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The precision of currents in Markov networks is bounded by dissipation via the so-called thermody-
namic uncertainty relation (TUR). In our Letter, we demonstrate a similar inequality that bounds the
precision of the static current response to perturbations of kinetic barriers. Perturbations of such type, which
affect only the system kinetics but not the thermodynamic forces, are highly important in biochemistry and
nanoelectronics. We prove that our inequality cannot be derived from the standard TUR. Instead, it implies
the standard TUR and provides an even tighter bound for dissipation. We also provide a procedure for
obtaining the optimal response precision for a given model.
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Introduction—Among the most fundamental results of
statistical physics are the relations between the system
response to external perturbations and stationary thermo-
dynamic observables. Close to equilibrium, such a relation
is given by the seminal fluctuation-dissipation theorem
(FDT) linking the linear response to external forces and
equilibrium fluctuations [1]. The link between dissipation
and fluctuations has recently been generalized to a far-
from-equilibrium regime [2–11]. In particular, for Markov
jump processes, the theory of stochastic thermodynamics
[12] gave rise to the thermodynamics uncertainty relation
(TUR) linking the entropy production rate σ̇ which mea-
sures dissipation to the average of any current J and its
variance ⟪J⟫ as [13–20]

J 2

⟪J⟫
≤
σ̇

2
: ð1Þ

This relation shows that, to reduce the fluctuations, one
needs to pay by increased dissipation. In other words, it
describes the thermodynamic cost of current precision
J 2=⟪J⟫. It can also be used to infer the value of entropy
production, which is often directly inaccessible, using
measurable currents and their fluctuations [21]. Indeed,
the current fluctuations have been measured in various
setups, such as nanoelectronic devices [22,23] and bio-
molecular systems [24–26], and experimental data have
been used to infer the value of the entropy production in the
kinesin molecular motor [27].
In our Letter, we get closer to the original formulation of

FDT by providing a thermodynamic trade-off between the

current fluctuations and the static linear current response,
rather than the current itself. Recently, static responses for
Markov jump processes and chemical reaction networks
have attracted notable attention [28–36] due to their
importance in biophysical applications (proofreading, sens-
ing [28,37]). Specifically, we focus on the response to
kinetic perturbations, i.e., perturbations affecting only the
kinetics of transitions between the system states but not the
thermodynamic forces. Perturbations of this type are crucial
in chemistry (including biochemistry), as they correspond
to the control of kinetic rates by changing the concentration
of a catalyst (e.g., enzyme) [38]. Among others, kinetics
may play a crucial role in determining the direction of
motion of molecular motors [39] and providing the driving
mechanism of Maxwell demons [40]. Chemical kinetics
can also be controlled by magnetic fields, e.g., via the
radical pair mechanism [41], which is hypothesized to be
the basis for magnetoreception and other magnetic field
effects in biology [42–45]. Another important example of
kinetic perturbations appears in the field of nanoelectronics,
where it corresponds to the adjustment of tunnel barriers in
quantum dots [23,46,47] or potential barriers in CMOS
devices [48,49] by gate voltages. Crucially, the response of
currents to kinetic perturbations vanishes at equilibrium,
where the state of the system depends only on its thermo-
dynamics and not on its kinetics. This leads to the intuitive
expectation that the response to kinetic perturbations
requires some thermodynamic cost. Indeed, certain thermo-
dynamics bounds on the response to kinetic perturbations
have been obtained for Markov jump processes [28,30],
chemical reaction networks [31], and nonequilibrium
diffusion [50,51]. However, they apply to static system
observables and their fluctuations rather than to currents.
In this Letter, we provide numerical evidence to con-

jecture a new bound on the current response to kinetic
perturbations. We call it the response thermodynamic
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uncertainty relation (R-TUR). We can prove it in special
cases detailed below, e.g., for unicyclic networks, linear
response regime close to equilibrium, and for single edge
perturbations. To formulate that bound, we parametrize the
transition rates of the opposite Markov jumps �e as

