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TOPICS

• Uncertainty quantification with a focus on problems in the physical

sciences.

• Finite element methods for elasticity problems onmanifolds.

• Expressive mathematical software for the solution of partial

differential equations.
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OUTLINE

• Importance of the model selection problem.

• Motivating example in hydrology.

• The Bayesian parameter inference problem.

• By analogy, the Bayesian model selection problem.

• Recent work – robust computation of Bayes factor applied to

hydrological models [Min+25].



ASK ANY MODELLER...

• I would like models that:

– fit the data,

– are simple (Occam’s Razor),

– and generalize beyond the data used for calibration.



ALL MODELS ARE WRONG...

Two questions:

1. Which modelling procedure, will, with enough data, identify the ‘true’

model?

2. Based on the data, which model from a finite set of models, lies closest

to the ‘true’ model?



MODEL SELECTION CRITERIA

• Frequentist and Bayesian model selection criteria offer a principled

way of answering the second question and selecting models.

• In particular, the Bayes factor, provides a principal way of selecting

betweenmodels, and implicitly penalises model complexity.

• The Bayes factor is not widely used in practice to assess and select

moderately complex models - difficult and expensive to compute.





MAGELA CREEK - MAIN CHARACTERISTICS

Magela Creek - Summer rainfall, tropical.



MAGELA CREEK - DATA

Streamflowmonitoring device. Source: Fine Art America





MODEL CONSTRUCTION IN HYDROLOGICAL SCIENCES

• Physically inspired conceptual models predominant.

– Axiomatic physical principles or postulates, e.g. conservation of

mass.

– Empirical parametric models of system components in the

absence of a complete or tractable theoretical framework e.g.

transpiration, flow through ground, multiscale behaviour.

• Space of models is created by combining various existing components

‘suitable’ for the site.

• Model parameters calibrated against data.

• Success? - goodness of fit on held out data.



MAGELA CREEK - MODEL CONSTRUCTION

1. Approach hydrological modeller, Remko Nijzink.

2. After discussions on the site:

– Large summer rainfall events – dominant fast runoff processes.

– No snowfall or ice.

– Equatorial - evapotranspiration likely to be important.

– Uncertain number of slower processes (groundwater storage etc.)

3. Remko proposes something called the Hydrologiska Byråns

Vattenbalansavdelning (HBV) approach.



MAGELA CREEK - HBV-LIKE MODELS
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HBV-LIKE MODELS
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IN AN IDEAL WORLD...

Statement (The Bayesianmodel-parameter inference problem - [WHR12])

Define a space of modelsM = {M1, . . . ,Mn} each with its own parameter
spaceΘM ⊂ RpM with M ∈M. Given some data y ∈ Rq, determine the
posterior distribution (or its statistics) p(M,θM ∣ y) on the joint
model-parameter spaceM ×⋃M∈MΘM.

n = {2, 3, 4} ,
M = {M2,M3,M4} ,
ΘM ⊂ R3n,

R
p ∋ y = GM(θM) + η, η ∼ N(0,σ2).



START SIMPLE: THE PARAMETER INFERENCE PROBLEM

Statement (The Bayesian parameter inference problem - [WHR12])

Define a space of parametersΘ ⊂ Rp. Given some data y ∈ Rq, determine the
posterior distribution (e.g. its statistics) p(θ ∣ y) on the parameter spaceΘ.



PARAMETER INFERENCE WORKFLOW

1. (Prior) Set the distribution onΘ

p(θ).
2. (Likelihood) Acquire data y and assumemodel for y for fixed θ ∈ Θ

p(y ∣ θ).
3. Joint probability

p(θ, y) = p(y ∣ θ)p(θ).
4. (Posterior) Condition joint probability on data y

p(θ ∣ y) = p(y ∣ θ)p(θ)
p(y) .



COMPUTATION [MFR24B]

• Wewould like to compute quantities such as posterior probabilities

E [g(θ) ∣ y] = ∫
Θ
g(θ)p(θ ∣ y) dθ. (2)

• In almost all interesting cases eq. (2) has no closed form solution.

