
 

 
 

PhD-FSTM-2020-12 

The Faculty of Sciences, Technology and Medicine 
 

 
DISSERTATION 

 
Defence held on 30/04/2020 in Esch-sur-Alzette 

 

to obtain the degree of 

  

 

DOCTEUR DE L’UNIVERSITÉ DU LUXEMBOURG 
 

EN MATHÉMATIQUES 
 

by 
 

Assar ANDERSSON 
Born on 22 April 1991 in Björlanda (Sweden) 

 

HAIRED AND MULTI-ORIENTED GRAPH COMPLEXES 

WITH APPLICATIONS TO ALGEBRA AND GEOMETRY 

 

 
Dissertation defence committee 
 

Dr Sergei Merkulov, Dissertation Supervisor 
Professor, Université du Luxembourg 

 

Dr Norbert Poncin, Chairman 
Professor, Université du Luxembourg 

 

Dr Hugo Parlier, Vice Chairman 
Professor, Université du Luxembourg 

 

Dr Vladimir Dotsenko 
Professor, Université de Strasbourg 

 

Dr Bruno Vallette 
Professor, Université Sorbonne Paris Nord 

 
 



Abstract

In this thesis we study graph complexes and their applications to homotopy algebra, differential
geometry, and the cohomology of the moduli space of algebraic curves.

The first main topic of this thesis is the study of a new higher dimensional incarnation of
one of the most mysterious mathematical structures, the Grothendieck-Teichmüller group, using
methods and ideas of multi-oriented props and graph complexes.

In Chapter 1, we fix our notation and conventions. We recall the definitions of operads and
props following J.-L. Loday and B. Vallette [29], [47]. and D.V. Borisov and Y.I. Manin [8]. We
also recall the basic tools of the deformation theory of props developed by B. Vallette and S.
Merkulov in [38], and generalize them, rather straightforwardly, to the multi-oriented setting.

In Chapter 2, we study a family of multi-oriented properads of multi-oriented homotopy Lie
bialgebras hoLieBk↑ld parametrized by the valued parameter d and equipped with k directions, l of
them being oriented. Multi-oriented properads were introduced by S. Merkulov in [35], where it
is shown that they admit representations in vector spaces with branes, and provide us with a far
reaching generalization of Drinfeld’s notion of a Manin triple [14]. The multi-oriented properads
hoLieBk↑ld of homotopy Lie bialgebras, also introduced in [35], are from a combinatorial point
of view a natural extension of the ordinary properad of Lie bialgebras. Their representations
on vector spaces with branes are not yet fully understood. However, it is shown in [35] that
representations of a two oriented operad Lie2↑, obtained from a similar ’combinatorial lifting’ of
the Lie operad Lie, do really govern Manin triples as defined in [14].

In Section 2.2, we prove that the derivation complex of the k-oriented prop of l-oriented
homotopy Lie bialgebras is quasi-isomorphic to the k-directed, l-oriented graph complex. This
is a generalization of the result in [43], where the deformation complex of the (1-oriented) prop
of homotopy Lie bialgebras is studied. Combining this with the results of T. Willwacher [51]
and M. Živković [54], we get that the Grothendieck-Teichmüller group acts on the multi-oriented
properads of Lie bialgebras.

In Section 2.3, we turn our attention to the (co)homology of the first non-trivial multi-
oriented properad, the 2-oriented properad hoLieB2↑2

d . We prove that hoLieB2↑2
d is indeed a

minimal model of the 2-oriented properad of 2-oriented Lie bialgebras LieB2↑2
d . It is worth

emphasizing that this proof does not follow the scenario of the famous constructions of the
minimal resolutions of the ordinary 1-oriented, props of Lie bialgebras [27], [47], [32], [34]. The
main problem is that the key idea of using spectral sequences associated with path filtrations
does not completely work in the multi-oriented case.

The second main topic of this thesis is the study of hairy graph complexes and their appli-
cations to the theory of cohomology groups of moduli spaces of genus g algebraic curves with
n ≥ 1 punctures. In Chapter 3, we show that the hairy graph complex (HGCd,d, δ), studied in
e.g. [7], [22], can be understood as an associated graded complex of the oriented graph complex



(OGCd+1, δ), subject to a filtration on the number of target vertices, or equivalently source ver-
tices, called the fixed source graph complex. The fixed source graph complex (OGC1, δ0) maps
into the ribbon graph complex RGC [42], which models the moduli space of Riemann surfaces
with marked points [28]. The full differential δ on the oriented graph complex OGCd+1 corre-
sponds to the deformed differential δ + χ on the hairy graph complex HGCd,d, where χ adds a
hair. This deformed complex (HGCd,d, δ + χ) is already known to be quasi-isomorphic to the
standard Kontsevich’s graph complex GCd [22]. This chapter is based on joint work with M.
Živković [6].

The third main topic of this thesis is a new application of the remarkable theory of dif-
ferential forms with logarithmic singularities developed in [3] for constructing a new universal
transcendent formula for an exotic Lie ∞-automorphism of the Schouten-Nijenhuis Lie algebra
of polyvector fields.

In Chapter 4, we develop a new (regularized) De Rham field theory based on a two parameter
propagator with logarithmic singularities. We use this for constructing a new two parametric
family of exotic Lie ∞-automorphisms of Schouten-Nijenhuis Lie algebra of polyvector fields on
an arbitrary affine space

F t,λ : Tpoly(Rd) Tpoly(Rd).

This universal formula involves all odd Riemann zeta values 1
2π ζ(2n + 1), n ≥ 1. This is a

new application of the regularized Stokes formula, introduced by A. Alekseev, C. A. Rossi, C.
Torossian and T. Willwacher in [3], in order to prove a statement by M. Kontsevich [25] regarding
the existence of a formality morphism

U log : Tpoly(Rd) Dpoly(Rd)

with weights obtained by integrating logarithmic forms.
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Introduction

This thesis belongs to a rapidly developing area of mathematics which studies graphs complexes,
properads, as well as their deformation theory with applications to algebra and geometry. One of
the main motivations of the work is to better understand one of the most mysterious structures
in modern mathematics, namely the Grothendieck-Teichmüller group. It has recently emerged in
very different parts of mathematics, such as deformation quantization of Lie bialgebras [15] [16],
number theory [14], theory of braid groups [15], deformation quantization of Poisson structures
[26], [50], [46], [5], Lie theory [4], Goldman-Turaev theory [1], [2], and many others. The
Grothendieck-Teichmüller group has many different incarnations in dimension two [26], [51],
and three [52], [43].

In our work we found higher dimensional incarnations of this mysterious group, using the
new notion of multi-oriented graphs and properads, defined in [35] and [54].

In Chapter 2 we study a family of multi-oriented properads of multi-oriented homotopy Lie
bialgebras hoLieBk↑ld parametrized by the valued parameter d and equipped with k directions,
l of them being oriented. One of the main results here is obtained in Section 2.2 where we
show that the derivation complex of the multi-oriented genus completed properads ĥoLieB

k↑l,?
d is

quasi-isomorphic to the multi-oriented version of Kontsevich graph complex GCk↑l
d+1 up to some

rescaling classes. Combining this result with the results of T. Willwacher [51] and M. Živković
[54], we conclude that the Grothendieck-Teichmüller group acts on the d oriented properad
ĥoLieB

d↑d,?
d+1 in a homotopy non-trivial way.

When considering (co)homology of graph complexes, subtle combinatorial differences in the
definitions can have a great impact. For example, it is shown in [32] and [47] that hoLieB
is a minimal model of LieB, i.e. the cohomology of the graph complex hoLieB is spanned by
3-regular graphs modulo some quadratic relations. If we instead consider with the wheeled
closure hoLieB	 of hoLieB, the main combinatorial tool in [32], a path filtration suggested by
M. Kontsevich [27], as well as the distributive laws by B. Vallette [47], fails to work. As a
consequence, the cohomology of hoLieB	 is largely unknown. It was shown in [36] (along with
the introduction of hoLieB	), that hoLieB	 is not a minimal resolution of LieB	. It is therefore
a highly non-trivial problem to compute the cohomology of the dg multi-oriented properads
hoLieBk↑l.

In Chapter 2, Section 2.3, we show that the 2-oriented properad hoLieB2↑2 is a minimal
resolution of what we call the 2-oriented properad of Lie bialgebras LieB2↑2. The proof of this
statement relies only partially on spectral sequences induced by path filtrations, as suggested in
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[27]. As we shall see below, this line of thought does not lead us immediately to the solution of
the problem, we are therefore forced to look for new arguments to finish the proof.

Another important theme of this thesis is the study of the deep relationship between the
cohomology of the hairy graph complexes HGC and the cohomology of the moduli spacesMg,n

of of genus g Riemann surfaces with n marked points.

In [11] and [12], M. Chan, S. Galatius and S. Payne prove that there exists injections

H(GC0) ↪→
∏
g≥1

Hc(Mg,Q), (1)

and
H(GC[n]

0 ) ↪→
∏
g≥1

∏
n≥0

Hc(Mg,n,Q), (2)

where Hc(Mg,Q) and Hc(Mg,n,Q) is the compact support cohomology of the moduli space of
Riemann surfaces of genus g without punctures and, respectively, with n marked points. The
graph complex GC0 is the (degree shifted) Kontsevich graph complex introduced in [24], and
GC[n]

0 is a version of GC0 where vertices may be ’marked’ by elements in [n].

In [42], S. Merkulov and T. Willwacher connected the Kontsevich graph complex and Penner’s
ribbon graph complex controlling the cohomology of moduli spaces in a different way. More
precisely, they construct a map

F : (OGC1, d)→ (RGC[1], δ + ∆1), (3)

where OGC1 is the oriented version of Kontsevich graph complex and (RGC, δ+∆1) is a complex
of ribbon graphs. Ribbon graphs are closely related to the moduli space of Riemann curvesMg,n,
see [44]. More specifically, it is shown in [28] that

Hk(RGC, δ) ∼=
∏
g,n≥1

(
Hk−n
c (Mg,n,Q)⊗ sgnn

)Sn
⊕
{
Q for k = 1, 5, 9, . . .
0 otherwise,

(4)

In this context, the differential δ + ∆1 constructed in [42] is a deformation of the classical
differential δ on RGC. It is conjectured that the explicit formula established in [42] is related
to the inclusion (1) constructed in [11].

In chapter 3, we construct a quasi-isomorphism

Φ : (OGC1, δ0)→ (HGC0,0, δ) ∼=
(
GC[n]

0 ⊗ sgnn
)Sn

,

where δ0 is a new differential on the oriented graph complex, constructed so that the same
explicit formula constructed in (3) gives a morphism of dg vector spaces

F : (OGC1, δ0)→ (RGC[1], δ).

This suggests that the map (3) is also related to the map (2) constructed in [12].

The final chapter of our thesis is devoted to constructing an explicit exotic automorphism of
polyvector fields.
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In [26], M. Kontsevich proves his formality conjecture, giving an explicit construction of Lie
infinity quasi-isomorphism

U : Tpoly(Rd) Dpoly(Rd)

from the Lie algebra of polyvector fields Tpoly(Rd) to the dg Lie algebra of poly-differential
operators on Rd. This construction uses integral weights

$Γ :=
∫

Confn,m

∧
(i,j)∈E(Γ)

ω(i,j),

where Confn,m is a compactified configuration space of points zi, i ∈ [n+m] on the closed upper
half-plane H modulo real translations and scaling, with the m last points on the real line, and
ω(i,j) is the 1-form

ω(i,j) := 1
2πd arg

(
zi − zj
z̄i − zj

)
,

and Γ is a graph with n+m vertices.

In [25], M. Kontsevich conjectured that the form ω(i,j) can be replaced by the following,

ωlog
(i,j) := 1

2πid log
(
zi − zj
z̄i − zj

)
,

thus creating another formality morphism U log. However, as ωlog
(i,j) has singularities as z̄i−zj → 0,

it is not clear that the weights

$log
Γ :=

∫
Confn,m

∧
(i,j)∈E(Γ)

ωlog
(i,j), (5)

are well defined.

The integrals (5) were later proven to converge by A. Alekseev, C. A. Rossi, C. Torossian
and T. Willwacher [3], using a new version of Stokes’ formula that works for differential forms
with some well behaved singularities on the boundary.

We found a new application of this new version of Stokes’ formula by constructing a family
of explicit exotic automorphism of polyvector fields, using a two parameter family of logarithmic
propagators

ωt,λ(i,j) := 1− t
2πi d log

( zi − zj
1 + λ|zi − zj |

)
− t

2πid log
( z̄i − z̄j

1 + λ|zi − zj |

)
, t, λ ∈ R, λ > 0, (6)

on a compactified configuration space Cn of n points zi on the complex plane C modulo trans-
lations.
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Chapter 1

Graphs and props

Introduction

The notion of a prop (short for product and permutation category) was introduced by S. MacLane
in [30] as a way of unifying the concept of (bi)algebraic structures. A prop can be viewed, in
short, as a collection of operations with multiple inputs and outputs

. . .
m︷ ︸︸ ︷
. . .︸ ︷︷ ︸
n

,

such that outputs can be composed to inputs

...
. . .
m1︷ ︸︸ ︷

. . .︸ ︷︷ ︸
n2

. . .
m2︷ ︸︸ ︷

. . .︸ ︷︷ ︸
n1

7→
. . .

m1+m2︷ ︸︸ ︷
. . .︸ ︷︷ ︸

n1+n2

.

creating new operations. For different purposes, many variations of props exist in the literature.
Perhaps the most used one is operads. The term operad and the corresponding formal definition
were coined by P. May [33]. In brief, an operad can be viewed as a collection of operations with
several inputs and a unique output

. . .︸ ︷︷ ︸
n

,

4



which can be composed

. . .
. . .

︸ ︷︷ ︸
n ︸ ︷︷ ︸

m

7→
. . .︸ ︷︷ ︸

n+m

.

Operads give us an effective tool to treat many mathematical structures in a unifying way.
There is, for example, an operad Ass that governs associative algebras in the sense that every
associative algebra on a vector space V can be viewed as a map of operads from Ass to an operad
EndV [29]. Similarly, there is an operad Com that governs commutative algebras, an operad Lie
that governs Lie algebras, an operad Pois that governs Poisson algebras etc.

Other variations of props include properads, introduced by B. Vallette [47], which are very
similar to the original definition of props, but with the subtle difference that horizontal compo-
sitions

. . .
m1︷ ︸︸ ︷
. . .︸ ︷︷ ︸
n1

. . .
m2︷ ︸︸ ︷
. . .︸ ︷︷ ︸
n2

7→
. . .

m1+m2︷ ︸︸ ︷
. . .︸ ︷︷ ︸

n1+n2

are considered in props but not properads.

Wheeled props and properads, introduced in [31], is a variation of a prop that allows non-
oriented compositions

. . .
m1︷ ︸︸ ︷

. . .︸ ︷︷ ︸
n2

. . .
m2︷ ︸︸ ︷

. . .︸ ︷︷ ︸
n1

7→
. . .

m1+m2︷ ︸︸ ︷
. . .︸ ︷︷ ︸

n1+n2

.

Although not always perceived as such, associative algebras can be viewed as a type of props,
where operations are only allowed to have one input and one output.

All variations of props presented above have some common features. Some ideas that work for
one variation may also be applicable to other variations. See [29], [47], [38], [31]. Such a transfer
of ideas and methods from one variation to another may, however, be far from straightforward.

A unifying definition of different variations of props was given by D.V. Borisov and Y.I.
Manin [8], using a notion of categories of abstract graphs. In this section, we shall recall their
definition of generalized props. Our main motivation for using the language of D.V. Borisov and
Y.I. Manin is to transfer the definitions of a derivation complex and a deformation complex of
a prop [38] to the setting of multi-oriented props, first considered in [35].
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1.1 Categories of graphs and props

In this section, we will follow D.V. Borisov and Y.I. Manin [8] in order to define graphs and
props.

1.1.1 Non-directed Graphs

Definition 1.1.1. A graph Γ = (FΓ, VΓ, ∂Γ, ιΓ) consists of:

1. A finite set FΓ, called flags.

2. A finite set VΓ, called vertices.

3. A map
∂Γ : FΓ → VΓ;

4. An involution
ιΓ : FΓ → FΓ, ι2 = id .

The orbits of ιΓ are called edges and will be denoted by E(Γ). The orbits containing 2
elements are called internal edges, and will be denoted by Eint(Γ), and the orbits containing a
single element are called external edges or legs, and will be denoted by L(Γ). A graph may be
realized pictorially, by the following steps:

1. Draw a dot for each element in VΓ.

2. For each 2-orbit (i, j) of ιΓ draw a line between the vertices ∂Γ(i) and ∂Γ(j).

3. For each 1-orbit i of ι, draw a line connected in one end to ∂Γ(i).

For example:

({a, b}, {1, 2}, (a 7→ 1, b 7→ 2), id) = 1 2

a b

({a, b}, {•}, {a, b} 7→ {•}, id) =

a b

.

({a, b}, {1, 2}), (a 7→ 1, b 7→ 2), (ab)) = 1 2
a b ({a, b}, {•}, {a, b} → {•}, (ab)) =

ba

.

Remark 1.1.2. The quadruple of data (FΓ, VΓ, ∂Γ, ιΓ) given in definition 1.1.1 is necessary in
order to make precise definitions. Otherwise, we shall almost always think of graphs as pictures.
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For bigger graphs than the ones above, e.g. this one

,

the data (FΓ, VΓ, ∂Γ, ιΓ) would (at least in the author’s opinion) be not be of any use.
Definition 1.1.3. A morphism of graphs h = (hF , hV , jh) : Γ1 → Γ2 consists of:

1. An injective map
hF : FΓ2 → FΓ1 .

2. A surjective map
hV : VΓ1 → VΓ2 .

3. An involution
ιh : FΓ1 \ hF (Γ2)→ FΓ1 \ hF (Γ2), ι2h = id .

Such that

(a) The image of hF and its complement FΓ1 \ hF (FΓ2) are ιΓ1-invariant.

(b) The involution ιh does not fix any element, and it agrees with ιΓ1 for the non-fixed elements.
Furthermore, we must have that

FΓ1 \ hF (FΓ2)

ιh
��

∂Γ1 // VΓ1
hV // VΓ2

FΓ1 \ hF (FΓ2)
∂Γ1 // VΓ1

hV

>>

commutes.

(c) The diagram

FΓ2

hF

��

∂Γ2 // VΓ2

FΓ1

∂Γ1 // VΓ1

hV

OO

commutes.
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(d) The bijection
(hF )−1 : hF (FΓ2)→ FΓ2

maps internal edges of Γ1 to internal edges of Γ2.

Two morphisms h1 = (hF1 , h1
V , j

1
h) : Γ1 → Γ2, h2 = (hF2 , h2

V , j
2
h) : Γ2 → Γ3, may be composed

by
h2 ◦ h1 = (hF1 ◦ hF2 , h2

V ◦ h1
V , j

1
h t j2

h).

Note that j1
h and j2

h are involutions on disjoint sets. We will denote the category of graphs and
morphisms as above by Gr.

In order to get a better intuition of morphisms of graphs, let us consider the following 3
types of morphisms of graphs:

1. Grafting: A morphism (hF , hV , id) : Γ1 → Γ2, where both hF and hV are bijective, is
called a grafting morphism. Note that a grafting morphism is not necessarily an isomor-
phism, as by (d), the map (hF )−1 : FΓ1 → FΓ2 may map a pair of external legs to an
internal edge, but not the other way around. For example

(id, id, id) : 1 2

a b

→ 1 2
a b

is a non-invertible grafting morphism.

2. Vertex Merging A morphism (hF , hV , id) : Γ1 → Γ2 where hV is not bijective, while hF
if bijective and ιΓ1h

F = hF ιΓ2 is called a vertex merger. A vertex merger preserves the
number of internal edges and the number of external legs. For example

(id, 1, 2 7→ •, id) : 1 2

a b

→

a b

,

or

(id, 1, 2 7→ •, id) : 1 2
a b →

ba

.

3. Tadpole Deletion: An edge starting and ending at the same vertex is called a tadpole.
A morphism (hF , hV , ιh) : Γ1 → Γ2 where hV is bijective, and ιΓ1 is non-fixed on the
complement FΓ1 \ hF (FΓ2), is called a tadpole deletion morphism.
Such a morphism h preserves the number of vertices while it forgets some internal edges.
It follows from (c) that the forgotten edges must be tadpoles. Furthermore, it follows from
(b) that ιh must agree with ιΓ1 . An example of a tadpole deletion morphism is

(∅, id, (ab)) :
ba

→ •.
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Proposition 1.1.4. Any morphism h ∈Mor(Gr) can be written as a composition h = t◦m◦k,
where k is a grafting morphism, m is a vertex merger and t is a tadpole deletion morphism.

Proof. Pick an arbitrary morphism

(hF , hV , ιh) : (FΓ1 , VΓ1 , ∂Γ1 , ιΓ1)→ (FΓ2 , VΓ2 , ∂Γ2 , ιΓ2).

Consider the graph
Γ′1 := (FΓ1 , VΓ1 , ∂Γ1 , ι

′
Γ1)

where ι′Γ1
agrees with ιΓ1 on the image hF (FΓ2), and with ιh on the compliment FΓ1 \ hF (FΓ2).

Let k be the grafting morphism

k := (id, id, ∅) : Γ1 → Γ′1.

Next, consider the graph
Γ′2 := (FΓ1 , VΓ2 , ∂

′
Γ2 , ι

′
Γ1)

where ∂′Γ2
: FΓ1 → VΓ2 is given by ∂′Γ2

:= ∂Γ2hV . Let m be the vertex merger

m := (id, hV , ∅) : Γ′1 → Γ′2.

Finally, there is a tadpole deletion morphism

t := (hF , id, ιh) : Γ′2 → Γ2.

It is clear that h = t ◦m ◦ k.

A morphism that is a composition of vertex mergers and tadpole deletions is called a con-
traction morphism.

