n=1

(
−tc†ncn+1 +∆c†n+1c

†
n + h.c.

)
, (5.1)

where µ, t, ∆, and N represent the chemical potential, the nearest-neighbor hopping
amplitude, the order parameter, and the total number of sites, respectively. On each site,
the Majorana fermions γ can be introduced in terms of the Dirac fermions as follows.

cn =
1

2
(γn1 + iγn2)

c†n =
1

2
(γn1 − iγn2)

⇒

γn1 = c†n + cn

γn2 = i
(
c†n − cn

) (5.2)

Rewriting the Hamiltonian (5.1) in terms of the Majorana operators γ gives

Hkitaev = −µ
2

N∑
n=1

(iγn1γn2 + 1) +
i

2

N−1∑
n=1

[
(∆ + t) γn2γ(n+1)1 + (∆− t) γn1γ(n+1)2

]
.

(5.3)

We can explore certain limiting cases by choosing the parameters µ, ∆ and t. When
the superconducting gap is closed, and there is no hopping, i.e., ∆ = t = 0, the Kitaev
chain does not exhibit a bulk gap or MBSs at the ends. Instead, the Majorana fermions
on the same site are coupled in a manner where each site is described by a pairing of
the Majorana modes. This coupling is re�ected in the Hamiltonian, where the Majorana
fermions γn1 and γn2 on the same site interact, as shown in panel (a) of Fig. 5.2.

c†1 c†N

Figure 5.2: The Kitaev chain [94]. When ∆ = t = 0 in Eq. (5.1), the chain is in a trivial
phase with Majorana fermions coupled on the same site (Panel a). For ∆ = t > 0 and
µ = 0, it becomes topologically non-trivial, with Majorana fermions coupled between
neighboring sites (Panel b) [93].

61



Chapter 5 Introduction to non-Abelian braiding for topological quantum computing

However, a more interesting case arises when ∆ = t > 0 and µ = 0. In this scenario,
the Hamiltonian (5.3) simpli�es to

Hkitaev = it

N−1∑
n=1

γn2γ(n+1)1, (5.4)

where Majorana fermions at neighboring sites are coupled with strength t. As shown in
panel (b) of Fig. 5.2, the MBSs located at the two ends of the Kitaev chain, denoted
as γ11 and γN2, are zero-energy states. These MBSs commute with H in Eq. (5.4),
indicating that the system is in a topologically nontrivial phase, with one MBS at each
end of the chain.
From the perspective of the energy spectrum, the bulk energy spectrum indicates

that the bulk gap remains open in this case, which is characteristic of a topologically
nontrivial phase. To demonstrate this, we need to express the Hamiltonian (5.1) in
momentum space using the transformations cn = (1/

√
N)
∑

k ck exp (ikn) and δ(k−k′) =
(1/N)

∑
n exp [−i(k − k′)n].

Hkitaev =
∑
k

(−µ− 2t cos k) c†kck +∆
(
ckc−ke

−ik + c†−kc
†
ke

ik
)
. (5.5)

De�ning the Nambu spinor Ck = (c†k, c−k), allows us to rewrite this Hamiltonian in the
Bogoliubov-de Gennes (BdG) form as follows.

Hkitaev =
1

2

∑
k

C†
kHkitaev(k)Ck + constant, (5.6)

where Hkitaev(k) = (−µ− 2t cos k) τz +∆(τx cos k + τy sin k) , (5.7)

In this expression, τx,y,z are the Pauli matrices acting in the particle-hole subspace. The
energy spectrum of the Kitaev chain is given by E(k)2 = (µ+2t cos k)2 +∆2. As shown
in Fig. 5.3, the energy spectrum exhibits a closed gap when the pairing parameter is
equal to zero. In contrast, for any �nite pairing parameter, the energy spectrum is fully
gapped. These observations indicate a potential transition between topologically distinct
phases.
Compared to the Kitaev chain, which is a theoretical model, a more realistic platform

for engineering MBSs is the superconductor-semiconductor heterostructure [63�67]. As
illustrated in panel (b) of Fig. 5.1, this system comprises an s-wave superconductor
coupled to a semiconductor nanowire of length L, with Rashba spin-orbit coupling
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1
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Figure 5.3: Kitaev Chain Energy Spectrum. The energy spectrum, normalized by the
hopping amplitude t, is closed (indicated by the dashed line) when the gap parameter
∆ = 0, which suggests a phase transition or symmetry restoration in the system.

strength denoted by α. The Hamiltonian of the nanowire in this system is given by

HSemi−SC = HSemi +HSC, (5.8)

HSemi =

∫ L

0
dx ψ†

σ(x)

(
− ∂2x
2m

− µ− iασz∂x + Vxσx

)
σσ′

ψσ′(x), (5.9)

HSC = ∆ind

∫ L

0
dx
(
ψ†
↑(x)ψ

†
↓(x) + ψ↓(x)ψ↑(x)

)
, (5.10)

where µ, m and ∆ind denote the chemical potential, e�ective mass, and induced pairing
potential, respectively. The Zeeman splitting due to an external magnetic �eld applied
along the x-axis is represented by Vx = gSMµBB/2, where gSM represents the Landé
g-factor and µB denotes the Bohr magneton. In this context, σ denotes the spin index,
corresponding to the spin states of the electrons in the nanowire.

Assuming the system is translationally invariant, we can rewrite the Hamiltonian (5.8)
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in momentum space using ψσ(x) =
∫
dk ψσ(k) exp (ikx).

HSemi =

∫
dk ψ†

σ(k)

(
k2

2m
− µ+ αkσz + Vxσx

)
σσ′

ψσ′(k), (5.11)

HSC = ∆ind

∫
dk
(
ψ†
↑(k)ψ

†
↓(k) + ψ↓(k)ψ↑(k)

)
. (5.12)

Given the Nambu spinor Ψ†(k) = (ψ†
↑(k), ψ

†
↓(−k), ψ↑(k), ψ↓(−k))†, the Hamiltonian in

BdG form can be expressed as

HSemi−SC =
1

2

∫
dk Ψ†(k)HSemi−SC(k)Ψ(k) + constant, (5.13)

HSemi−SC =

(
k2

2m
− µ

)
τz + αkσz + Vxτz ⊗ σz +∆indτy ⊗ σy, (5.14)

where τx,y,z are the Pauli matrices acting in the particle-hole basis. The energy spectrum
can be computed from the BdG Hamiltonian as follows.

E2
±(k) =

(
k2

2m
− µ

)2

+
(
V 2
x + α2k2

)
+∆2

ind (5.15)

± 2

√(
k2

2m
− µ

)2

(V 2
x + α2k2) + V 2

x ∆
2
ind.

When the condition V 2
x = µ2 +∆2

ind is satis�ed, and for any �nite value of the induced
pairing parameter ∆ind with α > 0, the spectrum is always gapped except at a single
point where the gap closes at k = 0. This gap closing and reopening indicate a topological
phase transition from a trivial phase to a topologically nontrivial phase. To demonstrate
the emergence of MBSs at both ends of the wire, further steps include observing zero-
bias conductance peaks in tunneling experiments or calculating topological invariants.
However, this study does not delve into these aspects, as its primary focus is on non-
Abelian braiding protocols rather than the detection of MBSs in solid-state systems.
In physics, particularly in the context of quantum computing and anyonic systems,

braiding refers to the process of exchanging the positions of particles (or quasiparticles)
in a way that causes their quantum states to become intertwined or "braided". The
non-Abelian braiding transformation, which can be generalized as a nontrivial rotation
operation on quantum states, is essential in topological quantum computing [95�98],
where the paths formed by these braids encode information. When braiding involves
topological quasiparticles, the encoded information can be protected from noise and errors
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due to its topological nature. The non-Abelian braiding of topological quasiparticles rep-
resents an ideal theoretical approach and holds great promise for fault-tolerant quantum
computing. This complex exchange statistics was initially explored in the context of
two-dimensional p-wave superconductors, where vortices in the superconducting order
parameter are found to host MBSs [99�101]. In such systems, two MBSs span a
two-dimensional low-energy Hilbert space. A cyclic adiabatic transformation, commonly
known as "braiding", can act on these two MBSs, implementing a topologically nontrivial
unitary transformation within this ground-state subspace. Conventionally, braiding refers
to the adiabatic exchange of positions between two MBSs. However, as discussed in this
study, other adiabatic processes�such as those occurring within the dark states of a
dissipative open system�can also induce non-Abelian topological transformations.
In the experimental realizations, the braiding of MBSs at the ends of one-dimensional

systems [94] can be implemented using various techniques, such as T-junctions [102],
Y-junctions [103], holonomic entangling [104�107], or by altering superconducting �uxes
[99,108]. The schematic diagram [108] shown in Fig. 5.4 illustrates the braiding operation,
which is achieved in three steps: O31, O12 and O23. By toggling the Coulomb couplings
on and o�, the Majorana bound states, indicated by the green and yellow circles, are
switched at time t = 3T .

Figure 5.4: Braiding in the tri-junction [108]. The circles represent Majorana bound states,
with dashed lines indicating turned-on Coulomb couplings and solid lines indicating
turned-o� couplings. This braiding operation ends with the switching of the Majorana
bound states, marked in yellow and green, in real space.

In addition to the closed systems mentioned above, the study of MBSs has also been
extended to include open quantum systems [109�111]. Unlike closed systems, an open
quantum system interacts with a large external environment, where "large" refers to
the extensive number of degrees of freedom within this environment. The interaction
between the open system and the external bath can result in the transfer of energy,
information, and particles. In certain circumstances, dissipation in an open system can
facilitate the detection of MBSs [112�114]. Although most quantum states are prone to
decay due to damping, speci�c "dark states" [115] within the Hilbert space can resist
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this dissipation [116�118]. In such cases, damping can stabilize a subspace of dark states
that may harbor MBSs. This concept is fundamental to the proposed implementation of
a Kitaev chain [94] in dissipative cold-atom systems [110].
The framework of open quantum systems is generally more complex than that of

closed quantum systems, where evolution is governed by unitary processes. For open
quantum systems, several well-established theories exist, including the non-Hermitian
Hamiltonian, the Red�eld equation, and the Lindblad master equation [119�122]. In this
study, we utilize the Lindblad equation, as it provides a comprehensive and rigorous
framework when the Born-Markov approximation is applied. The Lindblad master
equation o�ers a detailed description of the time evolution of the density matrix for
an open quantum system while preserving its intrinsic properties. It e�ectively captures
both coherent evolution, driven by the system's Hamiltonian, and incoherent processes,
such as dissipation and decoherence, within a uni�ed framework. We will discuss these
details further in the upcoming chapter.

5.1 Majorana boxes

The focus of this study is on a reduced open system represented by qubits, with
the environment modeled as a bosonic bath. The Majorana qubit is illustrated by
the Majorana box, also known as the Cooper-pair box, which was �rst introduced in
Ref. [123]. This system shown in Fig. 5.5 consists of three topological superconductor
(TS) nanowires (colored blue), which couple to external leads or quantum dots (colored
pink). A �oating superconducting bridge (colored orange) connects two of these wires,
while the third wire functions as an interface arm, enabling the storage and readout of
information within the box using measurement-based implementations of Cli�ord gates.

Figure 5.5: The Majorana box qubit [123]. TS nanowires (blue) connected by a superconduct-
ing bridge (orange) form a �oating island hosting four Majorana fermions (crosses).
Gate electrodes (gray) control tunneling couplings through semiconductor regions
(green), with reference arms (R, light green) completing the interference loop.
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In this system, the TS wire is longer than the TS coherence length, which ensures that
all MBSs are in a zero-energy state and that their overlaps are negligible. The methods
for readout, initialization, and manipulation of the MBSs using quantum dots provide a
pathway for implementing single-qubit operations. This qubit design uses the topological
protection and non-local properties of MBSs in a network of parallel wires, which do not
rely on braiding for quantum gates. However, exploring braiding operations with the
Majorana box [124, 125] could unlock new types of quantum operations or enhance the
existing design.
Approximately three years later, Matthias Gau [126] demonstrated that a Majorana

box, treated as an open quantum system in a bosonic bath, can be stabilized to a
desired steady state by adjusting the tunneling couplings between MBSs and quantum
dots. Moreover, these steady states can be maintained as coherent states. Nevertheless,
it is not immediately evident whether a topological braiding implementation can be
achieved in this dissipative-driven Majorana box. This operation requires satisfying
two key conditions: the presence of multiple dark states with the same parity, and the
maintenance of topological order in the steady state during the braiding process. This
work aims to explore the potential of a tunneling system to meet these conditions and
contributes to the development of a topological braiding protocol within an open quantum
system that incorporates Majorana boxes. To ensure consistency within the literature,
the next chapter will revisit the dissipative-driven Majorana box in the context of open
systems, building on Gau's research [126,127].
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Chapter 6

The open quantum system employing the

Majorana architecture

An open system framework is used to study transport phenomena between the system
and its surrounding bath. The Hamiltonian for this setup includes at least the reduced
open system, the bath, and the interactions between them. Speci�cally, in the context of
braiding, the reduced system consists of the Majorana box and quantum dots, the bath
is a bosonic environment, and the interaction dynamics involve tunneling between the
quantum dots and the Majorana box, modulated by the bosonic bath.
The conceptual overview of the Majorana open system is sketched in Fig. 6.1, which

encompasses two quantum dots with di�erent energy levels, and one Majorana box.
A Majorana box harbors two Kitaev nanowires interfacing with a shared, �oating
superconductor. The compactness of this setup generates considerable charging energy
within the Majorana framework. Furthermore, each MBS is tunnel-coupled to one of
two quantum dots, QD1 and QD2. Electrons can be pumped between these dots by an
AC voltage. We consider the system to be immersed in an electromagnetic �eld that
primarily alters the tunneling amplitudes' phases between the quantum dots and the
MBSs.
In the interaction picture, the Hamiltonian of the open system sketched in Fig. 6.1 is

written as

H(t) = Hbox +HQD +Henv +Hdrive(t) +Htun. (6.1)

The Hamiltonian in Eq. (6.1) is composed of several parts: the Majorana box (Hbox), the
Hamiltonian for the quantum dots (HQD), the Hamiltonian for the bosonic environment
(Henv), the Hamiltonian for the time-dependent driving �eld between the quantum dots
(Hdrive(t)), and the Hamiltonian for tunneling between the quantum dots and MBSs
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SC

Majorana box

γ1 γ3

γ2 γ4

QD 2

λj,νe
−iβj,ν

QD 1

AC

Figure 6.1: Schematic of the Majorana Open System. Two nanowires (represented as blue
rectangles) are connected by a superconducting (SC) bridge (shown as an orange
rectangle). Each nanowire hosts four edge modes known as MBSs (MBSs), labeled as
γν . Together, these MBSs form a Majorana box (MB), denoted by a red rectangle.
These MBSs are tunnel-coupled to quantum dots QD1 and QD2, depicted by the
dashed lines, where λj,ν exp (−iβj,ν) denotes the complex tunneling parameter from

quantum dot d†j to MBS γν . An AC voltage is applied between the two quantum
dots, driving the system.

(Htun). In the schematic depicted in Figure 6.1, the tunnel coupling between the
quantum dot d†j and the MBS γν is denoted as λj,µ exp (−iβj,µ), with λj,µ representing
the amplitude and βj,µ representing the phase of the coupling.

In the following sections of this chapter, we initiate our discussion by constructing
the Majorana qubit within a Majorana box. Subsequently, we introduce suitable
approximations and assumptions regarding the Hamiltonian to facilitate the derivation
of the e�ective Hamiltonian. Using the Born-Markov approximation, we then proceed to
derive the Lindblad equation for the Majorana sector from the e�ective Hamiltonian.

6.1 Constructing the Majorana qubit in a Majorana box

Within the box, the four MBSs can be paired to form two Dirac fermions. The corre-
sponding Bogoliubov transformation that describes their relationship can be expressed
as

c1 =
1

2
(γ1 + iγ2) , c2 =

1

2
(γ3 + iγ4) , (6.2)
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where γ denotes the MBSs, and c represents the Dirac fermions. The corresponding
inverse transformations are presented below.

γ1 = c†1 + c1, γ2 = i
(
c†1 − c1

)
; (6.3)

γ3 = c†2 + c2, γ4 = i
(
c†2 − c2

)
. (6.4)

Since the Dirac fermions follow the anti-commutation relation
{
cm, c

†
n

}
= δm,n, it is

required that the Majorana operators satisfy the relation
{
γµ, γ

†
ν

}
= 2δµ,ν .

The total fermionic parity operator of the Majorana box is de�ned as

P = (−1)N1(−1)N2 = (1− 2N1) (1− 2N2) , (6.5)

where the fermionic number operator is Nm = c†mcm with possible eigenvalues: 0 and 1.
In terms of the Majorana operators, the parity operator can be written as

P =

[
1− 1

2
(γ1 − iγ2) (γ1 + iγ2)

] [
1− 1

2
(γ3 − iγ4) (γ3 + iγ4)

]
(6.6)

=

[
1− 1

2
(2 + 2iγ1γ2)

] [
1− 1

2
(2 + 2iγ3γ4)

]
(6.7)

= −γ1γ2γ3γ4. (6.8)

The conservation of parity implies that the parity operator P is, in fact, proportional to
the identity operator: P = ±1. Without loss of generality, within the odd parity sector
characterized by P = −1, the physical states are de�ned as

|−⟩ := |01⟩, |+⟩ := i|10⟩ = ic†1c2|01⟩, (6.9)

where |N1N2⟩ denotes the Fock states of the Dirac fermions, corresponding to the
occupation numbers N1 and N2. Consequently, within any speci�ed parity sector, the
physical Hilbert space, which is two-dimensional, is spanned by the Majorana fermions,
enabling the structure of a single qubit.
As shown in Figure 6.1, the entire Majorana box possesses a uniform charging energy

EC due to the superconducting bridge that connects the two nanowires. The edge states
of these nanowires are regarded as MBSs. We presume the nanowires are su�ciently
long to isolate the pairs of MBSs, ensuring that the hybridization energy, which decays
exponentially with the separation between distinct MBSs, is negligible. Thus, the
Hamiltonian of the box, in the Schrödinger picture, is written as

Hbox = EC (N −Ng)
2 , (6.10)
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where the operator N signi�es the total electron count within the box, and Ng represents
the e�ect of a back-gate voltage, enabling the adjustment of the charging energy and
thereby controlling the ground state of the box.

Under Coulomb blockade conditions, which imply that Ng is near integer values, the
charging energy enforces a well-de�ned ground-state value for N . For example, when
Ng = 1 (see Fig. 6.2), the ground states possess a fermion number ⟨N⟩ = 1, and this
condition is met for the two degenerate Majorana states characterized by odd parity. The
system remains con�ned to the ground state subspace under the condition that the energy
scale of any dynamics is less than both the charging energy EC and the superconducting
gap [126].

x x

-1 1 2 3
N

1

2

3

4

Hbox/EC

Figure 6.2: Ng = 1. This diagram illustrates the relationship between the energy of the charging
box and the number of particles occupying the box, when Ng = 1.

In the odd parity sector, the qubit states are de�ned by Eq. (6.9). The action of the
products of Majorana operators on these states can be expressed in terms of the Pauli
matrices. For example, the products of the Majorana operators, as de�ned by their
expressions in Eqs. (6.3) and (6.4), can be identi�ed.

iγ1γ3 = i
(
c†1c

†
2 + c†1c2 + c1c

†
2 + c1c2

)
, (6.11)

iγ2γ3 = −
(
c†1c

†
2 + c†1c2 − c1c

†
2 − c1c2

)
, (6.12)

iγ1γ2 = −
(
c†1c

†
1 − c†1c1 + c1c

†
1 − c1c1

)
. (6.13)

Applying the product, iγ1γ3 in Eq. (6.11), to the basis of states {|−⟩, |+⟩}, as de�ned in
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Eq. (6.9), results in

iγ1γ3|−⟩ = ic†1c2|01⟩ = ic†1c2c
†
2|00⟩ = i|10⟩ = |+⟩, (6.14)

iγ1γ3|+⟩ = −c1c†2|10⟩ = −c1c†2c
†
1|00⟩ = |01⟩ = |−⟩. (6.15)

Equivalently, the product of Majorana operators, iγ1γ3, can be identi�ed as the Pauli
matrix χx when considered within the basis {|−⟩, |+⟩}.
Similarly, the products of Majorana operators, as given in Eqs. (6.12) and (6.13), when

applied to the qubit states, yield

iγ2γ3|−⟩ = −c†1c2|01⟩ = −|10⟩ = i|+⟩, (6.16)

iγ2γ3|+⟩ = ic1c
†
2|10⟩ = −i|01⟩ = −i|−⟩; (6.17)

iγ1γ2|−⟩ = −c1c†1|01⟩ = −|01⟩ = −|−⟩, (6.18)

iγ1γ2|+⟩ = ic†1c1|10⟩ = i|10⟩ = |+⟩. (6.19)

Thus, the bilinear forms constructed from Majorana operators correspond to the Pauli
matrices when represented in the odd-parity state manifold [123,128,129].

iγ1γ3 = χx, iγ2γ3 = χy, iγ1γ2 = χz. (6.20)

For the even parity sector, when N = 0 or 2, the results will be analogous.

6.2 Some approximations

In the preceding section, we examined the Hamiltonian of the Majorana box and the
Majorana operators within the odd parity sector, assuming a su�ciently high charging
energy to con�ne the system to the odd-parity ground state manifold. Building on
this foundation, we now turn to an analysis of the remaining contributions to the
system's Hamiltonian as presented in Eq. (6.1). Through the application of suitable
approximations, we simplify the system's model, allowing for a more tractable analysis
and leading to the derivation of the e�ective Hamiltonian.
In the schematic depicted in Figure 6.1, the MBSs are coupled to two quantum dots.

The Hamiltonian governing the quantum dots is given by

HQD =
∑
j=1,2

ϵjd
†
jdj , (6.21)
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Chapter 6 The open quantum system employing the Majorana architecture

where dj is the fermionic annihilation operator, and each quantum dot is described by
a single fermionic level ϵj . The bath Hamiltonian is modeled as a collection of bosonic
harmonic oscillators, representing the environment's degrees of freedom.

Henv =
∑
m

Emb
†
mbm, (6.22)

where bm denotes the bosonic annihilation operator with the corresponding bosonic
energy given by Em. In practice, the bath energies Em are signi�cantly reduced above a
certain cuto� frequency ωc, indicating that higher energy modes of the bath have minimal
impact on the system.
Next, we discuss the transport between two quantum dots as described by the driving

and tunneling Hamiltonians within the comprehensive total Hamiltonian (6.1). The
driving Hamiltonian encompasses the transfer of electrons between the two quantum
dots through an AC �eld with amplitude A and frequency ω0.

Hdrive = 2A cos(ω0t)d
†
1d2 + h.c.. (6.23)

The tunneling between quantum dot j and MBS ν is described by the Hamiltonian
presented below.