• However, we can usually compute at fixed θ and y:

logp(θ ∣ y) = logp(y ∣ θ) + logp(θ) − logp(y)
where p(y) is the unknown/hard-to-compute constant of
proportionality.



THE WORK HORSE OF BAYES [MFR24B]

• The Metropolis-Hastings (et al.) algorithm can compute

{θ(1), . . . ,θ(M)} M→∞
ÐÐÐ→ p(θ ∣ y)

• and requires only evaluations of

logp(θc ∣ y) − log(θ(i) ∣ y) = logp(y ∣ θc) + logp(θc)
− logp(y ∣ θ(i)) − logp(θ(i))

• The constant of proportionality logp(y) is gone!



GOOD NEWS

Claim

For some common problems (small data, moderate dimension parameter

space, known likelihood etc.) it is possible to numerically solve the

parameter inference problem [MFR24a].



WHAT ABOUT THE MODEL SELECTION PROBLEM?

Statement (The Bayesianmodel-parameter inference problem - [WHR12])

Define a space of modelsM = {M1, . . . ,Mn} each with its own parameter
spaceΘM ⊂ RpM with M ∈M. Given some data y ∈ Rq, determine the
posterior distribution p(M,θM ∣ y) on the joint model-parameter space
M ×⋃M∈MΘM.



MODEL SELECTION WORKFLOW: PART I

1. Hierarchical prior Set a distribution onM ×⋃M∈MΘM

p(M) and p(θM ∣ M).
2. Likelihood – Acquire data y and assumemodel for y on fixedM ∈M
and θM ∈ ΘM

p(y ∣ θM,M).
3. Joint probability

p(y,θM,M) = p(y ∣ θM,M)p(θM ∣ M)p(M) (3)



MODEL SELECTION WORKFLOW: PART II

5. Joint posterior Condition joint probability on data y

p(M,θM ∣ y) = p(y ∣ M,θM)p(θM ∣ M)p(M)
p(y) .

Observations

• The dimension of the joint model-parameter space is larger.

• M is a discrete set.

• The size of the parameter space pM varies acrossM.

Problem

• StandardMCMC demands that the joint posterior has a density with

respect to some underlying ‘nice’ measure – not the case.



MODEL SELECTION WORKFLOW: PART III

6. Marginalise across θM

p(M ∣ y) = ∫
ΘM

p(M,θM ∣ y) dθM

= p(M)
p(y)

p(y ∣ M)³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
∫
ΘM

p(y ∣ M,θM)p(θM ∣ M) dθM .
7. Take two competing modelsMi ∈M andM j ∈M and write the

posterior ratio

p(Mi ∣ y)
p(M j ∣ y) =

p(y ∣ Mi)
p(y ∣ M j)

p(Mi)
p(M j)

p(y)
p(y) .



MODEL SELECTION WORKFLOW: PART IV

• Under a non-informative prior onM, the posterior ratio is equal to

ratio of the marginal likelihoods (the Bayes factor).

BFi j = p(Mi ∣ y)
p(M j ∣ y) =

p(y ∣ Mi)
p(y ∣ M j) .

Challenge

If we can compute the marginal likelihood p(y ∣ M) then we can compute
the Bayes factor – model selection.

p(y ∣ M) = ∫
ΘM

p(y ∣ M,θM)p(θM ∣ M) dθM.



SUMMARY SO FAR...

• The Bayesian parameter inference problem is straightforward.

• The Bayesian parameter-model inference problem is not.

• There is a ‘nearby’ quantity, the marginal likelihood p(y ∣ Mi) and
hence the Bayes factor, which may be tractable.



NAIVE MONTE CARLO – NO FREE LUNCH [FW12]

• Let’s take a look at the marginal likelihood p(y ∣ M)
p(y ∣ M) = ∫

ΘM

p(y ∣ M,θM)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
likelihood

p(θM ∣ M)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
prior

dθM,

≈ 1
N

N

∑
i=1

p(y ∣ M,θ(i)M ), θ
(i)
M

iid∼ p(θM ∣ M).
• Prior weighted likelihood.

