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Abstract

This research explores several key aspects of radar waveform design, interference mitigation,

and performance optimization in modern radar systems, particularly focusing on multi-sensor

environments and dynamic target detection.

High-resolution mmWave radar sensors are critical for applications such as driver safety in

automotive applications collectively called Advanced Driver Assistance Systems (ADAS), and

in-cabin sensing. However, the use of multiple radar sensors often leads to interference, which

can degrade system performance. The study was initiated by investigating different types of

radar interference in the state-of-the-art frequency modulated continuous wave (FMCW) radars,

including “Same slope,” “Similar slope,” and “Sweeping slope,” using simulations and real-

world measurements to analyze the impact on the signal-to-interference-plus-noise ratio (SINR).

These results help enhance radar performance in crowded frequency environments.

In addition, the mutual interference (MI) was analyzed inside a car cabin by recording data

for multiple frames. Results showed the presence of similar-slope and sweeping-slope inter-

ference amongst radar sensors operating with similar sensor specifications. The understanding

gained from these experiments laid the foundation for a deeper research to find a solution of this

issue by leveraging the waveform diversity of FMCW and Phase Modulated Continuous Wave

(PMCW) waveforms.

A significant challenge arises in dynamic target detection, where linear frequency modu-

lation (LFM) waveforms experience performance degradation due to interference. To address

this, the research introduces a waveform design framework called Polynomial phase Estimate of

Coefficients for unimodular Sequences (PECS) which minimizes peak and integrated sidelobe

levels (PSL/ISL) while ensuring Doppler-tolerant properties. The proposed optimization frame-

work consists of a unique polynomial phase constraint for designing sub-sequences/sequences.

A sequence is broken down into multiple sub-sequences, where the phase characteristics of

every sub-sequence can be optimally derived while minimizing the ISL/PSL. The diversity of

multiple sub-sequences in a sequence yields superior interference-immune characteristics. It

provides robust solutions for applications where high Doppler tolerance is essential by setting

the degree of the polynomial phase constraint to two (i.e. quadratic phase behavior).
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Further, as a derivative of the previous study, we proposed a sub-pulse design approach for

PMCW radars, by empowering them to operate with low sampling rates. This apporach inte-

grated quadratic phase variations while minimizing sidelobe levels to improve radar detection

performance. The experiments were conducted on a hardware setup consisting of Universal Se-

rial Radio Peripheral (USRP) and other measurement devices. The SINR of the signal was eval-

uated for different interfering waveform categories. By evaluating SINR in different radar con-

figurations, the proposed solution shows effectiveness in both indoor and outdoor environments.

This study concluded that the PMCW waveforms can be implemented using low-sampling rate

ADCs by employing stretch processing within every sub-pulse. Thus, the challenge of high sam-

pling rate requirement for the implementation of PMCW radars is addressed and MI immunity

is achieved.

As a next step, we generalized the problem of sequence design and presented a comprehen-

sive framework for designing interference-immune waveforms/ sequence sets in FMCW and

PMCW MIMO radar systems, respectively. By employing advanced optimization techniques

like majorization-minimization (MM) and Block Coordinate Descent (BCD), the framework

generates waveform sequences that minimize sidelobe levels and improve spatial beam shaping.

Case studies demonstrate the application of these waveforms in scenarios such as tunnel-based

environments and dynamic target detection, where sub-pulse based Doppler-tolerant waveform

design significantly improve radar performance.

Another aspect of the research also explored radar waveform optimization for cognitive

MIMO systems coexisting with communication systems. By solving a bi-objective optimization

problem, the study developed waveforms that balance spectrum compatibility and minimize

ISL. This approach enhances the coexistence of radar and communication systems by providing

spectrally efficient, interference-resistant MIMO waveforms.

Finally in the last phase, the research study extends to environmental sensing through Wire-

less Sensor Networks (WSNs), where the waveform optimization techniques were used for in-

tegrated sensing and communication (ISAC) application. The proposed Doppler-tolerant wave-

forms embeds communication symbols within each sub-pulse, while minimizing ISL for the

sensing sub-pulse. The solution involves the fusion of three optimization techniques, namely:

BCD, MM, Sum of Squares (SoS) in a multi-layered iterative manner leading to objective con-

vergence. This optimization is crucial for reliable target detection in dynamic environments

where MI from other sensors is inevitable, further proving the versatility and effectiveness of

our proposed waveform designs techniques.

This comprehensive investigation into radar waveform design for mutual interference mit-

igation, using optimization techniques exhibit significant improvement in reliability, detection

accuracy, and coexistence of modern radar systems.
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Chapter 1

Introduction

The global mortality rate due to traffic accidents has surged to an alarming 1.35 million fatali-

ties annually [1]. Additionally, tens of millions more sustain injuries or disabilities each year,

resulting in life-altering consequences with enduring repercussions. Road casualties now rank

as the eighth leading cause of death across all age groups.

Figure 1.1: Deaths due to road accidents in the WHO regions (worldwide) [1]

Advanced Driver Assistance System (ADAS) are engineered to enhance vehicular safety by

aiding drivers in maintaining control and mitigating or preventing specific types of collisions.

These systems utilize sophisticated sensors, including radar, cameras, LiDAR, and ultrasonic de-

vices, each operating on distinct principles [8]. Contemporary vehicle designs integrate features

such as forward collision warning (FCW), automatic emergency braking (AEB), lane departure

warning (LDW), lane keep assist (LKA) and blind spot warning (BSW).
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1.1 Role of Radar Sensors in ADAS and Challenges

Radar sensors serve as a crucial component within this framework, offering superior resilience

compared to cameras in adverse weather conditions. They are also more cost-effective than Li-

DAR and provide enhanced velocity and distance resolution. However, radar systems typically

exhibit lower angular or cross-range resolution relative to camera or LiDAR technologies. To

address these limitations, advanced solutions such as sparse arrays, super-resolution algorithms,

and techniques to bolster radar sensitivity are being developed. These improvements enable

better differentiation of smaller targets from larger ones in close proximity, such as cyclists or

pedestrians near large trucks or buildings. Beyond these challenges, automotive radar sensors

must also enhance their robustness against interference from other radar systems.

When multiple radars use the same allocated frequency band, there is a possibility that they

could transmit simultaneously on the same frequency with similar waveform characteristics.

If these radars are positioned along a common line of sight, e.g. a front-facing radar and a

rear-facing radar on a vehicle ahead, they can cause interference with one another. While radar

interference is a known issue, it currently isn’t a major concern due to its low likelihood given

the current market usage. However, as more vehicles are equipped with radar sensors, the risk of

interference will inevitably rise. It is crucial for the radar industry to tackle this issue proactively,

ensuring that robust radar technology can be deployed widely without being seen as a limitation

by users, thereby enhancing road safety for all.

The primary question that needs to be addressed is whether radar interference poses a sig-

nificant issue. While interference is certainly possible, it is critical to quantify its frequency

of occurrence and assess the severity of its impact when it does occur. The European project

MOSARIM [9] represents one of the first comprehensive efforts to evaluate the extent of radar

interference. Building on this, an NHTSA study [10] incorporates a variety of traffic scenarios

to determine the conditions under which interference arises and how often it happens. A typi-

cal case involves vehicles equipped with long-range, front-facing radars with a relatively narrow

field of view (FOV) approaching each other. Interference occurs when the FOVs of these sensors

overlap, and the radars are simultaneously transmitting within the same frequency spectrum.

According to a simulation study conducted by NXP Semiconductor [2], the interference

probability for a highway traffic scenario given in the Figure 1.2 was calculated. The probability

of receiving perceivable interference power was correlated to the radar penetration rate (RPR).

The interference power results in increment of noise floor (NF) above the theoretical NF level of

(−159dBm/Hz). As expected, the probability of having interference increases with the increased

number of vehicles that have radar on the highway Figure 1.3. Even with 50 percent radar

penetration rate (RPR), the probability of interference is as high as 0.6 for the semi-blind sub
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Figure 1.2: Simple highway traffic scenario - Interference at the victim radar (green) is calcu-
lated while it is generated by other vehicles (red) [2]

band jump category which highlights the seriousness of this issue in the near future.

Figure 1.3: Likelihood of interference depends on the radar penetration rate (RPR) in a highway
setup where vehicles use long-range, forward-looking radar for cruise control. Interference
can be reduced by randomly switching resources (yellow curve) or by sensing interference first
before switching to a different time or frequency resource (blue curve) [2].

1.2 Strategies to address the challenge: Radar Interference

There are several strategies to mitigate and prevent the impact of radar interference on system

performance, which can be categorized into three solution types [11]. The first set of solutions

prevents front-end saturation, which occurs when a radar sensor encounters a strong interfer-

ence source. The second approach addresses digital interference by detecting and eliminating
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it within the digital domain [12]. The third method reduces the likelihood of interference by

adjusting the radar waveform, minimizing the chances of conflicting with other radars.

In this research, the third method was used to conquer the interference from other sensors

in the victim sensor field of view (FoV) and mitigate the deterioration of the back-scattered

received signal from the target in order to enhance the reliability of radar sensing in all prac-

tical scenarios. Radar waveform design includes multiple fundamental constructs as shown in

Figure 1.4. In order to minimize the correlation of a certain transmitted waveform with the wave-

Waveform

Doppler 
Tolerant

Spectrally 
Compatible

Limited 
Bandwidth

Hardware 
compatible

Runtime 
adaptation

Unique

Figure 1.4: Waveform design principles considered in this research

forms transmitted from the other sensors in the environment, the uniqueness of the waveform

(in terms of its phase behavior over the entire transmit duration) is a necessary feature. Addi-

tionally, the dynamic targets being sensed in the case of automotive radars require the waveform

to have Doppler tolerance properties. The OEMs further dictate the cost and faster throughput

of these sensors. Thus, the hardware compatibility and runtime adaptation becomes vital in

the design process. Further, the spectral compatibility because of limited spectrum availability

and large bandwidth for fine range resolution are two essential constraints that make the overall

waveform design problem challenging in nature.
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1.3 Contributions of this thesis

Despite the few recent research papers investigating the problem of radar-to-radar interfer-

ence/mutual interference (MI) and its mitigation in automotive scenarios (in-cabin and outdoor

sensing), most of the research focuses on the second methodology (mentioned in 1.2). In the

other cases, where the third methodology is used, the efforts are made to design a waveform

such that the Interference to Noise Ratio (INR) of the interferer is decreased and the Signal to

Interference plus Noise Ratio (SINR) of the target is increased. However, the idea of minimiz-

ing the INR when the dynamics (location and velocity) of the interferer is known to the victim

sensor is hypothetical and has little practical significance in automotive scenarios. Generally,

the driving scenario is unknown and it is the radar sensor’s responsibility to detect the targets

reliably in the absence of the complementary input from other sensors (e.g. Camera, LiDAR

and ultrasonics) mounted on the automobile.

Throughout our literature review, we observed these gaps in the existing literature. The

study of interference in automotive radars is dependent on the type of waveforms used in ma-

jority of the radars i.e. Frequency Modulated Continuous Wave (FMCW) or Phase Modulated

Continuous Wave (PMCW) waveforms. The technique used in FMCW waveforms employ a

clever yet intelligent receiver ”Stretch processing” which reduces the sampling requirements.

On the other hand, it renders the designers with few degrees of freedom to choose the charac-

teristics of the waveform in every transmitted pulse or over an entire Coherent Pulse Interval

(CPI).

Broadly, we can categorize the challenges and formulate the following research questions:

• Question 1: MI in radar sensors is a legitimate issue or not in an in-cabin or outdoor

automotive sensing setup?

• Question 2: How to mitigate the effect of interference on detection capability and in-

crease the reliability of radar sensors for detecting static/dynamic targets while mounted

on dynamic platforms?

• Question 3: Develop a reliable technique/algorithm or mathematical formulation to de-

rive a new waveform capable of handling interference?

• Question 4: Verify whether the new waveform is easy to deploy on the existing state-of-

the-art hardware or upcoming hardwares?

• Question 5: Ease of adaptability of the proposed waveforms to accommodate advanced

requirements and features (e.g. Integrated Sensing and Communication (ISAC) for IoT,

WSN networks) in the near-future?
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In an effort to better understand and eventually answer these questions, the main contribu-

tions of this thesis are as follows:

• Contribution 1: Performed experiments under controlled environment to analyze the

type and effects of MI amongst radar sensors.

• Contribution 2: Proposed a novel waveform design scheme using sub-sequences/ sub-

pulse processing to minimize the auto/cross-correlation sidelobes with itself and other

waveforms, respectively.

• Contribution 3: Proposed an optimization framework to obtain a waveform with minimal

Integrated Sidelobe Level (ISL)/Peak Sidelobe Level (PSL).

• Contribution 4: Verified the deployability of the proposed waveforms and validated the

results for SISO configuration.

• Contribution 5: Adapted the waveform design scheme and adapted the framework to

accommodate a novel ISAC application for Wireless Sensor Network (WSN).

These contributions were tested under different design considerations and simulation sce-

narios ranging from ideal simulation settings to practical hardware implementations and the

results are discussed.

1.4 List of Publications

The work presented in this thesis has resulted in two peer-reviewed journals and a number of

conference papers, currently published or under revision. The publications related to this thesis

are listed below:

Journals

• J1: Robin Amar et al, “Designing Interference-Immune Doppler-Tolerant Waveforms

for Radar Systems”, IEEE Transactions on Aerospace and Electronic Systems, vol. 59,

no. 3, pp. 2402-2421, June 2023, doi: 10.1109/TAES.2022.3215116.

• J2: Robin Amar et al, “Polynomial Phase Constrained Waveforms for mmWave MIMO

Radars”, under revision process in IEEE Transactions on Aerospace and Electronic Sys-

tems,, submitted on 6 June 2024.
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Conferences

• C1: Robin Amar et al, “FMCW-FMCW Interference Analysis in mm-Wave Radars; An

indoor case study and validation by measurements”, 2021 21st International Radar Sym-

posium (IRS), Berlin, Germany, 2021, pp. 1-11, doi: 10.23919/IRS51887.2021.9466178.

• C2: Robin Amar et al, “Radar Waveform Design for Sensing and Communications Co-

existence”, 2023 20th European Radar Conference (EuRAD), Berlin, Germany, 2023, pp.

407-410, doi: 10.23919/EuRAD58043.2023.10289167.

• C3: Robin Amar et al, “USRP based Implementation of Interference Immune PMCW

Radars with Low Sampling rate ADCs”, 2024 21st European Radar Conference (Eu-

RAD), Paris, France. 2024.

• C4: Robin Amar et al, “Dual-Function Waveform Design in Wireless Sensor Networks

via SoS Optimization”, submitted to ICASSP 2025 - 2025 IEEE International Conference

on Acoustics, Speech and Signal Processing (ICASSP), Hyderabad, India.

Book Chapter

• B: Artech House Book - Mathematical Techniques for Signal Design in Modern Radar

Systems. Chapter 10: Doppler Tolerant Waveform Design.

Omitted Publications

• C5: Robin Amar et al, “Optimized-Slope FMCW Waveform for Automotive Radars”,

2022 23rd International Radar Symposium (IRS), Gdansk, Poland, 2022, pp. 110-115,

doi: 10.23919/IRS54158.2022.9905044.

• C6: Robin Amar et al, “Doppler-Tolerant Waveform Design and Signal Processing for

Interference Immune Radar Systems,” 2023 31st European Signal Processing Conference

(EUSIPCO), Helsinki, Finland, 2023, pp. 715-719,

doi:10.23919 / EUSIPCO58844.2023.10290099.

1.5 Thesis Organization

This thesis is a “cumulative thesis”. It includes six manuscripts reproduced in their entirety.

While the first one (C1) along with an in-cabin radar measurement experimental setup in a

passenger car is part of our motivation to work in this research area, the other five manuscripts

(J1, C3, J2, C2, and C4) present our contributions to improve the state of the art. Despite
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describing complete signal model, algorithm design, simulation and implementation in each

one of them, the major contribution in each manuscript is related to a particular stage of the

overall design flow of our research as described in Figure 1.5.

Manuscript C1

Chapter 1

Introduction

Chapter 2

Interference Analysis in 

radar sensors

Chapter 3

PECS Algorithm for 

SISO

Chapter 4

Hardware implementation 

(USRP based)

Chapter 5

Generic PECS Algorithm for 

MIMO sequence set design

Chapter 6

MIMO sequence set design for 

spectral shaping

Chapter 7

Dual function Waveform design for 

WSNs

Chapter 8

Conclusions

Manuscript J1

Manuscript C3

Manuscript J2

Manuscript C2

Manuscript C4

Part -I: Introduction and Motivation

Part -II: SISO Radar Waveform Design 

and Implementation

Part -III: MIMO Radar Waveform 

Design

Part -IV: Applications in Wireless 

Sensor Networks

Part -V: Conclusions and Perspectives

Figure 1.5: Thesis organization

Each chapter with a manuscript also contains a preamble. It aims to guide the reader along

the thesis, by introducing the general topic and establishing a smooth connection between the

current chapter and the rest of the thesis. The manuscripts included in each chapter are presented
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as published or submitted for consideration. A few formatting aspects have been adjusted to

match the rest of the thesis. All pages, tables, equations, and figures have been numbered

consecutively throughout the thesis for continuity. All references were consolidated into a single

reference list, presented at the end of this thesis. Please note that each manuscript presents its

own notation and the used terms may differ in each chapter.
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Chapter 2

Interference Analysis in Multi-sensor
setup

2.1 Introduction

Radar sensing has various inherent advantages in different scenarios and its usage in civilian

applications has been proliferating in addition to the traditional defence applications. Some of

these applications include automotive, indoor sensing, airport, harbor and highway traffic con-

trol, wave forecast and marine climatology to name a few [13]. With different applications and

dearth of standardization, presence of multiple radar systems with uncoordinated transmissions

has become a reality. Considering an example of automotive application, radar sensors are used

for cruise control and collision avoidance systems in cars. In the absence of coordination among

different cars, scarcity of spectrum and the need for high bandwidth to enable high resolution

sensing, it is inevitable that different cars use identical bands simultaneously, leading to inter-

ference [9].

Similar to the outdoor applications, the usage of mmWave sensors for indoor/in-car mon-

itoring has gained recently a lot of attention. Few major applications are People counting,

occupancy detection, driver vital signs monitoring, flash and run-through body scanners, robot

positioning, industrial machine lock/cut-off etc.[14]. In this sense, it is known that multiple con-

nected/collaborated sensors enhance the target detection and parameter estimation performance.

However, multi-sensor setup leads to mutual interference from neighboring radars operating si-

multaneously in each others FoV [12], [15]. Analyses and test results involving multiple radar

sensors indicate that mutual interference can be substantial unless suitable mitigation techniques

are employed. For example, two 77GHz long range radars with 18dB antenna gains and 10dBm

transmit powers, facing each other, would cause -45dBm interference to each other [16], [17].

Interference becomes inevitable from other sensors when the application insists to have best pos-
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Figure 2.1: System Model description

sible resolution for better classification of targets which leads to utilizing full bandwidth avail-

able in an operating band which is the case in many indoor and outdoor sensing scenarios. For

a given system, its interference quantification (maximum possible rise in Signal-to-Interference

Ratio (SIR)) and robustness is required to understand the target detection and classification ca-

pability of a sensor in worst scenarios. In this chapter, an effort has been made to explore the

interference occurring from “close proximity” and direct Line of Sight (LoS) sensors which

are arranged in a multi-sensor arrangement for indoor sensing application. The investigation

has been conducted using mm-Wave FMCW radar sensor measurement set-up supported by an

elaborate simulation. Further, the backscatter and interference characteristics similarity between

indoor sensing and outdoor sensing has also been discussed.

The outline of this chapter is as follows: Section II presents the system model detailing the

interference set-up and sets up the signal model incorporating the interference phenomenon.

Section III analyses the impact of interference in Indoor scenarios using an elaborate simulation

setup. This section highlights the perturbations in the Range-Doppler domain due to interfer-

ence and its impact on target detection. Section IV presents an Indoor Interference measure-

ment setup for corroborating the findings of section III using commercial-off-the-shelf (COTS)

mmWave radar modules. The results from this measurement are analysed and section V presents

the conclusions drawn.

2.2 System Model

In a generic FMCW radar Figure 2.1, the frequency sweep, i.e., a chirp, is generated by a

waveform generator and this chirp is utilized in two different signal paths: one is directed to

the Transmitter (Tx) antenna, while the other is directed towards the mixer correlator. Before

the chirp is transmitted from the Tx antenna, it passes through a power amplifier to boost the

transmitted energy.

14



2.2. System Model

2.2.1 Received signal model

The FMCW waveform with L consecutive linear FM chirps (or sweeps) can be expressed as

s(t) =

L−1∑
l=0

x(t− lTc), (2.1)

where the individual chirps are given by

x(t) = ejϕ(t)rectTv(t), ϕ(t) = 2π(fct+ 0.5αt2). (2.2)

Here, α = BWv/Tv is the chirp slope, BWv denotes the sweep bandwidth, Tv represents the

chirp duration, fc is the carrier frequency, rectTv(t) is rectangular pulse of duration Tv of the

victim radar and Tc is the pulse repetition time (PRT). The reflected signal from target is very

weak due to two-way free-space propagation path loss and the absorption loss at the target.

This requires the receive signal to be amplified with a low-noise amplifier (LNA) to maintain

an acceptable signal level. The amplified signal from the target reflection is mixed with the Tx

signal at the mixer, this is called dechirping. The round-trip delay and doppler shift caused by

the relative velocity of the target, shift the frequency of the received signal compared to that

of the transmitted signal. As a result, the mixer creates a beat signal that will pass through a

low-pass filter and be digitized, yielding delay and Doppler estimates after transforming into

frequency domain. In modern automotive radars, it is also possible to estimate azimuth and

elevation of targets using multiple antennas by acquiring the signal in spatial domain and further

transforming them into frequency domain as an additional signal dimension (Range-fast chirp

and Doppler-slow chirp as the first two dimensions).

Assuming there exists a single target (point scatterer), whose impact on the received signal

is characterized by a complex amplitude γ (incorporating the effects of path loss, antenna gain

and radar cross section (RCS)) with an overall round-trip propagation delay τ = 2R/c and a

doppler shift of νTc = 2vt/λ, where R and vt denotes, respectively, the distance and relative

radial velocity between the radar and the target; c is the speed of the EM wave propagation in

air. In a general case for a single target scenario, the received signal contaminated with clutter,

noise and the interference from multiple sensors can be written as,

r(t) = γs(t− τ)ej2πνT + c(t) + y(t) + w(t), (2.3)

where xl(t) is the l-th transmitted signal (chirp) which is attenuated by γ and delayed by τ , y(t)

is the interference (to be discussed below) and w(t) is the receiver noise considered as a zero-

mean white Gaussian process. In the above equation, c(t) and γ is the clutter and attenuation of
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Chapter 2. Interference Analysis in Multi-sensor setup

the transmitted signal respectively which can be expressed as

c(t) =
K−1∑
k=0

αks(t− τk).ej2πνTc (2.4)

and γ =
PvG2

vλ
2σtgt

(4π)3RtgtL
where αk is the backscatter power received from the kth scatterer in clutter

with τk delay and νTc doppler shift due to the motion of victim sensor.

We assume P interferers in the FoV of the victim sensor, located at Rp relative distance with

unique chirp time TI , chirp repetition time Tp and bandwidth BWp which leads to non-identical

chirp slopes βp (where βp =
BWp

Tp
). Further, the pth interferer is assumed to have M chirps, all

of which are attenuated by ζp due to the propagation loss in the medium between the interferers

and the victim (PI , GI , Gv, L are the Tx power, Tx gain, Receiver (Rx) gain at victim and other

losses respectively). The cumulative signal received from all the interferers can then be given

by

y(t) =

P−1∑
p=0

M−1∑
m=0

ζpyp(t−mTp), (2.5)

where individual interferers are

yp(t) = ejψ(t)rectTp(t), ψ(t) = 2π(fct+ 0.5βpt
2), (2.6)

M = LTc/Tp and ζp = PIGIGvλ2

(4π)2R2
pL
.

Let τmax denote the round-trip delay corresponding to a maximum target range of interest

(i.e. τmax ≥ τ ); this is related to the radar bandwidth of interest Bs as τmax = Bs/α. The

analog-to-digital converter (ADC) bandwidth Badc ≤ Bs imposes a limit on Bs and thus the

maximum detectable range rmax. After low pass filtering, the beat signal with bandwidth Bs,

sampling with a period of Ts, it is rearranged into a slow time - fast time data matrix, where

lth row contains the samples of the lth chirp (slow time), while the nth column contains the nth

sample of each chirp (fast time). The number of receive channels present in the receiver array be

Q. Thus, let this discretized sampled data be denoted as YF ∈ CN×L×Q in the frame F . This

data array is further analysed to understand the impact of interference on the target detection

using the measurement setup for indoor scenarios defined in the next section.

2.2.2 Types of Interference

In [18], two types of interference are described: Parallel and Sweeping. After understanding the

nature of interference possible in the practical scenarios, in order to form a holistic categoriza-

tion of interference its extension to the following categories is warranted.
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Figure 2.2: Three types of Interference

1. Same Slope Interference: This typically arises through the multipath reflections that have

a strong return (i.e. do not suffer from severe path and backscatter losses), and can be

called clutter. These types of interference are generally observed in both outdoor and

indoor scenarios. In outdoor scenarios it is observed in tunnels and highways with high

guard rails on the road borders in rainy conditions. In indoor scenarios, it is generally

observed in underground parking and rooms with highly reflecting walls and floor.

2. Similar Slope Interference: This type of interference occurs when the interfering sensor is

operating with similar bandwidth and chirp time. The redefinition was required because

practically the probability of another sensor to operate with exactly same slope chirp is

very low because the Crystal Oscillators (XO) operating on every hardware have their

own linearity properties which will never yield absolutely parallel slope chirp. Here, it is

worth a mention that the criteria for defining the similar slope should be w.r.t. the Victim

sensor’s slope. Therefore, if the interferer slope varies within 10% of the victim slope,

then it could be categorized in it.

3. Sweeping Interference: When the interfering sensor does not lie in the similar slope in-

terference category, it may be operating at a significantly different slope (i.e. very high

or low bandwidth, chirp time and up/down chirp in comparison to the victim sensor) Fig-

ure2.2.
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Parameter Value
Target RCS 0 dBsm
Victim / Interferer Power 12dBm
Time-Bandwidth Product 40.1773dB
Processing Gain 21.0721dB
Noise Power -68.83dB
Noise Power + CFAR -57.83dB

Figure 2.3: Received power variation with range at different processing stages of the system

The new characterization with regards to [18] involves addition of a new category of interference

i.e. same slope interference and redefinition of parallel slope as similar slope interference.

2.3 Interference Analysis

Prior to the measurement campaign, a flexible software simulator for the considered scenarios

is set-up. This would enable better identification of measurement set-ups, benchmarking results

from measurements and validating the models used. Using the developed software, the link

budget analysis was performed and the results are reported in Figure 2.3.

Simulations were performed on MATLAB with the parameters which are indicated in the table

next to the figure, keeping in view the indoor sensing capability of the sensor. Considering the

operation of victim sensor at room temperature (300K), the average noise power Pn is -68.83dB

and the constant false alarm rate (CFAR) threshold typically should be 12dB above the noise

floor for a false alarm probability of 6.428 × 1e − 4. With the TBP gain of 40dB and coher-

ent processing gain of 24dB, the receive power from the target and the interferer is shown in the

Figure2.3. The interferer power received at the victim will vary within the region of interference

depending upon the amount of pulse compression between the victim and the interferer chirp.

This plot provides an explanation to the results shown in Figure2.4, where the receive power

of the interferer is always dominating the range-doppler spectrum in similar-slope interference.

As evident from the Figure2.3, if the interferer is present in the neighborhood of the target and

undergoes a similar-slope interference, target’s receive power will only dominate if the target

range is less than 5 meters (approx). This shows that the likelihood of the weak targets getting

masked by the strong targets is very high.

In Figure2.4, the deterioration of the range-doppler spectrum caused due to similar-slope and

sweeping slope interference can be observed when compared with the No interference case.

With the help of mitigation techniques such as chirp randomization (start phase change for ev-

ery chirp, binary phase encoding across transmitted chirps, jittering the chirp repetition time)
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No Interference Similar Slope Interference Sweeping Interference
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Figure 2.4: Simulation results: Range-Doppler Spectrum in similar-slope and sweeping inter-
ference

and inherent non-synchronous nature of the XO, the peak derived from the known interferer is

spread across the spectrum [19]. These techniques may save the peak derived from the target

from getting masked by the strong interferer peak but it ends up raising the noise-floor. Incre-

ment in the noise floor may not be a problem for 1 or 2 interferers in the FoV of the victim sensor

as is commonly the case in indoor sensing. In case, the application requires more number of

sensors to operate with the same sensor parameters (such as carrier frequency, bandwidth, chirp

time etc.), similar slope interference is a bigger problem as compared to the sweeping interfer-

ence case.

For completely non-deterministic scenarios interference detection can be performed using var-

ious approaches such as complex baseband oversampled receiver architecture [16], energy de-

tector and matched filter approaches [20]. For deterministic scenarios, conventional techniques

such as time division multiplexing (TDM), frequency division multiplexing (FDM), adaptive

beam nulling and time domain localization and sample nulling can be used. In case of TDM,

frame based synchronization with global positioning system (GPS) should be performed before

chirping happens in any sensor and later the chirping duration of other sensors can be carefully

brought into the silent time of the victim sensor. Assuming minor non-linearities in the XO

behavior, this technique should be helpful. But, this technique also has an upper bound for the

number of sensors that can be accommodated in it as the duty cycle (chirping time / frame time)

varies according to the application requirement [21].

As evident from the sensor parameters, the maximum range sensing capability of the sensor

is far greater than the required range for indoor application. Further, in these scenarios if mul-

tiple sensors have to be employed, the average probability of similar slope interference is low

[18].
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Parameter Value
Target RCS 0 dBsm
Target range variation 0 to 10m
Target speed 0 m/s
Interferer distance 3.48 m
Interferer Speed 0 m/s
Victim/Interferer Tx Power 12dBm

Figure 2.5: Detection probability vs Range for No Interference, Similar-slope and Sweeping
slope interference

Using Monte-Carlo simulations, the worst case similar-slope and sweeping slope interfer-

ence for Single Input Single Output (SISO) system have been shown in Figure2.5. As evident

from the plot, without any mitigation technique applied, the detection probability for similar-

slope interference starts rising once the target range is less than 5 metres and is maximum at

0.5m to a value of 0.6. Whereas, with the same receiver properties, the sweeping slope interfer-

ence starts increasing from 0.45 at range of 10m and increases till 0.84 at 0.5m. With mitigation

techniques applied, in the presence of both the types of interference, the detection probability is

close to the non-interfered case. Note that these results are indication of a single target - single

interferer scenario which is the first case study in Indoor environment. Further, as the number

of interferer increases, the mitigation techniques may not perform well and the detection prob-

ability is bound to deteriorate significantly. The simplified version of the actual implementation

can be found in the Algorithm 1. Details such as object oriented programming (OOP) based

implementations and normalization of data at various stages have been omitted to maintain ease

of reading.

2.4 Measurement Setup

In this section, we evaluate the effect of interference for indoor scene using Texas Instrument

(TI) COTS mmWave evaluation modules.

Two types of experimental setups are deployed.

• Indoor sensing: inside a room/ hall or enclosed space with multiple radars operating in

each others FoV.

• In-cabin sensing: inside a cabin of a passenger car.
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2.4. Measurement Setup

Algorithm 1 derive detection probability and SNR with decreasing range of single target
1: Configure Chirp characteristics of Victim Sensor & Interferer Sensors
2: Configure Target initial state, dynamics & Reflection property
3: while target distance ≥ 1 meter do
4: for L Chirps do
5: Rx Signal←− Tx Signal manipulation: Tx gain, channel gain, Rx gain
6: RxSignal←− superimpose the Interferer signal & Rx signal
7: RxSignal←− Add thermal noise
8: De-chirp Rx Signal with Tx Signal
9: RxSignalcomposite←− Accumulate current chirp data

10: Windowing
11: Perform 2D FFT
12: Perform OS-CFAR
13: Thresholding
14: SNR evaluation at known target location
15: Update Target location
16: Evaluate the PD from the SNR characteristics with range
17: return PD = (PFA)

1
1+SNR

In both the cases, the conditions in the FoV were static and no mechanical disturbances were

involved.

