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Abstract

Understanding the asymptotic behavior of statistics based on high frequency ob-
servations has gained considerable attention in the recent years, notably due to
the ever-growing availability of datas. We think of the numerous applications in
economics and econometrics, among others. This thesis explores the limit theory
of realized quadratic variation and related functionals for two important classes of
processes, namely semimartingales and ambit fields.

is an introductory chapter to the main mathematical concepts en-
countered in the thesis. We preface the classes of semimartingales and of ambit
fields and introduce the commom problematic to all the following chapters, that
is the establishment of the asymptotic theory for functionals of increments of the
processes of interest. We finally present the different methodologies to answer this
problematic in the various chapters of the sequel.

Chapter II| contains the paper [44]: ”Limit theorems for general functionals of
Brownian local times”, in collaboration with Simon Campese and Mark Podolskij.
Electronic Journal of Probability, 29:1-18, 2024. We prove a stable central limit
theorem for a class of integrated functionals of increments of the local time of a
Brownian motion. This result generalizes a number of prior works in the unified
framework of semimartingales’ limit theory.

contains the preprint: ”Limit theorems for asynchronously observed
bivariate pure jump semimartingales”, in collaboration with Mark Podolskij, 2024.
In this chapter we prove a non-central limit theorem for the Hayashi-Yoshida es-
timator of the quadratic covariation process of an asynchronously observed stable
process. This result is one of the first to establish the asymptotic theory for non-
synchronous high-frequency statistics of pure jump processes.

contains the preprint: ”Limit theorems for two dimensional am-
bit fields observed along curves”, in collaboration with Mikko S. Pakkanen, Mark
Podolskij and Bezirgen Veliyev, work in progress. The main result is a stable central
limit theorem for the power variation of increments of a two-dimensional ambit field,
observed with high frequency along some curve embedded in the field. This result
is a direct extension of the univariate case.

Finally, the contains technical results that complement the various
concepts covered in the introduction.

vil
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Notations

e N, Z, Q, R and C denotes respectively the set of positive integers, integers,
rational numbers, real numbers and complex numbers.

e N>, denotes the set of positive integers greater or equal than q.

e R, R? denotes the set of real positive real numbers, resp. the d-fold cartesian
product of the set of real numbers.

e B(K), By(K) denotes the Borel o-algebra containing all borel sets of K, resp.
all bounded borel sets of K.

e 2z denotes the transpose of z.

o If v,y € R% then v ® y = zy + y2T denotes the symmetric tensor product of
x and y.

e zVyand z Ay denote the maximum of x and y, resp. the minimum of x and
Y.

e |lz|| denotes the Euclidean norm of z € R?.

e a.s. stands for almost surely.

o < denotes equality in distribution.

u.c. .
e — denotes the uniform convergence on compact sets.

d dst P u.c.p. LP a.s. . . . .
e — — — —, — and —> denote respectively convergence in distribu-

tion (or in law), stable convergence, convergence in probability, uniform con-
vergence in probability on compact sets, convergence in LP and convergence
almost sure.






Chapter 1

Introduction

For nearly three decades the field of high-frequency statistics for stochastic pro-
cesses has grown in popularity and expanded quickly, partially due to the numerous
applications. We can notably think of the countless applications in economics and
financial econometrics.

In this thesis we focus on deriving estimators for the quadratic and power varia-
tions for different classes of processes, and then establish in a loose sense generalized
central and non central limit theorem for the proposed estimator. The quadratic
variation is a stochastic quantity that measures broadly speaking the noisiness of a
typical trajectory of a stochastic process.

In the high-frequency framework, we investigate first the asymptotic theory for
quadratic variation and other functionals of increments of It6 semimartingales, in
the Gaussian and pure jump case. Second, we establish the limit theory for power
variations for a class of spatiotemporal ambit process driven by a Gaussian white
noise.

In this chapter we introduce the high-frequency framework, shared in all chapters
in the sequel, and the main mathematical objects and tools of the dissertation.
We provide a brief summary of past findings and techniques linked to the results
presented in this thesis. More specifically, in Section|l.1|we define the high-frequency
framework, the cornerstone of this dissertation. In Section [[.2| we introduce the main
mathematical objects of the thesis. In Section [[.3] we provide the methods used in

the different chapter of this dissertation: for in Section [[.3.1] for [Chapter]

[T in Section and for in Section [[.3.3] We present our results in
Section [[4l

I.1 High-frequency framework

In this section we introduce the high-frequency framework for statistics of stochastic
processes. This asymptotic regime will be commom to [Chapter [1ll and [Chapter V|

and ”hidden” in the statistic of interest of [Chapter TI]

Let X = (X¢):>0 be a stochastic process and assume that we observe one path X;(w)

3



4 Chapter I. Introduction

discretely over a finite and fixed time interval [0, T]. More precisely, we assume that
we are given discrete observations X, 1 <i < n over a time grid (1}')i<i<, with
0 <t <Tforall 1 <i<n. Weconsider then a statistic of the form

S™((Xep)1<ign) == S™(X),

using our discrete observations. The goal is to establish the asymptotic behavior
of the statistic S™(X) when n goes to infinity, or equivalenty when the mesh of the
partition (¢]')1<;<n tends to zero. In the sequel we call this partition the observation
scheme or sampling scheme. From this limiting behavior of the statistic, we can
deduce features of the continuous-time process (X;)i>o.

This asymptotic framework is very useful in pratice, especially for financial applica-
tions where quantities of interest, e.g. transactions, price movements, are observed
with a high frequency (e.g. every hours, minutes or seconds) or even ultra-high
frequency (when all possible transactions on some market are being recorded).

Within this framework we distinguish different observation schemes:

o If for all 7, t :=¢A, with A, a deterministic sequence of real numbers going
to zero, we say that the sampling scheme is regularly spaced or that the
datas are regularly spaced.

e Suppose that we observe discretely d processes X7, 1 < j < d, over a sampling
scheme (¢} (5))1<i<n,1<j<d-

— If t(j) = t? for all j, then the sampling scheme is called synchronous.

— If there exists 7, k such that t?(j) # t?(k), then the sampling scheme is
called asynchronous.

uses synchronous and regularly spaced datas for the statistic whereas
“hapter [1I] uses asynchronous and irregularly spaced datas.

1.2 Mathematical objects

In this section we introduce the two main objects of this thesis. In Section we
introduce the class of semimartingales, with a particular attention to the subclass of
Lévy processes. Section presents a class of spatiotemporal ambit field, driven
by a Gaussian white noise. Before delving into the properties of specific classes of
processes, we give two important definitions for the sequel.

Throughout this section, all processes are defined on a probability space (2, F,P),
equipped with a filtration (F;)¢>o, i.e. a family of sub o-fields of F such that F; C F;
for s <t (the family is said to be increasing) and we assume that (., Fs = F; (the

family is said to be right-continuous). We call the quadruplet (Q, F, (F;)i>0,P) a
filtered probability space or a stochastic basis.

Let (Xt)t>0 be a stochastic process. The quadratic variation process can be defined
as the limit in probability of the sum of squared increments of X over a sequence of
partitions with mesh going to zero, if it exists. Formally:
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Definition I1.2.1. Let (X})i>0, (Yi)i>0 be two real-valued stochastic processes. We
define the quadratic variation of X over [0, ¢], resp. the quadratic covariation
of X and Y over [0,], as the limit under covergence in probability, if it exists

n

(X = Iﬂlilrgo (Xe, — X1, 0)% (1.2.1)
" i=1
[X7 Y]t = |7rh‘n_1>0 (th‘ - Xti—l)(}/;i - YZFl)» (I'2'2)

where the limit is taken over all partitions 7, of [0,¢] with 0 =ty <t; < ... <t, =1
and |7Tn| = MaXj<i<n |tz — ti—ll'

Informally, the quadratic variation of some process X ”accumulates” in some sense
the randomness of the process X and measures the variability of its path.

These definitions can be extended directly to the multivariate case. We finish the
introduction of this section with a last definition.

Definition 1.2.2. Let (X;):>0 be a cadlag stochastic process. The process X is
called a finite variation process if the paths X (w) are of finite variation on each
compact set of R, almost surely.

Remark 1.2.3. One can prove that the quadratic variation exists for any cadlag
finite variation process and that the quadratic variation of a continuous finite vari-
ation process is identically 0.

Assume that X is a cadlag pure jump finite variation process. Denote by X, _
the left limit of X with respect to s. This limit exists due to the cadlag assumption
on X. Denote by A, X := X,—X,_ the jump of X at time s. The quadratic variation
of X over [0,t] is given by the sum of the squared jumps of X up to time ¢, i.e.

[X]t = Z (ASX)Q

0<s<t

[.2.1 Semimartingales and Lévy processes

We start with the definition of a semimartingale.

Definition 1.2.4. A real-valued stochastic process Y = (Y;):>0, defined on a filtered
probability space (2, F, (Ft)i>0, P), is called a semimartingale if

(i) Y is adapted to the filtration (F;);>o, i.e. for every ¢ > 0, Y; is F;-measurable.
(ii) For all w € Q, Yi(w) is cadlag.
(iii) Y can be decomposed as:
Y=Y+ M, + A

where Yj is finite-valued and Fy-measurable, M is a local martingale and A is
a finite variation process.
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Definition I.2.5. A R%valued stochastic process Y = (Y, ..., Y?) is a semimartin-
gale if Y is a R-valued semimartingale, for all 1 <i < d.

Remark 1.2.6. The decomposition in is not unique for any semimartingale. In
particular, if Y is a continuous semimartingale, then we can decompose uniquely

31 :3A4i4—f4t

where M is a continuous local martingale and A is a continuous finite variation
process (see [138]).

Most of the usual stochastic processes are semimartingales. Such examples include
(the list is not exhaustive):

e Cadlag martingales and local martingales;

e Lévy processes, including Brownian motion and Poisson processes;

[to processes;

Hawkes processes;
e [ocal time of a Brownian motion.

Apart from including many useful examples of stochastic processes, the class of
semimartingales is the largest (in the sense of inclusion) class of stochastic inte-
grators: for any left continuous, locally bounded and adapted process H and any
semimartingale Y the stochastic Ito integral of H with respect to Y exists [38}39].
Such integral is defined as a stochastic extension of the Riemann-Stieljes integral

n—o00
titi+1€ETn

t
Xy = / H,dY, = lim Z Hti<Y;iz'+1 - }/tz)
0
where 7, is a sequence of finite random partition of [0,¢] with mesh going to zero
and the sum converges in probability. This property can be used to define the class
of semimartingales. The Bichteler-Dellacherie theorem (see [133, Theorem 47])
ensures the equivalence of the two definitions.

For any semimartingale X one can show that the quadratic variation of X exists.
Similarly, for any two semimartingales X and Y one can show that the quadratic
covariation of the processes X and Y exists. In the semimartingale framework, we
have another definition for the quadratic (co)variation, equivalent to the one given
in Definition [2.1]

Definition I1.2.7. Let X,Y be semimartingales. Then the quadratic variation
process ([X];)i>0 of X is defined by

[X] = X* — 2/X_dX (1.2.3)
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where X; (w) := litm th(w) (see [[.2.1)). Similarly, the quadratic covariation
s—t,5<

process ([X,Y])i>o of X and Y is defined by

[X,Y]:= XY — /XdY - /YdX. (1.2.4)

Note that the map (X,Y) — [X, Y] is bilinear and symmetric. From the definition
we deduce an integration by part formula:

XY = /XdY+/YdX+ X,Y]. (1.2.5)

This process is of the utmost interest as it is a key element of the Ito isometry
and Ito’s lemma (see e.g. [133 Theorem 32]), a lemma useful notably for statistical
inference: when we need to evaluate statistics on the process f(X) for X a semi-
martingale, It6’s Lemma ensures that we can compute the dynamic df (X;) under
mild conditions on the regularity of f.

The definition ([.2.1]) is more convenient for statistical purpose. Indeed, assume that
we observe a semimartingale Y over a synchronous sampling scheme (t7');<;<, on

some time interval [0,¢] (see [Section I.1)). Then Definition provides us a way

to define a statistic for the quadratic variation (resp. covariation). Let XY be
real-valued semimartingale. Then by Definition [[.2.]]

VX, 2) = > (X — Xon )2 — [X]s, (1.2.6)
n P
V'(2,X,Y) =) (X — Xpp J(Vir = Vi ) — [X, Y], (1.2.7)

)

In other words, V"(X,2);, resp. V"(2,X,Y);, is a consistent estimator of the
quadratic variation [X];, resp. the quadratric covariation [X,Y];. We call this es-
timator the realized variance, resp. the realized covariance. We can define
the same estimators for two d-dimensional semimartingales X = (X!, ..., X?) and
Y = (Y1, ...,Y%) observed on the sampling scheme defined above:

VX, 2= > (X — Xon (X — X )T — [X]s, (1.2.8)
VA2, XY )= > (X — X ) (Yir = Yar )T — [X, Y], (1.2.9)

7

where xT is the transpose of the vector x. Estimation of the quadratic covariation
and the second order limit associated is the main subject of [Chapter ITI|

Remark 1.2.8. Let Y be a real-valued semimartingale. Let (7,), be a sequence
of randoms partitions over the time interval [0,¢] with mesh going to zero. Let
p > 0. We can define another important quantity when studying the behavior of
semimartingales, the so called I[)ower variation of order p or p-variation, denoted
[Y]Lp ) with the special case [Y]f] = [Y];. We define it as the limit, if it exists:

VP = lim Y [Vie — Yo P

n—oo
T,L‘n Emp
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where the convergence holds in probability. We can correspondingly define a con-
sistent estimator of the power variation, called the realized power variation as

V'Y, p)e = Z [Yin — Y|P

7

Althought we consider ambit processes instead of semimartingales, is
devoted to the estimation of the p-variation. Note that contrary to the quadratic
variation, depending on the value of p, this quantity may not be defined for any
semimartingale [100].

Coming back to the main properties of a semimartingale, one can characterize en-
tirely the distribution of a semimartingale by a triplet, called characteristics of a
semimartingale. We observe first the following theorem [92, Theorem 23.14]:

Theorem 1.2.9. Let Y be a semimartingale. Then almost surely X has an unique
decomposition
Y =Y, +Ye+Y4

where Y is a continuous local martingale satisfying Y = 0 and Y is a purely
discontinuous semimartingale. Denote by [Y]¢, resp. [Y]? the continous part, resp.
the purely discontinuous part of the quadratic variation [Y]. Then, almost surely,

Y =[Y]° and Y9 = [y]%

In the decomposition of Theorem [[.2.9, Y'? is a purely discontinuous semimartingale,
therefore we can decompose Y¢ as a sum of a local martingale and a finite variation
process.

Let h : R? — R? be a compactly supported function, bounded and such that
h(z) = x in a neighborhood of 0. We can for example consider the function h(z;€) =
1{|z<ey for some € > 0 fixed. We use this cutoff function h to further decompose
the semimartingale Y, depending on the size of the jumps. We use the notation
AY, =Y, —Y,_. Define

{Y’(h)t =3, (A, — h(AYL)),

Y(h) =Y -=Y'(h). (L.2.10)

We observe that Y’(h) is a finite variation process and Y (h) is a semimartingale
with canonical decomposition

Y (h) = Yo+ M(h) + B(h),

with M(h) a semimartingale and B(h) a predictable finite variation process. To
sum up, we have

Y = Yo+ B(h) + M(h) +Y'(h) = Yy + B(h) + M(R)" + M(h)* + Y'(h)

where M (h)¢ and M (h)? denote respectively the continuous and purely discontinu-
ous part of the local martingale M (h). Finally, denote by p(w,dt,dz) the random
jump measure of Y, defined as

plw, (0,8, A) == >~ 1a(AY)), A€ BR\{0}).

0<s<t
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Observe that Y (h) has bounded jump, hence it is locally integrable and its com-
pensator A(h) exists, i.e. an increasing process such that Y (h) — A(h) is a local
martingale. Denote by v the compensator of the random jump measure . We have
the following definition:

Definition I1.2.10. Let A be some fixed cutoff function, let Y be a d-dimensional

semimartingale. We call characteristics of Y (associated with h) the triplet
(B, C,v) where

(i) B = B(h) is a d-dimensional predictable process of locally bounded variation.

(i) C = C%, 1<14,j <disadx d-dimensional predictable increasing continuous
process defined as
Oi,j _ <Y7Z,c7yj,c>

where Y¢ is the continuous martingale part of Y.

(iii) p is the compensator of the random measure v associated to the jumps of Y.

Remark 1.2.11. If the characteristics of the semimartingale Y are absolutely con-
tinuous with respect to the Lebesgue measure, we call Y an Itd semimartingale.
This assumption on the characteristics is crucial for statistical purpose [7].

The characteristics of a semimartingale are uniquely determined, due to Theorem
[.2.9] This unicity is crucial to define a method to prove the weak convergence:

yr Ly (L.2.11)

where (Y™),>0 is a sequence of semimartingales with characteristics (B™, C™, ")
and Y is a semimartingale with characteristics (B, C,v). Indeed, to prove
one only need to show the tightness of the sequence (Y™),,>¢ and the convergence of
the sequence of characteristics ((B",C™, v™)),>o towards (B, C,v). This method is
the main tool used to prove Theorem [[I1.2.3] of [Chapter ITI|

We turn our attention to another class of stochastic processes called Lévy pro-
cesses. We will see in the sequel that Lévy processes is a subclass of semimartingales
with deterministic characteristics, ensuring for statistical purpose the identifiability
of the characteristics. We begin with the definition of such processes.

Definition I1.2.12. Let Y = (Y;):>0 be a stochastic process defined on a filtered
probability space (2, F, (Fi)i>0,P). Y is called a Lévy process if it satisfies each
of the following properties:

(i) Yo = 0 almost surely.

(ii) Y has independent increments, i.e. for any 0 < t; < t5 < ... < t,, < oo the
random variables (Y;,,, — Y}, )1<i<n—1 are mutually independent.

(iii) Y has stationary increments, i.e. for any s < t, Y; — Y A Y, _,.
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(iv) Y is stochastically continuous, i.e. for any ¢ > 0 and any ¢ > 0,

lim P (|Yigp — Y| > ) — 0.
h—0

If Y is a Lévy process, there exists a version ?Nof Y with cadlag paths, meaning
that P(Y; =Y;) = 1 for all ¢ and for any w € Q, Y.(w) is cadlag.

Some example of Lévy processes include Brownian motion, (compound) Poisson
processes, (-stable processes.

An important property is that the distribution of any Lévy process is infinitely
divisible: let Y be a Lévy process. Then for any ¢ > 0 and any n € N, there exists
n i.i.d. random vectors X7, ..., X,, such that

Y, L X, 4.+ X,
Due to and , we can chose X; = Y/, — Yi_1y¢/n for any 1 <4 < n.

The characteristic function of any infinite divisible distribution is given by the Lévy-
Khintchine formula (see inter alia [143, Theorem 8.1] for a proof):

Theorem 1.2.13. Let X be a random vector on R? with distribution pu. Assume
that p is infinitely divisible. Then the characteristic function of X is given by the
Lévy-Khintchine formula:

E [ei<“’X>] =exp(Yx(u)) with

Yy (u) =— %(mAu) + {7y, u)

+ / (€i<u’x> —-1- i(u,x>1{||$“Sl}) l/(dl’), (1.2.12)
R4

where A is a symmetric nonnegative definite d X d matriz called the Gaussian
covariance matriz, v € R? and v is a measure on R?, called the Lévy measure,
satisfying

V{0 =0  and /Rd(Ha:HQ/\l)V(dx)<oo.

The vector v appearing in the drift term depends on the choice of the cut-off func-
tion. The triplet (v, A,v) is called the generating triplet of the distribution u
and is unique. Conversely we can associate to any generating triplet (v, A,v) a
corresponding infinitely divisible distribution.

Let X = (X;)i<o be a Révalued Lévy process. As we have seen in the prequel,
the distribution of X; is infinitely divisible for any ¢ > 0. We then have a Lévy-
Khintchine formula for Lévy processes:

Theorem 1.2.14. Let X be a R%-valued Lévy process. Then, for allt > 0, for all
u € RY, there exists a triplet (v, A,v), called Lévy triplet, such that

E [ei<“’Xt>] = exp(tx(u))
with Yx (u) defined in ([.2.12).
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Definition 1.2.15. Let X be a R%valued Lévy process with Lévy triplet (v, 4, v).
If A=0, then X is called a pure jump Lévy process.

We recall that the characteristic function of the sum of independent random vectors
is the product of the characteristic function of each random vectors. Using this
property and the formula we can prove the Lévy-Itd decomposition:
every Lévy process can be decomposed as the independent sum of a deterministic
drift, a Brownian motion and a jump process. Formally (see [143, Theorems 19.2,
19.3)):

Theorem 1.2.16. Let X be a d-dimensional Lévy process with characteristic ex-
ponent define in . Then there exists three independent Léuvy processes X,
X® and X® such that

X, = x4+ xP 4 xP (1.2.13)

where XY is a Brownian motion with drift, X®) is a compound Poisson process with
intensity v(RI\ {||z[] < 1}) and child distribution v1ga (u1<1yy /v (RO {||z]] < 1}).
Its characteristic exponent is given by

Vxe(u) = / (e — 1) (dx).
RA{[Jz]|<1}

X®) is a compensated generalized Poisson process with characteristic exponent given
by

W (1) = / (40 _ 1 — ity 2))v(dz).
{ll=||<1}\{0}

We can show that X is a martingale and X is a finite variation process. Adding
the fact that XM minus its drift is a martingale, we get that X is a semimartingale
by definition. In particular, X is a semimartingale with deterministic characteristics
(v, A,v). Therefore, for any sequence of Lévy processes X™ with characteristics
(v, A", V™), we can prove the weak convergence

x4 x (1.2.14)

by using the methodology presented in ([.2.11)): provided that the sequence (X™),>¢
is tight, one can show ([.2.14]) by proving the convergence of the characteristics
(v, A" ™) towards the characteristics of X.

In the following we focus on two subclasses of Lévy processes. The sequel is divided
into two subsections: in Section [2.1.1] we introduce the notion of local time of a

Brownian motion, the main mathematical object of study of In Section

1.2.1.2] we define the class of S-stable processes, which is the core subject of
I

1.2.1.1 Local time of a Brownian motion

The local time of a semimartingale X at a level x is a continuous increasing process
that measures the amount of time that the semimartingale spends at the given level.
We denote it L{ or L* if t = 1.
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In this section we focus on the special case of the local time of a Brownian motion,
or Brownian local time. Following Section [[.2)we recall that a real-valued Brow-
nian motion W = (W});>0 is a Lévy process (and therefore a semimartingale) with
characteristic exponent

It is the only Lévy process with almost surely continuous paths.

We define the Brownian local time via the following theorem, called the Tanaka
formula (see a proof in e.g. [136, Theorem VI.1.2]):

Theorem 1.2.17. Let (W)1>0 be a real-valued Brownian motion. For any x € R
there exists an increasing continuous process (LY), called the local time of W at
level x such that

t
Wy — 2 = [Wo — 2 +/ sen(W, — 2)dW, + L* (1.2.15)
0

xflz], x#0

18 the sign function.
0 else

where sgn(x) = {
The proof of this theorem relies essentially on a generalisation of the Ito formula for
convex function.

Remark 1.2.18. There exists another approach to define the Brownian local time.
Let A € B(R) be a borel set and define the occupation time of W in the set A up
to time ¢ by the measure O;(A) defined as

Oy(A) — /OtlA(Ws)d[W]s:/Ot 1,(W.)ds.

We can show that the occupation time is absolutely continuous with respect to the
Lebesgue measure A(-). Then we define the Brownian local time as the Radon-

Nikodym derivative

Ly = .
b X(dx)

From Theorem we deduce the following corollary which will be our definition
of reference for the Brownian local time in the sequel.

Corollary 1.2.19. Let (W,);>0 be a real-valued Brownian motion. Then L is de-
fined as the almost sure limit:

1
e = 13&1% /0 Lo emsey(W,)ds. (1.2.16)
We refer to [50,61],110,/126] for some initial applications of the Brownian local time.
A key application of Brownian local time in probability theory is the possibility
to extend the [to formula to non-differentiable function. It can be used to study
stochastic differential equations and their solutions, we refer to the book of ITkeda
and Watanabe |74] for a general presentation of such application and e.g. the articles
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[59,/127,[150] or more recently [63,/99] for more complex applications of the local time
related to the study of SDE. We can also think of financial application, notably for
options pricing, see e.g. [71,97,|111,/125]. There are also applications in physics,
when modeling self-interacting particles, see e.g. [1] or [112].

We finish this section by mentioning the following result of Perkins [124] (see also

[88]), crucial to prove the main result of (Chapter II.

Theorem 1.2.20. Let (W;)i>o be a real-valued Brownian motion and (L*).cr the
associated local time up to time 1. Then there exists a real-valued Brownian motion
(By)ier such that the following representation holds:

L* =17 —}—/ 2v LvdB, +/ a,dy, x>z, (1.2.17)

where a is a predictable, locally bounded process. It follows that L* is a semimartin-
gale.

Observe that the diffusion coefficient o, := 2v/L¥ is not differentiable around 0 and
therefore is not a semimartingale in itself. This will prove to add another layer
of difficulty when dealing with statistics involving the Brownian local time, as the
classical techniques in the study of semimartingales cannot be applied (see Section
[[1.3] of [Chapter II)). We think in particular of the It6 formula that does not hold for
the volality.

1.2.1.2 [(-stable processes

In this section we define the object of study of the class of stable pro-
cesses. Many books have studied extensively these processes and their properties,
in particular let us acknowledge the amazing books of Sato [143], Applebaum [4]
and Samorodnitsky and Taqqu [142]. We also invite the reader to refer to the books
of Zolotarev [153] and Nolan [113] for a comprehensive study of (univariate) stable
distributions.

Informally, a (/3-)stable process is a Lévy process that satisfies the self-similarity
property:
X, L£4/5X,  forallt>0. (1.2.18)

The coefficient 3 is called the exponent of the stable process X. One can show
(see |143, Chapter 3]) that g € (0,2], § = 2 implies that the distribution of X;
is Gaussian and § = 1 implies that the distribution of X; is Cauchy. We exclude
the Gaussian case in our study and focus on [-stable process with 5 € (0,2). We
will see in the sequel that such process is a pure jump process. We will denote by
(v, A, G) instead of the usual notation (v, A, v) its Lévy triplet to be closer to the
notation used in [Chapter ITI. We have the following result [143, Theorem 14.3] on
the characteristic exponent of a (3-stable process.

Theorem 1.2.21. Let X = (X;)>0 be a Re-valued Lévy process satisfying the
property ([.2.18]) for some B € (0,2). Let (v, A, G) be its Lévy triplet. Then

(i) A =0, implying that X is a pure jump process.
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(i1) There ezists a finite measure H on the d-dimensional unit sphere Sy, called
the spherical part of the Lévy measure G, such that

Uy (u) = i(y, u) + /Rd (e —1 —i(u, )Lz <1y) G(dz) (1.2.19)
with
G(A) = /S H(d0) /0 T Pdp, A€ BRY. (1.2.20)
.
Equivalently,
Gld) = pl—lwdpl-](de) with 7 = (p.0) € Sy x R,.

Remark 1.2.22. One can show that §-stable processes with § € (0, 1] have no first
moment. When § € (1,2) they have no second moment.

Stable processes with exponent 8 € (0,2) have heavy-tailed distribution. This
explains partially their gain in popularity in the last two decades due to their ability
to model with more accuracy financial phenomenons that empirically exhibit greater
deviations from the mean or produce many outliers. We refer to the books [52,91]
134] and the survey [109] for a large exposition of the different financial applications.

Althought pure jump stable processes are better at modeling some financial phe-
nomenon than Gaussian processes, contrary to the latter they are difficultly tractable,
partly due to the fact that there is no closed form for their marginal probability dis-
tributions, except for a handful of value of the exponent 3. Numerous papers try to
adress this issue, e.g. [5,[51}/132,/137] to name a few.

I.2.2 Ambit fields

This section is devoted to the presentation of ambit field, the mathematical object
studied in [Chapter TV] Ambit fields is a class of random fields used to model the
dynamics of a given system along curves embedded in that field.

It was introduced by Ole E. Barndorff-Nielsen and Jiirgen Schmiegel in 2005
to model turbulence (see [19,20]), but since then, ambit fields have be used to
model many different stochastic phenomenons, with notably applications in finance
(e.g. [8,9]), in biology to model the growth of a tumor e.g. [17], in physics [18].

Informally, ambit fields are defined by a stochastic integral that incorporate
additional stochastic inputs and model the sphere of influence around a given point
in space-time.

We present first the definition of an independently scattered random measure:

Definition 1.2.23. Let (2, F,P) be a probability space, F a set and £ a o-field on
€. A random measure L on (F,€) is a collection of random variables (L(B))pee
such that

(i) L(®) =0,
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(ii) Let A, Be€ & . If AN B = then
L(AUB) = L(A) + L(B).

L is said to be independently scattered if the following property holds:

(iii) Let Ay,...,A, € & be mutually disjoint sets. Then the random variables
L(Ay),...,L(A,) are mutually independent.

(iv) Assume that W is a random measure satisfying [(i)] and [(iif)} If for all
Ae & W(A) < oo and W(A) is normally distributed, then W is called a

white noise.

Remark 1.2.24. Let us mention that an independently scattered random measure
such that for all A € £ the random variable L(A) is infinitely divisible (and therefore
can be characterize by a Lévy-Khintchine formula) is called a Lévy basis.

We define in a very general way the class of spatio-temporal ambit fields:

Definition I.2.25. Consider a stochastic field Y = {Y;(2) }+er zex over a d-dimensional
space-time R x & taking values in R. Define

Yifa) =+ |

At(z)

ot 0O Llds,dE) + [ alt s ae)dsde, (1221)
Dy (z)

where p is a constant, A;(z) and Dy(x) are ambit sets in R x X' (defined later on),

g and ¢ are deterministic weight (or kernel) functions, a is a stochastic drift field, o

is a volatility (or intermittency in the context of turbulence modeling) field and L

is a independently scattered random measure. Then Y is called an spatio-temporal
ambit field.

Remark 1.2.26.

1. The volatility field o is in general of stochastic nature and can be define notably
as an ambit field itself.

2. We can define ambit field over some d-dimensional space without making the
distinction between time and space, depending on the definition chosen for the

stochastic integral in the formula ([[.2.21)).

3. The stochastic integral in (I.2.21]) is defined in the Walsh sense (we refer to [149]
or the survey [129]). Section of the appendix contains a precise definition
and basic properties of such integral. Under some midly restrictive moment
assumptions on the stochastic integrator L(-) the Walsh approach remarkably
allows us to integrate stochastic integrands. On the downside, the Walsh
integral is not defined for -stable random measures with 5 € (0, 2).

4. Tt is possible to consider different definition of the stochastic integral, such as
the Rajput and Rosinski approach (we refer to [135] or the survey [129]). We
don’t need anymore conditions on the moments of the stochastic integrator
L(-), which allows us to integrate with respect to [-stable random measures
for any 5 € (0, 2]. On the other hand, we can only define the stochastic integral

in ([.2.21)) for deterministic integrands.
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5. The approach of Chong and Kliipperlberg [47] defines the stochastic integral
for any finite L°-valued random measures, following the idea from [41] and us-
ing the correspondance between the class of semimartingales and the class of
finite L%valued random measures. Their definition of the stochastic integral
allows to integrate stochastic integrands without moment conditions
on the L-valued random measure. Provided that we have a Lévy-Khintchine
formula (see Remark , we can characterize L%-random measures by a
characteristic triplet. Under tractable integrability conditions on this triplet,
we can ensure the integrability (or non-integrability) of the stochastic inte-
grand.

For the sequel, we only need to keep in mind that the stochastic integral is well
defined in the Walsh sense if and only if the process (Li(A))icr acB(x), defined as

Li(A) == L((0,4] x A), AeBX),

is a square integrable martingale with respect to some filtration to be defined in
Section [Al

Under this assumption, the stochastic integral behaves roughly speaking like an
It6 integral. In particular we have an L? isometry similar to the It6 isometry. We
also have Burkholder-Davis-Gundy (BDG) type inequality.

We state the definition of ambit set. Note that the name ambit comes from the latin
ambitus which can mean sphere of influence, boundary or neighborhood.

Definition 1.2.27. For any given point (¢,2) € R x & we define two sets, A;(z)
and Dy(z), called ambit sets, which represent the region of influence around (t, z).
In other words, A;(x) and D;(x) are the only regions in space-time which affect the
value of Y at (¢,x). In the sequel, we consider ambit sets of the form A + (¢,x),
D + (t,x) where A, D C R x X are fixed.

Ambit fields are not per se the object of study: we are more interested in under-
standing the behavior of an ambit field along a curve embedded in the space-time
R x X. This lead to the following definition:

Definition 1.2.28. Let 7(0) = (¢(6),z(0)) be a curve in R x X. Define
Xo = Yio)(2(0)).
Then X is called an ambit process.

In Section [[.4] and we restrict the scope of our study to the subclass of
spatio-temporal 2-dimensional ambit fields driven by a white noise. Set the notation

t := (t1,ty) € R% We consider 2-dimensional ambit fields defined as
t
Xi = / g(t — s)osW(ds) (1.2.22)

t1 to
= / / g(tl — 851, t2 — SQ)UsthW(dsl, d82>
—00 J —0

where W is a white noise process on R?, g : R2 — R is a deterministic weight
function and o is a continuous volatility process, ensuring that the stochastic integral

(1.2.22)) is well-defined in the Walsh sense (see Section [A.1]).
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I.3 Methodology for high-frequency statistics

This section is devoted to the presentation of the shared problematic of
Chapter I and [Chapter IV] We then present the methods and tools used to answer
this problematic.

In the sequel we denote by 21y or £5 the stable convergence. We refer to Section
of the appendix for a presentation of this mode of convergence and some of its
properties.

Let X be a d-dimensional process defined on some stochastic basis (2, F, (Ft)i>0, P).
Assume for simplicity of exposition that the process X is observed discretely over the
interval over time [0, t], following a synchronous and regularly spaced high-frequency
sampling scheme. More precisely, for A,, a sequence of positive real numbers going
to 0, we observe the process X at time iA,, for 1 < ¢ < [t/A,,]. Define the increment

A?X = XZA” - X(i—l)An- (131)

Let f be a R%valued function with some assumptions on its regularity to be defined.
Define the functional (or statistic, depending on the context):

t/An]

L
VI D= D FATX), (1.3.2)

with the convention that if f(z) = |z|P, we write V(X p); and V"(X,2); := [X]}".

Remark 1.3.1. To get a limit for the functional , understanding the behavior
of f around the origin is crucial. In certain situations it could be necessary to
introduce a normalizing sequence a,, to rescale either the increment A?X or the
function of the increment f(A?X).

When X is a Lévy process with Lévy triplet (v, A,0), i.e. a Brownian motion
with drift v, it could be easier to work with the normalized functional

[t/An]
AT'X
e 5 (2K,

We would like to prove a law of large numbers for the functional (I.3.2), i.e. find a
stochastic process V (X, f) such that the following functional convergence holds:

VX, ) B V(X f)e asn — oo (1.3.3)

We also call this result first order limit (of the functional/statistic). In a second
step, we would like to find a normalizing sequence 9,, — and establish a central or
non central limit theorem for the error process U," defined as

U =00 (VX e = VX, ) - (1.3.4)
More precisely, under some assumptions on the process X, we want to find a stochas-

tic process U such that the following functional stable convergence holds:

dst

ur —==U, (1.3.5)
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where U is defined on an extension (9, F, (F;);>0, P) of the original filtered proba-
bility space (2, F, (Ft)i>0,P) (we refer again to Section of the appendix). We

also denote this result as second order limit.