W�e ¼ exp½BeðεÞ � Se=2�; ð2Þ
where Be and Se parametrize the symmetric and asym-
metric part of the transition rate, respectively. The former
term characterizes the kinetic barriers, while the latter is the
entropy change in the reservoir due to the jump e. Only the
kinetic part Be is assumed to depend on the control
parameter ε (which can correspond, e.g., to the enzyme
concentration [38] or the gate voltage [23,46–49]). The
bound reads

ðdεJ Þ2
⟪J⟫

≤
b2maxσ̇

2
; ð3Þ

where dεJ ≡ dJ =dε is the static response of any current
J to the parameter ε and bmax ¼ maxej∂εBej is the
maximal rate of change of kinetic barriers in the system.
If we perturb a single barrier corresponding to a given edge
e, our bound (3) simplifies to

ðdBe
J Þ2

⟪J⟫
≤
σ̇

2
: ð4Þ

Although the above bounds look similar to TUR (1), we
prove that they cannot be derived from TUR. Instead, TUR
is a consequence of our result. Moreover, we develop the
optimization procedure that transforms R-TUR into a
bound for entropy production that is tighter than the
optimized TUR [20]. However, in some specific cases,
R-TUR can be derived from TUR. In particular, Eq. (3) can
be proven for unicyclic networks and the linear response
regime close to equilibrium. Furthermore, Eq. (4) can be
derived when the current response at the perturbed edge is
considered, i.e., when J ¼ je.
Framework—We consider a continuous-time Markov

process describing stochastic jumps between N discrete
states of the system (corresponding, e.g., to chemical
configurations, charge states of nanoelectronic devices,
or molecule conformations). It is described by the directed
graph G, where the nodes of G correspond to the system
states and the edges �e∈ E to transitions between states.
We focus on the steady state π given by the condition

W · π ¼ 0; ð5Þ

where π ¼ ð…; πi;…Þ⊺ is the vector of state probabilities
πi (with

P
i πi ¼ 1). W is here the rate matrix with

nondiagonal elements Wij ¼
P

e½WþeðεÞδsðþeÞjδtðþeÞi þ
W−eðεÞδsðþeÞiδtðþeÞj� and the diagonal elements
Wii ¼ −

P
j≠i Wji.

The bound (3) can be applied to an arbitrary current ob-
servable, namely, J ¼ P

e xeje, where je ¼ WþeπsðþeÞ−
W−eπsð−eÞ are the edge currents and x ¼ ð…; xe;…Þ⊺ is an
arbitrary vector. Using the chain rule for the static response
of J we arrive at

dεJ ¼
X
e

xedεje ¼
X
e

xe
X
e0
ðdBe0 jeÞ∂εBe0

¼
X
e0
be0dBe0J ¼ b⊺∇J ; ð6Þ

where we introduce b ¼ ð…; ∂εBe;…Þ⊺ known from the
model parametrization and ∇J ¼ ð…; dBe

J ;…Þ⊺, where
dBe0J ¼ P

e xedBe0 je is the static response to the edge
parameters Be0 . The entropy production rate can be calcu-
lated as σ̇ ¼ P

e jeSe [12].
Numerical evidence—We start by providing numerical

evidence for our bound. Let us first rewrite Eq. (3) by
expressing dεJ via Eq. (6) and using the expression
⟪J⟫ ¼ x⊺Cx [20], with the covariance matrix C of the
edge currents defined in Appendix A. We obtain

∀ β;x∶ mðβ; xÞ≡ ðdεJ Þ2
⟪J⟫b2max

¼ ðβ∇J Þ2
x⊺Cx

≤
σ̇

2
; ð7Þ

where β ¼ b=bmax with bmax ¼ maxejbej and jβej ≤ 1.
From Fig. 1(a) one can see that the bound (7) with random
vectors β and x indeed holds, but is loose. Thus, we now
look for β and x that maximize mðβ; xÞ for a given model.
Bound optimization—We notice that Eq. (7) holds for an

arbitrary linear combination of je and an arbitrary depend-
ence on ε, which implies that both x and b are arbitrary
vectors. Therefore, for a given graph G and rate matrix W,
the optimized version of Eq. (7) reads