A graph γ is called a subgraph of Γ if Fγ ⊂ FΓ, Vγ ⊂ VΓ, ∂γ = ∂Γ|Fγ , and ιγ = ιΓ|Fγ . We
will write γ ⊂ Γ if γ is a subgraph of Γ. For a subgraph γ ⊂ Γ without external legs, let Γ/γ be
the graph

Γ/γ := (FΓ \ Fγ , VΓ/Vγ , ∂Γ/γ , ιΓ).

Let conγ : Γ→ Γ/γ be the morphism given by

conFγ : FΓ \ Fγ ↪→ FΓ,

conγ,V : VΓ → VΓ/Vγ ,

ιconΓ = ιΓ|Fγ .

We say that two subgraphs γ1, γ2 ⊂ Γ are disjoint if their flag sets Fγ1 and Fγ2 are disjoint
(note that with this convention, γ1 and γ2 may share vertices). For two disjoint subgraphs
γ1, γ2 ⊂ Γ, we get that γ1 ⊂ Γ/γ2 and vice versa γ2 ⊂ Γ/γ1. We may therefore write

Γ/(γ1, γ2, . . . , γn) := (· · · (Γ/γ1)/γ2)/, . . .)/γn)

for any disjoint subgraphs γ1, . . . , γn ⊂ Γ
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Furthermore, It is clear that

(Γ/γ1)/γ2 = (Γ/γ2)/γ1,

and conγ1conγ2 = conγ2conγ1 . Hence, we have Γ/(γ1, γ2, . . . , γn) = Γ/(γσ(1), γσ(2, . . . , γσ(n)) for
any permutation σ ∈ Sn.

The disjoint union t, by

Γ1 t Γ2 := (FΓ1 t FΓ2 , VΓ1 t VΓ2 , ∂Γ1 t ∂Γ2 , ιΓ1 t ιΓ2)

makes the category of graphs Gr into an symmetric monoidal category (Gr,t). We say that a
graph Γ in Gr is connected if there is no isomorphism

Γ1 t Γ2 → Γ,

for graphs Γ1, Γ2 6= ∅.

1.1.2 Properties of the category (Gr,t)

A graph that only contains one vertex, and no internal edges is called a corolla. That is a graph

c = (Fc, Vc, ∂c, ιc) =
. . .

. . .
,

with |Vc| = 1 and ιc = id.

For any graph Γ, there is a morphism conΓ to the corolla con(Γ) := (L(Γ), {∗}, ∂, id), called
the full contraction morphism, given by merging all the vertices followed by deleting all tadpoles.
Furthermore, for every graph Γ, there is a canonical grafting morphism from a disjoint union of
corollas to Γ,

◦Γ :
⊔

v∈V (Γ)
v(:= (∂−1

Γ (v), {v}), ∂Γ, id))→ Γ

called a total grafting morphism.

For a morphism h : Γ1 → Γ2, there is a commutative diagram

⊔
v∈VΓ2

h−1(v) thv //

k

��

⊔
v∈VΓ2

v

◦Γ2
��

Γ1
h // Γ2

called the atomization of h. Here h−1(v) is the graph (∂−1
Γ1

(h−1
V (v)), h−1

V (v), ∂Γ1 , ιΓ1) and hv :
h−1
V (v)→ v is the canonical restriction of h. The morphism k is a grafting morphism where kV

and kF are identity maps.

10



Furthermore, for any morphism to a disjoint union of corollas

thv :
⊔
v∈Γ2

γv →
⊔
v,

and a total grafting morphism
◦Γ2 :

⊔
v∈V (Γ2)

→ Γ2,

there is a unique graph Γ1 and a contraction morphism h : Γ1 → Γ2 such that

⊔
v∈VΓ2

Γv
thv //

k

��

⊔
v∈VΓ2

v

◦Γ2
��

Γ1
h // Γ2

is the atomization diagram of h.

1.1.3 Categories of abstract graphs and props

Definition 1.1.5. A category of Abstract Graphs is a symmetric monoidal category (G,t),
together with a functor

ψ : (G,t)→ (Gr,t)

satisfying the following:

1. The functor ψ is faithful, i.e. for any two objects Γ1,Γ2 in G, the map

ψ : Mor(Γ1,Γ2)→Mor(ψ(Γ1), ψ(Γ2))

is injective. We shall call a morphism h ∈Mor(G) a grafting morphism or a contraction
morphism if ψ(h) is a grafting morphism or a contraction morphism respectively.

2. An object Γ in G is called connected if ψ(Γ) is connected, and an object c ∈ G is called
a G-corolla if ψ(c) is a corolla. For any connected object Γ in G there exists a G-corolla
con(Γ) and a morphism conΓ : Γ→ con(Γ) such that

ψ(conΓ) : ψ(Γ)→ ψ(con(Γ))

is the full contraction morphism of ψ(Γ).

3. Any object Γ in G is the target of a morphism from a disjoint union of corollas

◦Γ :
⊔
ci → Γ,

such that
ψ(◦Γ) = ◦ψ(Γ).

4. For each morphism h : Γ1 → Γ2 in G, there is a unique atomization diagram D such that
ψ(D) is the atomization diagram of ψ(h).
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5. For any fixed object Γ2 in G, and morphisms hv : γv → v for each v ∈ VΓ, there is a unique
object Γ1, and a contraction morphism h : Γ1 → Γ2 such that

⊔
v∈Vψ(Γ2)

γv
thv //

k

��

⊔
v∈VΓ2

v

◦Γ2
��

Γ1
h // Γ2

is the atomization diagram of h.

Categories of abstract graphs shall almost always be thought of as graphs with extra deco-
ration on edges or vertices, or subcategories of graphs. We will give several examples in Section
1.2.

Definition 1.1.6. Given an abstract category of graphs (G,t), and a symmetric monoidal cat-
egory (C,⊗), a GC-prop is a strong monoidal functor

P : (G,t)→ (C,⊗)

that maps grafting morphisms to isomorphisms.

Morphisms of GC-props are natural transformations of functors.

Remark 1.1.7. Most commonly, the category (C,⊗) will be the category of vector spaces
(vectk,⊗), or the category of differential graded (dg) vector spaces (dg-vectk,⊗) over a field k
(of characteristic 0). Such props will often be referred to as just props and dg props, respectively.

Definition 1.1.8. A functor E : cor(G) → C from a category (groupoid) of corollas cor(G), of
a category of abstract graphs G, to a category C is called a G-collection.

Morphisms of G-collections are natural transformations of functors.

1.1.4 The free GC-prop

Given an abstract category of graphs G and a disjoint union of corollas tc in
⊔
cor(G), let⇒ tc

be the category with objects being morphisms h : Γ → tc in Mor(G), and morphisms being
transformations

h(: Γ→ c) 7→ hf−1(: Γ′ → c),

where f is an isomorphism Γ′ → Γ in G.

For a G-collection E in a symmetric monoidal category (C,⊗), let Ē be the functor

Ē : (⇒ tc) → C,
h : (Γ→ tc) 7→

⊗
v∈VΓ

E(v).

Next, for a graph Γ we define

F(E)(Γ) := colim⇒V (Γ) Ē,

12



and for a morphism g : Γ1 → Γ2, let F(E)(g) be the unique morphism that exists by the
universal property of colimits, such that the following diagram commutes

Ē(h)
∼= //

φh
��

Ē((
⊔
v∈VΓ2

gv) ◦ h)

φtg◦h

��

F(E)(Γ1)
F(E)(g)

// F(E)(Γ2).

Here,
⊔
gv :

⊔
VΓ2

g−1(v)→
⊔
VΓ2

v is the atomization of g.

Proposition 1.1.9. The construction F(E) is a well defined functor of symmetric monoidal
categories and a prop.

Proof. As there are no morphisms from a connected graph to a disconnected graph in G, we
have an equivalence of categories ⇒ ⊔

c∈VΓ

c

 ∼=×
c∈VΓ

(⇒ c) .

It follows that

F(Γ) = colim⇒V (Γ) Ē ∼= colim×c∈VΓ
⇒c

⊗
c∈VΓ

Ēc ∼=
⊗
c∈VΓ

colim⇒c Ē =
⊗
c∈VΓ

F(E)(c).

Hence, F(E) is a functor of symmetric monoidal categories.

Now we need to prove that F(E) maps grafting morphisms to isomorphisms. If g : Γ1 → Γ2
is a grafting morphism, then its atomization tgv :

⊔
v∈VΓ2

g−1(v)→
⊔
v∈VΓ2

v is an isomorphism.
By the universal property of colimits, there exists a map F(E)(g)−1 such that the following
diagram commutes

Ē((
⊔
v∈VΓ2

gv)−1 ◦ h)

φ◦tg−1◦h
��

Ē(h)∼=
oo

φh
��

F(E)(Γ1) F(E)(Γ2).
F(E)(g)−1

oo

It is evident that F(E)(g)−1 ◦ F(E)(g) = id.

Proposition 1.1.10. The prop F(E) is the free prop over the G-collection E in the sense
that, for every prop P and G-collection map φ : E → P, there exists a unique map of props
φ̄ : F(E)→ P such that the following diagram commutes

E
φ

""��

F(E) φ̄
// P

.
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Proof. By the universal property of colimits, there exists a map φ̄(c) : F(E)(c)→ P(c), for each
corolla c, such that the diagram

Ē(h) =
⊗
v∈VΓ

E(v)

��

⊗
φ(v)
//
⊗
v∈VΓ

P(v)
P(h)

// P(c)

F(E)(c)
φ̄(c)

33

commutes for each contraction morphism h : Γ → c. This gives our desired morphism of
props.

1.2 Examples of abstract categories of graphs and their associ-
ated props

1.2.1 Multi-directed and multi-oriented Graphs

Let Ork be the set of maps s : [k] → {in, out}. This set comes with the obvious involution
ι : Ork → Ork, by flipping each value.

Definition 1.2.1. A k-directed graph Γ = (FΓ, VΓ, ∂Γ, ιΓ, OrΓ, IΓ) consists of:

1. A graph Γ := (FΓ, VΓ, ∂Γ, ιΓ) in G.

2. A map
OrΓ : FΓ → Ork,

such that, for all internal edges (f, g), we must have

OrΓ(f) = ι(OrΓ(g)).

Definition 1.2.2. A morphism h : Γ1 → Γ2 between two k-directed graphs is a morphism of
non-directed graphs

(hF , hV , ιh) : Γ1 → Γ2

such that OrΓ(f) = OrΓ(hF f).

Let the category of k directed graphs Gk be the category whose objects are k-directed graphs,
and whose morphisms are morphisms of k-directed graphs.

For a graph Γ in Gk, let a path in direction i ∈ [k] be a string of flags in

(f1, f
1), (f2, f

2), . . . (fk, fk)

such that

ι(fr) = f r, Or(fr)(i) = out, Or(f r)(i) = in, and ∂Γ(fr) = ∂Γ(fr+1).
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A path may also start or end at an external leg of Γ.

We will call a path starting and ending at the same edge a wheel. For l ≤ k, let Gk↑l be the
category of k-directed, l oriented graphs consisting of graphs in Gk without wheels in the first
l directions. Morphisms in Gk↑l are morphisms of k-directed graphs h : Γ1 → Γ2 that can be
decomposed as h = h′ ◦ k, where h′ is a contraction morphism and k is a grafting morphism
such that kΓ1 is oriented.

A multi-directed graph can be realized visually by a graph with arrows of different colors on
each edge. For example

is a picture of a 2 directed (and oriented) graph, where the first direction is indicated by a black
arrow in the end of each edge, and the second is indicated by a blue arrow in the middle of the
edge.

Alternatively, we may choose to decorate each edge by an arrow, and an element s ∈ Ork,
where we say that direction i agrees with the arrow if s(i) = in, and disagrees with the arrow if
s(i) = out. For example

1 2
(in, out)

= 1 2 = 1 2
(out, in)

.

It may sometimes be useful to consider an ordering on Ork, for example

s > t if there exists i ∈ [k] such that s(i) = in, and j ≤ i⇒ t(i) = out.

With this choice of ordering, out := (out, . . . , out) is the minimal element and in := (in, . . . , in)
is the maximal element.

Each corolla in cor(Gk↑l) is isomorphic to a corolla

c =

s1 s2 . . .
sr

sr+1 sr+2
. . .

sn

,
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which can be ordered so that i ≤ j implies that si ≤ sj . The automorphism group of such a
corolla is given by×s∈Ork S|Or−1

c (s)|.

It follows that a Gk↑lC-collection

E : cor(Gk↑l)→ C

is a collection of objects {E({ns})}s∈Ork,ns≥0 together with a×s∈Ork S|Or−1
c (s)| action on each

E({ns}).

1.2.2 On one oriented graphs

Consider the category G1↑1 consisting of graphs without wheels. A G1↑1C-prop is what is generally
known as just a prop.

Each corolla in cor(G1↑1) is isomorphic to a corolla

. . .
[m]︷ ︸︸ ︷
. . .︸ ︷︷ ︸
[n]

for some n,m ≥ 0. The automorphism group of such a corolla is given by Sn × Sm. Therefore,
we get that G1↑1-collection

E : cor(G1)→ C

is equivalent to an S-bimodule. That is a collection of objects

{E(n,m)}n,m

together with an Sn × Sm action on each E(n,m).

Let γ be a subgraph of an oriented graph Γ. It is clear that γ is also oriented. However, Γ/γ
is not necessarily oriented. A trivial example of this is

Γ = , γ = , Γ/γ = .

Hence, a morphism h : Γ1 → Γ2 can not necessarily be decomposed to h = t ◦m ◦ k, where k
is a grafting morphism, m is a vertex merger and t is a tadpole deletion, as in Proposition 1.1.4.
Instead we have the following proposition.

Proposition 1.2.3. The full contraction morphism conΓ : Γ→ c of an oriented graph Γ can be
written as a chain of contraction morphisms

Γ = Γ1 → Γ2 → · · · → Γn = c,

where Γi+1 = Γi/γi subgraphs γi ⊂ Γ1 that only contain two vertices. Furthermore, if Γ is
connected, one can choose the graphs γi so that they are all connected.
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Proof. We need to show that for every oriented and connected graph Γ, there exists a connected
subgraph γ ⊂ Γ with 2 vertices, such that Γ/γ is oriented.

Let Γ̄ be the graph obtained from Γ by removing all external legs. Next, let S(Γ̄) ⊂ VΓ be
the set of sources of Γ̄, i.e. vertices without ingoing adjacent edges. As Γ̄ is an oriented graph
without external legs, the set S(Γ̄) must be non-empty. Let Γ̄\S(Γ̄) be the graph obtained from
Γ̄ by removing all sources and their adjacent edges. The graph Γ̄ \ S(Γ̄) must be an oriented
graph, hence there is a non empty set S(Γ̄ \ S(Γ̄)) ⊂ VΓ consisting of vertices that are sources
in Γ̄ \S(Γ̄). Pick a vertex v1 ∈ S(Γ̄ \S(Γ̄)). As v1 is not a source in Γ̄, v1 must be connected to
at least one vertex v2 ∈ S(Γ̄). Let γ ⊂ Γ be the subgraph consisting of v1 and v2 and all edges
connecting v1 and v2.

If Γ/γ is not oriented, Γ/γ must contain a path that contains the vertex {v1, v2}. However,
as all incoming edges to {v1, v2} come from vertices in S(Γ̄), such a wheel would also have to
contain a source vertex, which is impossible. Hence, Γ/γ must be oriented.

By Proposition 1.2.3, a morphism P(conΓ) : P(Γ) → P(c) is uniquely determined by con-
traction morphisms P(conγ) : P(γ)→ P(c), where γ is a graph with two vertices

conγ :
. . .

. . .
A︷ ︸︸ ︷

. . .︸ ︷︷ ︸
D

. . .
B︷ ︸︸ ︷

. . .︸ ︷︷ ︸
C

→
. . .

CtD︷ ︸︸ ︷
. . .︸ ︷︷ ︸
AtB

.

This leads to the equivalence between this definition of props, which was first given in [8],
and the monoidal definition of props given in e.g. [30] and [47].

For a vector space V , let EndBV be the prop given by
EndBV (n,m) := Hom(V ⊗n, V ⊗m).

The group Sn × Sm acts on Hom(V ⊗n, V ⊗m) by (σ, τ).f = σfτ−1, where σ ∈ Sn is interpreted
as the isomorphism

σ : V1 ⊗ V2 ⊗ . . .⊗ Vn → Vσ(1) ⊗ Vσ(2) ⊗ · · · ⊗ V (σn)
that comes with each symmetric monoidal category.
Remark 1.2.4. When we work with (differential) graded vector spaces, the Koszul sign rule
applies. This means that

σ : A⊗B → B ⊗A
is given by a⊗ b 7→ (−1)|a||b|b⊗ a.

For an oriented graph Γ and a contraction morphism

conΓ : Γ→
. . .
[m]︷ ︸︸ ︷
. . .︸ ︷︷ ︸
[n]

,
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the map
EndBV (conΓ) :

⊗
v∈VΓ

EndBV (|in(v)|, |out(v)|)→ EndBV (n,m)

is given by composing the linear maps along the internal edges. Here, in(v) and (out(v)) are,
respectively, the sets of incoming and outgoing adjacent edges to v.
Definition 1.2.5. A (bi)algebra over a prop P is a morphism of props µ : P → EndBV .

1.2.3 Multi-oriented props

A Gk↑lC-prop is called a k-directed, l-oriented prop, and was first introduced in [35]. For multi-
oriented graphs, there is no equivalent to Proposition 1.2.3. Consider for example the 2-oriented
graph

Γ =
1

2

3

4

5

∈ G2↑2,

where the first direction is directed 5 � 4 � 3 � 2 � 1, and the second direction is directed
3 � 5 � 1 � 4 � 2. One can see that there are no subgraphs γ ( Γ, γ 6= • such that Γ/γ is
oriented in both directions. The existence of such graphs makes it impossible to give a monoidal
definition of multi-oriented props.

A multi-oriented analogue to the endomorphism prop is given in [35].

1.2.4 Properads

Using this framework to define props, the definition of a properad, as in [47], may be obtained
in the following way.

In the category of graphs Gr, let us call a contraction morphism

h : Γ→ Γ/γ

properadic, if γ is a connected subgraph of Γ.

Consider the subcategory Pr of Gr that only allows morphisms h : Γ1 → Γ2 if h can be
written as a composition of grafting morphisms and properadic contraction morphisms. The
main point is that vertex mergers

. . .

. . .
→

. . .

. . .
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are not allowed.

For an abstract category of graphs G, let PrG be the category that contains all objects of G
but only morphisms h such that ψ(h) ∈Mor(Pr).

Proposition 1.2.6. The category Pr is an abstract category of graphs. Also, for any abstract
category of graphs G, the category PrG is an abstract category of graphs.

Proof. The first 3 conditions are obvious. Consider a atomization diagram

⊔
v∈Vψ(Γ2)

γv
thv //

k

��

⊔
v∈VΓ2

v

◦Γ2
��

Γ1
h // Γ2

.

It is clear that if h is properadic, then so are all morphisms hv. Conversely, if all maps hv are
properadic, then so is h. Hence, we also have the last two conditions.

Definition 1.2.7. We say that a GC-properad is a PrGC-prop.

It is often more convenient to study properads than props.

1.2.5 Rooted trees and operads

Let the category of rooted trees, T , be the subcategory of G1↑1 consisting of graphs where every
vertex has precisely 1 vertex has precisely one adjacent outgoing edge. Morphisms in T are
morphisms of oriented graphs. The corollas cor(T ) are given by

. . .︸ ︷︷ ︸
A

, |A| ≥ 0.

Note that each connected component T in T must be of genus 0, i.e. |VT | − |ET | − 1 = 0, or
T is a tree.

Proposition 1.2.8. The category T is an abstract category of graphs.

Proof. The conditions 1 and 3 are clear. For 2, note that each connected component T of T
must have precisely one outgoing external leg. Hence, it contracts to a corolla in cor(T ). Next
consider an atomization diagram

⊔
v∈Vψ(Γ2)

γv
thv //

k

��

⊔
v∈VΓ2

v

◦Γ2
��

Γ1
h // Γ2

.
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It is clear that if Γ1 and Γ2 are rooted trees, then the subgraphs γv must be rooted trees, and
the corollas v ∈ VΓ2 must be in cor(T ). Conversely, if each γv, and Γ2 are rooted trees, then Γ1
must also be a rooted tree.

A T C-prop is called an operad. As rooted trees are simpler objects than general graphs,
there are other equivalent, perhaps simpler and more practical definitions of an operad (see for
example [29]). As the automorphism group of a corolla with n ingoing legs and 1 outgoing leg

. . .︸ ︷︷ ︸
[n]

is given by the symmetric group Sn, a T -collection is equivalent to what is known as an S-module.
An S-module a collection of objects {E(n)}n≥0 in C together with an Sn action on each E(n).
This leads to the partial definition of an operad, given in for example [29].

Proposition 1.2.9 (e.g. J.-L. Loday, B. Vallette [29], Section 5.3.7). An operad P : T → C is
equivalent to an S-module P = {P(n)}n≥0 together with partial composition maps

◦i : P(n)⊗ P(m)→ P(n+m− 1), 1 ≤ i ≤ n,

such that

(µ ◦i ν) ◦j ξ =


(µ ◦j ξ) ◦i+n3−1 ν) j ≤ i− 1
µ ◦i (ν ◦j+i−1 ξ) i ≤ j ≤ i+ n2 − 1
(µ ◦j−n2+1 ξ) ◦i ν) i+ n2 ≤ j.

for all µ ∈ P(n1), ν ∈ P(n2), ξ ∈ P(n3). Furthermore, these maps should satisfy the
equivariance conditions

µ ◦i σ(ν) = σ′(µ ◦i ν)

for each σ ∈ Sm, where σ′ ∈ Sn+n−1 is the permutation that acts as σ on the block {i, i+1, . . . , i+
m− 1}, and

σ(µ) ◦i ν = σ′′(µ ◦σ(i) ν),

for each σ ∈ Sn, where σ′′ ∈ Sn+n−1 is the permutation that acts like σ on [n + m − 1]/{i, i +
1, . . . , i+m− 1}, while preserving the orders in {i, i+ 1, . . . , i+m− 1}.

