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Symmetry Shapes Thermodynamics of Macroscopic Quantum Systems
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We derive a systematic approach to the thermodynamics of quantum systems based on the underlying
symmetry groups. We first show that the entropy of a system can be described in terms of group-theoretical
quantities that are largely independent of the details of its density matrix. We then apply our technique to
generic N identical interacting d-level quantum systems. Using permutation invariance, we find that, for
large N, the entropy displays a universal asymptotic behavior in terms of a function s(x) that is completely
independent of the microscopic details of the model, but depends only on the size of the irreducible
representations of the permutation group Sy. In turn, the equilibrium state of the system and macroscopic
fluctuations around it are shown to satisfy a large deviation principle with a rate function
f(x) = e(x) — p~'s(x), where e(x) only depends on the ground state energy of particular subspaces
determined by group representation theory, and f is the inverse temperature. We apply our theory to the
transverse-field Curie-Weiss model, a minimal model of phase transition exhibiting an interplay of thermal

and quantum fluctuations.
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Symmetries play a fundamental role in shaping physical
theories, from quantum mechanics to thermodynamics [1].
In the context of nonequilibrium physics, symmetries are
crucial for the understanding of stochastic energetics [2,3],
dynamical phase transitions [4—6], and quantum thermo-
dynamics [7-9]. Studying the entropic, energetic, or
dynamic signatures of underlying symmetries in quantum
systems is an active field of research, from fundamental
questions about entropy scalings, ground state properties,
thermalization and open quantum systems thermodynamics
[10-19], to the optimization of quantum computing or
numerical simulation procedures [20-26]. This research is
gaining momentum due to rapid experimental advances
[16,22], particularly in cold atoms [27,28].

In this Letter, we give a systematic description of how the
underlying symmetry of a quantum system determines its
entropic and energetic profile. First, we show that if the
density matrix of a system is invariant under the action of a
group G, its von Neumann entropy simplifies into a
contribution that only depends on a structural property
of the group, namely the dimension of its irreducible
representations, and another that is model dependent but
can be bounded from above by other group theoretical
quantities. Second, we consider many-body quantum
systems composed of N identical interacting d-level sys-
tems and invariant under the action of the permutation
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group G = Sy. At equilibrium, we prove that the only
extensive contributions to entropy are completely indepen-
dent of the microscopic details of the system and are only
shaped by the structure of Sy. The extensive contributions
to energy are, in turn, given by the ground states of
particular restrictions of the Hamiltonian, defined from
group representation theory. Third, we illustrate the use-
fulness of our results on the transverse-field Curie-Weiss
model, which—despite the apparent simplicity of its
Hamiltonian—exhibits a highly nontrivial behavior result-
ing from the interplay of quantum and thermal fluctuations
[29-32]. We highlight that the main strength of our group
theory approach is that, unlike standard mean-field meth-
ods, it enables us to perform a large deviation analysis
[33,34] and to obtain the rate function of the free energy,
giving access to the full statistics.

von Neumann entropy using group theory—If a quantum
state (i.e., density matrix) p is symmetric with respect to a
given finite group G, we can exploit representation theory
to write p in block diagonal form. This will be instrumental
in understanding the impact that symmetry-related effects
have on thermodynamics. Given a quantum system with
Hilbert space H and a group G [35] acting on it, Maschke’s
theorem [36,37] allows us to decompose H into a direct
sum of representations of G, that is, subspaces of H that
remain invariant under the action of any element g€ G. A
representation that cannot be further decomposed (i.e., does
not contain invariant subspaces) is called irreducible. The
Hilbert space has a unique decomposition in terms of
irreducible representations, hereby called Vi:

© 2024 American Physical Society
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deg i
H = @ ® Vi, (1)

1

=

where A is a suitable index [38] labeling the irreducibles of
G in the decomposition of H. Note that, in general, the
same irreducible can appear with multiplicity, denoted as
degd in Eq. (1). A symmetric state p is, by definition,
invariant under the action of G, namely [g,p] = 0 for all
ge G [39], so it can be fully characterized by Schur’s
lemma [36,37]. The latter implies that the density matrix
is block diagonal in the sectors with fixed A. Defining
the total probability associated with a given block as
pi = Tr[p >, 1L;,], with IT,; the projector on V%, we
obtain

