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1 Introduction

This thesis collects two of the three articles which I have completed since the beginning of my
Ph.D. studies at the University of Luxembourg. Both appeared as ArXiv pre-prints: Chapter 2
with the title On C-Algebraic and C-Arithmetic Automorphic Representations, and Chapter 3
as On Kazhdan-Yom Din’s Asymptotic Orthogonality for K-finite matriz coefficients of tempered
representations, a joint work with Anne-Marie Aubert.

I have decided not to include the article Splitting fields of X™ — X — 1 (particularly for n =5),
prime decompositions and modular forms, published by the journal Expositiones Mathematicae
and written in collaboration with Chandrashekar B. Khare and with my Ph.D. advisor, Gabor
Wiese, for two reasons: on one hand, I sought some level of unity of content. This thesis is
concerned with representation theory of reductive groups; the flavour of the third article is, in-
stead, rather number-theoretical. On the other hand, the central question in the third article
and the ideas needed to answer it have been suggested to me by C. B. Khare and G. Wiese: my
contribution has been of modest import.

The mathematical objects studied in this thesis are automorphic representations of reductive
groups defined over number fields and tempered representations of real reductive groups. Under-
standing automorphic representations is one of the central themes of the Langlands program: a
vast web of deep conjectures the aim of which is establishing powerful correspondences between
representations of reductive groups and objects of arithmetic nature.

The tempered representations of real reductive groups are precisely those representations that
account for the celebrated Plancherel decomposition theorem: it describes the structure of the
right-regular representation of a real reductive group on the space of square-integrable functions
defined on the group itself (|[36], Chapters 13 and 14).

Because tempered representations are the key elements in the classification of admissible rep-
resentations of real reductive groups ([29]), they have featured prominently in the context of
the Langlands program since its very beginnings. In the field of non-commutative geometry,
their importance is best exemplified by the role they cover in the Connes-Kasparov isomorphism
theorem ([7]).

This introductory chapter serves two purposes. The first is presenting the main results proved in
Chapter 2 and Chapter 3. The second is discussing their meaning within the broader context of
modern research: how they relate to known results and open questions in the literature, which
directions of investigation they suggest. I will proceed in a chapter-by-chapter fashion, beginning
with Chapter 2.



1.1 Rational Structures in Automorphic Representations

The topic of Chapter 2 is a conjecture on the existence of rational structures within automorphic
representations of reductive groups defined over number fields. The formulation of the conjecture
adopted throughout the text is due to K. Buzzard and T. Gee ([6], Conjecture 5.15), and it reads
as follows.

Conjecture 1.1.1. Let G be a connected, reductive algebraic group defined over a number field
F and let 7 be an irreducible automorphic representation of G(Ar). Then 7 is C-algebraic if
and only if it is C-arithmetic.

The notions of C-algebraic and C-arithmetic automorphic representation are defined precisely
in Section 2.2. What is important for the purposes of this introduction is that being C-algebraic
is a property of the Archimedean part of the automorphic representation: in fact, it depends
only on the infinitesimal character of each Archimedean factor. Being C-arithmetic, instead, is a
property of the non-Archimedean part of the automorphic representation. Roughly, it amounts
to the existence of a number field which contains all the unramified Hecke eigenvalues of .

Having introduced the motivating question, the first result from Chapter 2 that I would like to
discuss is the following.

Theorem 1.1.2. Let G be a connected, semisimple, anisotropic algebraic group defined over
Q and let mp = 7p,00 ® 7g° be an irreducible automorphic representation of G(Ag). Let K
be a compact open subgroup of G(AZ’) and assume the existence of a function f € C°(G(R))
verifying the following conditions:

(1) There exists a finite family C of irreducible automorphic representations of G(Ag) contain-
ing 7o such that

(i) If 7 € C, then 7K™ £ {0} and Trro(f) = 1.
(ii) If 7 ¢ C, then Trr(f) = 0.

(2) There exists a number field E such that, for every conjugacy class v € {G(Q)}, the
Archimedean orbital integral O, (f) belongs to E.

Then the representation 7y is C-arithmetic.

This theorem is proved as Corollary In the statement, the symbol Ag denotes the ring
of adeles of Q, while AF” denotes the finite adeles. Given an irreducible, automorphic represen-
tation m = 7o ® 7w°, the symbol 7., denotes the Archimedean factor of 7, while 7°° denotes
the non-Archimedean part of w. The choice of the Haar measures implicit in the statement are
explained in detail in Section 2.3.

The result above is meant as a proof of principle: it is established using the trace formula and it
therefore indicates that the trace formula might be an important tool for questions concerning
the existence of rational structures within automorphic representations. In Section 2.3, it is used
to give a new proof of the following result (Corollary .

Theorem 1.1.3. Let G be a connected, semisimple, anisotropic algebraic group defined over Q.
Let mp = mo,00 @ 75° be an irreducible automorphic representation of G(Ag) with 7 - a regular
discrete series. Then g is C-arithmetic.



To the best of my knowledge, the only other known proof of this result relies on the fact that
discrete series representations of G(R), for G as in Theorem are cohomological in the
sense of [6], Definition 5.51, and that cuspidal automorphic representations with a cohomological
Archimedean component are C-arithmetic. A proof of the former statement can be found in [5],
Theorem 5.3. The proof of the latter fact relies on Matsushima’s decomposition of the cohomol-
ogy of locally symmetric spaces in terms of automorphic representations ([32], Proposition 2.15).

Although cohomological automorphic representations are C-algebraic ([6], Lemma 5.52), there
exist C-algebraic automorphic representations which are not cohomological, even if we extend the
notion of cohomological representation to include automorphic representations which contribute
to the coherent cohomology of Shimura varieties ([16], 4.1.3 and 4.4.1).

These considerations suggest that it may be worthwhile to try to use the trace formula so as to
obtain a generalisation of Theorempowerful enough to treat more general groups and au-
tomorphic representations the Archimedean component of which is any irreducible, C-algebraic
automorphic representation.

I would like to point out that the condition in Theorem and Theorem that G be
semisimple is only meant to avoid complications arising from central characters. The condition
that G be defined over Q is imposed since it is always possible to reduce the problem to this
case. More precisely, an irreducible automorphic representation of a connected reductive group
G defined over a number field F' is C-algebraic if and only if it is C-algebraic as a representation
of Resp,q(G) ([6], after Definition 5.11). In addition, an irreducible automorphic representation
of G is C-arithmetic if and only if it is C-arithmetic as a representation of Resg/q(G) ([6], after
Definition 5.13).

Generalising Theorem [1.1.2] so as to treat more general groups and C-algebraic automorphic
representations whose Archimedean component is not a regular discrete series will probably re-
quire relaxing the condition that f be compactly supported. In view of the method developed
in [4] to isolate cuspidal components in the automorphic spectrum, however, by allowing f to be
a Schwartz function, it is possible to satisfy condition (i) of T heoremprovided that G is
anisotropic. This point is discussed in more detail in Section 2.1, here I only want to point out
that, given an irreducible, C-algebraic automorphic representation m = 7w, @7 of an anisotropic
reductive group G, it is enticing to conjecture the existence of a Schwartz function f on G(R)
satisfying both (i) and (ii) of Theorem Indeed, as we remarked above, the meaning of
Conjecture is that the arithmetic behaviour of 7 is determined by its Archimedean part
Too and condition (ii) in Theoremis a purely Archimedean condition.

To conclude the discussion of Theorem I believe that a few lines on the ideas that go into
its proof are in order.

The idea of using the trace formula to approach questions of rationality of Hecke eigenvalues
is inspired by [27] and it is worth to mention that the ideas in [27] led me first to the proof of
Theorem only afterwards I formulated Theorem by isolating conditions (i) and (ii).

In order to provide a rough sketch of the parts of [27] which are the most relevant for the present
exposition, consider an irreducible, cuspidal automorphic representation ms = 75 ® 7° of
GL,/Q with 7s o an integrable discrete series. The authors develop a trace formula which allows
for test functions with a matrix coefficient of 75, say ¢, as Archimedean factor. Langlands



proved that if 7, is any unitary representation of G(R), then

TOO(Qb) =0

unless Too = 7500 ([27], Corollary 10.29). This result is used to isolate in the spectral side
of the trace formula a finite direct sum of irreducible, cuspidal automorphic representations of
GL3(Ag) all having Archimedean part isomorphic to 75 ., and to show that the action of any
given classical Hecke operator T acting on the space of cusp forms corresponding to this finite
direct sum can be computed as the action of an operator of the form

R(¢®h) : L*([GLs]) — L*([GLa]),

where h € C2°(GL2(Ag)) is U-bi-invariant for an appropriate compact subgroup U of G L2(AZ’),
and

(GLo) = GL2(Q)\GLa(Ag)

with
GL2 = ZGL2\GL2.

Explicit computations of the orbital integrals for the test function
¢ @ h € CF(GLx(Ag))

provide a formula for the trace of the operator T', showing that it is an algebraic number. The
observation that 7™ is a Q-linear combination of classical Hecke operators allows the authors
to apply the trace formula to each of the classical Hecke operator in the linear combination to
deduce that, for every n € N, the trace of 7™ is an algebraic number and to conclude, by an
application of the Newton-Girard formula ([27], Proposition 28.1), that the Hecke eigenvalues of
T are algebraic numbers (algebraic integers, in fact).

I will now adopt the notation of Theorem m The proof of this result does not rely on any
explicit computation of the geometric side of the trace formula. The non-Archimedean orbital
integral of a Q-valued Hecke operator is a rational number by [3], Theorem 3. The volume-terms
are also rational numbers if we equip the centraliser groups appearing on the geometric side of
the trace formula with Gross’ measure. In order to use the trace formula to compute the trace

of
(6 (h))",
for h a Q-valued Hecke operator and n € N, I use directly the formula

(mo(h))"™ = mo(R"™),

where h*" is the convolution of h with itself n times. These considerations suffice to apply the
Newton-Girard formula to prove that the Hecke eigenvalues are algebraic numbers, but they are
not enough to establish the much stronger statement that my is C-arithmetic. This, however,
follows from the next result, the proof of which relies on an observation of G. Wiese.

Proposition 1.1.4. Let V be a finite-dimensional, complex vector space of dimension n. Let
To :={Ta : V — V}aea be a family of diagonalisable, commuting linear operators, closed
under taking finite Q-linear combinations. Assume the existence of a number field E such that
the characteristic polynomial char, (x) of T, has coefficients in F for every o € A. Then there
exists a number field E’ such that the eigenvalues of T, belong to E’ for every « € A.



Proving Theorem once Theorem is available is a matter of finding a function f €
C°(G(R)) which satisfies conditions (i) and (ii). By [10], Théoréme 3 and [2], Corollary 6.2, a
pseudo-coefficient ¢ for mg o, satisfies condition (i). Condition (ii) follows from [11], Theorem
4.1, which computes the orbital integral of ¢ at a semisimple v as

O,(f) = d, Trp(),

where d, is an integer, p is a finite-dimensional, irreducible, algebraic representation of G(R),
and from the fact that p is defined over a number field.

The last section of Chapter 2 is devoted to the proof of the following result (Theorem [2.4.7).

Theorem 1.1.5. Let F' be a number field. If every irreducible, C-algebraic, cuspidal automor-
phic representation of every connected, reductive algebraic group defined over F' is C-arithmetic,
then every irreducible, C-algebraic automorphic representation of every connected, reductive
algebraic group defined over I is C-arithmetic, and every irreducible, L-algebraic automorphic
representation of every connected, reductive algebraic group defined over F' is L-arithmetic.

The notions of L-algebraic and L-arithmetic automorphic representation are defined in Section
2.2. Given an irreducible automorphic representation m = m,, ® 7 of a group G as in the
statement, the notion of being L-algebraic depends only on the infinitesimal character of each
factor of mo,. Roughly, being L-arithmetic amounts to the existence of a number field over which
all the Satake parameters are defined. These two notions parallel the notions of C-algebraic
and C-arithmetic automorphic representation in a precise sense. I refer the reader to [6] for a
discussion of the motivation that led to introduce these four notions. K. Buzzard and T. Gee
formulated the following conjecture ([6], Conjecture 5.14).

Conjecture 1.1.6. Let G be a connected, reductive algebraic group defined over a number field
F and let 7 be an irreducible automorphic representation of G(Ag). Then 7 is L-algebraic if
and only if it is L-arithmetic.

The purpose of Theorem is reducing the proof of the implications
C — algebraic = C — arithmetic

and
L — algebraic = L — arithmetic

in Conjecture [I.1.1]and Conjecture[I.1.6] respectively, to the proof of the single statement that
every irreducible, C-algebraic, cuspidal automorphic representation of every connected, reductive
algebraic group G is C-arithmetic. I was led to its formulation by the heuristic idea discussed
above that the trace formula might be the right tool to prove that irreducible, C-algebraic, cuspi-
dal automorphic representations are C-arithmetic, by the main theorem in [30] stating that every
irreducible automorphic representation is a subquotient of a representation parabolically induced
from an irreducible, cuspidal automorphic representation, and by [32], Lemma 2.9, which studies
how the properties of being C-algebraic and of being C-arithmetic behave under unnormalised
parabolic induction.

The proof of Theorem relies heavily on the results in [6] and on [30]. Given an irreducible
automorphic representation 7w of G(Ar), with G a connected, reductive algebraic group defined
over the number field F, I argue in a case-by-case fashion according to the following four possi-
bilities:



(I) The representation 7 is cuspidal and C-algebraic.
(IT) The representation 7 is cuspidal and L-algebraic.
(ITT) The representation 7 is L-algebraic and not cuspidal.
)

(IV) The representation 7 is C-algebraic and not cuspidal.

In case (I), Theorem is true by assumption.

In case (II), by combining some of the results in [6], it follows that there exist a central ex-
tension G of G and an irreducible, cuspidal automorphic representation # of G such that 7 is
C-algebraic (respectively L-algebraic) if and only if 7 is C-algebraic (respectively L-algebraic),
and such that 7 is C-arithmetic (respectively L-arithmetic) if and only if 7 is C-arithmetic
(respectively L-arithmetic). Moreover, the central extension G has the property that every irre-
ducible, C-algebraic automorphic representation can be twisted into an irreducible, L-algebraic
automorphic representation (and vice-versa), and that every irreducible, C-arithmetic automor-
phic representation can be twisted into an irreducible, L-arithmetic automorphic representation
(and vice-versa). Hence, if 7 is L-algebraic and cuspidal, so is 7. We can twist the latter into
a cuspidal C-algebraic one. This twist is C-arithmetic by assumption, which shows that 7 is
L-arithmetic and, therefore, so is 7.

In case (IIT), proving the statement requires establishing the following counterpart to [32], Lemma

2.9. (Proposition (2.4.6).

Proposition 1.1.7. Let G be a connected, reductive algebraic group defined over a number
field F. Let m be an irreducible automorphic representation of G(Ar). Let P be a proper
parabolic subgroup of G with Levi factor M and let ¢ be an irreducible, cuspidal automorphic
representation of M (Ap) such that 7 is a constituent of Indp(c). Then the following two
statements hold:

(1) The representation 7 is L-algebraic if and only if o is L-algebraic.
(2) If o is L-arithmetic, then 7 is L-arithmetic.

It is important to remark that in Proposition is the normalised parabolic induction that is
used, as opposed to the unnormalised one in [32], Lemma 2.9. Having established Proposition
1.1.7} and using the main result in [30], which is formulated in terms of normalised parabolic
induction, it is possible to reduce the proof in case (III) to that in case (II).

In case (IV), it is tempting to appeal to [32], Lemma 2.9. However, in order to do so, one would
need to know that an irreducible, C-algebraic automorphic 7 can be realised as an irreducible
subquotient of the unnormalised parabolic induction of an irreducible, cuspidal, C-algebraic au-
tomorphic representation. Since the main result of [30] is formulated in terms of normalised
parabolic induction, this is not obvious. I chose a different route: the representation 7 can be
lifted to a C'-algebraic representation 7 of G. Twisting 7 into an L-algebraic automorphic repre-
sentation and reasoning as in case (III), this twist can be shown to be L-arithmetic. This shows
that 7 is C-arithmetic and, therefore, so is 7.

Having exhausted the contents of Chapter 2, the remaining part of this introduction will be
dedicated to Chapter 3.



1.2 Asymptotic Schur’s Orthogonality

Unless otherwise stated, let G be a connected, semisimple, real Lie group with finite centre, let
g denote its Lie algebra, and let K be a fixed maximal compact subgroup of G. We fix a Haar
measure, dg, on G.

If (7, H) is an irreducible Hilbert representation of G (Section 4.2), we say that (m, H) is tempered
if there exist v, w € H such that

[ (o w)Predg < oc
G

for every € > 0.

Consider the function
r: G — R, r(g) := log(max{[[Ad(g)llop, [[Ad(g™")l|op});

where || - ||op denotes the operator norm taken with respect to any chosen norm on g. Chapter 3
is devoted to the proof of the following result (Theorem [3.4.4).

Theorem 1.2.1. Let G be a connected, semisimple real Lie group with finite centre and let
(m, H) be a tempered, irreducible Hilbert representation of G. Then there exist d(7) € Z>( and
f(r) € Rs¢ such that, for all K-finite vectors vy, v2,vs3,v4 € H, we have

1 T !
lim — /G  (wlg)on, ) g, ] dg = s (o va) (o )

T—+00 rd(ﬂ')

where, for r € R+, the set G, is defined as
Geri={g€Glr(g) <r}.

The immediate motivation behind Theorem was to complete the Archimedean part of
Theorem 1.7 in [23], which we recall immediately below. At the end of this section, T will
suggest how this result points toward a deeper understanding of the structure of the right-regular
representation of G.

Theorem 1.2.2. Let (m, H) be a tempered, irreducible, unitary representation of a connected,
semisimple group G defined over a local field let and K be a maximal compact subgroup of G.
Then there exists d(m) € Z>( such that:

(1) If G is non-Archimedean, there exists f(m) € Ry such that, for all K-finite vectors
v1, V2, V3,4 € H, we have

lim —— /G  {mlg)en, ) (g, v dg = T;)m,vngzm.

7—00 rd(ﬂ')

(2) If G is Archimedean, for any given non-zero K-finite vectors vy,vs € H, there exists
C(v1,v2) > 0 such that

1
tim s [ (v, dg = Clon,vo).
G

7—+00 rd(‘ﬂ')

<r
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The proof of the first statement in the result above occupies a few lines only, while the proof of
Theoremconstitutes most of this thesis. One explanation is that the proof offered here may
not be the shortest possible. However, there is a significant asymmetry between the Archimedean
and the non-Archimedean setting in this context. The space of K-finite vectors of an irreducible,
unitary representation of a semisimple group G defined over a non-Archimedean field affords
a smooth representation of G. This is not the case in the Archimedean setting: the space of
K-finite vectors is a (g, K')-module (Definition(3.2.6); in general, it is not stable under the action
of G.

