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Abstract

In this paper, we present the asymptotic theory for integrated functions of increments
of Brownian local times in space. Specifically, we determine their first-order limit,
along with the asymptotic distribution of the fluctuations. Our key result establishes
that a standardized version of our statistic converges stably in law towards a mixed nor-
mal distribution. Our contribution builds upon a series of prior works by S. Campese,
X. Chen, Y. Hu, W.V. Li, M.B. Markus, D. Nualart and J. Rosen [2, 3, 4, 5, 10, 13, 14],
which delved into special cases of the considered problem. Notably, [3, 4, 5, 13, 14]
explored quadratic and cubic cases, predominantly utilizing the method of moments
technique, Malliavin calculus and Ray-Knight theorems to demonstrate asymptotic
mixed normality. Meanwhile, [2] extended the theory to general polynomials under
a non-standard centering by exploiting Perkins’ semimartingale representation of
local time and the Kailath-Segall formula. In contrast to the methodologies employed
in [3, 4, 5, 13], our approach relies on infill limit theory for semimartingales, as
formulated in [6, 8]. Notably, we establish the limit theorem for general functions
that satisfy mild smoothness and growth conditions. This extends the scope beyond
the polynomial cases studied in previous works, providing a more comprehensive
understanding of the asymptotic properties of the considered functionals.
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1 Introduction

Over the past five decades, the mathematical literature has witnessed a surge in interest
regarding the probabilistic and statistical properties of local times. Originating from
the structure of a Hamiltonian in a specific polymer model, numerous investigations
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Limit theorems for general functionals of Brownian local times

have been dedicated to the asymptotic theory concerning functionals derived from
the local time of a Brownian motion. A notable body of work in this domain includes
[2, 3, 4, 5, 10, 13]. Recall that the local time (L*).cr of a Brownian motion (W;)c(0,1]
over a time interval [0, 1] is defined as the almost sure limit

1

1
L* = 1;?8276‘/0 1(1_57r+5)(W5)d8. (1.1)

The primary focus of our paper centers around statistics of the form:
V(Pk = / f (h‘l/Q(L”” — L“)) dr, h>0, (1.2)
R

where f : R — R is a smooth enough function with f(0) = 0. Our objective is to ascertain
the asymptotic behavior of the statistic V(f)% as h — 0. The theorem below summarizes
several special cases, extensively explored in the existing literature, that fall within the
scope of our investigation.

Theorem 1.1. Let Z be a standard Gaussian random variable independent of the local
time (L%),eR-

(i) Chen et al. [3], Hu and Nualart [4], Rosen [14], case f(z) = 2% Ash — 0

1 . o\ 2 d 64
z+h 72 _ )2
7 (/R (L L") dx 4h> /3 /R(L )2dz x Z.
(ii) Hu and Nualart [5], Rosen [13], case f(x) = 23: As h — 0

1
3/ (Lot — 1) do % 192/ (L*)3dzx x Z.
h R R

(iii) Campese [2], case f(z) = 27 with ¢ € N>5: Ash — 0

1
3/2 (/ (LQHh - Lx)q dx + Rq,h> SN Cq /(Lx)qdz X Z,
h R R

where the random variable R, is given by

La/2]

g—2k xz+h k
Ryn:=Y_ agk / (Loth — 17) 4 / Lidu | d,
k=1 R x

and the constants a,; and ¢, are defined as

(—1)kqg! 22a+1g]
= — d = .
Qak = okpl(g — 2k ¢ G +1

The weak convergence established in Theorem 1.1(i) for the quadratic case has been
demonstrated via the method of moments in [3]. On the other hand, in [4], techniques
from Malliavin calculus, along with a version of the Ray-Knight theorem, were employed
to derive the same result. Similar methodologies were applied in [5, 13] to establish the
cubic case outlined in Theorem 1.1(ii). The more general outcome of [2], as presented in
Theorem 1.1(iii), employs a distinct technique to establish asymptotic mixed normality.
The starting point in [2] is the semimartingale representation of the local time (L*),cR,
initially proven by Perkins in [11]. This representation, in turn, implies a semimartingale
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decomposition of the statistic [, (L**" — L*)? dz. The somewhat intricate standardiza-
tion R, is derived from the Kailath-Segall formula [15], ensuring that the normalized
object is a martingale. In the final step, the asymptotic Ray-Knight theorem is applied to
deduce weak convergence.

It is worth noting that Theorem 1.1(iii) extends the results of Theorem 1.1(i) and (ii)
due to Ry j, = —4h and R = 0 (cf. [2]). However, in other cases, the standardization
R, n is somewhat unnatural as it depends on the parameter h. Our main result, presented
below, not only extends Theorem 1.1 to general functions but also employs a much more
natural standardization. Unless stated otherwise, all random variables are defined on a
given probability space (2, F,P).

Theorem 1.2. Let f € C(R) be a function with polynomial growth satisfying f(0) = 0.
Define the quantity
pu(f) == E[f(N(0,u*)] forueR. (1.3)

Then it holds that
VO B V(f)m = / po(f)du  where oy = 2V/I¥ (1.4)
R

as h — 0. If moreover f € C'(R) and f, f’ have polynomial growth we deduce the stable
convergence

UH)l = h~Y2 (VD — V(Hr) 25 U(f)g = /R SR —oRpR (f) AW, (1.5)

where W’ is a Brownian motion defined on an extended probability space and indepen-
dent of F. The quantity v, is defined as

1
V2= 2/ cov (f(zBy), f(2(Besr — B.))) ds (1.6)
0

with B being a standard Brownian motion.