Finding first and second order limits for statistics like ([.3.2)) is a key part of today’s
research in mathematical statistics, especially since high-frequency datas are more
and more available. We provide examples of such result in Section[[.4l An thorough
study of the theory supporting these asymptotic results can be found in the books
of Jacod and Shiryaev [84] and Jacod and Protter [83], among others. We also
recommend [65] for a compendium on high-frequency based applications.

1.3.1 Limit theory for Lévy processes: the (Gaussian case

In this subsection we introduce the main mathematical tool to prove the convergence
when X is a d-dimensional semimartingale with a non-vanishing Gaussian
part: Jacod’s stable central limit theorem. Although there exists different versions
of this theorem (see e.g. [84, Chapter IX]), we choose to only provide the version
ensuring the convergence towards a semimartingale [84, Chapter 1X.7.28].

We start with some prerequisite hypothesis. Let (€, F, (Fi)i>0,P) be a filtered
probability space and let Z be a d-dimensional continuous local (F;):>o-martingale,
called the reference martingale. Define the set M,(Z+) by

My (Z1) := {N bounded martingales such that (N, Z) = 0},

where (N, Z) is the continuous part of the quadratic covariation [N, Z]. If (N, Z) =0
we say that NV is orthogonal to Z. Let

t/An]

L
Xp= ) N
i=1

be a g-dimensional semimartingale with respect to the discretized filtration (Fia, )i<i<|t/An]-
Then we observe the following theorem [84, Chapter IX.7.28]:

Theorem 1.3.2. Assume that Z is square integrable and assume that each X7 is
square integrable. Let B be a R?-valued continuous finite variation process, F a
R?*-yalued continuous process and G a R¥*?-valued continuous process. Assume
that B, F and G are adapted to the filtered probability space (Q, F, (Ft)i>0, P). If for
allt >0,e>0 and all N € My(Z+), we have

1t/
> E X F-na.] =B By, (1.3.6)
=1
1t/

Z (E [X?(X?)Wf(z‘—nm} —E [Xm]:(z‘—nm] E [Xﬂf(i—l)An]T)

=1

t
LN F, = / (vsusulv! + wswl) ds, (1.3.7)
0
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1t/An) .
S ENHAIZ) | Fna,] — Ge = / veusulds, (1.3.8)
=1 0

1t/An) )

> E 1Py ise Fi-na.] — 0, (1.3.9)
=1

1t/An] )

> E AN Fiza,] — 0, (1.3.10)
=1

then we obtain the following functional stable convergence

X" X =B+ / vy dZ, + / wodW! (1.3.11)

0 0
where W' is a q-dimensional Brownian motion defined on an extension (Q, F, (Ft)e0, P)
of the original filtered probability space (2, F, (Fi)i>0, P) and is independent of F.

The proof of this theorem relies partly on the method defined to study , ie.
by showing the convergence of the characteristics of the semimartingale X™ towards
the characteristics of X. However in practice these five conditions are rather easy
to verify, whereas the method using characteristics triplet is not very tractable,
as computing the characteristics of X;* define above can be challenging or even
impossible.

Jacod proved a version of his stable central limit theorem in the context of continuous
conditional Gaussian martingale already in 1997 in the paper [77], building upon
numerous articles paving the way towards this powerful theorem. We refer to |76
79,81,82] to cite a few.

We observe that in condition ([.3.6) we compute the limit of the conditional mean of
X/, which converges towards a drift process B of finite variation. Condition ({I.3.7)
asks us to study the limit of the conditional variance of the empirical process X'
Condition ([[.3.9)) is a Lindeberg type condition to ensure that there is no x having
a too big contribution to the limit. Condition is easy to verify in pratice by
applying a martingale representation theorem.

Coming back to the result of Theorem [[.3.2] we observe that X is define as
the sum of three independent components: a finite variation process, a local mar-
tingale and a Brownian motion. Since the sum of two independent local martingale
is a local martingale, by definition, X is a semimartingle.

For statistical purpose, as it is presented in the theorem, ([.3.11]) is useless due
the F-conditional biais appearing in the limit, as we cannot jointly estimate the

distribution of . )
/vsts+/ wsdW?.
0 0

However, when conditions ([[.3.8]) is verified with G = 0, then the conclusion ([.3.11)
reads as

t
Xy 2ty Bt+/ wdW!. (1.3.12)
0



20 Chapter I. Introduction

Since W' is independent of the original o-algebra F, we can construct estimators
for its distribution. In pratice, it is common to verify (.3.8) with G = 0.

In [Chapter TI} we want to derive a law of large numbers and a stable central limit
theorem for an integrated functional of scaled increments of a Brownian local time.
After a discretization of the integral and using the semimartingale represention of the
Brownian local time, we can make profit of Jacod’s theorem. In that case we will see
that condition is satisfied with a non-trivial limit. However, and surprisingly,
when we let the time ¢ — oo, the drift part compensates the second term in ({I.3.11)),
hence the usability of the associated central limit theorem for statistical purpose.

1.3.2 Limit theory for Lévy processes: the (-stable case

In the sequel all processes are defined on a filtered probability space (€2, F, (F;)i>0, P).
This section is devoted to the introduction of the methodology used to derived, for X
a symmetric R%valued 3-stable process with 3 € (0,2) and §, a suitable normalizing
sequence, the functional stable convergence:

dst

On ([X]? - [X]AnLt/AnJ) =U"—=U, (1.3.13)

when U is a symmetric R%-valued 3-stable process with the same exponent 3 € (0, 2),
defined on an extension (€, F, (F;)¢>0, P) of the original space and is independent
of the o-algebra F. Note that we introduced a discretization of the true quadratic
variation [X];.

Indeed, following the results of Section of the appendix, to prove the stable
convergence above it is sufficient to show the joint convergence in distribution

ny d
((Xanie/aa, UF) — ((X]e, U).
Let X be a R%valued symmetric B-stable process without drift. Using the results

presented in Section m, X is describe by the Lévy triplet (0,0,G) with G a
symmetric Lévy measure satisfying

G(A) = /S H(do) /000 1a(pf)p~Pdp, A e BRY), (1.3.14)

/Rd(uxHQ A1)G(d) < oo (1.3.15)

and H the spherical part of G is a symmetric measure on S;. The characteristic
exponent of X can be written as

() = /]R (expli u)) — 1= i, WL ej<ay) Gld).

In this setting, we cannot use Theorem to prove the functional stable conver-
gence as (-stable processes have infinite second moment.

Assume that we are given high-frequency datas (Xja,)i<i<|t/a, of the process X
define above over some time interval [0,¢] and let f be some R%valued function.
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Denote by I'" the functional

[t/An]
Iy =T"(f)i= > fATX). (1.3.16)
=1

Observe that the random vectors (f(A?X)),<;<|;/a,| are i.id.
We use the following criterion to show the functional stable convergence of I'" to-

wards a symmetric stable process I with Lévy triplet (0,0, v) and exponent 3 € (0, 2)
(see [58, Lemma 6.8]): let u € RY. Then the convergence

(exp t/ {ei<”’w> —1—i{u,z)} V(dx)} if ge(l,2)
[t/An]
H E [e iw (a7 X)>] 2% Lexp t/{e”‘x - da:)} it 5e€(0,1)

eXp t/ {62 wr) 1 — i(u, >1{0<||90H<1}} } if g=1
(1.3.17)

implies the functional stable convergence
ety

This result is an application of the method for semimartingale sketched to solve the

problem ([[.2.11]). This criterion is the core of the proof of the main result in |Chapter|
It was used to prove second order limit, notably in [58] for the realized quadratic

variation of a 1-dimensional stochastic integral with respect to a non-homogeneous
pure jump Lévy process that behaves locally like a f-stable process. We can also
think of the result of [70], where the authors considered a d-dimensional extension
of the previous setting. We present in detail this two results in Section

I.3.3 Limit theory for Ambit fields driven by Gaussian white
noise

In this last subsection, we present the main tools used in [Chapter TVl As we no
longer deal with semimartingales but with ambit processes, we use a more classical
approach: to get limit theorem on some statistic, we prove the tightness and the
finite dimensional weak convergence of this statistic.

Let (X¢):er2 be a 2-dimensional ambit field driven by a Gaussian white noise, defined
as in ([.2.22]). Assume that we observe X along a curve z : ¢ — (z(t), 22(¢))
discretely in a high frequency regime over [0,t]. We denote these observations

Yia, = X.ian)m6an, 1 <1< [t/A,]
and the associated increment

AYY =Yin, — Yioa,
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We want to study the asymptotic behavior of the statistic

[t/An]
VY, p) = AP Y ALY

i=1

with p > 0 and 7,, a normalizing sequence. We will see in that we
can prove a law of large numbers for this quantity, using classical techniques. The

difficulty comes from the non-stationarity of the increments. Denote by V (Y, p) the
functional limit of the statistic V(Y p). Define the error process:

U= A2 (VMY p) — VY, p)) -

We would like to prove a second order theorem, using Malliavin calculus techniques.
Let 0 <t <ty < .. <ty with d € N. the goal is to show the weak convergence:

(UZL?UZ;) E) (Utla"'7Utd)- (1318)
We proceed in four steps.

(i) We prove first that the increments (A}'Y)i<i<|¢/a,| can be approximated by
increments of some Gaussian process Y. We denote these new increments A'Y,

1<i<[t/A,].

(ii) We expand f in a basis of polynomial functions, orthogonals with respect to
the Gaussian distribution. These polynomials are the Hermite polynomials,
denoted (Hy)r>o. We get that

f(z) = Z apHy(x).

(iii) Using its chaotic decomposition, we rewrite the error process in terms of iter-
ated Wiener-Ito integrals.

(iv) From the asymptotic behavior of the iterated Wiener-It6 integrals we deduce
the weak convergence presented in (|[.3.18]).

We refer to Section of the appendix for an introduction to Malliavin calculus
and more specifically to all the mathematical concepts and tools appearing in the
four steps above.

1.4 Contributions of the thesis

In this final section we present the three primary results of this thesis, contained in
[Chapter T} [Chapter ITI] and [Chapter TV}, and contrast them with the state of the
art in each related field.
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I.4.1 Chapter : Limit theorems for general functionals of
Brownian local times

In this subsection we present the main result of Chapter , based on the paper [44]:

e "Limit theorems for general functionals of Brownian local times”, in collabo-
ration with Simon Campese and Mark Podolskij. Electronic Journal of Prob-
ability, 29:1-18, 2024.

Understanding the probabilistic and statistical characteristics of local times have
attracted a lot of attention in the mathematical literature. The asymptotic be-
havior of functionals of Brownian local time has been recently studied, notably

when considering integrated moments in space of increments of Brownian local time
(see |43}|45]72,73,139.|140]).

The framework is the following: let (W;);c0,1) be a standard Brownian motion and
denote by (L®),er the local time of W over [0, 1] (see Section[[.2.1.1). Let f : R — R
be a smooth function with f(0) = 0. We give later assumptions on the regularity of
f. We consider statistics of the form

V(f)h = /Rf(h‘l/Q(L”" — L*)dz,  h>0. (1.4.1)

We want to establish a law of large numbers for the statistic V(f)2 and derive a
central limit theorem for the error process U(f)k := h™"2 (V(f)h =V (f)r) .

The case where f is a power function has be established, in [45,/72,/140] when f(x) =
22, in [73//139] when f(z) = 2® and more generally in [43] when f(z) = 27 with
q € N>o. Let us mention this last result:

Theorem 1.4.1. Let Z be a standard Gaussian random variable independent of the
local time (L} )zer. Let f(x) = x9 with ¢ € Nso. Then the following weak convergence
holds:

1
T (/ (L;;H_h — Lf)qu + quh) i) Cq /(Lf)qd.% X Z
2 R R

2

where the random variable Ry 1s given by

lg/2] k

z+h
Ry =) agp / (L¥Fh — [m)ya=2k (4 / L“du) dz,
k=1 R T

and the constants azy and c, are defined as

Qg = —(—1)kq! and ¢, = 2
“k T kKN (g — 2K)] a g+1°

There is no clear methodology to prove the weak convergence presented above. The
quadratic case, when f(x) = 22 has been proven by Rosen in [140] using the method
of moments and by Hu and Nualart in |[72] where the authors used Malliavin Calculus
techniques and asymptotic Ray-Knight type theorem to get their result.
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Rosen extended his result to the cubic case with f(z) = z3 in [139], using again
the method of moments. Hu and Nualart in 73] also managed to use Malliavin
calculus techniques to obtain the asymptotic theory in the cubic case. However, the
method of moments cannot be extended to integer power higher than 3.

Campese in [43] achieved a spectacular leap in the theory by establishing the
limit theory for any positive integer powers, see Theorem above. Denote by

V(L,q)k := /(L”h — L*)dx
R

the statistic of interest. His methodology consists of using the semimartingale de-
composition presented in Theorem [[.2.20] From this, he deduces a semimartingale
decomposition of the statistic of interest into a local martingale M and a finite vari-
ation process A and proceeds to show that the asymptotic behavior of the statistic
on the local time is driven by the asymptotic behavior of the statistic on its local
martingale part, that is to say

V(L,q) = V(M,q)k.

He then expresses, using the Kailath-Segall formula [144], the statistic V (M, q)k as
an iterated integral with respect to M. In a last step he obtain the limit of this
iterated integral using an asymptotic Ray-Knight theorem [128]. Unfortunately, we
cannot extend his result with the same methodology to a wider class of function f.

Our contribution is to extend the result of Theorem to C'! function f where f
and f’ have polynomial growth. Our methodology follows the first idea of Campese:
to make use of the semimartingale representation of the Brownian local time, al-
lowing us to handle the statistic V(f) using semimartingale techniques. More
precisely, we would like to use Jacod’s stable central limit theorem [[.3.2] To do so,
we consider in a first step a functional version of the statistic V(f)&: let T' > 0 fixed
and t € [0, T]. We define

V()= /Ot f (RT3 — L") da.

Since the increments L**"— L% and LY*"— LY are asymptotically correlated whenever
|z — y| < h, we use Bernstein blocking technique [35] to break this correlation and
discretize the functional statistic V' (f)%. We split the interval [0, ¢] into big and small
blocks, where the small blocks ensure the asymptotic independence between the big
blocks and are sufficiently small to not contribute to the limit. Roughly speaking,
we obtain a functional of the form

VU= Y [ R0t - 1

where A; denote big blocks. Then, using Jacod’s stable central limit theorem, we
establish the limit theory for the functional statistic V(f)!. In a final step, we
let t — oo and deduce the limit theory for the statistic V(f)2. Our result is the
following;:
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Theorem 1.4.2. Let f € C(R) be a function with polynomial growth satisfying
f(0) = 0. Define the quantity

pu(f) = E[f(N(0,u?)]  foru€R. (1.4.2)

Then it holds that

VAL 5 V(f)a = /R po(fldu  where oy = 2V/IF (1.4.3)

as h — 0. If moreover f € CY(R) and f, f' have polynomial growth we deduce the
stable convergence

U(f)k =02 (VL = V(fr) 25 U(f)e == /R \/Ugu —a2p2 () dW!, (1.4.4)

where W' is a Brownian motion defined on an extended probability space and inde-
pendent of F. The quantity v, is defined as

V2= 2/0 cov (f(xBy), f(x(Bsy1 — Bs))) ds (1.4.5)

with B being a standard Brownian motion.

Remark 1.4.3. In the stable central limit theorem for the functional statistic V (f)!,
the limit obtained exhibits an F-conditional biais, rendering the result useless for
statistical application. Indeed, condition in Jacod’s stable central limit the-
orem is verified with a non-zero limit. Moreover, a non-vanising drift term is
also added to this limit, and is due to an approximation of the increments of L made
during the proof. However, when letting ¢ — oo, these two terms cancel each others

and we obtain the statistically usable limit (I.4.4)).

I.4.2 Chapter [I[II; Limit theorems for asynchronously ob-
served bivariate pure jump semimartingales

In this subsection we present the main result of Chapter [[TI| based on the preprint:

e "Limit theorems for asynchronously observed bivariate pure jump semimartin-
gales”, in collaboration with Mark Podolskij, 2024.

In this paper we delve into the asymptotic theory for the realized quadratic covari-
ation of a bivariate [-stable process. We are given high-frequency observations of
both components of the process, with the specificity that each component has a
different and non-regularly spaced sampling scheme. We start by introducing the
framework and prior works.

Let X = (X;)i>0 be an d-dimensional It6 semimartingale and assume that we have
synchronous and regularly spaced observations of X over some time interval [0, ¢],
i.e. we have observations (X;a, )i<i<|t/a,| With A, a sequence of real numbers going
to 0. A big part of the literature on asymptotic theory for semimartingales was
focused on obtaining first and second order limit theorems for the realized quadratic
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variation of the semimartingale X, based on the high-frequency observations that
we presented above. We recall that the realized quadratic variation was defined in
([.2.6) as:

[t/An]
VI(X,2) = [X]P = ) (AMX)(APX)T with AT = Xia, — X-1)a

=1

n

By definition, [X]}" is a consistent estimator for the quadratic variation [X];. We
recall to the reader the definition of the error process, also sometimes called realized

volatility error:
Ui = on ([X]7 — [XTe)

with §, a normalizing sequence.

Some of the first asymptotic results on the realized volatility error were obtained by
Barndorff-Nielsen and Shephard in 2002 in [22,23] in the one dimensional continuous
case: assume that X is a semimartingale of the form

t
Xt:at—i—/ O'SdWs,
0

where o > 0 and a are processes pathwise of local bounded variation and indepen-
dent of the Brownian motion W. Assume that the process X is observed M + 1
times over some fixed time interval [tq,%5] with 0 < ¢; < t5 fixed and that the ob-
servations are regularly space, i.e. we have datas (X¢, 4 (t,—¢,)j/0m )o<j<m- Denote by
A;WX = Xt +(ta—t1)j/M — Xt14(ta—t1)(j—1)/m- Then they obtained the following weak
convergence:

Theorem 1.4.4. Under some mild reqularity assumptions on the drift process, as

M — oo: u .
Zj:1(A§WX)2 - ftf oids

— N(0,1).
VESI (AVX)s

M ts
In particular, the asymptotic distribution of Z(Ay X)?— / o2ds is a mized nor-
j=1 t
mal distribution.
An extension of this result to the d-dimensional has been proven in 2006 by Barndorff-
Nielsen et al. [15,/16], where the authors not only consider the realized quadratic
variation but also the realized power and bipower variations, again in the continu-
ous case. Let X be a continuous d-dimensional It6 semimartingales, defined on a

filtered probability space (2, F, (Ft)i>o0, P), of the form

t t
X =Xo+ / asds + / osdWs,
0 0

where a is a predictable locally bounded d-dimensional drift, o is a R%*?-valued
cadlag volatility process and W a d-dimensional Brownian motion. Assume that
we are given synchronous and regularly spaced observations (X;a, )1<i<|t/a,] of the
semimartingale X. Assume furthermore than ¢ is an It6 semimartingale. They
obtain the following stable central limit theorem:
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Theorem 1.4.5. Under previous assumptions on a and o we obtain the following
stable convergence

AY? ([X]7 — [X]),) =% M,

where, conditionally on F, (M;)i>o is a Gaussian martingale with mean zero and
conditional covariance function

. s L ’ ! N
E [Mngg k |f] — T M L IE N with ¢ = 0,07

The asymptotic theory when considering semimartingales with non-vanishing Gaus-
sian part has been widely studied. We refer inter alia to the work of Barndorff-
Nielsen et al. [25] where they adjoin to the Gaussian semimartingale X a jump
process with finite and/or infinite activities. Other authors considered similar semi-
martingales but assumed that the datas were perturbed by a (Gaussian) noise, for
example Podolskij and Vetter [130] or Jacod et al. [80].

Finally, some authors started to work with non-synchronous datas: each co-
ordinates of the multivariate process is observed with high-frequency and non-
synchronously, see e.g. [49] among others for multivariate continuous It6 semimartin-
gales or the papers [6,37,/48,66] where the authors considered at the same time noisy
and non-synchronous datas. In all these results, the second order limit is always con-
ditionally Gaussian, due to the non-vanishing Gaussian part of the semimartingale
of interest.

When we consider a pure-jump semimartingale, the asymptotic theory has been
much less developed. The univariate case has been establish Jacod et al. [58] when
the authors consider general assumptions on the semimartingale of interest. The
model is the following

t
Xy = / os—dZs +Y,
0

with Z a non-homogeneous Lévy process that behaves like a locally [-stable pro-
cess, o an It6 semimartingale and X an [t6 semimartingale without Gaussian part.
Provided that the process X is observed on a synchronous and regularly spaced
high-frequency sampling scheme, the authors managed to prove a stable central
limit theorem for the realized quadratic variation. Their proof relies on the semi-
martingale representation of the process Z, noticing that the local martingale part
of Z, that is the compensated sum of the ”small” jumps (smaller than some thresh-
old to be determined), is driving the limit theory when /5 € (1,2) whereas the finite
variation part, that is the sum of the ”"big” jumps is driving the limit theory when
B € (0,1].

This result was extend to the multivariate case by Heiny and Podolskij [70], in
particular for a d-dimensional symmetric S-stable process with € (0,2), observed
synchronously and regularly in a high-frequency setting. They proved a stable con-
vergence result for the error process related to the realized quadratic variation and
showed that the limit is a d x d matrix-valued -stable process. Denote by = ©®y the
symmetric tensor product between two vectors. We have the following theorem:

Theorem 1.4.6. Let 6, = (A, log(1/A,)"Y3, n > 1. For any 3 € (0,2) we obtain
the functional stable convergence

UP = 6, (L} — [Llaniuzan) 5 U,
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where (Uy),5 is an R*>?-valued Lévy process with characteristic triplet (0,0, vy) with
vy the Lévy measure given by

1

B =55,

ud2) [ a2 Vo, B e BERIOR)
Ry
and

0,00
M@yi/1Z(;L—1>H&cmmﬁﬂwgﬂm%y 2 € B (Saxa)
sz \[l01 © 0]

with B bounded away from 0. The process U is defined on an extension (Q, F, (Fy)i>o0, P)
of the original space (2, F, (Ft)i>0, P) and is independent of the o-algebra F.

Futher work on high-frequency observations of a pure jump process includes [146-
148, investigating the estimation of the jump activity and the non-parametric esti-
mation of the spectral density. We also refer to [89,/90] where the authors developed
a statistical test to discrimate whereas we should model financial datas by pure
jump processes or not. We finally refer to the recent preprint [33] where the authors
worked on joint estimation of the drift, the scaling and the jump activity index for
a pure-jump stable Cox-Ingersoll-Ross process.

To the best of our knowledge, the limit theory for the approximate quadratic
variation of a pure jump semimartingale when considering high-frequency non-
synchronous and irregularly spaced datas has not been established. This is the
main contribution of Chapter [[I1}

Consider a bivariate (-stable Lévy process (L;)i>0 = (L}, L?)i>0 with Lévy triplet
(0,0, G) and denote by H the spherical part of the Lévy measure G. We would like
to establish a weak limit theorem for the error process associated to an estimator of
the quadratic covariation process [L!, L?], over the time interval [0, 1]. Assume the
following: we have two sets of datas, (Lé)lgignl and (L??>1Si§n2 and the sampling

schemes (t})1<i<n, and (t3)1<i<n, satisfies the conditions :

1. There exist strictly monotonic (deterministic) C? functions f;, : [0,1] —
[0, 1] with non-zero right and left derivative in 0 and 1 respectively and with
fx(0) =0, fr(1) =1 such that

ﬁ:ﬁ<i>,0§i§m,k:L2
g
2. There exists a natural number M > 0 such that

1 ’ ’
— < inf r) < su )< M, k=1,2.
M " aefon fi() zE[OI,)l] fi()

3. Set n = ny + ny. It holds that

"k e e (0,1], k=1,2.
n
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As we deal with non-synchronous data, we cannot approximate the quadratic co-
variation process [L', L?] by the usual realized quadratic covariation. Instead, we
use the Hayashi-Yoshida estimator [67], defined as:

ni n2

Ll L2 ZZAtlL AtZL 1{ 1 1]m(3 17t2]7é®}’

=1 j5=1

where Ap Lt = L1 — L, and AtzL = L2 — L% . We obtain the following stable

7, 1 ] 1
weak convergence ‘theorem:

Theorem 1.4.7. For any f € (0,2), we obtain the functional stable convergence
Uln = 671 [L17L2]1 - [L L ]Ll/tvlLlJ — Uy

where (Uy)i>o is an R-valued symmetric (-stable process with Uy < S5(c,0,0) a
symmetric B-stable distribution with characteristic exponent

©5,(c00) (1 8, ¢,0,0) = exp(—clt|”).

The scaling parameter ¢ is defined as

cim U'B/(fl())dt+ /fl ) f5(t)

my

with

(- x5
. = 5;;08(2) /SQ\9%93+0%05V3H<d91>H<d92> if e (0,1)U(1,2),
Og = 3
B E/ (0162 + 620 H(d6,)H (db:) if B =1,

(4 /s

(T(— it

E ﬁ;;OS(Q)/ 10203 H(do2)H (d6,) if B € (0,1) U (1,2),

1. )
og 1= 2

%/S |0160,| H(d6,)H(d6) if B =1.

\

Sy denotes the unit sphere on R* with respect to the Euclidean norm and 6; = (6;,07),

i = 1,2. Moreover, the process U is defined on an extension (0, F, (Fi)0, P) of the
original space (2, F, (Fi)i>1, P) and is independent of the o-algebra F.

We would like to apply the criterion , presented in Section m However we
cannot apply it directly due to the dependency appearing in the Hayashi-Yoshida
estimator: increments of L' overlap with increments of L?. To deal with this struc-
tural dependency, we use an approximation of the characteristic function of the error

process (see [69]) and then apply the criterion ([.3.17)).

Remark 1.4.8. Using the same techniques of proof that we used in Chapter [[II}
we cannot extend our result to a d-dimensional (-stable process. Indeed, contrary
to the Gaussian case where we can obtain the limit by computing component-wise
the covariance matrix of the limiting process, in the pure jump setting we cannot
recover the multidimensional quadratic variation of the process from the quadratic
covariation between two coordinates of the process.
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1.4.3 Chapter IV Limit theorems for two dimensional ambit
fields observed along curves

This subsection is devoted to the presentation of the main result of Chapter [V}
based on the paper:

e "Limit theorems for two dimensional ambit fields observed along curves”, in
collaboration with Mikko S. Pakkanen, Mark Podolskij and Bezirgen Veliyev,
work in progress.

This work is an extension of the univariate case. We start by presenting this case
and then delve into our result.

Define on a filtered probability space (2, F, (F;):cr, P) a subclass of purely temporal
ambit fields, called Brownian semi-stationary process, by

Yi=p+ /_t g(t — s)oW(ds)

where W is an (F;);er-adapted white noise on R, g : R — R is a deterministic
weight function such that g(¢) = 0 for ¢ < 0 and g € L*(R). The volatility ¢ is an
(F1)ier-adapted cadlag process.

Define the power variation of YV as

[t/An]
V(Y. p)p =D, Y ANV, t€(0,T], p>0, A, =0,

i=1

where ATY = Yia, — Yi_1)a, and 77 = E[(A?G)?]. The process G is a zero-mean
stationary Gaussian process defined by

Gy = /t g(t —s)Wi(ds), teR

—0o0

called the Gaussian core. The limit theory for the power variation hinges particu-
larly on the behavior of the function g around the origin. Note that if ¢’ € L*(R,),
one can prove that the process Y is a semimartingale. In that case, one can use
all the techniques for high-frequency statistics of semimartingales to obtain central
limit theorem for the error process associated to the realized quadratic variation.
Therefore in the following, we exclude from our assumptions this case.

We would like to have a kernel g that explodes around 0, verifying ¢’ ¢ L*(R.)
and that such that the behavior of g outside the origin is controlled: g(z) converges
fast enough to 0 when z — oo and is as smooth as we need outside of a neighborhood
of the origin. A prototype example of a kernel satisfying these conditions is the
Gamma kernel:

g(x) = |z|%e™™, a e (-1/2,0).

The following law of large numbers and stable central limit theorem for the realized
power variation has been proven in [12,54]:
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Theorem 1.4.9. Assume that the processY is defined on a probability space (Q, F,P).
Further assume that g(x) ~ cz® as © — 0 with o € (—=1/2,1/2). Then, under con-
ditions of [54, Theorem 3.1], we deduce the uniform convergence in probability

t
sup VX, — VXphl 50 with  V(X,p) = m, / 0P ds,
0

te[0,T

where m, = E[N(0,1)|P]. When further o € (—1/2,0) and conditions of [54,
Theorem 3.2] are satisfied, we obtain the stable convergence in law:

t
AV (VX )7 — V(Xp)) -5 A, / 0, B(ds),
0

where B 1s a new Brownian motion independent of the initial o-algebra F, and the
constant \, is defined in [54), Eq. (3.3)].

We want to extend this result to the two-dimensional case. Few results exists on
the asymptotic behavior of spatio-temporal ambit fields. We note the paper from
Pakkanen [120] where he established a law of large numbers and the associated stable
central limit theorem for the normalized power variations over rectangle on the
space-time called rectangular increment. We mention also the two papers [34,/121]
where the authors consider trawl processes: a class of ambit fields where ¢ = 1 and
o = 1 and the ambit sets A;(z) are translation of a fixed borel set A. We refer
to |10, Chapter 8] for a detailled presentation of trawl processes.

We recall the setting presented in ([[.2.22)): We consider a 2-dimensional ambit field
defined as

t
X, = / ot — 8)o, TV (ds)
_tcio to
= / / g(ty — s1,ta — $2)04, 5, W (dsy, ds2)

where W is a white noise process on R* g : R? — R is a deterministic weight
function such that ¢ € L*(R?%) with g(s1,s2) = 0if sy < 0 or s < 0 and o
is a continuous volatility field. The stochastic integral is to be understood in the
Walsh sense (see Section of the appendix). To ensure the necessary integrability
condition: .
/ g*(t — 8)o2ds < o0,
— 00

we assume that sup,cgp: E[o] < oo.

We are not interested in the probabilistic and statistic properties of the ambit
field X but rather on its probabilistic characteristics when observed along a curve.
From this, the field X is observed discretly along the curve

z : [0,t] = R? z(s) = (21(s), z2(s)).

Define Y by
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and G by w
G, = / g(z(u) — 8)W(ds), wue€l0,T].

Assume that we are given high-frequency observations Yja, = X.(a,), ? > 0 with
A, — 0. For p > 0, we define the power variation of Y as

[t/An)
V(Y.p)i = Y |ATYP where ATY =Yja, — Yii_p)a,-

=1

Before delving into the asymptotic results, we present the necessary assumptions on
the curve z, the kernel g and the volatility field o:

(A1) The curve t — z(t) is C? and the derivatives 2{(t), z5(t) are positive and
bounded away from 0.

(A2) For a € (—1,0), the kernel g admits the representation
g(®) = [l=|"f(x)

where ||-|| denotes the Euclidean norm. The function f : R3 — R is bounded,
£(0) £0 and f € CY(R2) N L*(R2) with

IVf(@)| <C(lz] " A1), xeR%, C >0some constant.

(A3) There exist v > 1/2 such that for any ¢ > 0,
Elloy — o] < Gyt — s||”
for some constant C; > 0 and ¢, s € R3.

(A4) There exists @ € R% such that the partial derivatives satisfy [9;g(z)| <
|0;9(y)| for any > y > a, j = 1, 2. Furthermore it holds that

F, = / (01g(s)? + Byg(s)?)0?_,ds < 00 P —as. forall ¢ € R2,
R2\[0,1]

We finally define the asymptotic variance of the non-stationary Gaussian core G:

o =40A0f07 ([ el [ (120017 00wl ).

+

defined as the scaled limit of A= 2var(Gyya — G(1).

The law of large numbers for the realized power variations and the associated stable
central limit theorem are the main results of Chapter [Vl The stable central limit
theorem is proven following the methodology presented in Section [.3.3] We have
the following result:
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Theorem 1.4.10. Assume that conditions (A1), (A2) and (A4) hold.

(i) If « € (—1,—1/2), we obtain that
ALY (Y, pyn / (6u02(0Pds. (14.6)
(i1) If o € (—1/2,0), we deduce the convergence
AL=PRY (Y, p)p 22K mp/ |ws|Pds. (1.4.7)

Futhermore, assume that conditions (A1)-(A4) are satisfied and o € (—1,—3/4).
We also assume that v(pA1l) > 1/2. Let (By)i>o be a Brownian motion defined on an
extension (Q, F,P) of the original probability space (Q, F,P), and being independent
of the o-field F. We deduce the functional stable convergence

A2 (AI PV (Y, p)7 / |psoz. P ds) / Ks|0s,[PdBs. (1.4.8)

where k2 is defined as

K2 = 0P ARk! (1 +2) p(z)k> .
k=2 =1

Observe that we cannot prove a central limit theorem when o € (—1/2,0), due to a
non-negligible intrinsic biais. We also highlight the fact that contrary to the usual
limit results, the realized power variation does not estimate the integrated volatility
along the curve z but an integrated product of the quantity ¢; and the volatility

Uz(t)‘

Remark 1.4.11. We mention at the beginning of the current section that Chapter
is based on a work in progress. Instead of assuming (A2) for the kernel function
g, we may assume the following:

(A2)  g(@) = |1|"[2|" f(®), € (=1/2,0)U(0,1/2)

with f(0) # 0 and f decaying fast enough at infinity. The asymptotic regime
changes drastically compare to the asymptotic regime under assumption (A2). So
far we only managed to establish partial asymptotic results under (A2’) but the
limit theory is still misunderstood in that case.






Chapter 11

Limit theorems for general
functionals of Brownian local
times

Abstract: In this paper, we present the asymptotic theory for integrated functions
of increments of Brownian local times in space. Specifically, we determine their
first-order limit, along with the asymptotic distribution of the fluctuations. Our
key result establishes that a standardized version of our statistic converges stably
in law towards a mixed normal distribution. Our contribution builds upon a series
of prior works by S. Campese, X. Chen, Y. Hu, W.V. Li, M.B. Markus, D. Nualart
and J. Rosen [43,45,72,73.,[107,|139}|140], which delved into special cases of the con-
sidered problem. Notably, [45,72,73,/139,[140] explored quadratic and cubic cases,
predominantly utilizing the method of moments technique, Malliavin calculus and
Ray-Knight theorems to demonstrate asymptotic mixed normality. Meanwhile, [43]
extended the theory to general polynomials under a non-standard centering by ex-
ploiting Perkins’ semimartingale representation of local time and the Kailath-Segall
formula. In contrast to the methodologies employed in [45]72.[73,139], our approach
relies on infill limit theory for semimartingales, as formulated in [77,84]. Notably,
we establish the limit theorem for general functions that satisfy mild smoothness
and growth conditions. This extends the scope beyond the polynomial cases studied
in previous works, providing a more comprehensive understanding of the asymptotic
properties of the considered functionals.

35
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II.1 Introduction

Over the past five decades, the mathematical literature has witnessed a surge in
interest regarding the probabilistic and statistical properties of local times. Origi-
nating from the structure of a Hamiltonian in a specific polymer model, numerous
investigations have been dedicated to the asymptotic theory concerning functionals
derived from the local time of a Brownian motion. A notable body of work in this
domain includes [43,45,72,73,|107,|139]. Recall that the local time (L*),cg of a
Brownian motion (W;).cpo,1) over a time interval [0,1] is defined as the almost sure

limit .
L7 = lim — / Loy (W, )ds. (IL1.1)

0

The primary focus of our paper centers around statistics of the form:

V()= /Rf (VAL — L*))dz,  h >0, (I1.1.2)

where f : R — R is a smooth enough function with f(0) = 0. Our objective
is to ascertain the asymptotic behavior of the statistic V(f)k as h — 0. The
theorem below summarizes several special cases, extensively explored in the existing
literature, that fall within the scope of our investigation.