Htun = t0e
−iϕ̂
∑
jv

eiδjλj,νe
−iβj,νd†jγν + h.c., (6.24)

where t0 is the overall scale of tunnel couplings between quantum dots and MBSs, and
the phase operator ϕ̂ obeys the commutator relation

[
ϕ̂, N

]
= −i, capturing the change

in electron number within the Majorana box due to tunneling e�ects. Furthermore, the
tunable tunnel amplitudes between the quantum dot electron dj and Majorana fermions
γν are complex, characterized by real amplitudes λj,ν and phases βj,ν within the interval
[0, π). Given that the total electron number is conserved, we consider that each of the
two quantum dots contains, on average, a single electron to facilitate electron tunneling
between them. δj represents the electromagnetic �uctuations that, in turn, a�ect the
phases of the tunneling amplitudes between quantum dot j and the MBSs,

δj =
∑
m

gjm

(
bm + b†m

)
, (6.25)

with real-valued constants gjm.
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6.2.1 Rotating-wave approximation

The rotating-wave approximation (RWA) is suitably employed when the frequency is near
the resonant frequency, allowing for the neglect of oscillations that are signi�cantly faster
than the resonant frequency. We commence our analysis with the driving Hamiltonian
in the interaction picture, which is given by the following expression.

Hdrive(t) = 2A cos(ω0t)e
iω12td†1d2 + 2A cos(ω0t)e

−iω12td†2d1 (6.26)

= 2A cos(ω0t)
(
eiω12tτ+ + e−iω12tτ−

)
, (6.27)

where the Pauli matrix τ is the raising and lowering operators of two quantum-dot levels
whose energy di�erence is ω12 = ϵ1 − ϵ2.
When the AC frequency approaches the resonant frequency, the driving Hamiltonian

simpli�es to the following form.

Hdrive(t) = A
(
eiω12t + e−iω12t

) (
eiω12tτ+ + e−iω12tτ−

)
(6.28)

= A
(
τ+ + τ− + e2iω12tτ+ + e−2iω12tτ−

)
. (6.29)

We neglect the terms oscillating at ±2ω12 because they average out over time. The
average value of the rapidly oscillating term over a long period is

1

t

∫ t

0
ds e±2iω12s =

e±2iω12t − 1

±2iω12t
. (6.30)

Since the exponential exp (±2iω12t) bounces between complex numbers with unit mag-
nitude, the numerator remains bounded, with a maximum value of 2. In contrast,
the denominator lacks such a bound. Consequently, the average value of the rapidly
oscillating term over a long period is e�ectively zero, and we approximate the driving
Hamiltonian as follows.

Hdrive ≈ A (τ+ + τ−) . (6.31)

By disregarding the rapid oscillations, the RWA eliminates the explicit time dependence
from the driving Hamiltonian in the interaction picture.

6.2.2 Schrie�er-Wol� transformation

The Schrie�er-Wol� (SW) transformation is a type of perturbation theory approach. In
general, the Hamiltonian is composed of an unperturbed Hamiltonian H0 and a small
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Chapter 6 The open quantum system employing the Majorana architecture

perturbation H1. By selecting an anti-hermitian generator S such that H1+[S,H0] = 0,
the SW transformation yields a transformed Hamiltonian H ′ as

H ′ = eS (H0 +H1) e
−S (6.32)

= H0 +H1 + [S,H0] + [S,H1] +
1

2
[S, [S,H0]] +

1

2
[S, [S,H1]] + . . . (6.33)

= H0 +
1

2
[S,H1] +

1

6
[S, [S,H1]] + . . . (6.34)

H ′ = H0 +
∑
n

(
1

n!
− 1

(n+ 1)!

)
[S, [S, . . . [S︸ ︷︷ ︸

n

, H1] . . . ]] . (6.35)

Because the operator S is of the order of the perturbation amplitude, a second-order
perturbative approximation will yield an e�ective Hamiltonian as

H ′ ≈H0 +
1

2
[S,H1] . (6.36)

To determine the new perturbation represented by the second term in Eq. (6.36),
one may initially diagonalize the unperturbed Hamiltonian, so that the de�nition of the
generator S can be expressed as follows.

(H1)mn =
∑
l

[(H0)ml Sln − Sml (H0)ln] =
∑
l

[
ϵ′mlδm,lSln − Smlϵ

′
lnδln

]
(6.37)

⇒ Smn =
(H1)mn

ϵ′mm − ϵ′nn
, (6.38)

where ϵ′mm and ϵ′nn denote the diagonal elements of the diagonalized unperturbed
Hamiltonian H0. Thus, the perturbed Hamiltonian in Eq. (6.36) can be expressed as

1

2
[S,H1]mn =

1

2

∑
l

[Sml (H1)ln − (H1)ml Sln] (6.39)

=
1

2

∑
l

(H1)ml (H1)ln

(
1

ϵ′mm − ϵ′ll
+

1

ϵ′nn − ϵ′ll

)
. (6.40)

In the scenario of the open system depicted in Figure 6.1, we regard the tunneling
Hamiltonian presented in Equation (6.24) as the perturbation, attributable to the minor
energy scale of the tunnel couplings between quantum dots and MBSs, denoted by t0.
The Hamiltonian of both the box and the environment has already been diagonalized.
Within the Hamiltonian HQD+Hdrive, the quantum-dot sector can be expressed in terms
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6.2 Some approximations

of a non-interacting quantum gas Hamiltonian following its diagonalization. Therefore,
the unperturbed contribution is given by H0 = Hbox + HQD + Henv + Hdrive, with its
diagonalized form being as follows.

H0 = EC (N −Ng)
2 +

2∑
j,k=1

ϵjkd
†
jdk +

∑
m

Emb
†
mbm (6.41)

= EC (N −Ng)
2 +

4∑
j′=1

ηj′c
†
j′cj′ +

∑
m

Emb
†
mbm, (6.42)

where ϵjk takes the value of the quantum dot energy level ϵj when j = k, and the value
of the AC amplitude A when j ̸= k, and the Bogoliubov transformation between the
fermionic operators dj and cj is

d1
d†1
d†2
d2

 = U0


c1
c2
c3
c4

 , (6.43)

where U0 =


0 η+−2ϵ2√

(η+−2ϵ2)2+4A2

2A√
(η+−2ϵ2)2+4A2

0

η−−2ϵ2√
(η+−2ϵ1)2+4A2

0 0 2A√
(η+−2ϵ1)2+4A2

0 η−−2ϵ2√
(η+−2ϵ1)2+4A2

2A√
(η+−2ϵ1)2+4A2

0

η+−2ϵ2√
(η+−2ϵ2)2+4A2

0 0 2A√
(η+−2ϵ2)2+4A2

 .

(6.44)

Besides, the eigenvalues corresponding to the quantum dots subspace are

η1 = −η+, η2 = η−, η3 = −η−, η4 = η+, (6.45)

where η± = (ϵ1+ϵ2±
√

4A2 + (ϵ1 − ϵ2)2)/2. Consequently, the diagonal elements within
the unperturbed Hamiltonian comprise the charging energy EC , the eigenvalues η1, . . . , η4
and the bosonic energy Em.
By applying Eq. (6.40), one can derive the second-order perturbation following the

diagonalization of the unperturbed Hamiltonian.(
H

(2)
tun

)
mn

=
1

2

∑
l

(Htun)ml (Htun)ln

(
1

ϵ′mm − ϵ′ll
+

1

ϵ′nn − ϵ′ll

)
, (6.46)
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where ϵ′mm ∈ {EC , η1, . . . , η4, Em}. In Sec. 6.1, we have assumed that the charging
energy is greater than the energy scale associated with all other dynamics within the
open system, i.e.: EC ≫ max(η1, . . . , η4, Em). This assumption allows us to approximate
the second-order term (6.46) as detailed below.(

H
(2)
tun

)
mn

≈ 1

EC

∑
l

(Htun)ml (Htun)ln (6.47)

⇒ Hcot ≈ H
(2)
tun =

1

EC
HtunHtun. (6.48)

Employing the expression of the tunneling Hamiltonian from Eq. (6.24), the cotunneling
Hamiltonian is formulated as follows.

Hcot(t) =
t20
EC

2∑
j,k=1

∑
ν ̸=µ

ei(δj−δk)λj,νλk,µe
i(βj,ν−βk,µ)γνγµd

†
j(t)dk(t) + h.c.

= g0

2∑
j,k=1

ei(δj−δk)Wjk

(
2d†j(t)dk(t)− δj,k

)
, (6.49)

where Majorana operators are denoted with subscripts ν, µ ∈ {1, . . . , 4}, and the energy
scale g0 = t20/EC , and the operator Wjk characterizes the transport within the Majorana
sector as detailed below.

Wjk =
∑
ν ̸=µ

(
λj,νλk,µe

i(βj,ν−βk,µ) − λj,µλk,νe
i(βj,µ−βk,ν)

)
γνγµ. (6.50)

Although the operator Wjk is non-Hermitian when j ̸= k, the cotunneling Hamiltonian
presented in Eq. (6.49) maintains Hermiticity because W †

jk =Wkj .
When considering an even occupation number in quantum dots (NQD = 0 or

2), the occupation number is conserved at all times, which gives the cotunneling
Hamiltonian (6.49) as

H
NQD=0,2

cot = g0 (NQD − 1)
2∑

j=1

Wjj . (6.51)

In this scenario, the cotunneling process does not result in dissipation. Thus, we focus
on the case of an odd occupation number in quantum dots, speci�cally NQD = 1, which
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6.2 Some approximations

leads to

H
NQD=1

cot = 2g0

2∑
j,k=1

Wjkd
†
jdk (6.52)

H
NQD=1

cot = 2g0

(
ei(ϵ1−ϵ2)tei(δ1−δ2)W12τ+ + e−i(ϵ1−ϵ2)tei(δ2−δ1)W21τ−

)
(6.53)

+ g0 (W11 +W22) τz,

where the quantum-dot Pauli matrices are τ+ = d†1d2 and τz = d†1d1 − d†2d2. For the odd
occupation number in quantum dots, the cotunneling process, speci�cally the �rst term
in Eq. (6.53), induces dissipation. Hereafter, the subsequent analysis will be restricted
to scenarios involving odd occupation numbers in quantum dots.
Consequently, we obtain the e�ective Hamiltonian in the interaction picture, derived

from Eq. (6.36), as follows.

Heff(t) = HQD +Hdrive︸ ︷︷ ︸
Hs

+Henv +Hcot(t), (6.54)

where we exclude the box Hamiltonian, as it simpli�es to an inconsequential constant
energy shift that does not a�ect the dynamics of the system.
In this section, we analyze the Hamiltonian of the Majorana open system sketched

in Fig. 6.1. Drawing on references [123, 126], we adopt the low-energy approximation,
which posits that the charging energy EC and the superconducting gap ∆ dominate
over other energy scales. Speci�cally, this condition is expressed as min(EC ,∆) ≫
max(ϵj , t0,A, Em, T, ω0, . . .), where T represents the thermal energy. The substantial
charging energy gives rise to the Coulomb blockade within the Majorana box. By
adjusting the back-gate voltage Ng, the box can be trapped in the ground state subspace.
Utilizing the RWA and the SW transformation, we derive the e�ective low-energy
Hamiltonian presented in Eq. (6.54), taking into account the odd occupation number
in quantum dots. In Table 6.1, we present a summary of the conditions under which the
applied approximations are valid, as well as their in�uences on the Hamiltonian.
In experiments, a Majorana box can be realized using a superconductor-semiconductor

heterostructure. One example of such a heterostructure is InSb/NbTiN, which operates
e�ectively at temperatures below 15 K. In this Majorana box, both the charging energy
and the maximum superconducting gap are approximately 1meV when the InSb nanowire
is several micrometers long and has a diameter on the order of tens of nanometers [63]. In
the low-energy limit, where the energy scales are much lower than 1 meV except for the
charging energy and the superconducting gap, the following approximations can be used.
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Approximation Constraint Impact

Low-energy
approximation

min(EC ,∆) is greater than
max(ϵj , t0,A, Em, T, ω0, . . .).

The Majorana box is con�ned to the
ground state subspace, and the second-
order term in the Schrie�er-Wol� trans-
formation approximates to Eq. (6.48).

Rotating wave
approximation

ω0 ≈ |ϵ1 − ϵ2|.
The driving Hamiltonian can be ap-
proximated to Eq. (6.31) which is time-
independent.

Schrie�er-
Wol�
transformation

The coupling strength be-
tween quantum dots and
MBSs, t0 or g0, is considered
to be small.

The perturbation can be written as the
cotunneling Hamiltonian in Eq. (6.49).

Odd quantum-
dot occupation
number

Nd = 1.
The cotunneling Hamiltonian can be
simpli�ed to Eq. (6.53).

Table 6.1: Approximations for the e�ective Hamiltonian. The table provides a compre-
hensive list of the approximations applied, along with their respective impacts on the
Hamiltonian. Following these approximations, we derive the e�ective Hamiltonian
and its associated perturbation, namely the cotunneling Hamiltonian.

For weak driving of the system with amplitude A < g0, the RWA is valid, provided that
T < ω0. Additionally, the Born-Markov approximation, which is necessary for deriving
the Lindblad equation, is justi�ed when g0 < T for weak couplings.
In the subsequent section, we will focus on a single box within the open system, as

depicted in Figure 6.1. Starting from the e�ective Hamiltonian presented in Eq. (6.54),
we will show an analysis that leads to the formulation of the Lindblad form master
equation. This equation maps the system from its initial states to the steady states, all
the while preserving the fundamental properties of the density matrix.

6.3 From the Von Neumann equation to the Lindblad equation

The density matrix operator, a fundamental concept in quantum mechanics, represents
a quantum state as a convex combination of the outer products of the constituent states
within the ensemble, each weighted by their respective probabilities. For instance, an
observable operator for a physical quantity xn, in the Schrödinger picture, gives

X|ψn⟩ = xn|ψn⟩, with |ψ⟩ =
∑
n

an|ψn⟩. (6.55)
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6.3 From the Von Neumann equation to the Lindblad equation

Accordingly, the expectation value of X is given by

⟨X⟩ =
∑
n

|an|2xn. (6.56)

The density matrix in this case is de�ned as

ρ = |ψ⟩⟨ψ| =
∑
n,m

ana
∗
m|ψn⟩⟨ψm|. (6.57)

Given that the state function is normalized, the sum of the moduli squared of its
expansion coe�cients an must satisfy

∑
n ana

∗
n = 1. This normalization condition is

equivalent to the requirement that the trace of the density matrix, which is constructed
from these state functions, must equal unity, ensuring the total probability is conserved.
Thus, the expectation value of X is given by the trace of the product of the density
matrix ρ and the corresponding observable operator X, expressed mathematically as

Tr (ρX) =
∑

n′,n,m

⟨ψn′ |ana∗m|ψn⟩⟨ψm|X|ψn′⟩ =
∑

n′,n,m

ana
∗
mxn′δn,n′δm,n′ (6.58)

⇒ Tr (ρX) =
∑
n

|an|2xn = ⟨X⟩. (6.59)

This procedure provides a measure of the average outcome when the observable is
measured on the quantum system described by the density matrix ρ. Moreover, the
general form of the density matrix, as presented in Eq. (6.57), embodies two fundamental
characteristics: it is Hermitian and it has a trace equal to one.
In general, the time evolution in the density matrix can be derived from the time-

dependent Schrödinger equation, id|ψ⟩/dt = H(t)|ψ⟩.

d

dt
ρ(t) =

(
d

dt
|ψ⟩
)
⟨ψ|+ |ψ⟩

(
d

dt
⟨ψ|
)

= −iH(t)|ψ⟩⟨ψ|+ i|ψ⟩⟨ψ|H(t) (6.60)

⇒ d

dt
ρ(t) = −i [H(t), ρ(t)] . (6.61)

Eq. (6.61) is recognized as the von Neumann or Liouville-von Neumann equation. Now,
we consider the scenario where an open system is coupled to a bath, with their respective
density matrices denoted as ρs and ρenv. At the initial time (t = 0), the reduced open
system and the bath are taken to be uncorrelated.

ρtot(t) = ρs(t)⊗ ρenv(t) + ρcorr(t), with ρcorr(0) = 0, (6.62)
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where ρcorr is not a quantum state but represents the correlation matrix.
The Hamiltonian for the entire system is expressed as the sum of three components:

the open system Hamiltonian Hs, the bath Henv, and the interaction between them Hint.
The interaction picture von Neumann equation (see Appendix F) for the reduced density
matrix is formulated by taking the partial trace over the degrees of freedom of the bath.

d

dt
ρs(t) = −iTrenv [Hint(t), ρtot(t)] (6.63)

By integrating both sides of the von Neumann equation (6.63) over time, we derive
the following expression for the evolved density matrix.

ρs(t) = ρs(0)− i

∫ t

0
ds Trenv [Hint(s), ρtot(s)] , (6.64)

Substituting this expression back into the von Neumann equation yields

d

dt
ρs(t) = −

∫ t

0
ds Trenv [Hint(t), [Hint(s), ρtot(s)]] , (6.65)

where we assume the initial reduced density matrix gives Trenv [Hint(t), ρtot(0)] = 0. In
the subsequent subsection, we will discuss the necessity of employing the Born-Markov
approximation within the framework of dynamical maps, followed by an approximation
of Eq. (6.65) to the Red�eld equation.

6.3.1 The Born-Markov approximation

Considering the linearity of the Schrödinger equation, the time evolution of the state
function is given by

i
d

dt
|ψ(t)⟩ = H(t)|ψ(t)⟩, (6.66)

⇒ |ψ(t)⟩ = U(t, 0)|ψ(0)⟩, where U(t, 0) = T e−i
∫ t
0 ds H(s), (6.67)

where T represents the chronological time-ordering operator, which arranges products
of time-dependent operators in increasing order of their time arguments, from 0 to t.
Therefore, the time evolution of the reduced density matrix for the open system can be
described by the following equation.

ρs(t) = Trenv

(
U(t, 0)ρtot(0)U

†(t, 0)
)

(6.68)

⇒ ρs(t) = Trenv

[
U(t, 0) (ρs(0)⊗ ρenv(0) + ρcorr(0))U

†(t, 0)
]
. (6.69)
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The overall evolution of the system cannot be factorized into the evolutions of the
individual quantum subsystems, U(t, 0) ̸= Us(t, 0) ⊗ Uenv(t, 0), due to the exchange of
information between the subsystems, which indicates their mutual interaction.
Without loss of generality, we denote the density matrices of the subsystems at the

initial time t = 0 as convex combinations of pure initial states.

ρs(0) =
∑
n

an|ψos
n ⟩⟨ψos

n |, ρenv(0) =
∑
m

bm|ψenv
m ⟩⟨ψenv

m |. (6.70)

Subsequently, the reduced density matrix in Eq. (6.69) can be expressed as

ρs(t) =
∑
m,m′

Um′m(t, 0)ρs(0)U†
m′m(t, 0) + δρ(t, 0) ≡ E(t,0)ρs(0), (6.71)

where the operator Um′m(t, 0) =
√
bm⟨ψenv

m′ |U(t, 0)|ψenv
m ⟩ encapsulates the global unitary

evolution, depending solely on the initial state of the bath. Besides, the correlation term
yields δρ(t, 0) = Trenv

(
U(t, 0)ρcorr(0)U

†(t, 0)
)
, and Et,0 denote a dynamical map on the

open system from time 0 to t.
Given the absence of correlations at the initial time, that is, ρcorr(0) = 0, the dynamical

map simpli�es to the following form, known as the universal dynamical map (UDM)
[130,131].

E(t,0)ρs(0) =
∑
m,m′

Um′m(t, 0)ρs(0)U†
m′m(t, 0), (6.72)

where
∑

m,m′ U†
m′m(t, 0)Um′m(t, 0) ≡ I is satis�ed, ensuring Tr(ρs) ≡ 1. This linear map,

a type of completely positive trace-preserving map (CPTPM), guarantees the retention
of the essential and intrinsic properties of the density matrix throughout the mapping
process.
Fig. 6.3 shows the time evolution in the reduced density matrix ρs as described by the

UDM. However, a constraint of the UDM is that it cannot be de�ned for an intermediate
time t = t1 when the subsystems exhibit correlations, i.e., ρcorr(t1) ̸= 0 in Fig. 6.3. This
results in the consequence that

E(0,t2) ̸= E(0,t1)E(t1,t2), where t1 < t2. (6.73)

To re-establish the composition law for the UDMs, one might consider a scenario in which
the correlation matrix decays rapidly over time, signifying that the system's evolution
is memoryless. Such an evolution is characterized as a Markovian evolution, and a
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ρs(0)⊗ ρenv(0) ρs(t)⊗ ρenv(t)

ρs(t)ρs(0)

U(t, 0)

E(t,0)

TrenvTrenv t
0 t1 t2

UDM

UDM

not UDM

Figure 6.3: Time evolution in the open system. [130, 131] The left diagram shows that a
dynamical map is a UDM (Universal Dynamical Map) only if it begins with a speci�c
initial condition, ρtot(t0) = ρs(t0)⊗ρenv(t0). The right graph demonstrates the overall
scenario illustrating the behavior of open quantum systems.

Markovian model is an adequate approximation when the in�uence of past states on the
current state of the system diminishes rapidly.
The Markov approximation can also be adapted when the open system is weakly

coupled to a considerably larger bath, implying the bath possesses a substantially greater
number of degrees of freedom and e�ectively maintains equilibrium, regardless of its
interactions with the open system. Furthermore, the weak coupling assumption implies
that the system's back-action on the environment is negligible, thereby justifying the use
of a perturbative approach. The scenario where weak couplings exist between the open
system and a large bath is collectively referred to as the Born-Markov approximation.
The approximation restores the composition law for UDMs, thereby preserving the
fundamental properties of the density matrix throughout the mapping process.
Mathematically, under weak coupling conditions, the total density matrix can be

represented as the tensor product of the subsystems' density matrices at all times, given
that the memoryless bath maintains equilibrium due to the minimal in�uence of the
system on the reservoir.

ρtot(t) ≈ ρs(t)⊗ ρevn. (6.74)

Thus, the time derivative of the density matrix in Eq. (6.65) is formulated as

d

dt
ρs(t) = −

∫ t

0
ds Trenv [Hint(t), [Hint(s), ρs(s)⊗ ρevn]] . (6.75)
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Furthermore, the Markov approximation gives the evolution in the open system is short
enough to justify the memoryless dynamics, and this leads to

d

dt
ρs(t) = −

∫ t

0
ds Trenv [Hint(t), [Hint(s), ρs(t)⊗ ρevn]] . (6.76)

This equation is also recognized as the Red�eld equation, which captures the dynamics
of the open system under the Born-Markov approximation.
To express the dynamics of the reduced system within the framework of a dynamical

semigroup, we can perform the substitution s → t − s in the integral of Eq. (6.76).
Since the Markov approximation asserts that the timescale over which the open system's
state experiences signi�cant changes is su�ciently longer than other relevant timescales,
we can extend the upper limit of the integral to in�nity. Consequently, we derive the
Markovian quantum master equation as presented below.

d

dt
ρs(t) = −

∫ ∞

0
ds Trenv [Hint(t), [Hint(t− s), ρs(t)⊗ ρevn]] . (6.77)

The Markovian quantum master equation ensures complete positivity and trace preserva-
tion of the density matrix, and the subsequent part of this section will proceed to derive
the Lindblad form master equation from this framework.

6.3.2 The Lindblad form master equation

In the open system with the Majorana architecture depicted in Fig. 6.1, the interaction
dynamics are involved within the cotunneling Hamiltonian (6.53). As mentioned in
Sec. 6.2.2, we have con�ned the system to an odd occupation number in the quantum
dots. Dissipation arises when an electron transfers between the quantum dots within the
framework of the cotunneling Hamiltonian, as described by Eq. (6.49).