ﬁ = Zp}j)/l? (2)
A

where p; =3, ¢ I, (pI1, v/ p; are the conditional (nor-
malized) density matrices associated to the blocks. A
second implication of Schur’s lemma is that every subblock
of p, with fixed k, k" is proportional to the identity matrix

.. i
I 20 = —— [Pal i Taww » (3)
dimA

where we gathered the proportionality coefficients in a new
operator p, (with elements [p;];;,) and I, denotes the
identity map between V4 and V4,. Note that 7, is defined on
a reduced Hilbert space indexed by k, k' €[1,degAl, and
that the normalization dimA = dim V% = dim Vi, ensures
that Tr[p;] = 1. Using the new “coarse-grained” state p,,
we may rewrite p; as

1

Py = 7P ® L. (4)

where we used that I, are all copies of a unique identity
matrix of dimension dim A, above denoted by I;. We now
use Egs. (2) and (4) to compute the von Neumann entropy
[40], given by S(p) = —Tr[pInp]. Since the blocks with
different A are disconnected [see Eq. (2)], the final result
will be a sum over the contributions of the different blocks.
In addition, the inside-block degeneracy emerging from
Eq. (4) yields an additional dimA factor, resulting in our
first main result (see Sec. I in [41]):

S(p) = pillndima+S(@)] +H(p),  (5)
p

where H(p) = — >, p;In p; is the Shannon entropy [42]
of the classical probability distribution p = {p, },. The first
contribution in Eq. (5) depends on the dimension of a given
irreducible representation, i.e., a universal property of the
group G. On the contrary, the second and third terms

depend on the details of p, yet they can be bounded from
above by other state-independent parameters coming from
Eq. (1). Using that p, is defined on a reduced Hilbert space
of dimension degA,

S(p2) < IndegA. (6)

Similarly, the Shannon entropy H(p) cannot exceed the
value of the logarithm of the total number of irreducible
representations appearing in the direct sum (1), that we
call A

H(p) <InA. (7)

Equations (5)—(7) allow us to give a universal description of
the von Neumann entropy of any quantum system given its
symmetry group G.

Universality of macroscopic entropy—For a collection of
N identical d-level systems, the Hilbert space has the form

cy. (8)

®=

Hy =

where CE;) is the d-dimensional complex vector space of
the ith system. The set G of symmetries of a given system
depends on the properties of the system itself. Common
examples in many-body physics are the cyclic symmetry
(e.g., in Ising chains with periodic boundary conditions
[43,44]) and the permutation symmetry, associated, respec-
tively, with the cyclic group Zy and with the symmetric
group Sy.

From now on, we focus on the permutation group. Each
element 7 € Sy acts on the tensor product basis of H;g) by
exchanging its local components:

(le)) ®le).. ®len)) =lex1)) ®lex))-- ®lexyy).  (9)

where 7(j) is the particle occupying the position j after the
permutation took place and |e;) with e; = 1, ..., d is a basis

vector for Cip. To obtain a decomposition of the form (1)

for H,(g) and G = Sy, let us first introduce the occupation
numbers p;, which represent the number of particles in the
state j for j = 1, ..., d. We then introduce the subspaces M,
with fixed occupation number vector g = (uy, ..., 4y). By
construction, the basis elements of M, are vectors |e;) ®
lez).. ® |ey) such that the value j is taken exactly u; times
by the ¢;’s, for j = 1, ..., d. From the relation (9), it is clear
that the subspaces M, are invariant under the action of Sy,
so we can preliminarily decompose

MY = DM, (10)
n

where z(M,) C M, for all z€Sy. To further reduce the
susbspaces M > WE do the crucial observation (see Sec. IT in
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[41]) that they coincide with standard objects of represen-
tation theory, called permutation modules of index p.
Permutation modules can be completely reduced, using
textbook approaches [37], as

K}..ﬂ
M, :?h@lsﬁw, (11)

where S’}W are the irreducible representations of Sy. While
the superscript A spans different irreducibles, the subscript u
keeps track of the original g sector and the subscript % is a
degeneracy index running between 1 and a value K; , that
can be computed analytically and is known as the Kostka
number [37]. The vector indices A, p are d-dimensional
partitions of N (decreasing vectors of positive integers
summing to N, Z;l:, W= Z;?:, A; = N), and, together
with 7 in Eq. (11), constitute a complete set of quantum
numbers labeling the irreducibles in the decomposition
of H\.

