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Abstract

This thesis examines the geometric behavior of smooth Gaussian random waves in the
high-frequency limit. We focus, in particular, on a variation of the celebrated Berry’s
Random Wave model, which plays a central role in various conjectures and results within
the theory of Quantum Chaos. Our contribution to this field is a study of a variant we refer
to as the Two-Energy Berry’s Random Wave model. We confirm that the corresponding
nodal number exhibits some classical behaviors, such as asymptotic Gaussianity, while we
also identify several new phenomena, including some non-universal features of variance
asymptotic and novel variations of the so-called full correlation phenomena.

Keywords: Berry’s Random Waves, Bessel Functions, Central Limit Theorem, Fourth
Moment Theorem, Gaussian Random Waves, High-Frequency Limit, Isotropy, Kac-Rice
Formula, Monochromatic Random Waves, Nodal Length, Nodal Lines, Nodal Number,
Nodal Points, Nodal Volumes, Phase Singularities, Quantum Chaos, Random Laplace
Eigenfunctions, Random Plane Waves, Random Spherical Harmonics, Reduction Princi-
ple, Semiclassical Analysis, Stationarity, Universality, White Noise, Wiener Chaos.
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Chapter 1 Introduction

Broadly speaking, this thesis focuses on the statistical analysis of geometric quantities
associated with well-behaved Gaussian random waves. A core class of processes consid-
ered here consists of almost surely smooth Gaussian random fields, indexed by points
on a Riemannian manifold (M, g), with a covariance function determined by a differ-
ential equation. Arguably, the most important—or at least the most studied—objects
of this type are the Random Laplace-Beltrami eigenfunctions. Among these models, a
particularly notable example is associated with the Euclidean space of dimension two.
The unique (in distribution) centered, unit-variance, stationary, and isotropic Gaussian
Laplace eigenfunction on R? is known as the Random Plane Wave, Monochromatic Ran-
dom Wave, or, alternatively, the Berry’s Random Wave. The last of these names honors
the significant contributions of physicist M. V. Berry, who, in 1977, introduced this model
as a conjectured universal limit associated with quantum billiards, where the correspond-
ing classical motion is chaotic. Of particular significance to our work is the fact that, for
a dynamical system lacking time-reversal symmetry, the Berry’s Random Wave must be
replaced by two independent copies of the system, or equivalently, by the complex Berry’s
Random Wave. The bulk of the new results presented in this thesis concerns a gentle
modification of the complex version of this model, obtained by breaking the symmetry
between the real and imaginary parts of the complex wave sampled from this ensemble.
Specifically, we allow the energies (or, equivalently, the wavenumbers) of each component
to differ, and we explore the resulting high-frequency limit (equivalent here to the semi-
classical limit). Our findings provide a complete characterization of the key statistics,
namely the number of complex zeros (also referred to as nodal points or phase singu-
larities), based on the identification of three novel asymptotic parameters. We recover
several well-known properties, such as the cancellation phenomenon [10] and asymptotic
normality [70], while also uncovering new and surprising results regarding the exact form
of the asymptotic variance and full correlation phenomena.

1.1 The Berry’s Random Wave Model

The Berry’s Random Wave by, = {bx(z) : € R%}, d > 2, with frequency k > 0, is the
centred Gaussian random field with covariance function

Clz —y) = / @) o gy (w) (1.1)
gd—1

= pg_1(kllz — ), (1.2)
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where z,y € R?.  The right-hand side of (1.1) is the Fourier transform, computed in
k(x —1y), of the normalised uniform measure o ga—1 on the (d — 1)-dimensional unit sphere
S4=1 The expression (1.2) is a rewriting of the above formula in terms of the normalised
(4 — 1)-order Bessel function of the first kind.

xpl=r: (), 1=4096 ppw=5 =5

Figure 1.1: Simulation of Berry’s Random Waves on the plane. The left panel shows
a box size of 25 wavelengths, and the right panel shows a box size of 200 wavelengths.
Credit: Alex Barnett, included with permission, https://users.flatironinstitute.
org/~ahb/rpus/

For every a > 0, the normalised a-order Bessel function of the first kind, denoted pg,
is defined by the formula

I'a+1) t2m

]2

Pa(t) := m:O(_l)m ST+ at1) 22m (1.3)
=2T(a+1)- Ja(t), (1.4)

tOé
where ¢ € R. The symbol J, in (1.4) denotes the standard a-order Bessel function of
the first kind, see [23, Eq. (10.25.2)], with the value of (1.4) at ¢ = 0 being set to 1 by
a smooth extension. The properties of the covariance function (1.1) impose that by is a
random field which is stationary, isotropic, a.s. smooth, and that each realisation of by is
an eigenfunction of the Laplace operator on R¢ with eigenvalue k2, that is:

Aby(x) + k- b(z) = 0. (1.5)

It is easily checked (using e.g. [2, Theorem 5.7.2]) that ever Gaussian random field
verifying the above properties, has necessarily the covariance (1.1). The field by has been
named in honor of M. V. Berry, who introduced it in order to study the local behavior of
high-frequency eigenstates in quantum billiards [9, 10]. More precisely, Berry considered
the trigonometric random waves

\/L]Tf Z cos(k{z,w;) + 0;) z € R (1.6)

i<N

where w; are independent and uniformly distributed on S%~! and 6; are independent and
uniformly distributed on [0,27). The Central Limit Theorem implies that as N — oo,
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this process converges, in the sense of finite-dimensional distributions, to the process
b, defined above. The spectral measure p of the process by is simply Dirac’s delta J; in
relation to which this process is also sometimes referred to as the Monochromatic Random
Wave [25]. A further interesting property of the fields {b} is that, thanks to a classical
result known as the Schoenberg theorem [2, p. 116, Theorem 5.7.2], a continuous function
C :R? = R is a covariance function of an isotropic and stationary random field on R? if
and only if

Cla—y) = / " pajar (Kllz — yll)duk), (L.7)

for some finite Borel measure p on [0, 00); this shows that a mean-square continuous Gaus-
sian random field is stationary and isotropic if and only if it is mixture of monochromatic
waves.

Our particular focus on this model is justified by its vast connections to various
branches of mathematics (Differential Geometry, Semiclassical Analysis, Percolation The-
ory), and of science (Quantum Chaos, Brain Imaging, Analysis of Cosmological Data),
where it is known to appear either as a basic example or as a universal limit. Some of
these topics are discussed in more detail in Chapter 2.

1.2 Summary of the Contributions of the Thesis

The new results presented in this thesis have been obtained by the author in [85] and
are currently submitted for publication. They concern a specific functional of a complex
Berry’s Random Wave, the non-negative random integer known as nodal number

N (b, bg, D) := |{x € D : b(z) = b () = 0},

where by, and b are two independent real-valued planar Berry’s Random Waves, with
frequencies k and K respectively, and |-| denotes the cardinality of a set. Here, D is a fixed,
sufficiently well-behaved domain (see Definition 3.4). The basic regularity properties of
the nodal number are discussed in Subsection 3.4.3.

In [70], Nourdin, Peccati and Rossi characterised high-wavenumber (k — oo) fluctua-
tions of the nodal number in the one-wavenumber (k = K) planar BRWM. Our inquiry
revolves around a natural question: how does the model’s behavior change with the intro-
duction of a second parameter (k Z K)? In order to study this question we will consider
sequences of pairs of wave-numbers (k,,, K, )nen such that 2 < k,, < K, < oo, and analyse
fluctuations of the corresponding nodal numbers

N(by, bk, , D)= |{z € D: by, (z) = bg, (z) = 0}.

under the assumption that k, — oo (so that K,, — oo as well).
The following list provides a short summary of our results:

1. (Mean and variance asymptotics) In Theorem 4.1, we compute the expectation

E [N(bkn,i)[(n,p) = %ﬂ(j’ﬂ ' (kn ' Kn),
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0

Figure 1.2: Left: Small-scale simulation of the nodal domain of the Berry’s Random Wave,
credit: Dmitry Belyaev, included with permission, https://people.maths.ox.ac.uk/
belyaev/. Right: The same image with a superimposed drawing representing nodal
lines from an independent copy of the Berry’s Random Wave, along with the resulting
intersection points.

in line with natural prediction. The above formula is valid for all n, without a need
to pass to the limit. In order to obtain a concise characterization of the asymptotic
variance we introduce the asymptotic parameters

In k,, .k In(1+ (K, —kn))
m .

= — = lim — TP =1 —1i
K, WK, " W K,

They are guaranteed to exist after, and depend on, the choice of a subsequence (see
Subsection 4.1). Using these parameters, we establish in Theorem 4.1 the exact
asymptotic variance formula

. Var(N (b, , bx,, D)) _
n—o0o area(D) . Coo : K72L In Kn a

L,

where

o 719 4+ 361 + 1% + 50r°°P
< 51273 ’

(1.8)

We note that r°9, r and r°*P are all finite parameters, more precisely %9 € (0, 1]
whereas r,r¢*? € [0,1] (for further details see paragraphs following Definition 4.1).
Consequently, the quantity C, is a strictly positive finite constant belonging to
the interval (s5-5, z1aes]. We stress that the entire interior of this interval can be
attained as well as its right-endpoint, but not its left endpoint. The above result
extends the results of Nourdin, Peccati and Rossi who provided analogous formulas
for the one-energy model [70, p. 103, Theorem 1.4]. Indeed, the one-energy scenario
can be recovered from our formulas by setting k, = K, for all n € N. In this case
we obtain that r°9 = r = r2 = r®? = 1 and C. takes the value % = %.
Since K,, = 2m\/E, it follows that K2In K,, = 472E, In(2r\E,,) ~ 2m?E,In E,.
This yields that C - KfL InK, = 617173 2m2E,InE, = 312—:;En In F,, exactly as in

[70, p. 103, Eq. (1.16)]. (See also [10, p. 3036, Eq. (50)] and [70, p. 102, Eq.
(1.8)].)
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2. (Domination of the 4-th chaos) In Theorem 4.2 we show that for some numerical
constant L > 0, we have

N (b, b, , D) — EN (b, . bk, , D) N (b, . b, D)[4] ~Lm

\/VarN(bkn,l;Kn»D) \/Var/\/'(bkml;Kn,D)[‘l] L2() In K,

n’

where the right-hand side of the inequality converges to 0 with n. Moreover, as a
corollary, we show that

A - 1
Corr (N (b, bic,, D), N (b, b, D)[4]) = o it
VIn K,

where L is the same numerical constant as before. Here, N (b, , bx, , D)[4] denotes
the 4-th chaotic projection (see (5.36)) and the (v, )nen is a sequence of asymptoti-
cally bounded constants that we define in (4.6). This theorem extends and quantifies
the result of Nourdin, Peccati and Rossi who had shown that the domination of the
4-th chaotic projection holds in the one-energy model [70, p. 110, Eq. (2.29)].

3. (Univariate Central Limit Theorem) In Theorem 4.2 we prove the convergence
in law

N (bg, b, D) —E [N(bkn,EKn,D)

\/VMN(bkn bk, D)

s Z ~ N(0,1),

and, more precisely, we provide the following inequality in the 1-Wasserstein dis-
tance (see N.4)

N (b, brc,, D) — EN (g, b5, D) | _ L
\/Var./\/(bk,L bk, , D) -

1

)

where L > 0 is some strictly positive numerical constant. An analogous qualitative
CLT has been established before in the one-energy model by Nourdin, Peccati and
Rossi [70, p. 103, Theorem 1.4].

4. (Multivariate Central Limit Theorem) We extend the preceding result to the
multivariate setting. Denote

Yﬂ = (N(bkn7l;Kn’ D1)7 cee aN(bk’nv E)K",Dm)) 5

let 3 be a matrix defined by ¥;; = area(D; ND;). In Theorem 4.3 we establish that

Y,-EY,

VCo - K2In K,

L 7~ N (0,5),
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where C is the same finite constant as in (1.8). We quantify this convergence in
C? and 1-Wasserstein distances (see N.4) as

d02< Y. - EYn z)g (14 X7, area(D;))

VO - K2InK, VOs kK, ’

W Y,-EY, z <E-(1—|—m3/2) (1+ X1, area(D;)?)
"\ KImK, )~ VO K,

where L is some strictly positive numerical constant and the sequence (M, )nen is
defined in (4.13) and vanishes in the limit (M,, — 0) provided that X is strictly
positive definite. Our result extends and quantifies the multivariate CLT for the
one-energy model provided by Vidotto in [78, p. 1000, Theorem 3.2] and relies
heavily on some crucial arguments presented herein.

+ Mpy,

. (White Noise Limit) In Teorem 4.4 we provide an extension of the aforementioned

multivariate CLT to the infinite-dimensional setting. That is, we define a random
signed measure

N (B b, A) = B [N (b, b, )]
pn(A) = ) A e B([o, 1}2)7

VCo - K2In K,

and show that, in the sense of random generalised functions on [0, 1]? (see Appendix
3.4.5), we have a convergence in law

fin (dtydts) —L W (dtdts).

Here, W denotes the White Noise on [0, 1]%. This result extends [67, p. 97, Propo-
sition 1.3] established for nodal length by Notarnicola, Peccati and Vidotto.

. (Full correlations) In Theorem 4.5, we establish the Reduction Principle,

N(bkn ) BKn? D) - EN(bkn ) BKn? D)
\/V&I‘N(bkn, I;K" s D)

— Yytog . pesr —0,

L2(P)
Corr (N(bk ,bK”, ) Yﬂogmrexp) — 1,

where Y09 . rexp is the following sum of random integrals (sometimes called polyspec-
tra)

19%( /H4 b, (2))dz +1 - /H4 bk, (z ))+§H2(bkn(x))H2(l;Kn(x))dx

P /D H2(5lbkn(m))H2(l;Kn(x))+Hg(bkn(x))Hg(gggKn(w))dx>.
(1.9)
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Here, 5117;% (z) and 525;(", (z) denote the normalised derivatives defined in (4.25).
This result extends the Reduction Principle for the nodal length of a real Berry’s
Random Wave, established by Vidotto [92, p. 3, Theorem 1.1]. The Reduction
Principle for a nodal number of a complex Berry’s Random Wave was previously
unknown even in the one-energy (k,, = K,,) model (it is covered here by the scenario
r¢®? > (). Our Reduction Principle provides simplification beyond what is afforded
by the domination of the 4-th chaotic projection given by Theorem 4.2. Observe
that the fourth chaotic projection N (by, , bx, , D)[4] consists of 22 terms (see Lemma
5.2), while (1.9) only contains 5 summands. An unexpected part of this result is
the transition from the case r**? = 0 to the case 7**? > 0 and the corresponding
necessity to include a term containing derivatives

/ Ha(Brbe, (2)) Ha(bre. (2)) + Ha(br, () Ha(Pobrc. (2))da.

Previously discovered reduction principles (in analogous situations) [92, 59, 11] re-
quired only an involvement of polyspectra depending directly on the relevant ran-
dom field and not on its derivative processes. Thus, our result adds a new element
to the growing body of research concerning full correlations for the geometric quan-
tities associated with models of random Laplace eigenfunctions [93, 11, 12, 13, 80,
50, 59, 56, 58, 28, 90, 81, 7].

1.3 Framework and Notations

We will use the following standard conventions.

N.1

N.3

We will write a,, — a to denote convergence of a numerical sequence a,, to the
number a. Here, and always unless stated otherwise, n will be a non-negative integer
and by convergence we will mean the limit as n — oo. For any two sequences of
strictly positive numbers a,, b,, we will write a,, ~ b, if 7= — 1. For a finite set
A we will write |A| to denote the number of its elements. If A is an infinite Borel
measurable set then |A| will denote its Lebesgue measure. Given any set A, the
symbol 15 will denote the characteristic function of the set A, that is, 14(b) = 1 if
be Aand 15(b) =0if b ¢ A. We will write d,(b) for the Kronecker’s delta symbol,
that is: d,4(b) =1 if a = b and 0,(b) =0 if a # b.

We will write X, % X to denote the convergence in distribution of a sequence of
random variables X,,, to the random variable X. All considered random variables
will be defined on the same standard probability space (2, F,P), with E denoting
expectation with respect to P and L?(P) the corresponding L? space. We will
write dt or ds and dxr or dy to denote integration with respect to the 1-and-2
dimensional Lebesgue measures. By B([0,1]?) we will denote the Borel o-algebra on
[0,1]2. Given a non-negative definite m x m matrix ¥, we will write Z ~ N/,,,(0,Y),
Z = (Zy,...,Zn), to denote the m-dimensional centred Gaussian random vector
with covariance matrix 3.

For any non-trivial square-integrable random variables X, Y, the symbol Corr(X,Y)
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will denote the standard correlation coefficient. That is,

E[(X —EX)(Y — EY)]
VVarX - vVary

Corr(X,Y) := X,Y € L*(P). (1.10)

By W7 and W1 we will denote 1-Wasserstein distance for, respectively, real-valued
and vector-valued integrable random variables and by dg2 the distance induced
by the separating class of C? functions with 1-Lipschitz second partial derivatives.
That is,

WiX¥) = sup EIR(CXO] = Bl (L11)
WiX,Y)i= s B[] - BL(Y)) (112)
do2(X,Y) = s Elg(X)] —E[g(Y)), (1.13)

geC?(R™),||g"||<1

where E| X |, E|Y| < oo and E||X]|, E|[Y]|| < co. Here, the suprema run, respectively:
over all 1-Lipschitz functions h : R — R, all 1-Lipschitz functions f : R — R™ and

all g € C2(R™) s.t. ||¢g"]|oo < 1. Here, | - | denotes absolute value, || - || denotes
standard Fuclidean norm on R" and
hz) — h(y fx) = fly
W wp @G0 = I
yeR, aty T — Y| xyeRm, xzy X =Yl
82
" ——
9" llo = S max axiax]—g@"
(1.14)
The symbol || - ||op stands for the operator norm defined, for any positive-definite
matrix A, as [|Allop := sup{||[Az|| : = € R™,||z|| < 1}. The symbol || - ||as
stands for the Hilbert-Schmidt norm defined, for any positive-definite matrix A, as
[|A||gs := v/trace(AA!) with A being a transpose of the matrix A.
Given a domain D C R? we will write
diam(D) := sup ||z —yl|. (1.15)

z,yeD
Let g € N and let f: R — R be g-times everywhere differentiable function. We set
1 flles == 11flloo + -+ 1F 9]0 (1.16)

where || - ||so is the usual supremum norm and (@ denotes the ¢-th derivative of f.

For a € R and k € ZN[0,00), (a); will denote the Pochammer symbol that is
(a)o =1 and for &k > 0 we have (a)y = ala+1)...(a+k—1). Forl € Z, 1 > 1,
and a € R we will use convention I'j(a) := Hi’:1 I'(a+ (i — 1)/2) where I" denotes
standard Gamma function.
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1.4 Plan of the Thesis

The rest of the thesis is organized as follows. In Chapter 2, we review several topics that
motivate the specific and extensive focus on the model studied in this thesis. We also
provide an overview of the existing results that are most closely related to our research.
In Chapter 3, we offer background on the three types of resources utilized in our work:
classical analytical concepts, elements of Gaussian analysis, the essential technique known
as the Malliavin-Stein method — including one of its key elements, the Quantitative
Fourth Moment Theorem on the Wiener Chaos, and some technical concepts used to
describe the geometry of smooth random fields. Chapter 4 contains full statements of
our results. Chapters 5-7 contain the proofs of all our new results. In the final Chapter
8, we briefly discuss ongoing work on higher-dimensional analogues and mention several
open problems, whose solutions would naturally complement the results obtained in this
thesis. This thesis contains also several figures.
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CHAPTER 1. INTRODUCTION



Chapter 2 Motivating Problems and
Existing Results

In this chapter, we will explore the central topic of our work: random nodal volumes,
defined as the volumes of the zero sets associated with random eigenfunctions of Laplace-
Beltrami operators. This problem has a long and rich history, and we will begin with a
brief overview of its deterministic version. Following that, we will delve into the random-
ized version, with particular emphasis on M. V. Berry’s work in the theory of Quantum
Chaos. From a focused perspective, one could argue that studying a variation of his
model is the main subject of this thesis. As we will explain later in this chapter, this
model exhibits significant universality properties.

2.1 Motivating Problems

2.1.1 Laplace-Beltrami Operator on Generic Manifold

In this subsection we will be drawing from the very accessible lecture notes by Canzani
[97]. The Laplace operator on the Euclidean space R? can be defined as the differential
operator

d 82
Dop(x) = pr 2 (@), (2.1)
or, equivalently, with the formula
Ap(z) = div(Ve(z)), (2.2)

valid for every ¢ € C?(R%) at every point € R?. On the Riemannian manifold (M, g),
the Laplacian in local coordinates is given by

i 0
Ay = i\ /] det g| — ), 2.3
’ degZaxz (o viwratz ) 2

or, again in terms of the divergence operator, as

Ay = div,V,. (2.4)

Here, as usual g = (gi;), g5 (@) = ((52), + (5).)ote) and g7 (&) = (g(x)~1)s;. Below,
we con81der standard instances of (2.3).

19
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Example 2.1. Let us use a standard parametrization of the sphere S?, that is
T(6, ¢) := (sinf cos ¢, sin 6 sin ¢, cos 9),

where (0, ¢) € (0,7) x (0,27), and the corresponding standard metric

sin’ 0

gs2(0, ) = [(1) y ] :

Then, the Laplacian in local coordinates becomes

1 9 ) 1 92
Nyy=—— 2 (singo ) - — 2 2.
%2 = " 5inf 99 (Sm 89) sin? 0 942 (25)

The Laplace operator on the Hyperbolic (Poincaré) half-plane
1
H:={(z,y) eR®:y >0}, gu:= ?Idg, (2.6)

s given in local coordinates as

92 o?
2 2
Bga ==Y 55~V s

2.1.2 Yau’s Conjecture on the Nodal Volumes

In this subsection we will provide only the most basic information on the topic; for a
comprehensive and recent review see [49]. Yau’s conjecture [98] states the following. Let
(M, g) be a d-dimensional C'*°-smooth closed Riemannian manifold, compact and without
boundary. There exist strictly positive constants ¢, C, depending only the choice of the
manifold M and of the Riemannian metric g, such that the following two-sided bound on
the Hausdorff measure of the nodal set holds for every eigenfunction ¢, of the Laplace
operator Ay (i.e., for every solution of Ay + Apy = 0):

VA< HT ({pr =0}) < CVA (2.8)

In a celebrated work [24], Donnelly and Fefferman have shown that the conjecture is true
provided that the manifold is real analytic. As of the time of writing, the full conjecture
remains unsettled but a major progress has recently been made by Malinnikova and
Logunov [47, 48]. A more recent but closely related Quasi-symmetry conjecture [41, 6]
postulates that for some strictly positive constants k, K, independent of the choice of the
eigenfunction ¢,, we should have

He({px > 0})
H({px < 0})

Here, ¢, is assumed to be non-constant and as before (M, g) is a C°° Riemannian mani-
fold. We note that both Yau’s conjecture and Quasi-symmetry conjecture are in particular
known to hold for the spherical harmonics [24, 49].

k< < K. (2.9)
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2.1.3 Semiclassical Analysis and Quantum Chaos

The study of Quantum Chaos and its relation to various branches of mathematics is a
subject which has attained considerable prominence in the last decades (as evidenced,
for instance, by the ICM2018 plenary talk by Nalini Anantharaman [3] or the 2024 Shaw
Prize awarded to Peter Sarnak). Given the stochastic nature of Quantum Mechanics
it is of no surprise that Quantum Chaos has certain connections to the subject of this
thesis. In what follows we shall summarise some basic information on this topic drawing
substantially on the review due to Zelditch [100] and lecture notes by Nonnenmacher [63].
One of our main goals here is to go far enough so that we can state formulas (2.27)-(2.28)
which are relevant in context of the upcoming Section 2.1.4.

Classical Mechanics: we recall the equations of motion (time evolution) on a phase
space t — (z4,&) € T*R™ ( = cotangent bundle of R™) in the classical Hamiltonian
system

d.. _ oH
alt = Tg(xtvft) (2.10)
de = -9 (3,,¢).
The standard choice of the Hamiltonian function is
H(z,&) = €+ V(z) : T*R" — R. (2.11)

When considering a compact Riemannian manifold (M, g) of dimension d, with Laplace-
Beltrami operator locally given as

d

1 0 0
N, = " y/det g— 2.12
7 Jdetyg Z,; axig ¢ g@xj ( )

the Euclidean square-norm |¢|? in the Hamiltonian needs to be replaced by the norm on
cotangent bundle

d
€2 =D g7 (2)&&; : T"M — R (2.13)

ij=1

Let us and this paragraph with some discussion that we will need in the next paragraph.
It is often convenient to choose the Hamiltonian H(z,§) = ||, and work with the corre-
sponding half-wave group

U(t) = exp(it/—Ay). (2.14)
(In our own work we use an analogous trick. We parametrise the random waves using their

wavenumber k = 27v/F rather than their energy level E, which streamlines approximately
all computations in Chapters 6.1-6.2.) Of particular interest is dynamical flow

G':S*M — S*M (2.15)
on the cotangent unit bundle
S*M ={{eT*M:[¢]2 =1}, (2.16)

which is well-defined as a restriction of (2.10) because the Hamiltonian flow always pre-
serves the energy level surface ¥ = {(z,§) € T*M : H(x,€) = E}.
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Quantum Mechanics: In Quantum Mechanics the state of the system is represented
by a vector ¢ in a Hilbert space H. (Normally, H would be a separable Hilbert space
over C.) The evolution of the state ¢ € H is given by the time-dependent Schridinger
equation

z’h%?ﬁ(t,w) = Hy(t,z), ¥(0,z) = Yo(x), (2.17)

where H is a bounded Hermitian operator. The states 1); which solve the time-independent
Schréodinger equation

Hipj(z) = Ej;(x), (2.18)

that is, the eigenvectors of H , are called the stationary states and the corresponding
eigenvalue Fj is called an Energy level. If the state ¢)o(z) is stationary then the solution
of the time-dependent Schrédinger equation is given by

itE(h)

Y(t,x) =e " po(x). (2.19)

The most classical example of the time-independent Schrodinger operator is given by the
choice H = h2A9+V, where £ is the Planck’s constant, A, is the Laplace-Beltrami opera-
tor on the Riemannian manifold (M, g) and V is the potential operator (the multiplication
operator V(f)(xz) = V(z)f(x) be the function V also called potential). The most famil-
iar and historically first example is that of the Hydrogen atom, where H = L?(R3?, dz),

Ny == ?:1 66,—; is the standard Laplacian on the Euclidean space and V(z) = —ﬁ
yielding
32111 Y(x)
H = —n’ 2.20
(10)(z } G- 2:20

The following remark will come in handy in the next paragraph.

Remark 2.1. Let us note that if the potential is absent i.e. V = 0, then the
semiclassical limit h — 0 is equivalent to the high-frequency limit \; — oco. Indeed,
the equations

JAWGYIES /\?d)j, hQAggo = (2.21)

are equivalent if we set h=1/\;.

Semiclassical Analysis In what follows, by an observable we will mean a quantity
which has a direct physical significance, that is, a quantity that, at least in principle,
could be measured (in a laboratory experiment, by telescope, etc.) In classical mechanics
observables are regular functions a = a(x, ) on the phase space T*M and in Quantum
Mechanics each observable O can be identified with a Hermitian operator A on the state
space H (which can be an arbitrary separable Hilbert space). In our context the state
space is simply H = L?(M). Quantization is the process of associating to classical
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observables, say a,b € C*°(T*M), operators Opp(a),Opx(b) € (L*(M))*. It has to be
done in such a way that the commutators

[Opr(a), Opp(b)] := Opr(a)Opr(b) — Opr(b)Opr(a), (2.22)

are, up to a small error term, equal to the multiples of the Poisson brackets

da 0b da 0Ob >
a,b} = —_— ] . 2.23
b EJ: <333j 9 05 O (223
More precisely, we require that for every a,b € C*°(T*M), we have
h

[Opfl(a)a Oph(b)] = *{CL, b} + O(hZ)v (224)

i
see [100, Paragraph ‘What is “quantization”?’]. Speaking in vague terms, under this
condition (and some additional that we will not discuss here) Quantum Mechanics should
tend to the Classical Mechanics, if we let A | 0. That, of course, invites the question of
determining in which sense such a convergence should take place. In Quantum Mechanics,
any observable O, with attached bounded hermitian operator A, can be observed only by
probing the corresponding expectation values

(Ag.¢), o EH, (2.25)

see [88, Chapter 2 "Basics of Non-relativistic Quantum Mechanics’]. We note that with
our choice of the state space H = L?(M,vol,) (2.25) can be written as

/M (Ag)(x)p(x)Voly(dx). (2.26)

However, in Quantum Mechanics we also have the following principle: "When measuring
(by an experiment) the value of the observable O for a system in state |a), the value
obtained is always one of the eigenvalues A; of the Hermitian operator A associated to
O, see [88, p. 24, Principle 3].” Thus, it is natural to focus our attention on the case
where ¢ = ¢; i.e. to analyze the behavior (2.25) (i.e, in our case, of (2.26)) when ¢
is an eigenfunction of the operator A. Now, as a fundamental example, let (¢;); be
the sequence of eigenfunctions of the Laplace-Beltrami operator forming an orthonormal
eigenbasis of L?(M,vol,) and assume that we are working in a setting where there the
potential is zero on the whole space. Then the Quantum Mechanics tending to Classical
Mechanics can be interpreted in terms of the behavior of

(Agj, d;) (2:27)

as j — oo, i.e., in the high-frequency limit (see [100, Paragraph ’Quantization, observables
and expectation values’]). It is known [100] that a useful asymptotic will not hold for an
arbitrary choice of the test operator A, i.e., it is not enough that the operator A is bounded
and Hermitian. In the Schrédinger representation the classical choice is the space WO(M)
of pseudo-differential operators of order zero on L*(M, volg), see [100]. Fixing the choice
of the quantizations a — Opy,(a), h; = 1/);, we arrive at an associated fundamental
notion of the Wigner distribution d®; on S*M which satisfies

Ony, (@65.05) = [ alw)ivs,  hj=1/r, (2.28)

S*M
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and is induced by a positive linear functional
a € C%(S*M) = Opy,(a) € O (M) — (Opn, (a)d;., d;). (2.29)

Then, the problem of understanding the semiclassical limit, can be posed in terms of
studying the weak limit of the sequence of measures d®; with natural questions such as
existence, uniqueness and identification of an eventual limiting probability measures. Our
motivation for mentioning Wigner distribution is the content of the next section.

Remark 2.2. While the field of semiclassical analysis studies the behavior under
general Hamiltonian as h — 0, the theory of Quantum Chaos focuses specifically on
the situation where the flow generated by said Hamiltonian is classically chaotic.
It is useful to know that, a priori, the term ‘chaotic’ is meant in an intuitive and
informal sense and various rigorous notions can be found in the literature e.g. er-
godic, mixing, hyperbolic, Bernoulli. As should be clear from the above discussion,
the classical chaotic dynamic and its quantum analog are only meaningfully con-
nected in the limit, i.e. not for h constant but as h — 0. Of even greater interest
(see [100]) is the behaviour of the system under joint asymptotic h — 0 and t — oo.
That is, large energy in a long time horizon.

NN
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Figure 2.1: Left: Chaotic trajectory of a classical free particle within a cardioid billiard.
Right: Regular trajectory of a classical free particle within a circular billiard.

2.1.4 What is the Berry’s Random Wave Conjecture?

In the influential work [9], physicist M. V. Berry proposed a celebrated conjecture about
the behavior of wavefunctions ¥(q) of individual eigenstates in the semiclassical limit,
where the Planck constant % approaches zero (h — 0). According to Berry, this behav-
ior would depend on whether ¢ represents what is termed a ‘regular’ or ‘irregular’ state.
While these classifications lack fully rigorous definitions, they can be understood heuristi-
cally: a regular state is associated with a classically completely integrable system, whereas
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an irregular state corresponds to a classically chaotic system. Since Berry’s conjecture,
the topic has generated significant interest in both the physics and mathematics commu-
nities. Despite ongoing efforts spanning 46 years, a universally accepted formalization
remains elusive. As noted in [38], “the ambiguous comparison between a deterministic
system and a stochastic field has given rise to many different interpretations.” Conse-
quently, we must address the subject in somewhat vague terms. In this section, we will
review key concepts from Berry’s original paper, and in Subsection 2.1.6, we will explore
some modern mathematical formalizations and theorems related to this topic.