μ≡max
β

max
x

mðβ; xÞ ≤ σ̇

2
: ð8Þ

FIG. 1. (a) The colored dots are mðβ; xÞ numerically calculated
for random values of the vectors β and x. (b) The colored dots are
the optimized mðβ; x�Þ with x� from Eq. (9). The dashed lines in
(a),(b) denote the bound (3). Simulations: we generate graphs
with random topology with N ¼ 5 nodes and various numbers of
edges (from 6 to 10 highlighted by colors purple, blue, green,
light green, and yellow). We calculate Eq. (2) with randomly
distributed −2 ≤ Be ≤ 2 and 0 ≤ expðSe=2Þ ≤ 10. For the vec-
tors β and x we use −1 ≤ βe ≤ 1 and −2 ≤ xe ≤ 2. For the
simulation methods, see Appendix A.
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The problem maxxmðβ; xÞ is a standard convex optimiza-
tion of a quadratic form and has been previously applied to
TUR (1) in Ref. [20]. The optimal vector x� reads

x�ðβÞ ¼ ðdεj⊺C−1dεjÞ−1C−1dεj; ð9Þ

which results inmðβ; x�Þ for the inner maximum in Eq. (8).
To account for possible zero eigenvalues, the matrix C−1 is
here the Drazin inverse [52], which for real symmetric (and
generally Hermitian) matrices is equivalent to Moore-
Penrose pseudoinverse [53]. However, as shown in
Fig. 1(b), the optimization (9) does not greatly improve
the tightness of the bound (7). To do this, we also need to
optimize β.
The problem maxβmðβ; xÞ for a fixed x is solved simply

by β�e ¼ signðdBe
J Þ due to the constraint jβej ≤ 1.

Therefore, the optimal vector β� is a certain combination
of �1 elements. Thus, joint optimization over β and x can
be performed by maximizing mðβ; x�Þ over all possible
vectors β being combinations of �1 elements. As shown in
Fig. 2(a), in this case the bound (8) can become tight,
especially close to equilibrium, i.e., for small values of the
entropy production.
Relation between R-TUR and TUR—We now prove that

the conjectured R-TUR (3) cannot be derived from the
standard TUR (1). Instead, it implies the validity of TUR.
To that end, we recall the formulation of R-TUR via Eq. (7)
[which is equivalent to Eq. (3)] and show that the standard
TUR is equivalent to a weaker version of that bound,

∀ x∶ mð1; xÞ ¼ ð1∇J Þ2
⟪J⟫

≤
σ̇

2
; ð10Þ

where β ¼ 1 (vector of ones) corresponds to homogeneous
perturbation of the kinetic rates. This can be proven by
noting that

1∇J ¼
X
e

dBe
J ¼

X
e0
xe0

X
e

dBe
je0 ¼

X
e0
xe0je0 ¼J : ð11Þ

Here, in the second-last step, we used

X
e

dBe
je0 ¼ je0 ; ð12Þ

which is the special case of the summation response
relations introduced in Ref. [33]: using ∂Be

je ¼ je with
[54] we arrive at Eq. (12). Inserting 1∇J ¼ J into
Eq. (10), we obtain the standard TUR (1). Since
Eq. (10) is a weaker version of Eq. (7), R-TUR implies
TUR, while TUR does not necessarily imply R-TUR.
Consequently, in the generic case, R-TUR cannot be
derived from TUR.
Quantitative comparison with TUR—We now show that

for most Markov networks Eq. (10) is indeed a weaker
condition than Eq. (7). Consequently, for a given Markov
network, the optimal response precision ðdεJ Þ2=⟪J⟫ can
be greater than the optimal current precision J 2=⟪J⟫. As
shown in Ref. [20], the latter can be maximized as

l≡max
x

J 2

⟪J⟫
¼ mð1; x�Þ ≥ J 2

⟪J⟫
; ð13Þ

where Eq. (1) also implies l ≤ σ̇=2; here we use the above
proven relation mð1; xÞ ¼ J 2=⟪J⟫. We thus obtain the
chain of inequalities