When considering regular operads, this is often a more practical definition.

For a vector space V, let EndV be the operad given by

EndV (n) := Hom(V ⊗n, V ) = EndBV (n, 1).

Definition 1.2.10. An algebra over an operad P is a morphism of operads

µ : P → EndA .
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1.2.6 Symmetric graphs and props

For a corolla c ∈ cor(Gr), let Grn,m(c) be the set of graphs with vertices labeled by elements in
[n], internal edges labeled by elements in [m] and external legs labeled as the legs of the corolla
c. That is graphs

Γ = (FΓ = ([m]1 t [m]2) t Lc, VΓ = [n], ∂Γ, ιm t idLc),

where ιm : [m]1 t [m]2 → [m]1 t [m]2 is the obvious involution i1
7→←[ i2.

The edge labeled by i is then the orbit (i1, i2) ⊂ [m]1 t [m]2 of ιm. We say that (i1, i2) is
intrinsically directed from the vertex ∂(i1) to the vertex ∂(i2).

Let Pm ∼= Sm n Sm2 be the group of permutations

τ : [m]1 t [m]2 → [m]1 t [m]2,

such that ιmτ = τιm. The group SGn,m := Sn × Pm acts on Grn,m(c) by permuting vertex labels,
permuting edge labels, and flipping the intrinsic direction of edges

(σ, τ). (([m]1 t [m]2) t Lc, [n], ∂Γ, ιm t idk) :=(
([m]1 t [m]2) t Lc, [n], σ ◦ ∂Γτ

−1 t idLc , ιm t idLc
)
.

It is clear that every graph Γ ∈ Gr is isomorphic to some graph in Grn,m(c), for some n,m ≥ 0
and some corolla c. Furthermore, the SGn,m action on Grn,m(c) covers all internal isomorphisms
between graphs in Grn,m(c), i.e. any isomorphism h : Γ→ Γ′, such that

Γ

h
��

conΓ

��
Γ′

conΓ′ // c

commutes is on the form
h = (hF , hV , ∅) = (τ−1 t idLc , σ, ∅),

for some τ ∈ Pm and σ ∈ Sn.

For an abstract category of graphs G, and a corolla c in cor(G), with set of external legs Lc,
let Gn,m(c) be the set of graphs Γ in G, such that:

1. ψ(Γ) ∈ Grn,m(ψ(c)),

2. there exists a contraction morphism conΓ : Γ→ c.

Definition 1.2.11. We say that an abstract category of graphs is symmetric if:

1. Any object Γ in G is isomorphic to some object in some Gn,m(c).

2. The group SGn,m acts on Gn,m(c) in such a way so that

ψ((σ, τ).Γ) = (σ, τ).ψ(Γ).
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All our examples of abstract categories of graphs so far are symmetric. For example, Gk↑ln,m(c) is
the set of k-directed l-oriented graphs

Γ = ([m]1 t [m]2 t Lc, [n], ∂Γ, ιΓ, OrΓ).

The group Sn × Pm acts on Gk↑ln,m(c) by

(σ, τ).([m]1 t [m]2 t Lc, [n], ∂Γ, ιΓ, OrΓ) :=

([m]1 t [m]2 t Lc, [n], σ∂Γ(τ−1 t idLc), ιΓ, OrΓ(τ−1 t idLc)).

For the properadic categories of abstract graphs PrGk↑l(c), we have that PrGk↑ln,m(c) consists of
connected graphs in Gk↑ln,m(c).

For a field k of characteristic 0, let (vectk,⊗) be the category of vector spaces over the field
k.

Proposition 1.2.12. Let G be a symmetric abstract category of graphs, and let E : cor(G) →
vectk be a G-collection. Then, the free prop over E

F(E) : (G,t)→ (vectk,⊗)

is given by

F(E)(c) ∼=
⊕
n,m≥0

 ⊕
Γ∈Gn,m(c)

⊗
v∈VΓ

E(v)

SGn,m .
Proof. Let⇒n,m c be the category whose objects are morphisms Γ→ c, Γ ∈ Gk↑ln,m(c), and whose
morphisms are transformations

h : Γ→ c 7→ f−1h : Γ′ → c,

where f ∈ SGn,m.

As each object in G is isomorphic to some object in some Gk↑ln,m(c), we have that

F(E)(c) := colim⇒c
⊗
v∈VΓ

E(v) ∼= colim×n,m≥0⇒n,mc

⊗
v∈VΓ

E(v) =

 ⊕
Γ∈Gk↑ln,m(c)

⊗
v∈VΓ

E(v)


SGn,m

.

For a graph Γ ∈ Gn,m(c), and graphs γv ∈ Gnv ,mv(v) for all vertices v ∈ V (Γ), let

Γ(γ1, . . . , γn) ∈ GN,M (c),

be the graph with vertex set
VΓ(γ1,...,γn) =

⊔
v∈VΓ

[nv] = [N ],
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flag set (
[m] t

⊔
[mv]

)
1
t
(
[m] t

⊔
[mv]

)
2
t Lc = [M ]1 t [M ]1 t Lc,

connection map
∂Γ(γ1,...,γn) = ∂Γ t

⊔
v∈VΓ

∂γv ,

and orientation map
OrΓ(γ1,...,γn) = OrΓ t

⊔
v∈VΓ

Orγv .

The contraction map

F(E)(conγ1,...,γn) :
⊗

v∈V (Γ)

 ⊕
nv ,mv≥0

 ⊕
γv∈Gk↑lnv,mm (v)

⊗
w∈Vγv

E(w)


SGnv,mv


︸ ︷︷ ︸

F(E)(Γ)

→

→
⊕

N,M≥0

 ⊕
Γ∈Gk↑lN,M (c)

⊗
w∈VΓ

E(w)


SGN,M

︸ ︷︷ ︸
F(E)(c)

.

is then induced by the canonical map

⊗
v∈V (Γ)

 ⊕
nv ,mv≥0

⊕
γv∈Gk↑lnv,mm (v)

⊗
w∈Vγv

E(w)

→ ⊕
nv ,mv≥0

⊕
γv∈Gk↑lnv,mm (v)

⊗
w∈VΓ(γ1,...,γn)

E(w) ↪→

↪→
⊕

N,M≥0

⊕
Γ∈Gk↑lN,M (c)

⊗
w∈VΓ

E(w).

Note that×v∈Vγ Snv ,mv is a subgroup of SGN,M .

1.2.7 Ideals of props

Definition 1.2.13. For a prop
P : G → vectk,

we say that an ideal I ⊂ P is a G-collection I such that for any corolla c in cor(G), graphs
Γ1 t Γ2 in G, and morphisms h : Γ1 t Γ2 → c; the map

P(h) : P(Γ1)⊗ I(Γ2)→ P(c)

has its image in I(c).
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For a prop P in the category of vector spaces and an ideal I ⊂ P, we may define a prop

P/I(Γ) := P(Γ)/I(Γ). (1.1)

For a subspace R ⊂
∏
c∈cor(G) P(c), we let 〈R〉 denote the ideal generated by R, i.e. the minimal

ideal containing R

(R)(c) := {µ ∈ P : µ ∈ im(P(h)|P(Γ1)⊗R(Γ2)) for some h : Γ1 t Γ2 → c}. (1.2)

We may use (1.1) and (1.2) to define examples of props.

For example, let Ed be the T -collection that maps the 3-valent corolla to a 1-dimensional
vector space of degree 1− d

Ed


21

 := k[1− d],

while the unique non-trivial automorphism of the 3-valent corolla

σ :
21

→
12

maps to the sign (−1)d. Then, F(E)(n) is a graded vector space spanned by trees, generated
by the corollas

ab

= (−1)d

ba

, (1.3)

Let Jd ⊂
∏
c∈cor(T )F(Ed)(c) be the ideal

Jd =
〈

1

32

+
2

13

+
3

21

〉
, (1.4)

We may then define an operad
Lied := F(Ed)/Jd.

Proposition 1.2.14. Algebras over the operad Lied are precisely ((1− d)-shifted) Lie algebras.

Proof. It is evident that for any dg Lie algebra (V, [−,−], δ), there is a map

µ : Lied → End(V,δ)

ab

7→ [−,−].

Conversely, each such map gives a dg Lie algebra.
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Proposition 1.2.14 gives the motivation to say that Lied is the operad that governs Lie
algebras. We may define operads governing different types of algebras in a similar fashion. For
example, let EAss be the S-module given by

EAss(n) :=
{
k(S2) if n = 2
0 otherwise,

the operad that governs associative algebras is then given by

Ass := F(EAss(n))/
〈

1

32

−
3

1 2

〉
.

1.2.8 Coprops

Using this framework of D.V. Borisov , Y.I. Manin [8] to define props, we may define coprops
in the following way:

Definition 1.2.15. A GC-coprop is a contravariant functor

Pc : (G,t)→ (C,⊗)

that maps grafting morphisms to isomorphisms.

Example 1.2.16. For a dg prop P, where P(Γ) is finite dimensional for each graph Γ, its dual
P∗ given by

P∗(Γ) := hom(P(Γ),k)

and
P∗(h : Γ1 → Γ2) := P(h)∗ : hom(P(Γ2),k)→ hom(P(Γ1),k)

is a coprop.

1.3 Deformation theory of props

In this section we shall recall some concepts from [38] in the slightly more generalized setting of
dg props over a symmetric category of graphs G.

1.3.1 The space of derivations Der(P)

In this section, we will define the space of derivations of a dg prop.

25



Definition 1.3.1. For a dg prop P let homk
ndg(P) be the set of collections of linear maps

fΓ : P(Γ) → P(Γ) of degree k, not necessarily commuting with the differential, such that for
each two graphs Γ1,Γ2 and morphism h : Γ1 → Γ2, the diagram

P(Γ1)

P(h)
��

fΓ1 // P(Γ1)

P(h)
��

P(Γ2)
fΓ2 // P(Γ2)

commutes.

Definition 1.3.2. An element d ∈ homk
ndg(P) is called a derivation of P if the diagram

P(Γ1 t Γ2)
∼=
��

dΓ1tΓ2 // P(Γ1 t Γ2)
∼=
��

P(Γ1)⊗ P(Γ2)
id⊗dΓ2+dΓ1⊗id

// P(Γ1)⊗ P(Γ2)

commutes for each Γ1,Γ2. Here the vertical maps are the coherence maps of the strong monoidal
functor P. We denote the set of derivations of a dg prop P by Der(P) =

∏
k∈Z Derk(P).

Note that for two derivations d1, d2 ∈ Der(P)k and x, y ∈ k, we have that xd1 + yd2 is also
a derivation of degree k. Hence, Der(P) is a graded k-vector space.

Proposition 1.3.3. The space of derivations Der(P) forms a dg Lie algebra (Der(P, ), [−,−], δ)
with the Lie bracket being

[d1, d2] := d1 ◦ d2 − (−1)|d1||d2|d2 ◦ d1,

and the differential being
δ(d) = δP ◦ d− (−1)|d|d ◦ δP .

Here δP denotes the differential on each the dg vector space P(c), c ∈ cor(G)

Proof. It is clear that [−,−] satisfies the Jacobi identity. However, we need to show that [f, g]
is a derivation.

We have

(id⊗f + f ⊗ id) ◦ ((id⊗g) + g ⊗ id) =
= id⊗f ◦ g + f ⊗ g + (−1)|f ||g|g ⊗ f + f ◦ g ⊗ id

and

(id⊗g + g ⊗ id) ◦ (id⊗f + f ⊗ id) =
= id⊗g ◦ f + g ⊗ f + (−1)|g||f |f ⊗ g + g ◦ f ⊗ id .
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This gives

[f ⊗ id + id⊗f, g ⊗ id + id⊗g] =
= (id⊗f + f ⊗ id) ◦ ((id⊗g) + g ⊗ id)− (−1)|f ||g|(id⊗g + g ⊗ id) ◦ (id⊗f + f ⊗ id) =

= id⊗(f ◦ g − (−1|f ||g|)g ◦ f) + (f ◦ g − (−1|f ||g|)g ◦ f)⊗ id =
= id⊗[f, g] + [f, g]⊗ id,

which is what we want. Note that all terms ±(f ⊗ g) and ±(g ⊗ f) cancel out.

It follows that the diagram

P(Γ1 t Γ2)
∼=
��

[f,g]Γ1tΓ2 // P(Γ1 t Γ2)
∼=
��

P(Γ1)⊗ P(Γ2)
id⊗[f,g]Γ2+[f,g]Γ1⊗id

// P(Γ1)⊗ P(Γ2)

commutes for all derivations f, g, i.e. [f, g] is a derivation.

The differential is compatible with the Lie bracket, as it is given by

δ = [δP ,−].

Furthermore, δ2 = 0 as [δP , δP ] = 0.

Proposition 1.3.4. There is a one-to-one correspondence between maps of G-collections d :
E → F(E) and derivations d ∈ Der(F(E)), such that

E

d

$$
i
��

F(E) d // F(E)

commutes.

Proof. For any map of G-collections d : E → F(E), we get a derivation

d : F(E)(c) ∼=
⊕
n,m≥0

 ⊕
Γ∈Gn,m(c)

⊗
v∈VΓ

E(v)

SGn,m →

→
⊕
n,m≥0

 ⊕
Γ∈Gn,m(c)

⊗
v∈VΓ

F(E)(v)

SGn,m → F(E)(c)

by

(µ1 ⊗ . . .⊗ µn) 7→
n∑

α=1
iµ1 ⊗ . . .⊗ iµα−1 ⊗ dµα ⊗ iµα+1 ⊗ iµn.

This is the only derivation that restricts to d : E → F(E), as any other such derivation

d′ : F(E)→ F(E)

would give a derivation d′ − d that restricts to 0 : E → F(E). It is clear that such a derivation
must be 0.
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1.3.2 Minimal models

For a dg prop P, let H(P) be the dg prop given by

H(P)(Γ) := H(P(Γ)).

A dg prop P∞ is called quasi-free if

P∞(c) := (F(E)(c), δ),

where (F(E), 0) is the free prop over some G-collection E, and δ is a differential on the space
F(E)(c).

Definition 1.3.5. A model of a dg prop P is a quasi-free dg prop P∞ with a quasi-isomorphism

ε : P∞ → P.

As any derivation on a free prop F(E), the differential δ of a quasi-free dg prop is uniquely
determined by its restriction

δ : E → F(E).

Let F (n)(E) ⊂ F(E) be the subspace spanned by decoreted graphs containing n vertices. Let
δ(n) be the part of δ(=

∑
n≥1 δ

(n)) whose image lies in F (n)(E). We say that δ is decomposable,
if δ(1) = 0.

Definition 1.3.6. A model (F(E), δ) of a prop P is called a minimal model if the differential
δ is decomposable.

For example, the operad Lied admits a minimal model hoLied, first considered by V. Hinich,
V. Schechtman [20]. It is given by hoLieBd(c) := (F(Ed), δ), where Ed is the S-module given by

Ed (n) :=
{
k[(1− n)d+ 1] n ≥ 2
0 n ≤ 1,

,

and Sn acts on Ed(n) by the sign

. . .︸ ︷︷ ︸
[n]

= sgn(σ)d
. . .︸ ︷︷ ︸
σ[n]

, σ ∈ Sn.

The differential δ is induced by

δ
. . .︸ ︷︷ ︸
[n]

:=
∑

ItJ=[n]
|J|≥1,|I|≥2

sgn(I, J)d(−1)d|I||J |
. . .

. . .
︸ ︷︷ ︸
J︸ ︷︷ ︸

I

,
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where sgn(I, J) is the sign of the unshuffle permutation

σI,J : [n] 7→ I t J.

Let Rd be the ideal generated by〈
. . .︸ ︷︷ ︸
[n]

, δ
. . .︸ ︷︷ ︸
[n]

〉

n≥3

.

Note that

δ

1 32

=
1

32

+
2

13

+
3

21

.

Hence, we have that hoLied/Rd ∼= Lied.

Theorem 1.3.7 (V. Hinich, V. Schechtman, [20]). The operad hoLied is a minimal model of
Lied.

We shall also consider a quasi-free operad, called the extended homotopy Lie operad

hoLie+
d (c) := (F(E+

d )(c), δ),

where E+
d is the S-module given by

E+
d (n) :=

{
k[(1− n)d+ 1] n ≥ 1
0 n = 0,

,

and Sn again acts on E+
d (n) by the sign

. . .︸ ︷︷ ︸
[n]

= sgn(σ)d
. . .︸ ︷︷ ︸
σ[n]

, σ ∈ Sn.

The differential δ is induced by

δ
. . .︸ ︷︷ ︸
[n]

:=
∑

ItJ=[n]
|I|≥1

sgn(I, J)d(−1)d|I||J |
. . .

. . .
︸ ︷︷ ︸
J︸ ︷︷ ︸

I

The difference between hoLied and hoLie+
d being that hoLie+

d has an additional generator

29



of degree 1, and the differential creates such corollas. This difference makes hoLie+
d acyclic.

Representations
µ : hoLie+

d → End(V,δ)

are (1− d)-shifted homotopy Lie algebras on the dg vector space (V, δ + µ


).

1.3.3 The deformation complex

For maps of G-collections f1, f2, . . . , fn : E1 → E2 and a graph Γ ∈ Gn,m, consider the map

[f1, . . . , fn]Γ :
⊗
v∈VΓ

E1(v) →
⊗
v∈VΓ

E2(v)

µ1 ⊗ . . .⊗ µn 7→
∑
σ∈Sn

±fσ(1) ⊗ . . .⊗ fσ(n)(µ1 ⊗ . . .⊗ µn),

where the signs ± are the Koszul signs of the permutation f1 ⊗ . . . ⊗ fn 7→ fσ(1) ⊗ . . . ⊗ fσ(n).
For an isomorphism of graphs τ : Γ1 → Γ2, it is clear that the following diagram commutes

E1(Γ1)
[f1,...,fn]Γ1 //

E(τ)
��

E2(Γ1)

E(τ)
��

E1(Γ2)
[f1,...,fn]Γ2 // E2(Γ2).

Hence, the collection of maps {[f1, . . . , fn]Γ}Γ∈Gn,m gives a map

[f1, . . . , fn] : F (n)(E1)→ F (n)(E2).

For a quasi-free G-dg prop P∞ := (F(E), δP∞) and a G-dg prop (Q, δQ), we let the deformation
complex Def(P∞

0→ Q), be the dg vector space spanned by (degree shifted) G-collection maps

Def(P∞
0→ Q) := HomSG (E,Q)[−1],

with the differential δ(f) := δQ ◦ f + [f ], where [f ] is the following map of G-collections

(−1)|f |+1[f ] : E
δ
(1)
P∞ // F (1)(E)

[f ]
// F (n)(Q) con // Q .

This is equipped with a hoLie1 structure, given by letting [f1, . . . , fn] be the following map
of G-collections

(−1)|f1|+...+|fn|+1[f1, . . . , fn] : E
δ
(n)
P∞ // F (n)(E)

[f1,...,fn]
// F (n)(Q) con // Q .
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Proposition 1.3.8. The deformation complex Def(P∞
0→ Q) is indeed an homotopy Lie algebra.

Proof. We will show that Def(P∞
0→ Q)[1] is a shifted homotopy Lie algebra, i.e.

∑
ItJ=[n]

±[[fi1 , . . . , fi|I| ], fj1 , . . . , fj|J| ]±δQ[f1, . . . , fn]+
n∑
i=1
±[δQ(fi), f1, . . . , fi−1, fi+1, . . . , fn] = 0,

and the signs ± arise from the Koszul sign rule of the permutations

(f1, . . . fn) 7→ fi1 , . . . , fi|I| , fj1 , . . . , fj|J| and fi, f1, . . . , fi−1, fi+1, . . . , fn.

As δQ is a derivation, we have that

δQ[f1, . . . , fn] +
n∑
i=1
±[δQ(fi), f1, . . . , fi−1, fi+1, . . . , fn] = 0.

The other terms ∑
ItJ=[n]

±[[fi1 , . . . , fi|I| ], fj1 , . . . , fj|J| ]

is the map

E
(δ2)(n)

// F (n)(E)

∑
ItJ=[n]±[[fi1 ,...,fi|I| ],fj1 ,...,fj|J| ]

// F (n)(Q) con // Q,

where (δ2)(n) is the weight n part of δ2. As δ2 = 0, we must also have that∑
ItJ=[n]

±[[fi1 , . . . , fi|I| ], fj1 , . . . , fj|J| ] = 0.

It follows that these brackets induce a hoLie0 structure on Def(P∞
0→ Q)[1] and, therefore, a

hoLie1 structure on Def(P∞
0→ Q).

Proposition 1.3.9. A G-collection map E → Q induces a morphism of dg props f̄ : P∞ → Q
if and only if f is a Maurer Cartan element Def(P∞

0→ Q), i.e. a G-collection map f : E → Q
of degree 0, such that

δQ ◦ f −
∑
k≥1

1
k! [f, . . . , f︸ ︷︷ ︸

k

] = 0.

Proof. A G-collection map f : E → Q of degree 0, gives a map of non-dg props

f̄ : F(E)→ Q.

One can see that
f̄ δP∞ =

∑
k≥1

1
k! [f, . . . , f︸ ︷︷ ︸

k

].

Hence, we have that f̄ δP∞ = δQf̄ if and only if f is an MC-element.
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By proposition 1.3.9, and the fact that each MC element gives a twisted differential [39], we
have that each morphism f : P∞ → Q gives a twisted differential on Def(P∞

0→ Q) given by

δf (g) :=
∑
k≥1

1
(k + 1)! [g, f, . . . , f︸ ︷︷ ︸

k

].

We say that
Def(P∞

f→ Q) := (HomSG (E,Q)[−1], δ + δf )

is the deformation complex of the map f : P∞ → Q.

Note that
Def(P∞

id→ P∞) ∼= Der(P∞)[−1]

as dg vector spaces. However, their (homotopy) Lie structures are different.

1.4 Multi-directed and oriented versions of Kontsevich graph
complex

In this section we will give definitions of the multi-directed and multi-oriented versions of Kont-
sevich graph complex.