Berry’s analysis begins with the concept of a local average, defined for a 'nice’ function

f:f(q1a7Q’n) as
Ef(q1+¢1,-5qn +€n) (2.30)

where €1, ..., &, are independent and identically distributed (i.i.d.) random variables uni-
formly distributed over the interval [ (%), §(%)]. He postulated the following conditions
to ensure that averages are taken over many oscillations of the wavefunction:

lim §(h) =0

A simple example fulfilling these criteria is §(h) := h? with a fixed § € (0,1). The two
statistics of particular interest to Berry were the local average probability density, defined
as in (2.30):

EW}(Ql +515-~-a(1n+5n)|27 (232)
and the autocorrelation function, also defined through the average as in (2.30):

CQl,»--,QN(xla"'axN) = (233)
E[w((h + a1 +517'-'7Qn+$n+5n)¢*(Q1—$1 +El7"'7qn+xn_5n)]
E|/¢(ql +€1a"'an+€N)|2

L (234)

where * denotes complex conjugation.
To compute (2.33) for different systems, Berry employed the so-called Wigner func-
tion:

\Ij(qla vy qn,P1y - apn) = (235)
1 i
hn d$1-~-d33n67%<p1 """ Protes m">¢(f11+I17~--,qn+1‘n)¢*(m—331,-~-,qn—33n)-
R’!‘L
(2.36)

Although it is called a function, the Wigner function is actually a distribution. Therefore,
the existence and precise interpretation of (2.35) is a subtle matter (see [88]) that we will
not delve into here, as it would take us too far from our main focus. The expression (2.35)
can also be compared with (2.28). The crucial point is that, according to a heuristic used
in [9], one can compute the local average probability density of ¢ by integrating out the
p; variables in the Wigner function:

Ef(q1+e1,.-:qn +€n) :/dpl~~-dpn‘I’(Q1a~-~aQnaP1w~;Pn), (2.37)
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Furthermore, and more relevant to this subsection, one can compute the autocorrelation
function as:

Carso oy qn(@, .. 2p) =

/ dpl...dpne%<p1x~~wpn,:v17m,xn>]E\Il(m +51""7QH+5n’p1a“'7pn) (2'38)

Ef(Q1+517-~-aQn+5n)

Using what he termed ‘the crudest classical approximation’, Berry then obtained that
for a classically integrable system

5(I(Q1a"'aQ1’L7p17"'7pn) _I’l/))

(2m)n , (2.39)

E\p(ql +E7"',Q7l+€ap1a"'apn) =

and for a classically chaotic system

]EQ/J(QI +€17"'aqn +5n7p17"'ap’n) =
5(E_H(ql7"'aqn7p17"'7pn)) (240)
Jda...dg, [dpr...dp,6(E — H(q1,--.,qn,P1,---+Pn))

Proceeding further, Berry considered a classical Hamiltonian

2 2
P2
H(qla"'7qnapla"'7pn) = 17+V<q177qn) (241)

2m
where m is the mass of the system and V(qi,...,q,) denotes the potential in which it
moves. Then, using (2.39) and (2.40), Berry arrived at his celebrated conclusions. In
particular, for the ‘irregular states’ (corresponding to classically chaotic dynamics), the
autocorrelation function (2.38) should be given as

Corroogn (T) = |Sd71*1| : /SH exp (z(x,w) . Qm(Eh_ V(q))) dw (2.42)

2m(E-V
34 (Joll - VRIS )
= I(d/2) -

@@\
(|w||~2h‘*)

where z € R?. We can recognize that (2.42) is the same as the covariance function of
Berry’s Random Wave model, which was defined in (1.1).

(2.43)

Remark 2.3. In this section, we aim to explain the foundational work of M.V.
Berry as originally presented in [9]. This work, published in Journal of Physics
A: Mathematical and Theoretical, is a clear example of theoretical physics rather
than pure mathematics. Consequently, the arguments in [9] are understandably
centered on deriving practical approxzimations to develop effective physical models.
Notably, Berry’s Random Wave model has proven to be highly successful in empir-
ical sense (see the discussion in [40, p. 17]). Remaining within the framework of
physical modeling rather than a purely mathematical approach, a concise summary
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of Berry’s Random Wave Conjecture can be found in [/0, p. 18]

‘Berry went on to conjecture that all the statistical properties of chaotic systems
are described by a superposition of waves with fixed wavenumber and random
phases’

On the mathematical side, a caution is needed. For instance, as noted in [100, p.
1414] ‘The term 7chaotic” is suggestive rather than precise and can be taken to
mean ergodic, mixing, hyperbolic, Bernoulli, or some more specific type of chaotic
or unpredictable dynamical behavior.’

2.1.5 Berry’s Cancellation Phenomena

In an influential paper [10] M. V. Berry studied behaviour of a superposition of random
waves

N
2
1/ i Z cos(z cosb; + ysinb; + ¢;), (z,y) € R? (2.44)

j=1

where §; are random directions and ¢; are random phases, both distributed indepen-
dently and uniformly on [0,27). One of the interesting observations made by Berry was
the occurrence of the unexpectedly small - logarithmic terms in the asymptotic variance
of nodal length and nodal number (associated respectively with one or two waves). Anal-
ogous phenomena were since observed in a number of related models by various authors.
Collectively, we will refer to these phenomena (which can differ a bit in a precise formu-
lation) as the Berry Cancellation Phenomena (which is, by now, a standard convention
on the literature). In a recent review article [95, p. 17] Wigman formulated the following
principle/metatheorem:

‘under appropriate assumptions on F' (or p) its functionals are susceptible to Berry’s
cancellation if and only if F' is monochromatic.’

A very general rigorous result of this type was recently established by Notarnicola [65, p.
1140, Theorem 2.5].

2.1.6 Universality of Berry’s Random Wave Model

In this section we will discuss some of recent mathematical results which put the Berry’s
intuition about the generic role of his model on a rigorous footing. The results we will
about to discuss are due to Canzani and Hanin [14] and to Dierickx, Nourdin, Peccati
and Rossi [22]. (For an alternative discussion of the topic of the formalisation of the
Berry’s conjecture see the work by Ingremeau and Rivera [38] and also [37, 1, 31].) The
Monochromatic Random Wave on the compact Riemannian manifold (M, g) without
boundary is defined as

éx - (2.45)

1
= Y a9
v dim(Hy) A €A A+1]
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where ¢; is the eigenfunction of the Laplace-Beltrami operator A, on (M, g), with eigen-
value \;j, normalised so that ||¢;||r2(a,9) = 1, (a;); are i.i.d. standard Gaussian random
variables and

Hy:= P ker(dy— ). (2.46)
/\jE[/\,)\+l]

Note that, in the above, the eigenvalues are tacitly counted with multiplicity. We will be
interested in the following two statistics

Zx (1) ::Al(o)w(x)dﬂd—l(x), Crita()) == Y (), (2.47)

dox (x)=0

where ¢ can be any bounded measurable function. We denote

M(oy) = Covir (@) rW) = gy 2o wi@esl) (249
AjENAF]

and introduce the notation for the asymptotic covariance

Tg_1 (= vlg,,) |
20 (u,v) = (27r)d/2 Zeol el /S Ny U=V W) azg gy (2.49)
ED)

41
lu—vlg.,

Here, g, denotes the constant coefficient metric obtained by ’freezing’ x, S5, M denotes
the unit sphere in tangent space T, M with respect to g,, and dw is hypersurface measure.
An important role will be played by the following short range correlation assumption

sup |V$V5H>\(x,y)| = o(\*TP). (2.50)
z,yeEM:dg(xz,y)>A—1+e

Definition 2.1 ([14]). A point x € M is a point of isotropic scaling, denoted
x € IS(M,g), if for every non-negative function ry satisfying rx = o(\) as A — oo
and all o, B € N¢, we have

sup [958} [II5 (u, v) — I, (w,v)]| = 0a,5(1) (2.51)

w,vE B

as A — oo, where the rate of convergence depends on «, B and Bgr denotes a ball
of radius R centered at 0 € T, M. We also say that M is a manifold of isotropic
scaling if M = IS(M,g) and if the convergence is uniform over x € M for each
a,B €N,

A starting point of analysis is the following theorem.

Theorem 2.1 ([14]). Let (M, g) be a smooth, Riemannian manifold of dimension
d > 2 with no boundary. Let ¢y be as in (2.45) and suppose that M is a manifold
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of isotropic scaling. Then, for any bounded measurable function v : M — R,

(), () (2.52)

Jim EDTI25(9)] = —= -

and
Jim E[A“Crita ()] = G- /M i) (2.53)

where Cy is a positive constant that depends only on d. Suppose further that ¢x
has short-range correlations (see (2.50)). Then

Var A1 Zy(@)] =0 (A=) (2.54)

and

d—1

Var [A~Crit (¢)] = O ( —T) : (2.55)

as A — 0.

29

For zg € M, the Gaussian Pullback Random Wave ¢3° on the tangent space T, M

to the manifold at z( is defined via the exponential map

3 (u) == o (expxo (%)) ;w0 € Ty M, (2.56)

where ¢y is as defined in (2.45). The next technical result is a recent achievement

of

Keeler. It is an important tool used in the proof of the theorem that follows afterwards.

We set

K% (u,v) = \(43° (u), 3°(v)), U, v € Ty M. (2.57)

Lemma 2.1 ([43]). Let (M,g) be a smooth, compact, Riemannian manifold of
dimension two without conjugate points. Then, as A — oo, for any multiindices
a,B eN?

1
sup |6‘°‘6‘B{K§° (u,v) — (2m)Jo(||lu —v||)} = O < ) (2.58)
u,v€B(ry) IOg A
whenever ry = O @ . Here the implicit constant in the O-notation depends

on the choice of xg € M and ry, and on the order of differentiation.

We note that B(ry) corresponds to a shrinking ball or radius 3 = O (ﬁg)\)

on

M. The following result, known as the Small Scale CLT for Gaussian Pullback Random
Waves, demonstrates that if ) grows more slowly than (log )\)1/ 25 as A — o0, then the

nodal length L(¢43°;7y) of Gaussian Pullback Random Waves within a ball of radius

T
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satisfies a Central Limit Theorem, featuring the same scaling as in Berry’s Random Wave
Model.

Theorem 2.2 ([22]). Assume that (M, g) is a compact, smooth, Riemannian sur-
face without boundary and without conjugate points. Then, for every xo € M and
every function A — 1) such that rx — oo and, as A — oo
25
—=—— =o(log A 2.59
ooy = ollog ¥ (2:59)

one has that

2 2
BLOGR )l ~ T4, VarL(@in)) ~ PEER (200)
and
L(¢3") ~ EIL$Y)] 1oy , ~ N(0,1). (2.61)

Var(L(¢3°))"/?

2.1.7 Lesion-Symptom Mapping and Stochastic Geometry

Since its inception, lesion-symptom mapping has been a cornerstone of neuroscience [42],
primarily facilitated by natural experiments such as traumatic head injuries. Over time,
data from these injuries have largely been supplanted by insights gained from cardiovas-
cular accidents. As one neurologist aptly put it: “our knowledge of the brain proceeds
stroke by stroke” [15]. This somewhat unfortunate reliance on stroke data has only begun
to change over the past few decades with the advent of advanced techniques like Magnetic
Resonance Imaging (MRI), Magnetic Resonance Spectroscopy (MRS), Positron Emission
Tomography (PET), and Electroencephalography. However, perhaps the most significant
advancement from a statistician’s perspective has come even more recently: the emer-
gence of Functional Magnetic Resonance Imaging (fMRI). This technique fundamentally
relies on the coupling between brain activity, interpreted as information processing, and
local blood oxygen levels [79]. The importance of fMRI lies in its ability to observe brain
activity in real time, such as when a subject engages in a specific task (e.g., a war veteran
with Post-Traumatic Stress Disorder listening to a range of test sounds).

This development, however, introduced a significant challenge: how to analyze this
new type of data. The difficulty is especially pronounced because many natural questions
are considerably more complex than standard classification or prediction tasks for random
variables residing in Euclidean space R™. In machine-learning terminology, we might
describe this as a failure of supervised learning due to the absence of a clear ”ground
truth.” A key example of this issue is the study of cerebellar dysfunction, where we seek
to understand lesion-symptom mapping. Specifically, the target variable of interest is the
”quality” of the cerebellum as a biological movement optimizer, see [86, 21, 83].

These types of issues have spurred a surge of mathematical research [30, 96, 4, 89].
From our perspective, a particularly noteworthy point—and the reason for including this
brief section in the current chapter—is that the same mathematical framework central to
the study of Random Laplace Eigenfunctions has been pivotal in these efforts. (Worsley
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and his collaborators, Adler and Taylor, have played a crucial role and are the authors of
one of the seminal reference texts in random geometry [2].) Nonetheless, it remains evident
that these problems are still largely unresolved and are the focus of ongoing, intensive
research [46, 44]. Current methods continue to face numerous challenges, contributing to
issues such as replication failure [26] and the weak predictive power of natural statistics
(e.g., lesion size) for symptom severity [16].

2.2 Existing Results

As previously discussed in detail, Berry’s seminal work [9] introduced several conjectures
connecting Quantum Chaos theory with models of random Laplace-Beltrami eigenfunc-
tions. To rigorously explore these conjectures, the mathematical literature has since de-
veloped various models of (approximate) Random Laplace eigenfunctions [99, 81, 94, 70].
In this section, we review existing results on the fluctuations of nodal length and number
for selected models and highlight their connection to our findings.

2.2.1 Random Waves on the Euclidean Space R?

We begin this section by examining the real-valued case of the planar Berry’s Random
Wave model. As outlined in Sections 1.1-1.2, for any well-behaved’ domain D, the nodal
set of the Berry’s Random Wave by for k£ > 0 almost surely forms a collection of smooth,
disjoint curves with finite nodal length, defined as

L(by, D) := length (b, ' ({0}) N D). (2.62)

Physicist M. V. Berry [10] derived the exact formula for the expectation and provided
the asymptotic expression for the variance:

E [L(by, D)] = area(D) - %7 (2.63)
Var (£(by, D)) ~ area(D) - 21;16’; . (2.64)

Subsequently, Nourdin, Peccati, and Rossi [70] also obtained the same formula and fur-
ther demonstrated that the asymptotic fluctuations of the nodal length £(bg, D) follow a
Gaussian distribution.

Theorem 2.3 ([70]). Let by, be a real-valued planar Berry’s Random Wave with
wavenumber k > 0, and let D be a convex, compact planar domain with non-empty
interior and a piecewise C' boundary 0D. As k — oo,

L(by, D) — EL (b, D)
Var (L(b, D))

4 Z ~ N(0,1), (2.65)

where d denotes convergence in distribution.
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In the same study, M. V. Berry also examined the complex analog of this problem,
which involves counting the nodal points (i.e., points in the zero set) of two independent
real Berry’s Random Waves (See sections 1.1-1.2):

N(by, by, D) = ‘{x €D : by(z) = b(x) = 0.} (2.66)

M.V. Berry established [10] the exact formulas for the expectation and the asymptotic
variance:

. k2

E {N(bk,bk,p)] — area(D) - -, (2.67)
47
) 11

Var (J\/ (bk,bk,D)) ~area(D) - = - k*Ink. (2.68)

As with the previous case, this result was later confirmed by Nourdin, Peccati, and Rossi
in [70], who also showed that the corresponding asymptotic fluctuations are Gaussian.

Theorem 2.4 ([70]). Let by and by be independent real-valued planar Berry’s
Random Waves with wavenumber k > 0, and let D be a convex, compact planar
domain with non-empty interior and a piecewise C* boundary OD. As k — oo,

N (bi, b, D) — EN (b, by, D)«

— Z ~ N(0,1), (2.69)
\/Var (N(bk, i)k, D))
where d denotes convergence in distribution.
Consider now [ independent Berry’s Random Waves by, . .., bﬁc on R? where 1 <1 < d,
d > 3, k > 0. The corresponding nodal volume
HED ({zeD:bi(z) =... = b(x) = 0}) (2.70)

has been considered by Notarnicola [65], where again D is a ’well-behaved’ domain.
Therein, Notarnicola computed the expected value of the nodal volume

E [H(d‘l) ({zeD:bl(z) = ... = bi(z) = o})} — a(l,d) - Vol(D) - k. (2.71)

Here, see [65, p. 1134, Eq. (1.8)], we have that

_ (d)ika
where (d); := d!/(d = 1)! and kg := % stands for the volume of the unit ball in

R?. We note that expectation (2.71), in the case d = 3 and | = 2, was also computed by
Dalmao, Estrade and Leén [19]. Furthermore, the same authors (and again for d = 3 and
I = 2) established corresponding variance bounds and Central Limit Theorem (see [19,
p. 384, Proposition 3.4]), with the lower bound being due to Dalmao (see [18, p. 1094,
Theorem 2.1]).
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Theorem 2.5 ([19, 18]). Let by, by, denote independent real-valued Berry Random
Waves on R3 with wavenumber k > 0 and choose any bounded domain D C R3
with Vol(D) > 1. Then, as k — oo, we have

¢k < Var(N (b, by, D)) < C - k, (2.73)

for some deterministic strictly positive constants C' > ¢ > 0 (independent of k and
D). Furthermore, as k — oo, we have

N(bkabkvp)];/IEN(bk7bk’D) i> 7 ,.\,./\/'(07‘/)7 (274)

where V € (0,00) is a strictly positive and finite constant.

Let us make the following additional remark. The authors of [19, 18] made a choice to
grow the domain, instead of increasing the wavenumber. Due to the fact that the Berry’s
Random Waves are stationary, it is an equivalent formulation. For the sake completeness,
we state the same result in this below, in this different formulation. We remark that the
assumption Vol(D) > 1 shown below is just to avoid other asymptotic extrema, i.e., to
exclude possibility that Vol(D) — 0.

Theorem 2.6 ([19, 18]). Let by, by denote independent real-valued Berry Random
Waves on R3 with fired wavenumber equal to 1. There exist numerical constants
C > ¢ > 0 such that for every bounded domain D C R3 with Vol(D) > 1 and for
every k > 1, we have

- Vol(kD) < Var(N (b, by, kD)) < C - Vol(kD). (2.75)
Furthermore, if we fit D and let k — oo, then we have

N (b1,b1,k - D) —M(glébl,k‘l)) 4y 7~ N(0,7), (2.76)
k3/2 (Vol(D))*/

where V € (0,00) is a strictly positive and finite constant.

A discussion related to equivalence between formulation as in Theorem 2.5 and The-
orem as in 2.6 can be found in [64, p. 180-181]. The next result, obtained by Grotto,
Maini, and Todino in [33], is significant in our context, as explained below.

Theorem 2.7 ([33]). Let by, be the real-valued Berry’s Random Wave on R® with
d > 2, and let H, denote the Hermite polynomial of order ¢ > 1. As k — oo, there



34 CHAPTER 2. MOTIVATING PROBLEMS AND EXISTING RESULTS

exists a strictly positive constant c; > 0 such that the following asymptotics hold:

ke if g =2,
Var </ Hq(bk(m))dw> ~cg s k2logk ifg=4 and d =2,
B(o,1) k4 for all other d > 2 and q > 3

(2.77)

Using the above theorem and taking into account the cancellation phenomena in the
second chaos, the identical asymptotic order of the functions p 41, P, and p 4y and

applying chaos expansion as in [70], we can anticipate that for d > 3,
Var (L (by, D)) ~ const x k~(1=2) (2.78)
Var (./\/(bk, b, D)) ~ const x k(4= (2.79)

and that for Ehe nodal volume associated with [ < d waves, the variance order is expected
to be k=) Notably, for d = 3, formula (2.79) aligns with the result established in
(2.73).

2.2.2 Random Waves on the Hypersphere S?

The Random Spherical Harmonics (RSH) are a model of random Laplace eigenfunctions
on the d-dimensional unit sphere S¢ C R%*+1. It has been extensively studied by various
authors [60, 61, 11, 12, 59, 90, 95]. Of particular interest is the most-studied case d = 2.
We recall that the Laplace eigenvalues on the two-dimensional unit sphere S? C R? are
the non-negative integers of the form A? = [(I + 1). Here | € Z>( and we note that the
eigenspace corresponding to )\12 has dimension 2] + 1. Fix for a moment an arbitrary
L2-orthonormal basis 71,...,72.1 of the eigenspace associated with ;. We define the
Random Spherical Harmonics (RSH) of degree € N, as a random field

20+1
1
)= . a x), reS? 2.80
fi(@) T ; K7k () (2.80)
where ai,...,a91 are i.i.d. standard Gaussian random variables. It is not too difficult
to check that the law of the Random Spherical Harmonics is independent of the choice of
the basis 71, ...,m2141. The significance of this model in our context is explained in the

following remark.

Remark 2.4. [t is well-known that, locally and after appropriate rescaling, the
covariance function of Random Spherical Harmonics on two-dimensional sphere
S? converges, asl — oo, to the covariance function Jy of the real Berry’s Random
Wave by with wave-number k =1 (as a consequence of the Hilb’s asymptotic), see
for instance [95, p. 17-18, Section 3.3].

The expected nodal length of Random Spherical Harmonics on two-dimensional sphere
S? was computed by Berard [8]

E[L)] =7V2- VAN +1), (2.81)
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(see attribution given in [94, p. 3, Eq. (8)]). The asymptotic variance formula was
established by Wigman [94, p. 5, Thm. 1.1].

Theorem 2.8 ([94]). Let L; denote the nodal length of Random Spherical Har-
monics of degree | on the two-dimensional sphere S2. Then, the following holds:

log A

Var(Ly) = 35

+0(1), (2.82)

where O(1) represents a term that is asymptotically bounded by an absolute con-
stant.

The Random Hyperspehrical Harmonics on S%, d > 3, are defined in a manner anal-
ogous to 2.80, see [57]. The expected nodal volume associated with Random Spherical
Harmonics on the hypersphere S, d > 3, was also was comuted by Berard [8] to be

E[Cy] = _em MA+d—1) (2.83)
Vd-T(3)

where Ey.q := M A+d—1) is the A-th eigenvalue of the Laplace-Beltrami operator on the
d-dimensional hypersphere. The current best upper bound on the asymptotic variance
was recently established by Marinucci, Rossi and Todino [57, p. 10, Thm. 3.8] and, as
stated therein, it is believed to be sharp.

Theorem 2.9 ([57]). Let L; denote the nodal volume of Random Spherical Har-
monics of degree l on S for d > 3. Asl — oo, the following holds:

Var(£;) = O (HH)) . (2.84)

As mentioned earlier, Berry’s Random Waves are expected to exhibit behavior sim-
ilar to that of Random Hyperspherical Harmonics. We observe that equation (2.84) is
consistent with equation (2.78). In [59], Marinucci, Rossi, and Wigman established the
full correlation between the sample trispectrum and the nodal length, from which they
derived a quantitative Central Limit Theorem as a corollary. To help us state this result,
we set

A ek B v A\ C (2.85)

V/Var (£;) v/ Var (M))

Theorem 2.10 ([59]). Let £; and M; denote the normalized nodal length and
normalized trispectrum of Random Spherical Harmonics of degree I on the two-
dimensional sphere S?. As | — oo, the following holds:

E[{i - M}?] =0 (@) . (2.86)
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Furthermore, as | — oo, we have

Wy (£.2) =0 (ﬁ) , (2.87)

where Z is a standard Gaussian random variable and W1 denotes the Wasserstein
distance (see Subsection 3.3.1).

Figure 2.2: Left: Nodal domains of random spherical harmonics of degree 40. Right:
Nodal domains of random spherical harmonics of degree 200. Credit: Alex Barnett, used
with permission. https://users.flatironinstitute.org/~ahb/rpws/

2.2.3 Random Waves on the Flat Torus T¢

The Arithmetic Random Waves (ARW) are the well-known model of random Laplace
eigenfunctions on the multidimensional flat torus and associated nodal volumes have
been a subject of extensive study [74, 81, 82, 45, 55, 20]. We define

S={n€Z:n=a*+0b?for some a,b c Z}. (2.88)

Given a positive integer n € S the Arithmetic Random Wave T, is defined as a centred
Gaussian field with the covariance function

BT, (2) Taly) = 5 3 cos@rhz—y),  wyeT, (2.89)
™ XeA,

where A, = {\ = (A, \2) € Z% : A3 + A2 = n} and N,, denotes the cardinality of the set
A,,. The Arithmetic Random Waves (T},),cs are random Laplace eigenfunctions on the
standard flat 2-torus T := R? \ Z2, i.e.,

AT, (x) + E T, (x) =0, rzeT (2.90)
where

B, = 471°n. (2.91)
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The nodal volume of £,, is almost surely a union of smooth curves and we can write
L, := length(T,; *{0}). (2.92)

The expectation of the nodal volume £, has been computed by Rudnick and Wigman
[81].
Theorem 2.11 ([81]). Let s € S and let L,, be the nodal length of the Arithmetic
Random Wave T,,. Then

_ VEn
EL, = ok (2.93)

Furthermore, we define the probability measure on S* as
1
(2.94)

.
i n
Na AEA,

for k € Z we denote (k) to be the corresponding Fourier coefficient

fin (k) = /S 2R dpu, (2). (2.95)

and we write:
1+ 0, (4)2
_ 1+7in(4) (2.96)

S ST
In [45] Krishnapur, Kurlberg and Wigman established the following theorem.

Theorem 2.12 ([45]). If (n;)i>1 is any sequence of elements in S such that N, —

oo, then

E (2.97)

Var(L,,) = cp, - J\%(l +o(1)).

Further, given any c € [1/512,1/256], there exists a sequence (n;);>1 of elements
in S such that as i — oo, we have N,,, — oo together with c,, — ¢ so that

E,,
Var(L,,) =c- N2

(1+o0(1)). (2.98)

Furthermore, in [55] Marinucci, Peccati, Rossi and Wigman proved the following non-

central limit theorem.

Theorem 2.13 ([55]). Let {n,,} C S be a subsequence of S satisfying N,,, — oo,
such that the sequence {|fin,(4)| : j > 1} of non-negative numbers converges, that
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18:

|12, (DI| =, (2.99)
for some n € [0,1]. Then
En,- - Ecn d
i B P N VIS (2.100)
Var(L,;)
where
1
My:=——— (2—-1+n)X2 - (1-n)X3), 2.101
0= 3o O (L mXE = (=X (2.101)

where X = (X1, Xo) are independent standard Gaussian.

For n € S, let T;, and T,, be two independent Arithmetic Random Waves. The volume

of the intersection of their nodal sets is described by the random integer

I, := {z e T?: T,(z) = T, (x) = 0}/, (2.102)

where | -| denotes the cardinality of the set. Dalmao, Nourdin, Peccati, and Rossi present
a thorough characterization of its fluctuations in [20, p. 4, Theorem 1.2], detailing non-
universal variance asymptotics, along with non-universal and non-central limit theorem.

Theorem 2.14 ([20]). 1. (Finiteness and mean) With probability one, for
every n € S the set of nodal points is a finite collection of isolated points, and

En

E[f,] = 4= =

. (2.103)

2. (Non-universal variance asymptotics) As N,, — oo,

E;
Var(l) = dn x 325 (14 0(1)) = V(1 + o(1)), (2.104)
where
Z> 2 2
gy o= A" H5 v dy x En (2.105)

12872 NZ

3. (Universal law of large numbers) Let {n;} C S be a subsequence such that
/\fn]. — +00. Then, for every sequence {ey;} such that Enj./\/nj — 00, one has that

I,.
P( L 1‘ >enj) — 0. (2.106)

7T1’Lj

4. (Non-universal and non-central second order fluctuations) Let {n;} C
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S be such that Ny, — +oo and |fin, (4)] = n € [0,1]. Then,

- I, —EIL,
Inj = T
V!
" - : (2.107)
-, ( D4+ ”B—Q(c_z)>
24/10 + 6n? 2 2

with A, B, C independent random variables such that A ip< 2X2+2X2—-4X2
and C 2 X2+ X2, where (z1, X2, X3) is standard Gaussian vector of R3.

Since T, and T}, have the same energies, a direct comparison with our results is not
possible. Nevertheless, we would like to note the following. The non-universality in [20,
p.4, Theorem 1.2] is controlled by the Fourier coefficient

fin(4) = / ~Adp(2). (2.108)
Sl
Using corresponding angle measure defined by the condition
vn(0) = pin(cos @,sinb), 0 € [0,2m), (2.109)

the formula (2.108) can be re-written as
8 2
fin(4) =1 — . / cos? fsin? Odv, (6). (2.110)
nl Jo

We note that, on a purely heuristic level, the expression (2.110) arises from computations
which are somewhat similar to the computations that are leading to appearance of the
parameter r“*? in Theorem 4.1 (evaluation of the integrals in (6.58) through Lemma 6.9).

2.2.4 Intersections Against Deterministic Submanifolds

The intersections of the zero set of 2-and 3 dimensional Arithmetic Random Waves (ARW)
against a smooth reference curve or hypersuface (respectively) has been studied in [82,
80, 51], see also [95, Sections 1.4 and 4.3]. Here, we want to make a related simple
and heuristic observation. As described in the forthcoming Remark 4.1, our upcoming
Theorem 4.1 (see also Section 1.2) can be extended to include the scenario 7/°9 = 0. In this
situation, it is still necessary that k,, — oo but this divergence can be arbitrarily slower
than the divergence K,, — oo. We could think of the possibility k, — k < oo, K,, — o0,
as a limiting case of such scenario. In this situation, fixing the randomness associated
with by, := b1(k,- ) and letting n — oo should give a scenario where we intersect the
nodal lines of the process Z;Kn against a curve Cp, which is essentially constant - as it
approaches the limit curve Cy. Here,

Cr, :={x €D :by, () =0}, Cr:={z €D:by(x) =0}

Let 7, : [0, L(bk,,D)) — R% 7 :[0,L(bg, D)) — R? be a (well-behaved) parametrisa-
tions of the curves Ci, and C : k, respectively. The above considerations suggest that
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(conditionally on the randomness of the process by) we should have

N (br, b, D) = {0 < t < L(bg,,, D)) : bx, (Ta(t)) = 0}

A (2.111)
~ |{0<t<L(b,D)):bx, (7(t)) =0},

which is a number of intersection against a deterministic curve.



Chapter 3 Preliminaries

This chapter contains well-known results and so the reader might want to omit it at first
reading.

3.1 Deterministic Toolbox

3.1.1 Normalised Bessel Functions of the First Kind

We will introduce now the classical Bessel functions of the first kind. They will play a
central role throughout the rest of the thesis.

Definition 3.1. The Bessel function of the first kind and real order « is a (partic-
ular) solution to Bessel’s differential equation (see [23, 10.2 (i) Bessel’s equation,
Eq. 10.2.1])

t2f7(t) + tf(t) + (£ — o) f(t) = 0, (3.1)
which takes the form

too (2k+a) «a 2+«
_ (r/2) _ (r/2) (r/2)%*
J‘*(T)_I;)(_ )" ET(a+1+k) TD(a+1) 20(a+2) T

a,r € R,
(3.2)

(see [25, 10.2(ii) Bessel Function of the First Kind, Eq. 10.2.2]) and where T’
denotes the standard Euler Gamma function (see [23, 5.2 (i) Gamma and Psi
Functions, Eq. 5.2.1]).

The preceding plot highlights a key property of Bessel functions of the first kind:
their slow decay to zero at infinity, coupled with oscillatory, trigonometric-like behavior.
Formal details follow in the next remark.

Remark 3.1. The Bessel functions J, described in last definition enjoy the fol-
lowing properties:

1. (Uniform bound) If oo > —1/2 then for some constant K (o) (depending only

41
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Bessel Functions of the First Kind (Orders 0, 1, 2)

1.0 — 10
— )1
— J2x)

Figure 3.1: Numerical plot of selected Bessel functions of the first kind.

on a) and all r > 0 we have
|Jo (r)] < 772K (@), (3.3)
(see [87, p. 167, Theorem 7.31.2]).

2. (Asymptotic forms) We have

(r/2)*
Jo (1) ~ Ta+ D)’

Jo (r) = 7’1/2\/2 {cos (r - 20:;!— 177) + 0(1)} , @a€R, rtoo, (3.5)

where o (1) denotes remainder converging to zero as r diverges to infinity (see
[25, 10.7 Limiting forms, Eq. 10.7.3, and Eq. 10.7.8, first formJ).

a#-1,-2,...., rlO0, (3.4)

3. (Recurrence relations for deriwatives) We have for every a > 0

0 @

EJO‘ (r) = —Jdax1 (r) + ;Ja (r), rekRr, (3.6)
(see [23, 10.6(i) Recurrence relations and derivatives, Eq. 10.6.2, second
form]) and where the case r = 0 should be understood by taking an appropriate
limit, which exists thanks to the asymptotic form of J, at zero (as discussed
in the preceding point).

We recall that the normalised Bessel functions of the first kind were defined in (1.3)-
(1.4). The following easy lemma will be very useful in simplifying computations involving

derivatives as it takes advantage of recurrences inherited from standard Bessel functions
Jo-

Lemma 3.1. Let a > 0 and p,, (1) be a normalised Bessel function of the first
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kind. Then, for z € R*\ {0} and i,j € {1, ...,d} we have

/ (—T) 1" 7"2
P (1) = mpaﬂ (r), P (1) = mpaw (r),
Oupa (1) = i par (1), )
—51‘3' ZiZj

Bijpa(l2]) = (I2) + pa+t2 (|2]) -

2(a+1)° ot Lat1)(at2)

Proof. By the standard recurrence property of the Gamma function we have that I'(a +

1) = Ffl‘ff) (see [23, Eq. 10.29.2]). Moreover, [Ja(r)r_"‘]/ = J! (r)r——ad,(r)r~(eth) =

—[2Ja(r)=JL(r)]r=® = —r[Ja41(r)r~(@FD], with the last equality following by plugging
in the recurrence relationship for the derivatives of Bessel functions that we recorded in
Point 3 of Remark 3.1. The first requested formula follows now by combining these two
observations. The remaining expressions follow immediately by a repeated application
of the one already proved, in conjunction with chain rule, product rule and formula

3.1.2 Hermite Polynomials
The well-known (probabilistic) Hermite polynomials H,, are defined by the formula
HO(‘I) = 17

3.8
H,(z) =—0,Hp_1(x) + xH,_1(x), n=12... (38)
see for example [69, p. 13]. In particular, we have
Ho(z) =1 Hi(x) ==, Hy(z) = 2* — 1,
o(z) 1(w) 2(z) (3.9)

Hj(z) = 2® — 3, Hy(z) = 2* — 62 + 3.
Some relevant properties of the (probabilistic) Hermite polynomials are the following:
(i) For every n € N and z € R,
H,(z) = (—1)"H,(—=z). (3.10)

(ii) For every k € N,
Hopr(0) =0, Ha(0) = (1) (2K — 1)1 (3.11)

(iii) Consider the Gaussian L? space
L3 (RY, B(RY), dv), (3.12)
where v is the law of a countable collection of i.i.d. Gaussian r.v.s. Then the

products of Hermite polynomials

n

[1#(z)., neN  jieN,  zeR, (3.13)
=1
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form an orthogonal basis of this L? space and satisfy the property

n
H Hj, (@1)
=1

2

n
=TT (3.14)
LIRY BRY), dy) =1

3.1.3 On the Level Sets of Deterministic Functions

The following lemma is a standard result which is equally valid with many other choices
of the approximation of the Dirac’s delta function, see for instance [2, p. 269, Theorem
11.2.3].