2.4.1 Indoor Sensing

To this end, we first validate the measurement set-up by using TI web-based graphical user

interface (GUI) and mmWave Studio as described in following section. Then, we perform a

measurement in a controlled environment and validate the result we obtained by simulation.

Test Validation

In order to validate the interference measurement set-up, a test case based on Figure2.6 was cre-

ated. Here, the victim and interferer sensor hardware was flashed with two different set of sensor

parameters which will be further mentioned as configurations (or Config - A and B). TI provides

a easy to use web-based GUI and analog-to-digital converter (ADC) data recording software

mmWave Studio - version:02.01.01.00 coupled with DCA1000 + AWR1642BOOST evaluation

module (mentioned as mmWave GUI and mmStudio respectively in Figure 2.6). Mutual inter-

ference of Similar slope type and sweeping type was created using different combinations of

configs and the data recorded on mmWave Studio was matched with the mmWave GUI results.

Post-processing steps were performed on MATLAB and the analysis results are shown in Fig-

ure2.7.

In Figure2.7, the signal level increment in the time domain is the initial confirmation of the
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Victim Sensor
AWR1642 EVM + 

DCA1000

Interferer Sensor
IWR 1843 BOOST 

EVM

USB 
cables USB 

cables

Power Supply

distance = 1.2m

No 

Interference

Interference

Similar-Slope Sweeping
mmWave GUI (Cfg - A) mmWave GUI (Cfg - A) mmWave GUI (Cfg - A)

mmWave GUI (Cfg - A) mmWave GUI (Cfg - B)

mmStudio (Cfg - A) mmStudio (Cfg - A) mmStudio(Cfg - A)

mmWave GUI (Cfg - A) mmWave GUI (Cfg - B)

Figure 2.6: Interference validation Setup (left) and different combinations for measurement
validation setup (right).

interference occurrence. With minute observation at this level, the peak-to-peak variation in the

similar-slope interference is higher than the no interference case. Further, the glitch is observed

in the sweeping interference which happens because the interferer chirp is present in the ADC

bandwidth of victim for a short duration. The impact of sweeping interference is also evident in

the range-doppler spectrum where an overall increment occurs in the noise floor. Average noise

floor comparison shows that there is negligible increment between similar slope and no inter-

ference case whereas there is a ∼ 30dB increment in the case of sweeping interference. This

proves the decrements in Signal to Noise Ratio (SNR) which may lead to loss of weak targets.

Indoor Measurement

The tests and measurements were performed in a controlled environment with less clutter from

other stray objects as shown in the Figure2.8. The hardware used for Victim radar sensor was:

AWR 1642 − BOOST + DCA 1000 and Interferering sensor hardwares were AWR 1443,

IWR 1843−BOOST from TI. As the placement of interferers is almost in the LoS relative to

the victim, therefore, mutual interference has been maximized (mutual interference degradation

due to azimuthal and elevational variations can be overlooked). The target detection was not

impacted despite 3 interferers in the FoV. However, one important assumption in this whole

experiment is that the target of interest is expected to have non-zero dopplers and the environ-

ment around including the interferers is ought to be static. It results in easy removal of clutter

and interfering signal which improves the detection. Finally, this lead us to the conclusion that

with carefully designed sensor parameters and mitigation techniques, reliable indoor sensing in

the presence of interference can be accomplished using mmWave radar sensors. The table 2.11

mentions the chirp parameters of the sensors used for the experiment.

1“x” denotes that the parameters are unknown as their tuning was not possible due to limited options in the HW
setup of TI-1843

22



2.4. Measurement Setup
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Figure 2.7: Results of mutual interference at hardware level

Table 2.1: Chirp parameters of the sensors used for the experiment in controlled conditions
inside a measurement room

Freq (GHz) Slope (MHz/us) Chirp Time (us) BW (GHz) Gain (dB) Sampling Freq (MHz) Frame Time (ms)
Victim 77.00 29.982 60 1.7982 30 10 40

Interferer 1, 2 and 3 77.00 30 59 1.7845 x 12.49 100

Victim Sensor

Interferer 1

Interferer 2 & 3

Figure 2.8: Details of the arrangement of the victim and interferer sensors along with the picture
of actual measurement setup.
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2.4.2 In-cabin sensing in automotive vehicle

Sensor mounting Setup and specifications

In this experimental setup, two radar sensors are mounted inside a car cabin for the purpose

of occupancy detection. This type of mounting setup addresses the applications of unattented

babies inside a car, vital signs of the car occupants and intruder detection. The mounting setup

of the radars is depicted in Figure. The sensor specifications for both the sensors were identical

Front mounted radar sensor

Rear mounted radar sensor

Figure 2.9: In-cabin sensing

and un-synchronized in time. The parameters settings used in this experiment are as described

in the Table 2.2.

Table 2.2: Radar sensor specifications and hardware settings

Parameter Value
ADC Start Time 3.6µs

Burst Period 500µs
Frame Period 50ms

High Pass Filter 350kHz
Idle Period 8µs

MIMO Mode TDM-MIMO
Number of bursts per frame 32

Number of chirps accumulated per Tx 8

Number of chirps per Burst 2

Number of Rx Antennas 3

Number of samples per chirp 128

Number of Tx Antennas 2

Ramp end time 18µs
Ramp Slope 330 MHz/µs

Sampling rate decimator 10

Start frequency 57GHz
Tx start time 1µs
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2.4. Measurement Setup

Received signal processing model

Considering the signal model derived in section 2.2.1, we further derive the energy of the re-

ceived signal in every frame. The steps to evaluate the signal energy is described in the algorithm

22.

Algorithm 2 Received signal energy estimation

Require: YF , YF+1

1: while F ≤ total recorded frames do
2: for l← 1 to L do
3: for q ← 1 to Q do
4: Z:,L−1,q = fft(YF (:, L− 1, q))
5: Z:,L,q = fft(YF (:, L, q))
6: ZMTI

:,L,q = Z:,L,q − Z:,L−1,q

7: rd = fft(ZMTI
N,:,q ,Doppler)

8: rda = fft(rdN,L,:,Channel)
9: EF = |rda|2F

Results
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Figure 2.10: Signal energy over multiple frames when both the sensors are operating simulta-
neously.

The signal energy EF in frame F is calculated for the entire recording (consisting of mul-

tiple frames) acquired in the experimental setup. In Figure 2.10, the average signal energy is

shown for multiple frames when both the sensors are operating simultaneously. We observe

multiple spikes (sharp rise and decay in the signal energy) in various frames. As the sensing

environment is static, therefore these spikes are a result of strong interference from the other

2| · |F represents the Frobenius norm of the multi-dimensional array
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sensor in the experimental setup. The spikes have a peak-to-average energy difference (PAED)

of around 16dB. While analyzing multiple recordings that were affected with interference, no

periodicity or patterns were observed in the spikes. This indicates that the interference phe-

nomenon is stochastic in nature.
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(b) ADC data while interfered

Figure 2.11: Virtual ADC channels for a frame where interference is observed.

In addition, the ADC data for all the virtual channels was analyzed and the results are seen

in Figure 2.11. Under normal circumstances, the ADC signal in every channel has a maximum

peak-to-peak variation of 20 units as observed in Figure 2.11a. However, when the interference
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Figure 2.12: Signal energy over multiple frames when one of the sensor is switched off.

occurs, the ADC data for few channels show an unusually high rise in the peak-to-peak variation

of around 200 units as observed in the Figure 2.11b. Thus, we were able to precisely identify

the frame and pulse in which similar-slope interference was observed. In other, instances, when

the sweeping slope interference is observed the ADC channels do not exhibit significant peak-

to-peak variation instead it exhibits small impulsive changes in the ADC data.

On the other hand, when either of the sensor is switched off and the other sensor is operating,

we do not observe power spikes in any frame as seen in Figure 2.12. This is a strong evidence

that interference exists in multi-sensor simultaneous operation only. In addition, it also rules out

any other environmental interference or signal artifact that may have been misidentified as MI

in the previous case.

2.5 Conclusion

The present work highlights different types of interference possible in the real scenarios in

indoor sensing and its impact on the received signal to noise level of the target. It indicates

the seriousness of the issue and insists on the need of robust interference mitigation techniques

on top of the cognitive handshake mechanisms which must be applied at victim and interferer

sensors’ end in FMCW radars. In case of PMCW radars, waveform design techniques can be

employed to mitigate interference as would be discussed in the upcoming chapters.
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Chapter 3

Background and Methodology

3.1 Background and Related Works

3.1.1 SISO Waveform Design Efforts in Dynamic Scenarios

Currently, high-resolution FMCW radar sensors operating at 60GHz, 79GHz, and 140GHz with

sometimes finer than 10cm range resolution are becoming integral in a variety of applications

ranging from automotive safety and autonomous driving [22, 23], indoor positioning [14, 24] to

infant and elderly health monitoring [25]. As the penetration of these low-cost high-performance

sensors grows, the likelihood of radar signal interference and the associated ghost target prob-

lems also grows [18, 26].

The transmit waveform that is commonly used in a large number of modern millimeter wave

(mmWave) radar sensors is based on Linear Frequency Modulation (LFM). LFM is well-known

in radar literature due to its distinctive properties of large time-bandwidth product (high pulse

compression ratio) and high Doppler-tolerance [27, 28]. In automotive FMCW radars, LFM

is typically used as the waveform modulation scheme, since it can be compressed with a very

low-cost and efficient technique known-as de-chirping operation1 [29]. The primary benefit of

de-chirping is that the received signal can be sampled at much lower rates in comparison to

its bandwidth [30–32]. Not surprisingly, this advantage has been motivating many automotive

manufactures to build their radar system based on FMCW technology.

Alternatively, polyphase sequences [33, 34] have been proposed as a way to mitigate inter-

ference for different applications [34–36]. Using polyphase sequences or PMCW technology,

Doppler-tolerant property can be obtained by utilizing a class of codes characterized by a sys-

tematic generation formula [35], called chirplike sequences [6], such as Frank [37], P1, P2,

P3, and P4 [38], Golomb [39], Chu [40], PAT [41], etc. These codes typically exhibit small

1Also referred to as stretch processing.
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PSL and ISL values in their aperiodic autocorrelation function; however, they are unfortunately

sometimes constrained to the specific lengths [6]. Also, due to a lack of uniqueness in these

codes, they are equally vulnerable to MI similar to LFM.

In emerging automotive radar application, the radar sensors use FMCW as the standard

sensing waveform. Vast deployment of FMCW radars in multiple passenger and commercial

vehicles has led to a significant vehicle-to-vehicle radar interference. The interference in all

these cases is largely due to simultaneous use of shared spectrum when operating in the detection

range of the other sensor and the inherent lack of coordination between radars resulting from

the lack of a centralized control and resource allocation mechanism [12, 42, 43].

Further, in this context, FMCW radars experience similar-slope and sweeping slope inter-

ference [18], [26] from other sensors operating in the FoV. Even though sweeping interference

can be avoided or repaired (using original signal reconstruction), similar-slope interference is

hard to manage [26]. In [44], the interference mitigation problems in similar radar systems are

addressed with two slow-time coding schemes to modulate the pulses within a coherent process-

ing interval (CPI). Another approach in [45] suggests a waveform design algorithm that seeks to

minimize a collective cross-ambiguity function. Overall, the mitigation techniques are able to

address both the interference2 but enhances the average noise resulting in the decrement of SNR

[15]. As all the available degrees of freedom (time, operating frequency, bandwidth) to design

the FMCW radars has already been exploited, PMCW based sensors are being looked upon as

a promising solution to match the sensing performance of FMCW waveform and alleviate the

problem of interference.

PMCW radars employ phase codes in their transmitter which are constant modulus and can

drive the transmit amplifier at maximum efficiency. These waveforms are highly immune to

interference as every radar may employ its own unique phase code with small auto- and cross-

correlation sidelobes [34, 48]. On the flip side, it suffers from Doppler intolerance which makes

it hard to employ in high-speed applications.

3.1.2 MIMO Waveform Design for Doppler tolerant waveforms

FMCW and PMCW radars are both types of Continuous Wave (CW) radar systems, and they

share some similarities. Nevertheless, distinctions arise in their modulation methodologies,

with each radar type possessing its unique set of pros and cons. FMCW radar typically requires

simpler signal processing compared to PMCW radar. The LFM used in FMCW radar simplifies

the processing of the received signals using “de-chirp” [29, 49]. This technique allows sampling

the received signal at lower rates than its bandwidth, motivating automotive manufacturers to

2Although a comprehensive solution to mutual interference still remains an open issue, there has been some prior
work in the design of mitigation techniques to diminish the problem of interference [9, 46, 47].

30



3.1. Background and Related Works

adopt FMCW-based radar systems for cost-effective radar sensors.

The state-of-the-art mmWave FMCW radar sensors often use Multiple Input Multiple Out-

put (MIMO) technique to create large virtual antennas without increasing the amount of Tx-Rx

physical elements [50, 51]. Recently, Radar-on-Chip (RoC) which utilize 24 Tx, 24 Rx an-

tennas (576 virtual channels) [52], and 48 Tx, 48 Rx (2304 virtual channels) [53], have been

commercialized [54]. In the context of a MIMO FMCW radar system with a large number of

Tx-Rx channels, various multiplexing schemes can be employed to achieve distinct orthogonal

waveforms for different channels. Some commonly used multiplexing schemes in the context

of MIMO FMCW radar are TDM, Binary Phase Modulation (BPM), Doppler Division Multi-

plexing (DDM)[55, 56], slow-time Code Division Multiplexing (CDM) [57], and FDM [58].

TDM stands out among them for its prevalence in conventional mmWave MIMO radars due

to its hardware simplicity. In TDM-MIMO radars, each transmitter gets a different time slot,

ensuring orthogonality in the time domain. However, this multiplexing scheme increases the

required time for the transmission and decreases the Doppler resolution. FDM allocates distinct

frequency bands to each transmitter, but with an increasing number of antennas, the available

frequency spectrum might become limited. DDM and slow-time CDM involve encoding infor-

mation digitally for transmission, but as the number of antennas increases, the complexity of

encoding, decoding, and maintaining orthogonality among the signals becomes more challeng-

ing [57].

Yet, as the number of transmit antennas increases, limitations become apparent in these

multiplexing approaches for FMCW MIMO radars. In addition, vehicle-to-vehicle radar inter-

ference is another uprising issue in this case. The interference in these instances primarily arises

from the concurrent use of shared spectrum within the detection range of other sensors, com-

pounded by the absence of centralized control and resource allocation mechanisms, which leads

to uncoordinated radar operations. PMCW MIMO radars, despite higher implementation costs,

offer potential advantages [23]. They provide intra-pulse CDM, potentially enhancing perfor-

mance and offering increased degrees of freedom [59]. Additionally, PMCW radars permit

waveform optimization, improving their overall efficiency and effectiveness [60].

In this paper, we enhance the scope of designing radar waveforms for FMCW and PMCW

MIMO radars by imposing additional polynomial phase constraint to the design problem. This

constraint enhances adaptability by allowing for the adjustment of the polynomial degree, serv-

ing as a tuning parameter facilitating transitions between PMCW and FMCW radar technolo-

gies. Particularly, when the constraint’s polynomial degree is set to 2, the resulting quadratic

phase polynomials represent chirps characterized by specific slopes, as detailed in [61].

The background to the polynomial phase constraint is grounded in [62], where the first com-

putational approach aimed at designing these sequences was introduced. However, the design
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codes in this paper were limited to being piecewise linear. Building upon this, in [49], we uti-

lized the Majorization-Minimization (MM) technique to derive optimal sequences possessing a

property of degree Q polynomial in unwrapped phase within their sub-sequences, but only for

SISO radar systems. This work achieved optimal solutions for ISL and PSL with guaranteed

convergence. In addition to this, in [63], we proposed a subpulse processing-based receiver

tailored for radars employing sequences exhibiting polynomial phase behavior within their sub-

sequences.

3.1.3 Related Works

Recent research has strengthened the capacity of radar manufacturers to enhance sensor reso-

lution, explore additional degrees of freedom, and introduce novel operational modes through

exploiting waveform diversity [64], as evidenced by the number of publications in this domain

[65]. In state-of-the-art automotive FMCW MIMO radar, each antenna transmits LFM in a

certain manner that guarantees waveform orthogonality [66]. A comprehensive comparison of

all the standard techniques can be found in [57]. In addition, other variations of the standard

approaches such as fast time - code division multiple access (FT-CDMA) and slow time - code

division multiple access (ST-CDMA) are widely used and described in [67–72].

On the other hand, PMCW (spread spectrum, pseudo-noise (PN), and polyphase modulated

CW) radars transmit a wide-band code sequence modulated on the carrier frequency. Vari-

ous optimization approaches have been proposed to achieve orthogonality in code sequences in

PMCW MIMO radars using CDM scheme [73–78]. The prevailing approaches in waveform de-

sign predominantly prioritize the optimization of constant modulus phase waveforms, primarily

relying on the correlation (auto/cross) characteristics of individual signals. Nonetheless, these

approaches do not account for the influence of phase shifts induced by dynamic radar platforms

in automotive scenarios featuring dynamic targets and stationary detections. In such scenarios,

static detections, often disregarded as clutter in conventional sensing applications, assume crit-

ical importance. Consequently, the consideration of Doppler tolerance becomes paramount in

the formulation of sequence set design challenges.

To this end, several neural network based approaches have also been proposed in this regard

[79, 80]. However, while these approaches may demonstrate efficacy in certain predictable

scenarios, their reliability is contingent upon the extent of supervised or unsupervised training

employed to train the deep Residual Network (RN) and Recurrent Neural Network (RNN). For

instance, in environments such as highways, bridges, tunnels and underground parking facilities,

where dynamic targets and road blockages due to constructions can alter the detection profile

beyond the confines of the known static environment [81, 82], the network models may lack

awareness of such variations.
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In [36, 67, 83, 84], the authors have presented sequence design methods in the presence of

non-negligible Doppler shifts. The limitation here lies in the fact that these approaches cater

only to binary/quaternary sequence designs, thereby having limited degrees of freedom in terms

of phase allocation. Finally, other approaches for joint MIMO transmit and receive filter design

have also been proposed [85–89]. Typically, these approaches deal with maximization of the

worst-case SINR over the unknown Doppler and angle of the target of interest. In the case of

automotive scenarios, the dilemma is that the target and clutter are not deterministic in nature

due to the randomness in the vehicle dynamics (and eventually the radar sensor), necessitating

a different problem-solving approach.

3.2 Scenarios of Interest and Assumptions
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Figure 3.1: Automotive scenarios with mutual interference.

The scenarios addressed in our research focuses on automotive applications where the sen-
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sors and the targets are dynamic in nature.

3.2.1 Every detection is important

Typically, the unwanted detections in other applications, static targets for airborne measure-

ments or dynamic targets for remote sensing applications, standard clutter suppression tech-

niques are used. For example, Moving Target Indicator (MTI) filters for Ground Clutter mitiga-

tion in defense applications [90], identification and removal of sea clutter in maritime applica-

tions [91, 92], discrimination and characterization of geologic surfaces [93] in remote sensing

applications. However, in automotive applications every detection is important to construct a

freespace map to maneuver the vehicle through the structured/unstructured environments.

3.2.2 Interference in Automotive Scenarios

In addition to the challenge of radar sensing with dynamic platforms and targets, the challenge

of mutual interference from other radar sensors in automotive applications exists. In this con-

text, different scenarios of interest for our research are shown in Figure 3.1. In these highway/

city scenarios the interferer signals appear at random range and Doppler at different instances

rendering the radar frame of interest useless for processing. Further, as the market penetration

increases for the radar sensors, this issue will become more pronounced due to increase in the

probability of interference.

3.2.3 4D Imaging Radars

Synthetic-Aperture Radar (SAR), commonly referred to as imaging radars, uses the motion of

the radar antenna over a target region to provide finer spatial resolution than conventional sta-

tionary beam-scanning radars. Transmission and reception correspond to separate tiny positions

since they happen at different times. The virtual aperture created by the coherent synthesis of the

incoming signals is far larger than the antenna’s actual width. The phrase ”synthetic aperture”

refers to this idea, which makes imaging possible with radar systems.

A similar phenomenon known as ”virtual aperture” is produced in colocated Multiple Input

Multiple Output (MIMO) radars via waveform diversity and sparse antenna placement. This

MIMO capacity has significantly aided in the development of automobile radar sensors, which

strive to create affordable sensors with excellent resolution and accuracy. It reduces the physi-

cal component count of radar sensors while enabling excellent angular resolution. With a broad

virtual array in both azimuth and elevation, the recently developed 4D-imaging MIMO radars

provide significant benefits over traditional automobile radars, especially when it comes to pre-

cisely estimating an object’s height.
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Figure 3.2: 4D Radar Sensing in state-of-the-art technology

Considering the rapidly improving state-of-the-art 4D (three dimensional space + Doppler)

mmWave MIMO radar sensors, we considered extending the scope of our research to incorpo-

rate the waveform design solutions to the problem of dynamic target sensing under the influence

of interference. Typically, the four dimensions are depicted in Figure 3.2. In state-of-the-art

chipsets, manufacturers like Arbe create large virtual aperture by employing 48 Tx, 48 Rx (2304

virtual channels) [53] (refer Figure 3.3).

3.2.4 Unrestricted Spatial dimension

In remote sensing, maritime sensing, and communication, the direction of arrival of interfer-

ing signals is closely monitored. Upon detection, the receiver processing modifies the spatial

domain to create spatial nulls in the direction of the interference. Signals arriving from other

directions are prioritized over the interferer’s direction, which enhances interference mitigation.

In automotive radar sensing, however, this approach is not feasible, as all directions within

the field of view (FoV) are essential for detecting both static and dynamic targets to safely nav-
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Figure 3.3: Arbe Chipset

igate the vehicle. Implementing spatial nulls would obscure radar coverage in those directions,

potentially compromising the sensing and tracking accuracy required by the onboard Electronic

Control Units (ECUs) or Sensor Fusion Unit.

In specific scenarios, it may be necessary to limit the wide field of view (FoV) and utilize a

narrower FoV. For instance, when a vehicle enters a tunnel where multipath interference could

produce excessive targets for the sensor, a narrower FoV can be advantageous. This adjustment

enables critical functions, such as Emergency Braking Assistance (EBA) and Adaptive Cruise

Control (ACC), to remain effective despite the challenging conditions. This example can be

illustrated in Figure 3.4. The beampattern of a MIMO radar sensor with a broad FoV, shown in

Figure 6.9a, generates substantial clutter from the tunnel surface and other objects. In contrast,

as seen in Figure 6.9b, a narrower beampattern effectively reduces this clutter, allowing essential

functions to remain operational.

3.3 Design Methodology

3.3.1 Statistical Analysis

In this study, various statistical analyses were performed to assess interference levels generated

by other radar sensors in both SISO and MIMO radar waveforms. The goal was to determine

worst-case interference scenarios where the victim and interfering sensors operate simultane-

ously with complete overlap in each transmission pulse.

The interference analysis in both simulations and hardware primarily focused on a single

victim and single interferer sensor arrangement. In some cases, multiple interferers were also

examined. However, statistical analysis to establish reliable operational limits for scenarios with
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Figure 3.4: Case Study: Beampattern adaptation to avoid ghost object formation inside a tunnel

N sensors, where N ≥ 100, is beyond the scope of this study.

3.3.2 Experimental Work and Limitations

There were different experimental analysis performed in this study. In order to emulate the

outdoor sensing, a Universal Software Radio Peripheral (USRP) based experimental setup was

used. The parameters:

• Operating frequency

• Bandwidth

• Pulse repetition frequency

• Static Targets

• Static Victim Sensor
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• Static Interferer Sensor

had to be adjusted according to the available hardware - USRP X310 in the laboratory.

On the other hand, in the actual analysis for an automotive car in-cabin sensing, two COTS

sensors from TI were used. As this experiment was focused to identify interference in static

conditions of in-cabin monitoring, no dynamic targets/interferers were involved.

3.3.3 Waveform Design

MIMO radar waveform design problems have been studied in [94, 95] and the references there

in. In this study, we have focused our work on transmit waveform design for colocated MIMO

radars. We seek to establish a framework for designing waveforms with polynomial phase

characteristics within every sub-sequence for improving the sensing performance of dynamic

targets. The sole thread in this study has been introducing quadratic phase behavior in every

transmitted pulse. By introducing the quadratic phase behavior in the waveform and maximizing

the time-bandwidth product (optimizing the ISL/PSL), the Doppler tolerance of every pulse can

be is improved.

LFM waveforms used in FMCW radars are Doppler tolerant, and under identical operational

specifications (such as bandwidth, pulse width and operating frequency) cause MI with other

radars due to high correlation. Therefore, to cater to this issue, a single pulse has been broken

down into multiple sub-pulses. Further, every sub-pulse characteristic has been evaluated in the

proposed framework to generate MIMO radar waveforms which are immune to interference. In

this context, the receiver design problem is focused on Subpulse processing [96] to achieve high

TBP for the joint transmit - receive MIMO waveform design for radars.
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Chapter 4

Designing Interference-Immune
Doppler-Tolerant Waveforms for
Radar Systems

Preamble

This chapter is the first part of our SISO sequence design problem. In this manuscript, we

present a waveform design framework known as PECS, which designs a sequence with op-

timal aperiodic auto-correlation sidelobes. As discussed in the section: 1.5 and marked as

J2, this chapter introduces a novel constraint of polynomial phase behavior in every sub-

sequence/sequence in the ISL/PSL minimization problem using ℓp norm minimization of the

autocorrelation sidelobes.

By using the proposed algorithm and varying the input parameters, we analyzed different

properties of a sequence such as ambiguity function, Doppler tolerance and interference im-

munity. We showcased that the proposed method offers superior performance and is a reliable

solution for the rising issue of interference in automotive radars by statistically analyzing the

cross-correlations of multiple sequences over multiple trials.
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Abstract

Dynamic target detection using LFM waveform is challenging in the presence of interference for

different radar applications. Degradation in SNR is irreparable and interference is difficult to

mitigate in time and frequency domain. In this paper, a waveform design problem is addressed using

the Majorization-Minimization (MM) framework by considering PSL/ISL cost functions, resulting

in a code sequence with Doppler-tolerance characteristics of an LFM waveform and interference

immune characteristics of a tailored polyphase sequence (unique phase code + minimal ISL/PSL).

The optimal design sequences possess polynomial phase behavior of degree Q amongst its

sub-sequences and obtain optimal ISL and PSL solutions with guaranteed convergence. By tuning

the optimization parameters such as degree Q of the polynomial phase behavior, sub-sequence

length M and the total number of sub-sequences L, the optimized sequences can be as Doppler

tolerant as LFM waveform in one end, and they can possess small cross-correlation values similar to

random-phase sequences in polyphase sequence on the other end. The numerical results indicate that

the proposed method is capable to computationally design chirplike sequences which prior to this

work, were obtained by mimicking phase variations of LFM waveform. An application of the

proposed method for the automotive scenario is also illustrated in the numerical results.

4.2 Introduction

RADAR has traditionally been associated with military and law enforcement applications due to

its development, but it is now a common solution for civil situations. Currently, high-resolution

FMCW radar sensors operating at 60GHz, 79GHz, and 140GHz with sometimes finer than 10cm

range resolution are becoming integral in a variety of applications ranging from automotive

safety and autonomous driving [22, 23], indoor positioning [14, 24] to infant and elderly health

monitoring [25]. As the penetration of these low-cost high-performance sensors grows, the

42

https://ieeexplore.ieee.org/document/9928573


4.2. Introduction

likelihood of radar signal interference and the associated ghost target problems also grows [18,

26].

The transmit waveform that is commonly used in a large number of modern millimeter

wave (mmWave) radar sensors is based on LFM. LFM is well-known in radar literature due

to its distinctive properties of large time-bandwidth product (high pulse compression ratio) and

high Doppler-tolerance [27, 28]. In automotive FMCW radars, LFM is typically used as the

waveform modulation scheme, since it can be compressed with a very low-cost and efficient

technique known-as de-chirping operation1 [29]. The primary benefit of de-chirping is that

the received signal can be sampled at much lower rates in comparison to its bandwidth [30–

32]. Not surprisingly, this advantage has been motivating many automotive manufactures to

build their radar system based on FMCW technology. Alternatively, polyphase sequences [33,

34] have been proposed as a way to mitigate interference for different applications [34–36].

Using polyphase sequences or PMCW technology, Doppler-tolerant property can be obtained by

utilizing a class of codes characterized by a systematic generation formula [35], called chirplike

sequences [6], such as Frank [37], P1, P2, P3, and P4 [38], Golomb [39], Chu [40], PAT [41],

etc

These codes typically exhibit small PSL and ISL values in their aperiodic autocorrelation

function; however, they are unfortunately sometimes constrained to the specific lengths [6].

Also, due to a lack of uniqueness in these codes, they are equally vulnerable to MI similar to

LFM. We aim to overcome this limitation in this paper by proposing a framework for designing

constant modulus polyphase Doppler-tolerant sequences that are also immune to interference

for variety of radar applications.

4.2.1 Doppler-Tolerant Waveforms

When a target is stationary, i.e., the Doppler distortions of the returned radar signals can be ne-

glected, then correlation or matched-filter processing is relatively straight-forward [97]. In those

applications where high resolution requirements and high target speeds combine, the distortions

in the waveform lead to severe degradations, and a knowledge of the Doppler shift of the target

should be available, or a bank of mismatched filter needs to be considered in the receive side

to compensate loss in SNR [98]. However, using so-called Doppler-invariant waveforms in the

transmit side is a simpler alternative approach to dealing with high Doppler shifts. In this case,

even in the presence of an arbitrarily large Doppler shift, the received signal remains matched

to the filter, but a range-Doppler coupling may occur as an unintended consequence [97].

It is known that FMCW technology utilizes LFM waveform and has the Doppler-tolerant

property by its nature. Thus, a possible solution to build PMCW with Doppler-tolerant proper-

1Also referred to as stretch processing.
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Figure 4.1: The unwrapped phase values of three polyphase codes of length N = 16: Frank,
Golomb, and P1.

ties is to mimic the behaviour of FMCW waveforms by using the phase history of a pulse with

linearly varying frequency, which leads to chirplike polyphase sequences [6]. Indeed, because

frequency is the derivative of phase, in order to have linear frequency properties like FMCW, the

phase variation of PMCW sequences should be quadratic throughout the length of the sequence,

as shown in Figure 4.1 for Frank, Golomb, and P1 sequences of length N = 16. Interestingly,

chirplike polyphase sequences are known to typically have good autocorrelation properties with

respect to random-phase sequences in terms of PSL and/or ISL values2, the metrics which are

strictly connected to the sharpness of the code autocorrelation function [59, 98–105].

Recently, several studies have considered the design of polyphase sequences with good

Doppler tolerance properties [106–113]. In [106] Linear-FM Synthesized (LFM-Syn) waveform

has been proposed to achieve low range sidelobes and high Doppler tolerance in the synthesized

waveform. The study combines the random noise waveform and the conventional LFM wave-

form. In [110] a Coordinate Descent (CD)-based approach is proposed for designing waveform

with high Doppler tolerance properties. In both [106] and [110], a template-matching objec-

tive function is established and optimized to obtain waveforms with low range sidelobes and

high Doppler tolerance properties. Unlike the template matching approaches, in [62] a compu-

tational approach is proposed for designing polyphase sequences with piecewise linear phase

properties. Despite the fact designing Frank-like sequences was considered in this paper, the

overall quadratic phase trend of this sequence was not taken into account during the proposed

optimization framework. As a result, the optimization method mentioned in it does not result

in Doppler-tolerant waveforms. Different from designing waveform with Doppler tolerance

properties, several studies like [77, 114–116] have considered the problem of shaping AF by

2PSL shows the maximum autocorrelation sidelobe of a transmit waveform. If this value is not small, then either
a false detection or a miss detection may happen. Similar properties hold for ISL of transmitting waveforms where
the energy of autocorrelation sidelobes should be small to mitigate the deleterious effects of distributed targets.
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minimizing sidelobes on range-Doppler plane around the origin to improve the detection per-

formance. However, the optimized waveform by these studies is not resilient to Doppler shifts.