Building on the insights presented in [2], our approach begins by leveraging the semi-
martingale representation of the local time. This transformation allows us to recast
the original problem into an asymptotic statistic of a semimartingale. Employing a
series of approximation techniques from stochastic analysis, we then apply the limit
theory for high-frequency observations of semimartingales, as established in [6]. This
application yields the stable convergence result expressed in (1.5). However, it’s im-
portant to highlight that our framework diverges from classical results established in
works such as [1, 7, 9, 12] in several aspects. Firstly, we need to introduce a blocking
technique as a necessity to break the correlation in the statistic V(f)%. Another notable
departure from standard high-frequency theory lies in the assumption regarding the
semimartingale property of the diffusion coefficient. This property, crucial for obtaining
the necessary smoothness for a stable limit theorem, is absent in our model. Instead,
our diffusion coefficient is represented by the process o, defined in (1.4), which is not
a semimartingale. Consequently, we employ more nuanced techniques to derive the
asymptotic theory.

A surprising distinction, in comparison to [9], is observed in the form of the limit
at (1.5). Generally, when the function f is not even, the limit typically comprises three
terms, revealing an F-conditional bias (cf. [6, 9] and Theorem 2.1 below). However, in
our scenario, we obtain a simpler limit denoted as U(f)r, devoid of an F-conditional
bias. This holds true regardless of whether the function f is even or not.

The paper is structured as follows. Section 2 provides crucial technical results,
including the semimartingale decomposition of the local time (L*),cr and a functional
stable central limit theorem. In Section 3, we delve into the proof of the main result.
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Notation

Unless explicitly stated otherwise, all random variables and stochastic processes are
defined on a filtered probability space denoted by (2, F, (F;)ter, IP). All positive constants
are denoted by C (or by (), if we want to emphasise the dependence on an external
parameter p) although they may change from line to line. We use the notation

I; := [min(0, t), max(0, t)].

We say that a function f : R — R has polynomial growth if it holds that | f(z)| < C(1+|z|?)
for some p > 0. We denote by (X, Y') the covariation process of two semimartingales X
and Y. For real-valued stochastic processes Y” and Y, we employ the notation YY" LRy
to signify uniform convergence in probability, specifically:

sup |Y;" — Yy L0
teA

for any compact set A C R. For a sequence of random variables (Y"),cn defined on a
Polish space (F,£), we say that Y converges stably in law towards Y (Y™ LN Y’), which
lives on an extension (€', T/, P’) of the original probability space (2, F,P), if and only if
lim E[Fg(Y")] = E'[Fg(Y)]
n—oo

for all bounded F-measurable random variables /' and all bounded continuous functions
g: E—R.

2 Definitions and preliminary results

To begin, we utilize the semimartingale representation of the local time process (L*),cr,
as derived in [11]. This representation posits the existence of a Brownian motion (B;):er
such that the local time is expressed as follows:

L* =17 —|—/ oydB, +/ aydy, T >z, (2.1)

where the diffusion coefficient o is defined at (1.4), and the drift coefficient a is a
predictable, locally bounded process. This representation, as emphasized in the intro-
duction, serves as a fundamental tool for establishing the stable limit theorem in (1.5).
Additionally, we introduce two random times

S:=inf{a<0: L* > 0}, S:=sup{a>0: L* >0}, (2.2)

and remark that S and S are stopping times with respect to the filtration generated by L.
Note L® = 0 for any z ¢ [S, S].

To establish the results outlined in Theorem 1.2, it is essential to introduce a func-
tional version of the statistic V(f)k. For a fixed T > 0, we define this functional as

follows:
V(f)h ::/ f (h—l/Z(LHh —Lw)) de, te[-T,T). (2.3)
Iy

We obtain the following theorem.

Theorem 2.1. Let f € C(R) be a function with polynomial growth satisfying f(0) = 0.
Then it holds that

V(A" V(flash—0  where V(f), ::/ po. (f)du. (2.4)
I
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Assume moreover that f € C'(R) and f, f/ have polynomial growth, and define the
process

U =h"2(V(HE=V(f)e).

Then, as h — 0, we obtain the functional stable convergence U( f)’l L4 U(f) on
(C([_Ta T])» || ‘ Hoo), where

U(f) ::/ Taf,ard$+/ wc,deer/ \Jv2 — w2 dW). (2.5)
t I e, 0z I, 3 I, x x E

The processes v, and W’ have been introduced in Theorem 1.2, while the quantities w,,
and r, ., are defined as

wy = up(f), (2.6)

Furne = 1o (f) + / E [f (us(Boss — B.))(B2 — 2)] do.

We now demonstrate that the consistency statement in (1.4), as mentioned in Theo-
rem 1.2, follows from the more general results provided in Theorem 2.1. Initially, we
observe the identities

VINE=V(HE+V(NHe+0p(), V(Hr=V(fs+V(f)z (2.7)

hold. For any € > 0, we conclude that

P(V()E-V(N)sl > =) <P ( sup V()= V()] >z 18] < T>

te[—T,T)
+P (S| >1), (2.8)

and a similar estimate holds for the probability ]P(|V(f)% —V{(f)g| > ¢). Consequently,
the uniform convergence in (2.4) implies the statement in (1.4) when we choose 7" to be
sufficiently large and then h to be sufficiently small. This establishes the consistency
result in the context of Theorem 1.2.

Subject to an additional smoothness condition on the function f, the expression for
the limit U(f); simplifies as demonstrated in the following proposition.

