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Abstract—This paper tackles the contactless recovery of vital
sign information from backscattered signals using a radar device.
These sensors do not require any physical contact with the
patient, which makes them extremely suitable for healthcare
applications such as the long-term monitoring of patients or
elderly care. In this context, the information regarding the
breathing and heart rate is embedded within the phase of
the received radar signal and inherently suffers from a 27
ambiguity. For sensors operating at millimeter-wave, common
recovery methods rely on algorithms that unwrap the phase.
These methods, however, do not possess strong recovery guar-
antees and often fail when encountering quick phase variations
(e.g., random body movements and larger chest displacements).
This can hinder accurate estimation and possibly prevent the
proper medical diagnosis. This paper proposes to do away
with these limitations by using the framework of Unlimited
Sampling (US) to address the recovery of the signal embedded
in the phase. Compared to other unwrapping algorithms, the
US framework provides perfect recovery guarantees in practical
settings. Furthermore, we show through simulations that the US-
based recovery algorithm greatly extends the resilience of the
recovering process when encountering random body movements
at comparable sampling rates.

Index Terms—Breathing, FMCW, heart rate, radar, random
body movements, unlimited sampling, vital signs.

I. INTRODUCTION

Due to the rapid aging of the population worldwide, a lot of
effort is being dedicated to providing more efficient healthcare
solutions. Recently, there has been renewed interest in the con-
tactless monitoring of vital signs such as breathing and heart
rate. Continuously monitoring this information is crucial for
long-term patient care, especially when conventional cabled or
wearable devices cannot be used.

In this context, radar devices are emerging as a promising
technology. Radar signals can penetrate through different
materials and are not affected by skin pigmentation or ambient
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light levels. In addition, radar devices preserve privacy [1]], and
can be low-power and low-cost. These characteristics make
radar sensors very suitable for several healthcare applications,
including sleep monitoring [2f], assisted living [3]], diagno-
sis [4], newborn monitoring [S], and many others.

The information regarding the vital signs is embedded
within the phase of the received radar signal and inher-
ently suffers from a 27 ambiguity. For sensors operating at
millimeter-wave, recovery methods rely on the arctangent de-
modulation (AD) [4], [6], [7]], which requires an additional un-
wrap operation to unfold the phase. The conventional unwrap
algorithm, however, does not possess recovery guarantees and
often fails when encountering quick phase variations, usually
caused by interfering random body movements (RBMs) or
even larger chest displacements. These recovery errors can
hinder accurate estimation and possibly prevent the proper
medical diagnosis.

To overcome these limitations, in this paper we propose a
new algorithm that uses the framework of Unlimited Sampling
(US) [8], [9]] to address the recovery of the signal embedded
in the phase. Compared to the conventional unwrap algorithm,
the US provides perfect recovery guarantees in practical set-
tings [1O]-[12]]. Furthermore, we show through simulations
that the US-based recovery algorithm greatly extends the
resilience of the recovering process when encountering random
body movements at comparable sampling rates.

The remainder of this paper is organized as follows. In
section we introduce the signal modeling for vital sign
processing using radars. In Section we describe a widely
used unwrap-based phase demodulation method and highlight
its limitations. In Section we present the US framework
and how it can be used to overcome these issues. Finally, in
Section [V] we show in a simulation setting the gain provided
by the US-based recovery algorithm, whereas, in Section
a few conclusions are drawn.



A. Notation

Throughout this paper, we are adopting the following nota-
tion: lower case boldface for vectors & and upper case boldface
for matrices X. The letter j represents the imaginary unit
(i.e., j = v/—1), with the absolute value given by |(-)|. The
Euclidean norm of the vector « is denoted by ||x||. For any
complex number x we use R and I to denote, respectively, the

real and the imaginary parts of x. The first order difference of

a signal s is denoted by (As) [k] e slk + 1] — s[k], whereas

the N-th order difference AV s is obtained by the recursive
application of the finite-difference operator. Finally, S is the
anti-difference operator.