Theorem I1.1.1. Let Z be a standard Gaussian random variable independent of
the local time (L") er.

i) Chen et al. [45], Hu and Nualart [79], Rosen [140], case f(x) = x?: As h — 0
(1) 149 172 1140

1 4
— / (L — 1%)* do — 40 ) L ot (L*)2dx x Z.
h32 \ Ja 3 Jr

(ii) Hu and Nualart [73], Rosen [139], case f(z) = 2%: Ash — 0

1
— (@ - 1) dr s 192 / (L7)3dx x Z.
h R R

(111) Campese [43], case f(x) = x? with ¢ € Nsg: As h — 0
T (/ (Lm+h — Lx)qu + Rq’h) i) Cq /(Lx)qdﬂf X Z,
2 R R
where the random variable R,y ts given by
La/2] k

z+h
Ry =Y g / (Lo+h — ) (4 / L“du) d,
k=1 R x

and the constants aqy and c, are defined as

(—1)*¢!

Qg = —Zkk!(q —on) and Cq = .
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The weak convergence established in Theorem [II.1.1[i) for the quadratic case has
been demonstrated via the method of moments in [45]. On the other hand, in
[72], techniques from Malliavin calculus, along with a version of the Ray-Knight
theorem, were employed to derive the same result. Similar methodologies were
applied in [73[139] to establish the cubic case outlined in Theorem [[L.1.1[ii). The
more general outcome of [43], as presented in Theorem [[I.1.1f(iii), employs a distinct
technique to establish asymptotic mixed normality. The starting point in [43] is the
semimartingale representation of the local time (L%),cg, initially proven by Perkins
in |[124]. This representation, in turn, implies a semimartingale decomposition of
the statistic fR (L”h — Lf”)qd:c. The somewhat intricate standardization R, is
derived from the Kailath-Segall formula [144], ensuring that the normalized object
is a martingale. In the final step, the asymptotic Ray-Knight theorem is applied to
deduce weak convergence.

It is worth noting that Theorem [T.1.1f(iii) extends the results of Theorem [[1.1.1f1)
and (ii) due to Ry, = —4h and Rsp = 0 (cf. [43]). However, in other cases, the
standardization R, is somewhat unnatural as it depends on the parameter h. Our
main result, presented below, not only extends Theorem to general functions
but also employs a much more natural standardization. Unless stated otherwise, all
random variables are defined on a given probability space (2, F,P).

Theorem I1.1.2. Let f € C(R) be a function with polynomial growth satisfying
f(0) = 0. Define the quantity

pu(f) == E[f(N(0,u?))] foru € R. (I1.1.3)

Then it holds that

VDL -5 V() = / oo (f)du where  oui—2VIF (IL14)

as h — 0. If moreover f € CY(R) and f, f' have polynomial growth we deduce the
stable convergence

U = b (VDR = V{)e) 25 Ua = [ fo2, = otet, () awl,
(IL.1.5)

where W' is a Brownian motion defined on an extended probability space and inde-
pendent of F. The quantity v, is defined as

V2= 2/0 cov (f(zBy1), f(x(Bst1 — Bs))) ds (IL.1.6)

with B being a standard Brownian motion.

Building on the insights presented in [43], our approach begins by leveraging the
semimartingale representation of the local time. This transformation allows us to
recast the original problem into an asymptotic statistic of a semimartingale. Em-
ploying a series of approximation techniques from stochastic analysis, we then apply
the limit theory for high-frequency observations of semimartingales, as established
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in [77]. This application yields the stable convergence result expressed in ([I.1.5]).
However, it’s important to highlight that our framework diverges from classical re-
sults established in works such as [15[83]/95,/131] in several aspects. Firstly, we need
to introduce a blocking technique as a necessity to break the correlation in the statis-
tic V(f)k. Another notable departure from standard high-frequency theory lies in
the assumption regarding the semimartingale property of the diffusion coefficient.
This property, crucial for obtaining the necessary smoothness for a stable limit the-
orem, is absent in our model. Instead, our diffusion coefficient is represented by
the process o, defined in , which is not a semimartingale. Consequently, we
employ more nuanced techniques to derive the asymptotic theory.

A surprising distinction, in comparison to [95], is observed in the form of the
limit at ([L.1.5). Generally, when the function f is not even, the limit typically
comprises three terms, revealing an F-conditional bias (cf. [77,95] and Theorem
below). However, in our scenario, we obtain a simpler limit denoted as U( f)g,
devoid of an F-conditional bias. This holds true regardless of whether the function
f is even or not.

The paper is structured as follows. Section provides crucial technical re-
sults, including the semimartingale decomposition of the local time (L*),cr and a
functional stable central limit theorem. In Section 3, we delve into the proof of the
main result.

Notation

Unless explicitly stated otherwise, all random variables and stochastic processes are
defined on a filtered probability space denoted by (2, F, (Fi)ier, P). All positive
constants are denoted by C' (or by C, if we want to emphasise the dependence on
an external parameter p) although they may change from line to line. We use the
notation

I; := [min(0, t), max(0, t)].

We say that a function f : R — R has polynomial growth if it holds that |f(x)| <
C(1 + |x|P) for some p > 0. We denote by (X,Y) the covariation process of two
semimartingales X and Y. For real-valued stochastic processes Y and Y, we employ
the notation Y ““% YV to signify uniform convergence in probability, specifically:

sup[Y;" — Y| = 0
teA

for any compact set A C R. For a sequence of random variables (Y"),en defined on

a Polish space (E, &), we say that Y™ converges stably in law towards Y (Y oty Y),

which lives on an extension (', F', ') of the original probability space (2, F,P), if
and only if

lim E[Fg(Y™")] = E'[Fg(Y)]

n—oo
for all bounded F-measurable random variables I’ and all bounded continuous func-
tions g : F — R.
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II.2 Definitions and preliminary results

To begin, we utilize the semimartingale representation of the local time process
(L") .er, as derived in [124]. This representation posits the existence of a Brownian
motion (By);er such that the local time is expressed as follows:

L* =17 —i—/ o,dB, —i—/ a,dy, x>z, (I1.2.1)

where the diffusion coefficient ¢ is defined at , and the drift coefficient a is
a predictable, locally bounded process. This representation, as emphasized in the
introduction, serves as a fundamental tool for establishing the stable limit theorem
in ([L.1.5). Additionally, we introduce two random times

S:=inf{a<0: L* >0}, S:=sup{a>0: L*> 0}, (11.2.2)

and remark that S and S are stopping times with respect to the filtration generated
by L. Note L* = 0 for any = & [S, S].

To establish the results outlined in Theorem [[I.1.2] it is essential to introduce a
functional version of the statistic V(f)&. For a fixed T' > 0, we define this functional
as follows:

V(A= [ f(RVAL"" - L") da, te[-T,T]. (I1.2.3)

We obtain the following theorem.
Theorem I1.2.1. Let f € C(R) be a function with polynomial growth satisfying
f(0) =0. Then it holds that

V(f) LR V(f) ash—0 where V(f):= / Po, (f)du. (I1.2.4)

Iy

Assume moreover that f € CY(R) and f, f’ have polynomial growth, and define the
process

U] =h"2 (VA= V().

Then, as h — 0, we obtain the functional stable convergence U(f)" LN U(f) on
(C(=T.T]), I - [los), where

U(f) ::/raz,%d:c—l—/wgdem—l—/ \Jv2 — w2 dW,. (I1.2.5)
I I I

The processes v,, and W' have been introduced in Theorem while the quantities
wy, and Ty, 4, are defined as

wy = upu(f), (I1.2.6)

Tujug = ulqu(f,) +/0 E [f,(u2(Bx+1 - Bw))(BQQ - 2)} dz.
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We now demonstrate that the consistency statement in ([1.1.4)), as mentioned in
Theorem [[I.1.2] follows from the more general results provided in Theorem [[T.2.1]
Initially, we observe the identities

ViNe=V(Ns+V(lg+0eh),  V(Hr=V()s+V(f)z (IL.2.7)

hold. For any € > 0, we conclude that

P(V(fs—V(f)sl >e) <P (t;}z?ﬂ V() =Vl >e 1Sl < T)

+P (5] >T), (11.2.8)

and a similar estimate holds for the probability P(|V(f)% — V(f)s] > ). Conse-

quently, the uniform convergence in (I1.2.4]) implies the statement in (I1.1.4)) when we
choose T' to be sufficiently large and then h to be sufficiently small. This establishes

the consistency result in the context of Theorem [[1.1.2]
Subject to an additional smoothness condition on the function f, the expression for
the limit U(f), simplifies as demonstrated in the following proposition.

Proposition I1.2.2. Assume that f(0) =0, f € C3(R), and f and its first three
derwatives have polynomial growth. Define the function

G(u) == /0“ payz(f')dx, u > 0. (I1.2.9)

Then we obtain the identity

U(f) = G(L") — G(L") +/I V02— w2 dW,. (11.2.10)

Proof. First of all, we note that p,(g) < oo when the function g has polynomial
growth. Observing the semimartingale decomposition at ([1.2.1)), an application of
It6 formula gives

b b
F(LY) = F(L*) + / F'(L")dL" + 2 / F"(L*)L*du,

for any F' € C*(R) and any b > a. A twofold application of an integration by parts
formula implies that

1
| B L (B~ B)) (B - D] do = ()
0
According to definition ([1.2.9)) it holds that
G'(u) = pou(f)  and  G"(u) = 2p2m(f").

Consequently, we deduce the identity

/Taw’axdx_’_/wdeBx:/pau(f/)dLu+/O'ipgu(f/”)du

It It It It
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= [ G'(02/4)dL" —i—%/ o2G" (02 [4)du

It It
= / G'(L*)dL" + 2 / L2G"(L*)du = G(L') — G(LY).
It It

This completes the proof of the proposition. n
As a consequence of Proposition [[1.2.2 and the identity L* = 0 for = & [S, S], we

infer that
Uf)e = U(f)s + U(f)g = / o, — w2 div, (1.2.11)
R

provided the function f satisfies the conditions outlined in Proposition[[T1.2.2] There-
fore, the stable convergence asserted in Theorem follows from Proposition
when accompanied by a suitable approximation argument. The details of this
argument will be explained in Section [[1.3.4]

Example I1.2.3. Here, we illustrate that Theorem includes the results of
Theorem [II.1.1{i) and (ii) as specific cases.

(i) Consider the quadratic case f(z) = 2z and note the identities p,(f) = u?

pu(f") = 0. We immediately conclude that

V(fr = / oldu = 4/ L'du = 4,
R R
where the last equality follows from the occupation time formula. We also deduce
that

1 1
4
Ui = 2.274/ cov (B%, (Berl — Bs)z) ds = 41‘4/ cov (Bh BSJrl — BS>2 ds = §x47
0 0

and consequently we get vZ = %(L“)Z. Thus we recover the statement of Theorem

TT1.1(i).
3

(ii) Now, consider the cubic setting f(x) = x°. In this scenario we deduce the
identities p,(f) = 0 and p,(f’) = 3u?. Consequently, V(f)g = 0 and w2 = 9ub. A
straightforward computation shows that

v? = 2/1 cov (f(zBy), f(x(Bsy1 — By))) ds = 1225,
0

Thus we deduce the identity v7 —w? = 192(L")* and we recover the statement of

Theorem [I1.1.1{(ii). O

11.3 Proofs

I1.3.1 Preliminary results

To simplify our analysis, we begin by establishing stronger assumptions on the in-
volved stochastic processes. Analogous to the reasoning provided in ([1.2.8)), we can
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perform all proofs on the set {S,S € [T, T]} for some T > 0. Provided L* > 0 for
all z € [y, z], we will also use the identity

o,=0,+2(B,—By)+ / Gy - (L")~ 2dy, (I1.3.1)
v

where @ is a locally bounded process. This identity follows from ¢, = 2¢/L* and an
application of the It6 formula to (I1.2.1]).

Additionally, given that a,a and o are locally bounded processes, we may, without
loss of generality, assume that

sup (|ag(w)| + az(w)] + [oz(w)]) < C
we, ze[-T,T)

by employing a standard localization argument (cf. [15]).
Due to the boundedness of coefficients a and o we deduce from Burkholder inequality
for any a < b and p > 0:

E | sup |L* — L%P

z€[a,b]

< Cplb — alP’?. (I1.3.2)

Consequently, due to definition in (I1.1.4)), we also deduce the inequality

E < Cylb — alP’. (I1.3.3)

sup |0, — 04f”
z€[a,b]

Furthermore, for any function ¢ : R — R with polynomial growth we have that
E [g (3L — L"))] < C, (11.3.4)

which follows directly from ([1.3.2)).
We will often use the following lemmata, which are well known results.

Lemma I1.3.1. Consider the process Y," = ZILZJ XF, t € [0,T], where the random
variables are xi are F;,-measurable and square integrable. Assume that

[ nt] [nT |
ZE [XP | Fi-nym] =5 Y, and Z E [(x})?|Fi-1)/n] — 0.
i=1

i=1
Then Y™ ““BV asn — oco.

Lemma I1.3.2. Consider a sequence of stochastic processes Y™ and Y™™, Assume
that

ds ds
ynm 2 7™ asn— 00, 7™ =5Y  asm — oo, and

m=00  n—oo t€[0,T7]

lim limsupP ( sup |Y"™ =Y/ > e) =0  foranye>0.

Then it holds Y™ 2% Y as n — oo.
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The following estimate is important for the mathematical arguments below.

Proposition 11.3.3. It holds that
sup P(z€(S,5), L* €[0,¢)) < Cre.

z€[-T,T)

Proof. Let 7, be the first time the Brownian motion W hits the level x € R. For
€ (S,5), it must satisfy 7, < 1. Now, applying the strong Markov property of
Brownian motion, we introduce a new process W, := W, — W, . where t > 0.

Consequently, W is a new Brownian motion independent of 7,. Let Ly(W) denote
the local time of W at point z up to time t. This leads to the relation LT(W) =

LY . (W). A well-known result asserts that LO(W) < [W,| for any fixed u. Thus,
by conditioning on 7,, we infer that

P(z e (S,5), L* €0,¢)) <P(r, <1, L" € [0,¢))
=P(r. <1, VI—1,|N(0,1)] €[0,¢))
< CeE [1{7.m<1}(1 — Tx)fl/ﬂ .

The density of 7, is given by p(u) = (2m)~"/2|z|u=%/? exp(—2?/2u)1{,0;. Hence, we
conclude that

E [1{72<1}(1 — Tx)il/Q] < 00,

which completes the proof. n

11.3.2 Law of large numbers

In this section we show the uniform convergence in probability as stated in ([1.2.4]).

An application of (I1.2.8]) implies the statement (II.1.4)).
The basic idea of all proofs is to consider the approximation

RV (Lt — 12 = Y20, (Byin — By).

Observing this approximation we see that the two increments h~"/2(L**" — L*) and
h=Y2(L¥*h — [¥) are asymptotically correlated when |z — y| < h. To break this
dependence we use a classical blocking technique. For ¢ > 0 we introduce the sets

A;(m) = [i(m + 1)h,i(m + 1)h + mh],
Bi;(m) = [i(m + 1)h + mh,i(m + 1)h + (m + 1)A].

Note that the length of A;(m) is mh (big block) while B;(m) has the length A (small
block). In the first step we obtain the following decomposition:

V! =Z"™(f) + R™(f) + D™ (f),

where

D VN B L

1€N:i(m~+1)h+mhel;
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R?,m(f) — Z / 1/2 L:L"—l—h Lx)) d.T,

1€N: i(m+1)h+mhel;
and D™ (f) comprises the edge terms and satisfies
D) B0 ash — 0 (I1.3.5)

due to (II.3.4)) and the polynomial growth of f. Next, we will analyse the asymptotic
behaviour of the processes Z™(f) and R"»™(f).

(a) Negligibility of R}"™(f): First, we observe the inequality
sup |R™(f)| < Re™ (1) + BEF (L))

te[-T,T)

Since f has polynomial growth we deduce that |f(z)| < C(1+ |z[?) for some p > 0.
Due to inequality ([I1.3.2)) we get

E|RE™ (1) + BA7(f)] < Cm™

Thus, we conclude that

lim limsupP ( sup  |RM(f)| > 6) =0, (I1.3.6)
M=oy te[~T,1]
for any ¢ > 0. This proves the negligibility of the term R"™(f). O

(b) Law of large numbers for the approximation: We introduce the following ap-
proximation of the statistic Z/"™(f):

70" (f) = 3 al(m), (IL.3.7)

1€N: i(m+1)h+mhely

Oé?(m) = / f <h71/20t?(m)(31+h — Bx)> dx,
Ai(m)

where !'(m) = i(m+1)h is the left boundary of the interval A;(m). Due to Riemann
integrability we deduce that

h - u.c.p. m
> Elog (m)|Fip my] = mh > Pat?(m)(f) — m—_HV(f)t
1€N: i(m+1)h+mhely 1€N: i(m+1)h+mhel;

u.c.p.

as h — 0 and m/(m+ 1)V (f) — V(f) as m — oco. By Lemma [[1.3.1 it suffices to
prove that

Z E [|a?(m)|2 |}"t?(m)} 50 ash—0.

1€N:<i(m+1)h+mhe[-T,T]
By (II.3.4) we readily deduce that
Ef|a (m) P|Fyp ) < C(mh)*.
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Hence, we conclude

—h,m u.cp. MM m u.c.p.
Z (f)—>m+1V(f)ash%O, and m+1V(f)—>V(f) as m — oo.
(IL.3.8)
[
(c) In view of steps (a) and (b) we are left to proving the statement
7V () — Zhm(f) R . (IL.3.9)

Since f has polynomial growth we have the following inequality for €, A > 0:

|f(z) = f)] < C(wp(A e) + (14 |2 + [y") Lgap>ay + Liy>ay + Liemyisel)) 5

where wy(A,e) = sup{|f(z) — f(v)| : |z|,|y| < A, |z —y| < e} is the modulus
of continuity of f. Using this inequality and (II1.3.2)), and also lgg>a3 < A7'2],
Lja—y>er < €'z —y|, we conclude that

E| sup < C(wf(A,e) + A1

te[-T,T)

x+h 1/2
+e7! Z / <h1/2 +h 2R [/ low — Jth(m)]2du} > dx.
A;(m) T !

1€N: i(m~+1)h+mhe[-T,T)|

’—h,m

Z,"(f) = 2"

Since ¢ is continuous and bounded we see that the third term converges to 0 as
h — 0. On the other hand, we have that lim. ,ow(A,e) = 0 for a any fixed A.
Hence, we deduce that

Z'"(f) = 2" () =B o

by letting first h — 0, then ¢ — 0 and A — oo. Due to statements ([1.3.6) and
(I1.3.8]), we obtain the convergence in ([[1.2.4]). m

11.3.3 Stable central limit theorem

Demonstrating the stable central limit theorem as stated in Theorem poses a
more intricate challenge. Our approach is primarily based upon limit theorems for
semimartingales, notably in works such as [15]. It is crucial to highlight that the
diffusion coefficient 0, = 2v/L® is not a semimartingale, introducing a heightened
level of complexity to the proofs. We will continue to employ the blocking technique
introduced in the preceding section.

First of all, we decompose our statistic into several terms:

3 3
Ut =" 20 m5(f) + 3 Rm(f) + D" (I1.3.10)
k=1 k=1

Here the processes Z™F(f), k = 1,2,3, are big blocks approximations, which are
defined by

ZPm )y = (adm) Bl ()| Fg ) )

1€N: i(m+1)h+mhel;
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zepy =t S (e ) e alm))

1€N: i(m+1)h+mhely

ZImA(f) = b2 [ (g ()= b0 D)
Ai(m)

1€N: i(m+1) h+mh€[t

The small block processes R*™*(f), k = 1,2, 3, are introduced in exactly the same
way with the set A;(m) being replaced by B;(m) in all relevant definitions. Finally,

the process o comprises all the edge terms. Similarly to the treatment of the

term D™ in ([1.3.5)), we immediately conclude that

DR as h— 0. (IL.3.11)

In the following subsections we will show that all small blocks terms are negligible
in the sense

m=00 40 te[-T,T)

lim limsupP ( sup  |RIMTR(A)] > 5) =0 for any € > 0, (I1.3.12)

for all £ =1,2,3. Finally, we will show that
2N S U, 2 R U, 2 ) R o
as h — 0, and moreover

U™(f) 25 U'(f) = [, wo,dBy + [ /v, — wZ dWL, (11.3.13)
U™ (f) =5 U"(f) = [y Taro.de

as m — oo. Consequently, due to (I1.3.11))-(I1.3.13)), an application of Lemma [I1.3.2
and properties of stable convergence imply the statement of Theorem [[1.2.1]

11.3.3.1 Central limit theorem for the approximation

Recalling the notation from the previous subsection, we set

2y (f) = > Xi'(m).

1€N: i(m+1)h+mhel;

We now prove the stable central limit theorem for Z™1(f) as h — 0. According
to Theorem [84), Theorem IX.7.28] we need to show that

3 E[| X (m) | Fpp ) — | v2, (m)da (11.3.14)

Oz
i€N: i(m+1)h+mhel, Iy

P
Z E[Xih(m)(Bt?(mH(mﬂ)h - Bt?(m))u:ty(m)] - Cm/ We, dx
1€N: i(m+1)h+mhel; Iy

(11.3.15)



I1.3. Proofs 47

> E[| X (m) Lyt ey Firgmy) — 0 Ve >0 (11.3.16)
1€N: i(m+1)h+mhel;
P
> ELX () (Nt -+ (me 1y = Nit ()| Fo y) — 0 (11.3.17)

1€N: i(m+1)h+mhel;

where the last statement should hold for all bounded continuous martingales N with
(B,N)=0, ¢;, =m/(m+ 1), and the function v,(m) will be introduced below.

We start by showing the condition ([1.3.14)). A straightforward computation using
the substitution x = hzy,y = hzs shows that

E[|Xz'h(m)|2|]:t?(m)] = h_I/ (E [f <h_1/20t;z(m)(3x+h - Bac))

AZ(m)
xf (h_l/2gtzh(m)(By+h - By)) ‘ E?(m)} - Pgth(m)(f)) 1{jo—y|<nydzdy

=h (E [f (gt?(m)(Bm-‘rl - Bz1)>

/[z'<m+1>,i<m+1>+m12

x f <0tg(m)(322+1 - Bzz)> ‘ ‘/—_;f?(m):| - Pitb(m(f)) Lz —zol<13dz1d2s.

Hence, by Riemann integrability we deduce that

Yoo EIX )P F] — | 02 (m)de,
i€N: i(m+1)h+mhel; Iy
where
1
U?L(m) == cov (f (u(BZH-l - le)) i (u<B22+1 - Bz2>>> 1{\21—22|<1}dzld22'

m [07m}2

We note that
(I1.3.18)

Jim o3(om) = 2,

where v has been introduced in ([T1.1.6]).

In the next step we show condition ([1.3.15). By the integration by parts formula
we deduce the identity

]E[Xf(m)(Bt;l(m)Jr(mﬂ)h - Btzh(m))lf;ﬁzh(m)]
= / E [f (h_1/20th(m)(B$+h - Bm)) h_1/2<Ba:+h - Bz>|]:th(m)} dx
Ay(m) ‘ ‘

— (mh)_lwat?(m)

where the function w, has been defined in ([I.2.6)). This implies condition (II.3.15))
by Riemann integrability.
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To show condition ([I.3.16)), we observe the inequality
E [IX0m) Lt psep Forom | < & 2B [ IXEm) 1 Fop| < C2mh2,
Hence, we deduce the statement of ([[1.3.16)).

To prove condition (|[I.3.17]), we apply a martingale representation theorem to deduce
the representation

Xt(m) = / ngj;;“dBm,

where 77? "™ is a predictable square integrable process. Now, applying Ito isometry,
we obtain that

E th(m)(th(m)Jr(mH)h - Nt?(m))|‘7:t?(m)] =E l/ nid(B, Nl Fingmy | =0

Ai(m)

Consequently, we showed condition (|[1.3.17]).

Now, due to ([I.3.14))-(I1.3.17)), we conclude the stable convergence Z""™1(f) LN

U™(f) as h — 0 with

Um™(f)e = Cm/ W, d B, +/ \/@i(”@ — w2 dW,.
Iy Iy

On the other hand, since ¢,, — 1 and v?(m) — v as m — oo, we obtain that

U™ (f) 2 U'(f) = / wgmdBrJr/ \/Jv2 — w2 dW, (I1.3.19)
1. 1.

as m — oQ.

I1.3.3.2 Negligibility of the small blocks: the martingale term
Here we show that the small block term R™™1(f) is negligible. We recall
BRI =07 N (Bm) = BB F ] )
1€N: i(m+1)h+mhely
where

Blh(m) = / ( )f (h_l/QO't?(m)(Bx_Arh — Ba’:)) dx.
Bi m

Since RM™1(f) is a martingale, f has polynomial growth and o is bounded, we
conclude that
E[|RE™ ()P + R (P] < ot

Hence, by Lemma we obtain that

M=o ph0 te[-T,T)

lim limsupP ( sup  |[RM™N)| > 5) =0  foranye>0.
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11.3.3.3 Riemann sum approximation error

We now consider the Riemann sum approximation error associated with big blocks.
We need to show that

Zm =Y / pouF) = Py (1)) "% 0

1€N: i(m~+1)h+mhel;

(The corresponding statement for the small block term R"™3( f) is shown in exactly
the same way). For this purpose we introduce the threshold

ep, =h" for some r € (1/4,1/2). (I1.3.20)

On each big block A4;(m), we will distinguish two cases according to whether Lt (™ <
Ep OI Ltil(m) Z Eh-

We start with the first case. Since f € C'(R) the map u +— p,(f) is C'. Also note
that sup,c4 |0, (f)] is bounded if A is a compact set. Due to mean value theorem
and boundedness of o we have

Po. (f) - pot?m) (f)’ dx

1 _
{tz’.‘ (m)e(s,9), Ltzh (M) e, } /141 (m)

<C1
{

tHm)e(s ), L4 <oy | /Ai(m) u ™ "t?(m)‘ dr

Now, we use Proposition [[I.3.3] inequality (II.3.3]) as well as Holder inequality with
conjugates p,q > 1, 1/p+ 1/q = 1, to deduce that

< ChM*e)t.

Iz — C’t?(m)’

E |1
[ {t;l(m)e(g,?), Lt?<m’<sh}

Thus, we obtain that

h PR ) 1 , / Pou(f) = Poyu,., (f)] do
hi(m < t; (m) Oz Oh(m
ieN: i(m+1)h+mhe|-T,T] {ti( JE(8,5), L <€h} Ai(m) rm)
< Ch™ g/ -0, (11.3.21)

where we use the definition at m and choose ¢ close enough to 1.
Now, we treat the case L (™) > ¢, For a fixed m € N, we conclude by Borel-Cantelli
lemma and €, = A" for r < 1/2 that there exists a hg > 0 such that P-almost surely

sup L7 — L] < g, /2
z€A;(m)

for any h < hg. In the scenario Lt (m) > ¢y, the latter implies that

ijlf )\Lx\ >e¢ep/2  P-almost surely, (I1.3.22)
rEA; (M
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for h < hg. We introduce the following process:
hm3.1 73 —1/2 o
2 =h N Z 1{Lt?(m>2€h} /A'(m) <ng(f) pat?(m)(f)> de.
1€N: i(m+1)h+mhel; ¢

To handle the process Z"™3! we will apply the decomposition ([1.3.1]). First of all,
we use the mean value theorem to deduce that

Po.(f) = Popi (F) = Po ()00 = 0umy) + (25, (f) = P

2

(f))(o-fﬂ - O-t?(m))u

where z” is a certain point in the interval (¢?(m),z). Now, applying ([1.3.1]), we

i

decompose Zh,m,3.1 — Zh,m,3.2 + Zh,m,3‘3 + Zh,m,3.4 as

hm32 . op—1/2 / —
Zt =2h Z 1{Lt?(m)25h} /A-(m) pgt?(m) (f) (Bz Bgt?(m)) dx’

1€N: i(m+1)h+mhel;

ghm3.3 . p—1/2 1 / R (LYY
t h Z {Lt?<m)26h} Ai(m)patzh(m)(f) th(m) ay ( ) dy dl’,

1€N: i(m+1)h+mhel;

th(m) th(m)

Z 3 = 2 Z 1{Ltg<m)>5h} /A,(m)@i’rh(f) - Pfft?(m)(f))(% = Oyp(my )T

i€N: i(m+1)h+mhel;

Since Z"™32 is a martingale, we obtain that

By Lemma we deduce that

u.c.p.

Zhm32 20 as h — 0. (11.3.23)

Due to (I1.3.22) we know that (L)"Y/2 < 22, "/% for all # € A;(m) and h < hy. Since
o,a are bounded, we conclude that

E| sup

te[—T,T)

| Zhm33| | < Oph e, 50 as h— 0. (11.3.24)

To handle the last term Z"™34 we apply a similar technique as in step (c) of Section
11.3.2l Notice that the quantity p, (f) is bounded, because o is bounded. We obtain
that

Po () =1l

th(m)

(f)‘ <C (wp'<f)(f4> €)+ 1{\angot;z<m)l>s}> :

Since L* > €,/2 for all x € A;(m) and h < hy, we deduce from representation

(II.3.1) that
E [|% _ Uth(m)’p] <C (hp/Q + hp€;P/2>

for any p > 0, for all x € A;(m) and h < hg. Hence, we now obtain from ([I.3.3])
that

E Zth,m,34|

sup |
te[-T,T)

<C (wp/(f)(A,ﬁ) (1 n h1/2€’:1/2> n €—3h1/2>
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Thus, we conclude that

u.c.p.

Zhm3A TR0 as h — 0. (I1.3.25)

A combination of ([1.3.21]) and (II.3.23))-(I1.3.25)) implies the statement

Zhm3(f) L8 as h — o00.

Similarly, R"™3(f) “258 0 as h — 0.

11.3.3.4 The terms Z"™2(f) and R"™2(f)

In view of the previous steps, we are left with handling the terms Z"™2(f) and
RPm2(f). We start with the term Z™"™2(f). First, we consider an approximation
of Zh™m2(f) given as

R D VI B

1€N: i(m+1)h+mhel;

—f (hil/QUt?(m)(Bx‘i’h — Bm)> |ftil(m)i| dx

Applying Lemma [[1.3.1| and following the same arguments as presented in part (c)
of Section [I1.3.2] (see the proof of ([1.3.9)), we deduce that

h,m,2

7 ) (f) . Zh7m72(f) ﬂ 0 as h — 0. (11326)

We use again the mean value theorem to obtain the decomposition
E | (h2L = 1)) = (B 2000 (Bern = B2)) P |
= B [h2f (W 20y (Bon = Ba) ) (B = 1) = 040 (Basn = B) ) ||

+E [h—l/Q ( FEmy — f <h‘1/20t?(m)(Bx+h . Bx)>>
X ((LHh — L") — 04 (my (Bon — Ba:)) |Ft?(m):| ;

where 2" is a point between h~'20;(, (Bosn — By) and h=2(L*th — L7). As in
the previous subsection we need to discuss the cases Lt (m) > g5, and Lim < En
separately. The easier case LM < £, is handled in exactly the same way as
presented in ([1.3.21)), so we focus on the scenario Lm > ¢ Similarly to the

treatment of Z"™34 we conclude that

Y Loy, /A_(m) E [him (f/(zih) —f <h71/20’tf(m)<Bz+h - Bm)))

1€N: i(m+1)h+mh<t

u.c.p.

x ((Lm — L7) — 0ty (Ban — BI)) |]-"t?(m)] dz "8 0

as h — o0o. Thus, we need to show that



Chapter II. Limit theorems for general functionals of Brownian
52 local times

Z" = WY Loemse,y /A.( )E [h_l/zf/ <h_1/20t?(m)(B‘”+h B B”)>

1€N: i(m+1)h+mhel;

y m+h( z+h u R o_1/2 wep.
Ay — Qyn () AU+ o (L*)~2ds | dBy | [Fip(my | dx —0
T x t2(m)

and

7?,m,2.2 — h71/2z 1{Ltf](7n)2€h} /A( )E |:h71/2f/ (h*l/Qo't?(m)(Bx+h - Bx))

1€N: i(m~+1)h+mhel;

z+h
uecp. MM
X (h’atzh(m) + 2/ (Bu - Btﬁ(m))dBu> |ft?(m):| dx _p) m——H/I Taz,crzdx
(11.3.27)

as h — 0. The statement Z">" ““B 0 is obtained along the lines of the arguments

presented in the previous subsection. Finally, observe the identities

E [f/ (h_mgty(m)(Ba:Jrh - Bz)) atlh(m)|‘/—-.t?(m)} = at?(m)path(m)(f,)

and

z+h
o=t /Ai(m) E [f/ (}rl/2u(Bx+h — Bm)) /x (B, — Bt?(m))dBu] dz
z+h

_ 971 1 (1—1/2 o -

2h /Ai(m)]E {f (h U(Bytn Bx))/x (B., Bx)dBu] dx

1 y+1
= th/o E {f’ (w(Byt1 — By))/ (B, — By)dBu} dy
~ ot [ B[y By —8)) [ Ban]ay
0 0

— mh /0 E [f (u(Bys1 — By)) (B2 — 2)] dy,

where we used the substitution x = hy and the self-similarity of the Brownian
motion. Hence, the convergence in ([1.3.27)) follows from Riemann integrability.
Following exactly the same arguments we conclude that

lim limsupP ( sup  |R™(f)| > 5) =0  forany e > 0.
M=o h0 te[-T,T]

This completes the proof of stable convergence U/(f)" RENY (f)-

11.3.4 Proof of Theorem [I1.1.2

Here we prove the statements of Theorem via an application of Theorem
and Proposition Recall that we have already shown the convergence




I1.3. Proofs 53

at ; see . Thus we are left to proving the stable central limit theorem
presented in Theorem [[1.1.2]

We recall that it suffices to show all convergence results under the restriction S, S €
[T, T) for some T' > 0. Theorem|[1.2.1|states that U(f)" ety U(f)on (C([-T,T]), ||
lso)- Since the mapping F : [T, T)? x C([-T,T]) — R defined as F((t,t2), H) :=
H(ty) + H(t2) is continuous, we deduce by the properties of stable convergence and

([.2.7):

U(NH)s 25 U(f)s +U(f)s

:/r%ozdaﬂ—/w%d&ﬂ—/w/vgz—wgde;,
R R R

under conditions of Theorem [[I.2.1] Our task now boils down to demonstrating
that the sum of the first two terms in the limit are equal to zero. This assertion
has already been established in (II.2.11)) under the condition f(0) = 0, with f €
C3(R), and f and its first three derivatives exhibiting polynomial growth. Therefore,
our focus shifts to confirming that this statement carries over under the weaker
assumptions of Theorem [I1.1.2

Let f € C'(R) be an arbitrary function satisfying the conditions of Theorem
Then there exists a sequence of functions (f,),>1 € C*(R) that fulfils the conditions

fn(()) =0,
[fu(@)] + [fo@)] + [ f7 (@) + 17 (@) < C(1+ |2[")  for some p > 0,

and
sup ([fu(a) = f@)| +1£@) = L) =0 asmo0. (1329)

for any compact set A C R. In view of Lemma it suffices to show that
U(f)r — U(f)r  asn—oo0, and  (I1.3.29)

lim limsup P (|U(f)k — U(f)k| >¢) =0  for any € > 0. (I1.3.30)
n—00  h_10
We start by proving the statement ([1.3.29). For this purpose we introduce the
notation 74, ., (f), we, (f) and v, (f) to explicitly denote the dependence of these

quantities on the function f. Since S, 5 € [T, T it suffices to prove the convergence

E [ [ e =t D i) = w0, ) + o ) — vam<f>|dx] S0

=T

as n — 00, to conclude (I1.3.29). But the latter follows directly from (II.3.28) since

the processes a and ¢ are bounded.
Now, we show condition (II.3.30). Applying Theorem |[I.2.1| we deduce that

B (U — U] > ) <P ( wp U= UG > )

te[-T,T)

—>IF’< sup |U(fn)t—U(f)t|>5> as h — 0.
te[-T,T)
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Using Markov and Burkholder inequalities, and the same arguments as in the proof

of (I1.3.29), we obtain that

]P( sup \U(fn)t—U(f)t|>e>—>O as n — 0.

te[-T,T)

Thus we deduce ([1.3.30)), which completes the proof of Theorem [[1.1.2}



Chapter 111

Limit theorems for asynchronously
observed bivariate pure jump
semimartingales

Abstract: In this article we establish the asymptotic theory of the Hayashi-Yoshida
estimator for the quadratic covariation process of a bivariate pure jump process.
Specifically, we consider the problem of estimating the quadratic covariation process
for a bivariate symmetric -stable processes (L}, L?)i0, with 8 € (0,2), from high
frequency non-synchronous observations of (L});>o and (L?);>p. The main focus is
on the derivation of a stable non-central limit theorem for the integrated covariance
process. Building on the insight of |36] we use a method called pseudo-aggregation
to handle the asynchronicity of the sampling scheme. Following the methodology
of [58,/70], we will show that the limiting process in the stable non-central limit
theorem is a [-stable process.