V (t) = 2g0
∑
j ̸=k

eiδϵjktei(δj(t)−δk(t))Wjkd
†
jdk, for j, k ∈ {1, 2}, (6.78)

where the cotunneling energy scale is represented by g0 = t20/EC , and the energy
di�erence between the levels of two quantum dots is denoted by δϵjk = ϵj − ϵk. The
operatorWjk is de�ned in Eq. (6.50), and the electromagnetic �uctuations from the bath
are represented by δj , as given in Eq. (6.25).
In this open system, the Markovian quantum master equation, as formulated in
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Eq. (6.77), is expressed as follows

d

dt
ρs(t) = −

∫ ∞

0
ds Trenv [V (t), [V (t− s), ρs(t)⊗ ρevn]] (6.79)

= −
∫ ∞

0
ds Trenv [V (t)V (t− s)ρs(t)⊗ ρevn (6.80)

−V (t− s)ρs(t)⊗ ρevnV (t) + h.c.] .

Using the expression of V (t) as given in Eq. (6.78), the �rst term of the integrand in the
master equation is formulated as presented below.

V (t)V (t− s)ρs(t)⊗ ρevn = 4g20
∑
j ̸=k

∑
j′ ̸=k′

ei(δj(t)−δk(t))ei(δj′ (t−s)−δk′ (t−s)) (6.81)

× ei(δϵjk+δϵj′k′ )t−iδϵj′k′sWjkWj′k′d
†
jdkd

†
j′dk′ρs(t)⊗ ρevn.

Once again, the occupation number of the quantum dots is restricted to one, and the
tunneling processes at times t and t− s should be inverses of each other.

V (t)V (t− s)ρs(t)⊗ ρevn = 4g20
∑
j ̸=k

ei(δj(t)−δk(t))ei(δk(t−s)−δj(t−s)) (6.82)

× e−iδϵkjsWjkWkjd
†
jdkd

†
kdjρs(t)⊗ ρevn.

One can distinguish between the sectors of the bath and the open system, which comprises
quantum dots and the Majorana box. After performing the trace over the bath's degrees
of freedom and integrating over the time s, one identi�es the �rst term in the master
equation, as shown in Eq. (6.80), as∫ ∞

0
ds Trenv [V (t)V (t− s)ρs(t)⊗ ρevn] =

∑
j ̸=k

ΛkjAjkAkjρs(t), (6.83)

where Ajk = 2Wjkd
†
jdk, (6.84)

Λkj = g20

∫ ∞

0
ds e−iδϵkjsTrenv

[
ei(δj(t)−δk(t))ei(δk(t−s)−δj(t−s))ρevn

]
(6.85)

= g20

∫ ∞

0
ds e−iδϵkjseJenv(s).

Given that Wjk =W †
kj , as de�ned in Eq. (6.50), one �nds that the operator Ajk = A†

kj .
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The bath correlation function Jenv is de�ned as the product of the bath operators at
times t and t− s.

eJenv(t,s) = Trenv

[
ei(δj(t)−δk(t))ei(δk(t−s)−δj(t−s))ρenv

]
, (6.86)

eJenv(t,s) =
〈
ei(δj(t)−δk(t))ei(δk(t−s)−δj(t−s))

〉
env

. (6.87)

The equilibrium state of the bosonic bath is assumed to be the thermal state.

ρenv = Z−1
enve

−Henv/T , where Zenv = Trenv

(
e−Henv/T

)
. (6.88)

Boltzmann's constant kB is assumed to be unity. Because the bath remains in the
equilibrium state and is weakly coupled with the open system, it is justi�ed to assume a
time-homogeneous bath correlation function.〈

ei(δj(t)−δk(t))ei(δk(t−s)−δj(t−s))
〉
env

=
〈
ei(δj(s)−δk(s))ei(δk(0)−δj(0))

〉
env

(6.89)

⇒ eJenv(s) =
〈
ei(δj(s)−δk(s))ei(δk(0)−δj(0))

〉
env

. (6.90)

In Appendix G, the bath correlation function is derived with a cuto� frequency ωc, which
leads to an Ohmic bath when the frequency is below ωc.

Jenv(s) =

∫
dω

π

J (ω)

ω2
[coth (ω/2T ) (cos(ωs)− 1)− i sin(ωs)] , (6.91)

where the spectral density in Ohmic bath is J (ω) = αω exp (−ω/ωc), and α represents
a dimensionless coupling strength between the system and the bath.
We have derived the correlation function Jenv for a bosonic bath, which should

consistently appear in each term of the expanded quantum master equation as shown
in Eq. (6.80). From Appendix H, the second term of the quantum master equation has
been derived and is presented as follows.∫ ∞

0
ds Trenv [V (t)ρs(t)⊗ ρevnV (t− s)] =

∑
j ̸=k

ΛjkAjkρs(t)A
†
jk, (6.92)

where the operator Ajk and the complex scalar Λjk are respectively de�ned in Eqs. (6.84)
and (6.85). Therefore, the Markovian quantum master equation in Eq. (6.80) can be

87



Chapter 6 The open quantum system employing the Majorana architecture

written by Eqs. (6.83) and (6.92) and their Hermitian conjugation.

d

dt
ρs(t) = −

∑
j ̸=k

(
ΛjkA

†
jkAjkρs(t)− ΛjkAjkρs(t)A

†
jk + Λ∗

jkρs(t)A
†
jkAjk (6.93)

−Λ∗
jkAjkρs(t)A

†
jk

)
= −

∑
j ̸=k

(
Re {Λjk}

{
A†

jkAjk, ρs(t)
}
+ iIm {Λjk}

[
A†

jkAjk, ρs(t)
]

(6.94)

−2Re {Λjk}Ajkρs(t)A
†
jk

)
.

The complex scalar Λkj de�ned in Eq. (6.85) can be decomposed into its imaginary and
real parts.

Λjk =
1

2
Γ̃jk + ih̃jk (6.95)

Finally, we have arrived at the Lindblad form of the master equation, which is presented
as follows.

d

dt
ρs(t) = −

∑
j ̸=k

(
1

2
Γ̃jk

{
A†

jkAjk, ρs(t)
}
+ ih̃jk

[
A†

jkAjk, ρs(t)
]

(6.96)

−Γ̃jkAjkρs(t)A
†
jk

)
= −i [HLS, ρs(t)] +

∑
j ̸=k

Γ̃jk

(
Ajkρs(t)A

†
jk −

1

2

{
A†

jkAjk, ρs(t)
})

, (6.97)

where the Lamb shift Hamiltonian isHLS =
∑

j ̸=k h̃jkA
†
jkAjk. In the Schrödinger picture,

the Hamiltonian of the open system, Hs in Eq. (6.54), appears in the coherent dynamics.

d

dt
ρs(t) = −i

[
H ′

LS, ρs(t)
]
+
∑
j ̸=k

Γ̃jk

(
Ajkρs(t)A

†
jk −

1

2

{
A†

jkAjk, ρs(t)
})

, (6.98)

where H ′
LS = HQD +A(τ+ + τ−) +HLS.

In the Lindblad equation (6.98), the commutator term represents the coherent dynam-
ics of the system. It is expected to vanish at the steady state, characterized by ρs(t→ ∞),
where the system reaches equilibrium and no longer exhibits coherent evolution. The
second contribution within the Lindblad equation represents the dissipative dynamics,
with the transition rate denoted as Γ̃jk. This rate corresponds to the real part of the
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complex scalar Λjk (6.85), thereby encapsulating the rate of state transitions within the
system due to environmental interactions.
The process of quantum "jumping" or "collapsing" is encapsulated by the term

AjkρsA
†
jk in the Lindblad equation. Hence, the operator Ajk is aptly termed the "jump

operator". This term accounts for the system's transitions induced by interactions with
the environment, leading to a change in the system's state. The �nal anti-commutator
term in the Lindblad equation is responsible for the "smoothing out" of the density
matrix, re�ecting the averaging e�ects induced by the environment. This term helps
maintain the complete positivity and trace preservation of ρs, thereby ensuring that the
density matrix describes a valid quantum state. One can prove this by taking the trace
of the Lindblad equation (6.98), noting that the trace of the coherent dynamics is zero:

−iTros
[
H ′

LS, ρs(t)
]
= −i

[
Tros

(
H ′

LSρs(t)
)
− Tros

(
ρs(t)H

′
LS

)]
= 0. (6.99)

The traces of the "jump term" and the "decay terms" cancel each other out as follows.

∑
j ̸=k

Γ̃jk

[
Tros

(
Ajkρs(t)A

†
jk

)
− 1

2
Tros

(
A†

jkAjkρs(t)
)
− 1

2
Tros

(
ρs(t)A

†
jkAjk

)]
=
∑
j ̸=k

Γ̃jk

[
Tros

(
Ajkρs(t)A

†
jk

)
− Tros

(
Ajkρs(t)A

†
jk

)]
= 0. (6.100)

Thus, the trace of the reduced density matrix is preserved in the Lindblad map as
Tros(dρs/dt) ≡ 0.
The reduced density matrix, encompassing the Majorana box and the quantum dots,

is observed to become factorized on a timescale that is equivalent to the inverse of the
dissipative gap. This gap is associated with the reduced Lindbladian, which exclusively
governs the Majorana sector. Consequently, it is justi�ed to approximate the steady-state
density matrix, ρs(t→ ∞), as the tensor product ρM (t→ ∞)⊗ ρQD. Here ρM and ρQD

denote the reduced density matrices of the MBSs and quantum dots, respectively. Given
the constraint that the occupation number of the quantum dots is restricted to one, the
reduced density matrix ρQD is written as a 2× 2 density matrix.

ρQD =

(
1− p p⊥
p∗⊥ p

)
, (6.101)

where p is a real-valued probability (0 ≤ p ≤ 1) of observing an electron in the
occupied quantum dot 1, and p⊥ is the coherence between two quantum dots. The
driving amplitude A becomes apparent implicitly through its e�ect on the occupation

89



Chapter 6 The open quantum system employing the Majorana architecture

probabilities of the quantum dots, which is given by p = p(A). In the presence of
dephasing induced by the bath, it is reasonable to assume p⊥ to be zero.
After performing the trace over the quantum-dot subspace when the system has reached

a su�ciently long stabilization time [126], the Lindblad equation, which exclusively
governs the dynamics of the Majorana sector, is formulated as follows.

LρM(t) = −i
[
H ′

LS, ρs(t)
]
+
∑
j ̸=k

Γjk

(
KjkρM(t)K†

jk −
1

2

{
K†

jkKjk, ρM(t)
})

,

(6.102)

where the jump operators and their dissipative transition rates are respectively given by

Kjk =Wjk, (6.103)

Γ12 = pΓ̃12, Γ21 = (1− p)Γ̃21. (6.104)

We reiterate that the operator Wjk, which encodes the Majorana operators, is explicitly
de�ned in Eq. (6.50), and the transition rate Γ̃jk corresponds to the real part of Λjk (6.85).
The transition rate Γ̃jk is associated to the bath correction function Jenv (6.91). This

correlation function demonstrates the Kubo-Martin-Schwinger (KMS) symmetry, which
is detailed in Appendix (I). The KMS symmetry indicates a periodicity in imaginary
time, such that Jenv(−s − i/T ) = Jenv(s), when the bath is in detailed balance. By
substituting s = −s′ − i/T , the transition rate, which is the real part of Λjk, as given in
Eq. (6.85), transforms accordingly.

Γ̃jk = ReΛjk = g20Re

∫ ∞

0
ds′ eiδϵjks

′
e−δϵjk/T eJenv(−s′−i/T ) (6.105)

= e−δϵjk/T g20Re

∫ ∞

0
ds′ eiδϵjks

′
eJenv(−s′). (6.106)

Given that the energy di�erence between two quantum dots is de�ned as δϵjk = ϵj−ϵk =
−δϵkj , the KMS symmetry in the correlation function implies that the forward and
backward transition rates are exponentially related, with one being suppressed relative
to the other.

Γ̃jk = e−δϵjk/TRe2Λkj = e−δϵjk/T Γ̃kj . (6.107)

There are two quantum dots, QD1 and QD2, within the open system shown in Fig. 6.1.
We de�ne the energy levels of quantum dots such that ϵ2 > ϵ1, which results in the
following relationship between the transition rates.

Γ̃21 = e−δϵ21/T Γ̃12, δϵ21 > 0. (6.108)
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In the scenario where the temperature is su�ciently low, as outlined in the low-energy
approximation in Table 6.1, the transition rate Γ̃21, associated with the jump operator
A21 that represents the transport from QD1 to QD2, becomes negligible. Therefore,
dissipation described in the Lindblad equation (6.102) is solely contributed by the
transport from the high energy level ϵ2 to the low energy level ϵ1.

LρM(t) ≈ −i
[
HM

LS, ρs(t)
]
+ Γ12

(
K12ρM(t)K†

12 −
1

2

{
K†

12K12, ρM(t)
})

, (6.109)

where HM
LS =

∑
j ̸=k pj h̃jkK

†
jkKjk, and pj represents the occupation probability at the

quantum dot labeled by j.
When considering the overlap between adjacent MBSs, an additional term in the

Hamiltonian arises

Hoverlap =
∑
ν>µ

iϵνµγνγµ, (6.110)

, where ϵνµ denotes the hybridization energy between the MBSs γν and γµ. This term
a�ects the dynamics within the Majorana box and in�uences the unitary time evolution
described by the Lindblad equation. Typically, unitary time evolution in the Lindblad
equation causes the system state to oscillate around its steady states. Such oscillations
can be problematic for quantum gates because they introduce time-dependent phase
shifts that may interfere with subsequent braiding operations. However, if the braiding
process occurs on a timescale shorter than the oscillation timescale�determined by the
inverse of the hybridization energies�the e�ects of these oscillations on the open system
can be neglected. Given that this constraint is a well-established aspect of all braiding
protocols [132], we will gracefully omit a detailed discussion of it in this work.
To concentrate on the dissipative dynamics that drive the system towards its steady

state, we disregard the coherent dynamics described by the commutator term in the
Lindblad equation. This simpli�cation allows for a more direct analysis of the mechanisms
that lead to the establishment of equilibrium.

d

dt
ρs(t) ≈

∑
j ̸=k

Γ̃jk

(
Ajkρs(t)A

†
jk −

1

2

{
A†

jkAjk, ρs(t)
})

. (6.111)

To determine the steady state of the Majorana box qubit, one can equate the Lindblad
equation (6.109) to zero, signifying that the system has reached a state of equilibrium
where the rate of change of the density matrix is nulli�ed.

Lρs = Γ12

(
K12ρM(t)K†

12 −
1

2

{
K†

12K12, ρM(t)
})

= 0, (6.112)
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where the steady state of the Majorana box qubit is denoted as ρs = ρM(t → ∞). An
alternative approach to understanding the system's dissipation involves identifying the
dark state |ψn⟩ [111], which is de�ned as

Kjk|ψn⟩ = 0, ∀Kjk. (6.113)

Therefore, the Lindblad equation (6.109), when applied to the dark state, yields the
condition for equilibrium, expressed as L|ψn⟩⟨ψn| = 0. One can conclude that the dark
states represent the pure steady states of speci�c Liouville superoperators within the
quantum system. These states are particularly stable against the speci�c dissipative
processes described by the Liouville operators, contributing to the long-term equilibrium
con�guration of the quantum system. As a result, the steady state of the quantum system
is anticipated to be a superposition of dark states.

ρs =

(∑
n

an|ψn⟩

)
⊗ h.c., (6.114)

where the complex-valued parameters an are subject to the normalization condition∑
n |an|2 = 1 ensuring the trace preservation of ρs. This steady state (6.114) is distin-

guished by the inherent insensitivity of the dark states to the decoherence mechanisms
within the system, thereby guaranteeing their stability over time.
In this chapter, we have meticulously derived the Hamiltonian for an open system

employing a Majorana architecture, as illustrated in Fig. 6.1, following Ref. [126]. We
demonstrated the construction of a qubit within the Majorana box, leveraging the
su�ciently large charging energy. The Majorana bilinear has been adeptly expressed
using Pauli operators, as detailed in Eq. (6.20). By applying the approximations detailed
in Table 6.1, we have derived the e�ective Hamiltonian in the interaction picture, as
shown in Eq. (6.54). This Hamiltonian, which incorporates the interaction between
the bath and the Majorana box, speci�cally involves the cotunneling term described in
Eq. (6.53).
The e�ective Hamiltonian serves as the starting point for deriving the Lindblad form

master equation from the von Neumann equation (6.61), which describes the time
evolution of the density matrix. The density matrix, as de�ned by Eq. (6.57), represents
the statistical state of an open quantum system. A valid density matrix is Hermitian
and has a trace of one. These properties are preserved in the Markovian quantum master
equation (6.77), which serves as a universal dynamic map within the framework of the
Born-Markov approximation. Utilizing the dissipative component of the cotunneling
Hamiltonian, represented as V (t) in Eq. (6.78), we derived the Lindblad equation (6.109)
exclusively for the Majorana sector, after tracing out the quantum dot part.
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As we proceed to the next chapter, we will focus on a single Majorana box, deriving its
steady state using a general methodology. We will then introduce a stabilization protocol
aimed at aligning the Majorana density matrix with the steady state, which exhibits
topological order. Subsequently, we will build the corresponding physical tunneling
system.
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Chapter 7

The dissipation in a single Majorana box

In the context of open quantum systems, braiding operations occur within the decoherence-
free subspace (DFS), also known as the dark space. This subspace is de�ned by the
manifold of dark states, as described in Eq. (6.113). Our analytical focus is directed
towards the steady state of the qubits. The robustness of this steady state arises from
the presence of topological order, which is a crucial attribute for realizing fault-tolerant
quantum computing paradigms.
To transition the system's state to the steady state, we use the Lindblad equation

derived in the previous chapter. The Lindblad equation (6.109), which governs the
dissipative dynamics in the Majorana sector, features the jump operator Kjk de�ned in
(6.103). This operator depends on the tunneling amplitude between quantum dots and
MBSs, denoted as λj/nu. Consequently, the steady state of the Majorana box can be
controlled by adjusting these tunneling couplings.
This chapter primarily focuses on dissipation in the Majorana sector, described by the

Lindblad equation (6.109). We begin by analyzing the simple scenario where a single
Majorana box functions as the reduced open system, with its density matrix being 2×2.
Following the analysis presented in Ref. [110], we demonstrate the requirements for the
stabilization protocol that drives the Majorana box to steady states with topological
order.

7.1 A general formalism of the steady states

To keep the discussion in general, we consider an arbitrary 2 × 2 density matrix in the
Bloch form as follows.

ρ(t) =
1

2
(σ0 + n(t) · σ) , (7.1)
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with the Pauli vector σ = (σx, σy, σz) and the Bloch vector n = (nx, ny, nz) where
nx,y,z ∈ R. The jump operator Kjk, as speci�ed by Eq. (6.103), has a linear corre-
spondence with the Majorana bilinear. Drawing from the representation provided in
Eq. (6.20), where the Majorana bilinear is expressed in terms of Pauli operators, it
becomes feasible to construct an arbitrary form of the 2× 2 jump operator as follows.

K = K12 =
∑
ν ̸=µ

(
λ1,νλ2,µe

i(β1,ν−β2,µ) − λ1,µλ2,νe
i(β1,µ−β2,ν)

)
γνγµ, (7.2)

⇒ K = k · σ, (7.3)

with the subscripts of MBSs ν, µ ∈ {1, . . . , 4} and a complex-valued vector k =
(kx exp (iϕx), ky exp (iϕy), kz exp (iϕz)) determined by the tunneling amplitudes λj,ν and
their respective tunneling phases βj,ν . As mentioned earlier, the jump operator does not
have to be Hermitian.
Given that the products of two Pauli matrices satisfy σaσb = δa,bσ0 + iϵabc σc, for the

Levi-Civita symbol ϵabc and a, b, c ∈ {x, y, z}, we can derive the following expression for
the product of two vectors for two arbitrary three-dimensional vectors v1 and v2.

(v1 · σ) (v2 · σ) = (v1 · v2)σ0 + iσ · (v1 × v2) (7.4)

By utilizing the generic expressions for the density matrix given in Eq. (7.1) and the jump
operator described in Eq. (7.3), we can express the "jump term" and "decay terms" within
the Lindblad equation using the vectors n, k and σ, which represent the Bloch vector,
the jump operator vector, and the Pauli vector, respectively (see Appendix J).

KρK† =
1

2

[(
|k|2 + i (k × n) · k∗)σ0 + σ · (ik × k∗ + (k · n)k∗ − k × n× k∗)

]
,

(7.5)

K†Kρ =
1

2

[(
|k|2 + i (k × n) · k∗)σ0 + σ ·

(
ik∗ × k + |k|2n− k∗ × k × n

)]
,

(7.6)

ρK†K =
1

2

[(
|k|2 + i (k × n) · k∗)σ0 + σ · (ik∗ × k + (n · k∗)k − n× k∗ × k)

]
.

(7.7)

Using the expressions for the "jump term" given in Eq. (7.5) and the "decay terms"
outlined in Eqs. (7.6)-(7.7), we observe that the identity terms within the Lindblad
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equation cancel each other out, and the remaining terms are

Lρ = Γ

(
KρK† − 1

2

{
K†K, ρ

})
(7.8)

=
Γ

2
σ ·
[
(2ik × k∗ + (k · n)k∗ − k × n× k∗) (7.9)

− 1

2

(
|k|2n− k∗ × k × n+ (n · k∗)k − n× k∗ × k

) ]
.

Because the triple cross product is given by (v1×v2)×v3 = (v1 ·v3)v2− (v2 ·v3)v1, the
Bloch representation of the Lindblad equation can be further simpli�ed.

Lρ =
Γ

2
σ ·
[
(2ik × k∗ + (k · n)k∗ − (k · k∗)n+ (n · k∗)k)− |k|2n

]
(7.10)

⇒ Lρ =
Γ

2
σ ·
[
2ik × k∗ + (k · n)k∗ + (n · k∗)k − 2|k|2n

]
. (7.11)

One can �nd that the Bloch form of the Liouvillian superoperator in Eq. (7.11) is
Hermitian as anticipated.
The steady state ρs is found by solving Lρs = 0 as shown in Eq. (6.112). By using

the Bloch form of the density matrix in Eq. (7.1) and the jump operator from Eq. (7.3)
in the Lindblad equation (7.11), one can determine the Bloch vector of the steady state,
denoted as ns, which can be expressed in terms of the tunneling parameters in the jump
operator.

Lρs =
Γ

2
σ ·
[
2ik × k∗ + (k · ns)k

∗ + (ns · k∗)k − 2|k|2ns

]
= 0 (7.12)

⇒ ns = −
(
2kykz sin(ϕy − ϕz)

k2x + k2y + k2z
,
2kxkz sin(ϕz − ϕx)

k2x + k2y + k2z
,
2kxky sin(ϕx − ϕy)

k2x + k2y + k2z

)
(7.13)

⇒ (ns)a = − 2

|k|
ϵabckbkc sin (ϕb − ϕc),

where the Levi-Civita symbol is denoted as ϵabc and a, b, c ∈ {x, y, z}.
Alternatively, one can calculate the steady-state Bloch vector using the ansatz ns ∝

k × k∗, which represents a vector normal to the complex plane spanned by the vector k
and its Hermitian conjugate k∗. For the steady-state Bloch vector, the right-hand side
of the Lindblad equation in Eq. (7.11) reduces to zero, indicating that the system has
reached equilibrium.