A detailed explanation of the strategy adopted to prove Theorem is given in Section 4.1,
which begins with an overview of the main parts of the proof and an explanation of how they fit
together, and ends with a more accurate account of each part organised in a section-by-section
fashion. For this reason, here I will only stress two points about the proof. The first is that I
have relied heavily on the techniques to obtain the asymptotic expansion of matrix coefficients
relative to standard parabolic subgroups of G developed in [24], Chapter VIII, Section 12. I
found the account in loc. cit. to be the most useful for the problem at hand and several of the
ideas needed for the proof of Theorem have been inspired by its reading. The second is
that although many of the intermediate results proved in the final part of Section 4.3 appear in
some form in loc. cit., I had to provide complete proofs for two reasons. First, I needed to make
sure that they apply in the situation at hand, which is not obvious as it will become apparent by
reading Section 4.1 and Section 4.3. Second, even in the form in which these statements appear
in loc. cit., their proofs are either only sketched or entirely absent.

To conclude this chapter, I would like to propose some questions arising from [23] and from
Theorem In order to do so, I will begin by recalling Schur’s orthogonality for discrete
series (|27], Proposition 10.25) and Plancherel’s theorem.

Theorem 1.2.3. Let G be a connected, semisimple real Lie group with finite centre. Let (mg, Ho)
and (m, H) be discrete series representations of G. Let vy, wy € Hy and v,w € H. If (mg, Hp) is
equivalent to (w, H), then

/G<7r0(g)vo,w0><7r(g)v,w> dg = %(Uo,@(wo,w)

If (mo, Ho) is not equivalent to (7, H), then

[ mtao,wo) gt dg = .
G

The notation f() is not ambiguous: if (7, H) is a discrete series, then Theorem specialises
to Theorem Moreover, still assuming that (7, H) is a discrete series, the quantity d(m)
admits an elegant interpretation in the context of Plancherel’s theorem. To recall it, let G denote
the set of equivalence classes of irreducible, unitary representations of G.

Theorem 1.2.4. Let G be a connected, semisimple real Lie group with finite centre. Then there
exists a unique measure 1) on G such that, for every ¢ € L'(G) N L*(G) and for every € G, the
operator

w(¢): H— H

is trace-class and

[ 1660 dg = [ Tx(p(e)p(o)") dn(o).
G G

11



where p(¢)* denotes the adjoint of the operator p(¢).

The measure 7 is known as the Plancherel measure, and a non-trivial consequence of the
Plancherel theorem is the following ([12], Proposition 18.8.5).

Corollary 1.2.5. Let G be a connected, semisimple real Lie group with finite centre and
let (w, H) be a discrete series representation of G. Then the singleton {7} C G has positive
Plancherel measure and we have

n({r}) = f(x).

This is a reflection of the fact that every discrete series (7, H) of G is equivalent to an irreducible
direct summand of the right-regular representation (R, L?(G)) (|27], Theorem 10.19). For this
reason, if (m, H) is tempered but not a discrete series, one should not expect such a simple
characterisation of f(m). Nevertheless, considering a K-finite v € H of norm 1, setting

or(g) = (r(g)v,v)la.,

for r € Ry and applying Theorem it follows that
/ [{m(g)v,v)[* dg = / Tr(p(9r)p(r)") dn(p),
G<7‘ G

and upon multiplying by ﬁ and taking the limit as r — oo, an application of Theorem
yields

Lo L / Tr(p(60)p(60)*) di(p).
G

@ r—00 'r'd(ﬂ')

This may be seen as a reflection of the fact that a tempered (7, H) embeds asymptotically in
the right-regular representation (R, L*(G)) of G ([23], Corollary 3.13).

These considerations suggest to investigate the meaning of d(w) and f(7) in the context of
the Plancherel decomposition of (R, L?(G)), a question already raised in [23], and it has been
proposed by A-M. Aubert that they may also have an interpretation in the framework of the
conjectures of K. Hiraga, A. Ichino and T. Ikeda ([22|). Hopefully, this will be the topic of a
future work.

12



2 On (C-Algebraic and C-Arithmetic Representations

2.1 Introduction

Understanding the arithmetic of Hecke operators acting on automorphic representations is, by
now, a classical problem. In their article [6], K. Buzzard and T. Gee introduced the notion of C-
algebraic automorphic representation: this is an Archimedean notion, in the sense that it depends
only on the infinitesimal character of the Archimedean component of the automorphic represen-
tation. They conjectured that C-algebraic automorphic representations are C-arithmetic; that
is: there exists a number field that contains all the unramified Hecke eigenvalues (see Section 2
for precise definitions).

To the best of our knowledge, the only automorphic representations which are known to be
C-arithmetic are those whose non-Archimedean part contributes to the cohomology of a locally
symmetric space or to the coherent cohomology of a Shimura variety.

Many C-algebraic automorphic representations do not admit such a geometric realisation. It is
for this reason that we begin an investigation of the conjecture of K. Buzzard and T. Gee based
on the trace formula.

It seems that the only attempt to employ the trace formula to study this kind of question has
been made by A. Knightly and C. Li in [27]: they showed that the Hecke eigenvalues of auto-
morphic representations of GLo whose Archimedean component is an integrable discrete series
are algebraic integers. Their method requires an explicit computation of the geometric side of
the trace formula and it does not establish the C-arithmetic property.

In the context of connected, semisimple anisotropic algebraic groups defined over Q, we establish
the following criterion (see Corollary sections 2 and 3 for notation and for the relevant
choices of Haar measures):

Theorem 2.1.1. Let G be a connected, semisimple, anisotropic algebraic group defined over
Q and let my = mp,00 ® mG° be an irreducible, automorphic representation of G(Ag). Let K
be a compact open subgroup of G(Ag’) and assume the existence of a function f € C°(G(R))
verifying the following conditions:

(1) There exists a finite family C of irreducible, automorphic representations of G(Ag) con-
taining my such that

(i) If 7 € C, then 7K™ £ {0} and Trrao(f) = 1.
(i) If = ¢ C, then Trroo(f) = 0.

(2) There exists a number field E such that, for every conjugacy class v € {G(Q)}, the
Archimedean orbital integral O, (f) belongs to E.

Then there exists a number field E’ and a finite set of places, S, containing co and all the
places at which 7y ramifies, such that for every p ¢ S and for every Q-valued Hecke operator
h € Ho(G(Qp), Kp), the eigenvalue of the operator

K K
mop(h) : Top — To.p

is contained in E’; that is: the representation my is C-arithmetic.

13



The result above leads to a simple, non-cohomological proof that automorphic representations
of connected, semisimple, anisotropic algebraic groups defined over Q whose Archimedean com-
ponent is a regular discrete series are C-arithmetic (see Corollary|2.3.4).

To treat more general automorphic representations, the requirement that the test function in
the criterion be smooth and compactly supported is too restrictive. In view of the results in
[4], we should probably allow Schwartz functions. However, for us, the main point at this stage
is making the case that the trace formula can be used to investigate arithmetic properties of
automorphic representations. Since smooth compactly supported functions are enough for the
application in this article, we decided to state our criterion in this form.

Concerning (1), the article [4] provides a very powerful method to isolate cuspidal automorphic
representations and we are currently exploring the possibility of employing it in our context.
One difficulty is that the multipliers constructed in [4] are global objects: roughly, it is needed
to modify a given test function by introducing Hecke operators which are, a priori, not Q-valued
(see, for example, [4] Proposition 3.17, already in the case M = G). We cannot afford this free-
dom in our context: we can only use Archimedean multipliers. For anisotropic groups, however,
combining Lemma 2.18 and the ‘Archimedean part’ of Proposition 3.17, it seems possible to
satisfy (1) of the criterion.

Concerning (2), we don’t feel confident enough to formulate a precise conjecture, but, at least
in this simplified picture, it could indicate why a purely Archimedean condition (C-algebraicity)
might constrain the behaviour of the non-Archimedean part of the automorphic representation.

The proof that the Hecke eigenvalues are algebraic (Proposition|2.3.1)) is inspired by the method
in [27]. To establish the C-arithmetic property we exploit an observation of G. Wiese (Proposi-

tion.

Having in mind the idea of employing the trace formula to treat non-cuspidal automorphic repre-
sentations of more general reductive groups, in Section 4 we reduce the conjecture of K. Buzzard
and T. Gee that C-algebraic automorphic representations are C-arithmetic to the analogous
statement for cuspidal representations (Theorem.
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2.2 Background

Let us begin by recalling some notions introduced in [6]. Our treatment follows [14], as well. The
notions of L-algebraic and L-arithmetic automorphic representation are needed in Section 4 only.

Let G be a connected reductive algebraic group defined over a number field F. Let v be an
Archimedean place of F', and F,, be the completion of F' at v. We identify the algebraic closure
F, of F, with C. Let T, be a maximal torus of G¢ and B, a Borel subgroup containing T,.
Let pp, denote half of the sum of the positive roots corresponding to this choice, and write
X*(T,) for the group of characters of T,. Finally, let t, denote the Lie algebra of T, and write
tC:=terC.

Definition 2.2.1. An irreducible admissible representation 7 of G(F,) with infinitesimal char-
acter A, is C-algebraic if A — pp, € X*(T,).

Definition 2.2.2. An irreducible admissible representation 7 of G(F),) with infinitesimal char-
acter \; is L-algebraic if A, € X*(T3).

The reader familiar with these notions will realise that they are not formulated as in [6]. How-
ever, as it is explained in loc. cit. and in Lemma 12.8.1 in [14], our formulation is equivalent to
the one in [6]. Also, these notions are independent of the choice of B,,.

Let Ap denote the adele ring of F' and A% (resp. Ap o) the ring of finite adeéles (resp. the
Archimedean part of the ring of adeles). Fix a compact open subgroup K> = II, K, of G(AY)
with K, a hyperspecial maximal compact subgroup equal to G(O,) for all v at which G(F,) is
unramified. Let Ko denote a maximal compact subgroup of G(Ap ) and form the compact
subgroup

K := Ko, x K* of G(Ap). The local definitions above lead to the following global notions:

Definition 2.2.3. An irreducible automorphic representation 7 = @, 7, of G(Ap) is C-
algebraic if 7, is C-algebraic for every Archimedean place v of F.

Definition 2.2.4. An irreducible automorphic representation 7 = @), m, of G(Ar) is L-algebraic
if m, is L-algebraic for every Archimedean place v of F.

We refer the reader to [6] for a detailed discussion of the rationale for introducing these no-
tions and for how they are related to other aspects of the Langlands Program. We proceed to
introduce the purely non-Archimedean notions of C-arithmetic and L-arithmetic automorphic
representations.

Let v be a non-Archimedean place of F' at which G(F,) is unramified. Let H¢(G(F,), K,) denote
the C-algebra of bi-K,-invariant, compactly supported, complex-valued functions on G(F,), and
Ho(G(Fy), K,) denote the Q-subalgebra of Q-valued elements in H¢(G(Fy), Ky,). It is well-
known that if 7 is a smooth irreducible admissible representation of G(F,) with non-trivial
K ,-invariant vectors, then Hc(G(F,), K,) acts by a character

He(G(F,), K,) — C

on the 1-dimensional space of K,-invariants 7%,

Definition 2.2.5. Let E be a number field. Let v be a non-Archimedean place of F' at which
G(F,) is unramified. We say that a smooth irreducible admissible representation 7 of G(F,) is
defined over E if the image of the map

HQ(G(Fv)a Kv) —C
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induced by the character Hc(G(Fy), K,,) — C is contained in E.

Definition 2.2.6. An irreducible automorphic representation 7 = @, 7, of G(Ap) is C-
arithmetic if there exist a number field F and a finite set of places, S, containing all the
Archimedean places and all the places at which m, ramifies, such that =, is defined over F
for all v ¢ S.

It only remains to introduce the notion of L-arithmetic automorphic representation.

Again, let v be a place of F' at which G(F,) is unramified. Let T, be a maximal torus of
G(F,) and B, a Borel subgroup containing T,. Recall that the Satake isomorphism identifies
He(G(F), K,) with C[X,(T,.4)]""*, where X, (T, 4) denotes the maximal split subtorus of T,
and W, 4 is the subgroup of the Weyl group of G(F,) consisting of the elements leaving T, 4
stable. Given a smooth irreducible admissible representation 7 of G(F3), we thus obtain a map

C[Xu(Tpa)]""* — C

by pre-composing the character He(G(Fy), K,) — C with the Satake isomorphism.

Definition 2.2.7. Let E be a number field. Let v be a non-Archimedean place of F' at which
G(F,) is unramified and 7 be a smooth irreducible admissible representation of G(F,). We say
that the Satake parameter of 7 is defined over E if the image of the map

Q[Xu(Tya)]" "t — C

induced by the map C[X,(T,.4)]""* — C is contained in E.

Definition 2.2.8. An irreducible automorphic representation 7 = ), m, of G(Ar) is L-arithmetic
if there exist a number field E' and a finite set of places, S, containing all the Archimedean places

and all the places at which 7, ramifies, such that the Satake parameter of m, is defined over F
for all v ¢ S.

As explained in [6], the motivation for introducing two notions of arithmetic automorphic repre-
sentations is the observation that Ho(G(F,), K,) and Q [X,(T,.4)]"" " provide two Q-structure
of Hc(G(F,), K,) which, in general, do not coincide. In loc. cit., the following conjecture is
proposed:

Conjecture 2.2.9. Let G be a connected, reductive algebraic group defined over a number
field F'. An irreducible automorphic representation 7 = @), 7, is C-algebraic (respectively,
L-algebraic) if and only if it is C-arithmetic (respectively, L-arithmetic).
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2.3 Employing the Trace Formula

Let G be a connected, semisimple, anisotropic algebraic group defined over Q. Let

Ky := Kj,00 X K§° be a maximal compact subgroup of G(Ag), where K o is a maximal compact
subgroup of G(R) and K§° a compact open subgroup of G(Ag’) such that Ko, is hyperspecial
for all p at which G is unramified. In addition, we fix a compact open subgroup K> of G(Ag’)
contained in K§° such that K, = Ky, for almost all p.

We recall that the right regular representation (R, L%([G])), where [G] := G(Q)\G(Ag), decom-
poses into a Hilbert direct sum

TeA(G)

Here, A(G) denotes the set of equivalence classes of irreducible automorphic representations of
G(Ag), the multiplicity m(r) is finite for every m € A(G).

In the following, unless otherwise stated, 7 will always denote an element in A(G).

If f = foo ® f is an element in C°(G(Ag)), then the operator R(f) is trace-class and we have
the well known trace formula

Y mm)Trme (foo) n™ (f*) = Y vol(GH(Q)\Gy (Ag))O5 (),

TEA(G) ve{G(Q)}

where {G(Q)} denotes the set of conjugacy classes of G(Q), the orbital integral O, (f) is defined
as

O0,(f) = / flx™ yx) de,

G+ (Ag)\G(Ag)

and G,(Q) (resp. G,(Ag)) denotes the stabiliser of v in G(Q) (resp. in G(Ag)).

Proposition and Corollary below require Haar measures on G(Ag) and on the cen-
tralisers G (Ag) satisfying two conditions:

(M1) For every v € G(Q), the quantity vol(G,(Q)\G~(Ag)) is a rational number.

(M2) For every non-Archimedean place, the local Haar measure assigns a rational number to
every open compact subset. For every non-Archimedean place p at which G(Q),) is unram-
ified, the local Haar measure y, on G(Q,) assigns measure 1 to Ko .

Realising condition (M1) is non-trivial: in Corollary 3.3 below we will choose Gross’ measure to
fulfil it.

For the first part of condition (M2) we argue as follows. By V.5.2 in [31], G(Q,) admits a max-
imal compact subgroup Cjy with the following property: there exists a neighbourhood basis of
the identity, say B, consisting of open compact subgroups and such that every C' € B is a normal
subgroup of Cy. Normalising the Haar measure on G(Q,) so that Cj has measure 1, we obtain a
Haar measure that assigns a rational number to every C € B and, therefore, it assigns a rational
number to every open compact subset. For p such that G(Q,) is unramified, we normalise the
local Haar measure so that it gives measure 1 to Ky, which, being hyperspecial, satisfies the
property above. Therefore the measure so normalised assigns a rational number to every compact
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open subsets of G(Q,).

We begin by proving that, under certain conditions on the automorphic representation we want
to study, the trace formula can be used to establish the algebraicity of the eigenvalues of a
Q-valued Hecke operator. This is inspired by the method developed in [27]: it relies on the
Newton-Girard identities.

Proposition 2.3.1. Let G be a connected, semisimple, anisotropic algebraic group defined over
Q. Let mp = mp,00 ® m5° be an irreducible automorphic representation of G(Ag). Assume the
existence of a function f € C°(G(R)) verifying the following conditions:

(1) There exists a finite family C of irreducible automorphic representations of G(Ag) contain-
ing mo such that:

(i) If 7 € C, then 7°>K™ £ {0} and Trro(f) = 1.
(ii) If 7 ¢ C, then Trro(f) = 0.
(2) For every v € {G(Q)}, the Archimedean orbital integral O, (f) is an algebraic number.
Then, for every h € Ho(G(AZ), K>°), the eigenvalues of the operator

750 (h) : wO KT s gS KT

are algebraic.

Proof. Let f € C°(G(R)) be as in the statement and consider h € Ho(G(AF), K*°). Applying
the trace formula to compute the trace of R(f ® h), we obtain

Tr[R(f@h)] = Y m(r)Trme (f)Trr™(h)
TeA(G)

= Z m(m)Trr™ (h)

mel

on the spectral side, and therefore

dYommTen™(h) = Y vol(G4(Q\G4(A)O,(f © h).

melC ve{G(Q)}

The spectral side is equal to the trace of the operator

T:= @m(w)ﬂw(h) : @m(w)ﬂoo’Km — @m(w)ﬂ"o’Km.

wel el el

The sum on the geometric side is finite by Lemma 9.1 of [1] and the volume terms are ratio-
nal numbers by condition M1. Each global orbital integral can be factored into a product of
an Archimedean orbital integral and a non-Archimedean one. Since the Hecke operator h is
Q-valued, the non-Archimedean orbital integrals are rational numbers by condition (M2) and
Theorem 3 in [3]. The Archimedean orbital integrals are algebraic numbers by (2). It follows
that the trace of the operator T is algebraic. Next, we show that, for every positive integer m
less than or equal to the dimension of the vector space

@m(ﬂ')ﬂ“’KW,

el
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the trace of T™ is algebraic. First, we observe that

T = P m(n) 7 (h)]" = P m(m)m>= (™),

el mel

where A*" denotes the convolution of h with itself m times. Using the test function f® h*™, and
arguing as above, we see that the trace of 7™ is algebraic. Applying the Newton-Girard identities
(Proposition 28.1 in [27] and the discussion preceeding it), it follows that the coefficients of the
characteristic polynomial of T" are algebraic numbers, and so must be the eigenvalues of T'. Since

7o € C, the eigenvalues of 7§°(h) are in particular eigenvalues of T', and the result follows.
O

The criterion to establish that an automorphic representation is C-arithmetic requires strength-
ening condition (2) in the proposition above. We will also need the following key result, for which
we are grateful to G. Wiese.