95
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III.1 Introduction

Since Jacod’s preliminary work more than 20 years ago [77], the asymptotic theory
of statistics for Itd6 semimartingales has been studied in many different directions,
with a predominant part of the literature focusing on the estimation of the power
variation of Lévy processes in a high frequency regime, a quantity of crucial interest
notably in financial applications.

The realized quadratic variation process of a Re-valued of an It6 semimartingale
(Y:)e>0, observed at time points iA,, i =0, ..., [t/A,], is defined as

[t/An]
Y]} = Z (AFY)(ATY)T with A} = Yia, — Yi—na,-

=1

A well-known fact from the general theory of semimartingales is the convergence in
probability

towards the quadratic variation process of Y. As a consequence of this convergence,
a natural question arises: the establishment of an associated Central Limit Theorem,
namely the convergence in distribution of the error process

d

U = oYl = [Y]:) — U;
towards a non-trivial process (U;);>0, with (0,),>0 a suitable normalizing sequence.
In the Gaussian framework, namely when the Gaussian part of an [t6 semimartingale
Y is non-vanishing, the asymptotic theory is well-known and we can establish the
convergence in law of the error process towards a non-trivial conditionally Gaus-

sian limiting process (see e.g. |15,24,149,/130]). In the simplest case, consider a
d-dimensional [t0 semimartingale Y defined as

t t
Y=Yy + / a.ds + / o dW,
0 0

with @ a predictable locally bounded d-dimensional drift, o a R%*“%-valued cadlag
volatility process and W a d-dimensional Brownian process.

Theorem IIL.1.1. [15] Under previous assumptions on a and o we obtain the
following stable convergence

A2 ([X]7 — [X]) 2% M,

where, conditionally on F, (M;)>o is a Gaussian martingale with mean zero and
conditional covariance function

71 ’ / ’ /
E [Mg M) |f} — T M IE T it ¢ = 0,07



I11.2. The model, notation and main results 57

Numerous extension has been studied, in particular in the presence of jumps (e.g.
[24]), with noisy data (see e.g. [130]) or with asynchronous data (see e.g. [36,/67]).

Now, when considering pure jump Itd6 semimartingales, the probabilistic tools and
assumptions on the model differ drastically from the Gaussian case. In the context of
synchronous high-frequency data, the one-dimensional case has been demonstrated
in a very general framework in [58] with

t
Y;:/ 0s-dZs + Xy,
0

where Z is a non-homogeneous Lévy process, o an [t6 semimartingale and Y an It6
semimartingale with vanishing Gaussian part. In the multivariate case, the following
theorem has been proven in [70] for S-stable pure jump processes.

Theorem III1.1.2. [70] Let 6, = (A, log(1/A,))"Y? n > 1. For any 8 € (0,2)
we obtain the functional stable convergence

UP = 6, (L7 — [Llanian) <5 U,

where (Uy),s s an R -valued Lévy process with characteristic triplet (0,0, vy) with
vy the Lévy measure given by

1
w(B) = o5 [ ulds) [ Lalpp Uy, Be BRI oY)
Saxd Ry

and

161 © 05|

with B bounded away from 0. The process U is defined on an extension (Q, F, (Fy)i>o0, P)
of the original space (0, F, (Ft)i>0, P) and is independant of the o-algebra F.

0,0
u(z):/ 1, (¥) 116, ® 02| [P H(d0,)H (dbs), =z € B (Saxa)
s3

The aim of this paper is to provide similar result when considering a bivariate (-
stable pure jump process L, with the particularity that we observe each component
of L asynchronously. We will show a stable weak limit theorem for the Hayashi-
Yoshida estimator of the quadratic covariation [L', L?];. We refer to the sequel for
a definition of stable convergence and of the Hayashi-Yoshida estimator. The limit-
ing process will be a R-valued symmetric S-stable process with a scaling parameter
dependent of the asynchronous observation scheme.

In we introduce the model and the main result. collects some
preliminary results for the proof of the main result. is devoted to the
proof of the main result in the case § € (1,2) and for the proof in the case

g€ (0,1].

II1.2 The model, notation and main results

II1.2.1 Notation

In this subsection we introduce the main notations used throughout the paper. For
a € C we write |a| to denote the norm of a. For a vector # € R? its transpose
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is denoted zT. The notation ||z|| stands for the Euclidean norm of x. The set Sy
denotes the Euclidean unit sphere in R%. Let x = (z1,22)7 ,y = (y1,42)7 € R% We
denote by (z,y) = x1y1 + x2y» the standard scalar product in R?.

The sequence A,, = O(1/n), n > 1, will be used in the sequel.

For two sequences of real numbers (u,), and (v,),, we say that (u,), is asymp-
totically equivalent to (v,),, and we denote this relation u, ~ v, if u,/v, TR,

provided v,, # 0 Vn. In particular, if u, ~ v,, then they have the same limit.

Let (Y:)i>0 be a cadlag stochastic process. We denote by Y;_ the left limit of ¥
at time ¢ and by AY; = Y; — Y, the jump at t. Thoughout this paper (t¥);cn,

= 1,2, is a sequence of positive numbers satisfying 0 < tF < t;? <lforalli<jy
and sup [tF, — 5] = 0.

We write ApY = Yy — Yt@_1 and ATY = Yia, — Yi—1a, with (Ay),>1 defined
above.

For stochastic processes Y™ and Y we denote by Y =8 Y the uniform conver-
gence in probability, that is

sup Y — Yy 50 for any T > 0.
t€[0,T]

We recall that a sequence of random variables (Y;,),en defined on (Q2, F, P) is said to
converge stably with limit Y defined on an extension (2, F,P) of the original prob-

ability space (€2, F,P), denoted Y, BN Y, iff for any bounded continuous function
g and any bounded F-measurable random variable Z it holds that

Elg(Yn)Z] — E[g(Y)Z], asn — oo.

Finally, we will consider R*-valued pure jump Lévy processes (Yi)i>0 = (Y, Yi?) =0
without Gaussian part and drift. They are characterised by the Lévy triplet (0,0, v),
namely

E [exp(i{u, Y;))] = exp (t RZ{exp(i(m, u)) — 1 —i(x, u>1{z||§1}}1/(dx))

for u € R? and v a measure, called the Lévy measure, satisfying v({0}) = 0 and
S (LA JJz|*)v(de) < oo.

II1.2.2 The setting

We consider a filtered probability space (2, F, (F;)i>0,P) satisfying the usual con-
ditions. We define on this filtered probability space a 2-dimensional symmetric
p-stable Lévy process (L;):>o with Lévy triplet (0,0, G), where G denotes the Lévy
measure of L and admits the representation
1
plth

G(dx) = dpH (df)
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where x = (p,0) € Ry xS; and H denotes a symmetric finite measure on Sy, called
the directional measure.

Without loss of generality, we suppose that (L;);>o is observed at high frequency
over the time interval [0,1]. More specifically, we suppose that L* is observed at
times (t¥)o<i<n,, k = 1,2. We assume the following conditions on the observation
times :

1. There exist strictly monotonic (deterministic) C? functions f, : [0,1] —

0, 1] with non-zero right and left derivative in 0 and 1 respectively and with
fx(0) =0, fr(1) =1 such that

t?sz(ni), 0<i<m, k=12
k

2. There exists a natural number M > 0 such that

1 /
7 < inf f.(z) < sup fo(z) <M, k=1,2.

z€[0,1] z€[0,1]

3. Set n = n; + ny. It holds that

M€ (0,1], k=1,2.
n

Note that with our notation, ny = O(A,,), ng = O(A,,). The main focus of this paper
is the Hayashi- Yoshida estimator of the quadratic covariation, which is defined as

ny n2

Y1 Y2 ZZAtIY AtQY L, e, 2120

=1 j=1

for any bivariate semimartingale (Y;)i>0 = (Y,!, Y;?);>0. The main goal of this paper
is to develop a fluctuation theorem for the Hayashi-Yoshida estimator applied to our
process of interest. In the following we denote by Ui the error process defined as

n 7 o2
Ul =0n [ [LN L2 = [L0, L7y )

where 0, is a sequence that will be defined later on. Observe that we stop the true

quadratic covariation at time |1/t} | (see|Section 2.3.1)).

I11.2.3 Asynchronicity of the sampling scheme

111.2.3.1 Pseudo-aggregation

Following the methodology of [36, Section 3], to handle the asynchronicity of the
data, we use a method called pseudo-aggregation. We can rewrite the estimator
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without indicator functions as it is sufficient to aggregate addends for which partial
sums are telescoping. Suppose without loss of generality that n; < ny and consider
L' as the reference process. Rewrite the Hayashi-Yoshida estimator by taking the
sum of the products of all increments of L' with the telescoping sums of aggregated
observed increments of L? where the observation time instants overlap with the ac-
cording observation time instant of L!. This aggregation procedure is possible due
to the independence of non-overlapping increments of L?.

For each 0 <i < ny we define the next-tick interpolation #; ; := min {t3 |t >t}
SJSn2

and the previous-tick interpolation ¢; _ := = ax {t3 | t2 < t;}. We can rewrite the
<j<n

Hayashi-Yoshida estimator as

PNEN ZAt1L1< -2 )
S AL (L~ LR+ gL+ (T 12 )

=3 AL (AWLZ + AL + AtH,,LZ>
=1

where A, [ L* = L} — L% and A,,_, L* = L} — L7 | . In the sequel, for

z 1
all 0 < 7 < ny, we denote the observation time instants by At% = tl — tZ 1

At' = tid_ — tll and

i, +
Ay, =ti_y —t;_1_. Note that for each i these observation time instants are non-

overlapping.

With this new expression for the Hayashi-Yoshida estimator we can rewrite the
€rror process as

ni
=00 > ApL'AGL? = Ap[L L)+ Ap LY (A, L+ A, _L7).
i=1

Remark ITI.2.1. In the sequel, the difference Ay L' Ap L*—Au [L', L?] will be called

the synchronous part of the error process and the term A, Lt (At L2+ A, , L?)
will be called asynchronous part of the error process. Indeed if there is no asyn-
chronicity in the sampling scheme, i.e. if ¢; ~ =1¢; ;, then

ni
Ul =6, Y ApL'ApL* — Ap[L', 7).

=1

I11.2.3.2 Asymptotic of the sampling scheme

For any n € N we define the following sequences of functions, for ¢ € [0, 1]
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Gn<t) =N Z At} (Ati,Jr + Atifl,f) .

ti+<t

Taking the terminology from [36, Definition 2], we call F'"(t) sequence of quadratic
variation of times and G"(t) sequence of quadratic covariation of times. The
sequence of functions G™ describes the interaction between the sampling scheme of
the first process and the interpolation steps of the second.

To ensure the convergence of U" we may assume the following :

Assumption A. For the sequences of quadratic (co)-variation of times, the follow-
ing holds:
F*"(t) — F(t) and G"(t) — G(t)

uniformly as n — oo, where F' and G are continuous functions on [0, 1].

Assumption is general and can be verified for many sampling schemes, including
e.g. Poisson random sampling scheme. However there exists sampling where the
limit of F™ and/or G" is not tractable, hence the need to assume in these
settings. In our setting, we can compute directly the limit of F™ and G™.

Lemma 111.2.2. Under conditions , and on the sampling scheme, we
have:

1 1
Py / (R(Pd and (1) / F(0) Fo(b)dr.

my

Proof. Using a first order Taylor approximation, we obtain that

s (1 () 1 () - G5 ()

and therefore by a Riemann sum argument

ni

(1) = ngmtﬁ Sy L (51 o= L [ sora

i=1

We use a similar approach to compute the limit of G". Denote by j; _ the integer
such that t3 = t; _ and by ji 1 the integer such that ¢, =1 ;. Observe that by
construction ¢, =13 ;. We have

ni ni ni—1
P A (Bu A ) =D A (A A ) +1 > (B, A) A
=1 =1 =1

+n (At%At077 + At%lAt}LI 7)

and since A, =0, Ap =0(4A,) and Ap = O(4,) we get that
’ ni ni,—

n (At%Ato,, + At}nAt}Ll,—> = o(1).
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Using Taylor approximations, we observe that
' 1 — 1 1
s -ae= () 2r(22) (2
o n1 ny ny n
1 s (1—1 1 1
- —5J1 +o| — +o0 5 |-
ny ny ny ny

Since Ay, = O(A,) = O(1/ny1) we obtain

and therefore

HZ At% (Ati,+ + Atifl,—) = nz Atzl (Atid- + Ati,*) + 0(1)'

i=1 i=1

Now, using again a first order Taylor approximation:

_ Ji— +1Y\ K2 ) Ji—
Ati7++Ati,_—f2( o~ ) fl(n1>+f1(n1> f2<n2>
1
i) )

hence, using a Riemann sum argument:

nzlAti (Ati,+ +Ati_17_) = nzlAti (Ati,+ + Ati,_) + 0(1)
=“Yl (%fi (’; ) o) G (5) )
) 7 (22) ot

Examples :

e Synchronous case : n; =ny =n and ¢! = t? = f (1) . Then
1
1) — / f'(t)*dt and G™(1) =0
0

e Perfect asynchronicity scheme : ny = ny, tf = £ and ¢ = £ + 5~ In that case,

K2
n

F*"(1) -1 and G"(1) — 1.
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II1.2.4 Limit theorem

In this section we introduce the asymptotic theory for the Hayashi-Yoshida estimator
applied to a symmetric S-stable bivariate Lévy process. We denote

o = (A, log(l/An))*l/ﬁ, n>1,

which will be proven to be the rate of convergence of the error process. The following
theorem holds.

Theorem I11.2.3. For any B € (0,2), we obtain the stable convergence
_—— HY Lo dor
U =96, L', L?], —I[L L) —=U,

where (Up)i>o is an R-valued symmetric (-stable process with Uy 4 Ss(c,0,0) a
symmetric B-stable distribution with characteristic exponent

05,00 (t: B, ¢,0,0) = exp(—clt|?).

The scaling parameter ¢ 1s defined as

¢im U'B/(fl()) at+ 2% /f1 ) f5(t)

my

with

(

—TI'(=p) cos (%5)
28

/\eiegwfeg\ﬂﬂ(del)ﬂ(deg) if B (0,1)U(1,2),
53

4 (-8 =8 |
. ( ;;08 ( 2 ) /Sg ‘9%9%}6H(d01)]’](d02) Zfﬁ c (07 1) U (172),

O'B =
%/ |6263| H(d6,)H(d6y) if B = 1.
>

Sy denotes the unit sphere on R? with respect to the Euclidean norm and 0; = (0}, 60%),

i = 1,2. Moreover, the process U is defined on an extension (Q, F, (Ft)>0,P) of the
original space (2, F, (Fi)i>1,P) and is independent of the o-algebra F.

1I11.3 Proof of Theorem [I11.2.3

In the sequel we denote by C' all positive constants appearing in the proofs, although
they may change from line to line. The idea behind the proof of Theorem is to
show the functional weak convergence (with respect to the Skorokhod .Ji-topology)

n d
((L t/t}tljﬂL?%QLt/t%QJ)vUt) — ((L,},L?),Ut),
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which implies the functional stable convergence U™ RN s , according to e.g. |58
Lemma 6.9]. The laws of (Ltlgl1 L'/t}zlJ’LtQ%Q L~/t%2j) and U™ factorize asymptotically,
cf [58, Proof of Proposition 7.3], which guarantees the independence of the limits L
and U. Hence we need to prove the functional weak convergence

Ny 5

which we will show in the following.

I11.3.1 Main decompositions

We are following the decompositions proposed in [70], adapted to the bivariate
setting and the observation scheme. Following the argument in [58, Assumption
S2], we can truncate the original Lévy measure specified in (2.1) and work with
G restricted to the unit ball {|lz|| < 1} instead of the original Lévy measure. We
assume now that

1
G(dr) = (/‘;ﬂ(ﬁp) dpH(df), z=(p,0) € R, x S,.

The main decomposition is given by
L=M®)+A(v), ve(0,1),

where A(v), = zsgt AL{aL,|>v}, Which corresponds to the classical Lévy-Ito

decomposition. When § > 1, M(v) is a martingale. Denote by A, := sup ]tfnk —
k=12

k
ti 1, |- We set

AV og(1/A,), ifB>1
Uy =
(Anlog(1/An))Y7, if B <1
and define M" = M(v,), A" = A(v,). The process M" has the Lévy triplet
(0,0, G(dz)1{jz|<v,y) and A" is a compound Poisson process with intensity G(v,) :=
G{z eR? : v, < |z|| <1}) and jump distribution G(dz)1,,<|z|<13/G(vs). Note
that A™ and M™ are independent.

We recall that
asynchronous part
.

U =6, ApL'ApL? = Ap[LV L+ Ap L' (A I* + A, _L%).

J/

=1 = synchro?lgus part
We further decompose U™ in terms of M"™ and A™ and according to the number
of jumps within the observation time instants A;, Ay, and Ay, . We write
M™ = (M™ M™?) and A" = (A™!, A™?). We denote by 7; (resp. 74, Ti_1_) the
number of jumps within A, (resp. A, and Ay, ). We also denote by T'(n,i);
(resp. T'(n,i,+);, T'(n,i— 1, —);) the time of the j-th jump within Ay (resp. Ay, |
and A;,_, ). Due to It6 formula, we have that
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ni
= &
i=1

asynchronous part
.

f ‘ ,
/ 1 (L;_ - Ltl%_l) dL2 + / 1 (Lg_ - Lf%_1> AL+ ALY (A L2+ A, L?) )
t t

i—1 i—1
A\ 7
~~

synchronous part

More specifically, we have that £ = Zjlil &' (j) with

(1) = 4, (Ath"’IALQ A+ AL, ApM™ ) 1)
6:0(2> = 671 (AL nz)lAL + ALT(TL,i)zALT(n,i)l) 1{Ti=2}
€(3) = 0 (Dp ™ At;A’“ T+ AGAT A M) 1oy
&'(4) =

1
i—1

t! t!
On / (M — M )dM™M + / (M — My )dMD™ 1)
t}71 z 1 t z 1

1

] t)
1(5) = on (/ (A — A )dAL? +/
th tia ¢!

i—1

) = 0 A MM (A, M™ 4 A, M™?)

) = 0D M™ (ALZ i 4y, Lim =1y + AL i1y, Liry 1)

) = 0 MM (A A i ooy + Ay AL o)

) = 6n ALz, Limm1y (Ar , M™2 + Ay, M™)

34 10) = 0n AL, Lir=1y (ALT (i 1, =13 + ALT (i1, Ly —1y)
)=
) =
) =

(AY? - A”fl)dA” )1{n>3}

= On AL ni)11{T =1} (At +A 1{T +>2p Atifl,fA 1{7'1'71,722})
=9 AtlA 1{7 >2} (Atl +M + At Mn’2)
- 5”At11A 1{7'1‘22} (Ati,+A 1{Ti,+21} + Ati—l,fAan{Tifl,fZl}) :

We will see that £(1) + £(7) + £(9) represents the dominating part when 5 > 1,
while £'(2) 4+ £(10) is dominating when £ < 1.

Remark III.3.1. Observe that the terms £'(j), j = 1,2,3,4,5 come from the
synchronous part of the error process. They are very similar in nature to the terms
of the decomposition that appears in [70, Section 4.1], the difference being that
they consider a sampling scheme with synchronous data (i.e. all components of
the process are observed at the same time points) and regularly spaced time points
t? =1A,. The assumption of regularly spaced time points is not crucial in the proof
and can be omitted, as long as all the observation time instants (i.e. the difference
between two consecutives times points) have the same order A,,, which is the case in
our setting. It follows that these five terms in our setting will have the same order
as the five terms that appear in the decomposition of |70, Section 4.1].
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I1I1.3.2 Preliminary results

In this section we list a few technical results required to demonstrate Theorem
[11.2.3] The first result gives some conditions to ensure negligibility of certain partial
sums [58, Lemma 6.6].

Lemma II1.3.2. Let & be real-valued F;a,-measurable random variables. Then

each of the following conditions implies the uniform convergence » % & Lok
ng
ZEH&ﬂ A1) — 0, (IIL3.1)
ng
ZE & Fina,) “B 0 and ZE[(S;‘)Q] 0, (IIL.3.2)
Zi VB [ e <y Fi-na] ﬂ 0 } (I11.3.3)
Y E[E) Lgg<n] — 0, 3 Pl > 1) — 0.

The next lemma provides us some inequalities for the moments of M™. Both of them
comes from [83 Proposition 2.1.10].

Lemma II1.3.3. Let W be a predictable R-valued process and uw > 0 fized. Then it

holds that
P utt
{sup W dM,(vy,) } < CoPPE {/ |W|? ds} : (TI1.3.4)
s<t u
E {sup | My s(vn) — Mu(vn)|p] < Ctor™", (I11.3.5)
s<t

for1<p<p<2whenf>1land f<p<1lifpf<l.

Below we collect some estimates on the jumps of the process A(v,). They follow
from [58, Lemma 6.2 and 6.3].

Lemma II1.3.4. Letw > 0, b = H(Sy)/ and recall the definition of 7, and T'(n, 1);.

o For any 1 < j <m, it holds on the set {m; > j — 1} that
P(ri > m) < C (A, /08)" 7" (111.3.6)

o For any 1 < j <m, it holds on the set {1; > j — 1} that

A, ( : )m_j wP=?  forp>p
E [(|ALT(nai)k’ A w)p 1{%‘27”1}} <C A, (bAﬂn ) log(l/An) Jorp=p
A,

m—j
) vP=P forp < .
(II1.3.7)

~—
3
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o Forany 1 <j<k<r<m,ilholds on the set {r; > j — 1} that

m—j—1
A2log(1/A,) ()" wr, p> 6

A2 (log(1/A)7 ()" p =5
(I11.3.8)

E [(IALzmiy IA Lz, | Aw)" Lizzmy] <

Next lemma is a result from |69, Lemma 1 and 2] that provides an approximation
for the characteristic function of a sequence of 1-dependent random variables.

Lemma II1.3.5. Let X, X5, ... be a sequence of 1-dependent random variables. If
maxi <x<, & [|(3"'5X’c — 1” < 1/36, then

)log (E [eitzgzlxk _ 1]) B zi:]E [eitXr — ZE (¥t — 1) (5% — 1)]

— ZE el Xk—2 _ ) (eitX’“—l — 1) (eith — 1)} < C max |]E [ WXk 1} ‘Z ‘E [eitX’“ — 1} ‘

1<k<n
k=1
Moreover we have the following estimates
B [(¢ — 1) (%2 — 1) (5 —1)] | < (E [|e"r — 12])*? (I11.3.9)
E [|e" — 1]*] < 2|E [¢" —1] | (I11.3.10)

The following lemma is a statement of complex analysis that comes from [58, Lemma

6.7].
Lemma II1.3.6. Let a} be complex numbers such that

1t/2]
> ar =K g(t)
=1

where g 1s a complex-valued continuous function. Then

[t/An]

[T (t+a7) =% exp(g(t)).

=1

Remark IT1.3.7. Let (£)1<i<, be a sequence of i.i.d. random variables and let I'" =

Zii/lA”J & Throughout the paper we will use the following criterion to show the
convergence of I'" towards a symmetric stable process I' with Lévy triplet (0,0, vr)
and stability index 5 € (0,2) (see [58, Lemma 6.8]). We need to show that

exp /{em —1—itz} VF(dCL’)} if ge(l,2)
[1/An]
H E [¢"'] =25 { exp /{e““C —1}or dx)} it 5e€(0,1)
i=1

exp /{eZm — 1 —itwljocpz<iy} Vp(da:)} it g=1
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or equivalently, using Lemma |[[11.3.0]

([t 1yt s
1/An
> Bl —1] =% /{eit”"—l}w(dm) it §e(0,1)

i=1
/{em — 1 —itxljociz<iy fvr(de) if B=1.
\

I11.4 Proof of Theorem [II1.2.3|in the case § € (1,2)

II1.4.1 Negligible terms

We start by the terms £(j) for j = 2,3,4,5. Observe that these terms come from
the synchronous part of the decomposition of the error process U;". Combined with
Remark we can use the result of [70, Section 4.3.1] to show their negligibility,
since asynchronicity does not play any role for these terms and since the observation
time instants don’t need to be identical but only comparable in size, which is the
case here where A;r = O(A,,) for all 1 < i < n;. From this, we have that £(j),
j=2,3,4,5 is negligible. For j = 12, 13 we have

E[|¢/ (/)] A1) < B(r: 2 2) < CA,(log(1/A,)) =
by ([L3.6) applied to m = 2. Hence we conclude that Y ' E[|€"()| A 1] — 0 and
we deduce by ([I1.3.1]) that

Yo =50, j=1213.
i=1

For j = 8,11 by (II1.3.6)) applied to m = 2 we have

E[E (DAL SP(rig > 2) +P(ri1,- > 2) < CA,(log(1/A,)) 7.

It follows that Y ' E[|&"] A 1] — 0 and by (III.3.1]
ni
> &) =R,
i=1
We now consider the case j = 6. We first have §'(6) = ni'_ + ', with
Ny = 5nAt}Mn’1Ati_1,_Mn’27 Ny = 6nAtZ1M"’1Ati7+M"’2.
We have
Elni_[Fa_ = 5nE[At%MTL71]E[Ati71,7Mn,z|]:t11_1] = 0.

i—1

On the other hand, using the independence of At% M™! and Ay M "2 we obtain
that
E[(n}7_)%] = 02E[(Apg M™)IE[(A,,_, - M™)?].
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By ([11.3.5)) applied to p = 2 we get that
E[(n)_)?] < CAZ62022% = OA, (log(1/A,))* 241/,

n-n-n

Since S+ 1/ > 2 for 5 > 1 we obtain that
ny
> E[(p)*] — 0.
i=1
Therefore, by condition (III.3.2)) we have
PR
i=1
We consider now the term 7', . As before we have
E[ﬁﬂ\ftﬂ =0
and

E[(n7,)%] < CA25%042 = O, (log(1/A,)) 2341/

n-n-n

by ([I1.3.5)) applied to p = 2. Therefore by condition ([[11.3.2) we have

ni

Zn2+1ﬂ>'0.

i=1
Finally we get that
ny
> &H6) =0,
i=1

It remains to prove that £(10) is asymptotically negligible. We have

E H(SHALlT(n,z’)ll{n‘:l} (AL2T(n,i,+)11{ﬁ',+:1} + AL%(n,if)ll{Ti—l,—zl})‘ A 1}
<E H‘SnALlT(n,i)l1{n=1}AL%’(n,¢,+)11{T¢,+=1}| A 1]

+ E [|02 ALy, Lir=13 AL iy, Lgry =13 A 1]
<E H(S”AL%F(n,i)l1{Tz‘=1}AL?[’(n7i7+)11{Ti,+=1}H A

+E [[02 AL, Lrmy AL (i), Lirr =] ] AL
- (E H(SnAL%F(n,i)ll{TFl}H E HAL?F(n,i,-i-)ll{Tzﬁ:l}H) A

+ (B [|0nALT g, ey || E [ ALT sy, Lrs =1y []) A1
<P(r=1)(P(ri.=1)+P(r,_1_ =1))
<P(r; > 1) (P(1y4 > 1)+ P(ri-1,- > 1)).

By (II1.3.6]) applied to m = 1 we obtain that

P(r; > 1) (P(ris 2 1) + P11 2 1)) < C(A,/v7)* = CA,(log(1/A,)) 7.
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It follows that

SB[ (10)] A1) 0

i=1

and therefore by condition ([I1.3.1]) we have
ni
> &r(10) =E 0
i=1

To sum up we have shown that » ", £7(5) LR 0 for j =2,3,4,5,6,8,10,11,12,13.

1I1.4.2 The dominating term
I11.4.2.1 Technical results

Lemma I11.4.1. Let p,q > 2 and let (A7) 1<i<p and (A?’Q)lgqu be two families of
observation time instants with sup,; ; (A 1 —|—A" 2) < CA,. For each 1 < j < q define
aset S; C {1,...,p}, S; # 0, such that U1<j<q ={1,...,p}. Forallt € R we have

ﬁ Al A / exp { i AL
]

i=1 =1
lyills-llypll€(vn,1 J

X / R R W (xj, Y ) | Glday) }G(dyl)...G(dyp):o(An).

keS;
llz;1l€(0,vn]

Proof. There exists C' > 0 such that sup, AM < CA,. Since G(v,) < CAGM? log(1/A,)7#
it follows that a = exp(—A'G(v,)) — 1 and therefore

p q
H a?A?’l / exp { Z A;"Q
= -yl € Wn 1] 7=l
X / ¢!t ¥ Des; V) g ity (x;, Z ur) | G(dx;) }G(dyl)...G(dyp)
251 €(0,00] ke
q
< CAP / exp { > oAy
]| 1€ (0, 1] 7=l

X / /10T Lnes; Ukl _ itd, (z;, Z yr) | G(dz;) }G(dyl)...G(dyp)
llz11€(0,0n] kes;
= CA? / exp{zn(t,y1, ..., yp) } G(dyr)...G(dy,)
gl llypll€(vn,1]

= R"(t)
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with

t s Y1, - ayp Z An g / eitén@jyzkesj i) —1- zt(S -77]7 Z yk dl’]

ll;[|€(0,vn] keS;

We further decompose R"(t) = py(t) + p2(t) + p3(t) with

p;(t) = AP / {exp{zn(t,y1, - Yp)} — 1 — 20(t, v1, oo, Yp) } G(dyn)...G(dyp)

lyills-sllypllE(vn,1]

gO=0r [t )G Gldy)
a1l llypll€(vn,1]

po=5 [ Gln).Gldy)
lyills-sllypllE(vn,1]

We start with the term pl(¢). For any w > 0 it holds that

1 'u)*l
/(waH) A (waH)QG(daz) =C (w/1 r~Pdr —I—w2/0 rl_ﬁdr) < Cw”

and
|exp(iw) — 1 — iw| < C(|w] A w?).

We deduce for a fixed ¢ € R that

q
’Zn(tayb '-'7yp)’ S CZA?Q/ (Sn <$j> Z yk> A 5n <$j7 Z yk> G(dﬂ?])

j=1 kesS; keS;

[\

gCAgZ/ On (xj,Zyk> A | On <l‘j72yk> G(dx;)

kESj kESj

where we used the fact that sup; A;’Q < CA,,. Observe that

i S )| < sl | 3wl < el S

k’GSj k’GSj kGSj

hence
2

|2n(t, 91, -5 Yp)| < CNZ/ Sulls | Y Myell | A { Sallzsll Y lluall | G(day)

keS; keS;

B B
q

q
<CALGEY A D lwell | = CAL  og(1/A0) > | D llwel

7j=1 keS; j=1 keS;




Chapter III. Limit theorems for asynchronously observed bivariate
72 pure jump semimartingales

Using the fact that e — 1 — x| < 22 for |z| < 1, and since AZ 'log(1/A,)™! — 0,
there exists a rank ng such that for all n > ny, |2,(¢, y1, ..., yp)| < 1. Then

|6Xp {Zn(taylu 7yp)} —-1- Z’rl(tayla 7yp)| S |Zn(t7y17 "'7yp>|2

< CA¥?log(1/An)” Z > el

Jj=1 \keS;
By Jensen inequality, we have
B
Dol ] < ISP D lwell® < €Yl
keS; keS; keS;
and, for some a; € R,
2
q
(Co) <o
j=1
Therefore
B\ 2
q
Do 2wl Z ZHka”'
j=1 kJESj j=1 S
Since [||y||**G(dx) < C, this implies that
pOI<onr [ et ) PG - Gldy)

1yl llyp | € (vn,1]
q
< OO log(1/80) 323 e
j=1 keS;
< AT 0g(1/A,)

We continue with the term p?(t). Recall that G(v,) < CALY? log(1/A,)7P. We
have

o= [ Gln)-Gldy,)
Iyl lypll€(vn,1]
:Agﬁ(vn)p
< CAP?log(1/A,) 7P

Concerning p?2(t), we have
q
= Z ﬂi,j(t)
j=1

with
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Pi,j (t) =

ARAT / / (M Eres Wy g5, (2,3 g G(dyn)...G(dy,).

keS;
lylls-sllypll€(vn,1] [[z]|€(0,0n]

Let 1 < j < q. Denote |S;| = m; and observe that 1 < m; < p. Since each variable
Yk is interchangeable we obtain

Pi,j(t)
n itdn (T, )
_ AzAjQ / / e { Z’“GSJ vk) _ zt5 Zyk dyl) G(dyp)
g2l llgp 1€ (o, 1] 1| €(0,00] hES;s
lym 41l llypll€(vn,1]
< / / <€it6n<az,zr—j1 yk) 1 — 6, Z n ) G(dyr)...G(dym,)
g2l llym; 1€ (vn 1] ]| €(0,0n]

— / {e" -1 —itz} v, (dz)

where v, ; is a Lévy measure defined on R by

Unj(A) = AQA?QG(U”)P—WJ‘/ </ 1, (5 Z X, Y ) ) G(dyr)...G(dym,)
(vn,1]™3 (0,05,

with A € B(R\ {0}). We will show that v, ; converges strongly to the null measure.
Set z = (p,0) € Ry xSy and y;, = (px, 0x) € Ry x Sy for all 1 < k < m;. Note that

> wu) =p Y o6, 0.
k=1 k=1

We obtain, for w > 0 and B € B(S;)
" 0,0
Vn,j(BX(w,00)) = APA" 2G Y / 1/ 15 fojl pi0, Or)
S, it (0,0 % (v, 1]™9 }Zk:l pk<07 9k>|

m;
X 1(w,oo) <5np
k=1

Z pk<97 6k>

J —1-p
) (,OH pk) dpdps...dpy, H(dO)H (d6,)...H (db,,,).