II. VITAL SIGN MODELS

The transmitted radar signal is modulated by the subtle chest
wall motion due to the breathing and heartbeat mechanisms.
The vital sign information is then embedded in the received
radar signal as an additional phase modulation related to the
chest wall movement. The complex slow-time signal received
from the monitored subject at nominal distance dy can be
represented as

s(t) = exp {j (00 + 4Wi(t)) } 1)

where 6y = 4wdg/ )\ is a constant phase shift. The time-varying
phase component of the received signal can be written as

dmd(t)  Am
A A

(dy (t) + di(t) + drpm (1)),

where A is the operating wavelength, and dy,(t) and dy, (¢) rep-
resent the chest wall motion due to the breathing and heartbeat,
respectively. The additional body movement is represented by
dybm, With the subscript RBM here to highlight its random
and unknown pattern in practical settings. The amplitudes of
the chest wall motion vary from 4 to 12 mm when breathing,
and 0.2 mm to 0.5 mm when the heart beats [[13]]. At rest, the
standard physiological range of the breathing rate goes from
10 to 25 breaths per minute, whereas, for the heart rate, it goes
from 60 to 100 beats per minute.

In ideal conditions, perfect recovery of the chest wall motion
d(t) would allow for precise estimation of the breathing and
heart rates by simple analysis of the movement periodicity.
However, in practice, the received radar signal is usually
tainted by reflections from the external environment and
additional RBMs from the monitored subject. These interfering
signals are usually much stronger than those induced by the
chest wall millimeter displacement, thus rendering the accurate
recovery of vital signs challenging. It is important to note these
RBMs cannot be avoided in practical situations. Therefore,
contactless monitoring can only reach its full potential if it
can be seamlessly integrated without added restrictions on
the patients. This is why developing methods that are robust
to large RBMs is of paramount importance for radar-based
monitoring of vital signs [[14]—[/16].

III. PHASE DEMODULATION

Phase demodulation is essentially the process where the
complex samples of the slow-time signal are combined, in
order to recover the displacement signal from the phase
variation over time. Several techniques have already been
proposed for that, including the complex-signal demodulation
(CSD) [17]-[19] and the linear demodulation [20]-[22]. As
discussed in [23]], these methods suffer from intermodulation
products and harmonic interference when working at higher
operating frequencies. To avoid these issues and enable precise
phase recovery, the AD is commonly used. In this case, the
recovered displacement signal can be obtained using

0= 2 o vt [ 2]

As the phase is bounded by [—, 7], displacements larger than
A/4 will result in discontinuities. To reconstruct the phase and
estimate the signal of interest, the AD requires an additional
unwrap operation.

The conventional unwrap algorithm is commonly used, and
it has a very straightforward implementation. Whenever the
phase jump between two consecutive samples is greater than
or equal to 7 radians, it corrects the new sample by adding
+27, so that the difference becomes less than 7. However,
this algorithm is very sensitive to interference. It often fails
when dealing with signals that exhibit quick phase variations,
which can be due to RBMs or even faster chest displacements.
In these cases, unwrap errors can be accumulated and result
in large distortions in the recovered displacement signal.
Figure [T] shows a 20-second segment of a simulated chest
wall displacement signal, contaminated with a short segment
of RBM interference. Initially, when only the breathing and
heartbeat signals are present, the wrapped phases can be
accurately recovered. However, in the presence of additional
RBMs, the conventional unwrap fails and large distortions are
then introduced in the recovered signal.

The well-known Itoh’s condition [24] defines theoretical
bounds for the performance of the conventional unwrap al-
gorithm. It states that a necessary condition for successfully
recovery is that the maximum amplitude of the first-order
difference of input samples should be limited by A. In other
words, the maximum phase (displacement) variation between
adjacent time samples should be smaller than the operating
wavelength, i.e.