In Table 4.1, we mention relevant approaches in the literature to the problem considered in

this paper. Primarily, we categorize them into three broad parts: Ambiguity function shaping,

ISL/PSL minimization and ℓp norm minimization. Unlike the aforementioned references, the

Approach Paper
Ambiguity function shaping [108–110, 114, 117]

ISL/PSL minimization [62, 73, 83, 101]
ℓp norm [100, 102, 118]
Others [45, 119–124]

Table 4.1: Different approaches available in literature

problem addressed in this paper provides a generic framework which has the characteristics of

constant modulus, polynomial phase behavior and ISL/PSL minimization using ℓp norm.

4.2.2 Interference in FMCW Radars

Interference is a well-known and unavoidable problem in many fields. In emerging automotive

radar application, the radar sensors use FMCW as the standard sensing waveform. Vast deploy-

ment of FMCW radars in multiple passenger and commercial vehicles has led to a significant

vehicle-to-vehicle radar interference. The interference in all these cases is largely due to simul-

taneous use of shared spectrum when operating in the detection range of the other sensor and

the inherent lack of coordination between radars resulting from the lack of a centralized control

and resource allocation mechanism [12, 42, 43].

Further, in this context, FMCW radars experience similar-slope and sweeping slope inter-

ference [18], [26] from other sensors operating in the FoV. Even though sweeping interference

can be avoided or repaired (using original signal reconstruction), similar-slope interference is

hard to manage [26]. In [44], the interference mitigation problems in similar radar systems are

addressed with two slow-time coding schemes to modulate the pulses within a coherent process-

ing interval (CPI). Another approach in [45] suggests a waveform design algorithm that seeks to

minimize a collective cross-ambiguity function. Overall, the mitigation techniques are able to

address both the interference3 but enhances the average noise resulting in the decrement of SNR

[15]. As all the available degrees of freedom (time, operating frequency, bandwidth) to design

the FMCW radars has already been exploited, PMCW based sensors are being looked upon as

a promising solution to match the sensing performance of FMCW waveform and alleviate the

problem of interference.
3Although a comprehensive solution to mutual interference still remains an open issue, there has been some prior

work in the design of mitigation techniques to diminish the problem of interference [9, 46, 47].
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PMCW radars employ phase codes in their transmitter which are constant modulus and can

drive the transmit amplifier at maximum efficiency. These waveforms are highly immune to

interference as every radar may employ its own unique phase code with small auto- and cross-

correlation sidelobes [34, 48]. On the flip side, it suffers from Doppler intolerance which makes

it hard to employ in high-speed applications. This is overcome by the proposed framework in

this paper which includes the Doppler tolerance property as an additional advantage. The tech-

nique suggested in this study refers to a class of constant-modulus sequences whose phase be-

longs to the range [0, 2π] and whose sub-sequences are more constrained to exhibit polynomial

phase behavior. This restriction is included primarily to offer a new degree of freedom, which

principally offers the potential of constructing a unimodular waveform with Doppler-tolerant

features, which was not previously addressed in the literature. Following Golomb, Frank, etc.,

this research can be seen as the first study to build chirplike sequences computationally. It

should be noted that chirplike sequences had previously been created by simulating the phase

behavior of the LFM, but in this study they are created computationally.

4.2.3 Contribution

The idea of this framework is to design polyphase sequences that have good Doppler-tolerance

properties and sharp autocorrelation functions. Unlike FMCW, potentially distinct PMCW se-

quences meeting these requirements exist. This richness in selection of PMCW sequences al-

lows for better interference management than FMCW. In this context, we propose a methodol-

ogy for generating such a rich set of sequences which can be integrated into existing optimization-

based waveform design tools (like Cyclic Algorithm New (CAN) [99], monotonic minimizer for

integrated sidelobe level (MISL) [118], Monotonic Minimizer for the ℓp-norm of autocorrela-

tion sidelobes (MM-PSL) [100], etc.) to provide the designed waveforms with Doppler tolerance

properties.

The main contributions of this work can be summarized as follows:

• Optimization framework: The problem formulation leads to an objective function which

considers the design of phase sequences with polynomial behavior while simultaneously

considering other important properties like ISL and PSL. Although ISL and PSL mini-

mization has been considered earlier, but all these properties are not addressed simultane-

ously in literature.

• Doppler tolerance: The optimization problem can handle phase sequences with a de-

gree Q polynomial behavior while building on the literature of ℓp norm minimization for

generic objective subsuming ISL and PSL. Using MM based approach, we design se-

quences with superior properties as compared to the conventional sequences mentioned
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in literature. Doppler tolerance property arises in a sequence when its phase changes in a

quadratic manner (i.e. Q = 2). As this is being handled directly in the objective function,

the resultant sequence is bound to have better performance for moving targets.

• Flexibility of design - divide and conquer interference: This approach offers the flexibility

of having multiple sub-sequences, designed in parallel while optimizing the ISL and PSL

of the entire sequence. Since each sub-sequence has unique polynomial phase coefficients

of degreeQ, length, and code, the entire sequence can avoid interference. This provides an

additional degree of freedom for waveform design by partitioning the entire sequence into

multiple sub-sequences of varying lengths which enables us to tune the optimization vari-

able and generate diverse waveforms whose AF is varying from Thumbtack type on one

extreme to Doppler-Tolerant type on the other end. The proposed formulation provides

the possibility of designing sequences of any length N with piecewise polynomial phase

behavior amongst itsL sub-sequences each of lengthMl whereN =M1+M2+· · ·+ML

if the sub-sequences have different lengths. This approach can be considered for the sce-

narios in which sequence lengths other than perfect square (unlike Frank) are required.

• Application in automotive scenarios: A simulation environment is created which gen-

erates various automotive scenarios where interference is possible. Using the proposed

optimization framework, different sequences have been generated and utilized to inter-

fere with each other. The results of the simulation indicate high interference immunity

in sensing. This alleviates the necessity for the requirement of additional sensing and

communication protocol for safe operation in dense automotive scenarios where MI is

possible amongst multiple cars equipped with radar sensors.

Finally, by using the proposed method, one can construct many new such polyphase se-

quences which were not known and/or could not be constructed by the previous formulations

in the literature. Thus, the proposed approach is capable of generating unique sequences which

in turn would lead to decrement in the interference amongst multiple sensors operating in the

nearby region.

4.2.4 Organization and Notations

Notation: Boldface upper case letters denote matrices, bold-face lower case letters denote col-

umn vectors, and italics denote scalars. Z, R and C denote the integer, real and complex field,

respectively. ℜ(·) and ℑ(·) denote the real and imaginary part respectively. arg(·) denotes the

phase of a complex number. The superscripts (·)T , (·)∗, (·)H and (·)† denote transpose, com-

plex conjugate, conjugate transpose, and pseudo-inverse respectively. Xi,j denotes the (i, j)th
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element of a matrix and xi denotes the ith element of vector x. Diag(X) is a column vector

consisting of all the diagonal elements ofX . Diag(x) is a diagonal matrix formed with x as its

principal diagonal. vec(X) is a column vector consisting of all the columns ofX stacked.

4.3 Problem Formulation

Let {xn}Nn=1 be the transmitted complex unit-modulus radar code sequence of length N . The

aperiodic autocorrelation of the transmitting waveform at lag k (e.g. matched filter output at the

PMCW radar receiver) is defined as

rk =

N−k∑
n=1

xnx
∗
n+k = r∗−k, k = 0, . . . , N − 1. (4.1)

The ISL and PSL can be mathematically defined by

ISL =
N−1∑
k=1

|rk|2, (4.2)

PSL = max
k=1,2,...,N−1

|rk|. (4.3)

It is clear that the ISL metric is the squared ℓ2-norm of the autocorrelation sidelobes. Further,

the ℓ∞-norm of autocorrelation sidelobes of a sequence is the PSL metric. These can, in fact, be

generalized by considering the ℓp norm, p ≥ 2 which offers additional flexibility in design while

subsuming ISL and PSL. In general ℓp-norm metric of the autocorrelation sidelobes is defined

as (
N−1∑
k=1

|rk|p
)1/p

, 2 ≤ p <∞. (4.4)

Sequences are designed to minimize the various ℓp norm metric in literature [100, 102, 118, 125,

126]. It is known that in general longer the code, better are the ISL/PSL [100], but the system

suffers from high design complexity. One possible solution for reducing complexity is to design

long sequences with multiple segments, which is considered in this paper. Let the sequence

{xn}Nn=1 be partitioned into L sub-sequences each having length of Ml, where l = 1, 2, . . . , L

such that every sub-sequence of it, say

x̃l = [x{1,l}, · · · , x{m,l}, · · · , x{Ml,l}]
T ∈ CMl , (4.5)
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has a polynomial phase, which can be expressed as

arg(x{m,l}) =

Q∑
q=0

a{q,l}m
q, (4.6)

where m = 1, 2, . . . ,Ml and a{q,l} is the Qth degree polynomial coefficient for the phase of

the l-th sub-sequence with q ∈ {0, 1, 2, . . . , Q}. It can be observed that the length of each sub-

sequence can be arbitrarily chosen. The problem of interest is to design the code vector {xn}Nn=1

with a generic polynomial phase of a degree Q in its sub sequences while having impulse-like

autocorrelation function. Therefore, by considering
∑N−1

k=1 |rk|p as the objective function, the

optimization problem can be compactly written as

P1



minimize
a{q,l}

N−1∑
k=1

|rk|p

subject to arg(x{m,l}) =

Q∑
q=0

a{q,l}m
q,

|x{m,l}| = 1,

(4.7)

where m = 1, . . . ,Ml, and l = 1, . . . , L.

Figure 4.2 depicts the workflow of the proposed method, called PECS, in which the code

sequence {xn}Nn=1 is divided into different segments, which are designed to have a polynomial

phase behavior during its code entries. In P1, the polynomial phase constraint is introduced

with the intention of designing waveforms with arbitrary polyphase constraints in their sub-

sequences. By setting Q = 2, the constraint forces the optimization problem to produce chirp-

like sequences, which have the Doppler-tolerant properties. Indeed, LFM signal is recognized

as a waveform that maintains a constant compression factor in the matched filter output of the

received signal, even when there is a Doppler shift in the received signal [6, 27]. Due to this

property, LFM is known as a Doppler tolerant waveform [127], ch. 7, pg. 264-265. In this

context, our goal is to offer a framework for the analytical design of polyphase sequences that

replicate the behavior of the LFM waveform.

In the following section, we propose an efficient algorithm to design a set of sub-sequences

with polynomial phase relationship of degreeQ amongst its sub-sequences based on MM frame-

work.

The MM (majorization-minimization) - is an approach to solve optimization problems that

are difficult to solve directly. The principle behind the MM method is to transform a difficult

problem into a series of simple problems. Suppose, we want to minimize f(x) over χ ⊆
C. Instead of minimizing the cost function f(x) directly, the MM approach optimizes the
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sequence of approximate objective functions that majorize f(x). More specifically, starting

from a feasible point x(0), the algorithm produces a sequence x(i) according to the following

update rule

x(i+1) ∈ argmin
x∈χ

u(x,x(i)), (4.8)

where x(i) is the point generated by the algorithm at iteration i, and u(x,x(i)) is the majorization

function of f(x) at x(i). Formally, the function u(x,x(i)) is said to majorize the function f(x)

at the point x(i) if [128],
u(x,x(i)) ≥f(x),∀x ∈ χ,

u(x(i),x(i)) =f(x(i)),

∇u(x(i),x(i)) =∇f(x(i)).

(4.9)

In other words, function u(x,x(i)) is an upper bound of f(x) over χ and coincides with f(x) at

x(i). To summarize, in order to minimize f(x) overχ ⊆ Cn, the main steps of the majorization-

minimization scheme are:

1. Find a feasible point x(0) and set i = 0.

2. Construct a function u(x,x(i)) that majorizes f(x) at x(i) and is easier to optimize.

3. Let x(i+1) ∈ argmin
x∈χ

u(x,x(i)).

4. If some convergence criterion is met, exit; otherwise, set i = i+ 1 and go to step (2).

It is easy to show that with this scheme, the objective value is monotonically decreasing at every

iteration, i.e.,

f(x(i+1)) ≤ u(x(i+1),x(i)) ≤ u(x(i),x(i)) = f(x(i)). (4.10)

The first inequality and the third equality follow from the properties of the majorization func-

tion, namely (4.9) and the second inequality follows from (4.8). The monotonicity makes MM

algorithms very stable in practice. For more details on MM framework, refer [125, 129, 130]

and references therein.

4.4 Proposed Method

The optimization problem mentioned in (4.7) is hard to solve since each rk is quadratically

related to {xn}Nn=1 and each {xn}Nn=1 is non-linearly related to a{q,l}. Moreover, the ℓp norm of

autocorrelation sidelobes becomes difficult to solve using classical optimization approach. As a

result MM is considered and after several majorization steps (refer Appendix-xx ), simplifies to
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Figure 4.2: Workflow of PECS for PSL/ISL Minimization.

the following optimization problem

P2



minimize
a{q,l}

||x− y||2

subject to arg(x{m,l}) =

Q∑
q=0

a{q,l}m
q,

|x{m,l}| = 1,

(4.11)

where

y = (λmax(L)N + λu)x
(i) − R̃x(i) ∈ CN ,

with λmax,L, λu and R̃ defined in Appendix xx. Note that in [100] the polynomial phase con-

straint was not considered. Since the objective in (4.11) is separable in the sequence variables,

the minimization problem can now be split into L sub-problems (each of which can be solved in

parallel). Let us define, ρ = |y|, and ψ = arg(y), where ρn and ψn, n = 1, 2, . . . , N , are the

magnitude and phase of every entry of y, respectively. Also, for ease of notation let us assume

that the polynomial phase coefficients and sub-sequence length of the l-th sub-sequence, say

a{q,l} and Ml are indicated as ãq and M̃ respectively. Thus, dropping the subscript-l, each of

the sub-problem can be further defined as

P3

minimize
ãq

M̃∑
m=1

∣∣∣ej(∑Q
q=0 ãqm

q) − ρmejψm

∣∣∣2 , (4.12)

where we have considered the unimodular and polynomial phase constraints of Problem P2
directly in the definition of the code entries in Problem P3. Further, the above problem can be
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simplified as minimize
ãq

−

 M̃∑
m=1

ρm cos

 Q∑
q=0

ãqm
q − ψm

 . (4.13)

The ideal step would be to minimize the majorized function in (4.13) for ãq given the previous

value of ã(i)q , the objective function can be upper-bounded (at a given ã(i)q ). However, since the

optimization variables are in the argument of the cosine function in the objective of 4.13, the

solution to this problem is not straight-forward. Hence, we resort to a second MM step. Towards

this, let us define4

θm =

Q∑
q=0

ãqm
q − ψm, (4.14)

a majorizer (g(θm, θ
(i)
m )) of the function f(θm) = −ρm cos(θm) can be obtained by

g(θm,θ
(i)
m ) = −ρm cos(θ(i)m ) + (θm − θ(i)m )ρm sin(θ(i)m )+

1

2
(θm − θ(i)m )2ρm cos(θ(i)m ) ≥ −ρmcos(θm),

(4.15)

where θm is the variable and θ(i)m is the phase value of the last iteration. This follows from

exploiting the fact that if a function is continuously differentiable with a Lipschitz continuous

gradient, then second order Taylor expansion can be used as a majorizer [125]. Using the

aforementioned majorizer function, at i-th iteration of MM algorithm, the optimization problem

P4



minimize
ãq

M̃∑
m=1

[
− ρm cos(θ(i)m )+(

θm − θ(i)m
)
ρm sin(θ(i)m )

+
1

2

(
θm − θ(i)m

)2
ρm cos(θ(i)m )

] (4.16)

The objective function in (4.16) can be rewritten into perfect square form and the constant terms

independent to the optimization variable ãq can be ignored. Thus, a surrogate optimization

problem deduced from (4.16) is given below

P5

minimize
ãq

M̃∑
m=1

[
ρm cos(θ(i)m )

 Q∑
q=0

ãqm
q

− b̃m]2 (4.17)

where b̃m = ρm cos(θ
(i)
m )
(
ψm + θ

(i)
m

)
− ρm sin(θ

(i)
m ).

4θm depends on the optimization variables ãq .
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Table 4.2: Supporting parameters for Algorithm 3 [5].

S.No Parameter Relation
1 F 2N × 2N FFT Matrix with Fm,n = e−j

2mnπ
2N

2 f F [x(i)T ,01×N ]

3 r 1
2NF

H |f |2
4 t ||r2:N ||p

5 ak
1+(p−1)

( |rk+1|
t

)p

−p
( |rk+1|

t

)p−1

(t−|rk+1|)2

6 ŵk
p
2t2

(
|rk+1|
t

)p−2
, k = 1, . . . , N − 1

7 c̃ r ◦ [ŵ1, . . . , ŵN−1, 0, ŵN−1, . . . , ŵ1]
T

8 µ̃ F c̃

9 λL maxk{α̃k(N − k)|k = 1, . . . , N}
10 λu

1
2(max(1≤ĩ≤N) µ̃2̃i +max(1≤ĩ≤N) µ̃2̃i−1)

Algorithm 3 PECS

Require: Seed sequence x(0), N , M̃ , L and p
Ensure: x

1: Set i = 0, initialize x(0).
2: while stopping criterion is not met do
3: Calculate F , µ̃, f , λL, λu from Table 4.2
4: y = x(i) − F :,1:N (µ̃◦f)

2N(λLN+λu)

5: ψ = arg(y) | ψ = [ψ̃
T

1 , · · · , ψ̃
T

L]
T ∈ RN

6: ρ = |y| | ρ = [ρ̃T1 , · · · , ρ̃
T
L]
T ∈ RN

7: for l← 1 to L do
8: ψ̃l = [ψ1, · · · , ψM̃ ]T ∈ RM̃

9: ρ̃l = [ρ1, · · · , ρM̃ ]T ∈ RM̃

10: θ
(i)
m =

∑Q
q=0 ãqm

q − ψm, m = 1, . . . , M̃

11: b̃m = ρm cos θ
(i)
m

(
ψm + θ

(i)
m

)
− ρm sin θ

(i)
m

12: η = [1, 2, 3, · · · , M̃ ]T ∈ ZM̃+
13: γ = ρm cos(θ

(i)
m )⊙ [1, · · · , 1]T ∈ RM̃ ,

14: Ã = Diag (γ)[η0,η1, · · · ,ηQ] ∈ RM̃×Q+1,
15: z = [ã0, ã1, · · · , ãQ]T ∈ RQ+1

16: b̃ = [̃b1, b̃2, · · · , b̃M̃ ]T ∈ RM̃

17: z⋆ = Ã
(†)
b̃

18: x̃l = e(j(Ãz⋆))

19: x(i+1) = [x̃T1 , x̃
T
2 , · · · , x̃TL]T ∈ CN

20: i← i+ 1
return x(i+1)

Now, considering a generic sub-sequence index l we define

η = [1, 2, 3, · · · , M̃ ]T ∈ ZM̃+ ,
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ηq implying each element of η is raised to the power of q, q = 0, 1, . . . , Q. Further,

γ = ρm cos(θ(i)m )⊙ [1, · · · , 1]T ∈ RM̃ ,

Ã = Diag (γ)[η0,η1, · · · ,ηQ] ∈ RM̃×Q+1,

z = [ã0, ã1, · · · , ãQ]T ∈ RQ+1,

b̃ = [̃b1, b̃2, · · · , b̃M̃ ]T ∈ RM̃ ,

(4.18)

the optimization problem in (4.17) can be rewritten as{
minimize

z
||Ãz− b̃||22, (4.19)

which is the standard Least Squares (LS) problem. As a result, the optimal z⋆ = Ã
(†)
b̃ =

[ã⋆0, ã
⋆
1, · · · , ã⋆Q]T would be calculated5 and the optimal sequence will be synthesized.

Using the aforementioned setup for a generic sub-sequence index l, we calculate all the x̃ls

pertaining to different sub-sequences and derive {xn}Nn=1 by concatenating all the x̃ls. The

algorithm successively improves the objective and an optimal value of x is achieved. Details

of the implementation for the proposed method in the form of pseudo code are summarized in

Algorithm 3 and would be referred further as PECS.

Remark 1. Convergence of the proposed method

It is easy to show that with the proposed scheme, the objective value is monotonically decreasing

at every iteration. Let us assume that x(i) is the point generated by the algorithm at iteration i,

and u(x,x(i)) is the majorization function of f(x) at x(i). Then,

f(x(i+1)) ≤ u(x(i+1),x(i)) ≤ u(x(i),x(i)) = f(x(i)). (4.20)

The first inequality and the third equality follow from the fact that for every feasible x

u(x,x(i)) ≥ f(x), (4.21)

and the second inequality is clear since,

u(x(i),x(i)) = f(x(i)). (4.22)

This monotonic decrement in the objective function makes the proposed method very stable

in practice. Given the convergence property of MM detailed in section 4.3, the monotonic

decrement of the objective function can be guaranteed.

5We can use “lsqr” in Sparse Matrices Toolbox of MATLAB 2021a to solve (4.19).
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Remark 2. Computational complexity

AssumingL sub-sequences are processed in parallel, the computational complexity of Algorithm

- 1 can be derived by dividing the complete set of operations into two major steps.

• computational cost of deriving the supporting parameters: f , r, t, a and ŵ mentioned

in Table I. Here, the order of computational complexity is O(2N) real additions/sub-

tractions, O(Np) real multiplications, O(N) real divisions and O(N log2N) for Fast

Fourier Transform (FFT).

• computational load for the least squares operation in every iteration of the algorithm.

We assume M1 = M2 = · · · = Ml = M for simplicity, therefore, the complexity of

least squares operation: O(M2Q) + O(Q2M) + O(QM) real matrix multiplications

and O(Q3) real matrix inversion [131] [132]. It should be noted that there may be some

other approaches that are less computationally expensive than matrix inversion, which is

used here.

Therefore, the overall computational complexity isO(M2Q) (provided M > Q which is true in

general).

In case the L sub-sequences are processed sequentially, the complexity increases by an

amount proportional to the number of sub-sequences required in a given sequence. As this is

defined in the algorithm by the variable L, therefore the overall complexity in the sequential

processing isO(M2LQ).

Extension of other methods to PECS

In the previous section, by applying a constraint of Q-th degree polynomial phase variation

on the sub-sequences, we have addressed the problem of minimizing the autocorrelation side-

lobes to obtain optimal ISL/PSL of the complete sequence using ℓp norm minimization with the

method MM-PSL.

In this section, we extend other methods, such as MISL [118] and CAN [99], to enable us

to design sequences with polynomial phase constraints.

Extension of MISL

In [118], the ISL metric minimization is addressed with a different approach. As discussed

previously in (4.2), it is just the squared ℓ2-norm of the autocorrelation sidelobes. Therefore,

the ISL minimization problem under piece-wise polynomial phase constraint of degree Q can
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be written as follows

M1



minimize
a{q,l}

N−1∑
k=1

|rk|2

subject to arg(x{m,l}) =

Q∑
q=0

a{q,l}m
q,

|x{m,l}| = 1, m = 1, . . . ,M,

l = 1, . . . , L.

(4.23)

where a{q,l} indicate the coefficients of l-th segment of the optimized sequence whose phase

varies in accordance to the degree of the polynomial Q. It has been shown in [99] that the ISL

metric of the aperiodic autocorrelations can be equivalently expressed in the frequency domain

as

ISL =
1

4N

2N∑
g=1

∣∣∣∣∣
N∑
n=1

xne
−jωg(n−1)

∣∣∣∣∣
2

−N

2

(4.24)

where ωg = 2π
2N (g−1), g = 1, ..., 2N . Let us define x = [x1, x2, . . . , xN ]

T , bg = [1, ejωg , ...., ejωg(N−1)]T ,

where g = 1, . . . , 2N .

Therefore, writing (4.24) in a compact form

ISL =

2N∑
g=1

(
bHg xx

Hbg
)2

(4.25)

The ISL in (4.25) is quartic with respect to x and its minimization is still difficult. The

MM based algorithm (MISL) developed in [118] computes a minimizer of (4.25). So given any

sequence x, the surrogate minimization problem in MISL algorithm is given by

M2



minimize
a{q,l}

ℜ(xH(À− 2N2x(i)(x(i)H ))x(i))

subject to arg(x{m,l}) =

Q∑
q=0

a{q,l}m
q

|x{m,l}| = 1.

(4.26)

where A = [b1, . . . , b2N ], f (i) = |AHx(i)|2, f (i)max = maxf{f
(i)
g : g = 1, . . . , 2N}, À =
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A(Diag(f (i))− f (i)maxI)A
H . The problem in (4.26) can be rewritten as

minimize
a{q,l}

∥x− y∥2

subject to arg(x{m,l}) =

Q∑
q=0

a{q,l}m
q

|x{m,l}| = 1.

(4.27)

where y = −A(Diag(f (i)) − f
(i)
maxI)A

Hx(i). Once the optimization problem in (4.27) is

achieved, i.e M3, it is exactly equal to the problem in (4.11), i.e. P2 and hence its solution

can be pursued further. The details of the implementation can be found in Algorithm 4 and 5.

Algorithm 4 PECS subroutine

1: procedure PECS(y(i), L, M̃ , a
(i)
q,l)

2: ψ = arg(y) | ψ = [ψ̃
T

1 , · · · , ψ̃
T

L]
T ∈ RN

3: ρ = |y| | ρ = [ρ̃T1 , · · · , ρ̃
T
L]
T ∈ RN

4: for l← 1 to L do
5: ψ̃l = [ψ1, · · · , ψM̃ ]T ∈ RM̃

6: ρ̃l = [ρ1, · · · , ρM̃ ]T ∈ RM̃

7: θ
(i)
m =

∑Q
q=0 ãqm

q − ψm, m = 1, . . . , M̃

8: b̃m = ρm cos θ
(i)
m

(
ψm + θ

(i)
m

)
− ρm sin θ

(i)
m

9: η = [1, 2, 3, · · · , M̃ ]T ∈ ZM̃+
10: γ = ρm cos(θ

(i)
m )⊙ [1, · · · , 1]T ∈ RM̃ ,

11: Ã = Diag (γ)[η0,η1, · · · ,ηQ] ∈ RM̃×Q+1,
12: z = [ã0, ã1, · · · , ãQ]T ∈ RQ+1

13: b̃ = [̃b1, b̃2, · · · , b̃M̃ ]T ∈ RM̃

14: z⋆ = Ã
(†)
b̃

15: x̃l = e(j(Ãz⋆))

16: x(i+1) = [x̃T1 , x̃
T
2 , · · · , x̃TL]T ∈ CN

17: return x(i+1)

Extension of CAN

In addition to the above mentioned procedure using MISL, the optimization problem in (4.23)

can also be addressed using CAN method [99]. As opposed to the approach pursued in [118] of

directly minimizing a quartic function, in [99] the solution of the objective function in (4.23) is

57



Chapter 4. Designing Interference-Immune Doppler-Tolerant Waveforms for Radar Systems

Algorithm 5 Optimal sequence with minimum ISL and polynomial phase parameters a{q,l}
using MISL

Require: N , L and M̃
Ensure: x(i)

1: Set i = 0, initialize x(0)

2: while Stopping criterion is not met do
3: f =

∣∣AHx(i)
∣∣2

4: fmax = max (f)
5: y(i) = −A

(
Diag(f)− fmaxI−N2I

)
AHx(i)

6: x(i+1) = PECS(y(i), L, M̃ , ã
(i)
q )

7: return x(i+1)

assumed to be “almost equivalent” to minimizing a quadratic function [121]

minimize
{xn}Nn=1;{ψg}2Ng=1

2N∑
g=1

∣∣∣∣∣
N∑
n=1

xne
−jωgn −

√
Nejψg

∣∣∣∣∣
2

. (4.28)

It can be written in a more compact form (to within a multiplicative constant)

||AH x̄− v||2 (4.29)

where aHg = [e−jωg , · · · , e−j2Nωg ] andAH is the following unitary 2N × 2N Discrete Fourier

Transform (DFT) matrix

AH =
1√
2N


aH1

...

aH2N ,

 (4.30)

x̄ is the sequence {xn}Nn=1 padded with N zeros, i.e. x̄ = [x1, · · · , xN , 0, · · · , 0]T2N×1 and v =
1√
2
[ejψ1 , · · · , ejψ2N ]T . For given {xn}, CAN minimizes (4.29) by alternating the optimization

between x̄ and v. Let x̄(i) = [x
(i)
1 , · · · , x(i)N , 0, · · · , 0]T2N×1, and let Di represent the value of

||AH x̄(i) − v(i)|| at iteration i. Then we have Di−1 ≥ Di. Further in the ith iteration, the

objective can be minimized using the technique proposed for solving (4.11) by assuming

x = x̄(i),

y = ej arg(d), d = Av(i)
(4.31)

in the objective function of (4.11). The details of the implementation can be found in Algorithm

6.
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Algorithm 6 Optimal sequence with minimum ISL and polynomial phase parameters a{q,l}
using CAN

Require: N , L and M̃
Ensure: x(i)

1: Set i = 0, initialize x(0).
2: while Stopping criterion is not met do
3: f = AH x̄(i)

4: vg = ej(arg(fg)), g = 1, . . . , 2N
5: d = Av(i)

6: y
(i+1)
n = ej(arg(dn)), n = 1, . . . , N

7: x(i+1) = PECS(y(i), L, M̃ , ã
(i)
q )

8: return x(i+1)

4.5 Performance Analysis

In this section, we assess the performance of the proposed PECS algorithm6 and compare it with

prior work in the literature. We then emphasize its potential to design sequences for various

automotive radar applications while considering the effects of Doppler and interference.

4.5.1 ℓp norm Minimization

At first, we evaluate the performance of the proposed Algorithm-3 in terms of ℓp norm min-

imization by several examples. For the initialization, we chose a random seed sequence and

Q = 2.

Figure 4.3 shows the convergence behaviour of the proposed algorithm when the simulation

is mandatorily run for 106 iterations. We chose different values of p (i.e. 2, 5, 10, 100 and 1e3)

as an input parameter of the Algorithm-3, these allow to trade-off between good PSL and ISL.

For this figure, we keep the values of sequence length, sub-sequence length and polynomial

degree fixed, by setting N = 300, M = 5, and Q = 2. Nevertheless, we observed similar

behaviour in the convergence for the different values of N , M , and Q.

As evident from the Figure 4.3, the objective function is reduced rapidly for p = 2 and this

rate reduces with the objective saturating after 105 iterations. Whereas, by increasing the value

of p to 5, 10 and 100, we achieve similar convergence rate as observed earlier. Uniquely, while

computing the ℓ1000 norm7, the objective converges slowly and continues to decrease until 106

iterations.

Further, while analysing the autocorrelation sidelobes in Figure 4.3 for the same set of input

6Source code is available at ”https://github.com/robin-amar/ResearchPapers/blob/eb83e644c164ac998bac7820268ee5929563583e/
PECS.m”

7Computationally, we cannot use p = ∞, but by setting p to a tractable value, e.g., p ≥ 10, we find that the peak
sidelobe is effectively minimized.
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Figure 4.3: ℓp norm convergence, PSL convergence and Autocorrelation comparison with vary-
ing p in ℓp norm for a sequence with input parameters N = 300,M = 5, Q = 2 and iterations
= 106.

parameters of p,N,M and maximum number of iterations, we numerically observe that the

lowest PSL values8 are observed for ℓ10 norm and other PSL values are higher for p ̸= 10.