J 2

⟪J⟫
≤ l ≤ μ ≤

σ̇

2
; ð14Þ

with the equality l ¼ μ for β� ¼ 1 (i.e., when the optimal β
corresponds to homogeneous perturbation). This implies
that the optimized R-TUR (8) provides a tighter bound for
the entropy production than the standard TUR. We dem-
onstrate this in Fig. 2(b). Indeed, for certain models, the
ratio l=μ is close to 0, which implies that the optimized R-
TUR (8) is far tighter than the standard TUR. Only in less
than 10% of the instances l ¼ μ, i.e., R-TUR (8) is
optimized for homogeneous perturbation, which makes it
equivalent to the optimized TUR (13).
Example: Dynamical channel blockade—To provide

intuition why R-TUR can be tighter than the standard
TUR, let us consider a minimal model where this occurs. It
corresponds to the dynamical channel blockade model,
which has been first considered in the context of electronic
transport [55,56], but is also similar to certain enzymatic
reaction schemes [57]. The setup consists of two Coulomb-
coupled quantum dots A and B attached to two electrodes L
and R [Fig. 3(a)]. The system is subjected to a symmetric
voltage V > 0, with the chemical potentials of the electro-
des parametrized as μL ¼ −μR ¼ V=2 and the dot energies
set to 0. Its dynamics is described by a Markov network
[Fig. 3(b)] consisting of three states fj0i; jAi; jBig, corre-
sponding the absence of electrons in the dots (j0i) and a
single electron occupying the dots A or B (the double

FIG. 2. (a) Numerical results (color dots) for the optimized
bound μ. Dashed lines show Eq. (8). (b) Numerical results (color
dots) for the ratio l=μ. For the details of the simulations and
description of colors, see the caption of Fig. 1.
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occupancy of the system is prohibited by the Coulomb
coupling between dots). The edges of the Markov network
e∈ f1; 2; 3; 4g correspond to electron jumps between
the electrodes and the dots [Fig. 3(a)]. The transition
rates read as W�e ¼ Γe=f1þ exp½∓ V=ð2kBTÞ�g, where
Γe are the tunneling rates, and their parametrization (2)
can be obtained by using Be ¼ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
WþeW−e

p
and

Se ¼ lnðWþe=W−eÞ ¼ V=ð2kBTÞ.
Let us now take the tunneling rate Γ4 to be much smaller

than the other ones. We first focus on the behavior of the
coefficient mðβ; xÞ calculated for the most experimentally
relevant current observable, namely, the particle current
through the system J ¼ j1 þ j3 [which corresponds to
x ¼ ð1; 0; 1; 0Þ⊺�. As shown in Fig. 4(a), for a large enough
voltage (i.e., far of equilibrium), this coefficient is opti-
mized for a vector β3 ≡ ð1; 1;−1; 1Þ⊺ rather than the
uniform perturbation β ¼ 1. As discussed before, in such
a case R-TUR provides a tighter bound for the entropy
production than the standard TUR. To explain that,
we recall that mðβ; xÞ is maximized for a vector
β� ¼ ð…; signðdBe

J Þ;…Þ⊺. For small Γ4, after the tran-
sition þ3, the electron gets stuck in the dot B for a long
time, blocking the electron transport. As a result, by
suppressing the transition 3, one suppresses the generation
of the blocking state jBi and thus enhances the current;
consequently, dB3