To study the behavior of the von Neumann entropy of a
permutation-invariant state in the large N limit we apply
Egs. (5)—(7) to the decomposition (10). After replacing k
with the specific notation for Sy given by u, h, the
asymptotic of the entropic contributions can be obtained
from known combinatorial formulas: (i) dim4 is given by
the Hook length formula [36], a combinatorial rule based
on the concept of Young tableau. The Vershik-Kerov
theorem and related results [45-47] show that dimA is
exponentially large in N for N — oo. After introducing a
rescaled variable x = (A/N) and an intensive volume
entropy associated with dim A, we find (see Sec. IIl in [41])

1 d
s(e) = lim —Indim(Nx) = =3 " x;Inx;, (12)
j=1

where s(x) turns out to be a Shannon entropy over the
rescaled variable x. (ii) degA is the multiplicity of the
irreducible labeled by the partition A, which can be obtained
from Eqs. (10) and (11). An upper bound for this quantity is
derived (see Sec. Il in [41]) by noting that it coincides with
the logarithm of the Schur polynomial of index A and all
arguments equal to 1 [36]

dld-1)

5 InN, (13)

IndegA =1n ZKM <
)7

so the contribution of deg A is nonextensive, as long as the
thermodynamic limit does not involve any scaling of the
local Hilbert spaces dimension d. (iii) A is the number of
distinct irreducible representations appearing in Eq. (11). If
the Hilbert spaces of the single constituents have dimension
d, then A spans all the partitions of N composed by d
elements. This quantity has a known asymptotic value for

large N [48], that we can use to derive
InA~(d—1)InN. (14)

Plugging Eqgs. (13) and (14) into Egs. (5)—(7) it is clear
that the only extensive contribution to S(p) comes from the
term proportional to dim A, thus

lim %:1&%;%1ndimzz /p(x)s(x)dx, (15)

where p(x) = N9p;_y,. We stress that s(x) is a universal
property of Sy, and as such is completely independent from
any detail of the state p, that are gauged only through
p(x) [49].

To show the versatility of our approach, we complete this
section with a concise discussion of the cyclic group case
G = Zy. Since Zy is an Abelian group, the dimension of
irreducible representations dim A is always 1. The number
of distinct irreducibles A can be shown to be upper-
bounded by the number of elements of Zy [50], that is
equal to N. We conclude that the contributions related to
IndimA and H(p) are subextensive for Zy, meaning that
the only extensive contributions to the entropy come from
S(p;) and are strongly state dependent, as opposed to what
happens for the permutation group Sy.

Macroscopic equilibrium thermodynamics—A system at
equilibrium is described by the free energy

Fe- %lnTr[e‘/’H], (16)

where H is the Hamiltonian and /3 is the inverse temperature
of the system (we set kz = 1). If the Hamiltonian is
invariant under the action of a generic group G, i.e.,
[H,3) =0 for all §€G, we can characterize A using
Schur’s lemma. The procedure for decomposing H is easier
than the one followed for states in Egs. (2)—(4). In the latter
case, we needed to interpret p, and p, as legitimate density
matrices, adding proper normalization factors [e.g., intro-
ducing p; in Eq. (2)]. In the present case, we can simply
write H = > H, ® I,, where the definition of H, is
obtained replacing p with A in Eq. (3) and removing the
factor dimA. We can use the decomposition above in the
free energy (16). Since the different A subspaces are

orthogonal, we have ¢ ## = 3, ¢ P18 Jeading to
1 i
F= ——ln{ dim ATr[e 7 } (17)
g2 AT

where dim A emerges from the trace of I;. We now consider
G = Sy. To study the contributions of A to Eq. (17) in the
large N limit we introduce the associated intensive free
energy
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1 —pH(x
o) == im ZoIn{Tele ™). (18)
where H(x) = I:IA/N is an operator acting on the
space spanned by u, h. However, as discussed in
Egs. (6) and (13), the intensive entropy associated
with such contributions vanishes when N — oo,
and e(x) reduces to the sole energetic contribution, that
is, limy_ o N""Tr[H(x)ePH®)]/Tr[eH®)].  Moreover,
assuming that at least the ground state energy, EU, of
H(x) is extensive [51], the latter will dominate e(x) (since
the contributions due to the excited states are exponentially
suppressed):

o THA@e) R
o) = Jim ey s (19

This reduces the calculation of e(x) to a much simpler
ground state problem. Using Eq. (17) with Egs. (12) and
(18), we can express the intensive free energy as

limE:—lim LNln/ NI @ g = f(x*),  (20)

