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Abstract— A cognitive fully adaptive radar (CoFAR) adapts its
behavior on its own within a short period of time in response to
changes in the target environment. For the CoFAR to function
properly, it is critical to understand its operating environment
through estimation of the clutter channel impulse response (CCIR).
In general, CCIR is sparse but prior works either ignore it or
estimate the CCIR by imposing sparsity as an explicit constraint in
their optimization problem. In this paper, contrary to these studies,
we develop covariance-free Bayesian learning (CoFBL) techniques
for estimating sparse CCIR in a CoFAR system. In particular,
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we consider a multiple measurement vector scenario and estimate
a simultaneously sparse (row sparse) CCIR matrix. Our CoFBL
framework reduces the complexity of conventional sparse Bayesian
learning through the use of the diagonal element estimation rule and
conjugate gradient descent algorithm. We show that the framework
is applicable to various forms of CCIR sparsity models: group, joint,
and joint-cum-group. We evaluate our method through numerical
experiments on a data set generated using RFView®, a high-fidelity
modeling and simulation tool. We derive Bayesian Cramér-Rao
bounds for the various considered scenarios to benchmark the
performance of our algorithms. Our results demonstrate that the
proposed CoFBL-based approaches perform better than the existing
popular approaches such as multiple focal underdetermined system
solver and simultaneous orthogonal matching pursuit.

Index Terms— Bayesian Cramér-Rao bound, clutter map,
cognitive fully adaptive radar, RFView®, sparse Bayesian learning.

|. Introduction

A cognitive fully adaptive radar (CoFAR) accumu-
lates the knowledge of the target environment and sub-
sequently, optimizes its transmit and receive functions
adaptively for enhanced performance [2-5]. The purpose
of adaptive processing may include desired results such
as target identification [6] and tracking [7]. Conventional
radars use a feed-forward mechanism, which transfers raw
detected data to a higher-level processor for more sophis-
ticated functions. The FAR system, on the other hand,
uses a feedback mechanism and optimization criteria to
enhance sensing in the following scans. In the case of
a multi-function radar that performs both detection and
imaging, the optimization may have additional goals such
as tracking, imaging, and classification [8]. Hardware
prototypes that address certain FAR goals have also
been exhibited. For instance, [9] designed a FAR system
for target tracking in a non-linear range measurement
model. In this paper, we focus on clutter channel impulse
response (CCIR) estimation in the context of CoFAR.

To effectively analyze the target environment, it is
important to estimate CCIR [10, 11], which is made up
of undesirable echoes including ground reflections, at-
mospheric effects, and electromagnetic interference [12—
17]. These factors hinder radar performance by reducing
detection and estimation capabilities [18]. Kay in [18]
proposed an optimal signal design for a Gaussian single
target in the presence of clutter which is also mod-
eled as Gaussian random process (GRP). In space time
adaptive processing (STAP) the traditional clutter model
establishes a non-linear relationship between the signal-
dependent covariance and the transmit radar waveform,
making it difficult to accurately estimate the signal-
dependent clutter covariance matrix. However, the multi-
input multi-output (MIMO) clutter model proposed in
[19] employs a “stochastic transfer function” to over-
come this issue. This transfer function is derived from
a physical scattering model and may be viewed as a
stochastic Green’s function [20]. Although the complex
clutter returns are influenced by the transmit signal, the
stochastic transfer function is signal-independent. This



approach allows for joint optimization of the transmit
waveform and receiver filters because the received signal
is the convolution of the transmit waveform with the target
and CCIRs.

For the waveform design problem, [19] presents an
analytical solution that requires estimation from repre-
sentative training data in practice. However, the accu-
racy of the channel transfer function estimates heavily
influences the performance of this method. To address
this issue, a low-complexity frequency-domain technique
was proposed in [21] for estimating the channel matrix.
This estimate is then incorporated into an optimization
problem thereby allowing for the simultaneous design of
the radar transmit-receive functions to achieve the CoFAR
goal. Although this technique is easily implemented in
real-time hardware, accurately estimating the CIR at low
signal-to-noise ratio (SNR) levels requires probing signals
with larger pulse-widths. This calls for a significant
allocation of CoFAR resources thereby rendering this
approach undesirable.

CoFAR performance is critically dependent on the
knowledge of the CCIR [22-25]. Devoting CoFAR re-
sources in order to gain that knowledge takes away
from the radar dwell time for the primary surveillance
function. Therefore, one has to exercise caution in terms
of how often and how to probe the environment. Thus,
exploiting structure inherent to the CCIR such as spar-
sity or constancy along certain band like constrained
CCIR [23-25] helps in gaining that knowledge with
less CoFAR resources. This affords a significant per-
formance improvement by cutting down on the radar
dwell time. To efficiently use CoFAR resources, it would
be beneficial to take advantage of inherent structural
details or relationships between nearby channel transfer
functions in the estimation problem. To this end, [22,
23] exploit the fact that CIRs of neighboring pulses are
often strongly correlated. This allows for the use of a
constrained maximum likelihood (ML) estimate employ-
ing a cosine similarity constraint. However, the resulting
optimization problems are semidefinite program (SDP)
and second order cone program (SOCP) which entails
high computational complexity. In [24], a constrained
CIR estimation (CCIRE) was introduced which utilized
both a cosine similarity constraint and sparsity in CIR.
However, implementing this optimization method would
also results in a computationally expensive SDP. Taking
this paradigm forward, [25] developed a framework that
exploits the cosine similarity and conducts experiments
on the RFView®-generated real data sets.

An alternative approach to tackling the estimation
problem involves leveraging a sparse signal recovery tech-
nique, such as Basis Pursuit [26] or the FOCal Underde-
termined System Solver (FOCUSS) [27], to estimate the
sparse CCIR. However, these methods come with fixed
priors and are susceptible to structural and convergence
errors. Moreover, they necessitate the tuning parameter A
to be determined through another method or set based on
prior knowledge. Any disparity between the assumed prior

and the data may lead to a substantial loss in performance.
Structural errors escalate when the global minimum of the
cost function is not the sparsest solution, and convergence
errors arise when the method converges to a sub-optimal
local minimum. In contrast, the sparse Bayesian learning
(SBL) framework [28] has garnered considerable research
attention as a tool for estimating the unknown sparse
quantity while offering superior performance guarantees.
Its application for simultaneously estimating sparse pa-
rameters was further extended in [29]. SBL has found
application in various fields, including biomedical signal
processing [30] and array processing [31, 32].

The parameterized prior in SBL does not require to
tweak unknown regularization parameter. Moreover, it
uses a tractable expectation maximization (EM) frame-
work, which yields maximally sparse solution [28]. In
the absence of noise, the global minimum occurs at the
sparsest solution and there are no structural errors. For
noisy signals, SBL performs reasonably well since the
SBL cost function also has fewer local minima than the
FOCUSS objective function, making it less susceptible to
convergence errors [28].