Proposition 2.2. Assume that f(0) =0, f € C3(R), and f and its first three derivatives
have polynomial growth. Define the function

G(u) ::/ poyz(f)dz,  u>0. (2.9)
0

Then we obtain the identity

U :GLt—GLO—s—/ 2 — w2 dW). (2.10
(f)e=G(L") = G(L) zt‘/U’ wg, )

Proof. First of all, we note that p,(g) < co when the function g has polynomial growth.
Observing the semimartingale decomposition at (2.1), an application of It6 formula gives

L) =P+ [ "L+ / (L L,

a
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for any F' € C?(R) and any b > a. A twofold application of an integration by parts formula
implies that

1
/0 E [f (un(Bosr — Bo)(BE — )] de = udpuy (f").

According to definition (2.9) it holds that
G'(u) = p2\/ﬁ(f/) and G"(u) = 2P2\/a(fm)-
Consequently, we deduce the identity

/Tax,a'zdx‘f'/ U)a'IdBI:/ pau(f/)dLu+/ o_zpo_u(flll)du

I I I I

_ / G’(oi/4)dL“+% / 062G (02 /4)du
n I

= / G'(L*)dL" + 2/ LAG"(L")du = G(L') — G(L°).

n I

This completes the proof of the proposition. O

As a consequence of Proposition 2.2 and the identity L* = 0 for = ¢ [S, S], we infer that

Ul = UNs + V(s = [ o, =, aw. @.11)

provided the function f satisfies the conditions outlined in Proposition 2.2. Therefore,
the stable convergence asserted in Theorem 1.2 follows from Proposition 2.2 when
accompanied by a suitable approximation argument. The details of this argument will be
explained in Section 3.4.

Example 2.3. Here, we illustrate that Theorem 1.2 includes the results of Theorem 1.1(i)
and (ii) as specific cases.

(i) Consider the quadratic case f(x) = 22 and note the identities p,(f) = u?, p,(f') = 0.
We immediately conclude that

V(f)r = / o2du = 4/ L%du = 4,
R R
where the last equality follows from the occupation time formula. We also deduce that
1 1 4
v2 = 29;4/ cov (B}, (Bsp1 — By)?) ds = 4x4/ cov (By, Bey1 — Bs) ds = §x4,
0 0

and consequently we get vgu = %(L“)Q. Thus we recover the statement of Theo-
rem 1.1(i).

(i) Now, consider the cubic setting f(x) = z3. In this scenario we deduce the identities

pu(f) = 0 and p,(f') = 3u?. Consequently, V(f)r = 0 and w2 = 9u®. A straightforward
computation shows that

v2 = 2/1 cov (f(xBy), f(x(Bsy1 — By))) ds = 1225,
0

Thus we deduce the identity v2 — w? = 192(L")® and we recover the statement of
Theorem 1.1(ii). O
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3 Proofs

3.1 Preliminary results

To simplify our analysis, we begin by establishing stronger assumptions on the involved
stochastic processes. Analogous to the reasoning provided in (2.8), we can perform all
proofs on the set {S,S € [T, T]} for some T > 0. Provided L* > 0 for all z € [y, z], we
will also use the identity

o, =0,+2(B, - B,) +/ Gy - (L%) 7Y 2dy, (3.1)
)

where @ is a locally bounded process. This identity follows from o, = 2v/L* and an
application of the It6 formula to (2.1).

Additionally, given that a,a and o are locally bounded processes, we may, without
loss of generality, assume that

sup (|ag(w)] + [az (W) +|oz(w)]) < C
we, ze[-T,T]
by employing a standard localization argument (cf. [1]).
Due to the boundedness of coefficients a and o we deduce from Burkholder inequality
for any a < band p > 0:

E| sup |L* — LP

z€[a,b]

< Cplb—alP/?. (3.2)

Consequently, due to definition in (1.4), we also deduce the inequality

E

sup |0, — 0alP| < Cplb — alP/t (3.3)
z€la,b]

Furthermore, for any function g : R — R with polynomial growth we have that
E [g (h‘l/Q(L”h - L””))] <, (3.4)

which follows directly from (3.2).
We will often use the following lemmata, which are well known results.

Lemma 3.1. Consider the process ;" = Zﬁtﬂ X%, t € [0,T], where the random variables

are y; are J;,,-measurable and square integrable. Assume that

[nt] [nT|
Z E [X}|Fi-1ym] —3Y; and Z E [(x?)?F(i=1)/n) )

i=1 i=1

Then Y™ ““%' ¥V as n — oo.
Lemma 3.2. Consider a sequence of stochastic processes Y and Y. Assume that

d, 1,
ynm S 7m asn o0, Z™E%Y asm — oo, and

lim limsup P < sup |V;"" =Y > 5) =0 foranye > 0.

M= n—oo te[0,77]

Then it holds Y™ %% ¥ as n — oo.

The following estimate is important for the mathematical arguments below.
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Proposition 3.3. It holds that

sup P (z€(S,5), L* €0,¢)) < Cre.
z€[-T,T)]

Proof. Let 7, be the first time the Brownian motion W hits the level z € R. For z € (S, S),
it must satisfy 7, < 1. Now, applying the strong Markov property of Brownian motion,
we introduce a new process W; := Wy, — W, , where ¢ > 0. Consequently, W is a new
Brownian motion independent of 7. Let L¥ (W) denote the local time of W at point = up

to time ¢. This leads to the relation L{ (W) = LY __ (W). A well-known result asserts that

LO(W) < |W,| for any fixed u. Thus, by conditioning on 7,, we infer that
P(z€(S,9), L* €[0,¢)) <P (r <1, L € [0,¢))
=P (1. <1, VI—7 |N(0,1)] € [0,¢))
< CeB |1, iy (1= 72) 72

