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Abstract—In this paper, we analytically study the distribution
of the main-lobe gain in a low-Earth orbit (LEO) satellite
swarm scenario under imperfect phase synchronization, based
on an open-loop process. The provided analytical framework
determines the maximum tolerable error in phase estimation
under which the desired beamforming gain can still be achieved.
Consequently, we are able to determine the highest value of
accuracy (worst-case scenario) in position estimation between
satellites (inter-node ranging) required for phase synchronization.
Notably, the analytical framework reveals that in millimeter-wave
bands, the required maximum precision in inter-node ranging to
guarantee just a small performance deterioration is in the order
of millimetres. Finally, numerical results based on Monte Carlo
simulations validate the analytical framework.

Index Terms—LEO-satellites, phase error, beamforming gain

I. INTRODUCTION

A. Background

The amalgamation of terrestrial with non-terrestrial net-
works (NTNs) has been an area of intense investigation over
the last years due to the capability of the latter networks to
provide ubiquitous coverage. They are the only viable way
from a cost and energy-efficiency perspective for facilitating
remote/rural areas that lack adequate terrestrial infrastructure
[1]. However, achieving an adequate gain from space to
counteract the large distances to Earth and realize broadband
communication for handheld devices, so as to provide similar
quality of service with the one achieved by terrestrial urban
infrastructure, is severely restricted by the size of the satel-
lites in low-Earth orbit (LEO). Launching large monolithic
apertures from ground to achieve the required gain is not
a desirable approach due to the resulting costs. Instead, to
abide by the trend of satellite miniaturization for reducing the
costs and making future satellite networks sustainable, satellite
cooperation for achieving a high beamforming gain towards a
handheld user on ground, through distributed beamforming,
has been proposed as a notably more cost-effective solution
[2], [3].

As far as geometry aspects are concerned, a satellite swarm
can be arranged in a geometry that suits the specific design
and is manageable with respect to affordable computational re-
sources and control systems. Moreover, the distributed satellite
coordination process renders necessary to provide solutions for
the effective synchronization of the swarm in time, frequency,

and phase [4], [5]. Closed loop systems deploy an external to
the swarm node, such as the targeted receiver, a ground station,
or an additional satellite, to achieve coherent beamforming
through continuous feedback from the external node. Hence,
the satellites are not required to communicate with each
other. On the other hand, in open-loop systems the satellites
achieve synchronization based on communication only within
the swarm [6].

Among time, frequency, and phase synchronization, the
latter could be the most challenging one depending on the
frequency of operation. For instance, a mm accuracy level
in the inter-satellite ranging process can be required so that
the distributed beamforming operation does not get out of
coherence. For terrestrial systems with stationary distributed
nodes, [7]–[9] compute the average beamforming gains under
and imperfect phase synchronization assumption. Furthermore,
in the satellite domain, for a swarm formation arranged in a
square geometry and a phase synchronization error that follows
the uniform distribution the authors in [10] provide plots for
the effect of different magnitudes of the phase imperfections
on the swarm radiation pattern by generating random real-
izations. However, apart from the average distributed beam-
forming gains under imperfect phase synchronization, equally
important for the system designer is the computation of the
distribution of the main-lobe gain due to the randomness in
the phase synchronization. This is something that is largely
missing from the literature, but it is very important for the
system designer since it can reveal more important trends than
the average value. For instance, the effect of an increasing
number of satellites on the shape of the main lobe gain
distribution can be better investigated.

B. Motivation and contribution

Based on the previous discussion, it becomes clear that an
analytical framework for the distribution of the main-lobe gain
in satellite swarms that perform distributed beamforming under
phase synchronization errors is missing. This is essential so
that the system designer does not resort to time-consuming
simulations for several parameters of interest. Moreover, the
time complexity for such simulations increases rapidly as the
number of satellites increases. Through the aforementioned
framework an analytical determination of the phase error



tolerance to achieve a certain quality of service would give a
performance benchmark for inter-satellite ranging algorithms,
which are essential in open-loop satellite systems.

Given the aforementioned limitations in the literature, our
contribution in this work can be summarized as follows:

• For a satellite swarm scenario we compute the probability
distribution function of normalized main lobe gain under
the assumption that random independent phase errors are
introduced to each of the satellites.

• Based on the probability distribution, we compute the
maximum tolerable phase error bound (in the assumed
error distribution) so that the probability of not achieving
the nominal target data rate does not exceed a certain
threshold. This, in turn, allows us to determine the maxi-
mum inter-satellite ranging accuracy needed for different
carrier frequencies so that the requirements are met.

