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Résumé. Les versions actuelles de modeles de mélanges finis avec des dis-
tributions béta sous-jacentes ont comme probleme que les données doivent
vérifier 0 < y < 1. Nous résolvons ce probléeme en utilisant la distribu-
tion béta avec exces de zéro et un a la place et présentons notre package
R trajeR qui permet de calibrer le modele. Nous illustrons certaines des
possibilités de trajeR au moyen d’un exemple avec des données simulées.

1 Introduction

Finite Mixture Models in the sense of Nagin (2005) are fuzzy logic cluster analysis
models for time series. Starting from a sample of trajectories, the aim is to detect
a number of subgroups of the sample, so that subjects in the same group exhibit
quite similar data trajectories, whereas two subjects from two different groups have
trajectories that differ in some sense. These models are part of a larger strand of
models that analyze latent evolutions in longitudinal data.

Group-based trajectory models have no random effects to capture individual diffe-
rences in a continuous way. All individual deviations from the typical trajectory of a
group are treated as residual errors.

Initially, in finite mixture models, the error variance is supposed to remain constant
over all groups and the complete time line. This implies that far fewer parameters need
to be estimated and these kind of models remain useful for small samples. Schiltz (2015)
introduced a generalization of this model in which the error variance remains constant
inside a given group, but is allowed to differ across groups, which is a far more realistic
assumption in a lot of applications.

While the conceptual aim of the analysis is to identify clusters of individuals with
similar trajectories, the model’s estimated parameters are not the result of a classical
cluster analysis, but of maximum likelihood estimation Nagin (2005).
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Finite mixture models for an underlying Beta distribution was introduced by Elmer
et al. (2018) and a generalization of it to time-varying variances in Noel et Schiltz
(2024). The family of Beta distributions has the big advantage of containing very
diverse density shapes which makes it very interesting for modeling in a lot of real life
applications. The two previous models present however the disadvantage that it cannot
handle data with values of 0 or 1. We overcome that difficulty by presenting a model
using a zero-one inflated Beta distribution instead and presents th R package trajeR
which allows to calibrate the model. The package can be seen as an extension of the
SAS procedure Proc Traj developed by Jones et al. (2001), Jones et Nagin (2005) and
their Stata version (Jones et al., 2001) with the additional advantage that, as an R
package, it is open source software and can be adapted to the needs of the users.

2 Finite mixture models

In group based trajectory modeling, we consider a population of size N divided into
K latent classes. The assignment of the individuals into classes is based on the degree
of similarity of the developmental trajectories.

More precisely, consider a time-varying variable of interest Y defined in a popula-
tion Q of size N. Let Y; = v;,,--- ,yi, be T measures of the variable Y, taken at times
t1,--- ,tp for subject number 3.

The aim of the analysis is to divide the population into K sub-populations Gy, ...G,
which are homogeneous in the sense that two subjects in the same group have similar
trajectories for the variable of interest Y and two subjects in different groups have
quite different trajectories for the variable of interest Y.

Let P*(Y;) be the probability of Y; given membership in group Gy and P(Y;) the
unconditional probability of observing the realization Y; of Y. Furthermore, for a given
group G, we suppose conditional independence for the sequential realizations of the
elements y;, over the T periods of measurements. Then,

K
P(Y;) =Y P(G; = k) P¥(Y)). (1)

k=1

By definition of a finite mixture model (Nagin, 2005), the density f of Y is given
by
K
Fisv) = mgn(yi; Ok). (2)

k=1

The role of the parameters O is to describe the shape of the trajectories in group
k.

This models supposes no structural between-subject variability within a class, hence
the error variance is assumed to be constant inside a given class. Moreover, the group
size m > 0 denotes the probability of a given subject to belong to group number k£ and
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thus
K
Zﬂ'k =1.
k=1

Since in practice, it is difficult to constraint the 7 to be numbers between 0 and 1, we
link the m to a set of parameters 61, ..., 0k such that

efr

T =
O

] =

e
k=1

The model depends thus on the parameter set ¥ = (K, 01,--- ,0x_1,01, -+ ,0K).

There are two interesting generalizations of this basic finite mixture model. First,
we can test if group membership of the individuals is influenced by a static set of R
risk variables X = (X;--- Xg), that are typically measured before the start of the
trajectories Y. Second, we can investigate the relationship between the trajectories Y
and a time-dependent covariate W which is independent of X. Let’s point out, that
this is basically regression analysis, so there is no automatic proof of causality here.
We test if there is a significant relationship between Y and W and can only conclude
that W influences the trajectories of Y if we get the causal status of the relationship
by other means.