Lρs =
Γ

2
σ ·
[
2ik × k∗ − 2|k|2ns

]
= 0 ⇒ ns =

i

|k|2
(k × k∗) . (7.14)
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Since the cross product can be expressed as k × k∗ ≡ (k × k∗ − k∗ × k)/2, the Bloch
operator in the density matrix can be represented by the jump operator and its Hermitian
conjugate.

ns · σ =
1

2|k|2
[i (k × k∗) · σ − i (k∗ × k) · σ] (7.15)

⇒ ns · σ =
1

2|k|2
(
KK† −K†K

)
=

1

2|k|2
[
K,K†

]
, (7.16)

where we refer to the jump operator K, as expressed in Eq. (7.3). The steady state,
therefore, is written as

ρs =
1

2

(
σ0 +

1

2|k|2
[
K,K†

])
. (7.17)

The general expressions for the steady state in Eq. (7.17) and its corresponding Bloch
vector in Eq. (7.13) hold true under the condition that only a single transport channel is
active. Since the steady state is determined by the jump operator, and the steady-state
Bloch vector is determined by the vector k, it becomes feasible to engineer the steady
state by manipulating the tunneling parameters.

7.1.1 Pure states

A pure state is described by a density matrix that acts as a projection operator onto
a single quantum state vector. Mathematically, any pure state can be expressed as
ρpure = |ψ⟩⟨ψ|, where |ψ⟩ represents the state vector. To determine whether a density
matrix is pure, one can check if ρ = ρ2. If this equality holds, then the density matrix is
pure. Expressing this condition in the Bloch form as shown in Eq. (7.1), we derive

ρ2 = ρ (7.18)

⇒1

4
[σ0 + 2 (n · σ) + (n · σ) (n · σ)] = 1

2
(σ0 + n · σ) (7.19)

(n · σ) (n · σ) = σ0 (7.20)

|n|2σ0 + iσ · (n× n)︸ ︷︷ ︸
0

= σ0, (7.21)

which leads to the conclusion that the Bloch vector corresponding to pure states must
be a unit vector, denoted as |npure| ≡ 1.
A pure state contains complete information about a quantum system, signifying precise

knowledge that the system occupies a speci�c, well-de�ned quantum state. In contrast,
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7.1 A general formalism of the steady states

a mixed state indicates incomplete knowledge of the system. Mixed states arise when
the system's state is described by probabilities, re�ecting uncertainty about the exact
quantum state. Therefore, for braiding operations, it is crucial to ensure that the state of
the Majorana sector remains pure. The condition for the pure steady state requires that
its Bloch vector, given by Eq. (7.13), satis�es the following normalization constraint.(

2kykz sin(ϕy − ϕz)

k2x + k2y + k2z

)2

+

(
2kxkz sin(ϕz − ϕx)

k2x + k2y + k2z

)2

+

(
2kxky sin(ϕx − ϕy)

k2x + k2y + k2z

)2

= 1.

(7.22)

Solving this normalization constraint for ky, we �nd

k2y = −k2xe±2i(ϕy−ϕx) − k2ze
±2i(ϕy−ϕz). (7.23)

Since the tunneling amplitudes kx,y,z must be real, the di�erence of the phases ϕx,y,z is
restricted to discrete values. Speci�cally, the di�erence must each be an integer multiple
of π/2, i.e.: ϕy − ϕx = Nπ/2 and ϕy − ϕz = Nπ/2 when N is an integer number. Thus,
the normalization constraint provides the following possible solutions for a real-valued
amplitude ky.

k2y = k2x − k2z , ϕx − ϕy =
π

2
and ϕz − ϕy = π; (7.24)

k2y = −k2x + k2z , ϕx − ϕy = π and ϕz − ϕy =
π

2
; (7.25)

k2y = k2x + k2z , ϕx − ϕy =
π

2
and ϕz − ϕy =

π

2
. (7.26)

Clearly, the �rst possibility in Eq. (7.24) requires kx ≥ kz while the second possibility in
Eq. (7.25) requires kx ≤ kz.
Recall that our goal is to perform braiding in the dark space by adiabatically driving

the system within a continuous parameter space. However, the pure steady state only
provides discrete values for the di�erence of tunneling phases, leading to a collective
variation in the phases ϕx,y,z. Therefore, we need to drive the tunneling amplitudes
kx,y,z. Consequently, we choose the solution for ky from Eq. (7.26), as it imposes fewer
constraints on the amplitudes kx and kz. Additionally, we will represent the complex
tunneling parameters as follows.

kx,y,ze
iϕx,y,z , kx,y,z ∈ R and ϕx,y,z ∈ [0, π); (7.27)

λj,νe
−iβj,ν , λj,ν ∈ R and βj,ν ∈ [0, π). (7.28)
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Chapter 7 The dissipation in a single Majorana box

With this representation, the tunneling amplitude, kx,y,z and λj,ν , can now take on
negative values, allowing us to explore the parameter space of all real values for the
tunneling amplitudes.
To approach the solution in Eq. (7.26), the phases in the channels between the quantum

dots and MBSs must be chosen such that ϕx − ϕy = ϕz − ϕy = π/2. Thus, the
normalization condition of the Bloch vector implies k2y = k2x + k2z , and the corresponding
jump vector k and the steady-state Bloch vector ns in Eq. (7.13) are given by

ϕx − ϕy = π/2

ϕz − ϕy = π/2

k2y = k2x + k2z

⇒


k =

(
ikx, sgn(ky)

√
k2x + k2z ,−ikz

)
eiϕy ,

ns =

(
kz
ky
, 0,−kx

ky

)
.

(7.29)

One may notice that the vector k contains a free phase ϕy in the vector k, but this
phase does not a�ect the steady-state Bloch vector. One can also solve the normalization
condition given by Eq. (7.22) for other amplitudes such as kx and kz. The results obtained
from these calculations are comparable to those derived in Eq. (7.29). For example, when
solving the normalization constraints for kx, the remaining free phase is ϕx. Importantly,
the Bloch vector is una�ected by this free phase.

7.2 The steady state with topological order

To con�rm the presence of topological order in the density matrix, one can demonstrate
a non-zero winding number by examining the rotation of the Bloch vector on the Bloch
sphere [110]. This approach is analogous to identifying a topological phase in systems
such as topological superconductors, where the non-zero winding number in momentum
space acts as a topological invariant in the Bogoliubov-de Gennes (BdG) Hamiltonian.
As shown in Eq. (7.29), the Bloch vector of the pure steady state is a function of the

tunneling amplitudes kx and kz. Although adiabatically and time-periodically varying
the tunneling amplitudes results in rotating the unit Bloch vector around the Bloch
sphere in a closed loop (see Fig. 7.1), this process is still potentially topologically trivial.
This is because any loop on a 2D surface, such as the Bloch sphere, can be continuously
contracted to a point, indicating that the �rst homotopy group of S2 is trivial.
To preserve a non-trivial topology, we employ chiral symmetry to constrain the Bloch

operator within the density matrix, as expressed in Eq. (7.1).

Σ (n · σ) Σ = −n · σ ⇔ {Σ,n · σ} = 0, (7.30)

where Σ is the unitary symmetry operator, meaning that ΣΣ = I, where I denotes the
identity matrix. Translating this into the geometry of the Bloch sphere, we can express
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7.2 The steady state with topological order

the symmetry operator as

Σ = a · σ, where |a| = 1. (7.31)

The normalization condition for the real-valued vector a ensures the unitarity of the
symmetry operator, which requires ΣΣ = I. Thus, the constraint imposed by the chiral
symmetry, as illustrated in Eq. (7.30), provides

{a · σ,n · σ} = 0 (7.32)

(a · σ) (n · σ) + (n · σ) (a · σ) = 0 (7.33)

2 (a · n)σ0 + iσ · (a× n+ n× a)︸ ︷︷ ︸
0

= 0 (7.34)

⇒ a · n = 0. (7.35)

This condition should be enforced throughout the rotation (a · n(t) = 0 for all t),
indicating that the unit Bloch vector n(t) traces a path within a unit circle whose normal
vector is a (see Fig. 7.1).

Figure 7.1: Visualization of trajectories on the Bloch sphere. All the purple, red, and blue
vectors represent unit Bloch vectors. However, only the red Bloch vector is subject
to the chiral symmetry constraint described in Eq. (7.35). Consequently, the winding
number is de�ned as non-zero exclusively for the red Bloch vector.
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The invariant, expressed in terms of the Bloch operator, is given by [110]

W =
1

4πi

∫ tf

t0

dt Tr

[
Σ (n · σ) d

dt
(n · σ)

]
(7.36)

=
1

4πi

∫ tf

t0

dt Tr

[
(a · σ) (n · σ)

(
dn

dt
· σ
)]

(7.37)

=
1

4πi

∫ tf

t0

dt Tr

{
i

[
(a× n) · dn

dt

]
σ0 − σ ·

[
(a× n)× dn

dt

]}
. (7.38)

Since the trace of the Pauli vector σ = (σx, σy, σz) is a vector of zeros, the second term
in the integrand above vanishes, simplifying the expression to

W =
1

2π

∫ tf

t0

dt

(
n× dn

dt

)
· a (7.39)

W =
1

2π

∫ tf

t0

dt

(
ny
dnz
dt

− nz
dny
dt

, nz
dnx
dt

− nx
dnz
dt

, nx
dny
dt

− ny
dnx
dt

)
· a, (7.40)

where t0 and tf denote the time period in the parameter space. The integral in Eq. (7.40)
represents the solid angle subtended by the trajectory of the Bloch vector on the Bloch
sphere as it evolves over the time interval [t0, tf ].
The steady-state Bloch vector, described by Eq. (7.29), is a unit vector con�ned to the

σx − σz plane of the Bloch sphere. Rotating this Bloch vector within the σx − σz plane
gives us the winding number W as follows.

ns = (nx(kx, kz), 0, nz(kx, kz)) ⇒ W =
1

2π

∫ tf

t0

dt

(
nz
dnx
dt

− nx
dnz
dt

)
. (7.41)

Here, the integral limits are chosen such that the tunneling amplitudes kx and kz complete
a closed path in parameter space, speci�cally satisfying the time-periodic boundary
condition: kx,z(t0) = kx,z(tf ).
Applying the chain rule to the time derivative of the Bloch vector (7.29), we obtain

d

dt
na(kx(t), kz(t)) =

dkx
dt

∂na
∂kx

+
dkz
dt

∂na
∂kz

, where a ∈ {x, z}. (7.42)

⇒


d

dt
nx(kx(t), kz(t)) = −dkx

dt

kxkz

(k2x + k2z)
3
2

+
dkz
dt

k2x

(k2x + k2z)
3
2

d

dt
nz(kx(t), kz(t)) = −dkx

dt

k2z

(k2x + k2z)
3
2

+
dkz
dt

kxkz

(k2x + k2z)
3
2

(7.43)
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Inserting these expressions into Eq. (7.41), we �nd the winding number as follows.

W =
1

2π

∫ tf

t0

dt
1

k2x + k2z

(
kx
dkz
dt

− kz
dkx
dt

)
. (7.44)

The numerator and denominator of the integrand for the winding number in Eq. (7.44) are
analogous to the cross product and dot product, respectively, of the 2D vectors (kx, kz)
and their time derivatives(dkx/dt, dkz/dt). Therefore, we can exploit the properties of
complex numbers to unify these operations into a single calculation by taking the time
derivative of the logarithm of the complex number c = kx + ikz.

d

dt
ln c =

1

c

d

dt
c =

kx − ikz
|c|2

(
dkx
dt

+ i
dkz
dt

)
(7.45)

=
1

|c|2

[(
kx
dkx
dt

+ kz
dkz
dt

)
+ i

(
kx
dkz
dt

− kz
dkz
dt

)]
(7.46)

=
1

k2x + k2z

[
1

2

d

dt

(
k2x + k2z

)
+ i

(
kx
dkz
dt

− kz
dkz
dt

)]
(7.47)

⇒ 1

k2x + k2z

(
kx
dkz
dt

− kz
dkz
dt

)
= −i d

dt
(ln (c)− ln |c|) . (7.48)

To express the integrand in Eq. (7.44), we obtain

W =
−i
2π

∫ tf

t0

dt
d

dt
(ln (c)− ln |c|) (7.49)

Due to the time-periodic boundary condition, we can introduce the tunneling param-
eters using polar coordinates.

kx(t) = R cos θ(t), kz(t) = R sin θ(t), (7.50)

which can be equivalently transformed to the Bloch vector (7.29) with the components

nx(t) = sin θ(t), nz(t) = − cos θ(t). (7.51)

where R is a positive constant and θ(t) is a function of time. To satisfy the periodicity
in the parameter space (kx,z(t0) = kx,z(tf )), we de�ne θ(tf ) = θ(t0) + 2Nπ, where N
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denotes integer numbers. Substituting this in Eq. (7.49) results in

W =
−i
2π

∫ tf

t0

dt
d

dt
(ln [R (cos θ(t) + i sin θ(t))]− lnR) (7.52)

=
−i
2π

∫ tf

t0

dt
d

dt

(
lnR+ ln eiθ(t) − lnR

)
(7.53)

⇒W =
1

2π
[θ(tf )− θ(t0)] , (7.54)

where the angle θ = arctan (kz/kx) = − arctan (nx/nz), which only depends on the
initial and �nal positions of the Bloch vector. Hence, through a cyclic adiabatic change
of parameters, a winding number W = 2πN/(2π) emerges, where N represents integer
numbers. This number is topological in nature because it is quantized and does not
depend on the speci�c time-dependent function chosen for the adiabatic parameter
change.

7.2.1 The tunneling system to a single Majorana box

In the �nal section of this chapter, we construct a tunneling system using a single
Majorana box and outline a stabilization protocol designed to transition the Majorana
box into the pure state to give rise to a topological phase. As mentioned in Sec. 6.2, we
can apply the approximation described in Table. 6.1 to derive the e�ective Hamiltonian.
Additionally, we note that we only consider the transport from QD1 to QD2, because
Eq. (6.108) shows the transition rate from QD2 to QD1 is suppressed when ϵ2 > ϵ1 and
the temperature T is su�ciently low. Thus, under the Born-Markov approximation, we
can derive the Lindblad master equation. The jump operator, given in Eq. (6.103), which
corresponds to the dynamics in the Majorana sector, is shown in Eq. (6.50).
Figure 7.2 illustrates one of the possible tunneling systems. By considering the possible

paths from QD1 to QD2, the jump operator can be written as

K̃12 =
∑
ν ̸=µ

(
λ1,νλ2,µe

i(β1,ν−β2,µ) − λ1,µλ2,νe
i(β1,µ−β2,ν)

)
γνγµ (7.55)

⇒ K̃12 = λ1,4λ2,2e
i(β1,4−β2,2)γ4γ2 + λ1,4λ2,3e

i(β1,4−β2,3)γ4γ3 (7.56)

+ λ1,4λ2,1e
i(β1,4−β2,1)γ4γ1.

Since the Majorana bilinear can be written in terms of Pauli matrices as shown in
Eq. (6.20), the jump operator can be expressed in the following Bloch form.

K̃12 =
(
kxe

iϕx , kye
iϕy , kze

iϕz

)
· σ, (7.57)
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SC

γ1 γ3

γ2 γ4

QD 2

λ2,1 λ2,3
λ2,2

QD 1

λ1,4

AC

Figure 7.2: Schematic of the tunneling system to a single Majorana box. This setup,
referred to in the notations of Fig. 6.1, operates on the principle described by the
stabilization protocol in Eq. (7.29), driving the system towards its topological steady
state.

where

kxe
iϕx = λ1,4λ2,2e

−iβ1,4+iβ2,2−iπ/2, (7.58)

kye
iϕy = λ1,4λ2,1e

−iβ1,4+iβ2,1−iπ/2, (7.59)

kze
iϕz = λ1,4λ2,3e

−iβ1,4+iβ2,3−iπ/2. (7.60)

To stabilize the Majorana box in the pure state whose Bloch vector is in the form of
Eq. (7.29), the tunneling parameters must satisfy the following conditions.

ϕx − ϕy = π/2

ϕz − ϕy = π/2

k2y = k2x + k2z

⇒

β2,2 = β2,3 = β2,1 +
π

2
,

λ22,1 = λ22,2 + λ22,3.
(7.61)

Thus, the jump vector k̃ and the steady-state Bloch vector ñs, as presented in Eq. (7.29),
become

k̃ =
(
iλ2,2, sgn(λ2,1)

√
λ22,2 + λ22,3, iλ2,3

)
λ1,4e

iϕ̃y , (7.62)

ñs =
sgn(λ2,1)√
λ22,3 + λ22,2

(λ2,3, 0,−λ2,2) , (7.63)

where ϕ̃y = β2,1 − β1,4 − π/2. To rotate the Bloch vector ñs (7.63), we set that λ1,4 ̸= 0,
and the tunneling amplitudes λ2,3 and λ2,2 are adiabatically varying with a time-periodic
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function. Once again, we consider the time-periodic evolution of the parameters as sine
and cosine functions in the polar coordinate system.

λ2,2(t) = −r cosφ(t), λ2,3(t) = r sinφ(t). (7.64)

Thus, the Bloch vector ñs(t) from Eq. (7.63) evolves in time as

ñs(t) = sgn(λ2,1) (sinφ(t), 0, cosφ(t)) . (7.65)

The periodic boundary condition for the tunneling parameters implies that φ(tf ) =
φ(t0) + 2π for a single loop. Following the calculation of the corresponding winding
number in Eq. (7.54), we �nd

W =
1

2π
[φ(tf )− φ(t0)] = 1. (7.66)

The winding trace of the Bloch vector is visualized in Fig. 7.3.

Figure 7.3: Trajectory on the Bloch sphere. The Bloch vector (7.65), representing a pure
state, appears as a red arrow on the Bloch sphere. As we adiabatically rotate the
qubits by adjusting parameters, this Bloch vector traces a path around the solid red
unit circle within the σx − σz plane.

At the beginning of this chapter, we solved the Lindblad form master equation for an
open system consisting of a single Majorana box. Here, the transition rate from the lower
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quantum-dot energy level to the higher quantum-dot energy level is suppressed. Using the
general expression of the jump operator in Eq. (7.3), we derived the stabilization protocol
and obtained the corresponding steady-state Bloch vector, as shown in Eq. (7.29). This
steady-state Bloch vector is a unit vector, indicating that the steady state is pure.
A topological phase can emerge from adiabatic changes in the parameters of a driven-

dissipative Majorana box. However, the Bloch vector must adhere to the de�nition of
the chiral symmetry [110]. In Sec. 7.2, we showed that the Bloch vector in Eq. (7.29)
exhibits chiral symmetry, as de�ned in Eq. (7.30). When this Bloch vector is rotated
in a closed loop on the Bloch sphere, it yields a non-zero winding number, depicted
as the red vector in Fig. 7.1. Subsequently, we constructed the tunneling system for a
single Majorana box, as shown in Fig. 7.2. Using the stabilization protocol described in
Eq. (7.61), the Majorana sector is driven to a pure state. The Bloch vector of this pure
state, expressed in Eq. (7.65), exhibits an integer winding number when the tunneling
amplitudes, given in Eq. (7.64) are manipulated to form a closed loop in the parameter
space.
The core result of this chapter is the general driven dissipative protocol presented in

Eq. (7.29), which stabilizes the Majorana box qubit into a steady state with topological
order. Additionally, we demonstrated a tunneling system in Fig. 7.2 that drives the
Majorana box to a topological steady state characterized by a non-zero winding number.
This ensures that the information stored in the box is robust and remains stable despite
slow (adiabatic) changes in the tunneling amplitudes. The timescale of adiabatic changes
is su�ciently slow compared to the timescale of changes in the open system.
Braiding operations cannot be performed within a single Majorana box, as they can

cause the system to transition into di�erent topological sectors by crossing di�erent parity
subspaces. Thus, braiding in the open system necessitates additional degrees of freedom
in the Majorana sector. In the next chapter, we will focus on an open system comprising
multiple entangled Majorana boxes. By analyzing the fundamental requirements for
braiding operations, we will develop a braiding protocol for this open system and
demonstrate a potential tunneling system that can conduct a braiding rehearsal.
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Braiding in multiple Majorana boxes

The non-Abelian statistics of MBSs are crucial for fault-tolerant quantum computing.
Unlike Abelian anyons, which only change by a simple phase factor when exchanged,
non-Abelian anyons possess internal degrees of freedom that undergo transformations
described by unitary matrices. This leads to more complex outcomes. Therefore, the
information encoded in the braiding patterns is resistant to local errors since such errors
generally do not alter the topological properties of the braids. This topological protection
is crucial for quantum computing, where preserving coherence and minimizing errors are
major challenges. It o�ers a form of fault tolerance that enhances the reliability of
quantum computations.
Performing braiding operations on Majorana fermions in real space is currently highly

challenging in laboratory settings. Creating and controlling these quasiparticles with
high precision requires sophisticated techniques and environments. Alternatively, in this
driven-dissipative system (Fig. 6.1), a braiding process can be achieved by transitioning
the Majorana sector between dark states within the same parity subspace. This is
accomplished by adiabatically changing the system parameters along a closed path. In
this setup, the AC driving and damping due to an electromagnetic environment are
important in such dissipation.
In analogy to braiding in real space, the conceptual idea of braiding in the dark space

is illustrated in Fig. 8.1. For a single cycle of parameter changes, the steady state
of the qubit transitions from one dark state to another. These two dark states share
the same parity and are both produced by the same Lindblad dissipator. Additionally,
the steady state must maintain chiral symmetry throughout the braiding operation to
ensure topological protection. To achieve this, we will develop a braiding protocol that
stabilizes the Majorana sector within a dark space harboring multiple dark states of the
same parity. Subsequently, these dark states will be analyzed using chiral symmetry,
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following the methodology outlined in Sec. 7.2.

Adiabatic time evolution

The dark space of
the Lindblad dissipator

|ψ1⟩
t = t0

|ψ2⟩
t = tf

Figure 8.1: Braiding operations in the dark space. |ψ1⟩ and |ψ2⟩ are two dark states with
the same parity in the dark space of a dissipative map represented by the blue dashed
rectangle. The orange solid path indicates the adiabatically time-periodic evolution
in the parameter space. Initially, at time t = t0, the system is in the steady state
|ψ1⟩⟨ψ1|. By the end of the braiding process, at time t = tf , the system evolves to
the steady state |ψ2⟩⟨ψ2|.

From the braiding operation in Fig. 8.1, for the dark space there are three requirements
summarized as follows.

1. The dark state subspace should contain multiple dark states with the same parity.

2. The dark states should be parameter-dependent.

3. Dark states do not disappear and do not cross when parameters are slowly tuned

during braiding.

The �rst requirement is to prevent the braiding operation from causing the system
to transition into di�erent topological sectors, which could interfere with the intended
quantum computation. The second requirement is to ensure that the dark space changes
correspondingly with variations in parameter space. Lastly, the third requirement ensures
that two distinct dark states are always present in the dark space during braiding.
As discussed at the end of Chapter 7, the single Majorana box cannot meet the

braiding conditions because each parity subspace contains at most one dark state. For
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8.1 The braiding-compatible jump operator

two Majorana boxes, each single parity subspace can have two possible states. The jump
operator within this subspace can be represented by the general form as follows.

Ksingle parity =

(
k00 k01
k10 −k00

)
, (8.1)

where k00, k01 and k10 can be complex numbers. The trace of jump operators must be
zero to ensure the Lindbladian map is trace-preserving. We can �nd eigenvectors |ψ±⟩
and their corresponding eigenvalues as the following expressions.