The density of 7, is given by p(u) = (27)"'/?|z|u=3/2 exp(—2?/2u)1,>0;. Hence, we
conclude that

E |:1{7-:1:<1}(1 — Tw)_1/2:| < 00,
which completes the proof. O

3.2 Law of large numbers

In this section we show the uniform convergence in probability as stated in (2.4). An
application of (2.8) implies the statement (1.4).
The basic idea of all proofs is to consider the approximation

hil/Q(LIJrh B La:) ~ hil/z(fm(Bz—Q—h — Bz)

Observing this approximation we see that the two increments A~/ 2(L=th — L*) and
h~Y/2(Ly+h—LY) are asymptotically correlated when |z—y| < h. To break this dependence
we use a classical blocking technique. For ¢ > 0 we introduce the sets

A;(m) = [i(m + 1)h,i(m + 1)h + mh],
Bi(m) = [i(m + 1)h +mh,i(m + 1)h + (m + 1)h].

Note that the length of A;(m) is mh (big block) while B;(m) has the length h (small
block). In the first step we obtain the following decomposition:

V()= Z"™(f) + RY(f) + DR (),

where

Zrmf) = > /Ai(m) f (h*l/Q(Lerh _ La:)) dz,

1€N:i(m~+1)h+mhel,

R?m(f) = Z / f (h*l/Q(Lberh _ Lz)) dr,
i€N: i(m~+1)h+mhel, Bj(m)

and D}"™(f) comprises the edge terms and satisfies

D () X0 ash—0 (3.5)
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due to (3.4) and the polynomial growth of f. Next, we will analyse the asymptotic
behaviour of the processes Z"™(f) and R"™(f).

(a) Negligibility of R? "™ (f): First, we observe the inequality

sup |RE(F)] < RE™(F) + REZ(SD)
te[—T,T)

Since f has polynomial growth we deduce that |f(z)| < C(1 + |z|P) for some p > 0. Due
to inequality (3.2) we get

B[R (1) + RU7(1£)] < om™.

Thus, we conclude that

lim limsupP [ sup |RI™(f)| >e| =0, (3.6)
m=00  ph0 te[—T,T)
for any ¢ > 0. This proves the negligibility of the term R"™(f). O

(b) Law of large numbers for the approximation: We introduce the following approxima-
tion of the statistic Z;"™(f):

7" = 3 ol (m), (3.7)

1€N: i(m~+1)h+mhel,

Oé?(m) : /A ( ) f (h_l/zat?(m) (Bx+h — B$)> dx,

where t%(m) = i(m + 1)h is the left boundary of the interval A;(m). Due to Riemann
integrability we deduce that

3 B[ ()| Fyp 1)) = mh > Doy (F) 8 V()

1€N: i(m+1)h+mhel, 1€N: i(m~+1)h+mhel,

u.c.p.

as h — 0and m/(m+ )V (f) — V(f) as m — oo. By Lemma 3.1 it suffices to prove
that
3 E Ua?(m)f \ftﬁ(m)} L0 ash—0.
i€N:<i(m+1)h+mhe[—T,T]
By (3.4) we readily deduce that

o (m)[*|Fpn (m)] < C(mh)?.

Hence, we conclude

72N B V(fash 0, and B V() S V() asm oo, (38)
O
(c) In view of steps (a) and (b) we are left to proving the statement
7" - 2Mm(f) o, (3.9)
Since f has polynomial growth we have the following inequality for €, A > 0:
[f(x) = f)] < C(wp(A,e) + 1+ 2P + [yP)Aga>ay + Liy>ay + Lja—y>e})) 5
EJP 29 (2024), paper 128. https://www.imstat.org/ejp
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where wy(A, ) == sup{|f(z)— f(¥)| : ||, |yl <A, |z—y| < e} is the modulus of continuity
of f. Using this inequality and (3.2), and also 1gy> a3 < A7 z|, 1jju_ysey < e Mz —y
we conclude that

’

E| sup ‘7?’m(f) - Z?’m(f)‘ < C(wf(A,s) +A!
te[-T,T)
z+h 1/2
+e ! Z / R/2 4 p=1/2 / o —O't?(m)‘Qdu de.
i€N: §(m+1)htmhe[-T,T] 7 Ai (M) x

Since o is continuous and bounded we see that the third term converges to 0 as h — 0.
On the other hand, we have that lim._,o ws(A,¢) = 0 for a any fixed A. Hence, we deduce
that

—h,m

Z7(f) = 2P () R0

by letting first h — 0, then ¢ — 0 and A — oco. Due to statements (3.6) and (3.8), we
obtain the convergence in (2.4). O

3.3 Stable central limit theorem

Demonstrating the stable central limit theorem as stated in Theorem 2.1 poses a more
intricate challenge. Our approach is primarily based upon limit theorems for semimartin-
gales, notably in works such as [1]. It is crucial to highlight that the diffusion coefficient
0. = 2¢/L* is not a semimartingale, introducing a heightened level of complexity to the
proofs. We will continue to employ the blocking technique introduced in the preceding
section.

First of all, we decompose our statistic into several terms:

3

3
U(f)h — Z Zh,m,k(f) + ZRh,m,k(f) _’_Eh,m. (3.10)
k=1

k=1

Here the processes Z"™k(f), k = 1,2,3, are big blocks approximations, which are
defined by

Zth,m,l(f) — h—1/2 Z (Oé?(m) - E[a?(m)‘ftf‘(m)D ?