Since PSL is the not the objective of the minimization, its monotonic convergence is not

guaranteed and the same is evident from Figure 4.3b, for lower values of p. It should be noted

that for these values of p the objective function converges quickly in Figure 4.3a. On the other

hand, for large p, the PSL values tend to decerease monotonically, albeit at a much lower rate

(Figure 4.3b). Infact, the objective also decreases at a much lower rate. These observations

imply a stable, but slow convergence of PSL for larger values of p. Similarly, ISL convergence

is preserved for all values of p in the ℓp norm, though the minimum ISL values achievable

decrease as p increases ( Figure 4.3c).

In Figure 4.4, we assess the relationship of Polynomial phase of degree Q as a tuning pa-

rameter with PSL and ISL. The parameter Q, can be considered as another degree of freedom

available for the design problem. Other input parameters are kept fixed (i.e. N = 300 and

M = 5) and same seed sequence is fed to the algorithm. As the value of Q is increased, we ob-

serve a decrement in the optimal PSL and ISL values generated from PECS for different norms

(i.e. p = 2, 5, 10, 100 and 103). Therefore, the choice of the input parameters would vary de-

pending upon the application.

8PSLdB ≜ 10 log10(PSL), ISLdB ≜ 10 log10(ISL).

60



4.5. Performance Analysis

1 2 3 4 5

Polynomial degree - Q

35

40

45

50

IS
L

 [
d

B
]

(a) ISL vs Q

1 2 3 4 5

Polynomial degree - Q

10

12

14

16

18

20

P
S

L
 [

d
B

]

(b) PSL vs Q

Figure 4.4: ISL and PSL variation with increasing Q.
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4.5.2 Shaping the Ambiguity Function

In Table (4.3), we show the capability and effectiveness of the PECS algorithm to shape the AF

by changing the input parameters. For the plots shown here, the input parameters are N = 300,

varying sub-sequence lengths of M = 5, 50, 150 and 300, Q = 2 and p limited to 2, 10 and

100. In the unwrapped phase plots of the sequences, the quadratic nature of the sub-sequence

is retained for all values of M and p. As evident, the AF achieves the thumbtack type shape

for M = 5 keeping quadratic behaviour in its phase and as the value of M increases, it starts

evolving into a ridge-type shape. For M = N = 300 (i.e. only one sub-sequence, L = 1), it

achieves a perfect ridge-shaped AF. Further, the sharpness of the ridge-shape is observed as the

value of p increases (i.e. p = 10, 100).

4.5.3 Doppler Tolerance Evaluation

In Figure 4.5, we compare the Doppler tolerance characteristics of sequences: Frank, Golomb,

Random and PECS with lengthN = 100. In the automotive case study considered in this paper,

the maximum expected Doppler frequency for a radar operating at 79GHz from the targets

cruising at the highest absolute relative velocity of 400kmph is roughly 58KHz. By considering

range resolution of 1m (or equivalently 150MHz bandwidth), this Doppler frequency is less than

1% of the transmit signal bandwidth. Therefore for a single chirp time period the normalized

Doppler frequency range of interest shown in the figure is limited to 0.01Hz. In PECS algorithm,

the input parameters are: polynomial degree,Q = 2 and the sub-sequence length,M varies with

a relation: {5 ≤M ≤ 100} and the variations in the peak amplitude of the autocorrelation as a

function of normalized Doppler are shown in Figure 4.5a. As is evident from the plot, the peak

of the matched filter decays for all the sequences as the Doppler shift increases due to target

motion. But, a sharp decay of the peak value is observed in the case of Random sequence as

compared to a Golomb sequence where the decay is rather linear in manner. In relation to these

when the sequence is generated using PECS, and M = N = 100, its response is better than

Frank sequence and similar to Golomb sequence. Further, as we decrease M , we observe that

the Doppler shift impacts the peak and the response starts resembling the Random sequence

for M = 5. Similar conclusions can be drawn from the Figure 4.5c where Integrated Sidelobe

Level Ratio (ISLR) values of various sequences are observed. Further, the correlation level,

Peak Sidelobe Level Ratio (PSLR) and the ISLR variation with normalized Doppler is shown in
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Table 4.3: Unwrapped phase and Ambiguity Function comparison for N = 300, Q = 2,
M ∈ [5, 50, 150, 300] and p ∈ [2, 10, 100] in ℓp norm.
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Figure 4.5b and Figure 4.5c respectively.

correlation level ≜
∣∣rk
r0

∣∣,
PSLRdB ≜ 20 log10

PSL
max{|rk|}k=N−1

k=0

,

ISLRdB ≜ 20 log10
ISL

max{|rk|}k=N−1
k=0

(4.32)

On the other hand, as the number of sub-sequences increase in the PECS sequences (e.g ”PECS

M25” and ”PECS M5”) the PSL begins to rise and eventually lowers the PSLR. This may impact

the detection probability of the target.

4.5.4 Comparison with the Counterparts

We found [110] from the Ambiguity function shaping category and [62] from the ISL/PSL

minimization category more closed to our work. Detailed comparison between [62, 110] and

our work is indicated in Table 4.4.

Table 4.4: Comparison of different waveform design approaches with desired characteristics.

Constraint →
Algorithm ↓

Constant
Modulus

Linear
phase

Polynomial
Phase

[110] ✓ × ×
[62] ✓ ✓ ×

PECS ✓ ✓ ✓

Performance

In [62], an approach was presented for designing polyphase sequences with piecewise linear-

ity and impulse like autocorrelation properties (further referred as ”LinearPhaseMethod”). In

order to compare the performance of the LinearPhaseMethod with the proposed PECS, we use

both the algorithms to design a piecewise linear polyphase sequence of length N = 128 with

sub-sequence length 8 and thereby the total number of sub-sequences are 16. Normalized auto-

correlation of the optimized sequences from both the approaches is shown in Figure 4.6a and it

shows lower PSL values of the autocorrelation for PECS as compared to LinearPhaseMethod.

Unwrapped phase of the optimized sequences are shown in Figure 4.6b9. Linear Phase Method

9the phase unwrapping operation can be expressed mathematically as

xU = F [xW ] = arg(xW ) + 2kπ

where F is the phase unwrapping operation, k is an integer, xW and xU are the wrapped and unwrapped phase
sequence, respectively
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(a) Autocorrelation response comparison with Doppler shift

(b) PSLR

(c) ISLR

Figure 4.5: Comparison of various sequences for evaluating the Doppler tolerance.
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generates an optimal sequence whose ISL and PSL values are 36.47dB and 12.18dB respec-

tively whereas PECS results in an optimal sequence whose ISL and PSL values are 32.87dB

and 9.09dB. Therefore, better results are obtained using PECS approach.

In [110], an approach to shape the AF of a given sequence w.r.t. a desired sequence was

proposed (later referred as ”AF shape method”). In Figure 4.7, we consider an example where

the two approaches (i.e. AF shape method and PECS) strive to achieve the desired AF of a

Golomb sequence of length N = 64. In the PECS method, the sub-sequence length is equal

to the sequence length, i.e. M = N and Q = 2. The performance of the two approaches

would be assessed by comparing the autocorrelation responses, ambiguity function and ISL/PSL

values of the optimal sequences. Both the algorithms are fed with the same seed sequence

and the convergence criterion is kept the same for better comparison. As evident from the

Figure 4.7, the autocorrelation function of the optimal sequence derived from PECS shows

improvement as compared to the optimal sequence of benchmark approach. The initial ISL

of the seed sequence was 49.30dB and the desired Golomb sequence was 22.050dB. After the

optimization was performed, the optimal ISL using AF shaping approach was 22.345dB and

using PECS was 22.002dB. In addition, the ridge shape of the AF generated using both the

approaches is equally matched to the desired AF of Golomb sequence. Noteworthy point over

here is that the monotonic convergence of ISL is absent in the AF shape method as it optimizes a

different objective function rather than ISL using the CD approach whereas in the PECS method,

monotonic convergence is achieved.

As a result, PECS has the capability of achieving better ISL values than the Golomb se-

quence as it aims to minimize the objective in (4.7) and its proof can be seen from the optimal

ISL value quoted above (i.e. 0.048dB improvement w.r.t. ISL of Golomb sequence).

Run-time

To calculate run-time of the algorithm we used a PC with the following specifications: 2.6GHz

i9− 11950H CPU and 32GB RAM. No acceleration schemes (i.e. Parallel Computing Toolbox

in MATLAB) are used to generate the results and are evaluated from purely sequential process-

ing.

For a sequence length of N = 300, computational time was derived by varying two input

parameters: sub-sequence length M = 5, 50, 150 & 300 and Q = 2, 3, 4, 5 & 6. The results

mentioned in Table 4.5 indicate that the computation time increases in proportion to the increas-

ing values of Q keeping M fixed. On the other hand, computation time decreases as we keep Q

fixed and increase M .

The computational complexity of both approaches (LinearPhaseMethod [62] and AFShapeMethod

[110]) is compared with PECS using the runtime observed on the hardware mentioned earlier
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Figure 4.7: Performance comparison of AF Shape method and PECS algorithms.

68



4.5. Performance Analysis

Table 4.5: PECS runtime - sequence length N = 300.

M= 5 M= 50 M= 150 M= 300

Q= 2 429.25s 84.26s 52.53s 45.15s
Q= 3 521.41s 88.32s 55.03s 47.42s
Q= 4 562.04s 97.20s 64.55s 56.54s
Q= 5 573.72s 108.37s 73.47s 65.47s
Q= 6 620.90s 118.82s 83.39s 74.06s

for obtaining sequences with identical properties. To begin, Table 4.6 compares the runtime of

LinearPhaseMethod and PECS with varying sub-sequence lengths (i.e.M ∈ 5, 50, 150) for a

sequence length of N = 150, with each sub-sequence exhibiting linear phase behavior.

Table 4.6: Computation time comparison - Linear Phase Method and PECS.

Method M = 16 M = 8 M = 1

LinearPhaseMethod 972.59 s 547.01 s 169.77 s
PECS 120.80 s 67.13 s 18.46 s

Second, the runtimes of AF Shape Method and PECS were compared for a sequence of

length N = M = 100 and Q = 2 (i.e. quadratic phase behavior). It is observed that as the

length of the sequence increases, so does the computation time.

Table 4.7: Computation time comparison - AF Shape Method and PECS.

Method N = 64 N = 128 N = 256

AF Shape Method 1.02 s 6.64 s 44.90 s
PECS 155.55 s 204.22 s 277.29 s

4.5.5 Automotive Scenario

The idea is to generate a code sequence using PECS algorithm towards designing a transmission

scheme for PMCW and evaluate its performance by comparing it with the FMCW waveform

transmission when interference is introduced in the FoV of the victim sensor. Figure 4.8 shows

the phase-time plot comparison of both the waveforms. In this plot, the pulse length, Tp (i.e.

chirp time period - FMCW and sequence period - PMCW) and pulse repetition frequency (PRF),

fp of both the type of waveforms is matched for simplicity of the concept which results in equal

Doppler response of the target. PECS code sequence has input parameters: quadratic phase

Q = 2, code length N =
Tp
τchip

and varying sub-sequence length M . Thus, the MI occurs within

a single pulse time period Tp amongst FMCW waveforms but it is less likely going to occur in

69



Chapter 4. Designing Interference-Immune Doppler-Tolerant Waveforms for Radar Systems

Victim
chirp

Chirp Time Period

p
h

as
e

time

Interferer
chirp

(a) Quadratic phase FMCW waveform

Sequence Period

p
h

as
e

time

Interferer
sequence

Victim
sequence

(b) PECS based PMCW waveform

Figure 4.8: Phase variation comparison of FMCW and PMCW waveform.

PECS waveforms. Even though the initial phase in FMCW waveform from two different sensors

would start from any random initialization, they tend to interfere as they exhibit similar quadratic

phase behavior for the whole chirp time. This phenomenon is not seen in PECS waveforms

since every sensor can randomly choose different sub-sequence lengths, while maintaining the

quadratic phase behavior in each sub-sequence. This would result in generation of different

phase coefficients which yield unique sequences. Uniqueness of every sequence and its phase

behavior results in minimal cross-correlation with other transmitting sequences in its FoV.

In Figure 4.9 few automotive scenarios are described where MI may occur. As mentioned

in the introduction, two types of interference are witnessed using FMCW i.e. Similar-slope and

sweeping slope interference. The similar-slope interference occurs when the sensors operate

with same specifications in order to sense the environment for the following applications:

• whenever a sensor is mounted for Blind Spot Detection (BSD) application in ego-vehicle

Figure 4.9a and another vehicle with Short Range Radar (SRR) mounted on front side

enters the FoV.

• when the ego vehicle is equipped with Adaptive Cruise Control (ACC) function, it follows

the trajectory of a car driving ahead. The target vehicle may be equipped with a rear

mounted radar and would lie in the FoV of the front mounted radar on the ego vehicle

Figure 4.9c.

• Front side mounted radar from the Ego-Vehicle may get interfered by another overtaking

vehicle equipped with a rear side mounted radar Figure 4.9d.
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Figure 4.9: Automotive scenarios with mutual interference.
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In Figure 4.9b, Sweeping slope interference may occur when a side looking radar of the

oncoming target vehicle is in the FoV of the ego vehicle’s front looking radar, provided both are

operating in the same band (i.e. 77−81GHz). In general, any two sensors with same operational

transmission band and tuned for different range resolution requirements due to differing sensing

functionality on the vehicle would cause sweeping slope interference.

Simulation results

To demonstrate the efficacy of the proposed algorithm, we simulated an automotive driving

scenario for the cases described in Figure 4.9. Here, radar sensing performance was evaluated

independently in two different cases:

• when the ego-vehicle is operating with FMCW waveform and MI (i.e. similar-slope and

sweeping slope) is observed from the target.

• the ego-vehicle is operating with PMCW waveform using PECS algorithm based code

sequence and encounters MI from another target in its FoV with the same scheme.

Table 4.8: Radar sensor parameters and Motion information for ego-vehicle and interfering
vehicle.

parameter value

FM
C

W
&

PM
C

W
pa

ra
m

s Operating Frequency 79GHz
Antenna Gain 10dB

Range Resolution 1m
Transmit Power (Victim / Interferer) 12dBm

Bandwidth (Victim) 150 MHz
Bandwidth (Sweeping-slope Interferer) 75 MHz

Bandwidth (Similar-slope Interferer) 148.5 MHz
Pulse length (Tp) 60 us

PRF (fp) 16.66 kHz
Number of Pulses 256

Chip Time 6.66 ns
Code Length 4500

M
ot

io
n

In
fo Target Range 30m

Target Speed 20kmph
Target RCS 10dBsm

Interferer Range 50m
Interferer Speed 40kmph

The radar sensing parameters for both the FMCW and PMCW waveforms are described

in the Table 4.8. In order to have a fair comparison, we have matched the TBP and Doppler
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(c) PMCW-PECS waveform based Interference
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(e) PMCW-PECS waveform spectrogram

Figure 4.10: scenario with FMCW and PMCW type waveforms being used by the Ego-Vehicle
and target respectively (Power values on colorscale are in dBm).
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characteristics (pulse length, PRF) of both the waveforms. Figure 4.10 shows the comparison

of the range-Doppler map for similar-slope and sweeping slope interference in FMCW and

PMCW waveforms. In FMCW waveforms, the SINR of the victim sensor in an interference

free scenario is 13.06dB. When a single interferer is introduced, the similar-slope interference

observed by the victim-sensor (driving scenarios mentioned previously in Figure 4.9a, 4.9c &

4.9d) witnessed a SINR of 10.8dB (refer Figure 4.10a). Similarly with single interferer, in

the case of sweeping slope interference Figure 4.10b the SINR was 12.9dB. Although, these

results have been derived after applying mitigation technique (i.e. varying PRF at the victim

sensor), the impact of interference on the detection capability of the victim sensor is evident and

weak targets may not be detected in such a scenario. In the current case, the target, interferer

position and Doppler have been deliberately kept different for purposes of plotting but if both

have similar values, the detectability of target becomes even more arduous in the case of similar-

slope interference.

On the other hand for PMCW waveform derived from PECS, both the victim and the inter-

ferer sensor transmit an optimized PECS code sequence which is Doppler tolerant and unique.

Noteworthy fact here is that both the victim and interferer are operating at the same bandwidth

(i.e. same range resolution), center frequency and transmit power without causing MI which

proves the robustness of algorithm. As is evident from Figure 4.10c, there is no interference

peak present in the range-Doppler spectrum and the SINR in the case of single interferer is

20.7dB better than FMCW in interference free scenario. Further to this result, the reduction

in the SINR due to increase in the number of interferers was analyzed. The results from the

simulation show that as the number of interferers increase from one to five, the SINR decreases

to 16.8dB. As the presence of more than 10 interferers in a certain driving scenario is very un-

likely, therefore the interference results were limited to 10 interferers and SINR in this case was

14.65dB.

The spectrum occupancy of FMCW and PECS based PMCW waveform is mentioned in Fig-

ure 4.10d and Figure 4.10e. We observed that in the duration of single chirp (where chirp time

period = sequence period), the frequency variation of FMCW waveform is linearly increasing

upto 150MHz whereas in PECS waveform multiple ramps of linearly increasing frequency can

be seen in the time period. This again ascertains the fact that the frequency variation is linear

(hence the quadratic phase variation). Randomness in the ramp slopes within a chirp duration

and start phase is the reason for the uniqueness of each waveform and can be considered as an

additional degree of freedom in the system design which leads to interference immune wave-

form. Thus, PECS can be considered a new approach in this domain.
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Statistical Analysis

Furthermore, in order to comprehend the interference immunity of various waveforms, this

concept was statistically validated and compared for five categories:

1. Random sequences

2. PECS based sequences with fixed sub-sequence length

3. PECS based sequences with varying sub-sequence length

4. LFM waveform with almost same slope (i.e. similar-slope interference)

5. LFM waveform with different slope (i.e. sweeping-slope interference)

The procedure of this statistical experiment is as follows:

1. Consider two sequences from a selected category of signals (say x = [x1, · · · , xN ]T and

y = [y1, · · · , yN ]T ∈ CN , N > 0).

2. Compute the linear cross-correlation of these signals, and find

c̄k =
N∑
n=1

xny
∗
n+k, k = −(N − 1), . . . , 0, . . . , N − 1. (4.33)

Here, we use the convention that xn = 0 and yn = 0 when n /∈ {1, · · · , N}.

3. Calculate c̄max = max(|ck|).

4. Let ξ = 20 log10(
c̄max
N ).

5. Record the value (i.e. ξ) for the current trial and repeat the experiment until the desired

number of trials are complete.

Note that ξ which is a stochastic value will be calculated for different categories of waveforms

that are mentioned above. In case the sequences x and y are similar, ξ is approximately zero,

since both the sequences are fully correlated. In the case of partially correlated waveforms, ξ is

less than zero, and as the correlation between the waveforms decreases, ξ decreases further.

Now let us statistically analyze the behaviour of ξ for different categories of transmit wave-

forms. In the first category, we calculate ξ of two complex unimodular random phase se-

quences. Because the cross-correlation of two randomly generated sequences has the least

cross-correlation, this category of sequences has been used as a comparison benchmark. Here,

the entries of the random sequence x = [x1, x2, . . . , xN ]
T is defined as

xn = ejϕn , ϕn = 2πz, n ∈ 1, · · · , N, (4.34)
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where z is drawn from a Gaussian distribution with zero mean and unit variance.

Secondly, the PECS algorithm is used to generate two independent sequences with the same

characteristics (N = 100, M = 10, Q = 3, and p = 10).

Thirdly, we generate sequences using PECS algorithm with N = 100, Q = 3, p = 10, and

M ∈ [Mmin,Mmax] where Mmin = 5 and Mmax = 20. As PECS framework provides an

additional degree of freedom in selecting the sub-sequence length at random, the analysis using

this category was required.

In the fourth and fifth categories, two independent LFM sequences were designed with time-

bandwidth product equal to 100 such that they cause similar-slope and sweeping slope FMCW

mutual interference, respectively10.
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Figure 4.11: Statistical Interference Analysis - Probabilistic comparison of code sequences of
length N = 100 generated using five categories: completely random sequence, PECS with
fixed length sub-sequences M = 10, PECS with random length sub-sequences Mmin = 5 and
Mmax = 20, LFM waveforms with sweeping interference LFM waveforms with similar-slope
interference

The normalized histogram of the statistical analysis of ξ for 103 trials is displayed in Fig-

ure 4.11 for each waveform category. The x-axis shows the normalized cross-correlation of

two signals, while the y-axis shows the histogram level, called probability of occurrence in 103

trials.

The figure illustrates that the distribution of ξ for similar-slope and sweeping slope are cen-

tered at −1.5dB and −0.2dB, respectively. In the case of PECS-based sequences, distribution

of ξ is centered at −14.1dB for fixed and variable sub-sequence length.

Interestingly, this category has a major overlap with the distribution of complex unimodular

random phase sequences. It is observed that by using the PMCW waveform with PECS-based

code sequences for radar sensing results in an overall improvement of 12dB as compared to the
10Interested reader may refer to [26] for more details on similar-slope and sweeping-slope interference for FMCW

waveforms
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categories where FMCW waveforms are used. This demonstrates the credibility of the concept.

4.6 Conclusion

A stable design procedure has been proposed for obtaining polyphase sequences synthesized

with a constraint of polynomial phase behavior optimized for minimal PSL/ISL for any se-

quence length. Results shown in the text indicate the robustness of the method for various

scenarios which are prone to interference and offers user additional degrees of freedom to adapt

the input parameters in order to design unique waveforms. Its application to automotive sce-

narios with dense interference prove the feasibility of its use in practical radar systems and

provides one of the solution to the current interference issues in multi-sensor applications. The

algorithm performance was tested in comparison to the other techniques present in the litera-

ture and convincing results were observed. In addition the technique can be used to improve

the performance of the state-of-the-art algorithms be extending them with inclusion of PECS

which offers additional design parameters for waveform design. The algorithm is implemented

by means of FFT and least squares operations and therefore it is computationally efficient. In

future, we would like to extend this problem for MIMO radar systems. This work can also be

extended by considering the spectrum shaping constraint in the objective which can be further

used for 4D imaging cognitive radar applications.

4.7 Appendix

4.7.1 Chirplike phase codes

A summary of chirplike phase codes is reported in Table 4.9. Note that Frank code is derived

from the phase history of a linearly frequency stepped pulse. The main drawback of the Frank

code is that it only applies for codes of perfect square length (M = L2) [6]. P1, P2, and Px

codes are all modified versions of the Frank code, with the DC frequency term in the middle

of the pulse instead of at the beginning. Unlike Frank, P1, P2 and Px codes which are only

applicable for perfect square lengths (M = L2), the Zadoff code is applicable for any length.

Chu codes are important variant of the Zadoff code, and Golomb, P3, and P4 codes are

specific cyclically shifted and decimated versions of the Zadoff-Chu code. Indeed, as P1 and

P2/Px codes were linked to the original Frank code, similarly, P3, P4 and Golomb polyphase

codes are linked to the Zadoff-Chu code, and are given for any length.
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Table 4.9: Expressions of each code and their AF [6]

Type of
Code Phase Expression AF

Frank
Sequence

ϕn,k = 2π
(n− 1).(k − 1)

L

for 1 ≤ n ≤ L, 1 ≤ k ≤ L,

Px

Sequence

ϕn,k =


2π
L

[(
(L+1)

2 − k
)(

(L+1)
2 − n

)]
, L even

2π
L

[(
L
2 − k

) ( (L+1)
2 − n

)]
, L odd

for 1 ≤ n ≤ L, 1 ≤ k ≤ L,

P1 Code
ϕn,k =

2π

L

[(
(L+ 1)

2
− n

)
((n− 1)L+ (k − 1))

]

for 1 ≤ n ≤ L, 1 ≤ k ≤ L,

P2 Code
ϕm =

2π

M

[
(m− 1)2

2

]

for 1 ≤ m ≤M,

P4 Code
ϕm =

2π

M
(m− 1)

[
m− 1−M

2

]

for 1 ≤ m ≤M,

Zadoff
Code

ϕm =
2π

M
(m− 1)

[
r.

(
M − 1−m

2

)
− q
]

for 1 ≤ m ≤M, 0 ≤ q ≤M

where M is any integer and r is any integer relatively
prime to M ,

Golomb
Sequence

ϕm =
2π

M
r′′
[
(m− 1)(m)

2

]

for 1 ≤ m ≤M,

where M is any integer and r′′ is any integer relatively
prime to M .
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Chapter 5

USRP Implementation of PECS

Preamble

This chapter forms the second part of our SISO sequence design problem. In this manuscript,

we present the hardware implementation of the PECS algorithm, which was employed to design

PMCW waveforms suitable for low-cost hardware implementation. The polynomial phase con-

straint was limited to a quadratic phase, resulting in waveforms with LFM characteristics.

Two X310 USRPs were used to emulate both the victim and interferer radars. We demon-

strated that stretch processing can be effectively applied at the victim receiver to reliably detect

the target, even in the presence of significant interference. Despite the interferer being within

the FoV and heavily affecting the receive channel, the backscattered signal was successfully

recovered after the dechirp process.

This study concludes that the growing issue of radar interference can be effectively mitigated

using the proposed method.
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The following sections are a copy of the paper referenced above.

Abstract

This paper addresses the issue of mutual interference (MI) in automotive radar systems. It explores a

sub-pulse based design approach for phase modulated continuous wave (PMCW) radars using

USRPs (Universal Software Radio Peripheral). Each sub-pulse exhibits a unique quadratic phase

variation, ensuring optimal sidelobe levels for the entire pulse. These sub-pulses are integrated into a

single transmit pulse. The receiver operates with stretch processing, and the received signal is

observed at various stages of range processing. Evaluating MI between radar sensors with identical

specifications, the study utilizes the signal to interference plus noise ratio (SINR) metric. A versatile

solution for PMCW radars applicable to both indoor and outdoor sensing environments is proposed.

It demonstrates reduced MI and improved radar detection performance with low sampling rate

ADCs.

5.2 Introduction

MI amongst FMCW radars presents a significant challenge in ADAS used in contemporary

vehicles [9]. This issue arises because radar sensors installed in each vehicle function within a

common frequency band without coordination, leading to unregulated transmissions [12]. MI

in FMCW radars often appears as bursts in the time domain [18], potentially causing reduced

sensitivity [133].

Alternatively, MI can be managed better in PMCW radar systems where Merit Factor (MF)

is a commonly employed component for pulse compression. It offers exceptional dynamic

range, particularly when the code sequences are carefully crafted. Nonetheless, a significant

limitation is the vulnerability to Doppler shifts, resulting in a discrepancy between the received

code sequence and the reference signal [6], [83]. This mismatch leads to heightened sidelobe

levels and a reduction in signal-to-noise ratio (SNR).
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Figure 5.1: Single Transmit Pulse with varying sub-pulses of different slopes

Certain methods for mitigating the Doppler shifts include sub-pulse processing [96], fast

Time Doppler Compensation (FTDC) [134], code sequence diversity [135], Doppler matched

filter banks, and mismatched filters [89, 136]. Another direct approach is to use the polyphase

codes which are inherently robust to Doppler shifts [49, 63] by incorporating linear or quadratic

phase variation in subsequent elements within a sub-sequence or sequence.

While some of these techniques are supplementary and can be integrated, it is often bene-

ficial to choose one that offers direct hardware compatibility and lower sampling requirements.

To this end, the purpose of this paper is to showcase the hardware implementation of an existing

technique which encompasses the polynomial phase behavior in sequence design problem [49].

In the current context, we design the sub-sequences with quadratic phase behavior by evaluat-

ing phase coefficients for each sub-sequence which results in optimal sidelobe levels of the MF

for the entire sequence. The quadratic phase variation implies LFM, which makes it possible to

transmit every sub-sequence using stretch processing technique that requires a low sampling rate

ADC for transmitting PMCW waveforms. Finally, we prove the interference immunity of the

proposed waveforms in terms of SINR improvement as compared to the state-of-the-art FMCW

waveform.

5.3 Problem Statement

Let the transmit signal be s̃(t) and is represented as:

s̃(t) = ejθ̃(t)rect
[
t− Tp/2
Tp

]
,

θ̃(t) = 2π(fct+
1

2
ζαt2),

(5.1)
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where, θ̃(t) denotes the time-varying phase of the signal s̃(t), fc represents the carrier frequency,

t is the continuous time variable, ζ takes values of either +1 for up-chirp or −1 for down-chirp,

and α = B
Tp

represents the slope of the LFM, with B, bandwidth and Tp, pulse duration.

The entire pulse can be divided into L sub-pulses (refer Figure5.1, where L = 4). A given

sub-pulse l, spans a part of the entire bandwidth B, and has a sub-pulse duration of Tl. Two

subsequent sub-pulses are separated by a guard band of width Tgb ≥ 2Rmax/c, where Rmax is

the maximum range of the radar sensor and c is the speed of light.

The phase variation of θ̃l(t) for the l-th sub-pulse in discrete time, represented for t = Tsn,

where Ts stands for the sampling time, and n = (l − 1)Ml +m ∈ [1, . . . , N ], m = 1, . . . ,Ml,

and l = 1, . . . , L with entire sequence length N = T̃p × B, where T̃p = T1 + . . . TL, and

N =M1 + . . . ,Ml can be expressed as:

θ̃l = ã0,l + ã1,ln+ ã2,ln
2, (5.2)

where ã0,l = θinit, ã1,l = 2πfcTs, and ã2,l = παT 2
s are the quadratic phase coefficients of θ̃l for

the l-th pulse. It is important to note that θinit represents an arbitrary initial phase value of the

chirp sequence and ã1,l is constant for a certain fc and Ts. The discrete-time signal generated

using the phase code sequence θ̃n can be expressed as:

s̃n = ejθ̃n , |s̃n| = 1. (5.3)

and x = [s̃1, s̃2, . . . , s̃N ]
T ∈ CN represents the transmit complex unit-modulus radar code

sequence.

The aperiodic autocorrelation of the transmitting waveform at lag k (e.g. matched filter

output at the receiver) is defined as

rk =

N−k∑
n=1

xnx
∗
n+k = r∗−k, k = 0, . . . , N − 1. (5.4)

The problem of interest is to design the code vector x with a polynomial phase of a degree

2 in its sub sequences while having impulse-like autocorrelation function by minimizing the

ISL. Therefore, ISL =
∑N−1

k=1 |rk|2 as the objective function, the optimization problem can be
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compactly written as

P1


minimize

ã{0,l},ã{1,l},ã{2,l}

N−1∑
k=1

|rk|2

subject to arg(xn) = ã{0,l} + ã{1,l}n+ ã{2,l}n
2,

|xn| = 1,

(5.5)

where n = (l − 1)Ml + m, m = 1, . . . ,Ml, and l = 1, . . . , L. The details of the solution

for (5.5), Doppler tolerance characteristic due to quadratic phase behavior and the algorithm

- PECS can be found in [49]. In the next sections, we analyze the interference immunity of

the synthesized waveforms using the Algorithm 2 and 3 in [49]. A simplified flowchart of the

implementation is shown in Figure5.2.

5.4 USRP based implementation

The experimental setup consists of a victim radar, an interferer radar (both are implemented

using two USRP X310 with dedicated antenna setup), spectrum analyzer (SA44B), RF cables

and splitters/combiners as shown in Figure5.3a. The experiment was conducted in a controlled

environment in an anechoic chamber. The receive signal from the target and the interferer was
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Figure 5.3: Hardware setup for emulation of Victim and Interferer radars in the presence of
target

Table 5.1: Radar sensor parameters for victim and interferer

Parameter Value
Operating Frequency (Victim / Interferer) 3.45GHz

Transmit Power (Victim / Interferer) 12dBm
Bandwidth (Victim / Interferer) 100 MHz

Chirp length (Tp) (Victim / Interferer) 120 µs
PRF (fp) (Victim / Interferer) 16.66 kHz

Maximum Range 300m
Number of Pulses (Victim / Interferer) 128

Target Range 30m
Target / Interferer Speed 0kmph

Target RCS 10dBsm
Interferer Range 100m

independently digitally delayed in software to simulate the time of flight for each of the signal,

refer Figure5.3b. Other radar parameters are provided in Table5.1.