Vk € [K], |d[k + 1] — d[k]| < A, )

where k is the sample index for a signal with K samples.
If this is satisfied, phase changes greater than 7 indicate that
the phase should be corrected simply by adding or subtracting
2m. Increasing the sampling frequency will generate highly
correlated samples with a lower first-order difference. So the
performance of conventional unwrap is dependent on the slow-
time sampling frequency. This can usually lead to substantial
oversampling. However, Itoh’s condition is a necessary but
not sufficient condition for successful reconstruction. Under
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Figure 1: Chest wall displacement contaminated with addi-
tional body movement: true displacement, wrapped phases
around +)\/2, and recovered signal using the conventional
unwrap algorithm.

practical settings and reasonable amplitude of random body
movements, the conventional unwrap operation used in the
AD completely fails to recover the chest wall displacement
signal.

IV. UNLIMITED SAMPLING

The previous section introduced the inherent challenge that
arises when estimating vital signs from radar measurements,
i.e., the information of interest is embedded in the phase
of the received signal. Considering the limitations of the
classic unwrap method, we introduce here the use of the US
framework for recovering the vital sign information.

The US is a novel framework that breaks away from the
limitations of the classic unwrapping method, that is Itoh’s
condition, by leveraging the fact that the signals of interest are
bandlimited. It was originally proposed for tackling analog-
to-digital converter (ADC) saturation by co-designing the
sensing architecture and the algorithms that fold the signal;
thus giving an unlimited dynamic range. Earlier publications
[10]-[12] first demonstrated theoretical recovery capabilities
using US-enabled devices, whereas recent publications are
demonstrating its potential in real settings [25]—[27]]. In this
work, we leverage this new framework in the context of
recovering the phase for radar-based monitoring of vital signs.

Let us consider the following acquisition model. Let g(t) :=
2d(t) be the signal of interest, sampled at a rate %, using a
modulo-based acquisition system . (-) with a dynamic range
of A (£A/2). The acquired folded signal is thus

ylk] = A\ (g(KT)), 3)

where the link between (3) and (I)) is given by
A
AN\ (g(KT)) = le(kT)a
with % being the slow-time sampling rate. While the conven-

tional unwrap only has a necessary condition for reconstruc-
tion, the US provides the following result:

Theorem 1 (Unlimited Sampling Theorem, [12]). Let g(t) be
a finite energy, bandlimited signal with maximum frequency €}
and let y[n], n € Z in @) be the modulo samples of g(t) with
sampling rate % Then a sufficient condition for the recovery
of g(t) from y[n] is that T < 25% (up to additive multiples of
2)\) where e denotes Euler’s constant.

It is interesting to see that the sampling rate &

+ required
for perfect reconstruction neither depends on the amplitude of
the signal nor, and more strikingly, on the dynamic range A
used for the folded acquisition (e.g. the radar’s wavelength).
Herein lies the main advantage of using the US framework;
only the knowledge that the signal is bandlimited is sufficient
to guarantee its perfect reconstruction. One can also see the
result in Theorem [I| as an extension of the Nyquist sampling
theorem to folded signals. Along with this result, the authors in
[12] also developed an iterative reconstruction algorithm that
provides perfect estimates d [k] from the folded measurements

ylk].

Algorithm 1: Unlimited Sampling Algorithm
Data: y[k] and \Z > B, > 2|d]| ..
Result: d [k] ~ d [k].

_ | log A\/2—log B
1) Compute N = W-‘
2) Set z()[k] = (A\(ANy) — ANy) [K].
3) forn=0:N—2
(’L) Z(n+1)[/€] = (SZ(n)) [k]
(i6) 2nery = A | 22
(#3i) With J = 1205, /A, compute k.

(rounding to A\Z).

Fop = \'Sz<n+1)[1]—5z(n+1)w+1] + lJ
- 248, 2
(iv) Z(n+1) k‘] = Z(n+1) [kﬁ] + /\Ii(n).

end
4) dlk] = & [(Szn—1)) [k] + ylk] + mA], mZ.