Proposition 2.3.2. Let V be a finite-dimensional complex vector space of dimension n. Let
To :={Ta : V — V}aea be a family of diagonalisable, commuting linear operators, closed
under taking finite Q-linear combinations. Assume the existence of a number field E such that
the characteristic polynomial char,(x) of T, has coefficients in F for every o € A. Then there
exists a number field E’ such that the eigenvalues of T, belong to E’ for every « € A.

Proof. For every a € A, the degree of char,(z) equals the dimension of V. Let E, denote the
splitting field of T, over E, then [E, : E] < n!. Let M denote the maximum of the set

{m € N| m = [E, : E] for some « € A},

and let T, € Tg be such that [E,, : E] = M. By assumption, there exists a basis {vy,...,v,} of

V' with respect to which the operators in 7y can be simultaneously diagonalised. Let Ay, ---, A,
be the eigenvalues of T, corresponding to the eigenvectors vy, ...,v,. If Tg € Tg, let p1,..., pn
be the eigenvalues of T corresponding to the eigenvectors vy, ..., v,. For every k € {1,...,n},

there are only finitely many elements ¢ € E for which Ay + cpuy is not a primitive element of
E(Ag, pi). We can therefore find an element r € Q such that Ay + rug is a primitive element
of E(A, i) for every k € {1,...,n}. Now, the operator T,, + 713 is in Ty by assumption,
its eigenvalues corresponding to the eigenvectors vy, ...,v, are Ay + ri1, ..., An + iy, and the
splitting field over E of its characteristic polynomial is L = E(A + rt1,...,An + 7pn). By
construction, L contains E,,, hence [L : E] is at least M. Moreover, [L : E] is at most M, since
T, + 115 is in Tg. It follows that L = E,, and, since Eg is contained in L by construction, we
have that Eg is contained in F,,. Since T is an arbitrary element in 7Tg, the result follows by
setting B/ = E,,.

O

Corollary 2.3.3. Let G be a connected, semisimple, anisotropic algebraic group defined over
Q. Let mp = mp,00 ® m5° be an irreducible automorphic representation of G(Ag). Assume the
existence of a function f € C°(G(R)) verifying the following conditions:

(1) There exists a finite family C of irreducible automorphic representations of G(Ag) contain-
ing m such that:

(i) If 7 € C, then 7K™ £ {0} and Trro(f) = 1.
(ii) If 7 ¢ C, then Trr,(f) = 0.
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(2’) There exists a number field E such that, for every v € {G(Q)}, the Archimedean orbital
integral O, (f) belongs to E.

Then there exists a number field E’ and a finite set of places, S, containing co and all the places
at which 7o ramifies, such that for every p ¢ S, and for every h € Hg(G(Q,), K,,), the eigenvalue
of the operator

K K
mop(h) : Top — o,

is contained in E’; that is: the representation my is C-arithmetic.

Proof. There exists a fnite set of places, S, which contains co and such that, for p ¢ S, the
representation m, is unramified for every 7 € C and K, = Ky .

Forp ¢ S, and for each element i € Ho(G(Qp), K)p), we can form an element in Ho(G(AF), K°),
called again h abusing notation, defined by tensoring h with the unit of Ho(G(Q,), K,/) for
every p' # p. We thus obtain, for every p ¢ S, and for every m € C, a family of commuting

diagonalisable operators
{7 (h) : 7 KT 5 oo KT

indexed by Ho(G(Qy), K;). For every p ¢ S, this gives rise to a family of commuting diagonal-
isable operators

Top = {Th:= @m(ﬂ)”m’KW (h) : 6977”5(77)7T°°’Koo — @m(w)W“’Kw}h

el el el

indexed by Ho(G(Qp), Kp). Arguing as in the proof of Proposition but using the stronger
condition (27), it follows that, for every p ¢ S, the characteristic polynomial of every T}, € Tg,
has coefficients in /. We observe that elements belonging to different 7g ,’s commute. Therefore,
we form the Q-subspace 7Tg of the endomorphism space of

@

el

generated by the families 7g . It consists of commuting diagonalisable operators. Let T € Ty
and write it as i,
T = Z a;Th,
i=1

for some aq,...,a, € Q and some hy,..., h, € UP¢S To,p- We observe that T is equal to the

operator

@ m(m)w K (h) : @ m(m)r> kKT — @ m(m)m> KT

el el wel
where .

h:=>aihi € Ho(G(AF), K).
i=1

Arguing as in Proposition and by condition (2’), we conclude that the characteristic poly-
nomial of T has coefficients in E. We can thus apply Proposition to Tp and the result
follows since, for every p ¢ S and for every h € Ho(G(Qp), K,), the eigenvalue of the operator

mo,p(h) is an eigenvalue of the operator T}, € Tgp C To-
O

20



To conclude, we apply Corollary to give a new proof that an automorphic representation
with a regular discrete series as Archimedean component is C-arithmetic. These have been stud-
ied in [2].

We equip the centraliser groups G~ (Ag) with Gross’ measure, so that (M1) is satisfied. For every
non-Archimedean p at which G(Q,) is unramified, we choose local measures p1, on G(Q,) such
that p,(Kop) = 1 and, for the remaining places, we normalise the Haar measures so that they
satisfy (M2) in the way explained above.

Corollary 2.3.4. Let G be a connected, semisimple, anisotropic algebraic group defined over Q.
Let my = mp,00 ® m5° be an irreducible automorphic representation of G(Ag) with 7 « a regular

discrete series and 7" K™ £ {0}. Then =, is C-arithmetic.

Proof. By Théoréme 3 in [10], if p is an irreducible, finite-dimensional representation of G(R),
there exists a smooth compactly supported function f, such that, for every admissible (g, Ko, o )-
module of finite length o, we have

oo

Tro(f,) = Y (—1)'dimH’ (g, Ko,00, 0 ® p).
=0

Now, let mg be as in the statement, let p be an irreducible, finite-dimensional, algebraic repre-
sentation of G(R) the infinitesimal character of which is the contragredient of the infinitesimal
character of mg . Then the (g, Ko o )-cohomology of my o, with respect to p is concentrated in
one degree by part (b) of Theorem 5.3 in [5] and it is 1-dimensional: we can thus normalise f,
so that Trmo oo (f,) = 1. This will then hold for every discrete series with the same infinitesimal
character as 7y . By the proof of Corollary 6.2 in [2], under the regularity assumption on g o,
the unitary irreducible representations of G(R) with non-vanishing (g, Ko  )-cohomology with
respect to p are precisely the discrete series with the same infinitesimal character as mp oc. It is
well-known that there are only finitely many such discrete series representations, therefore (1) of
Corollaryis fulfilled. For (2’), we observe that since G is defined over Q, the representation
p admits a model over a number field E. Let v € {G(Q)}. By Theorem 4.1 in [11], taking
into account our normalisation of f, and the choice of Haar measure, the Archimedean orbital
integral O,(f,) vanishes or we have

O, (fp) = d'yTrP(’Y)

where d, € Z\{0}. Since p is defined over E, the orbital integral O, (f,) belongs to E. We can
now apply Corollary [2.3.3] concluding the proof.
O
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2.4 Reduction to Cuspidal Representations

We recall that by the discussion in Section 5.1 of [6], given a connected, reductive algebraic group
G defined over a number field F', and a central extension

1—G, -G —G4d—1,

since the map G'(Ap) — G(Ap) is surjective, we can identify the irreducible automorphic
representations of G(Ap) with the irreducible automorphic representations of G'(Ar) which are
trivial on the image of G,,(Ar) in G'(Ar). We would like to thank T. Gee for explaining that
this identification follows from the results in Section 5 of [28§].

Proposition 2.4.1. Let G be a connected, reductive algebraic group defined over a number
field F' and let
1 —G, —G —G—1

be a central extension. Let m be an irreducible automorphic representation of G(Ar) and let
7' denote the irreducible automorphic representation of G'(Ar) obtained by lifting 7 along the
surjection G’'(Ar) - G(AF). Then the following two statements hold:

(1) The representation m is C-algebraic (resp. C-arithmetic, resp. L-algebraic, resp. L-
arithmetic) if and only if the representation #n’ is C-algebraic (resp. C-arithmetic, resp.
L-algebraic, resp. L-arithmetic).

(2) If 7 is cuspidal, then 7’ is cuspidal.

Proof. See [6], Lemma 5.33, for part (1). Part (2) is [28], Theorem 5.2.1.
O

For certain groups, the C and L notions that we are considering are related by a character twist.
More precisely:

Theorem 2.4.2. Let G be a connected, reductive algebraic group defined over a number field
F. Assume that G admits a twisting element in the sense of Definition 5.34 of [6]. Then there
exists a character x of G(F)\G(AF) such that the following statements hold:

(1) An irreducible automorphic representation 7 of G(Ap) is C-algebraic if and only if 7 ® x
is L-algebraic.

(2) An irreducible automorphic representation m of G(Ap) is C-arithmetic if and only if 7 ® x
is L-arithmetic.

Proof. See Proposition 5.35 in [6] for part (1) and Proposition 5.36 in [6] for part (2).
O

Remark 2.4.3. A consequence of Theorem as explained in [6], is that, if G admits a
twisting element, we can twist L-algebraic and C-algebraic representations into each other, and
we can twist C-arithmetic and L-arithmetic representations into each other. Indeed, if 7 is
L-algebraic, writing it as (7 ® x 1) ® x, we obtain that 7 ® xy~! is C-algebraic by part (1) of
Theorem Conversely, if 7 ® x~! is C-algebraic, then, twisting it by x and applying part
(1) of Theorem shows that m is L-algebraic. The same reasoning applies for the notions of
C-arithmetic and L-arithmetic automorphic representations.

If a group does not admit twisting elements, then there exists a central extension which does.
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Theorem 2.4.4. Let GG be a connected, reductive algebraic group defined over a number field
F. Then there exists a central extension

1—>Gm—>§—>G—>1

such that G admits a twisting element.

Proof. See part (a) of Proposition 5.37 in [6].
O

Before proceeding, let us recall the fundamental result of R. Langlands establishing that every
automorphic representation is a subquotient of the parabolic induction of a cuspidal automorphic
representation. Following [30], if P is a parabolic subgroup of G with Levi factor M, and if
o =@, 0, is a cuspidal automorphic representation of M (Ar), we call an irreducible subquotient
of Indp(c) = @, Indp, (0,) a constituent. Recall that there exists a finite set of places, S, such
that for v ¢ S, the representation Indp, (o,) has exactly one constituent, denoted by «, with
non-zero G(O,)-invariant vectors.

Theorem 2.4.5. Let GG be a connected, reductive algebraic group defined over a number field
F. Then the following statements hold:

(1) If P is a parabolic subgroup of G with Levi factor M, and ¢ = @), 0, is an irreducible,
cuspidal automorphic representation of M (Af), then the constituents of Indp(o) are the
representations © = @), m,, where 7, is a constituent of Indp, (0,), and, for all v ¢ S,
Ty = M.

(2) An irreducible representation 7w of G(Ap) is automorphic if and only if there exists a
parabolic subgroup P of G with Levi factor M, and an irreducible, cuspidal automorphic
representation o of M (Ar) such that 7 is a constituent of Indp (o).

Proof. Part (1) is Lemma 1 in [30], part (2) is Proposition 2 in [30].
O

We will make use of the following result, which we have learnt from Remark 2.10 in [32], and for
which we supply a proof.

Proposition 2.4.6. Let G be a connected, reductive group defined over a number field F', and
7 be an irreducible automorphic representation of G(Ar). Let P be a proper parabolic subgroup
of G with Levi factor M, and ¢ be an irreducible, cuspidal automorphic representation of M (A )
such that 7 is a constituent of Indp (o). Then the following two statements hold:

(1) The representation 7 is L-algebraic if and only if o is L-algebraic.
(2) If o is L-arithmetic, then 7 is L-arithmetic.

Proof. Let m, be an Archimedean component of 7. Then 7, is a constituent of Indp, (o, ), and
o, is an irreducible admissible representation of the Levi factor M, of P,. Writing M, as MJA,,
with A, denoting the split component of M,, then we can write o, as the tensor product of
an admissible, irreducible representation of M, and a character of 4,. With this observation,
it follows from Proposition 8.22 in [24] that 7, and o, have the same infinitesimal character.
Since this is true for all Archimedean places, it follows that o is L-algebraic if and only if 7 is
L-algebraic: this proves part (1). Part (2) is a special case of Lemma 5.45 in [0]. O

We can now prove the main result of this section.
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Theorem 2.4.7. Let F' be a number field. If every irreducible, C-algebraic, cuspidal automor-
phic representation of every connected, reductive algebraic group defined over F' is C-arithmetic,
then every irreducible, C-algebraic automorphic representation of every connected, reductive
algebraic group defined over F' is C-arithmetic, and every irreducible, L-algebraic automorphic
representation of every connected, reductive algebraic group defined over F' is L-arithmetic.

Proof. Let m be an irreducible automorphic representation of G(Ar), with G a connected, re-
ductive algebraic group defined over F. We distinguish four cases.

(I) The representation 7 is C-algebraic and cuspidal. Then the result holds by assumption.

(IT) The representation 7 is L-algebraic and cuspidal. Then, by Theorem there exists a
central extension ~
1—G, —G—G—1

such that G admits a twisting element. Let 7 denote the automorphic representation of
G(AFp) obtained by lifting 7 along the surjection G(Ar) - G(Ap). Then, by Proposition
7 is cuspidal and L-algebraic. By Theorem we can twist T to obtain a cus-
pidal C-algebraic automorphic representation of G(Ar), which is therefore C-arithmetic
by assumption. By Theorem [2.4.2] “ the representation 7 is L-arithmetic, and so is 7 by

Proposition|2.4.1| -

(III) The representation 7 is L-algebraic and not cuspidal. Then, by part (2) of Theorem
7 is a constituent of Indp (o), where P is a proper parabolic subgroup of G with Levi factor
M, and o is a cuspidal automorphic representation of M (Ar). By (1) of Proposition
o is L-algebraic and, arguing as in case (II), we obtain that o is L-arithmetic. By part (2)
of Proposition it follows that 7 is L-arithmetic.

(IV) The representation 7 is C-algebraic and not cuspidal. By Theorem there exists a
central extension N
1—G, —-G—G—1

such that G admits a twisting element. Let 7 denote the automorphic representation
of G(AF) obtained by lifting = along the surjection G(Ar) - G(Afr). By part (1) of
Proposition 7 is C-algebraic. By Theorem we can twist 7 to obtain an L-
algebraic automorphic representation of G(AF) Arguing as in case (III), we obtain that
this twist of 7 is L-arithmetic. By Theorem it follows that 7 is C-arithmetic and we
conclude that 7 is C-arithmetic by part (1) of Proposmon-

O
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3 Asymptotic Orthogonality of Tempered Representations

3.1 Introduction

Let G be a semisimple group over a local field, let K be a maximal compact subgroup of G.
We fix a Haar measure on G, denoted dg. If H is the Hilbert space underlying a unitary rep-
resentation of G, let Hx denote the space of K-finite vectors and H*° the space of smooth vectors.

In their recent work [23], D. Kazhdan and A. Yom Din conjectured the validity of an asymptotic
version of Schur’s orthogonality relations. It should hold for matrix coefficients of tempered
irreducible unitary representations of G, generalising Schur’s well-known orthogonality relations
for discrete series.

Following their article, we fix a norm on the Lie algebra g of G. By [23], Claim 5.2, we can
choose it so that AdK acts unitarily on g. We define the function
r:G — Rxo, r(g) = log (max{[|Ad(9)lop: [Ad(9™")]lop})

so that, given r € R+, we can introduce the corresponding ball

G i={g€Glr(g) <r}.
Given this set-up, we are in position to state their conjecture.
Conjecture 3.1.1 (Kazhdan-Yom Din, Asymptotic Schur’s Orthogonality Relations). Let G be
a semisimple group over a local field and let (7, H) be a tempered irreducible unitary represen-

tation of G. Then there exist d(r) € Z>( and f(7) € R such that, for all v1, v, v3,v4 € H, the
following holds:

1 T 1
lim — /G  rlg)on, ) 0, 0 g = s o) o)

7—00 rd(ﬂ')
Assuming that the matrix coefficients involved are K-finite, one has the following result:

Theorem 3.1.2 ([23], Theorem 1.7). Let (m, H) be a tempered, irreducible, unitary represen-
tation of G and K be a maximal compact subgroup of G. Then there exists d(w) € Z>o such
that:

(1) If G is non-Archimedean, there exists f(7) € R such that, for all vy, ve,v3,v4 € Hg, we
have

7—>00 rd(‘“’)

1 P w— 1
lim —— /G _(m(gyor,va)rla)ea, vab dy = g (o1, 00) o )

(2) If G is Archimedean, for any given non-zero vi,ve € Hp, there exists C(v1,v2) > 0 such
that

. 1 9
Tlgglo Fd(m) /G<,~ |(m(g)v1,v2)|* dg = C(v1,v2).
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In the non-Archimedean case, the proof of (1) is achieved by first establishing the validity of the
analogous version of (2). The polarisation identity allows the authors of [23] to define a form

D(~,~,‘,~) :HK XHK XHK XHK — C
via the prescription

. 1 —_—
D(v1,v3, v, va) = lim — / (m(g)v1, v2) (g o3, va) dy.
G<r

T—00 rd(ﬂ')
In [23], Section 4.1, this form is shown to be G-invariant and one would like to invoke an
appropriate form of Schur’s lemma to argue as in the standard proof of Schur’s orthogonality
relations. That is, for fixed ve, vy € Hg, one defines the form

D('71)27-7U4)2HK X HK — C

and, for fixed v{,v3 € Hg, the form

D(vy,-,v3,:): Hx x Hg — C.

One applies Schur’s lemma to these forms, which implies that each such form is a scalar multiple
of the inner product on H. Upon comparing them, one obtains the desired orthogonality relations.

