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General description of Finite Mixture models

We have a collection of individual trajectories.

We try to divide the population into a number of homogenous
sub-populations and to estimate, at the same time, a typical trajectory for
each sub-population. (Nagin 2005, Schiltz 2015)

This model can be interpreted as functional fuzzy cluster analysis.
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The basic model (Nagin 2005)

Consider a population of size N and a variable of interest Y.

Let Y; = yi,, Yi, .-, Yiy be T measures of the variable, taken at times
t1,...tT for subject number i and 7y the probability of a given subject to
belong to group number k.

For a given group G,, we suppose conditional independence for the
sequential realizations of the elements y; over the T periods of
measurements.

The density f of Y is given by
K
Flyinw) = > mg"(vi: Ok), (1)
k=1

where g¥(-) denotes the distribution of y;; conditional on membership in
group k and the role of the parameters © is to describe the shape of the
trajectories in group k.
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Predictors of trajectory group membership

X : vector of variables potentially associated with group membership
(measured before t7).

Multinomial logit model:

ex,-Gk
7Tk(X,') =

T Kk
§ :ex,-Ok
k=1

where 6 denotes the effect of x; on the probability of group membership
for group k.

(2)

K eXiek T
L=]1>" TP ). (3)

where p*(-) denotes the distribution of y;; conditional on membership in
group k.
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Adding covariates to the trajectories

Let W be a vector of covariates potentially influencing Y.

The likelihood then becomes

N K x:0 T
eV K
L= —~ I P (el A, Wi, ©4).
i=1 k=1 3 et t=1
k=1
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Possible data distributions

Poisson distribution

Binary logit distribution

(Censored) normal distribution

Beta distribution
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Function signature

R> trajeR(Y, A, Risk = NULL, TCOV = NULL, degre, degre.phi = 0,

+ Model, Method = "L",

+ ssigma = FALSE, ymax = max(Y) + 1, ymin = min(Y¥) - 1,

+ hessian = TRUE, itermax = 100, paraminit = NULL,

+ ProbIRLS = TRUE, refgr = 1, + fct = NULL, diffct = NULL,nbvar = NULL,
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Output of res

ult

## Model : Beta
## Method : Likelihood
##
## group Parameter Estimate Std. Error T for HO: Prob>|T|
## param.=0
##
## mean
## 1 Intercept -5.95316 0.1281 -46.4734 0
## Linear 3.66558 0.07649 47.92297 0
## Quadratic  -0.49316 0.01027  -48.04232 0
#i# zeta
## 1 Intercept 2.26533 0.0993 22.81197 0
#i#t Linear —0.00558 0.02466 -0.22636 0.82094
##
## mean
## 2 Intercept 3.73504 0.04525 82.53444 0
## Linear -0.98061 0.01144  -85.70519 0
## zeta
## 2 Intercept 2.35458 0.07128 33.03302 0
## Linear -0.00144 0.01771 -0.08113 0.93534
##
## 1 pit 0.344 0.02069 (o] 0
## 2 pi2 0.656 0.02069 31.19708 0
##
## Likelihood : 2516.737

o 5
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Graphical illustration of result

Values and predicted trajectories for all groups
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Density of the Beta distribution

Let Y be a random variable following a Beta distribution with mean p.

Consider the parameter ¢ defined by

var(Y) = w

¢ can be interpreted as a precision parameter, in the sense that a large
value of ¢ implies a small variance of Y.

The density f of Y can be written as

Flyimid) = ¢ ) yuoa(y — yyamem,

(1) (1 = p)9)
where 0 < ¢t < 1 and ¢ > 0.
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Finite mixture models for an underlying Beta distribution

Density of y;; conditional to membership in group Cj :

M(rit) Pkt it —1
8k(Yit: Hkits Prit) = Yie
(vit: takies Pit) [ (pkie@uie) T (1 — piie) duie) ™"

(1_yit)(1_ﬂkit)¢kit_1’

with
eBrAit 81 Wit
Hkit = 1 B Ao Wy and @it = CkAie. (4)
Likelihood of the data:
n K T M(Pkit) PkitPhit =L 01 (1= i) Pie —1
L= el_[":1 (Zk:l M Ilemt Mg g Yie (L) T Hione ) (5)
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Problem with the Beta distribution

Computationally, there are problems with data values of 0 or 1.