5.5 Results

To measure the performance of the proposed waveform design technique, we calculate the SINR

of the known target while the victim radar is operating with an interferer in its FoV. The pro-
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5.5. Results

Figure 5.4: Bandlimited Spectral Occupancy

posed waveform was compared with the state-of-the-art FMCW radars where LFM is employed

in every transmit pulse. The entire experiment was divided into three categories represented

along each column in the Table5.3. The spectrogram output is shown for the transmit signal for

victim and interferer in the first two rows. Further, the spectrogram output of the received signal

and the dechirp signal at the victim sensor is shown in the third and fourth row, respectively

where the interferer signal is dominant due to the one way path loss as compared to the two way

path loss from the target returns. Finally, the range profile is obtained using stretch process-

ing (dechirp followed by FFT processing). The chirp slope for the LFM in the entire pulse is

+0.833MHz/µs in Category 1 and 2. In category 2 and 3, the details of the slopes for each of the

10 sub-pulses constituents of the entire waveform using PECS are given in the Table5.2. A fixed

guard band interval of 22µs is used between each sub-pulse in the PECS transmit waveform.

The strong presence of interferer peak in the first category with SINR of +22.6dB was

observed. In the second category, the SINR of −10.7dB is observed and the interferer is absent

in the range profile. Finally, the third category demonstrates the SINR of −10.45dB, with

no discernible interference peak when employing the proposed waveform. While, the sub-

pulses are subjected to different slopes, the transmitted signals are always limited to a bandwidth

30MHz as observed in the spectrum analyzer, Figure5.4. Hence, the interference immunity of

the PECS waveforms is apparent as compared to the LFM waveform when the start and stop

time of all the transmit pulses in a given CPI are matched while the radar sensors are operating
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with identical operating specifications.

5.6 Conclusion

A USRP based PMCW radar implementation using low sampling rate ADCs was discussed in

this paper. The feasibility of this transmission scheme using stretch processing was evaluated.

The key advantage of this transmission scheme is that it provides optimal sidelobe level sup-

pression, good Doppler tolerance and interference immunity. We conclude that PECS based

transmit waveforms are capable of solving the rising issue of interference.

Table 5.2: Sub-pulse (sp) slope details for PECS waveform in MHz/µs

sp1 sp2 sp3 sp4 sp5 sp6 sp7 sp8 sp9 sp10
Victim 2.527 −1.264 8.145 5.522 5.164 10.858 −12.236 13.184 18.151 8.551

Interferer 5.732 −7.685 −6.461 1.282 −16.712 2.409 17.699 27.631 −6.951 −3.058
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Table 5.3: Spectrogram and range profile for different waveforms of victim and interferer

Category - 1,

LFM (Victim) - LFM (Interferer)

Category - 2,

PECS (Victim) - LFM (Interferer)

Category - 3,

PECS (Victim) - PECS (Interferer)
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Part III

MIMO Radar Waveform Design
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Chapter 6

Polynomial Phase Constrained
Waveforms for mmWave MIMO
Radars

Preamble

This chapter, presents our efforts to generalize the problem for MIMO radar waveform design

using polynomial phase behavior, mentioned as manuscript J2 in section 1.5.

We propose a comprehensive framework for designing interference-resistant waveforms and

sequence sets for Frequency Modulated Continuous Wave (FMCW) and Phase Modulated Con-

tinuous Wave (PMCW) multiple-input multiple-output (MIMO) radar systems. The framework

integrates advanced optimization techniques, including Majorization-Minimization (MM) and

Block Coordinate Descent (BCD), to enhance system performance. By incorporating cost func-

tions to optimize complementary/ integrated sidelobe level and spatial beam shaping, the pro-

posed algorithms generate sequences both within and across pulses to achieve radar system

optimization. Each sequence exhibits a degree Q polynomial in unwrapped phase within its

sub-sequences, ensuring optimal performance with monotonic convergence.

The effectiveness of the framework is demonstrated through two case studies: (1) intra-pulse

modulation with beampattern adaptation for tunnel-based scenarios in FMCW radars, and (2)

Doppler-tolerant sequence set design for dynamic target detection and interference mitigation

in MIMO PMCW radars. These case studies illustrate the framework’s ability to significantly

improve radar performance, especially in challenging environments and in the presence of mu-

tual interference.
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6.1 Manuscript: Polynomial Phase Constrained Waveforms for mmWave
MIMO Radars

Robin Amar1, Mohammad Alaee-Kerahroodi1, Bhavani Shankar M.R.1

1 SnT - Interdisciplinary Centre for Security, Reliability and Trust, University of Luxembourg

Submitted to: IEEE Transactions on Aerospace and Electronic Systems, 6 June 2024,

The following sections are a copy of the paper referenced above.

Abstract

In this paper, we propose a generic framework to design interference immune waveforms for

Frequency Modulated Continuous Wave (FMCW) / Phase Modulated Continuous Wave (PMCW)

multiple-input multiple output (MIMO) radar systems. This framework is composed of diverse set of

algorithms that improves the overall system performance. The waveform design approach uses the

majorization-minimization (MM) and Block Coordinate Descent (BCD) optimization frameworks

by considering complementary, integrated sidelobe level and spatial beam shaping cost functions.

The proposed algorithms generate waveform sequence sets in every pulse and across multiple pulses

where a sequence in each pulse possesses a property of degree Q polynomial in unwrapped phase

within its sub-sequences. The algorithm culminates by obtaining an optimal solution with monotonic

convergence. In addition, the discussion is complemented by two case studies. Firstly, intra-pulse

modulation in FMCW radars with beampattern design adaptation for tunnel-based scenarios.

Secondly, Doppler-tolerant sequence set design in MIMO PMCW radars for efficient detection of

dynamic targets and mitigation of mutual interference amongst concurrent radar systems.

6.2 Introduction

FMCW and PMCW radars are both types of CW radar systems, and they share some similar-

ities. Nevertheless, distinctions arise in their modulation methodologies, with each radar type

possessing its unique set of pros and cons. FMCW radar typically requires simpler signal pro-

cessing compared to PMCW radar. The LFM used in FMCW radar simplifies the processing

of the received signals using “de-chirp” [29, 49]. This technique allows sampling the received

signal at lower rates than its bandwidth, motivating automotive manufacturers to adopt FMCW-

based radar systems for cost-effective radar sensors.

The state-of-the-art mmWave FMCW radar sensors often use MIMO technique to create

large virtual antennas without increasing the amount of Tx-Rx physical elements [50, 51]. Re-

cently, RoC which utilize 24 Tx, 24 Rx antennas (576 virtual channels) [52], and 48 Tx, 48 Rx
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6.2. Introduction

(2304 virtual channels) [53], have been commercialized [54]. In the context of a MIMO FMCW

radar system with a large number of Tx-Rx channels, various multiplexing schemes can be em-

ployed to achieve distinct orthogonal waveforms for different channels. Some commonly used

multiplexing schemes in the context of MIMO FMCW radar are TDM, BPM, DDM[55, 56],

slow-time CDM [57], and FDM [58]. TDM stands out among them for its prevalence in con-

ventional mmWave MIMO radars due to its hardware simplicity. In TDM-MIMO radars, each

transmitter gets a different time slot, ensuring orthogonality in the time domain. However, this

multiplexing scheme increases the required time for the transmission and decreases the Doppler

resolution. FDM allocates distinct frequency bands to each transmitter, but with an increasing

number of antennas, the available frequency spectrum might become limited. DDM and slow-

time CDM involve encoding information digitally for transmission, but as the number of anten-

nas increases, the complexity of encoding, decoding, and maintaining orthogonality among the

signals becomes more challenging [57].

Yet, as the number of transmit antennas increases, limitations become apparent in these

multiplexing approaches for FMCW MIMO radars. In addition, vehicle-to-vehicle radar in-

terference is another uprising issue in this case. The interference in these instances primarily

arises from the concurrent use of shared spectrum within the detection range of other sensors,

compounded by the absence of centralized control and resource allocation mechanisms, which

leads to uncoordinated radar operations. PMCW MIMO radars, despite higher implementation

costs, offer potential advantages [23]. They provide intra-pulse CDM, potentially enhancing

performance and offering increased degrees of freedom [59]. Additionally, PMCW radars per-

mit waveform optimization, improving their overall efficiency and effectiveness [60].

In this paper, we enhance the scope of designing radar waveforms for FMCW and PMCW

MIMO radars by imposing additional polynomial phase constraint to the design problem. This

constraint enhances adaptability by allowing for the adjustment of the polynomial degree, serv-

ing as a tuning parameter facilitating transitions between PMCW and FMCW radar technolo-

gies. Particularly, when the constraint’s polynomial degree is set to 2, the resulting quadratic

phase polynomials represent chirps characterized by specific slopes, as detailed in [61].

The background to the polynomial phase constraint is grounded in [62], where the first com-

putational approach aimed at designing these sequences was introduced. However, the design

codes in this paper were limited to being piecewise linear. Building upon this, in [49], we

utilized the MM technique to derive optimal sequences possessing a property of degree Q poly-

nomial in unwrapped phase within their sub-sequences, but only for SISO radar systems. This

work achieved optimal solutions for ISL and PSL with guaranteed convergence. In addition to

this, in [63], we proposed a subpulse processing-based receiver tailored for radars employing

sequences exhibiting polynomial phase behavior within their sub-sequences.
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Unlike the previous studies, in the current paper, we explore applying the polynomial phase

constraint to three interconnected yet unaddressed problems. The first problem focuses on de-

signing codes with complementary behavior while adhering to the polynomial phase constraint.

In the subsequent two problems, we delve into sequence design aspects specific to MIMO radar

systems. One problem tackles transmit beampattern shaping for waveforms with impulse like

auto-correlation function, while the other revolves around the requirement for a set of orthogo-

nal sequences.

6.2.1 Background and Related Works

Recent research has strengthened the capacity of radar manufacturers to enhance sensor reso-

lution, explore additional degrees of freedom, and introduce novel operational modes through

exploiting waveform diversity [64], as evidenced by the number of publications in this domain

[65]. In state-of-the-art automotive FMCW MIMO radar, each antenna transmits LFM in a cer-

tain manner that guarantees waveform orthogonality [66]. A comprehensive comparison of all

the standard techniques can be found in [57]. In addition, other variations of the standard ap-

proaches such as FT-CDMA and ST-CDMA are widely used and described in [67–72].

On the other hand, PMCW (spread spectrum, PN, and polyphase modulated CW) radars

transmit a wide-band code sequence modulated on the carrier frequency. Various optimization

approaches have been proposed to achieve orthogonality in code sequences in PMCW MIMO

radars using CDM scheme [73–78]. The prevailing approaches in waveform design predomi-

nantly prioritize the optimization of constant modulus phase waveforms, primarily relying on

the correlation (auto/cross) characteristics of individual signals. Nonetheless, these approaches

do not account for the influence of phase shifts induced by dynamic radar platforms in auto-

motive scenarios featuring dynamic targets and stationary detections. In such scenarios, static

detections, often disregarded as clutter in conventional sensing applications, assume critical

importance. Consequently, the consideration of Doppler tolerance becomes paramount in the

formulation of sequence set design challenges.

To this end, several neural network based approaches have also been proposed in this regard

[79, 80]. However, while these approaches may demonstrate efficacy in certain predictable

scenarios, their reliability is contingent upon the extent of supervised or unsupervised training

employed to train the deep RN and RNN. For instance, in environments such as highways,

bridges, tunnels and underground parking facilities, where dynamic targets and road blockages

due to constructions can alter the detection profile beyond the confines of the known static

environment [81, 82], the network models may lack awareness of such variations.

In [36, 67, 83, 84], the authors have presented sequence design methods in the presence of

non-negligible Doppler shifts. The limitation here lies in the fact that these approaches cater

94



6.2. Introduction

only to binary/quaternary sequence designs, thereby having limited degrees of freedom in terms

of phase allocation. Finally, other approaches for joint MIMO transmit and receive filter design

have also been proposed [85–89]. Typically, these approaches deal with maximization of the

worst-case SINR over the unknown Doppler and angle of the target of interest. In the case of

automotive scenarios, the dilemma is that the target and clutter are not deterministic in nature

due to the randomness in the vehicle dynamics (and eventually the radar sensor), necessitating

a different problem-solving approach.

6.2.2 Contributions

In this paper, we present a sequence design problem in the time, spatial and pulse domains and

optimize the ISL for auto/cross-correlation, and complementary behavior of the sequence sets

while keeping Doppler tolerance, and interference immunity as the essential design constructs.

The main contributions of this paper are summarized as below:

• Designing Complementary Codes: We focus on crafting complementary waveforms that

adhere to a polynomial phase constraint for both PMCW and FMCW radars. These codes

are designed to ensure not only lower range sidelobes but also specific phase behaviors

within their sub-sequences.

• Beampattern Shaping: Utilizing the polynomial phase constraint within the fast-time do-

main, we shape the beampattern of MIMO waveforms. This involves controlling the

directionality and strength of the radar beam, allowing for targeted and precise radar sig-

nal transmission and reception.

• Establishing Orthogonal Waveform Sets: We create a set of optimized ISL MIMO wave-

forms integrated with a polynomial phase constraint. These waveforms maintain orthog-

onality by performing intra-pulse modulation, while also ensuring that they remain dis-

tinct and non-interfering during simultaneous transmission. In addition, spectral shaping

criterion provides coexistence capability with communications signals and deterministic

spectrum of other radar sensors.

• Doppler Tolerance Enhancement: By introducing the polynomial phase constraint, the

designed waveforms exhibit enhanced Doppler tolerance. This property enables the radar

sensor to effectively handle Doppler shifts caused by the motion of objects, ensuring accu-

rate detection and tracking of moving targets without compromising waveform integrity.

• Designing Very Long Sequence Sets: Sequence lengths are not restricted to perfect square

lengths, instead they can assume arbitrary lengths - useful for PMCW radar sequence de-
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sign. As the fundamental components of sequence sets are represented not by individ-

ual elements, but rather by the phase coefficients corresponding to each sub-sequence,

it becomes feasible to generate extensive sequence sets possessing optimal auto/cross-

correlation characteristics without the need to directly compute sequences of considerable

length.

• Radar-to-Radar Interference Mitigation: Interference immunity amongst sequence sets

from different radar sensors can be enhanced if the uniqueness of each sequence is in-

herent by design. Therefore, we introduced a construction of sub-sequence based de-

sign method to achieve uniqueness. Every sub-sequence has a quadratic phase behavior

which ensures Doppler tolerance and at the same time its distinct phase coefficients en-

sure uniqueness. This effectively mitigates MI issues that may arise among concurrent

radar systems.

This paper employs MM and Block Coordinate Descent (BCD) optimization techniques to ef-

fectively address the outlined optimization problems. The details of these optimization frame-

works and their convergence behaviors are discussed in details in [60].

6.2.3 Notations

Matrices are represented by bold uppercase letters, column vectors by bold lowercase letters,

and scalars by italics. The sets Z, R, and C signify the integer, real, and complex fields, re-

spectively. The functions ℜ(·) and ℑ(·) extract the real and imaginary parts, respectively, and

arg(·) gives the phase of a complex number. The notations (·)T , (·)∗, (·)H , and (·)† stand for

transpose, complex conjugate, conjugate transpose, and pseudo-inverse, respectively. ⊙ stands

for hadamard product and optimal value of an optimization variable is represented as (·)⋆ . The

element in the ith row and jth column of a matrix is denoted by xi,j , while xi represents the ith

element of the vector x. Diag(X) creates a column vector containing all diagonal elements of

X , and Diag(x) forms a diagonal matrix, where x forms the principal diagonal elements of the

matrix. Lastly, vec(X) stacks all the columns ofX into a single column vector.

6.3 Waveform Optimization

This section explores three optimization problems, all of which are linked by the incorporation

of the polynomial phase property that serves as a core principle throughout this paper in de-

signing waveforms for both PMCW and FMCW radars. Through these problems, we showcase

the versatility and adaptability enabled by this common constraint across multiple radar appli-

cations in different settings.
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Figure 6.1: Third-order transmit waveform tensor

We consider a MIMO radar system to design unimodular sequence sets with good comple-

mentary behavior in slow time, auto/cross-correlation properties and polynomial phase charac-

teristics in fast time. In a single transmit pulse, each antenna transmits a sequence xd of length

N , where n = 1, . . . , N , and d = 1, · · · ,Mt, with Mt transmit sequences for all antennas.

The sequences are stacked to form the matrix X̄p = [x̄1, · · · , x̄d, · · · , x̄Mt ] ∈ CN×Mt for the

p-th transmit pulse. Further,Mp such pulses compose a single CPI and in order to comprehend

the entire data, it is denoted as a third-order tensor X ∈ CN×Mt×Mp shown in Figure 6.1.

It consists of the raw data acquired in the code domain (fast-time) with N elements, spatial

domain withMt elements, and the pulse domain (slow-time) withMp elements, respectively.

Throughout the paper, this tensor is often reorganized into matrices for waveform design and

calculation, which is known as matricizing or unfolding. The matricizing operation on X along

the first dimension at the n-th code element is represented as [X ]n1 = X̀n ∈ CMt×Mp , where

elements of X̀n are represented as xnd,p. With reference to the Figure 6.1, similar operations

along the second and third dimension at the n-th and p-th element is [X ]d2 = X̃d ∈ CN×Mp and

[X ]p3 = X̄p ∈ CN×Mt , respectively. The elements of X̃d and X̄p are represented as xdn,p and

xpn,d, respectively. The elements of X are denoted as x{n,d,p}|Nn=1|
Mt
d=1|

Mp

p=1.

Let us define x̌l,d as the l-th sub-sequence of the d-th transmit sequence x̄d as x̌l,d =

[x̄{1+(l−1)M,d}, . . . , x̄{m+(l−1)M,d}, . . . , x̄{M+(l−1)M,d}]
T ,wherem ∈ [1, . . . ,M ] and l ∈ [1, . . . , L].
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Note that the n-th element in x̄d = [x̄1,d, . . . , x̄n,d, . . . , x̄N,d] is identified as x̄n,d where n =

m+(l−1)M such that n ∈ [1, . . . , N ]. Similarly, x̌l,p is the l-th sub-sequence of x̃p for the d-th

transmit sequence of the p-th pulse as x̃l,p = [x̃{1+(l−1)M,p}, . . . , x̃{m+(l−1)M,p}, . . . , x̃{M+(l−1)M,p}]
T

where p = 1, · · · ,Mp.

The polynomial phase variation in each of the sub-sequence of a particular sequence is

governed by the coefficients which can be compactly represented in a matrix A whose (q, l)−th
element aq,l represents the coefficient for the l-th sub-sequence, l = 1, . . . , L, with q-th degree

polynomial. Note that we consider Q as the maximum degree of the polynomial, where q =

0, 1, . . . , Q. Thus, the phase variation for the all theMt transmit sequences in the p-th pulse

can be represented by a third order tensor Ap where each of its element is a{q,l,d}. Similarly,

the phase variation for the all theMp pulses for the d-th transmit sequence can be represented

as Ad where each of its element is a{q,l,p}. Further, by integrating the phase information for all

the Mp pulses and all the Mt transmit sequences, the coefficients are organized into another

fourth order tensor, denoted as A = a{q,l,d,p}|
Q
q=0|Ll=1|

Mt
d=1|

Mp

p=1 ∈ RQ×L×Mt×Mp .

6.3.1 Complementary Sequences for PMCW and FMCW radars across pulse do-
main

We consider designing almost complementary sequence sets by incorporating a phase constraint

of degree Q, such that it imbibes a specific phase characteristic in the l-th sub-sequence within

the d-th transmit sequence acrossMp pulses in a CPI1.

Let us consider a sequence set X̃d = [x̃T1 , . . . , x̃
T
p , . . . , x̃

T
Mp

] ∈ CN×Mp with Mp se-

quences and each sequence of length N where x̃p = [x̃1,p, . . . , x̃N,p]
T ∈ CN . The Comple-

mentary Integrated Sidelobe Level (CISL) metric is defined as [7]

CISL =
N−1∑
k=1

∣∣∣∣Mp∑
p=1

r̃p,p(k)

∣∣∣∣2, (6.1)

where r̃p,p(k) =
∑N−k

n=1 x̃n+k,px̃
∗
n,p = r̃∗p,p(−k), p = 1, . . . ,Mp, k = 1 − N, . . . , N − 1 and

n = 1, . . . , N .

A distinctive phase behavior is introduced in a sub-sequence within a set of sequences

by imposing a polynomial phase constraint expressed as arg(x̃l,p) =
∑Q

q=0 a{q,l,p}m
q, where

arg(x̃l,p) = [arg(x̃1+(l−1)M,p), . . . , arg(x̃lM,p)] , a{q,l,p} denotes the coefficients of the poly-

nomial of degree q for the l-th sub-sequence in the p-th pulse. Hence, the objective is to address

1In general the number of pulses for the complementary code design M̃p is a subset of Mp, but for the notational
simplicity we assume that M̃p = Mp.
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the following optimization problem,

P{X̃d}



minimize
Ad∈RQ×L×Mp

N−1∑
k=1

∣∣∣∣Mp∑
p=1

r̃p,p(k)

∣∣∣∣2

subject to arg(x̃l,p) =

Q∑
q=0

a{q,l,p}m
q,

|xdn,p| = 1,∀



n = m+ (l − 1)M,

l = 1, . . . , L,

m = 1, . . . ,M,

p = 1, . . . ,Mp.

(6.2)

After several majorization steps, the objective in (6.2) along with the constraint (|xdn,p| = 1)2

simplifies to an iterative optimization problem (for details refer [7]) where the i-th step involves

minimize
Ad

∥ z− y ∥22,

subject to arg(x̃l,p) =

Q∑
q=0

a{q,l,p}m
q,

|x̃n,p| = 1, ∀



n = m+ (l − 1)M,

l = 1, . . . , L,

m = 1, . . . ,M,

p = 1, . . . ,Mp,

(6.3)

where z = [x̃T1 ,0
T
N−1, . . . x̃

T
Mp

,0TN−1]
T ∈ CMp(2N−1), y = ((K̃−1)MpN+λu)z

(i)−Rz(i).

Let z has a length of K̃ =Mp(2N −1), Uk, k = 1−K̃, . . . , K̃−1 be K̃×K̃ Toeplitz matrix,

and R is a Hermitian Toeplitz matrix. Other additional parameters are defined in Table 6.1.

Parameters f and r can be evaluated using standard FFT/IFFT operation.

As (6.3) is separable in the variables composing the sequence, the objective O =∥ z− y ∥22

2Hereafter, xd
n,p is represented as x̃n,p for ease of notation.
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Table 6.1: Additional parameters for equation (6.3) [7].

S.No Parameter Expression

1 F Fn,k = e−j
2nkπ
2K̃ , 0 ≤ n, k ≤ 2K̃

2 f F[z(i)
T

,01×L]
T

3 r 1
2LF

H |f |2

4 c r⊙[0,1TN−1,0
T
2(Mp(2N−1)−N)+1,1

T
N−1]

T

5 µ Fc,

6 λu
1
2

(
max

1≤k≤K̃
µ2i + max

1≤k≤K̃
µ2i−1

)
7 Uk

{
1 if j − i = k

0 if j − i ̸= k,
i, j = 1, . . . , K̃

8 rz(k) zHUkz, k = 1− K̃, . . . , K̃ − 1

9 wk

{
1, 1 ≤ k ≤ N − 1

0, N ≤ k ≤ K̃,
i, j = 1, . . . , K̃

10 R
∑K̃−1

k=1−K̃
k ̸=0

wkrz(−k)Uk

can now be split intoMp subproblems and represented as

O =

Mp(2N−1)∑
n′=1

|zn′ − yn′ |22,

=
N∑

n′=1

|zn′ − yn′ |22 +
3N∑

n′=2N

|zn′ − yn′ |22

+ . . .+

N+(Mp−1)(2N−1)∑
n′=1+(Mp−1)(2N−1)

|zn′ − yn′ |22 + cnst.

(6.4)

Let y = vec(Y) where

Y = [ y1 , . . . , yp , . . . , yMp ]

= [
︷ ︸︸ ︷
[ỹT1 , ¯̄y

T
1 ]
T , . . . ,

︷ ︸︸ ︷
[ỹTp , ¯̄y

T
p ]
T , . . . ,

︷ ︸︸ ︷
[ỹTMp

, ¯̄yTMp
]T ]

(6.5)

where ỹp = [ρ{1,p}e
jψ{1,p} , . . . , ρ{N,p}e

jψ{N,p} ]T ∈ CN and ¯̄yTp ∈ CN−1. The constant part in

(6.4) is obtained from the norm of the elements of z which corresponds to 0N−1 and ¯̄yp where

p = 1, . . . ,Mp. As the constant part is independent of the variable, hence it can be omitted
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from the objective. The remaining part of the objective is

Õ =
N∑

n′=1

|zn′ − ρn′,pe
jψn′,p |22 + . . .

+
3N∑

n′=2N

|zn′ − ρn′,pe
jψn′,p |22 + . . .

+

N+(Mp−1)(2N−1)∑
n′=1+(Mp−1)(2N−1)

|zn′ − ρn′,pe
jψn′,p |22

= O1 + . . .+Op + . . .+OMp =

Mp∑
p=1

Op

(6.6)

Each of the Mp objectives are independent and can be solved in parallel. In (6.6) for brevity of

expression, we consider the minimization of the p-th objective Op as

minimize
a{q,l,p}

N∑
n=1

|zn − ρn,pejψn,p |22. (6.7)

The objective Op for the p-th pulse is further separable in the sequence variables, therefore

it is split into L parallel sub-problems as:

Op = Op,1 + . . .+Op,l + . . .+Op,L. (6.8)

Now, we introduce the constraints of Problem P{X̃d} in Op,l directly in the entries of the sub-

sequence. Hence,

Op,l =
M∑
m=1

|ej(
∑Q

q=0 a{q,l,p}m
q) − ρn,pejψn,p |22. (6.9)

In furtherance of this, let us define

θn,p =

Q∑
q=0

a{q,l,p}m
q − ψn,p, and

fm(θn,p, ψn,p) = |ej(
∑Q

q=0 a{q,l,p}m
q) − ρn,pejψn,p |22

(6.10)

therefore,

Op,l =
M∑
m=1

fm(θn,p, ψn,p), (6.11)
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where fm(θn,p, ψn,p) can be simplified as

fm(θn,p, ψn,p) = |(cos(θn,p) + j sin(θn,p))

− ρn,p(cos(ψn,p) + j sin(ψn,p))|22
= (cos(θn,p)− ρn,p cos(ψn,p))

2

+ (sin(θn,p − ρn,p sin(ψn,p)))
2

=

[
cos2(θn,p) + ρ2 cos2(ψn,p)

− 2ρn,p cos(θn,p) cos(ψn,p)

]
+

[
sin2(θn,p) + ρ2 sin2(ψn,p)

− 2ρn,p sin(θn,p) sin(ψn,p)

]
= 1 + ρ2n,p

− 2ρn,p

(
cos(θn,p) cos(ψn,p) + sin(θn,p sin(ψn,p))

)

(6.12)

As the first two terms (i.e. 1 and ρ2n,p) are constant for the current iteration, therefore, the sub-

problem after ignoring the constant terms corresponding to Op,l can be represented as

P{Op,l}

minimize
a{q,l,p}

−
[ M∑
m=1

ρn,p cos

 Q∑
q=0

a{q,l,p}m
q − ψn,p

]. (6.13)

A majorizer g(θn,p, θ
(i)
n,p) of the function f(θn,p) = −ρn,p cos(θn,p) at the i-th iteration of ma-

jorization can be obtained as

g(θn,p, θ
(i)
n,p) = −ρn,p cos(θ(i)n,p)

+
(
θn,p − θ(i)n,p

)
ρn,p sin(θ

(i)
n,p)

+
1

2

(
θn,p − θ(i)n,p

)2
ρn,p cos(θ

(i)
n,p)

(6.14)

where the variable is θn,p and it has a phase value in the last iteration which is denoted as θ(i)n,p.

This result stems from the principle that a function which is continuously differentiable and

has a Lipschitz continuous gradient allows for the use of a second-order Taylor expansion as a

majorizer[125]. Employing this majorizer function, at the i-th iteration of the MM algorithm,
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the optimization problem can be expressed as

minimize
a{q,l,p}

M∑
m=1

[
− ρn,p cos(θ(i)n,p)+(

θn,p − θ(i)n,p
)
ρn,p sin(θ

(i)
n,p)

+
1

2

(
θn,p − θ(i)n,p

)2
ρn,p cos(θ

(i)
n,p)

] (6.15)

An equivalent perfect square form can be written for the objective function in (6.15), where

the constant terms independent of the variable a{q,l,p} are omitted. With this assumption, the

surrogate problem from (6.15) isminimize
a{q,l,p}

M∑
m=1

[
ρn,p cos(θ

(i)
n,p)

 Q∑
q=0

a{q,l,p}m
q

− bn,p]2 (6.16)

where

bn,p = ρn,p cos(θ
(i)
n,p)

(
ψn,p + θ(i)n,p

)
− ρn,p sin(θ(i)n,p).

Now, considering a generic pulse index p and l-th sub-sequence, let

η̃ = [1, 2, 3, · · · ,M ]T ∈ ZM+ ,

γ̃p = ρn,p cos(θ
(i)
n,p)⊙ [1, · · · , 1]T ∈ RM ,

Ã = Diag (γ̃p)[η̃
0, · · · , η̃Q] ∈ RM×(Q+1),

s̃ = [a0,p, · · · , aQ,p]T ∈ RQ+1,

b̃ = [b1,p, · · · , bM,p]
T ∈ RM .

(6.17)

In this context, η̃q signifies that all elements of η̃ are elevated to the power q individually, with

q spanning from 0 to Q. By using the variables defined in (6.17), the optimization problem in

(6.16) is {
minimize

s̃
∥ Ãs̃− b̃ ∥22 (6.18)

which represents a standard least squares problem. Consequently, the optimal s̃⋆ = Ã†b̃ would

be calculated3. By applying this method for all the L sub-sequences, the entire sequence x̃p for

the p-th pulse is calculated.

Further, using sequence index p, we calculate all x̃ps pertaining to the complementary se-

quence set X̃d. The objective is montonically optimized by the algorithm, and an optimal

sequence set X̃(i+1)
d is obtained. The iterations are terminated with the following criterion:

3We can use “lsqr” in Sparse Matrices Toolbox of MATLAB 2022a to solve (6.18).
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(
1√
NMp

∥ X̃(i+1)
d − X̃

(i)
d ∥< ϵ

)
where ϵ ≈ 10−6. The implementation details of the proposed

method are summarized in algorithm 7 and 8.

Algorithm 7 Algorithm for complimentary sequence set design with polynomial phase charac-
teristic in every sequence

1: Require:Mp, N,Q,A(i)
d

2: K̃ =Mp(2N − 1)

3: Set i = 0, initialize X̃
(0)
d

4: while stopping criterion is true do
5: z(i) = [x̃

(i)T

1 ,0T , . . . , x̃
(i)T

Mp
,0T ]T ∈ CMp(2N−1)

6: Calculate F, c,µ, λu from Table 6.1
7: y(i) = ((K̃ − 1)MpN + λu)z

(i) −Rz(i)

8: for p← 1 toMp do
9: derive ỹp from (6.5)

10: ỹ
(i)
p = [ỹT

(i)

1,p , . . . , ỹ
T (i)

l,p , . . . , ỹT
(i)

L,p ] ∈ CN
11: for l← 1 to L do
12: ỹ

(i+1)
l,p = PECS Gen(ỹ(i)

l,p, N,A
(i)
{:,l,p})

13: ỹ
(i+1)
p = [ỹT

(i+1)

1,p , . . . , ỹT
(i+1)

l,p , . . . , ỹT
(i+1)

L,p ]

14: y(i+1) = [ỹT
(i+1)

1 , ¯̄yT
(i+1)

1 , . . . , ỹT
(i+1)

Mp
, ¯̄yT

(i+1)

Mp
]T

15: x
(i+1)
n,p = ej arg(y

(i)
n,p) ∀

{
n=1,...,N,
p=1,...,Mp

16: i← i+ 1
17: return X̃

(i+1)
d

Algorithm 8 PECS Gen
1: procedure PECS GEN(z,M, s)
2: ρ = |s|
3: ψ = arg(s)
4: θm =

∑Q
q=0 aqm

q − ψm, m = 1, . . . ,M
5: bm = ρm cos(θm) (ψm + θm)− ρm sin(θm)
6: η = [1, 2, 3, · · · ,M ]T ∈ ZM+
7: γ = ρm cos(θm)⊙ [1, · · · , 1]T ∈ RM ,
8: Ã = Diag (γ)[η0,η1, · · · ,ηQ] ∈ RM×Q+1,
9: z = [a0, a1, · · · , aQ]T ∈ RQ+1

10: b̃ = [b1, b2, · · · , bM ]T ∈ RM

11: z⋆ = Ã
(†)
b̃ (Least Squares Operation)

12: s̃ = Ãz⋆ ∈ CM
13: return s̃
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6.3.2 Waveform design in PMCW/FMCW MIMO radars with polynomial phase
constraint for ISL minimization within a single pulse

We consider the design of sequence sets X̄p for the p-th pulse. Each antenna transmits a se-

quence x̄d of length N , where d = 1, · · · ,Mt. The sequences are stacked to form the matrix

X̄p = [x̄1, · · · , x̄d, · · · , x̄Mt ] ∈ CN×Mt , where xpn,d represents the element in the n-th row

and d-th column for the p-th pulse.