Theorem 3.1. Let d,m > 1 be strictly positive integers, let f = (f1,...,fa) :
R? — R? and g : R — R™ be C functions over their respective domains. Let
T c R? and B C R™ be, respectively, a closed and an open set. Suppose that for
u=(uy,...,uq) € R we have that OT N f~*(u) is empty and that if f(t) = u then
both det Vf(t) # 0 and g(t) ¢ 0B. Then, there is a finite number N, of points
t € T such that f(t) = u and g(t) € B. Furthermore,

d
1
N, = lim —— 17+ ) 1 1
wmtme | It 0-wisolola@)] der Vi@l (319

where V f(t) denotes the matrixz of the first partial derivatives of f.

3.2 Elements of Gaussian Analysis

2

A real-valued Gaussian random variable with mean p and variance o is defined as a

random variable X ~ AN (p, o) with characteristic function

. o2t?
EeX = exp (itu — 2) , teR. (3.16)
A Gaussian random vector X ~ N (u,¥) with mean p = (u1,...,uq) and non-negative
definite covariance matrix ¥ is defined as a random vector with characteristic function
1
Eexp (i(t, X)) = exp (i(t, Yy — §<t, Et}) t=(t1,...,tq) € RY, (3.17)

where (-,-) stands for standard Euclidean inner product. A Gaussian random variable
with mean p and variance o2 > 0 has density

1
W2t e R, (3.18)

t) :=
’Yu,o( ) oo

Furthermore, a Gaussian vector with mean m € R? and strictly positive-definite covari-
ance matrix X has density
exp (—3(z —m)"S7(z —m))

m,2\T) ‘= 5
. 2(2) (27)4/2¢/det

z € RY (3.19)
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A Gaussian random field (X;):er indexed by the set T is a collection of random variables
such that for every n € N and any choice of distinct points ¢1,...,t, € T, the random
vector (Xy,, ..., X, ) has a Gaussian distribution on R™.

3.2.1 Gaussian Conditioning Formulas

The following result is standard, elementary and remarkably useful, see [5, p. 18, Propo-
sition 1.2]. In its formulation we will use the following well-known convention: let X,
Y the square-integrable random vectors on R™ and R™, respectively. Then, Var(Y) is a
m X m non-negative definite matrix defined by

Var(Y);; := Cov(Y;,Y;), i,7€{1,...,n}, (3.20)
and the matrix Cov(X,Y’) is the n x m matrix defined by
Cov(X,Y);; := Cov(X;,Y;), (3.21)
where i =1,...,nand j=1,...,m.
Lemma 3.2. Let X € R and Y € R™ be two Gaussian vectors such that (X,Y) €

R™™ s also a Gaussian vector and suppose Var(Y') is non-singular. Then, for
any bounded measurable function f : R™ +— R, we have

E(f(X)Y =y) =E(f(Z + Cy)), (3.22)
where
C := Cov(X,Y)[Var(Y)] ™, Z ~ N, %), (3.23)
with

1= E(X) — CE(Y), 2
¥ := Var(X) — Cov(X,Y)[Var(Y)] ! Cov(X, Y)". '

We will be using the formulas provided in the above lemma when working with cen-
tered Gaussian vectors and conditioning on y = 0 (conditioning on being in a nodal set).
Thus the conditioned Gaussian vector will be centered and we will be focusing on the
analysis of the variance term

¥ = Var(X) — Cov(X, Z)[Var(Y)] ' Cov(X,Y)".
We will have Var(X) = Id; and Cov(X,Y)[Var(Z)]~'Cov(X,Y)! = o(1) will be a small
perturbation which vanishes in the high-frequency limit.

3.2.2 Wick Theorem for Hermite Polynomials

We borrow the next standard result from [54, p. 98, Proposition 4.15 (Diagram formulae
for Hermite Polynomials)]. We recall that for a strictly positive integer n we note [n] :=
{1,...,n}. Furthermore, we recall that a flat diagram G = G(l1,...,l) associated with
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an ordered list of strictly positive integers 1, ...,1,, is a collection of pairs {p, ¢} such
that p € (I;,[li]), ¢ € (;,[l;]) for some ¢ # j and such that each (I;,n), n € [l;], appears
in exactly one element of G. For a flat diagram G and each i # j we will write ¢;; for the
number of pairs belonging to G' constructed only out of the elements of (I;,n;), (I;,n;),
n; € [l;], nj € [I;]. We call ¢;; the number of unordered edges between ¢ and j.

Theorem 3.2. Let (Zy,...,Zy) be a centered Gaussian vector and set Xij =
E[Z;Z;]. Let Hy,,...,H;, be Hermite polynomials of strictly positive degrees
li,...,l;m. Then,

E|[[&,z)| => []= (3.25)

G i<j

where the sum is over all diagrams G = G(l1, . .., ly,) with no flat edges and where
qi; denotes the number of unordered edges between i and j.

3.3 Elements of the Malliavin-Stein Technique

This chapter is devoted to introducing some of the methods which play a central role
throughout the thesis. The title of this section reflects their modern placement within
the broader mathematical framework. However, we should note that, despite the title,
we do not discuss here standard topics such as Stein equation and Malliavin derivatives.
For these we refer to the standard references [69, 34, 71, 53], each of which seems to have
some unique strong sides.

3.3.1 Probabilistic Distances Induced by Separating Classes

For the sake of completeness, we will recall now some standard material with [70, p. 209-
214, Appendix C] serving as our main reference. Let (2, F,P) be a probability space and
let H be a collection of measurable functions h : R* — R. We say that H is a separating
class if, given any random variables F,G : Q — R?, the equation

Eh(F) = Eh(G),
holding for every h € H with h(F), h(G) € L*(2) implies that
Law(F') = Law(QG).

The most standard example of a separating class consists of the collection of all bounded
continuous functions. A simple but crucial observation is that any separating class H
induces a distance:
d(F,G) = sup Eh(F') — Eh(G).
heH
There are three classical examples that have been exploited extensively in the Malliavin-
Stein method: the Kolmogorov distance

drot(F,G) :=  sup |P(Fy <ti1,...,Fg<tq) —P(G1 <t1,...,Gq < ta)l,

t1,...,ta€ER
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the Total Variation distance

dry(F,G):= sup |P(F € B)—-P(G e B)|,
BeB(RY)

and the Wasserstein distance defined as

dw (F,G) := sup Eh(F) — Eh(G),
h

where the supremum is taken over all 1-Lipschitz functions h : R? — R. The Kolmogorov
and Total Variation distances seem too stringent to be effectively used in the proofs
related to the nodal volumes. Instead, the central role in our work will be played by the
Wasserstein distance.

3.3.2 Wiener Isometry

Let X = (X;)ier be a separable infinite-dimensional centred Gaussian process indexed by
T. Let L?(Q, Fx,P) be the associated L? space where Fx is the o-field generated by the
process X. Then, L2(f, Fx,P) is a separable Hilbert space and, as described in Section
5.5, we can decompose L?(Q, Fx,P) = ©o2oHy. Here, for each non-negative integer g,
Mg is the g-th Wiener chaos associated with the process X (see Subsection 5.5 for the
definition).

It is convenient to encode the isometric properties of Wiener chaos in terms of L? spaces
associated with Fuclidean hyperrectangles with increasing dimensions. For each positive
integer ¢ we set L2([0,1]7) := L?([0,1]9,B([0,1]9),dt; ...dt,) and we set L2([0,1]9) C
L?([0,1]9) to be a subspace consisting of a.e. symmetric functions. That is, f € L2([0,1]7)
if and only if f € L2([0,1]9) and for a.e. choice of arguments 0 < ¢y,...,t, < 1 and for
every permutation o € S, we have f(t1,...,t;) = f(to),-- - to(g)). We endow L2([0,1]9)
with rescaled norm H . HLE([O,I]Q) = q'|| . ||L2([071]q)

Now choose any orthonormal basis (f;);ey of L2([0,1]) and fix a sequence (£);en of
i.i.d. standard Gaussian random variables constituting a basis of the first Wiener Chaos
H, generated by the process X. For every integer ¢ > 1 we will now define a bijective
isometry I, from L2([0,1]9) onto H,. For any integer 1 < I < g, for any collection of
positive integers (g )1<k<i such that 22:1 qr = g, and for any choice of distinct indices
i1,...,4 € N, we set

I qk

H H fk(tql-&-.“—i-ql,l-i-nL)a (326&)

k=1m=1

I aqk
~ 1
ficlll ..... it (t1, ... 7tq) : a ’ Z H H fk(tU(Q1+...+Ql71+m))’ (3.26b)

€Sy k=1m=1
i;”) = ch (521) : qu (512) o th (le) (326C)

fz“{l,...,z‘;‘l (1, tg) :

1 sy

We note that the functions in (3.26a) span L?([0,1]%), while the functions in (3.26b) span
L2([0,1]9). The function defined in (3.26b) is called the symmetrization of the function
recorded in (3.26a). The simplest case of (3.26¢) is that I1(f;) = &. Moreover, it follows
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from the definition (5.26), that products of the type appearing on the right of (3.26¢) are

dense in H,. Finally, it is not too difficult to check (taking advantage of the independence)
that

|| it it ||%f([0,1]’1) =qlg!q! = Var(qu (fh) - Hg, (51’2) - Hg, (flz)) (327)

Combining the above observations, it is clear that extending linearly (3.26¢) yields an
isometry with the postulated properties.

3.3.3 Fourth Moment Theorem on Wiener Chaos

The following standard concept is a crucial tool used for proving CLTs for random se-
quences belonging to a fixed Wiener Chaos.

Definition 3.2. Let ¢ > r > 1 be integers and f,g € L2([0,1]9). Then, the
r-contraction f ®, g € L*([0,1]2972") is defined by

f®’l‘gt17" q’l‘781a"'75q—’r')

/ftl,.. gers Wls ooy Up) - G(S15 oy Sqmry Uty -, Up)dU - .. dUp.
(3.28)

We will adopt the standard convention that, whenever ¢, 7, f ®, g are as in the above
definition then the symmetrisation of z := f ®, ¢ will be denoted by Z = f®,g. The
next result is a crucial technical tool we will need in the proof of Theorem 4.1. For
the definition of Total Variation, Kolmogorov and Wasserstein distances used we refer to
Section 3.3.1 and [69, p. 209-214, Appendix C].

Theorem 3.3 ([69]). Let g > 2 be an integer, let X = (X¢)ier be a centred infinite-
dimensional separable Gaussian process with an index set T. Let Z be a standard
Gaussian random variable and d denote either Total Variation, Kolmogorov or
Wasserstein distance. Let I, denote the Wiener isometry as defined in (3.26b) and
(3.26¢). Then, there exists a combinatorial constant Cqy > 0 such that, for every
function f € L2([0,1]9) with || f]|r2(j0,170) = 1, we have

A04(1),2) < Cy - max_||f @ /]

1<r<q—1

£2([0,1]2(a=m)’ (3:29)

Proof. See [69, p. 99, Theorem 5.2.6] and [69, p. 95-96, Eq. (5.2.6) in Lemma 5.2.4]. O

An immediate consequence of the above theorem is that, for variables belonging to
the Wiener chaos of order ¢ > 2, convergence of contractions to zero implies convergence
in distribution to the Gaussian law. We will also need the following generalisation of the
above theorem.
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Theorem 3.4 ([69]). Let g > 2 be an integer and let X = (Xi)ter be a centered
separable infinite-dimensional Gaussian process indexed by the set T. Let f =
(f1s---, fm) be a vector of functions f; € Lgym([O, 1]9), and let Zg ~ Ny (0,%) be a
centred Gaussian random vector with covariance matriz % defined by

ZJ / fl tl,..., f](tl) o tq)dtl...dtq, (330)

[0,1]¢

where 1 < 4,5 < m. Let I, denote the Wiener isometry as defined in (5.26b) and
(5.26c) and denote I,(f) = (I,(f1),...,14(fm)). Then, the following inequality
holds for each real-valued function h € C’ (R™)

m g—1

[ER(1(E)] = E[R(Ze]l < Oy 11" loo - D D I1fs @ fillao,aj2a2rys  (3:31)

i=1r=1

with the norm ||h”||c defined in (1.14). Moreover, we can find a combinatorial
constant Cq > 0 such that, if 3 is a strictly positive definite matriz, then we have

m gq—1

Wi(I (), Ze) < Cy - m®2 - 2 loplIZIL2 - 7 ST 1S ®r fill o, agza-2r)s
p=Il =l

(3.32)

where Cyq > 0 is a combinatorial constant.
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Proof. In [69, p. 121, Theorem 6.2.2] a more general statement is considered with different
integers qi, . . ., ¢m. Our claim follows immediately by specialising it to the case ¢; =

dm

:q.

The following simple observation will be useful in the proof of Theorem 4.3.

Remark 3.2. Let (f,)nen, £, = (fL, ..., f™), fi € L%([0,1]9), be a sequence of
vectors such that the right-hand side of (3.31) is converging to zero. Suppose also
that for each 1 < 4,5 < m the following limit exists

/f tla"'? f](t17"'7tq)dt1"’dtq—>Eij' (333)
[0,1]4

Then

I,(£,) - 2, (3:34)

where Z ~ N,,,(0,X) is a centred Gaussian vector with covariance matriz ¥ defined
via (3.33). (This implication is made possible by a simple observation that the real
and imaginary parts of the characteristic functions © — €% are of C™ class
and that the suprema of their second partial derivatives are bounded by |\|?.)

O
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The next remark explains the title of the current section, in relation to Theorems 3.3
and 3.4.

Remark 3.3. [t is convenient to formulate Theorems 3.3 and 3.4 using the con-
traction norms || f @y f|12([0,1)2—m)- However, note the following important equiv-
alence. If X,, = I,(fn) is a sequence of random variables as in Theorem 3.3, the
convergence to zero of the right-hand side of (3.29) is equivalent to the convergence
of the 4th moment to that of a standard Gaussian random variable, specifically:

EX} - 3, (3.35)

as shown in [69, p. 99, Theorem 5.2.7].  Similarly, if (X}, ..., X™") =
(I,(fh), ..., I,(f™)) is a sequence of random vectors as in Theorem 5.4, then the
convergence of the right-hand side of (3.31) or (3.32) to zero (depending on whether
the limit covariance matriz is strictly positive definite or not) is equivalent to:

ax |[E(X})* -3 =0, (3.36)

i=1,....,m

as shown in [69, p. 121, Theorem 6.2.2].

Let us end this section with some bibliographical remarks. Theorem 3.3 is due to
Nualart and Peccati [73] and Theorem 3.4 was established by Peccati and Tudor [77].
The connection between the Fourth Moment Theorem and the Malliavin calculus has
been first observed by Ortiz-Latorre and Nualart [72]. The very fruitful combination of
the Malliavin calculus and Stein method, which is behind the currently used quantitative
forms of these theorems and their multiple extensions, has been introduced by Nourdin
and Peccati [68]. As noted by Hairer in [34, p. 21] these theorems provide “an incredibly
strong form of central limit theorem.” The recent results of Herry, Malicet and Poly [35,
p. 1164, Theorem 1 and 2] provide another very strong form of central limit theorem on
a Wiener Chaos of fixed degree, denotes as ’superconvergence’. As recalled therein, an
important fact to keep in mind is that, every non-constant random variable belonging to
a finite sum of Wiener Chaoses admits a density with respect to the Lebesgue measure.
We also recall that the Fortet—Mourier distance (known also as the bounded Wasserstein
distance) metrizes the topology of convergence in distribution and is defined by taking the
separating class of functions h : R? — R which satisfy ||h||Lip + ||h]|ec < 1 with ||k Lip
denoting the Lipschitz norm.

Theorem 3.5 ([35]). Let d be a strictly positive integer and ¢ € N. There exists
0 = 0g,a >0 and C' = Cyq > 0 such that for all F in the Wiener chaos of degree
d, with density f, we have

dpp(FN(0,1)) <6 = [f €C? and ||f|lc, < C), (3.37)

where dppr denotes the Fortet—Mourier distance. Moreover, if (F,,), is a sequence
of random wvariables in a Wiener chaos of a fixed strictly positive degree, with
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respective densities (fn)n, then
F, “% N(0,1)  if and only if for every g € N ||f© —4@||c > 0. (3.38)

Here, the g-th derivative f,(f) is well-defined for n large enough and v denotes the
density of the standard Gaussian random variable.

3.4 Crash-Course on the Geometry of Random Fields

This sections contains some standard results concerning limited range of situations that
will be of interest throghout the rest of the thesis.

3.4.1 Regularity of Gaussian Fields

We start with the following basic definition adapted here from [62, p. 263, Definition
A3].

Definition 3.3. Let V C R? be an open set and let K : V x V — R be a function
such that K(z1,22) = K(z2,21) for every z1,z0 € V.. We say that K is of class
CHFE(V x V) if

0K (z)

T\ 0
5r g SCVXV), (3.39)

whenever at most k of i; are smaller or equal to d and at most k of i; are strictly
bigger than d. Here, z = (z1;22) = (21, -« -, 2d; Zd41s - - - s 22d) -

An immediate consequence of the continuity assumption is that for K € C**(V x V)
the derivative of the form (3.39) does not depend on the order of differentiation. In
particular, 8;’85K(x,y) = a{fagK(x,y) for every x,y € V and multiindices o, f € N?
with |a|, |8] < k. Here, | - | denotes the Iy norm.

The next result is a very useful extension of the classical Kolmogorov s continuity
theorem, which adapts standard arguments to a setting where main emphasis is not just
on continuity but also on differentiability.

Theorem 3.6 ([62]). Let k € N and V. C R? be an open set. Suppose that
K :V xV — R is a positive definite symmetric functions of class C**(V x V),
and that

max  sup |[0SOPK (x,y)| < oo. 3.40
|a\,|mszcw,yepv| el i

Then, there exists a unique in distribution C*~' Gaussian random field f on V
with the covariance kernel K.
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We note that if K(x,y) = C(x — y), then
00K (x,y) = (~1)1P[(@* P C)(a — y). (3.41)

Therefore, K is in C**(R™ x R™) if and only if C' € C**(R™). This in turn can be shown
to hold if and only if

/ IA2Edu(A) < oo, (3.42)
Rd
with p denoting the spectral measure associated with C' (see Section 3.4.2).

3.4.2 Stationarity and Isotropy

The class of centered smooth Gaussian random fields, even just on the Euclidean space,
is obviously very large. In order to make the situation manageable it is natural to restrict
the attention to a subcollection of fields defined by invariance of the covariance function
with respect to an action of some chosen group. The simplest example one can consider
is stationarity (i.e. the covariance function is independent of location K(z,y) = C(z —
y)) and isotropy (i.e. the covariance remains unchanged under rotation i.e. K(z,y) =
K (0x,0y) for any rotation ). We will be focused in this work on the situations when
both of these assumptions are fulfilled, for an example of work which abandons the second
of these assumptions see [27]. The following starting result is well-known.

Theorem 3.7 ([2]). A continuous function C : R — R is a covariance function
of a stationary random field on R® if and only if there exists a finite measure v on
the Borel o field B(R?) such that

Clz) = / im0 4 (d) (3.43)
R4
for all x € RY.

The measure v in (3.43) is called the spectral measure. When restricting ourself to the
isotropic situation and integrating out over the S¢~! one obtains the following standard
result often referred to as the Schoenberg theorem .

Theorem 3.8 ([2]). For C to be the covariance function of a mean-square contin-
uous, isotropic, stationary random field on R is it necessary and sufficient that

C(z) = /OO TiaOllh (3.44)

- N :
o (A=

for some finite measure p on [0,00).

We will refer to the measure p in (3.44) as the isotropic spectral measure. We note

that the spectral point of view has recently brought in a major breakthrough in the study
of smooth Gaussian random fields [52].
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3.4.3 Some Functionals of Smooth Random Fields

The two most basic geometric objects in the random field theory are: the excursion set
of a measurable real-valued function f : T — R above the threshold level u € R defined
as

Au(f):={teT: f(t) > u}, (3.45)
and the level set corresponding to u defined as
Bu(f):={teT: f(t) =u}. (3.46)

More generally, one can study the volume of tubes starting from an arbitrary measurable
set. For a metric space (T, 7) the tube of radius p around A, where A C T, is defined as

Tube(A4,p) :={z €T :7(x,A) < p} = U B (y,p), (3.47)
yeA

where
A) := inf .

7(z, A) = inf 7(z,y)
In our work, the primary role is played by the specific levels set {f = 0} which is usually
referred to as the Nodal set. In the next chapter we will give many examples of the
prominent role played by this level and justify special interest given to it. Even more
precisely speaking, the result presented in this thesis concern a specific type of nodal
volume. We introduce it below.

Figure 3.2: Left: Large-scale sample of critical points of the Berry’s Random Wave.
Right: Restriction to extrema. Credit: Dmitry Belyaev, included with permission, https:
//people.maths.ox.ac.uk/belyaev/.

Definition 3.4. Let D be a convex compact domain of the plane, with non-empty
interior and piecewise C' boundary OD. Let by, brx be two independent Berry’s
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Random Waves with wave-numbers 0 < k < K < co. We define the corresponding
nodal number as the random variable

N (b, b, D) := |{z € D : bp(z) = bx (z) = 0}]. (3.48)

The following lemma is the starting point of our analysis. It can be seen as a random
analog of deterministic Theorem 3.1.

Lemma 3.3. Let D be a convexr compact domain of the plane, with non-empty
interior and piecewise C' boundary OD. Let by, bx be two independent Berry’s
Random Wawves withA wave-numbers 2 < k < K < oo. Then, the corresponding
nodal number N (bg,bx, D) is an a.s. finite r.v. with finite variance. Moreover,
the boundary 0D does not contribute to the nodal number, that is

P(3z € dD : by (x) = br () = 0) = 0. (3.49)

Furthermore, if we set

. 2 _ 1 albk(w) agbk(w)
Nl D) = s [ Timcorsar Lawcorsa” |40 e @) (o
(3.50)
then a.s. and in L?(P) we have
N (b, bic, D) = i N*(by, brc, D). (3.51)

The proof of the above lemma is given in Section 5.2.

3.4.4 The Kac-Rice Formula

We begin with the following classical observation ([2, p. 277, Lemma 11.2.10]), which
enables the extension of Theorem 3.1 to a probabilistic framework. This result, often
called the Bulinskaya lemma, has multiple variations. Notably, when applied to a pair of
independent real planar Berry’s Random Waves (by, ZSK), k,K>0,overT =0D,d=1,it
demonstrates that the boundary does not influence the nodal number (refer to the proof
of Lemma 3.3 in Section 5.2).

Theorem 3.9. Let T C R be a compact set of Hausdorff dimension d > 1. Let
X : T x Q — R¥! be a random function such that for almost every w € ) the
path t — Xy(w) is of class CH(T). Consider a value u € R and suppose that
there is an open neighborhood U of u such that the univariate probability densities
of Xy are bounded on U uniformly over T. Then, almost surely, the value u is not
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attained by X on T, that is

P (ﬂ{xt # u}> =1. (3.52)

teT

The next result is known as the Kac-Rice formula is perhaps the most important tool
for understanding the fluctuations of the level sets of smooth random fields. We present
it here in a form that combines [2, p. 266-267, An Expectation Metatheorem] and [2, p.
284, Theorem 11.5.1]. For z € C we define the quantities

(2)o := 2, p=2z-1)...(z—k+1), k e N\ {0},

known as partial factorials (of z).

Theorem 3.10 ([2]). Let T C RY be a compact set whose boundary has finite
Hausdorff measure of the boundary Hqa—1(0T) < oo, let B C R™ be an open set
with dimy (0B) = dimy(B\ B) = m — 1. Let f = (f',...,f%) : R — R? and
g=(g',...,g™) : RT s R™ be almost surely continuously differentiable random
fields and assume that f, Vf and g have finite variances on T'. Suppose also that

;N
sup max [E Uaf] (t)‘ ] < 0.

ter 1<i,j<d Ox;

Suppose that for every e > 0 the Euclidean moduli of continuity wy, associated with
the functions h € {f,Vf,g} all satisfy a bound of the form P(wy(n) > €) = o(n?).
Let k > 0 be a non-negative integer and suppose that there exists a neigbourhood
O x U C RF x R¥ of (09%¢° u®k) on which, for every choice of ti,. .. ty € T all
different, the following functions are continuous and bounded:

(&) 0 et (0, o) iy (s 50 @ o R
(Z’L) the denszty Of f(tl)a ceey f(tk> given g(tl)u cee 7g(tk) and Vf(tl), R Vf(tk)7
(ii1) the density of Vf(t1),...,Vf(tx) given f(t1),..., f(tk)-

Then,
E[(Nu)k] =
k
/Tk E H |det VF(t)|1(g(t)|f(t1) =... = f(te) = u ptl,m,tk(u@k)dtl .o dtg.
j=1

(3.53)

3.4.5 Random Generalised Functions

We gather here basic information about the notion of random generalised functions which
will be needed for us to describe the meaning of the convergence to the White Noise.
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1. We start by recalling some background material using [88, p. 698-703, Appendix

L] as a reference. The Schwartz space S(R™) consists of the infinitely differentiable
functions such that all their partial derivatives vanish at infinity faster than the
reciprocal of any polynomial. In other words, ¢ € S(R") if ¢ € C*°(R™) and if all
its semi-norms

olel
m@(ﬂf) (3.54)

llelly = sup (1 +Ja))* >
rER®
|l <k

are finite. Real-valued linear functional on the Schwartz space is called generalised
function (or tempered distribution ) if it is a continuous (equivalently, bounded)
operator for one of the semi-norms || - ||x. In other words, generalised functions are
elements of the topological dual S(R™)’ to the Schwartz space (equipped with one
of the semi-norms defined above).

. Random distributions are random variables in the sense of classical but very gen-

eral definition given in [29, p. 14, Def. 1.4.1]. As explained after [29, p. 60-61,
Definition I11.4.1], in our case this definition means simply that (w, @) — X (w, p) is
a random distribution if and only if each map w — X (w, ¢) is a real-valued random
variable and if each functional ¢ — X (w,¢) is a tempered distribution. This defi-
nition depends tacitly on the topology chosen for the dual space S(R?)’. The weak
topology on S(R?)’ is determined by a pointwise convergence for each test function
(that is, T,, — T weakly if T,,(¢) — T, for every Schwartz test function ¢). The
strong topology is determined by condition that this convergence is uniform over
every bounded set of test functions B, see [84, p. 71, 3 L’espace topolgique des
distributions]. As follows from [84, p. 69, Thm. IV], boundedness of the set B of
test functions is equivalent to two simple conditions. The first one is that every
¢ € B has support contained in the same compact domain K. The second one is
that for each m € N we can find a finite constant L,, such that

glel
sup x)| < Ly, (3.55)

2
KA P ro

where ¢ € B, z € R" and multi-indices a have norms < m.

. The definition of a probability distribution for a random generalised function and

the corresponding notion of convergence in law is given in a way which is completely
analogous to the standard notions. We refer the reader to [29, p. 21, 1.6.2 Conver-
gence etroite] and [29, p. 61, II11.4.2 Lois de distributions aleatoires] for technical
details.

. By white noise we mean a random distribution W such that for any ¢1,--- , ¢, €

S(R?) the random vector (W, 1), -+, (W, ,) has a centred Gaussian distribution
with covariance function

B (W, Woosl] = [ rlados(u)dla ~ v)dady
R (3.56)

- [ e,
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see [32, p. 288-289, 4.8 Gaussian processes with independent values at every point].
As we exploit in the proof of Theorem 4.4, white noise can be seen as a random dis-
tributional derivative of the Wiener sheet [32, p. 257, 2.4 Derivatives of generalised
gaussian processes|.
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Chapter 4 Full Statements of Our Re-
sults

4.1 Parameter Identification

We start by putting forward a class of ancillary parameters that will play a crucial role
in our analysis. In anticipation, we note that the superscripts ‘log’ and ‘exp’ in the
definition below are suggestive of the transformation of scale/re-parametrisation of k,
and K, which, in relevant cases, allows one to detect the fine details of fluctuations.
However, we stress that always r/°9 # Inr and that typically r°*P # e,

Definition 4.1. For a sequence of pairs of numbers (kn, Kn)nen st 2 < k, <
K, < oo we will write

T‘lo‘g o= In kn 3 Tn ‘= ki, ,rexp =1- ln(l i <Kn = kn)); (41)
" In K, K, " In K,
and provided that the corresponding limits exist
rlo9 .= lim rffg, r:= lim rp,, rP = lim r;*. (4.2)

n—oo n— 00 n—oo

Since, by definition, we have 0 < 7“209 T, TetP < 1, it is always possible to choose a
sub-sequence of (ky,, K, )n>1 for which limits rlo9 r r¢®P from the above definition exist.

We note also that » < 1 implies 7°*? = 0. Indeed, if r < 1, then for all n sufficiently
large we have r, < 1. Thus, we can write

In((1—r,) + K1) N _ln(l —7Tn)

exp _ _
"n In K, In K, 0-
On the other hand, if » = 1, then r**? can take any value in the interval [0, 1].

Indeed, for any r**P € [0, 1] we can find a sequence of numbers (8, )nen C (0,1) such that
Bn — 7¢“P and such that n’» — oo. Then, for n large enough, we can set K, = n and
k, =mn —n'"P» 4 1. This yields K,, — k, = n'~P» — 1 and further

1-Bn
Tz:rp —1— 111(1 + (Kn - kn)) -1— hl(TL b ) _ ﬂn s peap
Inn Inn

99
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For example, to reach r°*P = 0 we might set 5,, = ﬁ and note that

1 1
nPr = nVirm = exp (lnnvlnn) = exp( lnn) — 00.

In order to obtain any r¢*P € (0, 1) it suffices to set (8, = r**P and to obtain r¢*? =1
using this scheme we can simply put 8, =1 —1/n.

We note also that r > 0 implies 7/°9 = 1 since we can rewrite 7/°9 = 1 4 [2r=n

In K, *

4.2 Scaling and Fluctuations

The following theorem is one of our main results.

Theorem 4.1. Let D be a convex compact domain of the plane, with non-empty
interior and piecewise C' boundary OD. Consider a sequence of pairs of numbers
(kn, Kn)nen st 2 <k, < K, < oo and let bkn,I;Kn be two independent Berry’s
Random Waves with wave-numbers k, and K, respectively. Then, we have

3 area(D
E [N(br, br, D)) = 4P) 1, k), (4.3)
Furthermore, suppose that k, — oo and that the asymptotic parameters r'°9, r,
r¢%P defined in (4.2) exist and v'°9 > 0. Then, we have that v'°9 € (0,1] and
r,r¢"P € [0, 1]. Moreover

. Var (N(bkn, IA)KH,D))

_ 1 (4.4)
n—oo area(D) - Co - K2In K,

)

where Cw, 1s a strictly positive finite constant defined as:

_ rlog 4 36y 4 12 + 50re*P

— 4.5
Ceot 51273 (45)

We recall that in [70] Peccati, Nourdin and Rossi studied the nodal number of a pair
of independent Berry’s Random Waves by, , bk, under the assumption that k, = K, for

all n. It is easy to check that the case r = 1 and r¢*P = 1 of the above theorem recovers
[70, Theorem 1.4, p. 103].

Remark 4.1. The case r'°9 = 0 was excluded from the above theorem only for
expository purposes. All our results can be extended to an arbitrary (non-linear)
relationship between Ink, and InK,. In particular, if r'°9 — O then (4.4) remains
true provided that we replace r'°9 with r!°9. This generalisation is straightforward
since, as will be shown later, if r = 0 then the nodal number J\/(bkn,l;kn,D) i
asymptotically L?(P) equivalent to a deterministic rescaling of a r.v. known as nodal
length L(bg, ,D) (see Subsection 5.7 below for its definition and basic properties).
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4.3 Distributional Limits

For a m-dimensional random vector Y, = (Y,1,...,Y,™) we write EY,, to denote the m-
dimensional vector (EY,},EY,?,... ,EY,™). The definition of the 1-Wasserstein distance

n? not

W1 used herein is recalled in (1.11).

Theorem 4.2. Let D be a convex compact planar domain, with non-empty interior
and piecewise C* boundary OD. Let (ky, K,)nen be a sequence of pairs of numbers
st. 2 <k, < K, < o0, k, = 00, and s.t. the asymptotic parameters r'°9,
r, v defined in (4.2) exist and r'°9 > 0. Suppose also that bk, , l;Kn are two
independent Berry’s Random Waves with wave-numbers k,,, K,, respectively and let
Y, := N(by, bk, , D) denote the corresponding nodal number (see (5.36)). Then,
there exists a numerical constant L > 0 such that if we define

K2InK
2 «— n n — ) . 2
noT VarYn[4] ) Yn i= On (1 + 5n) (1 a4 dlam(D) ) s (4_6)

then 62 — area(D) - Cw (see (4.5)) and

2
Y, — EY, Y, [4] L7, 1
- < Corr(Ye, Yo[4]) > —F——.
( VVarY, \/VarYn[él]) - VK, ( =17 £
(4.7)

Moreover, we have

Y [4] L (Yn _EY, ) L
wy | —2E 7)) < L oW (2=l 7)< . (48
' (,/Varyn [] ) '\ VVary, mre 8

where Z denotes a standard Gaussian random variable and Wy the 1-Wasserstein
distance (see N.4)

The 1-Wasserstein distance in the case of the 4th chaotic projection of the nodal
number can be replaced by the Total Variation or Kolmogorov distances (see [69, p.
210, Definition C.2.1] for their definition). However, with our technique, the same is not
possible for the nodal number itself. This is because of our use of L?(P) distance to
bound W;. The following theorem provides a natural extension of the previous result to
the multivariate setting. The definition of the distances W7 and dg2 used in the next
theorem is recalled respectively in (1.12) and in (1.13), see also IN.5 for the definition of
- llop and of || - [|zs.