The results of the mentioned analysis are validated by Monte
Carlo simulations.

The remainder of this work is organized as follows: Section
II introduces the system model, Section III lays the analytical
derivations needed to compute the maximum tolerable phase
error, whereas Section IV presents the numerical results ob-
tained and their implications. Finally, Section V concludes this
work with the main takeaways and potential ideas for future
work.

II. SYSTEM MODEL

We consider S satellites, each equipped with N antennas,
and arranged in an arbitrary geometry. Let us(n) = [xs +
xn, ys + yn, zs + zn] be the position of antenna n in satellite
s, where [xs, ys, zs] is the position of the center of satellite s
and [xn, yn, zn] is the position of antenna n with respect to
the satellite center. The wave vector is defined as k(φ, θ) =
2π
λ [cos θ cosφ, cos θ sinφ, sin θ].

In addition, we model the phase error in the synchronization
process of the satellites as a random variable, denoted by ϕs.
Without loss of generality, in this work we consider a uniform
distribution, similar to [10]. Hence, ϕs ∼ U(−ϕ, ϕ). It has
been shown in [10] that the received power along the azimuth
and elevation angles of φ and θ, respectively, is given by

ζ(φ, θ) =

∣∣∣∣ 1

g(θ)
√
NS

aH(0, 0)a(φ, θ,Φ)
∣∣∣∣2 , (1)

where
a(φ, θ,Φ) =

[(
ejϕ1a1(φ, θ)

)T
, . . . ,

(
ejϕS aS(φ, θ)

)T ]
,

as(φ, θ) = g(θ)
[
ejk

T (φ,θ)us(1), . . . , ejk
T (φ,θ)us(N)

]T
Substituting these expressions into (1), we get

ζ(φ, θ) =

∣∣∣∣ g(θ)√
NS

S∑
s=1

ej[
2π
λ ((Θ−1)xs+ψys+Ωzs)+ϕs]

×
N∑
n=1

ej
2π
λ [(Θ−1)xn+ψyn+Ωzn]

∣∣∣∣∣
2 (2)

where Θ = cos θ cosφ, Ω = sin θ, and Ψ = cos θ sinφ.
If we consider the main-lobe gain, θ = φ = 0, (2) reduces to

ζ(0, 0) = g(0)2
N

S

∣∣∣∣∣
s=S∑
s=1

ejϕs

∣∣∣∣∣
2

, (3)

as implied in [10]. In the special case where ϕs = 0, the
maximum gain with perfect phase synchronization is achieved.

ζmax(0, 0) = g(0)2NS (4)

III. ANALYSIS

A. Distribution of the main lobe gain

We will now analyze the characteristics of the main lobe
gain under a uniformly distributed ϕs described above, and
derive closed-form expression for its cumulative distribution
function (CDF). According to (1), the relative gain with respect
to the maximum gain, which we denote by Gϕ, is given by

Gϕ =
ζ(0, 0)

ζmax(0, 0)
=
(
Gϕ

real
)2

+
(
Gϕ

img
)2

, 0 ≤ Gϕ ≤ 1

(5)

where Gϕ
real =

s=S∑
s=1

cos(ϕs)

S and Gϕ
img =

s=S∑
s=1

sin(ϕs)

S .

We now start by making simplifying assumptions regarding
the nature of the distribution of Gϕ

real and Gϕ
img , and the

relationship between them. The central limit theorem dictates
that for sufficiently large S, the sum of independent and
identically distributed (i.i.d) random variables approaches a
Gaussian distribution [11]. Consequently, the following ap-
proximations hold

√
S
(
Gϕ

real − µϕ
real
)
∼ N

(
0, σ2

cosϕs

)
√
S
(
Gϕ

img − µϕ
img
)
∼ N

(
0, σ2

sinϕs

)
,

(6)

where σ2
cosϕs

and σ2
sinϕs

are the variances of cosϕs and
sinϕs respectively.

Lemma 1: We define µϕ
real and

(
σϕ

2
)real

as the mean
and variance of Gϕ

real, whereas µϕ
img and

(
σϕ

2
)img

as the
mean and variance of Gϕ

img . Then, it holds that

µϕ
real =

sin(ϕ)

ϕ
, µϕ

img = 0 (7)

(
σϕ

2
)real

=
1

S

[
1

2
+

sin(2ϕ)

4ϕ
−
(
sin(ϕ)

ϕ

)2
]

(
σϕ

2
)img

=
1

S

[
1

2
− sin(2ϕ)

4ϕ

]
, (8)

Proof : See Appendix A.
We can now re-write (5) as follows:

Gϕ =
(
σϕ

2
)real( Gϕ

real

(σϕ)
real

)2

+
(
σϕ

2
)img ( Gϕ

img

(σϕ)
img

)2

(9)



Gϕ is expressed as the linear combination of the squares
of Gaussian random variables normalized to a unit standard
deviation. It holds that

(
Gϕ

img

(σϕ)
img

)2
has a chi-square distribu-

tion and
(
Gϕ

real

(σϕ)
real

)2
has a non-central chi-squared distribution

because Gϕ
real has a non-zero mean.