J < 0. In contrast, the enhancement of
other rates enhances the current (dB1;2;4

J > 0). Thus,
β� ¼ β3. The same conclusion holds for the optimized
current observable corresponding to the vector x� given by

Eq. (9) [Fig. 4(b)], which is here very close to the particle
current considered before.
Proof for local responses—We have proven that, in

general, R-TUR cannot be derived from TUR. However,
this is possible for some specific cases. The first example is
the response of a single edge current J ¼ je to the
perturbation of that edge. Applying the results of
Ref. [33] to the rate parametrization (2) (which implies
∂Be

je ¼ je), we arrive at

0 ≤ j−1e dBe
je ≤ 1: ð15Þ

In conjunction with TUR (1), this implies Eq. (4),

ðdBe
jeÞ2

⟪je⟫
≤

j2e
⟪je⟫

≤
σ̇

2
: ð16Þ

Proof for unicyclic networks—Equation (3) can also be
proven for unicyclic networks, i.e., systems in which each
state i∈ f0;…; N − 1g is a source of a single directed edge
pointing to the tip iþ 1 (with i defined modulo N). In such
a case, all edge currents je ¼ j are equal to each other and
J ¼ P

e xeje ¼ xΣj, where xΣ ¼ P
e xe. Moreover, we

have

signdBe
J ¼ signxΣdBe

j ¼ signxΣj; ð17Þ

where we use Eq. (15) for dBe
j=j ≥ 0. We can always

define the orientation of G so that xΣj is positive, which
implies β�e ¼ signðdBe

J Þ ¼ 1 [see Eq. (17)], i.e., μ is
maximized for homogeneous perturbation. Then, as dis-
cussed below Eq. (14), μ ¼ l ≤ σ̇=2, which proves Eq. (3).
Proof for the linear response regime—Finally, R-TUR

(3) can be proved to hold close to equilibrium, where the
currents are linear in the applied thermodynamic forces. To
define this regime, let us parametrize the asymmetric
transition rate parameters in Eq. (2) as Se ¼ Fe þ EsðeÞ −
EtðeÞ [28,58], where sðeÞ and tðeÞ are the source and the tip
of the edge e, Ei are node parameters (which may some-
times be interpreted as state energies), and Fe are the
nonconservative thermodynamic forces. In the absence of
forces, the system relaxes to the equilibrium state
πeqi ¼ e−Ei=Z, with Z ¼ P

i e
−Ei , which is independent

of Be. Close to equilibrium (i.e., for small values of
nonconservative forces) the currents respond linearly to
applied forces as j ¼ LF, where F ¼ ð…; Fe;…Þ⊺ and L is
the positive semidefinite Onsager matrix. Consequently, the
current observables and the entropy production can be
calculated as J ¼ x⊺LF and σ̇ ¼ F⊺LF. Furthermore, in
this regime, the covariance matrix of edge currents is
related to the Onsager matrix as C ¼ 2L by virtue of the
fluctuation-dissipation theorem [59]. Let us also define the
matrix Lβ ≡ dεL=bmax ¼

P
e βedBe

L, which describes
the kinetic response of the Onsager matrix. Inserting the
above expressions for C and σ̇ into Eq. (7), using

FIG. 3. Scheme of the dynamical channel blockade model (a)
and the corresponding Markov network (b).

FIG. 4. The coefficient mðβ; xÞ as a function of voltage,
calculated for the particle current through the system (a) and
the current optimized by Eq. (9) (b). The used vectors β ¼
1≡ ð1; 1; 1; 1Þ⊺ and β ¼ β3 ≡ ð1; 1;−1; 1Þ⊺ are denoted by the
labels in the plot. Parameters: Γ1 ¼ Γ2 ¼ Γ3 ¼ 1, Γ4 ¼ 0.2.
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β∇J ¼ P
e βedBe

J ¼ x⊺LβF, and applying optimization
(9), we find that R-TUR (3) holds if and only if