A key aspect of creating orthogonality for MIMO radar signal involves assessing the ape-

riodic auto/cross-correlation between different transmit waveforms x̄d and x̄d′ (d ̸= d′ and

d, d′ ∈ [1, · · · ,Mt]). This correlation is calculated directly from the transmit sequences as,

r̄d,d′(k) =
N∑

n=k+1

x̄n,dx̄
∗
n−k,d′ = r̄d′,d(−k), k = 0, · · · , N − 1. (6.19)

We formulate the following optimization problem to achieve the design of unimodular se-

quence sets exhibiting desirable correlation characteristics and polynomial phase behavior as:

P{X̄p}



minimize
Ap∈RQ×L×Mt

Mt∑
d=1

Mt∑
d′=1

N−1∑
k=1−N
k ̸=0,d=d′

|r̄d,d′(k)|2

subject to arg(xpn,d) =

Q∑
q=0

a{q,l,d}m
q,

|xpn,d| = 1,∀



n = m+ (l − 1)M,

l = 1, . . . , L,

m = 1, . . . ,M,

d, d′ = 1, . . . ,Mt.

(6.20)

where the polynomial phase constraint is expressed as arg(x̄n,d) =
∑Q

q=0 a{q,l,d}m
q4.

After reformulating the objective using MM framework [7], above problem can be written

4Hereafter, xp
n,d is represented as x̄n,d for ease of notation.
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Table 6.2: Supporting parameters for (6.22) and algorithm 9 [7].

S.No Parameter Relation
1 hp [1, ejωp , . . . , ejωp(N−1)]T , p = 1, . . . , 2N ,
2 H [h1, . . . ,h2N ] ∈ CN×2N

3 ωp
2π
2N (p− 1)

4 t
(∑2N

p=1 ∥ X̄
(i)H

p hp||42
) 1

4

5 ap t2 + 2t ∥ X̄(i)H

p hp ∥2 +3 ∥ X̄(i)H

p hp ∥22
6 λa N

(
max(1≤i≤N) a2i +max(1≤i≤N) a2i−1

)
7 q

∣∣∣∣HX̄
(i)
p

∣∣∣∣21M×1

as 

minimize
Ap

N∑
n=1

Mt∑
d=1

ℜ(x̄∗n,d ȳn,d)

subject to arg(x̄n,d) =

Q∑
q=0

a{q,l,d}m
q,

|x̄n,d| = 1, ∀



n = m+ (l − 1)M,

l = 1, . . . , L,

m = 1, . . . ,M,

d, d′ = 1, . . . ,Mt.

(6.21)

where ȳn,d is an element of Ȳp and

Ȳp = 4

( 2N∑
p=1

||X̄(i)H

p hp||22hphHp
)
X̄(i)
p − 2λaX̄

(i)
p ,

= 4HH Diag (q)HX̄(i)
p − 2λaX̄

(i)
p

(6.22)

The computation of q can be performed via standard FFT/IFFT operation. Other parameters

are defined in Table 6.2. Let X̄(i)
p represent the value of X̄p in the ith iteration of majorization,

and the elements of X̄p which constitute the objective can be separated. Hence, the objective in

(6.21) can be written in terms of each sub-sequence of the dth transmit sequence as

Ō =

Mt∑
d=1

[ M∑
n=1

ℜ(x̄∗n,d ȳn,d) +
2M∑

n=M+1

ℜ(x̄∗n,d ȳn,d) + · · ·

+
N∑

n=M(L−1)+1

ℜ(x̄∗n,d ȳn,d)
]
.

(6.23)
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Now, rewriting the above equation using sub-sequence based notation as

Ō =

[Mt∑
d=1

||x̌1,d − y̌1,d||22 + · · ·+
Mt∑
d=1

||x̌l,d − y̌l,d||22 + · · ·

+

Mt∑
d=1

||x̌L,d − y̌L,d||22
]
,

=

[
Ō1 + · · ·+ Ōl + · · ·+ ŌL

]
(6.24)

where x̌l,d,∈ CN such that N = M × L. Now, each term in the objective function Ō (i.e.

Ō1, . . . , ŌL) above can be solved in parallel as it is independent of the other terms. We consider

a sub-problem as Ōl

Ōl =
Mt∑
d=1

||x̌l,d − y̌l,d||22,

=

Mt∑
d=1

lM∑
n=(l−1)M

|x̄n,d − ȳn,d|22,

=

lM∑
n=(l−1)M

|x̄n,1 − ȳn,1|22 + · · ·

+
lM∑

n=(l−1)M

|x̄n,Mt − ȳn,Mt |22,

= Ō1
l + · · ·+ Ōdl + · · ·+ Ō

Mt
l .

(6.25)

Thus, the solution to each term can be pursued as described in Appendix-6.6.1 similar to the

approach mentioned in section -6.3.1 [49]. Now, the optimization problemP{Ōd
l }

corresponding

to Ōdl is defined as

P{Ōd
l }

{
minimize

s̄
||Ās̄− b̄||22, (6.26)

where
Ā = Diag (γ)[η0,η1, · · · ,ηQ] ∈ RM×(Q+1),

s̄ = [ā{0,l,d}, ā{1,l,d}, · · · , ā{Q,l,d}]T ∈ R(Q+1),

b̄ = [b̄1,d, · · · , b̄n+M,d]
T ∈ RM ,

γ = ρ̄n,d cos(θ̄
(i)
n,d)⊙ [1, · · · , 1]T ∈ RM ,

η = [1, 2, 3, · · · ,M ]T ∈ ZM+ ,

b̄n,d = ρ̄n,d cos(θ̄
(i)
n,d)

(
ψ̄n,d + θ̄

(i)
n,d

)
− ρ̄n,d sin(θ̄

(i)
n,d).

(6.27)

Thus, (6.26) represents a standard least squares problem. Consequently, the optimal s̄⋆ = Ā†b̄

would be calculated, and the optimal sub-sequence will be synthesized. Utilizing the described
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approach for a generic sub-sequence index l, we calculate all x̌l,ds pertaining to the sequence

x̄d and eventually the sequence set X̄p. The algorithm optimizes the objective, resulting in an

optimal sequence set X̄(i+1)
p . The overall method is described in algorithm 9.

Algorithm 9 MIMO sequence set ISL minimization with polynomial phase characteristic in
every sub-sequence

Require: X̄
(0)
p ,Mt, L,M,N,A(i)

p

1: while stopping criterion is true do
2: Calculate hp, t, ap, λafrom Table 6.2
3: Ȳp = 4HH Diag (q)HX̄

(i)
p − 2λaX

(i)

4: for l← 1 to L do
5: for d← 1 toMt do
6: y̌l,d = [ȳ1,d, . . . , ȳM,d] ∈ CM

7: y̌
(i+1)
l,d = PECS Gen(y̌(i)

l,d,M,A(i)
{:,l,d})

8: Ỹl = [y̌l,1, . . . , y̌l,d, . . . , y̌l,Mt ] ∈ CM×Mt

9: Y(i) = [ỸT
1 , · · · , ỸT

l , · · · , ỸT
L ]
T ∈ CN×Mt

10: x̄
(i+1)
n,d = ej(arg(ȳ

(i)
n,d)),

{
d=1,...,Mt
n=1,...,N

11: i← i+ 1

6.3.3 Transmit beampattern design with polynomial phase constraint for PM-
CW/FMCW MIMO radars

Previously, the objective inP{X̄p} constituted of both auto and cross-correlation. Cross-correlation

minimization leads to orthogonality of the sequences in a set which is used for creating intra-

pulse coding as described in the previous section for MIMO radar systems. In the current con-

text, the sequences need to be correlated in a manner where the differential phase shift in every

sequence leads to the beam pattern shaping.

In furtherance to this, we assume that the transmit antennas are configured in an arbitrary

two-dimensional (2-D) arrangement. Consider the position vector of the dth antenna, denoted

as pd = [pxd , pyd , pzd ]
T , within a Cartesian coordinate system where the origin is located at

the center of the transmit antenna array. The antenna beampattern is characterized through Θ =

(θ, ϕ) where θ and ϕ denote, repectively, the elevation and azimuth angles with respect to the ori-

gin of the array. The steering vector for the dth element is u(θ, ϕ) = [u1(θ, ϕ), . . . , uMt(θ, ϕ)]

where ud(θ, ϕ) = exp j 2πλ c0τd, d = 1, . . . ,Mt. Here, c0 = 3×108 m/s and λ denote the speed

of light and signal wavelength, respectively. τd represents the incremental time delay from the

target to the dth antenna element with respect to the origin. In this case, the transmit antenna
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beampattern is given as

g(x̀p, θ, ϕ) = |uH(θ, ϕ)x̀p|2 = x̀Hp U(θ, ϕ)x̀p (6.28)

where U(θ, ϕ) ≜ u(θ, ϕ)uH(θ, ϕ) and x̀p = [xn1,p, · · · , xnd,p, · · · , xnMt,p
]T ∈ CMt . We denote

Ψd as the collection of desired angles, represented by pairs (θi, ϕi), where i ranges from 1 to

ID, and Ψu as the collection of undesired angles, represented by pairs (θj , ϕj), where j ranges

from 1 to JU , in the spatial domain.

We consider

g1(X̃d) =

N−1∑
k=1

∣∣∣∣Mp∑
p=1

r̃p,p(k)

∣∣∣∣2 ∀

q = 1, . . . , Q,

l = 1, . . . , L,

p = 1, . . . ,Mp,

(6.29)

as the first objective function.

As a next step, we use the n-th element in the code domain of X̃⋆
d for d = 1, we intend

to obtain the transmit sequence in the spatial domain. To steer the transmit beampattern to a

desired direction, we consider the following objective function,

g2(X̀n) =
x̀Hp Uux̀p

x̀Hp Udx̀p
∀

n ∈ [1, . . . , N ]

d ∈ [1, . . . ,Mt],
(6.30)

where X̀n = [x̀1, . . . , x̀p, . . . , x̀Mp ] ∈ CMt×Mp and its elements are represented as xnd,p
with n ∈ [1, . . . , N ], p = 1, . . . ,Mp, d = 1, . . . ,Mt, Ud ≜

∑ID
i=1U(θi, ϕi), and Uu ≜∑JU

j=1U(θj , ϕj). Our focus is on minimizing g1(X̃d) and g2(X̀n) under polynomial and con-

tinuous phase constraints, formulated as

minimize
A∈RQ×L×Mt×Mp

g1(X̃d), g2(X̀n)

subject to arg(x{n,d,p}) =

Q∑
q=0

a{q,l,d,p}m
q,

|x{n,d,p}| = 1,∀



n = m+ (l − 1)M,

l = 1, . . . , L,

m = 1, . . . ,M,

d = 1, . . . ,Mt,

p = 1, . . . ,Mp.

(6.31)

Considering the non-convex nature of the objective function and the non-affine, non-convex
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nature of the constraints, the overall optimization problem is non-convex, involving multiple

variables, and deemed NP-hard. To address this problem, we approach the solution using meth-

ods based on MM and BCD.

In particular, we consider the design of X̃d for d = 1 using the algorithm -7. By applying

the constraints related to the fast time and pulse domain, the optimization problem is

P1



minimize
X̃d∈CN×Mp

g1(X̃d)

subject to arg(xdn,p) =

Q∑
q=0

a{q,l,p}m
q,

|xdn,p| = 1, ∀



n = m+ (l − 1)M,

l = 1, . . . , L,

m = 1, . . . ,M,

p = 1, . . . ,Mp.

(6.32)

Considering the first row of X̃⋆
d as the seed for the first pulse, the first entries of X̀n along the

pulse dimension (i.e. d = 1, and n = 1, . . . , N ) are available. The element x̃n,d+1
5 in the

position n, d+1 of X̀n, where n ranges from 1 to N , is the sole variable adjusted while holding

all other variables constant. We then optimize the objective function with respect to this specific

variable. Hence, the optimization problem to be dealt in the next step is

P2



minimize
X̀n∈CMt×Mp

g2(X̀n)

subject to arg(xnd,p) =

Q∑
q=0

a{q,l,d,p}m
q,

|xnd,p| = 1,∀



n = m+ (l − 1)M,

l = 1, . . . , L,

m = 1, . . . ,M,

p = 1, . . . ,Mp,

d, d′ = 1, . . . ,Mt.

(6.33)

Finally, solving these two problems (i.e. P1 andP2) sequentially, the equivalent overall problem

in (6.31) is solved. This approach proves efficient when the objective function can be expressed

in a simplified manner concerning the designated variable. In this regard, let us assume that xd′,p
where d′ = d + 1 is the only variable at the i-th iteration of the optimization procedure. The

5For notational simplicity, we represent xd
n,p as x̃n,p and xn

d,p as x̀d,p.
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resulting single-variable objective function at i-th iteration can be written as (refer Appendix-

6.6.2)

g2(x̀d′,p, x̀
(i)
−(p)) =

ā0x̀d′,p + ā1 + ā2x̀
∗
d′,p

b̄0x̀d′,p + b̄1 + b̄2x̀∗d′,p
. (6.34)

Here, x̀(i)
−(p) = x̀

(i)
p |x̀d′,p=0 refers to the fixed entries (i.e. all entries in x̀p except x̀d′,p). By

substituting x̀d′,p = ejΘd′,p , the variable in the objective in (6.30) depends only on the parameter

Θ6 and can be recast as

¯(P)(i)

minimize
Θ

g
(i)
2 (Θ) =

ā0e
jΘ + ā1 + ā2e

−jΘ

b̄0ejΘ + b̄1 + b̄2e−jΘ

subject to Θ ∈ Ω∞

(6.35)

As a result, the optimal phase of the code entry xd′,p can be determined by solving

Θ⋆(i) = argmin
Θ
{g(i)2 (Θ)|Θ ∈ Ω∞}. (6.36)

Subsequently, the variable xd′,p will be updated by x(i)
⋆

d′,p = ejΘ
⋆(i)

. This process is iterated

to obtain consecutive optimal phase entries until all entries in X̀n are updated, resulting in a

stationary point. The outlined approach is presented in Algorithm 10.

To this end, we obtain the optimal solution by examining the derivative of g2(Θ) while

adhering to a continuous phase constraint. As g(i)2 (Θ) is a real, differentiable and periodic

function, it has at least two extrema. Therefore, its derivative has at least two real roots. By

standard mathematical manipulations, the derivative of g(i)2 (Θ) can be obtained as

g
′(i)
2 (Θ) =

c0e
jΘ + c1 + c2e

−jΘ

(b̄0ejΘ + b̄1 + b̄2e−jΘ)2
, (6.37)

where c0 = j(ā0b̄1 − ā1b̄0), c1 = j2(ā0b̄2 − ā2b̄0) and c2 = c∗0. By introducing the auxiliary

variable z ≜ e−jΘ, the critical points are derived from the roots of a second-degree polynomial,

specifically g
′(i)
2 (Θ) ≜ c2z

2 + c1z + c0 = 0. These roots are given by z(i)1,2 =
−c1±
√
c21−4c2c0
2c2

.

Therefore, the extremum point of g(i)2 (Θ) is Θ(i)
{1,2} ≜ j ln (z

(i)
1,2) and subsequently the optimized

phase is

Θ⋆(i) = argmin
Θ

{
g
(i)
2 (Θ) |Θ ∈ Θ

(i)
{1,2}

}
. (6.38)

Remark 3. Computational complexity - The computational complexity for algorithm 7 and 9

can be divided into two major steps:

• Computational cost of deriving supporting parameters mentioned in Table6.1 and Ta-
6For brevity, we will use Θ instead of Θd′,p in the following text.
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Algorithm 10 MIMO Beampattern shaping using Polynomial phase characteristic in temporal
domain

Require: X (0),Mt, N,Mp,Ψd,Ψu

1: Evaluate X̃⋆
d|d=1 using algorithm-7

2: while stopping criterion is true do
3: for p← 1 toMp do
4: for n← 1 to N do
5: for d′ ← 2 toMt do
6: Optimize x̀(i)d′,p and obtain x̀⋆d′,p
7: Update x̀(i+1)

d′,p = x̀⋆d′,p

8: X̀
(i+1)
n = X̀

(i+1)
n |

x̀d′,p=x̀
(i+1)

d′,p

9: return X (i+1)

ble6.2 as O(MtN logN) and O(MpN logN) respectively.

• Computational load for algorithm 8 in sequential mode is O(LM2logQ) and parallel

mode is O(M2logQ)[49].

Algorithm 10 is composed of an additional step which has a computational complexity of

O(MtMp).

As the second stage of both the algorithms is computationally less intensive, resulting in the

total complexity of algorithm - 7 and 10 being limited to O(MpN logN), while the complexity

of algorithm 9 is limited to O(MtN logN).

Remark 4. Computation Time -

In Table 6.4, we present the performance of different algorithms in terms of computation time

for designing X ( and its constituent cuts i.e. X̄p, X̃d and X̀n). In the table, the parameters

N , M ,Mt, and Q are adjusted across different rows, while some conditions are kept constant

to observe the corresponding changes in computation performance. The table entries represent

the performance metric measured in seconds, with the value ofMp indicating the role of pulse

domain in the computations. In all the above simulations, we set the stopping criterion as

|X(i+1) −X(i)| ≤ ϵ, where ϵ = 10−6.

To calculate the runtime of the algorithm, we used a PC with the following specifications:

2.6 GHz i9−11950H CPU and 32-GB RAM. No acceleration schemes (i.e., Parallel Computing

Toolbox in MATLAB) are used to generate the results and are evaluated from purely sequential

processing.
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Table 6.3: Computation time for different algorithms

Algorithm →
Input Parameters ↓

Algorithm
1 [sec]

(Mp = 5)

Algorithm
3 [sec]

(Mp = 1)

Algorithm
4 [sec]

(Mp = 3)
N = 128,M = 16, L =

8,Mt = 3, Q = 2
0.13 102.44 3.118

N = 128,M = 16, L =
8,Mt = 3, Q = 3

0.12 123.23 3.425

N = 512,M = 32, L =
16,Mt = 8, Q = 2

1.08 1019.91 13.27

N = 512,M = 64, L =
8,Mt = 8, Q = 4

0.83 4732.07 13.25

N = 1024,M = 128, L =
8,Mt = 16, Q = 1

2.51 5642.51 25.25

N = 1024,M = 256, L =
4,Mt = 16, Q = 3

3.45 6124.32 31.41

6.4 Performance Analysis

In this section, we provide experimental findings demonstrating the performance of the sug-

gested methods in obtaining elements of X across various dimensions and parameters with

varying constraints.

6.4.1 Convergence Analysis

The methods in the preceding sections are based on the general MM and BCD optimization

frameworks. In these approaches [60] (chapter 5), we know that the objective values generated

by the algorithm at every iteration are decreasing until saturation is achieved. Since the objective

values in (6.20), (6.29) and (6.31) are bounded below by 0, the objectives are guaranteed to

converge to finite values.

Firstly, we evaluate the performance of the proposed algorithm 9 for various values of Q

(i.e. 1, 2, 3 and 4) as an input parameter and other parameters as follows: N = 128, M = 8,

Mt = 3. Figure 6.2 demonstrates the convergence of the proposed method when the simulation

is run for 5000 iterations and saturation is achieved.

Secondly, the convergence of objectives g1(X̃d) in (6.29) and g2(X̀n) in (6.30) is shown in

Figure 6.3 for the algorithm- 7 and 10. In case of algorithm-7, the input parameters are: Q = 2,

Mt = 12, N = 128. In order to validate the convergence of the proposed method, we consider

different sub-sequence lengths, where M = 8, 16, and 32 with fixed sequence length of N =

128 (refer Figure6.3a). For algorithm - 10, we consider a Uniform Rectangular Array (URA)
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Figure 6.2: Objective convergence; Algorithm-9

configuration for transmitters whereMt = 16, 64 and 256 with Mx and My as the number of

transmitters along X and Y axis in URA layout where {Mx,My} ∈ {{4, 4}, {8, 8}, {16, 16}},
respectively in Figure6.3b. The desired and undesired angles are Ψd = {Θi1} where Θi1 =

{−40, . . . ,−30} and Ψu = {Θi2} where Θi2 = {−50, . . . ,−40}.
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Figure 6.3: Convergence of both the objectives in algorithm-10
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6.4.2 MIMO Sequence Set Design

In MIMO sequence design, the fundamental aspect of design is the interaction of every sequence

with respect to the entire sequence set. On one end, the waveform diversity enables higher

sensitivity and better parameter identifiability whereas on the other hand, the coherence amongst

different sequences can lead to better beam focusing capabilities which can avoid unnecessary

interference in the system.

Orthogonality

In terms of orthogonality, the degree of non-coherence can be measured using the auto/cross-

correlation within a sequence set. We aim to assess the effectiveness of Algorithm 9. For this

evaluation, we assume a sequence length of N = 128, L = 16, Q = 2, andMt = 3. As shown

in the Figure 6.4, the sidelobes are effectively reduced to 20dB in the auto/cross-correlation

level in Figure6.4a, Figure6.4b, while inducing the polynomial phase constraint where Q = 2

amongst all the sub-sequences. The unwrapped quadratic phase behavior (Q = 2) is observed

for every sub-sequence of length M = 8 in Figure 6.4c.

The performance of the proposed algorithm is compared with other algorithms in the liter-

ature such as CAN-MIMO [4], MM-Corr[7], pMM [75]. A normalized metric ISLR which is

defined as

ISLR (dB) = 10log10
ISL
N2

, (6.39)

is used. In Figure 6.5, we consider varying sequence length, N = [8, 16, 32, 64, 128, 256],

Mt = 2 for the algorithms CAN-MIMO [4], MM-Corr[7], pMM [75]. In addition to the earlier

settings, we configured Q = 2 and L = 2 for the proposed algorithm. In all the above simu-

lations, we set the stopping criterion as |X(i+1) − X(i)| ≤ ϵ, where ϵ = 10−6. As shown in

Figure 6.5, the ISLR for the proposed Algorithm 3 (labeled ”PECS var M”) is the highest com-

pared to other algorithms for L = 2. This is due to the restriction in the degrees of freedom for

sequence elements caused by the quadratic phase constraint applied in the algorithm. However,

by configuringM = 2 and varying L (labeled ”PECS M2”), the ISLR achieved by the proposed

algorithm is equivalent to MM-Corr. Later, in 6.4.4, we show the performance of the algorithm

3 by introducing a metric to evaluate the Doppler tolerance of a MIMO sequence set.

Further, in Table 6.4, we provide the computational complexity and time of various algo-

rithms along with the proposed algorithm 3. Here, we observe that although the actual compu-

tation time of algorithm 3 is 730.01 sec but the phase coefficients derived in category 1, can be

reused to derive the sequence set for category 2 without losing the auto/cross-correlation prop-

erties.
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Figure 6.4: MIMO sequence set design with quadratic phase behavior (Q = 2) in every sub-
sequence using algorithm-9
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Figure 6.5: Comparison between aperiodic ISLR values when starting from same initial se-
quence set for different MIMO ISL minimization algorithms

Table 6.4: Comparison of computation complexity and time for different algorithms in the liter-
ature

Categories →
Algorithm ↓

Computational
Complexity

Computation
Time [sec]

(Input param
category 1)

Computation
Time [sec]

(Input param
category 2)

BIST[73] O(N3Mt) 9.34 130.62

Multi-CAN [74] O(M2
tN logN) 0.1 1.256

MM-Corr [7] O(MtN logN) 132.33 634.99

p-MM [75] O(M2
tN logN) 4.64 300.54

Proposed Method:
Algorithm 3

O(MtN logN) 191.77 730.01

Beampattern Design

To this intent, we strive to achieve phase coherence across sequences within a defined set

while upholding the quadratic phase constraint within the code domain. For simplicity, we

consider a URA configuration for transmitters where Mt = 16 × 12 with Mx = 16 and

My = 12, respectively. Other input parameters are: Q = 2, N = 128, M = 8, Ψd =

{θi1 , ϕj1}, Ψu = {θi2 , ϕj2}, where θi1 = {−40◦, . . . ,−30◦}, ϕj1 = {30◦, . . . , 40◦}, θi2 =

{{−90◦, . . . ,−45◦} ∪ {−25◦, . . . , 90◦}}, and ϕj2 = {{−90◦, . . . , 25◦} ∪ {45◦, . . . , 90◦}}.
The overall complementary sidelobes reduction of 8.51dB is observed for Mp = 3 in Fig-

ure6.6a for algorithm - 7 with the optimized sequences (represented as r − css), for one of

the transmit sequence X̃d|d=1, while the beam pattern is shaped with its maxima observed at

(θi∗ , ϕj∗) = (−35◦, 35◦) in Figure 6.6b using algorithm-10.
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(b) Azimuth and elevation beampattern obtained using g2(X̀n)

Figure 6.6: Complementary sidelobe behavior and beam pattern for the synthesized sequences
using algorithm-10

6.4.3 Comparison with state-of-the-art techniques

In the state-of-the-art automotive FMCW MIMO radars, techniques such as TDM, BPM, DDM

are used to generate orthogonality amongst transmit signals in different channels over the entire

CPI, alternatively called inter-pulse code modulation. TBP across all the waveforms are equal-

ized such that different waveforms can be compared. We compare the results with different

techniques under two categories, FMCW and PMCW waveforms as shown in Table 6.5.

In algorithm - 9, the intra-pulse code modulation for obtaining optimal ISL is achieved for

a sequence set X̄p with the following parameters: N = 128, L = 16, M = 8, andMt = 12.

In order to obtain a LFM equivalent behavior typical to FMCW waveforms, the quadratic phase

variation is obtained by tuning Q = 2 in each sub-pulse. On the other hand, for obtaining

higher order polynomial phase behaviors, the parameter is tuned to Q = 5 which can be easily

accommodated on PMCW waveforms.

Firstly, while considering the FMCW category for 12 transmitters, the ISL and PSL for

TDM, BPM and DDM based approaches is always greater than the the proposed method. For

BPM MIMO setup, we use Hadamard sequences. A matrix H ∈ RN×N with each entry being

either +1 and −1, is considered a Hadamard matrix if it satisfies HH′ = nI [137]. It is well
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established that n must be 1, 2 or a multiple of 4 for such a matrix to exist. However, it is not

confirmed whether Hadamard matrices exist for every n that is a multiple of 4 which imposes

a restriction on the choice of the number of pulses within a CPI. Similar to the previous case,

in DDM, the code division multiplexing is coupled in both spatial and pulse domain which

results in quasi-orthogonality in spatial domain and aliasing in the Doppler dimension over an

entire CPI. In addition, the design poses a limitation on the upper limit of PRF . In TDM, the

best orthogonality is achieved as expected but at the cost of decreased PRF in a given CPI.

Noteworthy in the proposed method, the orthogonality of sequence sets with quadratic phase

behavior (intra-pulse modulation) is achieved without compromising the PRF or introducing

aliasing in the Doppler dimension.

Secondly, in PMCW category, the proposed method has ISL/PSL of 21.2dB/−12.38dB for

Q = 5. The Linear Phase Method [62] was adapted to MIMO using BPM technique and

achieved an ISL/PSL of 41.65dB/0dB. Further, Gold codes [138] result in the highest ISL/PSL

values. Finally, the values obtained from p-MM method [75] were provided for reference (with-

out polynomial phase constraint).

Table 6.5: ISL and PSL comparison with the existing techniques for intra-pulse modulation

FMCW PMCW
Proposed
Method
Q = 2

TDM[66] BPM1[58] DDM[55]
Linear
Phase

Method1[62]
Gold1[138]

p-
MM2[75]

Proposed
Method
Q ≥ 3

ISL 21.20dB −2.68dB 23.21dB 23.24dB 22.91dB 29.92dB 21.21dB 21.20dB

PSL −13.09dB −6.02dB 0dB 0dB 0dB 0dB
−14.06

dB
−12.38dB

1 Grating lobes emerge due to the application of Hadamard sequences and give rise to high PSL.
2 Without polynomial phase constraint

6.4.4 Doppler tolerance evaluation

Doppler tolerance of the synthesized transmit sequence set is analyzed for various input spec-

ifications and evaluated using the method described in [139]. For a given waveform x(t), the

discretized narrowband ambiguity function S as a function of relative lag τ and Doppler shift

fD is

S(τ, fD) =

∣∣∣∣ ∫ ∞

−∞
ej2πfDtx(t)x∗(t+ τ)dt

∣∣∣∣2 (6.40)

Firstly, we select a reference point on the ambiguity function S that is common to any constant

amplitude waveform. We obtain a slice along the Doppler axis of the AF in (6.40) at the zero-

delay cut. For this cut, the first Doppler null is chosen as a reference point which occurs at
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fD = ±1/T , where T is the pulse width. Further, the maximum value of (6.40) across delay axis

in then determined for this particular Doppler fD = ±1/T which ensures that the characteristic

ridge is intercepted (if it exists) and the peak of the AF is never encountered.

A metric ψ is used to measure the Doppler tolerance of a particular waveform as ψ =

10log10(η(fD = 1/T ))dB where

η(fD) = max
τ

S(τ, fD)

S(0, 0)
, (6.41)

Table 6.6: Doppler tolerance variation with different number of sub-sequences for a sequence
set with parameters: N = 128, Q = 2, andMt = 4

ψ L = 8 L = 4 L = 2 L = 1

x1 −13.24dB −12.55dB −9.27dB −2.66dB
x2 −14.51dB −10.98dB −7.63dB −1.53dB
x3 −14.44dB −12.00dB −12.20dB −3.67dB
x4 −16.47dB −13.19dB −7.54dB −1.94dB

ψmean −14.65dB −12.18dB −9.16dB −2.45dB

As evident from Table 6.6, ψ gradually decreases for each transmit sequence as the number

of sub-sequences, L increases (each of the sub-sequence possesses a unique quadratic phase

variation, Q = 2 amongst its elements). The gradual decrement in ψ is highlighted by ψmean =
(
∑Mt

i=1 ψi)
Mt

.

We provide the Doppler tolerance of other standard waveforms for comparison in Table 6.7,

where higher values of ψ corresponds to better Doppler tolerance and vice-versa.. As expected,

LFM waveforms have the best Doppler tolerance (ψ = −0.069 dB). Golomb sequences, being

the discretized equivalent of LFM, exhibit the same ψ value. Additionally, ψ decreases for Frank

and P2 sequences. Finally, the complex random sequence, with a thumbtack ambiguity function

(AF) response, has the lowest ψ value of −13.91 dB and exhibits high Doppler sensitivity.

Table 6.7: Doppler tolerance of standard sequences/waveforms with sequence length, N = 128
(in case of LFM, TBP = 128)

LFM Golomb Frank
Sequence

P2
sequence

Complex
Random
Sequence

ψ −0.069dB −0.069dB −0.187dB −1.761dB −13.91dB

Further, the variation in Doppler tolerance, ψ with Q ∈ [1, . . . , 4] in Table 6.8 is presented.