Ksingle parity|ψ±⟩ = ±
√
k200 + k01k10 |ψ±⟩, (8.2)

where |ψ±⟩ =
(
k00 ±

√
k200 + k01k10, k10

)
. (8.3)

If we assume these two states to be dark states, implying their eigenvalues are zero, they
will combine into a single state denoted as (k00, k10). Alternatively, another scenario
occurs when the jump operator is a null matrix (k00 = k01 = k10 = 0), resembling a case
discussed in Gau's article [126]. In this scenario, the dark states remain una�ected by
the parameters, which suggests a trivial solution rather than the presence of a diabolic
point. Thus, although two Majorana boxes may possess two dark states within the same
parity subspace, they cannot meet the second requirement for braiding, which stipulates
that these dark states must vary depending on the parameters in the jump operator.
To increase the degrees of freedom necessary to satisfy the conditions for braiding, we

consider three entangled Majorana boxes. However, calculating the Lindblad equation re-
mains time-consuming when using a general 8×8 jump operator. Unlike the methodology
used for a single Majorana box in Chapter 7, we use an inverse design approach to identify
a possible braiding protocol and the tunneling open system involving three Majorana
boxes. This inverse design approach means that we �rst de�ne a braiding-compatible
jump operator whose dark states satisfy the conditions necessary for braiding. Then, we
construct the tunneling system based on this braiding-compatible jump operator.

8.1 The braiding-compatible jump operator

In this chapter, as previously discussed, we address the Majorana sector involving three
boxes for a braiding protocol. Since braiding operations occur within a single parity
subspace, our focus in the Lindblad equation narrows to one speci�c parity sector. We
can e�ectively separate the Lindblad equation into tensor products corresponding to the
contributions from each parity, by initializing the density matrix of the Majorana section
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Chapter 8 Braiding in multiple Majorana boxes

and the jump operator with zeros outside the parity sectors as follows.

ρM(t = 0) =

(
ρeven(t = 0) 0

0 ρodd(t = 0)

)
; K =

(
Keven 0

0 Kodd

)
, (8.4)

⇒ L[K] ρM ≡ L[Keven] ρeven ⊕ L[Kodd] ρodd. (8.5)

Therefore, we restrict our attention to a single parity subspace, which, for three Majorana
boxes, possesses a dimension of 4×4. Hereafter, we analyze dissipation exclusively within
the odd-parity sector.
The braiding-compatible jump operator is de�ned as the operator whose dark states

satisfy conditions for braiding. Speci�cally, multiple dark states within the same
parity subspace are parameter-dependent and always distinguishable during braid-
ing. The orthonormal states with odd parity of three entangled Majorana boxes
are {|001⟩, |010⟩, |100⟩, |111⟩}. Dark states can be de�ned as superpositions of these
orthonormal states, ensuring that the dark states remain distinguishable during braiding
protocols. One possible set of linear combinations for these orthonormal states is given
by

|ψ1⟩ = p1|001⟩+ p2|111⟩, |ψ2⟩ = w1|010⟩+ w2|100⟩, (8.6)

where p21 + p22 = 1 and w2
1 + w2

2 = 1. According to the conditions for braiding protocols,
the associated probabilities p1,2 and w1,2 should be functions of the parameters from the
jump operator.
In the Majorana sector consisting of three boxes, the odd-parity physical Hilbert

subspace has four orthonormal states: {|001⟩, |010⟩, |100⟩, |111⟩}. These orthonormal
states correspond to the elements in the odd-parity sector of the reduced density matrix
and the jump operator, as described below.

⇒


Subspace spanned by |001⟩ and |111⟩.
Subspace spanned by |010⟩ and |100⟩.
Coherence between two subspaces
{|001⟩, |111⟩} and {|010⟩, |100⟩}.

(8.7)

In the non-Abelian braiding process illustrated in Fig. 8.1, the steady state transitions
from one dark state to another within the dark subspace governed by the same Lindblad
dissipator. For the dark states described in Eq. (8.6), the braiding operation moves the
steady state from the subspace spanned by {|001⟩, |111⟩} to the subspace spanned by
{|010⟩, |100⟩}. This e�ectively changes the steady state from a mixed state of |001⟩ and
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8.1 The braiding-compatible jump operator

|111⟩ to that of |010⟩ and |100⟩. This transition can be implemented through coherence
between the two subspaces or via the subspaces in the jump operator.
A potential choice for the jump operator feasible in the Majorana box system is to

exclusively consider the coherence sector represented by the yellow blocks in the matrix
described in Eq. (8.7).

Kodd =


0 f1 −ff1 0
g1 0 0 gg1
g2 0 0 gg2
0 f2 −ff2 0

, (8.8)

where f(λj,ν , βj,ν) and g(λj,ν , βj,ν) are real functions of the tunnel couplings. These
functions encode the adiabatic time evolution. The jump operator described gives rise
to two distinct dark states, Kodd|ψ1,2⟩ = 0, represented as

|ψ1⟩ = N1 (−g|001⟩+ |111⟩) , (8.9)

|ψ2⟩ = N2 (f |010⟩+ |100⟩) , (8.10)

where N1 and N2 are normalization constants. These dark states are independent of
the speci�c values of f1,2 and g1,2, but remain distinct when one of g1 or g2 is non-zero,
and simultaneously, one of f1 or f2 is non-zero. The characteristics of these states are
in�uenced by the tunneling parameters f and g, which are crucial for operations within
the dark state subspace, particularly for braiding. Importantly, these dark states do not
merge into a single state for any combination of f and g. The jump operator de�ned
in Eq. (8.8) is referred to as the braiding-compatible jump operator. It facilitates the
system's evolution into a dark space that satis�es the braiding conditions, as depicted in
Fig. 8.1, through appropriate braiding protocols.
Two additional eigenstates of the braiding-compatible jump operator (8.8) exhibit

symmetric pairs of eigenvalues.

Kodd|ψ±⟩ = ±
√

(f1 + f2g)(g1 − fg2)|ψ±⟩, (8.11)

where |ψ±⟩ =


f1
√
g1 − fg2

±g1
√
f1 + f2g

±g2
√
f1 + f2g

f2
√
g1 − fg2

 . (8.12)

N3 denotes the normalizing constant. As shown in Eq. (8.11), two eigenvalues also depend
on f and g, such that these eigenvalues may become zero if the conditions f1 = −f2g
or g1 = fg2 are met during the adiabatic changes in f and g. In such a scenario, the
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Chapter 8 Braiding in multiple Majorana boxes

eigenvectors |ψ±⟩ (8.12) will coalesce with one of the dark states, |ψ1⟩ (8.9) or |ψ2⟩ (8.10).
However, this does not a�ect the braiding protocol because the two dark states remain
distinct. Hence, the jump operator (8.8) is a promising choice for braiding.

8.2 Lindblad equation incorporating the braiding-compatible jump

operator

In theory, the odd-parity block in the steady state of the Lindblad equation, incorpo-
rating the braiding-compatible jump operator given by Eq. (8.8), is composed of two
orthonormal dark states denoted as |ψ1,2⟩. Generally, the odd-parity block in a steady
state, denoted as ρs in this chapter, can be expressed as follows,

ρs = (ζ1|ψ1⟩+ ζ2|ψ2⟩)⊗ h.c., (8.13)

where |ζ1|2 + |ζ2|2 = 1, guaranteeing that the trace of the density matrix ρs equals to
one. To ensure the discussion is self-consistent, we will derive the steady state in the
form given by Eq. (8.13) from the Lindblad form master equation. However, the open
system composed of three Majorana boxes has a greater number of degrees of freedom in
its Hamiltonian compared to that of a single box. Therefore, it is necessary to rederive
the Lindblad equation starting from the Hamiltonian.

8.2.1 The open system consisting of three Majorana boxes

When we introduce two additional Majorana boxes into the open system shown in
Fig. 6.1, the total Hamiltonian can be written analogously to that of the single-box
open system in Eq. (6.1) albeit with an increased number of degrees of freedom in the
box Hamiltonian and additional tunnel couplings between the two Majorana boxes in
the tunneling Hamiltonian.

H(t) = Hbox +HQD +Henv +Hdrive(t) +Htun(t). (8.14)

The remaining components of the total Hamiltonian remain unchanged from those
discussed for the single-box open system in Chapter 6, including the Hamiltonians of
the environment (Henv in Eq. (6.22), the quantum dots (HQD in Eq. (6.21)), and the AC
driving �eld (Hdrive in Eq. (6.23)).
Recalling from the previous notations in the single-box Hamiltonian in Eq. (6.10), the

box Hamiltonian in the total Hamiltonian in Eq. (8.14) can be written as

Hbox = EC

3∑
n=1

(Nn −Ng)
2 , (8.15)
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8.2 Lindblad equation incorporating the braiding-compatible jump operator

where EC denotes the charging energy, Nn represents the total electron number in
Majorana box n, and Ng stands for the tunable back-gate voltage. We assume all
three Majorana boxes are identical, implying they share the same charging energy.
Additionally, we consider the negligible impact of overlaps between pairs of MBSs in
this context.
The tunneling Hamiltonian now includes contributions not only from the tunnel

couplings between the quantum dots and MBSs but also between MBSs located in
di�erent boxes. The electron tunneling between the quantum dots and Majorana box n,
denoted as Htun,e, resembles the tunneling Hamiltonian of a single-box open system, as
given in Eq. (6.24), but with additional degrees of freedom in the Majorana sector.

Htun,e = t0

3∑
n=1

2∑
j=1

4∑
µ=1

λj,nµe
−iβj,nµe−iϕ̂n+iδjd†jγnµ + h.c.. (8.16)

Recalling the notations from the tunneling Hamiltonian in Eq. (6.24) from Chapter 6,
t0 denotes the overall scale of tunneling couplings between quantum dots and MBSs, ϕ̂n
represents the phase operator within Majorana box n, and δj signi�es electromagnetic
�uctuations from the bath, as expressed in Eq. (6.25). The subscripts j, n and µ of
the tunneling amplitudes λj,nµ and their corresponding phases βj,nµ denote the speci�c
channels connecting quantum dot dj with MBS γnµ in Majorana box n.
The second term in the tunneling Hamiltonian, Htun,γ , describes the direct tunneling

between two Majorana boxes. To avoid complications, we �rst consider the case where
there is only a single tunnel connecting the two boxes. For Majorana box n and Majorana
box n′, Htun,γ can be expressed as follows,

Htun,γ = EC

3∑
n,n′=1

4∑
µ,ν=1

it̃nn′γnµγn′ν , (8.17)

where the dimensionless parameter t̃nn′ = tnn′/EC , and tnn′ is the tunnel coupling
energy between the boxes n and n′. Here, we consider that tnn = 0 and tnn′ > 0 for
all amplitudes, because Htun,γ exclusively describes the transport between two distinct
boxes. Thus, the tunneling Hamiltonian in this context is the sum of Htun,e (as de�ned
in Eq. (8.16)) and Htun,γ (8.17).

Htun = Htun,e +Htun,γ . (8.18)

In analogy with the approximations described in Table 6.1, we apply the RWA and
the SW transformation to obtain the e�ective Hamiltonian in the lo-energy subspace.
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Chapter 8 Braiding in multiple Majorana boxes

In the open system with two additional boxes, the implementation of the RWA remains
unchanged because the driving Hamiltonian is not altered. However, the SW transfor-
mation involves more steps due to the increased number of degrees of freedom in the
Majorana sector. To accurately derive the cotunneling Hamiltonian in the low-energy
regime, it is essential to extend the SW transformation up to the fourth order because
second and third-order contributions alone cannot fully describe the trajectory through
all three boxes.
To perform the SW transformation, we assume that the energy scales of the tunnel

couplings, t0 and tnn′ , are small. Extending the SW transformation to the fourth order
allows us to obtain

Heff = eS(H0 +Htun)e
−S (8.19)

⇒ Heff = H0 +Htun +
∑
r

1

r!
[S, [S, . . . [S︸ ︷︷ ︸

r

, H0 +Htun] . . . ]] (8.20)

≈ H0 +Htun + [S,H0] + [S,Htun] +
1

2
[S, [S,H0]] +

1

2
[S, [S,Htun]] (8.21)

+
1

6
[S, [S, [S,H0]]] +

1

6
[S, [S, [S,Htun]]] +

1

24
[S, [S, [S, [S,H0]]]] ,

where the generator S is on the same order of magnitude as t0. By choosing S such that
Htun + [S,H0] = 0, the SW transformation results in a transformed Hamiltonian as

Heff = H0 +

Hcot=
∑4

r=2
r−1
r!

(r−1)︷ ︸︸ ︷
[S, [S, . . . [S , Htun]... ]]︷ ︸︸ ︷

1

2
[S,Htun]︸ ︷︷ ︸
H

(2)
cot

+
1

3
[S, [S,Htun]]︸ ︷︷ ︸

H
(3)
cot

+
1

8
[S, [S, [S,Htun]]]︸ ︷︷ ︸

H
(4)
cot

. (8.22)

⇒ Heff = H0 +H
(2)
cot +

1

3

[
S, 2H

(2)
cot

]
+

1

8

[
S, 3H

(3)
cot

]
. (8.23)

Regarding the low-energy approximation outlined in Table 6.1, Appendix K presents the
derivation of the cotunneling contribution in Eq. 8.23 as follows.

Hcot =

4∑
r=2

(
r − 1

r!

)(
2

EC

)r−1

(Htun)
r . (8.24)

In addition to the tunnel couplings between quantum dots and Majorana boxes, the
tunneling Hamiltonian now incorporates an extra term due to the tunnel couplings
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8.2 Lindblad equation incorporating the braiding-compatible jump operator

between the boxes themselves, labeled asHtun,γ in Eq. (8.17). Therefore, the second-order
term in the cotunneling contribution can be expressed as

H
(2)
cot =

1

EC
(HtunHtun) =

1

EC
(Htun,e +Htun,γ) (Htun,e +Htun,γ) (8.25)

⇒ H
(2)
cot =

1

EC
(Htun,eHtun,e +Htun,γHtun,γ + {Htun,e, Htun,γ}) . (8.26)

Only the �rst term, (Htun,eHtun,e), traces a complete trajectory between the two quantum
dots, akin to the situation in a single Majorana box scenario. Terms involving incomplete
trajectories would contribute only minor corrections to higher-order tunneling processes.
Therefore, by focusing on this term up to the second order, we derive the second-order
cotunneling Hamiltonian as

H
(2)
cot ≈

t20
EC

3∑
n=1

(
ei(δ1−δ2)ei(ϵ2−ϵ1)tWn

12d
†
2d1 + h.c.

)
. (8.27)

The operator Wn
jk, analogous to the operator Wjk in Eq. (6.50), describes the dynamics

within Majorana box n, where both quantum dots j and k participate in transport
processes.

Wn
jk =

∑
ν ̸=µ

(
λj,nνλk,nµe

i(βj,nν−βk,nµ) − λj,nµλk,nνe
i(βj,nµ−βk,nν)

)
γnνγnµ. (8.28)

Here, λj,nν denotes the tunneling amplitudes between the quantum dot j and the MBS
γnν in the Majorana box n, and βj,nν is the associated to the corresponding tunneling
phase.
For the third and fourth-order terms in Eq. (8.24), we exclusively consider contributions

from the complete trajectory between two quantum dots. These contributions are derived
as follows,

H
(3)
cot ≈

4

3E2
C

(Htun,eHtun,γHtun,e) , (8.29)

H
(4)
cot ≈

1

E3
C

(Htun,eHtun,γHtun,γHtun,e) . (8.30)

From the expressions Htun,e and Htun,γ in Eqs. (8.16) and (8.17), we derive the formulas
for the third and fourth-order cotunneling involving the second quantization of Majorana
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and fermion operators.

H
(3)
cot ≈

4t20
3EC

∑
n̸=n′

(
ei(δ1−δ2)ei(ϵ2−ϵ1)tWn,n′

12 d†2d1 + h.c.
)
, (8.31)

H
(4)
cot ≈

t20
EC

∑
n̸=n′ ̸=n′′

(
ei(δ1−δ2)ei(ϵ2−ϵ1)tWn,n′,n′′

12 d†2d1 + h.c.
)
. (8.32)

The third and fourth-order terms involve trajectories through two and three Majorana
boxes, respectively. The operators Wn,n′

jk and Wn,n′,n′′

jk represent the dynamics within

the Majorana boxes. Speci�cally, Wn,n′

jk corresponds to the dynamics involving boxes n

and n′, while Wn,n′,n′′

jk involves the dynamics across boxes n, n′, and n′′.

Wn,n′

jk = −it̃nn′
∑
ν ̸=µ

∑
ν′ ̸=µ′

γnνγnµγn′ν′γn′µ′ (8.33)

×
(
λj,nνλk,n′µ′ei(βj,nν−βk,n′µ′ ) − λj,n′µ′λk,nνe

i(βj,n′µ′−βk,nν)
)
,

Wn,n′,n′′

jk = −t̃nn′ t̃n′n′′
∑
ν ̸=µ

∑
ν′ ̸=µ′

∑
ν′′ ̸=µ′′

γnνγnµγn′ν′γn′µ′γn′′ν′′γn′′µ′′ (8.34)

×
(
λj,nνλk,n′′µ′′ei(βj,nν−βk,n′′µ′′ ) − λj,n′′µ′′λk,nνe

i(βj,n′′µ′′−βk,nν)
)
,

where the dimensionless scalar t̃nn′ = tnn′/EC , �rst introduced in Eq. (8.17), represents
the strength of the tunneling between the Majorana boxes n and n′. The tunneling
operators within the Majorana boxes, labeled as Wn

jk, W
n,n′

jk and Wn,n′,n′′

jk , will later
serve as the jump operators in the Lindblad equation, which governs the dissipation in
the Majorana box. They will become signi�cant later on, particularly when we explore
the braiding-compatible jump operator within the context of the real tunneling system.
As shown in Eq. (K.15), fourth-order cotunneling adequately describes the transport

across three boxes and between two quantum dots. Thus, we expand the Hamiltonian up
to the fourth order in perturbation theory using the SW transformation. The e�ective
Hamiltonian is then given by

Heff ≈ HQD +Henv +Hdrive︸ ︷︷ ︸
H0

+H
(2)
cot +H

(3)
cot +H

(4)
cot︸ ︷︷ ︸

Hcot

, (8.35)

where H(2)
cot , H

(3)
cot and H(4)

cot are the cotunneling contributions of the second, third, and
fourth-order, respectively, as detailed in Eqs. (8.27), (8.31) and (8.32). The rest of the
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8.2 Lindblad equation incorporating the braiding-compatible jump operator

e�ective Hamiltonian, excluding the Majorana sector represented by Wn
jk in Eq. (8.28),

Wn,n′

jk in Eq. (8.33) and Wn,n′,n′′

jk in Eq. (8.34), remains unchanged because the only
modi�cation is the addition of two boxes. Applying the Born-Markov approximation to
the e�ective Hamiltonian (8.35) is similar to the computation for the single-box system
described in Sec. 6.3.1. In comparison to the single-box case, the Lindblad equation for
the dissipative dynamics in three Majorana boxes involves the same transition rates Γjk

as speci�ed in Eq. (6.104), but uses di�erent jump operators.

LρM (t) =
∑
j ̸=k

Γjk

(
KjkρM(t)K†

jk −
1

2

{
K†

jkKjk, ρM(t)
})

, (8.36)

where the jump operator Kjk, which represents the possible routes from quantum dot j
to quantum dot k via Majorana boxes, is expressed as

Kjk =
∑
n

Wn
jk +

∑
n′>n

Wn,n′

jk +W 1,2,3
jk , where n, n′ ∈ {1, 2, 3}. (8.37)

Once again, we consider an Ohmic bath at low temperature. As shown in Eq. (6.107),
under these conditions, the transition rate from the lower quantum dot level to the
higher quantum dot level is suppressed by the inverse transition rate. Therefore, we
focus exclusively on transport from quantum dot 1 to quantum dot 2, which leads to the
following Lindblad equation.

LρM (t) ≈ Γ12

(
K12ρM(t)K†

12 −
1

2

{
K†

12K12, ρM(t)
})

. (8.38)

As the steady-state of the Majorana sector, denoted as ρs = ρM (t → ∞), is immune to
the dissipation described by the Lindblad equation (8.38), we can state that Lρs = 0.
As discussed in Eq. (8.5), we can consider exclusively the odd-parity block when the
coherence between the two parity blocks of the initial density matrix and the jump
operators is absent.

8.2.2 The steady states with topological order

In the equilibrium state, the odd-parity block of the Lindblad equation can be written
as

L[Kodd]ρodd = 0 ⇒ Γ12

(
KoddρoddK

†
odd −

1

2

{
K†

oddKodd, ρodd

})
= 0, (8.39)
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where ρodd represents the odd-parity block of the steady-state density matrix ρM (t→ ∞),
and Kodd represents the odd-parity block of the jump operator K12. By employing the
braiding-compatible jump operator de�ned in Eq. (8.8), we will investigate how the
Lindblad equation, which incorporates this operator, guides the Majorana boxes towards
a steady state spanned by the dark states shown in Eqs. (8.9) and (8.10).
Without loss of generality, any arbitrary 4× 4 density matrix can be expressed as

ρ4×4 =

3∑
n=0

ann|n⟩⟨n|+
∑
n>m

[(anm + i bnm) |n⟩⟨m|+ h.c.] , (8.40)

where anm and bnm are real numbers, and {|0⟩, |1⟩, |2⟩, |3⟩} here denote the four basis
states corresponding to odd-parity states. For the matrix ρ4×4 to be a valid density
matrix, the coe�cients must satisfy

∑3
n=0 ann ≡ 1 and ann ≥ 0. We represent the steady

state ρodd using the general form given by Eq. (8.40) in the Lindblad equation (8.39)
incorporating the braiding-compatible jump operator (8.8), then we obtain the following
matrix coe�cients corresponding to the steady states.

L[Kodd]ρodd = 0 ⇒



a00 = −ga03, a11 =
f2
(
a03g

2 + a03 + g
)

(f2 + 1) g
,

a33 = −a03
g
, a22 =

a03g
2 + a03 + g

f2g + g
;

a01 = −fga23, a02 = −ga23,

a13 = fa23,
1 + f2

f
a12 +

1 + g2

−g
a03 = 1;

b01 = fgb23, b02 = gb23,

b03 = b12 = 0, b13 = fb23.

(8.41)

For the matrix coe�cients a12 and a03, which correspond to the coherence between states
|010⟩ and |100⟩, and states |001⟩ and |111⟩ respectively, we introduce a function F (f, g)
to substitute them using the following formulas.

a12 = F 2 f

1 + f2
, a03 =

(
1− F 2

) −g
1 + g2

, (8.42)

where F ∈ [−1, 1] ensures satisfaction of the corresponding equation in Eq. (8.41). By
inserting Eqs. (8.41) and (8.42) into the general expression for the density matrix given
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in Eq. (8.40), we obtain the steady state ρodd.

ρodd =


(1−F 2)g2

g2+1
fg(−a23 + ib23) g(−a23 + ib23)

(F 2−1)g
g2+1

fg(−a23 − ib23)
f2F 2

f2+1
fF 2

f2+1
f(a23 + ib23)

g(−a23 − ib23)
fF 2

f2+1
F 2

f2+1
a23 + ib23

(F 2−1)g
g2+1

f(a23 − ib23) a23 − ib23
1−F 2

g2+1

 .