Theorem 4.3. Let Dy, ..., Dy, be a convex and compact planar domains, with non-
empty interiors and piecewise C' boundaries OD;. Let (ky, Kn)nen be a sequence
of pairs of numbers such that 2 < k, < K,, < oo, k, — 00, and such that the
asymptotic parameters 9, v, r¢*P  defined in (4.2) exist and r'°9 > 0. Let by, , IA)KH
denote independent Berry’s Random Waves with wave-numbers k,, K, respectively
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and let N (by,,, lAJKn,D) be the corresponding nodal number. We write

Y= N, bk, D),  Yn:i=(YL ..., ¥/, (4.9)
where i =1,...,m, and we write X", for matrices defined by
I = Cov(Y;! YY), Yi; = area(D; N Dj), 1<4,5<m, (4.10)

and we let Z = (Z1,..., Zm) ~ Nn(0,3) denote a centered Gaussian vector with
covariance matriz Y. Then, for some numerical constant L > 0, the following
inequalities hold

— L-(1 o, diam(D;)?
dor |22 E¥n 4] < (L >0, diam >), (4.11)
VCo -KZInK, V0o -In Ky
_ I. 3/2y. ™ di %
wy [ Yn—BEYs ) _L-(+m¥) (14332, dem@Y)
VO - K2InK, V0o -In Ky,
(4.12)

where

My i= v - min {I(5") 7 lop - IZ 1342, 12 llop - ISIIE62 } - 1" = Sl s,
(4.13)

with the convention that M, = oo if either ¥ or X" is not invertible (see N.4
for definition of distances W1 and dgz). Futhermore, if the matriz 3 is strictly
positive definite, then, for all sufficiently large n, the matrix X" is strictly positive
definite and M, — 0.

This theorem will be established in Subsection 7.2. For a discussion of the conditions
on the domains Dy, ..., D,,, which guarantee that the limiting matrix > in the above
theorem is positive-definite, see [91, p. 63, Remark 7.3]. We recall that the Wiener
sheet [0,1]% 3 (t1,t2) v Bt 1, € R is a real-valued, continuous-path, Gaussian, centred
stochastic process on [0,1]2, determined by the covariance function

E[B¢, t, - Bs,.s,] = min(ty, s1) - min(ta, s2). (4.14)

Let (kn, Kpn)nen be a sequence of pairs of numbers s.t. 2 < k,, < K,, < o0, k, — o0, and
the asymptotic parameters /%9, 7, r°*P defined in (4.2) exist and rt°9 > 0. Theorem 4.3
implies in particular that if we define

_ N(bk,, bx,, [0,11] x [0,t5]) — 2 111,

4

t1,te "
: rtog9436r4r2450reer 2
v rer K2l K,

n

: (4.15)

then we have a convergence of stochastic processes in the sense of finite-dimensional
distributions

d
(Btnl,tQ)OStl,bﬁl — (Btlat2)0§t1»t2§17 (416)
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which means that for every choice of m € N and 0 < ty,t2,...,t9m_1,t2m < 1, we have a
convergence in distribution of random vectors

n n n d
(Btl,t27Bt1,t27""B ) — (Btlat2’Bt17t27"‘7Bt2m—11t2m)' (417)

tom—1,t2m

Indeed, it is enough to use Theorem 4.3 with a choice of domains
D, = [O,tl] X [O,tQLDQ = [O,tg] X [0, t4], - 7l)m = [O7t2m_1] X [0, tgm].

An interesting question whether this convergence can be lifted to functional form is beyond
the scope of this article. However, the next result is a natural extension of this re-writing
if we interpret the white noise as a random distributional derivative of the Wiener sheet.
(The necessary technical notions are recalled in Section 3.4.5 for the sake of completeness.)
Similar results have been shown before for the planar nodal length [93, p. 4, Proposition
1.3]. Our result covers the extension to the nodal number which was suggested in [93, p.
11, Remark 2.18].

Figure 4.1: Numerical simulation of the Wiener sheet process over the unit square.

Theorem 4.4. Let D be a convex compact planar domain, with non-empty interior
and piecewise C* boundary OD. Let (ky, K,)nen be a sequence of pairs of numbers
s.t. 2< k, <K, < o0, k, = 00, and s.t. the asymptotic parameters r'°9, r, re=p
defined in (4.2) exist and r'°9 > 0. Suppose also that bk, , l;Kn are two independent
Berry’s Random Waves of the wave-numbers k,, K, respectively. Let i, denote
the random signed measure defined by

N (br,,bx,, A) — 22En . area(A)

fin(A) = A e B([0,1]?), (4.18)

51273

where N (by,, , I;Kn, A) denotes the corresponding nodal number. Then, in the sense
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of random generalised functions on [0,1]?, we have convergence in distribution

fin (dt1dts) 5 W (dt1dts) (4.19)

where W denotes the White Noise on [0,1]2.

The proof of the above theorem is given in Subsection 7.3. The notion of convergence
in law used in this theorem depends tacitly on the topology used to define the dual
(C=([0,1]?))". However, whether we choose weak or strong topology the result remains
true regardless. We note that, for every ¢ € C2°([0,1]?), we have

vt ko Ky (11
? tl’tQ B T ¥ t13t2 dtldtQ
/ / t1,t0) i (dtrdts) = 2t amyen Pt te) = P [y Jo (b t2)

)
rto9436r4+r2450re*P 12
NEE K2InK,

(4.20)

where .

B = {(tl,tg) S [O, 1}2 : bkn(tl,tQ) = bKn(tl,tQ) = O}
Moreover, the above theorem implies that for every collection of test functions @1, ..., o, €
C2°(]0,1]?), the random vector

/ / 01 (t1, t2) i (dt1dta), / / ©m(t1,t2) o (dt1dt2)) (4.21)

converges in distribution to a centred Gaussian random vector with covariance matrix
Y. Here, the matrix ¥ is given as

i */ / ©i(t1,t2)pj(t1, t2)dtydts, 1<4,5 <m, (4.22)

which is identical to the covariance matrix of the White Noise on [0, 1]2.

4.4 Reduction Principle

It has been observed time and again that various interesting geometric functionals of
smooth Gaussian random waves can be explained using simpler quantities known as
polyspectra [93, 11, 12, 13, 80, 50, 59, 56, 58, 28, 90, 81, 7]. In the first result directly
related to our setting [59, p. 376, Theorem 1.2], Marinucci, Rossi and Wigman demon-
strated that the centred nodal length £; — EL; of the random spherical harmonics f;(x)
is asymptotically L? equivalent to the sample trispectrum

(1+1)
= e YD [ g e (4.23)
192 52
In the case of the planar Berry’s Random Wave model, Vidotto [92, p. 3, Theorem 1.1]

proved that the centred nodal length £(bg, D) —EL(bg, D) is asymptotically L? equivalent
to the sample trispectrum

V2. 27{9‘5 /D Hy(bp(z))dz. (4.24)
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To the best of our knowledge, no similar result had been obtained before for the nodal
number, including in the three standard domains (euclidean, spherical, toral). The fol-
lowing result, which will be proved in Section 7.4, provides a complete characterisation
of the full correlations for the nodal number in the two-energy complex Berry’s Random
Wave model. Here, we will use the notation of normalised derivatives

Sy ) V2

Oibi () = - - O;bg (), i€ {1,2}, k>0, z € R?, (4.25)

for which one has that Var(d;bg(z)) = 1.

Theorem 4.5. Let D be a convexr compact planar domain, with non-empty in-
terior and piecewise C' boundary 0D. Let (ky, Ky, )nen be a sequence of pairs of
numbers s.t. 2 < ky, < K, < 00, k, — 00, and s.t. the asymptotic parameters r,

rlo9 re¥P defined in (4.2) exist and v'°9 > 0. Suppose also that by, , bK are two
independent Berry’s Random Waves of the wave-numbers k,, Ky, respectively and
let N(bkn,I;KH,D) denote the corresponding nodal number. Then

2
by . bx D) —EN (b ,br ,D
N( knis VK, ) N( s VK ) = Y,,.log’f,"reafp — O’

\/Var(./\/ (bi,, bk, , D)) (4.26)

COH’ (N(bkn 5 BKn 5 D), leog’r’,rezp) — 17

E

where the random variable Y, ioq ;. pexn is defined as

Yy t0g ppenn = n(plog [ Hy(b
e 1927r< / (b,

+7r- /H4 bK “r H2(bk ( ))HQ(I;Kn(x»dx

1 12peP /D Hg(élbkn(x))Hg(I;Kn(:c))—i—Hg(bkn(x))H2(52l3Kn(x))da:>,

(4.27)

with d;by,, (x) and @-ISKH (x) denoting the normalised derivatives given in (4.25).

We note that (4.27) is a substantial refinement of the domination of N (bx.,,bx , D)[4]
proved in Theorem 4.2. The reduction is from 22 terms to at most 5, see Lemma 5.2. As
discussed in the introduction, the most interesting phenomenon here is the behavior with
respect to the parameter r°*P.

4.5 Recurrence Trick

The next lemma generalizes observations that had been made before in similar settings,
but only on the level of particular chaotic projections, see for example [70, p. 117, Lem.
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4.2] or [70, p. 125, Eq. (6.79)]. We start with some necessary definition.

Definition 4.2. Let D be a convex compact planar domain, with non-empty in-
terior and piecewise Ct boundary 0D. Let 2 < k < K < oo, let by, by be inde-
pendent Berry’s Random Waves of the wave-numbers k, K respectively, and let

N(bk,3K7D) denote the corresponding nodal number. We define the random vari-
able

Cross (N(bk, brc, D)) = i Cross (N(bk, br, D)[2q]) , (4.28)

through the formulas
Cross (J\f(bk, b, D)[O]) - E [N(bk, b, D)] ,
Cross (N(bk, b, D)[Qq]) =

(k-K) > Lytjatia>0} Ljatistio>0} * Cinromio

Jit...+je=2q
/ VHj, (9163 () Hj (Oabi () Hj, (bxc () Hjs (Drbxc (2)) Hjy (o () dir,
(4.29)
where ¢ > 1. Here, Hj,,..., H;, denote the probabilistic Hermite polynomials, the

constants c;,, . js are deterministic and given by (5.87), and for i,j € {1,2} the
dibr, (), Dbk, (x) are the normalised derivatives defined in (4.25).

Lemma 4.1. Let D be a conver compact planar domain, with non-empty interior
and piecewise C* boundary OD. Let 2 < k < K < oo, let bk,l;K be independent
Berry’s Random Waves of the wave-numbers k, K respectively, and let L(by, D),
L(bg,D), N(by,bx,D) denote the corresponding nodal lengths (defined in (5.46))
and nodal number (defined in (3.48)). Then, the following equality holds in L?(IP)

N (bi, bx, D)[2q] = —=L (b, D)[24] + —7=L(bx;, D)[24] + Cross(N (by, bx, D)[24)),

+k
ﬁf /2

N(by,bx, D) = by, D) + —=L(bx, D) + Cross(N (by, bx, D)),

(b b, D) = ~_= (b D) + ~= (b D) + Cross(N (b b, D)
(4.30)

where ¢ = 0,1,2,... and the three terms in each sum are uncorrelated.

The proof of the above lemma will be given in Section 5.8.



Chapter 5 Proofs: Part 1

This chapter, the first our of three devoted to proofs, is concerned with some basic results
that are necessary to even begin to tackle any of the problems. One exception from this
is the material of next section — which contains a convenient indexation scheme that will
play an important role in the next chapter.

As noted in [95, p. 29] a major difficulty in controlling variance of the functionals as-
sociated the Berry’s Random Waves (or similar models) is arising from a need to evaluate
the measure of the set of tuples

{(z,y) € B(R) x B(R) : ||z — yl| = ¢},

which, as noted therein, does not have a simple or elegant answer. Another major diffi-
culty, and a problem to which we hope to have made a certain contribution, is to control
the combinatorial explosion which is associated with the use of the Wiener Chaos De-
compositions (see Section 5.5 and [57, 66, 76]).

5.1 Symmetric Indexation

Below, we will introduce an alternative notation which, due to its symmetrical nature,
serves as a convenient tool for completing various technical computations needed in the
upcoming sections. This notation plays particularly important role in the proof of Lemma
6.3, in Lemma 6.8 (where it provides for concise formulas (6.58), (6.59), (6.60)), and in
the computation of exact constants of asymptotic variance (Theorem 4.1 and the input
of Lemma 6.10 towards its proof). Lastly, it is helpful with establishing the Reduction
Principle - Lemma 4.5.

This technical variation will help us controlling the combinatorial explosion which
quickly takes hold when increasing the number of parameters while using Wiener-1to
Chaos Decomposition (see Subsection 5.5). In our situation it is driven by merely replac-
ing one-energy (k, = K, ) with energies which are not necessarily identical (k, Z K,).
Similar difficulties arise when considering the Berry’s Random Wave model on R? instead
of on R? (see the work of Dalmao, Estrade and Leén [19], of Dalmao [18], and another
approach in related context due to Notarnicola [66]). These difficulties are also apparent
in the study of the nodal volumes associated with the Random Spherical Harmonics in
arbitrary dimension [57]. An alternative tactic would be to provide only main intermedi-
ate computations (e.g. [70, p. 141-148, Appendix B]) or to exploit some form of explicit
recursion as in the work of Notarnicola [65, p. 1161-1172, Appendices A and B]. (Possible
future extensions of our work to the Berry’s Random Wave model on R" and 1 <1< n

67
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distinct energies would likely require combination of all aforementioned approaches. This
problem can also be largely avoided by restricting oneself to a study of more qualitative
versions of the same problems.)

S.1

S.2

S.3

S.4
S.5

We will write {k_1,k1} to denote an unordered pair of strictly positive wave-
numbers and (k, K) for the corresponding ordered pair, that is

k:= min k,, K := max k,. 5.1

pe{-11} " pe{-11} © 5:1)

In a complete analogy with S.1, given a sequence {k™, k7 },,cn of an unordered pairs
of strictly positive wave-numbers, we will write (k,, K, )nen for the corresponding
sequence of the ordered pairs of wave-numbers, that is

k., = i k™ K, = k. 5.2
ni= Jnin ks nis dhax Ky (5.2)

When considering unordered pairs {k_1, k1 } the symbols by_,, b, will always indi-
cate independent BRWs with wave-numbers k_; and k; respectively. The notation
used in Chapter 1 can be recovered by setting

u = argmin,c(_q 1ykp, v = argmax,c(_q 1}kp, (5.3)
and subsequently

bk = bk, bk“ = EK. (54)

u *

When k£ = K, the selection between ’argmax’ and ’argmin’ is arbitrary but must
remain constant within a given argument. To remain consistent, we will also write
N (bg_,,bk,, D) and N°(bg_,,bk,, D) to denote respectively the nodal number and
its e-approximation (see Definition 3.48 and formula (3.50)). These conventions will
be naturally extended to sequences of complex Berry’s Random Waves.

For x € R? we will occasionally use indexation z = (z_1, 1) instead of z = (z1, x2).

Combining the conventions S.1, S.3 and S.4 we will relabel the normalised deriva-
tives defined in (4.25) by setting

[
5ibkp($) = (f) -aibkp (.%‘), (55)

where p € {—1,1}, i € {~1,0,1}, € R?, and where we use notation Dobr, () :=

b, (). Let us stress that 9_; denotes differentiation with respect to the component
z_1, and J; denotes differentiation with respect to z1. In contrast, dy indicates that
no differentiation occurs, serving as the identity operator. Obviously, as in (4.25),
the variance-normalisation property holds

Var (éi-bkp(x)) =1, (5.6)

for every p € {—1,1}, i € {-1,0,1} and = € R%.
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S.6 For any element j € N°, we will use an indexation scheme

i=0-101)
. =(1:—1,—1;3:—1,0;‘7:—1,1;j1,_1;j1,0;j1,1), (5.7)
J-1= (371,71;371,05J71,1)7
J1 = (J1,-15 41,05 J1,1),
and, the corresponding /; norm will be denoted with | - |, i.e.
il = g1l + 171
=j_1,—-1+j—10+ti-11+J1,-1+J1,0+ i1, (5.8)

licil=j-1,-1+d-10+Jj-1.1,
i1l =j1,-1 + jio+J11.

Whether this or more standard notation is being used should always be clear from
the context and we will frequently leave pointers to the individual elements of the above
list, as an additional check. Whenever possible, the statements of theorems or lemmas
are given using standard notation and S.1-S.6 is preferred in corresponding proofs.

5.2 Proof of the Basic Regularity Lemma

Proof of Lemma 3.5. Let (s_1,s1) be any point in R2. In a complete analogy with the
nodal number, we define

Ns 1 (bg_1, bk, D) = |{9c €D :by_,(x) =s_1, b, (z) = 51}’ . (5.9)

Since the boundary 9D has Hausdorff dimension 1, we deduce using [2, Theorem 11.2.10,
p. 277] that the pre-image

b, ({s—1}) Ny ({s1}) N 9D

is a.s. empty. Furthermore, since by_,, by, are C°°(R?) independent Gaussian fields, it
follows by [5, p. 169, Proposition 6.5] that (s_1, s1) is a.s. non-singular value on D. That
is,

O_1by_,(z) O1bp_, ()

P(E3zxeD: by_,(x)=5_1, bg,(x) =s1, det O 1bp(x)  Onbr ()

—=0)=0.

(5.10)
Then, using a compactness argument exactly as in [5, p. 162, lines 6-14 in the proof of
Proposition 6.1], we deduce from (5.10) and from local inversion theorem that

Ns,l,sl (bk,l ) bkl ’ D)

is a.s. finite. The postulated approximation formula (3.51) holds almost surely, and
in fact is exact for € small enough (depending on randomness), as a straightforward
consequence of the local inversion theorem. It can be proved quickly by reducing to the
case N (bg_,, by, , D) = 1 and detailed argument for almost identical problem can be found
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in [2, p. 269-270, Theorem 11.2.3]. Since we already have a.s. convergence, to show L?(PP)
convergence it is enough to prove convergence of the moments

liigE[NE(bk_ubkuD)Z] - E[N(bk_labklap)z]v (511)
€

including finitness of the right-hand side. Note that by the standard area formula [5, p.
161, Proposition 6.1] we have

1 € €
Ne(bk717bkl7p) = 7/ N571 sl(bk,labklatD)dsfldSL (512)
(2e)? ) e Je 7
Thus, using Fatou’s lemma and Jensen’s inequality, we can obtain

1 g g
E[J\/‘(bkfl,bkl,D)Q] < limsupE[@/ / ]\7571781 (bk717bkl,'D)dS_1d81]2

el0
U 2 (5.13)
<l B[N, | o (e .. bx, D)?]ds_1ds;.

To conclude it is enough to conclude that the application

(5—17 51) % ENS_hSl (bk_l b bkl b D)2
is continuous (and bounded) at zero. This can be proved using the standard Kac-Rice
formulas [5, p. 163-164, Theorems 6.2 and 6.3] and the same strategy as in [70, p.
141]. O

5.3 The Covariance Functions

The following definition will be frequently in use.
Definition 5.1. Let by be the real Berry’s Random Wave with the wave-number
k = 1. For each i,j € {—1,0,1}, the covariance function r;; at the point z =

(2_1,21) € R? is defined as
rii(2) = E [8;b1(2) - 5jbl(0)} : (5.14)
We use the following shorthand notation for the special cases of the above definition

r_1(z) :=r_10(2), r(2) = roo(2), r1(z) = r10(2). (5.15)

The following result provides basic properties of these covariance functions.

Lemma 5.1. For each i,j € {—1,0,1}, let r;; be a covariance function associated
with the real-valued Berry’s Random Wave by. Then, for every choice of p,q €
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{=1,1} and for every z = (2_1, 21) € R?\ {0}, we have

z
r(2) = Jo(l2l),  rp(2) = —V2- ﬁ - Ji(l2]),
5.16)
AL (
Tpa(2) = 0pg - 2 - —2.-— . — - Jr(|z]),
PQ( ) prq |Z| |zp| | q| 2<| |)
with continuous extensions at z =0 s.t
r(0) =1, rp(0) =0, Tpg(0) = Opg- (5.17)

Here, the Jy, J1, Jo denote the Bessel functions of the first kind. Furthermore, there
exists a numerical constant C' > 0 s.t. for everyi,j € {—1,0,1} and z € R?\ {0},
we have

(5.18)

The proof of the above lemma relies on the standard arguments and is therefore
omitted. Later on we will make a use of the following simple observation: the equation
(5.17) implies that, for every fixed point z € R2, the collection {d_1b(z),b(z),d1b(z)}
consists of three mdependent standard Gaussian random variables.

Definition 5.2. We define the covariance functions associated with the random
field b and its derivatives by the formulas

r(z) := E[b(2)b(0)], ri(z):= \/ch[aib(z)b(O)], ri;(2) ==d E[@ib(z)ajb((z%} ,19)
where z € R? and 4,5 € {1, ...,d}. .

Remark 5.1. Since po(|z—y|) is a C°(R™ xR™) function, it follows by an exten-
sion of classical Kolmogorov’s continuity condition [62, p. 263, A.9. Kolmogorov’s
theorem/ that b is almost surely smooth on R™. This in turn implies that the ex-
pectation can be exchanged with the differentiation

olel o8l Hlel+18] ala|+|ﬁ|
Z i S A ) . "
for any multi-indices o, B, [62, p. 253-254, A.3. Positive-deﬁmte kernels]. Thus,

by Lemma 3.1 the covariance functions described in the preceding Definition 5.2
are giwven by formulas

(5.20)

P =pun () ) = 2oy (e, 7 () = B (o=

Py
d—+2

22 paga (7))

(5.21)
where d;; denotes Kronecker’s delta. When deriving these formulas it’s important

to note that, while \/d E[9;b (2) b (0)] = di[pw-= (|2])], we have a change of sign in
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the last case
d E[0:b (2) ;b (2)] = —0i5lp -2 (|2])].

5.4 Wiener Chaos

Let (92, F,P) be the probability space on which the two independent planar Berry’s Ran-
dom Waves by,_,, bg,, are defined. Given a subset A of random variables in L2(€, F,P)
we will write VectSp(A) for the smallest R-linear vector space containing A, that is

VectSp(A) = { daX;: neN, q€eR, Xe€ A}. (5.22)
=1

We will now define a sequence of closed linear subspaces Ho, H1, Ha,... C L3(Q,F,P)
using (probabilistic) Hermite polynomials introduced in Section 3.1.2. We start by setting

Ho =R, and
A ={b,(x):pe{-1,1}, zecR?},
1 { p(T) { } } (5.23)
H1 = VectSp(A,),

where the closure, denoted by the horizontal bar, is taken in the space L3 (Q, F,P) (such a
notational convention is adopted throughout the paper). We remark that the derivatives
of the field belong to #1, that is:

Vp,p' € {~1,1}, Vz € R? 9,by(z) € Hi. (5.24)

For ¢ = 2,3,4,... we first introduce the notation

Agn = { Hy(X): S ji=¢ Xi€Hi, EXiXp =0, Lmef{l,... ,m}},
=1 1=1
A= Ag,
= (5.25)
and then we set

H, = VectSp(A,), (5.26)
where each Hj, denotes the probabilistic Hermite polynomial of the order j; € N and
where d,,; is the Kronecker’s delta symbol. For each ¢ = 0,1,2,... the closed linear

subspace H, is known as the g-th Wiener Chaos generated by Hi (see [69, 76, 71, 53, 34]
for general results on the spaces ).

5.5 Wiener Chaos Decomposition

This section introduces material related to Sections 3.3.2-3.3.3. Suppose that F is the
o-field generated by the two independent Berry Random Waves by,_,, bg,. That is to say

F=o({bx,(z): pe{-1,1}, zeR?}, (5.27)
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where, for the set A of random variables, o(A) denotes the smallest o-algebra with respect
to which all the random variables in A are measurable. It is a well-known consequence
of the aforementioned properties of the (probabilistic) Hermite polynomials (see e.g. [69,
p. 26-28, 2.2 Wiener Chaos]) that the following L?-orthogonal Wiener-It6 chaos decom-
position holds

(oo}
L3 (Q, F,P) = PH,, (5.28)
q=0
meaning that for every X € L%(Q, F,P), we have the equality
X => X[q, (5.29)
=0
where
X[g] = Proj(X|H,). (5.30)

and both the projection and the sum are in the sense of L3(Q, F,P). We note that for
every X € L2(Q, F,P) and ¢,¢' € N we have

o JEX[q? ifq=¢
E[X[q] - X[¢]] = {0 g (5.31)
and moreover
X[0] = EX, EX|[q] =0, q>1. (5.32)

5.6 Chaos Decomposition of the Nodal Number

We recall that for a fixed z, the normalised derivatives (‘i-bkp (), p € {-1,1}, i €
{-1,0,1}, are independent standard Gaussian random variables belonging to H; (see
(5.17) and (5.24)). Thus we have the implication

it |j|= Z Z Jpi =4¢ then H H ij,i(gzbk,, () | € Hq-

p=+*1ic{-1,0,1} p=+*1ie{-1,0,1}
(5.33)

Moreover, since each H, is a closed linear subspace of L% (2, F3,P), a standard approxi-
mation argument yields that, for |j| as in (5.33)

/H I[I . @b, (@)de | € H,, (5.34)

p=x1ie{-1,0,1}

for every compact domain D.

The following statement provides the explicit form of the Wiener-I1t6 Chaos expansion
(defined in (5.29)) for the nodal number N (bg_,, bx,, D) (defined in (3.48), see also S.3-
S.6 for other notation used in the statement of the next theorem).
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Proof. We are going to use a standard strategy, that is we will start with an L? approxi-
mation formula

N(bk—n bka) = hﬁ)l Ne(bk_m bkuD)a
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provided by Lemma 3.3. We recall that

L{jbi, (2)] <<} O_1bp_, (x) by, (2)
N°¢ D) = _WrEp = ) -1 1
(bk,‘fl ) bku ) /’D ( H 2 ‘det |: 8,1[)]61 ((E) 81bk1 ([L‘) :|

pe{—-1,1}

dx,

(5.38)

and we start by finding the Wiener-It6 chaotic decomposition of the integrand function,
which we first rewrite as

ko1 -k 1 5—1bk, (33) 511)1L (m)
5 — 1y, (2)|<e) - |det | & ! ~ vt . 5.39
2 pE{I:[M} 9 Hlbe, ()<<} [8_1%(%) by, (z) (5.39)
We obtain
ok oy Meneisa ) g b, () iy (@)
2 pe{—1,1} 2e O_1bg, (z)  O1bg, (2)
. s 1 R X =
_ kfl kl . H {|bkp z)|<e} . |det 8:1bk71($) 8A1/bk71(5(j) [q] (540)
2 a=0 \pe{—1,1} O_1bg, (x)  Orby, ()

=Gk | D, 6 ]I I H,. 0k, () ],

q=0 \jeNS |jl=¢ pe{-1,1}ie{-1,0,1}

2e
pe

{71’1}

where

¢ = — K
! Hpe{—l,l} Hie{—l,o,l} Jp.i!

I II =, b ))]

pe{-1,1} ie{-1,0,1}

1/2 1
- / i ( 11 %E[l{bkp<m)|<e}ij,o(bk-p(x))])

Hpe{—l,l} Hie{—l,o,l} Jp,i: pe{—1,1}

8_1bk1 (ZL') 81bk1 (LE)

et F:lbk_xx) @bk_xx)H

‘B II H,.@bk, (@)

p,ge{—1,1}

d_1b_,(r) Oiby_,(z)
det [a b (2) élbkl(m)]
(5.41)

Here, the factor (k_1 - k1)/2 appears as the inverse of the normalisation factor for deriva-
tives and the product of factorials
II I

pe{-1,1} i,j€{~1,0,1}
is needed to normalise the Hermite basis

I I . @b, @),

pe{-1,1} i,je{-1,0,1}
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see (3.14). We have

1 1 € €7t2/2 10 1 49
%E[l{\bkp(m)lge}ij,o (bkp(x))] = Z ij,o(t) : \/ﬁ dt = \/ﬁij,o (O) (5' )

—€

We recall from (3.11) that for every k € N we have Hag11(0) = 0 and Hay(0) = (—1)%(2k—
1)1, and so the both sides of the above expression vanish if jyo is odd. Furthermore we
note that, using parity argument based on (3.10), it has been shown in [20, p. 17, Lemma
3.2] that if there exist p, q,u,v € {—1,1} s.t. j, 4 is even and j,, is odd, then

E ||det |%10h-1 Oibros I #..0bk, )| =o0. (5.43)
O_1bg,  O1bg, o !
p,qe{-1,1}
These observations imply that for every ¢ = 0,1,2,... we have an implication
if il = Z Z Jpi =2q+1 then ¢ =0, (5.44)

pe{—1,1}ie{—-1,0,1}

and further that for every ¢ = 0,1,2,... the corresponding chaotic projection vanishes

I Lo, (2)]<e)

2e 8_1bk1 (.23) albkl (Z‘)

det [8~1bkl(x) (9~1blc1($)‘| ’ [2¢ + 1] = 0. (5.45)
pe{—l,l}

To conclude, we integrate over the domain D and pass to the limit € | 0. We note that
the constants ¢; are given by ¢; = lim. g ¢§. O

5.7 Nodal Length of the Planar Berry’s Random Wave

In this subsection we will recall some known results about the asymptotic (¢ — o)
fluctuations of the nodal length L(bg, D) of the real planar Berry’s Random Wave by.
This will provide us with a convenient reference, to be used in the upcoming sections.
(Lemma 5.3 and Theorem 5.1 below are due to Nourdin, Peccati and Rossi [70], and were
established following computations of Berry [10].)

Definition 5.3. Let D be a convex compact planar domain, with non-empty in-
terior and piecewise C' boundary OD. Let by, be the real Berry’s Random Wave
with wave-number k > 0. We define the corresponding nodal length as the random
variable

L(bg, D) = length({x € D : bi(x) = 0}). (5.46)

Implicit in the above definition is the fact that the random set {x € D : by(z) =
0} consists of a finite sum of disjoint rectifiable curves (see [70, p. 137, Lemma 8.4]).
Moreover, it is known that the nodal length £(bg, D) has a finite variance ([70, p. 113,
Lemma 3.3]) and corresponding Wiener-Ité chaos decomposition

L(bx, D) = iﬁ(me)[QQL (5.47)
q=0
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has been computed in [70, p. 115, Proposition 3.6]. For the sake of completeness, we
reproduce it below using conventions S.1-S.6.

Lemma 5.3 ([70]). Let D be a convex compact planar domain, with non-empty
interior and piecewise C' boundary OD. Let by, be the real planar Berry’s Random
Wave with wave-number k > 0. Then, the nodal length L(bx, D) has a Wiener-Ito
chaos expansion

o0

bk7 Z ﬁ bk7 (548)

q=0
where
LoD =k S o[ [] H@nee (s
JEN3 |j|=2¢q 1€{—-1,0,1}

Here, the sum runs over all vectors j = (j_1,jo,j1) € N3, with |j| = j_1+jo+j1 =
2q and the constants ¢; are defined as

oy, CDRG -1 (b
=) SR B |2+ 2 By EH )] 650)

with Z_1, Zy being an independent standard Gaussian random variables. Moreover,
we use here the notation p(j) = 1 if the following conditions are simultaneously
satisfied:

1. The index jy is even,
2. FEither:

(i) both of the indices j_1, j1, are even or,

(i) both of the indices j_1, j1, are odd.

If the above conditions are not satisfied then, we set p(j) = 0.

Proof. See [70, p. 115, Proposition 3.6]. O

We will use the information contained in the next theorem to simplify the proof of the
asymptotic variance formula (Theorem 4.1) through the application of the Recurrence
Representation (Lemma 4.1). (We recall that the correlation coefficient was defined in
N.3 and Wiener-It6 chaotic projections were described in Subsection 5.5.)

Theorem 5.1 ([70]). Let D be a convex compact planar domain, with non-empty
interior and piecewise C' boundary. Let by be the real planar Berry’s Random
Wave with wave-number k > 0 and L(by, D) the associated nodal length. Then, we
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have

E [£(by, D)] = area(D) % (5.51)

Moreover, it holds that

D
lim Corr(£(bx, D), £(be, DYA]) = 1, T 2 US) U
k—o0 k— oo %G(D) -Ink

where L(by, D)[4] denotes the 4-th Wiener-Ité chaos projection of the nodal length.

Proof. See [70, p. 103, Theorem 1.1] and [70, p. 110, Eq. (2.29)]. O

5.8 Density of Zeros and 2nd Chaotic Projection

The following lemma is a first step in characterising fluctuations of the nodal number.