The EM algorithm poses increased computational
complexity due to the necessity of inverting a posterior
covariance matrix. To mitigate this complexity, alterna-
tive algorithms based on Approximate Message Passing
(AMP) [33] and Gaussian Belief Propagation (GBP)
[34] can be employed. These approaches aim to reduce
computational demands by conducting T5,,, and Ty,
inner steps within each E-Step, estimating means and
variances of the sparse parameters without resorting to
matrix inversion. However, it’s worth noting that AMP
and GBP may encounter convergence issues, particularly
in cases involving the estimation of variances [35]. An
instance is when the dictionary fails to satisfy zero-mean
and sub-Gaussian (i.e., distribution with a strong tail
decay) criteria [36].

A different approach involves incorporating varia-
tional inference, aiming to approximate the actual pos-
terior using a more manageable surrogate [37-39]. This
technique facilitates inverse-free Sparse Bayesian Learn-
ing (SBL) inference [40, 41]. However, variational infer-
ence methods optimize a lower bound on the likelihood
function rather than the true objective, potentially leading
to convergence on a sub-optimal solution for the sparse
quantity in question. In the context of this study, we
also tackle the challenge of reducing the computational
complexity of the Expectation-Maximization (EM) algo-
rithm by eliminating the need for inverting the posterior
covariance matrix in each EM iteration.

A. Our Contributions

Preliminary results of our work appeared in our con-
ference publication [1], where we proposed a sparse CCIR
vector estimation technique using conventional SBL [28]
for a single-input multiple-output (SIMO) CoFAR system.



Table I
Canvas of the contributions of the current work vis-a-vis the state-of-the-art.

q.v. Radar Antenna | Measurements Estimation Clutter Sparsity Priors Simulation
type geometry method model tool
[1] CoFAR SIMO SMV Bayesian Green’s function Standard Not required RFView
[3] CoFAR MIMO SMV Least Square Delay-Doppler No N/A Simulated
[5] CoFAR MIMO SMV STAP Covariance based No N/A Simulated
[17] Conventional SISO SMV Bayesian GRP No N/A Simulated
[20] CoFAR MIMO SMV Frequency domain Green’s function No N/A RFView
[21] CoFAR MIMO SMV SDP Green’s function No N/A RFView
[22] CoFAR MIMO SMV SOCP Green’s function No N/A RFView
[23] CoFAR MIMO SMV SDP Green’s function Standard Yes RFView
This paper CoFAR MIMO MMV Bayesian Green’s function | Standard, joint, group, | Not required RFView
joint-cum-group

I N/A: Not applicable.

This required only a single measurement vector model. In  B. Organization and Notation

this paper, our main COHtI‘lbuthl:lS are. ) The rest of the paper is structured as follows. In
e MIMO CoFAR: We COHSIqer a mu“{Ple measure-  the pext section, we introduce the MMV system model
ment vector (MMV) scenario and derive the SBL- o MIMO CoFAR. Section III describes the BL-based
based framework for the CCIR matrix estimation f.0r CCIR estimation algorithm using the conventional sparse
a MIMO CoFAR. The proposed algorithm exploits gy (SBL) algorithm. In Section IV, we develop the
the simultaneous or row sparsity in the range domain  j,y,_complexity CoFBL framework for CCIR estimation.
using the MMV framework. Prior works [1, 3, 5, Tphen, we expand this in Section V to the proposed
21-24] relied on single measurement vector (SMV)  coFGBL, CoFJBL, CoFJGBL methods. In Section VI, we
models. . . . derive the BCRBs for the different scenarios considered in
* Reduced computations in EM algorithm: We is haper. We validate our models and methods through
develop the covariance-free Bayesian learning  pymerical experiments in Section VII and conclude in
(CoFBL) framework [42] for the MMV model t0  gaction VIII followed by appendices.
substantially reduge the C(.)mputatio.na1 re.quirement Lowercase and uppercase bold letters represent vec-
of thg E-step Whlch requires the mversion of the  (ors and matrices, respectively. The superscripts 7' and
covariance matrix. This requires computation of t}}e H denote transpose and Hermitian (conjugate transpose)
diagonal elements of the posterior covariance matrix  gperations, respectively. The statistical expectation and
along with the posterior mean. Conventionally, this  (race operator are defined as E[.] and Tr[], respectively.
entails the inversion of the posterior covariance ma-  Tpe expression x ~ CA (p,%) represents a complex
trix but we avoid it using the diagonal estimation rule  yactor x with mean p and covariance matrix 3. The n-th
[43] together with conjugate gradient descent (CGD)  ¢lement of a vector x is denoted by x(n), and the (n,n)-th
algorithm [44] to solve linear system of equations.  element of a matrix X is denoted as X(n, 7). The i-th row
e Joint, group, and joint-cum-group sparse models: ., j-th column of any matrix X are denoted as X; and
We leverage upon the various sparse models of x ;» respectively. The operation vec(.) converts an n x n
the underlying channel and develop covariance-free 1 atrix X into an n2 x 1 vector by performing column-wise
group (CoFGBL), joint (CoFJBL) and joint-cum-  giacking. The expression X = diag[x1, z2,...,xN] €
group Bayesian learning (CoFJGBL) techniques. CNxN represents a diagonal matrix with elements z; € C,
This requires the computation of fewer hyperparam- , _ 1,2,...,N on its main diagonal. Finally, * and ®

eters and'st111 yle}ds a bet.tef estimation performance. (©) denote the convolution, element-wise multiplication
e Comparisons with realistic datasets: Previous re- (division), respectively.

lated works [18, 45, 46] rely on simplified or highly
theoretical models for datasets. We employ the high-

fidelity modeling and simulation software RFView® |- System Model
to realistically evaluate our methods against the state- Consider a MIMO radar with N transmit and M
of-the-art. receive antenna elements arranged in an uniform linear

° Bayesian error bounds: To benchmark the results, array (ULA) Conﬁguration with inter-element Spacing dr
we derive Bayesian Cramér-Rao bounds (BCRBS) and djp, respectively. The inter-element spacing of the
for various algorithms proposed in this work. We  transmit array admits values higher than half-wavelength
build upon the deterministic BCRB and specialize  without suffering from ambiguity at the receiver [47].
it to particular cases of interest for radar channel Therefore, we consider dg = A\/2 so that dp = M)/2.
estimation. These scenarios rely on the identification  The total aperture of the transmit and receive arrays is

of structures not exploited hitherto. Z; and Z,, respectively. Denote Z = Z; + Z,. Then,
Table I summarizes our contributions with respect to state- the locations of n-th transmit and m-th receive antennas
of-the-art. on the x-axis are % and %, respectively. At each

3



transmitter n, the transmit radar signal z,,(t) is
(1) = sn ()7, (1)

where f. is carrier frequency and s,(t) is a linear fre-
quency modulated (LFM) baseband waveform

: t
snu(t) = A, el?™Bnt’ rect (T) ,0<t<T, )
where A, is the signal amplitude, 53, = % is the ramp

rate, B,, is the non-overlapping signal bandwidth of n-th
transmit signal, and

rect(t) = {1’ 0=t < 1 3)
0, otherwise,
is the rectangular pulse. The pulse repetition interval
(PRI) is denoted by 7. The LFM for the transmit wave-
form has a wide sweep bandwidth and is appropriate for
high-resolution sensing of the channel.
Assuming far-field point targets, the N x 1 transmit
steering vector is

c(0) =[c1(6), -, en(0)]"

27d 2w (N—1)d
—[1,e —j2mdrg ~-~,efj¥0

)