N—»ooN N—»ooﬂ

where we introduced the free energy function

flx) =e(x) = p7's(x) (21)

and its minimum x* = argmin, f(x). Since the equilibrium
], which,
using (16), may be rewritten as p = e PH=F) then, using
Eq. (2), we find that p; = dim ATr[e#(7:=F)]. This implies

density matrix of the system is p = e## /Tr[e™*

.1 .
Jim 5 In py = —plf(x) - fx7)]. (22)
so that f(x) corresponds to a genuine rate function [33].
The dominant contribution to the entropy of the system can
then be calculated, using Eq. (15), as

lim > — (), (23)

and the energy, E = F + 718, as

Tr [ f o-BU-F)
1miii——i:4m. (24)

. E
lim — =
N N-oow N

N—oo
The macroscopic thermodynamics of the system is thus
fully characterized by the minimum of the free energy
function (21) that can be obtained from the knowledge of
the ground state of the coarse-grained Hamiltonians H (x)
[see Eq. (19)] and the universal s(x) resulting from the
structure of the permutation group [see Eq. (12)].

Application—To illustrate the power of our approach, we
use it to describe the phase diagram of the transverse-field
Curie-Weiss model, consisting of N spin-1/2 particles
interacting via the Hamiltonian

LA N
i=-o ; %2 , (25)

where 7 = 1, S‘(ll are spin-1/2 operators, w is the trans-
verse magnetic field, and a is the Ising-type ferromagnetic
(antiferromagnetic) interaction for @ > 0 (@ < 0). Despite
its apparent simplicity, this model exhibits a highly non-
trivial behavior resulting from the interplay of thermal and
quantum fluctuations [29-32]. The model is permutation
invariant, with d = 2 in Eq. (8). In this case, A is a two-
dimensional partition of N and can be fully parametrized in
terms of a single rescaled variable [ = [(4; — 4,)/2N]| =
(A41/N) =1 €[0.1]. Physically, the representations A are the
subspaces corresponding to a definite eigenvalue L of the
total angular momentum operator L> = L2+ L2 + 12,
where L, =SV Si’)v .. The variable / = L/N is then
the rescaled total angular momentum. In particular, in the
magnetic system it corresponds to the rescaled total
magnetization.

For the model considered, the entropic factor s(I) is
expressed, using Eq. (12), as

smz—G—OmG-O—G+OmG+Q¢%)

To compute the energetic factor e(/) we use the mentioned
correspondence between / and the total angular momentum.
The Hamiltonian (25) can then be written in a block-
diagonal form [see discussion below Eq. (16)] with

i — —al ~SLOE0, 1)

ZIQ

where IA,,(J)Z are spin-(/N) operators. The matrix elements of

the operator (27) in the I:gl) eigenbasis can be written in
terms of the Clebsch-Gordan coefficients. After this step,
for finite system sizes, Eqs. (18) and (19) can be evaluated
numerically. For N — oo, we can further use a quantum-
classical correspondence for large L = IN to calculate the
ground state energy E? as the minimum energy of a
corresponding classical Hamiltonian (see Sec. IV in [41]).
This yields

—wl forlg;(’l,
e(l) = 28
0 {—lza—% f0rl>2“(’l (28)

Interestingly, e(/) is nonanalytic at / = @w/(2a). This may
seem surprising, as the equilibrium free energy function is
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—0.30 7 —— analytic

O exact

X approx

FIG. 1. Free energy function f(/) calculated using analytic
theory (blue solid line), exact numerical calculations (red circles),
and approximate numerics (green crosses); see details in the main
text. Parameters: a = 1, @ = 0.5, f =2, N = 1500.

often assumed to be an analytic function of its arguments
(e.g., in Landau theory of phase transitions [52]), and
similar nonanalyticies of the rate function are often
regarded as a feature of nonequilibrium systems [53-55].

To test our method, in Fig. 1 we present the free energy
function f(I) calculated for large N = 1500 using three
different approaches: without any approximation using
Eq. (17), then with asymptotic formulas (12) and (19),
and finally using the analytic expression (28) for e(/). All
three approaches match well, which confirms the validity of
our theory.