(8.43)

As mentioned previously, the steady state is always spanned by the dark states, which
can be shown through a unitary transformation. For the braiding-compatible jump
operator, this unitary transformation consists of the column vectors representing the dark
states |ψ1⟩ (8.9) and |ψ2⟩ (8.10), along with their corresponding orthonormal vectors |ψ3⟩
and |ψ4⟩, respectively, that complete the orthonormal basis.

U = (|ψ1⟩ |ψ2⟩ |ψ3⟩ |ψ4⟩) (8.44)

=


−g/

√
1 + g2 0 1/

√
1 + g2 0

0 f/
√

1 + f2 0 −1/
√

1 + f2

0 1/
√

1 + f2 0 f/
√

1 + f2

1/
√
1 + g2 0 g/

√
1 + g2 0

 .

As anticipated, the steady-state density matrix ρodd (8.40) yields zero vectors when
applied to the orthonormal vectors |ψ3⟩ and |ψ4⟩. In other words, ρodd|ψ3⟩ = 0 and
ρodd|ψ4⟩ = 0. On the other hand, the dark states, |ψ1⟩ and |ψ2⟩, are eigenstates of the
steady-state density matrix. Thus, the unitary transformation to the orthonormal basis
{|ψ1⟩, |ψ2⟩, |ψ3⟩, |ψ4⟩} results in

U †ρoddU =


1− F 2 r23e

−iθ23
√
(f2 + 1)(g2 + 1) 0 0

r23e
iθ23
√
(f2 + 1)(g2 + 1) F 2 0 0

0 0 0 0
0 0 0 0


⇒ ρodd =

(
1− F 2

)
|ψ1⟩⟨ψ1|+ r23e

−iθ23
√

(f2 + 1)(g2 + 1)|ψ1⟩⟨ψ2| (8.45)

+ r23e
iθ23
√

(f2 + 1)(g2 + 1)|ψ2⟩⟨ψ1|+ F 2|ψ2⟩⟨ψ2|,

where r23 = sgn(a23)
√
a23 + b23 and θ23 = arctan(b23/a23) with θ23 ∈ [0, π).
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Chapter 8 Braiding in multiple Majorana boxes

In the case of the pure steady state, where ρ2odd = ρodd, we �nd that

r23 =
F
√
1− F 2√

(f2 + 1)(g2 + 1)
(8.46)

⇒ ρodd =
(√

1− F 2eiα1 |ψ1⟩+ Feiα2 |ψ2⟩
)
⊗ h.c., (8.47)

where α1 − α2 = θ23, and it is assumed that F and r23 have the same sign. The
expression for the steady state ρodd given in Eq. (8.47) was anticipated and outlined
earlier in Eq. (8.13) at the beginning of this section.
The same results can also be obtained by expressing the density matrix in vector form

and representing the Liouvillian superoperator L as a matrix [126]. In Appendix L, we
provide four dark states, denoted as |D1,...,4⟩ in Eqs. (L.4)-(L.7), which correspond to
the vectorized forms of |ψl⟩⟨ψm|, with l, m ∈ {1, 2}. The remaining eigenstates of the
Liouvillian have negative eigenvalues, leading to their exponential decay over time. The
smallest non-zero eigenvalue is referred to as the dissipative gap. The rate at which
the Majorana sector transitions to the dark states is governed by the inverse of this
dissipative gap.
To demonstrate the topological invariant in the steady state, we reintroduce the same

chiral symmetry discussed in Eq. (7.30) in Sec. 7.2. To satisfy the constraints imposed
by chiral symmetry, one approach is to set θ23 = 0, which is equivalent to setting b23 = 0,
the pure-state constraint given by Eq. (8.46) becomes

a223 =
(F 2 − F 4)

(f2 + 1)(g2 + 1)
. (8.48)

This can be achieved by adjusting the coherence phase between the two dark states |ψ1⟩
and |ψ2⟩ using quantum gates. Consequently, the pure state described by Eq. (8.47)
becomes

ρodd =
(
1− F 2

)
|ψ1⟩⟨ψ1|+ F

√
1− F 2 |ψ1⟩⟨ψ2| (8.49)

+ F
√

1− F 2 |ψ2⟩⟨ψ1|+ F 2|ψ2⟩⟨ψ2|,

whose Bloch vector (2F
√
1− F 2, 0, 1 − 2F 2) lies in the σx − σz plane. On the Bloch

sphere, this vector can only move within a unit circle in the σx−σz plane, similar to the
red vector shown in Fig. 7.1.
In a manner analogous to the approach described in Sec. 7.2, we can determine the

topological invariant of the same class for the Bloch vector nodd as the winding number
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8.2 Lindblad equation incorporating the braiding-compatible jump operator

W expressed in Eqs. (7.41) and (7.54).

nodd =
(
2F
√
1− F 2, 0, 1− 2F 2

)
(8.50)

⇒ W =
1

π

∫ tf

t0

dt

(
(1− 2F 2)

d(F
√
1− F 2)

dt
− (F

√
1− F 2)

d(1− 2F 2)

dt

)
(8.51)

=
1

2π
[θ(tf )− θ(t0)] , (8.52)

where the angle θ = − arctan (nx/nz) = − arctan [2F
√
1− F 2/(1− 2F 2)]. The function

F , as de�ned in Eq. (8.42), depends on f and g which are components of the jump
operatorKodd given in Eq. (8.8). These components f and g are functions of the tunneling
parameters, as detailed in Eq. (8.37). This relationship is derived from the Hamiltonian
and is crucial for the Lindblad equation described in Eq. (8.36). While the expression
for the jump operator in Eq. (8.37) is essential for understanding the structure of the
braiding-compatible jump operator in a physical tunneling system, we will �rst focus
on calculating the winding number. The construction of the real tunneling system that
yields the braiding-compatible jump operator will be addressed in the next section.
According to the braiding operation illustrated in Fig. 8.1, the Bloch vector (8.50)

traces a semicircular path for each closed loop in the parameter space associated with f
and g. In polar coordinates, the time-periodic driving functions f(t) and g(t) are given
by

f(t) = r cosφ(t), g(t) = r sinφ(t), (8.53)

where φ(tf ) = φ(t0)+2π for the time-periodic boundary condition. To achieve a di�erent
periodicity in the function F (f, g), we can use the following expression.

F (φ(t)) = sin

(
φ(t)

4

)
= sin

[
1

4
sin−1

(
g√

f2 + g2

)]
. (8.54)

This function F in Eq. (8.54) satis�es the initial de�nition of F provided in Eq. (8.42),
where F (f, g) ∈ [−1, 1]. This function can be realized using quantum gates to adjust the
coherence between two dark states. Consequently, the angle θ, as de�ned in the winding
number (8.52), becomes

θ = − arctan

(
2F

√
1− F 2

1− 2F 2

)
(8.55)

⇒ θ = − arctan

[
2 sin (φ(t)/4) cos (φ(t)/4)

1− 2 sin2 (φ(t)/4)

]
= −φ(t)

2
. (8.56)
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Chapter 8 Braiding in multiple Majorana boxes

By applying the time-periodic boundary condition to φ(t) as de�ned in Eq. (8.53), the
corresponding winding number, given by Eq. (8.52), transforms into

W = − 1

2π

[
φ(tf )

2
− φ(t0)

2

]
= − 1

2π

[
φ(t0) + 2π

2
− φ(t0)

2

]
(8.57)

⇒ W = − π

2π
. (8.58)

In a closed loop within the parameter space of f(t) and g(t), the dissipative system
returns to its original dark space. However, the density matrix transitions to a di�erent
dark state because the Bloch vector nodd evolves according to the dynamics speci�ed as
follows,

nodd =

(
sin

(
φ(t)

2

)
, 0, cos

(
φ(t)

2

))
(8.59)

⇒

{
φ(t0) = 0, nodd(t = t0) = (0, 0, 1) ,

φ(tf ) = 2π, nodd(t = tf ) = (0, 0,−1) .
(8.60)

The braiding operation can be described using a braiding operator or the Pauli-Y gate
B = σy, which acts on the Hilbert space spanned by the two dark states: |ψ1⟩ (8.9) and
|ψ2⟩ (8.10). When the braiding operation is applied, it transforms the steady state of the
Majorana sector in the following way.

B [nodd(t = t0) · σ]B = nodd(t = tf ) · σ ⇒ BσzB = −σz. (8.61)

In this section, we have derived the Lindblad equation for an open system containing
three Majorana boxes, using the same approximations as outlined in Table 6.1. The
Lindblad equation, given by Eq. (8.38), features additional degrees of freedom in the
jump operator, as shown in Eq. (8.37). By applying the braiding-compatible jump
operator (8.8) to this Lindblad equation, we �nd that the steady state, given by
Eq. (8.47), is spanned by the dark states |ψ1⟩ (8.9) and |ψ2⟩ (8.10). Through adjusting
the coherence between these two dark states following Eqs. (8.48) and (8.54)we attain a
pure steady state that exhibits chiral symmetry. The Bloch vector, provided in Eq. (8.59),
demonstrates non-Abelian braiding, as illustrated through a time-periodic and adiabatic
change in the parameter space (see Eq. (8.60)). In the following section, we will illustrate
how to achieve the braiding-compatible jump operator in a real tunneling system.
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8.3 A potential tunneling system with its corresponding braiding protocol

8.3 A potential tunneling system with its corresponding braiding

protocol

To implement the braiding-compatible jump operator and the associated stabilization
protocol in an open system, we need to recall the general form of the jump operator for a
system with three Majorana boxes, as given in Eq. (8.37), which includes contributions
from transport through one box (Wn

jk (8.28)), two boxes (Wn,n′

jk (8.33)), and three boxes

(Wn,n′,n′′

jk (8.34)). These contributions are constructed using the Majorana bilinears
discussed in Sec. (6.1), which can be represented by the Pauli matrices shown in
Eq. (6.20). Here, we de�ne the operator Sabc associated with the Kronecker product
of three Pauli matrices.

Sabc = χ1
a ⊗ χ2

b ⊗ χ3
c , and χ

n
a = iγnνγnµ, (8.62)

where a, b, c ∈ {0, x, y, z} and n ∈ {1, 2, 3}. Then, the operatorsWn
jk,W

n,n′

jk andWn,n′,n′′

jk

can be expressed in terms of the operator Sabc as follows,∑
n

Wn
jk =

∑
ν ̸=µ

(
− iΥ1ν,1µ

jk Sa00︸ ︷︷ ︸
W 1

jk

− iΥ2ν,2µ
jk S0b0︸ ︷︷ ︸
W 2

jk

− iΥ3ν,3µ
jk S00c︸ ︷︷ ︸
W 3

jk

)
, (8.63)

∑
n̸=n′

Wn,n′

jk =
∑
ν ̸=µ

∑
ν′ ̸=µ′

(
it̃12Υ

1ν,2µ′

jk Sab0︸ ︷︷ ︸
W 1,2

jk

+ it̃13Υ
1ν,3µ′

jk Sa0c︸ ︷︷ ︸
W 1,3

jk

+ it̃23Υ
2ν,3µ′

jk S0bc︸ ︷︷ ︸
W 2,3

jk

)
, (8.64)

W 1,2,3
jk = −

∑
ν ̸=µ

∑
ν′ ̸=µ′

∑
ν′′ ̸=µ′′

it̃12t̃23

∑
n̸=n′

Υnν,n′µ′

jk

Sabc. (8.65)

The notation Υnν,n′µ′

jk represents the tunneling parameters of the channel connecting

quantum dots and MBSs. To determine Υnν,n′µ′

jk , we focus exclusively on the initial

and �nal MBSs involved in the transport process. Speci�cally, Υnν,n′µ′

jk characterizes the
tunneling process where transport enters the Majorana sector at the MBS γnν and exits
at the MBS γn′µ′ , which can be expressed as

Υnν,n′µ′

jk = λj,nνλk,n′µ′ei(βj,nν−βk,n′µ′ ) − λj,n′µ′λk,nνe
i(βj,n′µ′−βk,nν). (8.66)

where λj,nν and βj,nν denote the tunneling amplitude and phase, respectively, as
explained in Eq. (8.28).
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Chapter 8 Braiding in multiple Majorana boxes

The structure of the jump operator, constituting the operatorsWn
jk (8.63),W

n,n′

jk (8.64)

and Wn,n′,n′′

jk (8.65), is actually determined by the operator Sabc. For three entangled
boxes, there are 43 distinct Sabc matrices. However, some of these matrices vanish in the
single-parity subspace, requiring the exclusion of these trajectories since braiding does
not change the parity of states. Through algebraic manipulations, one can identify a
total of 16 associated trajectories in the Majorana sector, with their corresponding Sabc

matrices encompassed in the set s as outlined below.

Sabc = χ1
a ⊗ χ2

b ⊗ χ3
c , (8.67)

where (a, b, c) ∈ s, and s =
{
(0, x, x), (0, x, y), (0, y, x), (0, y, y),

(x, 0, x), (x, 0, y), (x, z, x), (x, z, y),

(y, 0, x), (y, 0, y), (y, z, x), (y, z, y),

(z, x, x), (z, x, y), (z, y, x), (z, y, y)
}
.

To realize these 16 trajectories, the tunneling system has been constructed as shown in
Fig. 8.2. In this tunneling setup, the coherence between the even and odd parity states
of the jump operator K12 vanishes, as demonstrated by Eq. (8.4). We can therefore focus
exclusively on the odd-parity block when the initial state of the Majorana sector, ρM , is
spanned in the odd-parity subspace.
We denote the odd-parity block of the jump operator as K̃odd. In the tunneling system

illustrated in Fig. 8.2, the jump operator, which governs the dynamics from QD1 to QD2,
can be divided into a set of components {K̃nν

odd }. The superscript in K̃nν
odd corresponds

to the MBSs γnν . This notation indicates that the component K̃nν
odd within the jump

operator K̃odd is responsible for the transport dynamics initiated by the MBS γnν . Since
there are four MBSs directly coupled to QD1, we need to consider four components which
are K̃11

odd, K̃
12
odd, K̃

21
odd, and K̃

22
odd. To compute these components, one can visualize their

transport using a tree diagram. For example, the possible trajectories from the MBS γ11
to the MBSs coupled to QD2 are illustrated in the following tree diagram.

γ11
↗

γ13
t12−−→ γ24γ23

t23−−→ γ31 ↗ γ33
↘ γ34

↘
γ14

t13−−→ γ32 ↗ γ33
↘ γ34

(8.68)

As illustrated in the tree diagram 8.68, the component K̃11
odd can be expressed in terms
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t12

t23t13

AC

γ32

γ34

γ31

γ33

Majorana
box 1

Majorana
box 2

Majorana
box 3

QD1

γ11

γ13

γ12

γ14

γ22

γ24

γ21

γ23

QD2

Figure 8.2: The setup involves three Majorana boxes interconnected by tunneling amplitudes t12,
t13 and t23, with Majorana operators γnµ representing the MBS µ in the box n. Two
quantum dots (QD1 and QD2) are tunnel-coupled to these MBSs. The quantum dots,
driving �eld, and environment mirror those in a single Majorana box setup shown in
Fig. 7.2. These tunneling couplings are engineered to achieve the jump operator in
Eq. (8.8), with odd-parity dark states depending on parameters f and g as shown in
Eqs. (8.9)-(8.10).

of the operators Wn,n′

jk (8.64) and Wn,n′,n′′

jk (8.65).

K̃11
odd =W 1,3

12 +W 1,2,3
12 (8.69)

⇒ K̃11
odd =

[
λ2,33e

iβ2,33

(
it̃12t̃23Sodd

xzx + it̃13Sodd
y0y

)
(8.70)

+λ2,34e
iβ2,34

(
it̃12t̃23Sodd

xzy − it̃13Sodd
y0x

)]
λ1,11e

−iβ1,11 ,

where Sodd

abc denotes the component of Sabc (8.62) that has odd parity. Using the same

127



Chapter 8 Braiding in multiple Majorana boxes

method, we can express the remaining contributions in the jump operator K̃odd as follows,

K̃12
odd =

[
λ2,33e

iβ2,33

(
−it̃12t̃23Sodd

yzx + it̃13Sodd
x0y

)
(8.71)

−λ2,34eiβ2,34

(
it̃12t̃23Sodd

yzy + it̃13Sodd
x0x

)]
λ1,12e

−iβ1,12 ,

K̃21
odd =

[
λ2,33e

iβ2,33

(
−it̃23Sodd

0xx + it̃12t̃13Sodd
zyy

)
(8.72)

−λ2,34eiβ2,34

(
it̃23Sodd

0xy + it̃12t̃13Sodd
zyx

)]
λ1,21e

−iβ1,21 ,

K̃22
odd =

[
λ2,33e

iβ2,33

(
it̃23Sodd

0yx + it̃12t̃13Sodd
zxy

)
(8.73)

+λ2,34e
iβ2,34

(
it̃23Sodd

0yy − it̃12t̃13Sodd
zxx

)]
λ1,22e

−iβ1,22 .

To obtain the jump operator, K̃odd, we sum these components: K̃odd = K̃11
odd + K̃12

odd +
K̃21

odd + K̃22
odd.

To ensure that K̃odd has the same structure as the braiding-compatible jump operator
described in Eq. (8.8), we need to de�ne certain tunneling parameters appropriately. To
begin with, the phases of tunneling are de�ned as follows,

β1,11 = β2,33 +
π

2
, β1,12 = β2,33 + π, (8.74)

β1,21 = β2,33 −
π

2
, β1,22 = β2,33 + π, β2,34 = β2,33 +

π

2
.

The tunneling amplitudes between the Majorana boxes are given by t12 = (t13+t23)/(t13−
t23) for t13 > t23. Introducing new notations for the tunneling amplitudes,

λ1,1± = λ1,12 ± λ1,11, λ1,2± = λ1,21 ± λ1,22, λ2,3± = λ2,33 ± λ2,34, (8.75)

the jump operator takes the form

K̃odd =
t213 + t223
t23 − t13


0 λ1,2−λ2,3− −λ1,1+λ2,3− 0

λ1,2+λ2,3+ 0 0 λ1,1+λ2,3+
λ1,1−λ2,3+ 0 0 λ1,2−λ2,3+

0 −λ1,1−λ2,3− λ1,2+λ2,3− 0

 .

(8.76)

To obtain the structure of the braiding-compatible jump operator (8.8), the �nal key
factor for the tunneling amplitudes is

λ1,1+λ1,1− = λ1,2+λ1,2− ⇔ λ21,12 − λ21,11 = λ21,21 − λ21,22. (8.77)
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To simplify notation, we introduce the following symbols

f̃ =
λ1,1+
λ1,2−

=
λ1,2+
λ1,1−

, g̃ =
λ1,2−
λ1,1−

=
λ1,1+
λ1,2+

, (8.78)

which allow the jump operator (8.76) to be expressed as

K̃odd = Λ


0 g̃λ2,3− −f̃ g̃λ2,3− 0

f̃λ2,3+ 0 0 f̃ g̃λ2,3+
λ2,3+ 0 0 g̃λ2,3+
0 −λ2,3− f̃λ2,3− 0

 , (8.79)

with Λ = λ1,1−(t
2
13 + t223)/(t23 − t13). Given the de�nitions

f̃1 = g̃λ2,3−, f̃2 = −λ2,3−, g̃1 = f̃λ2,3+, g̃2 = λ2,3+, (8.80)

the jump operator K̃odd as de�ned in Eq. (8.79) can be expressed in the form of the
braiding-compatible jump operator (8.8). As expected, the dark states of K̃odd (8.79),
denoted as |ψ̃1⟩ and |ψ̃2⟩, are given by |ψ1⟩ (8.9) and |ψ2⟩ (8.10).

|ψ̃1⟩ = Ñ1 (−g̃|001⟩+ |111⟩) = Ñ1

(
λ1,22 − λ1,21
λ1,12 − λ1,11

|001⟩+ |111⟩
)
, (8.81)

|ψ̃2⟩ = Ñ2

(
f̃ |010⟩+ |100⟩

)
= Ñ2

(
λ1,21 + λ1,22
λ1,12 − λ1,11

|010⟩+ |100⟩
)
. (8.82)

In a manner analogous to the formulae for the other two eigenstates given in Eq. (8.12),
it can be shown that the remaining two eigenstates, denoted |ψ̃±⟩, of the operator
K̃odd (8.79) coalesce into a null vector in this scenario.
The choice of tunneling parameters speci�ed by Eqs. (8.74) and (8.77) ensures that

the jump operator produces two parameter-dependent dark states within the odd-parity
subspace. However, the tunneling system must avoid two speci�c conditions: λ2,3+ = 0
and λ2,3− = 0. This means that the tunneling amplitudes involving QD2 should neither
be in phase, λ2,33 = λ2,34, nor exactly out of phase, λ2,33 = −λ2,34. When λ2,3± is zero,
the dark subspace would contain only one parameter-dependent dark state, which cannot
support a braiding transformation. Therefore, we vary the tunneling amplitudes λ1,2±
adiabatically while keeping λ2,3± as non-zero constants during the braiding process.

8.3.1 Braiding operations

In a manner comparable to the general scenario discussed in Sec. 8.2.2, the Lindblad
dissipator associated with the jump operator K̃odd (8.79) drives the system to a steady
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Chapter 8 Braiding in multiple Majorana boxes

state spanned by the dark states |ψ̃1⟩ (8.81) and |ψ̃2⟩ (8.82). These dark states are
dependent on the tunneling parameters. During the braiding operation, the parameters
λ1,2± are varied adiabatically, which in turn causes the parameters λ1,1± to adjust
according to the relationship given in Eq. (8.77). Considering the time-periodic boundary
conditions from t0 to tf , we establish polar coordinate systems for the tunnel amplitudes.

λ1,2−(t) = r2 sin[θ2(t)], λ1,2+(t) = r2 cos[θ2(t)]; (8.83)

λ1,1−(t) = r1 cos[θ1(t)], λ1,1+(t) = r1 sin[θ1(t)], (8.84)

where time-periodic boundary condition is given by θl(tf ) = θl(t0) + 2π for l ∈ {1, 2}.
This implies that the equation r22 cos(θ2) sin(θ2) ≡ r21 cos(θ1) sin(θ1) must be satis�ed
according to Eq. (8.77).
As outlined in Sec. 8.2.2, the pure steady state, denoted as ρ̃odd, in this context is

represented by ρodd as given in Eq. (8.49). Similarly, the function F (f, g), as described
in Eq. (8.54) for the steady state ρodd, is translated into a corresponding function F̃ to
ensure that the steady state ρ̃odd remains a pure state with topological order. Speci�cally,
F̃ is derived from F (f, g) according to the translation process outlined.

F̃ (λ1,21, λ1,22) = sin

1
4
sin−1

 λ1,21 − λ1,22√
2λ21,21 + 2λ21,22

 . (8.85)

In the polar coordinate systems de�ned by Eq. (8.83)-(8.84), the function F̃ can be
expressed as

F̃ (θ2) = sin(θ2/4). (8.86)

Referring to the Bloch vector nodd from Eq. (8.50), we �nd that in this context the Bloch
vector is given by

ñodd =

(
sin

θ2
2
, 0, cos

θ2
2

)
. (8.87)

This shows that the Bloch vector is parametrized by θ2, indicating that its behavior
depends on θ2 rather than on time t. Consequently, the steady state described by this
Bloch vector transitions from |ψ̃2⟩ to |ψ̃1⟩ after the parameters are varied over one cycle:
θ2(tf ) = θ(t0) + 2π. This process gives rise to the braiding operator B = σy as detailed
in Eq. (8.61).
In Fig. 8.3, we provide a numerical example where r1 = 2r2 and θ1(t) = θ2(t), with

θ varying linearly with time. This �gure illustrates the trajectory of the Bloch vector
alongside the periodic changes in the parameters. The rotation of the Bloch vector
corresponds to the braiding illustrated in the dark space, as shown in Fig. 8.1.
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1
r2
(λ1,11, λ1,12)

1
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(λ1,21, λ1,22)

Figure 8.3: The left diagram shows how tunneling amplitudes change as θ2 varies from 0 to
2π with r1 = 2r2 and θ1(t) = θ2(t) in Eqs. (8.83)-(8.84). The solid dots mark the
initial and �nal parameter values in the cyclic adiabatic evolution. The right diagram
depicts the rotation of the Bloch vector ñodd (8.87).