Moreover, for the correlation between Gϕ
real and Gϕ

img ,
which we denote by ρ, Lemma 2 holds
Lemma 2: It holds that

ρ =
E
∣∣∣(Gϕ

real − µϕ
real
) (

Gϕ
img − µϕ

img
)∣∣∣

σϕrealσϕimg
= 0 , (10)

which indicates that Gϕ
real and Gϕ

img are uncorrelated.
Proof : See Appendix B.

As a result, given the fact that two uncorrelated Gaussian
distributions are also independent, we conclude that Gϕ

real

and Gϕ
img are approximately independent random variables

for adequately large S, even though they both depend on ϕs.
Proposition 1: For an adequately large S and by using (6)

and Lemma 2, the CDF of Gϕ, which we denote by FGϕ
(g),

can be approximated as

FGϕ
(g) ≈

∫ g

0

[
1− 2Q

( √
g − y

(σϕ)
real

)]
e

−y

2(σϕ
2)

img

(σϕ)
img√

2πy
dy.

(11)
Proof : See Appendix C.

B. Computation of the maximum phase error tolerance

Let us now assume a target data rate, denoted by Rt, as
a system-design requirement. Due to imperfect phase syn-
chronization and the resulting randomness in the achieved
beamforming gain, there is a probability that the achieved
rate falls below the target, which should be kept within the
system design requirements, by achieving the maximum phase
inaccuracy tolerance. For a given position estimation error, the
corresponding inaccuracy in phase is given by ∆ϕ = 2π∆d

λ .
We now analyze the maximum value of ϕ, in the uniform
distribution of ϕs, that achieves the target rate.
Given Rt, we can compute the maximum tolerable phase error
ϕ by setting a condition for the CDF of the normalized main
lobe gain as

P (Rϕ < αRt) < β, (12)

where Rϕ is the achieved data rate given a maximum phase
error of ϕ, and α, β ∈ (0, 1). Typically, we expect α to be
close to 1 and β to be close to 0. From Shannon’s formula
and by assuming a high-SNR regime with unit noise power we
have the following equation for the rate without phase error.

Rt = log2
(
g(0)2NS

)
(13)

Considering a reduced gain with phase error, we can
write the compromised achievable data rate as αRt =
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Fig. 1: FG(ϕ)(0.9) vs ϕ.

log2
(
Gϕg(0)

2NS
)
, which implies that the corresponding

normalized gain is given by

Gϕ =
2αRt

g(0)2NS

=
∣∣g(0)2NS

∣∣α−1
(14)

Then (12) can be re-defined as

P
(
Gϕ <

∣∣g(0)2NS
∣∣α−1

)
< β (15)

Therefore, the maximum allowable ϕ satisfies the following

FGϕ

(∣∣g(0)2NS
∣∣α−1

)
= β

FGϕ

(∣∣g(0)2NS
∣∣α−1

)
− β = 0

(16)

If we let f(ϕ) = FGϕ

(∣∣g(0)2NS
∣∣α−1

)
− β, the Newton-

Raphson method could be applied to find ϕ, such that f(ϕ) =
0. Although the derivative of the function cannot be expressed
in terms of elementary functions, numerical solutions can be
obtained. We start with an initial ϕ, and iteratively update the
value as follows

ϕn+1 = ϕn − f(ϕn)

f ′(ϕn)
, (17)

ϕn is the estimate at the nth iteration, which continues until
|f(ϕn)| is within a small error bound.

ϕest = ϕn, such that
|f(ϕn−1)| > ϵ
|f(ϕn)| ≤ ϵ

, (18)

where ϕest is the estimated phase, and ϵ is the error bound.