Combining these two extensions, the conditional density of Y given X and W is given
by

K

T
f(yilxiawi) = Z <P (Gi = lei = X4 HP yu‘X =z, Wi =w;,G; = k)) >
t=1

k=1
(3)
which can be written as

T
[ (yilmi, wy) = Z Z = HP w =Y Wi=w;, G =k) | . (4)

Nagin (2005) defined this model for underlying logit, (censored) normal and zero
inflated Poisson distributions. In this paper, we extend the model to an underlying
Beta distribution.

3 The Beta distribution

The Beta distribution is quite useful for modelizing percentages and proportions,
since it takes values between 0 and 1. Its density depends on the two positive shape
parameters o and 3. The primary advantage of this distribution is the flexibility of the
shape of its density, as can be seen in Figure 1.
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Fic. 1 — Example of different shapes of the Beta density for some parameters.

This flexibility allows to capture a lot of non normal distributions within the interval
[0; 1], which should help to resolve the problem that common Gaussian mixture models
may extract too many latent groups due to non-normality of the outcome as highlighted
by Bauer et Curran (2003).

In a regression context, another parametrization of the density is commonly used
(Ferrari et Cribari-Neto, 2004). Let Y be a random variable following a Beta distribu-
tion with mean u. Consider the parameter ¢ defined by

p(1 — p)

var(Y) = o

¢ can be interpreted as a precision parameter, in the sense that a large value of ¢
implies a small variance of Y. The density Beta of Y can be written as

Beta(y; p; ¢) = F(uc/))lf‘(((qlﬂ— ) yro1(1 — ) (1wt

)

where 0 < 4 < 1 and ¢ > 0.

4 Finite mixture models for the zero-one inflated Beta dis-
tribution

As mentioned in the last paragraph, Beta distributions only have values between 0
and 1, which might seem quite reductive. But any continuous variable Y with bounds
(a,b) can of course be transformed to the standard unit interval using Y* = (Y —
a)/(b— a) and so the use of Beta distributions could actually be meaningful for most
data sets.
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For the finite mixture model with underlying zero-one inflated Beta distribution,
called here the ZOIB model, we consider that

Pone (1 - p%kt) if yiy =0
P (Y = yu|Wi = wi,C; = k) = ¢ (1 — p%,) Beta(pike, dire) fo<yr<1l (5)
Pore ikt if yir =1,

where p%t is the probability of the zero-one inflation, i.e. the probability that the
variable Y takes the value 0 or 1, pl,, is the conditional probability of inflation one,
i.e. the probability that the variable takes the value 1 knowing that it is either 0 or 1.

As in the classical BETA model, we then establish the relationship between the
trajectory and the time variable using the formulas

ekaAit"r(SkW“ o
Pkt = 1 4 eBrAic+0r Wiy and ¢;ir = e~Fit, (6)
where Ay = (1,a,02, -+ ,a;” ) Acie = (L ai, a2, yas ) Wi = (winy -+, Wing )Y,
Bk = (Br1s++ + Brny) and G = (Ck1s+ » Crne )- The tho parameters introduced above
are modeled as :
1 p?]%t _ OlA 7
08 1— 01 =V it ( )
ikt
and
log (1 it > i, .
ikt

Thus the log-likelihood of the model becomes

n K
(;y) =) log (Z TGk (Yis Brs Ok Chr VI V%)v) (9)

i=1 k=1
where
96 i3 Brs Oy G vt i) = T 0% (1 = pine) TT #0hepine (10)
yit=0 Yyir=1
[(ikt) N
X 1— 0L L Wikt Pikt 1
0<?1:.!<1 (1= i) D(pinePine)U((1 — prine) Pike) Yit (

(11)

_ yit)(l—mm)%m—l_
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5 The R package trajeR

The package trajeR is built around the core function trajeR which fits the model
and computes its parameters for given degrees of the polynomial trajectories in the
different groups. The function signature for trajeR is

R> trajeR(Y, A, Risk = NULL, TCOV = NULL, degre, degre.phi = 0,

+ Model, Method = "L",

ssigma = FALSE, ymax = max(Y) + 1, ymin = min(Y) - 1,
hessian = TRUE, itermax = 100, paraminit = NULL,
ProbIRLS = TRUE, refgr = 1, + fct = NULL, diffct = NULL,
nbvar = NULL, nls.lmiter = 50)

+ + + +

Some of these arguments are mandatory others optional.