The input parameters for the sequence set generation are N = 128, L = 1, and Mt = 4.

Uniquely forQ = 2, the mean value of ψ has the highest value. Other values ofQ (i.e. Q = 1, 3,
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and 4), gives rise to low values of ψmean and show high Doppler sensitivity of the sequence set.

Further, in Figure 6.7, we compare the performance the proposed method (labeled ”PECS”)

0 50 100 150 200 250 300
-20

-15
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0
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CAN MIMO

p-MM
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MMCorr

Figure 6.7: Comparison of Doppler tolerance using ψmean for various algorithms

with other algorithms available in the literature by evaluating ψmean for each using the follow-

ing input configuration, N = [32, 64, 128, 256], and Mt = 2. Here, it is apparent that the

Doppler tolerance for the proposed algorithm (with N = M , L = 1 and Q = 2) is the highest

and outperforms the counterparts. This exhibits the significance of quadratic phase behavior in

deriving Doppler tolerance characteristic. Thus, while comparing the results obtained in Fig-

ure 6.5 and Figure 6.7, we showcase that the proposed approach offers a flexible framework to

balance between low ISLR and Doppler tolerance.

To understand the AF response, we generate a sequence set with following input parameters

N = 128, Q = 2, and Mt = 3 with varying number of sub-sequences, L = [1, 2, 4]. As a

special case, when L = 1, thenM = 128 making the sub-sequence length equal to the sequence

length. In Table 6.9, the rows correspond to increasing number of sub-sequences L amongst a

sequence, while the columns represent different channels. The ridge shape arises in the AF

due to the quadratic phase behavior along the elements of the sequence/sub-sequence by tuning

Q = 2. This is most apparent in the AF for L = 1. However, as L increases (i.e. for L = 2 and

L = 4), the ridge deteriorates and an elliptical main lobe becomes prominent.

Table 6.8: Doppler tolerance variation with different values of Q for a sequence set with param-
eters: N = 128, L = 1, andMt = 4

ψ Q = 1 Q = 2 Q = 3 Q = 4

x1 −9.855dB −1.238dB −17.049dB −13.754dB
x2 −9.855dB −3.154dB −16.388dB −14.490dB
x3 −9.855dB −1.088dB −15.720dB −15.983dB
x4 −9.855dB −3.356dB −15.820dB −15.038dB

ψmean −9.85dB −2.209dB −16.244dB −14.813dB
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Table 6.9: Ambiguity functions for input parameters, N = 128, Q = 2,Mt = 3 and different
number of sub-sequences, L ∈ [1, 2, 4].

Tx1 Tx2 Tx3

A
F
→
L
=

1
A

F
→
L
=

2
A

F
→
L
=

4

6.4.5 Case Study: Beampattern design with Linear Frequency modulation type
signals

LFM waveforms are utilized for each transmission channel within every pulse in the modern

automotive MIMO radar systems. Orthogonality among transmit channels is achieved using

TDM, FDM, and DDM. However, as traffic scenarios grow more intricate with a greater number

of vehicles equipped with radar sensors, interference between these sensors becomes inevitable.

Complex environments such as tunnels and concrete/metallic bridges exacerbate the issue by

generating ghost targets from their structures, overwhelming radar sensors. This can lead to

incorrect interpretations of the surroundings or necessitate sensor deactivation to prevent satu-

ration with targets.

In such scenarios, instead of the isotropic beam pattern, a focused beam pattern which is

restricted to the area of interest (i.e. the roadway suitable for driving) is better for reliable sens-

ing. Thus, unique waveforms employing dynamic beampattern shaping presents a solution to

mitigate interference among sensors. Currently, it is implemented at the hardware level through

the introduction of phase shifters. These phase shifters manipulate the phase in the feed lines
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for each transmit channel. While effective, this approach increases both the complexity and cost

of the hardware.

With this motivation, we discuss further the implementation of algorithm-10 for gener-

ating dynamic beampattern shaping for an automotive scenario. Here, the requirements for

the FoV are Ψd = {θi1 , ϕj1} and Ψu = {θi2 , ϕj2} where θi1 = {−30◦, . . . , 30◦}, θi2 =

{−90◦, . . . ,−40◦} ∪ {40◦, . . . , 90◦}, ϕj1 = {−5◦, . . . , 20◦}, and ϕj2 = {−90◦, . . . ,−10◦} ∪
{30◦, . . . , 90◦}.

Let the transmit signal for one transmit channel of a MIMO FMCW radar withMt trans-

mitters be s̃(t) and is represented as:

s̃(t) = ejθ̃(t)rect
[
t− Tc/2
Tc

]
,

θ̃(t) = 2π(fct+
1

2
ζαt2),

(6.42)

where, θ̃(t) denotes the time-varying phase of the signal s̃(t), fc represents the carrier frequency,

t is the continuous time variable, ζ takes values of either +1 for up-chirp or −1 for down-chirp,

and α = B
Tc

represents the slope of the LFM, with B bandwidth and Tc, pulse duration.
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Figure 6.8: Single transmit pulse consisting of multiple transmit waveforms from each channel,
each with varying sub-pulses of different slopes obtained according to algorithm - 10.

The entire transmit pulse for a particular transmit channel can be divided into L sub-pulses

(refer Figure6.8). A given sub-pulse l, spans a part of the entire bandwidth B, and has a sub-

pulse duration of Tl. Two subsequent sub-pulses are separated by a guard band of width Tgb ≥
2Rmax/c, where Rmax is the maximum range of the radar sensor and c is the speed of light.

Due to the linear frequency variation over the entire pulse time inherent in LFM, the phase

variation exhibits a quadratic pattern. Similarly, the phase variation of θ̃l(t) of the l-th sub-pulse

can be expressed in discrete time as θ̃l = [θ̃1, . . . , θ̃m, . . . , θ̃M ]T , for t = Tsn, where Ts stands

for the sampling time, and n = (l−1)Ml+m ∈ [1, . . . , N ], m = 1, . . . ,Ml, l = 1, . . . , L with
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N = Tc ×B =M1 + · · ·+Ml. Thus,

θ̃l = ã0,l + ã1,lm+ ã2,lm
2, (6.43)

where ã0,l = θinit, ã1,l = 2πfcTs, and ã2,l = παT 2
s are the quadratic phase coefficients of

the l-th sub-pulse. It is important to note that ã0 represents an arbitrary initial phase value of

the chirp sequence. The discrete-time signal generated for the entire pulse using the phase code

sequence θ̃ = [θ̃
T

1 , . . . , θ̃
T

L]
T = [θ̃1, . . . , θ̃n, . . . , θ̃N ]

T can be expressed as:

s̃n = ejθ̃n , |s̃n| = 1. (6.44)

and x̄d = [s̃1, s̃2, . . . , s̃N ] represents the d-th transmit sequence for the p-th pulse. The se-

quences are stacked to form the matrix X̄p = [x̄1, · · · , x̄d, · · · , x̄Mt ] ∈ CN×Mt for the p-th

pulse. Further steps can be followed from section -6.3.3 to generate the transmit sequence sets

in every pulse and eventually synthesize X for the whole CPI.

In order to implement the proposed algorithm 10 on the existing FMCW hardware, we

propose a sub-pulse based implementation with waveform diagram provided in Figure6.8. A

single transmit pulse obtained from x̄d of time period T is split into L sub-pulses each of time

period ∈ {T1, . . . , TL}, respectively. Each of the sub-pulse obeys LFM and spans the whole

bandwidth, B. As dechirping operation is mandated at every receiver, thus each of the sub-

pulse is separated in time from the next sub-pulse, referred as “guard band”. The duration of

guard band depends on the maximum range of the sensor and it helps in avoiding the overlap of

the dechirp of the ongoing sub-pulse with the received signal from the next sub-pulse.

Further, the radiation pattern of the FMCW MIMO radar which is isotropic in nature is rep-

resented in Figure6.9a for a tunnel based scenario. The isotropic beampattern is obtained over

the entire CPI by aggregating the beampattern generated by all theMt transmit sequences in ev-

ery pulse. Figure6.9c shows the beampattern for first, second, and third pulse in different color

scales. In addition, the isotropic beampattern for the whole CPI is also shown with normalized

transmit power along the z-axis.

The tunnel structure is known for generating multiple ghost targets due to the multipath

reflections. The overhead signboards, reflectors and temporary road safety barriers for con-

struction work further escalate the problem by increasing the multipath and hence the ambiguity

in detecting a target reliably in azimuth and elevation.

On the other hand, the proposed scheme (modified LFM waveform) can be adopted to obtain

focused beampattern inside the tunnel, sense the absolutely necessary vehicles and objects on the

drivable region of the tunnel Figure6.9b. Its beampattern (refer Figure6.9d), is generated with

the beamwidth of 25◦ each and focused at the (0◦, 0◦) in azimuth and elevation, respectively
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for every pulse in a given CPI. As apparent from Figure6.9b, the focused beampattern avoids

unnecessary multipath from the tunnel surface and unwanted detections from the overhead ob-

jects. As every transmit sequence is composed of unique sub-pulses, it provides robustness to

interference from other sensors mounted on target vehicles (refer 6.4.7 for interference statis-

tical analysis). Once the vehicle crosses the tunnel, the normal isotropic beampattern can be

resumed.

Isotropic 
beam pattern

Clutter from different 
objects in tunnel

Ego-vehicle

Targets of 
interest

Multipath arising 
from tunnel surface

(a) Beampattern of the state-of-the-art MIMO
radar for outdoor sensing

Targets of 
interest

High directivity 
beam pattern

No Clutter from different 
objects in tunnel

(b) Beampattern adaptation for a cognitive
MIMO radar inside a tunnel using algorithm-
10

(c) Aggregated beampattern over one CPI
(d) Adapted beampattern using algorithm-10 in
a single pulse

Figure 6.9: Case Study: Beampattern adaptation to avoid ghost object formation inside a tunnel

6.4.6 Sequence Set Design: very long sequence length

In furtherance to the previous sections, we now consider the design of orthogonal MIMO se-

quence sets of very long sequence length with optimal ISL using the phase coefficients obtained

from algorithm-9 by employing the Subpulse processing technique [63] discussed in the last

section. Let the initial sequence lengthN = 128,Mt = 4, Q = 3, and L = 8 for the algorithm.

After evaluating the optimal phase coefficients A∗
p for the p-th pulse, we can easily generate

sequence sets with varying sequence length using the same optimal phase coefficients A∗
p eval-

uated for a given configuration (i.e. Mt, Q and L). Table 6.10 shows the calculated subpulse

slopes corresponding to A∗
p for a chirp, Tc = 150µs and bandwidth, B = 1GHz, where the

sequence length of a single transmit sequence is N = 150k equal to the TBP with a relative

increment in ISL of 1.9685dB with respect to the optimized sequence set of length N = 128.
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Therefore, with the proposed method the computational cost is minimal for generating sequence

sets with optimal ISL and alleviates the complexity of runtime adaptation of waveforms in cog-

nitive radars.

Table 6.10: Subpulse slopes (in MHz/µs) with bandwidth, B = 1GHz and pulse duration,
Tc = 150µs for a set ofMt = 4 sequences with length N = 150k.

Subpulse →
Sequence ↓

L = 1 L = 2 L = 3 L = 4 L = 5 L = 6 L = 7 L = 8

x1 +18.1396 −44.6045 −17.7803 −34.5458 +31.8028 −20.5545 +31.6783 −8.1641
x2 −28.1692 −38.603 +29.7083 +22.7839 +26.4388 −21.0571 +12.1767 −26.3656
x3 +27.3986 −26.2396 +16.3183 −13.5169 +6.5109 −26.4023 −16.8673 +6.1534

x4 +20.6964 −9.3078 +27.1690 −14.2144 −50.9811 −19.6269 −40.5442 −25.4232

6.4.7 Case Study: MIMO to MIMO interference

In this section, we analyze the maximum SIR reduction at the MF output for a MIMO radar

in operation, using the sequence set synthesis technique mentioned in algorithm 9. We assume

that the automotive MIMO radar of interest (victim) is interfered by another MIMO radar sensor

(aggressor), also operating with the same transmission scheme as the victim sensor. Addition-

ally, the pulses from aggressor are assumed to entirely overlap in the time domain with those of

the victim sensor making this analysis a worst-case scenario of MI (refer types of FMCW radar

interference in [26]). It will be statistically analyzed using the following procedure:

1. Consider two sequence sets U for victim and V for aggressor generated independently

using algorithm - 9.

2. Consider d-th sequence, uU
d = [u1, . . . , uN ]

T from U.

3. Evaluate the sum of all the sequences, vV
d = [v1,d, . . . , vn,d, . . . , vN,d]

T in V (superpo-

sition of all the transmit signals from the aggressor in the sensing channel for a given

pulse) as vV
sum =

∑Mt
d=1 vn,d ∀ n = 1, . . . , N where vn,d is the n-th element of the d-th

sequence and vV
sum = [v1, . . . , vN ].

4. Compute the aperiodic cross-correlation of vV
sum with uU

d as rk =
∑N

n=1 un,dvn ∀ d =

1, . . . ,Mt. Note, when un,d = 0 and vn = 0 when n ̸= {1, . . . , N}.

5. Find rmax = max(|rk|).

6. Let ζ = 20 log10(
rmax
N ).

7. Store the value (ζ) for the present iteration for the d-th sequence.

8. Continue the experiment for the desired number of trials.
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Figure 6.10: Statistical interference analysis of algorithm - 9 for a victim radar sensor

9. Repeat the above steps for all the sequences of the victim radar.

In Figure6.10, the normalized histogram is shown for the statistical analysis of ζ for 103

trials. The maximum cross-correlation, ζ between one of the victim sequence and cumulative

sum of all the sequences of aggressor is displayed along the x-axis and the d-th MF output is

represented along the y-axis where d ∈ {1, . . . , 4}, while the z-axis shows the histogram level,

called the probability of occurrence calculated from 103 trials. The figure illustrates that the

distribution of ζ is centered at −10dB for all the MFs with the initialization details for each

sequence as N = 128, L = 16, Q = 2 andMt = 4. This signifies the interference immunity

of the Doppler tolerant waveforms generated using the proposed algorithm.

6.5 Conclusion

Multiple approaches were discussed for generating polynomial phase sequence sets using MM

and BCD based frameworks. All the methods described are stable and achieve optimal CISL/ISL

values depending on the input parameters. These algorithms are implemented using standard

FFT and Least Squares operations as highlighted in the algorithms, ensuring computational ef-

ficiency. Keeping Doppler tolerance in perspective, a variant of the polynomial phase function

in the form of a quadratic phase variation was explained with the help of a case study. Another

case study presented a statistical analysis to prove the interference immunity of the sequence sets

derived using the proposed method. The discussion also illustrated intra-pulse MIMO orthog-

onality for FMCW radars using quadratic phase coefficients for every subpulse as the building

blocks for generating very long sequence sets. It makes the proposed algorithms suitable for

both PMCW and FMCW radars and compatible with current and future hardware.
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6.6 Appendix

6.6.1 PECS Generalization

P{Ōd
l }

{
minimize
a{q,l,d}

M∑
m=1

|ej(
∑Q

q=0 a{q,l,d}m
q) − ρ̄n,dejψ̄n,d |22, (6.45)

where the magnitude and phase of each entry of y̌l,d is represented as

ρ̄l,d = [|y{1+(l−1)M,d}|, . . . , |y{n,d}|, . . . , |y{lM,d}|]

= [ρ̄{1+(l−1)M,d}, . . . , ρ̄{n,d}, . . . , ρ̄{lM,d}], and

ψ̄l,d = [arg(y{1+(l−1)M,d}), . . . , arg(y{n,d}), . . . , arg(y{lM,d})]

= [ψ̄{1+(l−1)M,d}, . . . , ψ̄{n,d}, . . . , ψ̄{lM,d}],

for n = m + (l − 1)M ∀ m = 1, . . . ,M , and l = 1, . . . , L. In addition to it, the unimodular

and the polynomial phase constraint is introduced in the objective as defined in (6.21).

Further, let us define

θ̄n,d =

Q∑
q=0

a{q,l,d}m
q − ψ̄n,d. (6.46)

A majorizer g(θ̄n,d, θ̄
(i)
n,d) of the function f(θ̄n,d) = −ρ̄n,d cos(θ̄n,d) can be obtained by

g(θ̄n,d, θ̄
(i)
n,d) = −ρ̄n,d cos(θ̄

(i)
n,d) +

(
θ̄n,d − θ̄

(i)
n,d

)
ρ̄n,d sin(θ̄

(i)
n,d)

+
1

2

(
θ̄n,d − θ̄

(i)
n,d

)2
ρ̄n,d cos(θ̄

(i)
n,d)

(6.47)

where the variable is θ̄n,d and it has a phase value in the last iteration which is denoted as θ̄(i)n,d.

The optimization problem using the majorizer function g(θ̄n,d, θ̄
(i)
n,d) at the i-th iteration is



minimize
a{q,l,d}

M∑
m=1

[
− ρ̄n,d cos(θ̄

(i)
n,d)+(

θ̄n,d − θ̄
(i)
n,d

)
ρ̄n,d sin(θ̄

(i)
n,d)

+
1

2

(
θ̄n,d − θ̄

(i)
n,d

)2
ρ̄n,d cos(θ̄

(i)
n,d)

]
.

(6.48)

The objective function in (6.48) can be rewritten into perfect square form, and the constant terms

independent to the optimization variable a{q,l,d} are ignored. An equivalent perfect square form

can be written for the objective function in (6.48), where the constant terms independent of the
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variable a{q,l,p} are omitted. With this assumption, the surrogate problem isminimize
a{q,l,d}

M∑
m=1

[
ρ̄n,d cos(θ̄

(i)
n,d)

 Q∑
q=0

a{q,l,d}m
q

− b̄n,d
]2

(6.49)

where b̄n,d = ρ̄n,d cos(θ̄
(i)
n,d)

(
ψ̄n,d + θ̄

(i)
n,d

)
− ρ̄n,d sin(θ̄

(i)
n,d).

6.6.2 BeamPattern Shaping

The response of the beam pattern to undesired angles can be expressed as

x̀Hp UU x̀p =

Mt∑
d=1

Mt∑
d′=1

x∗d,pUU (d, d
′)xd′,p, (6.50)

where UU (d, d′) are the elements of matrix UU . By a few mathematical manipulations it can be

shown that, x̀Hp UU x̀p =
∑Mt

d=1

∑Mt
d′=1 ā0x̀d,p + ā1 + ā2x̀

∗
d′,p, where,

ā0 =
∑Mt

d=1
d̸=d′

x̀∗d,pUU (d, d
′), ā2 = ā∗0,

ā1 =

Mt∑
d,d′=1

x̀∗d,pUU (d, d
′)x̀d′,p + UU (d, d).

(6.51)

Similarly, x̀Hp UDx̀p = b̄0x̀d,p+ b̄1 + b̄2x̀
∗
d′,p. The coefficients b̄i’s are calculated in an identical

manner to āi with UD(d, d′) replaced with UU (d, d′), and UD(d, d′) are the elements of UD.
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Chapter 7

Spectrum shaping for MIMO sequence
set design

Preamble

In this chapter, the next step of the research investigated radar waveform optimization for cog-

nitive MIMO radar systems operating alongside communication systems mentioned in section

1.5 as the manuscript C2.

We present an optimization-based approach for designing cognitive MIMO radar waveforms

that enable a radar system to operate in the presence of communication systems. Our research

addresses the challenge of coexistence between radar and communication by formulating a bi-

objective optimization problem. This problem seeks to achieve a balance between spectrum

compatibility and minimizing sidelobe correlations, both auto- and cross-correlation, to ensure

interference-resistant waveforms.

To solve this problem, we employ the Block Successive Upper-bound Minimization (BSUM)

framework, an iterative method that guarantees convergence of the objective function. By op-

timizing the spectral characteristics of the waveforms, our approach enhances the coexistence

of cognitive radar and communication systems. Numerical results demonstrate the superiority

of the proposed method compared to conventional approaches, showcasing its ability to deliver

spectrally efficient and interference-resistant MIMO waveforms.
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7.1 Manuscript: Radar Waveform Design for Sensing and Com-
munications Coexistence
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1 SnT - Interdisciplinary Centre for Security, Reliability and Trust, University of Luxembourg
2 Amphinicy Technologies, Luxembourg

Published in: 2023 20th European Radar Conference (EuRAD), Berlin, Germany, 2023, pp. 407-410,

DOI: 10.23919/EuRAD58043.2023.10289167.

The following sections are a copy of the paper referenced above.

Abstract

The paper proposes an optimization-based method to create radar waveforms for cognitive MIMO

systems that coexist with communication systems. We develop a bi-objective optimization problem

to balance the objectives of achieving spectrum compatibility and minimizing auto- and

cross-correlation sidelobes. We solve the problem iteratively using the Block Successive

Upper-bound Minimization (BSUM) framework, ensuring objective function convergence.

Numerical results demonstrate the superiority of the proposed method over other methods. The

approach can enhance the coexistence of cognitive radar and communication systems by designing

waveforms with optimized spectral characteristics.

7.2 Introduction

With the growing demand for spectrum usage, radar and communication systems must coex-

ist in the same frequency bands without causing mutual interference. To achieve this, various

approaches from a radar perspective have been proposed, with waveform design at the core,

allowing for spectrum sharing while maintaining sensing requirements. This is particularly crit-

ical for emerging applications, including autonomous vehicles and smart cities, where multiple

systems must operate in the same frequency bands. In recent years, several techniques, such

as codesign of radar and communications, have been proposed, and researchers are actively ex-

ploring new approaches to address this challenge [140–145].

In general, several optimization frameworks including Block Successive Upper-bound Mini-

mization (BSUM), Block Coordinate Gradient Descent (BCGD), Alternating Direction Method

of Multipliers (ADMM), MM, and CD have been proposed for radar waveform design [60].

The choice of method depends on the specific problem being solved and the computational
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resources available. BSUM is particularly useful when the objective function can be tightly

upper-bounded in a coordinate-wise manner, which is the case considered in this paper.

To begin, an overall objective function is created that takes into account both the spec-

tral shaping criteria for unwanted frequencies (stopbands) and the least cross-correlation across

transmit sequences in a MIMO radar system. Spectral shaping is required to avoid spectral

overlap with communication systems and is performed through minimization of the transmit-

ted power in stopbands. Low cross-correlation amongst the transmit sequences is considered to

leverage on the MIMO capability. The contribution of this paper is to provide a computational

technique for designing sequences with a phase constraint that includes both a finite alphabet

size and a continuous phase when considering the composite objective mentioned above. The

ℓp norm-based optimization framework offers an unified approach to generate sequences with

optimum ISL or PSL and to tune the transmitted power in stopband according to the spectrum

requirements.

7.3 Problem Formulation

We consider a MIMO radar system with M transmit antennas1. Each antenna transmits a se-

quence xm of length N , given by xm = [xm,1, · · · , xm,N ]T ∈ CN , where m = 1, · · · ,M . The

sequences are stacked to form the matrix X = [xT1 , · · · ,xTM ] ∈ CN×M . The bandwidth is di-

vided into N equally spaced discrete frequencies and, for spectral transformations, we define F

as the DFT matrix with F ≜ [f0, · · · , fN−1] ∈ CN×N , where fk ≜ [1, e−j
2πk
N , · · · , e−j

2πk(N−1)
N ]T ∈

CN and k = 0, · · · , N − 1. We also define U as the union of Ku normalized discrete frequency

stop-bands to avoid mutual interference, where 0 ≤ uk,1 < uk,2 ≤ 1 and
⋂Ku
k=1(uk,1, uk,2) = ∅.

Hence, the undesired discrete frequency bands are given by V =
⋃Ku
k=1 (⌊Nuk,1⌉, ⌊Nuk,2⌉).

The spectral amplitude for undesired frequency bins is represented by |Vmxm|, where Vm ∈
CK×N contains the rows of F corresponding to the frequencies in V , and undesired frequency

bins are K.

We define the objective function f1(X) as the ℓp norm of the difference between the trans-

mitted radar waveforms spectral pattern and the desired spectral pattern, where zm represents

the desired spectral pattern of the mth transmitter.

f1(X) =
M∑
m=1

|| |Vmxm|2 − zm||pp (7.1)

1Notation: Boldface upper case letters denote matrices, bold-face lower case letters denote column vectors, and
italics denote scalars. R and C denote the real and complex field, respectively. Xi,j denotes the (i, j)th element of a
matrix and xi denotes the ith element of vector x. The Frobenius norm, ℓp norm, absolute value and round operator
are denoted as || · ||F , || · ||p, | · | and ⌊·⌉ respectively. The letter (i) is used as steps of a procedure, and j =

√
−1.

Finally, ⊙ denotes the Hadamard product.
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Minimizing this objective function allows the radar waveforms to be designed to match the

desired spectral pattern and avoid interfering with communication signals transmitted in specific

frequency bands.

Further, the cross-correlation of the transmit waveforms xm and xm′ is a measure of the

interference caused by the MIMO radar waveforms to each other. To avoid this type of inter-

ference, we want to design the waveforms such that their cross-correlation with each other is

as small as possible. The aperiodic cross-correlation of the transmit waveforms xm and xm′

(m ̸= m′,m,m′ ∈ [1, · · · ,M ]) is defined as

rm,m′(l) =
N−1∑

l=−N+1

xm,nx
∗
m′,n+l, n = 1, · · · , N.

Let rm,m′ = [rm,m′(−N + 1), . . . , rm,m′(N − 1)]T ∈ C2N−1, then, the objective function for

cross-correlation matching is

f2(X) =
M∑
m=1

M ′∑
m′=1

|| |rm,m′ |2 − um,m′ ||pp, (7.2)

where um,m′ ∈ C2N−1 is the non-negative cross-correlation mask of mth to the m′th transmit

sequence and the objective is element-wise absolute squared.

We aim to find a set of sequences, X, that simultaneously satisfy both objective functions

f1(X) and f2(X). This is a challenging optimization problem because optimizing one objective

function may lead to degradation in the other objective function. Therefore, finding a set of

sequences that satisfy both objectives requires a careful balance between the two. One approach

to dealing with these objective functions is to minimize a weighted sum of the two objectives,

which is called Pareto optimization approach. In this approach, we seek to find a set of solutions

that are not dominated by any other solution, meaning that there is no other solution that is

better than it in both objectives simultaneously. We can write the combined objective function

as follows:

f(X) = ϵf1(X) + (1− ϵ)f2(X), (7.3)

where ϵ is non-negative weight that controls the relative importance of the two objectives. In
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this case, the optimization problem is,

P†



minimize
X

f(X) = ϵ
M∑
m=1

|| |Vmxm|2 − zm||pp+

(1− ϵ)
M∑
m=1

M ′∑
m′=1

|| |rm,m′ |2 − um,m′ ||pp

subject to arg(xm,n) ∈ ΩS or Ω∞

(7.4)

where the optimization variable is the transmit waveform matrix X, which is subject to a set of

constraints that depend on the specific modulation scheme used. These constraints are repre-

sented by the sets Ω∞ and ΩS , which are defined as Ω∞ = [0, 2π), and ΩS = {0, 2πS ; · · · , 2π(S−1)
S },

respectively. Here, S ≥ 2 and finitely countable integer. In the sequel, we derive a method

called Cognitive Spectral shaping for MIMO Radars (CS4MR) to solve the problem P† using

the BSUM method and evaluate its performance.

7.4 BSUM-based Waveform Optimization

The BSUM framework provides a way to connect the BCD and MM optimization methods

by iteratively optimizing a sequence of upper bounds of the original objective function in a

coordinate-wise manner [60]. This approach is useful for tackling difficult optimization prob-

lems by breaking them down into a series of easier subproblems and is considered in the follow-

ing. To this end, by selecting a block of variables in X, and calling it xt ∈ CN , we concentrate

the objective function in P† on this selected variable block, while keeping waveforms transmit-

ted from other antennas fixed. In this case, f(X) is decomposed as

f(X) = ϵ(f−t(X−t) + fac(xt) + fcr(xt,X−t)) + (1− ϵ)(g(xt) + g(X−t)), (7.5)

fac(xt) =
N−1∑

l=−N+1

|| |rt,t|2 − ut,t||pp,

fcr(xt,X−t) = 2
M∑
m=1
m̸=t

N−1∑
l=−N+1

|| |rt,m|2 − ut,m||pp,

g(xt) = ||Vtxt|2 − zt||pp,

f−t(X−t) =
M∑
m=1
m′ ̸=t

M∑
m=1
m′ ̸=t

|| |rm,m′ |2 − um,m′ ||pp,

g(X−t) =
M∑
m=1
m̸=t

|| |Vmxm|2 − zm||pp.

(7.6)
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Figure 7.1: Convergence of the objective function with increasing alphabet size

Since the terms f−t(X−t) and g(X−t) do not depend upon xt, they can be ignored in the

objective function. The new objective function is

f̄(X) = ϵ(fac(xt) + fcr(xt,X−t)) + (1− ϵ)(g(xt)). (7.7)

Further, by using the Lemma 7.4.1, we find quadratic surrogate functions for fac(xt), fcr(xt,X−t),

and g(xt), which further simplifies the optimization problem based on BSUM framework. Now,

calling xt,d as the d-th entry of the variable block xt, and using Lemma 7.4.1, the following sur-

rogate functions can be obtained,

f̃ttdl(xt,d) = αttdl|fttdl(xt,d)|2 +

(
βttdlf

(i−1)
ttdl (xt,d)

|f (i−1)
ttdl (xt,d)|

)
fttdl(xt,d) + γttdl,

f̃tmdl(xt,d) = αtmdl|ftmdl(xt,d)|2 +

(
βtmdlf

(i−1)
tmdl (xt,d)

|f (i−1)
tmdl (xt,d)|

)
ftmdl(xt,d) + γtmdl,

g̃tdk(xt,d) = αtdk|gtdk(xt,d)|2 +
βtdkg

(i−1)
tdk

|g(i−1)
tdk |

gtdk(xt,d) + γtdk,

(7.8)

where αttdl, βttdl, γttdl, αtdk, βtdk, and γtdk are in Table 7.2.

Lemma 7.4.1. Let f(x) = xp with p ≥ 2 and x ∈ [0, t]. Then for any given x0 ∈ [0, t), f(x) is

majorized at x0 over the interval [0, t] by [60]

u(x) = ax2 + (pxp−1
0 − 2ax0)x+ ax20 − (p− 1)xp0 where a =

tp − xp0 − px
p−1
0 (t− x0)

(t− x0)2
.

with tp−xp0−px
p−1
0 (t−x0)

(t−x0)2 .