Then, the transmit signal for k-th pulse at the angular
location 6 is

N-1

3 e T (- KT) £ T (O)x(t —kT), ()
n=1
where x(t) = [21(t),...,zn(t)]" € CNVXL,

Assume R scatterers on the scene, each of which is
characterized by the complex reflectivity «, € C that
is assumed constant over the array for far-field targets;
time-delay 7,, ., € R corresponding to the m-th receive
and n-th transmit antennas, direction-of-departure (DoD)
Onr = sing,, € R, and direction-of-arrival (DoA)
Om,r =8I0 (p » € R, where ¢, , and ¢, , are the angular
locations corresponding to n-th transmit and m-th receive
antenna for r-th clutter scatterer. The corresponding CCIR
is

P, (7,6, 0)

R
= Z (T
r=1

For collocated arrays, the complex reflectivity is also
constant over both transmit and receive arrays, i.e.,
Tmmnr ~ Tr [48]. The delay-DoA representation of the
channel is obtained by taking the Fourier transform along
the spatial axes as

- 7'm,71,,7“)6(9 - 071,,7")6(¢ - d)m,r)- (6)

R
= Z 0 0(1 — 7,.)e 2T FnrtEom ) - (7)
r=1

hm,n (T7 2, 2)

The signal from each transmit antenna is reflected back
by these scatterers toward a multi-antenna radar receiver.
We discretize the spatial dimension in terms of ULA
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spacing such that the channel corresponding to the n-
th transmit antenna at the location z,, = ndr and m-th
receive antenna at the location Z,, = mdg is [49]

7) = Z o, 8(T — Tr)e—jQTﬂ-(ndTen,r+7ndR¢nL,T). (8)

For collocated arrays, DoD and DoA remain constant over
the arrays [48]. Hence, 0,,, ~ 0, and ¢, , = ¢,. The
channel is

P (T) 2 B (T, 0, Br)
R
_ Z 7_ o Tr (ndT9T+de¢r)' (9)
The recelved signal is the convolution of
h(r,0,,¢,) with the transmit signal. Accounting
for only the transmit array response vector and
collecting the echoes of all transmit signals, the

received signal trail at the m-th antenna for the k-
_i2mmdpér o

th pulse iS G = Eil are 3T ¢t (0p)x(t —
kT — 7.). Denote the M x 1 receive steering
vector by b(#) = [b1(0),-- b ()T =
[1 B sz R97..' ’eijZﬂ'(J\l;l)dRe}T c (CMXl- Then,

the IV x 1 received signal after accounting for the receive
array response vector is

R
Yi =Y _ arb(¢,)c”
r=1

(0.)x(t — kT — 7,.) + vi(t),

(10)

where v (t) is the temporally and spatially additive white
Gaussian noise. Again, for a collocated array, 0, = ¢,.
After filtering out signals corresponding to each transmlt
signal in the frequency domain at each receive antenna,
define a(d) = f(b(f),c(0)), where f(-) is a function
of receive and transmit steering vectors. In the dis-
cretized DoA domain, wherein DoAs are aligned to a grid
that matches the array resolution, Fourier beamforming
produces an impulse at the scatterer location because
alla=1.

Hence, fixing the direction 6,., the received signal at
the m-th antenna for k-th pulse is the convolution

N
D (% x ) (8) + Vi i (8), Y, V. (1)

n=1

ym,k:(t) =

Sampling at the Nyquist rate produces L = BT samples
as

Yk Zan W k[0 = 1] + Vin k[7], Y, Vk.
(12)
Further, assume x,, = [2,[0],zn[1],...,zn[L — 1]]7 €

CE*! to be the discretized transmit radar signal vec-
tor of the n-th transmit antenna and h,,,; =
Mo k0], Rk 1], - - s Bk [R — 1)) € CEX1 as the
discretized CCIR vector corresponding to the m-th re-
ceive, n-th transmit and the k-th transmit pulse with



R range-bins. Then, the corresponding discretized re-

. T
ceived vector Ym,k = [Y’rn,l,ka Ym,2,ky--- 7Y77L,N,k] S
(CN(L+R—1)><1 is [19’ 25]

N
Ym,k = § hm,n,k * Xy + Vm,ks

n=1

13)

where the stacked noise vector v,, , € CN(E+E=1)x1,
Rewrite (13) as

N
Ym.k = Z thm,n,k + Vi k) (14)
n=1
where
2, [1] 0 0 7
zal2]  zall] 0
X, = |zp]l] |l —1] 1] ] € (C(L+R—1)><R,
0 Tn|L] Zn[2]
L 0 0 xn[L].

15)
denotes the transmit signal matrix, whose structure is de-
termined by the LFM signal in (1). Furthermore, stacking
the received vectors y,, j for all the 1 < m < M receive
antennas, one obtains

hy g Vik
hy j, Vo
~ : :
M(L+R—1)xNMR
xec hask VM,
v = Xhy + vy, (16)
_ [T T T 1T M(L+R—1)x1
where yr = [yl Y9 Vi € CMETAZLIXL
X = [Xlax27"'aXN] TE CL+R71XNR7 hm,k
T T T NRx1 _
[h7n,1,k7hm,2,k""7h7Tn,N,k] € C ) hk -
(b7, hT,,...,h7, ] CNMAEXL and v, =
T
Vi Ve Vi ] € CMEFE=DXL Furthermore,

for the MMV scenario, we concatenate the received vector
y for K subsequent pulses to obtain

Y =[y1,y2.....yx] = XH+V, (17

where
H = [hy, hy,... hg] € CVMEXK (18)
V = [vi,va,...,vi] € CMEFR-DXE — (]9)

Since very few range bins are active or present in the
entire range bin domain, each CCIR vector hy, is sparse
in nature. Further, the sparsity profile of each hy is the
same, i.e., if a clutter range bin is present for the Ist
pulse then it is present for all the pulses, which in turn
results in the channel matrix H being simultaneous or row
sparse in nature as shown in Fig. 1. More specifically,
if the ¢-th row denoted as H; is non-zero, it implies
that all the elements of the i-th row are non-zero, and
vice versa. The number of pulses over which this is valid

P/ [
Yz
- - - -
hl,m,l' L | | L ||
S unllllnn
- -
- - B h K
L] -
h"\’,.'rf il ..
Figure 1.  An illustration of simultaneously (row) sparse CCIR

matrix.

depends on a number of factors including the motion of
the radar platform. Finally, our goal is to estimate the
simultaneously sparse CCIR matrix H from the multiple
measurement matrix Y. Toward this end, we employ a
Bayesian learning-based framework which is described
next.

