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General description of Finite Mixture models

We have a collection of individual trajectories.

We try to divide the population into a number of homogenous
sub-populations and to estimate, at the same time, a typical trajectory for
each sub-population. (Nagin 2005, Schiltz 2015)

This model can be interpreted as functional fuzzy cluster analysis.
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The basic model (Nagin 2005)

Consider a population of size N and a variable of interest Y .
Let Yi = yi1 , yi2 , ..., yiT be T measures of the variable, taken at times
t1, ...tT for subject number i and πk the probability of a given subject to
belong to group number k.

For a given group Gk , we suppose conditional independence for the
sequential realizations of the elements yit over the T periods of
measurements.

The density f of Y is given by

f (yi ;ψ) =
K∑

k=1

πkg
k(yi ; Θk), (1)

where gk(·) denotes the distribution of yit conditional on membership in
group k and the role of the parameters Θk is to describe the shape of the
trajectories in group k.
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Predictors of trajectory group membership
X : vector of variables potentially associated with group membership
(measured before t1).

Multinomial logit model:

πk(xi ) =
exiθk

K∑
k=1

exiθk

, (2)

where θk denotes the effect of xi on the probability of group membership
for group k .

L =
N∏
i=1

K∑
k=1

exiθk

K∑
k=1

exiθk

T∏
t=1

pk(yit), (3)

where pk(·) denotes the distribution of yit conditional on membership in
group k.
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Adding covariates to the trajectories

Let W be a vector of covariates potentially influencing Y .

The likelihood then becomes

L =
N∏
i=1

K∑
k=1

exiθk

K∑
k=1

exiθk

T∏
t=1

pk(yit |Ai ,Wi ,Θk).
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Possible data distributions

Poisson distribution

Binary logit distribution

(Censored) normal distribution

Beta distribution
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Function signature
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Output of result
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Graphical illustration of result
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Density of the Beta distribution

Let Y be a random variable following a Beta distribution with mean µ.

Consider the parameter φ defined by

var(Y ) =
µ(1− µ)

1 + φ
.

φ can be interpreted as a precision parameter, in the sense that a large
value of φ implies a small variance of Y .

The density f of Y can be written as

f (y ;µ;φ) =
Γ(φ)

Γ(µφ)Γ((1− µ)φ)
yµφ−1(1− y)(1−µ)φ−1,

where 0 < µ < 1 and φ > 0.
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Finite mixture models for an underlying Beta distribution

Density of yit conditional to membership in group Ck :

gk(yit ;µkit , φkit) =
Γ(φkit)

Γ(µkitφkit)Γ((1− µkit)φkit)
yµkitφkit−1
it (1−yit)(1−µkit)φkit−1,

with

µkit =
eβkAit+δkWit

1 + eβkAit+δkWit
and φkit = ζkAit . (4)

Likelihood of the data:

L = e
∏n

i=1

(∑K
k=1 πk

∏T
t=1

Γ(φkit )

Γ(µkitφkit )Γ((1−µkit )φkit )
y
µkitφkit−1

it (1−yit)
(1−µkit )φkit−1

)
. (5)
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Problem with the Beta distribution

Computationally, there are problems with data values of 0 or 1.

Nagin’s model: Data need to be strictly between 0 and 1.

Our model: transformation of y into (y · (n − 1) + 0.5)/n (Smithson
and Verkuilen, 2006)
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The zero-one inflated Beta distribution

P (Yit = yit |Ci = k) =


ρ01
ikt

(
1− ρ1

ikt

)
if yit = 0

ρ01
iktρ

1
ikt if yit = 1(

1− ρ01
ikt

)
Beta(µikt , φikt) if 0 < yit < 1

where ρ01
ikt is the probability that the variable takes the value 0 or 1,

and ρ1
ikt is the conditional probability of inflation one
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Linking formulae

µikt =
eβkAit+δkWit

1 + eβkAit+δkWit
and φikt = eζkAζ,it (6)

where Ait = (1, ait , a
2
it , · · · , a

nβ−1
it )t , Aζ,it = (1, ait , a

2
it , · · · , a

nζ−1
it )t ,

Wit = (wi1, · · · ,winδ)t , βk = (βk1, · · · , βknβ ) and ζk = (ζk1, · · · , ζknζ ).

The other parameters are modeled as follows:

log

(
ρ01
ikt

1− ρ01
ikt

)
= ν01

k Ait (7)

and

log

(
ρ1
ikt

1− ρ1
ikt

)
= ν1

kAit (8)
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Log-Likelihood Function

l(ψ; y) =
n∑

i=1

log

(
K∑

k=1

πkgk(yi ;βk , δk , ζk , ν
01
k , ν

1
k )

)
, (9)

where

gk(yi ;βk , δk , ζk , ν
01
k , ν

1
k ) =

∏
yit=0

ρ01
ikt(1− ρ1

ikt)
∏
yit=1

ρ01
iktρ

1
ikt (10)

×
∏

0<yit<1

(
1− ρ01

ikt

) Γ(φikt)

Γ(µiktφikt)Γ((1− µikt)φikt)
yµiktφikt−1
it (1− yit)

(1−µikt)φikt−1.

(11)
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Numerical Simulation
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Real Data Example - data

De la Sablonnière et al. (2020) studied the quality of sleep among
Canadians during the COVID-19 pandemic.

In our study, we used a random subsample of 375 respondents from
periods 1 to 4 (Caron-Diotte et al.).

The sleep quality score was measured on a scale from 0 to 10, which we
then scaled to a range of 0 to 1.

Since many participants reported high sleep quality, resulting in a
significant number of scores of 1, the use of a standard beta regression
model was not recommended. Instead, we used the zero-one inflated beta
regression model, which is more suitable for this type of data distribution.

Following the work of de la Sablonnière et al. (2020) we calibrated a 4
group solution with linear typical trajectories.
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Real data example - comparison
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Real Data Example - results

π1 π2 π3 π4

ZOIB 13.25 34.18 47.27 5.29
BETA 13.61 25.10 36.02 25.27

β10 β11 β20 β21 β30 β31 β40 β41

ZOIB -0.58 0.03 1.44 -0.01 0.29 0.10 -1.44 0.87
BETA -0.54 0.02 1.36 -0.01 0.22 0.11 1.96 -0.02

φ1 φ2 φ3 φ4

ZOIB 1.64 3.18 1.93 4.77
BETA 1.62 3.21 2.01 0.65
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Conclusion

For values close to one (group 4), the BETA and ZOIB models
diverge significantly. The BETA model overestimates the size of this
group compared to the ZOIB model and increases the dispersion
parameter φ, thus allowing for greater variability within group 4 to
capture all individuals.

The ZOIB model provides supplementary and informative details,
particularly regarding the probabilities of belonging to the excess
states, which are π01

1 = 0%, π01
2 = 14.34%, π01

3 = 5.02%, and
π01

4 = 93.32%.

The conditional probabilities of being in the excess one state, given
that an individual is in the zero-one state, are π1

1 = 99.95%,
π1

2 = 100%, π1
3 = 100%, and π1

4 = 100%. These probabilities are
extremely high because the value 0 does not appear in the data set.
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