This algorithm relies on the fact that finite differences and
modulo operations can somewhat commute at high order [12}
Prop. 2]. In this sense, one can also see the US framework as
an extension of Itoh’s condition to higher orders.

Finally, the recovered displacement signal using the US-
based recovery can be expressed as

) = us( 3t [S55])

where the US operator represents a function that executes the
US algorithm.

V. SIMULATION RESULTS

In order to assess the performance gain provided by the
proposed US-based recovery method, Monte Carlo simulations
were carried out.

Based on [28]], the chest wall displacement due to breathing
dy(t) is modeled as a low-pass filtered periodic sequence of
quadratic inspiration and exponential expiration. For modeling
the heartbeat displacement dy,(t), a Gaussian pulse train is



used [29], based on the idea that the heartbeat is a short
explosive motion with a pulsatile nature. The initial phase of
both displacements is generated randomly on each run. As an
example, the breathing rate and amplitude were defined as 13
bpm and 12 mm, respectively, whereas for the heartbeat, we
used 70 bpm and 0.5 mm, respectively.

The RBM interfering signal d,p,(t) is constructed using
three different models related to different types of body
movements:

o First, the ramp body movement was defined as

(t—t)

drbm(t> Gybm (tf — tz) ;
where by, is the movement’s amplitude, and ¢ € [t;, ¢ f],
with ¢; and t; being the initial and final time of the
movement, respectively. This model could represent, for
instance, a simple torso movement to the front.

e The second body movement follows a sine function and
is defined as

drbm (t) = Arbm sin (27Tfrbm (t - tl) + QS)a

where fipn is the movement’s frequency and ¢ €
U(—m,m) is the random initial phase. Here we are
modeling a rocking (back-and-forth) motion of the torso,
with controllable amplitude and frequency.

o And finally, the fully random body movement, which is
defined as t)

z
drbm(t) Grbm Hz(t)”oov

where z(¢) is a real signal whose spectrum is bandlimited
at frpm, with each component of the non-zero spectrum
being of unit amplitude with a random phase in [0, 27].
This model does not impose any particular structure and
more closely resembles an actual interfering body motion.

Figure [2] shows examples of the displacements generated
by these models. The purpose of using these different models
is twofold. First, by using the first and second models, we
show that our approach can deal with body movements that are
commonly occurring in day-to-day life and that can be easily
modeled. Second, to avoid narrowing our study to specific
movements, and to properly showcase the resilience of the
US recovery to a broad range of movements, the fully random
movement is used. Indeed, actual body movements have an
inherent limit in their frequency content as they do not exhibit
infinite acceleration. This makes the bandlimited RBM model
appealing as it fits both the physics of the problem and the
requirement of Theorem

The composite displacement signal d(¢) is low-pass filtered
and used to generate the slow-time complex samples according
to (1), with the phase shift 6 being modeled as a random
variable, i.e. 6y € U(—m, ). At each iteration, the generated
signal is processed using the AD with the conventional unwrap
operation or the proposed US-based recovery. From now
on, we will refer to these methods simply as AD or US,
respectively.
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Figure 2: Illustration of simulated body movements.

The reconstruction is tested for different amplitudes of the
RBM, as well as for different slow-time sampling rates, in a
Monte Carlo approach. The normalized recovery error (NRE)
is then calculated as

d—d
NRE =10 logw <||Ci>7

where d and d represent the vectors with the true and recov-
ered displacement signals, respectively. The final performance
for each method is evaluated by averaging the NRE over all
iterations, with 1000 runs being performed for each scenario.
In this initial work, we are only evaluating the noiseless case.

Figure |3 shows the average NRE as a function of the slow-
time sampling frequency and RBM amplitude, considering
all the three simulated body movements, using an operating
frequency of f. = 60 GHz (A = 5 mm). For easy interpretation
of the results, the blue areas represent a perfect recovery of
the displacement signal, while the red ones indicate regions
of failure. The duration of the processing window was 20
seconds, and each movement started at the tenth second, with
a duration of 2 seconds.