We compute the integral with respect to dpdp;...dpy,;. For any r1,...,1,, € R we

have
mj _1_5
Z DT ) <p 11 m) dpdp,...dpny,
k=1

AP AT2G (v, )P / (w,00) < np

(0,0n] % (v, 1]™3
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Un -8
= ALAT?G (v, )™ / | < / S de) (H pk> dpr...dpp,
(Unzl]mJ w/5n|zk:]1pkrk|
-8
n,2_ —m; Un
= APATG () U /

m; -1-8
, (H pk> dp1...dppm;
(on,1]™7 \ =1

m 717/8
AP A2 (v, )P dpi...dpm,
+ ALAT G (vy) Wﬁ /vnl] (gpk> p1--dppm,
n.27 v, ” ~1-8 m]
— ey i ([ dm)

+ApAn2G'Unp mj_“n_ n /
( ) 611)6 (vn,1]™3

ETk

m; ~1-8
(H sz) dpi...dpm,; .
k=1

We consider the first integral. We have

/Un py Pdps = 3 (v,? = 1)

hence

-8/ 1 m; B
n,2 Un -1-8 _ A2 " Un -8 m;
o ([ ) e 0 -

Finally,
P AT2A p—m; _,Ugﬁ -8B m;
APAT G (vy,) Gt (v,” = 1)
< 0A2p+mj+2)/2 10g(1/An)5(mJ’_p) (A (m;+1)/2 log(1 /An)—ﬁ(mfrl) + AT_LI/2 log(l/An)_ﬁ)
< CAPHD 2 6g(1/A,) AP 4 CAnp+mJ+1 /2 log(1/A,)~APti=m),

< CAfl-i-lA;mj_p)/Q log(l/An)ﬁ(mj_p)v;B(v;ﬂmj +1)

For the second integral, observe that

m; B
Z PETE
k=1

We obtain that

mj ﬁ mj
< (zpmm) <PV S il < i sup |rk|zpfsczpk.
k=1

k=1 1<k<my

/B my _1_5
/ (H pk> dp1...dpm,
(1]

_ Zﬂm
-8
< C’/( . Zpk (H pk) dp1---dpm,
SO0 N | Gl

l;ék

m;
= ij/( | o 1 e dpr.-dpn,
n,1]"9

k=2
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1 1 ) mj—l
Zij/ pitdpy (/ 23 _ﬁdpz)

= Cmylog(1/u,) (5 (0r” - 1))””_1 .

Using the fact that 28 log(1/v,)/log(1/A,) — 1, we get

ij
5mj—1
It follows that

log(1/0) (u,% = 1)™ 7| < €A /2 10g(1/8,)1 50V 4 Clog(1/A,)

5B m]' 6 m]' _1_/8
spayao s [ S gl (o) dovedon,
P Jwa i |7 k=1

< OAPFY (ALY log(1/A,) 7)™ 68 (A, =D log(1/A,) P~ 4 log(1/A,,))
< CAPHI 2 10g(1/A,)P0=D 1 CAPT™) 2 10g(1/A,,) P P=m9)

Finally,

Ui (B % (w, 00))] <CAPH/2 (log(l/A ) PED 4 1og(1/A,)” B(p—l))
+OA (p+m;)/2 (log(l/A ) (p—m;) +A1/210g(1/A ) B(p+1— mj))

hence the strong convergence of v, ; towards the null measure. In particular we have
that

(1) = 0(A)
and therefore
pa(t) = o(Ay).
Finally,
R™(t) < CAP*27210g(1/A,) 72 + CAP 2 log(1/A,) 7% 4 0o(A,) = o(A,,)
hence the result. O

Lemma II1.4.2. Under the same conditions on the observation time instants as

Lemma we have, fort € R :

p
B [emn S (ATMPARAM oy 1] _ Z |:eit5n<A;LMn,A6LAn>1{TO:1} _ 1] +o(1).

j=1

Proof. We start by expanding the indicator function. We have

Recall that the increments of M™ are independent since the observation time instants
are non-overlapping.
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By conditioning on A" we obtain

E [eitén Z;‘.’:l(A?M”,AgA”)}

=K H exp {A"/ {eonlz B8 A 1 — it5, (x5, AFA™)} G(da:j)}]
n]

_Jl

=E |exp {Z A” / ] {eon e AG AN 1 — b5, (x, AGA™)} G(dmj)}]
0,vn,

hence
B [o SO 8 1]~y [ {exp{za(t. o)}~ 1) Gldy) = B'()
(vn,1]

with
P
() ZA / {etnlesv) 1 —its, (x;,y) s G(dx;).
]:1 OUn]

We decompose R"(t) = pl(t) + p2(t) with
ﬁ@z%%/ {explaalt. )} = 1 = 2alt,1)} Gldy)

(Vn, 1]
(/ {eit‘s”@f’w — 1 —itdy(z;,y) } G(dz;) ) G(dy).
1] NS (0,00]

= %A”ZM/

1)

Starting with the term pl(¢), we use the same inequality as in the proof of Lemma
We obtain for a fixed t € R that

|2n(t )] < CZA}‘/ (8al (s 9)1) A (Oul(s, 9)))* Glda)

j=1 (0,un]

<OZNJ @ullellyl) A Gallzs 1) Gde)

< Colyll? ZN‘ < OAFHy[7log(1/A,) ™
j=1
Consequently, we obtain for a fixed t € R
|on(8)] < COéS‘AS/ |2 (t, y) PG (dy) < Cag AT~ log(1/A,) 7 = o(A,).
('Unvl]

Therefore we get that
R"(t) = pp(t) + o(A,)

= aOA”ZA"/

’U

( / {eor@ivl — 1 — it (x;,y) } G(dx;) ) G(dy) + o(A,,)
nol] \J (0,00]
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We know from the synchronous case presented in [70, Section 4.3.2] that, for 1 <
P

ag AFAT /( § (/(O | {eonteiv) — 1 — it (x;,y) } G(dx;) )G(dy)

) [ iton (AP M™ AR A™M L io=1} _ 1]

hence the result. OJ

Proposition 111.4.3. Under the same conditions on the observation time instants
as Lemma([1l./.1], we have:

q
E |expq itd, Y (AT2M"Y  ARtA™ L ) p — 1

7=1 kGSj

q
Z Z [exp{itd, (AT2M™ AP A" Ly, 1y)} — 1] + o(1).
j=1 keS;

Proof. We recall that M™ has the Lévy triplet (0,0, G(dz)lyjq<0,y and A" is a
compound Poisson process with intensity G(v,) := G({z € R* : v, < ||z| < 1})
and jump distribution G(dx)1, <|z<1} and M™ and A" are independent. We start
by expanding the expectation on the left hand side with respect to the indicator
functions. We obtain

q
E |exp < itd, Z(A?’QM”, Z AZ’lAnl{Tkzl}) —1

7=1 kGS]'

ﬁ P(1ir=1y = DE |exp { itd, ZA"QM” ZA”IA” -1

Jj=1 kesS;

p p q
+Y P(Lrm1y = 0) [[P(Lirmty = DE |exp Q itd, > (AT2M", Y~ ARtA™) & —1

i j=1 keS;\(1}
p p
+y > (P(l{nl=1} = 0)P(1¢r,=1y = 0)
=1 lo=1
la#l

ﬁ P(1{=1y = DE |exp it&ni<A?’2M", >oAptan —1)

_ i=1 keS;\{l1,l
#ll I J \{l1,l2}

p p
1595 b S CEIEL TN

l1=1 13=1 I3=1
lo#l1 I3#11,l2

p q
x J] Pr=iy=DE [expits, » (AF°M", Y AptA") b —1 >

i1 j=1 keS;\{l1,l2,l
i#l1,l2,l3 ! i\l ds}
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+

+zzz(uWFW%ﬂﬂmwﬁn

1=1 lp=1 I3=1
lo#ly I3#l1,l2

p q
[ Ppoy =0)E |expqits, Y (AP2M™, > ApPtA®) 5 —1 )

i;léli;ll%l3 j=1 kESjﬂ{lth,lg}
P P
159 9Y CETHE
I1=1 13=1
la##l
p q
< ] Pty = OF |expqitd, Y (AT*M", > AptA™) 5 —1 )
172[:1112 J=1 kesS;n{l1,l2}
p p q
+ ) P(Lrmry = D [[P(Lrm1y = 0)F |exp itd, > (AF2M™, Y~ AptA™) & —1
=1 ;;11 Jj=1 keS;n{l}

We start by studying all the terms containing at least two increments of A™. Such
a term can be written, for 0 <m < p — 2, as

m

[IPq,—1 = H P(1g,—1y = 1)E |exp < itd, Z (ARMT Y ARAY -1
=1 s keS\{k1,km }
(I11.4.1)

We have that

[1PQ = =0) =TT - o' A3 C(wn))

=1 =1

=1 o ARG (v,) + o(A,) = 1+ o(AL?)
=1

where we used that Azl’l < CA,, azl’l = exp(—AZl’la(vn)) — 1 and

G(v,) < CALY? log(1/A,)~". From this, to get the order of ([I[.4.1)) we only need
to study the following expression, for some ky, ..., k,, € {1,...,p} :

p

[T oAMG.)E |expq itd, ZA“M” > AptAn b -1
. i=1 Jj=1 kESj\{k’l ..... km}
i£k1 . kem

(I11.4.2)

Since {1, ....,p} \ {k1, ..., km} = {t1, ..., 1p—m }, after a change of index in the product
we obtain

P
H PP AM G (v,)E |exp { itd, Z A”lM" Z APTA™Y B — 1

. i=1 j=1 kESj\{kl ..... km}

1#k1,....km
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p—m
H "IA"I G(v,)E [exp < itd, ZA”IM” Z APTA™Y B | 4 0(A,) 2
=1 Jj=1 keS;n{i1,....ip—m}
a
s sy [ eofSa
j=1

”yilH 7777 ”yip,mHE('Un:l]

I A RS T DTS RS G(dﬁv)}

||117H€(077Jn] kGSjﬂ{il ..... ip_m}

x G(dy;,)...G(dy,,_,,)
= o(ALY?) + o(A,) = o(AL?)

by Lemma [[IT.4.1] Therefore we get that

q
E |exp itd, Y (AT2M",>  APTA™ ) ¢ — 1

7=1 kGSj

:Zp:]P’(l{nzl} HIP’ (Lgr=1y = O)E |exp iténzq:(A?’QM", > ooAptAm b -1
=1

j=1 keS;n{l
z;él J €5 {}

+o(A)?)

P q
~ Z@?JA?J@(%)E exp iténZ<A;‘v2]\/[n’ Z AZ,lAn> 1

=1 Jj=1 kes;n{l}

—ZE exp { itd, ZA’”M” > APIAM ) g -1

keS;N{l}

Since ), . ;00 APt A™ contains at most 1 increment of A” we obtain, using Lemma

[T that
q
E |expq itd, » (AT?M", > APTA™_yy) 8 — 1
Jj=1 kes;n{i}

q
=Y E [exp {it6, (A2 M", AP AL, —1y) } — 1] + o(1)

J=1 keS;n{i}

and finally

kGSj

E |exp {ztd Z A” 2MT Z AZ’lAnl{Tk:1}> -1

p q
=3y E [exp {it6, (A2 M", AP AL, _1y) } — 1] + o(1)
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q
=3 > E [exp {itd, (AT2M", APt A 21y } — 1] + 0(1),
j=1 keS;

since Y71 Y pes niy Gk = Dyes, Gk

111.4.2.2 Approximation of the characteristic function

We rewrite
Xi =& +&(7)+&(9)

in a vectorial form as follows :
&'(1) = on (At3 MmALZT(m)l + AL%[’(n,i)lAt}MM) Lir=1y

01
1 0) AL, ) Lin=1}

EN(T) = 0 Ap M™ (ALZ (i 0, Lim =1y + AL i1y, Ly 1)

0 1
0 0) ALT(n7i»+)>l{Ti,+:1}

n (01
+ 5n<At}M ) (O O> ALT(n,i71,7)>1{T¢,1,,:1}

=&N(7 1) +8(7,2)
é—zn(g) - AL%(n,i)ll{ﬂ':l} (Ati,+Mn’2 + Ati_l,_Mn72)
n (0 0
= 5n<Ati7+M 5 (1 O> ALT(n,i)1>1{7'i:1}

{0 0
+ 0n(Ay, M ,(1 0) ALp(niy ) Lin=13

= 5:1(9’ 1) + gzn(ga 2)

and therefore, if we regroup the different terms with respect to each increment of
M"™ we obtain

» (0 0
X’i = 571 ((Ati_l’_M ) (1 0) ALT(n,i)1>1{T¢:1}
n (0 1 0 1 01
+ (Ap M™, (O O) ALrmi-1,)Lr_ =1y + (1 0) AL,y Lz=1y + (O O) ALrm,i+ylir, .=13)
» (0 0

+ <Ati,+M \1 0 ALT(n,i)1>l{n:1} (11143)

The goal of this section is to show the approximation :
ni

log (E [ei@ilxi _ 1]) =Y E[e™ —1] +o(1). (I11.4.4)

i=1

Using Lemma [[T1.3.5] it is sufficient to show that
E [¢"% — 1] = O(A,). (I11.4.5)
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ZE ¢ =1 —1)] = o(Ay), (I11.4.6)
ZE ti ltXifl _ 1)<€itX¢72 _ 1)} — O<An) (11147)

Note that (X;); is a sequence of 1-dependent random variables by construction, since
there is no overlapping observation time instants between X; and X;,,.

Using Proposition [[11.4.3|and the representation ([11.4.3)), we can decompose E [eitxi

as follows:
E [ez'tXi _ 1} —E [ez‘tgi"(l) _ 1] +E [eitgi"(ﬂl) _ 1} +E [ez’tﬁf(7,2) - 1] +E [eitff(&l) . 1}
+E [0 —1]. (111.4.8)

We know from the synchronous case [70, Section 4.3.2] that each expectation in the
decomposition ([I1.4.8]) is of order A,,, hence

E[e"* — 1] =0(A,)
and ([11.4.5)) is verified. Using (I11.3.9) and (III.3.10)) we obtain

|IE [(eitXi_g _ 1) (ez‘tXi_l _ 1) (eitXi _ 1)] ‘ < (]E UeitXi _ 1’2})3/2
< 23/2|]E [eitXi . 1} }3/2 _ O(Aiﬁ)

therefore
ny

SOE[(e52 — 1) (€51 — 1) (€85 — 1)] = O(AV?).

i=3
and ([11.4.7) is verified. It is left to verify the condition (II1.4.6). We start by
decomposing the term

ni

ZE ti, 1 _ ) (eitXi _ 1)} _ Z (]E [eit(;n(xi'f‘xifl)] _ E[eitXi + eitXi—l] + 1) )

=2

Note that [t},¢;,1] C [t},t1,] and [t; —,t}] C [tj_,¢}], hence we can decompose the
observation time instants as

Ap =t —tiyg=(t; —ti-) + (tie —tiy) =Dy, + A,
Ap, =ty = th = (they —tis) + (e — 1)) = By + Ay,
With these new notations, we obtain that

ApM" MR M A, M
n Law n N n
Ap, M" A, M"+ A, M. (I11.4.9)

1+1

Furthermore we decompose each increment AL, ), (resp. ALpgp,it1),) depending
whether the jump occurs over the observation time instant Ay, _ or At (resp. Ay, .

_1]
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or A,,,). Denote by 7; the number of jumps within A;, and T'(n,4); the time of the
first jump of L within the observation time instant A, 7, — the number of jumps
within A, and T'(n,4,—); the time of the first jump of L within the observation
time instant A, _. We obtain

ALT(n,i)ll{nzl} = ALT(n,i)l1{ﬂ=1}1{n,,=0} + ALT(n,Zg—)l1{?1-:0}1@,:1}-

Lemma I11.4.4. Let AfM™ be any increment of M™ with Aj = O(A,,). We observe
the following approrimation:

E [exp{itén(AgMn, ALp(n,iy ) Lr=1) ) — 1}
=E [exp {it&n(AgM”, ALT(n,i)ll{ﬂzlﬁ} - 1]
+ E [eXp {Zt5n<AgMn7 ALT(n,i,7)11{TZ‘,7:1}>} - 1] + 0(1)

Stmilarly,

E [eXp {Zt5n<AgMn7 ALT("7i+1)1l{Ti:1}>} o 1]
= E [exp {it6, (A M", AL7(ni 4y, Lim o =1y) } — 1]

+E [exp {itd, (MM, AL iy, Liro=1)) | = 1] + o(1).

Proof. Let t € R. We denote by a} := eXp(—At}a(vn)), ar = exp(—A,G(v,))

7

and o _ = exp(—Ay,_G(vy,)). Observe first that, for some increment AjM (see (70,
Section 4.3.2])

Elexp{itd, (A§ M, AL7gni), ) dir=1y} — 1]

= oA Ap exp{itdp{x,y)} — 1 —itd,(x,y)) G(dx) ) G(d o(A,,
Z | /nyewn,u (/Hx|€(0,vn]( p{iton(z, y)} ton(z,y)) G( )) (dy) + o(Ay)

1

~ AjAu exp{itd,(x, — 1 —1td,(z, G(dx) | G(d
/Hyem ( /Me(o,w( p{it6, (2, y)} — 1 — it (a.)) G >) (dy)

k3

where we used the fact that af = exp(—At}E(vn)) — 1 due to the upper bound
Glv,) < CAGM? log(1/A,)7?. On the other hand,

Elexp{itd,((A§ M, ALz, 5, ) Liz=1y + (DM, ALz, )1 n _=1y)} — 1]

=Py = VP(Lr, =1y = DE[exp{itdn((Ag M, ALz, ;) + (Ag M, ALrgi-),)) ]
+P(Lz=y = D)1 = P(1, =1y = 1))E[exp{itdn(Ag M, ALz, ;) }]

+ (1 =P(Lgr=1y = 1))P(Lgr, =1y = E[exp{itd, (Ag M, ALrni—),)}]

+ (1 =P(lr=y =1)1 =Py -y =1)) -1

=ala) Ay Ay,_G(v,) Elexp{itd, ((Af M, ALz, ,) + (Ag M, ALrgni,-),)) ]

+ E?Ztia(vn)(l - aZ_Atiﬁa(vn))E[eXp{z'tén(ASM, ALT(n,z‘h)}] — 5?Zti@(vn)

+ a;f_Ati,ﬁ(vn)a — E?Ztia(vn))E[exp{it(Sn(ASM, ALp(ni—y)} — aZ_Atiﬁa(vn)
Latal Ay, Glua)?.

i?
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In view of Lemma [[II.4.1] the first term in the decomposition is negligible. We also
have the negligibility of the last term of the decomposition. It follows that

Elexp{itd,((Ag M, ALz, 5y, ) imi=1y + (AGM, AL7(ni—) )1 _=13)} — 1]

(1o} A, Glo))al B, Al / ( / () 1 its (x, ) G(d:c)) G(dy)
llzll€(0,vn]

lyll€(vn,1]

(1 - @R, Clv))al A, Al /

lyll€(wn,1]

(/ (eit5"<x’y> — 1 —itd,(z, y)) G(da:)) G(dy)
llz[|€(0,0n]
+0(A,)

~ (th + Atz)Ag/

l[yll€(vn,1]

= AtlAg/ </ (e"t‘s"@”’y> —1—itd,(z,y)) G(da:)) G(dy)
' lyll€(vn,1] \V[|z[|€(0,0n]

hence the result. O

We can rewrite X; (and X;;;) using Lemma [[11.4.4] and ([11.4.9) :

. (00 00
X’L = (Sn (<Ati—1,_M B (1 0) ALT(n,i)11{7i:1} + <1 0) ALT(n,i,—)ll{Ti’,=1}>

-~ . (0 1 01
+ <AtiM ) (0 0) ALT(nvi_la_)ll{Ti—l,le} + (1 0) ALT(n,ihl{ﬂ:l}

01 01
+ (1 O) ALty Lz, =13y + (0 O) ALzt Lin  =1})

<A$E(O,vn] (" =1 = itdn (e, y)) G(dx)) G(dy)

. (01 0 1
+{A M ’(0 O) ALTW—L—hl{m,=1}+<1 0) ALy, Lm=1)
0 1 0 1
1 o) ALzt =y + (o 0) ALz =)

(00 00
+ B M ’(1 o) ALT(n,i>11{ﬂ=1}+<1 0) ALT(””'")ll{”’:m)'

From this we get

n (0 0 0 0
Xi+ Xiv1 =0y (<Ati1,M ) (1 0) ALT(n,ihl{ﬂ:l} + (1 0) ALT(n’iv_)ll{Ti,—:1}>

— n (0 1 01
+ <AtiM ) (O 0) ALT(nvi_lv_)ll{Ti—l,—zl} + (1 0) ALT(n,ihl{ﬂ:l}

01 01
+ (1 0) ALz Lm =1y + (0 0) ALriinlim,=13)

n (0 1 0 1
+ <Ati,7M ) (0 0) ALT(nﬂ'*lﬁ)ll{Ti—L—:l} + (1 O> ALT(n,ihl{ﬂ:l}

01 01 00
+ (1 0) ALT(”J’*)ll{Ti,f:l} + ((0 0) + (1 O>) ALT(n7i7+)11{T¢,+=1}

0 0
" (1 0) ALT(”7i+1)11{?1+1:1}>
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n (0 0 0 1 00
+ <Ati,+M ) (1 0) ALT(n,ihl{ﬂ:l} + <(O 0) + (1 0)> ALT(nuiv_)ll{Ti,—zl}
01 01
+ (1 0> ALrginlin =1y + <1 0) ALz(nisry, L=}
+ ( > ALT(n,i+1,+)11{Ti+17+:1}>
01
z+1 0 ALT(n,i,—)ll{’Ti’_:l} + 1 0 ALT(n,i,—l—)ll{Tiﬁ_:l}

01
( > ALT(H i+1)1 lFia=n + (0 0) ALr(mi+1.4), 1{Tz+1+ 1}>

" 0 0
<Atz+1 +M (1 0) ALT (n,i,4)1 1{Tz+ 1} + (1 0) ALz nz+1)11{7'z+1 1}>>

Using Proposition the characteristic function of X; + X, ; is the sum of
the characteristic function of each term in X; + X, ;. Similarly, the characteristic
function of X; (resp. X;.1) is the sum of the characteristic function of each term in
X; (resp. X;y1). By observing that

E [(eitXi _ 1)(6itXi+1 _ 1)i| — ]E |:6it(Xi+Xi+1) _ 1j| _ (E I:eitXi _ 1:| + E I:eitXi+1 _ 1])

we obtain
E [(eitXi o 1)(€itXi+1 o 1)}

, (01
=E {exp {zt&L(Ati’_M , (1 O) ALty )L = 1}} - 1]

— <E {exp {it5n<Atiy_M”, <8 (1)> ALpm i), >1{n+ 1}} — 1]

. n (0 0

+E {exp {zt(sn(Ati,_M , (1 0) ALptuiy Vo 1}} - 1D (IIL.4.10)
. 701

+E {exp {ztén(At M < ) ALpi - >1{n,_1}} — 1]

_ <E |:6Xp {it5n<Atiy+Mn’ (8 é) ALT(n,i,—h)l{Ti,_l}} — 1:|

L E {exp {z’tén(AtHM", <(1) 8) ALT(n,i,_)Jlm_l}} _ 1D . (4D

Using again Proposition [[11.4.3| we can regroup the two terms in ([I1[.4.10)) and the
two terms in ([I1.4.11)) to obtain that

E [(eitXi — 1) (e — 1)} =0

hence ([11.4.6]) is verified and the approximation ([1I.4.4]) holds.

I111.4.2.3 The limit distribution

p{tzx} _1D

We have that

log (]E
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. . . (01
= z_; (E [exp {Zt5n<AtllM ) (1 0) ALT(n,ih)l{n:l}} — 1:| (I11.4.12)

[ . (01
+E _eXp {2755 (At1M (0 0) ALT(n,i—l,—)1>1{n1,:1}} — 1} (I11.4.13)
[ . . (01
+E _eXp {2t5n(Atz1M , (0 0) ALpai) i = 1}} — 1} (II1.4.14)
CE exp Lits,a, e (O ) Al )1 —1 (I1L.4.15
X it0n{Des M (g | ALren) ey 4.15)
+E [exp Liton(an, 107 (0 ) ALpgs 1 1 (I11.4.16)
_eXP ? ti 10 T(n); ) L{r=1} =2
+o(1).

Using the results from |70, Section 4.3.2], we get that

= nZa?l(At%f / {e =1 —itz} 10(dz) + o(1),
i=1

(TIT.4.13)) + (T11.4.14)) :niAﬁ(a?_L_At“, +af Ay L) / {e" —1—itz} v)(dz) + o(1),
(TIT.4.15)) + (T11.4.16)) :niaﬁlAt%(AtiL + Ay, ) / {e — 1 —itz} v2(dz) + o(1),
with
se=5 [ ([ (o (] 5)w)en) e
el <vn -
d=r [ ([ (e (( o)) etan) ca)
el <vn B
-t [ ([ume § o)oun)ae
el <on -

Since G is a symmetric distribution, we have that v}(A) = v2(A). We recall that
;' =1, af _ — 1 and of, — 1. Combining these two facts, we get that

g <E p{tzx}_lb

~ F"(1) / {e — 1 —itz} 10(dz) + 2G™(1) / {e — 1 —itz} vy (dz).

10 0 0
vE(A), k= 0,1 where

Denote Py = (0 1) and P, = (0 1). By [70, Section 4.3.2], we have v*(A) —

(A = o

p*(dz) / La(pz)p~ " Pdp, k=0,1
26 Jsz 0



Chapter III. Limit theorems for asynchronously observed bivariate
86 pure jump semimartingales

with

0*, P.0Yv)
F(x :/ 1(<—’“> 0%, P.0Y)|° H(d0")H (d0¥), =z € B(S,).
H () 52 ’<0x,PIc9y>’ ’< k >’ ( ) ( ) (1)
It follows that

s (E p{tzx}_lb

— F(1) / {e* —1 —itz} v (dz) + 2G(1) / {e* —1—itz} v (dz) (I11.4.17)

We recall the following result from |143, Lemma 14.11]. For § € (1,2) and x > 0 we
have

[ 6 =1 ) 700 P () (1 10m () s

From this lemma, we obtain
/ (e — 1 —itz) v (dz)

|t|6/ (0%, PO PT(— 5 )COS( f) (1 i ten (?) sgn (%)) H(d07)H (d6").

Since H is a symmetric measure, it follows that

(67, Po6")|Psen (fg%) H(d6) H(d0¥) —

§3

due to the integrand being an odd function. We conclude that

/ (e — 1 —itz) v (dz) = —|t|" o

with ﬁ
—T(— e
ok = ( 52);()8 2 /|ex Pu0Y)|° H (A6 H (d0Y).
Finally,
(IL417) = — (F(1)op + 2G(1)a}) [t

hence the result of Theorem [[11.2.3|in the case 8 € (1,2).

IT1.5 Proof of Theorem [I11.2.3in the case g € (0, 1]

I11.5.1 Negligible terms

As for the case § € (1,2), the terms £(j), j =1,3,4,5 come from the synchronous
part of the decomposition of the error process and therefore the asynchronicity of
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the sampling scheme does not appear in these terms. Combined with Remark
we can use the result from |70, Section 4.4.1] and conclude that (j), j = 1,3,4,5
are negligible. We consider the case j = 6. Set &'(6) = 7' + nf', with

ni_ = 5nAt%M”’1Ati_L_M”’2, Ny = 5nAtZ1M”’1Ati7+M"’2.
Suppose first that § = 1. Observe that
E[n;_|F | = 6E[Ag M™E[A,_,  M™|F, ] =0,
E[(n7_)*] = GRE[(Ap M™)ZE[(Ae,_, - M™#)7].
By applied to p = 2 we obtain that
E[(n;_)%] < ConALv, = CAL.
It follows that Y, E[(n?_)*] — 0 and by we have

ucp
Z i

Similarly,
E[U?,Jr’ftzl] = 07
E[(n,)*] < CAZ
by (IL3.5)) applied to p = 2. Therefore Y1, E[(n!", )?] — 0. By ([IL.3.2), >, l+

0 and finally
Z 5 u.c. p

Suppose now that 5 < 1. By ([11.3.5 III.3. ) applied to p = 1, we have
Eln'_| A1)+ E[lnP, | A1) < C8,A2vL % = CAYP log(1/A,) 2P0
and by ([II.3.1]) it follows that

an ucp

For j = 8, observe that

’(SnAt% Mn’lAti,+An721{Ti,+22}’ < 5n|At§ Mn’1| Z ‘AL%(n,i,Jr)k |1{n,+22\/k}-

k>1
By independence of A" and M™ we also have
EH(STLA?&%Mn’lAt¢,+An’2l{Ti,+22}H = 5HEHA1‘/3 Mml”EHAQ,-‘-Ana‘1{Ti,+22}]‘

Suppose that 3 = 1. By ([I1.3.5)) applied to p = 2 we have EHA@M"HQ] < CAL v,
and therefore by Jensen inequality

B[ A M™) < /E|Ag MrI] < CAY Y2,
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Applying ([I1.3.7) for p= =1 and w = 1, we get

bA 2Vk—1
D EIALT (i L o] SC YA, ( n) log(1/A,)
k>1 k>1 n
= CA%v;  og(1/A,) <2b+z (bA > >
k>1

< OAZu tlog(1/A,)
since there exists ng such that bA, v, L' <1 for all n > ng. It follows that
E[|0, Mg M™' Ay, A™ 1, soy|] < CAY 0, log(1/A,) = CAZ log(1/A,,)' 2.
We can similarly show that

B, A0 MM A, A1, | o] < CAZ log(1/A,)12
EH(STLAt%Amll{TizQ} (Ati’+Mn72 + Ati77Mn72)] S CA?L lOg(l/An)1/2

Suppose now that 5 < 1. By ([11.3.5)) applied to p = 1 we have
E[|Ap M™] < CAuv, 7.
Applying (I11.3.7)) with w = 1 we obtain

bA,\ 2VE1
ZE |ALT(n'L+ 117, >ovry] < CZA ( v > < OA%y P
k>1 k>1 n
and
E[|6, A0 MM A, A1 soy]] < C6,AS0, 7 = CALT P log(1/A,,) 1 720/8,

As before we can show similarly that

EJ0nAp M™ A, A1 syyl] < CAMHYBlog(1/A,)1-20)/8

E[|0,Ap A" Lm0y (A, M™ + Ay, M™2)] < CALYP log(1/A,) 172975,

From this, by (II1.3.1) and for 0 < 8 <1 we have

Zg” ) X R0, j=8,12.

We consider now the case j = 7,9. Suppose first that 5 = 1. Observe that

]E[5 Atl*Mn’lALQT n,i71,7)11{Ti—1,—:1}|ft}71] = 5HAL%(n,i71,7)11{Ti—1,—:1}E[At%Mn’1] =0,
E[dn Atl M™ IALT(NZ +)1 1{7¢,+:1}|«Ft11] - 5”At%Mn71E[AL%(n,i,+)11{Ti,+=1}] =0
since GG is symmetric and therefore ALT(n i), has a symmetric distribution. On the

other hand, using (III.3.5) with p = 2 and (11.3.7) with p =2, w =1 and j = 1 we
obtain

E[(0,An M™ (ALT (512, Yry =1y + AL, Lin . =11))?] = OO AR, = CA, log(1/A,) ™
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It follows by (I1I.3.2)) that
> o
i=1

If 5 <1 we have by (II1.3.5)) for p =1 and by ([11.3.7) for m =p = j = w = 1 that
E[&(T) A1) < Co,ATw, " = CAylog(1/A,) 7

By ({II.3.1)) we get that
> =R,
i=1

We can prove similarly that

ni

> g9 5o, gl

=1

We finally consider the cases j = 11, 13. We will only prove the negligibility of £*(11),
as the proof for £(13) is essentially the same. Since At% and A;,_, _ (resp. Ay )

are non overlapping, ALIT( and A, _, A™* (resp. A, A™?) are independent.

Therefore,
E[l& (11)[] = 0Bl AL iy, | Lem=y] (B[ Ar, A™[1r o] + E[ Ay, A |17, 593]) -
Suppose that § = 1. As before,

D EIAL i L s2vmy] + D BIALY 1 Lr csovmy] < CA%w  og(1/A,)

k>1 k>1

and by ([I1.3.7]) applied to w =p =1,
E[(JALTn,0), | A Dlr=ny] < CA,log(1/A,).

n,0)1

We obtain that
E[|€'(11)]] < CAYv, M log(1/A,)? = CAZlog(1/A,).

Ifp<1,
D EIAL i1 L sovm] + D BIALY s 4, L 2ovmy] < CAY,?
k>1 E>1

and by ([11.3.7)) applied with w =p =1,
E[(|ALz(n,] A Dlir—ny] < CAn.

It follows that
E[l€(11)]) < CAYv,? = CAZ log(1/A,) ™

Finally, by (II1.3.1f), for g > 1,
ni
> g =X,
i=1

We have shown that "7 €7(5) =% 0 for j = 1,3,4,5,6,7,8,9,11,12,13.
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I11.5.2 The dominating term

111.5.2.1 The synchronous case

The weak convergence

[1/An] d
Z <ALT(n,i)1’ ALT(” i) >1{7' =2} — U
=1

was proven in [70]. Their approach consists of a direct computation of the Lévy
measure when 5 < 1, and characteristic function techniques when 8 € (1,2). Our
result on asynchronicity relies on the approximation of the characteristic function
from Lemma hence the need to derive the same result using the same tech-
niques as for the case f € (1,2). Assume that for all i, A = A,. Using Lemma
and Remark we need to show that

[1/Ay] itx 3
Z E[eit‘sn(ALT(n,i)l7ALT(n,i)2>1{‘ri=2}_1] ’lﬂ) f {e tr _ 1} VU(dx> if /8 € (0, 1)
i {em -1- itx1{0<|w‘§1}} vy(de) if p=1,

i=1

where vy was defined in |70, Theorem 2.2]. We have

las!]

Z E [eXp {it5n<ALT(n,i)1, ALT(nyi)2>1{Ti:2}} — 1]

=1
A5

= Z (IP’ (1{71:2} = 1) E [exp {it§n<ALT(n’i)1, ALT(nﬂ-)Q)}] -1+ (1 —P (1{Ti:2} = 1)) )
=1

Q

~—
Q
~~
U
<
N~—
—~
>
3
N~—
no
3

Q
Q

_ Z ( nG Un) / / itén(m,y> (dﬂf . i o G(Un)2>
lyl€(ns1) J|lzlIE(n,1) (vn) G(vn) 2

/ / oiton (zy) _ 1) G(daz)G(dy)a p<1
Iyll€(vn,1) /llal|€(vn.1

y c(vn,l a: c(vn,l
(I11.5.1)

\

/m— v(dz) it <1
/Zt

z 1-— Zt21{0<‘ |<1}) I/n(d2’> if ﬁ =1.

where

A
A)=—" 1406, (z, )G (dx)G(dy).
(=5 /lye(w Axlew A(6a(,4))G(dx) G (dy)

The equality ([I1.5.1) is true due to the fact that G is symmetric and therefore

—it(in/ / (x,y)G(dx)G(dy) = 0.
lyll€(wn,1] Sz €(vn,1]
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Observe that G(x) < Cz =7, therefore G (v,) < CA- log(1/A,)~! and a,, = exp(—A,G(v,)) —

1 and we can omit this term in the limit. We will now show that the Levy measure
v, converges. To do so, we need to show the conditions of [143, Theorem 8.7]. It is
sufficient to show the following :

1. lim v,(B x (w,00)) = vy(B x (w,00)) for B € B(S;) and w > 0;

n—oo

2. lim hmsup/ |2V, (dz) = 0.
|z|<e

e—=0t nooo

We start by proving the first condition. We recall that G(dx) = 31}; dpH (d6),
= (p,0) € Ry x Sy, with H a symmetric spherical measure. We therefore obtain
the following expression :

01a92>)

BX 1woo 571 0 70

"l =5 Lo () e G
x (p1p2) """ dpidpy H (d6y) H (d0s).