1.4.1 A vector space of graphs

Let grak↑ln,m := Gk↑ln,m(•), where • is the corolla without any legs. The set grak↑ln,m consists of graphs
Γ in Gk↑l with vertex set VΓ = [n], set of flags FΓ = [m]1t [m]2 and involution ιΓ : [m]1t [m]2 →
[m]1 t [m]2 by i1 7→ i2, i2 7→ i1.

We may say that an element (graph) Γ ∈ grak↑ln,m consists of two maps

Γ = (∂Γ : [m]1 t [m]2 → [n], OrΓ : [m]1 t [m]2 → Ork)

with OrΓ(i1) = (OrΓ(i2))opp, and no closed paths in the first l directions.

We may also realize a graph Γ ∈ grak↑ln,m pictorially by:

1. Drawing n labeled vertices, and a line labeled by i between ∂Γ(i1) to ∂Γ(i2) for each i ∈ [m].

2. Drawing an arrow on each line indicating the intrinsic orientation of the edge, and adding
a proper labeling for the other orientations.

For example:

1 2

3

s

i

uii
t

iii

= ([3]1 t [3]2, [3](v), ∂, ι3, Or),
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where
∂(11) = 1, ∂(12) = 2, ∂(21) = 3, ∂(22) = 2, ∂(31) = 1, ∂(32) = 3,

we denote the edge (i1, i2) by a roman numeral, and

(Or(11) = s, Or(21) = u, Or(31) = t).

The group Pm = SmnSm2 acts naturally on grak↑ln,m by permuting the edge labels and flipping
the intrinsic direction

σ : grak↑lm,n → grak↑lm,n

Γ = ([m] t [m], [n], ∂Γ, ι, OrΓ) 7→ σΓ = ([m] t [m], [n], ∂Γ ◦ σ−1, ι, OrΓ ◦ σ−1).

Let Grak↑ld (n) be the vector space

Grak↑ld (n) :=


∏
m≥0

(
〈grak↑ln,m〉 ⊗Pm sgnm

)
[m(1− d)] d even,∏

m≥0

(
〈grak↑ln,m〉 ⊗Pm sgn⊗m2

)
[m(1− d)] d odd.

The elements in Grak↑ld (n) are linear combinations of graphs in grak↑ln,− modulo

Γ = sgnPmd (σ)σΓ,

for any σ ∈ Pm, where

sgnPmd (σ, σ2) :=
{

sgnm(σ1) d even
sgn⊗n2 (σ2) d odd.

For example

1 2

3

s
i

uii
t
iii + 5

2 1 2

3

s
i

v
ii = (−1)d

1 2

3

sopp

i

uii
t
iii + (−1)d+1 5

2 1 2

3

s
ii

v
i ∈ Grak↑ld (3).

1.4.2 An operad of graphs

For two graphs Γ1 ∈ grak↑ln1,m1 , Γ2 ∈ grak↑ln2,m2 , let

graΓ1◦iΓ2 ⊂ gran1+n2−1,m1+m2

be the set of graphs Γ, such that:

1. The subgraph Γ′2 of Γ, with vertices i, i+ 1, . . . , i+ n2 − 1 and edges m1 + 1, . . . ,m1 +m2
is isomorphic to Γ2, by a map that preserves the order of the vertices and the edges.
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2. There is an isomorphism Γ/Γ′2 → Γ1 by collapsing the vertex set of Γ/Γ′2 to {1, . . . {i, i+
1, . . . , i+ n2 − 1}, i+ n2, . . . n1 + n2 − 1} → [n1].

More precisely, for two graphs

Γ1 = (FΓ1 , [n1], ∂1, ι1, Or1),

Γ2 = (FΓ2 , [n2], ∂2, ι2, Or2)

let graΓ1◦iΓ2 be the set consisting of graphs

Γ = (FΓ1 t FΓ2 , [n1 + n2 − 1], ∂Γ, ι1 t ι2, Or1 tOr2),

such that

∂Γ(f)


= ∂1(f) if f ∈ ∂−1

1 ({1, . . . i− 1})
∈ {i, i+ 1, . . . , i+ n2 − 1} if f ∈ ∂−1

1 (i)
= ∂1(f) + n2 − 1 if f ∈ ∂−1

1 ({i+ 1, . . . n1})
= ∂2(f) + i− 1 if f ∈ FΓ2 .

We define the composition maps by

◦i : Grak↑ld (n1)⊗Grak↑ld (n2) → Grak↑ld (n1 + n2 − 1)
Γ1 ⊗ Γ2 7→ Γ1 ◦i Γ2 :=

∑
Γ∈graΓ1◦iΓ2

Γ

Pictorially, the element Γ1 ◦i Γ2 is obtained from Γ1 and Γ2 by removing the i’th vertex from Γ1
and summing over all ways to reconnect the edges that were connected to vertex i to Γ2.

Proposition 1.4.1. The maps ◦i : Gra(n1)⊗Gra(n2)→ Gra(n1 +n2− 1) are well defined and
they are indeed operadic composition maps.

Proof. For Γ1 ∈ grak↑ln1,m1 ,Γ2 ∈ grak↑ln2,m2 , and σ ∈ Pm1 , τ ∈ Pm2 , we have

σΓ1 ◦i τΓ2 =
∑

Γ′∈graσΓ1◦iτΓ2

Γ′ =
∑

Γ∈graΓ1◦iΓ2

(σ × τ)Γ

Hence, the maps are well defined on⊕
m,n

k〈grak↑ln,m[m(d− 1)]〉/(Γ + sgnd(σ)σΓ)
σ∈Pm,Γ∈grak↑l−,m

∼=
⊕

Grak↑ld (n).

To show that the maps ◦i define operadic composition maps, we need to show that

(Γ1 ◦i Γ2) ◦j Γ3 =


(−1)|Γ2||Γ3|(Γ1 ◦j Γ3) ◦i+n3−1 Γ2) j < i

Γ1 ◦i (Γ2 ◦j−i+1 Γ3) i ≤ j ≤ j + i− 1
(−1)|Γ2||Γ3|(Γ1 ◦j−n2+1 Γ3) ◦i Γ2) i+ n2 ≤ j ≤ n1 + n2 − 1.

In each case, one can see that the graphs on the left hand side differ from the graphs on the
right hand side by a permutation σ ∈ Pm, which gives the desired sign.
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1.4.3 The graph complex

Proposition 1.4.2. There is a map of operads

s : Lied → Grak↑ld

21

7→
∑

s∈Ork
1 2s

.

Proof. We have

s


12

 =
∑

s∈Ork
2 1s =

∑
s∈Ork

(−1)d 2 1sopp =

=
∑

s∈Ork
(−1)d 2 1s = s

(−1)d

21

 .
Hence, s gives a well defined map of operads F(Ed) → Grak↑ld , where Ed is the generating
S-module of Lied. It remains to show that s(Jd) = 0.

We have

s

 1

32

 =
∑

s1,s2∈Ork

(
1 2 3

s1 s2 + 1 3 2
s1 s2

)
.

It follows that

s(Jd) =∑
s1,s2∈Ork

(
1 2 3

s1 s2 + 1 3 2
s1 s2 +

+ 2 3 1
s1 s2 + 2 1 3

s1 s2 +

+ 3 1 2
s1 s2 + 3 2 1

s1 s2
)

=

∑
s1,s2∈Ork

(
1 2 3

s1 s2 + 3 2 1
s1 s2 +

+ 2 3 1
s1 s2 + 1 3 2

s1 s2 +

+ 3 1 2
s1 s2 + 2 1 3

s1 s2
)
.

35



Each row in the last expression vanishes as the graphs

i k j
s t

, j k i
t s

differ by one swap of edge labels and one flip of the intrinsic orientation.

Let s̄ : hoLie+
d → Grak↑ld be the map

s̄ : hoLie+
d

ε→ Lied
s→ Grak↑ld .

We define the k-directed, l-oriented version of Kontsevich full graph complex fGCk↑l
d to be the

deformation complex
fGCk↑l

d := Def(hoLie+
d

s̄→ Grak↑ld ).

Formally, an element Γ is a map of S-modules

Γ :
∏
n≥1
E+
d → Grak↑ld (n),

where E+
d is the generating S-module of the quasi-free operad hoLie+

d .

Consider the map of graded vector spaces

p :
∏
n≥1

Grak↑l(n)[(n− 1)d+ (1− d)m]→ fGCk↑l
d ,

given by
p(Γ) :=

∑
σ∈Sn

sgn(σ)d+1σΓ

The map p is clearly surjective, and its kernel is given by

ker(p) =
∏
n,m

k({Γ− sgnSGd (σ)Γ : Γ ∈ gran,m, σ ∈ SG})[(n− 1)d+ (1− d)m],

where

sgnd(σv, σe1 , σe2) = sgn(σv)d sgn(σe1)d+1 sgn(σe2)d, (σv, σe1 , σe2) ∈ Sn × Sm n S×m2 = SG .

If d is even, fGCk↑l
d is spanned by graphs in grak↑ln,m with symmetrized vertices and skew

symmetrized edges. If d is odd, fGCk↑l
d is spanned by graphs in grak↑ln,m with skew symmetrized

vertices and symmetrized edges.

For two graphs Γ1 ∈ grak↑ln1,m1 , Γ2 ∈ grak↑ln2,m2 , the Lie bracket in fGCk↑l is given by

[pΓ1, pΓ2] =
∑

ItJ=[n1+n2−1]
± pΓ1

. . .
pΓ2
. . .

︸ ︷︷ ︸
I ︸ ︷︷ ︸

J

± pΓ2
. . .

pΓ1
. . .

︸ ︷︷ ︸
I ︸ ︷︷ ︸

J

=

36



= p

 n1∑
i=1

∑
Γ∈graΓ1◦iΓ2

Γ−
n2∑
i=1

∑
Γ∈graΓ2◦iΓ1

Γ

 .
Hence, we may write

[Γ1,Γ2] :=
n1∑
i=1

∑
Γ∈graΓ1◦iΓ2

Γ−
n2∑
i=1

∑
Γ∈graΓ2◦iΓ1

Γ

for two graphs Γ1 ∈ grak↑ln1,m1 , Γ2 ∈ grak↑ln2,m2 , representing elements in fGCd. The map s̄[1] :
E+
d [1]→ Grad is given by

p
∑

s∈Ork
1 2s

,

where Ork ⊂ Ork is the subset such that Ork = Ork t (Ork)opp, e.g. The first direction agrees
with the intrinsic direction for every s ∈ Ork.

The differential δ on fGCk↑l acts on a graph δp(Γ) = p
(∑

i=VΓ
Γ ◦i − ( ◦ Γ)

)
. Note

that the terms ◦Γ cancel with the terms in Γ ◦i where all the edges connected to i gets
reconnected to one of the vertices in . Hence, δ acts by splitting each vertex in a graph Γ,
without creating univalent vertices

δ i

s1 s2 . . .
sr

sr+1 sr+2
. . .

sm

=
∑

t∈Ork

∑
ItJ=[m]
|I|,|J|≥1

(−1)(d+1)i

i+1

. . .

I1︷ ︸︸ ︷

. . .︸ ︷︷ ︸
I2

i

. . .

. . .

J1︷ ︸︸ ︷

︸ ︷︷ ︸
J2

t

,

where I1 = I ∩ [r], I2 = I ∩ [r + 1,m], J1 = J ∩ [r], J2 = J ∩ [r + 1,m], and the new edge gets
the last edge label.

1.4.4 Trimming of fGCk↑l

In this section, we will define the Kontsevich k-directed l-oriented graph complex GCk↑l
d ⊂ fGCk↑l

d .
It is spanned by fewer graphs than the full graph complex fGCk↑l, but it contains the same
information in the cohomology.

Let
fGCk↑l,conn

d ⊂ fGCk↑l
d

be the sub dg Lie algebra spanned by connected graphs. It is clear that

fGCk↑l ∼= Ŝ(fGCk↑l,conn),

where Ŝ is the completed symmetric tensor product.
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Next, we define the Kontsevich k-directed l-oriented graph complex GCk↑
d ⊂ fGCk↑l,conn

d to
be the sub dg Lie algebra spanned by graphs, where every vertex is at least 2-valent.

Proposition 1.4.3. The inclusion i : GCk↑l
d ↪→ fGCk↑l,conn

d is a quasi-isomorphism.

Proof. Let an antenna of a graph Γ be a subgraph A, consisting of a univalent vertex v together
with a maximal string of passing vertices.

Remark 1.4.4. A passing vertex of a multi-oriented graph is a two valent corolla
s

s
that is

not a source or target in any direction.

We say that an antenna is of length i if it contains i vertices. Let core(Γ) be the graph
obtained from Γ by contracting all antennas to length 1. For example:

core




=

The differential δ cannot decrease the number of vertices in core(Γ). Hence, we may take a
filtration on fGCk↑l by the number of vertices in the core. That is

Fp(fGCk↑l,conn) := {Γ ∈ fGCk↑l,conn : |Vcore(Γ)| ≥ p, for all single term graphs Γ}.

The associated graded complex gr(fGCk↑l,conn, δ) ∼= (fGCk↑l,conn, δ0) splits

(fGCk↑l,conn, δ0) ∼=
⊕
γ

(Cγ , δ0),

with a subcomplex (Cγ , δ0), for each graph γ with only length 1 antennas, spanned by graphs Γ
with core(Γ) = γ.

Each (Cγ , δ0) is isomorphic to a tensor product

(Cγ , δ0) ∼=

 ⊗
i∈Vuni(γ)

(Ai, δ0)

Sγ ,
where Vuni(γ) is the set of univalent vertices of γ and where (Ai, δ0) is the dg vector space that
models the antenna associated with i, and Sγ is the automorphism group of γ.

Each Ai is spanned by elements

ai := γ · · ·s s s

i edges
, i ≥ 1
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and

δai =
{
ai+1 i odd
0 i even.

It is clear that each (Ai, δ0) is acyclic. Hence, (Cγ , δ0) is acyclic unless γ does not have any
univalent vertices, in which case γ ∈ GCk↑l, and Cγ = (k)Sγ .

It follows from the mapping lemma for spectral sequences [49] that the inclusion

i : GCk↑l
d ↪→ fGCk↑l,conn

d

is a quasi-isomorphism.

1.4.5 About the cohomology H(GCk↑l
d , δ)

In this section, we will present a short survey of known results about the cohomology H(GCk↑l
d ).

Theorem 1.4.5 (M. Živković, [54]). For all k ≥ l, we have

H(GCk↑l
d ) ∼= H(GC(k+1)↑l

d ).

For all k > l, we have
H(GCk↑l

d ) ∼= H(GCk↑l+1
d+1 ).

Remark 1.4.6. The first statement

H(GCk↑l
d ) ∼= H(GC(k+1)↑l

d )

is rather simple to prove. One can see that there is a map

f : GCk↑l
d → GC(k+1)↑l

d

by letting f(Γ) be the sum of all ways to add an extra direction on each edge. One can then
show that f is a quasi-isomorphism.

The second statement
H(GCk↑l

d ) ∼= H(GCk↑l+1
d+1 )

is less obvious. The special case H(GC1↑0
d ) ∼= H(GC1↑1

d+1) was first proven by T. Willwacher in
[52], without giving an explicit map. In [54], Živković construct an explicit quasi-isomorphisms

h : (GC(k+1)↑(l+1)
d+1 , δ)→ (GCk↑l

d , δ).

Perhaps the most astonishing result about the H(GC2, δ) is the following theorem by T.
Willwacher.

Theorem 1.4.7 (T. Willwacher, [51]). We have

H0(GC0↑0
2 ) ∼= grt1,

where grt1 is the Grothendieck-Teichmüller Lie algebra.
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The Deligne-Drinfeld-Ihara conjecture states that the Grothendieck-Teichmüller Lie algebra
grt1 is conjectured to be isomorphic to the completed free Lie algebra with generators

σ3, σ5, . . . , σ2n+1, . . . , n ≥ 1.

(It is shown by F. Brown [9] that this is a Lie subalgebra of grt1.)

It is shown in [51], that each (conjectural) generator σ2n+1 corresponds to a cohomology
class in GC2 represented by

W2n+1 + (other terms),

where Wn is the graph

Wn := n+1

1
n

· · ·
· · ·

3

2 .

The class associated to W3, is simply given by

W3 = 4 2

1

3

The next class, associated to W5, is given by

W5 + 5
2

1

2

3

4

5

6 .

A representative for the cohomology class associated to W7 is computed by R. Buring, A. Kiselev
and N. Rutten in [10], and it is the sum of 46 different graphs. To the author’s knowledge, no
one has computed the class associated to W9.

The differential on GCd preserves the loop order (number of vertices minus number of edges),
hence GC splits, with a sub-dg vector space GC(p)

d for each loop order p. The most extensive
list (to the author’s knowledge) of dimensions of H(GC(p)

even) and H(GC(p)
odd) is given in [21].
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Chapter 2

Multi-directed and oriented Lie
bialgebras

Introduction

The (1-oriented) properad of homotopy Lie-bialgebras hoLieBc,d (with two integer parameters
c, d determining the degree shifts of the cobrackets and brackets respectively) is a well known
object, defined and studied in e.g. [32], [43], [47]. The multi-oriented versions of hoLieBc,d,
denoted hoLieBk↑ld , were defined by S. Merkulov in [35]. In this chapter, we will prove the claim
that the Grothendieck-Teichmüller group acts faithfully on each hoLieBk↑ld . More specifically, we
will show that GCk↑l

d+1 acts faithfully on the completed properad ĥoLieB
k↑l
d by derivations. This is

a generalization of results in [43] and [5], where the 1 oriented and wheeled cases are considered
respectively. Combining this result with Theorem 1.4.5 (M. Živković [54]) and Theorem 1.4.7
(T. Willwacher [51]), we get a d dimensional incarnation of the Grothendieck-Teichmüller group
for any d ≥ 2.

We will also show that the 2-oriented properad hoLieB2↑2
d is a minimal model of the 2-oriented

properad LieB2↑2
d . This proof partly relies on path filtrations, as in [32], originally suggested by

M. Kontsevich [27]. However, as we will see that path filtrations do not take us all the way, this
proof uses a new type of filtrations on graph complexes.
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2.1 The definition of hoLieBk↑l

2.1.1 The generating Gk-collection

The multi-directed homotopy Lie-bialgebra props are quasi-free, meaning that they admit the
structure

hoLieBk↑ld


s1 s2 . . .

si

si+1 si+2
. . .

sn

 =

Fk↑l(Ekd )


s1 s2 . . .

si

si+1 si+2
. . .

sn

 , δ
 ,

where Ekd is a non-differential graded Gk-collection, and δ is a degree 1 derivation on Fk↑l(Ekd )
that squares to 0. We will start by describing the generating Gk↑l-collection Ek↑l.

For an integer d, and a map D : Ork → Z such that D(s) + D(sopp) = −d, let Ekd be the
Gk-collection given by

Ekd

s1 s2 . . .
si

si+1 si+2
. . .

sh

:= k

1 + d+
h∑
j=1

D(sj)

 ;

and for an isomorphism

σ :

s1 s2 . . .
si

si+1 si+2
. . .

sh

→

sσ(1) sσ(2)
. . .

sσ(i)

sσ(i+1) sσ(i+2)
. . .

sσ(h)

, σ ∈ Sh

we set
Ekd (σ) := sgnD(σ).

Here sgnD(σ) is the graded sign of the permutation, uniquely determined by the rule sgnD(στ) =
sgnd+1(σ) sgnD(τ), and

sgnD(j(j + 1)) =
{
−1 if both D(sj) and D(sj+1) are odd
1 otherwise,

for all transpositions (j(j + 1)).
Remark 2.1.1. We omit the D from the notation in Ekd , as we are almost always only interested
in d. Or more specifically the parity of d. However, each Ekd is understood to be equipped with
a map D : Ork → Z, such that D(s) + D(sopp) = −d. In the 1-directed case, we will, however,
write E1↑1,0

c,d and hoLieB1↑1,0
c,d . With that, we mean D(in) = −c and D(out) = −d.

Let Fk↑l(Ekd ) be the free k-directed, l-oriented prop over the Gk-collection Ekd . For a corolla
c, we get

F(Ekd )(c) ∼=
⊕
m,n≥0

 ⊕
Γ∈Gk↑lm,n(c)

⊗
v∈V (Γ)

Ekd (v)


SGn,m

∼=
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⊕
m,n≥0

k
〈
Gk↑ln,m(c)

n(d+ 1)−md+
∑
i∈L(c)

D(Or(i))

〉 /(Γ− sgnd+1(σ)σΓ)Γ∈Gk↑ln,m(c),σ∈(SGn,m).

In words, Fk↑l(Ekd )(c) is spanned by isomorphism classes of graphs with external legs labeled
as the legs of c. Note that Fk↑l(Ekd )(•) ∼= fGCk↑l

d−1[d+ 1] as graded vector spaces.

2.1.2 The differential

For a corolla

([h], {•}, i 7→ •, id, i 7→ si) =

s1 s2 . . .
si

si+1 si+2
. . .

sh

,

consider the map
δ : Ekd → Fk↑l(Ekd )

given by
δ(([h], [1], i 7→ 1, id, i 7→ si)) :=∑
t∈Ork

∑
ItJ=[h]

([h] t [1]1 t [1]2, [2], ∂IJ , id, (11 7→ t t 12 7→ topp) t (i 7→ si)), (2.1)

where ∂IJ(11) = 1, ∂IJ(12) = 2, and ∂IJ |I = 1, ∂IJ |J = 2.

In pictures, this is

δ

s1 s2 . . .
si

si+1 si+2
. . .

sh

=
∑

t∈Ork

∑
ItJ=[h]

±

1

. . .

I1︷ ︸︸ ︷

. . .︸ ︷︷ ︸
I2

2

. . .

. . .

J1︷ ︸︸ ︷

︸ ︷︷ ︸
J2

t

,

where I1 = I ∩ [i], I2 = I ∩ [i+ 1, h], J1 = I ∩ [i], I1 = I ∩ [i+ 1, h].