I1l. SBL-Based Clutter CIR Estimation

Employing the SBL framework [28] on the CCIR
matrix is depicted in Fig. 1, we initially assign the param-
eterized Gaussian prior to the i-th row of the unknown
CCIR matrix H as

K ) 2
p(Hi i) = [] (i) " exp (—'Hf)') . (0)
k=1 ’

where the hyperparameter ¢;, 1 < ¢ < NMR denotes
the prior variance corresponding to the i-th row of H
which is unknown, and ¥ = diag 1, ¥, ..., YNmR] €
RNMEXNMR g the diagonal matrix of the hyperparam-
eters. The overall PDF of the CCIR matrix is

NMR K 2
p(H¥) = [[ [] () exp (—Hf)'> @1)
i=1 k=1 ¢

Next, one needs to estimate the unknown hyperpa-
rameter vector 1, which can be estimated by maximizing
log p(Y; ¥) with respect to 1, where

K
-K 1 _
logp(Y; ¥) = —~log[%,| - 5 S viE e (22)
k=1

The covariance matrix of the received vector yy is 3y =
X¥XH + R, ) € CM*M_ From the above equation, it
is evident that direct maximization is not possible due

5



to the non-convexity of the objective function. Hence,
one needs to rely on the type-II evidence maximization
framework which uses expectation-maximization (EM)
to obtain the maximum likelihood estimate (MLE) of
the hyperparameters. From the prior assignment above,
as the hyperparameter ¢; — 0, the corresponding row
H,; — 0. Consequently, the estimation of CCIR matrix H
is transferred to the estimation of a hyperparameter vector
1p with the correct number and location of nonzero ele-
ments. Hence, the actual sparse matrix H acts as a latent
or hidden variable and is estimated using the available
observations Y and the hyperparameters estimated from
the SBL procedure. The next subsection describes the EM
algorithm used for this purpose.

A. EM Procedure

In the [-th EM iteration, let T denote the estimate
of the unknown hyperparameter matrix ¥.
E-Step: In this step, the average values of the latent
or hidden variable are calculated given the observation
matrix Y and the current hyperparameter estimate ma-
trix ¥O. In other words, this step helps in filling the
missing data or estimating the latent variable. Toward this
end, in the [-th EM iteration, the average log-likelihood
L(T|w®) of the complete data set {Y,H} can be
evaluated as

(\Il|\Il(l)) Eggjy.go {1ogp (Y, H; xil@) }
— Egrpy.go {logp (YH) +logp (H;80) L. 23)
The first term above is
log p (Y[H)
K _ H ~
v (Yo - XHL) RS (Y- XL
k=1

(24)

=—K

where r; = log(n(M*+E-1|R,|). The term above is
independent of the hyperparameter covariance matrix ¥
and hence can be ignored in the subsequent M-Step.
Furthermore, the second term in (23) reduces to

EH‘Y@(” {logp (H; lil(l)) }
NMR K

Z Z log (m;)

o {HL ()P}
i=1 k=1 ¢ HlY‘I’

(25)
M-Step: In this step, the expected log-likelihood function
calculated in the E-step is maximized with respect to the

hyperparameters. Toward this, the objective function of
the M-step can be given as

~ (141) =)
P = arg;naxEHlY;@(l) {logp (H; v )} . (26)

In order to evaluate the above conditional expectation, one
needs to evaluate the posterior PDF of H which is given

6

as p <H|Y; \i:m) ~ CN (MW, 50), where [50]

MO = sOXHR-Y
-1\
=0 = <XHR X 4+ (\I:U)) ) .29

It follows from (25) that the maximization problem is
decoupled from each ;. It may thus be solved to produce

in the [-th EM iteration as

1}

27

. ~(1+1)
estimates

K
~+1 1
G == ZEH‘Y@M {11 (k)

Z ‘M(”

This iterative procedure needs to be repeated till ei-
ther convergence is achieved or the maximum number
of EM iterations denoted by [,,,x have reached. Upon
convergence, the SBL-based estimate of the sparse CCIR
channel H is given by H = M. This is the standard
SBL procedure to estimate the simultaneously sparse
channel matrix H for the considered MMV scenario
[29]. However, this leads to a very high computational
complexity of the order of O (N*M3R?) which is a
result of a need to invert a NM R dimensional matrix
in the E-step. In this regard, a low complexity version
of the SBL algorithm which was recently developed in
[42] for the single measurement vector scenario known
as covariance-free EM (CoFEM) can be invoked. In this
work, we extend the CoFEM algorithm for the MMV
scenario. In addition, we also take more advanced and
practical scenarios of group, joint, and joint-cum-group
sparse CCIR matrix estimation for the problem under
consideration, which is described next.

=20 (4,4) (29)

* Vi

IV. Covariance-Free SBL

One can accelerate EM procedure by avoiding the
inversion of the covariance matrix given in (28). Also, by
using an alternate way to calculate the diagonal elements
of 3 which are required in the hyperparameter estimation
(29). This was achieved in [42] for the SMV scenario
using some linear algebra and is described next for the
MMV scenario as opposed to the SMV scenario in [42].
The posterior mean matrix equation in (27) can also be
equivalently written as

(zm) "MO Z XROY. (30)
Thus k-th column denoted by /\/l<,l¢ can be seen as the
solution of llnear system of equations Cd = z, where
Cc=(=0)",d=M} and z = XR;1Y ;. It can be
solved by the system of linear equations using conjugate
gradient (CG)-algorithm [44]. Furthermore, one can find
the diagonal elements of () employing the procedure
procedure proposed in [43], which are required in M-step.
We summarize the diagonal estimation procedure in the
next subsection.



A. Diagonal Estimation Rule

For a square matrix S € C?*9, an unbiased estimator
of the diagonal elements, which is denoted by e can be
evaluated using

L L
ZU[QW[ Zul”@u[ ) (€2Y)
=1 =1

where w; = Su;, while uj,us,...,u; € R9*! de-
note L probing vectors, consisting of independent and
identically distributed (i.i.d.) elements, and satisfying
Efuj(a)] = 0 for a = 1,...,q. The probing vectors u;
for { = 1,2,...,L can be generated using Rademacher
distribution which in turn implies that each element of the
u; will be either +1 or —1 with equal probability. Then,
each element e(j) is an unbiased estimator of S(j,5) and
Ee(j)] = S(j.J).

Hence, one can write the diagonal estimation rule in
a compact form as

(32)

1 L
= EZUZ@W[.
i=1

In order to utilize this rule to estimate the diagonal
elements of X(!), one needs to multiply X to each
vector u; to obtain wy; this can be done once again

by solving a linear system (E(l)) w; = z;, where
z; := u;. Upon solving these L+ K parallel linear system
of equations one can obtain the matrix M and diagonal
elements 3(j,j), for all j with lower computational
complexity to simplify the computationally heavy E-step.
Another interesting observation is that one can obtain the
posterior mean matrix M@ and w; by employing CG-
algorithm to solve the linear system of equations given
as CW = Z, where matrices C € CUHR-DMxEK apq
Z € CUEHR-1)MX(L+K) are defined as follows:

C .= (z@)f - <>~<HRU1X+ (qf(l))l) . (33)

Z:=[uy |uy| ... |u; | XHR;LY]. (34)

Once, we obtain the knowledge of MY and diagonal
elements of (), one can implement Eq.(29) to obtain
the estimates of the hyperparameter vector . It has
only a complexity of O (VLr), where V represents
the number CG-steps required to solve linear system
of equations, L represents the number of probe vectors
and T represents the time required to calculate o, 2X X
which is O (NM Rlog(NMR)). Algorithm 1 summarizes
the proposed CoFBL simultaneously sparse CCIR matrix
estimation algorithm for the MMV scenario.