The appropriate version of Schur’s lemma in the non-Archimedean case is provided by Dixmier’s
lemma, which can be applied since in the non-Archimedean setting the subspace of K-finite vec-
tors Hy and the subspace of smooth vectors H* coincide, the latter being equipped with the
structure of a Fréchet representation of GG, which is irreducible since H itself is irreducible.

The purpose of this article is to prove that the analogue of (1) in Theorem holds in the
Archimedean case. As explained in [23|, Section 4.2, it suffices to prove the result for real
semisimple Lie groups (Theorem|(3.4.4). In what follows, all Lie groups will be assumed to be
real.

Theorem 3.1.3. Let (7, H) be a tempered, irreducible, Hilbert representation of a connected,
semisimple Lie group G with finite centre. Let K be a maximal compact subgroup of G. Then
there exists f(r) € R such that, for all vy, v, v3,v4 € Hg, we have

im 5 | (o) o)l i dy = o) o o)

T—00 frd(ﬂ')

We need to modify the strategy above to account for the fact that the space of K-finite vectors of
a Hilbert space representation (7, H) of a real semisimple group does not afford a representation
of G. It is, however, an admissible (g, K )-module.

Our approach relies crucially on the admissibility of irreducible, Hilbert representations of re-
ductive Lie groups, a foundational theorem proved by Harish-Chandra. The theory of admissi-
ble (g, K)-modules then provides us with the appropriate version of Schur’s lemma for (g, K)-

invariant forms (Definition|3.2.11).

Hence, we are reduced to verify that D(-,ve,-,v4) and D(v1,-,vs,-) are, indeed, (g, K)-invariant.
Having established this, to conclude the proof of Theorem|2.3.3] we can argue as in [23], Section 4.
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From now on, to make the notation look more compact, given a Hilbert representation (m, H) of
G and vectors v,w € H, we set

¢v,w(g) = <7T(g)’U,’LU>.
For connected, semisimple Lie groups with finite centre, K-invariance is a consequence of g-

invariance (Proposition|3.2.14). Therefore, the problem is establishing the g-invariance. Explic-
itly, we prove the following (Proposition|3.4.2).

Proposition 3.1.4. Let G be a connected, semisimple Lie group with finite centre and let
(m, H) be a tempered, irreducible, Hilbert representation of G. Then, for all X € g, and for all
v1, V2, v3, V4 € Hg, we have

lim / ¢7r(X)v1 1)2( )¢v3,v4( )dg = — lim / ¢U1 712 7r(X 'U3,v4( )d

T—00 Td(ﬂ' r—oo pd( pd(m)
and

1 _
rli>nolo 'f‘d( ) /G ¢v1,7'r(X)v2 (g)¢v37v4( )dg - = r—>oo Td(ﬂ—) / ¢v17v2 )¢’U3,7\'(X)U4( )d
<r
The key observation is that, by exploiting the theory of asymptotic expansions of matrix coeffi-
cients of tempered representations both with respect to a minimal parabolic subgroup P = M AN
and with respect to the standard (for P) parabolic subgroups of G, the expression

r—00 rd

lim / Qb-n—(X)vl,vz ( )¢’U3 Vg (g) dg

reduces, roughly, to a sum of finitely many terms of the form

/ (T (i 7 (R)H (X 0r, w2), Ty (s (k)05 w)) 1201y e
K

Here, M) comes from a standard parabolic subgroup Py = M)Ax,Ny, of G. We denote
my, dy,, Ny, the Lie algebras of My, Ay,, N),, respectively. The functions I'y;, T}, ,,, as func-
tions of my, are analytic and square-integrable and arise from the asymptotic expansion of the
matrix coefficients ¢x(x)v, v, and ¢y, .,, respectively, relative to Py. The subscript in Py is
meant to indicate that the parabolic subgroup is obtained, in an appropriate sense, from the
datum of A. Moreover, (\,1) and (u,m) are related in a precise way.

We shall elaborate on these points later on. For the moment, let us point out that we reduced

the initial problem to showing that, for every X € g, and for all relevant pairs (\,1) and (g, m),
the integral

/ (Txg (m 7 (B (X )01, wn), Ty (min, 7(kYo3, w0)) 2o, ) d
K

equals

- / <F)\’l(m)\, 7T(k‘)’l)17 w2)7 F#’m(m)\, ’]T(k)fd’()()’l}g7 ’LU4)>L2(M>\) dk
K
We will prove that, if (A,l) and (u, m) satisfy a certain condition (to be explained below), the

functions T'y ;(-,v1,w2) and T'y (-, v3,wa) are, in fact, Z(gc)-finite, with Z(gc) denoting the
centre of the universal enveloping algebra of the complexification g¢ of g, and K N M) -finite.
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It will then follow from a theorem of Harish-Chandra (Theorem |3.2.17) that they are smooth
vectors in the right-regular representation (R, L?(M,)) of M), .

The idea is to combine this observation with an appropriate form of Frobenius’ reciprocity
(Theorem [3.2.24)), due to Casselman, to construct (g, K)-invariant maps

T, : Hx — Indp, g (Hos May, )y T, (0) (k) (M) == T u(ma, m(k)v, we)
and
Tw4 cHg — Indf K (Hg,A‘aAO), Tw4(v)(k)(m)\) = F)\,l(m)\,ﬂ(k)v,uu).

Here, the subgroup Py is the parabolic subgroup opposite to Py. The notation Ind-» Py K (Hy, Ala o )
stands for the space of K-finite vectors in the representation induced from the (m ,\EBa 2oy KNM, ,\)
module

HU ® Cklnko —Pxg

for an appropriately chosen admissible, unitary, sub-representation (o, H,) of (R, L?(M,)).
To apply the required form of Frobenius’ reciprocity, we need to show that the maps

Swy : Hx — Hs ® (CMMO —pagr Swa (V) (M) =T\ i(mx, v, w2)
and

Sw4 : HK — Ha 2y (CMu)\O —Pxo? Sw4(v)(m,\) = FA;l(mA”U7w4)

descend to (my @ ay,, K )-equivariant maps on Hg /ny, Hg. Establishing this result is the tech-
nical heart of the article.

Assuming it, the integral

/ (Td (mn 7 (B (X )01, wn), Ty (min, (kYo w0)) 2o ) A
K

is nothing but

<If-ld@ (0, Alay, ) (XA (mx, v1, wa), Ly (M, vs, w4)>1ndﬁA (0 A lax, )

where

(-, ->Indﬁ>\(o,)\|uk0)

is the inner product on Indg (0, Ala,,). We will see that this makes sense since the inducing
data ensure unitarity. The sought equality will then follow from the skew-invariance of the inner
product on a unitary representation with respect to the action of the Lie algebra.

To explain how the functions I'y ;(-, v1,v2) and Fuﬁm(-,v37v4) arise, we need to recall the main
features of the asymptotic expansions of K-finite matrix coefficients of tempered representations.

If ¢4 is such a matrix coefficient, then its asymptotic expansion relative to the minimal parabolic
subgroup P of G can be thought of as a sum indexed by a countable collection

A= {(\ Dhaee, 1eZ2 il <lo-
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The set £ is a collection of complex-valued real-linear functionals on Lie(A) depending on (, H)
and not on the particular choice of v, w € Hy. Tt is the set of exponents of (7, H). The number
n is the rank of G and ly, too, depends on (m, H) only.

The term indexed by (A,l) is multiplied by a complex coefficient ¢y ;(v,w). The choice of
v,w € Hg determines the pairs in C for which ¢y ;(v,w) # 0. If A € &, there exists at least a
pair of v,w € Hf such that, for some [ € ZZ, with [I| < Iy, we have cy ;(v,w) # 0.

For any standard (for P) parabolic subgroup P’ = M'A’N’ of G, the matrix coefficient ¢, .,
admits a similar asymptotic expansion. It can be thought of as a sum indexed by a countable
collection

A ={(v.q)}vee, 9€Z% otlal<q0"

Here, 7 < n is the dimension of A’, the set &£ consists of complex-valued real-linear functionals
on Lie(A’). On regions on which both the expansion relative to P and the expansion relative to
P’ are meaningful, by comparing the two it turns out that the element in £ are precisely the
restrictions to Lie(A’) of the elements in £ and, making the appropriate identifications following
from A’ C A, each ¢ is the projection to ZZ of an [ appearing in the expansion relative to P.

While in the expansion relative to P the term indexed by (A,l) is multiplied by the complex
coefficient ¢y ;(v, w), the term indexed by (v, q) in the expansion relative to P’ is mutiplied by a
real-analytic function

Cuqg(v,w) : M" — C.

We need one more piece of information to explain how I'y ;(-,v1, v2) and Tym(esvs, v4) arise: the
construction of d(m) in [23]. The idea is as follows. We can think of A € £ as an n-tuple of
complex numbers (A1, , ;). It can be shown that there exist a finite sub-collection & C &
such that, for every A € £, there exists \ € & such that

A—Xezy,

Moreover, any two distinct elements in & are integrally inequivalent: their difference does not
belong to Z™. By a result of Casselman (Theorem , for every A € & and for every i €
{1,...,n}, we have

Re/\i <0

and it is clear that this holds for every A € €.

For (A1) € A, we introduce the set I := {i € {1,...,n}|ReX; < 0}, we define

dp(\ 1) o= [I§] + ) 2 (1)

i€l

and we take the maximum, dp, as (A, ) ranges over all the pairs with A € &.

We can proceed analogously for every standard parabolic P’ and obtain a non-negative integer
dps. The maximum over all P’ is d(m).

Now, given A € &, identifying I with a subset of the simple roots determined by an order on
the root system (g, a), we can construct a standard (for P) parabolic subgroup Py = My Ax,Nx,
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associated to In. We will show that if (A1) € A satisfies A € & and dp(), 1) = d(n), then
L+ v1,v2) is precisely the function ¢ (-, v1,v2) with v := Alay,» Where ay, := Lie(Ay,), and

q equal to the projection of [ to Z>0

Finally, we mentioned that in the integral

/ (Tt (m, w(k)vr, wa), Ty (mi, ©(k)v3, wa)) L2,y dk
K

the pairs (A, 1) and (u, m) must be related in a precise way. First of all, (i, m) € A satisfies u € &
and dp(p,m) = d(r). In addition, we must have Iy = I, (so that Py = P,) and A|a,, = #ta,,-
The last condition, together with the unitarity of the representation (o ,Hg) introduced above,
is precisely what ensures that Indp, (0, Alq,,) is unitary.

Implementing the strategy sketched above requires gathering a number of intermediate results.
Several are inspired from the chapter in |24] on Langland’s classification of tempered represen-
tations. Here is a more detailed outline of the article.

Section 2: The first part includes a discussion of the (g, K)-module version of Schur’s lemma
(Theorem. In the second part, we recall the result of Harish-Chandra establishing that
smooth, Z(gc)-finite, K-finite, square-integrable functions on reductive groups are smooth vec-
tors in the right-regular representation (Theorem . As a consequence, we prove that,
on such a function, the action of g through differentiation is the same as the action of the Lie
algebra through the right-regular representation (Proposition . After stating the basic
facts on parabolically induced representations that we need, we discuss Casselman’s version of

Frobenius’s reciprocity (Theorem |3.2.24]).

Section 3: In the first part, we recall the theory of asymptotic expansions of matrix coefficients
of tempered representations both with respect to a minimal parabolic subgroup and with respect
to standard parabolic subgroups. We then explain in detail how the functions I'y (-, vy, v2),
I'ym(-,v3,v4) arise. We begin by introducing an equivalence relation on the data indexing the
asymptotic expansion relative to P of the K-finite matrix coeflicients of a tempered, irreducible,
Hilbert representation (w, H). This equivalence relation is motivated by construction of d(w)
in [23] and it is meant to exploit the criteria for the computation of asymptotic integrals in
Appendix A in loc. cit. Imposing the conditions on (A,l) and (u,m) that we discussed above,
we identify the functions I'y;(-,v1,v2) and I'y p (-, v3,v4) with the coefﬁcient functions in the
asymptotic expansion relative to Py of ¢y, , and ¢y, Proposition . We then prove that
they are smooth vectors in (R, L?(M,)) (Proposition |3. Combimng Proposition [3.3.6| with
the technical Lemma [3.3.7) and Lemma [3.3.8] we are in p0s1tion to construct unitary, adm1ss1—
ble, finitely generated representations (o1, H,,) and (o9, Hy,) whose direct sum is the unitary,
admissible, finitely generated representation (o, H,) introduced above (Proposition.

Section 4: Having gathered the results we need, we prove Proposition (Proposition|3.4.2).
We begin with a computational Lemma which shows that the second identity in Proposition
follows from the first (Lemma. The first part of the proof of Proposition consists of
an application of the considerations in Appendix A of [23] and a series of integral manipulations
(justified in Lemma aimed at showing that the integral

r—)oo rd(ﬂ) / ¢”(X)U17U2( )¢1)3,1}4 (g) dg
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can be computed in terms of a sum of integrals of the form

[ Pl w0102, By (), )
K
with the pairs (A1) and (u, m) both belonging to A with A, u € &, Ix = I, May, = #a,, and

dp(A, 1) =dp(p,m) = d(m).

We explained how to construct the unitary, finitely generated, admissible representation (o, H, )
needed to apply Casselman’s version of Frobenius’ reciprocity. The discussion following Propo-

sition [3.3.10| therefore gives (g, K)-equivariant maps

Tw2 cHy — IndﬁA(O',)\lal\o), TW2(’U)(I{7)(m)\) = F)\’l(m)\,’f((k)’l},wg)

and

Ty, : Hx — Indgp, (0,)\|MO)7 T, (V) (k) (my) := T m(my, m(k)v, wa).

The condition )\\MO = /”L‘axo and the fact that, by the definition of Iy, the functional )\\QAO is
totally imaginary, shows that

[ sl X)), T (0, )

is equal to

(T, (7(X)01), Ty (03)) 1nds. (001, )-

The (g, K)-equivariance of T, gives

<Tw2 (W(X)'Ul)a Tu)4 (U3)>Indﬁ>\ (J,A\HAO) = <Indﬁ>\ (0, )\|ako )(X)Tw2 (Ul), Tw4 (03)>Indﬁ>\ (U’M“)\O)’

by Corollary |3.2.20| we have

(Indp, (0, Alay, )(X) T, (v1), T, (03))indp (0May) = —{Tows (01), Indp (o, Marg ) (X) Ty (V3))1ma (0],

and the (g, K)-equivariance of T,,, gives

(T, (v1), Indp, (@5 Alaxy ) (X) T (03))mds (0710, ) = (T (V1) Ty (F(X)03)) 10, (2] )
thus completing the proof of Proposition

Finally, we proceed as explained in the first part of the Introduction to prove Theorem

(Theorem (3.4.4).

31



3.2 Recollections on Representation Theory

Our presentation of the theory of (g, K)-modules follows [35]. To discuss its basic features, we
need to gather some results on unitary representations of compact groups. We begin by recalling
the basic notions in the study of representations of topological groups, which we always assume
to be Hausdorff.

First, following [35], Section 1.1, let G denote a second-countable, locally compact group,
equipped with a left Haar measure dg, and let V denote a complex topological vector space.
We denote by GL(V') the group of invertible continuous endomorphisms of V. A representa-
tion of G on V is a strongly continuous homomorphism 7 : G — GL(V). Let (w, V') denote the
datum of a representation of G. A subspace of V' which is stable under the action of G through
m is called an invariant subspace. A representation is said to be irreducible if the only closed
invariant subspaces are the trivial subspace and V itself.

If (H,(,-)) is a separable Hilbert space, a representation m of G on H is termed a Hilbert
representation. If) in addition, G acts by unitary operators through m, the representation is
said to be unitary.

Next, following [27], Section 10, we introduce the basic features of the theory of vector-valued
integration.

Let (X, dz) be a Radon measure space, let H be a Hilbert space and assume that
f:X—H
is measurable. The function f is integrable if it satisfies the following two conditions:

(1) For allv € H,
/Mmmmm<m.
X

(2) The map
v [ (@) 0)de
X
is a bounded conjugate-linear functional.

If f: X — H is integrable, then, by the Riesz’ representation theorem, there exists a unique
element in H, denoted

Aﬂ@m

such that, for all v € H, we have

</Xf(w)dx,v>:/x<f(x)7v>dx.

Proposition 3.2.1. Let (X, dx) be as above. Let H, E be Hilbert spaces,
f : X — H a measurable function and 7' : H — E a bounded linear operator. Then the
following holds:

32



/ (@) da < oo,
X

then f: X — H is integrable.
(2) If f: X — H is integrable, then so is T'f : X — E. Moreover,

T(/X f(x)dat) :/XTf(m)dx.

Proof. See |27], Proposition 10.8 and Proposition 10.9. O

Now, let (7, H) be a unitary representation of G. Let v € H and f : G — H be such that the
map

g~ flg)m(g)v

is integrable. Let 7(f)v denote the unique element in H such that, for all w € H, we have

(n(f)o, w) = /G £(9)(n(g)v, w) dg.

Proposition 3.2.2. Let (m, H) be as above. If f € L*(G), then, for all v € H, the map
g — f(g)m(g)v is integrable and the prescription

w(f): H— H, v 7(f)v
defines a bounded linear operator.
Proof. See [27], Proposition 10.20. O

With the integral operators introduced in Proposition at our disposal, we have all the tools
needed to state the main results on the unitary representations of compact groups.

Let K be a compact group. Let K denote the set of equivalence classes of irreducible unitary
representations of K. If (7, H) is a unitary representation, for each v € K let H(v) denote the
closure of the sum of all the closed invariant subspaces of H in the equivalence class of v. We
refer to H(7y) as the y-isotypic component of H.

Proposition 3.2.3. Let K be a compact group. Let (7, H) be an irreducible unitary represen-
tation of K. Then H is finite-dimensional.

Proof. See [35], Proposition 1.4.2. O

Given Proposition we can associate, to each v € K , the function

Xy K — C, x4(9) :=trv(g),

the character of 7.

Recall that if {(m;, H;)|i € I} is a countable family of unitary representations of a topological
group G, we can construct a new unitary representation of G, the direct sum, on the Hilbert
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space completion of the algebraic direct sum of the H;’s. We refer the reader to [35], Section
1.4.1, for the details of this construction. We let

D
iel
denote the direct sum of the family {(m;, H;)|i € I}, dropping explicit reference to the ;’s.

Proposition 3.2.4. Let K be a compact group. Let (7, H) be a unitary representation of K.
Then (7, H) is the direct sum representation of its K-isotypic components; that is,

H= H).