In Fig. 2(a) we present the phase diagram of the model in
(f,a) coordinates, specifically, the behavior of the argu-
ment [* minimizing the free energy function, which
corresponds to equilibrium total magnetization. As one
can observe, [* is strongly enhanced in the ferromagnetic
regime (a > 0) for # > ., where f, = 2tanh~! (w/a)/w is
the critical inverse temperature (top right corner of the plot).
This region corresponds to the ordered phase, where the
Ising interaction induces magnetization in the x direction.
Below f,.. and in the antiferromagnetic regime (¢ < 0), [* is

l

X
0.1 0.2 0.3 0.4 0.5
@ ———— ()
8 .
— analytic
4 o exact
X approx
s 0 . 0.251
4 { e
-8 0.00 —
0 1 2 0 2 4
B B

FIG. 2. (a) Density plot * in (5, @) coordinates, representing
the phase diagram of the quantum Curie-Weiss model. Dashed
line denotes the border of the ordered phase (top right corner of
the figure). Plot obtained using exact numerics for N = 100.
(b) Cross section of the density plot for « =1 and N = 1500.
Methods and symbols used as in Fig. 1.

well described by the formula for the magnetic-field-
induced magnetization in the z direction in the para-
magnetic phase: [* = tanh(wf/2)/2. In Fig. 2(b) we plot
a cross section of this graph for the constant «a, calculated
using the same approaches as for Fig. 1. As shown, the
analytic solution exhibits a nonanalytic behavior at the
phase transition point # = f., in agreement with both exact
and asymptotic numerical results.

Final remarks—Our findings are particularly relevant to
characterize emergent phenomena in many-body quantum
systems, where they can be used to drastically simplify
problems that have so far resisted analytical or numerical
treatment. We focused here on the permutation group, with
an emphasis on the case d = 2, but the scalings obtained
can be straightforwardly applied to the case of all-to-all
interacting d-level systems with d > 2. The case d = 3 was
recently experimentally studied using Rydberg atoms [56].
If d is not finite, bounds of the forms (6), (7) still exist (see,
e.g., the Hardy-Ramanujan formula for counting the
number of unrestricted partitions [57]), and our theory
can be easily extended to the case where the local Hilbert
spaces have an extensive spectrum. It would also be
interesting to study other groups, in particular those where
Indim A is extensive; in such cases, we anticipate nontrivial
phase transitions to occur. Finally, extending our frame-
work to open quantum systems could be insightful for the
perspective of building a quantum counterpart to classical
macroscopic fluctuation theory [34,58—62].
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I. ENTROPY AND BLOCK STRUCTURE OF
REPRESENTATIONS

To derive Eq. (5) of the main text we start by combin-
ing the decompositons in Egs. (2), (4)

N Px ~
= E I\ ® pa. S1
P + dim A AP (51)

Inserting the equation above inside the definition of von
Neumann entropy, we find

S(p)=-Tr[3 A epn (Y -2
A A

dim A Tma > @)l

Since px ® Ix and px ® Iy live in different blocks for
A # N, we can split the sum as

A P _ p i
S(p) = *ZA:Tr [(F25Ix @ ) In (a5 Ta @ )]

We proceed by isolating the contributions of dim A and
px in the logarithm,

Px
dim A

DPx
dim X\

Tr [( Iy® ﬁ)\) In ( Iy® [3)‘)] (82)

I .
=Tr [(ﬁ ® pa)]palnpa

—Tr [(25 15 @ )] Indim A
Px
dim A

Using that Tr[I) ® pa] = dim A, the Shannon entropy
contribution H (p) corresponds to the first term of the
r.hs. of Eq. (S2) in the equation for S(p). The second
term gives rise to the term proportional to Indim X in Eq.
(5), while the remainder is the contribution proportional
to S(pxa), using the property of the trace : Tr[A ® B] =
Tr[A] Tx[B].

+ Tr | I ® palnpa] .

II. WHAT WE CAN LEARN ABOUT #H USING
REPRESENTATION THEORY

The irreducible representations of the permutation
group have been found and described extensively [1].

* vasco.cavina@sns.it

T ariane.soret@gmail.com

This has been done in terms of Young tableaux that, at
first glance, are not connected to the representations of
Sy in the physical Hilbert space (8). In this section we
introduce Young tableaux and we study their connection
with the physical space H.