1€IN: i(m+1)h+mhel,

A DEI S DS ( / P G L a?<m>> ,

i€N: i(m+1)h+mhel,

ZAUETSLND S | o P (D = pec D)) da

i€N: i(m+1)h+mhel;
The small block processes R"™F(f), k = 1,2,3, are introduced in exactly the same
way with the set 4;(m) being replaced by B;(m) in all relevant definitions. Finally, the

—h ) o
process D " comprises all the edge terms. Similarly to the treatment of the term D™
in (3.5), we immediately conclude that

—h,m wu.c.p.

D — 0 as h — 0. (3.11)

In the following subsections we will show that all small blocks terms are negligible in
the sense

lim limsupP [ sup |[RI'™F(f)|>e| =0 foranye >0, (3.12)
m=0o0  ph40 te[—T,T)
EJP 29 (2024), paper 128. https://www.imstat.org/ejp
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for all £ = 1,2, 3. Finally, we will show that

Zh’m’l(f) ﬂ) U/m(f), Zh,m,Q(f) “ﬂ; U//m(f)7 Zh,m,3(f) “ﬂ; 0

as h — 0, and moreover

U™(f) L5 U'(f) = [y we,dBy + [ /02, — w2 dWL, (3.13)

UI/m(f) uﬂ U”(f) = fO Tay,00 dx

as m — oo. Consequently, due to (3.11)-(3.13), an application of Lemma 3.2 and
properties of stable convergence imply the statement of Theorem 2.1.

3.3.1

Central limit theorem for the approximation

Recalling the notation from the previous subsection, we set

ZEm(f) = 3 X! (m).

1€N: i(m~+1)h+mhel,

We now prove the stable central limit theorem for Z"™1(f) as h — 0. According to
Theorem [8, Theorem IX.7.28] we need to show that

1€IN:

1€IN:

1€IN:

1€IN:

> B[ X" (m) P F )] = [ 02 (m)da (3.14)
i(m+1)h+mhel, Iy
P
> E[X] (m) (B ()4 (m1yn — Bt ()| Fe(my] — Cm/ Wo,dz (3.15)
i(m+1)h+mhel, Iy
3 B X (1)1 (> e} [ Fot ] = 0 Ve >0 (3.16)
i(m+1)h+mhel,
P
i(m+1)h+mhel,

where the last statement should hold for all bounded continuous martingales N with
(B,N) =0, ¢, =m/(m+ 1), and the function v, (m) will be introduced below.

We start by showing the condition (3.14). A straightforward computation using the
substitution x = hz1,y = hz; shows that

B () P =07 [

i

: (E [f (h_l/%tg(m)(Bﬁh - Ba:))

xf (hil/zgt;z(m)(Berh - By)) ’ ‘Ft?(m)} - Pgth(m)(f)) L{jo—y|<nydazdy

' (E {f (Utﬂm)(leH - le))

/[z'(7n+1) Ji(m+1)4+m]?

xf (Utg(m)(Bz2+1 - BZz)) ‘ ]:t?(m)} - P[Q;t,_l(m)(ﬁ) L2y —z|<13d21d20.

Hence, by Riemann integrability we deduce that

> EIXmPF ) D [ o2
1 ;

1€IN: i(m+1)h+mhel,

EJP 29 (2024), paper 128. https://www.imstat.org/ejp
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where

m) = [ oov(f (@(Beiy — Ba)) f (u(Bayir — By)))
[0,m]?

X 1{‘21_22‘<1}d21d22.
We note that

lim v%(m) = v2, (3.18)

m—o0

where vﬁ has been introduced in (1.6).

In the next step we show condition (3.15). By the integration by parts formula we deduce
the identity

E[X] (m) (Bt ()4 (m1)h — Bet ()1 Fet )]
= /A ( )E [f (h_l/QUt?(m)(BHh - Bw)) h™'2(Byyn — Ba)|Fymy | dae

= (mh) - 1w6tf’ (m)

where the function w, has been defined in (2.6). This implies condition (3.15) by Rie-
mann integrability.

To show condition (3.16), we observe the inequality
B |1X] 7)1 g ey | By | < €2 [|XE )1 Fyp oy | < O 22,
Hence, we deduce the statement of (3.16).

To prove condition (3.17), we apply a martingale representation theorem to deduce the
representation

th(m) = / 771.h_”gznngc7
Ai(m)

where n? '™ is a predictable square integrable process. Now, applying Itd isometry, we
obtain that

E [Xih(m)(th(m)Jr(mH)h - Nt?(m))|ft?(m)} =Lk

[ BN Ty | =0
Consequently, we showed condition (3.17).

Now, due to (3.14)-(3.17), we conclude the stable convergence Z"1( f) TN U™(f) as
h — 0 with

U/m(f)t = C77L/ wo'mde +/ \/Ugm (m) — C%ngde;-
I I

On the other hand, since ¢,, — 1 and vZ(m) — v2 as m — oo, we obtain that

um(f) ﬂU’(f)=/I wgdex+/I o2 — w2 dW), (3.19)

as m — o0.

EJP 29 (2024), paper 128. https://www.imstat.org/ejp
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3.3.2 Negligibility of the small blocks: the martingale term
Here we show that the small block term R"™!( f) is negligible. We recall
h,m,1 — )
RETN(f) = h > (BI(m) = BIBL 7)1 Fop oy mn])
i€N: i(m+1)h+mhel,

where
ﬂlh(m) = /B ( )f (h*l/Qo't?(m)(Bm_;'_h - Bm)) dx.