'yef(

Moreover, let a, denote the function

0ty (k) = dim ()5 (k):
Then the following holds:
H(y) = nlaq)H.
Proof. See [35], Lemma 1.4.7. O

Proposition 3.2.5. Let K be a compact group. If (w, H) is a Hilbert space representation of
K, then there exists an inner product on H that induces the original topology on H and for
which K acts unitarily through .

Proof. See 35|, Lemma 1.4.8. O

We are finally ready to introduce (g, K)-modules.

Definition 3.2.6. Let G be a connected, semisimple Lie group with finite centre. Let g denote
its Lie algebra. Let K be a maximal compact subgroup of GG, which we fix from now on, with Lie
algebra €. A vector space V, equipped with the structure of g-module and K-module, is called
a (g, K)-module if the following conditions hold:

(1) Forallv e V, for all X € g, for all k € K,

kXv = Ad(k)Xkv

(2) For all v € V, the span of the set

Kv := {kv|k € K}
is a finite-dimensional subspace of V', on which the action of K is continuous.

(3) Forallve V, forall Y € ¢,

d
@exp(tY)vh:O =Y.
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We remark that (3) implicitly uses the smoothness of the action of K on the span of Kv. This
follows from the fact that a continuous group homomorphism between Lie groups is automati-
cally smooth.

Let V and W be (g, K)-modules and let Homgy 5 (V, W) denote the space of g-morphisms that
are also K-equivariant. Then V and W are said to be equivalent if Hom, x (V, W) contains an
invertible element.

A (g, K)-module V is called irreducible if the only subspaces that are invariant under the
actions of g and K are the trivial subspace and V itself. In this case, we have the following
theorem:

Theorem 3.2.7. Let V be an irreducible (g, K')-module. Then the space
Homyg i (V, V) is 1-dimensional.

Proof. This is the result actually proved in [35], Lemma 3.3.2, although the statement there says
Homyg i (V, W), for an unspecified W. We believe it is a typo. O

Let V be a (g, K)-module. Since, given each v € V, the span of Kv, say W,,, is a finite-dimensional
continuous representation of K, we can use Proposition and then apply Proposition
thus decomposing W, into a finite sum of finite-dimensional K-invariant subspaces of V. For
v € K, we let V() denote the sum of all the K-invariant finite dimensional subspaces in the
equivalence class of . Then the discussion above implies that

V=P vH)

vek

as a K-module, with the direct sum indicating the algebraic direct sum. A (g, K)-module V is
called admissible if, for all v € K, V() is finite-dimensional.

Given a unitary representation (7, H), there exists a (g, K)-module naturally associated to it.
To define it, recall that a vector v € H is called smooth if the map

g = 7(g)v
is smooth. Let H* denote the subspace of smooth vectors of H. It is a standard fact that the
prescription

H(X) = r(ep(tX))olims,

for v € H* and X € g, defines an action of g on H*°. Recall that a vector v € H is K-finite if
the span of the set

m(K)v = {m(k)v|k € K}

is finite-dimensional. Let Hy denote the subspace of K-finite vectors of H. By [35], Lemma
3.3.5, with the action of g so defined and with the action of K through 7, the space Hx N H* is
a (g, K)-module. The representation (7, H) is said to be admissible if Hx N H* is admissible
as a (g, K)-module and (m, H) is called infinitesimally irreducible if Hx N H* is irreducible
as a (g, K)-module. It is in general not true that a K-finite vector is smooth. However, if (m, H)
is admissible, we have the following result:
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Theorem 3.2.8. Let G be a connected, semisimple Lie group with finite centre. Let (7, H) be
an admissible representation of G. Then every K-finite vector is smooth.

Proof. See the proof |35/, Theorem 3.4.10.
O

In light of the following fundamental result of Harish-Chandra, Theorem will play an
important role in this article.

Theorem 3.2.9. Let G be a connected, semisimple Lie group with finite centre. Let (w, H) be
an irreducible, Hilbert representation of G. Then (7, H) is admissible.

Proof. See [26], Theorem 7.204.
O

In the following, given a unitary representation (m, H), we will write Hg for the (g, K)-module
Hyg N H> even if (7, H) is not admissible. We believe it will not cause any confusion.

We are now in position to prove the version of Schur’s lemma for sesquilinear forms that we will
use in Section 3. It is given as Corollary [3.2.13| below. First, we need:

Theorem 3.2.10. Let G be a connected, semisimple Lie group with finite centre. Let (m, H)
be an admissible Hilbert representation of G. Then (mw, H) is irreducible if and only if it is
infinitesimally irreducible.

Proof. See [35], Theorem 3.4.11.

Definition 3.2.11. Let V and W be (g, K)-modules. A sesquilinear form
B(,):VxW —C
is (g, K)-invariant if it satisfies the following two conditions:

(i) For all k1, ks € K and all v,w € V we have

B(kyv, kow) = B(v,w).

(ii) For all X € g and all v,w € V we have

B(Xv,w) = —B(v, Xw).

Theorem 3.2.12. Let G be a connected, semisimple Lie group with finite centre. Let V' be an
admissible (g, K)-module. Suppose that there exist a (g, K)-module W and a non-degenerate
(g, K)-invariant sesquilinear form

B(-,):VxW —C.
Then W is (g, K)-isomorphic to V.

Proof. This is [35], Lemma 4.5.1, except for the fact that our form is sesquilinear. To account
for it, we modify the definition of the map T in the reference by setting, for a given w € W,
T(w)(v) = B(w,v) for all v € V. This defines a map from W to V obtained by sending w to
T'(w) which, by the argument in the reference, is a (g, K )-isomorphism.

O
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The next corollary is proved by adapting to our case the argument in [15]|, Proposition 8.5.12
and using the beginning of the proof of [24], Proposition 9.1.

Corollary 3.2.13. Let G be a connected, semisimple Lie group with finite centre. Let (7, H) be
an irreducible, admissible, Hilbert representation of G. Then, up to a constant, there exists at
most one non-zero (g, K)-invariant sesquilinear form on Hg . In particular, if (7, H) is irreducible
unitary, then every such form is a constant multiple of (-, ).

Proof. The irreducibility of H implies that of Hg, by Theorem|3.2.10|and by Theorem|3.2.8} Let
B(-,-) be a (g, K)-invariant sesquilinear form. Consider the linear subspace Vj of Hx defined as

Vo :={v € Hg|B(v,w) =0 for all w € Hg }.

Since B(+, -) is non-zero, Vj is a proper subspace of H. Since B(-,-) is moreover (g, K)-invariant,
it follows that Vj is a (g, K)-invariant subspace of Hg, hence, by the irreducibility of Hp, it
must be zero. Analogous considerations for the subspace

VY:={w € Hg|B(v,w) =0 for all v € Hg}

imply that B(-,-) is non-degenerate. By Theorem the map v — T'(v), T(v)(:) := B(v, "),
is a (g, K)-isomorphism. Since Hy is irreducible, the space Homg x (Hk, Hg) is 1-dimensional
by Theorem Now, let B’(-,-) be another such form, with associated isomorphism T”. Then
T(T")~* = cl, for some ¢ € C. For the last statement, the unitarity of (w, H) implies that (-, )
is a (g, K)-invariant non-degenerate sesquilinear form and Theorem with the discussion

above, implies the result.
O

Since we are assuming that G is connected, proving (g, K)-invariance reduces to proving g-
invariance. Indeed, by Theorem 2.2, p. 256, in [21], any maximal compact subgroup K of G is
connected. Therefore, by Corollary 4.48 in [25], the exponential map

exp:t— K
is surjective.

Proposition 3.2.14. Let G be a connected, semisimple Lie group with finite centre. Let V be
a (g, K)-module, let

B(,):VxV —C
be a g-invariant sesquilinear form. Then B(:,-) is K-invariant.

Proof. Given any pair of vectors v,w € V, we can find a finite-dimensional subspace of V', say
W, which contains both and on which K acts continuously through a representation w. The
restriction of the bilinear form B(:,:) to W is continuous. To prove that B(w(k)v,n(k)w) =
B(v,w) for all k € K, it suffices to prove that B(m(k)v,w) = B(v,m(k~})w) for all k € K. Given
k € K, let X € £ be such that k = exp(X). We begin by writing

B(m(k)v,w) = B(w(expX)v, w).

Since 7(expX) = exp(X)v, we obtain

B(m(expX)v,w) = B(expm(X)v, w).
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The continuity of B(-,-) on W gives

B(exprr(X)v,w) = expB(7(X)v,w).

By the g-invariance of B(-,-), we have

expB(7(X)v, w) = expB(v, 7(—X)w)

and, finally,

expB(v, 7(—X)w) = B(v, w(exp(—X))w).
O

Let us recall that any locally compact Hausdorff group G acts on the Hilbert space L?(G) by
the prescription

R(g)f(x) := [(zg).

The representation so obtained is unitary and if G is a Lie group the notion of smooth vectors
in L?(G) makes sense. In the next section, we will need a criterion to establish that certain
functions are smooth vectors in L?(G). We will make use of the following notion:

Definition 3.2.15. Let G be a Lie group and let (7, H) be a Hilbert representation of G. The
Garding subspace of H is the vector subspace of H spanned by the set

{r(f)vlve H, feCZ(G)}

Proposition 3.2.16. Let G be a Lie group with finitely many connected components, let (m, H)
be a Hilbert representation of G. Then every vector in the Garding subspace of H is a smooth
vector in H.

Proof. See [35], Lemma 1.6.1.
O

Recall that f € C*°(G) is called Z(gc)-finite if it is annihilated by an ideal of Z(gc) of finite
codimension. The criterion we need is the following result of Harish-Chandra:

Theorem 3.2.17. Let G be a group in the class H as in [33], p. 192. Let f € C*°(G) be K-finite
and Z(gc)-finite. Then there exists a function h € C2°(G) which satisfies h(kgk~—') = h(g) for all
k € K and for all g € G and such that fxh = h. If f € C*°(G), in addition, is square-integrable,
then f is a smooth vector in L*(G).

Proof. The first statement is 33|, Proposition 14, p. 352. The second conclusion follows from
the observation found at the beginning of the proof of Corollary 8.42 in [24] that f is in the
Garding subspace of L?(G) and it is therefore smooth by Proposition|3.2.16] That f is indeed
in the Garding subspace of L?(G) follows from the equality

R(h)f = f*h,

where h(z) = h(z~!) and from the first statement.
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Proposition 3.2.18. Let G be a group in the class H. Let f € C°°(G) be K-finite, Z(g¢)-finite
and square-integrable. Then, for every X € g, we have

Xf=RX)f
where X f : G — C is defined as
d
Xf(9) = 4 [f(gexp(tX))] i=0 (2)

Proof. By Theorem [3.2.17} there exists h € C°(G) such that

f=fx=h.

From the equalities

Xf=X(fxh)=fxXh

and
f*Xh=R(Xh)f,
we obtain
Xf=R(Xh)f.
Since
R(Xh)f = R(X)R(h)f
and
R(W)f=fxh=f,
we conclude
Xf=RX)f.

O

We will apply Propositionto the group M in the Langlands decomposition of a parabolic
subgroup P = M AN of a connected semisimple Lie group with finite centre. A group M of this
form will not be connected, semisimple in general. However, it belongs to the class H by [17],
Lemma 9, p. 108.

We briefly recall the construction of parabolically induced representations. We refer the reader
to |26, Chapter XI, for a more thorough account.

Let G be a connected, semisimple Lie group with finite centre and let P = M AN be a parabolic
subgroup of G. The group Kj; := K N M is a maximal compact subgroup of M. Let A be a
complex-valued real-linear functional on a and let (o, H,) be a Hilbert representation of M. We

define an action of G on the space of functions

{f € C(K,Hy,)| f(mk) =c(m)f(k) for all m € Kp; and all k € K}
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by declaring

Indp(o, A, g) f (k) = AT RED o (m(kg)) f (k(kg)),

where, if ¢ = kman for some k € K, m € M, a € A, n € N, we set k(g) := k, m(g) := m,
h(g) :=log(a), n(g) := n. The symbol p denotes half of the sum of the positive restricted roots
determined by a counted with multiplicities. On this space of functions, we introduce the norm

1 lmapcon = ( /K 1 £ i)

and, upon completing, we obtain a Hilbert representation of G which we denote Indp (o, A). We
will denote Indp k,, (0, A) the space of Ky-finite vectors in Indp (o, A).

Proposition 3.2.19. Let G be a connected, semisimple Lie group with finite centre and let
P = MAN be a parabolic subgroup of G. Let A be a complex-valued, real-linear, totally
imaginary functional on a and let (o, H,) be a unitary representation of M. Then Indp (o, \) is
a unitary representation of G.

Proof. See [26], Corollary 11.39.
O

Corollary 3.2.20. Let G be a connected, semisimple Lie group with finite centre and let

P = MAN be a parabolic subgroup of G. Let A be a complex-valued, real-linear, totally
imaginary functional on a and let (o, H,) be a unitary representation of M. Then, for every
fi, f2 € Indp k,, (0, ) and for every X € g, we have

(Indp (g, \)(X) f1, fo)mdp (o,0) = —(f1,Indp(0, N)(X) f2) tndp (00)-

Proof. This is a consequence of Proposition |3.2.19(and the skew-invariance of the inner product
on a unitary representation with respect to the action of the Lie algebra on the space of smooth
vectors ([37], p. 266).

O

Next, we recall a form of Frobenius’ reciprocity originally observed by Casselman. We first need
some preparation.

First of all, we record the following.

Lemma 3.2.21. Let G be a connected, semisimple Lie group with finite centre and let
P = M AN be a parabolic subgroup of G. If V is a (g, K)-module, then V/nV can be equipped
with the structure of an (m @ a, Kj7)-module in such a way that the quotient map

q:V—V/Vv
is (m @ a, Ks)-equivariant.
Proof. It suffices to show that if v € V is of the form
v=Xw
for some w € V and X € n, then, for all £ € K;, we have

&v enV,
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and, for all Y € m & a, we have

Yv enV.

Let £ € K,,,. We have
v =¢Xw=Ad(§)X&w

and, since K, being contained in M, normalises n by [25], Proposition 7.83, it follows that
Ad(§)X en.

Let Y € m & a. We have

Yo=YXw=[Y,X]w+ XYw.

The second term in the RHS belongs to nV because X € n and the first belongs to nV because
nis an ideal in p = m @ a ® n by [25], Proposition 7.78. O

Let us recall that a (g, K)-module is finitely generated if it is a finitely generated U(gc)-
module. We say that a Hilbert representation (7, H) of G is finitely generated if Hg is finitely
generated. We record the following result of Casselman.

Theorem 3.2.22. Let G be a connected, semisimple Lie group with finite centre and let
P = M AN be a parabolic subgroup of G. Let V' be an admissible, finitely generated (g, K)-
module. Then V/uV is an admissible, finitely generated (m @ a, Ks)-module.

Proof. See [35], Lemma 4.3.1. O

Corollary 3.2.23. Let G be a connected, semisimple Lie group with finite centre and let
P = MAN be a parabolic subgroup of G. If V is an irreducible (g, K)-module admitting
an infinitesimal character, then V/nV is an admissible, finitely generated (m @ a, Kjs)-module.

Proof. By [21], Theorem 2.2, p. 256, K is connected. By [26], Theorem 7.204, V is admissible.
Combining [26], Example 1, p. 442, and [26], Corollary 7.207, it follows that V is finitely
generated. The result now follows from Theorem|3.2.22

O

Let p, m, a and n denote the Lie algebras of P, M, A and N, respectively.

Let (0, H,) be an admissible and finitely generated Hilbert representation of M which is unitary
when restricted to Kj;. Let A be a complex-valued real-linear functional on a. Consider the
(m @ a, Kjr)-module H(;\,KM defined as

A -
HU,K]% T HG’7KM ® CA"‘P

where the pair (m, Kj) acts on Hy g,, and a acts on Cyy, via the functional A + p.

If Vis a (g, K)-module and T' € Homg x(V,Indp k,,(0,A)), then we can define an element
T € Hompga 10y, (V/0V, H 4 ) by setting

o, Km
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Theorem 3.2.24. Let G be a connected, semisimple Lie group with finite centre. Let V be a
(g, K)-module. Let (0, H,) be an admissible and finitely generated Hilbert representation of M
which is unitary when restricted to Kj; and let A be a complex-valued real-linear functional on
a. Consider the (m @ a, Kjs)-module HQKM. Then the map

Homg x (V,Indp k,, (0, N)) — Homwmaa ey, (V/0V, H) i), T T
is a bijection.

Proof. See [35], Lemma 5.2.3 and the discussion preceding it. See also Lemma 3.8.2 for the
specialisation to the case of a minimal parabolic. Alternatively [20], Theorem 4.9.
O

The inverse of the map T — T is constructed as follows. Let S € Hommga, i, (V/0V, H, N Kar)
Then we obtain an element S € Homg x (V,Indp k,, (o, \)) by setting

S()(k) := S(a(kv)),

where ¢ : V. — V/nV denotes the quotient map. Then the inverse of T T is given by the
map

Hommga, k0, (V/0V, HY ) — Homg i (V,Indp i, (0, N)), S+ S.
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3.3 Asymptotic behaviour of representations

We begin by collecting the fundamental facts concerning asymptotic expansions of matrix co-
efficients of tempered representations. We refer the reader to [24], Chapter VIII, for a more
thorough exposition of the topic.

Let G be a connected, semisimple Lie group with finite centre, let K be a fixed maximal compact
subgroup of G corresponding to a Cartan decomposition of g as g = €@ p. Let P = M AN denote
the minimal parabolic subgroup of G with Lie algebra p. Given a maximal abelian subspace a of
p, we call A the corresponding subgroup of P and M the centraliser of A in K. We fix a system
A of simple roots of the root system (g, a), we use AT to denote the corresponding set of positive
roots.

Let a™ denote the set {H € a|la(H) > 0 for all @« € A}. Then the subset of regular elements
G*¢ of G admits a decomposition as G™¢ = Kexp(a¥t)K and G itself admits a decomposition

G = Kexp(at)K.

We write A = {ay,...,a,} and we identify it with the ordered set {1,...,n} in the obvious way.
We adopt the following notation to simplify the appearance of the expansions we are going to
work with.

For H € a and | € Z%,, we set a(H) =T], ay(H)b.

If A is a real-linear complex-valued functional on a, since, for every H € a, we have

AH) = Nai(H)
i=1
for some Ay, ..., \, € C, we will often identify A with the n-tuple (A1,...,\,).

The next result is concerned with the expansion of K-finite matrix coeflicients relative to P.