Remark 2.1.2. In the pictures, we consider the signs to be ambiguous as the order of the flags
are not properly specified. Hence, we write the signs ±. The proper signs are indicated in (2.1).

The map δ : Ekd → Fk↑l(Ekd ) induces a derivation

δ : Fk↑l(Ekd )→ Fk↑l(Ekd ).

Proposition 2.1.3. The derivation δ : Fk↑l(Ekd ) → Fk↑l(Ekd ) is of homological degree 1, and
δ2 = 0.
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Proof. As δ adds 1 internal edge and 1 vertex, its homological degree is (d+ 1)− d = 1. To see

that δ squares to 0, it is sufficient to show that δ2(c) = 0, for all corollas c =

s1 s2 . . .
si

si+1 si+2
. . .

sh

.

We get

∑
t1,t2∈Ork

δ2

s1 s2 . . .
si

si+1 si+2
. . .

sm

=

∑
t1,t2∈Ork

∑
ItJtK=[h]



1

. . .

I1︷ ︸︸ ︷
. . .︸ ︷︷ ︸
I2

3

. . .

. . .

2

t1

. . .

. . .

K1︷ ︸︸ ︷

︸ ︷︷ ︸
K2

J1︷ ︸︸ ︷

︸ ︷︷ ︸
J2

t2

+

3

. . .

I1︷ ︸︸ ︷

. . .︸ ︷︷ ︸
I2

1

. . .

. . .

2

t1

. . .

. . .

K1︷ ︸︸ ︷

︸ ︷︷ ︸
K2

J1︷ ︸︸ ︷

︸ ︷︷ ︸
J2

t2 +

+

1

. . .

I1︷ ︸︸ ︷
. . .︸ ︷︷ ︸
I2

2

. . .

. . .

3

t2

. . .

. . .

K1︷ ︸︸ ︷

︸ ︷︷ ︸
K2

J1︷ ︸︸ ︷

︸ ︷︷ ︸
J2

t1

+

1

. . .

I1︷ ︸︸ ︷
. . .︸ ︷︷ ︸
I2

3

. . .

. . . 2t2
. . .

. . .

K1︷ ︸︸ ︷

︸ ︷︷ ︸
K2

J1︷ ︸︸ ︷

︸ ︷︷ ︸
J2

t1

.


Remark 2.1.4. Here, we say that each picture represents a graph

([h] t [2]1 t [2]2︸ ︷︷ ︸
FΓ

, [3]︸︷︷︸
VΓ

, ∂, ι,Or).

As the numbering of the vertices and edges are indicated, the sign is not ambiguous.

Each term above has an isomorphic ’partner term’, and the isomorphism is given by 1
transposition of vertex labels, and the transposition of the internal edge labels. This permutation
is odd both when d is even and when d is odd. Hence, each term is canceled by another term,
and δ2 = 0.
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2.1.3 The properads hoLieB?, hoLieB+ and hoLieB

We will consider three different ’completion levels’ of the properad of k-directed l-oriented ho-
motopy Lie bialgebras. First, The properad of full k-directed l-oriented homotopy Lie bialgebras

hoLieBk↑l,?d := (Fk↑l(Ekd ), δ).

Second, let ST be the ideal of hoLieBk↑l,? generated by corollas that are sources or targets in some
direction. The properad of extended k-directed l-oriented homotopy Lie bialgebras hoLieBk↑l,+ is
given by

hoLieBk↑l,+d := hoLieBk↑l,?/ST.
Next, let I be the ideal of hoLieBk↑l,+ generated by the remaining 2-valent corollas

I :=
〈

s

s

〉
s∈Ork

The properad of (regular) k-directed l-oriented homotopy Lie bialgebras hoLieBk↑ld is given by

hoLieBk↑ld := hoLieBk↑l,+d /I.

The multi-oriented properads of (multi-oriented) Lie bialgebras LieBk↑ld are obtained as a
quotient

LieBk↑ld := hoLieBk↑ld /Kk,

where

Kk :=
〈 s1 s2 . . .

si

si+1 si+2
. . .

sn

, δ

s1 s2 . . .
si

si+1 si+2
. . .

sn

〉
n≥4,si∈Ork.

Each LieBk↑ld is generated by 3-valent corollas, modulo quadratic relations given by

δ

s2s1

s3s4

= 0,

for all s1, s2, s3, s4 ∈ Ork, such that the corolla above is not a source or a target. For example,
in the one directed case, we get that LieB1↑1

c,d and LieB1↑0
c,d are generated by corollas

21

= (−1)c

12

,

21

= (−1)d
12

(2.2)

modulo the relations

1

32

+
2

13

+
3

21

= 0, (2.3)
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1

32

+
2

13

+
3

21

= 0, (2.4)

1 2

1 2

+

1 2

1 2

+

1 2

1 2

+(−1)d

2 1

1 2

+(−1)c

1 2

2 1

= 0. (2.5)

The full list of relations for the 2-directed properad LieB2↑2,1,0 will be given in Section 2.3.3.

2.1.4 Completed variants

For a graph Γ, we say that its loop order, is given by the number of internal edges minus the
number of vertices. For an G-collection E in a symmetric category of graphs G, let

Gp(c) :=
⊕

m−n≥p

 ⊕
Γ∈Gconnn,m (c)

⊗
E(v)

SGn,m ⊂ F(E)(c)

be the ideal of the free properad generated by all decorated graphs with loop order greater or
equal to p. We define the genus completed free properad to be the projective limit

F̂(E) := lim
←p
F(E)/Gp.

Elements in the vector space F̂(E)(c) are possibly infinite sums of isomorphism classes of graphs,
with vertices decorated by elements in E. Note, however, that arbitrary infinite sums are not
allowed. More precisely, for every fixed p, there can only be a finite number of graphs with loop
order p.

We shall consider the derivation complex Der(F̂(E)) to be the space of continuous deriva-
tions, i.e. derivations

d : F̂(E)→ F̂(E),

such that
d

( ∞∑
i=1

µi

)
=
∞∑
i=1

d (µi) .

Practically, such derivations are uniquely determined by a map of G-collections

d : E → F̂(E).
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The differential on hoLieBk↑ld does not change the loop order. Hence, we may define

ĥoLieB
k↑l,?
d , ĥoLieB

k↑l,+
d and ĥoLieB

k↑l
d

to be the genus completed versions of hoLieBk↑l,?d , hoLieBk↑l,+d and hoLieBk↑ld respectively. Note
that for each fixed degree, the vector space

⊕
n−m=p

 ⊕
Γ∈Gk↑ln,m

⊗
v∈V (Γ)

Ek↑l(v)


SGn,m

is finite dimensional. Hence, elements in the genus completed properads ĥoLieB
k↑l,?
d , ĥoLieB

k↑l,+
d

and ĥoLieB
k↑l
d are infinite sums of graphs with no finiteness conditions.

2.2 Derivations of ĥoLieB
k↑l,?

Let us consider the dg Lie algebra of derivations Der(ĥoLieB
k↑l,?
d ). As a vector space it is equiv-

alent to the space of maps of Gk-collections

Γ : Ekd → ̂Fk↑l(Ekd ).

We get that

Der(ĥoLieB
k↑l,?
d ) ∼=

∏
h≥0

c∈cork(h)

(ĥoLieB
k↑l,?
d (c)[−|c|])Aut(c) ∼=

∏
h≥0

∏
n,m

k(Gk↑ln,m,h)S
G
n,m,h [n(d+ 1)−md],

where cork(h) is the set of k-directed corollas with legs labeled by h, is a dg vector space spanned
by isomorphism classes of k-directed l-oriented graphs with external legs. Here, Gk↑n,m,h is the
set of graphs with n labeled vertices, m labeled edges and h labeled external legs. The group
SGn,m,h := SGn,m × Sh, where Sh acts by permuting the external legs.

The differential δ acts on such a graph by vertex splitting, and attaching corollas to the
external legs

δ Γ

s1 s2 . . .
sr

sr+1 sr+2
. . .

sm

= δΓ

s1 s2 . . .
sr

sr+1 sr+2
. . .

sm

−
m∑
r=1

∑
i≥0

t1,...,ti∈Ork

Γ

s1 s2 . . .

t1 t2 . . .
ti

sr

sr+1 sr+2
. . .

sm

In terms of graphs, the Lie bracket is then given by

[Γ1,Γ2] =
∑
v∈VΓ1

Γ1 ◦v Γ2 −
∑
v∈VΓ2

Γ2 ◦v Γ1.

47



Here, Γ1 ◦v Γ2 is the sum of all graphs Γ such that Γ2 ⊂ Γ, and Γ/Γ̄2 = Γ1, where Γ̄2 is the
graph obtained from Γ2 by removing the external legs.

We define a map
F : fGCk↑l,conn

d+1 → Der(ĥoLieB
k↑l,?
d )

by sending each graph Γ to the sum over all ways to attach external legs to Γ. More precisely,
let Γ = (EΓ, VΓ, ∂Γ, OrΓ) be s single term graph of fGCk↑l. Then,

F (EΓ, VΓ, ∂, Or) :=
∑

(EΓ t [h], VΓ, ∂ t ∂h, OrΓ tOrh),

where the sum runs over all h ≥ 0, ∂h : [h]→ VΓ and Orh : [h]→ Ork. In pictures, we will write

F (Γ) =
∑
m≥0

s1,...,sm

Γ

s1 s2 . . .
sr

sr+1 sr+2
. . .

sm

.

Here,

Γ

s1 s2 . . .
sr

sr+1 sr+2
. . .

sm

is understood to be the sum of all graphs whose internal part is equal to Γ that contracts to
s1 s2 . . .

sr

sr+1 sr+2
. . .

sm

.

Proposition 2.2.1. The map

F : fGCk↑l,conn
d+1 → Der(hoLieBk↑l,?d )

is a map of dg Lie algebras.

Proof. One can see that, for a vertex v ∈ VΓ1 , we get

F (Γ1) ◦v F (Γ2) = F (Γ1 ◦v Γ2),

where the ◦v on the left hand side is the linear extension of the operation defined above, and
the ◦v on the left hand side is the operadic composition map of Grak↑l. It follows that

[F (Γ1), F (Γ2)] = F ([Γ1,Γ2]).

Furthermore, the derivation F ( ) is precisely the differential on ĥoLieB
k↑l
d . Hence, the differ-

ential on Der(hoLieBk↑ld ) is given by

Γ 7→ [Γ, F ( )].

It follows that F is also a map of dg vector spaces.
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2.2.1 Rescaling classes

For t ∈ Ork, consider the element rt ∈ Der(ĥoLieB
k↑l,?
d ) by

rt :=
∑
n≥1

s1≤...≤sn∈Ork

(#{i ∈ [k] : si = t} − 1)

s1 s2 . . .
si

si+1 si+2
. . .

sn

.

We get that
δ(rt − rtopp) = 0,

and as there are no graphs without vertices, there cannot be an element Rt such that δRt =
(rt − rtopp). Hence, each rt − rtopp represents a cohomology class in Der(ĥoLieB

k↑l,?
d ).

Similarly, we get that

r∅ :=
∑
i≥1

s1,...,sn∈Ork

(n− 2)

s1 s2 . . .
si

si+1 si+2
. . .

sn

(2.6)

represents a cohomology class in Der(ĥoLieB
k↑l,?
c,d ). We will call the classes [rt − rtopp ], [r∅] ∈

Der(ĥoLieB
k↑l,?
d ) the rescaling classes, as they only act by rescaling corollas.

Remark 2.2.2. In [43] and [5], the special graph , which is an edge not connected to any

vertex, is considered to be an element in Der(ĥoLieB
1↑1
d ), with

δ = r − r .

The special graph may be viewed as the derivation generated by

7→ id .

With our definition, id is not a member of hoLieB1↑1
c,d


 . Hence, we do not consider the special

graph to be a member of Der(ĥoLieB
1↑1
c,d ).
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2.2.2 Cohomology of the full derivation complex

Theorem 2.2.3. The map
F : GCk↑l

d → Der(ĥoLieB
k↑l,?
d )

is a quasi-isomorphism up to the rescaling classes rt − rtopp, r∅.

The 1-directed case of this theorem is considered in [5].

Proof. Take a filtration on Der(ĥoLieB
k↑l,?
d ) by the number of external legs plus the number of

internal edges
Fp(Der(ĥoLieB

k↑l?
d )) :=

∏
n≥1,m+h≥p

k(Gn,m,h)S
G
n,m,h .

Also take a filtration on GCk↑l
d by the number of internal edges

FpGCk↑l
d :=

∏
n≥1,m≥p

k(Gn,m)S
Gn,m,0

.

Note that the map F maps FpGCk↑l
d into Fp Der(ĥoLieB

k↑l
d ).

On the associated graded complex

gr(Der(ĥoLieB
k↑l,?
d ), δ) :=

∏
p

(Fp(Der(ĥoLieB
k↑l,?
d ), δ)/Fp+1(Der(ĥoLieB

k↑l,?
d ), δ) ∼=

∼=
∏
p

 ∏
n≥1,m+h=p

Gn,m,h, δ0

SGn,m,h ,
the differential δ0 acts by attaching a univalent vertex to each external leg. One can see that all
other terms of δ add an internal edge or external legs.

For a graph Γ ∈ Gn,m,h, let its non-univalent part ν(Γ) be the graph obtained from Γ by
removing all univalent vertices v, transforming the internal edge that was connected to v to an
external hair. The differential δ0 preserves the non-univalent part of each graph. Hence, the
associated graded complex splits

(Der(ĥoLieB
k↑l,?
d ), δ0) ∼=

∏
n,m,h≥0

⊕
γ∈iso(ν(Gn,m,h))

(Cγ , δ0),

where the sum runs over all isomorphism classes of graphs without univalent vertices γ, including
special graphs

γ =
s

without vertices, and (Cγ , δ0) is the sub-dg vector space spanned by graphs Γ such that ν(Γ) ∼= γ.
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If γ =
s

, we get that Cγ is spanned by elements

s
,

s
,

s
,

with
δ0

s
= δ0

s
=

s
.

In this case, Cγ contains one cohomology class represented by

s
−

s
.

This class corresponds to the rescaling class rs − rsopp .

For a fixed graph γ =∈ Gn,m,h without univalent vertices, we have

Cγ ∼=

 ⊗
e∈(LΓ)

Dl

SGn,m,h ,
where Dl is the dg vector space spanned by configurations

γ
Orγ(l)

and
γ

Orγ(l)

with

δ0 γ
Orγ(l)

= γ
Orγ(l)

.

It is clear that each Dl is acyclic. It follows that Cγ is acyclic for all graphs with a non-empty
set of external legs. If γ does not contain any external legs, then Cγ ∼= (k[|γ|])Autγ .

Now, on the second page of the spectral sequence, we have

H(grDer(ĥoLieB
k↑l,?
d ), δ0) ∼=

 ∏
n≥1,m=p

ν(Gn,m,0)

SGn,m ∼= (GCk↑l)⊕ k(rescaling classes).

Note that the rescaling class r∅ corresponds to the class in C•. It is now clear that the map

F ⊕ i : GCk↑l
d+1 ⊕ k(rescaling classes)→ hoLieBk↑ld

induces an isomorphism

F ⊕ i : (GCk↑l
d+1, 0)⊕ k(rescaling classes)→ H(grDer(ĥoLieB

k↑l,?
d ), δ0).

By the mapping lemma for spectral sequences, we have that F is a quasi-isomorphism
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2.2.3 Another derivation complex Der?(ĥoLieB
k↑l,+
d )

Consider the derivation complex Der?(ĥoLieB
k↑l,+
d ) := Def(ĥoLieB

k↑l,?
d → ĥoLieB

k↑l,+
d )[1] consist-

ing of derivations
Γ : ĥoLieB

k↑l,?
→ ĥoLieB

k↑l,+
d .

As a graph complex, Der?(ĥoLieB
k↑l,+
d ) consists of (possibly infinite) sums of graphs without

source or target vertices. As a vector space, we may write

Der?(ĥoLieB
k↑l,+
d ) ∼=

∏
m,n,h

k(Gk↑l,�stn,m,h[d(n+ 1)− dm])S
G
n,m,h ,

where Gk↑l,�stn,m,h is the set of graphs without source or target vertices.

Remark 2.2.4. In the fully oriented case, we have

Der?(ĥoLieB
k↑k,+
d ) ∼= Der(ĥoLieB

k↑k,+
d ).

Theorem 2.2.5. The cohomology of the derivation complex is given by

H(Der?(ĥoLieB
k↑l,+
d )) ∼= GCk↑l ⊕H(ĥoLieB

k↑l,+
d (•))[−(d+ 1)]⊕ k(rescaling classes).

Remark 2.2.6. If at least 1 direction is oriented, i.e. l ≥ 1, we have that ĥoLieB
k↑l,+

(•) = 0.
Hence, we have H(Der?(ĥoLieB

k↑l,+
d )) ∼= GCk↑l ⊕ (rescaling classes) for l ≥ 1.

This theorem looks very similar to Theorem 2.2.3. However, as there are no 1-valent corollas
in the graph complex Der?(ĥoLieB

k↑l,+
d ), we will have to use different spectral sequences to prove

it. First note that the dg vector space (Der?(ĥoLieB
k↑l,+
d ), δ) splits

Der?(ĥoLieB
k↑l,+
d ), δ) ∼= (Der?\•(ĥoLieB

k↑l,+
d ), δ)⊕ (Der•(ĥoLieB

k↑l,+
d ), δ),

where (Der•(ĥoLieB
k↑l,+
d ), δ) is the dg vector space of derivations

• → ĥoLieB
k↑l,+
d .

It is clear that (Der•(ĥoLieB
k↑l,+
d ), δ) is isomorphic to ĥoLieB

k↑l,+
d (•)[−(d + 1)]. The remaining

part of the dg vector space (Der?\•(ĥoLieB
k↑l,+
d ), δ) is spanned by multi-directed graphs with at

least 1 external leg

(Der?\•(ĥoLieB
k↑l,+
d ), δ) ∼=

∏
n≥1,m≥0,h≥1

k(Gk↑l,�stn,m,h[d(n+ 1)− dm])S
G
n,m,h .

Theorem 2.2.5 will follow from the following proposition.

52



Proposition 2.2.7. The map

F+ : GCk↑l → Der?\•(ĥoLieB
k↑l
d )

Γ 7→
∑
h≥1

Γ

s1 s2 . . .
si

si+1 si+2
. . .

sh

.

is a quasi-isomorphism up to the re-scaling classes rt, r∅.

The 1 oriented case of Proposition 2.2.7 is proven in [43].

2.2.4 Outgoing antennas

In this section, we will construct a multi-directed version ĜC
k↑l
d of the graph complex ĜC

introduced in [52]. The purpose of this is that the map

F+ : fGCk↑l → Der?\•(ĥoLieB
k↑l,+
d )

factors through ĜC
k↑l
d . We will then separately show that the maps

F+
1 : fGCk↑l → ĜC

k↑l
d

and
F+

2 ĜC
k↑l
d → Der?(ĥoLieB

k↑l,+
d ),

such that F+ = F+
2 ◦ F

+
1 , are quasi-isomorphisms up to the rescaling classes.

Let Ĝk↑ln,m,h ⊂ G
k↑l
n,m,h be the set of connected graphs Γ with n vertices (VΓ = [n]), m internal

edges, and h external legs (FΓ = ([m] t [m] t [h])) such that:

1. No external leg is coherently directed inwards, i.e. for each external leg e ∈ (L(Γ)), we
must have that

(OrΓ(e))−1(out) 6= ∅.

2. Each vertex v has at least one outgoing adjacent edge in each direction, i.e. for each vertex
v ∈ VΓ, we have that

(OrΓ(∂−1
Γ (v)))−1(out) 6= ∅.

For example

, ∈ Ĝ2↑2,
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while

, /∈ Ĝ2↑2,

as the first graph has a vertex without an outgoing edge in the blue direction, and the second
graph has a wheel in the black direction (marked by dotted edges).

Now, let ĜC
k↑l
d be the graded vector space

ĜC
k↑l
d :=

∏
n,m,h≥0

k(Ĝk↑ln,m,h[(n− 1)d+ (1− d)m])Sn,m,h .

We have a map of vector spaces

F1 : fGCk↑l
d+1 → ĜC

k↑l
d+1

(FΓ, VΓ, ∂Γ, ιΓ, OrΓ) 7→
∑
j≥0

∑
Orj :[j]→Ork

∑
∂j :[j]→VΓ

(FΓ t [j], VΓ, ∂Γ t ∂j , ιΓ t idj , OrΓ tOrj),

where Orj(i) 6= in for all i ∈ [j], and we identify terms containing a target vertex with 0.
Pictorially, F1 is given by

Γ 7→
∑
j≥0

Γ

s1 s2 . . . sj

.

We also have a map

F+
2 : ĜC

k↑l
d+1 → Der?(ĥoLieB

k↑l,+
d )

(FΓ, VΓ, ∂Γ, ιΓ, OrΓ) 7→
∑
j≥0

∑
pj :[j]→VΓ

(FΓ t [j], VΓ, PΓ t ∂j , ιΓ t idj ,OrΓ t inj),

pictorially given by

Γ 7→
∑
j≥0

Γ
. . .︸ ︷︷ ︸
j

.

Here, a double headed arrow represents a coherently directed edge. We may equip ĜC
k↑l
d with

the differential δ, such that
im(F2) δ // im(F2)

F−1
2��

ĜC
k↑l
d

F2

OO

δ // ĜC
k↑l
d
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commutes. Pictorially, the differential δ is given by

δΓ :=
∑

v∈V (Γ)
Γ ◦v ±

∑
j≥1

Γ
. . .︸ ︷︷ ︸
j

±
∑
j≥0

Γ
. . .︸ ︷︷ ︸
j

(2.7)

Here, the first term is vertex splitting, the second term is attaching corollas as in Der(hoLieB),
and the third term is attaching a coherently incoming edge to the graph with all possible
combinations of legs attached to it.

Proposition 2.2.8. The map F1 : GCk↑l → ĜC
k↑l

above is a quasi-isomorphism up to the
rescaling classes r∅, and rs − rsopp, for s ∈ Ork, s 6= in, out.