A. Partitions, tableaux and tabloids

Partitions are a crucial concept in the theory of the
irreducible representations of Sy. Given a number N, a
partition X is a weakly decreasing succession of integers
that sums to N. For example, all the possible partitions
for N = 4 are listed below

(1,1,1,1),(2,1,1),(2,2),(3,1), (4). (S3)

In contrast, (1,1,2) does not represent a partition of 4.
Given a partition A = (A1,..\g) we can create Young
tableaux as follows:

1. The partition defines a shape: for every ¢ = 1, ..,d,
create a row of \; empty boxes. The rows are con-
ventionally ordered from up to down according to
their index 7 [2] and left-justified (that is, all the
rows start from the same column on the left).

2. The Young tableaux are obtained by filling the
boxes using all the numbers j between 1 and N.

The partition A is then called the shape of the tableaux
created in this way. Let’s look at the example N = 3.
There are three partitions for N = 3: (1,1,1),(2,1), (3),
corresonding respectively to the shapes

For each of these shapes, there are 6 ways to fill them;
here are a few examples:

; (S5)

The action of Sy on Young tableaux is now defined in the
following way: given a permutation o € Sy, the action of
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o on a Young tableau gives a Young tableau of identical
shape in which the numbers j have been replaced by their
image o(j). For example, consider the permutation
defined as w(j) = j+ 1 for j < N and n(N) = 1. For
N = 3, we can apply 7 to the second tableau in Eq. (S5)
and obtain

- 311 _ w(3)m(1) _ 112 (86)

2 7(2) 3

Now that we have introduced the Young tableaux, we
need to explain two crucial points, that is, how to build a
Hilbert space using them and how to define an action of
Sy in this space. After these two steps are clear, we will
establish a link between this Young tableau defined space
and our physical space H equipped with the physically
motivated action of Sy given by Eq. (9) in the main text.
Establishing this connection will allow us to justify the
decomposition (11).

A vector space based on tableaux can be obtained by
associating every tableau to a new object, the tabloid.
Given a tableau t, the corresponding tabloid is the set of
all tableaux that can be obtained from ¢ by permuting
the elements in the same rows. Usually, the tabloid as-
sociated with ¢ is denoted {t}. For example, the tabloid
associated to the tableau

1 2\
t =

(S7)

is

{t} =

2 122
{3 "3

th

1
3

where we also introduced, in the second member of the
equation above, a new diagrammatic representation to
represent a tabloid: it is simply obtained by removing all
the vertical lines from the corresponding tableau. This
representation illustrates the idea that tabloids are ob-
tained by permuting the elements within each row of a
tableau, so the position of a given element inside its row
is not important. Consequently, different tableaux may
yield the same tabloid. Let’s see another example, by
choosing a slightly more complicated tableau

1(3
t=|21|5]|. (S9)
4
The associated tabloid is
1 3 1 3 311 11(3
{t}:25:{2 512255 }
4 4 4 4 4

The tabloids can now be used to define a vector space, as
anticipated above. Consider a partition g of N (we use a
different notation than X for reasons which will be clear
later). A permutation module M;L is by definition the
vector space where the basis elements are all the tabloids
associated to the partition p, that is, all the tabloids
which can be obtained from tableaux of shape p. Notice
that, even if this object may seem different from the M,
introduced in the main text, we will soon show that the
two spaces are isomorphic (see next subsection). Before
proceeding further, let us see an example of a permuta-
tion module. Choose a partition p = (2,1), we have 6
possible tableaux and 3 possible tabloids, which are

12 13 2 3
, , . (S10)
3 2 1

Then, every vector w in the permutation module M ;)
can be written as a linear combination of those three
tabloids,

1 2 1
+ as
3 2

3 3

R
a )
71

(S11)

w = ay

where a1, as, a3 € C. We can now define an action of our
permutation group on M,,. We have already discussed
how a permutation acts on tableaux; to compute the per-
mutation of a tabloid we compute the permutation of the
original tableaux and build its tabloid:

w{t} = {nt}.

This naturally defines an action over the vector spaces
Mj,, for instance the permutation w2 exchanging the
numbers 1 and 2 applied to (S11) gives

(S12)

1 2 1 3 2 3
MW = Q1712 + asmi2 + asmi2
1 2 n 2 3 i 1 3 (813)
=aq a a
'3 ° 7

We have so defined, for every partition p of N, a vector
space M ;L in which the action of Sy is well-defined. We
can then apply group representation theory in order to
decompose each permutation module in irreducible rep-
resentations of Sy [1]. The only thing left to show is that
the permutation modules M, are isomorphic to the M,
introduced in the main text, meaning that there exists a
bijection between those two objects which preserves the
action of the group. For a more in-depth read about the
topics of this section, see pages 53-57 of [1].