Since R"™1(f) is a martingale, f has polynomial growth and o is bounded, we conclude
that
B[R (DR + [REE (HP] < o,

Hence, by Lemma 3.1 we obtain that

lim limsupP | sup |[RI™(f)|>e] =0 foranye > 0.
m—o0 40 te[-T,T)

3.3.3 Riemann sum approximation error

We now consider the Riemann sum approximation error associated with big blocks. We
need to show that

Zhm(py = 12 3 /A o (9or () = Py (D) d % 0.

1€IN: i(m+1)h+mhel,

(The corresponding statement for the small block term R"™3( f) is shown in exactly the
same way). For this purpose we introduce the threshold

e, =h"  forsomer € (1/4,1/2). (3.20)

On each big block A;(m), we will distinguish two cases according to whether Ltm < ¢
or Lt (m) > ¢,

We start with the first case. Since f € C*(R) the map u > p,(f) is C'. Also note
that sup,c4 |0, (f)| is bounded if A is a compact set. Due to mean value theorem and
boundedness of o0 we have

Yermess), 0o, ) /A,v(m) poelf) = boy i f )‘ d

Oy — O’th(m)‘ dz

< -

Now, we use Proposition 3.3, inequality (3.3) as well as Holder inequality with conjugates
p,q>1,1/p+1/q=1, to deduce that

_ 1/4.1/q
E |:1{t?(m)€(S,S), Lt?<’")<sh} Oz Uf?(m)” < Ch7ey

Thus, we obtain that

—1/2 _
h E Z 1{t£‘(m)6(§7§)7 Lt?('m)<sh} " pG’x (f) p"f,?(m) (f) dx
iE€N: i(m+1)htmhe[-T,T) i(m)
< Ch~ Mg/ 0, (3.21)
EJP 29 (2024), paper 128. https://www.imstat.org/ejp
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where we use the definition at (3.20) and choose ¢ close enough to 1.

Now, we treat the case L' (™) > ¢,,. For a fixed m € IN, we conclude by Borel-Cantelli
lemma and ¢, = A" for r < 1/2 that there exists a 2y > 0 such that PP-almost surely
SUD,c A, (m) |17 — L (M)| < g, /2 for any h < ho. In the scenario L' (™ > ¢, the latter
implies that

zei}{m) |L*| > ep/2  P-almost surely, (3.22)

for h < hg. We introduce the following process:

Zth,m,g.l — h71/2 Z
1€IN: i(m+1)h+mhel;

(Pe () = by, (D) d

1{Lt?<m)25h} A;i(m)

To handle the process Z"™31 we will apply the decomposition (3.1). First of all, we use
the mean value theorem to deduce that

o (1) = P (1) = oy (D00 = ) + ol (F) = Pl (D)0 = 0ut ),

where z” is a certain point in the interval (t!(m), z). Now, applying (3.1), we decompose

Zhm31 _ zhm32 | 7hm33 | 7hm34 og

hm,3.2 _ o1 —1/2 / .
“ = Z 1{”(’“)2%} A p"t?w(f) (Bﬂ” B"t?<m>> 4,
4€N: i(m+1)h+mhel, i(m)
hm,3.3 ,_ 7 —1/2
A =h > 1{L,,ih,<m)25h}

1€N: i(m+1)h+mhel,

/ P:rth(m)(f) (/ Qy - (Ly)_1/2d9> dz,
Ai(m) tr(m)

Zf’m’3'4 — p1/2 Z 1{Lt?("”>zah}

i€N: i(m+1)h+mhel,
S ey 0=y (D)o =t
Since Z"™32 is a martingale, we obtain that
E [|Z;,wrz,3.2|2 4 |Zﬁ¥1,3.2|2} < Crh.
By Lemma 3.1 we deduce that
zhm32 2 ash — 0. (3.23)

Due to (3.22) we know that (L?)~1/2 < 2¢, /2 for all # € A;(m) and h < hy. Since o,d
are bounded, we conclude that

E

sup 233 | < Opht2e, 7 50 ash — 0. (3.24)
te[—=T,T]

To handle the last term Z""3-4 we apply a similar technique as in step (c) of Section 3.2.
Notice that the quantity p), (f) is bounded, because o is bounded. We obtain that

Po , (f) = r5,

i

(m)(f)‘ <C (%/(f)(Aﬁ) + 1{\%?—%(7”)\%}) :

EJP 29 (2024), paper 128. https://www.imstat.org/ejp
Page 14/18


https://doi.org/10.1214/24-EJP1196
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for general functionals of Brownian local times

Since L* > ¢ /2 for all © € A;(m) and h < hy, we deduce from representation (3.1) that
Bl -] < (105"

for any p > 0, for all z € A;(m) and h < ho. Hence, we now obtain from (3.3) that

E ‘Zth,m,3.4|

sup <C (wp/(f)(Aﬁ) (1 + h1/2€;1/2> n eﬂfzhl/z)

te[—T,T]

Thus, we conclude that
Zhm34 g as h — 0. (3.25)

A combination of (3.21) and (3.23)-(3.25) implies the statement
zZhm3(f) 0 ash — oo.

Similarly, R"™3(f) ““X 0 as h — 0.

3.3.4 The terms Z"™2(f) and R"™2(f)

In view of the previous steps, we are left with handling the terms Z"™2(f) and R*™2(f).
We start with the term Z"™2( f). First, we consider an approximation of Z"™2(f) given
as

Bt S [ sl )
i€N: i(m+1)h+mhel, Y Ai(m)
_f (h—l/zgt?(m)(BHh _ Bx)) |]-'t?(m)} dz.