If k = 0, then this is Proposition 3 in [52]. The proof is analogous.

Proof. We define an antenna of a graph Γ ∈ Ĝk↑ln,m,h to be a subgraph containing either an
external leg or a univalent vertex together with a maximal string of bivalent vertices. We obtain
the graph core(Γ) of a graph Γ by removing all antennas. For example

core
( )

= core


 = ∅,

core




= .

The differential δ can only preserve or increase the number of vertices in core(Γ). Hence, we
may define a descending filtration by the number of vertices in the core

FpĜC
k↑l
d :=


∏
n,m,h≥0 k({Γ ∈ Ĝk↑ln,m,h : |Vcore(Γ)| ≥ p}[(n− 1)d+ (1− d)m])S

G
n,m,h p ≥ 0

0 p ≤ −1

The differential δ0 on the associated graded complex

gr(ĜC
k↑l
d ) :=

∏
p≥0

FpĜC
k↑l
d /Fp+1ĜC

k↑l
d

only sees the terms that preserve the number of vertices in the core. One can see that δ0 also
preserves the structure of the core.
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Hence, the associated graded complex splits

(gr(ĜC
k↑l
d ), δ0) ∼=

∏
γ∈core(Ĝk↑l)

(Cγ , δ0),

where the product runs over all isomorphism classes of possible core graphs γ and (Cγ , δ0) is the
associated sub-dg vector space spanned by graphs Γ with core(Γ) = γ.

If the core γ is not empty, we get that

(Cγ , δ0) ∼=

⊗
v∈Vγ

(Dv, δ0)

Sγ ,
where v runs over all vertices in the core, Sγ is the automorphism group of γ, and (Dv, δ0) is
the dg vector space that models configurations of antennas connected to v.

If v is at least 2-valent and not a target vertex, then

Dv
∼= (Ŝ(A), d1 + d2),

where A is the dg vector space that models a single antenna attached to v, Ŝ(A) denotes the
completed symmetric algebra over A, d1 is the differential induced on Ŝ(A) by the differential
on A, and d2 is multiplication by the element

∑
s∈Ork\{in}

v
s

.

For an antenna a ∈ A, we define the root of the antenna to be a maximal string of coherently
ingoing edges, staring at the root-vertex of the antenna. We call the non-root part of the antenna
the tip of the antenna.

v · · · · · ·
root tip

We define a descending filtration on (A, d1) by the number of edges in the tip of the antenna.
The differential d1,0 on the associated graded complex only sees the terms that leave the tip
intact. Hence, it splits

(grA, d1,0) ∼=
∏
t

(Rt, d1,0),

where Rt is the dg vector space that models the root of an antenna with a tip t.

If the tip is not empty, Rt is spanned by elements

ri = v · · · · · ·
i edges t
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where i ≥ 0. One can see that the differential is given by

d1,0ri =
{
±ri+1 i even
0 i odd,

and that the dg vector space Rt is acyclic.

If the tip is empty (t = 0), we get that R0 is spanned by elements

r′i = v · · ·
i edges

,

where i ≥ 1. Here, we get that

d1,0r
′
i =

{
0 i even
±ri+1 i odd,

,

so (R0, d1, 0) is also acyclic. Note that splitting of the univalent vertex is canceled by the third
term in (2.7) with j = 0. It follows that (A, d1) is acyclic.

Using that (A, d1) is acyclic, and that the differential increases the number of antennas
attached to v, one can see that each cohomology class of Ŝ(A) must contain the empty configu-
ration. Furthermore, Ŝ(A) contains exactly one such cohomology class represented by∑

j≥0
v

. . .︸ ︷︷ ︸
j

If v is at least two-valent, but a target in the core, we get that

Cv ∼= Ŝ(A)/Bv,

where Bv ⊂ Ŝ(A) is the sub-dg vector space spanned by antenna configurations that does not
remove the target status of v.

Once again, we can see that any cohomology class of Bv must contain the empty config-
uration. However, there are no cocycles of Bv containing the empty configuration. Hence,
H(Bv) = 0, and we have

H(Ŝ(A)/Bv) ∼= H(Ŝ(A)).

If v is one-valent in the core, the dg vector space Cv needs at least two antennas. Hence,

Cv ∼= Ŝ≥2(A)/(Bv)≥2,

which is acyclic as both (A, d1) and (B≥2
v , d1) are acyclic.

If v is 0 valent in the core (The core is just a single vertex v), we must have at least 3
antennas attached to v. Hence,

Cv ∼= Ŝ≥3(A)/B≥3
v ,
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which is also acyclic.

We now have showed thatH(gr(ĜC
k↑l
d , δ)) contains one cohomology class for every core graph

Γ, with vertices being at least bivalent. Those are precisely the graphs in GCk↑l
d . Furthermore,

we have that each such class is represented by F+
1 (Γ).

Finally, we will treat the case when the core is empty. An element in gr0ĜC must have the
form

Fmi,j = · · · · · · · · ·
i edges mid section m j edges

,

where the mid-section m is a string of non-coherently directed edges, and i, j ≥ 0 counts the
number of coherently directed edges on the sides of the m. Put a descending filtration on
gr0ĜC

k↑l
by the number of edges in the mid section. The associated graded complex splits

again, with a sub-dg vector space Am for each mid-section m.

If m contains at least two edges, then Fm0,0 is allowed. Also note that the mid section cannot
be symmetric, hence Fmi,j 6= ±Fmj,i. We get that Am ∼= R ⊗ R, where R is the dg vector space
with one generator ri in each degree i ≥ 0, and

dri =
{
±ri+1 i even
0 i odd.

It is clear that Am is acyclic.

If m consist of a single edge m =
s

, the graph Fm0,0 is not allowed. Hence,

d1”Fm0,0” =
s
−

s
,

represents a cohomology class. This cohomology class corresponds to (rt − rtopp).

If the mid-section is just a vertex m = •, then we have a symmetry relation F •i,j = ±F •j,i,
and also F •0,0 is not allowed. Hence,

A• ∼= Rdeg≥1 ∧Rdeg≥1,

which contains a single cohomology class represented by

F •0,1 = F •1,0 = ,

which is the term of r∅ − rin + rout with an empty core.

2.2.5 Ingoing trees

Proposition 2.2.9. The inclusion F2 : ĜC
k↑l
d+1 → Der(ĥoLieB

k↑l
d ) is a quasi-isomorphism, up to

1 rescaling class.

The proof of this is analogous to Proposition 4.1.2 in [43].
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Proof. For a graph Der(hoLieBk↑l), we define an inwards directed external tree to be a tree that
is connected to the graph in one point, and is oriented inwards in all directions.

For a graph in Γ ∈ Der(hoLieBk↑l,+), we define its skeleton, sk(Γ) to be the graph obtained
from Γ by:

1. Removing all inwards external trees from Γ, to obtain a graph γ.

2. Removing all passing vertices from γ, and connect the two edges.

For example

sk




= , skeleton





=

Similarly, for a graph in ĜC
k↑l
d , we obtain its skeleton by removing passing vertices.

We get descending filtration on Der(hoLieBk↑l) and ĜC
k↑l
d , by the number of vertices in the

skeleton. The map F2 maps a graph with skeleton γ to a sum of graph with the same skeleton
γ. Hence, it induces a map of spectral sequences.

It is a standard argument to show that H(grĜC
k↑l
d ) contains one cohomology class for each

skeleton γ̃.

On the other hand, one can see that the differential δ0 on the associated graded complex
grDer(hoLieBk↑ld ) only sees the terms that leave the skeleton intact. Hence (Der(hoLieBk↑ld ), δ0)
splits as a product with a sub-dg vector space (Cγ̃ , δ0) for each skeleton γ̃. We need to show
that each H(Cγ̃ , δ0) is one dimensional, with its cohomology class being represented by F2(γ̃).

Take another filtration on each Cγ̃ by the number of removed passing vertices. The asso-
ciated graded complex grCγ̃ splits into a direct sum

⊕
(Dγ , δ0,0), with a sub-dg vector space

(Dγ , δ0,0) for each graph γ obtained from γ̃ by adding passing vertices to edges. Furthermore,
the differential δ0,0 on Dγ only acts on the input forest to each vertex v ∈ V (γ). Hence Dγ splits
into a tensor product

(Dγ , δ0,0) ∼=

 ⊗
v∈V (γ)

(Ev, δ0,0)

Sγ ,
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where Ev is the dg vector space of input forest configurations attached to v.

If v is not a source in any direction, then all forest configurations are legal, including the
empty one.

For an input forest configuration T , consider its root to be the maximal string of vertices
that are ancestors to all other vertices

v

. . .

root

︸ ︷︷ ︸
T1,...,Tn

.

Similarly to the antenna complex in the proof of Proposition 2.2.8, we can take a filtration on
the number of edges in the non-root part. It is easy to see that the associated graded complex is
acyclic almost everywhere, except for the 2 classes represented by the empty configuration, and
the configuration of a single input leg. Hence, H(Ev) is at most 2-dimensional. Furthermore,
one can see that H(Ev) contains one cohomology class represented by the empty configuration,
and one cohomology class represented by∑

j≥0
v

. . .︸ ︷︷ ︸
j

If v is a source in some direction, then the empty configuration is not included in Ev, and hence
H(Ev) is one-dimensional. Thus, the cohomology of the associated graded complex grCγ̃ is
spanned by graphs γ obtained from γ̃ by:

1. Adding vertices on edges.

2. For passing vertices and sources, we sum over all ways to attach coherently ingoing legs
to the vertex.

3. For other vertices v, there is a choice of either not attaching anything to v, or attaching∑
j≥0

v

. . .︸ ︷︷ ︸
j

to v.

Now, let us look at the second page of the spectral sequence (H(Cγ̃ , δ0,0), δ0,1). The differ-
ential δ0,1 creates new passing vertices by splitting vertices in γ̃, splitting passing vertices, and
adding corollas ∑

j≥0
•γ

. . .︸ ︷︷ ︸
j
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to the external legs of γ̃.

Put a descending filtration on (H(Cγ̃ , δ0,0), δ0,1) by the number of vertices without coherently
ingoing legs. The associated graded complex splits into a tensor product

gr(H(Cγ̃), δ0,1) ∼=
⊗

e∈E(γ̃)
(Ae, δ0,1,0),

where (Ae, δ0,1,0) is the dg vector space that models passing vertices with attached input trees
between the endpoints of e.

If e = v is an external leg, then Ae is spanned by elements

Fi =
∑

j1,...,ji≥1
•v

. . .︸ ︷︷ ︸
j1

· · · ••
. . .︸ ︷︷ ︸
ji

where i ≥ 0 counts the number of passing vertices. We get that

δ0,1,0Fi =
{
εiFi+1 if the root is bald
εi+1Fi+1 if the root is hairy,

and we can see that Ae is acyclic if the root is bald, and that it contains a single cohomology
class represented by F0 if the root is hairy.

If e is an internal edge, then

δ0,1,0Fi =


εi+1Fi+1 if both the endpoints are hairy
εiFi+1 if one of the endpoints is hairy and the other is bald
εi+1Fi+1 if both the endpoints are bald.

Thus, (Ae, δ0,1,0) is acyclic if one of the endpoints is bald and the other is hairy. Since we must
have at least 1 hairy vertex, we get that all vertices must be hairy for a graph to not vanish in
the cohomology.

It follows that each H(Cγ̃ , δ0) is one dimensional, with its cohomology class being represented
by F2(γ̃). The only class not covered by the image F2 is the class in C∅, which is the minimal
skeleton part of the rescaling class r∅ + rin − rout. Hence, the map

F2 ⊕ i : ĜCd+1 ⊕ k(r∅ + rin − rout)→ H(ĥoLieB
k↑l
d , δ0)

is a quasi-isomorphism.

2.3 Cohomology of hoLieB2↑2
d

It is shown in [32] and [47] that hoLieB1↑1
d is a minimal model of LieB1↑1

d . In [36] it is shown that
hoLieB1↑0

d contains a cohomology class

− + ∈ hoLieB1↑0
odd.
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Hence, the wheeled properad hoLieB1↑0
odd is not a minimal model of LieB1↑0

odd.

In this chapter we shall prove the following theorem:

Theorem 2.3.1. The projection (hoLieB2↑2
d , δ) → (LieB2↑2

d , 0) is a quasi-isomorphism, i.e.
(hoLieB2↑2

d , δ) is a minimal model of (LieB2↑2
d , 0).

The two oriented properad hoLieB2↑2
d is generated by (skew)symmetric corollas

1 2 n1
...

1 2 n2
...

1 2 m1
...

1 2 m2
...

,



n1 + n2 +m1 +m2 ≥ 3
n1 + n2 ≥ 1
m1 +m2 ≥ 1
n1 +m1 ≥ 1
n2 +m2 ≥ 1.

The differential δ acts on each generating corolla by vertex splitting

δ

1 2 n1
...

1 2 n2
...

1 2 m1
...

1 2 m2
...

:=

∑
I1tI2=[n1]t[n2]
J1tJ2=[m1]t[m2]

±

... ...

... ...

I2

J2

... ...

... ...

I1

J1 ±

... ...

... ...

I2

J2

... ...

... ...

I1

J1

. (2.8)

Remark 2.3.2. When considering 2-oriented graphs, we can draw the pictures so that the first
direction is given by black arrows at the end of each edge, that flow from down to up; and the
second direction is given by blue arrows at the middle of each edge, that flow from left to right.

Remark 2.3.3. In the formula above, we identify corollas that are targets or sources with 0.
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For example, if I1 = ∅, then

... ...

... ...

I2

J2

... ...

... ...

I1

J1 =

... ...

... ...

[[n1] t [n2]

J2

... ...

J1 = 0

The 2-oriented properad of 2-oriented Lie-bialgebras LieB2↑2
c,d given by the quotient

LieB2↑2
d := hoLieB2↑2

d /K,

is generated by 8 different 3-valent corollas, 4 operadic corollas

, , ,

and 4 other corollas

, , , .

Modulo 19 quadratic relations, induced by the differential of the 4-valent corollas in hoLieB2
d;

1 2
3
,

12
3

,

12
3

,

1 2
3

1
2

1
2

,

1
2

1
2

1

,

1
2

,

1
2

,

1
2
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1
2
,

1
2

,

1
2

,

1
2

1
2
,

1
2

,

1
2

,

1
2

.

Full pictures of all relation are presented in Section 2.3.3.

Following the methods used in [32] to show that hoLieB is quasi-isomorphic to LieB, we will
establish a spectral sequence on hoLieB2↑2

d , by the number of directed paths through a graph.

For a graph Γ ∈ hoLieB2↑2
d , define Pi(Γ) to be the set of paths following direction i from an

i-input leg to an i-output leg. The differential can only decrease the number of paths through
a graph, hence we obtain filtrations on hoLieB2↑2

d by only considering graphs with a limited
number of directed paths.

We will start by taking a filtration on the number of paths following the first (black) direction

FphoLieB2↑2
d := {Γ ∈ hoLieB2↑2

d ||P1(Γ)| ≤ p},

and we will show that the cohomology of the associated graded complex

gr(hoLieB2↑2
d , δ) :=

⊕
p

(FphoLieB2↑2
d /Fp−1hoLieB2↑2

d , δ) = (hoLieB2↑2
d , δ0)

is generated by 3-regular graphs. As dimH(hoLieB2↑2
d , δ0) ≤ dimH(hoLieB2↑2

d , δ), it follows that
(hoLieB2↑2

d , δ) is generated by 3-regular graphs.

The differential δ0 sees only the terms in (2.8) where all paths in the black direction are
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preserved. These are terms

... ...

... ...

I2

J2

... ...

... ...

I1

J1 with J1 = ∅ or I2 = ∅,

and

... ...

... ...

I2

J2

... ...

... ...

I1

J1

with J2 = ∅ or I1 = ∅.

Remark 2.3.4. If we naively try to follow the proof of the 1 oriented case in [32], we would say
that (grhoLieB2↑2

d , δ0) splits
(grhoLieB2↑2

d , δ0) ∼=
⊕
γ

(Cγ , δ0),

where γ is a ”reduced graph” preserved by the differential δ0, and (Cγ , δ0) is the sub-dg vector
space spanned by graphs that reduces to γ.

Next, we would be tempted to say that each Cγ is a tensor product

Cγ ∼=

 ⊗
v∈V (γ)

(Dv, δ0)

Sγ ,
where Dv is the dg vector space spanned by graphs that reduces to v. Finally, we would conclude
that each H(Dv, δ0) is spanned by 3-valent graphs.

However, as we will find that the reduced graph γ may contain wheels in the second (blue)
direction, we can only say that

Cγ ⊂

 ⊗
v∈V (γ)

(Dv, δ0)

Sγ .
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Hence, it is not clear that the cohomology is completely determined by H(Dv, δ0). Before we
tackle this problem, let us, in the next section, reduce the number of corollas we have to consider.

2.3.1 Auxiliary properads P2↑2 and hoP2↑2

We will define two 2-oriented dg properads (hoP2↑2, δ0), (P2↑2, δ0) such that:

1. We have quasi-isomorphisms of dg vector spaces

hoP2↑2 → gr(hoLieB2↑2
d ) and hoP2↑2 → P2↑2.

2. The properad P2↑2 contains fewer corollas, and it is, therefore, easier to prove that H(P2↑2)
is spanned by 3-valent corollas.

Let
hoP2↑2 := Free(Op,Star)/R

and
P2↑2 := F2↑2(Op(2),Star)/(R,J ),

where Op is the set of operadic corollas

Op :=



1
2

n
,

1
2

n

,

1
2

n
,

1
2

n

n≥2

,

Op(2) :=

 , , ,

 ,
where one leg has the opposite multi-direction to all other legs; and Star is the set of star
corollas  , , , ,

 ,
where each leg has a unique multi-direction.
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The relations are given by the Jacobi identity

J =

 1 2

3
ss

s

s

s

+
3 1

2
ss

s

s

s

+
2 3

1
ss

s

s

s


s∈Or2

, (2.9)

and R is an ideal of 1 term relations, were an operadic corolla is connected to a star corolla,
or the opposite directed operadic corolla, with its unique leg

R :=

 n1 2

c

. . .s s s

s


c 6=

m1 2
. . .s s s

s

. (2.10)
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In full, R is generated by:

1
2

n

,

1
2

n

,

1
2

n

,

1
2

n

,

1
2

n

,

1
2

n

,

1
2

n

,

1
2

n

,

n

1
2

,

n

1
2

,

n

1
2

,

n

1
2

,

1

n

2

,

1

n

2

,

1

n

2

,

1

n

2

,

1
2

n

1
2

m

m

2
1

n

2
1

.

The differential δ0 acts by vertex splitting while preserving all paths in the black direction

δ0 = + , (2.11)
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and the hoLie differential on operadic corollas

δ0

n1 2
. . .s s s

s
=
∑
I⊂[n]

±
. . .

. . .

s s s

s

s

I

[n] \ I

(2.12)

Remark 2.3.5. It is easy to verify that the differential δ0 preserves the ideals R and J .

As a dg vector space, hoP2↑2 is a subspace of hoLieB2↑2
d , spanned by graphs such that:

1. Each corolla is either an operadic corolla or a star corolla;

2. For each operadic corolla, the unique leg is either an external leg, or it is connected to
another operadic corolla of the same type

. . .

. . .

s s s

s

s

.

There is a canonical inclusion of dg vector spaces

i : hoP2↑2 ↪→ gr(hoLieB2↑2
d ), (2.13)

as well as a projection
p : hoP2↑2 → P2↑2. (2.14)

Proposition 2.3.6. The maps i and p above are quasi-isomorphisms, i.e.

gr(hoLieB2↑2
d ) ∼= H(hoP2↑2) ∼= H(P2↑2).

Proof. First, take a filtration on gr(hoLieB2↑2
d ), hoP2↑2, and P2↑2 by the number of paths in the

second (blue) direction.

As neither of the terms in

δ0 = +
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preserve the paths in the blue direction, we have that the differential on the associated graded
complex grP2↑2 vanishes.

On grhoP2↑2, the differential δ0,0 vanishes on star corollas, and acts normally on the operadic
corollas.

On the (double) associated graded complex grgrhoLieB2↑2
d , the differential δ0,0 only sees

terms on the form
...

s

s s s

... ...

... ...

, (2.15)

where one (or both) of the corollas is an operadic corolla

n1 2
. . .s s s

s
∈ Op,

pointing towards the other corolla.

Remark 2.3.7. We always say that an operadic-corolla is pointing towards its unique leg, even
if the unique leg is directed the opposite direction.

If the corolla only contains 3 types of legs, e.g.

...

... ...

, then δ0 also sees terms

on the form

...

...

... ...

, (2.16)

where the internal edge is a unique input (or output) in both directions but to the opposite
corollas (in the example above, the internal edge is the unique output, in the blue direction, to
the lower left corolla; and the unique input, in the black direction, to the upper right corolla).
Let us write

δ0,0Γ =
∑

Γα +
∑

Γβ, (2.17)

where Γα are graphs obtained from Γ by splitting a vertex such as (2.15), and Γβ are graphs
obtained from Γ by splitting a vertex such as (2.16).
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Next, for a graph Γ ∈ (grgr)hoLieB2
d, grhoP2↑2, or P2↑2 we define the reduced graph R(Γ),

to be the graph obtained from Γ by contracting the unique edge in all operadic corollas

n1 2
. . .s s s

s
7→

n1 2
. . .

s s s
, (2.18)

(if it is internal).

Note that each term
∑

Γα in (2.17) has the same reduced graph as Γ, while the terms in∑
Γβ have more vertices in the reduced graph than Γ, i.e.

R(Γα) = R(Γ) |V (R(Γβ))| > |V (R(Γ))|.

Hence, we may take a filtration on the (grgrhoLieB2↑2
d , δ0,0), (grhoP2↑2, δ0,0), and (grP2↑2, δ0,0)

by the number of vertices in the reduced graph

GpgrgrhoLieB2↑2
d := {Γ ∈ grhoLieB2↑2

d ||R(V (Γ))| ≥ p}.