Lemma 5.4. Let D be a convexr compact domain of the plane, with non-empty
interior and piecewise C' boundary OD. Let (k,K) be a pair of strictly positive
wave-numbers and by, b, a corresponding real Berry’s Random Waves. Then, the
expected value of the nodal number N (b, bx, D) is given by the formula

EN (by,, bxc, D) = ”‘ZL(D) (k- K). (5.53)

78

Proof. In this proof, we will use the notation introduced in S.1-S.6, in particular replac-
ing the ordered pair of wave-numbers (k, K) with the unordered pair {k_1,%k;}. Using
basic properties of the Wiener-1td chaos decomposition (Eq. (5.32)) and explicit chaos
decomposition for the nodal number established in Lemma 5.2 we can compute

N(bk—l’bk17D) = N(bk_lvbkup)[o]

= (k,1 . kl) - Co /D ldx (554)
area(D) Z_1,_1 Z_1)
= ——2 . (k_1-k1)-E|det ’ ’
47 (k1 F) ¢ [ Zi—1 Zia ||’

where {Z, , : p,q € {—1,1}} denotes a collection of four independent standard Gaussian
random variables and 0 = (0,0,0,0,0,0) € N°. The proof is completed by observing that

Z 1,1 Z-ga
E |det |“5 1 =1,
¢ [ Z1,-1 Z1a }
see [64, p. 73, Lem. II.B.3] with notation of [64, p. 39, Rem. II.1.2]. O

The forthcoming lemma will be used later to show that the second chaotic projection
is asymptotically negligible. Note that the proof of Lemma 5.5 uses Lemma 4.1, and that
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Lemma 5.5 is not used in the proof of Lemma 4.1. Moreover, we stress that the inequality
(5.55) holds for every K > k > 2 without additional restrictions because inequality (5.58)
used in its proof is non-asymptotic. See also [70, p. 117, Eq. (4.61)] for comparison.

Lemma 5.5. Let D be a convexr compact domain of the plane, with non-empty
interior and piecewise C' boundary OD. Let (k,K) be a pair of wave-numbers
s.t. 2 <k < K and b, ZA)K be a corresponding Berry’s Random Waves. Then,
the variance of the second chaotic projection of the nodal number N (by, bk, D)|[2]
satisfies the following bound

diam(D)*

Var (N(bkalA)KyD)p]) < 19872

(k* + K?). (5.55)

Proof of Lemma 5.5. Here, we are going to adopt the notation introduced in S.1-S.6,
in particular replacing the ordered pair of wave-numbers (k, K) with the unordered pair
{k-1,k1}. We will use the recurrence representation established in Lemma 4.1 and the
explicit chaos decomposition for the nodal number established in Lemma 5.2. We observe
first that (by using the notation (4.28)-(4.29))

Cross(N (b_,,bx,,D)[2]) = 0, (5.56)

yielding

1 1
Ry k—1 - L(bk,,D)[2] + ol ki~ L(be_,,D)[2]

:%ﬂ ST ko L(b,, D)2

pe{—l,l}

N(bk—l ) bkl ’ D) [2]
(5.57)

To see why k_, appears in front of £(by,,D)[2] note the following. The chaotic decom-
position of the nodal number N (by_,,bx,, D) includes a multiplicative factor (k_y - k1)
(see (5.36)). The chaotic decomposition of the nodal length L(by,, D) includes a multi-
plicative factor k, (see (5.49)). Thus, when we use recurrence representation (4.30), the
wavenumber k, gets absorbed into expression L(by,, D)[2] while the term k_,, remains as
a multiplicative factor. By [70, p. 117, Proof of Lemma 4.1] for each A > 0 we have

perimeter(D)?

Var(L(bx, D)[2]) < 64

(5.58)

Since D is convex and planar the perimeter is at most 6 times longer than the diameter
which completes the proof. O

The next remark contains the first lower bound on the asymptotic variance of the
nodal number. This bound turns out to be of the correct order.

Remark 5.2. Consider a sequence {k™q,k}}nen of unordered pairs of wave-
numbers s.t. k™, ki — 0o and let bgn , brp be the two corresponding independent
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Berry’s Random Waves. Combining Lemma 4.1 with Theorem 5.1 yields

Var (N(bkgl ] bkfaD))

= Var Z

’I’L

vﬁ

(bkn ) T CI‘OSS(N(bkfl s bk?’ D))

pe{-1,1}
(k)
= Z 53 - Var(L(bgz, D)) + Var(Cross(N (bgn |, byy, D))
pe{—1,1} i (5.59)
K2
2 55 Var(L(bx,, D))
272 "
area(D)
~—=- K1
Slaqs Lol
o area(D) KK
512r3 T

where, in the last two lines we have replaced the unordered pair of the wave-numbers
{k™, 7} with its ordered equivalent (ky, K,). Moreover, we have tacitly assumed

that r*°9 = lim,, IIII‘I’“( exists and °9 > 0. Thus, we have obtained a lower bound
consistent with, and in a form of, Theorem 4.1.
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6.1 Proof of the Domination of the 4th Chaos

This section is devoted to the proof of the following crucial lemma.

Lemma 6.1. Let D be a convexr compact domain of the plane, with non-empty
interior and piecewise C' boundary OD. Then, there exists a numerical constant
L > 0 s.t., for every pair (k, K) of wave-numbers s.t. 2 < k < K < 0o, we have

;Var (N(bk,i)K,D)[Qq]) <L- (1 + diam(D)4) . KQ. (6.1)

Here, by, bi denote independent real Berry’s Random Waves with wave-numbers
k and K respectively, N (by,bx,D)[2q] denotes the 2q-th chaotic projection of the
nodal number and diam (D) denotes the diameter of the domain D.

We stress that the inequality (6.1) is fully non-asymptotic and the dependency of its
left-hand side on the smaller wavenumber k is fully controlled on the right-hand side
using the larger wavenumber K. These properties are inherited from inequalities (6.11)
and (6.12) which are used in the proof.

Our proof of Lemma 6.1 is based on a variation of the well-known decomposition into
singular and non-singular pairs of cells as prescribed by the next definition. (See for
comparison [74, p. 318-321, Section 6.1], [70, p. 127-128, Definition 7.2] or [20, p. 26,
Definition 5.1].)

Definition 6.1. Let D be a compact planar domain with non-empty interior. Fiz
a pair of wave-numbers (k,K) s.t. 2 < k < K < oo. Let {Q;}; be a collection of
[k]? closed squares s.t. the following conditions are satisfied:

1. The collection {Q,}; covers D, that is
DngLJQQU...UQrk]z.
2. For every 1 <1 < [k]?, we have

i (2%

81
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3. For every 1 <1,m < [k]? with | # m, we have
area(Q; N Qm) = 0.

For every 1 <1 < [k]?, we set D; := Q;ND and, for each 1 < m,l < [k]?, we say
that the ordered pair (Dy, Dyy,) is singular if

1
max max su 735 (kp(x — > —. 2
pe{—l,l}z‘,je{—l,O,l} (x,y)e’DlxDm ‘ ZJ( P( y))l 1000 (6 )
Otherwise, we say that the ordered pair (Dy, Dy,) is non-singular. Here, r;; denote
the covariance functions associated with the real Berry’s Random Wave with wave-
number k =1 (see Subsection 5.53).

The constant 1/1000 in (6.2) holds no particular significance. It is simply a fixed
numerical value chosen to be sufficiently small for the arguments presented later in this
section to work.

To any collection of pairs {(Dy, Din) }i.m, 1 < I,m < [k]?, as in Definition 6.1, we will
refer to as ‘the decomposition of D x D into singular and non-singular pairs of cells.” This
allows us to write

S Var (A(be, b, D)[24])
q=3

=3 S Cov(N(bk b D020 N (b, b, D) 20)) (6.3)
q=3 (D;,D,) singular
Y Y Cov(Nlbk b, D20l N b, b, D24

g=3 (D;,D,,) non-singular

and we will bound each term in this sum using a different strategy. The main difficulty
is in bounding the sum over the singular pairs of cells (D;, D,,) and it arises due to the
lack of control on the decay of the covariance functions r;;(k,(x — y)) as k, — oo. To
circumvent this problem we will take advantage of the next lemma which shows that there
are relatively few singular pairs of cells (D;, D,,). (We note that the total number of cells
D, in the construction described above is [k]? and so the total number of pairs (Dy, D,,)

is [k]%.)

Lemma 6.2. There ezists a numerical constant C' > 0 such that, the following
inequality holds:

{(I,m) : (Dy, D) is singular}| < C - (1 + W) k2, (6.4)

regardless of the choice of associated parameters. These parameters are: the se-
lection of a compact planar domain D with a non-empty interior, a pair (k, K) of
wave numbers where 2 < k < K < oo, and a decomposition {(Dy, D) }i.m, with
1 <1,m < [Kk]?, of D x D into singular and non-singular pairs of cells (Dy, Dy,).
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Proof. By definition, if the pair of cells (D;, D,,) is singular then we can find x € Dy,
Yy € Dy 4,5 € {—1,1} and p € {—1, 1}, such that

i (= )| > To. (65)

As a consequence of the inequality (5.18), for some positive numerical constant L > 0
(independent of x and y), we have

[k < 2L V2 <\@ diam(D)>' (6.6)

L k] 2L .
%]k STkl diam(D) %]

This obviously shows that, if the pair (D, D,,) is singular, then

dist(D;, Dyy) = et |z —y| < (% : <\f2 W) . (6.7)

Since

o) diam(D)

; < . .
lgrlngar);P diam(D;) < G (6.8)
it follows that for every 1 <[ < [k]?, we have
1
: m) 18 si <C- 7 | .
{m : (D;, D) is singular}| < C (1 + dlam(D)2> (6.9)

where C' > 0 is a some another numerical constant. Therefore, using also that % <2,
we obtain

(k]2
{(l;m) : (D1, Dyy,) is singular}| = Z {m : (D, D,,) is singular}|
=1

2 . is s 1
< [k] 1§Ilngar>%2 |{m : (Dy, D,,) is singular}|  (6.10)

1
<4C - (14— ) - K2
- ( + diam(D)2> ’
which yields the postulated inequality. O

The following lemma allows one to asses the singular sum in the statement of Lemma
6.1.

Lemma 6.3. Let D be a convexr compact domain of the plane, with non-empty
interior and piecewise C' boundary OD. Then, there exists a numerical constant
C > 0 s.t., for every pair (k, K) of wave-numbers with 2 < k < K < oo, and for
every decomposition {(Dy, D) }im, 1 < I,m < [k]?, of D x D into singular and
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non-singular pairs of cells (Dy, Dy,), we have

S| X Cov (kb Dol2d N, b, Do) 20)

q=3 |(D;,Dy) singular
< C- (1+ diam(D)*) - K.

(6.11)

Here, by, bk are independent real Berry’s Random Waves with wave-numbers k and
K respectively, N (b, bx,D;)[2q] denotes the 2q-th Wiener Chaos projection of the
nodal number N (by,bx,D;) and diam(D) denotes the diameter of the domain D.

The next lemma provides a bound on the non-singular sum featuring in Lemma 6.1.

Lemma 6.4. Let D be a convexr compact domain of the plane, with non-empty
interior and piecewise C' boundary OD. Then, there exists a numerical constant
C > 0 s.t., for every pair (k, K) of wave-numbers with 2 < k < K < oo, and for
every decomposition {(Dy, D) }im, 1 < 1,m < [k]2, of D x D into singular and
non-singular pairs of cells (D, Dy,), we have

S| X Cov (Mbkbr DRal N (b, bic, Do) 20))

q=3 |(Dy;,D,,) non-sing.
< C - (1+ diam(D)?) - K.

(6.12)

Here, by, by are independent real Berry’s Random Waves with wave-numbers k and
K respectively, N (bk,bx,D;)[2q] denotes the 2qg-th Wiener Chaos projection of the
nodal number N (by,bx,D;) and diam(D) denotes the diameter of the domain D.

Proof of Lemma 6.3. The main idea of this proof is classical: we use Kac-Rice formula,
the asymptotic properties of Bessel functions and take advantage of the fact that each
subdomain D; is small and there are not too many singular pairs (D;, D;) of such domains.
In this proof, we will use the notation introduced in S.1-S.6. In particular, bg_,, bx, will
denote a pair of independent Berry’s Random Waves with wave-numbers k_; and k;
which are > 2. We split the argument into four parts:

Step 1. In this step, we apply the classical Kac-Rice formula to derive the integral,
which we will aim to control throughout the rest of the lemma. Let ()1 be one of the
covering squares for D, described in the Definition 6.1. Using the bound on a number of
singular pair of cells from Lemma 6.2, the Cauchy-Schwarz inequality and Lemma 5.4 for
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the value of the expectation, we obtain

SIS Cov (N by by D)[20) N (b, s bry D) [20)
q=3 |(Dy,Dy,) sing.

< Z ZE ’N(bk—17bkl7Dl)[2q] 'N(bkfnbklvpm)pd‘

(Dy,Dy,) sing. ¢=3
1 .
= (” dlama))z> -min(koy, k1)* B[N0k, bry, Q1))

—C. (1 + ~diam1(D)2> ~min(k_y, k)% - (IE [NV (bi_y s by s Q1)]

+ BN (e b Q)N (b by, Q1) = 1))
1 i diam(D)?
= <1 - d1am(D)2> 'mm(kil’kl)Q ' <4W(min(/€_17k1ﬂ2 o
+E [N(bkfnbanl)(N(bkfubkal) - 1)] )
< C- (1 + diam(D)?) - max(k_1, k1 )?

+ C- (1 + dlaH;l(D)Q> : min(k717k1)2 ' E[N(bk_ubkqu)(N(bk_ubkqu) - 1)},

(6.13)
where C' > 0 is a numerical constant taken from Lemma 6.2. Denoting with Dby ()b, (1)) (0,0)

the (Gaussian) density of the vector (b, (x), by, (y)) at the point zero, and using the Kac-
Rice formula (see [5, p. 164, Theorem 6.3 (Rice Formula for the k-th Moment)]) we obtain
that

E [N (br_,, biy s Q)N (br_, s bry s Q1) — 1)] =
_ / El dot [3—151@1(%) 81bk1(55):| ’ . ‘det [5—11%1(9) 3151«1(9)”

O0-1bk, (z)  O1bg, (2) O-1bk, (y)  O1by, ()
Q1xQ1

[be, (@) = b () = b, (1) = by (1) = o} A TT @0y @100, 0 (0,0)) dedy

pe{—-1,1}

<1020k -area(Ql)/ (1= Jo(kal2)?) 2 (1= Jo(kal2)) 72

1—Q1
~ ~ 2
O_1bp_,(2) Oibr_,(2) _ _ _ _
-E [(det [5151“ ) 51bk1(2) ]) bi_,(2) = by, (2) = br_, (0) = b, (0) = 0] dz
D) (1, k) /QlQlu — Jolk_1]2)?) 712 - (1= Tk [21)%) "2

~ ~ 2
. e a:lbk—l(z) (()jlbk—l(z)
¢ [(d t lalbh(z) ibi (2) D

br_, (2) = be, (2) = bi_, (0) = b, (0) = 0] dz,

(6.14)
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where to get the penultimate inequality we have used the conditional Cauchy-Schwarz
inequality and the stationarity of the field (bg_,, bk, )-

Step 2. In this step, we carry out precise Gaussian computations to obtain a simplified
formula where, importantly, the roles of k_; and k; are decoupled. We observe that

MEEUHERC TSI
(d t [a_lbkl () b (2) D

~ ~ ~ ~ 2
- (8_1bk71(z)81b;€1 (2) — 6_1bk1(z)81bk71(z)) (6.15)
~ 2 ~
= > 1I (3<pq>bk-p (2)) =2 J]  9ubi(2),
ge{-1,1} pe{—1,1} p,qe{—1,1}
where 5(pq) should be understood as 51, where v := pq. Using standard conditioning

formulas for the Gaussian vectors ([5, p. 18, Proposition 1.2]) and Lemma 5.1 we have
that for each p = +1 and for any choice of u,v € {—1,+1},

E [Dubi, (2) - Bubr, ()| br_, (2) = bi (2) = b, (0) = b, (0) = 0

(s rulkp2)ro(ky2) (6.16)
I 1 —r(kyz)? '
Writing
Tpg) *=Tv,  vV:=pg  p,q€ {11} (6.17)

and combining (6.15) with (6.16), one can deduce that

O_1by_,(2) O1br_,(2) ’ - _ _ _
E (det [5_1;]“ ) 511211(2) ]) ‘bk,l(z) = bk, (2) = b_,(0) = by, (0) =0

S B[ TT (Buwbe®) o) = b (2) = b, (0) = by, (0) =0

ge{-1,1}  |pe{-1,1}

—2FE H 5qbkp(z))bk,1(z) = by, (2) = bp_, (0) = by, (0) = 0 (6.18)
p,ge{—1,1}

Z H B {(5(102/)[’%(2))2 ‘bkp (2) = by, (0) = 0}

qe{—1,1} pe{-1,1}

-2 I[ E| II 5qbkp(z)’bkp(z):bkp(z)zo

pe{-1,1} ge{-1,1}
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Now we rewrite (6.18) as

= Z H (1 - r(pq)(kpz)2> _ 211p.ge-1.1y Ta(kp?)
ge{—1,1} pe{—1,1} 1 —r(kpz)? Hpe{—l,l}(l —r(kpz)?)

- 2 e
qe{-1,1} pe{-1,1} p pe{—1,1} P

7 QHp,qe{—1,1}7“q(kpZ) (6.19)
Hp€{71’1}<1 —1(kpz)?)

rq(kyz)?

—9_ Z qul{—l,l(}k q( 2P )
pe{-1,1} -7 pZ)
qu{—m} Hpe{—l,l} T(pq)(kpz)2 —2 Hp,qe{—m} rq(kp2)

Hpe{—1,1} (1 —r(kp2)?)
Before proceeding, we note the following: choose p,q € {—1,1} and define v := pg. We

then adopt the convention 7,4 = r,. We observe that, for each fixed ¢ € {-1,1}, we
have

+

22
II reot2?= ]] (2-|<;2J1<kp|z|>2>

pe{_lvl} pE{—l,l}
Hve —1,1 212;
R Fratl (N § G
pe{—1,1} (6.20)
= 11 (ﬂ-fj-wpzo)
v,pe{—1,1}
= H T (kp2),
v,pe{—1,1}

and we would like to highlight that we have obtained a quantity independent of the choice
of g. The equality obtained in (6.20):

H "o (Kp2)? = H 7y (kpz) (6.21)
pe{—-1,1} v,pe{—1,1}

implies the following cancellation

Z H r(pq)(k‘pz)2 -2 H rq(kp2)

ge{—1,1} pe{—1,1} p,qge{—1,1}
= Y I rnta] -2 ][] redke2) (6.22)
qge{—1,1} \v,pe{-1,1} p,ge{—1,1}

=2 H ry(kpz) — 2 H rq(kpz) = 0.

v,pe{-1,1} p,g€{—1,1}
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Applying (6.22) in the last line of (6.19) shows that (6.19) can be reduced to the following

terms:
qu{—m} Tq(k’pz)Q
2 — E ( 1 r(k:pz)2 > . (6.23)

pe{—-1,1}

Furthermore, we observe that

2 Zq 2
9_ Z (qu{—m}rq(kpz) )2 1_ Z qu{q;} |z|2']1(kp‘z|)

_ 2 — .
pe{-1,1} L= rikp2) pe{—1,1} L= r(kpz)
Ji(kpl2])?
—o 3 (1 AR,
pe{-1,1} 1= Jo(ky|2])
(6.24)
Thus, finally, we see that
5flbk, (Z) 81bk ( ’
E det | < L 1 b —p b 0) = by (0) = 0
( ’ lalbh(@ Giv oy | | [P ()= b (&) = by (0) = by (0) =
(6.25)

_ i (kpl2])®
-2 ¥ (i)

pE{—l,l}

Step 3. In this step, we apply the simplified form (6.25) to (6.14) and use the properties
of Bessel functions to derive the main upper bound of this lemma. In complete analogy
with (4.2) we set

minyer 111 k

;e pE{-L1} *p (6.26)

maxpe{_m} kp
We use (6.25) and the change of variables = := kz to bound the integral in the last line
of (6.14) by

/7 (1= Jo(k_1]2)?) " (1= Tk |2)?)?

~ 2
Drbi,(2) agbk_xz)D

b (2)  Bube (2) br_,(2) = bk, (2) = bp_, (0) = by, (0) = 0| d=z

o~
[~}

J1(la))? 16 )
2 / (1/2 - 20y ) + (12 - 2= )
k(Q1-Q1) V1= Jo([z)? - /1 = Jo(r=]z])?

T (2)? S0 a])?
C 2 / 1/2— 0 () >+ (1/2‘ 0 —%W)d
> 72 = XL
k2 Ik @i-an) V1= Jo([2)2 - /1 = Jo(r~1[z])?
AT G e)?
_2. / (1/2 - 2 ) + (1/2 - 2y
~ k2 Jp(0,2.diam(p)) \/1 — Jo(|2))2 - /1 = Jo(r=1])?

(6.27)
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It is easy to verify that

J1(t)?
1/2 T 1-Jo()2

1— Jo(t)?

vt > 0, 0<

— )

using which we can bound the last line of (6.27) by

12— 1))
2 / 1 T=Jo(r=1[2])
2 Jpo2diamm) V1= Jo(2])? /1= Jo(r 1a])?
Ji(jz)?
2. 1 12— 5w
B(o.2-diam(D)) /1 — Jo(r=tz])2 /1= Jo([z[)?

dx

|
Tl

IA
?E\ -~

INA
\4;

E B(0.1) m \/7dlam 2)

dx—|—87r diam(D)?
B(O 1) ||

w
[\ N
3

IN
*\

(1 4 diam(D)?) .

Here, we have also used the following simple observations

VE>1, Jo(t)? < Jo(1)?,

t +— Jo(t)? is non-increasing on the interval [0, 1].

k
/ e 2 /
B(0,2-diam(0)) /1 — Jo([z))2 k% JB(0,2-diam(p)) /1 — Jo(r—1]x])2

89

(6.28)

(6.29)

(6.30)
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Step 4. We combine (6.13) and (6.14) with (6.29) to obtain that for some strictly
positive numerical constants C1, Ca, C3, Cy4, we have

o0

Z Z Cov (N(bk—lvkaDl)[2q]aN(bk—1abkqu)[Qq])

q=3 |(D;,D,,) sing.
< C1(1 + diam(D)?) - max(k_q, k1)?

1
+C(1+ m) ~min(k_1,k1)% - EN (bg_,, by, Q1) (N (br_,, bgy, Q1) — 1)]

< C1(1 + diam(D)?) - max(k_q, k1)?
+Ca(1 + diam(D)?) - k2, - ki - / (1= Jo(k—r]2)) 72 (1 = Jo(ka|2)*) 7172
1—Q1
5:1bk—l(z) étlbk—l(z) )2
aflbkl (Z) a1 bkl (Z)
< C1(1 + diam(D)?) - max(k_q, k1)* + C3(1 + diam(D)*) - max(k_1, k1)?
< Cy(1 + diam(D)*) - max(k_1, k1)?.

- E[(det bi_, (2) = br, (2) = bi_, (0) = b, (0) = 0]d=

(6.31)
This is the postulated inequality and the proof is therefore concluded. O

Proof of Lemma 6.4. The argument presented here is standard and uses in a crucial way
the geometric decay of |r;;(k,(z —y))|?? on the set of non-singular pairs of cells to control
the contribution associated with 2¢-th chaotic projections. For this proof, we are going to
adopt the notation introduced in S.1-S.6. In particular, we will write k_1, k1 to denote
an unordered pair of wave-numbers corresponding to the ordered pair k, K and by_,, by,
to denote a pair of independent BRWs with wave-numbers k_; and k; respectively.

Step 1. We recall that an explicit formula for the Wiener Chaos decomposition of the
nodal number N'(by_,, b,, D) has been established in Lemma 5.2 and that for every ¢ > 1
the projection N (bg_, , bx, , D)[q] on the g-th Wiener chaos has zero mean (see (5.32)). This
yields

> Cov (N (by_,, br,, D) [2q], N (b, , b, , D) [24])

q=3 |(Dy,Dy,) non sing.

=3 3 E(N (br_,, bk, . D1)[2g] - N(by_,, bi, » D) [24])

(6.32)

(k_l . k1)2 Z Z CiCj

(D1,D,,) non sing. iENS |i|=2¢ jeNS |j|=2¢q

II E| II H. (@b, (@) H, , (9ubr, ()| dady],

D xD,, PE{—-1,1} ve{-1,0,1}
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where i,j € N° are indexed as

o= (io1,—130-1,000—1,13%1,—15 91,0 %1,1),
J= (3—1,_1;]—1,0;J—1,1;J1,_1;]1,0;J1,1)7

and where we use notation

li| ==i 1,1 +i10+i-11+01,-1 +i0+ 1,1,

Bl =Jj-1-1+jor0+jo11+d1-1+jo+ 1.

Step 2. In this step, we will demonstrate how to bound the contribution to (6.32)
coming from the deterministic constants c;, which arise from the chaotic decomposition of
the determinant. Let {Z, , : p,q € {—1,1}} be a collection of four independent standard
Gaussian random variables. Using the defining formula (5.37) and the Cauchy-Schwartz
inequality we observe that for every j € N® s.t. ¢; # 0, we have

N —

|CJ|='<H 1). I -

el i
p==%1 Jp0 p,ge{—1,1} Tp.a’

- |E | |det {Zz_l’_l ZZ_1 l] H ij,q(an)
-1 L1 p,ge{—1,1}
(6.33)
1 1 1
. 2'< j on>' I 5
p=%17P pge{-1,1} "1
z z ’
. E <det {Z_L_l Z_171:|) E H ij,q(Zp7Q)2
1-1 1,1 p,ge{—1,1}
Since
Z Z ’
E [(det {Zl’l Z“D 1 => E|]] % 2“‘3[ II Zal. (63
1,—1 1,1 e—t1 p==+1 p,q=+1

we can conclude that

1 1 !
< = -
sl < 75 (A—j[ﬂ J'p,0”> <p,ql:[i1 jp’q!>
1 1
. L H H —— (6.35)

p==+14e{-1,0,1} Ipsi:

1 6211::&1 >ic{-1,0,1} Jp.i
2 (Zp:il Zie{fl,o,l}jp,iy
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We have deduced the last inequality above by comparing with the probability mass func-

tion of a random vector (L1, ..., L,) having a multinomial distribution such that
Lh+...+ )
P(Ly=1l,...,Ly, =1,) = %zfl P D, €N, (6.36)
10 ebm:
with p; = ... = p, = 1/m and m = 6. We note that, in particular, if |i| = |j| = 2¢ then
(6.35) reduces to
1 6%
il < = - ) 6.37
|C C.]l — 2 (2(1)! ( )

We note that, for every g > 1 we have a trivial bound

{ieN:jl=2g} < (¢+1)° <e®. (6.38)

Step 3. Here, we will show how to bound the contribution to (6.32) coming from the
expectations involving the Hermite polynomials, expressed in terms of the covariance
functions r;;. We consider now i, j € N3, and write

i:= (i-1,10,1%1), J = (j=1,Jo,J1),
as well as
il :==iy+io+dn, [l =1+ Jo+ i

Thanks to the classical Diagram formulae for Hermite polynomials (see Section 3.2.2) we
can observe that, if |i| # |j|, then

E| ] Hi(0ube(2)H;, 0ubr(y)| =0,
ve{-1,0,1}

and if || = |j]| then

Bl CJT H @) Hy, @bu()) || < Jjlt | mac sz —y))F - (6.39)
ve{—1,0,1} ’ Y

Here, k > 0 is any fixed positive wave-number and by is a corresponding real Berry’s
Random Wave.

Step 4. In this step, we will combine the results from the two preceding steps to obtain
an estimate that behaves favorably with respect to summation over gq. According to
[70, p. 128, Lemma 7.6], there exists a numerical constant C' > 0, such that for all
i,7 € {—1,0,1} and k > 2, we have

/D /D oy k(= y))0dady < E 0+ Zlam(p)2). (6.40)
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Now, let us fix i,j € N° such that ¢;,¢; # 0 and |i| = |j| = 2¢. Using (6.39) and Holder
inequality we can write

Z / H E H Hi,, (gibkp (z))Hj, ., (@bkp (y))| dzdy

(Dy,D,, ) non-sing. Dy XDy, pe{-1,1} ve{—1,0,1}

< 3 [ I el I Ha@b @), @b, )| dody

(D1, D) non-sing. | p,\p,, re{-1,1} ve{-1,0,1}

< ! - i (kp (@ — y)) 172! ) dzd
< X[ (e st - ) dedy

(Dy, D, ) non-sing. Dy XD pe{-1,1}

< (29)!- / II max  [ri; (kp(z — y))|Vrldady
(D;,Dy) non-sing. pe{_l"l}z’je{_ o
Lipl
2q
<@ ] / max rig(ky (@ — y))[*'dedy
el 11} (1D P i,j€{-1,0,1}
1,Dm) non-sing.
lipl
2q
<o-@o- J[ | max [ It — g Prdsay
pe{—-1,1} (Dy, Dy, ) non-sing.

(6.41)

Thanks to (6.40) we can find a numerical constant C' > 0 such that the last line of (6.41)
can be upper-bounded by

|72‘7p\
(29)!
<9 o I o | [ st pitasay
pe{—1,1} ~ o (Dy,Dy,) non-sing.
. 2 (QQ)! _%
§C-(1+d1am(D))~W' H kp
pE{—l,l}

(29! C-(1+diam(D))
= (1000206 " min(k_y, k1)?

(6.42)
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Step 5. We apply inequalities (6.37), (6.38) and (6.42) to (6.32) and conclude that for
another numerical constant L > 0 we have

3 ST Cov(N(biy, bk, D1)[2g) N (bi_,, i, . D) [24])

q=3 |(D;,D.») non-sing. (643)

X/ 6e3 \*
<L (1+ diam(D)Q) .rnanx(k_hkl)2 ’ Z (1000) )
q=3

Since the series on the right of the above inequality is convergent we conclude that the
proof of our lemma is complete. O

We are finally ready to achieve the main goal of this section.

Proof of Lemma 6.1. We choose any decomposition {(Dj, D) }im, 1 < I,m < [k]? of
D x D into singular and non-singular pairs of cells (D, D,,), as described in Definition
6.1. Then, thanks to Lemmas 6.3 and 6.4, we can find a numerical constants C1,Cs > 0
such that

oo

S~ Var (N (b, bie, D)[24])

<l Y Cov (Mbkbi. DO [20). Mo by, D) [24])
q=3 |(D;,D,,) singular (644)

01X Cov (Mlbk,bie, Do) (2] N (b bie, D) [24])
q=3 |(Dy;,D,,) non singular
< C1(1 +diam(D)?) - K + Cy(1 + diam(D)*) - K?
< C3(1 + diam(D)*) - K2,

with C3 being another numerical constant. We combine the above bound with Lemma
5.5 and we obtain

ZVar (J\f(b;C7 BK,D)[Qq]) = Var (J\f(bk, l;K,D)[QD + i\/ar (./\f(bk, EKH,D)[2q])
q#2 q=3

diam(D)? = ,
”2277&2) K2+ 3 Var (M(be, bic, D) [24))

q=3
diam(D)* ., : 4 2
< Cy - (1+diam(D)*) - K2,
(6.45)

where CYy is the final numerical constant whose existence was postulated in the statement
of our lemma. O
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6.2 Computation of the Asymptotic Variance Formula

This section is devoted to the proof of the variance formula stated in Theorem 4.1 (the
expectation has already been computed in Lemma 5.4). First, we summarise the infor-
mation acquired in the preceding sections. Suppose that the assumptions of Theorem 4.1
are fulfilled and admit the notation used therein. Combining Remark 5.2 with Lemma
6.1 we can already see that

Var (N (bg,, I;K,L ,D) [4])
lim N = ]-7
n—0o yur (N(bkn bx. D)) (6.46)

lim Corr (./\/‘(bk-n,lﬂ);(n, 'D),./\/‘(bk-n,lﬂ)[(n, 'D)[4D =1.

n— oo

Using Lemma 4.1 and Remark 6.1, we immediately see that

Var (N(bkn, bx, D) [4])

kn K, - B .
= Var (77\/5 - L(bg, , D)[4] + oy -L(bgk,,D) + CrObb(N(bkn,bKn,D)[él]))

_ K Var(L(by, , D)[4]) + P Var(L(bg, , D)[4]) + Var(Cross(N (b, , bx, , D)[4]))

o2 o2
D R
= a;’Z( 3) (K2Ink, + k2 In K,,) + Var(Cross(N (by. , bx.., D)[4])),
Y5

(6.47)

where we have used Theorem 5.1 established by Nourdin, Peccati and Rossi in [70].
Combining (6.46) and (6.47) we see that there is only one more step needed in order
to achieve the goal of this section. That is, we need to characterise the asymptotic
contribution to the variance which comes from the cross-term. Our strategy will vary
according to the value of the asymptotic ratio r which was defined in (4.2). The case
r = 0 will be treated in Lemma 6.5 and we will show that in this scenario the contribution
of the cross-term is negligible. The case r > 0 is the subject of Lemma 6.6 and, there,
the cross-term will bring a meaningful contribution. In the next lemma we use notation
introduced in (4.1) and in (4.2).

Lemma 6.5. Let D be a convexr compact domain of the plane, with non-empty
interior and piecewise C1 boundary OD. Let (kn, K,)nen be a sequence of pairs
of wave-numbers such that 2 < k, < K,, < oo and k, — oco. Suppose also that
the asymptotic parameters r'°9 and r defined in (4{.2) exist and satisfy v = 0 and
r°9 > 0. Then,

lim
n—oo area
5127w

Var (N (b, , b, , D)
(g S >—1. (6.48)

L .yplog . K2In K,
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Moreover, we have

N(by, bk, , D) —EN (b, bk, D)  L(bg,,D) —EL(by, , D)

lim = = =0,
e \/ Var(N (b, , b, , D)) Var(Clu D)) ||
(6.49)
as well as,
lim Corr (N(bkn,EKn,D),ﬁ(bkn,D)> — 1, (6.50)

Here, by, and bg, denote independent real Berry’s Random Waves with wave-
numbers ky, and K, respectively, while L(bx, ,D) and N (b, ,bk,,D) are the asso-
ciated nodal length and nodal number, respectively.