• Integrandmay have sharp peaks or heavy tails and does not

’concentrate‘ like posterior.

• Likelihood evaluation expensive - 10 million+ evaluations for simple

problems.





THERMODYNAMIC INTEGRAL: PART II [FP08]

• The power posterior normalising constant Z(γ) is
Z(γ) = ∫

ΘM

p(y ∣ M,θM)γp(θM ∣ M) dθM
• Differentiate logZ(γ)with respect to γ using chain rule

d

dγ
logZ(γ) = 1

Z(γ) ddγZ(γ)
= Epγ(θM ∣ y,M)[logp(D ∣ θM,M)]



THERMODYNAMIC INTEGRAL: PART III [FP08]

• Use second fundamental theory of calculus on the interval γ ∈ [0, 1]
logZ(1)´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
logp(y ∣ M)

− logZ(0)´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
log ∫θM

p(θM ∣ M)=0

= ∫
1

0
Epγ(θM ∣ y,M)

[logp(y ∣ θM,M)] dγ.
Result [FP08]

The logarithm of the marginal likelihood is equal to the thermodynamic

integral

logp(y ∣ M) = ∫ 1

0
Epγ(θM ∣ y,M)

[logp(y ∣ θM,M)] dγ.



MAIN CONTRIBUTIONS OF RECENT WORK - [MIN+25]

• An algorithm Replica Exchange Hamiltonian Monte Carlo +

Thermodynamic Integration that can simultaneously compute:

– parameter estimates

– marginal likelihood (hence, the Bayes factor).

for general Bayesian inference problems expressible in the

probabilistic programming framework TFP with:

– moderate parametric dimension dim(θM) ∼ 50,
– possibly multimodal and highly constrained posteriors.



ALGORITHMIC ASPECTS: I

logp(y ∣ M) = ∫ 1

0
Epγ(θM ∣ y,M)

[logp(y ∣ θM,M)] dγ

• Thermodynamic integral: Trapezoidal rule.

• Power posterior:

– strong correlations: preconditioned Hamiltonian Monte Carlo.

– multi-modality: replica exchange.

• Likelihood: Monte Carlo via Power posterior samples.



ALGORITHMIC ASPECTS: II
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GAUSSIAN SHELLS: I

• Benchmark problem of two Gaussian Shells in moderate dimensions.

• Shells separated by region of low probability.

• Concentration of measure in high dimensions.

ℓ(θ) = 1√
2πw21

exp[ − (∣∣θ1 − c1∣∣ − r1)2
2w21

]
+ 1√

2πw22

exp[ − (∣∣θ2 − c2∣∣ − r2)2
2w22

].









MAGELA CREEK EXAMPLE - CONSISTENCY

Check that the Bayes Factor selects the parsimonious model when the

‘true’ model is inM.

1. Generate data from the intermediate modelM3.

2. This leaves the simpler modelM2 which cannot fitM3, andM4, which

due to the nested construction can, but with higher complexity.

3. Compute the marginal likelihood, DIC and WAIC for eachmodel.





MAGELA CREEK EXAMPLE - REAL DATA

See which model the Bayes Factor selects when the ‘true’ model (i.e.

reality) is not inM.

1. Use real run-off data fromMagela Creek.

2. All models inM are possible candidates.

3. Compute the marginal likelihood, DIC and WAIC for eachmodel.





SUMMARY

• For modellers in the physical sciences model structure, and

consequently model selection, is as an important problem as

parameter inference.

• Full Bayes onM⋃M∈MΘM is still intractable, but Bayes factors provide

a reasonable alternative for model selection.

• We propose a performant methodology for robustly computing the

marginal likelihood, and hence the Bayes factor.

• It is not hard to find cases where information theoretic approaches fail

and Bayes factor succeeds - that robustness (still) comes at a

computational cost.
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