Theorem 3.3.1. Let G be a connected, semisimple Lie group with finite centre and let (7, H) be
an irreducible, Hilbert representation of G. Then there exist a non-negative integer [y and a finite
set of real-linear complex-valued functionals on a, denoted &, such that, for every v,w € Hg,
the restriction to exp(a™) of the matrix coefficient

bv,w(g) = (m(g)v, w)
admits a uniformly and absolutely convergent expansion as
Guw(expH) =e 7 Y= N > a( ) PP E ey i(v),w),
A& LeZL :|l<lo keZY,

where each cy_j,; : Hx — Hp is a complex-linear map and p, denotes half of the sum of the
elements in AT counted with multiplicities.

Proof. By [26], Theorem 7.204, (7, H) is admissible and therefore has an infinitesimal character.
By [24], Theorem 8.32, we have the stated expansion for any 7-spherical function (in the sense
of [24], p.215) F on G of the form

F(g) = Eyn(g)E,
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where 71 and 79 are sub-representations of

A= @n

veK

of the form

T = @ nyy and 7 i= @ Ny

RIS YE€O2

for finite collections ©1, 0, € K ,and E7, Es are the orthogonal projections to 7, 72, respectively.
In this expansion, the set &, the maps cyx_j,; and the number /o depend on 7 = (71, 72) and
we can expand ¢, ., provided that v € 7, and w € 75. To obtain an expansion valid for every
v,w € Hig and with F, [y and the cy_g,; independent of 7, we appeal to [8], Theorem in 8.8,
which we can apply since (7, H) is finitely generated by |26, Corollary 7.207.

O

We recall that if v,/ are real-linear complex-valued functionals on a such that v — v/ is an inte-
gral linear combination of the simple roots, then we say that v and v’ are integrally equivalent.

The set & has the property that if A\, \' € & with A # X, then A and )\ are not integrally
equivalent.

If v and ¢/ are integrally equivalent and v — v/ is a non-negative integral combination of the
simple roots, we write v > v/, thus introducing an order relation among integrally equivalent
functionals on a.

If k € ZY is such that the term

a(H)lePRE) (e 4 (v), w)

is non-zero for some A € & and for some v,w € Hg, then we say that v := (A — k) is an ex-
ponent. The exponents which are maximal with respect to the order relation introduced above
are called leading exponents: & is precisely the set of leading exponents.

The following result is used crucially in 23| and in the following.

Theorem 3.3.2. Let (7, H) be an irreducible, tempered, Hilbert representation of G. Then
every \ € & satisfies

for every i € {1,...,n}.

Proof. See [24], Theorem 8.53. Strictly speaking, in loc. cit. the theorem is formulated under
some restrictions on G, but it is a convenient reference since we are adopting the same normali-
sation of the exponents. See [5], Proposition 3.7, p. 83, or [8], Corollary 8.12 for proofs for more
general groups.

O
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We now turn to asymptotic expansions of matrix coefficients of (w, H) relative to standard (for
P) parabolic subgroups of G. We follow [24], Chapter VIII, Section 12.

Given a subset I C {1, ...,n}, and recalling that we identified A with {1,...,n}, we can associate
to it a parabolic subgroup

of G containing P in such a way that g_, C m; if and only if « € I (with m; denoting the Lie
algebra of My). For the details, we refer the reader to [25], Chapter VII and [24], Proposition 5.23.

First, we introduce the basis {Hy,..., H,} of a dual to A. We define the Lie algebra a; as

ay == Z RH;

iel
and the group Aj as
Ap = exp(z Ray;).
iel
We can then write
a=ay®aje

and
A= A[Aj-.
The groups Ny and Nj. correspond to the Lie algebras

ny = Z gp and nye 1= Z 93

BEA+:Bq;, =0 BEA+:Bq,, #0

We have

p = pr+pre
with

pr = 1 Z (dimgg)s

2
BEA+:B|aye =0

and analogously for pre. Denoting My ; the group corresponding to the Lie algebra

m;=modar dnyduy,

the group M7 is then given by

M] = ZK(alc)MoJ.

Finally, K; := KN M is a maximal compact subgroup of M; and M A; Ny is a minimal parabolic
subgroup of Mj.
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Theorem 3.3.3. Let G be a connected, semisimple Lie group with finite centre and let (m, H)
be an irreducible, Hilbert representation of G. Let C be a compact subset of M, satisfying
K;CKy = C. Then there exists a positive real number R depending on C' such that, for every
m € C and for every a = expH € Aje which satisfies o;(H) > logR for every i € I¢, we have

o (mexpH) = e=rre(H) 3~ > a(H) eIl (m,v,w)

veEr qeZl:lal<qo

for every v,w € Hy. Here, £ is a countable set of real-linear complex-valued functionals on ayec,
each ci I extends to a real analytic function on M; and satisfies

ey (Gomér, v,w) = ey (m, w(&)v, w(& w)

for every &1,&; € K. Moreover, for every m € My and w € H, the map

Hy —C, v cifq(m,v,w)

is complex-linear and, for every m € M; and v € Hg, the map

Hy —C, w— cffq(m,v,w)
is conjugate-linear.

Proof. For a T-spherical function F' as in the proof of Theorem 3.3.1] the result follows from [24],
Theorem 8.45. To obtain an expansion independent of 7, it suffices to prove that each F}, _ prg is
independent of 7.

Let m € M; and write m = &ar&s for some ay € exp(a}r) and some &1,& € K. Since

FV—PIC (ma, v, ’UJ) = FV—pIC (CL[CL, 7T(§1)”U, 7T(€2_1)w)7
re-labeling things, it suffices to prove that F,_,,.(-,v,w) is independent of 7 as a function on

exp(af)Aze. By [24], Corollary 8.46, the functional v € &7 is the restriction of an element in the
set of exponents & in the expansion relative to P and this set is independent of 7 by [8], Theorem
8.8. Therefore, it remains to prove that each cfj] is independent of 7. Since cfjl is analytic on
M7y, it suffices to prove that cfjl(-,v,w) as a function on exp(a}) is independent of 7. Given
ar € exp(a}"), we can find a compact subset C of M containing and a; such that K;CK; = C,
and a positive R depending on C, such that for every H € aje satisfying «;(H) > logR for
every i € I°, the expansion of ¢, . (aya) relative to P and the expansion relative to Pr are both
valid. Comparing them as in [24], p. 251, it follows that expansion relative to Py is completely
determined by the expansion relative to P and the latter is independent of 7 by Theorem

O

For every v € &, the term

a(H)qe(”_”I“)(H)ci’(I(m, v, w)

is non-zero for some v, w € Hi and some m € M. The set £ is the set of exponents relative
to P[.

We are ready to define the functions of the form I'y; discussed in the Introduction. The first
step consists in associating a standard (for P) parabolic subgroup of G to each A € &.

46



Let (m, H) be an irreducible, tempered, Hilbert representation of G and let A € &. We set
I, :={ie{l,...,n}Re); < 0} which we identify with the subset Ay of A defined as

Ay = {ai S A|Z S I)\}

The construction of standard parabolic subgroups from the datum of a subset of A assigns to I
the standard parabolic subgroup P, defined as

P)\ = P]A.

It admits a decomposition
where

The subgroup M admits a decomposition

M)\ = K)\exp(aj\r)KA,

where

ay ‘= ar,

and

Ky = KnNM,.
The group A decomposes as A = A A,,. We write ay and a,, for as, and asg, respectively.

Similarly, we write px and py, for pr, and py¢, respectively.

We are going to introduce an equivalence relation on the data indexing the expansion of ¢, 4,
relative to P. The definition is motivated by the construction of d(7) in [23]. Let v,w € Hg.
We have

GowlepH) =P Y 3, a(H) ey (H)
AEEy 1€ :|l|<lo

where

DY) = > e M ey pifvn), va).
keZy,

The terms in this expansion are indexed by the finite set

C:={(A Direeo, tezz ilti<to-

We introduce a relation on C by declaring that (A1) ~ (u,m) if Ix = I, Ma,, = #la,, and
reslil = Tresyem.
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It is clear that ~ is an equivalence relation. We denote [, I] the equivalence class containing (A, ).

We can therefore re-group the expansion of ¢, ., as follows:

bvw(expH) = e~ PH) Z a(H,\O)lAOeM“%o(H*") Z oz(H,\)l/Ae’\,|“A(H*)<I>§’,1fl’/(H),
\lec/~ (N)EMN

where

l/\O = res[f\lv O((H)\o)b\o = H ai(Hko)liﬁ ll)\ = resb\l/a a(Hk)l; = H O‘(H)\)l;

il i€l
and H = H), + H) corresponds to the decomposition
+ _ 4+ +
a’ =a, Day.

We are also implicitly using the fact that a(H)! = a(Hy )" a(Hy,)™o which follows from writing
H with respect to the basis dual to A.

Let us assume that [A,[] € C/ ~ satisfies

dp(A\, 1) =d(n),
where dp(A,1) is defined by .
For Hy € aj\', we set

T (expHy, v, w) := e~ PUH) Z a(HA)l;e/\/l”O(HA)CI)K’/?Z,(HA). (3)
(NID)EMN

Before establishing the properties of I'y;, let us pause to explain the motivation behind the
condition on the equivalence class [A,[]. The discussion that follows will be used only in Section
4. The reader who prefers to do so can skip to Proposition without any loss of continuity.

Let vy, v9,v3,v4 € Hgx. We will be considering integrals of the form

i 1 s H —B(H)\dim
rll>n<>10 m /a+ ¢U1’U2 (eXpH)¢U3,v4 (eXpH) H (eﬁ( ) — € A( )) gs de
<r BEAT

where

af, =atN{H €a|B(H) <7 forall e AT} (4)

Treating these is the content of Appendix A in [23]. We remark that our region of integration is
defined as to exclude the subset of at where at least one of the simple roots vanishes. It is a set
of measure zero.

We want to interpret Lemma A.5 in |23] in group-theoretic terms.
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Let us consider the matrix coefficients ¢y, 4, and ¢y, »,. On AT := exp(a™), they can be
expanded as

Gunwa(expH) = e~/ 37 a(Hy,) o o) N wge ()
\ijec/~ (A eN]
and
G (@pH) = e P57 () meoetlon Mol N7 ().
[w,mleC/~ (w',m’)€[p,m]

where, for (X,l') € [\,1], we set

\Il’l))\}:lv/rz (H) = a(H)\)llke)‘,laA(Hk)¢1;\}:lU/2 (H)
and similarly for (', m’) € [u, m].
Let [\, € C/ ~ and [, m] € C/ ~ be such that Iy = I,, Ala,, = ptla,, and
d(m) = |I5] + Z(li +my).
il

In view of the first condition, the third is equivalent to the requirement

dp (1) =d(n) and dp(pu, m) = d(x).

Consider the summand

e’2P(H)a(H)l'+m/e()‘/JFV)(H)(I)K} »525”?;’“4 (H)

u'm’

in the expansion of the product ¢v17v2$1}37,u4 on AT.

Taking into account the factor e=2°(1) and the fact that the term
QH) = H (ePH) _ g=B(H))dimgs )
pent

is incorporated in the function ¢ in Lemma A.5 in [23| (compare section 4.7 in loc. cit.), this
lemma shows that, as r — oo, the integral

1 ’ ’ 1T — 2.V
e} /A e () (I QL G (H)Q(H) dH
<r

tends to

C(\1,m) /A+ e~ 20 (HX) {xp&’};ﬁz@ﬁ?jfﬁ,] las (HX)QU\(H) dH )

A
where
QA(H)\) = H (eﬁ(HX) _ e_ﬁ(Hk))dimgﬁ’ (6)
geat

with
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AY = {8 € A7|Bla,, =0}
and the quantity C'(\,1,m) is given by

COLm) = / | a(Hy, o+ ™o dHy, (1)
{HeA, lext'X (H)eAL,}

Now, summing over all (A\,1’) € [\, 1] and over all (1, m’) € [u, m], we obtain that the integral
over AL, of

e ) ST alE) e NIy el (H)Q(H),
A e (wm')€lp,m]

upon multiplying by 7(,% and letting r — 0o, equals

_ V1, ,.
C(\1,m) /A+e oAy > [xp; DU Loy (HA)Q(H) dH
ALIEMNT] (' m!)Elp,m]

Finally, since

31 oy (Hy) = Z e N (e g (v1), v2),
KELZD

V3,04

and similarly for ® m the integral above equals

C(Al,m) / L (expHy, v, w)Ty m(expHy, v, w)Qx(Hy) dH,y.
AT

A

If [\ 1], [u,m] € C/ ~ fail to satisfy any of the three conditions Iy = I, Ala,, = ptla, and

dp(A 1) = d(7) = dp(p,m),

then, for every (X,1I') € [A,l] and for every (u',m’) € [u, m], by the considerations in the proof
of Claim A.6 and Lemma A.5 in [23], the integral

1

A / e 2P o (H)! ' (N HD ) UG (O H ) dH

vanishes as r — oo.

Therefore, the equivalence classes [A,l] € C/ ~ for which I'y ; is defined are precisely the ones
that may contribute a non-zero term to the expression

lim / Gon s (XD H) By, o, (cxpH)Q(H) dH.

r—00 rd(ﬂ')

Throughout the rest of this section, we fix an irreducible, tempered, Hilbert representation of a
connected, semisimple Lie group G with finite centre.

To study the properties of I'y ;, we begin by showing that it is equal to a function of the form
ci %- More precisely, we have:
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Proposition 3.3.4. Let v,w € Hg. Let [A,l] € C/ ~ be such that

d(ﬂ-) = dP()‘7 l)v
Set v = A‘“Ao and g := [l),. Then, for every H) € a;\r, we have

Py

LCxi(expHy,v,w) = ¢,

(expH)y, v, w).

Proof. For every H) € aj, we can find a compact subset C' of M, such that KxCK), = C and
which contains Hy, and a positive real R > 0 such that if Hy, € aj\'o satisfies a;(H)y,) > logR for
every ¢ € I§, then the expansion of ¢, ., with respect to P and the expansion with respect to Py
are both valid at H = Hy + H,,. Comparing them as in [24], p. 251, we see that

CylexpHy vw) = ) 3 eIV GYE (B, ).

)\’650:)\’|DA0 =v 1":|l'|<lp and l’0:

C

Since, by definition of I'y ; (-, v, w), we have
Ty (expHy, v, w) = e~ PHN) Z U (Hy),
(WIEMN
recalling the definition of the equivalence relation that we imposed on C, we only need to show
that the set
{)\/ S 80|)\/‘a)\0 = I/}

is equal to the set

{)\ S 50|I)\/ = I, and )\/|u%o = >\|C‘Ao}'
Because of the assumption on [\, ], for every X' € &y such that )\’|CIAO = v, we have Re); # 0 for
every j € Iy. Indeed, if there existed a j € I for which Re)\;- = 0, we would have
115/ 2 1+ |I5]
and, since [}, = l,, this would imply
dp(N, 1) > |I§|+ > 2 > dp(\,1) = d(n),
i€ls,

contradicting the maximality of d(=). Since, by Theorem we have Re\; < 0 for every
1€ {1,...,n}, this concludes the proof.
O

Theorem 8.45 in [24] and the discussion at the beginning of p. 251 in loc. cit. now show that

Txi(+,v,w), being equal to (35?1, extends to an analytic function on M), which we denote again

Txi(-,v,w). If we decompose M) as

M)\ = K)\eXp(Cl;\r)K)\,

and if we write m € M)y as m = &expH )& for some &1,& € K, and some H) € ﬁ, then we
have

Dai(m,v,w) = Ty (expHy, m(&1)v, m(&2) " w)

o1



Py

because ¢,

(+,v,w) exhibits the same behaviour.

We want to prove that 'y ;(-,v, w) belongs to L?(My) and it is Z(my¢)-finite. An application of
Theorem |3.2.17| will imply that T'y ;(-, v, w) is a smooth vector in L?(M)). Similar ideas appear
in [24], Chapter VIII, and in [29].

We recall that there exists an injective algebra homomorphism

ppy 2 Z(gc) — Z((mxy @ ax,)c) = Z(mac) @ Ulax,c)

which turns Z(my¢) @ U(ay,c) into a free module of finite rank over up, (Z(gc)) by ([18], Lemma
21).

Proposition 3.3.5. Let v,w € Hk. Let [A\,l] € C/ ~ be such that

d(m) =dp(\1).
Then 'y (-, v,w) belongs to L?(M)).

Proof. We argue as in the proof of Lemma 4.10 in [29]. By the proof of Proposition |3.3.4] we
have Re\; < 0 for every X appearing in the expansion of I'y ;(-,v,w) on exp(aj) and for every

i € Iy. Since I'y ;(-, v, w) is analytic on exp(a) ), we can apply Theorem 4 in [19] and then argue
as in Theorem 7.5 of [8] to establish the desired square-integrability on exp(a)). The square-
integrability on M) follows from combining the decomposition of My as M) = K Aexp(a}L\)K Xy

the corresponding integral formula and the fact that if m = &expH)&s, for some Hy € a;\“ and
some &1, & € Ky, then

F)\,l(m7 v, ’U.)) = F)\,I(GXPH)\, ,/T(é-l)v7 Tr(f?)ilw)'

Proposition 3.3.6. Let v,w € Hg. Let [A,l] € C/ ~ be such that
d(m) =dp(\1).
Then, for every X € U(myc) and for every m € M), we have
XTIy (myv,w) =Ty (m, 71(X)v, w).
Moreover, the function 'y ;(+,v,w) is a smooth vector in the representation (R, L?(M,)) of M.
Proof. For a given X € U(my¢) and every g € G, we have

Xﬁbv,w(g) = ¢ﬁ(X)U,w(g)-
Therefore, the restriction of X ¢, ., (-) to MyA,, satisfies

X¢v,w(ma’) = (b'ir(X)v,w(ma)'

Given m € M) we can find a compact subset C of M), containing m such that KyCK, = C and
a positive R depending on C' such that if a = expH € exp(ai’o) satisfies «;(H) > logR for every
i € I, then ¢ (x)y,w(ma) may be expanded with respect to Pj.
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Since X € U(myc), the restriction of X ¢, ,(-) to MyAy, can also be computed as the action of
the differential operator X on the restriction of @y ,(-) to M)Ay, .