Algorithm 1 Covariance-free SBL-based sparse CCIR
estimation

Input: Y, X, ¢ (Threshold), lmax

Output: H

setl{=1and ¥© =1

E-step: Compute C using (33)

Draw uy, uy,...,u; using Rademacher distribution

Compute Z using (34)

[Wilwal ... [w;[M] =

Compute e using (32)

M-Step: Compute @ZH) using (29), Vi
(I+1) (z)

fH’l/J ||Z€0rl§lmax

Exit

end R

: return H =

CG(C,Z)

R A o ey

=4

MUY,

—_—

If a particular range bin continues to be populated
over a certain number of pulses (stationarity) and across
transmit-receive antenna pairs (co-located). Further, the
channel vector for the k-th pulse, hy, € CNMEX1 con-
sidered in this paper is obtained by stacking across the
transmit antennas and followed by the receive antennas.
Thus, coupled with the aforementioned fact renders struc-
ture to the sparsity, which we have attempted to exploit in
Section-V. We describe three important scenarios where
the simultaneously sparse CCIR matrix exhibits group,
joint, and joint-cum-group sparse structure, respectively,
which can be exploited further to reduce the number of
hyperparameter to estimate significantly.

V. Diverse Sparsity Scenarios

The clutter patch comprising of multiple range bins
and its echoes are collected over multiple pulses. This
gives rise to a variety of sparse clutter scenarios encoun-
tered in practice. In the sequel, we discuss these models.

A. Group Sparsity

The parameterized Gaussian prior of the i-th group of
the unknown CCIR matrix H as

> 1yar [Hi (B2

p (Hzﬂ/_%) b

- ;ﬁl (i) exp (

(35)

where d is the group sparsity cluster length, the hy-
perparameter 1@, 1 < i < NMR/d denotes the prior
variance corresponding to the i-th group of H which is
unknown, i-th group contains indices from (i —1)d + 1-th
row to id-th row, and ¥ = diag [¢1, Y2, ..., ¥nnR/a) €
RNMER/AxNMR/d iq the diagonal matrix of the hyperpa-
rameters. The CCIR matrix is depicted in Fig. 2. The
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overall PDF of the CCIR matrix is

p (H7 \IIG)
NMR/d K

id 9

— T\—d _ Za(i—1)d+1 [Hi. (k)|
I 1o eXp( m ’
(36)

The hyperparameter covariance matrix W for this sce-
nario is given as

‘IIG — \i, ® Id c CNMRXNJ\IR

(37)

Theorem 1 summarizes the hyperparameter estimate for
this scenario.
~(l-1)
THEOREM 1 In the [-th EM iteration, given 1), , 1<
~(0)
t < NMR/d, the current hyperparameter estimates 1,
which maximizes ]EHW;@g) {logp (Y, H; \/I\lg)) } can be
evaluated as
S0 1NN 0 s 2. L o

i = @ZIMG (m, k) | +EEG (m,m), (38)

k=1

-1
where m = (i —1)d : id, MY = (zg)) XARY €

—1 -
YR-1XH Q)
(XRU X1+ (%) ) e
are the posterior mean and covariance
matrices, respectively.

@
CNMRXK sl

(CNJMRXN]MR

Proof:
The detailed derivation is given in Appendix A. ]
This algorithm reduces the total number of hyperpa-
rameters to be estimated by a factor of d as compared to
the CoFBL algorithm. The subsequent subsection exam-
ines the situation in which the CCIR matrix has a joint
sparse structure, where the channel vector h,, ,,, ;. exhibits
the same sparsity structure for each n, m and k.

B. Joint Sparsity

As depicted in Fig. 2, assuming the hyperparameter
i represents the sparsity of the ¢-th range bin of each
channel vector h,, ., for all n, m and k. Hence, the
prior PDF corresponding to each channel vector h,, .,
is

d (2
p (hn,m,k7¢) = H (7”;1’)71 exp <—|h"m’k(l)> ,

i=1 151’
(39)

where~1~p = [Y1,00,..., 0T € REXL and & =
diag [¢p] € RF*R. Let the hyperparameter covariance
matrix for this scenario is

v, = <IM ® (IN ® i,)) € CNMRXNMR
Hence, the prior PDF of the channel matrix H is

n=1m=1k=1i=1

(40)

41

The following theorem summarizes the hyperparameter
estimates for this scenario.
~(1-1)
THEOREM 2 In the l-th EM iteration, given v;
~()
1 <4 < R, the current hyperparameter estimates 1,

which maximizes E {logp (Y, H; \ﬂ,”) } can be

H|Y; T
evaluated as

(42)
n=1m=1
where m = (m — 1)NR+ (n — 1)R.
Proof:
See Appendix B. ]

The quantities /\71(,1) and E_Jf]l) represent the posterior
mean and covariance matrices for the CCIR matrix H for
the joint sparse scenario, which can be obtained from (26)
and (27), respectively by replacing the hyperparameter
covariance matrix ¥ by W ;. The detailed proof of the
above theorem is given in Appendix B. Please note that in
each EM iteration, the total number of hyperparameters
that one needs to estimate reduces to R in contrast to
the NMR for the CoFBL algorithm. This results in
significant computational resource savings and makes the
algorithm faster.

C. Joint-Cum-Group Sparsity

Furthermore, the clutter patches generally occur in
patches and hence if a particular range bin is active then
there is a very high possibility that the nearby range
bins are also active in practice. This makes the unknown
sparse CCIR matrix joint-cum-group sparse in nature as
depicted in Fig. 2. Therefore, the parameterized Gaussian
prior to the clutter channel h,, ,, ; for this scenario can

be assigned as
id )
1 ox _Z(iq)dﬂ By, i (8]
(rg )7 D |
where d represents the group sparsity cluster length,
) = [gl,yz,...,gg]ff € R7*1, and W = diag () €

R4*7. The prior corresponding to the MMV clutter
channel matrix H € CVNMEXEK for this scenario is given
as

R/d
p(hn,m,k:; g) = H
=1

p(H; ¥ ,q)

¥

)

( 22?71)0#4»1 hn,m,k(i”z)
exp | — .

43)

The hyperparameter covariance matrix ¥ ;o for this sce-
nario is given as

Uie =1y Iy (ETel))) e CVMRXNME (44)
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Theorem 3 summarizes the hyperparameter estimate for
this scenario.

THEOREM 3 In the l-th EM iteration, given 1/)(_ ,

1 <i < R/n, the current hyperparameter estimates @l
which maximizes EH|Y:@<U {logp (Y, H; @yg) } can be
evaluated as

1 0)
+dNM;;2JG(m,m), (45)
where m = m + (i — 1)d : m + id.
Proof:
The detailed derivation is given in Appendix C. [ ]

In contrast to CoFBL, which estimates total NMR
hyperparameters in each SBL iteration, and CoFGBL
which requires to estimate 22/ hyperparameter in each
EM iteration, and CoFJBL which requires to estimate
R hyperparameter in each EM iteration, the proposed
CoFJGBL requires only R/d hyperparameters to be es-
timated. This further reduces computational complexity
and enhances the overall efficient resource utilization.
Algorithm 2 summarizes the different CoFBL sparse
CCIR matrix estimation algorithms for MMV scenarios.
While some apriori information about the scene to be
estimated would help in the selection of appropriate
technique, one could undertake the following approach.
A few SBL iterations using the CoFBL technique can
be used initially to estimate CCIR, and based on the
emergence of sparsity structure, one could use COFGBL,
CoFJBL and COFGJBL techniques to leverage additional
degree of freedom. The next sub-section briefly discusses
the computational complexity of the proposed algorithms.