The proof of the above lemma will be given in Subsection 6.2.3. Now we want to
highlight its possible heuristic interpretation.

Remark 6.1. Suppose that K, — oo much faster than k, — oo, in a sense that
r = 0. Thanks to a stationarity argument, we can always use a construction driven
by a single pair of Berry’s Random Waves with wave-numbers k = K = 1, that
is we can set by (-) := by(kn-) and b, (-) := by(K,-). Then, conditionally on the
randomness of the field by, the nodal lines of by, can be seen as essentially constant
- relatively to the nodal lines associated with BKH, which would cover D uniformly.
The uniform covering is a consequence of the fact, shown in [67, p. 97, Proposition
1.3], that after an apropriate deterministic rescaling, the nodal length £(ZA)KH,D)
converges, as a random distribution , to the White Noise. Thus, heuristically speak-
ing, the number of nodal intersections N (b, , l;Kn , D) should be asymptotically pro-
portional to the nodal length L(by, , D). The conclusion of Lemma 6.5 is consistent
with this intuition.

As before, in the next lemma we will use notation introduced in (4.1) and in (4.2).

Lemma 6.6. Let D be a convexr compact domain of the plane, with non-empty
interior and piecewise C* boundary OD. Let (ky, K, )nen be a sequence of pairs of
wave-numbers such that 2 < k, < K,, < oo and k, — oco. Suppose also that the
limits r'°9, r, r*P defined in (4.2) ewist and r > 0. Then

Var (Cross(]\f(bkn , BKn ,D)[4] ))

lim ) =
=89 ag‘fgﬁ -7+ (36 + 50re=P) - K21n K,

(6.51)

b

where by, and b K, are independent real Berry’s Random Waves with wave-numbers

kn and K,, respectively. Here, Cross(N (by, b, ,D)[4]) denotes the 4-th cross-
term of the corresponding nodal number (see Definition 4.2).
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The proof of the above lemma will be given in Subsection 6.2.4. Thanks to Lemmas
6.5 and 6.6 we are now in position to easily achieve the goal of this section.

Proof of Theorem 4.1. The expectation was computed in Lemma 5.4 and we are left with
a task of finding the formula for asymptotic variance. The case r = 0 is entirely and
directly covered by Lemma 6.5 and consequently we can assume from now on that r > 0.
We recall that, as noted in Subsection 4.1, if 7 > 0 then 7/°9 = 1 and that if r < 1 then
7P = (. We proceed as in (6.47) and observe that

Var(N (b, , bx,,, D))
~ Var(N (b, , bk, , D)[4])

D .
~ %;3) (K2Ink, + k2 In K,,) + Var(Cross(N (bg, , bxc, , D)[4]))
D .
~ 20D (14 4) - K21 Ky 4 Var(Cross( (b, b, D)) (6.52)
area(D) 9 9 area(D) 9
~ -(1 -K:In K —_— Py KoIln K, -
5123 (14+r)-K;lnK, + 5123 (36 + 50r°*P) - KZ1In K,
D
— L;z( 3) (14 36r + 72 +50r°") - K2 In K.,
7
where to obtain the penultimate expression we have used Lemma 6.6. O

6.2.1 Wiener Chaos Decomposition of the Cross-Term

We begin preparing for the proofs of Lemmas 6.5 and 6.6 by deriving an explicit expression
for the fourth cross-term of the nodal number. Our analysis focuses solely on the fourth
chaos because, as demonstrated in the previous section, the fourth chaotic projection
is asymptotically dominant. We further narrow our attention to Cross(A (b, bx, D)[4]),
since the other two terms in decomposition (4.1) are merely rescaled versions of nodal
lengths. Their contributions can thus be directly controlled using the results from [70],
which we summarized in Section 5.7.

We recall that Cross(N(bk,lA)K,D)Pq]), g € N, was described in Definition 4.2. It
will be convenient to formulate this result using the notation introduced in S.1-S.6.
In particular, we will replace an ordered pair of wave-numbers (k, K), k < K, with the
corresponding unordered pair k_1, k1, where k = minjec(_1,1} kp and K = maxpe(_1,1} kp-

Lemma 6.7. Let D be a conver compact domain of the plane, with non-empty in-
terior and piecewise C' boundary OD. Let by_, and by, be independent real Berry’s
Random Waves with strictly positive wave-numbers k_1 and ki, respectively. Then,
the corresponding cross-term (defined in (4.29)), is given by the formula

(k_y-Fk1)?
1987 Z UIRRET (6.53)
JE{—1,0,1}82U(x}

Cross(N (bi_,, br,, D)[4]) =
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where

Y = /D [1 H:0,b,@)de,  §#=

pe{—l,l}

Y. ::/D H 5pbkq(x)dx.

p,ge{—1,1}

(6.54)

Here, for j # * we write j = (j_1,71) and the constants n; are given by the table

condition onj | j_1 =5 =0|]j1|+|nl=1]j1-h=-1]ja1-h=+1]j=x (6 55)
value of m; 8 —4 5 -1 —1 .

Proof. 1t is enough to note that the constants c¢; in the chaotic decomposition of the
nodal number N (by._,, b, , D) (as established in Lemma 5.2) do not depend on the wave-
numbers k,,, K,. Thus, we can reuse the values established in [70, p. 116, lines -6, -5] in
the context of the one-energy (k,, = K,,) complex Berry’s Random Wave model. O

Remark 6.2. We note that the results in [70], which we have used in the proof of
the above lemma are based directly on [55, p. 939, Lemma 3.4] and on [20, p. 17,
Lemmas 38.2-3.3]. We want to also highlight an interesting alternative route to the
proof of Lemma 6.7. Namely, we could have used the elegant formulas established
in [65]. More precisely speaking: [64, p. 77, Proposition IL.B.5 (i), (w), (v)], [64,
p. 69, Proposition II.B.5 (i), (iv), (v)] and [64, p. 70, Proposition I.B.5 (i), (iv),
(v)], to be read with notation introduced in [64, p. 72, Proposition II.B.5 (i), (iv),
(v)] and in [64, p. 39, Proposition I.B.5 (i), (iv), (v)].

6.2.2 Asymptotic Integrals of the Covariance Functions

The next lemma is a straightforward generalization of the following crucial results proved
in [70, p. 119, Proposition 5.1] and [70, p. 122, Proposition 5.2]. The concise form in
which we state it, is based on the notation introduced in S.1-S.6. We note that the
approximation to be given in (6.58) is meaningful thanks to the fact, to be shown in
Lemma 6.9, that (at least in the cases of interest) the term C%(q) has an asymptotic
order In K,.

Lemma 6.8. Let D be a convexr and compact domain of the plane, with non-
empty interior and piecewise C* boundary OD. Let {k",k}}nen be a sequence of
pairs of wave-numbers such that 2 < k™, k7' < oo and k™, kT — oo. Let byn ,
by denote independent real Berry’s Random Waves with wave-numbers k", and

T, respectively. For each i,j € {—1,0,1}, let r;; denote the covariance function
defined in (5.14). For each p € {—1,1}, let q(p) € N° be a vector of non-negative
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For the sake of clarity, let us note that the constants involved in the ‘O’ notation in
(6.58) are independent of the choice of the domain D, and of the choice of the sequence
of pairs of wave-numbers {k",, k7 }nen.
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Proof. Tt is sufficient to provide minor modifications to the proofs of [70, p. 119, Proposi-
tion 5.1] and of [70, p. 122, Proposition 5.2]. These propositions concern the one-energy
(k™; = kY) scenario and correspond respectively to the first and the second equality
postulated in (6.58).

The proof of the first proposition in question is based on the co-area formula, on
the Steiner formula for convex sets and on the uniform bound on the first-kind Bessel
functions Jy, J1,J2 (see (3.2)). Only the application of this last element needs to be
adapted, and it is through inequalities of the form

C
max |r;i(k2z)| < , z € R?\ {0},
m‘e{—l,o,l}l i(kp2)l < e \ 10} (6.61)

where C'is a numerical constant. To arrive at the desired conclusion it is enough to count
multiplicity with which each of the wave-numbers k", and k} will appear in relevant
expressions.

In order to provide the postulated extension of the second of aforementioned propo-
sitions we rewrite the approximations formulas for the covariance functions given in [70,
p. 121-122, Eq. (5.69), (5.70)] using our notation S.1-S.6. That is, we note that the
covariance functions r;;, i,j € {—1,0,1}?, defined in (5.14) can be approximated using
(6.60) as:

7ij(¢(cosB,sin0)) = \/Z “vij - hig(0) - gij (@) + O(¢™3), ¢ >0, 0 € [0,2m),
(6.62)

where the numerical constant involved in the ‘O’-notation is independent of ¢ and 6.

Finally, we note that, even thought the error rate was not provided in the before-
mentioned propositions, it can be deduced immediately by careful analysis of the original
proofs. O

6.2.3 Case r = 0: Full Correlation with the Nodal Length

Proof of Lemma 6.5. The essence of the argument that follows is the observation that,
when the growth of wavenumbers is unbalanced (in the sense that r = 0), relatively crude
estimates are sufficient to demonstrate full correlation of the nodal number with the nodal
length of the slower evolving wave (i.e., the wave with smaller energy). This also relies
on the dominance of the 4th chaotic projection, as established in the preceding section,
as well as on the Recurrence Representation from Lemma 2.5. We divide the proof into
two parts.
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Step 1. We start by verifying that the asymptotic variance formula (6.48) holds. Using
Lemma 6.1 we deduce that
Var./\/(bkn , lA)Kn y D)

area(D) . nlog . 2
=55 T Kz2In K,

X VarW (b, bk,.D)[2d])  Var(N(by,, bk, D)[4])

(6.63)
U vl KK, SEErle K,
_ (1+dm<D> o ) Var(N (b, brc, , D) 4))
area(D) rles In K, a;%g) crlos . K2In K,
We recall from Lemma 4.1 that
R K2 k2 A
b, bk, ,D)4]) = —% - b, D)4 . br,,D)[4
Var(W (b, e, D)) = 32 - Var(Llbs, DI + 3% - Var(Llbw, D) g o
+ Var(Cross(N (b, , bx,,, D) [4]))-
Using Theorem 5.1 we have that
K Var(L(bi,,D)4])  256m - Var(CL(by,,D)4]) 1 Ink, ol
area(D) log . g21n K,  area(D)-rlos.InK, rleg InK, ’
51270 n n (6.65)

s Var(L(bk,, D)) _ 2567 - Var(L(be, D)) ku o 1 ha

- 2 ~ o —
a;%(’é) crlog . K2 In K, ~ area(D)-rlo9 - InK, (Kn) rlog (Kn

)2 — 0.

Thus, combining (6.64) with (6.65) we can see that, in order to establish (6.48), the only
fact we still need to show is the convergence

Var(Cross(N (b, , bx,,, D)[4])

KZnK, -0

We recall Lemma 6.7, and we write Y;" to denote random integrals appearing in this
lemma, where we take k, =: min,c;_; 1) kp, and K,, =: max,c;_11) kp. We conclude
that, for some numerical constant C; > 0, we have

~ K
Var(Cross(./\/’(bk abK ,D)[4])) —= Var kn n.. Z nJyn
o 1287 i
Je{=1,0,13®20{+} (6.66)

S C(1 : (k'n . Kn)2 : Var(YJ")

max
JE{-1,0,1}®20U{x}
Let us now write p,q € N° with indexation

pP= (p—1,—1;p—1,0;p—1,1;Po,—l;po,o;po,l;pl,—l;pl,o;pLﬂ, (6 67)
q= (Q—l,fl;quo;Q—1,1;QO,71;CIo,o;QO,1;Q1,71;Q1,0;Q1,1)7

and also

pli= > by al=" Y. (6.68)

i,j€{-1,0,1} i,5€{-1,0,1}
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We can find a numerical constant Co > 0 such that, for every choice of p,q € N° with
Ip| = |a| = 2, we have

LTI e =)l (e =) Pdady

i,j€{-1,0,1}

= \l / [T 1kl =)o dady \l / [I  Ir(Ka(e —y)2Psdedy

Dxp j€{—-1,0,1} Dxp i€{—-1,0,1}

. Ink, In K,,
< Cy - (14 diam(D)?) - (k, - K,,) ‘A 52 K

= Cy - (14 diam(D)?) - (k, VInk, -InK,.

(6.69)

Here, in order to obtain last inequality in (6.69), we have used (6.58). Combining (6.66)
with (6.69) yields that, for some numerical constant C5 > 0, we have

Var(Cross(V (bg,., b, , D)4])) _ Cs  kn [k,

area(D) l 9 log
e e rles - K2In K, r K, In K,

— 0. (6.70)

Step 2. In this second and final step we will prove L? equivalence (6.49) and full-
correlation (6.50). Using the triangle inequality we can easily see that

2
B N by, bx,, D) — EN (by, . bk, , D) _ L(bk,, D) — EL(bg,, D) b e
\/Varj\/'(bkn,bKn,D) VarL (b, , D)
(6.71)
where
~ 2
wn e | [ Zazo2 N b, D)2
\/Var./\/(bkn s bKn R D)
2
b= |E [ L (b b DI N(bknva,i,'D)[él] | 612
\/Var/\/(bkn, bk, ,D) \/Var(/\/(bkn bi. . D)[4])
2
¢ = |E N (b, , bk, D)[4] ﬁ(bkw D) —EL(bg,,D)
VVarN (b, b, D) VarL(b, . D)
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We will bound each of these terms separately. We start with the following estimate:

2

Y402 N bk, bxc,,, D) [2q]
\/ VarN (b, , bx, , D)

a, = |E

S gz Var(N (b, , b, D) [2q])
Var(N (b, , IA)KH, D))

(6.73)

51273
Var(N (b, , bx, , D)) arealD) . plog . K2 K,

area(D) rlog . K’?L In K, $ Zq#2 Var(N(bkmlA)Kn,D)Bq])

I J S KiK, Lt dan®)?

Var(/\/(bkn, BKH R D)) rlog . In K,
where L; is a numerical constants which exists thanks to Lemma 6.1 and the convergence

follows by the first (already proved) part of this lemma - formula (6.48). Furthermore,
we have

. E( Ni(be bic, DA Ni(be,, bic,, D)l )
VVarN (b, b, D)/ Var(W (b, , brc, . D)[4]) (6.74)

- ’1 ~ Var(N (b, bx,,, D)[4])
Var(N (b, , bk, D))

— 0,

where we have used (6.48) and (6.63). Finally, using the recurrence representation from
Lemma 4.1, we observe that

- E N(bkﬂal;Kn7D)[4] . ‘C(bk ) ) E‘c(bkna )
' \/Var./\/ (bx,, b, D)[4] Var(L(b,,, D))

\/ Var(£(bi, D)4) \/Var(Cross(N(bkn,lA)Kn,D)[él]))
W\[ Var bknvan; )[4]) Var(N(bkn,I;Kn,D)[4])

IN

(6.75)

\/ Var(L(by,, D)[4]))

: ‘Var (bi, b, , D)[4]) /2 — Var(L (by,, , D)[4]) /2

Ko Var
=o(1) + 1_\J o VarlLlbe, DAY}

Var(N (b, , bk, , D)[4])

where in the last line we have used (6.65) and (6.70). This completes the proof of L2
equivalence (6.49) and the full-correlation (6.50) follows immediately. O
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6.2.4 Case r > 0: Asymptotic Variance of the Cross-Term

In the next lemma, we use the notation introduced in formulas (4.1) and (4.2), and in
S.1-S.6. This lemma allows one to evaluate (6.58) and, hence, plays a crucial role in the
computation of the constant term (4.5) which is contributing to the asymptotic variance
formula (4.4) (of Theorem 4.1).

Lemma 6.9. Let D be a convex and compact domain of the plane, with non-empty
interior and piecewise C' boundary OD. Let {k™,kT}nen be a sequence of pairs
of wave-numbers such that 2 < k™, k' < oo and k", ki — oo. Let by , byp
denote independent real Berry’s Random Waves with wave-numbers k™, and kT,
respectively. For eachp € {—1,1}, let q(p) € N° be a vector of non-negative integers
indexed as

q(p) ==

(g(P)—1,—1;9(P)~1,0;94(P)~1,154(P)o,~1; 4(P)0,0; 4(P)o,1; 4(P)1,~1; 4(P) 1,05 4(P)1,1)
(6.76)

and such that |q(p)| = 2, where

la@) = Y a®)i (6.77)

,j€{-1,0,1}

and set q := (q(—1),q(1)) € N*¥®. Then, provided that the limits r and r°*? defined
in (4.2) exist and that r > 0, we have

max (k" | ,kT) k.n¢ q(p)ij d¢
n - . _pr i
Cita) = | O T o)

pE{—l,l}i,jE{—l,O,].} (678)
1
g (U7 q) - Inmax(2, 1),
where
1 i, X0 (Ji]+151)
Hq o= 5 o H (_1) i,j€{—1,0,1} 2 (679)
pe{—l,l}

Here, the functions g;; are as defined in (6.60) and the asymptotic is valid as
n — 00.

Proof. This proof consists of two key components. The first involves the application of
standard trigonometric expansions, which, combined with integration by parts, readily
reveals the asymptotic order In(max(k™,, k7")). The second component is the calculation
of the constant i(l + 7°"P . kq), which represents a more intricate step, particularly in
the two-energy setting. This part relies on the choice of notation, which helps to effi-
ciently manage and track numerous expressions. We will use the equivalence of notations
introduced in S.1-S.6:

kn = min(k",, k), K, = max(k", k7, (6.80)



6.2. COMPUTATION OF THE ASYMPTOTIC VARIANCE FORMULA 105
and we additionally set

Ty 1= ——. (6.81)
We split the argument into four parts.

Step 1. In this step, we establish all relevant exact forms that C¥(q) can take before
proceeding to the asymptotic analysis. Let q be as defined via (6.76)-(6.77). We define
recursively

Qq(p)s; = A)ig(L=01(lil +[3])),  Bawy,; = a(p)iior(li| + 1]),
Q)= D, )y Bawy == D Baw)s
i,je{-1,1} ije{—1,1} (6.82)
Qq = Z a‘l(l’)’ ﬁq = Z Bq(p)

pe{-1,1} pe{-1,1}

where p € {—1,1} and 4,5 € {—1,0,1}. Directly from the definition of the functions g;;
(see (6.60)), we have

n kn a(p)ij do
o= I T (i) ¥

pe{-1,1}4,j€{-1,0,1}

n 27T]€"¢ T 27Tkn¢ 7\ do
Xq(p); p i Bap)s; s
/ | | I I cos” 1P ( X, ) sin”9(Pi ( ) 5

pe{—1,1}i,je{—-1,0,1}
K, n
:/ smﬁq(”)( mhy @ 7r>
1 n 4 ¢

cos™a(®) ( kn¢ >
= /K” > —Qq(p) ( kn(b ﬂ—) @
1 n 4 (Z)

kn
COSQQ(P) ( ¢
We observe that, for each p € {—1,1}, either ayp) = 0 or ayp) = 2 and, consequently,
we always have agq € {0,2,4}. This allows us to split the analysis into 3 cases:

vMﬁ

pe{—-1,1}

»Mﬁ

pe{—-1,1}
(6.83)

(a) if aq = 4, then formula (6.83) reduces to
K‘VL d¢
C3(q) = / cos®(2m¢ — m/4) - cos? (2mpry, — 7r/4)$, (6.84)
1
(b) if g = 0, then formula (6.83) reduces to

K,
Cr(q) = /1 sin?(276 — 7/4) - sin? (2w, — 7r/4)(f (6.85)
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(c) otherwise, formula (6.83) reduces to one of the following expressions

Ky
C%t(q) :/ cos? (2 — w/4) - sin* (2w gr,, — 7r/4)%, (6.86)
1
Ky
C3(q) :/ cos®(2mer, — m/4) - sin?(2n¢ — 7r/4)%. (6.87)
1

Step 2. Using the exact forms of C§(q) established in the previous step (which we
expand via standard trigonometric identities), we identify and compute the asymptotics
for all necessary integrals. In particular, in point (e) we carry out the computation leading
to the emergence of the term r“*P. In order to compute the integrals described by the
formula (6.83), setting

z=xz(¢) := 27 — /4, y =y(P) := 2mwor, — /4, (6.88)

we use the following standard identities:

1 1 1
cos?(x) - cos®(y) = = + = cos (2z + 2y) + g o8 (2z — 2y) + 708 (2z) + 7608 (2y),

— | =
= 00| =

1 1 1
sin?(x) - sin®(y) = ~ + = cos (22 + 2y) + g o8 (2¢ — 2y) — 7508 (2z) — 7608 (2y),

4 8
o s 11 1 1 1
cos”(z) - sin“(y) = 1 gcs (2x + 2y) — g o8 (22 — 2y) — 708 (2z) + 7908 (2y),
1 1 1 1 1
sin?(z) - cos?(y) = 1 g° (22 + 2y) — g o8 (2z — 2y) + 7508 (2z) — 7908 (2y).

(6.89)

Here, each line corresponds to (6.84), (6.85), (6.86) and (6.87), respectively. The integrals
of the elements appearing on the right-hand side of (6.89) can be evaluated using the
following estimates:

(a)

K cos(2x(9)) Ko cos(dmp — /2)
AT db| = —2d
e N o
sin(dr¢p — w/2) |9=Kn Kn sin(4mwp — 7/2)
e \¢:1 + /1 TR o) (6.90)

1 1 Kn q 1
< |1+ —do | = —
~ A ( + K, + 1 @ (b) 2r’
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(b)

/K" cos(2y(¢9)) /K" cos(4mr,¢ —m/2)
—————d¢| = do
1 ¢ 1 ¢
| sin(4nr, ¢ — w/2) |#=Kn Ko sin(4nrp¢ — m/2)
N A7r, ¢ ’¢:1 Jr/l 4y, @2 dé
< 1 noge 1
= 21, — 27y’
(6.91)
()
/K" cos(2x(¢) + 2y(¢))d¢ _ /K" cos(4m(1+rp)p — ) do
< 1 n—oo 1
“2n(14ry,) 7 2n(1+7)’
(d) provided that r € (0,1):
/Kn cos(2e(0) — 2(0)) | _ /K" cos(n(l = ra)o =)
< 1 n—o 1
—2m(l—1y,) 2n(1 —7)’

(e) provided that » = 1: we expand cosine into power series and exchange integration
with summation to obtain

K cos(2x(¢) — 2y( B do
/1 s dgb / cos(4n(1 —ry)p)—

¢
¢:Kn
HAm)2 (1 — )
=InkK, +Z 20( 2l n) '¢2l
o=1
— k)2 (6.94)
~In K, +Z 21 21
_ Kn _ kn))Ql

~ TP I K,

where we have used the fact that, for every ¢ > 0, we have

Z 21 i(t) —Int — (6.95)
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Here, v is the Euler-Mascheroni constant and cosine integral defined as

Ci(t) == — /too 00s(5) 4. (6.96)

S

is globally bounded on [1,00) (even Ci(t) — 0 as t — 00), see [23, 6.2(ii) Sine and
Cosine Integrals, Eq. (6.2.11)].

Step 3. In this step, we apply the results of Step 2 to the formulas identified in Step
1. First, we provide a detailed computation for one representative case, followed by the
results for the remaining analogous cases. We focus on (6.84) and use expansion (6.89)
to obtain

[ o1
cos®(2m¢ — w/4) - cos® (2w dr, — 71'/4)3
1

1 [Fedg 1 R AL
_,/1 74-7/1 cos(4m (1l —ry)o)

4 ¢ 8 ¢
K, Kn
+ i /1 cos(4mp — W/Q)@ + : /1 cos(dmry - W/2)%

¢ 4 (6.97)

1 [ d
+ - / cos(4m (14 ry)¢ — w)—(b
8/, o)
1 rerP
1 reTP

where we have also used the formulas (6.90)—(6.94). The computations in the other cases
(6.85)—(6.86) are very similar and yield that

<
®
8
=

~

'(1+ )-1nKn

) ‘K, (6.98)

Kn
/ sin?(2n¢ — w/4) - sin® (2w or,, — 7/4)
1

~

7 N
=
\
iﬂ)
g
S|

Kn
/ cos?(2mp — w/4) - sin®(2npr,, — m/4) )
1

exrp
) -In K,,.
2

~

& o|& <&
YO N

7 N
[t
|
<

Kn
/ sin?(2m¢ — m/4) - cos?(2mpr, — 7/4)
1

The change of sign in the last two cases of (6.98) is a consequence of the change of sign
in front of the term cos(2z — 2y) while applying (6.89).
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Step 4. The only remaining task is to verify that (6.98) is consistent with the definition
of kq given in (6.79). Using the notation introduced in (6.82) we observe that

1 > (D) wo+ > (q(P2)ou+4(P2)u0)
= . 1) wwve{-1,1} ue{-1,1}
ha=g [ (F)meeto :
pe{—-1,1}
= % . H (—1)@aw =)o . (_1)Bam/2
pe{—-1,1}

(=1)%a . (=1)Pa/? (6.99)

.(_1)ﬁq/2

—1/2 if  Bg=2
12 if By e{0,4}

I
—_—— N~ N

where we have used the fact that for each p € {—1,1} we have ¢(p)oo € {0,2} and that
aq € {0,2,4}. Thus, combining (6.84)—(6.86), with (6.97)—(6.99) yields the postulated
formula (6.78) and concludes the proof. O

In the next lemma we will again use the notation introduced in (4.1) and (4.2), and
in S.1-S.6. The concise formula this result affords will give us the ability to complete,
in a rather straightforward manner, the summation of the terms contributing to the
asymptotic variance (in the proof of Lemma 6.6).

Lemma 6.10. Let D be a convexr compact domain of the plane, with non-empty
interior and piecewise C' boundary OD. Let {k"™,k?}nen be a sequence of pairs
of wave-numbers such that 2 < k™, k] < oo and k™,,k}" — o0o0. Suppose also
that the limits v and r°*P defined in (4.2) exist and r > 0. Choose any i,j €
{=1,0,1}¥2 U {} and let Y;*, Y}", denote the random integrals defined in (6.54).
Then, we have the following asymptotic as n — oo

8 In(max(k™y,k7))
w2 max(k",, k)2

Cov(Y",Y]") ~ area(D) -

lif+ 13l (6.100)
s 2 exp . (_1)li[+l
B o (3) 4 () - 2T DT
Here, we use notation
HESEED A YD) = Y 5l Yo i),
pe{—1,1} pe{—1,1} pe{—1,1} (6.101)

| * | =2, 7(*) = (]-v ]-)7

where i = (i_1,41) € {—1,0,1}%*2, and we use definition

27
Y(l,m) = / cos? (#) - sin®™ () db, I,m €N, (6.102)
0
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Proof. We will split our proof into three different steps corresponding to the three distinct
cases of the formula (6.100):

L Cov(¥{",Y}"), ije€{-1,0,1}%2
2. Cov(Y",Y[), ie{-1,0,1}2,

3. Var(Y).

In each scenario the strategy of the proof is the same. We will start by rewriting the
integrand functions as the products of covariance functions r;;(k;, (z —y)) (see Subsection
5.3). Then, we will regroup the terms using suitably chosen vectors q of non-negative
integers ¢(p);j, they will count the powers with which each of the covariance functions
appears. Then, we will simply apply Lemmas 6.8 and 6.9, and we will compare the result
with the appropriate case of (6.100).

Step 1. Let us choose any i,j € {—1,0,1}%2. Using the standard properties of Hermite
polynomials ([69, Proposition 2.2.1, p. 26]) and Lemma 6.8 we obtain

Cov /D H Hz(éi,,bkg(x))dx,lj H Hz(gjpbkg(y))dy

pe{—1,1} pe{—-1,1}

= / II E |:H2(5ipbk; (2)) 'Hz(gjpbk;; (y))} dxdy
DxD
pe{-1,1}

= 4/ H Tiy gy (Kp (T — y))*dzdy 6.103
DXDpE{—l,l} ( . )

16 area(D) N 9
~ ﬁ . k”l . k? ' H Yipgp | H hi,,,jp
- pe{—1,1} pe{—1,1}

/max(k"l,k?) H o ( kg ¢)2d¢
1 Gorar \max(kr k) ") 6

pe{-1,1}
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Using Lemma 6.9 we further rewrite (6.103) as

16 area(D) > o(jiy |+
= — . . 2 e{-1,13 =%p )
n2 Ky kY (v2)=s
2 > 2(6-1(ip)+5-1(dp)) > 2(81(ip)+01(dp))
/ cogPe{-1.1} (9) . sipref-1.1} (9 do
0
max(k” | kT n
/ () ]  cos?=outlial+lil) (W_ ”)
n n
1 pel 11} max(k™,, k) 4
p 27k, ¢ 7\ do
cain20t(ipl+gp) (2" T} O¥
o (max(kﬁl,k?) 4> 5 (6.104)
4 area(D)

~ = . (\/5)2}76(71,1} 2(lip|+1dp )
w2 kT K]
2 > 2(6-1(ip)+0-1(dp)) > 2(01(ip)+01(dp))
/ cogrei-1.1} (0) - sinret-1-1} (0)do
0

TP 7 ] n n
14+ 5 H (_1)| pl+1ipl -In(max (k" k7)),
pe{—-1,1}

which, written in terms of the notation introduced in (6.101), is the same as (6.100).

Step 2. We start with the following auxiliary observation: if X,Y,Z denote standard
Gaussian random variables with Y independent of Z then

E [Hy(X)Y Z] = 2Cov(X, Y)Cov(X, Z), (6.105)

where Ha(z) = 22 — 1 is the second Hermite polynomial. Indeed, the random variable
(Y 4+ Z)/V/2 has a standard normal distribution and so using the standard properties of
Hermite polynomials ([69, Proposition 2.2.1, p. 26]) we have

—E {HQ(X)HQ (Y\}%Zﬂ = 2Cov (X7 Y}QZ)Q (6.106)

= Cov(X,Y)? + Cov(Y, Z)* + 2Cov(X,Y)Cov(Y, Z).

oo (52

On the other hand, we have

g [Ha(X) (Y?+2YZ + 27)]

)

2
= % (E[HQ(X)HQ(Y)} + E[HQ(X)H2(Z)] + QE[HQ(X)YZ])
—-C

ov(X,Y)? 4+ Cov(X, Z)? + E[Hy(X)Y Z],
(6.107)
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and (6.105) follows by comparing (6.106) with (6.107). Now we choose any i € {—1,0,1}®?
and use (6.105) and Lemma 6.8 to we obtain

Cov /D I H0:,bi (= dx/ I 9abry(v))dy

pe{—1,1} p,q€{-1,1}

/MH 2 @by @) T Babry (w))ddy

pe{-1,1} qe{-1,1}
“if Tl sy 6108
DxD
p,g€{—1,1}

~ — .

. ’Z_}Z , . l
T2 kﬁl . k,’{L p>q p-d
p,q€{—-1,1} p,qe{ 1,1}

max (k" ;,kT)
/ H Jip,a ﬁ‘
1 max (k™ , k7)

p,ge{—1,1}

16 area(D) H

Using Lemma 6.9 we can further rewrite (6.108) as

442. i 2r 242 5_1(ip 242. 81 (ip
16 arca(D) (\/5) ”E{;'”l | / cos 7’6{2’” . )(9) - sin ”e{;’” . )(9)d9
0

Tk kD
max(k” k7 n n
/ () ] cos b L mkpem sy (L 2TR® ) do
1 max (k™ , k7) 4 max (k™ , k) 4 ¢

pe{—-1,1}
4+4-2- ip 2m 242 5_1(ip 242 51 (ip
~ 2 . aealD) - (v2) pelin l/ cos et )(9)'sin e )(9)d9
0

II o) mmax(k”,, k7).

pe{-1,1}
(6.109)

This, written using notation (6.101), recovers the corresponding case of (6.100).

Step 3. We start with the following ancillary observation: for each p € {—1,1} and
z,y € R? we have

E| JI Oabry (@) 04y (v)

ge{—1,1}
=E|( J] @ubiy@) - J] 8ubry(®) (6.110)
ue{—1,1} ve{—1,1}
= H E {8 bgn (x )- 0, gbrn (y )} + (IE {5_1171@;; (z) '5151@;} (y)Dz
qe{-1,1}

=r_1-1(ky(z —y)) - ria(ky(z — y)) +ro1a (k) (z — y))*.
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Indeed, this is a direct consequence of the classical Wick formulae for moments of a
Gaussian products ([76, p. 38, Eq. (3.2.21)]) and of the fact that for each fixed z € R?

the random variables {9;bxr(2) : i € {—1,0,1}} form a collection of three independent
standard Gaussian random variables. Thus, using subsequently the formula (6.110) and
Lemma 6.8 we obtain

Var H 5qbkg (x)dx

D pae{-1.1}

= / I E| T] 8vbi) Owbiy(y)| dady
DxD

pe{-1,1} p'e{-1,1}

— [ TL o= o) raa (g = ) + o (o — ) dody
DxD pe{—1,1}

:/DXD H r,l’l(k;(x—y)) dxdy

pe{-1,1}
t T i e ) - )dsdy
DXDpG{—l,l}
> / (k@ — ) - ra (K@ — y)) - o (R (2 — )P dedy.
peio1,1}/DxD
(6.111)
Using Lemma 6.9 we can we can further rewrite (6.111) as
16 area(D) Y
?W(\/ﬁ) /0 COS 0-sm 9d0
max (k™ | ,kT) d
/1 cos? (27r¢ - g) - cos? (27Trn¢ — 2) (Zﬁ (6.112)
4 area(D) 2m ) TP n n
N (V2)8 ./o cos* @ - sin® Adf - (1 + ) -Inmax(k™, k7).
This completes the proof of the formula (6.100). O

We are finally ready to achieve the main goal of this subsection.