For m € My and a € exp(aj{o) as above, we expand the function so obtained with respect to Py
and, as in the proof of (4.8) in [29], because of the convergence of the series, we can apply the
differential operator term by term. By comparing the resulting expansion with the expansion of
G (x)v,w(ma), and invoking Corollary B.26 of [24], we obtain

P; _ P .
Xcl/f(\] (m7 v, ’U]) - cl/:}(m’ W(X)U’ ’IU)

for every v € & and every ¢ € ZI>§0. The first statement now follows from choosing v and ¢ as
in Proposition 3.3.4]

For the last statement, we need to show that I'y;(-,v,w) is annihilated by an ideal of finite
codimension in Z(my¢); the result will then follow from Theorem Let J be the kernel
of the infinitesimal character of (7, H). Then .J is an ideal of finite codimension in Z(gc). As
observed in [17], p.182, the inverse image Jy,, along the inclusion

Z(myc) — Z(myc) @ U(aree), X —» X ®1

of the ideal generated by pp, (J) in Z(myc)®@U (ay,c) is an ideal of finite codimension in Z(my¢).
This follows from the fact that the ideal generated by pp, (J) is of finite codimension in Z(my¢)®
U(ax,c), since Z(myc) @ U(ay,c) is a free module of finite type over up, (Z(gc)) by [18], Lemma
21. Denoting pp, (J)¢ the ideal generated by pp, (J), we see that Ju, is precisely the kernel of
the homomorphism

Z(mac) — (Z(mac) @ Ulax,c))/ppy (1) X = (X ©1) 4 pp, (J)°.

This exhibits Jn, as an ideal of finite codimension in Z(myc). Now, if X € Jy,, then X ® 1
belongs to up, (J)¢. Hence X ® 1 can be written as

X@1=>Y Yiup(Z)
i=1
with Y; € Z(my¢) @ U(ax,c) and Z; € J. For every i € {1,...,r}, by (8.68) in [24], p. 251, the
differential operator up, (Z;) annihilates the function
Fy—py, (ma,v,w) = Z ciﬁl(m,v,w)a(H)qe(”fp*O)(H).
a:lal<qo
Therefore, X ® 1 annihilates it, as well. On the other hand, by the first of the proof, we have
(X @) F,—p,, (ma,v,w) = Z cfjl(m,7'T(X)v,w)a(H)qe(”_pAO)(H).
a:lq|<qo
Since the LHS vanishes identically on My A),, it follows that
cfjl(m,fr(X)v,w) =0

for every m € M)y. Choosing v and ¢ as in Proposition [3.3.4} we find that T'y;(-,v,w) is
annihilated by Ji, .
O
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Let w € Hg. The next two technical lemmata, together with Proposition will be used to
prove the (my @ ay,, K))-equivariance of the map

Sw(v)(m) =T 1(m,v,w).

—Pxg?

Sw: Hg — LQ(M)\) ®C>\|n>\0

We are not claiming that for every w € Hg this map is non-zero: the only thing we need to
know is that, whenever w € Hg is such that S,, is not identically zero, then S, is

(mx@ay,, Ky )-equivariant. Having established this, we show that the existence of an admissible,
finitely generated, unitary representation (o, H,) of M, which will allow us to apply Theorem
in the way we explained in the Introduction. This is the content of the last two results of
this section.

Lemma 3.3.7. Let v,w € Hg. Let [A,l] € C/ ~ be such that
d(m) =dp(\1).
Then, for every X € ay, and every m € M), we have
FA,l(ma #(X)v,w) = (>‘|0A0 - p)\o)(X)FNl(mvv7w)'

Proof. We write m € My as m = &a)&s for some &1,& € K and some a) € exp(ai‘). Then we
have

T i(m, #(X)v,w) = Ty y(ax, 7(&) (X))o, w(& Hw).
Recalling that

m(&)w(X)v = 7 (Ad(&) X)7 (&),

since M), centralises ay, ([25], Proposition 7.82) and K is contained in M), we have

T ax, 7(&)7(X)v, w(5 Hw) = T i(ax, #(X)m(&1)v, (&5 Hw).
Therefore, re-labeling things, it suffices to prove that for every X € ay, and for every ay €
exp(ay), we have

ai(ax, 7(X)v,w) = (Alay, = pro) (X)au(an, v, w).
Moreover, since I'y ; (-, v, w) is analytic, it suffices to prove the identity for every ay € exp(a;f).
Let ay = expHy, H) € a;\r. Then there exist a compact subset C' of M), containing a) and such
that KxCK, = C, and a positive R depending on C such that, for all Hy, € aj\ro satisfying

a;(Hy,) > logR for every i € I, the expansion of ¢;(x)y,w(axexpHy,) relative to P and the
expansion of ¢;(x)y,w(axexpHy,) relative to Py are both valid.

Setting H := H) + H), for H), as above, the first expansion gives
¢7’T(X)v,w(H) = Z Z a(H)le(k_p)(H) <65\,l~(7:‘—(X)v)>w>
reg lert :ll|<lo

By linearity we can assume that X = H; for some i € I§, where H;, we recall, is the element in
ay, dual to to the simple root «;.
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Differentiating term by term and taking into account the computation

H; [a(H)feWP)(H)] = La(H)=e e3P 4 (3], — p)(Hy)a(H) e300

3

where e; is the element in Z%, having 1 as its i-th co-ordinate and 0 as every other co-ordinate,
we observe that the only terms in the expansion

Gow(H) = > a(H) e e (), w)
Aeg Tezi i<l

that after differentiation by H; € ay, can contribute a term of the form

ca( H) AP (¢5 H(v),w),

with ¢ € C, to the expansion of ¢ (x)vw(H), are precisely

a(H)'eA=P ) (5 (v),w) and a(H)e PP (¢5 +(v), w).
Assume \ € & and | € Z%, with [I| <l satisfy

dp(\ 1) =d(n).
Then, if the term

a(H) e =P ey (0), w)
appeared in the expansion of ¢y, (H), we would have
dp(\ 1+ e) > I+ Y 2l = dp(\,1) = d(n),
i€l
contradicting the maximality of d(«). This reasoning shows that in the expansion
(bﬁ(Hi)MW(a)\eXpH)\o) = Z Z a(H)\o)qe(uip/\o)(H/\U)Cf,z(aM 7:"(I—Ii)v’ w)
vesr 5
9€Z 5 1ql<q0

relative to Py, the term indexed by (v, q) with v = A|q, and g = [, satisfies

65)21(@/\77%(Hi)v7w) = ()\|a>\0 - P)\U)(H'L)CEZ(Q)\,U, w)'

Indeed, the comparison in [24], p. 251, shows that

a(Hy,) e =20) o) D (a7t (Hy)v, w)

is the sum of all the terms in the expansion of ¢ (g,)y,w(H) relative to P which are indexed by
couples (), 1) satisfying
Marg, = Alay, and Iy, = Iy,

and, as we saw, these are the terms of the form

(May, — Pro) (Hi)a(H) QAP (5 1(0), w).

Finally, since

Ty lan,v,w) = ciﬁz(ax,uw)
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by Proposition we obtain

Cai(ax, v,w) = (May, — pxo) (Hi)Pai(an, 7(Hi)v, w).

Lemma 3.3.8. Let v,w € Hg. Let [A,l] € C/ ~ be such that

d(r) = dp(\, ).

Then, for every X € ny, and every m € M), we have
Ly i(m,7(X)v,w) =0.

Proof. We write m € My as m = £ya)&s for some £1,& € K, and some ay € exp(aj\“). Then we
have

D i(m, w(X)v,w) = Ta(ax, w(€)w (X)v, w(é5 Hw).
Recalling that

m(&)w(X)v = w(Ad(&) X)7 (&),

since M) normalises ny, ([25], Proposition 7.83) and K is contained in M), we have

Dai(ax, m(&)7(X)v, m(€5 w) = Pxlan, 7#(X ) (€x)v, (& w)
for some X’ € ny,. Therefore, re-labeling things, it suffices to prove that for every X € ny, and

for every ay € exp(a}), we have

Lilax, 7(X)v, w) = 0.
Moreover, since I'y ;(-, v, w) is analytic, it suffices to prove the identity for every ay € exp(aj\').

Let ay = expHy, Hy € u; Then there exist a compact subset C of M, containing H, and

such that K,CKy = C, and a positive R depending on C' such that, for all Hy, € a;\"o satisfying
a;(Hy,) > logR for every i € I, the expansion of ¢;(x)y,w(axexpHy,) relative to P and the
expansion of ¢ (x),.w(arxexpHy,) relative to Py are both valid.

Setting H := Hy + H), for H), as above, the first expansion gives
Sroww(H) =Y D> a(H)' PP es (7 (X)v), w)
Aeg lezy :|l<lo
and the second gives

Gi(x)o,w(arexpHy,) = z Z a(HAo)qG(V*pA”)(HAO)CEZ(aM T(X)v, w)

velr 15
a€Z2y:lal<q0

By [24], Corollary 8.46, each v — py, in the second expansion is of the form 5\|m0 — P, for some

exponent A in the first expansion. Therefore, it suffices to prove that if A € & and [ € 7%, with
1| <y satisfy
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dp(A 1) =d(n),
then no term with exponent A — p for which :\\u »o = Alay, appears in the first expansion. Indeed,

if we can show this, since by the comparison in [24], p. 251, the term

a(H)\o)qe(y_pko)(HAD)cii}(a)w 7T(X)’U7 ’LU),

for v = /\|MU and gy, = [, is the sum of all the terms in the expansion of ¢;(x), . (H) relative
to P which are indexed by couples (5\, l~) satisfying

Mary = Alay, and Iy, = Iy,

it would follow that

cfjl(a,\,fr(X)v,w) =0

and therefore

I’A,l(a,\,ﬁ'(X)uw) =0.

By linearity we can assume that X € g_,, for some ¢ € I§ ([24], Proposition 5.23).
Computing as in [§], Lemma 8.16, we have

Di(xyow(a) = (F(Ad(a) X)m(a)v, w) = —e~ g, . ). (a).

Hence every exponent in the expansion of ¢ (x)u,w(a) relative to P is of the form A=\ —e,; for
some X € £. Now, if there existed \' € £ with

(N = e)lar, = Alary s
we would have
Re()\’ - ei)i = RGAZ =0

since ¢ € I§. This means that Re\] > 0, a contradiction. Indeed, since (7, H) is tempered, the
real part of every co-ordinate of each leading exponent is at most zero by Theorem|3.3.2|and it
follows that the same property holds for every element in £. This concludes the proof.

O

Lemma 3.3.9. Let w € Hg. Let [A,l] € C/ ~ be such that

d(r) = dp(\, ).

Then there exists a collection {(0, Hyg)}oco of orthogonal irreducible sub-representations of
L?(M,), the direct sum of which we denote (o, H,), such that the image of the (my, K))-
equivariant map

Sy Hyx — LQ(MA)KA, Sw()(m) =T (m,v,w)

is the (my, K )-module H; g, .
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Proof. The map S,, is well-defined by Propositionm For every ¢ € K and every m € M),
we have

Sw(m(§v)(m) =T i(m, (v, w) = Ly i(mé, v, w) = R(§)Sw(v)(m).
By Proposition for all X € m, and for all m € M), we have

Su((X)v)(m) = XT'xi(m, v, w)
and, by Proposition|3.2.18| we have

XTIy i(m,v,w) = R(X)Tx 1 (m,v,w).

Therefore

Su(#(X)v)(m) = R(X)Sy(v)(m)

and this concludes the proof that S, is (my, K )-equivariant.

In the proof of Proposition , we showed that, for each v € Hy, the function I'y ;(-, v, w) is
a Z(my)-finite function in L?(M)). By [24], Corollary 8.42, there exist finitely many orthogonal
irreducible sub-representations of (R, L?(M,)) such that T ;(-,v,w) is contained in their direct
sum. It follows that there exists a (not necessarily finite) collection {(6, Hy)}pco of orthogonal
irreducible sub-representations of (R,L?(M))) such that S, (Hf) is contained in their direct
sum. Let (o, H,) denote the direct sum of the sub-representations in this collection.

We need to show that the image of S, is precisely H, k,. We begin by observing that, for any
given v € Hg, we have I'y ; (-, v,w) € H, k, . Indeed, the K -finiteness of v implies the existence
of finitely many vy,...,v, € Hg such that

R(K»\)Tx (-, v,w) € span{Ty (-, v, w)|i € {1,...,7}}.

Hence, T' (-, v,w) is K -finite and, since it is a smooth vector in (R, L?(M,)) by Proposition
, it belongs to H,NL?* (M), = H, i, and it follows that S,,(H) C H, f, . For the reverse
inclusion, the irreducibility of each (6, Hy) implies that S, (Hgk) N Hp ik, = Hp k,. Therefore
H, i, is contained in the image of S,,, completing the proof.

O

Proposition 3.3.10. Let w € Hk. Let [A\,l] € C/ ~ be such that
d(m) =dp(\1).

Then there exists an admissible, finitely generated, unitary representation (o, H,) of M) such
that the map

Sw:Hg — Ho g, ® (CMCIAo Sw()(m) =T (m,v,w)

—Pxp?
is (my @ ay,, K)-equivariant.

Proof. By Lemma|3.3.9} there exists a unitary representation (o, H,) of My such that S,,(Hg) =
H, k,. By Lemma|3.3.7| for all X € ay, and for all m € My, we have

Su(T(X)v)(m) = (Aar, = Pro)(X)Tx1(m, v, w) = (Alay, — Pr0)(X)Sw(v).
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By Lemma for all X € ny, and for all m € M), we have

Sw(m(X)v)(m) =T (m, 7(X)v,w) = 0.

We thus obtained an (my @ ay,, K))-equivariant map

Sw: Hx — H; ke, ®(CM“)\0 Sw(v)(m) = FA,l(m,v,w)

—PXrg’

which factors through the quotient map

q:HK —>HK/II)\OHK

which is (my @ ay,, K)-equivariant by Lemma

Since Hy, being irreducible (and hence admissible by [26], Theorem 7.204), has an infinitesimal
character, by Corollarythe (my @ ay,, Ky)-module Hg /ny, H is admissible and finitely
generated. It follows that

Sw(HK) = HO',KA X (C,\|M0 —prg

is an admissible and finitely generated (my @ ay,, K)-module. The fact that ay, acts by scalars,
implies that Hy i, itself is finitely generated (as U(myc)-module) and admissible.
O

Proposition 3.3.10] in combination with Theorem |3.2.24|and the discussion following it, implies
that the map

Ty : Hx — Indp, g (0,Alay,)s Tw(v)(k)(m) := Ty (m, 7(k)v, w)

is (g, K)-equivariant. Here, P, denotes the parabolic subgroup opposite to Py and we recall
that the half-sum of positive roots determined by P is precisely —py,. The observation above
follows from the fact that T, = .5, in the notation of the discussion following Theorem (3.2.24
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3.4 Asymptotic Orthogonality

For a tempered, irreducible, Hilbert representation (7, H) of G, for v,w € H, let

bow(9) = (m(g)v, w)

denote the associated matrix coefficient. By (2) of Theorem 1.2, there exists d(m) € Z>o such
that

r—00 rd(ﬂ')

1
tin s [ J6nw(9) dg < o
Ger
for all v,w € Hg.

As in Section 4.1 of [23], by the polarisation identity and by (2) of Theorem 1.2, the prescription

D('l}l,UQ,U37U4) = lim / ¢v1 ’U2 1;3 y4(g) dg

—00 Td(ﬂ')

is a well-defined form on Hy that is linear in the ﬁrst and fourth variable, conjugate-linear in
the second and the third.

We explained in the Introduction that the crucial point is the proof of Proposition We
begin with the following reduction.

Lemma 3.4.1. Let G be a connected, semisimple Lie group with finite centre and let (7, H) be a
tempered, irreducible, Hilbert representation of G. If for all X € g and for all vy, v9,vs,v4 € Hg
we have

r—00 rd(ﬁ) r—00 rd(‘”)

lim / ¢7r(X)v1,v2( )¢v3 v4( )dg = — lim / ¢v1 U2 7r(X 'us,v4( )d

then the equality

—00 rd(ﬂ')

lim / ¢v1,7r(X vz( )¢v3,v4( )dg - r—>oo rd / ¢v1,v2 v3,7w4 (9) dg

holds for every X € g and for every vy, vo,v3,v4 € Hg.

Proof. We write

Puor i (X3 (9) Py 0, (9) = (v1, (g™ )7 (X)v2)(vs, m(g~1)va)

and since (-, -) is Hermitian we have

(01,7 (g™ )T (X)v2) (03, (97 1)va) = Pusra (97 )P ()00 (971)-

Now, since G, is invariant under ¢(g) = g~* and G is unimodular, we have

¢U47113 (gil)aﬁ(X)vg,vl (gil) dg = ¢U47113 (g)air(X)vg,vl (g) dg
G<r Ger

and therefore
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o ¢U177T(X Uz( )gbvd,m( )dg = o ¢'U4,U3 (g)g‘ir(X)vz,vl (g) dg'

Applying complex conjugation, we obtain

/ Gon ot o (9)Bos e (9) dg = / G yomor (6)Bus v, (9) dg.
G<7- C:<'r'

Assuming the validity of the first identity in the statement, we can write

rli{go Td / ¢7\'(X Uz,v1( )¢v4,v3( ) dg - r—>oo Td(ﬂ—) / ¢’U27U1 v4,U3 (g) dg
Now, since
qbfr(X)vQ,vl (g)am;,vg (g) dg = (bvl 7 (X)) v (g)$y3,v4 (g) dg7
G4<7‘ G<r

it follows that

lim / ¢v1,7r(X vz( )¢v3,v4( )dg - = r—>oo ’I“d / ¢v2,v1 (X)v4,v3 (g) dg'

r—00 rd(”)

Observing that

¢7)2,U1 (g)aﬁ-(X)m,w (g) dg = /G ¢ﬁ(X)v4,v3 (g)avg,vl (g) dg
<r

Ger

and that, using the invariance of G-, under t(g) = g~! and the unimodularity of G, we have

o ¢7:(‘(X)’U4,’U3 (g)avz,vl (g) dg = o ¢v1,v2 (g)avg,f'r(X)w; (g) dg,

we finally obtain

lim / ¢U177T(X)1)2( )¢v3 v4( ) dg - r~>oo Td(ﬂ') / ¢v1 1)2 ’L)'; W(X)’U4( )d

r—00 rd
O

Proposition 3.4.2. Let G be a connected, semisimple Lie group with finite centre and let
(m, H) be a tempered, irreducible, Hilbert representation of G. Then, for all X € g and for all
V1, V9, v3,V4 € Hg, we have

hm / (ZSTI'(X)UhUz( )¢1}3,1)4( ) dg - hm / ¢1)1 112 )1)3,1)4 (g) dg

r—00 rd(ﬂ) r—00 rd(ﬁ)

Proof. We can assume d(m) # 0, for otherwise (w, H) is a discrete series and the result is a
consequence of the fact that (R, L*(G)) is unitary.