Figure shows the performance of conventional unwrap
for the ramp body movement. It can be seen that it follows the
linear behavior stated in (@), i.e., for precise phase recovery,
the slow-time sampling rate needs to be increased linearly
according to the amplitude of the interfering body move-
ment. Figure shows the performance when using the US
framework. In this case, for recovering RBMs with the same
amplitude, a much smaller slow-time sampling frequency can
be used. In fact, after reaching a minimum value for the slow-
time sampling frequency, the proposed algorithm can precisely
recover the displacement signal, independent of the RBM
amplitude. The required sampling for perfect reconstruction
only depends on the bandwidth of the signal of interest (not
on its amplitude), which is consistent with Theorem E}

Figures and |3c| show the performance of conventional
unwrap for the sine and fully random body movements, with
fiom = 0.3 Hz. In these cases, given the more complex
behavior of the additional interference, even smaller ampli-
tudes of RBMs completely prevent successful recovery of the
displacement signal, which would require much higher sam-
pling rates. On the other hand, it can be seen in Figs. [3¢| and
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Figure 4: Normalized recovery error (threshold at -20 dB) for
the ramp body movement, at different operating frequencies.

[31 that the US-based method provides a large improvement
compared to conventional unwrap, with minor degradation at
larger amplitudes of the RBM. It only fails when the slow-
time sampling frequency is lower than 20 Hz and 30 Hz
for the sine and fully random body movements, respectively.
Therefore, it extends the resilience of the recovery process
when encountering random body movements at comparable
sampling rates.

It is important to mention that, if f,},,,, does not overlap with
vital sign frequencies, accurate recovery of the displacement
signal using the US would allow easy filtering of the RBM
interference by conventional spectral analysis. However, incor-

Sampling frequency (Hz)

Figure 5: Normalized recovery error (threshold at -20 dB) for
the ramp body movement, with different durations.

rect demodulation using the conventional unwrap algorithm
may introduce nonlinear errors that can hinder filtering and
prevent subsequent estimation, even under the simplest RBM
interference.

Figure [4] shows —20 dB threshold lines in the NRE (perfect
recovery below the lines), for the ramp body movement with
the same parameters as before, now at different operating
frequencies. It can be seen that, under the RBM interference,
the AD performance decreases at higher operating frequen-
cies. At 60 GHz and 79 GHz for instance, the AD cannot
recover RBMs with amplitudes larger than 20 cm, even if
oversampling at 100 Hz. Conversely, the US method provides



perfect recovery of a 20 cm RBM using a slow-time sampling
frequency lower than 25 Hz or 35 Hz, at 60 GHz and 79 GHz,
respectively.

Finally, Fig. [5] shows the —20 dB threshold lines for the
same ramp body movement, but now with different durations.
Reducing the duration to reach the same amplitude is equiv-
alent to increasing the movement velocity. In these cases,
the AD with conventional unwrap follows Itoh’s condition
with performance degradation at higher velocities, whereas
unwrapping with the US method is independent of the ve-
locity variation and can provide perfect recovery until 45 cm
with less than 30 Hz of slow-time sampling frequency. This
sampling rate is also below the upper-bounded sampling rate
predicted by Theorem |1| represented by the gray line in Fig.

and Fig. [

VI. CONCLUSION

We proposed in this paper the use of a novel framework for
recovering vital signs from radar measurements. The proposed
method relies on the US framework, for being able to tackle
the recovery of signals whose measurements are folded. We
first introduced the AD with the conventional unwrap oper-
ation, which has limitations to recover the embedded phase,
especially under the presence of interfering body movements.
Leveraging the fact that these movements are, because of their
human nature, bandlimited, we showed that the US provides
an attractive alternative for the successful recovery of the
displacement signal. The simulation results confirmed that the
required sampling rate for the US to succeed was far inferior to
the conventional unwrap and, more importantly, independent
of the amplitude of the movement. Future work will extend
this initial analysis to noisy scenarios and, further, to practical
measurements using radar sensors.
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