The differential δ0,0,0 on the associated graded complex grgrgrhoLieB2↑2
d only sees the terms

δ0,0,0 =
∑

Γα

that completely preserve the reduced graph. Hence, (hoLieB2↑2
d , δ0,0,0) splits

(hoLieB2↑2
d , δ0,0,0) ∼=

⊕
γ

(Cγ , δ0,0,0),

where the sum runs over all possible reduced graphs γ, and Cγ is the sub-dg vector space spanned
by graphs Γ with R(Γ) = γ.

Next, each Cγ splits into a tensor product,

Cγ ∼=

 ⊗
v∈V (γ)

(Dv, δ0,0,0)

Sγ ,
where Dv is the dg vector space spanned by graphs G such that R(G) = v, and Sγ is the
symmetry group that acts on γ. We can see that Dv consists of genus 0 graphs with at most one
vertex x not being an operadic corolla, connected to trees of operadic corollas directed towards
x.

Similarly, (hoP2↑2, δ0,0,0) and (P2↑2, δ0,0,0(= 0)) split, into

(hoP2↑2, δ0,0,0) ∼=
⊕
γ

(C ′γ , δ0,0,0)

71



and
(P2↑2, 0) ∼=

⊕
γ

(C ′′γ , 0),

with

(C ′γ , δ0,0,0) ∼=

 ⊗
v∈V (γ)

(D′v, δ0,0,0)

Sγ ,
(C ′′γ , 0) ∼=

 ⊗
v∈V (γ)

(D′′v , 0)

Sγ .
We need to show that, for each 2-directed (skew) symmetric corolla v, the maps

i : hoP2↑2 ↪→ grhoLieB2↑2
d ,

and
p : hoP2↑2 → P2↑2

induces quasi-isomorphisms

(Dv, δ0,0,0)→ (D′v, δ0,0,0)← (D′′v , 0).

1. If v is an operadic corolla with n+ 1 legs, then we can see that

(Dv, δ0,0,0) = (D′v, δ0,0,0) ∼= (hoLie(n), δ),

and
(D′v, 0) ∼= (Lie(n), 0).

It follows from Theorem 1.3.7, that both maps are quasi-isomorphisms.

2. If v is a star corolla, then there is only one graph that reduces to v, namely v itself. Hence,
Dv, D

′
v and D′′v are all 1-dimensional.

3. Otherwise, if v is neither a star corolla nor an operadic corolla, we have

D′v = D′′v = 0.

We need to show that Dv is acyclic for such corollas.

Pick a multi-direction

s = , , , or ,

of which v has at least 2 legs. Define a weight grading on Dv, by

w(x) =
{

1 if the non-operadic corolla only has 1 leg of direction s

0 otherwise.
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for every generating graph in Dv. Alternatively, if v is a properadic corolla

v =

n1 2

1 2 m

. . .
s s s

s s s

. . .

,

we say that

w(x) =
{

1 if all corollas are operadic
0 otherwise.

We can make a filtration by

FpDv := {x ∈ Dv : deg(x)− w(x) ≥ p},

where deg(x) is the cohomological degree. Then, the associated graded complex consists of short
exact sequences

0→

n1 2

hoLie(n)⊗A

. . .
s s s

→
hoLie(n)

n1 2

A

. . .
s s s

s → 0,

which are acyclic. Here, A is the vector space of spanned by trees of operadic corollas of the
other multi-directions.

It follows that the maps in (2.13) and (2.14) are quasi-isomorphisms.

2.3.2 Cohomology of P2↑2.

In this section, we will prove the following proposition, which will finish the proof of Theorem
2.3.1.

Proposition 2.3.8. All cohomology classes in H(P2↑2, δ0) are represented by strictly 3-valent
graphs.

For a graph Γ ∈ P2↑2, we define another reduced graph R′(Γ), obtained by contracting
subgraphs

7→ and 7→ .
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7→ v2 v3v1 .

Figure 2.1: The graph to the left reduces to the graph to the right. We labeled the four valent
star corollas by v1, v2 and v3, and we marked the wheels by dotted and dashed edges.

One can see that the differential δ0 preserves R′(Γ). Hence, (P2↑2, δ0) splits

P2↑2 ∼=
⊕
γ

(Cγ , δ0),

where the sum runs over all reduced graphs γ, and (Cγ , δ0) is the dg vector space spanned by
graphs with R′(Γ) = γ.

However, as R′(Γ) may contain cycles in the second (blue) direction (see Figure 2.1), we do
not get that each (Cγ , δ0) is a tensor product of simple dg vector spaces.

For this purpose, consider the 2-directed 1-oriented properad (P2↑1, δ0) ⊃ (P2↑2, δ0), gener-
ated by the same corollas and relations as P2↑2, except that we allow wheels in the blue direction.
We have that

(P2↑1, δ0) ∼=
⊕
γ

(C	γ , δ0),

where C	γ ⊃ Cγ is the dg vector space spanned by graphs Γ ∈ P2↑1 with R′(Γ) = γ. Here, we do
have

C	γ ∼=

 ⊗
v∈S(γ)

(Dv, δ0)

Sγ ,

where S(γ) is the set of corollas in γ, and Dv is a 3-dimensional dg vector space
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spanned by substitutions of

, , ,

to the vertex v ∈ S(γ), with

δ0 = + ,

and Sγ is the symmetry group of γ.

As H(Dv) is one-dimensional, it is easy to see the following lemma:

Lemma 2.3.9. For each reduced graph γ, we have that H(C	γ ) is one-dimensional, and the
cohomology class is represented by a 3-regular graph.

However, as C	γ /Cγ is not a sub-dg vector space, i.e. (C	γ , δ0) does not split

(C	γ , δ0) � (Cγ , δ0)⊕ (C	γ /Cγ , δ0),

the following lemma, which finishes the proof of Theorem 2.3.1, is not as clear.

Lemma 2.3.10. For each reduced graph γ, we have that H(Cγ , δ0) ⊂ H(C	γ , δ0). More precisely,
H(Cγ , δ0) is either one-dimensional with a cohomology class represented by any strictly 3-valent
graph in Cγ, or Cγ is empty.

If S(γ) is empty, then it is clear that Cγ is one-dimensional. Assume that Cγ′ is one-
dimensional for each γ′ with |S(γ′)| < n, and let γ be a reduced graph with |S(γ)| = n.

Each ∈ S(γ) may be ”tangled up” in the wheels of γ in one of three possible

ways, pictured and named as

︸ ︷︷ ︸
open

, or

︸ ︷︷ ︸
half closed

,

︸ ︷︷ ︸
closed

(2.19)

We denote the set of open corollas by F (γ), the set of half closed corollas by hB(γ), and the set
of closed corollas by B(γ).
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Remark 2.3.11. Note that, if γ contains a wheel, then γ must contain at least one half closed
corolla. Otherwise, Cγ is empty.

We will put a weight grading on each Dv, by setting the weight of a substitution to 1 if it
”breaks a wheel” in γ, and 0 if it does not. That is:

1. If v is open, then all substitutions carry degree 0.

2. If v is half closed, then

∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣
:= 0,

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
:= 0,

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
:= 1,

or in the opposite case

∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣
:= 0,

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
:= 1,

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
:= 0.

3. If v is closed, then

∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣
:= 0,

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
:= 1,

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
:= 1.

The differential can only increase the weight grading (by 1 or 0). Hence, this weight grading
induces a spectral sequence on Cγ and on C	γ . On the associated graded complexes, which we
will denote (C	γ , d0) and (Cγ , d0), we do have that

(C	γ , d0) ∼= (Cγ , d0)⊕ (C	γ /Cγ , d0),

Hence,

(C	γ /Cγ , d0)⊕ (Cγ , d0) ∼= (C	γ , d0) ∼=
⊗

v∈F (γ)
(Dv, d0(= δ0))

⊗
v∈hB(γ)

(Dv, d0)
⊗

v∈B(γ)
(Dv, d0(= 0)).
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For the open star corollas v ∈ F (γ), the cohomology of (Dv, d0) ∼= (Dv, δ0) is one-dimensional,
with a cohomology class represented by either of the extended substitutions;

H(Dv, d0) =
〈



=




〉
. (2.20)

For the half closed star corollas v ∈ hB(γ), the cohomology of (Dv, d0) is again one-dimensional,
however, the cohomology class is only represented by the substitution that breaks the wheels
passing through v;

H(Dv, d0) =
〈



〉


or H(Dv, d0) =
〈



〉

. (2.21)

Now, consider the second page of both spectral sequences, say (E	2 , d1) and (E2, d1),

E	2
∼= H(C	γ , d0),

and
E2 ∼= H(C	γ , d0).

By (2.20) and (2.21), we get that E	2 consists of graphs in Γ ∈ C	, while E2 consists of
graphs in Cγ , such that:

1. The half closed star corollas in γ are extended the way that breaks the wheels passing
through them.

2. On the open corollas, we identify with − .

It follows that
(E2, d1) ⊂ (E	2 , d1) ∼=

⊗
v∈B(γ)

(Dv, δ0).
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γ = v2 v3v1 7→ γ′ = v2

Figure 2.2: One can see that the vertices v1 and v3 are ”half closed”, while v2 is ”closed” in γ.
In γ′, the vertex v2 is ”open”.

Lemma 2.3.12. The second page of this spectral sequence, (E2, d1), is identical to a dg vector
space (Cγ′ , δ0) where γ′ is a reduced graph obtained from γ by substituting the open and the half
closed corollas

7→ .

Here, the dashed arrows are external legs. See Figure 2.2.

Proof. One can see that there is a canonical isomorphism

i : (E	2 , d1) =
⊗

v∈B(γ)
(Dv, δ0)→

⊗
v∈S(γ′)

(Dv, δ0) = (C	γ′ , δ0).

Furthermore, as the graphs in E	2 does not have wheels passing through the half closed corollas,
this map sends oriented graphs precisely to oriented graphs. Hence, it restricts to an isomorphism

(E2, d1)→ (Cγ′ , δ0).

As γ′ contains fewer 4-valent vertices than γ, our induction assumption gives us thatH(Cγ) ∼=
H(E2) ∼= H(Cγ′) is spanned by 3-valent corollas. This finishes the proof of Theorem 2.3.1.
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Remark 2.3.13. If we instead try to follow B. Vallette’s proof [47] of H(hoLieB) ∼= LieB, we
would find that the relation

δ = + + + +

+ + + + ,

in LieB2↑2
d , does not have a simple replacement rule. This could possibly be fixed by a ’replace-

ment algorithm’, which determines whether to replace

7→ − δ

or

7→ − δ

depending on whether the or belongs to an open, closed or half closed

corolla of a reduced graph R′(Γ).

2.3.3 Relations for 2-directed Lie bialgebras

In this section, we will give full formulas for the 19 relations in LieB2↑2
0 , LieB2↑1

0 and LieB2↑0
0 .

They are as follows:

1.

δ

123
=

1
2

3

+

2
3

1

+

3
1

2
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2.

δ

123
=

1
2

3

+

2
3

1

+

3
1

2

3.

δ

123
=

1
2

3

+

2
3

1

+

3
1

2

4.

δ

123
=

1
2

3

+

2
3

1

+

3
1

2

5.

δ

1
2

1
2

=

1
2

1
2

+

1
2

1 2

+

1
2

1 2

+

2
1

1 2

+

2
1

1 2

+

1

2

1

2

+

2

1

1

2

+

1

2

2

1

+

2

1

2

1

6.

δ = +

1
2

1
2

+

1
2

12

+

1
2

12

+

2
1

12

+

2
1

12

+

1

2

1

2

+

2

1

1

2

+

1

2

2

1

+

2

1

2

1
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7.

δ

1
2

=

1
2

+

1
2

+

1
2

+

1

2

+

2

1

8.

δ

1
2

=

1
2

+

1
2

+

1
2

+

1

2

+

2

1

9.

δ

1
2

=

1
2

+

1
2

+

1
2

+

1

2

+

2

1

10.

δ

1
2

=

1
2

+

1
2

+

1
2

+

1

2

+

2

1

11.

δ

1
2

= +

1
2

+

1

2

+

1
2

+

1

2

+

2

1

12.

δ

1
2

=

1
2

+

1

2

+

1
2

+

1

2

+

2

1

13.

δ

1
2

= +

1
2

+

1

2

+

1
2

+

1

2

+

2

1
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14.

δ

1
2

= +

1
2

+

1

2

+

1
2

+

1

2

±

2

1

15.

δ

1
2

=

1
2

+

1

2

+

2

1

16.

δ

1
2

=

1
2

+

1

2

+

2

1

17.

δ

1
2

=

1
2

+

1

2

+

2

1

18.

δ

1
2

=

1
2

+

1

2

+

2

1

19.

δ = + + + +

+ + + .

The relations of LieB2↑2
d , for d 6= 0 are as above, but with additional signs.
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Chapter 3

A fixed source graph complex

Introduction

The main motivation for the work in this chapter is the explicit morphism of dg vector spaces

F : (OGC1, δ)→ (RGC[1], δ + ∆1)

constructed by S. Merkulov and T. Willwacher in [42]. Here, (OGC1, δ) is the oriented version
of Kontsevich’s graph complex, and (RGC[1], δ + ∆1) is a dg vector space spanned by ribbon
graphs. Ribbon graphs (sometimes called fat graphs) model Riemann surfaces with marked
points [44]. For our ribbon graph complex RGC, we get

Hk(RGC, δ) ∼=
∏
g,n

(
Hk−n
c (Mg,n,Q)⊗ sgnn

)Sn
⊕
{
Q for k = 1, 5, 9, . . .
0 otherwise,

(3.1)

where Hc(Mg,n,Q) is the compact support cohomology of the moduli space of Riemann surfaces
of genus g with n marked points (see [28] for more details). In this context, the differential δ+∆1
constructed in [42] is a deformation of the classical differential δ on RGC. A simple observation
gives that the same explicit formula F is also a map of dg vector spaces

F : (OGC1, δ0)→ (RGC[1], δ), (3.2)

where, this time, it is the differential δ on OGC1 that is not standard. The differential δ0
splits vertices of graphs in OGC in a way that preserves the number of target vertices. In this
chapter, we show that there is a quasi-isomorphism from the oriented graph complex with this
new differential to the better known hairy graph complex HGCn,n, studied in e.g. [7], [22].

Theorem 3.0.1. There is a map of graded vector spaces

Φ : OGCn+1 → HGCn,n,

such that the associated morphisms of dg vector spaces

Φ : (OGCn+1, δ0)→ (HGCn,n, δ),
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and
Φ : (OGCn+1, d)→ (HGCn,n, δ + χ)

are quasi-isomorphisms. Here, χ is the extra differential on HGCd,d that adds a hair, considered
in [22].

As a corollary, we get a relationship between the ribbon graph complex and the hairy graph
complex.

Corollary 3.0.2. We have an explicit zig-zag of morphisms

(HGC0,0, δ)← (OGC1, δ0)→ (RGC[1], δ),

where the left map is a quasi-isomorphism.

A recent result by M. Chan, S. Galatius and S. Payne [12] states that there exists an em-
bedding

Hk(GC[n]
0 , d)→

∏
g

Hk
c (Mg,n,Q).

Here, GC[n] is a dg vector space spanned by hairy graphs where each hair is labeled by an integer
in [n]. The map Φ : (OGC1, δ0)→ (RGC[1], δ) is believed to be related to this embedding.

This chapter is based on joint work with M. Živković [6].

3.1 The hairy graph complex

The hairy graph complex (HGCd,c, δ) is a version of Kontsevich Graph complex, where graphs
are allowed to have external legs, which we in this context call hairs.

Let HkGn,m be the set of connected graphs without univalent vertices, with vertices labeled
by [n], internal edges labeled by [m], and hairs labeled by [k]. That is connected graphs Γ =
(FΓ, VΓ, ∂Γ, ιΓ) in Gr, with flag set FΓ = [m]1 t [m]2 t [k], vertex set VΓ = [n], involution
ιΓ = ιm t id[k], and |∂−1

Γ (v)| ≥ 2 for all vertices v ∈ VΓ. The group SHG
n,m,k := Sn × Sm × Sm2 × Sk

acts on HkGn,m by permuting vertex labels, permuting edge labels, flipping the intrinsic direction
of internal edges, and permuting hair labels. That is

(σ, τ1, τ2, υ)(FΓ, VΓ, ∂Γ, ιΓ) = (FΓ, VΓ, σ ◦ ∂Γ ◦ ((τ, τ2)−1 t υ−1), ιΓ), σ ∈ Sn,

for all (τ1, τ2) ∈ Sm × S×m2 , υ ∈ Sk.

Let
Hgrad(n,m, k) := k(HkGn,m)[d(n− 1) + (1− d)m− k + 1],

and let

HGCd :=


∏
n≥1,m≥0,k≥1 Hgrad(n,m, k)⊗SHG

n,m,k
(sgnn⊗k⊗ sgn⊗m2 ⊗ sgnk) d odd,∏

n≥1,m≥0,k≥1 Hgrad(n,m, k)⊗SHG
n,m,k

(k⊗ sgnm⊗k⊗ sgnk) d even.
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Remark 3.1.1. Here, we define the hairy graph complex HGCd so that hairs have degree 1.
It is also possible (and required for some applications, for example in [7]) to define the graph
complex so that the hairs have other degrees. In our hairy graph complex HGCd, we do not
allow graphs without hairs, however, in some applications it may be more suitable to also include
hairless graphs.

The differential δ is given by vertex splitting as in GC, minus the terms created where a
hairy vertex only has one adjacent internal edge. This means that δ acts on each vertex with e
adjacent internal edges, and one adjacent hair, by

δ
. . .︸ ︷︷ ︸
[e]

=
∑

ItJ∈[e]
|I|≥1

±
. . .

. . .
︸ ︷︷ ︸
I ︸ ︷︷ ︸

J

,

where the dashed line represents the hair. On non-hairy vertices, δ acts by

δ
. . .︸ ︷︷ ︸
[e]

=
∑

ItJ∈[e]
min I<min J

±
. . .

. . .
︸ ︷︷ ︸
I ︸ ︷︷ ︸

J

.

The sign is determined by giving the new edge the last edge label, while the lower of the two
vertices inherits the label of the split vertex, the upper vertex gets the last vertex label, and the
new edge is intrinsically oriented from the lower vertex to the upper vertex.

It was shown in [22] that HGCd admits an extra differential χ given by attaching a hair to
each vertex

χ
. . .︸ ︷︷ ︸
[e]

=
. . .︸ ︷︷ ︸
[e]

,

where the sign is determined by giving the new hair the last hair label.

Proposition 3.1.2 (A. Khoroshkin, T. Willwacher, M. Živković [22]). If we require graphs in
HGCd to have at least one hair, we get

H(HGCd, δ + χ) ∼= H(GCd, δ).

3.1.1 A fixed source graph complex

To clear up some space for superscripts, let us denote the set of 1-oriented graphs and the
1-oriented graph complex by OG and OGCd respectively That is

OGn,m := G1↑1
n,m,
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and
OGCd := GC1↑1

d .

For an oriented graph Γ, let wsource(Γ) be the number of source vertices in Γ. Note that splitting
a vertex of Γ cannot decrease the number of source vertices in Γ. Hence, we obtain a filtration

Fp(OGC, δ) := ({Γ ∈ OGC : wsource(Γ) ≥ p}, δ).

The associated graded complex

(OGC, δ0) :=

∏
p≥1

FpOGC/Fp+1OGC, δ


admits a differential δ0 given by vertex splitting without creating source vertices. That is

δ0

. . .
[j]︷ ︸︸ ︷
. . .︸ ︷︷ ︸
[i]

=
∑

I1tI2=[i]
J1tJ2=[j]

±
. . . . . .

. . .
J2︷ ︸︸ ︷

︸ ︷︷ ︸
I2

J1︷ ︸︸ ︷
. . .︸ ︷︷ ︸
I1 6=∅

, J1 t I1 6= ∅, J2 t I2 6= ∅,

for non-source vertices, and

δ0

. . .
[i]︷ ︸︸ ︷

=
∑

I1tI2=[i]
±

. . .

. . .
I2︷ ︸︸ ︷

I1︷ ︸︸ ︷
, I1, I2 6= ∅,

for source vertices. We will call the graph complex (OGCd, δ0) the fixed source oriented graph
complex.

3.1.2 A map OGCd+1 → HGCd

In this section, we will create a map of graded vector spaces

Φ : OGCd+1 → HGCd.

Let Ok,tGn,m ⊂ OGn,m be the set of oriented graphs with k source vertices and t bi valent target
vertices. For a graph Γ ∈ Ok,tGn+t,m+t, we define the hairy skeleton hs(Γ) to be the isomorphism
class of hairy graphs with n vertices, m internal edges and k hairs, obtained from Γ by:

1. Putting a hair on each source vertex.

2. Contracting each occurrence of bivalent target vertices into a single non-oriented
edge.
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3. Forgetting the orientation of all other edges.

For a graph Γ ∈ Ok,tGn+t,m+t, the map Φ is roughly defined as

Φ(Γ) :=
{
hs(Γ) if t = m− n+ k

0 otherwise.
(3.3)

Unfortunately, (3.3) does not provide enough information to say that it is a well defined map
of graded vector spaces. In order to make a well defined map, let us compare the graded vector
spaces

OGCd+1 ∼=
∏
n,m

k(OGn,m)[(d+ 1)(n− 1)− dm]/(Γ− sgnd+1(σ)σΓ)Γ∈OGn,m),σ∈SGn,m ,

where sgnd+1(σ1, σ2, σ3) = (sgn(σ1)d+1 sgn(σ2)d sgn(σ3)d+1), for

(σv, σe, τe) ∈ Sn × Sm × S×m2 = SGn,m;

and +*-

HGCd
∼=

∏
n,m,k

k(HkGn,m)[d(n− 1) + (1− d)m+ k]/(Γ− sgnd(τ)τΓ)Γ∈HkGn,m),τ∈SHG
n,m,k

,

where sgnd(τ1, τ2, τ3, τ4) = sgn(τ1)d sgn(τ2)d+1 sgn(τ3)d sgn(τ4), for (τ1, τ2, τ3, τ4) ∈ Sn × Sm ×
S×m2 × Sk = SHG

n,m,k.