The integral formula for the Cartan decomposition, taking into account the fact that, except for

a set of measure zero, every g € G, can be written as g = koexpHk,, for some kq, ke € K and
some H € at,, with af, asin , gives
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o ¢7’1’(X)1)1,v2 (g)gvg,wl (g) dg = / /+ / ¢7’r(X)v1,v2 (kQGXkal)gvg,ml (erpokl)Q(H) dkl dd de
<r KJal, JK

with Q(H) defined in .

Arguing as in [23], p. 258, we can interchange the two innermost integrals in the RHS and, upon
multiplying both sides by ﬁ and taking the limit as r — oo, the RHS can be computed as the
integral over K x K of

lim / G (xy0r s (krexpHE) B, (KaexpH ky)QH) dH.

r—00 rd(ﬂ)

We expand ¢y, v, and ¢y, o, as

¢U17,U2 (kQGXkal) = e_pp (H) Z Of(H)\O)lAO eklnxo (Hko) Z \I/;r,(lill)ﬂl 7T( 2 )’UQ (H)
[(Al]ec/~ (AL I€EN

and

-1
Gusos (hzexpHky) = e N7 a(H,)oeklen o) N7 gm0t (),

nom’
[u.m]eC/~ (', m’)€[p,m]

By [23] Lemma A.5 and Claim A.6, the only non-zero contributions to

r—00 rd(ﬂ')

lim / ¢7T(X)’U1 V2 (kQQXkal)QSvg v4(k26Xka1)Q( ) dH
may come from those [\, (] € C/ ~ and those [i1,m] € C/ ~ for which I\ = I,, Ala,, = pla,, and

d(m) = |15+ 37 (s +ma).

ielg

In view of the first condition, the third is equivalent to requiring that

d(m) = dp(A1) = dp(p,m),
where dp(A, 1) and dp(u, m) are defined by .

By the discussion in Section 3 and by Proposition |3.3.4] the expression

lim / ¢W(X)v1,vg (kQQXkal)(bvs v4(k2€Xkal)Q(H) dH

7—00 rd("")

is equal to a finite sum terms of the form

C(\1,m) /+ Ta(expHy, m(ky) 7 ( X))oy, w(ky 1 )vo)T o (expHy, m(k1)vs, m(ky )va)Qn(Hy) dHy,

A
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with C(\, [, m) as in , the functions I'y; and Iy, ,,, defined as in and Q) (H)) defined as in

Taking into account the integration over K x K, we proved that
r—>oo Td(ﬂ') / / / (bﬂ-(X Yur,v2 (kzeXka‘l)(va v4(k‘26Xka11)Q(H) dkl dH dk‘z

is equal to a finite sum of terms of the form

C(A1,m) / // Ty (expHy, m(ky)m(X )Ul,W(k;l)vg)f%m(eXpH)\,7T(]C1)1}3,W(k;l)’w;)g)\(H)\)dH)\dkldkg.

We remark that if [A,[], [4, m] € C/ ~ are such that I\ = I, is empty, then I'y ; and T, ,,, have
no dependence on H): this corresponds to the fact that they arise from the expansion of the
matrix coefficients relative to the fixed minimal parabolic subgroup of G. For the moment we
consider those terms for which Iy is not empty. At the end of the proof, we will indicate the
modifications required to handle the remaining cases.

By (1) of Lemma and applying the Fubini-Tonelli theorem, we can interchange the two
innermost integral and we therefore need to prove that

/ / / T s(expHy, 7 (k) (X )1, 7 (ks )0a) o (expHy, 7 (ky Yo, 7 (ks oa) Q0 (Hy ) dby dH dis

is equal to

/ / / T s(expHy, 7 (ko1 7 (ks 1)0a) o (expHy, 7 (k) (X s, 7k )oa) () iy dH iy
a)\

T(expHy, k1, k;l) = FA,l(exp/\,7r(/<;1)7'1'(X)v1,W(kz_l)vg)fmm(epo)\, (k1)vs, m(ky 1)1}4).

We apply the quotient integral formula ([13], Theorem 2.51) to write the integral

/ / / T(expHy, k1, ky D)Q(Hy) dky dHy dkso
K Ja} JK

as

/// /I(epoA,flkl,k;l)QA(HA)dfldkldHAdkg
K ai’ K \\K JKx

and again to write it as

/ / / / / T(expHoy, E1k1, &5 "y VN (Hy) dEy dky dH )y dés dks.
K/Kx JKy Jaf JEK\K JK\

By (3) of Lemma [3.4.3] we can appeal to the Fubini-Tonelli theorem to interchange the two
innermost integrals and to obtain
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/ / / / / T(expHy, &1k, &5 kg DN (H)) diey déy dHy, déy dks.
K/Kx JKy Jaf JK\ JE\K

Now, combining the fact that M,*® = K )\exp(a;)K x, the relevant integral formula and the fact
that the complement of M™® has measure zero in M, it follows that the integral

/ / / / T(expHy, &1k, & Yoy D) (H)) dky d&; dH) dés
Ky Jal JKN JK\K

is equal to

// T (m, w(k) 7 (X )vr, w(ky DYoo) T pm (mix, 7 (k1 )vs, w(ky H)vg) dky dmy.
My JKAW\K
For k1 € K, we define

flkr) == (Caa(ma, w(ky) 7 (X)v1, (kg ' )v2), Lppm (mox, w(k1 )vs, w(ky ' )va)) 2oy ) -
The function f is invariant under left-multiplication by K. Indeed, if
¢ € K, then
Di(ma, w(€ka) 7 (X)vr, m(k2)va) = Tai(mag, m(kn) 7 (X)vr, w(ka)v2)

and similarly for the I',, ,,-term. Since the right-regular representation of M) is unitary, we have

(T (mag, (k) (X)or, m (kg )v2), Ly (ma&, w(ka oz, m(ky o)) 2 ary) = (k)
An application of the quotient integral formula ([13|, Theorem 2.51) gives

[ s = [ F(eh) de i =vol(Ey) [ 1(k)
K K \K JK

KA\K

By (2) in Lemma|3.4.3| and appealing again to the Fubini-Tonelli theorem, we interchange the
integrals over M) and K)\K to obtain that

/ / / D (ma, w(k1) 7 (X )vr, m(ky Yo2)Tpm (mn, 7 (k1 Yvs, (ks Hvg) dkydimy dks
K/Kyx J My JEK\\K
equals

1 .
I S, S 80

which, in turn, equals

1 R _ _ ;
1 / / (Pt 7 (k) (X o, 7 (K3 1 Y0a), T (o, 7k s, (K3 VY0a)) 2 ary s .
vol(Ky) K/Ky JK

For fixed kg € K, set wq := 7T(k‘2_1)1}2 and wy = w(k;l)m. We reduced the problem to proving
that

/ (T (s 7k ) (X 01, w2, T (10, (k1 )03, 03)) 2201
K
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equals

*/ (Cau(mx, w(k1)vr, wa), Uy (m, w(k1) 7 (X)vs, wa)) 2 () dkr
K

By Proposition|3.3.10} there exist an admissible, finitely generated, unitary representation (o1, Hy, )
of M) such that the image of the (my @ a,,, K)-equivariant map

Swy : Hx — LQ(]W)\)KA ®(C)‘|“AO —prg” Swz(v)(m,\) = F,\’l(mx,v,wg)

is precisely Hy, x, ® CAIU —py, and an admissible, finitely generated, unitary representation
0

Ao
(02, Hy,) such that the image of the (my @ ay,, K )-equivariant map

Sw, : Hxk — L?(MA)KA ® (CMMO —pxg? Swa (V) (M) =Ty (mr, v, wa)
is precisely Ho, ik, ® Cpj,, —p, - Let (0, H,) denote the direct sum of (01, Hy,) and (02, H,).
0

It is an an admissible, finitely generated, unitary representation which restricts to a unitary
representation of K. Since )\|clAO = ,u|ak0, by the same computations as in Lemma and
Proposition|3.3.10[we obtain (my @ ay,, K )-equivariant maps

Sw2 cHyig — HJ,KA X (C)\|M0 —prg? Sw2 (v)(m,\) = F,\J(m)\, v, wg)
and

Sw, Hx — Hy kg, ® C,\MO —prg? Swy(V)(my) =T m(ma, v, ws)

factoring through the (my @ ay,, K )-equivariant quotient map

q: HK — HK/II)\OHK.
From the discussion following Proposition|3.3.10| we obtain (g, K )-equivariant maps

Tw, : Hx — Indp, g (0, May, )y Tws (0) (k1) (ma) := Do (mo, w(k1)v, wo)

and

Tw, : Hx — Indp, g (0, May, )y Tws(0)(k1)(ma) := Ty (mn, w(k1)v, wa).

By definition of the inner product on Inds (0, Ala,,), we see that proving the sought identity is
equivalent to proving that

(T, (1(X)01), Ty (03))md (0710 ) = — (Lo (01), Ty (F(X)03))1mas (0] )

By the (g, K)-equivariance of T,,,, we have

(T, (7'T(X)U1)7Tw4(v3)>1ndFA (0 ar,) = <Ilr‘1dpA (0, Mlaxg )(X) Ty (01), T, (113)>1ndFA (@May,)

and, since )\|ClAO is totally imaginary, from Corollary [3.2.20| we deduce

<Iridﬁ/\ (0'7 )\|axo )(X)Twz (U1)7 Tw4 ('U3)>Inde (a,)\|qA0 )y = —<Tw2 (U1)7 Iﬁdf/\ (0', /\“D\o )(X)Tw4 (U3)>IndFA (g’,\\ﬂ/\o ).

65



The result follows from the (g, K)-equivariance of T, .
Finally, we consider the terms for which I = I, is empty, A|a,, = #fa,, and

d(ﬂ—) = dP()‘v l) = dP(M? m)
In this case we have to prove that

//rA,l(w(kl)fr(X)ul,w(kgl)w)r%m(w(kl)vg,w(kgl)m)dklde
KJK
is equal to

- / / T (ot 7 (kg o) B (et )1 (X Y03, (g Yurg) ey .
KJK

So it suffices to prove that

/KFz\,l(ﬂ(kl)ﬁ(X)Ulawz)fu,m(ﬁ(kﬂvs,wzx)dkl

is equal to

- /K T (7 (k1 Y01, w2) T (7 ) (X 03, ) ey

We begin by showing that Sy, (v)(my) := T (7(my)v,w) belongs to L?(My), with M, now
denoting the centraliser of Ay, in K and v,w € Hg. Because M) is compact, it suffices to prove
that Sy, (v) is continuous as a function of my and this follows from the assumption that v is
K-finite and hence M)-finite. We thus obtained a map

Sy : Hi — L2(My), v Sy(v).
The proofs of Lemmam and Lemma specialise to the case at hand, moreover S,, is

clearly My-equivariant. Thus we obtained an (my @ ay,, My )-equivariant map

Sy : Hx — L*(My) ® Chlay,

—PXxg

which factors through Hg /ny,Hgk. To construct the appropriate representation (o, H,) of M)y
for the case at hand, we can use the M-finiteness of S, (v) to deduce the existence of a finite
collection of irreducible orthogonal subrepresentations of L?(M)) containing S, (v). This im-
plies the existence of a collection {(6, Hp)}oco as in the discussion before Proposition
Reasoning as above, we thus obtain (g, K)-equivariant maps

Tw2 cHig — IndﬁA ((77 )\|a*o)’ Tw2 (’U)(/{)(m/\) = F)\J(’ﬂ'(m)\k)?), wg)

and
Ty, : Hxk — IndpA (o, A‘C‘)\o)’ T, (V) (k) (my) =Ty m(m(mrk)v, wa).

To complete the proof it suffices to write

/K F)\,l(ﬂ-(kl)fr(X)’Ula w2)fu,m(ﬂ'(k1)vs, TU4) dk

as
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/ / T (r(mk )it (X)01, w) o (1 (1mnks Yo, w3) s, di
MX\K J My
and to observe that, by [34], 8.4.1, the last expression is precisely

(T, (7(X)01); Ty (v3)) ety (@Alarg )"

Lemma 3.4.3. Let vy, w2, v3,ws € Hg. Let [\ 1], [, m] € C/ ~ be such that Iy = 1I,,,
May, = #lay, and d(m) = [I5] + Ziel§ (I; + m;). Then the following holds:

(1)
/ /+ |F,\)l(epo)\, 7T(k‘1)’()1, wg)fmm(eXpH)\, 7T(k‘1)1}3, w4)\ dHA dk‘l < 0
K Jay

/ / D1 (i, T(k)v1, w2)T o (M, w(k)vs, wa)| dmy dik < oo
KA\K J M,

(3) For any fixed Hy € a, we have

/ / |F,\7l(epo,\,W(Sk)vl,wg)f,hm(epo)\,ﬂ(ﬁk)v3,w4)| d& dk < oo.
K \K J K

and I'), ,(expHy, w(k)vs, v4) are square-integrable on aj\' by Proposition Therefore, we
have

Proof. For (1), we begin by observing that for fixed k € K, the functions Ty ;(expHy, 7 (k)v1, v2)
EE

/+ |F>\,l(epo>\,W(k)vl,w2)fu,m(eXpH>\,ﬂ(k)v37w4)| dmy < oo.
a

A

Hence, we can define the function

h: K — Rzo, h(k) = /+ |l">\,l(epo>\, 71'(/{)’01, wg)f%m(epo)\, W(k)’l]g, w4)| dH)\
N
and the result will follow if we establish the continuity of h. The K-finiteness of v; and vs implies
the existence of finitely many K-finite vectors vgl), e ,v%p ) and finitely many K-finite vectors

vél), .. ,vgq) such that

P q
w(k)vy = Zai(k)vgl), and 7(k)vs = ij(k)véj)
i=1 j=1
for continuous complex-valued functions a; and b;. Let kg € K. Then

|h(k) = h(ko)|

is majorised by the integral over a;r of

[[Txi(expHx, w(k)vi, wa2)T)y m(expHy, m(k)vs, wa)|—|Tx i (expHx, w(ko)v1, w2 )Ty m (expHx, m(ko)vs, wa)]|.
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By reverse triangle inequality, the integrand is majorised by

[T, i(expy, m(k)v1, wo)L 'y m (expHy, m(k)vs, wa)—T'x 1(expHx, w(ko)v1, w2)T s m (expH, m(ko)vs, wa)|

which, in turn, is less than or equal to

ST lai(k)bi (k) — ai(ko)b; (ko) |IPxi(expHx, vi”, ws) Ty (expHy, v§”, wy)].

We obtained

p q
(k) =h(ko)| < 3>~ lai (k)b (K)—as(ko)b; (ko) / IDx (e v w2) Ty (expHa, v wa)| dHy
i=1 j=1 N

and the continuity follows from the continuity of the a;’s and b;’s.

For (2), we begin by observing that for fixed k € K, the functions I'y ;(mx, 7(k)vi, ws) and
Tm(ma, m(k)vs, wa) are square-integrable on My by Proposition Therefore, we have

/ |F,\7l(m,\,ﬂ(k)vl,wg)fmm(m,\,ﬂ(k;)vg,w4)|dm,\ < 00.
My

Hence, we can define the function

h: K — Rxq, h(k) :/ |F>\,l(m>\,w(k)vl,wg)fﬂ,m(mA,w(k)vg,w4)|dm)\.
My

Arguing as for (1), we obtain that h is continuous.
By the right-invariance of the Haar measure on M) and since

L i(mx, m(§k)vr, wa) = T i(ma§, m(k)vr, wo)

for every £ € K (and similarly for the T, ,,-term), the function  is invariant under multiplica-
tion on the left by elements in K and it therefore descends to a continuous function on K\ K,
concluding the proof of the first statement.

For (3), given a fixed Hy € a) the function

Ky — C, £ =Ty (expHy, m(€k)v1, we)

is continuous. Indeed, let §, € K. Since mw(k)v is K-finite, it is in particular K -finite. Hence,
there exist finitely many K -finite vectors vy, ..., v, such that

T

(&R =3 (o,

i=1

where each ¢; is a complex-valued continuous function on K. Therefore, the quantity

T i (expHy, m(Ek)vi, wa) — T'x(expHy, m(€ok)v1, wa)|

68



is bounded by

K
D lei(€) = ci(&)lITxi(expHa, vi, ws)]
i=1
and the claim follows from the continuity of the ¢;’s.
The same argument shows that, for fixed H) € a;r, the function

K)\ — (Ca g = Fu,m(epo)\a Tr(f)v?nwll)

is continuous and it follows that

/ [T i (expHyx, w(&k)vy, wg)fu’m(eXpHA,7r(§l<:)v3,w4)\ d§ < oo.
K

Hence, we can define the function

[ K = Rxo, f(k) :/ T 1(expHy, w(Ek)v1, w2)T o (expHy, w(Ek)vs, wy)| dE
Kx
and argue as in the proof of (2).
O

We can now complete the strategy outlined in the Introduction. For fixed vo, vy € Hg, we define

AUQ,M('? ) = D('7U27 '7U4)a

which is linear in the first variable and conjugate linear in the second. For fixed vy,v3 € Hg, we
define

BUhUS('? ) = D(Ula 5y U3, ')7

which is conjugate-linear in the first variable and linear in the second.

Theorem 3.4.4. Let G be a connected, semisimple Lie group with finite centre. Let (w, H) be
a tempered, irreducible, Hilbert representation of G. Then there exists f(7) € R such that,
for all vy, vs,v3,v4 € Hg, we have

im 5 | (o))l dy = oy (o w3} (o 0.

T—00 frd(ﬂ')

Proof. Fix va,vq € Hg. By Proposition we can apply Corollary|3.2.13|to the form A,, ,,.
Hence there exists ¢,,,, € C such that for all v;,v3 € Hx we have

Avs v (v1,v3) = Cuy,v4 (v1,v3).

Similarly, fixing v1,v3 € Hg, by Proposition and Lemma there exists a dy, », € C
such that

B'USH'UI (’U47 ’UQ) = d’U1,’U3 <U47 U2>7

since the left-hand side is conjugate-linear in the first variable. Hence, since
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Bv37v1 (U47 ’Ug) = Bv1,U3 (U27 'U4)7

we obtain

Bvl,vs (va ’U4) = dvl,vg <027 'U4>

By definition, we have

D(v1,v2,v3,v4) = Ay, 0, (V1,03) = By, 05 (v2,v4),

so, for a vector vg € Hg of norm 1, using (2) of Theorem 1.2, we obtain a real number
C(vo,vp) > 0 such that

D(”Oa 7]077]07'00) = C(’Uo,’Uo) = Cug,vo = dvo,vo'

Computing D(v1,vo, vs3,v0), we have

d'Ulﬂ)S = Cug,vg <U17 ’U3>.

Therefore, we obtained

D(v1,v2,v3,04) = Cuy v, (V1,V3) (V2, V),

showing that f(7) := m does not depend on the choice of v, as required.
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