B. Isomorphism between permutation modules and
subspaces with fixed occupation numbers

In this section, we build a mapping between the ab-
stract permutation modules M[/L and the physical sub-
spaces M,, introduced in Eq. (8) of the main text.



Consider a subspace M, of ’HE\?), consisting of states
with fixed occupation numbers given by g = (p1, ..., fta)-
Without loss of generality, we can assume that the occu-
pation numbers are ordered in a decreasing fashion. The
first thing to prove if we want to show that M, is iso-
morphic to M,,, is that the dimensions of the two spaces
are the same. The dimension of the space with occupa-
tion numbers p is given by the well-known combinatorial
formula

N!

dim M,, = 7’“1!“.“]\[!.

(S14)

To compute the dimension of M/, recall that its basis
elements are given by all possible tabloids associated to
the partition g, so it is sufficient to count the number of
such tabloids. By construction, a tabloid is fully charac-
terized by assigning each number 1,.., N of its filling to
the row 1, ..,d where this number belongs. The number
of ways in which this assignment can be done coincides
with the number of ways N particles can be placed in d
boxes, that is equal to the r.h.s of (S14).

From this argument, a natural connection between the
elements of M,, and M,'“ appears to be the one asso-
ciating the levels of the single-particle Hilbert spaces
with the rows of the tabloids. To see this, let us in-
troduce a mapping 6 between the product basis vectors
of H and the tabloids as follows. Given a basis vector
le1) ® |e2)... ® |en), where we recall that |e;) is a basis

vector for (CS), with e; € {1,...,d}, let us map it to

i st. e =1

i st. e =2
9(|61> & ‘€2>... & ‘6n>) = ,

(S15)

meaning that the indices of the particles in the level 1 are
placed in the first row of the tabloid, the indices of the
particles in level 2 are placed in the second row, and so
on. Here are some examples of the mapping for vectors
with p = (2,2,1):

1

3 15
2 4, 6(13221))= 3 4,
5 2

0(|12123)) = (S16)

where we dropped the ® symbols to alleviate the nota-
tion. The mapping € is linear and sends vectors with
occupation g in tabloids with shape p, so we have
H(M,L) C M"L In addition, it is easy to prove using
(S15) that every standard basis vector of M,, is sent to
a different tabloid in M,,, so ¢ is injective. Since M),
and M ;,4 have the same dimension, we conclude that 6
is an isomorphism of vector spaces. It remains to prove
that M,, and M ,’L are not only the “same” vector space,

but they behave in the same way under the action of Sy.
Formally, we have to prove that 6 is a group homomor-
phism:

O(mv) = w(Bv) Yv € M, 7 € Sn. (S17)
Since the transpositions (i.e. permutations of 2 elements)
generate all Sy it is sufficient to prove Eq. (S17) for the
transpositions. This means that exchanging two indices
of v € M, and then applying ¢, should produce the same
result as directly exchanging those indices in 6(v) € M,,.
This is immediate from the definition of # in (S15), and
ends the proof.

We conclude that the physical space with fixed occupa-
tion numbers M, is isomorphic (in the sense of groups)
to the permutation module M ;/4 Since their structure un-
der the action of the group Sy is the same, they have the
same decomposition in irreducible representations. The
decomposition of M,, in irreducibles is given by a result
from group representation theory known as Young’s rule
[1], therefore we can apply the same decomposition for
M,, in the main text.

III. DERIVATION OF EQS. (12) AND (13)

We begin by providing details on the derivation of Eq.
(12). This derivation will make use of the concept of
Young tableau introduced in section II above and will
make use of the Hook length formula [3]. Consider a
partition A = (Aq, ..., Ag) of N. As explained in section II,
we may associate an empty Young tableau of N to that
partition. Let’s denote with (4, j) the coordinates of each
box of that tableau, where i, j correspond respectively to
the line and column indices, with (1,1) the coordinates
of the top left box. To each box (i,j), we associate a
Hook length hx(i,j), equal to the number of (I,m) such
that [ =4 and m > j or a > i and m = j. For example,
the Hook length of the box (3,2) in the tableau below is
equal to 6, and represented by the black line:

The Hook length formula [3] provides an expression for
the dimension of the irreducible labelled by A,

N!
H(z‘,j) h)\(laj) ’

where the product runs over all the boxes of the Young
tableau of shape A. Taking the logarithm of (S18), using

dimA = (S18)



the Stirling formula N! = v/27N(N/e) (1 + O(1/N))
and noticing that there are N terms in the product in
Eq. (S18), we may write

IndimA 1 ha(i, 7) In N
~ ——I—NZIIl(N +0 -~ /-

(S19)

Let’s now show that, after a proper rescaling, the func-
tion on the r.h.s. in Eq. (S19) has a dominant contribu-
tion in the large IV limit that is constant in V.

We begin by writing explicitly the value of hx(i,7).
The length of the i—th line of a tableau of shape A =
(A1, Aa) is equal to X;. Let’s note AT the length of the
j—th column. Then, we may write

ha(iy ) =Xi—j+ AT — (S20)

Before going further, we point out that, in the case where
d = 1, dim X reaches its minimal value dim A = 1, and
that for any N > d > 1, dim A > 1. Let’s assume further
on that N > d > 1. In this case, we may take the
continuous limit of the sum in j in the double sum in
(S19): introducing the rescaled variable v = j/N, and
replacing, for every i € {1,...,d},

ha(i, ) /)‘i/N A )\jT,Z-
Zl( >—>0 dulnNu+N .

(S21)
Since, for all 4, 7, |)\JT —i| < d, we may expand the loga-
rithm,

Ai A —i Ai d
(S22)
Using the rescaled variable £ = A/N, with z; = A\;/N

being the elements of the rescaled partition x, we may
define the rate function

——1—Z/duln ;— w)

110

d
=— le In 2, (S23)
i=1
where we used Z _, x; = 1. Consequently,
dim(Nz) < eNs@) | (S24)

which is what we wanted to prove. We conclude this
section with a comment on the connection between the
expression (524) and the Vershik-Kerov theorem in repre-
sentation theory [1]. The original theorem is stated under
more general conditions than what we require here. Ap-
plied to our case, the theorem states that the renormal-
ized lengths z; can be interpreted as random variables,
which obey a law of large numbers: for any € > 0 and all

j 6 {]‘7 e d}7

lim dim{Nz :

N—+o00

‘ ‘_2‘26}/dim(Ni)=07 (525)

where dim(/NZ) is the maximal dimension possible, in our
case achieved when all the x; are equal to 1/d. Notice
that, in general, T # x*, but that the equality is satisfied
when there is no energetic contribution in Eq. (21).

We now turn to the bound (13), which uses properties
of the Schur polynomials. Schur polynomials are homoge-
neous symmetric polynomials, of d variables (x1, ..., zq),
indexed by a partition A = (A1,...,Aq). The Schur
polynomials form a linear basis of symmetric polyno-
mials and play an important role in group representa-
tion theory. It can be shown [3] that, given a parti-
tion A = (A1, ..., Ag), the corresponding Schur polynomial
evaluated at (y1,...,44) = (1,...,1) is equal to the number
of irreducible representations labeled by A that appear in
the decomposition of a permutation module M,,,

1) =Y K,
7

(526)

where Ky, is the multiplicity factor introduced in

Eq. (11). Using the Weyl character formula, it can be
shown that [3]
Ai — A
Pa(L...1)= ] ( 4 1> (S27)
o J—1
1<i<j<d
Since Zd Aj = N and recalling that \; > Ay > ... >

Ad, We may bound 2 J +1 < N, hence, since the prod-
uct in (S27) contains d( —1)/2 terms,

Px(1,...,1) < NUd=1/2 (S28)

which leads to the bound (13).

IV. DERIVATION OF EQ. (28)

Using the principle of quantum-classical correspon-
dence, for large values of the angular momentum L = [N,
the Hamiltonian (27) can be replaced with its classical
counterpart

Hf' = —wL, — NLg,

(529)
where L, , . are the classical angular momentum compo-
nents obeying Ly, . € [-L,L] and L? = L2 + L2 + L.
The ground state energy E! corresponds to the mini-
mum of the function (S29) over L, .. Therefore, using
Eq. (19), the energy term e(l) can be calculated as

e(l) = wl, —a (> =12)], (S30)

min [—
l.e[—1,1]

where l; . = Ly, ./N. The solution yields Eq. (28).
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