Applying Lemma 3.1 and following the same arguments as presented in part (c) of
Section 3.2 (see the proof of (3.9)), we deduce that
ZR )y — 22 (F) R0 as h— 0. (3.26)

We use again the mean value theorem to obtain the decomposition

E [f (hil/Q(LHh - Lm)) - f (h71/20t,’;(m)(Bz+h - Bm)) \]:tg(m)}
=k {h_l/Qf/ (h_l/Qatf(m)(‘Berh - Bw)) ((LH}L = L") = oyn () (Bosn — B:r)) ‘]:t?(m)]
+E [07V2 (G0 — f (0200 ) (Basn = B2) ) )

X ((L-’ﬂ-‘rh _ L@) — Ut?’(m)(BZD"Fh — Bw)) ‘]:tiz(m)il y

where 2" is a point between h™/20,1(,,,\(Byyn — B;) and h~'/2(L*t" — L*). As in the
previous subsection we need to discuss the cases Lt m) > g5, and Lt m) < €y, separately.
h
The easier case Lt (™) < €p, is handled in exactly the same way as presented in (3.21), so
h
we focus on the scenario L (™) > ¢;,. Similarly to the treatment of Z""34 we conclude

that

—1/2
DY Lptomze,y
1€N: i(m+1)h+mh<t

/A'(m) E [hfl/z (f’(zzh) —f <h71/2gt?(m)(3$+h _ Bx)))

u.c.p.

X ((L”h — L) = 0y () (B — BI)) |}'t?(m)} dz 30
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as h — oo. Thus, we need to show that

Zhm,2.1 . _q1/9 —1/2 pr —-1/2
Zt T h / Z 1{Lt'}iL(m)Z€h} ~/A(m) E [h / f (h / Jt:.f(m) (B:chh - BI))
i€N: i(m+1)h+mhel; ¢

x+h x+h u v
X / (aufath(m))du+/ / as - (L) 712ds | dBy | |[Fyn oy | dz =250
T ‘ T th(m) ‘

and
—h,m,2.2 _ _ _
77 =y 1{Ltél<m>za,,}/ B [h=2 " (W20 ) (Bosn — B))
i€N: i(m+1)h+mhel, Ai(m)
x+h
X hat?(m) + 2/ (Bu — Bt?(m,))dBu “Ft?(m) dx
wegs M dr (3.27)
m+1J, 7

—h,m,2.1 u.cp. . . . .
as h — 0. The statement Z """ ““% 0 is obtained along the lines of the arguments

presented in the previous subsection. Finally, observe the identities

E [f’ (h_l/zat;l(m)(Berh - Bw)) a’t?’(m)"rt?(m)} = Q4 (m)Po ) (f)

oKt / E
Ai(m)

=9ohp~! / E
Ai(m)

— 2 [ E 7 wlBy - B,) / T BB dy

and

x+h
; (h_l/Qu(Berh N Bw)) / (Bu = By () )dB.

T

dzr

f (h—1/2u(Bm+h - Bx)> / Hh(Bu — B,)dB,

x

dzr

1 2
=omh [ E {f’ (u(Bys1 — By))/ BudBu} dy
0 0
1

—mh [ B[ By~ By) (B - 2] do,
0
where we used the substitution = hy and the self-similarity of the Brownian motion.
Hence, the convergence in (3.27) follows from Riemann integrability.

Following exactly the same arguments we conclude that

lim limsup P ( sup  |RITA(f)] > a) =0 foranye > 0.

m—oo 40 te[-T,T]

This completes the proof of stable convergence U (f)" NS ().

3.4 Proof of Theorem 1.2

Here we prove the statements of Theorem 1.2 via an application of Theorem 2.1 and
Proposition 2.2. Recall that we have already shown the convergence at (1.4); see (2.8).
Thus we are left to proving the stable central limit theorem presented in Theorem 1.2.

EJP 29 (2024), paper 128. https://www.imstat.org/ejp
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We recall that it suffices to show all convergence results under the restriction S, S €
[T, T) for some T > 0. Theorem 2.1 states that U(f)" LEN U(f) on (C([-T, T, |l - lloo)-
Since the mapping F : [T, T)>xC([-T,T]) — R defined as F((t1,t2), H) := H(t1)+H(t2)
is continuous, we deduce by the properties of stable convergence and (2.7):

UNHE 25 U(f)s +U(f)s

:/ramgwdsc—l—/w%dBw—i—/ \J V2 — w2 dW,,
R R R

under conditions of Theorem 2.1. Our task now boils down to demonstrating that the
sum of the first two terms in the limit are equal to zero. This assertion has already been
established in (2.11) under the condition f(0) = 0, with f € C3*(R), and f and its first
three derivatives exhibiting polynomial growth. Therefore, our focus shifts to confirming
that this statement carries over under the weaker assumptions of Theorem 1.2.

Let f € C'(R) be an arbitrary function satisfying the conditions of Theorem 1.2. Then
there exists a sequence of functions (f,,),>1 € C3(R) that fulfils the conditions f,,(0) =0,

|fo(@)| + [fr ()] + £ (@) + £ (2)] < C(A + |2[’)  for some p > 0,
and

sup (Ifn(@) = f@) + |fp(2) = f/(@))) =0 asn—0, (3.28)

for any compact set A C R. In view of Lemma 3.2 it suffices to show that
U(fn)r LN U(f)r asn— oo, and (3.29)

lim limsup P (|U(f)k —U(f)}k| >¢) =0  foranye > 0. (3.30)

n—=o0  p40

We start by proving the statement (3.29). For this purpose we introduce the notation
Tay,00 (f), Wo, (f) and v, (f) to explicitly denote the dependence of these quantities on
the function f. Since S, S € [T, T] it suffices to prove the convergence

E

/ Tag.00(fr) = Tay.on () + 0o, (fr) = Wo, () + Ve, (fn) = Vo, (f)|d$] —0

-T

as n — oo, to conclude (3.29). But the latter follows directly from (3.28) since the
processes a and ¢ are bounded.
Now, we show condition (3.30). Applying Theorem 2.1 we deduce that

P (U — Uk > ) <P ( wp UG- U > )

te[—T,T)

—>]P< sup U(fn)t—U(f)t|>5> as h — 0.
te

[_TaT]

Using Markov and Burkholder inequalities, and the same arguments as in the proof
of (3.29), we obtain that

IP( sup |U(fn)t—U(f)t|>£>—>0 as n — oo.
te[~T,T)

Thus we deduce (3.30), which completes the proof of Theorem 1.2.