8.4 Summary

To summarize this chapter, we �rst established that the braiding operation, as shown
in Fig. 8.1, requires a minimum of three Majorana boxes. These boxes collectively
form an open quantum system that can potentially possess two parameter-dependent
dark states with the same parity. In Sec. 8.1, we introduced the braiding-compatible
jump operator (8.8), which includes two dark states (8.9) - (8.10) within the odd-parity
subspace. According to the Lindblad equation with this jump operator, the dissipation
should drive the Majorana sector into a state within the subspace spanned exclusively
by these two dark states, as shown in Eq. (8.47).
To maintain chiral symmetry in the steady state, the function F (f, g) in Eq. (8.47) must

be real and satisfy F ∈ [−1, 1]. The presence of chiral symmetry leads to topological
order in the steady state, characterized by the Bloch vector (8.50) described in Sec. 8.2.2.
As anticipated, this topological order is captured by the invariant W given in Eq. (8.52).
When the function F is speci�ed as in Eq. (8.54), the steady state exhibits a non-trivial
transformation as the parameters vary along a periodic circle. This transformation is
detailed by Eq. (8.60) and corresponds to the non-Abelian braiding illustrated in Fig. 8.1.
For a system involving three Majorana boxes, the Lindblad equation governing the

Majorana sector can be expressed in terms of the jump operator shown in Eq. (8.37).
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Chapter 8 Braiding in multiple Majorana boxes

To achieve the structure of the braiding-compatible jump operator given in Eq. (8.8), we
constructed the tunneling system depicted in Fig. 8.2. Although other tunneling systems
could also realize the braiding-compatible jump operator, the con�guration shown in
Fig 8.2 is the simplest one that achieves the desired form of the jump operator. By
appropriately selecting the tunneling parameters, as described in Eqs. (8.74) and (8.77),
the setup depicted in Fig. 8.2 can yield the jump operator (8.79). This jump operator
produces two odd-parity dark states, which are parameter-dependent and are given in
Eqs. (8.81) and (8.82). However, it is crucial to avoid having in-phase or opposite-phase
tunneling amplitudes between QD2 and MBSs, i.e., λ2,33 ̸= ±λ2,34. If these conditions
are not met, braiding in the corresponding dark space will not be feasible.
For the tunnel amplitudes, their periodic variation is described by sinusoidal functions

in polar coordinates, as shown in Eqs. (8.83) and (8.84). When the tunneling amplitude
varies with a linearly time-dependent angle θ1,2, the Bloch vector, according to Eq. (8.87),
traces out a semicircle. This behavior is shown in Fig. 8.3, which con�rms the expected
pattern. However, the performance of the Bloch vector is independent of the speci�c
time-dependent functions, θ1(t) and θ2(t), used in the adiabatic and time-periodic change
of parameters.
There are several forms of jump operators compatible with braiding. We speci�cally

use the form given in Eq. (8.8) because it is relatively straightforward to implement in
practical tunneling systems. Braiding can also be achieved using di�erent sets of braiding
operators, depending on how the parameters F and α1,2 are de�ned in Eq. (8.47). These
parameters represent the coherence between two dark states in the steady state. To
achieve non-Abelian braiding in the dark space, we generally need to adhere to the
requirements summarized in Fig. 8.1, which outline the conditions necessary for successful
non-Abelian braiding in this context. In the context of open systems, the ability to freely
adjust tunneling parameters allows for adiabatic changes along closed loops in parameter
space. This adiabatic evolution ensures that the resulting braiding transformation is
topological, re�ecting the robustness and stability of the braiding process in the reduced
parameter space.
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Chapter 9

Conclusions

In revisiting the goals set out at the beginning of this research, the study has met its
objectives and contributed to two areas: quantum friction and topological quantum
computing. The results are not only consistent with previous research but also o�er
new insights from di�erent perspectives. Moreover, the theoretical �ndings have a strong
potential to in�uence future research on observing quantum friction and advancing the
implementation of quantum computers. Both areas are of great importance, especially
as people are relentlessly working to create functional quantum chips.

9.1 Quantum friction between metals in the hydrodynamic regime

This study on quantum friction investigates how the frictional force is a�ected by the
dispersion of materials, focusing on the impact of their frequency-dependent dielectric
properties. The dispersion relation is a key characteristic of the hydrodynamic model,
with the sound speed serving as a critical parameter that describes how excitations
propagate within the medium. By integrating recent developments in the �eld [40�42]
with established studies of the electric hydrodynamic model, we can demonstrate that
the hydrodynamic regime in conductors, such as graphene, can be realized when electron-
electron interactions are the dominant factor.
In this study, we revisited the electric hydrodynamic model discussed in Barton's

review [39] and incorporated this model into the calculation of quantum friction using
time-dependent perturbation theory [25]. The quantum friction system involves a single
atom moving parallel to the interface of a metallic substrate. When the dipole moment d
is su�ciently small to be treated as a perturbative constant, time-dependent perturbation
theory is applicable. As a result, we derived the frictional force as a series of terms in
perturbative order.
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In the analytic derivation of the second-order and fourth-order forces, we have
examined the dispersion relation, which leads to a Heaviside step function and modi�es
the delta function that enforces energy conservation in these forces. Consequently, we
have found that the speed of sound acts as the threshold velocity for the frictional force
at each order of perturbation. This enlightens our understanding of how frictional force
arises. It suggests that there is a mirror image of the atom in the substrate within a
vacuum. The speed of sound represents the maximum speed at which this mirror image
can propagate through the substrate. When the atom moves faster than the speed of
sound, the mirror image cannot align vertically with the moving atom at the interface,
leading to a frictional force due to the misalignment between the real atom and its image
in the substrate.
Our numerical results indicate that dispersion signi�cantly a�ects the frictional force

when the atom moves at relatively low velocities, which is consistent with the claim
made in Ref. [33]. Additionally, within appropriate ranges of relevant parameters, such
as plasma frequency and Bohr transition frequency, the e�ects arising from the dispersion
relation become negligible when the atom's velocity exceeds ten times the speed of sound.
This will be important for future studies, as the dispersion e�ect reduces the magnitude
of the frictional force.
Overall, this study enhances our understanding of quantum friction, particularly within

the framework of electronic hydrodynamic models that account for signi�cant dispersion
e�ects. While quantum friction remains a debatable topic, it is an active area of research
with promising potential for experimental observation. This frictional force is expected
to be especially signi�cant at scales approaching the nanometer or smaller. Furthermore,
the dissipation associated with quantum friction can be bene�cial in certain occasions.

9.2 Braiding protocols in the dissipative-driven Majorana boxes

In this work, we explore the possibility of implementing braiding operations in dissipative-
driven Majorana boxes. These boxes are connected to quantum dots positioned in a
bosonic environment. Rather than performing non-Abelian braiding within the manifold
of ground states, we propose conducting the topological braiding operation in the context
of open systems within a "dark space". This dark space is composed of dark states that
are immune to environmental interactions and resist decay.
Due to the constraints imposed by topological braiding, the dark space must always

contain multiple dark states that share the same parity and are dependent on system
parameters. These dark states are the eigenstates of the jump operator with zero
eigenvalues. By adiabatically tuning certain parameters, it is possible to manipulate
quantum states within the Majorana sector, allowing for braiding operations within this
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dark space. Although it might seem intuitive that two Majorana boxes would su�ce to
construct such a dark space, the Lindblad equation, as a CPTP map, imposes limitations
on the structure of the jump operators that prevent the possibility of braiding with just
two Majorana boxes. The limitations of a CPTP map ensure that certain non-physical
behaviors are prevented.
To address the constraints of both topological braiding and the CPTP map, we decided

to extend the degrees of freedom in the Majorana sector by adding additional Majorana
boxes. In the analysis of the open system composed of three boxes, a braiding-compatible
jump operator was �rst identi�ed, which has two orthonormal odd-parity dark states as
its eigenstates. These eigenstates are in�uenced by the tunneling amplitude between the
Majorana boxes and quantum dots. Subsequently, a tunneling system was constructed
to approach the braiding-compatible jump operator by adjusting certain parameters.
Ultimately, a "braiding rehearsal" was conducted in which the relevant tunneling
amplitudes were modulated by sinusoidal functions to satisfy the time-periodic boundary
condition.
In the braiding protocols demonstrated in this work, the Majorana sector was driven to

a steady state as a superposition of orthonormal dark states in the odd-parity subspace,
given that the system was initially set up in a state with odd parity. To determine
the constraints arising from chiral symmetry, which can be a characteristic of certain
topologically ordered phases, we expressed the steady state spanned by the dark states
in Bloch form through a unitary transformation. As stated in Ref. [110], the geometry of
the Bloch sphere indicates that chiral symmetry con�nes the winding of the Bloch vector
to a unit circle. To satisfy this additional constraint, speci�c parameters of the system
must be adjusted to particular symmetric values. However, the remaining available
parameters still permit an adiabatic change along closed loops in the parameter space.
Consequently, the resulting braiding transformation is topological within this reduced
parameter space.
This study demonstrated one of the simplest methods for performing topological

braiding operations in dissipative-driven Majorana boxes. While we focused on a system
of three Majorana boxes, it is important to note that multiple braiding-compatible
jump operators exist. Additionally, there are various tunneling systems and braiding
protocols that can be explored. The primary aim of this research was to con�rm the
feasibility of braiding implementations within the Majorana open system and to provide
a comprehensive guideline for constructing a braiding-compatible jump operator along
with its associated braiding protocols in the tunneling system.
In contrast to braiding operations performed in real space, braiding in the dark

space can be implemented simply by adiabatically adjusting the tunneling amplitudes,
without the need for the more complex processes required in quantum mechanics. This
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approach appears more feasible in practice, but it requires AC driving and damping from
the electromagnetic environment, necessitating adjustments to the current experimental
platforms. Once a functional platform has been established to e�ciently manage the
Majorana boxes within this damping system, this work will provide a clear guideline
for performing braiding operations in the dark space. The implications of this research
extend beyond theoretical constructs, suggesting practical pathways for developing robust
quantum computing systems.
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Appendix A Normalizing constants of the surface and bulk
modes in the HD regime

In �eld theory, the commutator of the normalized Φ in both modes and the canonical
form's �rst element yields the following formulas.[

Φs(r),Π
0
s(r

′)
]
= iδ(r − r′) (A.1)[

Φb(r),Π
0
b(r

′)
]
= iδ(r − r′), (A.2)

where Π0
s = ∂Φs/∂t, as well as in the bulk modes.

Π0
s =

m

e
Nk

∫
dk iΩs e

ik·r−kz−iΩstak(Ω
2
sps − ω2

pk) + h.c.. (A.3)

Thus, one can obtain

ΦsΠ
0
s =

m2N2
k

e2

∫
dk iΩs (Ω

2
sps − ω2

pk)
2
(
aka

†
ke

ik·(r−r′) − a†kake
ik·(r′−r)

)
(A.4)

Π0
sΦs =

m2N2
k

e2

∫
dk iΩs (Ω

2
sps − ω2

pk)
2
(
a†kake

ik·(r−r′) − aka
†
ke

ik·(r′−r)
)
. (A.5)

Straightforwardly, we can determine the commutation of normalized �elds in surface
modes.

ΦsΠ
0
s−Π0

sΦs =
m2N2

k

e2

∫
dk iΩs (Ω

2
sps−ω2

pk)
2
(
eik·(r−r′) + eik·(r

′−r)
)(

aka
†
k − a†kak

)
.

(A.6)

This formula should turn into iδ(r − r′) which can be written as

iδ(r − r′) = i

∫
dk eik·(r−r′). (A.7)
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To satisfy
[
Φs(r),Π

0
s(r

′)
]
≡ iδ(r − r′), the normalizing constant becomes:

N2
k =

ω2
p(2Ω

2
s − ω2

p)
2

16π2mnΩsk3(ω2
p + 2Ω2

s)(Ω
2
s − ω2

p)
2
. (A.8)

With the same procedures, the normalizing constant of the bulk mode is also obtained.

M2
k =

β4p2b(2Ω
2
b − ω2

p)
2

4π3mnΩb(Ω
2
b − ω2

p)
2((2Ω2

b − ω2
p)

2 − 4β2k2Ω2
b)
. (A.9)
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Appendix B Perturbative coefficients

B.1 The second perturbative order coe�cients

Here we derive the perturbative coe�cients from b
(2)
0 and b

(2)
2 in Eqs. (3.38)-(3.39) to

obtain the exact state function.

b
(2)
0 = F (1)

01 = −i
∫ t

−∞
ds W01b

(1)
1 (s)eiω01s, (B.1)

b
(2)
2 = F (1)

21 = −i
∫ t

−∞
ds W21b

(1)
1 (s)eiω21s. (B.2)

Starting with the relatively easier one, b(2)0 , because W (t) = V (t)/d is a Hermitian
operator, we can obtain W01 = (W10)

∗ from W10 in Eq. (3.35).

W01(t) = i
(
η · k⃗

)
ϕke

−kze−i(ω′(k)+ωb)t. (B.3)

Combining the expression for b(1)1 in Eq. (3.37), we can obtain the integral in b
(2)
0 as

follows

b
(2)
0 = F (1)

01 = i
∑
η

∫
dk

|η · k⃗|2ϕ2ke−2kz

ω′(k) + ωb − iδ+

∫ t

−∞
ds eδ

+s (B.4)

To calculate b(2)2 , we �rstly derive W21 from the operator V (t) in Eq. (3.6).

W21(t) =
1

d
⟨g,k1k2|V (t)|η,k⟩ (B.5)

=
1

d

∫
dk′ ⟨g|D(t)|η⟩ ·

(
ik⃗′
)∗
eiω

′(k′)t−k′zϕk′⟨k1k2|a†k′ |k⟩ (B.6)

= −i
∫
dk′ ei(ω

′(k′)−ωb)t−k′z
(
η · k⃗′

)∗
ϕk′⟨k1k2|a†k′ |k⟩. (B.7)
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To �nd the expectation of the bosonic sector, one can apply the Wick theorem which
leads to

⟨k1k2|a†k′ |k⟩ = ⟨ak1ak2a
†
k′a

†
k⟩vac (B.8)

= ⟨ak1a
†
k′⟩⟨ak2a

†
k⟩+ ⟨ak1a

†
k⟩⟨ak2a

†
k′⟩ (B.9)

= δ(k1 − k′)δ(k2 − k) + δ(k1 − k)δ(k2 − k′). (B.10)

Thus, the element W21(t) becomes

W21(t) = −i
∫
dk′ ei(ω

′(k′)−ωb)t−k′z
(
η · k⃗′

)∗
ϕk (B.11)

× δ(k1 − k′)δ(k2 − k) + δ(k1 − k)δ(k2 − k′)

W21(t) = −i
(
ei(ω

′(k1)−ωb)t−k1z
(
η · k⃗1

)∗
ϕk1δ(k2 − k) + {k1 ↔ k2}

)
, (B.12)

where {k1 ↔ k2} represents the same formalism but exchanging the momenta k1 and k2.
Then, one can use the equations of W21 and b(1)1 to obtain the expression for b(2)2 .

b
(2)
2 = −i

∫ t

−∞
ds W21b

(1)
1 (s)eiω21s (B.13)

= −ie−k1z−k2z
(
k⃗2 · k⃗1

)∗
ϕk1ϕk2

∫ t

−∞
ds

(
ei(ω

′(k1)+ω′(k2)−iδ+)s

ω′(k2) + ωb − iδ+
+ {k1 ↔ k2}

)
(B.14)

b
(2)
2 = −

e−k1z−k2z
(
k⃗2 · k⃗1

)∗
ϕk1ϕk2

ω′(k1) + ω′(k2)− iδ+

(
ei(ω

′(k1)+ω′(k2))t

ω′(k2) + ωb − iδ+
+ {k1 ↔ k2}

)
. (B.15)

In the Sec. 3.2, the expressions of b(2)0 (B.4) and b(2)2 (B.15) will be used to analyze the
state functions of the quantum-friction system.

B.2 The third perturbative coe�cients

For the third perturbative order coe�cient b(3)1 in Sec. 3.2, we derive it from Eq. (3.44)

b
(3)
1 (t) = F (2)

10 + F (2)
12 = −i

∫ t

−∞
ds W10b

(2)
0 eiω10s − i

∫ t

−∞
ds W12b

(2)
2 eiω12s. (B.16)
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With the expressions of W10 in Eq. (3.35) and b(2)0 in Eq. (3.42), the �rst term, F (2)
10 , can

be obtained as follows.

F (2)
10 = − 1

d2

∫ t

−∞
ds
(
η · k⃗

)∗
ϕke

−kzei(ω
′(k)+ωb)s

(
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ϕke

−kz

d2

(
−iδωg −

γg
2

)∫ t

−∞
ds ei(ω

′(k)+ωb−iδ+)ss. (B.18)

One can solve the time integral by parts.

F (2)
10 = −
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ϕke
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−iδωg −

γg
2

)([ ei(ω
′(k)+ωb−iδ+)ss

i(ω′(k) + ωb − iδ+)

]t
s=−∞

(B.19)

−
∫ t

−∞
ds

ei(ω
′(k)+ωb−iδ+)s

i(ω′(k) + ωb − iδ+)

)

F (2)
10 = −

i
(
η · k⃗

)∗
ϕke

−kzei(ω
′(k)+ωb)t

d2(ω′(k) + ωb − iδ+)

(
iδωg +

γg
2

)(
t+

i

ω′(k) + ωb − iδ+

)
(B.20)

The second part, F (2)
12 , can be rewritten using W21 (B.12).

F (2)
12 = −i
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ds

∫
dk1dk2 W
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∫
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Since k1 and k2 are dummy variables, one can rewrite them as k′ in the integral of F (2)
12 .
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.
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Using the coe�cient b(2)2 (3.41), we obtain the second part in the third perturbative order
coe�cient as follows.

F (2)
12 = −e−kzϕk

∫
dk′ e−2k′z
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Therefore, we compute the third perturbative order coe�cient b

(3)
1 as the sum of

F (2)
10 (B.20) and F (2)

12 (B.26).
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The Sokhotski-Plemelj theorem states that

lim
λ→0

∫ b

a
dx

f(x)

x± iλ
= ∓iπf(0) + P

∫ b

a
dx
f(x)

x
, (C.1)

where P is the notation of the Cauchy principal value. Its proof is as following.

lim
λ→0

∫ b

a
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The fraction in the second imaginary term is known as the nascent delta function in the
limit as λ→ 0.

lim
λ→0

∫ b

a
dx
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x± iλ
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∫ b

a
dx
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∫ b

a
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In Sec. 3.2, one can �nd the real part of the coe�cient b(2)0 in Eq. (3.40) can be expressed
as the nascent delta function in Eq. (3.43).∫

d2k Re

[
lim
λ→0

i

ωb + ω′(k)− iλ

]
=

∫
d2k Re

[
i× iπδ

(
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)]
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= −π
∫
d2k δ

(
ωb + ω′(k)

)
. (C.7)
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Appendix D The integral in the second-order force

Here, we perform the substitution in the integral of the second-order force as shown in
Eq. (4.12) by the dispersion relation in Eq. (4.15).

⟨Fx⟩(2) =
2d2ω4

p

v

∫ ∞

0
dk

k2e−2kz

Ωs(k)
(
ω2
p + 2Ω2

s(k)
) (Ωs(k) + ωb)Θ (kv − Ωs(k)− ωb)√

(kv)2 − (Ωs(k) + ωb)2
,

(D.1)

k =
2Ω̃2 − 1

2Ω̃

ωp

β
, dk =

2Ω̃2 + 1

2Ω̃2

ωp

β
dΩ̃. (D.2)

Before the substitution, we also replace the parameters with the dimensionless parameters
de�ned in Eq. (4.14).

⟨Fx⟩(2) =
2d2ωp

ṽβ

∫ ∞

0
dk

k2e−2kz

Ω̃
(
2Ω̃2 + 1

) (Ω̃ + ω̃)Θ (kv − Ωs − ωb)√
(kv/ωp)2 − (Ω̃ + ω̃)2

. (D.3)

Then, with the substitution in Eq. (D.2), one can further determine

kv

ωp
=

2Ω̃2 − 1

2Ω̃
ṽ, kz =

2Ω̃2 − 1

2Ω̃
z̃, (D.4)

and the second force becomes

⟨Fx⟩(2) =
d2ω4

p

2ṽβ4

∫ ∞

1/
√
2
dΩ̃ Θ

(
2Ω̃2 − 1

2Ω̃
ṽ − Ω̃− ω̃

)
(Ω̃ + ω̃)(2Ω̃2 − 1)2e−(2Ω̃

2−1)z̃/Ω̃

Ω̃4

√
(2Ω̃2ṽ − ṽ)2 − 4Ω̃2(Ω̃ + ω̃)2

.

(D.5)
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Appendix E The integral in the fourth-order force

One can use the expressions for c(1)1 in Eq. (3.46) and c
(2)
2 (3.48) to derive the second

integral in ⟨Fx⟩(4)2 (4.4).

Re
∑
η

∫
dk1dk2 ⟨η,k|Fx|g,k1k2⟩c(1)∗1 (t,k)c

(2)
2 (t,k1,k2) (E.1)

= Re
∑
η

∫
dk1dk2 ⟨η,k|Fx|g,k1k2⟩id3

(
η · k⃗

)
ϕke

−kz e−i(ω′(k)+ωb)t

ω′(k) + ωb + iδ+
(E.2)

×
e−k1z−k2z

(
k⃗2 · k⃗1

)∗
ϕk1ϕk2

ω′(k1) + ω′(k2)− iδ+

(
ei(ω

′(k1)+ω′(k2))t

ω′(k2) + ωb − iδ+
+ {k1 ↔ k2}

)
.

The force operator is de�ned as Fx = ∂V/∂t, so that

⟨η,k|Fx|g,k1k2⟩ =
∂

∂x
⟨η,k|V |g,k1k2⟩ = d

∂

∂x
⟨η,k|W |g,k1k2⟩ = d

∂W12

∂x
. (E.3)

As the matrix W should be hermitian, W12 = W ∗
21, and using the expression for W21 in

Eq. (B.12), one obtains

⟨η,k|Fx|g,k1k2⟩ = −d
(
e−i(ω′(k1)−ωb)t−k1zk1 cos(θ1)

(
η · k⃗1

)
ϕk1δ(k2 − k) (E.4)

+ {k1 ↔ k2}
)
.
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Appendix E The integral in the fourth-order force

Inserting this into the integral in Eq. (E.2) yields

Re
∑
η

∫
dk1dk2 ⟨η,k|Fx|g,k1k2⟩c(1)∗1 (t,k)c

(2)
2 (t,k1,k2) (E.5)

= −d4Re
∫
dk1dk2 ϕ

2
k1ϕ

2
k2

∣∣∣⃗k1 · k⃗2∣∣∣2( k1 cos(θ1)

ω′(k2) + ωb + iδ+
+ {k1 ↔ k2}

)
(E.6)

× e−2k1z−2k2z i

ω′(k1) + ω′(k2)− iδ+

(
1

ω′(k2) + ωb − iδ+
+ {k1 ↔ k2}

)
.