Thus, a new objective function is obtained which is the summation of f̃ttdl(xt,d), f̃tmdl(xt,d),

and g̃tdk(xt,d), that at ith iteration of the optimization procedure, depends only on a single

variable xt,d. This can be further simplified and written in a polynomial form based on xt,d as
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f̃(xt,d,X−(t,d)) = q0x
4
t,d + q1x

3
t,d + q2x

2
t,d + q3xt,d + q4 + q5x

∗
t,d + q6x

∗
t,d

2 + q7x
∗
t,d

3 + q8x
∗
t,d

4,

(7.9)

where the coefficients are given in Table 7.1. Here X−(t,d) ≜ X(i) |x(t,d)=0
refers to a matrix

including fixed entries at ith iteration. By substituting xt,d = ejϕt,d , (7.9) depends only on

parameter ϕt,d2 and can be represented as

f̃(ϕt,d) = q0e
j4ϕt,d + q1e

j3ϕt,d + q2e
j2ϕt,d + q3e

jϕt,d + q4

+ q5e
−jϕt,d + q6e

−j2ϕt,d + q7e
−j3ϕt,d + q8e

−j4ϕt,d .
(7.10)

Thus, at every iteration, the optimization problem is,

Table 7.1: Coefficients of eq: (7.9)

Coeff Expression
q0 (1− ϵ)(αtmdlχ̄2

2e
+j4ϕ + αttdlχ

2
2e

+j4ϕ)

q1 (1− ϵ)(2αtmdlχ̄2χ̄1)

q2
ϵ(
∑K

k=1 αtdkatdkb
∗
tdk

2)+(1−ϵ)

({
αtmdl(χ̄2

1+2η̄χ̄2)+β̃tmdlχ̄2

}
+
{
αttdl(χ2

1+2ηχ2)+β̃ttdlχ2

})
q3

ϵ(
∑K

k=1 atdkb
∗
tdk(2αtdkξ0+

βtdkg
(i−1)
tdk

|g(i−1)
tdk

|
))+(1−ϵ)(

{
2αtmdl(η̄χ̄1+χ̄2χ̄−1)+β̃tmdlχ̄1

}
+
{
2αttdl(ηχ1+χ2χ−1)+β̃ttdlχ1

}
)

q4

ϵ(
∑K

k=1 αtdk

(
2|ξ1|2+|ξ0|2+

βtdkg
(i−1)
tdk

|g(i−1)
tdk

|
ξ0+γtdk

)
)

+(1−ϵ)(αtmdl

{
η̄2+2(χ̄−2χ̄2+χ̄−1χ̄1)

}
+β̃tmdlη̄+γtmdl

+αttdl

{
η2+2(χ−2χ2+χ−1χ1)

}
+β̃ttdlη+γttdl)

Pϕt,d


minimize

ϕt,d
f̃(ϕt,d)

subject to ϕt,d ∈ ΩS or Ω∞

(7.11)

The solution toPϕt,d is obtained in the sequel depending on the constraint. Infinite alphabet size,

Ω∞: In order to find the optimal phase ϕ̂, f̃(ϕ) in (7.10) is differentiated with respect to ϕ and

its critical points contain the solutions to f̃ ′(ϕ) = 0. Using a slack variable z = ejϕ, the critical

points can be obtained by obtaining the roots of the eight degree polynomial of f̃ ′(z) = 0. Let

us assume that λi, i = {1, . . . , 8} are the roots of f̃ ′(z) = 0. Hence, the critical points for (7.10)

can be expressed as, ϕi = j log(λi). Since ϕ is a real variable, we seek only the real extrema

points. The critical point corresponding to the minimum value of f̃(ϕ) provides the optimal

value of phase, ϕ̂ for the tth transmitter and dth element. This procedure will continue for other

entries until the stationary point is obtained. Finite alphabet size, ΩS : In this case, since ϕ ∈ ΩS

is chosen from a limited alphabet size of length S, the objective function can be written with

2For ease of notation, we will represent ϕt,d as ϕ later in the text.
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respect to the indices of ΩS as

f (i)(s) = ej
8πs
S

8∑
ρ=0

qρe
−j 2πρs

S , (7.12)

where s = 0, · · · , S − 1. The summation term in the aforementioned equation is exactly

the definition of S-point DFT of sequences [q0, · · · , q8]. Therefore, we have, f (i)(s) = h ⊙
F{q0, · · · , q8}, where h ≜ [1, ej

8πs
S , · · · , ej

8π(S−1)
S ] ∈ CS . Therefore, the optimum solution

for f (i)(s) is ŝ(i) = arg min
s=1,··· ,S−1

{f (i)(s)}, then the optimum phase is ϕ̂ = 2πŝ(i)/S. The

variable xt,d will be updated as x̂(i)t,d = ejϕ̂
(i)

. This procedure continues for other entries until

the stationary point is obtained. We consider 1√
MN
||X(i) − X(i−1)||F < 10−5, as stopping

criterion for optimization. The proposed method will be referred further in the text as CS4MR.

7.5 Performance Analysis

Now, we evaluate the performance of the proposed method and compare it with the state-of-the-

art counterparts.

7.5.1 Convergence

Convergence behavior of the objective function is shown in Figure 7.1 for various alphabet sizes.

Here, the undesired normalized frequencies are located at U = [0.2, 0.4] ∪ [0.6, 0.8], N = 128,

M = 2, p = 2 and the proposed method is initialized with random phase. The objective

function decreases monotonically for all the alphabet sizes. As the alphabet size increases, the

performance of the proposed method improves and thus achieves lower objective values. The

argument converges to the optimum value for all cases.

7.5.2 Spectral Shaping and Correlation Comparison

In Figure 7.2, we compare the performance of CS4MR with [3] (referred as rIMSMR) and

SHAPE [4]. The authors addressed the spectral shaping and range ISL minimization in MIMO

radar system under discrete phase constraint. In SHAPE method, only spectral shaping was

addressed. Therefore, we derived two metrics for the quality of spectral shaping achieved by

each of these methods, namely the mean µ and standard deviation σ of the spectrum in pass-

band and stopband. A single transmit sequence for SHAPE and a MIMO arrangement with two

transmit sequences for CS4MR and rIMSMR of length N = 128, alphabet size of 2048 and

the undesired normalized frequencies U = [0.2, 0.4] ∪ [0.6, 0.8] was used. As apparent from

Figure 7.2 and Table 7.3, CS4MR shows the least values for µ = −32.58 and σ = 2.52 for
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stopband. In the context of MIMO, three metrics are defined, i.e. ISL, PSL and Integrated
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Figure 7.2: Spectral response comparison with methods [3] and [4]

Cross-Correlation Level (ICCL) which can be mathematically defined as ISL =
∑N−1

k=1 |rk|2,
PSL = max

k=1,2,...,N−1
|rk|, and ICCL =

∑M
m=1

∑M
m′=1
m′ ̸=m

∑N−1
l=−N+1 |rm,m(l)|2, respectively. Ta-

ble 7.3 shows the minimum ICCL value for CS4MR while maintaining decent ISL and PSL

values as compared to SHAPE and rIMSMR.

7.6 Conclusion

In this paper we addressed the MIMO radar sequence design problem with strict spectral oc-

cupancy constraint. In this regard, we converted the combined non-convex NP-hard problem

into smaller sub-problems and solved using BSUM technique. The simulation results shows

the monotonically decreasing objective function for various alphabet sizes. The performance

of CS4MR was evaluated by tuning the weight for spectral shaping on one end to correlation

matching on the other end, and it performed better than state-of-the-art approaches.
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Table 7.2: Supporting parameters for Table 7.1

Parameter Expression
αtmdl αntmdl/(τtmdl − |rt,m(l)(i−1)|)2
βtmdl p|rt,m(l)(i−1)|p−1 − 2αtmdl|rt,m(l)(i−1)|

β̃tmdl

(
βtmdlf

(i−1)
tmdl

f i−1
tmdl

)
γtmdl αtmdl|rt,m(l)|2 − (p− 1)|rt,m(l)|p

τtmdl

(∑N−1
l=−N+1 |rt,m(l)(i−1)|p

)1/p
αntmdl τptmdl − |rt,m(l)

(i−1)|p −
p|rt,m(l)(i−1)|(p−1).(τtmdl − |rt,m(l)|p)

αttdl αnttdl/(τttdl − |rt,t(l)(i−1)|)2
βttdl p|rt,t(l)(i−1)|p−1 − 2αttdl|rt,t(l)(i−1)|

β̃ttdl

(
βttdlf

(i−1)
ttdl

f i−1
ttdl

)
γttdl αttdl|rt,t(l)|2 − (p− 1)|rt,t(l)|p

τttdl

(∑N−1
l=1 |r

(l)
t,t |p

)1/p
αnttdl τpttdl − |rt,t(l)

(i−1)|p − p|rt,t(l)(i−1)|(p−1).(τttdl −
|rt,t(l)|p)

αtdk τptd − |gtdk|
p − p|gtdk|p−1(τtd − |gtdk|)/(τtd −

|gtdk|2)
βtdk p|gp−2

tdk − 2αtdk|
γtdk αtdk|gtdk|2 − (p− 1)|gtdk|p
gtd ||atd ⊙Xt,d + btd||2 − z

τtd
∑N

n=1 ||gtdk||p
atd fd
btd Vmxm − atdXt,d

χ̄2 atmdlb
∗
tmdl

χ̄1 (atmdlc
∗
tmdl + b∗tmdlctmdl)

χ2 attdlb
∗
ttdl

χ1 (attdlc
∗
ttdl + b∗ttdlcttdl)

ξ1 atdkbtdk
∗

ξ0 |atdk|2 + |btdk|2 − gtk

Table 7.3: passband and stopband power level comparison

Parameter SHAPE rIMSMR CS4MR
passband (µ, σ)

dB
21.11, 6.03 20.91, 5.44 21.08, 4.83

stopband (µ,
σ)dB

−12.86, 8.56 −8.98, 5.28 −32.58, 2.52

auto-correlation
(ISL, PSL) dB

3.74, −7.93 1.47, −5.86 0.0464,
−5.6711

cross-correlation
(ICCL) dB

NA −0.4411 −1.63
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Applications in Wireless Sensor
Networks
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Chapter 8

Dual-Function Waveform Design in
Wireless Sensor Networks via SoS
Optimization

Preamble

In the final phase, the research expanded to environmental sensing using Wireless Sensor Net-

works (WSNs), applying waveform optimization techniques for Integrated Sensing and Com-

munication (ISAC) applications referred as manuscriptC4 in section 1.5. The proposed Doppler-

tolerant waveforms embed communication symbols within alternate sub-pulses, while reducing

cross-correlation sidelobe levels for the sensing sub-pulse.

We proposed a novel solution for the cross-correlation integrated sidelobe level (CISL) prob-

lem using a fusion of multiple optimization techniques: BCD, MM and SoS. This ISAC solution

is vital for reliable target detection in dynamic environments where mutual interference (MI)

from other sensors is unavoidable, further demonstrating the flexibility and effectiveness of the

previously proposed waveform design techniques.
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8.1 Manuscript: Dual-Function Waveform Design in Wireless Sen-
sor Networks via SoS Optimization

Robin Amar1, Linlong Wu1, Saeid Sedighi,2, Mohammad Alaee-Kerahroodi1, Bhavani

Shankar M.R.1

1 SnT - Interdisciplinary Centre for Security, Reliability and Trust, University of Luxembourg
2 Valeo Schalter und Sensoren GmbH

Submitted to: ICASSP 2025 - IEEE International Conference on Acoustics, Speech and Signal Processing

(ICASSP) 2025, Hyderabad, India

The following sections are a copy of the paper referenced above.

Abstract

Environmental sensing can be achieved using Wireless Sensor Networks (WSNs) with

low-complexity sensors. Integrated sensing and communication (ISAC) allows simultaneous sensing

and data transmission through optimized waveform, architecture, and protocol design. Given the

multiple sensors in WSNs, minimizing interference and ensuring Doppler-tolerant pulses for

detecting dynamic targets is crucial. This paper proposes a Doppler-tolerant waveform design that

embeds multiple communication symbols within each pulse of a coherent processing interval (CPI).

We formulate a Sum-of-Squares (SoS) optimization problem to minimize the cross-correlation

integrated sidelobe level (CISL) for a MIMO sensor arrangement, constrained by unwrapped

quadratic phase behavior. Simulation results confirm the effectiveness of the proposed approach.

8.2 Introduction

The Internet of Things (IoT) has transformed modern infrastructures by integrating sensing,

computation, and communication, paving the way for applications like smart cities and intel-

ligent transportation [146]. Wireless sensor networks (WSNs), the backbone of IoT, facilitate

communication and sensing among distributed sensors, coordinating information flow within

the network [147]. However, traditional approaches that separate sensing and communication

processes can result in reduced real-time performance and inefficient resource use.

To overcome these limitations, the ISAC has emerged as a promising solution, which fa-

cilitates simultaneous sensing and communication within the same spectrum by applying dual-

function waveforms [148]. Various studies in the literature have examined OFDM-based wave-

forms for ISAC applications [149–151]. Besides, OFDM waveforms have already been em-

ployed in WSN [152–155], with a primary focus on data transmission and estimation.
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Figure 8.1: ISAC in an IoT Scenario

A recent survey [156] indicates that ISAC is expected to be applied in WSNs as well.

The work [157] investigated the design of a combining matrix to further integrate over-the-

air computation into ISAC-enabled WSNs, assuming orthogonal waveforms. Considering the

nice Doppler-tolerant property of FMCW, several studies have explored using it to enable ISAC

in WSNs [158, 159]. The [158] analyzes phase-coded FMCW waveforms and experimentally

demonstrates their effectiveness for both sensing and communication. Meanwhile, [159] pro-

poses a symbol embedding scheme for FMCW and designs the combiner at the fusion center,

however which has not addressed the issue of mutual interference among sensors.

In this paper, we propose a Doppler-tolerant waveform design that embeds multiple commu-

nication symbols within each pulse of a CPI. Unlike existing FMCW waveform approaches, our

design achieves higher data rates and lower cross-interference. We formulate a minimization

problem for the CISL with an unwrapped quadratic phase constraint, and solve it using multi-

layer approach which includes BCD, MM, and Sum-of-Squares (SoS)-based iterative methods

that provides a global optimal solution for each subproblem. Simulations confirm the effective-

ness of the proposed approach.

8.3 System Model

As shown in Figure8.1, a WSN is considered, where M single-antenna sensors communicate

with the Fusion Center (FC) while detect the moving target simultaneously. The target location

and velocity are denoted by lt = [lx, ly, lz]
T and vt = [vx, vy, vz]

T , respectively.

To detect moving targets, LFM waveforms are typically used due to their Doppler tolerance,
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stemming from their quadratic phase variation over a pulse. Extending this, a generic waveform

model with polynomial phase variation is proposed, with the quadratic phase as a special case.

Assuming a single pulse consists of S subpulses, as shown in Figure8.2, the waveform model is

described as follows:

sm(t) =

S∑
s=1

cgxg[s]ug(t− sTs)ej2πfct (8.1)

where cg is the communication symbol for the g-th sensor, ug is the modulating signal, and fc
is the carrier signal. To achieve ISAC functionality, each pulse is divided into subpulses, with

some dedicated to communication and others to sensing. In this paper, an intertwined approach

is used: even-indexed subpulses handle communication, while odd-indexed subpulses focus on

sensing.

8.3.1 Sensing Scheme

Each pulse of the m-th sensor transmits a sequence xg = [x̃T1 , . . . , x̃
T
s , . . . , x̃

T
S ]
T ∈ CN̄ , N̄ =

N1 + . . . +Ns + . . . , NS , which is composed of S subpulses where x̃s ∈ CNs , represents the

sub-sequence elements for the s-th subpulse. Each subpulse is characterized by its unique phase

behavior which is represented as

θs,g = arg (x̃s) =
D∑
d=0

a{d,s,g}n
d, (8.2)

where arg (x̃s) = [arg (x1s), . . . , arg(xNs)]
T , n = 1, . . . , Ns, and g{d,s,g} denotes the phase

coefficients of the polynomial of degree d.

As a special case of D = 2, the subpulse phase varies quadratically as

θ{s,g} = a{0,s,g} + a{1,s,g}n+ a{2,s,g}n
2, (8.3)

which resembles the discretized LFM of

θLFM = θ0 + 2πfcn+ πβn2, (8.4)

where a{0,s,g} = θ0 is an arbitrary initial phase, a{1,s,g} = 2πfc with fc being the center

frequency, and a{2,s,g} = πβ with β being the chirp slope.

8.3.2 Communication Scheme

Denoted by cg = [c{1,g}, . . . , c{D,g}]
T ∈ CD the communication symbols to be transmitted by

the g-th sensor to the FC, where c{d,g} is the d-th symbol for a given pulse from the g-th sensor.

To embed the communication symbols into the waveform, we map the communication symbols
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to the phase coefficients as

M : a{d,s,g} → c{d,g}, ∀ d = 1, . . . , D (8.5)

Each subpluse allows the embedding of D communication symbols. Assuming the symbols are

from M-PSK constellations, the communication rate for one CPI is

r = PSD log2M. (8.6)

The received signal at the g-th sensor from the target along with the interfering signals from

other sensors is
rg = αgxg +

G∑
g′=1,g′ ̸=g

βg′xg′ (8.7)

The received signal at the FC which is equipped with W receive elements is

yw,c =
G∑
g=1

γw,gxg + nc (8.8)

where w = 1, . . . ,W , γw,g is the complex-valued channel coefficient between g-th sensor and

the w-th receive element, and nc is the noise. The symbol estimation at the FC can refer to the

least-square approach of [159] for improved MSE.

8.4 Problem Formulation
The mutual interference among different sensors is caused the non-orthogonal waveforms, which

is usually measured by the aperiodic cross-correlation as
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rg,g′(k) =
N̄∑

n=k+1

x{n̄,g}x
∗
{n̄−k,g′} = rg′,g(−k), (8.9)

where n̄ = 1, . . . , N̄ , and g ̸= g′ and g, g′ ∈ [1, . . . , G]),

To suppress the mutual interference, we propose to minimize the cross-correlation levels

of these waveform by properly designing these sensing subpulses, and therefore the problem is

formulated as1 

minimize
xg ,xg′

M∑
g,g′=1
g ̸=g′

N̄−1∑
k=1−N̄

|rg,g′(k)|2 − N̄2M

subject to arg(xn,g) =
D∑
d=0

a{d,s,g}n
d,

|xn,g| = 1,∀


n = 1, . . . , N,

n̄ = n+ (s− 1)N,

g, g′ = 1, . . . , G.

(8.10)

8.5 A SoS-Based Solution

The cross-correlation between xg and xg′ can be rewritten as

∑
k

|rg,g′(k)|2 =
∑
k

|xHg Ukxg′ |2 (8.11)

where Uk is a Toeplitz matrix with kth diagonal elements being 1 and 0 elsewhere.

∑
k

|rg,g′(k)|2 =
∑
k

∣∣∣∣(x̌s,g + x̌−s,g)
HUkxg′

∣∣∣∣2

=
∑
k

∣∣∣∣x̌Hs,gαk + γk

∣∣∣∣2 =∑
k

∣∣∣∣ Ns∑
n=1

e−jθnαk(n) + γk

∣∣∣∣2
=
∑
k

{[∑
n

ψnk

(
cos(θn − βnk)

)
+ γkr

]2
+

[∑
n

ψnk

(
sin(θn − βnk)

)
+ γki

]2}
(8.12)

where x̌s,g ∈ CM is the sth sub-sequence in xg, αk = Ukxg′ and γk = x̌H−s,gUkxg′ ,

cos(βnk) =
αkr(n)
ψnk

, sin(βnk) =
αki(n)
ψnk

and ψnk =
√

(αkr(n))2 + (αki(n))2.

1The waveform design is handled in a centralized manner i.e. with a design hub connected to all the sensors.
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Further, using MM technique, we apply quadratic majorizers for cos(θn − βnk) as

cos(θ̄nk) ≤
1

2
(θ̄nk − θ̄

(i)
nk)

2 − sin(θ̄
(i)
nk)(θ̄nk − θ̄

(i)
nk) + cos(θ̄

(i)
nk)

=
1

2
θ2n + θn(−C − sin(θ̄

(i)
nk))

+

(
1

2
C2 + C sin(θ̄(i)nk) + cos(θ̄

(i)
nk)

)
≜ gk(θn),

(8.13)

where θ̄nk = θn − βnk, C = θ̄
(i)
nk + βnk.

For sin(θ̄nk) = cos

(
π
2 − θ̄nk

)
= cos(ϕnk), we have

cos(ϕnk) ≤
1

2
θ2n + θn(−C + cos(θ̄

(i)
nk))

+

(
1

2
C2 − C cos(θ̄(i)nk) + sin(θ̄

(i)
nk)

)
≜ hk(θn)

(8.14)

By replacing cos(θn − βnk) and sin(θn − βnk) of (8.12) with the above two majorizers, the

majorized subproblem is

minimize
xg ,xg′

∑
k

{[∑
n

(
ψnk gk(θn) +

γkr
Ns

)]2
+

[∑
n

(
ψnk hk(θn) +

γki
Ns

)]2}

subject to θn = arg(xn,g) =
D∑
d=0

a{d,s,g}n
d.

(8.15)

By substituting the phase constraint into the objective function, problem (8.15) can be further

rewritten as 

minimize
xg ,xg′

O ≜
∑
k

{[∑
n

(
η1nkθ

2
n + η2nkθn + η3nk

)]2
+

[∑
n

(
η4nkθ

2
n + η5nkθn + η6nk

)]2}

subject to θn = arg(xn,g) =
D∑
d=0

a{d,s,g}n
d.

(8.16)

where η1nk = 1
2ψnk, η2nk = ψnk

(
− C − sin(θ̄

(i)
nk)

)
, η3nk = ψnk

(
1
2C

2 + C sin(θ̄(i)nk) +

cos(θ̄
(i)
nk)

)
+ γkr

Ns
,η4nk = 1

2ψnk, η5nk = ψnk

(
− C + cos(θ̄

(i)
nk)

)
, and η6nk = ψnk

(
1
2C

2 −
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C cos(θ̄(i)nk) + sin(θ̄
(i)
nk)

)
+ γki

Ns
.

The objective function of problem (8.16) can be rewritten as

O =
∑
k

{[∑
n

(
θTn Ȧnkθn

)]2
+

[∑
n

(
θTn Änkθn

)]2}
, (8.17)

where θn = [θn 1]
T and

Ȧnk =

[
η1nk

1
2η2nk

1
2η2nk η3nk

]
, Änk =

[
η4nk

1
2η5nk

1
2η5nk η6nk

]
.

Further, we have ∑
n

θTn Ȧnkθn = θ̃
T
D̃T ȦkD̃θ̃, (8.18)

where θ̃ = [θ1, . . . , θNs , 1]
T , Ȧk = Diag(Ȧ1k, . . . , Ȧ2Nsk) and D̃ ∈ R2Ns×Ñs is a constant

matrix. Similarly,
∑

n

(
θTn Änkθn

)
= (θ̃

T
D̃T ÄkD̃θ̃).

Using the above reformulation, the problem becomes
minimize

θ̃

∑
k

{
[(θ̃

T
Ḃkθ̃)]

2 + [(θ̃
T
B̈kθ̃)]

2

}

subject to θn = arg(xn,g) =
D∑
d=0

a{d,s,g}n
d.

(8.19)

with Ḃk = D̃T ȦkD̃ =

[
B1k b1k

bT1k ḃk

]
, and B̈k = D̃T ÄkD̃ =

[
B2k b2k

bT2k b̈k

]
.

Now, we substitute the polynomial phase constraint (i.e. θn =
∑D

d=0 a{d,s,g}n
d) into prob-

lem (8.10) and have 
minimize

a

∑
k

{
[aT Ġka+ 2aT ḃk + ḃk]

2

+[aT G̈ka+ 2aT b̈k + b̈k]
2

} (8.20)

where a = [aD, aD−1, . . . , a0]
T , D̄ = D + 1, Ġk = ZTB1kZ ∈ RD̄×D̄, ḃk = b1kZ ∈ RD̄,
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G̈k = ZTB2kZ, b̈k = b2kZ ∈ RD̄ and

Z =


1D 1D−1 · · · 10

2D 2D−1 · · · 20

...
. . .

ND
s ND−1

s · · · N0
s

 ∈ RNs×D̄.

Problem (8.20) is an unconstrained one with a real valued polynomial in a, denoted by

p(a) : RD̄ → R. For example, when D̄ = 3 for Doppler-tolerant subpulses, the degree 4

polynomial with the monomial basis as

1, a0, a1, a2, a
2
0, a0a1, a0a2, . . . , a

3
1a2, a0a

3
2, a1a

3
2.

We can express

p(a) =
∑
α

vαa
α with aα := aα0

0 aα1
1 aα2

2 and
∑
i

αi ≤ 4. (8.21)

Thus, we are now interested in solving

P 7→ p∗ := minimize
a∈RD̄

p(a) (8.22)

and evaluating the global minimizer a∗ from (8.22). It can be obtained by solving a finite

sequence of convex Linear Matrix Inequality (LMI) optimization problem [160]

Q 7→


inf
y

∑
α

pαyα,

Mm(y) ⪰ 0

(8.23)

where the moment matrix Mm(y) is the block matrix {Mi,j(y)}0≤i,j≤2m defined as

Mi,j(y)


yi+j,0 yi+j−1,1 · · · yi,j

yi+j−1,1 yi+j−2,2 · · · yi−1,j+1

· · · · · · · · · y0,i+j

yj,i yi+j−1,1 · · · y0,i+j

 (8.24)

and yi,j represents the (i+ j)-order moment
∫
aiyiµ(d(a, y)) for some probability measure µ.

151



Chapter 8. Dual-Function Waveform Design in Wireless Sensor Networks via SoS Optimization

0 10 20 30 40 50

Range (m)

-30

-20

-10

0

10

20

30

S
p

e
e

d
 (

k
m

/h
)

-20

-15

-10

-5

0

5

10

15

20

25

30

P
o

w
e

r 
[d

b
]

target

Interferers

(a) Category 1: Constant phase coefficients for all
the sensing subpulses

0 10 20 30 40 50

Range (m)

-30

-20

-10

0

10

20

30

S
p

e
e

d
 (

k
m

/h
)

-20

-15

-10

-5

0

5

10

15

20

25

30

P
o

w
e

r 
[d

b
]

target

(b) Category 2: Optimal phase coefficients for ev-
ery sensing subpulse

Figure 8.3: Range-Doppler map of a reference sensor for two categories

8.6 Results

Now, we evaluate the performance of ISAC scheme with the optimal phase sequences derived

from the aforementioned framework. Assume that the entire test scenario spans an area of

50sqm and is equipped with three sensors. The target and the sensor location is randomly

generated in this region. Further, the target velocity is 20m/s as a reference. Other parameters

such as operating frequency, bandwidth, transmit power, number of pulses, chip time and code

length are 60GHz, 150 MHz, 12dBm, 512, 6.66 ns, and 5000 respectively.

In order to understand the advantage of synthesizing the sequences from the proposed frame-

work, we compare sequence sets from two categories. In category 1, the sensing subpulses are

repeated for the entire pulse. In category 2, the sensing subpulse coefficients are derived from

the proposed method. The range-Doppler maps are generated for a reference sensor (Sensor

1) for a sequence set from each category after processing the received signal in one CPI (Fig-

ure 8.3). As evident from the figure, localized strong interference is observed in category 1,

whereas in category 2, no interference is observed.

Further, the quadratic phase coefficients of the communication subpulses over an entire CPI

are assumed to be Gaussian distributed. As the two sequence sets are composed of subpulses

derived from constant/optimally derived deterministic phase coefficients for sensing subpulses

and random phase coefficients for communication subpulses, therefore a statistical analysis is

mandatory. In Figure 8.4, the CISL distribution for category 1 is centered at −6dB whereas for

category 2, the distribution is centered at−28dB. Thus, overall minimization of CISL is evident

from this analysis.
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Figure 8.4: Statistical analysis of maximum CISL

8.7 Conclusions

This paper proposed a multi-layer optimization approach. It enables simultaneous sensing and

data-transmission, potentially improving real-time computing while handling interference from

other sensors effectively. The proposed intra-pulse modulation scheme embeds communication

symbols in the communication subpulses. It ensures the Doppler tolerance in every pulse as the

sequences possess quadratic phase behavior. Simulation results show the effectiveness of the

approach for WSNs.
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Chapter 9

Conclusion

9.1 Summary and conclusions

This research introduces a series of novel approaches for optimizing waveform design and im-

proving radar system performance, with a particular focus on mitigating mutual interference

(MI) in radar networks, especially in dense sensor environments.

Key contributions include an in-depth exploration of interference in mmWave radar sensors,

highlighting how different interference types degrade SNR in target detection. The findings un-

derscore the critical role of advanced waveform design, interference mitigation techniques and

cognitive handshake mechanisms in enabling effective coexistence between victim and interfer-

ing sensors.

The proposed PECS framework provides a flexible and computationally efficient approach

to minimize peak and integrated sidelobes (PSL and ISL). By introducing quadratic phase be-

havior in the waveforms and splitting each sequence into multiple sub-sequences, Doppler tol-

erance and interference immunity can be enhanced. This method proves particularly effective in

automotive radar applications, which face significant interference challenges from dense vehicle

scenarios.

The development of a PMCW radar system was demonstrated using USRP-hardware con-

sidering the low-sampling rate ADC requirements. The use of stretch processing to process

sub-pulses within a transmit pulse while keeping the sidelobes low and improving Doppler tol-

erance, provides more degrees of freedom for the waveform design problem. The successful

implementation of PECS algorithm significantly mitigated interference, offering a practical so-

lution for modern radar systems.

Optimization frameworks, such as MM and BCD, enabled the design of Doppler-tolerant se-

quence sets with polynomial phase characteristics. A systematic approach was provided using

these methods which is computationally efficient and offers robust solutions for both PMCW
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and FMCW radar systems. The waveforms were optimized in multiple dimensions (i.e. fast-

time, slow-time and spatial domain) while retaining the polynomial phase characteristics of

the sequence set in the fast-time. Further investigation into MIMO radar sequence design un-

der spectral occupancy constraints resulted in a stable, computationally efficient solution using

the BSUM technique. This approach successfully balanced spectrum shaping with correlation

matching, outperforming existing methods in scenarios with strict spectral constraints.

Additionally, the multi-layer optimization approach for designing dual function waveforms

for WSNs by embedding communication symbols within radar sub-pulses offered simultaneous

operation of multiple sensors while communicating reliably with the fusion center. A multi-

layered optimization framework was provided by fusing three techniques namely BCD, MM

and SoS. The simulation results show better Doppler tolerance for dynamic target detection,

and effectively managing interference in WSNs.

This study advances radar waveform optimization, interference mitigation, and system de-

sign. The methods introduced in Chapters 4, 6, and 8, which integrate polynomial phase charac-

teristics into MIMO waveform design through robust optimization frameworks, aim to enhance

radar system efficiency, performance, and reliability across various sensing applications. These

improvements are particularly impactful in dynamic and dense sensor environments with high

interference, providing a strong foundation for further developments. This framework supports

better coexistence with communication systems and more effective operation in complex sce-

narios for future applications.

9.2 Future Work

The future work stemming from this research will focus on expanding the theoretical and simu-

lated advancements into practical hardware implementations. Current studies have primarily ad-

dressed algorithmic and simulation-based interference mitigation techniques, but a critical next

step is to implement these solutions in real-world radar systems and test their effectiveness un-

der practical constraints such as large bandwidths, different operating frequencies and extended

targets. Hardware implementations of optimized radar systems will involve using the proposed

waveforms into Monolithic microwave integrated circuit (MMIC) to ensure that real-time radar

systems can manage interference efficiently without sacrificing performance. Ensuring compu-

tational efficiency and energy consumption will also be key considerations for deploying these

advanced radar solutions in automotive and industrial settings.

As outlined in chapter 3 3.3.1, the next phase of this research will incorporate statistical

modeling of interference in a multi-sensor environment. Given that MI is a stochastic phe-

nomenon, therefore the effect of interference from multiple radar sensors can be probabilisti-
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cally modeled. Further, using the probabilistic information from a single pulse, the probability

of interference in the subsequent pulses within a CPI can be derived. Integrating this information

over the entire CPI provides a useful estimate of the overall deterioration in SINR. Further, this

information can be correlated with the results obtained from the hardware experiments to under-

stand the accuracy of each model. Iteratively experimenting with multiple probabilistic models

an efficient method to estimate MI for multiple interferers can be developed. Further, using

this model and extrapolating the results an estimate of maximum MI for N , where N ≥ 1000

interferers can be derived.

Additionally, as outlined in Chapter 8, future work will emphasize integrating wireless sen-

sor network (WSN) applications into the proposed waveform design, given the increasing rel-

evance of environmental sensing and Internet of Things (IoT) applications. The next phase

of research will incorporate auto-correlation minimization in addition to the cross-correlation

minimization problem discussed. This problem can also be handled using the multi-layered

optimization framework composed of BCD + MM + SoS techniques. Finally, we estimate the

phase coefficients at each receiver end, thereby recovering the communication symbols effec-

tively.

Finally, the integration of AI and machine learning (ML) techniques into radar systems can

offer a powerful solution for suppressing interference in diverse sensing environments. Machine

learning algorithms can be trained to recognize and adapt to interference patterns in real-time,

enabling more intelligent interference mitigation strategies at the receiver end.
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