% h {%
' hypi| y, {
] ver

Joint Sparse

al
o

]
i §

Joint-cum-group Sparse

Ilustrations of group, joint, and joint-cum-group sparse CCIR matrices.

Table II
Computational complexities of the various proposed algorithms

H Algorithm [ Conventional EM-based SBL [ Proposed methods ]

CoFBL O (N3M3R?) O (Vi Laarar)
CoFGBL O (N3M3R?) O (VeLgtc)
CoFJBL O (N*M3R3) O (VyLyty)
CoFJGBL O (N3M3R®) O (VsgLicTic)

D. Computational Complexity

The per EM iteration computational complexities of
the various proposed scheme for the conventional SBL-
based implementation is given in table II. The compu-
tational complexity reduces since the number of hyper-
parameters that are to be estimated in every algorithm
reduces as a result of exploiting the additional structural
sparsity. It can be further reduced with the covariance-
free EM-based implementation, which leads to the com-
putational complexity of the O (Uiim), where U; is the
number of CGD steps, L; is the total number of probe
vectors and 7; is the complexity of the matrix multipli-
cation XX in each of the proposed algorithm, where
1 € {M,G,J,JG} represents the different algorithms.
Utilizing the interpretable nature and computational ef-
ficiency of CoFBL, CoFAR systems achieve accurate
clutter CIR estimation while ensuring transparency in
the underlying processes, unlike deep learning methods.
This supports CoFAR’s goal of conserving resources
for environment knowledge acquisition while prioritizing
radar surveillance tasks.

The primary goal of the CoFBL algorithm is to
reduce computational complexity when estimating large-
dimensional sparse quantities [42]. If the sparse quantity
is not sufficiently large, the computational advantage of
CoFBL will be minimal. Moreover, the computational
complexity of the CoFBL algorithm is influenced by the
number of conjugate gradient steps needed to solve the
linear system of equations. Therefore, if the condition

9



Algorithm 2 Covariance-free SBL-based joint, group, and
joint-cum-group sparse CCIR estimation
Input: Y, X, € (Threshold), lmax
Output: H
Group Sparse
1: setl—l and \II(G) =1
2: for || — D] > € or | < lnax

-1
3. E-step: Compute C = <XHRU1X + (\ilg))
Draw ui, up,...,u; using Rademacher distribution
Compute Z using (34)
[W17W2, e ,WL|M} =
Compute e using (32)
M-Step: Compute zz;gl“) using (38), Vi
end R
10: return H = Mgﬂ).

Joint Sparse

11: set/ =1 and \II(O) =1

12: for ||¢ (+1) 1,[:“ || > € or | < lmax
13: E-step: Compute C =

~ ~ =\~
(XHRUIX—F <lIlJ )

14: Draw up, up,...,uj using Rademacher distribution
15: Compute Z using (34)
16: [wi,wa,...,wp|M] =
17: Compute e using (32)
18: M-Step: Compute %Hl) using (42), V4
19: end R

20: return H = MSHl).

Joint-Cum- Grou Sparse

21: setl—land\Il

l l
2: for [l — (§\|> or 1 < I

PN A

23: E-step: Compute C = (XHR,le + (\p(]l)c) )
24: Draw uy, uy,...,u; using Rademacher distribution
25: Compute Z using (34)
26: [w1,Wa,...,wp|M]=
27 Compute e using (32)

~(1+1
28: M-Step: Compute yf Y
29: end
30: return H = M(l+1).

CG(C,Z)

R A A

CG(C,Z)

CG(C,Z)

using (45), Vi

number of the matrix C = ()NCHRU’IX—F (lIl(l))_1

is very high, a preconditioner matrix may be necessary
to accelerate the convergence of the conjugate gradient
algorithm [42]. Nevertheless, the number of conjugate
gradient iterations V' will always be less than or equal to

NMR, the length of the unknown sparse quantity [44].

VI. Bayesian Cramér-Rao Bounds (BCRBs)

In this section, we derived BCRB bound for the var-
ious algorithms proposed in this work. For any unbiased

10

estimation technique, BCRB serves as a lower bound on
the MSE.

PROPOSITION 1 The BCRB for the CoFBL technique is

s o o (%) o1t o) |

Proof:

Contrary to the CRB framework, which does not take
prior PDF of the unknown quantity into account, BL
framework [28] assigns a parametric prior PDF in (36),
and it serves a lower bound on the estimation performance
of the CoFBL algorithm. Employing the BCRB frame-
work, the total Fisher Information Matrix (FIM) J for
the unknown CCIR matrix H is defined as Jr = Jp+Jp,
where Jp and Jp are the FIMs of the observed data
and prior, respectively. After vectorizing Eq. (17), and
defining X = (Ix ® X) € CMEE+E-DXKENME " gpe
obtains y = Xh + v. Hence, J can be mathematlcally
represented as

9’L (y|h; P) 9L (h; P)
JT = _E( -h) - H —th H )
y.a Jdhoh 0hoh
Jp Jp
(46)

where y = vec (Y) € CKE+R-1)x1 and h = vec (H) €
CKNMEx1 apnd P = E[hht] € CKNMRXKNME Tpe
log-likelihoods of the observation vector y and CCIR
vector h are defined as £ (y|h;P) = logp(y|h; P) and

L (h; P) = log (h; P), respectively, which are parameter-
ized by P. Using (21), the log-likelihood is given as
L (h;P) = (c~h"P~'h),
where ¢ = —NM K log(7) — log(|P|), which yields
0L (h; P)} 1
Jp=Ep | ———| = .
o { Ohoh™

Using £ (y|h; P) = %Hy — Xh||?, the Jp is
L (y|b; P)

Jp = E(Z’h) l ah(?hH

with the BCRB given by

= U_ZXHX,

~ o~ —1
35t = (oKX P

After substituting P = ¥ ® I ¢ in the above equation, the
BCRB bound for H is obtained as

E MﬂfHHF] >Tr {(0*2 (XFX) @1k + @ ®IK>71} .

|
In order to derive the BCRBs for the scenarios with
group, joint, and joint-cum-group sparse CCIR matrix
estimation one can replace the hyperparameter covariance
matrix W above by the corresponding hyperparameter
covariance matrix in the above expression. Next, in order
to show the efficacy of the proposed algorithm we have
carried out comprehensive simulations on the simulated
as well as practical CCIR obtained by RFView®.
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Figure 3. Different channels obtained from RFview depicting the

sparsity in the range bin domain.