Proof of Lemma 6.6. We will use the formula for Cross(N (b= ,brr, D)[4]) that was es-
tablished in Lemma 6.7 with additional notation introduced for the sake of brevity

T:={-1,0,1}%? U {+}, (6.113)

where for i € {—1,0,1}®? we use indexation i = (i_1,41). On this index set we will use
a natural ordering

(=1,—1) < (=1,0) < (=1,1) < (0,—1) < (0,0) < (0,1) < (1,—-1) < (1,0) < (1,1) < x,
(6.114)
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that is x is the largest element of T and for i,j € {—1,0,+1}? we set i < jifi_; < j_;
orif i_y = j_1 and i; < j;. Additionally, we define
min(k™, k7
Tn = min(k?,, k7) (6.115)
max(k™, k7)
and we observe that, thanks to Lemma 6.10, we have

Var(Cross(./\/'(bkn brn, D)[4])) =

(k'ﬂ 'I'L 7
= (128 2 2 - Var an Y;L
ieT
area(D 0 in 0 in
~ 2T7(T4) 7 - max(k", k)% In(max (k" , k7))
- . ) ewp s
. Z miny - 258 (v (1) + () - (14 61 (r) - - (=1l
i,jeT
area(D n im n im
2T7(1'4) -7y - max(k", k7)? In(max (k" , k7))
: ( > iy - 2L (4 (1) + Z min - (—2) 80 (4 (1) +v(j)))
i,jeT i,jeT
D exp
= D) (2 K (2 K-+ K
2t 2
(6.116)
Here, we have used the notation
= > - (2 w(h(1) +40G),  ee{-1,1} (6.117)

ijeT

We deduce that, in order to complete our computation, we only need to find the constants
K.. We note that

K. =A"UA,, (6.118)
where
Aci=(E2)Mm)ier, W= [W(Ty)lger,  Tyi=70) +0): (6.119)

Using the above notation and writing diag(w'") for the diagonal matrix corresponding to
the vector w, we compute

A" = (—1,-4,5,-4,8,—4,5,—4,—1,—12)
-diag(4,2,4,2,1,2,4,2,4,4)

-diag(1,e,1,e,1,¢,1,6,1,1)

=4(-1,-2,5,-2,2,-2,5,—2, 1, —12) (6.120)
-diag(1,¢,1,e,1,¢,1,6,1,1)
4/(~1,0,5,0,2,0,5,0, —1,-12) — 2¢(0,1,0,1,0,1,0,1,0,0)]

= 4(u'" — 2e0'),
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where we define

u'" = (-1,0,5,0,2,0,5,0, -1, —12),

t (6.121)
v :=1(0,1,0,1,0,1,0,1,0,0).

Following definition (6.119) we set I' = [['j];; where i,j € T and T'y; := (i) + v(j). Here,
the function ~ is as defined in (6.101). We record that the matrix I' is equal to

(777) (770) (7~,+) (077) (an) (0a+) (J”v*) (+7O) (++) *
@) 30 61 G0 20 1) G @1 (22 61
(—0) | 3,00 (20) (21) (2,0) (L0) (L,1) (21) (L1) (L,2) (21)
(- 61 @) (22 1) (1) (L2 22 (12 (1L3) (22
0,-) | (3,00 (20) (21) (2,0) (1L0) (1,1) (21) (L1 (1,2) (21)
(0,0) | (2,0) (1,00 (1,1) (1,0) (0,0) (0,1) (1,1) (0,1) (0,2) (1,1) (6.122)
0+ | 21 (11 (1,2 (L1 01) (02 (1,2) (0.2 (03 (1,2
+-) | 61 21 (22 (1) 1) (L2 (22 1,2 (1,3) (22
(+0) | (1) (L1 (L2 (L1 (0.1 (0,2) (L2) (0.2) (0,3) (L2
(++ | 22 12 (13 (12 (02 (03) (1L3) (0,3 (0,4) (13)
« |31 21 (22 1) @11y 1,2 (22 (L2 (13 (22) |

We recall that the function ¢ was defined in (6.102), and we evaluate 1 (T';;) for all distinct
arguments I'jj, which yields the values

¥(4,0) = 35m/2° ¥(3,0) = 5m/23 ¥(2,1) = /23
¥(3,1) = 51 /28 ¥(2,0) = 31/2? Y(1,1) = m/2?
$(2,2) = 37/2° $(1,0) == ¥(0,0) = 27.

Now, in order to facilitate the further elementary computations, for each I, m € N we set

~

W(l,m) := % -1(l,m) and we record the corresponding values

¥(4,0) = 35 $(3,0) = 40 D(2,1) =8
$(3,1) =5 $(2,0) = 48 D(1,1) = 16
$(2,2)=3 $(1,0) = 64 $(0,0) = 128.

o~

We continue by defining the matrix ¥ = [J(Fij)}m where i,j € T. We compute that the
matrix ¥ is equal to

(_7_) (_70) (_1+) (07_) (070) (07+) (+7_) (+0) (+ +) *
(-, )| 35 40 5 40 48 8 5 8 3 5
(-,0) | 40 48 8 48 64 16 8 16 8 8
(—4+) | 5 8 3 8 16 8 3 8 5 3
(0,=) | 40 48 8 48 64 16 8 16 8 8
(0,0) | 48 64 16 64 128 64 16 64 48 16 (6.123)
(0,+)| 8 16 8 16 64 48 8 48 40 8
(+-)| 5 8 3 8 16 8 3 8 5 3
(+,0) | 8 16 8 16 64 48 8 48 40 8
(++)| 3 8 5 8 48 40 5 40 35 5
|+ 5 8 3 8 16 8 3 8 5 3

We note that thanks to symmetries of ¥ and of the vectors u!", v'" (see (6.121)), and
for the the purpose of computing relevant inner products, the following is a split into
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equivalent columns of T {1,9}, {2,4,6,8}, {3,7,10}, {5}. We take advantage of this
and obtain

w U = (48, 64, 16, 64, 128, 64, 16, 64, 48, 16)
16-(3, 4, 1, 4, 8 4, 1, 4, 3, 1)
(96, 128, 32, 128, 256, 128, 32, 128, 96, 32)
= 32-(3, 4, 1, 4, 8 4, 1, 4, 3, 1)

S
:
Sl

Il

Thus, notably, u!" - U = 20" - ¥ and going further
WUu =128, "Wy =512 o Wu = 256. (6.124)
This yields
K. = AV TA,
= %(u — 2e0)" U (u — 2ev)

= %(u@u” + W — 40t W) (6.125)
- %(2176 —£-1024)
= 327 (17 — 8e),
and in consequence
K_; =2°.5% =800, K, =297 = 288r. (6.126)

We conclude the proof by plugging the values established in (6.126) into the last line of
(6.116). O



Chapter 7 Proofs: Part III

7.1 Proof of the Univariate Central Limit Theorem

Proof of Theorem 4.2. The proof that follows adopts a classical approach. Specifically,
we first reduce the problem to the study of the 4th chaotic projection using the variance
estimates established in Section 6.1. Next, we express the random integrals comprising the
4th chaotic projection via the Wiener isometry, as outlined in Subsection 3.3.2. Applying
the Fourth Moment Theorem (see Theorem 3.3), we then reformulate the task of proving
the CLT as an analytic problem involving the bounding of contraction norms. Finally,
we accomplish this last goal using a strategy borrowed from [70].

Step 1. We start by proving inequality (4.7) and we recall the auxiliary notation Y,, :=
N (b, bk, , D) (see (3.48)). Using triangle inequality we obtain

E Y, — EY,, _ Y, [4] i
VVarY,  /VarY,[4]

= \/]E (W + Y, [4] ((VarY,)—1/2 — (VarYn[4])1/2)>

2

v/ VarY,,
> g2 VarYn [2q] VarY,[4] (7.1)
- VarY,, VarY,

SenVa¥ald (1 Va4
- VarY,, VarY,,

< D g0 Varyy [2q].
- VarY,,

Lemma 6.1 implies that, there exists a numerical constant L > 0, such that

\/Ztﬁf? VarY,,[2¢] - > g2 Varys,[2q] - L - (1+ diam(D)?) - K,
Vary,, - VarY,, [4] - VarY,,[4] (7.2)

L -6, (14 diam(D)?)-

vIn K, ’

117
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and comparing with (4.6) yields that we had just proved the first part of (4.7). Using
orthogonality between chaotic projections of different orders, we can write

Corr(Y,, Y, [4]) = Cov(Y,,Y,[4 Z Cov(Y,[2q], Yaul4]) VarY,, [4]
B VVary,, - JVaT Vv W Vary,
(7.3)

We note that, for the the same numerical constant L as in (7.2), we have

Var (Y,
VarY \/1"‘2 Var(Yy[29])

q¢2 Var(Y,,[4])

VarY,, [2q]
\/1 + 62 q?(%" In K,,

>7
\/1+L67217n

which yields the second inequality postulated in (4.7).

Step 2. As anticipated, in this step we will express the elements of the 4th chaotic
projection using the Wiener isometry. We recall that, for each € R? the collection
{3ibkg () : p € {-1,1},i € {-1,0,1}} consists of 6 independent standard Gaussian
random variables. Thus, with I; denoting the Wiener-1t6 isometry (see Subsection 3.3.2),
we can write for each p € {—1,1}, i € {—1,0,1}, that

Bibiy (2) = Li(fy kg, )), (7.5)

where f,i(kyx,-) € L?([0,1]) and the collection {fp(kjx,-) : p € {-1,1},i € {-1,0,1}}
consists of 6 functions which are L2([0, 1])-orthonormal. Let us now introduce a natural
generalisation of the notation introduced in (3.26a)-(3.26¢). For any collection j = {jp; :
p €{-1,1},i € {-1,0,1}} of 6 non-negative integers such that 3 1 13 > ic(—1.0.1} Jpi =
4 we will denote by fi(z,-) € L%(]0,1]*) the unique function such that

I II H,.0be@)= L) o

pe{—1,1} ie{—1,0,1}
For instance,
Hy(D-1bgn () Ha(bry () = L(fi (z,)), (7.7)
where the function fi(x,-) € L2([0,1]*, B([0, 1]*), dt1dtadtsdts) is given by the formula
fix,ty ta, s, ta) =

1 n n n n
e Z Jo1, (B tooy) for,—1 (R 2, to(2)) f1,0(kT T, to(3)) f1,0 (KT T, Lo(a))-
o€Sy

(7.8)
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Using Lemma 5.2 we can write
N(bkn7 BKnvp)H] = I4(gn)7

gn(t17t27t37t4) = (kﬁl . k?) Z C_]/ f%(1'7t1,t2,t3,t4)d$,
jenejjj=4 7P

(7.9)

where the sum is over j = (j_1,-1,7-1,0,7-1,1,J1,-1,J1,0,J1,1) € N° such that j_q 1 +
...+ j1,1 = 4, and where the numerical constants ¢; are as defined in (5.37). We note
that g, € L2([0,1]%).

Step 3. The preceding point has prepared us for the following. Since our goal is to use
the 4th Moment Theorem on the Wiener Chaos [69, p. 99, Theorem 5.2.7] (in the form
recorded in Theorem 3.3) we need to study the contractions associated with the elements
of the 4th Wiener Chaos. We recall that “the contraction maps ®,” (r > 0 an integer)
were defined in (3.2). For each r = 1,2, 3, with g, defined in (7.9), we have

n Qr gn(tlv'-'vt4—ra51>'"784—T) = (kﬁl k?)Q Z CiCj 'A{Li’ (7.10)
1,jENS, [i|=]|j|=4

where Aﬁ is the quantity

// /f,il(x,tl,...,t4,r,u1,...7ur)~fﬂ;(y,sl,...,54,r,u1,...,ur)dul...duT dxdy.

DD \[01]

(7.11)
Consequently, for some numerical constant C' > 0, we can write
~ ~ 2 4
||gn ®T‘ gn||L2([O)1]8—2r) S C : (k’r—Ll ! k?) : i,jENfISI,I\ﬁ):(m:éLB{;, (712)

where B{J? denotes

/ / f,il(a:,ul7 ey Uy b, 7154)]”,J'L(y,ul7 ey Uy Sy, - -5 Sq)dug . du, | dedy
D2 \[0,1]"
(7.13)

Here, the norm || - || is in the sense of L([0,1]372" dt,41 ... dtsds,+1 ... dss). The maxi-

mum of Bj; can be upper-bounded by the maximum of the quantities CJ |,

T 1 4

H/H/ fpv,lu(kgvmvu)fqu,mv(kguyaU)du' H fpyv,lv(kgvxatv)fqv,mu(k;lvyyZv)dxdy )
v=1"0

D2

v=r+1
(7.14)
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where p,q € {—1,1}®* and I, m € {—1,0,1}®%. Indeed, this follows directly from defini-
tion (7.6) (see also example (7.8)). As a consequence of the isometry (7.5), we have

r i T
I1 [ a0 o (000 = T B B ) O, ()]
v=1"0 v=1

, (7.15)
= H Opo,gu ° Tlmmv(kgv (x—y)).
v=1
Consequently, Cp | ,,, defined in (7.14) can be bounded by
4
Dy = [ TLrem. (63, (2 = ) i (13, = )
v=1
4
< T i, (g, (@ = &) v, (5, (v = 9) (7.16)
v=r+1
4
x H T'm,,m, (k:;v (x - j)) *Tmy,me (/fffv (y - g]))dwdydﬁ:dg].
v=r+1
Here, for instance, we have also used the fact that
4 4
H Toodo (kp, @, t0) - fp, 0, (kp &ty )dt 1 .. dty = H 71,1, (kp, (2 — ).
[0’1]4—)" v=r+1 v=r+1
(7.17)

which holds for the same reasons as (7.15). (We note that, the only reasons for which
(7.16) is an upper bound and not an equality, is that we had disregarded the products of
the Kronecker’s delta symbols.) Finally, we arrive at the bound

||§n Or §ﬂ||2L2([O,1]8*27') <C- (k)’ﬁl ’ k?)‘l L, (718)

where, with DJ} denoting the integrals given in (7.16), we have defined

,q,1,m

Ln = ma‘X{Dg,q,l,m P,qE {_17 1}®4a l,m € {_la 07 1}®4}' (719)

Step 4. The preceding point has yielded an estimate on the contraction norms that now
we will be able to turn into an upper bound which shows that the properly normalised con-
traction norms are vanishing in the limit. We observe that, for some numerical constant
C > 0, the quantity L,, defined in (7.19) satisfies

L,<C- Ja (b (x — )" - [Ja(ky (2 —9))|"
o2 O gy e, [ VG

NJa(kp(x = 2N [ Ja(ky (y — )| dadydEdy
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It has been shown in [70, p. 131, Lemma 8.1] that for some numerical constant C' > 0 we
have for each a € {0,1,2} and p € {—1,1} that

/734 [Ja (ki (@ =) [Ja(kyy (@ = D)+ [Ja(ky (w = 2D [alky (y — §))|*" dedydidg

) o, Imkp
<C-(1+diam(D)7) - =7
(k3)
(7.21)
Thus, for some numerical constant C' > 0 we have
150 Gal B oe-ry < € (14 diam(D)?) - K o K, (722)

Step 5. We recall from (7.9) that g, = 14(Y,,[4]) and we let Z denote a standard normal
Gaussian random variable. Suppose first that the asymptotic ratio r defined in (4.2) is
strictly positive. Using Theorem 3.3 we have that, for some numerical constant C' > 0,
we have

Wy <Yn[4],2> < (C- max
Var(Y,,[4]) 1<r<3

gn 9n
Qr
VarYn [4] VarYn [4] L2([0’1]8—2r)
K2VITE, (72
VarY,, [4]
C - (1 + diam(D)) - 62
VinK,

where we have also used (7.22). Now, if r = 0, then the nodal number is fully correlated
with the nodal length (see Lemma 6.5) and we can refer to the estimates obtained in [70]
which yield analogous bounds.

< C-(1+ diam(D)) -

Step 6. We have now reached the final stage of the proof and have gathered all the
ingredients necessary to establish the quantitative CLT. Let Z denote standard Gaussian
random variable and recall the auxilliary notation Y,, = N (b, , bk, , D). We observe that

Y, —EY, Y, —EY, Y4 Y, [4]
Wi ( VVary, ’Z) =W VVarY,, '\ /VarY,[4] " varyn[4]’Z
Vv
Vu-EY, v\ Yo [4] (7.24)
JE ( JVar,  \/Vary, [4]) - (w/VarYn [ Z)
L.

Tn
— vVInK,

IN

where the first term has been bounded using (7.2) and the second term using (7.23). This
concludes the proof of Theorem 4.2. O
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7.2 Proof of the Multivariate Central Limit Theorem

In the subsequent proof of the multivariate Central Limit Theorem (Theorem 4.3), we
incorporate the fundamental components from the univariate CLT’s proof (Theorem 4.2).
While it necessitates extra technical effort, the core section of the proof is accomplished
by leveraging the results contained in [92].

Proof of Theorem 4.3. The proof is structured into four distinct steps. The initial step
involves approximating through the 4-chaotic projection. Subsequently, the second step
addresses the convergence of covariances. The third step provides a control on the W
distance between the centred Gaussian vectors Z,, and Z which have covariances ™ and
¥, respectively (see (4.10)). In the last step we combine the Multivariate 4-th Moment
Theorem on the Wiener Chaos with the preceeding observations and prove (4.11)-(4.12),
conluding the argument.

Step 1. We recall that Z = (Z1, ..., Z,,) denotes a centred Gaussian vector such that
for each 1 < 4,5 < m we have Cov(Z;, Z;) = area(D; N D;), and that we use the notation

Y = N(by, bk, , D;), Y, =Y}, ..., v, (7.25)

n

where i = 1,...,m. We note that

W, Y, —-EY, Z
VCox - K2InK,

Y, [2

— ‘N]1 Y71[4} + ZQZ?’ [ q} 7 7.
\/C'OO-K%ann \/Cw~K,%1nKn

<W, Y, [4] 2g>3 Yn[24] Yo [4]

- VCo -K2InK, /Cy KZIK, /Oy K2InK,

Yo [4]
W (,/COo K2 1nKn’Z> (7.26)

- [24] Y, [4
<Y B w2
= |3 KZhnh K, Cx - -K2InK,
i Zqzs VarY![2q]
S +W1 7Z
VCo - K2In K, C K ln

LY (1+ diam(D;)?)
< i= + W, N/
- VO - In K, Cuo K21nK

where L is a numerical constant we can obtain thanks to Lemma 6.1.
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Step 2. We note the following extension of the Lemma 6.10: for each 1 < 4,7 < m we
have

: Yil4] V(4]
lim Cov ,
n—00 VCoo K2InK, /Cx KZInK,

) = area(D; N D;). (7.27)

This follows by a tedious but straightforward adaptation of the argument given in [78,
p. 1006, Proposition 5.1], in [78, p. 1006, Proposition 5.2], and in [78, p. 1011, Proof of
Theorem 3.2].

Step 3. Werecall that the matrices X" and ¥ are defined by setting foreach 1 <1i,j <m
87 = Cov(Y",Y]"), Y;; = area(D; N D;). (7.28)

Suppose that the matrix ¥ is strictly positive definite. We had already proved that for
each 1 < 4,7 < m we have X%, — ¥;; and so, for n sufficiently large, it must be that
X" is strictly positive definite. Then, using [69, p. 126, Eq. (6.4.2)], we have that for
two centred Gaussian vectors Z" = (Z1 ... . Zm) ~ N, (0,X"), Z = (Z},...,2™) ~
N (0,%), we have a bound

Wi(Z,,Z) <ME™X) - ||Z" — 2||us, (7.29)
where
M, 8) = i min (I lop - [IZE2 1S e IS} (7:30)

Here, ‘HS’ and ‘op’ stand respectively for ‘Hilbert-Schmidt’ and ‘operator’, see N.5.

Step 4. In this last element of the proof, we combine observations about the asymptotic
covariance structure made in the two preceding points with the information about the
deterministic constants associated with each of the relevant random integrals. Since each
Y,i[4] is an element of the 4-th Wiener Chaos we can find functions f{ € L2(]0,1]*) such
that Y,i[4] = I4(f}). Then, we can use the multivariate version of the 4-th Moment
Theorem ([69, p. 121, Theorem 6.2.2]), in the form recorded in Theorem 3.4, to obtain

Y, [4] Cy- 3y Yooy 1L @ Fille2qoaps—n)
e\ Vs ong, ) = VCo KZINK
- KiIn Ky, oo~ fip M fAn (7.31)
L-Y" (1 + diam(D;))
VCs - In K, ’
which, together with (7.26), yields the first of postulated inequalities - (4.11). Similarly,

if X is strictly positive definite then, for n sufficiently large, 3, is strictly positive definite
and we can write

Y7l[4] 3/2 —1 1/2 % 2 7 7
Wl Zn SC4m ' ||En ||0P' HEnHop ZZan Qr fn‘|L2([0,1]872"’)

VOs K2InK,

<

i=1r=1
™ (1 + diam (D))

VCs - In K, ’
(7.32)

ny\— n LZ
<m2 - ||(Z7) " lop - (1Z7]15)7 -
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where as before we have used the corresponding 1-dimensional bound (7.23). The second
postulated inequality - (4.12) - follows immediately by combining (7.26), (7.29) and (7.32).
O

7.3 Proof of the Convergence to The White Noise

Proof of Theorem 4.4. We split the argument into several steps. In the first step, we
verify that p, is a random generalized function. The proof of convergence to White Noise
relies on an abstract result by Fernique, which requires us to verify two conditions. The
first condition, checked in Step 2, involves the continuity of the characteristic functional,
while Steps 3 and 4 address the second condition, which concerns pointwise convergence
when evaluated on test functions.

Step 1. We start by noting that the problem is well-posed. That is, each map

S(R?) 5 ¢ s /0 /O ot £2) i (dt1dt) (7.33)

is a.s. a tempered distribution since it is a finite linear combination of the Dirac’s delta
functions dy, () (points y;(w) are random) and of the deterministic distribution ¢

fol fol o(t1,t2)dt1dts. Secondly, it is a standard fact that the white noise W (dtidts) is
a random tempered distribution [17, p. 1]. Since C2°([0,1]?) C S(R?) with topology
generated by the same family of semi-norms, it follows that both of these functionals are
elements of (C°([0,1]%))".

Step 2. As a consequence of [29, Theorem IIL.6.5, p. 69] the convergence of random
distributions p,(dt1dts) to the white noise W (dt;dts) in the sense of weak and strong
topologies is equivalent to the two conditions. The first one is the continuity of the char-
acteristic functional ¢ +— EeXW#) on C'2°([0,1]?). Note first that the convergence of ¢,
to ¢ in the space C2°([0,1]?) implies in particular that supg<y, 1,<1 [©n(t1,t2) — @n(t1, t2)]
converges to zero. Then, using Gaussianity and isometry Var(W, ¢,,) = ||<pn\|2L2([0,1]2) we
obtain as required

. 2 2 .
]E[61<W,L,0n>] _ e*%HW'rLHLQ([UJ]g) n—Qo 67%|‘¢‘|L2([0,1]2) _ ]E[ez(W,tp)]. (7.34)

Step 3. The second condition required by [29, p. 69, Thm. III.6.5] is the convergence
in law

(pn(dtrdta), ) < (W (drdt), o) (7.35)
for every test function ¢ € C2°([0,1]?). The construction as in [36, p. 13-21, 2.1 White

noise] provides a version of a white noise as a random integral i.e. the postulated conver-
gence can be written as

1 1 1 1
d
‘/()/()<p(t17t2)ﬂn(dt1dt2)—>/o /0 Q(t1, t2)W (dtydts). (7.36)
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One can use integration by parts for Wiener-Ito integrals as in [36, p. 18, Eq. (2.1.15)
and (2.1.16)] to obtain equahty in L?

/ / t,to 8t at, o(t1,ta)dt1dts 7/ / (t1,t2)W (dtqdts), (7.37)

where the process By, , denotes the Wiener sheet. We adopt the notation

N(br,, b, [0,t1] x [0, to]) — Eefn .
Bhe = | = 7 (7.38)

VCo - K2In K,

where C, is the constant defined in (4.5). We observe that the convergence in distribution

1 1 62 d 1 1 82 7
B, - ———p(t1,ts)dt1dt B - ———(t1,to)dt1dt .39
/0 /0 t1,ts 8t18t2<'0( 1y 2) 1412 _>/0 /0 t1,to ﬁtlatg(p( 1, 2) 1at2 ( )

will follow immediately by [39, p. 20, Theorem 4] once we verify the three corresponding
assumptions. The first condition is a convergence of stochastic processes in the sense of
finite dimensional distributions

(Btnl,b)OSthbSl — (Bh,tz)UStl’tle’ (7'40)

which means that for every choice of m € N and 0 < ty,t5,...,t9m_1,t2m < 1, we have a
convergence in distribution of random vectors

d
(Bg,tyB?l,ty AR Btngm,l,hm) — (Bh,tz?Bthtm RS BthflatQm)' (7'41)

This however is a special case of Theorem 4.3 with a choice of domains
Dl = [Ovtl] X [07t2]7D2 = [Ovt?)] X [07t4]7 LR 7Dm = [O,tszl] X [07t2m]

The second condition is that for each 0 < t;,¢5 < 1 we have a convergence of second
moments E(B ,,)* — EB? ,,, which follows from Theorem 4.1 applied to the domain
D = [0,t1] x [0,t2]. The last condition is that

lim  sup E(B},,)° <. (7.42)

N—=00 0<ty,t2<1

We note that, using Lemma 6.1 and following the strategy used in the proof of Lemma
6.8, we can find the numerical constants 0 < Cy < Cy < (3 < (4 s.t. for each n € N we
have

sup  E(BY, ,,)?

0<t1,t2<1
SUPp<t,,t,<1 Var(/v(bkn ) I;Kna D))
Coo - K2In K,

< C 1 SUPp<t,,t,<1 Var(N(bknv?’KnvD)[‘lD
~ rlogln K, K?

< ?2 |14+  max / Tij(knz)4dz+ max / Tij(Kn2)4dZ
rtog i,j€{-1,0,1} B(0,2) i,j€{—1,0,1} B(0,2)

03 C4

<——— (1+InkK,) <—.
~ rlogln K, (I+1InKn) < rlog

(7.43)
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Step 4. Now we will show that the left-hand side of the equation (7.39) is exactly as
needed to deduce the convergence postulated in (7.36) from formula (7.37). That is, that
we have

<un(dt1dt2 / / tl,tg Hn, dtldtQ)

/ / t17t2 at Oto (tl,t2)dt1dt2_

We denote B := {(s1,s2) € [0,1]2 : by, (s1,52) = bk, (s1,82) = 0} and we observe that

1 1 82
//Btnl,tg'WsO(tl,tQ)dtldb
2

0
1 1
o K21nK //0 Z 0,51 (t1)L[0,50] (f2) - 91,0t = p(t1, t2)dt1dts (7.45)

(81 52 EB

(7.44)

t1, to)dtdts.

477,/0 K K, // fa 8t8 otz ¥

We observe that, for every (s1,s2) € [0,1], using the fact that ¢ has a compact support
contained in (0,1)? and integrating we find that

1 1 82 S1 S2 82
1igs.1(t1)Lj0.s,1(t2) - =——=—@(t1,t2)dt1dty = ———(t1,ta)dt1dt
/0 /0 [0, 1]( 1) [o, 2]( 2) 8t18t24’0( 1, t2)dt1dtz / / 81518152@( 1,t2)dt1dty

0
/Bt (t1,82) — 9t @(t1,0)dt

= p(s1,52).
(7.46)

Similarly,
t1t t1,to)dt1dt
//12(%(% @(t1,to)dtydts
=/ L1ty - 790(751,752 dt1 //tl (ty, ta)dt1dty
0 oty
1 1 a
- t - ——(t1, to)dt 1 dt
/0/0 8t1<,0(1 2) 1012
1,1
:/ / (p(t1,t2)dt1dt2.
o Jo

Comparing (7.45) with (7.46) and (7.47) we obtain (7.44). We conclude that the proof of
Theorem 4.4 has been completed. U

(7.47)

7.4 Proof of the Reduction Principle

In this section, we focus on proving Theorem 4.5. The necessary computations for this
proof are intimately connected to those we conducted in proving Lemma 6.6.
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Proof of Theorem 4.5. We immediately note that the case r = 0 is directly derived from
Lemma 6.5 and the established Reduction Principle for nodal length, as outlined in [92,
p. 3, Theorem 1.1]. Consequently, our focus shifts to the case where r lies in the interval
(0,1]. The overall strategy of the proof is straightforward: after reducing the problem
to the analysis of the 4th chaotic projection, we treat the remaining integrals as vectors
within a finite-dimensional subspace of L?. This reformulation transforms the problem
into a linear algebra exercise focused on the asymptotic covariance matrix. The argument
will be divided into four distinct paragraphs for clarity.

Step 1. We recall the notation S.1-S.6. It follows by L2-equivalence (4.7) that we
can restrict our analysis to the 4-th chaotic projection N'(bgn , by ,D)[4]. Furthermore,
decomposition

1
N(bkzl,bzl,D)[ﬁl]:W—ﬂ- > k", L{by. D)[A] + Cross(N (ben , by, , D)[4]),
pE{—l,l}
(7.48)

splits this projection into 3 uncorrelated parts (see (4.30)). Consequently, and thanks
to a linear nature of the problem, we can analyse each of the terms in (7.48) separately.
The first two terms on the right of the postulated formula (4.27) correspond to the first
two terms in (7.48). As in the case of r = 0 discussed above, the full-correlation and L?-
equivalence for these terms is an immediate consequence of the Reduction Principle for the
nodal length. Thus, from now on we only need to focus on the Cross(N (b= , b, D)[4])
and its relationship with remaining 3 terms on the right-hand side of (4.27).

Step 2. As mentioned at the beginning of this proof, we need to examine the asymp-
totic covariance matrix. In this step, we will demonstrate how, for our purposes, this
matrix can be replaced by a simpler one (7.54). We recall that in Lemma 6.10 we have
established the formula (6.100) which yields the asymptotic covariances between differ-
ent terms contributing to Cross(N (b= , by ,D)[4]). We recall the indexation defined in

(6.113) and for every i,j € T = {—1,0,1}®2 U {x} we set
P o= (_1)\il+|jl i,

N rexp i} rep " . (7.49)
Xij =iyt v = (1 T (-1 |+|") “ i

Here, we have used the same notation as in (6.123), that is Qz)\ij = (28/7) - ¥ (~(i) + (),
where v and 1 are as defined in (6.101)—(6.102). Comparing (6.100) with (7.49) we see
that, up to rescaling, the former is identical to the later. Thus, in order to understand the
structure of correlations between different integrals contributing to Cross(N (bg» , b7, D)[4]),
it is enough to study matrices

V = [xijlijer, U™ = [Pl jer U o= [ilijer, (7.50)
where we use the ordering defined in (6.114). We can readily see that the matrices V, U*
and ¥, have the same six groups of identical rows (equivalently, columns): {1}, {2,4},
{3,7,10}, {5}, {6,8} and {9} (for V and ¥ these groups correspond to asymptotically
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L?-equivalent random integrals). Thus, we can focus instead on reduced 6 x 6 versions of
these matrices, provided that for every matrix we have choose the same representative of
each row-group. We note that:

(a)

Step 3.

If r¢*P = 0, then, the reduced form of matrix V is equal to the reduced form of the
matrix W. This yields the matrix

‘(*,*) (7)0) (77+) (0 0) (07+) (+v+)

=31 35 10 5 a8 g 3
(=,0) | 40 48 8 64 16 8
(—+)| 5 8 3 16 8 5 (7.51)
0,00 | 48 64 16 128 64 48
0,4) | 8 16 8 64 48 40
(++) | 3 8 5 48 40 35
We compute that the reduced form of matrix ¥
‘ (777) (770) (77+) (070) (07 +) (+a +)
=) 35  —40 5 8 -3 3
(=,0) | —40 48 -8 64 16 -8
(—+)]| 5 -8 3 16 -8 5 (7.52)
(0,00 | 48 —64 16 128 —64 48
(0,+) -8 16 -8 —64 48 —40
(++)| 3 -8 5 48 —40 35

We compute that, if r¢"P = 1, then, the reduced form of matrix V is equal to

‘ (_7_) (_70) (_7+) (070) (07+) (+7+)
(——)| 105 40 15 144 8 9
(=,0) | 40 144 8 64 48 8
x| (=4 ] 15 8 9 48 8 15 (7.53)
(0,0) | 144 64 48 384 64 144
0,4) | 8 48 8 64 144 40
(++)| 9 8 15 144 40 105

Let us for a moment write ¢ := r®*? for the sake of visual simplicity. Combining the
preceding points, we obtain that, in general (for any t = r°*? € [0, 1]), the reduced
form of matrix V is

‘ (777) (770) (77"”) (070) (0~ +) (+ Jr)
(—,—) [ 35(2+¢) 40(2—¢) B(2+t) 48(2+¢t) 8(2—1t) 3(2+1)
(—,0) |40(2—1t) 48(2+1t) 8(2—1t) 64(2—t) 16(2+t) 8(2—1)
x| (=9 ] 52+t 82—t 3(2+t) 16(2+t) 8(2-1t) 5(2+1) (7.54)
(0,0) | 48(2+1t) 64(2—1t) 16(2+1¢) 128(2+t) 64(2—1t) 48(2+1)
(0,+4) | 8(2—1t) 16(2+1t) 8(2—1t) 64(2—t) 48(2+1t) 40(2—1)
(+,4) | 32+t) 8(2—t) 52+t) 48(2+1¢t) 40(2—1t) 35(2+1t)

In this step we will study the rank of the reduced matrix V, starting from the

cases r°*P = 0 and r°*P? = 1, and then proceeding to general scenario. In each case and
depending on the rank of the matrix, we will fix a basis of corresponding random integrals
and find coefficients in this basis which correspond to the remaining random integrals.