Let » > 0. We first assume that w € (0,1). We have that w/(d,p17) < 1 for any
Y1 > v,. We get that

A, i
2 o L(w.00) (6up1par) (prp2) ' Pdpidpy
Un,1

A Y s ! 1-8 b ois b
T (/ P1 (/ P2 dﬂz) dp1 +/ P1 dpl/ P2 dp?)
Un w/(dnp1r) w Un

AP log(d,)r? AL log(w) n A,
N 2Bw? 2Bw? 232
A,0810g(8,)r?
= 5P +0o(1)
6
252wf3

(14+w™? —w™? =28 + 60 /w’)

+o(1),

where we used that 23 log(1/v,)log(1/A,)~' — 1. Now we suppose that w > 1. For
w > 1 we have w/(d,p1r) < 1 for any p; > wv,. Consequently we have

A, i
5 1(w,oo)(5n/)1/)27”)(/)1/)2) ! ﬁdﬂldm
(U7L=1]2
AV ! 1
S A U )
WUR, w/((San 7”)
B 5 f_1)d
= % P1 ((w/( np1r)) " — ) P1
A, 08 1og(6,)r?
= n 1
B
A o(1).

T 2520
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Hence we have proven the first condition and v, — vy with

vo(A) = =

5 #e) [ dalod n A B®

and

o 01,0) , )
u(2) /S 1. (—!<01,92>|> (601, 0:) P H(d0) H(dBy), = € BS)).

We will now show the second condition. Let € > 0. We have

/ |2|*vn (d2) // L(0,2)(Onp1p2[(01, 02)|)
|z|<e S2 (vn,1]?

X (p1p2) ™" (Bnprpal (01, 0)1)* dprdppa H (d6y ) H (d6).
We will compute the integral with respect to dpidp,. Let » > 0. We have

A, N
— 0 / L0 (Guprpar)(prp2)' " dprdps
(o]

An e/r e/ (dnp2r) B B
= 7527"2/ </ py Pdpy | py P dps

A e/r e/r
_ n_§2,.2 2—656—2/ ~14 _5g—2/ 1-8
52— ((6/7“) N N B

AP P log(6,) | AROETPer P log(e/r) AP TEr? AL PP

22-8) | 22-p8)  22-87 202-p¢

Since A,6° = log(1/A,)~ = o(1) and since 23 log(1/v,)log(1/A,)~ — 1, we have
that

A, 6PrPe*Blog(6,) N A, 6PrPe*Blog (e /1) N A A S
2(2- ) 2(2—-p) 22-p3  202-p)
AP P log(6,)

22— +o(1)
828
—>—4ﬁ(2—ﬁ) as n — oo.

Since 0 < # <1 we can conclude that the second condition is verified, i.e.

lim lim sup/ |2V, (dz) = 0.
=0t noco |z|<e

Remark III.5.1. Consider two set of observation time instants (A'); and (A?’Z) j

with A = A?’2 = A, and A" N A;"l = () for all 4,7 and k,I = 1,2. With similar

techniques, we can show that

1Azt
> Elexp{itdn(ALrn 1, ALrnain ) Lin =1y Lm=1 } — 1]

i=1
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Ay

= Z (anAn)2/ / (e'@v) — 1) G(dx)G(dy)
i=1 lyll€(vn,1] |z €(vn,1]

=202 / (e" — 1) v, (dz)

with v, is the Lévy measure defined above. Since a,, — 1, we get the convergence

1Az’ /{e”z —1tyy(de) if B <1,
Z E itdp ALT('n. @)1 ALT(n 1)2>1{T 2}_ ucp
i=1 /{em 1-— @tm1{0<|x|<1|}} vy(de) if p=1.

I11.5.2.2 Technical results

For simplicity of exposure all the proofs in this section will be presented for the case
£ < 1. Similar result with § = 1 can be proven using the same arguments.

Lemma II1.5.2. Let (A})i<i<p, p > 3, be a collection of non-overlapping observa-
tion time instants with A = O(A,,) for all i. Define, for a fizved q < p,

S = {i1,..., 14} C{1,...,p},
Sj = {1, yim, } C{1,...,p}\ S, forallj€S.

We suppose that S U (UjeSSj) = {1,...,p}. We set, for all1 < i < p, «
exp(—ATG(v,)). Then

P
[Terar /
=1

g1l llypll€(vn,1]

(eitcin Zjes@jvzkesj Y&) . 1> G(dyl)...G(dyp) _ O(An).
Proof. Observe first that G(v,) < CA1log(1/A,)~}, hence a? — 1 and therefore

p
[erar /
i=1

(emsn YresWiTnes, Uk) _ 1) G(dy,)...G(dy,)

ly1ll,-sllypll€(vn,1]
P
~ HA?/ ( itd. ZJ€S<yJ Ekes yk) 1) G(dyl) G(dyp)
i=1 Nyl llypll€(vn,1]

R

with, for A € B(R\ {0})

v (A) = CAP / La (00> (Wi Y we) | Gldy)...G(dys,).

lyll,---llypll€(vn;1] jes kes;
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To prove the lemma it is sufficient to show that v,(A) converges strongly to the null
measure with v,(A) < o(A). Set y; = (pi, 0;) € Ry xSy for all 1 <4 < p. We obtain,
for w > 0 and B € B(S),

es 2kes, PiPk{0;, Ok)
Un(B X (w,00)) = CAP 2jes
X / /vn 1]p ‘Z]es Zkes p;iPk{05, Or)

—-1-p
D IRCINS (H m) dpi...dp,H(d6y)...H(d6,).

JES kES;
The above integral has the same order as
P -1-5
3 [ v (85 T ) (TT0) e
G jes kes; i=1
for some 7 > 0. Denote by AP the Lebesgue measure on R” and observe that

NS p1npp € W 1 2 623 Y piperjn > w

JES kES;

<N ({p1, .oy pp € (0n, 1P+ Spp1porpg > w}) for some (p,q) € S x S;.

It follows that

p
Aﬁ/( " Liwoo) | On Z Z PiPETjk (H m) dp;...dp,

jES keS; i=1
p—2
< A ( /( | p’ dp> /( . Lw.o0) (Gnp1p2rpg) (prp2) ™ P dpidps.
Un,1 VUn,1
In the proof of the synchronous case (see Section [[11.5.2.1]), we have shown that
An/ L(wo0) (Bnprp2) (p1p2) " Pdprdps = O(1).
(vn,1]?

Combined with the fact that

1 A-llog(1/A,)7!
[ g = BB o8 iog1/80) )
(0 1] B B

we obtain

p—2
Ag (/( | plﬁdp) /(' 2 1(w,oo) (5nP1P27”p,q) (p1p2)7176dp1dp2 = O(An IOg(l/An)Q’P)’
Un,1 Vn,1

hence the result. O
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Corollary IIL.5.3. Let (A')1<i<p, P > 2, be a collection of non-overlapping ob-
servation time instants with A = O(A,) for all i. With the usual notation, we
have

E

P
exp {itén Z(ALT(n,i)U ALT(n,i)2>1{Ti=2}} - 1]

=1

p
_ ZE [exp {it0, (ALr(n iy s ALz(niys ) Lirmay } — 1] + 0(1).
i=1

Proof. We start by expanding the expectation on the left hand side with respect

to the indicator functions. Analogously to the proof of the Proposition |[[I1.4.3] we
obtain

P
exp {it5n Z<ALT(n,i)17 ALT(n,i)2>1{n2}} - 1]

i=1

E

p p

= Py = ) [[P(Lir=2) = O)E [exp {it,(ALz(niy,, ALznay,) } — 1] + R}
i=1
il

with R} a finite sum of terms of the form, for 0 <m < p — 2,

m p

[TP(Lgr,=2 = 0) H P(Lirmzy = VE |exp{itd, > (ALri,, ALrggy,) ¢ — 1

=1 o=l i=1

Define as in the prequel o} := exp(—ATG(v,)) and observe that o — 1 since
G(v,) < CAMlog(1/A,)~ . From this,

[]P(Lr,—2y = 0) = H( — o} (A2)’ G(v,) /2>_1+O(log(1/A) n

=1

and therefore

m P p

H]:P(l{Tkl:2} = 0) H P(l{nzg} = ].)E exp zt&n Z <ALT(n,i)17 ALT(n,i)2>

= i o ik o

~ 1T P(1g,—9y = 1)E |exp < itd, > (ALreniy,, AL7(n,)
i€ {1\ {1} G€ {1 p P\ (KL i}

Denote {i1, ..., ip—m} = {1, ..., p} \ {k1, ..., km }. We have

p—m p—m
H P<1{Til:2} = 1)]E exp {Zt(sn Z(ALT(nvil)N ALT(n,il)2>} — 1]
=1 =1
—m n)2
g n (All)

o / (6it6n S Weyiep—m) 1) G(dyy)...G(dyap—om)
[yall,--llyzp—2m ll€(vn,1]
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= O(An)

by Lemma [[I1.5.2 Tt follows that

E

P
exp {Zt(sn Z<ALT(n,i)17 ALT(”,Z)2>1{7'12}>} B 1]
i=1
p p
= P(Lin=gy = 1) [ [ P(L{rimzy = O)E [exp {it0,(ALruay,, ALzgn) } — 1] + 0(Ay)
1=1 i=1
i#l

P
~ Z]P)(l{TZZQ} = 1)E [exp {it5n<ALT(n,l)1> ALT(H,Z)2>} — 1]
=1

p
= E [exp {it0u(ALripys ALrinp) Lm=2y } — 1]

=1

hence the result. O

Corollary II1.5.4. Let (A})1<i<p, p > 3, be a collection of non-overlapping obser-
vation time instants. Define, for a fired ¢ < p,

S =i, ..., 14} C {1, ..., p},
Sj =1, osim, } CH{L,...,p}\ S, forall j € S.

We suppose that S U (UjeS Sj) ={1,...,p}. Then

E eXp Zt(gn Z<ALT(n,j)11{Tj=l}a Z ALT(n,k)l:I-{‘rkzl}> -1

j€S keS;

= Z Z E [exp {it5n<ALT(n,j)11{~rj:1}a ALT(n,k)ll{Tk:1}>} - 1] + 0(1).

JjES kGSj

Proof. As for the previous corollary, we expand the expectation with respect to the
indicator function to get

E [exp { itd, Z(ALT(an)ll{szl}, Z ALT(n,k)ll{Tk:1}> —1
jes kes;

— Z Z P(lir—1y = DP(Lr=y = 1) H P(1y-1y = 0)
j€S kes; i{1,..p}\(SUS,)
x E [exp {it0,(AL7(n ), ALrnp),) } — 1] + }_gz

with RZ a finite sum of terms of the form, for S C S and S; C S; for all j € S

with 3 < ‘? U (U ics Ej) < p, (this condition is to ensure that there is at least two
terms of the form (ALpe,4),, AL1(n,j),) inside the expectation)

II Il PQe-n=1PApy =1) 11 P(lir=iy = 0)

j€S kel; S; i€{1,p\SU(U, 5 S5)
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x E |exp ] itd, Z(ALT(n,j)l, Z ALptnpy,) ¢ —1

jes kes;
Similarly to the previous corollary, we have
1T P(1ey = 0) = 11 (1= aATG(v,)) = 1+0(log(1/A,) 1)
i€{1,p\SU(U,e5 S5) i€{1,pP\SU(U,e5 55)
and therefore

IT 1] Py = DPLpmy = 1) P(lir=1y = 0)
je?keujgj

x E exp Zt(sn Z<ALT(n7j)17 Z ALT(n,k)1> -1
j6§ k‘egj

~ H H P(l{.,-jzl} = 1)P(1{Tk:1} = 1)E exXp it5n Z<ALT(n,j)1a Z ALT(n,kh) -1
jes ke, S; jes k€S,

Denote S U (Uj6§§j> = {i1, .o, i} with m := ‘EU (Uj€§§j>

. We have

IT TI PAp=1 = DPApmyy = DE |exp itdy, Y (ALzgy, > ALrp,) p — 1
je§k€Uj§j

m

_ naAn

- I l ailAiz/
=1 llyiq I

by Lemma [[T1.5.2] Tt follows that

7 €S k€§j

(e e e 20— 1) Gldys, ). Gldys,) = o)

7777 ”yim HE(’Un,l]

E exp thn Z<ALT(n,j)11{Tj:1}7 Z ALT(n,k)ll{Tk:1}> —1

= keS,;

=> > Plp—yy =Py =1 [ Plp=y =0
JES keS; ie{1,..p}\(SUS;)
x E [exp {it5n<ALT(n’j)1, ALT(n,k)1>} — 1] + O(An)

~ Z Z P(l{.,-jzl} = 1)[@(1{%:1} = 1)E [exp {it5n<ALT(nyj)1, ALT(n,k)1>} - 1]

jES keS;

=Y E [exp {it0n(A Lz Lir=1y> ALz, Lin=y) } — 1] ,

jeS keS;

hence the result. OJ

Proposition IIL.5.5. Let (A})i<i<p, p > 3, be a collection of non-overlapping
observation time instants. Define, for a fired ¢ < p and a fized r < p

SW = {iy,...,i,} € {1,...,p},
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S = {itycensim;} C {1,y p} \ 8@, for all j € S@
S = Ly, i} C {1, p}.

We suppose that S'9 U (UjeS Sj> ={1,...,p}. Then

E [exp { itd, Z<ALT(n,i)1>ALT(n,i)2>1{‘Fi=2}

i€S(r)
+ Z <ALT(n,j)11{Tj=1}7 Z ALT(nyk)ll{Tk:1}> -1
jes(a) keS;
= Z ]E, [eXp {Zt5n<ALT(n,z)17 ALT(":i)2>1{Ti:2}} o 1:|
ies(r)
+ Z Z E [{exp{it5n<ALT(n,j)11{Tj:1}, ALT(n,k)ll{mzl}} — 1] + 0(1).
jes(@ kesi)

Proof. The proof, although tedious to write, is similar to the proof of the two pre-
vious corollary and relies on the expansion of the expectation with respect to the
indicator functions and then we apply Lemma [[I1.5.2] O]

I11.5.2.3 Approximation of the characteristic function

We recall that £"(2) +£*(10) is the dominating part when § < 1. As in the previous
section, we rewrite X; = £'(2) 4+ £(10) in a vectorial form as

§'(2) = (ALl AL%(WZ-)Q + AL% ALz )1{T —2)
01
- 6”<ALT(nﬂ')1> (1 O) ALT(n,i)2>1{T¢=2}7

&'(10) = 0 AL 57, Lim=1y (ALTn 1,2, Lros =1y + AL 1), Lm o =1y)

01 01
5 <ALT(7” 1{7'1 1} (0 0) ALTnz 1,-) 1{73 1, :1}+ (0 O) ALT(n2+)11{Tz+ 1}>

= £"i(10,1) + £(10,2).

We want to show the approximation :

log (E [ei@?ilxi - 1}) =Y E[e™ —1] +o(1). (IIL.5.2)
=1

Using Lemma |[I1.3.5] it is sufficient to show that
E [eitXi —1] =0(A,). (I11.5.3)

ZE ¢ —1)(e" T = 1)] = o(Ay), (I11.5.4)

Z]E i — 1) ("X — 1) (™2 — 1)] = o(A,). (I11.5.5)
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We start with the condition ([I1.5.3]). Using Proposition [[I1.5.5, we obtain
E [ — 1] = E [¢#°® — 1] + E [¢#7000 _ 1] + E [¢#7102) _ 1] 4 o(A,).

From the synchronous case, each term on the right hand side of the above decom-
position is of order A,,, hence the condition (II1.5.3)) is verified. As for the case

B € (1,2), due to (I11.3.9) and (I11.3.10]), condition (II1.5.5) is verified. We need to
verify now ([I1.5.4)). It is left to decompose the term

ZE Zth 1 ) it X, Z {E H(Xio1+X; )} E [eitXi—l + eitXi] + ]_}

We keep the same notation as the case f € (1,2) and we decompose the observation
time instant as follows :

At% = Zti + Ati’_
At%ﬂ = Atiﬁr + Zti-‘rl'

Lemma II1.5.6. We observe the following approximation:
E [exp {z’tcSn(ALT(n,i)l,ALT ni)2>1{7'i=2}} - 1}
o {16 armen st} 1

+E [exp {Zt5n<AL (nd) 1,ALT (nyi,—)1 >1{?i:1}1{7'i,7:1}} — 1]
+E [exp {it5n<ALT(n,i,—)1a ALT(TL,?:,—)2>1{T¢’_:2}} — 1} + 0(1).
Proof. We recall first that v, = (A, log(1/4,))~Y8. Since G(z) < Cx~?, it follows

that G(v,) < CA,log(1/A,)~". In particular, with the usual notation, we also
have af' = exp(—AG(v,)) — 1. On one hand, we have, for ¢t € R

E[exp{itén(ALT(nji)l, ALT(n,i)2>1{n:2}} — 1]
P (A7) .
=l {exp{itd,(z,y)} — 1} G(dz)G(dy)
(vn,1]?
@ar

_Z>2 exp{itd, (x — 11 G(dz)G(dy).
: /W{ plitd, (z,y)} — 1} G(dz)G(dy)

On the other hand,

Elexp{itdn ((AL7, 1), ALz, 00,0 Limi=2y + (ALg, 0, ALr(i ) ) Lm=13 1 =1
+ (ALr(ni ), ALr(ni—ys) L _=2)} — 1]
= P(7; = 2)P(7i— = 2)Elexp{it0n((ALz(n 1), ALT(n0),) + (ALrni -y ALrni-)))} — 1
7i =2)(P(r;, - = 1) + P(7i— = 0))E[exp{itd, (A Lz, 1y, ALg,) } — 1]
P(7; = 1) + P(7; = 0))E[exp{it0, (AL7(ni,—)1s AL1(ni—),) } — 1]
Ti— = 1)E[exp{it5n<ALT(n,i)l, ALrni-y)} —1]

= E?QZ#/ (exp{itd,((x1, x2) + (w3, 24))} — 1) G(dx1)G(dz2)G(dxs)G(dxy)

(vn,1]*
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A2

(af AT G(vn) +al) / (explitd, (z,9)} — 1) G(dz)G(dy)

(vn,1]?

@B C(v,) + ) / (explits, (x,4)} — 1) G(dr)G(dy)

(vn,1]2

]

(A7)

+ @?aZ_Z?AZ_/ (exp{itd,(z,y)} — 1) G(dx)G(dy).

(vn,1]?
Due to Lemma the first term in the decomposition is asymptotically negligi-
ble. It follows that
Elexp{it0n((AL7, 1, AL 0,0 Limi=2y + (ALg (), AL1(ni,-)0) Lm=1y 1 n =1y
+ (AL, )1 AL, —)) Lim_=2y) } — 1]

:ag(AQi) (o] AT G(v,) +a} ) o (it )} = 1) Gldr)Gdy)
N C—
vap S @Eae) v [ etithue) - ) G@)0@)
(vn,1]2

Laral AIAT / (exp{ito (2, 1)} — 1) G(dz)G(dy) + o(A,)
(U7l71]2

1 —_n —n .
~ S (@ 2man (a0 )) [ (eplith, (o) - 1) Gld)Gldy
(vn,1]2
(A})? :
= - (exp{itd,(x,y)} — 1) G(dx)G(dy),
hence the result. OJ

Using this lemma, we rewrite X; (and similarly X;,1) as

0 1
Xi = 0n ((ALT(n,i)lﬁ (1 0) ALz iy, ) 1ir=2)

01 01
+ <ALT(n,i)11{?i:1}7 (1 O> ALT(TL,Z',*hl{TZ‘,f:l} + (0 0) ALT(n,ifl,f)ll{Ti,L,=1}
0 1
+ (0 0) ALT(n,i,+)11{T¢,+:1}>

01
+ <ALT(n,i,7)17 (1 O) ALT(n,i,7)2>1{n’,:2}

0 1 0 1
+ ALz -nm, =13, (0 0) ALzit,-nlgma =1 + (0 0) ALT(n,i,+)11{n,+=1}>) :

From this we get

01
Xi + Xi+1 = 571 (<ALT(7—M‘)17 (1 0) ALT(n,ih)l{?i:z}

0 1 0 1
+ (AL, Lm=1ys (1 0) ALt lin =13 + (0 0) ALri-1,-nlmioa =1}

01
+ (0 0) ALT(nyi,+)11{n,+=1}>
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01
+ <ALT(n,i,—)17 (1 O> ALT(n,i,—)2>1{7—i7_:2}

01
+ <ALT(n,i,—)1 1{71-,_:1}, <O O) ALT(n,i—l,—)l 1{Ti_1,_:1}

00
+ <1 0) ALT(n,i-{—l)ll{?i-H:l}

01 00
(0 0) = (7 5)) et

0 1
+ (ALr(n 4 (1 0> AL7(n,i4+)5) L =2}

0 1
+ <ALt(n,i7+)11{Ti,+:1}’ (1 0) ALT(n,z’+1)11{?z'+1=1}
01
_'_ (O 0) ALT(TL,i+1,+)11{Ti+1’+:1}>

01
+ <ALT(n,i+1)17 <1 0) ALT(n,i+1)2>1{Fi+1:2}

0 1
+ <ALT(n,i+1)1l{ﬂ+1=1}7 (0 0) ALT(n,i‘i‘l;“F)l1{Ti+1,+:1}>) :

Similarly to the previous case, using Proposition [[1[.5.5 the characteristic function
of X; + X1, X; and X, is the sum of the characteristic function of each term
in the above decomposition. As in the case § € (1,2), up to rearranging the term

using Proposition [[I1.5.5] we obtain
E [(¢"% —1)(e"™ ' —1)] = 0.
Condition (III.5.4]) is therefore verified and the approximation ([11.5.2)) holds.

111.5.2.4 The limiting distribution
We have that

g (E p{tzx}_lb

1=1

0 1

+ E {exp {it6n<ALT(TL,i)11{Ti:1}7 (0 O> ALT(n,z’—l,—)l1{72-_17_:1})} — 1:| (HI57)

0 1

+ E {exp {it6n<ALT(TL,i)11{Ti:1}7 (0 O) ALT(n,i,+)11{Ti,+:1}>} — 1:|> (HI58)

+o(1).

Now we apply the result from the synchronous case presented in the prequel.
have, if g < 1:

—n>ar(Ay)? / (¢ — 1) W0(d2) + o(1),
=1

We
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ni
(L5.7) + (II1.5.8) = 2n Z o' Ap oy Ay, o Ay L) / (e" = 1) v (dz) + o(1),
=1

and if = 1:

H 5.6) =n Z Oé / itz —1-— Zt21{0<‘z|<1}) 2(d2) + 0(1),

(LIL.5.7) + (LIL.5.8) = QHZQ?IAQ(Q?_L_AQ_L_ + i Ay L) / (€™ — 1 —itzliocpsi<1y) vp(d2)
i=1

+o(1),

01
2 (s (§ ) ) G,
lolleCont] Jleliewn1]
n 01
_n » (5n<x,( >y>) C(dr) C(dy).
Q/Hye(vml] /nxewn,l] 00

We recall that o — 1, o = — 1 and o}, — 1. It follows that

(E exp{ﬁi&}_q)

with

/{eztz_ dZ +2Gn /{eztz_ ) B<].
~dF /{em —-1- Zt21{0<|z|§1}} vp(dz)
| , p=1
+2G™(1) / {e"* =1 —itzLiocssi<ay } va(d2)
\

10 00
vE(A), k=0,1 where

vi(A) =

Denote Py = (O 1) and P, = <O 1). By [70, Section 4.4.2], we have v*(A) —

1

3 i@ [ aoe P, k=01
20 Jsz 0

with
Ppo*, 6v)
F(x :/ 1(”—) P60, 0%)|° H(d0" H (d0Y), =€ B(S,).
It follows that

o exp{ﬁixz}_ll)

/{e’tz — 1}y (dz) +2G(1 /{e”z 1} vi(dz), B <1
— < / {em —1- lt21{0<‘z|§1}} VU dZ

+2G(1) / {e — 1 —itzljocpzi<ay } vy (d2)
\
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Using [143, lemma 14.11], we observe the equalities

/OO (e —1) p~'Pdp = |2|’T(—B) cos (%) (1 — i tan (?) sgn(m)) ,if <1
0

o T _
/ ( we _ ] — sz1{0<‘m|<1}) p 2dp = 5 izlog(z) +icx, =1
0
for x > 0 with .
= / p~?sin(p)dp + / p~*(sin(p) — p)dp.
1 0

Suppose that § < 1. Similarly to the case § € (1,2) we obtain, using the symmetry
of H,

/ (¢ — 1) v (d2)
Itlﬁ/ (6%, P8 PT(—B) cos (”_25> <1 _itan (”_25> sgn <%)> H(d6) H(do)
= [t}

with ﬁ
ag: —F( 6;;08 7 / |(9x Pk0y>|5H(d9m) (dey)

Suppose now that = 1. We have

/ (eitz —1- itz1{0<‘x|§1}) I/(]j(dz)

e pn (g it B g ORO) g
/|9 Pu6Y) ( 1= it gy 108 11+ t|<9x’Pk9y>|)H(d9)H(d0).

Since H is symmetric, we have
/ (67, POY) H (d07) E (d6) = 0
53

and therefore

/ (eitz —-1- it21{0<|m|§1}) V(]}(dz) = —0q |t| with O"f = %/ ‘<(9x, PkGyHH(dQ‘r)H(dgy)-
53

We conclude that
[MI5.9) = — (F(1)o} + 2G(1)ak) ¢, B< 1

hence the result of Theorem in the case § < 1.






Chapter IV

Limit theorems for two
dimensional ambit fields observed
along curves

Abstract: This article delves into the asymptotic behavior of power variations of
continuous two-dimensional ambit fields observed along a curve in R2. Specifically,
the ambit field under consideration is an integral involving a weight kernel ¢ : R? —
R and a stochastic intermittency process o, driven by Gaussian white noise. Our
investigation demonstrates that the limit theory for the power variation statistics
critically hinges on the behavior of the weight kernel g around 0. We explore the case:
g(x) ~ c||x||* as x — 0 € R2. We establish the laws of large numbers and stable
central limit theorems. It is noteworthy that the limit theory and proofs of these
results significantly differ from those of one-dimensional Brownian semi-stationary
processes, as discussed in, for example, [12,|13}|54}62}/129].

105
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IV.1 Introduction

In recent years, there has been an increasing interest surrounding ambit stochastics.
Ambit fields, a category of spatio-temporal stochastic fields, were initially introduced
by Barndorff-Nielsen and Schmiegel in a series of papers [20,21], primarily within the
realm of turbulence modeling. However, their applications have since proliferated
across various disciplines, including mathematical finance and biology, among others,
as evidenced by works such as [9,/17]. For a comprehensive exploration of the theory
and applications of ambit fields we refer to the excellent monograph [10].

Ambit processes characterize the dynamics within a stochastically evolving field,
such as turbulent wind field, along curves embedded within the field. What sets am-
bit fields apart from other models is their incorporation of additional inputs, often
called volatility or intermittency, beyond the fundamental random input. Mathe-
matically, a general ambit field is described by the formula:

Xi(x) :,u—l—/

s ()L dy) + / a(t, s, @, y)au(y)dsdy,
At €T

Dt (ZB)

where t denotes time while & € R? gives the position in space. Further, A;(z) and
Dy(x) are ambit sets, g and ¢ are deterministic weight functions, o represents the
volatility or intermittency field, a is a drift field and L denotes a Lévy basis on
R, x R? (i.e. an independently scattered random measure on R, x R%).

While stochastic analysis and modeling can be investigated in general spatio-
temporal scenarios, much of the literature predominantly focuses on purely temporal
settings when exploring limit theory and statistical inference for ambit fields. In
these cases, authors often investigate Lévy semi-stationary processes, which take
the form:

¢

t
Xi=p +/ g(t — s)osL(ds) +/ q(t — s)asds. (IV.1.1)
—0o0 —0o0

Here, L represents a two-sided one-dimensional Lévy motion. Numerous papers have
delved into the statistical analysis of power variations for Brownian semi-stationary
processes, as evidenced in works such as [12}/13}54,/62,/129], which corresponds to
L = W being a Brownian motion. To provide a comparative overview, let us
briefly examine the limit theory for high-frequency observations of Brownian semi-
stationary processes. The focus lies on the power variations of X, defined as:

[t/An)
V(X p)p o= Apr,” > |AIXP, t€[0,T], p>0,

=1

where A"X = Xja, — X(i—1)a, and 77 := E[(A?G)?] with

t
Gy = / g(t — s)W(ds) (IV.1.2)
and W representing the Brownian motion. It is notable that the limit theory crit-
ically depends on the behavior of the kernel g at 0, which determines the local
smoothness of the Brownian semi-stationary process. In particular, we obtain the
following theorem which can be found in [12,54].
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Theorem IV.1.1. Assume that the process X, introduced at with L =
W being a two-sided Brownian motion, is defined on a probability space (2, F,P).
Further assume that g(z) ~ cz® as x — 0 with o € (—=1/2,1/2). Then, under
conditions of [54), Theorem 3.1/, we deduce the uniform convergence in probability

¢
sup |[V(X,p) — V(X,p) 2.0 with V(X,p) = mp/ los|Pds,
0

t€[0,T]

where m, = E[|N(0,1)[P]. When further o € (=1/2,0) and conditions of [54,
Theorem 3.2] are satisfied, we obtain the stable convergence in law:

t

AV = V(X)) <5, [ o Blds),
0

where B is a new Brownian motion independent of the initial o-algebra F, and the

constant \, is defined in [54), Eq. (3.3)].

In addition to the exploration of the Brownian case, another branch of literature
investigates the Lévy case [28-30,32,101-103}/108], with most of the articles focusing
on the simplified scenario of ¢ = 1 and a = 0. From a statistical perspective,
researchers have examined the estimation of intermittency o, the stability index
of the driving motion L, and the Hurst parameter. Only a handful of papers [31,
34,120,121 delve into specific subclasses of spatio-temporal ambit fields. Typically,
these studies concentrate on determining the limiting behavior of power variations of
rectangular increments. A related analysis of high-frequency asymptotics of SPDEs
can be found in [46].

In this paper, we investigate the limit theory for power variations of two-

parameter ambit fields observed along a curve. Specifically, we examine an ambit
field defined as

&:/imuwmmwg (IV.1.3)

— o0

where W represents the white noise process on R?, ¢ : Ri — R is a deterministic
weight function satisfying g € L?(R%), and o is a continuous intermittency field,
ensuring the integral at is well-defined in the Walsh sense. We set g(sq, s2) =
0if s1 < 0 or so < 0. We assume that the process X can be observed discretely
along the curve

z:[0,t] — R? z(s) = (z1(s), 22(s)).

and we introduce the new processes Y and GG defined via

z(u)
Yy = X, Gm:[ g(z(w) — W(ds), wel0,T].  (IV.L4)

oo

The importance of observing ambit fields along curves in time-space has been em-
phasized in [10,|14]. In related literature, statistical inference for Gaussian fields
observed along curves has been investigated in [2,]104,151].

Our primary focus is on the asymptotic theory for power variation statistics of
Y. Similar to the one-dimensional theory illustrated in Theorem [[V.1.1] the limit
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theory for the power variation of Y critically depends on the behavior of the weight
kernel g near 0 € R?. However, the complexity increases significantly depending
on the specific assumptions about the function g. Here, we explore the isotropic
case where g(x) ~ c||x||* In this, we apply techniques from Malliavin calculus to
obtain the desired limit theory. We demonstrate convergence in probability for the
statistics V' (X, p)" and provide the corresponding fluctuation analysis.

The paper is organized as follows: Section introduces the setting, main as-
sumptions, and crucial decompositions. The main asymptotic statements are gath-
ered in Section [[V.3] while Section is dedicated to proving the limit theorems.
Proofs of some technical statements are collected in the Appendix.

Notations

In this section we introduce some notations that are used throughout the paper.
All stochastic processes are defined on a filtered probability space (2, F,P). All
positive constants are denoted by C, or C, if they depend on an external parameter
p, although they may change from line to line. Vectors in R? or Z? are denoted by
bold letters; in particular, we write 1 := (1,...,1) € R? and 0 := (0,...,0) € R? (in
most cases we will have d = 2). For &,y € R? the vector £ oy € R? (resp. = + y)
denotes the componentwise multiplication (resp. summation), i.e. (x oy); = x;y;
(resp. (x+vy); = x; +y;) for all i = 1,...,d. Furthermore, we write < y when
x; <y foralli=1,...,d, and [&,y] := [x1,11] X ... X [x4,y4]. All stochastic fields
are adapted to a filtration (Gg)ierz. Furthermore, W([s, t]) is independent of the
o-algebra G5 and W ([s, t]) ~ N (0, Leb[s, t]).

For functions hq, hy : Z — R we use the notation

when there exists a constant C' > 0 such that hy(z) < Chy(z) for all z € Z¢. We
write hi(z) Sg ho(2) if we want to stress the dependence of the constant C' on some
external parameter §. Furthermore, we write h(x) ~ hy(x) as x — xo € R? when

lim hy(x)/ha(x) = 1.

X—X0
In the following exposition we will use the notion of stable convergence. We re-
call that a sequence of stochastic processes (Y;,),>1 in D([0,7T]) equipped with the
Skorohod topology and defined on (€2, F,PP) is said to converge stably with limit
Y (Y, =% Y) defined on an extension (2, F,P) of the original probability space
(Q, F,P), if and only if for any bounded, continuous function h and any bounded
F-measurable random variable Z it holds that

E[h(Y,)Z] = E[h(Y)Z], asn — oco. (IV.1.5)

We refer to [3],[141] for a detailed exposition of stable convergence. We also write
Y, B Y to denote convergence in probability uniformly on compact intervals, i.e.

sup |Yo(t) =Y (1)] 50 for any 7" > 0.
te[0,7
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IV.2 The setting and main assumptions

IV.2.1 Assumptions

In this subsection, we outline the primary prerequisites for ensuring the existence of
the integral introduced in (IV.1.3) and the necessary conditions for the limit theory.
The stochastic field (X;)¢erz described in is defined in the Walsh sense, as
detailed in [149]. Specifically, we require that g € L*(R2) and sup,cg: E[o7] < oo to
ensure the finiteness of the integral

t
/ gt —s)oids <o P—as. (IV.2.1)

— 00

We assume that we are given high frequency observations Y;a, , ¢ > 0, where A,, — 0
and Y is defined at (IV.1.4). The power variation of Y (or equivalently, the power

variation of X discretely observed along the curve z) is defined as

[t/An]
VY.p)i = Y ANYP,  APY =Yia, = Yina,, (IV.2.2)

i=1

with p > 0. Similar to the definition (TV.1.2)), the Gaussian process G introduced at
(IV.1.4) governs the asymptotic theory for the statistic V (Y, p)” in certain scenarios.
However, it is important to note that the stationarity of G—typically crucial in
proving limit theorems—is lost due to time transformation by the curve z (unless
z is a linear function). This loss of stationarity has significant implications for the
presented asymptotic theory.