VII. Numerical Experiments

We assessed the efficacy of the covariance-free
Bayesian learning techniques for simultaneous, joint, and
joint-cum-group sparse MIMO clutter CIR estimation
using synthetic data generated from RFView® [51], an ad-
vanced modeling and simulation software. The RFView®
Modeling & Simulation tool, developed by Information
Systems Laboratories, Inc. (ISL), is an advanced, site-
specific RF simulation and analysis tool. It offers highly
precise characterization of complex RF environments,
making it ideal for system analysis, test planning, gener-
ating high-fidelity synthetic data, and developing signal
processing algorithms [25, 51]. RFView® intelligently
divides the clutter region into separate patches based
on publicly available topographical data and land cover
classifications to accurately model ground clutter returns
for radio frequency systems. The dataset produced by
RFView® represents a monostatic radar platform moving
at a velocity of 100 m/s across Southern California. In
our evaluation, we considered a MIMO scenario featuring
N = 3 transmitters and M = 2 receivers. Each transmitter
emitted K = 64 pulses of a Linear Frequency Modulated
(LFM) waveforms with a bandwidth of 100, 200 and 300
KHz, respectively, and all of them have pulse repetition
frequency of 1 KHz. The CCIR generated by RFView®
has dimensions 3 x 2 x 64 x 1134, where R = 1134 denotes
the number of range bins.

Fig. 4 depicts the MSE performance of the various
proposed MSBL-based sparse CCIR estimation methods
as a function of signal-to-noise ratio (SNR). As expected,
with increasing SNR, the MSE tends to decrease for
all the proposed algorithms because, with an increment
in SNR, the distortion due to noise tends to decrease,
which results in improved estimation performance. It is
also evident from the figure that joint, group, and joint-
cum-group BL algorithms not only reduce the number of
hyperparameters but also yield better MSE performance
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Figure 4. MSE versus SNR for the proposed sparse CCIR estimation

algorithms.
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Figure 5. MSE versus SNR performance comparison for the
proposed algorithms and the SOMP and MFOCUSS algorithms.

in comparison to the CoFBL algorithm in the same order
as mentioned above. This is happening because we are
able to exploit the sparsity structure efficiently.

Fig. 5 demonstrates the performance comparison
with other existing simultaneous sparse signal estima-
tion methods in the literature namely simultaneous or-
thogonal matching pursuit (SOMP) [52] and multiple
focal underdetermined system solver (MFOCUSS) [53].
Herein, the considered algorithms solve equation (14) and
their respective MSEs are plotted. It can be readily seen
that the proposed Bayesian learning algorithm outper-
forms the SOMP and MFOCUSS algorithms which are
sensitive to the dictionary matrix and require prior in-
formation about the sparsity level. The poor performance
of the SOMP can be attributed to its sensitivity to the
stopping parameter as well as to the sensing matrix X
[54], while the poor performance of the MFOCUSS arises
due to its convergence deficiencies and sensitivity to the
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different observations.

regularization parameter [55]. By contrast, the proposed
CoFBL-based design is robust to the sensing matrix X,
and the well-established properties of its cost-function
of (19), as described in [28, 29], followed by the EM-
framework, guarantees convergence to sparse solutions.

Next, two plots are derived for the simulated data. Fig.
6 plots MSE as a function of a number of EM iterations.
As the number of EM iterations increases the hyperparam-
eters are achieving convergence and the proposed design
is able to capture the sparsity in a better way. Fig. 7
plots the MSE as a function of SBL or EM iterations for
the different number of measurements at the receiver. It
can be readily observed from the figure as we reduce the
number of observations the MSE performance deteriorates
because there is very little information available for the
underlying quantity to be estimated.

Table-III demonstrates the accuracy and efficiency as
the normalized MSE (in percentage) and Python run time
(in seconds), respectively. We have used Intel core 19 2.5

12

GHz processor 32 GB RAM to carry out this numerical
analysis. It has been observed that the proposed CoFBL
algorithm has better estimation accuracy and also a very
efficient run-time. This shows the effectiveness of the
proposed algorithm.

Fig. 8 showcases the MSE performance of the
CoFGBL algorithm in different scenarios, considering the
SNR as a variable. The first scenario explores the case
where the underlying CCIR adheres to the group sparsity
assumption. In the second and third scenarios, a model
mismatch of 5% and 10% is introduced, respectively.
As anticipated, when the actual sparsity deviates from
the group sparsity assumption, the MSE performance of
the CoFGBL algorithm is adversely affected, resulting
in a higher MSE compared to the ideal scenario that
conforms to the group sparse structure. At low SNR
levels, the impact on MSE is not significant due to the
dominant effect of noise. However, as the SNR increases,
the difference in MSE becomes more noticeable, with the
magnitude of mismatch directly influencing the observed
increase.

Further, we demonstrate the effect of model mismatch
on CoFAR’s target detection performance. We considered
a scenario for a target moving with a Doppler velocity of
100 km/h. The received signal is

y=Hx+H;(x®p)+n, 47

where H., H;, x, p, and n represent the convolution
CCIR matrix, convolution target matrix, transmit wave-
form vector, Doppler vector, and receive noise vector,
respectively. After estimating CCIR using the proposed
CoFGBL algorithm, we evaluate the minimum variance
distortionless response (MVDR) beamformer [56] of the
clutter channel for three scenarios: true CCIR (clair-
voyant), CoFGBL-estimated CCIR with known model
(estimated CoFGBL), and CoFGBL-estimated CCIR with
model mismatch, respectively. Two model mismatch sce-
narios are considered, wherein 5 and 10 percent additional
non-zero elements are added at random locations that
were not included in the group sparse structure. For each
of these MVDR beamformers, we evaluate the respective
signal-to-clutter-plus-noise ratio (SCNR). It follows from
Fig. 9 that the SCNR performance of estimated CoFGBL
algorithm is closest to the clairvoyant case, while the
scenarios with model mismatch results in SCNR loss. For
instance, at SNR = 10 dB, the SCNR degrades by ~ 1
and ~ 2 dB below estimated CoFGBL performance for 5
and 10 percent mismatch, respectively.

Fig. 10 shows the MSE performance of the proposed
CoFBL technique for the different number for different
receive antennas while the transmit antennas are set equal
to 4 and 8. Since, increasing the number of antennas
will increase the dimension of the unknown sparse CCIR
vector hy € CNME where N, M, and R represents
the number of transmit antennas, receive antennas, and
range bins, respectively. Hence the MSE increases but as
it can be seen in the figure that it is not a substantial
increment. Hence, one can conclude that the estimation



Table 111
Accuracy versus efficiency trade off between the conventional EM and proposed CoFBL algorithms
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Figure 9.

performance is not getting affected much with the increase
in number of transmit and receive antennas. On the other
hand, this would increase the computation complexity of
conventional SBL algorithm, i.e.. O (N*M3R?). While,
the computational complexity of CoFBL algorithm is
O (ULT), which is linear in terms of N and M. Hence,
for a practical MIMO radar with more number of transmit
and receive antennas the CoFBL becomes more compu-
tationally effective.

EM-iteration Conventional SBL CoFBL
Accuracy (%) | Run Time (Seconds) | Accuracy (%) | Run Time (Seconds)
10 51.58 391 50.26 1.4
20 21.05 7.31 16.96 2.21
30 4.38 11.42 3.65 3.05
40 3.29 15.89 3.20 4.10
50 2.94 19.65 291 5.04
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Figure 11. MSE as a function of sparsity level.

Fig. 11 demonstrates the MSE of the CoFBL algo-
rithms as a function of sparsity level of the sparse CCIR
matrix, i.e., the number of non-zero rows. It can be readily
observed that as the number of non-zero rows increases
the MSE increases since, the number of elements which
are to be estimated also increases and hence the estimation
error increases. Fig. 12 depicts MSE performance of the
CoFGBL algorithm for the different cluster lengths as a
funtion of SNR. As it can be readily seen in the figure
that with increasing cluster length one will have the lower
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environment.

computational complexity but it comes at the cost of
increased MSE.