Again, one can de�ne a delta function in the integral by the Sokhotski-Plemelj theorem
illustrated in Appendix C.

Re
∑
η

∫
dk1dk2 ⟨η,k|Fx|g,k1k2⟩c(1)∗1 (t,k)c

(2)
2 (t,k1,k2) (E.7)

= πd4
∫
dk1dk2 ϕ

2
k1ϕ

2
k2

∣∣∣⃗k1 · k⃗2∣∣∣2 e−2k1z−2k2z

(
k1 cos(θ1)

ω′(k2) + ωb
+

k2 cos(θ2)

ω′(k1) + ωb

)
(E.8)

× δ
(
ω′(k1) + ω′(k2)

)( 1

ω′(k2) + ωb
+ {k1 ↔ k2}

)
.
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Appendix F The density matrix in the interaction picture

The density matrix operator in the Schrödinger picture is written as

ρ(t) = |ψ(t)⟩⟨ψ(t)|, (F.1)

where |ψ(t)⟩ is the state function of the total Hamiltonian as H = H0 + Hint(t), and
H0 consists of the Hamiltonian of each subsystem. Thus, the time evolution in the state
function should be

|ψ(t, t′)⟩ = U(t, t′)|ψ(t′)⟩, where U(t, t′) = T e−i
∫ t
t′ ds H(s). (F.2)

T is the time-ordering operator. Therefore, the density matrix in the Schrödinger picture
can be expressed as

ρ(t) = U(t, t′)ρ(t′)U †(t, t′). (F.3)

Therefore, the time derivative of the density matrix gives the von Neumann equation as
expected.

d

dt
ρ(t) =

dU(t, t′)

dt
ρ(t′)U †(t, t′) + U(t, t′)ρ(t′)

dU †(t, t′)

dt
(F.4)

= −iH(t)ρ(t) + iρ(t)H†(t) = −i [H(t), ρ(t)] . (F.5)

In the interaction picture, the density matrix operator is expressed in a manner
analogous to other observable operators.

ρI(t) = U †
0(t, t

′)ρ(t)U0(t, t
′) (F.6)

= UI(t, t
′)ρ(t′)U †

I (t, t
′), (F.7)

where U0(t, t
′) = e−iH0(t−t′) and UI(t, t

′) = T e−i
∫ t
t′ ds Hint(s). (F.8)

One can also obtain this result by analyzing the state function in the interaction picture
as follows.

|ψI(t)⟩ = eiH0(t−t′)|ψ(t)⟩ = eiH0(t−t′)U(t, t′)|ψ(t′)⟩ = UI(t, t
′)|ψ(t′)⟩. (F.9)
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Appendix F The density matrix in the interaction picture

Thus, we obtain the corresponding von Neumann equation in the interaction picture as
follows.

d

dt
ρI(t) =

dUI(t, t
′)

dt
ρ(t′)U †

I (t, t
′) + UI(t, t

′)ρ(t′)
dU †

I (t, t
′)

dt
(F.10)

= −iHintρI(t) + iρI(t)H
†
int (F.11)

d

dt
ρI(t) = −i [Hint, ρI(t)] . (F.12)
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Appendix G The bath correlation functions

The bath correlation function, which is homogenous in time, is expressed as Eq. (6.90).

eJenv(s) =
〈
ei(δj(s)−δk(s))ei(δk(0)−δj(0))

〉
env

, (G.1)

where δj(t) =
∑

m gjm

(
b†m(t) + bm(t)

)
with the bosonic annihilation operators bm(t) =

bm exp (−iEmt). Therefore, δj(s)− δk(s) can be written as

δj(s)− δk(s) =
∑
m

δgjk,m

(
b†m(s) + bm(s)

)
, where δgjk,m = gjm − gkm. (G.2)

The state of the bath remains at equilibrium, which is characterized as a thermal state.

ρenv = Z−1
enve

−Henv/T , where Zenv = Trenv

(
e−Henv/T

)
. (G.3)

As anticipated, the expectation value of the electromagnetic �uctuation from the bath
is zero, i.e.: ⟨δj(t)⟩ = 0. For a Gaussian random variable δj(t) with mean zero, the bath
correlation function is given by [122]

Jenv(s) = ⟨{δj(s)− δk(s)− [δj(0)− δk(0)]} [δj(0)− δk(0)]⟩env (G.4)

=
∑
m,m′

δgjk,mδgjk,m′

〈
b†mbm′

(
eiEms − 1

)
+ bmb

†
m′
(
e−iEms − 1

)〉
env

. (G.5)

The bosonic distribution corresponding to the Hamiltonian in Eq. (6.22) should be〈
b†mbm′

〉
env

= δm,m′
1

eEm/T − 1
(G.6)〈

bmb
†
m′

〉
env

= δm,m′

(
1 +

1

eEm/T − 1

)
= δm,m′

eEm/T

eEm/T − 1
. (G.7)
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Appendix G The bath correlation functions

The correlation function is then expressed as

Jenv(s) =
∑
m

δg2jk,m
eiEms − 1 + eEm/T

(
e−iEms − 1

)
eEm/T − 1

(G.8)

=
∑
m

δg2jk,m

[
eEm/T + 1

eEm/T − 1
(cos(Ems)− 1)− i sin(Ems)

]
(G.9)

=
∑
m

δg2jk,m [coth (Em/2T ) (cos(Ems)− 1)− i sin(Ems)] (G.10)

Here we introduce the energy spectral density J (ω),

J (ω) = π
∑
m

δg2jk,mE
2
mδ(ω − Em), (G.11)

which e�ectively characterizes the distribution of the bosonic bath modes in terms of
their frequencies and the strength of their coupling to the open system. In terms of the
spectral density function, the correlation function is written as

Jenv(s) =

∫
dω

π

J (ω)

ω2
[coth (ω/2T ) (cos(ωs)− 1)− i sin(ωs)] . (G.12)

We can apply the concept of an Ohmic bath to model the spectral density J (ω),
which is characterized by a linear relationship J (ω) ∝ ω. However, to adhere to physical
constraints, especially to prevent divergence at high frequencies, the spectral density
must be re�ned. This re�nement is accomplished by incorporating a cuto� frequency
ωc, which ensures convergence and limits the energy of the bath. Mathematically, this
is done by including an exponential decay term, resulting in the following form for the
Ohmic spectral density.

J (ω) = αωe−ω/ωc , (G.13)

where α is a dimensionless parameter that quanti�es the system-bath coupling strength.
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Appendix H The expansion of the Markovian quantum mas-
ter equation

The expansion of the Markovian quantum master equation is detailed in Eq. (6.80), which
captures the dynamics of the open quantum system under the in�uence of a bosonic bath.

d

dt
ρs(t) = −

∫ ∞

0
ds Trenv [V (t)V (t− s)ρs(t)⊗ ρevn (H.1)

−V (t− s)ρs(t)⊗ ρevnV (t) + h.c.] .

Using the expression of V as presented in Eq. (6.78), we have systematically derived each
term that constitutes the quantum master equation as follows.

V (t− s)ρs(t)⊗ ρevnV (t) = 4g20
∑
j ̸=k

e−iδϵkjsWjkd
†
jdkρs(t)Wkjd

†
kdj (H.2)

⊗ ei(δk(t−s)−δj(t−s))ρevne
i(δj(t)−δk(t)).

Taking the trace over the bath and applying the cyclic property of the trace, we obtain
the same bath correlation function de�ned in Eq. (6.86).

Trenv

[
ei(δk(t−s)−δj(t−s))ρevne

i(δj(t)−δk(t))
]
= Trenv

[
ei(δj(t)−δk(t))ei(δk(t−s)−δj(t−s))ρevn

]
Trenv

[
ei(δk(t−s)−δj(t−s))ρevne

i(δj(t)−δk(t))
]
= eJenv , (H.3)

Then integrating over time s leads to∫ ∞

0
ds Trenv [V (t)ρs(t)⊗ ρevnV (t− s)] =

∑
j ̸=k

ΛjkAjkρs(t)A
†
jk, (H.4)

where Ajk = 2Wjkd
†
jdk and Λkj = g20

∫ ∞

0
ds e−iδϵkjseJenv(s). (H.5)
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Appendix H The expansion of the Markovian quantum master equation

For the Hermitian conjugation of the terms in the quantum master Eq. (H.1), one can
directly identify the corresponding Hermitian adjoint, which is essential for ensuring the
complete positivity of the density matrix evolution.∫ ∞

0
ds Trenv [ρs(t)⊗ ρevnV (t)V (t− s)] =

∑
j ̸=k

Λ∗
jkρs(t)A

†
jkAjk, (H.6)∫ ∞

0
ds Trenv [V (t− s)ρs(t)⊗ ρevnV (t)] =

∑
j ̸=k

Λ∗
jkAjkρs(t)A

†
jk. (H.7)
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Appendix I Kubo-Martin-Schwinger symmetry

The transition rate Γ̃jk is associated with the bath correlation function Jenv(s) expressed
in Eq. (6.91). The integrand of the correlation function Jenv(−s − i/T ) is given by
coth (ω/2T ) (cos(−ωs− iω/T )− 1)− i sin(−ωs− iω/T ). Using Euler's formula,

cos(iω/T ) = cosh(ω/T ), sin(iω/T ) = i sinh(ω/T ), (I.1)

we can express the trigonometric functions with complex arguments as

cos(ωs+ iωT ) = cos(ωs) cos(iω/T )− sin(ωs) sin(iω/T ) (I.2)

= cos(ωs) cosh(ω/T )− i sin(ωs) sinh(ω/T ),

sin(ωs+ iω/T ) = sin(ωs) cos(iω/T ) + sin(iω/T ) cos(ωs) (I.3)

= sin(ωs) cosh(ω/T ) + i sinh(ω/T ) cos(ωs).

Subsequently, we derive the integrand Jenv(−s − i/T ) of the bath correlation function,
which is initially given by the following expression.

I(−s− i/T ) = coth (ω/2T ) (cos(ωs) cosh(ω/T )− 1)− sinh(ω/T ) cos(ωs) (I.4)

− i sin(ωs) (sinh(ω/T ) coth (ω/2T )− cosh(ω/T )) .

Employing the hyperbolic identities sinh (2x) = 2 sinh (x) cosh (x), cosh (2x) = cosh2 (x)+
sinh2 (x) and 1 = cosh2 (x)− sinh2 (x), we proceed to simplify the integrand.

I(−s− i/T ) = coth (ω/2T )
[
cos(ωs)

(
cosh(ω/T )− 2 sinh2(ω/2T )

)
− 1
]

(I.5)

− i sin(ωs)
(
2 cosh2(ω/2T )− cosh2(ω/2T )− sinh2(ω/2T )

)
= coth (ω/2T )

[
cos(ωs)

(
cosh2(ω/2T )− sinh2(ω/2T )

)
− 1
]

(I.6)

− i sin(ωs)
(
cosh2(ω/2T )− sinh2(ω/2T )

)
⇒ I(−s− i/T ) = coth (ω/2T ) [cos(ωs)− 1]− i sin(ωs) = I(s). (I.7)
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Appendix I Kubo-Martin-Schwinger symmetry

Hence, the bath correlation function, as de�ned in Eq. (6.86) exhibits that Jenv(−s −
i/T ) ≡ Jenv(s) which is known as the Kubo-Martin-Schwinger (KMS) symmetry [133].
KMS symmetry characterizes the thermal equilibrium state of a quantum system at
a speci�c temperature T . This symmetry fundamentally con�rms that the correlation
functions of the system, when in thermal equilibrium, display a speci�c periodicity in
imaginary time. This periodicity is directly related to the inverse of the temperature.
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Appendix J The Bloch form of Lindblad equation

We consider the open system consisting of a single Majorana box whose density matrix
is 2 × 2. Without loss of generality, one can express the 2 × 2 density matrix and the
corresponding jump operator using the generic forms given by Eqs. (7.1) and (7.3),

ρ =
1

2
(σ0 + n · σ) = 1

2
[σ0 + (nx, ny, nz) · (σx, σy, σz)] , (J.1)

K = k · σ = (kx exp (iϕx), ky exp (iϕy), kz exp (iϕz)) · (σx, σy, σz) , (J.2)

where nx,y,z ∈ R, and kx,y,z and ϕx,y,z are determined by the tunneling amplitudes
λj,ν and tunneling phases βj,ν , respectively. In the Lindblad equation (6.111), the
contributions of quantum jumps and the anti-commutator can be expressed as

KρK† = (k · σ)1
2
(σ0 + n · σ) (k∗ · σ), (J.3)

K†Kρ = (k∗ · σ)(k · σ)1
2
(σ0 + n · σ) , (J.4)

ρK†K =
1

2
(σ0 + n · σ) (k∗ · σ)(k · σ). (J.5)

Given that the product of Pauli matrices can be written as σaσb = δa,bσ0+iϵabc σc, where
ϵabc is the Levi-Civita symbol and a, b, c ∈ {x, y, z}, it follows that for two arbitrary
vectors v1 and v2, there is (v1 · σ) (v2 · σ) = (v1 · v2)σ0 + iσ · (v1 × v2). Thus, we
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Appendix J The Bloch form of Lindblad equation

proceed to derive the expression for quantum jumps as follows.

KρK† = (k · σ)1
2
(σ0 + n · σ) (k∗ · σ) (J.6)

=
1

2
[k · σ + (k · n)σ0 + iσ · (k × n)] (k∗ · σ) (J.7)

=
1

2
[(k · k∗)σ0 + iσ · (k × k∗) + σ · k∗ (k · n) (J.8)

+i [(k × n) · k∗]σ0 − σ · (k × n)× k∗]

KρK† =
1

2

[(
|k|2 + i (k × n) · k∗)σ0 + σ · (ik × k∗ + (k · n)k∗ − (k × n)× k∗)

]
.

(J.9)

We apply the same approach to the terms from the anti-commutator and obtain their
expressions as

K†Kρ = (k∗ · σ)(k · σ)1
2
(σ0 + n · σ) (J.10)

=
1

2

[(
|k|2 + i (k∗ × k) · n

)
σ0 + σ ·

(
ik∗ × k + |k|2n− k∗ × k × n

)]
,

ρK†K =
1

2
(σ0 + n · σ) (k∗ · σ)(k · σ) (J.11)

=
1

2

[(
|k|2 + i (n× k∗) · k

)
σ0 + σ · (ik∗ × k + (n · k∗)k − n× k∗ × k)

]
.

Using the properties of the scalar triple product and the cyclic nature of the cross product
and dot product, (v1 × v2) · v3 = (v3 × v1) · v2, we can align the identity terms in the
contribution of the anti-commutator to that of the quantum jumps. Thereby, we obtain

K†Kρ =
1

2

[(
|k|2 + i (k × n) · k∗)σ0 + σ ·

(
ik∗ × k + |k|2n− k∗ × k × n

)]
,

(J.12)

ρK†K =
1

2

[(
|k|2 + i (k × n) · k∗)σ0 + σ · (ik∗ × k + (n · k∗)k − n× k∗ × k)

]
.

(J.13)

Writing the Lindblad equation in Bloch form simpli�es the analytical solution for its
steady state. The steady state, denoted as ρs, can be determined by Lρs = 0 as shown
in Eq. (6.112).
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Appendix K The Schrieffer-Wolff transformation up to the
fourth order

To derive the SW transformation for the Hamiltonian given in Eq. (8.23),

Heff = H0 +H
(2)
cot +

1

3

[
S, 2H

(2)
cot

]
+

1

8

[
S, 3H

(3)
cot

]
, (K.1)

analogous to the method discussed in Sec. 6.2.2, we begin by diagonalizing the un-
perturbed Hamiltonian H0 to isolate the cotunneling contribution Hcot. Applying
the rotating wave approximation to eliminate rapidly oscillating terms in the driving
Hamiltonian, the unperturbed Hamiltonian from Eq. (8.14) becomes time-independent
and can be expressed as follows,

H0 = Hbox +HQD +Henv +Hdrive

= EC

∑
n

(
N̂n −Ng

)2
+
∑
j=1,2

ϵjd
†
jdj +

∑
m

Emb
†
mbm +A(d†2d1 + h.c.), (K.2)

where A is the amplitude of the driving �eld. Although this unperturbed Hamiltonian
H0 (K.2) in a higher-dimensional Hilbert space due to additional Majorana boxes,
the box Hamiltonian in Eq. (8.15) exhibits three degenerate eigenvalues. Since the
Hamiltonians of the environment, quantum dots, and AC driving �eld remain unchanged,
the diagonalization of H0 (K.2) results in the identical set of eigenvalues as in the case of
the single-box open system: {EC , η1, . . . , η4, Em}, where η1,2,3,4 are detailed in Eq. (6.45).
In Eq. (6.37), we recall the derivation for the generator S in the context of the

diagonalized Hamiltonian H0, and the generator is expressed as

Htun + [S,H0] = 0 (K.3)

⇒ (Htun)ab =
(
ϵ′aa − ϵ′bb

)
Sab, (K.4)

where ϵ′mm ∈ {EC , η1, . . . , η4, Em}. Consequently, the second-order terms in Eq. (K.1)
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can be expressed in terms of the tunneling Hamiltonian and the eigenvalues of ϵ′aa.(
H

(2)
cot

)
ab

=
1

2
[S,Htun]ab (K.5)

⇒
(
H

(2)
cot

)
ab

=
1

2

∑
c

(Htun)ac (Htun)cb

(
1

ϵ′aa − ϵ′cc
+

1

ϵ′bb − ϵ′cc

)
. (K.6)

As shown in Table 6.1, the low-energy regime imposes that the charging energy is the
largest among the various energy scales, making it appropriate to adopt the following
approximation,

(Htun)ab = ± (Em − η1,...,4)Sab,

(Htun)ab = ± (EC − η1,...,4)Sab,

(Htun)ab = ± (EC − Em)Sab.

⇒


(Htun)ab ≈ 0,

(Htun)ab ≈ ±ECSab,

(Htun)ab ≈ ±ECSab.

(K.7)

Therefore, one can further simplify the second-order term by these approximations, and
one obtain the second-order term as(

H
(2)
cot

)
ab

≈ 1

EC

∑
c

(Htun)ac (Htun)cb ⇒ H
(2)
cot =

1

EC
(HtunHtun) . (K.8)

This expression matches what we derived for the cotunneling Hamiltonian in the single-
box case in Chapter 7, but now includes an additional contribution from the tunnel
couplings between boxes, denoted as Htun,γ in Eq. (8.17). Before deriving the speci�c
expression for the second-order term, we can also apply this low-energy approximation to
the third and fourth-order terms in the cotunneling Hamiltonian, as shown in Eq. (K.1).
The third-order terms in the expansion formula of Eq. (K.1) can be rewritten using

the expression for the generator S given in Eq. (K.4) and the second-order cotunneling
terms H(2)

tun from Eq. (K.8).(
H

(3)
cot

)
ab

=
1

3

[
S, 2H

(2)
cot

]
ab
, (K.9)

⇒
(
H

(3)
cot

)
ab

=
2

3EC

∑
c

(Htun)ac (HtunHtun)cb

(
1

ϵ′aa − ϵ′cc
+

1

ϵ′bb − ϵ′cc

)
. (K.10)

By adopting the consequence in Eq. (K.7) from the low-energy limit once more, we can
reduce the third-order cotunneling term to the following expressions.(

H
(3)
cot

)
ab

≈ 2

3EC

2

EC

∑
c

(Htun)ac (HtunHtun)cb (K.11)

⇒ H
(3)
cot =

4

3E2
C

(HtunHtunHtun) . (K.12)
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We can use the previously derived expression for H(3)
cot to calculate the fourth-order term

in Eq. (K.1).(
H

(4)
cot

)
ab

=
1

8

[
S, 3H

(3)
cot

]
ab

(K.13)

⇒
(
H

(4)
cot

)
ab

=
1

2E2
C

∑
c

(Htun)ac
(
H3

tun

)
cb

(
1

ϵ′aa − ϵ′cc
+

1

ϵ′bb − ϵ′cc

)
. (K.14)

The approximation in Eq. (K.7) further simpli�es fourth-order cotunneling to

H
(4)
cot ≈

1

E3
C

(HtunHtunHtunHtun) . (K.15)

Accordingly, to derive the cotunneling contribution up to the fourth order, we sum
equations Eqs. (K.8), (K.12) and (K.15).

Hcot =

4∑
r=2

(
r − 1

r!

)(
2

EC

)r−1

(Htun)
r . (K.16)
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Appendix L The vector formalism of the Liouvillian superop-
erator

In Sec. 8.2, we derive the Lindblad equation for an open system comprising three
Majorana boxes. When the dissipation is characterized by the braiding-compatible jump
operator Kodd given by Eq. (8.8),

Kodd =


0 f1 −ff1 0
g1 0 0 gg1
g2 0 0 gg2
0 f2 −ff2 0

, (L.1)

The steady state ρodd can be determined by solving the equation L [Kodd] ρodd = 0,
where L denotes the Lindbladian superoperator. By representing the density matrix as
a vector and the Liouvillian superoperator as a matrix, the Lindblad equation given by
Eq. (8.38) can be expressed as

L[Kodd] = Γ12

[
Kodd ⊗K†

odd −
1

2

(
I⊗K†

oddKodd +K†
oddKodd ⊗ I

)]
, (L.2)

where Γ12 is the transition rate de�ned in Eq. (6.104), and I is the identity matrix. In
the case of three Majorana box qubits, the Liouvillian superoperator is represented as a
16× 16 matrix, and the density matrix |ρodd⟩ is a 16-dimensional vector.
In principle, when an eigenvalue of the Liouvillian superoperator (L.2) is zero,

the corresponding eigenstate is una�ected by damping and is immune to dissipation.
Therefore, the stationary state associated with zero eigenvalues represents the dark state
of the Liouvillian superoperator.

L[Kodd]|ρodd⟩ ≡ 0. (L.3)

165



Appendix L The vector formalism of the Liouvillian superoperator

By diagonalizing the Liouvillian superoperator, we can identify four dark states.

L[Kodd]|D1⟩ = L[Kodd]
(
g2, 0, 0,−g, 0, 0, 0, 0, 0, 0, 0, 0,−g, 0, 0, 1

)T
= 0 (L.4)

L[Kodd]|D2⟩ = L[Kodd] (0,−fg,−g, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, f, 1, 0)T = 0 (L.5)

L[Kodd]|D3⟩ = L[Kodd] (0, 0, 0, 0,−fg, 0, 0, f,−g, 0, 0, 1, 0, 0, 0, 0)T = 0 (L.6)

L[Kodd]|D4⟩ = L[Kodd]
(
0, 0, 0, 0, 0, f2, f, 0, 0, f, 1, 0, 0, 0, 0, 0

)T
= 0. (L.7)

The remaining eigenvalues of the Liouvillian superoperator are negative, which implies
that the corresponding eigenstates decay exponentially over time. The dissipative gap
in this Lindblad equation is determined by the nearest non-zero eigenvalue of the
Liouvillian superoperator. As a result, the steady state of the system is characterized by
a combination of these dark states.

|ρodd⟩ =
4∑

α=1

ζα|Dα⟩. (L.8)

To ensure that the diagonal elements of the matrix ρss sum to one, the prefactor ζα must
be chosen appropriately.
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