IV. SIMULATION RESULTS

Let us now validate the analytical frameworks of (11)
and (18) by comparing it against Monte-Carlo simulations.
Towards this, Fig. 1 illustrates FG(ϕ)(0.9) for ϕ in the range



S = 10 S = 25 S = 169
Target
(α, β)

ϕest

(in degrees)
Simulated (α, β)

pairs at ϕest

derr
(in mm)

ϕest

(in degrees)
Simulated (α, β)

pairs at ϕest

derr
(in mm)

ϕest

(in degrees)
Simulated (α, β)

pairs at ϕest

derr
(in mm)

(0.9, 0.05) 64 (0.9, 0.053) 1.78 71 (0.9, 0.045) 1.97 85 (0.9, 0.046) 2.36
(0.95, 0.05) 46 (0.95, 0.0501) 1.28 51 (0.95, 0.044) 1.41 62 (0.95, 0.053) 1.72
(0.99,0.05) 21 (0.99, 0.048) 0.58 23 (0.99, 0.037) 0.64 29 (0.99, 0.058) 0.81
(0.9, 0.01) 60 (0.9, 0.014) 1.67 68 (0.9, 0.013) 1.89 84 (0.9, 0.019) 2.33
(0.95, 0.01) 43 (0.95, 0.013) 1.19 49 (0.95, 0.009) 1.36 61 (0.95, 0.021) 1.69
(0.99,0.01) 20 (0.99, 0.017) 0.56 22 (0.99, 0.013) 0.61 28 (0.99, 0.012) 0.78

TABLE I: Estimated phase error, ϕest at different (ϕ, β) pairs for 10, 25 and 169 number of satellites.
derr represents the position error computed from ϕest, at 30GHz frequency.

(−π, π) and for S = 10, 25, 169 and N = 49. As we observe
from Fig. 1, there is a close match of the analytical framework
with the simulations, which substantiates the importance of the
analytical framework, even for low S.

In addition, the maximum tolerable phase error estimated
by (18) for a set of pairs of (α, β), denoted by ϕest is shown
in Table I. For comparison, we obtained (α, β) pairs evaluated
at ϕest by generating random realizations of the normalized
gains. The values show that the simulated (ϕ, β) pairs are close
to the target (α, β), indicating that ϕest is fairly accurate. To
elaborate the results more vividly, let us consider a high rate
network providing 100 Mbps. By referring to Table I, we see
that at (0.9, 0.05), ϕest for a swarm of 10 satellites is 640. The
interpretation is as follows; if the phase error has a distribution
of U(−ϕ, ϕ), where ϕ ≤ 640, then we can guarantee that there
is a less than 0.05 probability that the rate is under 90Mpbs. As
pointed out in previous works, higher number of satellites are
more tolerant of phase errors. This is because as the number
of satellites increases, the compromised normalized gain tends
to concentrate around the average by law of large numbers. As
a result, the probability of the gain falling below a threshold
decreases. However, this does not lead to an increased average
normalized gain as well. In fact, it can be observed that it
decreases slightly with increasing number of satellites.

E(Gϕ) = E

∣∣∣∣(Gϕ
real
)2∣∣∣∣+ E

∣∣∣(Gϕ
img
)2∣∣∣

=
(
σϕ

2
)real

+
(
µϕ

2
)real

+
(
σϕ

2
)img

+
(
µϕ

2
)img

(19)

By substituting (7) and (8) into (19) and by using the first
derivative test, it is straightforward to see that E(Gϕ) mono-
tonically decreases with S.

Additionally, given ϕest, the tolerable position estimation
error is also computed for mmWave 30 GHz carrier frequency
as derr = ϕest×λ

2π as the worst case scenario. We see from
TABLE I that in order to achieve a data rate of above 90%
of the target, the accuracy in position estimation should be in
the range of millimeters. This becomes even stricter for higher
frequencies in future high-bandwidth communications.

V. CONCLUSION
In this paper, we analyzed the effect of error in phase and

position estimation on beamforming gain in distributed swarm

of LEO satellites. We laid out a framework for computing the
distribution/spread of the main lobe gain under imperfect phase
synchronization, and validated the results of the analysis by
comparing with simulations from random realizations. Refer-
ring to the results, it was found that mmWave communication
requires inter-satellite ranging accuracy in order of millimeters
to avoid significant loss in data rate. As the number of satellites
increases, so does the allowable error in phase. This analysis
can be extended in future work to analytically derive the
interference statistics due to imperfect phase synchronization
in a multi-user transmission scenario from the satellite swarm.
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APPENDIX
A. Proof of Lemma 1:

It holds:

µϕ
real =

∫ ϕ

−ϕ

s=S∑
s=1

cos(ϕs)

S
=

s=S∑
s=1

sin(ϕs)

S

∣∣∣∣∣∣∣∣
ϕ

−ϕ

=
sin(ϕ)

ϕ
,

(20)