The mandatory arguments are the main data matrices Y, A, as well as degre,
degre.phi, Model and Method.

Here Y is the matrix containing the values of the variable of interest and A is the ma-
trix containing the age or time variable. In most applications, this matrix just contains
times of measurement that are the same for each individual in the sample, implying
that all lines of the matrix A are equal, but this is not necessarily the case. A can for
instance contain the age of the different individuals at the times of measurement, which
is generally different for each individual in the sample.
degre is a vector indicating the degree of the polynomials describing the typical tra-
jectories in the different groups. Implicitly, the dimension of this vector also indicates
the number of groups into which we want to divide the population, so there is no no
need for a seperate argument for the number of groups.
degre.phi is a vector indicating the degree of the polynomials describing the precision
parameters in the different groups.

Model is a string defining the underlying distribution used in the model. The possible
choices are LOGIT for the Logistic Regression Mixture Model, CNORM for the Cen-
sored Normal Mixture Model, ZIP for the Zero Inflated Poisson Mixture model, BETA
for the BETA model and ZOIB for the zero-one inflated Beta Model.

Method, finally, is a string to decide which algorithm is used for estimating the model
parameters. In case of the BETA and ZOIB models, only L for direct optimization is
possible.

The optional arguments are Risk, TCOV, degre.nu, ssigma, ymax, ymin, hessian,
itermax, paraminit, ProbIRLS, refgr, fct, diffct, nls.1lmiter, ng.nl and nbvar.
Risk is a data matrix that contains the values of the covariate X modifying the
group membership probability. By default, there is no such variable and Risk is a one-
column matrix with value 1.
ProbIRLS allows to decide which method is used to compute the predictor probabilities.
If its value is TRUE (default setting) we use the IRLS method and if it is FALSE we
use the optimization method.
TCOV is an optional data matrix containing a time-dependent covariate W that in-
fluences the trajectories themselves. By default its value is NULL.
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To ensure the identifiability of the parameters of the predictor, we have to fix a refe-
rence group. This can be done by the refgr command. It’s default value is 1.
hessian indicates if we want to calculate the Hessian matrix, the default value being
FALSE. If the method used is direct optimization, the Hessian matrix is computed by
inverting the Fisher Information Matrix.

itermax gives the maximal number of iterations for the optim function or for the EM
algorithm.

The choice of the initial parameters is very important in optimization problems. We
can specify these initial parameters by paraminit. By default trajeR calculates the
initial value based on the range or the standard deviation of the data (for the details,
see Noel (2024)).

The output of trajeR for the ZOIB model is an object of class Trajectory.Z0IB.

5.1 Numerical application with simulated data

We generate 50 samples of 200 individuals, each of which follows a beta distribu-
tion containg zeros and ones. These individuals are divided into two groups with the
following characteristics :

— Group 1 : m = 0.4, 8; = (1.8833,—1.90201,0.219884)

— Group 2 : w3 = 0.6, B2 = (—0.456576,1.02901, —0.134615)

— For group 1, v = —1, and for group 2, v4 = 1, so that the probabilities for a
given value to be either 0 or 1 are 0.73 and 0.27 respectively.

We test several hypotheses about ©°! to measure the accuracy of the ZOIB model com-
pared to the Beta model. We set 9! and 8 to 0, —1.1, —2.19, —4.6, and —50, making
the probability of belonging to the zero-one state approximately 50%, 25%, 10%, 1%,
and 0%, respectively. This allows us to assess the model’s performance as the number
of zeros or ones increases.

We fit the classical model with underlying beta distribution, as well as our model
with underlying zero-one inflated beta distribution and we compare the values of the
parameters.

We note that when the number of zeros or ones is very small, the two models
perform similarly. However, as the number of zeros or ones increases, the results of the
two models begin to diverge significantly. The Beta model tends to be less accurate
than the ZOIB model in these cases. To capture the excess of zeros or ones, the Beta
model must increase its variability to be more flexible. Conversely, the ZOIB model
captures this excess state through its logistic component, allowing the beta component
to more accurately capture the variability of the data.
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Summary

Current versions of finite mixture model with underlying Beta distributions have
the problem that the data y have to verify 0 < y < 1. We resolve that problem by
using the zero-one inflated Beta distribution instead and present our R package trajeR
which allows to calibrate the model. We illustrate some of the possibilities of trajeR
by means of an example with simulated data.