Fig. 13 illustrates the MSE performance of the pro-
posed CoFBL algorithm in a dynamic environment. It
depicts the algorithm’s ability to adapt to changing con-
ditions over time. In this simulation, the sparsity profile
remains constant for the initial 30 time slots. From
the 31st to the 60th time slot, there is a 10 percent
decrease in the sparsity profile, followed by an additional
10 percent decrement from the 60th to the 100th time
slot. This clearly demonstrates that the CoFBL algorithm
successfully tracks the changing environment. As the
number of elements to be estimated decreases, there is
a corresponding reduction in the MSE.

VIIl. Summary

In this paper, we analyzed the MIMO CCIR estimation
problem in CoFAR. We devised different covariance-free
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BL-based CCIR estimation approaches that leverage the
simultaneous, joint, and joint-cum-group sparsity of the
CCIR. The numerical results imply that the suggested
BL-based CCIR estimation strategy outperforms the other
sparse estimation techniques such as SOMP and MFO-
CUSS while using fewer resources such as pilot length.
This implies that using the proposed algorithms one can
save critical resources like time and power, which can be
further utilized for the primary function of target detection
in CoFAR.

In the future, the proposed CoFBL technique and
its variants show potential for utilization in conventional
radar applications such as target imaging and parameter
estimation [32, 57]. These applications are character-
ized by scenarios where only a few targets are present,
creating an ideal condition that can be modeled as a
sparse recovery problem. Additionally, the integration of
sensing and communication is an emerging research area
for 6G wireless systems [58—60], where both radar and
communication systems operate in the same frequency
band. 6G technologies, including terahertz/millimeter-
wave (mmWave) and orthogonal time-frequency space
(OTES), exhibit sparsity in the wireless channels. When
combined with radar systems that encounter only a limited
number of targets or clutter patches, the problem can once
again be formulated as a sparse recovery problem that can
be effectively addressed using the CoFBL technique.

Sea clutter [61, 62] presents unique modeling com-
plexities due to its non-stationary nature. Accurately
representing it with the models considered in this paper
requires thorough investigation. Preliminary work in this
area can be found in [25]. While the current models can
handle non-stationary scenarios using the single measure-
ment vector setup, applying this approach to sea clutter
remains a topic for future research.

The CoFBL technique holds promise for various re-
search problems, including joint CCIR estimation and
waveform design, and it would be interesting to extend
it to scenarios where the underlying sparse CCIR vectors
exhibit correlation [23]. Apart from radar applications, the
CoFBL and its variants find utility in estimating sparse
wireless channels in mmWave [63], terahertz [64] and
orthogonal time frequency space (OTFS) [65] wireless
communication systems. In the context of wireless com-
munication, where massive machine type communication
involves a large number of connected devices, the de-
mand for computationally efficient channel or parameter
estimation algorithms like CoFBL becomes crucial [66].

Appendix A
Group sparse CCIR estimation

The complete likelihood ratio £ (\Ilg|\ilg_1)) in E-
step is derived as

E {log [p (?|H)} ] +E {log p (H; @ )] } . @8)



M-step: Next, one maximizes L (\PG|\flg_1)) with re-
spect to W as

By = argmax E [log Ip (H; W) ]
G

where we don’t consider the term independent of W.
Using (36), substituting log [p (H; ¥)], one obtains

MR K 2
U, =arg max ,Z E{|h”m’“(k)|}]
i=1 k=1 Vi
where we ignore the constant terms in the optimization
that are independent of ¥. From the above equation, it

can be readily observed that the optimization problem can
~(1)

(49)

. lﬂiK log (1)

be decoupled in each ¢ Hence, the estimates ¢, can
be evaluated using

~0) 1 = )

b, = CTK;EHW;@S’” [|hn,m,k(k)| ] (50)

The conditional expectation Egy|y[.] can be evaluated us-

ing a posteriori pdf p(H|Y; \Il(l 1)) of H, and is defined
~(

as p (H|Y- 3 —ew (Mé% =0

E(l) (QCGNtxGNt 4nq M(l) CCGNtXGNt gra derived

by substituting ¥ = lIl(l 1) in Eq. (28), and X = E(l)

) The quantities

in Eq. (27), respectively. Hence, E [|hn,m7k(z)2] can be

evaluated as
£ 2 O 1117 L O -
E i = | ME [ K] |+ 5 i, m],

which upon substituting into (50), yields the desired
hyperparameter update of (38).

Appendix B
Joint sparse CCIR estimation

For the scenario with joint sparsity, the complete

likelihood ratio £ (\11 J|x11f}‘1)> in the E-step is

E[log [p (\?|H)} ] —|—E[log [p(H;\I:J)]]. (51)
In M-step, one maximizes £ (lIl J\\If‘(,lfl)) with respect
to ¥ as

~(
) = argmax E{log p (H; \Im]}, (52)
J

ignoring the terms independent of W ;. Furthermore, using
(41), and leaving out the terms independent of W ;, the
hyperparameter covariance matrix estimate is

. R N,M,K
\ilf]> =arg n‘%%x ; |:—NMK log(v;) — .

Similar to previous group sparse scenario, the hyperpa-
~(I

n=1,m=1,k=1

rameter estimates 1; can be evaluated using

) 1 N M K i
|Y;€l971) |hn,m,k:(l)| .

i = NMK >
(53)

n=1m=1 k=1

E{Ihn,m,k(i)P}

(l—
The a posteriori  pdf p<H|Y;lI'f] U) =
CN <Mf,l),28l)) is used to evaluate condition

expectation Egy[.]. Hence, E[|hnmk(z)2J can be

evaluated as

. 1
E|:|hn,7n,k’(l)|2:| = NMK

+ =0 [m,m),

which upon substituting into (53), yields the desired
hyperparameter update of (42).

Appendix C

Joint-cum-group sparse CCIR estimation
For the scenario with joint- cum—group sparsity, in E-
step one evaluates £ (\Il JG|\II( ) using

E [log [p (\?|H)] } +E [log [p (H; @ 5¢)] ] L (54)

Furthermore, in M-step, one maximizes £ (\I’ Jc;|111%1)

with respect to ¥ which can be mathematically repre-
sented as

= (1)

G0 = arg o E[log[ (H;\PJGN] (55)

Furthermore, using (43), one substitute

log [p (H; ¥ ;)] above, one obtains

can

R/n

‘Il(]é; =arg max Z
G i=1

N,M,K

>

n=1,m=1,k=1 Ez
(56)

|:—NMK log(+,)—
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Finally, the hyperparameter estimates Q ) can be evalu-

ated using

N M
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[

The conditional expectation Egyy[.]Jcan be evalu-
-1

ating using a posteriori pdf p<H|Y \I’SG )> =

CN <M Jg,Ef]lG> The matrices £, €

and MU), € COONIXGNt are derived by replacing

¥ = ¥Y5Y in Eq. (28), and = = =YL in Eq. (27),
respectively. Finally, one obtains
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which upon substituting into (56), yields the desired
hyperparameter update of (45).
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