∀ F∶ F⊺LβL−1LβF ≤ F⊺LF: ð18Þ

We recall that L−1 here denotes the Moore-Penrose pseu-
doinverse of L. This is equivalent to

L − LβL−1Lβ ≽ 0; ð19Þ

where A ≽ 0 means that the matrix A is positive semi-
definite. To prove the above inequality, we note that L −
LβL−1Lβ is the Schur complement M=L of the matrix

M ¼
�

L Lβ

Lβ L

�
: ð20Þ

Thus, Eq. (19) holds if M ≽ 0. Since eigenvalues of M
correspond to that of L� Lβ [60], M ≽ 0 if and only if
L� Lβ ≽ 0. To prove the latter occurrence, in Appendix B
we show that the responses dBe

L are positive semidefinite
and obey the summation response relation

X
e

dBe
L ¼ L: ð21Þ

As a consequence, L� Lβ ¼
P

eð1� βeÞdBe
L is positive

semidefinite because 1� βe ∈ ½0; 2� ≥ 0 and dBe
L ≽ 0.

This proves Eq. (19) and thus R-TUR (3).
We also note that Eq. (19) is saturated for homogeneous

perturbation β ¼ 1. Thus, in the linear response regime, the
optimized R-TUR (8) is equivalent to the optimized TUR
(13). (We note that, in contrast to the unicyclic case, this
does not imply that homogeneous perturbation will always
yield the optimal response precision when considering a
generic rather than optimized current observable.) Using
Eq. (9), both are optimized for the current observable
corresponding to the entropy production: J ¼ σ̇. Indeed, in
the linear response regime, ⟪σ̇⟫ ¼ 2σ̇, and thus TUR (1)
becomes saturated: σ̇2=⟪σ̇⟫ ¼ σ̇=2 [15]. Furthermore,
using dBe

L ≽ 0, Eq. (21), and σ̇ ¼ F⊺LF, we find that
close to equilibrium the entropy production response itself,
and not only its precision, is bounded by dissipation as

0 ≤ dBe
σ̇ ≤ σ̇ with

X
e

dBe
σ̇ ¼ σ̇; ð22Þ

jdεσ̇j ≤ bmaxσ̇: ð23Þ

Finally, we note that the Onsager matrix can be repre-
sented in the basis of measurable currents (e.g., charge,
heat, or chemical currents) conjugated to fundamental
thermodynamic forces (e.g., temperature or chemical
potential gradients) [61]. Such physical Onsager matrix
can be expressed as LX ¼ XLX⊺, whereX is the matrix that

connects measurable currents to edge currents [59]. Using
dBe

L ≽ 0 and Eq. (21), its kinetic response can also be
bounded as

LX ≽ dBe
LX ≽ 0 with

X
e

dBe
LX ¼ LX; ð24Þ

bmaxLX ≽ dεLX ≽ −bmaxLX: ð25Þ

This enables one to experimentally bound bmax using only
measurable currents.
Final remarks—Our bound establishes a fundamental

thermodynamic cost for controlling currents by modulating
the system’s kinetics. It may prove useful in optimizing the
energetic cost needed to accurately control nanodevices
such as molecular machines or nanoelectronic devices. It
may also be used for thermodynamic [21] or model [62]
inference. In particular, when all parameters be are known
(e.g., when the control parameter ε affects only some
known transition rates), the empirical current responses and
fluctuations may provide a better estimate of the entropy
production than the standard TUR. On the other hand,
when the model details are unknown but the entropy
production is accessible, Eq. (3) can be used to bound
the transition rate responses be.
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Appendix A: Numerical simulations—To calculate the
response ∇J we use the results of Ref. [33] as follows:

∇⊺J ¼
�X

e

xedBe0 je

�
fe0 ∈ Eg

¼ x⊺PJ; ðA1Þ

where we use notation ½fe�fe∈ Eg ¼ ð…; fe;…Þ⊺ for the
vector f and where the matrix P is the projection
matrix with analytical expression [33], and J ¼
½∂Be0 je�fe∈ E;e0 ∈ Eg ¼ diagð…; je;…Þ is the diagonal
Jacobian matrix.