To determine the asymptotic theory for the power variation statistics we will
require a set of assumptions on the kernel g, the intermittency field o and the curve
z. We start with the following assumption on the curve z:

(A1) The curve t — z(t) = (21(t), 22(t)) is C* and the derivatives z{(t), z5(t) > 0
are bounded away from zero.

Assumption (Al) is very general, encompassing various practical curve forms. In
[14], the authors specifically examine straight lines, a special case of this assumption.
They establish corresponding laws of large numbers for quadratic variation (i.e.,
with p = 2). While (Al) doesn’t address curves that remain constant across one
component, the pertinent results are notably simpler, aligning more closely with the
one-dimensional cases explored in [12,[13,/54]. On the other hand, the positivity of
the derivatives is assumed for simplicity of expositions only.

The next set of assumptions concerns the kernel function g. In the univari-
ate framework, as observed in [12}/13,54,62,[129], the behavior of g at 0 dictates
the asymptotic theory for power variation statistics. In the multivariate context,
various specifications for this behavior exist, yielding markedly different theoretical
outcomes. We will delve into the following class:

(A2) For some « € (—1,0) the kernel g admits the representation

g9(x) = ||z[|f (). (IV.2.3)



Chapter IV. Limit theorems for two dimensional ambit fields
110 observed along curves

where || - || denotes the Euclidean norm and the function f : R2 — R is
bounded, f(0) # 0 and satisfies f € C*(R%) N L*(R?) with

IVf@)| <C(lz]"'AL), =eR3,
for some constant C' > 0.

We note that under assumption ([V.2.3), the condition g € L?(R%) necessitates
the restriction a« > —1. Conversely, to prevent the process Y from being differ-
entiable—where the limit of V(Y,p)™ can be readily obtained via the mean value
theorem and Riemann integrability—we exclude values a > 0. Thus, we confine our
considerations to the range o € (—1,0) in (A2).

In addition to the continuity assumption on the intermittency field o, we will
also stipulate its Holder continuity in L, for any ¢ > 0, to establish the central limit
theorem:

(A3) There exists a v > 1/2 such that for any ¢ > 0
Elloy — 0|9V < C,||t — s|| (IV.2.4)
for some constant C; > 0 and ¢, s € R3.
Last but not least we will also require the following condition:

(A4) There exists a € R3 such that the partial derivatives satisfy |9;9(x)| < [9;9(y)|
for any x >y > a, j = 1,2. Furthermore it holds that

F, .= / (D19(8)* + 029(8)?) 07_,ds < 0 P — as.
R2\[0,1]
for all t € R?.

IV.2.2 First remarks

Before delving into the investigation of the limit theory for power variation statistics
V(Y,p)", let us provide some heuristic insights into the forthcoming results. The
foundation of our statistics lies in the increments of Y, which we can express as:

Viea=Yi= [ (et 8) = 9) = 9(2(0) = 8)) (Lo () + L, (3)) 21V ()
= I[a+ 75
with
Ao = (=00, 51 (8)) % (=00, (1] U (1(8), 21t + A)] X (sa(t), (6 + A)),
B = (=00, 21 (1)) % (22(t),22(t + A)] U (21(8), 21 (¢ + A)] x (—00, (1)

It is evident that the terms ]t17 A and It% A differ significantly in nature. Their stochas-
tic order heavily relies on the form of the kernel g outlined in assumptions (A2) as
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well as on the value of a.. Specifically, under assumptions (A2) and (A4), and for
A — 0, we observe:

(IV.2.5)
I}y = Op(AMT), I\ = Op(AY?): a € (—1/2,0)

Consequently, when a € (—1/2,0), the term It% A dominates in the above decompo-
sition.

We remark that the increments Y;, Ao — Y; are too intricate to handle independently,
often necessitating a separation between the Gaussian component G of Y and the
intermittency o to establish the limit theory of V(Y,p)". Such a separation is
feasible under assumptions (A1)-(A4) when o € (—1,—1/2). Here, we can justify
the approximation

}/;H-A — }/; ~ Uzt(Gt+A — Gt>, (IV26)

where GG has been introduced at . Leveraging this approximation and em-
ploying further probabilistic techniques, including a blocking technique, enables us
to infer the limit theory of V(Y,p)™ from the corresponding asymptotic theory for
V(G, p)", where the latter is a functional of a non-stationary Gaussian process.
In the remaining scenario—when (A2) holds with o € (—1/2,0)—we instead infer
that:

Viga = Yi & H (W, (0 20t) ) s<or(t), (021 (),5)s<a(t)) -

Here, we necessitate vastly different techniques, relying on martingale approxima-
tions, to derive the asymptotic theory for V (Y, p)".

IV.3 Limit theorems

To demonstrate the main theoretical statements, we need to introduce additional
notation. Recall that m, = E[|JNV(0,1)[’] and define, for any p > 0, the function

fp(x) := |z — m,. We introduce the Hermite expansion of f, as
fol@) = Z ArHy (), (IV.3.1)
k=2

where (Hy)r>o are Hermite polynomials. Additionally, we define the function

¢ = zi(t)zg(t)f(0)2(/R2 oy HZ’(Yf)ow!|2adi'3+/R2 (Hz'(t)o(erl)Ha—HZ'(t)WHa)?dw),
o : (IV.3.2)

which pertains to the time variation of the curve z and the kernel g. Finally, we
introduce the correlation function

p(l) == corr (B{', B{1, — B/"),

where (B}?);>o denotes the standard fractional Brownian motion with Hurst param-
eter H=a+1¢€(0,1).
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IV.3.1 Law of large numbers

We introduce the stochastic processes

w? = (1) / 22 22,000 gy o+ 24(1) / 22 12(0, )02 ) oy _atl
0 0
(IV.3.3)

The following theorem demonstrates the law of large numbers under different spec-
ifications of the weight function g.

Theorem IV.3.1. Assume that conditions (A1), (A2) and (A4) hold.

(i) If « € (—=1,—1/2), we obtain that
ALPAte)y (y pyn LR gy / | 9502 |Pds. (IV.3.4)
(ii) If « € (—1/2,0), we deduce the convergence
ALPRY (Y, p)r X mp/ |ws|Pds. (IV.3.5)

Some remarks are necessary to grasp the implications of Theorem [[V.3.5 From a
statistical perspective, the convergence described in signifies that the power
variation doesn’t directly estimate the integrated intermittency along the curve z
(as in the univariate case), but rather an integrated product of o, and ¢;. Here, ¢,
embodies the asymptotic scaled variance of the non-stationary Gaussian process G
on small scales, i.e.

lim A~ var(Gia — Gy) = ¢72.

A—0
A clear distinction arises between the convergence results and .
Firstly, the scaling of the statistics under consideration is inferred from the preceding
subsection discussion (cf. ([V.2.5))). Secondly, while the limit at is solely
dependent on the intermittency o observed along the curve z, the limit at
relies on past observations of the intermittency field. This distinction also stems
from the considerations outlined in ([V.2.5)).

Remark IV.3.2. Similar to the one-dimensional case, the convergence in ([V.3.4))
can be utilized for the estimation of the parameter a. One classical approach is
to employ the change-of-frequency method for statistical estimation. Let V(Y p)?’2

denote the power variation statistic computed using observations (ngn)lgiﬂt /(2A0)]-
Then, under assumptions (A1), (A2), (A4), and « € (—1, —1/2), we have:

V(Y,p)?
V(Y,p)y

217p(1+a).

This result can be used for the statistical estimation of the parameter « (cf. [12}13]

54)). 0
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Remark IV.3.3. The critical case &« = —1/2 in Theorem [[V.3.1(i)-(ii) is challenging
to address. In this situation we expect a non-trivial contribution from both terms I} 5
and ]t% A- However, these terms are handled using different probabilistic techniques
in the proofs, making it difficult to manage the case & = —1/2. Nevertheless, in the
simple scenario where p = 2, our proofs suggest the convergence

Alp/gvyw‘”p/ 02 T wh) ds.

when o = —1/2. O

Remark IV.3.4. The findings of this and subsequent subsections can be extended
to d-parameter stochastic fields relatively straightforwardly, albeit with much heavier
notation. For instance, in the analogue of assumption (A2), the critical region for
the parameter a becomes:

€ (—d/2,1 - d/2).

However, explicit discussion of this scenario is beyond the scope of this paper. [

IV.3.2 Weak limit theorems

This subsection is dedicated to presenting fluctuation results associated with Theo-
rem [[V.3.1] Our main result is demonstrated in the following theorem.

Theorem IV.3.5. Assume that conditions (A1)-(A4) are satisfied and o € (—1,—3/4).
Furthermore, we assume that y(p A1) > 1/2. Let (Bt)i>0 be a Brownian motion de-
fined on an extension (Q, F,P) of the original probability space (2, F,P), and being
independent of the o-field F. We deduce the functional stable convergence

A (s v =y [ o,

t
) = / Kkslo., |PdB,.  (IV.3.6)
0

where k% is defined as

K2 =07 ALk! (1 +2) p(l)k> .
k=2 =1

Remark IV.3.6. We remark that Y ° p(l)> < co when H = a4+ 1 € (0,3/4).
Hence, we conclude that

Ky < O (1 +2 Zp(l)2> D ARk = gvar(f,(V(0,1))) (1 +2 Zp(l)2> ,

which ensures finiteness of the function . O

Let us provide some insights into the results of Theorem First, compared to
the law of large numbers presented in ([V.3.4), the stable limit theorem in
requires an additional restriction to o € (—1,—3/4). This is due to an intrinsic
bias that may explode when multiplied by the convergence rate A, Y2 Similar bias
issues arise in the setting of , hence explaining the absence of associated
weak limit theorems in this case.
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Proving the statement in hinges on demonstrating the validity of the ap-
proximation ([V.2.6)) and then employing a blocking technique to derive the conver-
gence at from the corresponding result for the statistic V (G, p)". However,
handling the functional V(G,p)™ poses several technical challenges since G is a
non-stationary Gaussian process. Consequently, the Malliavin calculus techniques
established [114},123], utilized to show asymptotic normality and tightness of func-
tionals of stationary Gaussian sequences, require modification to accommodate the
non-stationary setting.

IV.4 Proofs

It is worth noting that o is locally bounded due to its continuity. Additionally,
because all our asymptotic results are stable under localization, we can assume
without loss of generality that the intermittency field ¢ is bounded on compact sets;
see e.g. [15] for a detailed argument. Via the same argument we can assume that
the random field F' introduced in Assumption (A4) is bounded on compact sets.
Furthermore, we assume that conditions (A1) and (A4) hold throughout the proof.
Recalling that 21 (t), zo(t) > 0, we introduce the filtration

Fi =G0, t>0. (IV.4.1)
It will be convenient to use the following notation (cf. Figure 1):
Az‘n = [z ((i =D)AL, 21(185)) X [z2((0 = 1DA,), 22(iA,)),
2 (0= DAR)) x [2((0 = 1D)A), 22(iA0)),
- 1A n) 21 (1A, )) (— oo,ZQ((i — 1)An)),

— 00, 21(iA)) x (= 00, 22(iA\,)),

and
gin(®) = g(2(i1A,) — ), x€Cip, (IV.4.2)

forany : =0,1,2... and n € N.

IV.4.1 Auxiliary results

Recalling the notation @ o y, we observe the inequality
[z oyl < |lz[[llyll (IV.4.3)

In this section, we shall derive various auxiliary results, including the ones related to
the asymptotic behavior of the covariance kernel of the increments of the Gaussian
core (Gi)i>o that has been introduced in (IV.1.4). Note that Assumption (Al)
implies that for any 7" > 0, there exist constants 0 < 2/, < Z7, < oo such that

zr(t—8) < zi(t) — zi(s) < zZp(t — s) (IV.4.4)

forany 0 < s<t<Tandi=1,2.
Let us write A7G := Gia, — Gi—1)a, and 7,(4,j) := cov(APG, A} G) for any i, j =
0,1,2... and n € N. We start with the following technical results.
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Figure IV.1: An illustration of some sets defined in the proof of Lemma

. I 1

al-TAYT

(i =B A

Lemma IV.4.1. Suppose that Assumptions (A1) and (A2) hold, and that o €

(—=1,—1/4). Then for any T > 0, there ezists a sequence (ﬁ(k));io such that
35 7(k)? < o0 and

(i, 5)| Sauga A 5(E = )
foranyn € N andi,j=0,1,...,|T/A,].

Proof. See Appendix. n

Lemma IV.4.2. Suppose that Assumptions (A1) and (A2) hold. Then we deduce
the inequalities

[ dhalss S 82 [ g2 (o) Sag

BimUBfé,n

i,m

/C {gz,n(s> - gifl,n(s)]>2 ds ,Sa,f,z A721+2a7
i—1,n

/ (9in(5) — Goorn(8)) ds Koo g A2,
(—00,2(iAn)—€)
for any e = (g,¢) with e € (A, 1).

Proof. The first three inequalities follow directly from the proof of Lemma
when handling the variance term ~,(7,7). To show the last inequality we use the
substitution y = z(iA,) — s and Assumption (A2) to get

/ (9in(5) — gi1n(s))? ds
(—00,2(iAp)—€)

- /( (o)~ oty + 2 D) — 2(0))ds
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= /( ) (lyl1*f(y) = lly + 2((i = DAL) = 2(@A) " fy + 2((0 = 1)A,) = 2(iA,)))* ds.
Using again Assumption (A2), we thus conclude that

/ (Gun(s) ~ gi1a(5)) " ds
(—00,2(iApn)—€)
So.f /( | (lyll* = lly + z((i = DAL) — 2(iA,)[|*) dy + A2
€,00
For the latter integral we use the substitution y = € o « to obtain:

/( ) (HyHa - Hy + Z((Z — 1)An) _ Z(Z'An)Ha)Q dy

= e /< 2l = e+ 7 {=(( = DA = 2(A)H") dx.

Finally, applying the mean value theorem and the differentiability of the curve z,
we obtain that

/(1 | (I = fl&+ e {2((i = )A,) — 2(i80)}]*) dx

Sa.tfa Ai6_2/( ) |||?*2dx = O(A2e™?).
1,00

This completes the proof of Lemma [[V.4.2] O]

Lemma IV.4.3. Suppose that Assumptions (A1) and (A2) hold, and that o €
(—=1,—1/2). Then we have,

(i) For any T >0,

lim sup |A_(2a+2)vt,t+A - ¢?| =0,
A=04el0,1)
where
Vtt+A = Var(GHA — Gt) (IV45)

and ¢? has been defined in (IV.3.2).
(ii) For any T > 0,
Sup |prya — ¢ Spme A
t€[0,T]

(iii) For any T > 0,

inf A;2a_2?}t’t+An > 0.
neNte[0,T)

Proof. See Appendix. n

Lemma IV.4.4. Let a € (—1,—1/2). Under Assumptions (A1), (A2) and (A4),
for any q¢ > 0, we obtain that

E[JATY]7] + E[JATG|] 54 A1
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Proof. Recalling (IV.4.5)), we deduce that
n 2 (634
E[lAiGl] = mqvgi/fl)An,iAn Sq AN

where we used Lemma [V.4.3
Let us proceed to the second part. We recall Assumption (A4) and assume without
loss of generality that a > 1. Applying Burkholder’s inequality yields:

a/2
Blarvi s, ( [ i (s)0ds )
[2((i=1)An),2(iAn)]

) q/2
v {900(5) — gi-1a(5))* o2 )
(—00,2(iAn)\[2((i—1)An),2(iAn)]

Recalling that o is bounded on compact intervals and applying Assumption (A4),
we deduce that

E[ATY 17 Sq B [ (v6-namian + A2 Fegnan) "]

This completes the proof of Lemma [[V.4.4] O

IV.4.2 Proofs of laws of large numbers

Next, we prove a law of large numbers for the power variations of the Gaussian core

G.

Lemma IV.4.5. Under the assumptions of Theorem |IV.3.1|(i), we have for any
fized t > 0:

APy (G op)r ELIN my¢tt  asn — oo,
where .
ot = [ loupds
0
Proof. We obtain that
[t/An]
ALHEIEV(Cp)y] = AL S EATGP]
i=1
[t/An]
A, 3 A2

(i—1)Ap il
i=1

[t/An]
. /2
=mpn D (S, a0 = DAY — myel”,
i=1

where we used Lemmal|lV.4.3|in the last part with the notation ua(t) := A_(2a+2)vt7t+A—
;.
For two jointly normal random variables X; and X5 with mean zero and unit vari-
ance, we observe the inequality (recall that f,(z) = > ., AHi(7)):

|COV<|X1|p7 |X2|p)| — Z Azk'E[XlXQ]k

k>2

<E[X1 X)) AZKL

k>2
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[t/An]

As a consequence, we conclude for the variance of V (G, p)} that
_op(lta A'G
A2 var (V(G, p)p) = A2 Z V&I(‘AHQ

)
o (/8011 16/ ARG p
Az Z cov( N

t/AnJ [t/An]—1[t/An]—k

Sofizp A2 Z )2+ 242 Z Z

NaszA Zp n—>oo

Az—‘rkG

)

IV.4.2.1 Proof of Theorem [IV.3.1(i)

By Pdlya’s theorem, it suffices to establish (IV.3.4)) for a fixed ¢ > 0. To this end,
let us consider for any ¢ > 0 the decomposition

ALHy( / (6u0a(e) P
[t/An]
= AN (JAY P — [op(i-nan ATGP)
i L;t
+ AN N (|og—nanl” = [Tu-n0[7) IATGPP

Jj=1 Ze[n(] K)

et
+Z\Uz<u—1)/é>\p(ﬁip(m) Y IATGE —my (¢, — o 1)/6))

Jj=1 1€ln(4,€)

Let]
mp<Z|Uz((j—1)/f)|p(¢§7g ] 1y/e) / o, s)|pd¢p+)
j=1

=: Ay(n) + Bi(¢,n) + Cy(£,n) + D(¥),

(. 0) = {z LA, € (‘% ﬂ }

By the definition of the Riemann-Stieltjes integral, D;(£) %3 0 as £ — co. Moreover,

where

by Lemma [[V.4.5[ we have Cy(¢,n) =50 as n — oo for any £ > 0.
Let us proceed with the term By(¢,n). To check that for any € > 0,

hm limsup P(|B;(¢,n)| > ¢) =0,

=00 pyeo
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we use the bound

et
[B(tn)| <) sup HUz(s)\p—laz((j—n/e)!”\(ﬁip(m) > ‘A?G’p)-

j=1 s€((5—2)/¢.3/4 i€ (5,0)
(IV.4.6)
Now, observe that, by Lemma , the right-hand side of converges in
probability, as n — oo, to

L¢t]

sup ||0z(s | |0z(] 1)/£) | |(¢j/g ¢J 1 /ﬁ)
= se(G-2)/ti/l
16t)

P
< sup |¢>s|pz sup |09 [” = oG-/l 52 0,
s€[0,7] = se(i-2)/t3/1 —00

where the final convergence follows from the continuity of the intermittency field o.
Finally, we handle the term A;(n). Due to inequalities ||z|? — |y|?| < p|z—y|(Jz|P~! +
ly|P~1) for p > 1, and ||z|P — |y|’| < |z — y|P for p < 1, 2,y € R, Cauchy-Schwarz
inequality and Lemma [[V.4.4] it suffices to show that

[t/An]
AL-2(0+) Z E[(ATY — ou-nan AL G) | = (IV.4.7)

as n — 0o. We use the decomposition

AMYY — oy nyan)ArG = RY + R + R (IV.4.8)
where
z(iAn)
R?(l) = / g(Z(iAn) — S)(Js — Uz((i,l)An))W(dS),
z((i—1)An)

Rie) = [ (gtalith) =5) = g(s((i = 1)) —5)) eIV (65
Sy 0] = 5) = g (a6~ 1)) = 5)W (),

RiG) = [ {atalith) =) = g(a((i = 1)) = )1V (45
ey (glalith) =5) (i = 1)) ~5))W(ds)

for some € = (g,¢) > 0. Here the sets B;(e) and C;(g) are defined as
Bi(e) :=[z((: — 1)A,) —&,z(iA)] \ [2((¢ — 1)A,), 2(iA,)], (IV.4.9)
Ci(e) == (—00,z(iA,)] \ [2((i — 1)A,) —&,2z(iA,)]. (IV.4.10)
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We note that
z(iAy)
E[(R}(1))%] = / G2 (8)E[(0s — Tas—1yany)’]ds

z((i-1)An)
z(iAn)

St [ Bl s Plds
z((i—1)Anp)
S5 AL Elr(al(i - DA,),OA)

where r(s,n) = sup{(os — 0¢)*|t € [s — 1,5 +n]}. In view of continuity of o, we
deduce the convergence

[t/An)
AR N R[(RY(1))%] — 0,

=1
Next, we decompose R}'(2) = R'(2.1) + R}(2.2), where
rien - [ (000(8) 011080 s - W ),
i(E
R (2.2) =(0g((i—1)An)—¢ — Uz((il)An))/ (Gin(8) — gi—1.n(s))W(ds).

Bi (E)

Then, we have:

I_t/AnJ Lt/AnJ

A2 N R[(RP(2.1)7] S An Y Elr(z((i— 1A €)),
i=1 i=1
1t/ An) [t/An]

AL ST R[(RN22))°] S5 A Y Elr(a((i — DA,),€)%)Y2
i=1 =1

Hence, both terms converge to 0 when we first let n — oo and then € — 0.
Finally, due to the boundedness of o on compact sets and Aassumption (A4), we
obtain similarly to the proof of Lemma [[V.4.4] that

z((i—-1)An)—e

E[RG)] 5. [ [Gin(8) — girn(s)]%ds

Somf.a Aiaﬁ/[ . [An"y\]a]]y+ 1Ha+1 A Hyumfﬂdy
£,00
Somfie AZFHAL M 4 N20) < AZF2N 2003,

where the second inequality follows from bounds derived around ([V.5.16)) and the
last step chooses M, = A, /3 This leads to

[t/An]
A5 3™ E[(RA3))] Som e A7,
=1

which completes the proof of Theorem [[V.3.1]i).
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IV.4.2.2 Proof of Theorem [IV.3.1ii)
We start with the decomposition

AY =Y +Y7, (IV.4.11)

where

vl o= / Gin(8)0s W (dS),
' B; UB!

Y;?n = /A c {gi,n(s) - gi—l,n(s)} O_SW(dS)'
i,nUCi—1,n

We will show later that that the term Y;}, dominates under conditions of Theorem
1V.3.1(ii). This random variable is further approximated via

Y/, = /B 9in(8)0s1 2 ((i-1)a,) W (dS) + /  9in(8)0z((-1an),s Wds). (IV.4.12)

The next lemma assesses the stochastic order of the terms Y}, Y%, and Y7,

Lemma IV.4.6. Let p > 0. Then, under assumptions (A1), (A2), (A4) and a €
(_1/27 0)7

E [|Y;,1n|p + |Y:n|p} SP Afz/27 ]E [|Y;,2n|p] SP Ag(l-l-a).
Proof. See Appendix. n

In particular, we conclude from Lemma [[V.4.6|that the term Y2 is negligible com-
pared to Y1 The following statement shows that the term Y1 is well approximated
by the quantlty Y,

Lemma IV.4.7. Let p > 0 and recall the notation f,(x) = |z|P. Then, under
assumptions (A1), (A2), (A4) and o € (—1/2,0), as n — oo:

[t/An]
A Z fp 1/2yl ) fp( 1/2Y/ )) u.c.p. "R ().

Proof. See Appendix. m

Now, let us apply the previous statements. First of all, due to Lemma [[V.4.0] we
readily deduce the convergence

[t/An]
3% BT

by Markov inequality. Hence, using Lemma [[V.4.7 we conclude that

[t/A)
A, Z (Fo(APATY ) = £ (APY] ) =500
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As a consequence, we are left to showing the convergence

[t/An]

B 30 BTV / s Pds.

Applying martingale techniques, the latter follows if we prove the following state-
ments:

1t/ An] ¢
A, Z APY D) Facna,] = my, / lw|Pds (IV.4.13)
0
[T/ An) .
ALY E[FAY I F-na,] — 0. (IV.4.14)

=1

The convergence at ([V.4.14) follows immediately from Lemma [IV.4.6f To prove
(IV.4.13), we recall the definition (IV.4.1)) of the filtration JF;, and notice that,

conditionally on F(;_1)a,, the random variable Y, is Gaussian with conditional
variance

2
E [(Yz/n) |f(i—1)An} :/ gzn(s)ggl,@((iqmn)ds

Bi,n

+// gin( ) zl((z 1AR) dS— A U}

The convergence at (IV.4.13), and hence the statement of Theorem [IV.3.1{ii), now
follows from the following lemma.

Lemma IV.4.8. Under assumptions of Theorem |IV.3.1|(ii), it holds that

[t/An]

p
A Z‘w -DA, i,n

Proof. See Appendix. O

u.c.p

LR, (IV.4.15)

IV.4.3 Proof of the central limit theorem

IV.4.3.1 Auxiliary lemmas
Lemma IV.4.9. Let o € (—1,—-3/4) and A € (0,1). Under Assumptions (A1) and
(A2), we obtain that

sup |ATC My 8 — 0F| Sagre A (IV.4.16)
t€[0,T]

for some 5> 1/2.

Proof. We proceed as in the proof of Lemma [IV.4.3|(i) and note that several error
terms are O(A), which mainly stem from ([V.5.9). In this part, we only consider
the remaining terms.
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Let us first examine the components of v; ;A (1). In particular, concerning the term
I introduced in Section we have

sup I Sogine & oy [ ylay
t€[0,T] (1,M]x(0,1] [M,00) % (0,1]
Saf.T,z A/ Y dydys +/ Y dyidys
(1,M]x(0,1] [M,00)x(0,1]

M2a+2 M2a+1
20+2 2a+1

Na7f7T7z

Now, let us pick g € (1/2,—2a — 1), which is guaranteed by a < —3/4. Now, we
choose M such that M2+t = AP Then, we have that

Sup 1—2 /SQ,f,T,Z Aﬁ.
te[0,7)

The term I3 of v 44 a(1) (see again Section [IV.5.2)), and parts of vy, 4(2) are shown
analogously. |

Next, we come back to the computation of the covariance function 7, (i, j) = cov(A}G, ATG).

Lemma IV.4.10. Let us fix an integer | > 1. Then it holds that

sup A2y, (6,0 + 1) — ¢%¢—1)Anp(l)| —0 as n — oo,
i=1,...,|T/An]

p(l) := = [(1 = 1)%*F 4 (L 1)%*F2 — 2P+ (IV.4.17)

Proof. We represent the covariances via the polarisation identity:

’Yn(i,i + l) = 5 [Umn,(wlqmn T V(i—1)An,(i+)An — Vid,,(i+)A, — U(ifl)An,(iJrlfl)An} .

Then, in view of Lemma [IV.4.3(i), (ii), we deduce the claim

sup A2, (60 4+ 1) — p((i — 1D)A,LD)] as n — 0o, (IV.4.18)
i=1,..,|T/An)

2
p((i = 1D)A,,1) = % (1= 1)%F2 4 (14 1)+ — 21%2F7] .

O

Next, we will show the associated functional central limit theorem. For this purpose
we recall the Hermite expansion of the function f,(z) = |z|? — m,:

fo(x) =Y AHi(2).

We note that Y p-, Ak! < oo for any p > 0 due to E[f2,(N(0,1))] < oo.
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Proposition IV.4.11. Under the assumptions of Theorem|[V.3.9(i), we deduce the

functional stable convergence on D(]0,T]):

t t
A;l/Q (A;—p(l-i-a)v(G’p)? - mp/ ‘gbs‘pds) S—t> / H'sdBS’ as m —» o0,
0 0

where B is a Brownian motion independent of F and k2 is given as

K2 =P ALk! <1 +2) p(l)k> .
k=2 =1

Proof. 1t suffices to prove the finite dimensional weak convergence and the tightness
of the statistic.

We start with the first claim and pick 0 < t; < ... <ty with d € N. Let us denote
Sn = (Sn(t1),..., S (ta)), where

S, (t) = A2 (Al P+ (@, p)? / |¢8|pds). (IV.4.19)

We use the decomposition S, (t) = S5 (t) + S () + S5 (t), where

[t/An) g
ArMG
S(t) == AY? Z Pli-1)a (z— _m”> ’
VOi—1)A,
[t/An] ’
o ATG

Sff)(t) = A;/Z Z <(An2 QU(i—l)An)p_ I(DH)An) Vi-nan |

— 1— n

t
SO() == A2, /0 (a1, — %) ds.

In view of Lemma [[V.4.9] we conclude that |S,(12) (t)] *£5 0. On the other hand, the
statement (TV.5.17) and the condition p > 1/2 imply the convergence | S )( t)] lﬂ; 0.
Next, we deal with the main part S,(LD. Here we heavily use techniques from Malli-
avin calculus. In particular, the Gaussian process (G;)i>o can be interpreted as
an isonormal Gaussian family, to which we can associate a separable Hilbert space
H. The scalar product (-,-)g on H is induced by the covariance kernel of G. A
detailed discussion of notions used in the arguments below can be found in the
monograph [117].

Recalling |z|? —m, = Y ;- , A\Hi(x) and noting the following identity for iterated
Wiener integrals

k
ArG NI
H|——= =05 == :

we obtain the following expansion:

SM(ty) = Lu(fi(q) (IV.4.20)
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where

Ltq/An] ok
n ArG
fila) = /\kAqlz/Q Z ¢;(;i_1)m <—A> |
i=1 n

We will show that

t1 tq
(SO(ty), ..., SV (ta)) - ( / ksdBs, . . ., / nsst). (IV.4.21)
0 0

In view of |11, Theorem 5], a sufficient condition for the convergence (IV.4.21)) is
the fulfillment of the following three conditions:

(i) For any g € {1,...,d}, we have
%Tiohff;fp; K ()] [fer = 0-

(ii) There exists a sequence X, Yo, X3, ... of positive semidefinite d x d matrices
such that for any (qi,¢) € {1,...,d}? and k > 2 it holds that

Tim K (@), fif (g2))mer = Zrlar, 42),
and X =32, %
(iii) For any ¢ € {1,...,d}, k>2and r € {1,...,k — 1} it holds that

Jim [1£2(0) @ (@) oz = 0.

First, we prove (i) and (ii). To this end, for any ¢ € {1,...,d}, we note that

lta/An] [tq/An]

LTRSS S SR I A SRy (A

Ltq/AnJ tq/An] |tq/An]—i
_inia (z VIVEED S SR m<z¢z’+z>k>-
=1

Combining Lemma [IV.4.1] and Lemma [IV.4.3((iii) leads to
(i, )] < Cp(li — jI). (IV.4.22)

For any k > 2, this yields |r, (i, j)¥| < Cp(|i — j|)?* due to |r,(i, )| < 1. Using this
result together with uniform boundedness of ¢ on compact intervals yields

0 < limsup k|| f(@)|[Fre < C Y KN (1 + 22@(2‘)2) :
k=m i=1

n—oQ

Since Y27, p(i)* < oo and Y, k!IAF < 0o, we immediately deduce part (i).
Concerning part (ii), we only consider the case ¢ =: q; = ¢o; the scenario ¢; # ¢o is
handled similarly. For any & > 2 note that

UL @) Frer = KIATMT () + 2K RE (q),
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where

lta/An) [ta/An] g
— A, Z¢ A<1+2 Z ( Z_lA"’l)> )

(i—1)A

Ltq/An \.tq/An . k
. D g (p((z - 1>An,z>)
(i—-1)A :

A Z Z ¢(’L 1 An¢(1+l,1)An7’n<Z, 1+ l)

Regarding the main term, we deduce that

tq 0
lim kIN2MP(q) = kIN2 / ¢§P(1 + QZp(l)k>ds. (IV.4.23)
0 =1

n—oo

To deal with the term R}(q), we first notice that for each [ > 1, the continuity of ¢
and Lemma imply that

sup
i=1,...,|T/An |

ro(iyi+1) — ¢&31)Anp((i - 1A, l)‘ —0 asn —oo. (IV.4.24)

Due to Lemma[[V.4.1| Lemma and the dominated convergence theorem, we
deduce that

k
_. . i— 1A,
sup Z qbl DA, gb(ZH DA rn(z,z—i-l)k—(b?f_lmn (p(( 5 ) )) -0

=1, |T/An] T3 (i=1)An

as n — oo, which implies that lim,, ., 2k!\2 R (q) = 0. As a result, (ii) is verified.
Next, we proceed to (iii). For any ¢ € {1,...,d}, k >2and r € {1,...,k — 1}, we
set C1(q,7) = (| (@) ®r fi(@)][3e200—- We have that

lta/An]

n 4 A2
Ck (CL T) :)\kAn Z <¢1(7i11)An¢z()i21)An¢€)i31)An I()i4*1)An

11,82,13,14=1

X Tn(il, iz)rTn(ig, Z‘4)TTTL<Z.1, ig)k_r’l"n(’l.g, 2.4)16_76)

[tq/An]
SCMAZ Y pllin — i) pl|is — ial)"p(lin — i) p(|in — dal)* "
91,12,13,i4=1
Note that ﬁ(lll — Zgl)rﬁ(lll — igl)kir S f)(|21 - ’LQI)k + ﬁ(|21 - ’L3|)k USiIlg this with
multiple applications of the inequality Z}Z’{A"J pli — 41 < ZZZLZ‘O/A"J_l p(1)? for
any v > 1 and j € {1,..., [t,/A,]} yields

lta/An]—1 lta/An]—1 lta/An]—1
Cilgr) S16CXNAL Y ()" Y, pU* " Y, plis)*

J1=0 J2=0 J3=0

ltq/An]—1 lta/An]—1 lta/An]—1

S

_r _k—r
=16CN AL 5 3T pG)Ar Y s Y b

71=0 j2=0 J3=0
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At this stage, since k > 2 and p(i) < 1, we observe that

Do)t <Y pi)? < oo,

which leads with Hoélder’s inequality to Ay ZLtq/ Anl=t p(i)" — 0 for both v = r
and v = k — r. As a result, we conclude (iii) with lim,_,., C}'(q,r) = 0.

Next, we show tightness of the sequence (S,(ll)(t))te[oﬂ. To show the latter we use
the recent result of 114, Theorem 1.1]. Therein tightness for the partial sum process
of functions of stationary Gaussian sequence has been obtained. We slightly modify
their arguments to account for the non-stationary case. Using a standard tightness
criterium it suffices to prove the inequality

1/
E[|s00) - SO 6)7] Ko (Aul(t/80] — Ls/A))" (IV.4.25)
for some ¢ > 2 and 0 < s <t < T (cf. [114, Lemma 3.1]). Observing that the

function f(x) = |z|P — m, has Hermite rank 2, and following the same arguments
as displayed in [114, pages 9-10], we conclude that

1/2
1/ 2 1t/An )1
(SO0 = SUG] Sup DB and ReSupo (An D i)
k=0 i.j=|s/An]

Applying Lemma [[V.4.1 and recalling that Z;; p(7)? < oo, we deduce that
Ry S (A([t/AL] — |s/Au)Y? for k=0,1,2.