µϕ
img =

∫ ϕ

−ϕ

s=S∑
s=1

sin(ϕs)

S
=

s=S∑
s=1

− cos(ϕs)

S

∣∣∣∣∣∣∣∣
ϕ

−ϕ

= 0 (21)

(
σϕ

2
)real

=
1

S2

s=S∑
s=1

σ2
cosϕs

=
1

2ϕS

∫ ϕ

−ϕ

(
cosϕs −

(
sinϕ

ϕ

))2

dϕs,

=
1

S

[
1

2
+

sin(2ϕ)

4ϕ
−
(
sin(ϕ)

ϕ

)2
] (22)



(
σϕ

2
)img

=
1

S2

s=S∑
s=1

σ2
sinϕs

=
1

2ϕS

∫ ϕ

−ϕ
1− (cosϕs)

2
dϕs,

=
1

S

[
1

2
− sin(2ϕ)

4ϕ

] (23)

B. Proof of Lemma 2:
It holds that

ρ =
E
∣∣∣(Gϕ

real − µϕ
real
) (

Gϕ
img − µϕ

img
)∣∣∣

σϕrealσϕimg

=

E

∣∣∣∣∣∣
 s=S∑

s=1
cos(ϕs)

S − sin(ϕ)
ϕ

 s=S∑
s=1

sin(ϕs)

S

∣∣∣∣∣∣
σϕrealσϕimg

(24)

For the numerator of (24) it holds

E

∣∣∣∣∣∣∣∣

s=S∑
s=1

cos(ϕs)

S
− sin(ϕ)

ϕ



s=S∑
s=1

sin(ϕs)

S


∣∣∣∣∣∣∣∣

=
1

S2
E

∣∣∣∣∣
s=S∑
s=1

cos(ϕs)

s=S∑
s=1

sin(ϕs)

∣∣∣∣∣− sin(ϕ)

ϕ
E

∣∣∣∣∣
s=S∑
s=1

sin(ϕs)

∣∣∣∣∣
(25)

The second term of (25) equals zero. We now proceed with
the analysis of the first term. It holds

E

∣∣∣∣∣
s=S∑
s=1

cos(ϕs)

s=S∑
s=1

sin(ϕs)

∣∣∣∣∣ = E

∣∣∣∣∣
n=S∑
n=1

m=S∑
m=1

cos(ϕn) sin(ϕm)

∣∣∣∣∣
(a)
=

1

4ϕ

s=S∑
s=1

∫ ϕ

−ϕ
sin(2ϕs)d(ϕs) +

1

8ϕ2

n=S∑
n=1

m=S∑
m=1
m̸=n

∫ ϕ

−ϕ

∫ ϕ

−ϕ
|sin(ϕn + ϕm)− sin(ϕn − ϕm)|

d(ϕn)d(ϕm) = 0, (26)

where in (a) we use

cos(ϕn) sin(ϕm) =
1

2
|sin(ϕn + ϕm)− sin(ϕn − ϕm)| .

(27)

C. Proof of Proposition 1:
To derive the cumulative distribution function in equation

(11), we make this simplification in notation. let X =(
Gϕ

real

(σϕ)
real

)2
, X̂ =

(
σϕ

2
)real

X , and Y =
(
Gϕ

img

(σϕ)
img

)2
, Ŷ =(

σϕ
2
)img

Y . Then we have Gϕ = Z =
(
σϕ

2
)real

X +(
σϕ

2
)img

Y = X̂ + Ŷ . The CDF of X and PDF of Y are
given below as they are useful in deriving the CDF of Z.

FX(x) =

[
1−Q

(
√
x− µϕ

real

(σϕ)
real

)
−Q

(
√
x+

µϕ
real

(σϕ)
real

)]

PY (y) =
e

−y
2

√
2πy

FZ(z) = P (Z ≤ z) =

∫ z

0

∫ z−ŷ

0

PX̂ (x̂)PŶ (ŷ) dx̂dŷ

=

∫ z

0

∫ z−ŷ

0

d

dx̂

[
FX

(
x̂

(σϕ2)
real

)]

× d

dŷ

[
FY

(
ŷ

(σϕ2)
img

)]
dx̂dŷ

=

∫ z

0

FX

(
z − ŷ

(σϕ2)
real

)
1

(σϕ2)
img

PY

(
ŷ

(σϕ2)
img

)
dŷ

=

∫ z

0

[
1− 2Q

( √
z − ŷ

(σϕ)
real

)]
e

−ŷ

2(σϕ
2)

img

(σϕ)
img√

2πŷ
dŷ

(28)

By a simple change of variables, we obtain (11).
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