We find P from Eq. (8) of [33] (which demands the
knowledge of rates We and π) and find J from
je ¼ WþeπsðþeÞ −W−eπsð−eÞ. Thus, to simulate Eq. (A1),
we only need the model for the ratesW�e and the numerical
values of the steady state π satisfying Eq. (5).
To find the covariance matrix of the edge cur-

rents C, we follow the method from Ref. [63]
and define the matrix WϕðqÞ with nondiagonal
elements Wϕ

ijðqÞ ¼
P

e½Wþe expðqeÞδsðþeÞjδtðþeÞi þ
W−e expð−qeÞδsðþeÞiδtðþeÞj� and diagonal elements the
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same as W. The elements of the covariance matrix are
defined as

Cee0 ¼
∂

∂qe

∂

∂qe0
λðqÞ

����
q¼0

; ðA2Þ

where λ is eigenvalue of the matrixWϕ with the largest real
part. In simulations of Eq. (A2), we used the method of
finite differences to numerically calculate λðqÞ.
Appendix B: Proof of dBe

L ≽ 0 and Eq. (21)—To
prove dBe

L ≽ 0 we use the expression for the Onsager
matrix from Ref. [59],

L ¼ 1

2
KH−1K⊺ with H ¼ K⊺T−1K: ðB1Þ

Here K is the cycle matrix that depends only on the
system topology and not on transition rates, while T ¼
diagð…; τeqe ;…Þ is the matrix with equilibrium traffics
τeqe ¼ Wþeπ

eq
sðþeÞ þW−eπ

eq
sð−eÞ at the diagonal. We note

that Ref. [59] actually considered the Onsager matrix
describing current responses to edge affinities F e rather
than forces Fe defined here; however, the Onsager

matrix for both force definitions is the same, as it is
related to the covariance matrix via the fluctuation-
dissipation theorem [15] ⟪σ̇⟫ ¼ 2σ̇ ⇔ L ¼ C=2. We now
use the expressions dBe

H−1 ¼ −H−1ðdBe
HÞH−1 and the

equality dBe
τeqe0 ¼ δee0τ

eq
e that holds because probabilities

πeqi do not depend on Be; the latter yields dBe
T−1 ¼

−T−1
e with T e ¼ diagð…; 0; τeqe ; 0;…Þ. We get

dBe
L ¼ 1

2
KH−1K⊺T−1

e KH−1K⊺ ¼ 2LT−1
e L: ðB2Þ

This is a positive semidefinite matrix, as this is a
sandwich of the positive semidefinite diagonal matrix
T−1
e between the matrix L and its transpose L⊺ ¼ L,

which concludes the proof of dBe
L ≽ 0.

Summing Eq. (B2) over edges, we further obtain
Eq. (21),

X
e

dBe
L ¼ 1

2
KH−1HH−1K⊺ ¼ L: ðB3Þ

Here we use
P

e T
−1
e ¼ T−1 and the relation H−1HH−1 ¼

H−1 that holds for Moore-Penrose pseudoinverse.

PHYSICAL REVIEW LETTERS 133, 227101 (2024)

227101-7


	Dissipation Bounds Precision of Current Response to Kinetic Perturbations
	Introduction
	Framework
	Numerical evidence
	Bound optimization
	Relation between R-TUR and TUR
	Quantitative comparison with TUR
	Example: Dynamical channel blockade
	Proof for local responses
	Proof for unicyclic networks
	Proof for the linear response regime
	Final remarks
	Acknowledgments
	References
	Appendix A: Numerical simulations
	Appendix B: Proof of dBeL&sccue;0 and Eq. (21)