@ Nagin's model: Data need to be strictly between 0 and 1.

@ Our model: transformation of y into (y - (n — 1) 4 0.5)/n (Smithson
and Verkuilen, 2006)
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The zero-one inflated Beta distribution

p?lélt (1 - p}kt) if yir =0
P(Yie = yr|Ci = k) = P?kltp,lkt if yje =1

(1 — p9) Beta(pike, die) i 0 < yje <1

where p?klt is the probability that the variable takes the value 0 or 1,

and p}kt is the conditional probability of inflation one

Jang SCHILTZ Finite Mixture Models for an underlying zer December 9, 2024 18/26



Linking formulae

eﬁkAiH‘(Sk Wit A
g, = — and o, = ekt 6
Hikt 1+ eﬂkAitJerWit d)lkf ( )
_ 2 ng—1y¢ _ 2 ne—1y¢
where Ait - (Laitaa,‘t?"' y Ay ) ) AC,it - (17aitaa,'t7"' y At ) )

Wi = (Wit -, Wing)" Bk = (Bt -+ 5 Bkng) and Ck = (Ck1, -+ Ckne )-

The other parameters are modeled as follows:

01
log ( pikto;[ ) = V21Ait (7)
L — Pkt

and
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Log-Likelihood Function

n K
I(;y) = log (Z T8k (i Bro 0> Gl VR V;%)) (9)
k=1

i=1
where
s B Ok oo Vi i) = H Pke(L = Pike) H Pkt Pike (10)
yir=0 yie=1
X H :kt M(ike) yulktdhkf 1(1 . }/it)(l_uikt)¢ikt_1.
0<yp<l M(pinePine )T (L — pike) Pike)” "

(11)
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Numerical Simulation
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Real Data Example - data

De la Sablonniére et al. (2020) studied the quality of sleep among
Canadians during the COVID-19 pandemic.

In our study, we used a random subsample of 375 respondents from
periods 1 to 4 (Caron-Diotte et al.).

The sleep quality score was measured on a scale from 0 to 10, which we
then scaled to a range of 0 to 1.

Since many participants reported high sleep quality, resulting in a
significant number of scores of 1, the use of a standard beta regression
model was not recommended. Instead, we used the zero-one inflated beta
regression model, which is more suitable for this type of data distribution.

Following the work of de la Sablonniere et al. (2020) we calibrated a 4
group solution with linear typical trajectories.
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Real data example - comparison

Comparison of BETA and ZOIB Models
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Real Data Example - results

m ‘ o ‘ m3 ‘ s ‘
ZOIB | 13.25 | 34.18 | 47.27 | 5.29
BETA | 13.61 | 25.10 | 36.02 | 25.27
Bro | B | Boo | Bor | Bao | B3 | Bao | Bar |
Z0IB | -058 | 003|144 |-0.01]|0.29|0.10|-1.44| 0.87
BETA | -0.54 | 0.02 | 1.36 | -0.01 | 0.22 | 0.11 | 1.96 | -0.02
o1 | b2 | d3 | ¢a |
Z0IB | 164 | 3.18|1.93 | 4.77
BETA | 1.62 | 3.21 | 2.01 | 0.65
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Conclusion

@ For values close to one (group 4), the BETA and ZOIB models
diverge significantly. The BETA model overestimates the size of this
group compared to the ZOIB model and increases the dispersion
parameter ¢, thus allowing for greater variability within group 4 to
capture all individuals.

@ The ZOIB model provides supplementary and informative details,
particularly regarding the probabilities of belonging to the excess
states, which are 791 = 0%, 79! = 14.34%, 73! = 5.02%, and
7ol = 93.32%.

@ The conditional probabilities of being in the excess one state, given
that an individual is in the zero-one state, are 7] = 99.95%,

73 = 100%, 73 = 100%, and 74 = 100%. These probabilities are
extremely high because the value 0 does not appear in the data set.
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