Hence, condition (IV.4.25)) holds and we obtain tightness of the sequence (Sr(Ll) (t))teo,n)-
[l

IV.4.3.2 Proof of Theorem [IV.3.5

By fixing ¢ > 0, we use the following decomposition:
t
A2 (A;p<1+a>V(Y, Py —my / \¢saz(s)|pds) =A4;(n) 4+ Bi(¢,n) + Cy(¢,n) + Dy(n)
0

where

Lt/An]
Aqy(n) :A;/z—p(ua) Z (|A?Y|p _ |0z((i—1)An)A?G\p)
=1

[t/An]
By(t,n) =217 > (A,lfp(Ha)|Uz((i—1)An)A?G|p_mp|az((i nan (¢, - (#()’tlm"))
=1
114
_A;1/22|0z((j1)/e>|p(A7lz_p(l+a) > |ATGE —my(eg), — of” 1”))

J=1 i€ln(j5,0)



Chapter IV. Limit theorems for two dimensional ambit fields
128 observed along curves

4]
Ci(l,n) :A;UQZWZU 1)/6) |p(A1 pe) Z [ATGIP - mp(qb]/é ¢J 1)/3))

j 1 Zeln(jve)
[t/An] t
Bi(n) = 1/2( > lonenan PO, ~dins,) - / \az<s>rpd¢§+)

with

L,(j, 0) = {z i, € (‘% ﬂ }

It turns out that all terms except @(6, n) are negligible. We start by handling

the main term 6}(6, n). In view of Lemma |[IV.4.11] and the properties of stable
convergence, for each fixed ¢ > 0, as n — 0o, we obtain the functional stable
convergence

_ ¢4 je
Cilt,n) 5> \Uz«j—l)/e)\”/ ksdBs  on D([0,T]).
(-1)/¢

=1
Then, as ¢ — oo, we deduce the convergence

2] it .
Z|Uz ((i-1)/0)| / nSstlﬂX/ Ks|Og(s) [P dBs. (IV.4.26)
(J-1)/¢ 0

Next, we move on to the term ﬁt(n) Due to Holder continuity and the boundedness
of o on compact sets, we obtain that

E < A~-U/2+9(n1)

sup | Dy(n)|
te[0,7]

Since we assumed that v(p A 1) > 1/2, we conclude the convergence

u.c.p.

D(n) =% 0. (IV.4.27)

Now, we handle the term B,(¢,n). In view of the results in [53], for any ¢ > 0, we
obtain that
lim limsup P < sup |By(¢,n)| > 5) =0. (IV.4.28)

=00 noo te[0,T]

Finally, we handle the term A;(n). The inequality ||z|P — |y|P| < plz — y|(|z|P~* +
ly[P~1) for p > 1 combined with the Cauchy-Schwarz inequality, ||z[P —|y[?| < |z—y|?
for p € (0, 1], and Lemma [IV.4.4] lead to

|T/An]
E | sup |A(n)]| S AY2006 ) N™ (B[|ATY — oyonyan AFG?])
te[0,T i=1

(IV.4.29)
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To deal with the terms in above sum, we consider the decomposition

AMY — oy anArG = R (1) + R (2 ZR" (IV.4.30)
with
z(iAnp)
Rr(1) = / Gin(8)(0s — Tatoryan) W (ds),
z((i—1)An)

R} (2) = / (9in(8) = gi—1,n(8))osW (ds)
Bi(eM)
—ouenan [ (Gials) ~ g W),
B;i(eW)

R ) = / | (9in(8) — gi-1n())os W (dS)
BileH D)\ (U, Bi (€))U[a((i— 1) An),2(iAn)])

~ouvan [ (600(5) — g1 1))V (65),
Bi(eUTD)\ (U] _ 1 Bi(e”)U[z((i—1)An) 2(iAn)])

where ey = (5%),5%3)) 0<el <P < < <& = o0, and the sets

Bi(eY)) have been introduced in (IV.4.9). Due to Lemma [[V.4.2] we deduce the

inequalities

E[| R} (DP] S A, E[RFQ)P] S AN ™, B[R (m)] S AN(ET)™,

(m+1)

BB} ()] S ALET) ()™, j=1. m -1

n

In view of (IV.4.29)), the decomposition ([V.4.30]), [12, Lemma] and the arguments
in [12, pp. 1191-1192|, we conclude that there exist an m > 1 and sequences

) — A% with 1 > a; > ... > a,, > 0 such that

A(n) 8 0. (IV.4.31)

In view of (IV.4.26)-(IV.4.31)), the proof of Theorem [IV.3.5|is complete.

IV.5 Appendix

IV.5.1 Proof of Lemma IV.4.1

We show first two auxiliary lemmata. The proof of the first lemma is omitted as it
is straightforward.

Lemma IV.5.1. Under Assumption (A2) and o <0, for all x = (x1,22) € R and
y = (y1,y2) € RE we have that

l9(x) — g()] <r (@1 Ayr, 22 Ago) |17l =yl

Lemma IV.5.2. For any a > 0 and b > 0, the following asymptotic statements
hold:
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(i) If B € (=1,0) and v < 0, then

/ |z||P |l + b1 dz ~ ﬁm/
(0,a]?

(0,a]

|z|Pde, h— occ.
2

(i) If B € (—1,0) and B+ v < —1, then

/ |2P |l + h1|[de = O(hF+*Y), b — oc.
(0,a] x (b,00)

(iii) If B € (=2,0) and B+ v < —2, then

/ |2]P |l + h1|[de = O(hF+72),  h — oc.
(b,00)?2

Proof. Throughout the proof, we consider h > 0.

(i) We have

/ lelPllz + b1l de = B / el + 1] de,
(0,a]? (0,a]?

where ||[h~ @ + 1|7 < 22 for any h > 0 and = € (0,a]?. By the dominated conver-
gence theorem,

h‘”/ ||m||5||m + hl||7dx = / ||ar:||’3||h_1:v +1|'de — \/5/ ||ac||’3d:v.
(0,a)2 (0,a)2 h=ro0 (0,a]2

(ii) Since ||(z1,22)|] > 2 for any (z1,x2) € [0,00)%, by Tonelli’s theorem we arrive
at the bound

/ 2]l + b1 de = / / s @) 2] + By s + B[V dndas
(0,a] x (b,00) 0 b
< a/ 2’ (x + h)dx,
b

since under the present assumptions, both § < 0 and v < 0. By substituting
u=x/h, we get

/ 2 (x + h)'de = b / 2 (f + 1)7da; — P / WPu+1)du, (IV.5.1)
b b h b/h
where - -

/ u’ (u+ 1) du — u’ (u+1)7du < oo, (IV.5.2)

since 8 € (—1,0) and 8+ v < —1. Hence,

h—o0

lim sup A~ F+7+D / |z]|? ||z + hl||"dx < a/ u? (u+1)"du < oco.
(0,a] x (b,00) 0
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(iii) Note first that we have again § < 0 and v < 0. Due to the elementary inequality
(21, 22)|| > /T1@2, valid for any (x1,22) € [0, 00)?, and Tonelli’s theorem, we find

that )
/ \@Wm+hwwws(/ M”@+MW%Q,
(b,00)2 b

where [ 2%/%(z + h)"?dz < oo since 3/2 + /2 = (8 +7)/2 < —1. Note that,

additionally, 3/2 € (—1,0), so we can reuse ([V.5.1) and ([V.5.2), with obvious
changes, to deduce that

/ x5/2(x_‘_ h)7/2dx ~ hﬁ/2+v/2+1/ x5/2(x+ 1)7/2da:, h — oo.
b 0

Thus,

[e%S) 2
lim sup h_wﬂ”)/ ||| ||z + hl||"dx < (/ 2P (x4 1)7/2dx) < o0,
h—o0 (b,00)2 0

which concludes the proof. O]
Proof of Lemma[IV.].1. Suppose that ¢ > 0 and |T/A,,| > j > i+ 1. Since W is a

Gaussian white noise process, we can then express the covariance v, (i, 7) as

%@ﬁ:/’%Am@Am—%qumm

5
3

Gin(T) (gj,n(w) - gj71,n(£l:)) dx

+

9in()(9jn(®) = gjrn()) dax

_|_

©
3

(gi,n(w) - g,-_l,n(w)) (gjm(fl?) - gj_lyn(m))daz

+
.
|
:

(9in(@) = gim10(2)) (gjn () = gj-1n(x))d2

+

_I_
— o —

1—1,n

(9in(®) = gim1n(®)) (gj0(@) = gj-10(2)) da

i—1,n

(gz',n(w) - gi—l,n(fb)) (gj,n(a:) - gj_m(a:))da:

+
S

1—2,n

=t ay (i, §) + ba (i ) + 6, (0, 3) + @i, §) + ba(i ) + 5,00, ) + ealis ).
Note that, under Assumption (A2), we have

|Gin ()| Sy [12(14,) — 2], x € Cip, (IV.5.3)
19in(2) = girn(®)| S5 [|2((0 = 1)AL) — 2|, x€Ciyn. (IV.5.4)

Moreover, by Lemma 7

|9m(33) - gi—l,n(m” Sa,ﬁz AnHz((i - 1)An) - mHaila x € Ci_1p. (IV.5.5)
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Applying (IV.5.3)) and (IV.5.5) to a,(i,7) we get

i) Sope &0 [ [20080) = 2] [2(0 - 1)4,) - 2] de
Dan [ (G - DA~ 28

(0,21 (1An)—z1((i—1)An)]
% (0,22(1An ) —22((i—1)An)]

(b) a—
A, / Iyl Az — i — 1)1+ y||*dy
(0,AnZ}]2

Sz [ gl i vt g,

(027

J/

::E(;:i—l)

(IV.5.6)

where in step (a) we substitute y = z(iA,) — @, in (b) we use (IV.4.4), and finally
in (c) we substitute y = A 'y. Additionally, by applying (IV.5.4)) and (IV.5.5) to
an(7,j) and using estimates analogous to (IV.5.6)), we can show that |G, (i, )| Sa.f.2

a(j — ).

Next, we apply (IV.5.3) and (IV.5.5)) to b, (7, j), which enables us to deduce, adapting

(TV.5.6), that

|bn (2, 5)] Sz An/ |2(iA) — ||| 2(( = 1)A,) — =" de

i,n

A, / lyl{|2((G — DAL — 2(A,) +y||*dy

(21(1An)—21((i—1)Ay),00)
X (0,22 (1An)—22((1—1)Ap)]

<A, / 1o Az — i — D1+ 9| dy
(Anzlp,00)x(0,A0Z]]
_ A2 / 112G — i — D1+ 3 dg

(27,00)%x(0,27]

-~

=:b(j—i—1)

(IV.5.7)

Swapping the components we also find that |b] (4, )| < b(j —i —1). Fur-

Na7fuz

ther, using (IV.5.4) and (IV.5.5)), and mimicking (IV.5.7) we can prove the estimate
(i, )| + 10, J)l < b(j — ).



IV.5. Appendix 133

Finally, by (IV.5.5)), we get

!%@JNSMJA?/ |2(( = DAL =[] [2(G - DA,) - 2 da

i—1,n

_ a2 / Iyl "2 (G = DA = 2(( = 1)A) +y|*dy

(z1((i=1)An)—21((i—2)An),00)
X (z2((1—1)Ap)—22((:—2)Ap),00)

< A2 / Il | Anzh (G — )1 + 9| dy
(Anzp,00)?

o [ gl G- i gl

(2/,00)2
.

::Eafi)
where the steps are analogous to those in ([V.5.6) and ([V.5.7)).

To summarize, we have shown that
(i, )] e A2 (@G —i = 1) +a(i — 1) +b(G —i = 1) +b(j — ) +2(j — 7))
<M 1) TG i1+ 20 ),
which motivates us to define
p(k):=alk —1) +bk —1)+¢(k), k>2.
Additionally, we may set

p(k):==sup sup ATy (i), k=0,1,
neN 0<i,j<[T/ A
ik

since p(0) < oo and p(1) < oo then by Lemma [IV.4.3] It remains to note that
(k) = O(k*™1), by Lemma [[V.5.2(i) with f = o and v = o — 1,

a
b(k) = O(k*), by Lemma [[V.5.2(ii) with f = o and 7y = o — 1,
c(k) = O(K*), by Lemma [IV.5.2(iii) with f =a —1 and vy =a — 1.

Thus, > 7, p(k)* < 0o as long as o < —1/4, which concludes the proof. O

IV.5.2 Proof of Lemma [IV.4.3

Throughout the proof we assume, without loss of generality, that A € (0, 1]. By the
mean value theorem, for any t € [0,7] and A € (0, 1] there exist {/ 5, & A € [t, T+ A]
such that

A+ A) —z1(t) = A (g A) and  z(t+ A) — z(t) = Azy(&).  (IV.5.8)

For the sake of simpler notation, we write 25 (t) := (2{(&4), 2(£24))- Since z is
C?, we have
sup [|25(t) — 2'(t)]| Sz A (IV.5.9)

te[0,7
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It is also useful to note that, by Assumption (A1), for any A € (0, 1], t € [0, 7], and
x e R2,
12a() ozl 27z 2l [12'() oxl| 272 [l]]. (IV.5.10)

(i) We can write
Vppan = Vira(l) + v4a(2)

where

vrea(l) = / (=t + A) — z)dw
(—00,z(t+A))\(—00,2(t))
2

wiea@ = [ (alet+2) — @) = glx(0) - @) ’de

(—o0,2(t)]

Concerning the first term, we have that

vpea(l) = A2 (€10)(E2) / G(AZA (1) 0 y)dy

R2 \(1,00)

S (INEA (N / F(AZL() 0 y)*l|Za(t) o yl**dy,

R2 \(1,00)

where we have substituted y = (Zf(lt(izA))_;f(lt), ijfig?)_;j(zt)) and used (IV.5.8). It

follows from (IV.5.9)) that the factor 2] (&} A)25(&7 o) converges to 2] (t)z5(t) as A — 0
uniformly in ¢ € [0,7]. Thus it is enough to show that

lim  sup / o |F(AZ5(t) 0 y)?[|ZA(t) 0 ylI** = F(0)]|2'(t) o y||**|dy = 0.
Ra_ 1,00)2

A=04el0,1)
(IV.5.11)
The integrand in (IV.5.11)), for any ¢ € [0,7], A € (0,1), and y € R2, can be

estimated as

|[F(AZL(t) 0 y)? |25 (8) o ylI** — f(0)?[|2'(t) o y||*|
< |f(Az5(t) o y)* = F(0)*| 25 () o yl*
+ F0)2[llZA(8) o yl** — [[2'(t) o ylI*.
The first term on the right-hand side of ([V.5.12)) satisfies

[f(AZ, () o y)® = F(0)?[[[2a (1) o ylI*™ Sp AllZA () o yl**™ Sre Ally[H!
(IV.5.13)

(IV.5.12)

by the mean value theorem, boundedness of the gradient of f (guaranteed by As-
sumption (A2)), and (IV.5.10), whilst the second term can be bounded as

1125 () o ylI** = [[2'(t) oyl
< 2lo|([|ZA (1) o yll A2 (t) o yll)** H2a(t) oy — 2/(t) oy

o (IV.5.14)
Sz Allyl
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by ([[V.5.9), (TV.5.10) and the inequality |27 — 37| < |v|(z A y)? |z — y|, valid for
x>0,y >0, and v < 1. It is useful to note that the first term on the right-hand
side of ([V.5.12)) satisfies also an alternative bound

[f(AZ5(t) o y)* — F(O)[llza(8) oyl < (f(AZ(t) 0 y)* + f(0)*)[l2a(t) o g™

|20¢

Sa,f,T,z ||y|
(IV.5.15)

by Assumption (A2) and (IV.5.10)).

Having established the necessary estimates, we will proceed to splitting the integral

in ([V.5.11) into three parts via
R2 \ (1,00)> € (0, 1] U (1,00) x (0,1 U (0, 1] x (1, 00)

and denote the respective integrals by Iy, Iy and I3, respectively.
In view of ([V.5.13) and (IV.5.14]), the integration by polar coordinates leads to

up 1 Sare & (I i )y

te[0,T
7r/2
SaT,z / / et 4 r2a+1)drd9 = O(A).

To deal with Iy, fix M > 1. In view of (IV.5.13]), (IV.5.14)) and (IV.5.15]), we obtain
that

limsup sup Iy Safrz hmsupA/ |y[[***dy
A—0  te[0,T] A—0 (1,M]x(0,1]

+ limsup A ||y||2ady+1imsup/ ly|]**dy
A=0 (1,M]x(0,1] A=0 J(M,00)x(0,1]

S N
(M,00)%(0,1]

< / yitdyidy, = O(M***1),
(M,00) % (0,1]

Since M > 1 is arbitrary, it follows that

limsup sup I, = 0.
A—0 €[0T

We deal with I3 similarly and consequently finish the proof of ([V.5.11)).
Next, we study the asymptotic behavior of the second term of v ;. In particular,
we have that

Urara(2) =A%21 (& 2) 25 (E A) /R (9(Azi (1) o (y+ 1)) — g(AZ4(t) o y))’dy
=N (& A) (6] A)
< [ (=500 (y + D50 oy + DI = FB(0 0 9)l#5(0) oy]) 'y

+



Chapter IV. Limit theorems for two dimensional ambit fields
136 observed along curves

. o z1(t)—x z2(t)—x
where we substituted y = (zl(tJer)fzi L Zg(tiA)fzé(t)).

Arguing as in ([V.5.11]), we are left to show that

lim sup/ |A(y)|dy = 0, (IV.5.16)
R

A=0tefo,1] JR2

where

Aly) =(F(AZa(#) o (y + 1))|25 (1) 0 (y + 1)[[* = F(AZ5 (1) o) 2 (t) 0 y[|”)*
— JOP(IZ(t) o (y+ V)] = 2'(t) o y*) .

Proceeding as in (IV.5.12)), (IV.5.13)) and (IV.5.14)), we obtain that

AW Saprz(ly + 1 + Iyl Ay + 1 + [yl
SerAllyl*ly + 1]

On the other hand, Lemma [[V.5.1| and the inequality |27 — 3| < |v|(z Ay)" |z —y]
leads to an alternative bound:

[A(y)] < A2 (g(AZ5(8) o (y + 1)) — g(Azx(t) o )’
+1F02(12(8) o (y + 1) = |2(t) o y[|*)°

Sasrz Y7

Again, fix M > 1. In view of these two estimates, we get that

lim sup / |A(y)|dy So. 1,2 limsup sup A/ ly||*|ly + 1(|*" dy
A%OtE[O,T] Ri A—0  tel0,T] (0,M]2

+ lim sup sup/ ly[I**~*dy
A0 te[0,T] JR2 \(0,M]2

= [l tay = oo,
R2\(0,M]?
Since M can be chosen arbitrarily large, we get (IV.5.16]) and finish the proof of (i).

(ii) Since 21,2z} are in C' and hence Lipschitz continuous on compact intervals,
we have

sup, (1t + A) = 2 ()] + [zt + A) = 2(t)]) Srz A
telo,

Arguing as in ([V.5.14]), we also obtain that
sup [[|2/(t + A) oz||** — [[2'(t) o 2]**| Srx Al
te[0,7
sup [[|2(t+A) o (z+1)[* — [|2(t + A) o ]|
te[0,7]

—[lZ(t) o (@ + DI + [[2'(t) o ]|?| Sr2 Allz + L[|* + Al ]|,

sup [[|2/(t) o (z + 1)||* — [[2'(t) o z[|*] Srz [l *H V 2]
te[0,T+1]
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Using these identities along with the boundedness of the integral

/ el de + / (1 + 11 + )l v |z]*)dz < oo,
R2 \(1,00)? 2

RY

we deduce that

sup |gira — &l Saprz A (IV.5.17)

te[0,7
(iii) Since f(0) # 0 and f is continuous, there exists € € (0, 1) such that

inf f(x)* > 0. (IV.5.18)

x€Bg (E)

In addition, sup,,>1 4ej0.7) Anza, (t) < C. Combining these results with the fact that
21, z4 are bounded away from zero, we conclude that

inf A;za_2'l)t7t+An > lnf A,;2a_2'l)t7t+An(1)
neN,t€[0,T

neN,t€[0,T

>o. inf / F(Anzh (1) 0 y)lly |2 dy
R2 \(1,00)2

" neNte[0,T]

>r it f(2)? / lyll2dy > 0.
Bo(e) Bo(e/C)

xEDo

IV.5.3 Proof of Lemma [IV.4.6

Introduce Gaussian random variables

G},n = / Gin(s)W(ds),
Bi,nUB;m

6= [ {0l giaas)) W)
Ai nUCi—1n
Due to Lemma [[V.4.2] we conclude that
E[|Gil"] Sp AX2 E[IG]F] Sp AR,
Following the arguments of the proof of Lemma [[V.4.4] we deduce that
2
EYLP + Yl <, (a2 + arE[Fre )
and
o 2
EY2P) S, (A0 + AR [ 00])

This completes the proof since F' is bounded on compact sets.
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IV.5.4 Proof of Lemma [IV.4.7

The arguments follow along the same lines as the proof of Theorem [IV.3.1(i). First
of all, we note that it suffices to show the convergence

[t/An]

SRV - Y)Y =0,

=1

Observing the treatment of the term R} (1) in the proof of Theorem [IV.3.1(i), we
conclude that

oy Ny
Y E[YL - <A, Z E[r(z((i = 1)An), CAy)] + o(1),

=1

where 7(s,n) = sup{(os—0¢)?|t € [s—n,s+n]}. Due to continuity and boundedness
of o on compact sets, the proof is complete.

IV.5.5 Proof of Lemma [IV.4.8

We introduce the notation

(1) pra(ttAn)
W ttA, / / : 2(t+An) = 8)0%, 08,
ZQ t

Zl t—‘rA
wtﬂf-‘rA = / t +A ) ) O21(8), sgds

21 (t

and

wt(l) = Zé(t)/ |x|2af2(xvO)Uzl(t)—x,zg(t)dxa
0

wt(2) = Zi(t)/ |Q3‘2af2(0,37)0'21(t ),z2(t)— xdm
0

Observe that w? = wy(1) + w(2). To show Lemma [IV.4.8] it suffices to prove the

convergence

sup |weesa, (7)) — we(7)] 0 as A, — 0, (IV.5.19)
te[0,7
for 5 = 1,2. We prove this convergence only for 7 = 1 as the case j = 2 is shown
similarly. We start with the change of variable y = z(t + A,,) — s to deduce the
identity

o0

(t+An)—22(t) ) N
/ g (y)azl(tJrAn)—yhzz(t)dy'

Weta, (1) = Aﬁl/

21 (t—‘,—An)—Zl (t)

Now, recalling the Assumption (A2) and observing that

sup |z1(t + Ap) — z1(t)] = 0 and A (2(t + A,) — 22(t) — 25(8)] — 0
te[0,7]

as A,, — 0, we readily obtain the convergence in ([V.5.19) for ;7 = 1. This completes
the proof of Lemma [I[V.4.8



Appendix A

Technical results

A.1 Walsh theory of stochastic integration

In this section we introduce the main concepts of the Walsh theory of stochastic
integration for martingale measure. This theory of stochastic integration is used
notably to define stochastic integrals in dimension > 2. We refer to Section
where such integrals are needed to define a 2-dimensional ambit field.

Most of the results presented below comes from the seminal paper of Walsh [149)
and the comprehensive survey of Podolskij [129] on ambit field. We refer e.g. to
[56,57.,094] to explore further the topic. The Walsh theory of stochastic integration
generalizes in some sense Itd’s stochastic integration theory to dimension higher
than 1.

We recall first Definition [[.2.23| of a Lévy basis:

Definition A.1.1. Let (2, F,P) be a probability space, E a set and £ a o-field on
€. A Lévy measure L on (E, £) is a collection of random variables (L(B))pee such
that

(ii) Let Ay, ..., A, € & be mutually disjoint sets. Then the random variables
L(Ay), ..., L(A,) are mutually independent.

(iii) For all A € £ the random variable L(A) is infinitely divisible.

We consider in the following Lévy basis on a bounded domain. We denote by By, (R?)
the Borel o-field generated by bounded Borel sets of R?. Assume that we have a
Lévy basis L on [0,T] x S with S € By(RY). Let AC S, A€ By(R?) and 0 <t < T.
We define

Li(A) := L((0,t] x A).

Assume that for all A € By(R?), L;(A) is a random variable defined on a proba-
bility space (€2, F,P). We need then to define a right continuous filtration on the
probability space (Q, F,P). Denote by A the P-null sets of F and define

Fli=0{L(A) : ACS, AcBy(RY), 0<s<t}AN.

139
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We establish the right continuous filtration (F;):>o on (€2, F,P) as

:ﬂff for all ¢ > 0.

s>t

We can now define the notion of orthogonal martingale measure:

Definition A.1.2. We consider the filtered probability space (Q,F, (F;)i>0,P).
The collection of random variables (L;(A));>0,4cs aep,®e) is an orthogonal F;-
martingale measure if each of the following conditions are satisfied:

(i) Lo(A) =0, for all A C S, A € By(R?).

) L
(i) (Li(A))s>o is a Fy-martingale, for all A C S, A € By(R?), with zero mean.
(iii) Vt > 0, Ly(+) is a o-finite L?(IP)-valued signed measure.
)

(iv) Let A,BC S, A, B € By(RY). If A and B are disjoint sets, that is AN B = {),
then (Lt(A))tzo and (Li(B));>o are orthogonal martingales, i.e. the random
variables L;(A) and L;(B) are independent for any ¢ > 0.

Example A.1.3. The white noise on R? can be defined as follows. Let B(R?) be
the Borel o-field containing all Borel sets of R%. Let W be a process such that

E [W(A)} — 0, for all A € B(RY)

and
cov(W(A), W (B)) = X(AN B),for all A, B € B(RY),

where A\? denotes the Lebesgue measure on R%. Then the process W := (W (A)) 4¢ B(R4)
is a Gaussian process called the white noise process. One can show that the white

noise process on R? defines an orthogonal martingale measure (Wi(A))i0,4cs,4eB, (RA-1)
d—1 T
on R,

Following the usual construction of the Ito integral, we define the notion of ele-
mentary functions:

Definition A.1.4. Let f : R, x RY x Q — R be a function. f is said to be
elementary if

[tz w) = X (W)Ll (t)la(z)

where X is bounded and F,-measurable and A € By(R?). Linear combinations of
elementary functions are called simple functions. We denote by S the space of
elementary functions.

We then define the stochastic integral of the simple function f with respect to the
martingale measure L by

/Ot/Bf(s,x)L(ds,dx) = X (Liny(AN B) — Lina(AN B))

where B € By(R?%), A, BC Sand 0 <t <T.
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To extend this result to all predictable processes we use the classical techniques:
we would like to use a density argument to extend the integral for stochastic inte-
grands in the class of elementary functions to the class of predictable processes, in
this context that is predictable with respect to the o-algebra generated by elemen-
tary functions.

Definition A.1.5. We denote by P the o-algebra generated by all elementary func-
tions. We call P the predictable o-algebra.

We introduce the covariance measure:

Definition A.1.6. Let L be an orthogonal martingale measure. The covariance
measure associated to L is defined as

Q([0,t] x A) = (L(A))r, A€ By(R"),

where (-) is the conditional quadratic variation, that is the non-decreasing process
(X, X)) such that, if X is a local martingale, M? — (M, M) is a local martingale. We
associated to () an L?-norm:

VI3 =E [ [ P
[0,T]xS

One can show that the space (L*(Q x [0,T] x S,P,Q),||-|lo) is a Hilbert space and
that S is dense in L*(Q x [0,T] x S,P,Q). From this, we can approximate any
random function f € L?(2 x [0,7] x S,P,Q) by a sequence of functions f, € S,
such that

If = fallg =0 and
//f(s,x)L(ds,da:) = lim/ /fn(s,x)L(ds,dx) in L*(Q, F,P).
0o JB n—eJo JB

We finish this section by citing two results, useful notably in the proof of the main
result of Chapter [[V]

Corollary A.1.7. By construction, the Ito type isometry

/OT/Sf(t,x)L(dt,dx) 2] — 113

18 satisfied. In particular, if L is a white noise process W, we obtain

/OT/Sf(t,:v)W(dt,dx) =E {/OT/sz(t,x)dtdx] :

We also have a Burkholder inequality (see [42]): for all p > 2 there ezists a constant
¢p € (0,00) such that for all f € L*(Q x [0,T] x S,P,Q) and all0 <t < T,

E[/Ot/Bf(s,x)L(ds,dx) </OT i f2(s,x)Q(ds,dx)>p/2

E

2

E

P
] <cE
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A.2 Stable convergence of processes

In this section we introduce the concept of stable convergence, a mode of conver-
gence extremely useful notably when dealing with random limit. This section is
based on the book [64], although the results presented below are classical and can
be found in many different sources.

We start by giving some motivations on why we should define stable convergence.
We consider the following simple example: assume that we are given a central limit
theorem for some error process of the form

VX, — X) -5 N(0,V) (A.2.1)

where X,, and X are random variables and assume that V' is a non-negative random
variables. For statistical purpose, this central limit theorem is unusable as the distri-
bution of the mixed normal A/ (0, V') can be difficultly tractable, or even untractable.
We would like to renormalize the error process y/n(X, — X) by an estimator V,, of
the random variance V', using Slutsky’s theorem, to obtain a statistically tractable
limit, in that case a standard normal distribution.

However, to do so we need the joint convergence in distribution (V,,, /n(X,, —

X)) BN (V,N(0,V)) which is not guaranteed by the central limit theorem in

(A.2.1). We need a notion of weak convergence stronger than the convergence in
distribution to allow a stronger version of Slutsky’s theorem.

Stable convergence is defined as follows:

Definition A.2.1. Let (X,,),>1 be a sequence of random variables defined on a
probability space (§2, F,P), taking values in a measurable Polish space (E, ). The
sequence (X,,),>1 is said to converge stably in law towards a limit X defined on an

extension (Q, F,P) of the original probability space, and we denote it X, LEND'S , if
and only if it holds that

Elg(X,)Y] =% E[g(X)Y]
for any bounded continuous g and any bounded F-measurable random variable Y.

This definition is general and includes in particular the case of stochastic process,
for example when considering E = D([0, T]) the space of cadlag functions, equipped
with some Skorokhod topology. It is possible to define equivalently stable conver-
gence by defining it as the convergence of conditional distribution with respect to
the original o-field F. Note that contrary to the convergence in distribution and
similarly to the convergence in probability, stable convergence is a characteristic of
the random variable and not of its distribution.

Indeed, if we have the convergence in distribution X, A x , the probability
space where X, and X are defined does not matter and can be different, in contrary
to the stable convergence where the limiting random variable has to be defined on
an extension of the original space.

We give next a lemma exhibiting the different relations between different modes
of convergence:
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Lemma A.2.2. Let (X,),>1 be a sequence of random variables defined on a proba-
bility space (0, F,P). It holds that

(i) The stable convergence X, LN implies the convergence in distribution

X, -4 x.
(ii) The convergence in probability X, X implies the stable convergence X, oty
X.

(i1i) If X, Lt X and X is F-measurable, then X, — X.
The next proposition gives us criteria to prove the stable convergence X, oty x

Proposition A.2.3. Let (X,),>1 be a sequence of random variables. Then the
following properties are equivalent:

(i) X, 2% X

(1) (Xn,Y) LN (X,Y) for all F-measurable random variables Y.

(iii) (Xn,Y) ety (X,Y) for all F-measurable random variables Y.

Condition is particularly useful in practice to prove stable central limit theorem
and is one of the key property used in Chapter to prove the stable convergence
of the error process of interest.

We finally mention the following stable version of Slutsky’s theorem:

Theorem A.2.4. Let (X,)n>1, (Vi)n>1 be two sequences of random variables, de-
fined on the same probability space (0, F,P). We assume that

dst

X, " X and  V, LV

Then
(X, Vo) 25 (X, V).

A.3 Some elements of Malliavin Calculus

This subsection is an introduction to Malliavin calculus. Originated by Malliavin in
1976 in his seminal paper [105], Malliavin calculus was defined first to get a better
understanding on the existence of densities for the distribution of random variables
and in particular the existence of densities for stochastic partial differential equations
(see e.g. [40] or recently [60]). It allows to define a notion of stochastic differentiation
originally on Wiener spaces but it was extended later to Poisson spaces or Wiener-
Poisson spaces [75]. We refer to [27,/106,117,|[118| for a comprehensive introduction
on Malliavin calculus.

In 2005 Nualart and Peccati in |[119] proved the so-called fourth moment theo-
rem: a central limit theorem for sequence of iterated Wiener-1to integrals that laid
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out the premises of the Malliavin-Stein method, used to obtain quantitative central
limit theorems. We refer to e.g. [115]116,/122].

We provide the main tools to prove the step and of the methodol-
ogy presented in Section Most of these results can be find in |[117, Chapter 1].
Let H be a real separable Hilbert space equipped with a inner product (-, -) 5 that in-
duces an associated norm denoted ||-|| . We start with the definition of an isonormal
Gaussian process:

Definition A.3.1. Let B = {B(h), h € H} be a stochastic process defined on a
probability space (€2, F,P). Assume that B is a centered Gaussian family of random
variables. Then B is called an isonormal Gaussian process (on H) when

E[B(h)B(9)] = (h,g)u, Vh,g€ H.
We define the Hermite polynomials:

{Hn(x) ( )’ll 2?2/262{;2 <€7mz/2> ) n Z 17

i -1 (A.3.1)

One can show that this polynomial family is orthogonal with respect to the Gaussian
distribution, namely:

E[H,(X)H,(Y)] = 1p=mn! (E[XY])", for XY ~N(0,1) jointly Gaussian.
(A.3.2)
We denote by G the o-algebra generated by {B(h), h € H} and for all £ > 1 define
Hyp C L*(Q, F,P) the closed linear subspace

Hy = span{Hy(B(h)), h € H, ||h||g = 1}.

Ho is the set of constants. Hj, is called the Wiener chaos of order k. Then one
can prove the following theorem 117, Theorem 1.1.1]:

Theorem A.3.2. Denote by v the standard normal distribution. Then the Hermite
polynomials form a complete orthogonal system in L*(R,~). Moreover, the space
L*(Q,G,P) can be decomposed as the orthogonal sum:

2(Q,G6,P) = @H

For any k > 1 we define H®* as the k-th tensor product of H and H®* as the
k-th symmetric tensor product of H. We endowed the space H®* with the norm

-l or = VB

Let h=h ®..0hy, g = g1 @ ... ® gy be two elements of H**. We define the
p-th contraction of h and ¢, denoted h ®, g, as

h Rpg = <hk7p+17gl>H---<hkygp>Hh1 ®..Q hkfp R Gpt+1 ¥ ... ® gr € H®2(k7p)
and by h the symmetrization of h defined as

~ 1
= Z hoy®...@hor) € H®* with S}, the group of permutations of {1, ..., k}.

) ocESK

One can show the following |117, Section 1.1.2]:
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Theorem A.3.3. Let k > 1. There exists a unique linear isometry I, : H* — H,,
called the k-th Wiener-Ité integral with respect to B. Moreover, let h € H with
lh||g = 1. Then

I (h®?) = Hy(B(h)).

Theorem is the tool used for the step while Theorem is necessary
for the step .

We state the last result of this subsection, necessary to proceed with step
Let Y, = (Y.!,...,Y?) be a centered d-valued stochastic process defined on some
probability space (€2, F,P) and assume that Y,, admits the chaotic expansion:

[e%9)
VE= " Lfha), fha.€HO™
m=1

We have the following central limit theorem [11]:
Theorem A.3.4. If each of the following conditions holds:

(i) For any k =1,...,d we have

o
im lim sup Z ml|| fr | Fem = 0.

1
N—oo
n—»00 m=N41

(ii) For anym > 1, k,l =1,...,d we have constants C}y such that

Lim ! £y, 0| Frem = Cil
n—o00

n—00 ’ ’ ’
and the matriz C™ = (C}))1<k,1<a 18 positive definite for all m.
(iii) Y C™=C e R
m=1
(i) Foranym>1,k=1,..,dandp=1,...m—1
Jgrolonfﬁz,n ®p :z,nH?{@Z(m*p) = 0.

Then we have the weak convergence

Y, —% Ny(0,0).
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