(a)

The reduced matrix V in scenario r°”? = 0 has been evaluated in (7.51). It is not
difficult to check, using basic computational tools such, that, if »¢*? = 0, then the
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matrix V has a rank 3 and that as a corresponding basis of random variables one
can choose integrals

/D Hy(9;by,, (%)) - Ha(9ibk, (x))dw, i€ {—1,0,1}. (7.55)

Solving for linear coefficients yields the matrix

( ) ‘ (_/70) (_’7_) (0,—/|—)
-=)| /2 -1/2 -1/2
(0,0) | 1/2 1/2 12 | (7.56)
(+,+) | -1/2 —-1/2  1/2

where each column gives coefficients for one of the linearly dependent variables. For
instance, the column labeled (—,0) in the matrix (7.51) is the following weighted
sum of the columns labelled (—, —), (0,0), (+,+):

(40,48, 8,64,16,8)"" = 1/2 - (35,40, 5,38,8,3)""
+1/2-(48,64,16,128,64, 48)""
—1/2-(3,8,5,48,40,35)".

(b) The reduced matrix V in scenario 7°*? = 1 has been evaluated in (7.53). Similarly,
one can check that, if »¢*P = 1, then V has a rank 5 where we can again choose the
column labeled (—,+) as the dependent one and where the linear coefficients are as
before (supplemented by 0). That is:

1/2-(15,8,9,48,8,15)" = —1/4 - (15,8,9,48,8,15)""
+1/4 - (105,40, 15,144, 8,9)"" |
—1/4-(9,8,15,144,40,105)"",

while the remaining 5 columns are linearly independent.

(¢) The form of matrix V for r**? € (0,1) has been given in (7.54). We observe that
in this situation the matrix V has the same structure of linear dependency as we
observed when we had 7¢"P = 1. To see this note first that the parameter ¢ affects
identically columns in each of the groups: {1,3,5,6}, {2,4}. This yields the —1 rank
reduction and re-use of the coefficients (as above) for the first group of columus.
Going further, it is not too difficult to verify that the corresponding (reduced) 5 x 5
matrix has zero determinant if and only if 7 = 0 (for this computation, it is
convenient to divide each row by 2+ r°*? and parametrise with s = (2 —r®*?)/(2+

Step 4. In this last element of the proof, we combine observations about the asymptotic
covariance structure made in the two preceding points with the information about the
deterministic constants associated with each of the relevant random integrals. Taking
into consideration the identical columns (rows) in the matrix V and the deterministic
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coefficients n; (6.55), we obtain

kﬁlk{l % < (_7_) (_70) (_7+) (030) (07+) (+>+))

1287 -1 -8 —2 8 -8 -1
n o om . (7.57)
_ _k71 kY « (=) | (=0) | (=+) ] (0,0) | (0,+) | (+,+)
1927 3/2 12 3 —12 12 3
Using linear coeflicients (7.56) we obtain the matrix
1 1 ‘ (*ai) (070) (+v+) (770) (7a+) (Oa+)
N (N G I Y5 R 0 6 —3/2 -6
192 | 0o | o 12 o0 6 32 ¢ | (798
(+,+) 0 0 3/2 -6  —3/2 6

where, for each row, the sum over columns yields the final constant that appears in
postulated formula, next to the relevant random integral. Similarly, for r¢*? € (0, 1] we
obtain the matrix

(—-) (0,00 (+4+) (=0 (=+) (O.+)

(—=—)| 3/2 0 0 0 -3/2 0

K%y - kY (0,0) 0 —12 0 0 3/2 0
T 102 S| ()| 0 0 3/2 o 32 o | (7

(=0 | 0 0 0 12 0 0

0,4) | 0 0 0 0 0 12

where the sum of each row plays the same role as in the case of the previous matrix. This
completes the proof. O
7.5 Derivation of the Recurrence Trick

The following technical lemma is essential for the proof of Lemma 4.1. It can be applied

in the situation where one works with n independent Gaussian random waves on R™ but
we will only use it in the simplest case n = 2.

Lemma 7.1. Let X be a n x n matriz of independent standard Gaussian random
variables and let X denote a matriz obtained from the matrix X by removing the
first row. Then,

2 Y
E[|det X|] = \/j]E [ det(XXt’“)} . (7.60)
T
Proof. By the Laplace expansion of the determinant,
n .
det X = " (=1)"* Xy det MY, (7.61)
j=1

where Mf]( denotes the matrix created out of the matrix X by removing its first row and

its j-th column. Thus, conditionally on the random matrix X , the sum on the right-side
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of (7.61) defines a centred Gaussian random variable with variance

o?(X) = Zn:(det M5)2. (7.62)

j=1

This implies that
d A 3
E Zl(—l)l“le det ij( \/; -Elo(X)]. (7.63)
J:

Let MJX denote the matrix formed out of the matrix X by removing the j-th column.
Using the Cauchy-Binet’s identity [65, p. 1166, Eq. (B.2)] and the fact that M5 = M;*
we obtain

n

det(XXtr) = > (det M¥)?

=1
’ (7.64)
= | D _(det M{%)? = o(X),
j=1
which is enough to complete the proof. O

The next proof is written using the notation introduced in S.1-S.6.

Proof of Lemma 4.1. Our argument is based on a term-by-term comparison of the chaotic
decomposition of the nodal number, computed in Lemma 5.2, with the chaotic decom-
position of the nodal length, as given in Lemma 5.3. We recall that the correspond-
ing deterministic constant coefficients were denoted ¢; in the case of a nodal number
N(bi_,,bx,, D), and, in the case of a nodal length L(b, D), we have used instead ¢;. We
will continue this convention here. Given j = (j_1,j0,7j1) € N® we will write (j,0) and
(0,7) to denote elements of N° defined by the formulas

50) = (i-1,-157-1,05-1,1;0; 0; 0),
(J .) (i—1,-1 ‘z 1,0 ‘z 11 ) (7.65)
(0,7) :==(0;0;0;41,-15%1,0591,1)5

where
11,1 = 41,1 1= j—1, 1-1,0 = 11,0 := Jo, o111 =111 = J1. (7.66)

We will also use the fact that c(;o) = ¢ which is a an immediate consequence of
the fact that the constants c; are independent of the wave-numbers. Let Z_ _1, Z_1 1,
Z1,-1, Z1,1 be four independent standard Gaussian random variables. It follows by the
case n = 2 of Lemma 7.1, that for each p € {—1,1}, we have

m
E[\/22 .+ 220 By, (Zpo)H, L (Zpn)] =[5

E { Z 1,1 Z—l,l:l

-H
Z1,-1 AR

J—1,-1 (Z—L—l)Hj—l,l (Z—Ll)Hjl,—l (Z17—1)Hj1,1 (Zl,l)
(7.67)

det [




132 CHAPTER 7. PROOFS: PART III
Consequently, in the notation (7.65), we have that

1 2 1 1
C( 4 = — - —_ — . é = — é*. 768
(4,0) V2 \/ T Vonr 2 g ( )

Thanks to the preceding computations, we observe that for every ¢ > 1 we have

N(bk71 ) bk1 ) D) [Qq]
k) Y g / I I #,. @G @)de

jens Jjl=2¢ 7P pe{—1,1}ie{-1,0,1}

= (k_1-k1)- Z Z €(4,0) /D H ij,i(gibkp(@)dx

pe{—1,1} jEN3 |j|=2¢ i€{—1,0,1}
+ Cross(N (bg_,, b, , D)[2¢]) (7.69)

=%\/§- ook (ke Y éj/D I H. (@b, (2))dz

pe{—1,1} JEN3 |j|=2¢ i€{—1,0,1}
+ Cross(N (bg_, , bk, D)[2q])

1
=5 > k_p-L(bk,.D)[2q] + Cross(N(be_, , bi, , D)[2q]).
TVE pef-11)

The last step is to determine the value of Cross(N (by_,, bg,,D)[0]). We must have
Cross(N (bg_, , bk, , D)[0]) = ECross(N (bi,_, , b, , D))

1
—EN(by,_,,bs,, D) — —— k_,-EL(b ,D
(0k_y, biy, D) s > kp-EL(by,,D)

pe{-1,1}
area(D) H 1 area(D)

= . ky — ——= - Z k_p ———k,

ey ™2 et 2v2

area(D) H
= — . kp

47T pe{—l,l}
= -EN(b;_,,bx,, D),
(7.70)

where the expected value of the nodal number is taken from Lemma 5.4 and the expected
value of the nodal length is taken from [70, p. 103, Theorem 1.1]. O



Chapter 8 Ongoing Work and Some
Open Problems

8.1 Overview

The purpose of this chapter is to present some ongoing work, aimed at investigating how
the ideas and techniques developed in this thesis might be applicable to related problems
(see Chapter 2). Naturally, the extent to which these preliminary insights will prove
useful in future research remains to be seen, and this will serve as an important test of
the value of the work presented here. In particular, we will focus on Berry’s Random
Waves in the Euclidean space Rd, d> 3.

It is also clear that similar questions could also be asked regarding Arithmetic Random
Waves, Random Waves on generic compact Riemannian manifolds, or Pullback Random
Waves. Perhaps even more important would be to establish a clear and simple description
of the relationship between the parameters introduced in this thesis and those used in
experimental models of Quantum Chaos or in Brain Imaging studies (see, respectively,
Sections 2.1.3-2.1.4 and Section 2.1.7). Both these venues require considerable technical
expertise and a deep understanding of physics. As such, they fall outside the scope of
this thesis and are left for future collaborative or interdisciplinary efforts.

8.2 Higher Dimensional Euclidean Spaces

As described above, in this work we have focused on the planar case d = 2. We are
interested in the question of extending this work to arbitrary dimensions d > 3. It is gen-
erally believed that, in principle, the behavior of this model should be easier to analyse
than the two-dimensional model. However, as of writing, the only known result in this
direction concerns two identical frequency random waves in dimension d = 3. Here, the
CLT and asymptotic order of variance are known [19, 18]. However, no exact asymptotic
of the variance has been established for any d > 3 with any number of random waves. It is
conceivable that a very skilled application of Kac-Rice formula or standard Wiener Chaos
expansion might yield definitive answers for questions of this type. Nevertheless, as of
writing, it seems unclear if that is actually the case. In our ongoing attempt at making
progress on this problem we started studying the one-wave case using a novel technique
of matrix-variate Hermite chaos expansion of Gramm determinant introduced by Notar-
nicola [66] (see also [57], by Marinucci, Rossi and Todino, where generalised Laguerre
polynomials are used to tackle similar problem on the d > 3 dimensional hypersphere).

133
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There are several equivalent definitions of the class of generalized Hermite polynomials
that we are using. The classical definition is constructed through the so-called Zonal
polynomials. However, a more elementary approach is possible (based on the generalised
rodrigues formula [66, p. 986, Eq. (3.6)]).

Definition 8.1. We define the vector-variate Hermite polynomials by the formulas
B =1, (8.1)
ellzll?/2

T 2Rd(d+2)... (d+2k—2)

Hl(z) : CARelElP2 > (8.2)

where © € R and

A’f::( o +.+ & )k (8.3)

821'1 82£Cd

We record the following formulas provided in [66, p. 988-989, Eq. (3.16)] for later use

d
HIX) = o0 S (X)) (8.4)
Hg(X):m~ lgzdm(xj)+1<§<dH2(Xi)H2(Xj) . (85)

The following is a special case of a more general theorem proved in [66].

Theorem 8.1. The vector-variate Hermite polynomials form an orthogonal basis
of L*(o(||X|])) where X = (X1,...,Xa)™ is a vector of i.i.d. standard Gaussian
random variables.

The following is a special case of a more general theorem proved in [66, p. 992,
Corollary 3.8]. Later, we will be applying it with the choice X := Vb, (z).

Theorem 8.2. Let X = (Xi,...,X4)!" be a vector of i.i.d. standard Gaus-
sian random variables. Then, we have the following orthogonal decomposition in
L (e(1X1D)

1X|| = Y F(k) - B{(X), (8.6)
k=0
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We note that, for example

. N

F(0)=V2- é(g)), (8.11)

. (4t

Ry =va- o (5.12)
T(4tL

F(2)=Vv2- é(g)) (~1/2). (8.13)

The following proposition adapted from [66, p. 988, Theorem 3.2] clarifies the rela-
tionship between the decomposition (8.6) and the classical Wiener chaos expansion into
univariate Hermite polynomials.

Proof. As noted in [66, p. 986, Eq. (3.8)], the vector-variate Hermite polynomials are
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related to the Laguerre polynomials by means of the formula

41 (="
L IXIP) = g g HE) (818)

We note that, the formula (8.17) provides immediately the following expression for
the ¢-th vector-variate Hermite polynomial

H{(X)
~ E[||X||Hzq (X1) ... Hag, (X, 8.19
F(Q) L, Z [H || (22q1)(' 1)(2 )?qd( d)]HQz]l (Xl) .. .H2qd(Xd) ( )
q1+...+qa=q Q.- -\2qd):
and this further implies
E [H (XO)Hd(X) - Hayy (Yo)HE (V)] =
ORI DD
q1---9a=9q q1+...q4=q’ (8.20)
E [[|X||Haq, (X1) - . Hog,(Xa)]  EllIX[[Hog; (X1) - Hagy (Xa)]
21! (242)! 24)) . 24!
x E[Hzq,(Xo)Hzq, (X1) ... Hag,(Xa) - Hagy (Yo) Hag; (Y1) - .. Haqy (Ya)]
Now, we can use the classical diagram formula (see Theorem 3.2) to obtain that
E[quo(XO)Hd(X) - Hogy (Yo)Hy (Y)] =
o) Ry
~9d=9q g} +...q;,=q’ (8 21)
E[\|X||H2q1(X1)---Hqu(Xd)]- E[|| X[ Hag; (X1) - - - Hag (Xa)] '
E[X;Y;]"
DD
kij *
where the integer coefficient k;; satisfy the equations as in [57, p. 14, Eq. (5.21)]. O

Lemma 8.2. Let by = {bi(z) : 2 € R}, d > 2, be the Berry’s Random Wave
with wavenumber k > 0 (see Section 1.1). Then, the nodal nodal volume L(by) =
HI=L(B(0,1) N b, 1(0)) has the following orthogonal Wiener chaos decomposition
in L*(P)

L(bk) = L(bx)[24], (8.22)
q=0
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where
d+1
L0010 = EL() = —= - ) volu(5(0,1) (523)
w 2
L N G P ~
£l = 52 > =™ /B oy o @V (Vbe(a))do
(8.24)

and the coefficients F(q — m) are as defined in (8.7)-(8.8).

The next lemma follows almost immediately from the preceding one. An important
point to note is that when applying the vector-variate Hermite expansion, the number
of terms in the 4th chaotic projection remains constant. This consistency offers the
potential for efficient computation of lower bounds on the variance of the nodal volume
in any dimension.

Lemma 8.3. Let by, = {bx(x) : © € R?}, d > 2, be the Berry’s Random Wave with
wavenumber k > 0 (see Section 1.1). Then, 1st and 2nd Chaotic projections of the
nodal volume L(by,) := H*1(B(0,1) N b, '(0)) vanish. Moreover the 2nd, 3rd and
4th chaotic projections of the nodal volume L(by) are given by the formulas

L(by)[0] = V2 Fég ), (8.25)
diell ~
| 7 (8.26)
di1
£l = o= S
1 X — 1 X (7 96 X
> /B RCCITEES /B o Bl H (o)t (520

The next lemma is a first step towards fulfilling the lower-bound goal.

Lemma 8.4. Let X, X1,...,Xq and Yy, ..., Yy be jointly Gaussian centered ran-
dom variables s.t.

EX;X;, =BY;Y; =0,  4,5€{0,1,...,d},

and denote
X = (Xl,...,Xd)”, Y = (Yl,...,Yd)”.
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Proof. The formula (8.28) follows by the standard property of classical Hermite polyno-
mials

E[H,(X0)Hq(Y0)] = 1p=¢p! - E[XYp]". (8.34)

(see [69, p. 26, Proposition 2.2.1]). We record that, using the classical diagram formula
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for Hermite polynomials (see [54, p. 96-99, Section 4.3.1 Diagram formula]) we have

E[Hy(Xo) - Ha(Y:)Ha(Y))] = 24 E[XoYi*E[XoY;]? (8.35)
E [Ha(Xo)H2(X;) - Ha(Yi)Ha(Y))] = 4 - E[XoYi]E[X; Y1)
+4-E[XoY*E[X; Yz]?
+16 - E[Xo Y4 E[XoVE[X, Y E[X;Yi]. (8.3

Using first (8.5), and subsequently (8.34) and (8.35) we can compute (8.29):

= (A x Y E[XoYi*+24 ) E[XViI’E[XoY;]?)
4d(d + 2) 1<i<d 1<i#j<d (8-37)

6
== E[XoY;]*E[X,Y;]?
d(d+ 2) 1;;@ ! J

6 d 2\2

Using first (8.4) and then (8.35) we deduce (8.30):

E [Hi(Xo) - Fo(Vo) HS (V)] = o 37 BIHA(Xo) oY) Ha (Y1)
1

(8.38)
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We recall (8.4) and (8.5), and then use (8.35) and (8.36) to evaluate (8.31) as
1
E|Hy(Xo)H (X)) - HYP(Y)| = —5 7
|2 (Xo) B (X) - G ( >] Sdg(dH)X
d d

(ZZE[HQ(XO)HQ +Z Z E[H>(Xo)Ha(X;)H2(Yr)H2(Y1)])
j=11=1 Jj=11<k#I<d
j=11=1 J=11<k#I<d

+4- Z > E E[X;Yi]? + 16 - E[Xo Yi]E[XoYI]E[X; Y ]E[X;Yi])
j=11<k#lI<d

d d d
1
= gy 24 S OS EXGYVPEXY+8) 0 > E[XVi’E[X,Vi)?
j=11=1 J=11<k#I<d

+162 > EXoVi]E[XoVE[X;YIE[X;Yx)).
j=11<k#£I<d

(8.39)
Finally, to derive (8.32) we first use (8.5) and (8.34) to obtain
(1,d) (1,) 1
B " () - Hy O] = o < (1 2 BIXYal
1<j,m<d
+ Y Y E[Hu(X;)Ha(Ys)Ha(Y))]
1<j<d 1<k£l<d (8.40)
+ > > E[Ha(Y))Ha(Xy) Ha(X)]
1<j<d 1<k#l<d
+ Z Z E[Hy(X;)Ha (X ;) Ha(Yi) H2 (V1))
1<izj<d 1<l#k<d
which, using (8.35) can be further rewritten into
;(41. Z E[X;Y,.]*
2 2\ jim
16d2(d +2) 1<j,m<d
+24 ) Y EXGYPEXGYPP+24 Y0 Y ENVXPEN X (341

1<j<d 1<k#I<d 1<j<d 1<k#I<d

1<i#j<d 1<l#k<d
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and finally using (8.36) we obtain

1

4
TR oE | 2 B

1<j,m<d

+24 Y Y EXVPEXY)P+24 ) Y EYXPEYX)
1<j<d 1<k#l<d 1<j<d 1<k#I<d

(8.42)
C Y Y EXOYPEXGY)
1<i#j<d 1<I#k<d
Z Z E[XoYi]E[XoV|E[X;Yi|E[X;Y]]).
1<i£j<d 1<I#k<d
Now, using (8.4) and then (8.36), we infer the identity
E | Ha(Xo) H{y; " (X) - Ha(Yo) H{y; (V)] =
1
= > E[Hy(Xo)Ha(X;) - Ha(Yo)Ha(Y;)] =
1<i,5<d (8.43)
1
= > (BIXoYoE[X:Y;)” + E[XoY;]”E[X,Y0)?
1<i,j<d
+ 4E XY, ELXoY; ELX Vo |ELX.Y;)),
which proves (8.33) and concludes the proof. O

8.3 Some Computations Towards Spectral Extension

The purpose of the present section is to discuss some computations aimed at extending our
results in direction of a wider class of isotropic spectral measures and the main presented
here is Lemma 8.7.

Let b = {b(z) : z € R%} be a real-valued centered Gaussian random field on R¢ which
is almost surely C*(R?) and satisfies Eb(x) = 0 and Var(b(z)) = 1 for every z € R%.
Suppose also that b is stationary, isotropic and its (isotropic) spectral measure p has
a finite and strictly positive second moment 0 < fooo Adu()) < co. We define the
normalised derivatives of the process b by the formula

= d

O, b(x) :

; = W - Oz, b(x), (8.44)

where we let i = 1,...,d and « € R?. Similarly, we define the normalised gradient as the
random vector

= d _ /9 Y tr
Vb(z) = /W -Vb(x) = (O b(x), ..., Op, b(2))". (8.45)

As made clear in the next lemma, this normalisation ensures that Var(gmib(x)) = 1. The
following definition will be in frequent use throughout the remainder of this chapter.
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Definition 8.2. Let b = {b(x) : * € R} be an almost surely C3(RY) Gaussian
random field such that Eb(z) = 0 and Var(b(z)) = 1 for every x € R%. Suppose
also that b is stationary and isotropic with (an isotropic) spectral measure p which
has a finite and strictly positive first moment 0 < fooo A2du(X\) < oo. Then, for

every z,y € R and i,j =1,...,d, we set
Cz—y) :=Elb(x) - b(y)],
Cilw —y) = E [D2,b(2) - b(y)] , (8.46)
Ciglw — y) =E [0.,b(2) - By,b(y)] .

where the normalised derivatives 5%., 5y]. are as defined in (8.44).

In the next lemma, we provide conditions under which the covariance functions defined
in (8.46) can be easily related to the behaviour of the underlying (isotropic) spectral
measure of the process.

Lemma 8.5. Let b= {b(x) : ¥ € R%} be a centered, unit variance, non-constant,
stationary and isotropic Gaussian random field. Suppose any of the following equiv-
alent conditions is satisfied:

(i) =+ b(x) is almost surely C3(R?),
(ii) (z,y) — E[b(z) - by)] is C+*(R? x RY),

(iii) the (isotropic) spectral measure p associated with the process b has a finite
4-th moment [ Xdu(\) < oo.

Then, the covariance functions (8.46) are given by the formulas

Cla=3) = [ pgr o = sdu(,

Ti — Yi =
Cile =) = =2 [ Ol = yl)N ),
\/d'fo A2du(A) Vo
o0 9 (8.47)
Jo PNz —y)A2du(X)
Cij(x —y) = b5 - 53
Jo A2du(X)
(i —yi)(@; — ;) /Oo 4
— : Alx — y[) A dp(A
(d+2) . fooo )\zdu()\) 0 p%—i—l( |.’E y|) /j‘( ))
where i,j € {1,...,d}, z,y € R? and where the normalised Bessel function p, is

as defined in (1.8).

Proof. Firstly, we note that, in the case of the Berry’s Random Wave with wavenumber
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k =1 (that is, when pu = ¢1) the covariance functions (8.46) take the form

Clz—y)=pg_(lz—yl),
Cila =3 ===y (o= ). (5.48)
(i — yi)(x; — y5)

Cij(x —y) = 6ij - pa (lx —y|) — s

pep (lz—yl),

see [85, p. 74, Lemma A.1]. We note that for each a > 0, the function p, is globally
bounded and thanks to the existence of the 2nd spectral moment we can compute

Il
Qv

E [5@&;(@ : b(y)} [b(z) - b(y)]

1, E
b ([ pg Oz = shauv)
/ Brups 1 (M — yl)dp(N)

1'2 7y1
/ py(Ne = s,

Ja I A2dp(A

proving the first postulated formula. Similarly, using the existence of the 4th spectral
moment we can compute

(8.49)

By, 0= E[b(x) - b(y)] = 9, | - W(jw}—y;m | / " g O — DY)
“Jo H
. o p%()\|x —y)A%du(N)
IR AEY
- f(/\%zu / 3y, pa (N|z — y[)A?dp(N) (8.50)
o Jo ez =y Adu(N)
= 04y fooo )\Qd/,(,()\)

B (d(? ;)ylf)ogfj/\z_dzj())\) ’ /0 p%—&-l(M$ — A du(N),

which is the second postulated formula. O

Lemma 8.6. Let b= {b(x) : x € R?} be a centered, unit variance, stationary and
isotropic Gaussian random field with isotropic spectral measure p having strictly
positive and finite 4th moment, i.e., 0 < [;° AMdu(A) < co. Let Vb= {Vb(z): x €
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Proof. We will rely on the Gaussian conditioning formulas (see Subsection 3.2.1) and on
the formulas established in Lemma 8.5. We note that

Var(Vb(z)) := [Cov(gib(ﬂﬂ),gjb(w))} ied

WJ >

o pa (Ml =yl A2 du(X) .

B [ N2du(N) o (8.54)

1 Jo paa Ml —ylDX*du(X)
Cd+2 I A2du(N)

MY |z —

where the d x d matrix M*¥ is defined as in (8.52). We have

Var((b(z),b(y)))
— [ Var(b(z))  Cov(b(z),b(y))
"~ [Cov(b(z),b(y))  Var(b(y)) (8.55)
_ 1 J5" pg 1 (Ml =yl dp(X)
Jo~ a1 (Ml =yl dp(X) 1 ’
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and in consequence
Var((b(z), b(y))) ™!
_ 1
1= (5% gl = olldu(v) (8.56)
y 1 —Jo pa_1 (Al = ylldu())
_fooo Pg—l()‘Hx_deﬂ(/\)) L.
Furthermore,
Cov (Vb(), (b(x), b(y)))
Cov(d1b(z), b(x)) Covdibmﬁiwynl
cov(éﬂkxyb(x» cov(&ﬂkz)ixy» (8.57)

Vd fooo A2dp(X)

3 =
1 Jo pa(Mlz —ylDA\du() ==l
T Al —yll-

0 Td—Yd
[lz—yl|
We observe that

Cov (Vb(2), (b(w), b(y))) * Var((b(2), b))~ - Cov (Fb(z), (b(2), b(v)))

L el (5 eyl = plDAdn(n) T
1 .
U a0 (1= (17 g2 Olke = ulhau) )

0 Td—Yd
[lz—yll

. 1 — 5% pa 1 (Nl — yldp(N)
— 5% pa 1 (Nl — wll)dp(N) 1
[ 0 0 }
I A Td—Yd
le=yll =" [lz—yl|
00 2 0 1—Y1
| e =l (5~ pa Nl = yll)X2dp()) =l
1 .
d 50 9 o 2 . .
U e (1= (1% pg 2 Wl = wlhann) ) o ey
. [—ﬁzzh'fomp;lu||x—y|>du@> R e pglw—yn)dum]
2 - el
2 o0 2 2
1 e =l - (J5 P (Al = ylDAdpa() .

T Ndn)?- (1= (5 pg-s0lle = slann) )

(8.58)
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where, as before, M*¥ is defined by (8.52). O

Regarding the next result, it is noteworthy that its conclusion could be enhanced in
three main directions. First, by extending the analysis to include | = 2,3,...,d waves.
Second, by relaxing the conditions on the spectral measure p, particularly to encompass
measures without compact support. Third, by refining the right-hand side of the inequal-
ity, at least under specific conditions. Among these, the first extension appears to be the
most achievable.

Recall that the isotropic spectral measure p corresponding to the random field b on
R? is defined such that

E [b(x) - b(y)] = / " gl — gl du(y), (8.59)

where p 4 denotes the normalized Bessel function of the first kind of order g — 1.
Additionally, by

supp(u) = [k, K]

we mean that p([k, K]) = 1, and [k, K] is the smallest interval with this property (which
could be degenerate if k = K).

Lemma 8.7. Fiz a constant ¢ € (0,1]. There exists a constant Lqg. > 0 with
the following property. For every K > k > 2, % > ¢, and for every centered,
unit variance, stationary and isotropic Gaussian random field on R?, d > 3, with

isotropic spectral measure p satisfying supp(p) = [k, K], we have

E [Hd_l ({z € B(0,1) : b(x) = 0})2} <Lg4.- <1 + /000 )\4d,u()\)) . (8.60)

Proof. We begin by noting that the nodal volume under consideration is well-defined. This
follows from (8.47), which ensures that for every fixed point z € B(0, 1), the random vector
(b(z), Vb(z)) has a non-degenerate Gaussian distribution. Specifically, it is a standard
Gaussian vector of dimension d + 1. Therefore, the well-definedness is established, for
instance, by [75, p. 3, Theorem 1.3]. We split the argument in the three parts. In the
first step we will use classical Kac-Rice formula to reduce the problem to bounding of the
separate quantities that will be then controlled respectively in steps 2 and 3.

Step 1. Using the Kac-Rice formula (see Subsection 3.4.4) yields
E [Hd—l ({z € B(0,1) : b(z) = o})ﬂ

(8.61)
— [ B [IVb@- b)) = b(s) = 0] - uia 00 (0. O)ddy
B(0,1) JB(0,1)
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where

1

214/1 — Cov(b(z), b(y))?
. (8.62)

Bb(2),b(y)(0,0) =

o1 (15 s Ol — )

is the (Gaussian) density of the random vector (b(x),b(y)) evaluated at the point (0,0).
Using the normalised-gradient notation (see (8.45)) we can rewrite the right-hand side of
(8.61) as

e E[I96@I1- IF6I1b@) = b3) = 0] 4rg
Jo 2dptd) /01)/3(01 2} 27ry' (8.63)
V1 (5 g Ol — )

Furthermore, using conditional Cauchy-Schwartz inequality and inequality 1/v/1 — 2 <
1/(1 — |t]) valid for ¢ € (—1,1) and using convexity of absolute value, we have

E[Vb(@)|I?[b(z) = b(y) = 0|
2 xdy. 8.64
s, X[ T oy iy O

Using stationarity, the above can be further rewritten as

Vol(B4(0,1)) [ [HV?) )12 |b(2) (0)=o}
T./0 ,\zdu(A)./B(OQ) ey PP ey dedy.  (8.65)

Step 2. This step is devoted to the control of
{Hw )I12[b(z) = b(0) = 0}. (8.66)

Combining (8.51) and (8.53) we have that, possibly up to some (irrelevant) constant
C4 (depending on the dimension but not on the spectral measure), this task can be
accomplished by bounding three suprema. Firstly, we can note that

fooo |pg,1()\r)|)\2du()\)

WH(r)| < i , 8.67
since all functions |p,| are globally bounded by 1. Secondly, we observe that
pa Ar)|r2 A\t du CNdu(\
()| < Jo g QOINAR) L, Jo M du() (5.68)

Jxeday ()
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Furthermore,

(Jo lpa_i(Ar)|rA2dp(N))?

7,,2 1
[r=W4'(r)| < fo A2du(N) - (1 — ( fo p%_l(x\ r)dp(A))?)

2. A2dp(\
< b MY (5.69)
L= 5" pa_y(Ar)du(N)
2 [0 N2dp(N)
ST T g On)ldp(y
We conclude that if |z| = r > 0 then (8.66) can be globally bounded by
N dp(\ 2 N2dp(\
Cy 1+7’2-M+r2' O{O ) (8.70)
SR T 5 gy ) ldr(Y)

where the constant Cy which is independent of the choice of .

Step 3. In this step we will perform a couple of preparatory computations. Using the
series expansion recorded in (1.3) we observe that for each o > 0, we have

e 2m
s
pa(s) =Tlat+1) Z—o m!F(m +a+1)
"= (8.71)
—1_ 82 +Pa+1 4 Z (S/2)2m
N 4d(a+1) = m+2)!F(m—|—a—|—2)'
If 0 < s <1 then (8.71) can be written as
52 4
o =1-—- cUs,a 72
Pa(8) 4(a+1)+8 C, (8.72)

where the quantity C; . satisfies the uniform bound

sup sup |Csqf <1.
a>00<s<1

In particular, if o = g — 1 we have

pa_i(s)=1- 2 +s"-0(1), (8.73)

and conveniently
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Step 4. Now we will show how to use (8.70) to obtain the final postulated bound
starting from the constant term Cy -1 in (8.70). In this case, it enough to control

,,,dfl

1

2
= dz = 5’(1/ = dr
/Bm) = [ pay (A= dr() 0 1= [ gy (PN ()

We observe

1/(2dK)
/

1/(2dK) pd—1
= Od/ 9) dr 8.74
A PPN Sy Py

2 pd—1
—|—Cd/ o) dT
1/eax) L= [ lpa_y (rA)|pu(dA)

’/‘d_l 1/(2dK) Td_l
= dr :/ = dr
L= J5" lpa_y(rX)|p(dr) 0 Jo @ =pa_y(Ar))du(N)
1/(2dK) pd—1
:/ SRV " dr
0 Jo % — At O(L)dp(N)
1/(24K) a3

dr

I57 55 = A2 O(1)dp(N)

/
1/(2dK) d—3
= / " dr
0
|

TN (L = A2 0(1)du(N)
1/(2dK) Td_3

L — o )dny)
Lq

= TR
(8.75)

where Ly is a constant depending on the dimension but not on the choice of spectral
measure . On the other hand

2 pd-1 ~ 1
/ = dr <Lg - sup =
1@ar) 1= [ 1pa 1 (rA)|p(d)) 22r>1/(2dr) L= [ pg 1 (Ar)ldu(N)
~ 1
< Lg-
1—sup,>_k_|pa_y(s)] (8.76)
<L 1
= T s ¢ pa o (9)]
= f/d c

We note that, together with (8.64) this yields the term

Cy (1 + /OOO /\Qdu()\)> ) (8.77)
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2 Jo Atdu()

The case r W

can be upper bounded similarly by

Cy (1 + /oo )\4du()\)> . (8.78)

0

The last case yields again the term as (8.77). O
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