EJP 29 (2024), paper 128. https://www.imstat.org/ejp
Page 17/18


https://doi.org/10.1214/24-EJP1196
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for general functionals of Brownian local times

References

[1] O.E. Barndorff-Nielsen, S.E. Graversen, ]J. Jacod, M. Podolskij and N. Shephard (2006):
A central limit theorem for realised power and bipower variations of continuous semi-
martingales. In: Yu. Kabanov, R. Liptser and J. Stoyanov (Eds.), From Stochastic Calculus to
Mathematical Finance. Festschrift in Honour of A.N. Shiryaev, Heidelberg: Springer, 33-68.
MR2233534

[2] S. Campese (2017): A limit theorem for moments in space of the increments of Brownian
local time. Annals of Probability 45(3), 1512-1542. MR3650408

[3] X. Chen, W.V. Li, M.B. Markus and J. Rosen (2010): A CLT for the L? modulus of continuity of
Brownian local time. Annals of Probability 38(1), 396-438. MR2599604

[4] Y. Hu and D. Nualart (2009): Stochastic integral representation of the L? modulus of Brownian
local time and a central limit theorem. Electronic Communications in Probability 14, 529-539.
MR2564487

[51 Y. Hu and D. Nualart (2010): Central limit theorem for the third moment in space of the
Brownian local time increments. Electronic Communications in Probability 15, 396-410.
MR2726086

[6] J. Jacod (1997): On continuous conditional Gaussian martingales and stable convergence in
law. Seminaire de Probabilites XXXI (pp. 232-246). Springer, Berlin, Heidelberg. MR1478732

[71]. Jacod and P. Protter (2012): Discretization of processes. Springer. MR2859096

[8] J. Jacod and A.N. Shiryaev (2003): Limit Theorems for Stochastic Processes, 2d ed., Springer-
Verlag: Berlin. MR1943877

[9] S. Kinnebrock and M. Podolskij (2008): A note on the central limit theorem for bipower
variation of general functions. Stochastic Processes and Their Applications 118, 1056-1070.
MR2418258

[10] M.B. Markus and J. Rosen (2008): L” moduli of continuity of Gaussian processes and local
times of symmetric Lévy processes. Annals of Probability 36, 594-622. MR2393991

[11] E. Perkins (1982): Local time is a semimartingale. Zeitschrift fiir Wahrscheinlichkeitstheorie
und Verwandte Gebiete 60(1), 79-117. MR0661760

[12] M. Podolskij and M. Vetter (2010): Understanding limit theorems for semimartingales: a
short survey. Statistica Nederlandica 64(3), 329-351. MR2683464

[13] ]J. Rosen (2011): A CLT for the third integrated moment of Brownian local time increments.
Stochastics and Dynamics 11(1), 5-48. MR2771340

[14] J. Rosen (2011): A stochastic calculus proof of the CLT for the L? modulus of continuity of
local time. Séminaire de Probabilités XLIII. Lecture Notes in Mathematics 2006, 95-104.
Springer, Berlin. MR2790369

[15] A. Segall and T. Kailath (1976): Orthogonal functionals of independent increment processes.
Institute of Electrical and Electronics Engineers. Transactions on Information Theory 22(3),
287-298. MR0413257

EJP 29 (2024), paper 128. https://www.imstat.org/ejp
Page 18/18


https://mathscinet.ams.org/mathscinet-getitem?mr=2233534
https://mathscinet.ams.org/mathscinet-getitem?mr=3650408
https://mathscinet.ams.org/mathscinet-getitem?mr=2599604
https://mathscinet.ams.org/mathscinet-getitem?mr=2564487
https://mathscinet.ams.org/mathscinet-getitem?mr=2726086
https://mathscinet.ams.org/mathscinet-getitem?mr=1478732
https://mathscinet.ams.org/mathscinet-getitem?mr=2859096
https://mathscinet.ams.org/mathscinet-getitem?mr=1943877
https://mathscinet.ams.org/mathscinet-getitem?mr=2418258
https://mathscinet.ams.org/mathscinet-getitem?mr=2393991
https://mathscinet.ams.org/mathscinet-getitem?mr=0661760
https://mathscinet.ams.org/mathscinet-getitem?mr=2683464
https://mathscinet.ams.org/mathscinet-getitem?mr=2771340
https://mathscinet.ams.org/mathscinet-getitem?mr=2790369
https://mathscinet.ams.org/mathscinet-getitem?mr=0413257
https://doi.org/10.1214/24-EJP1196
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

	Introduction
	Definitions and preliminary results
	Proofs
	Preliminary results
	Law of large numbers
	Stable central limit theorem
	Central limit theorem for the approximation
	Negligibility of the small blocks: the martingale term
	Riemann sum approximation error
	The terms Zh,m,2 (f) and Rh,m,2 (f)

	Proof of Theorem 1.2

	References