Let us first check that Φ is of degree 0. Set t = m − n + k, we have that a graph Γ ∈
Ok,tGn+t,m+t = Ok,m−n+kGm+k,2m−n+k is of degree

deg(Γ) = (d+ 1)(m+ k − 1)− d(2m− n+ k) = d(n− 1) + (1− d)m+ k = deg(ΦΓ),

which is what we need.

To properly define Φ, we will complete the following steps:

1. For t = m − n + k, we define a subset Õk,tGn+t,m+t ⊂ Ok,tGn+t,m+t, called the model
enumerated graphs, such that each graph Γ ∈ Ok,tGn+t,m+t is isomorphic to a graph Γ′ ∈
Õk,tGn+t,m+t. It can then be concluded that there is an isomorphism of vector spaces

Ok,tGCd+1 →
∏

n−m=t−k
Õk,tGn+t,m+t[d(n− 1) + (1− d)m+ k]/ ∼,

where ∼ is the relation Γ = sgnd+1(σ)σΓ for all Γ ∈ Õk,tGn+t,m+t and σ ∈ SG̃ , where
Ok,tGCd+1 ⊂ OGCd+1 is the sub vector space spanned by graphs in Ok,tGn+t,m+t, and SG̃

is the set of isomorphisms between graphs in Õk,tGn+t,m+t.

2. We associate each graph Γ ∈ Õk,tGn+t,m+t with a graph h̃s(Γ) ∈ HkGn,m, of the isomor-
phism class hs(Γ).
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3. For any isomorphism σ(: Γ1 → Γ2) ∈ SG̃ , let τ be the isomorphism of hairy graphs
τ : h̃s(Γ1) → h̃s(Γ2). We will show that sgnd+1(σ) = sgnd(τ). As a consequence we get a
map of graded vector spaces∏

n,m

ÕGn,m[d(n− 1) + (1− d)m+ k]/ ∼→ HGCd.

We can then give a proper definition of Φ : OGCd+1 → HGCd, by

Φ(Γ) :=
{

sgnd+1(σΓ)h̃s(σΓΓ) if Γ ∈ Ok,tGn+t,m+t, for t = m− n+ k

0 otherwise.
(3.4)

where σΓ is an isomorphism Γ→ Γ′ for some arbitrary model enumerated graph Γ′.

3.1.3 Counting sources

Lemma 3.1.3. If t = m−n+k, then each vertex of a graph Γ ∈ Ok,tGn+t,m+t is either a source
vertex, a bivalent target vertex, or it has a unique incoming edge.

Proof. Consider the graph γ obtained from Γ by removing each bivalent target vertex and its
adjacent edges. The graph γ then contains n vertices and m− (m− n+ k) = n− k edges. Such
a graph γ must contain at least k separate connected components. Since γ is oriented, each
connected component must contain at least 1 source vertex. As γ contains precisely k source
vertices, we must have that γ contains precisely k connected components τ1, . . . , τk with 1 source
vertex each. Furthermore, γ contains precisely k components if and only if each component τi
is of genus 0 i.e. each τi is a tree. Finally, we note that each tree τi contains precisely 1 source
vertex if and only if all edges in τi are directed outwards from the single source vertex.

Let t = m− n+ k, we say that a graph Γ ∈ Ok,tGn+t,m+t with k source vertices is of model
enumeration if:

1. The source vertices occupy vertex labels 1, . . . , k;

2. The bivalent target vertices occupy the last vertex labels, n+ 1, . . . , n+ t;

3. The two adjacent edges to a bivalent target vertex n+ i, are labeled m− t+ i and m+ i.

4. The unique incoming edge to each vertex i ∈ {k + 1, n} is labeled by i.

5. The intrinsic orientation agrees with the orientation for all edges.

Let Õk,tGn+t,m+t be the set of model enumerated graphs. It is clear that any graph in
Ok,tGn+t,m+t is isomorphic to a (several) model enumerated graph(s). Hence, step 1 is completed.

For each graph Γ ∈ Õk,tGn+t,m+t, let h̃s(Γ) ∈ HkGn,m be the graph obtained from Γ by:
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1. Forgetting the orientation of the edges. (As the intrinsic orientation agrees with the
orientation for each edge of a graph in OG̃, the orientation is not really forgotten).

2. Attaching a hair labeled i to each vertex i = 1, . . . , k

i

. . .

7→ i

i

. . .

3. Contracting the edges m+ 1, . . . ,m+ t

n+i
m−t+i m+i

7→
m−t+i

.

This completes step 2. The following Lemma will complete step 3.

Lemma 3.1.4. Let Γ1,Γ2 be two model enumerated graphs in Ok,tGn+t,m+t, let σ ∈ SGn+t,m+t be
a permutation that induces an isomorphism

σ : Γ1 → Γ2,

and let τ ∈ SHG be the permutation that induces an isomorphism

τ : h̃s(Γ1)→ h̃s(Γ2).

Then sgnd+1(σ) = sgnd(τ).

Proof. We may write σ = σ1 ◦ σ2 ◦ σ3 ◦ σ4, where the permutation σ1 ∈ Sk permutes the source
vertices, e.g.

i

. . .

[Ei]︷ ︸︸ ︷
j

. . .

[Ej ]︷ ︸︸ ︷
7→ j

. . .

[Ei]︷ ︸︸ ︷
i

. . .

[Ej ]︷ ︸︸ ︷
.

The graded sign of such a permutation is given by sgnd+1(σ1) = sgn(σ1)d+1.

Next, σ2 ∈ St permutes the labels of bivalent target vetrices along with their adjacent edges.
e.g.

n+i
m−t+i m+i

n+j
m−t+j m+j

7→ n+j
m−t+j m+j

n+i
m−t+i m+i

.

The graded sign of such a permutation is given by sgnd+1(σ2) = sgn(σ2)d+1(sgn(σ2)d)2 =
sgn(σ2)d+1.

Next, σ3 ∈ S×t2 swaps the labels of two edges adjacent to a bivalent target vertex. e.g.

n+i
m−t+i m+i

7→ n+i
m+i m−t+i

.
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The graded sign of such a permutation is given by sgnd+1 = sgn(σ3)d.

Finally, σ4 ∈ Sn−k permutes the labels of the remaining vertices, along with the labels of
their adjacent ingoing edges

i

i

. . .
[e1]︷ ︸︸ ︷

j

j

. . .
[e2]︷ ︸︸ ︷

7→ j

j

. . .
[e1]︷ ︸︸ ︷

i

i

. . .
[e2]︷ ︸︸ ︷

.

The graded sign of such a permutation is given by sgn(σ4) = sgn(σ4)d+1 sgn(σ4)d = sgn(σ4).

The associated isomorphisms τ = τ1 ◦ τ2 ◦ τ3 ◦ τ4 : h̃s(Γ1)→ h̃s(Γ2) are given respectively by
a permutation τ1 ∈ Sk that permutes the labels of the hairy vertices along with the hair labels.
e.g.

i

i

. . .
[ei]︷ ︸︸ ︷

j

j

. . .
[ej ]︷ ︸︸ ︷

7→ j

j

. . .
[ei]︷ ︸︸ ︷

i

i

. . .
[ej ]︷ ︸︸ ︷

.

We get sgnd(τ1) = sgn(τ)d+1 = sgnd+1(σ1).

The permutation τ2 ∈ St permutes the labels of the edges m− t+ 1, . . . ,m

i j
7→

j i
.

We get sgnd(τ2) = sgn(τ2)d+1 = sgnd+1(σ2).

The permutation τ3 ∈ S×t2 swaps the intrinsic orientation of the edges m− t+ 1, . . . ,m,

i
7→

i
.

We get sgnd(τ3) = sgn(τ3)d = sgnd+1(σ3).

Finally, τ4 ∈ Sn−k permutes the vertices k + 1, . . . , n along with the edges k + 1, . . . , n, e.g.

i

i

. . .
[ei]︷ ︸︸ ︷

j

j

. . .
[ej ]︷ ︸︸ ︷

7→ j

j

. . .
[ei]︷ ︸︸ ︷

i

i

. . .
[ej ]︷ ︸︸ ︷

We get sgnd(τ4) = sgn(τ4) = sgnd+1(σ4).
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Proposition 3.1.5. The map Φ is a map of dg vector spaces

Φ : (OGCd+1, δ)→ (HGCd, δ + χ)

and
Φ : (OGCd+1, δ0)→ (HGCd, δ).

Proof. For source vertices, we have

Φδ
. . .
[i]︷ ︸︸ ︷

=
∑

I1tI2=[i]
Φ

. . .

. . .
I2︷ ︸︸ ︷

I1︷ ︸︸ ︷
=

∑
ItJ∈[e]
|I|≥1

±
. . .

. . .
I1︷ ︸︸ ︷

I2︷ ︸︸ ︷
= δ(+χ)

. . .
[i]︷ ︸︸ ︷

For vertices with 1 ingoing edge, we have

Φδ
. . .
[i]︷ ︸︸ ︷

=
∑

ItJ∈[e]
|I|≥1

±Φ
. . .

. . .
I1︷ ︸︸ ︷

I2︷ ︸︸ ︷
± Φ

. . .
. . .

I1︷ ︸︸ ︷
I2︷ ︸︸ ︷

= δ

. . .
[i]︷ ︸︸ ︷

+ χ

. . .
[i]︷ ︸︸ ︷

.

For a vertex with 2 ingoing legs, we get

Φδ i

im

. . .
= Φ i

i

m+t

m+t

m

. . .
+ (−1)dΦ i

i

m+t

m+t

m

. . .
=

i

mi

. . .
+ (−1)d−1(−1)d i

mi

. . .
= 0.

Here, the (−1)d sign comes from a swap of edge labels in the oriented graph complex OGCd+1,
and the (−1)d−1 sign comes from a swap of edge labels in HGCd.

Finally, for a vertex with three or more ingoing legs, it is clear that

Φδ
. . .
[i]︷ ︸︸ ︷
. . .︸ ︷︷ ︸
[j]

= 0.
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It follows that Φδ = (δ + χ)Φ. As Φ maps a graph with k sources to a hairy graph with
precisely k hairs, it is clear that we also have Φδ0 = δΦ.

3.1.4 The map Φ is a quasi-isomorphism

Theorem 3.1.6. The maps

Φ : (OGCd+1, δ)→ (HGCd, δ + χ)

and
Φ : (OGCd+1, δ0)→ (HGCd, δ)

are quasi-isomorphisms.

Remark 3.1.7. This is an alternative proof to the proof given in [6], where the dual complexes
are considered.

Proof. It is enough to show that

Φ : (OGCd+1, δ0)→ (HGCd, δ)

is a quasi-isomorphism, as it is the first page of a spectral sequence, it follows by the mapping
lemma for spectral sequences [49], that the first map is also an isomorphism. For a graph
Γ ∈ OGCd, count the weight of a vertex v ∈ V (Γ) by

w(v) :=
{

valence(v) if v is a source
valence(v)− 1 if v is not a source.

,

and take a filtration on the number of vertices with w(v) ≥ 1. The differential δ0,0 on the
associated graded complex (OGCd, δ0,0) := gr(OGC, δ0) only creates bivalent target vertices.
Moreover, it fixes the hairy skeleton. Hence the associated graded complex splits

(OGCd, δ0,0) ∼=
⊕
γ

(Cγ , δ0,0),

where the sum runs over all hairy graphs γ, and Cγ is the sub-dg vector space spanned by graphs
Γ with hairy skeleton hs(Γ) = γ.

Each Cγ is a sub-dg vector space of a quotient of a tensor product

(Cγ , δ0,0) ⊂

 ⊗
e∈Einternal(γ)

(De, δ0,0)

 /Bγ
Sγ ,

where D(v,w) is the dg vector space spanned by substitutions of either

v w, v w or v w;

to the edge e between two vertices v and w. The sub-dg vector space Bγ ⊂ ⊗De consists of graphs
where at least one non-hairy vertex v ∈ V (γ) is a source vertex, and Sγ is the automorphism
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group of γ. The graphs not included in Cγ are graphs with either a closed path, or where a
hairy vertex is not an internal source.

Let

(Cγ , δ0,0) ⊂

 ⊗
(v,w)∈Einternal(γ)

(D(v,w), δ0,0)

 /Bγ
be the dg vector space such that

(
Cγ
)Sγ ∼= Cγ . We need to show that each (Cγ , δ0,0) is one-

dimensional, with a cohomology class represented by any graph Γ such that Φ(Γ) = γ.

We note that if all vertices in γ are hairy, then Cγ is one-dimensional, with the only legal
graph being

v w

on all internal edges.

Suppose that H(Cγ′) is one-dimensional for each graph γ′ with n−1 non hairy vertices, and
let γ be a graph with n non-hairy vertices. Pick an internal edge e = (v w) ∈ E(γ), where v
is hairy and w is not hairy. Consider the map

ie : (Cγ/e, δ0,0) → (Cγ , δ0,0)
G 7→ G⊗ (v w).

This is a map of dg vector spaces since

δ0,0ie(G) = δ0,0G⊗ (v w)±G⊗ (v w)︸ ︷︷ ︸
=0 as w is a source

= ie(δ0,0G).

We may take a filtration on Cγ and Cγ/e by the number of a b substitutions, on the
edges (a, b) ∈ E(γ) \ {e}. The associated graded complex grCγ ∼= (Cγ , δ0,0,0) splits

(Cγ , δ0,0,0) ∼=
⊕
G

(EG, δ0,0,0),

where the sum runs over all possible choices of substitutions

a b, a b or a b,

to the edges (a, b) ∈ E(γ) \ {e}, and

(EG, δ0,0,0) ⊂ ((De, δ0,0)⊗G)/Bγ

is the dg vector space spanned by the remaining possible substitutions to the edge e = (v, w).

Remark 3.1.8. With a possible choice of substitutions

a b, a b or a b,

we mean a choice of substitutions such that there still exists an oriented graph Γ, with hs(Γ) = γ,
that is obtained from γ by substituting the edges (a, b) according to the choice of substitutions.
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For the dg vector space Cγ/e, we get that

(Cγ/e, δ0,0,0) ∼=
⊕
G

(E′G, 0),

where E′G ∼= k if w is a source vertex in G, and E′G = 0 if w has an ingoing adjacent edge in G.

We need to show that each map

gr(ie) : E′G → EG

is a quasi-isomorphism.

If w has an ingoing adjacent edge in G, the dg vector space EG is spanned by the substitutions

(v w), (v w),

with δ0,0,0(v w) = (v w). It is clear that this is acyclic, hence, H(gr(ie)) is the isomor-
phism 0→ 0.

Otherwise, if w is a source vertex in G, then the only allowed configuration in EG is (v w)⊗
G = gr(ie)(G).

It follows that gr(ie) is a quasi-isomorphism. By the mapping lemma, we have that ie is a
quasi-isomorphism

ie : (Cγ/e, δ0,0)→ (Cγ , δ0,0).

By our induction hypothesis, we get that H(Cγ) is one-dimensional for every hairy graph γ.
Also, for a hairy graph γ with k hairs, n vertices and m edges, we get that the cohomology class
in Cγ is represented by any oriented graph Γ ∈ Cγ with m−n+k bivalent target vertices, which
are the graphs such that Φ(Γ) = γ. This completes the proof.

3.2 Application to ribbon graphs and the moduli space of curves
with punctures

In this section, we will follow [42] in order to define the ribbon graph complex (RGC, δ+∆1), as
well as the map F : (OGC1, δ)→ (RGC[1], δ + ∆1). This will allow us to make the observation
that Φ is also a map of dg vector spaces

F : (OGC1, δ0)→ (RGC[1], δ).

3.2.1 Ribbon Graphs

Definition 3.2.1. A ribbon graph Γ is a triple (FΓ, ιΓ, σΓ), where FΓ is a finite set, ιγ : FΓ → FΓ
is an involution with no fixed points, i.e.

ι2Γ = id, ιΓ(f) 6= f ,

for every f ∈ FΓ, and σΓ : FΓ → FΓ is a bijection.
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As in ordinary graphs, the elements of FΓ are called flags or half edges. The orbits of the
involution ιΓ are called edges, and the set of all edges will be denoted by E(Γ). The vertices of
a ribbon graph Γ are orbits of the permutation σΓ, and the set of all vertices will be denoted by
V (Γ).

Definition 3.2.2. We say that a cyclic ordering on a finite set A is a Z|A| := Z/|A|Z action on
A with precisely 1 orbit.

The difference between an ordinary graph and a ribbon graph is that each vertex in a ribbon
graph is equipped with a cyclic ordering of its adjacent (half) edges, given by f + 1 = σΓf.

We may draw a picture of a ribbon graph Γ in the following way:

1. For each vertex (i1i2 . . . ik) ∈ V (Γ), draw a dot with clockwise ordered lines labeled by
i1, i2, . . . ik connected to the dot

(i1i2 . . . ik)↔
· · ·

· · ·

i1

ik

i3

i2
.

2. For each edge (iaib) ∈ E(Γ), connect the lines labeled by ia and ib.

Two very basic examples of ribbon graphs are

({1, 2}, (12), (1)(2)) = 1 2 ({1, 2}, (12), (12)) =
21
.

We call the orbits of the permutation σ−1
Γ ◦ ιΓ boundaries of Γ, and we denote the set of

boundaries by B(Γ). For example, the ribbon graph

1 2

has one boundary (12), while the ribbon graph

21

has two boundaries, (1) and (2).

3.2.2 A properad of ribbon graphs

Let rgran,m,k be the set of ribbon graphs with vertex set labeled by [n], boundary set labeled
by [m] and edge set labeled by [k]. That is the set of ribbon graphs

Γ = ([k] t [k], ιk, σΓ),
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where ιk is the natural involution on [k] t [k], together with bijections vΓ : [n] → V (Γ), bΓ :
[m]→ B(Γ). Here, the edge labeled by i ∈ [k] is the pair (i1, i2), i = i1 ∈ [k]t∅, i = i2 ∈ ∅t [k].
We say that the edge (i1, i2) is intrinsically oriented from i1 to i2.

The group Pk = Sk n S×k2 acts naturally on rgran,m,k by permuting edges and flipping the
intrinsic orientation. Let RGrad(n,m) be the vector space

RGrad(n,m) :=


∏
k≥0

(
k〈rgran,m,k〉 ⊗ sgnk

)Pk [k(1− d)] d even∏
k≥0

(
k〈rgran,m,k〉 ⊗ sgn⊗k2

)Pk [k(1− d)] d odd.

Remark 3.2.3. By RGra without a subscript, we shall mean RGra := RGra0, i.e. edges have
degree 1.

The space
RGrad :=

⊕
n,m≥1

RGrad(n,m)

is an S-bimodule, where Sn acts on RGrad(n,m) by permuting vertex labels, and Sm acts on
RGrad(n,m) by permuting boundary labels.

In order to define the properadic composition maps ◦ : RGrad ⊗ RGrad → RGrad, we have
to make a few definitions.

Definition 3.2.4. Let A and B be two finite sets with cyclic orderings. We say that an ordered
A-partition p of B is a partition ⊔

a∈A
pa = B,

where each
pa = {b1a, . . . , bka} ⊂ B

is ordered with

bia + 1 =
{
bi+1
a i < k

b1a+r i = k, where r = min{j ∈ Z|j ≥ 1, pa+j 6= ∅}.
.

We denote the set of all ordered A-partitions of B by P (A,B).

Definition 3.2.5. Let Γ = (F, ι, σ) be a ribbon graph, and let v ∈ V (Γ), b ∈ B(Γ) such that
v ∩ b = ∅. Then, for each ordered partition p ∈ P (b, v), we define the p-grafted ribbon graph

◦pΓ = (F, ι, ◦pσ),

by letting ◦pσ be the unique permutation such that:

1. ◦pσ|F\(v∪b) = σ|F\(v∪v).

2. For each j ∈ b

◦pσ(j) =
{

min pj pj 6= ∅,
σ(j) pj = ∅;
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3. for each i ∈ pj

◦pσ(i) =
{
σ(i) i 6= max pj ,
σ(j) i = max pj .

For two ribbon graphs Γ1 = (F1, ι1, σ1) and Γ2 = (F2, ι2, σ2), v ∈ V (Γ1), b ∈ B(Γ2), and
p ∈ P (b, v), we set

Γ1 ◦p Γ2 := (F1 t F2, ι1 t ι2, ◦p(σ1 t σ2)) .

A picture of the ribbon graph ◦pΓ is obtained from a picture of the ribbon graph Γ by
removing the vertex v and reconnecting its adjacent edges to the corners of the boundary b
according to the partition p.

Lemma 3.2.6. There is a bijection of vertices

pV : V (Γ) \ {v} → V (◦pΓ)

and a bijection of boundaries
pB : B(Γ) \ {b} → B(◦pΓ),

such that v′ ⊆ pV (v′) and b′ ⊆ pB(b′) for every v′ ∈ V (Γ) \ {v} and b′ ∈ B(Γ) \ {b}.

Furthermore, if v′ ∩ b = ∅ we have equality v′ = pV (v′). Similarly if v ∩ b′ = ∅, we have
b′ = pB(b′).

Proof. Pick a boundary b′ ∈ B(Γ)\{b}, and a flag j′ ∈ b′. Suppose that (◦pσ)−1ι(j′) 6= σ−1ι(j′).
Then we must have ι(j′) = σ(j) or ι(j′) = min pj for some j ∈ b. The first case implies
that σ−1ι(j′) ∈ b and, therefore, we get j′ ∈ b, which contradicts our choice of j′. If ι(j′) =
min pj , then (◦pσ)−1ι(j′) ∈ b. Furthermore, for r = 1, 2, 3, . . ., we have that ((◦pσ)−1ι)r(j′) =
(σ−1ι)r(j′) ∈ b until ι(σ−1ι)r−1(j′) = σ(j), in which case ι(◦pσ−1ι)r(j′) = σ−1ι(j′). It follows
that b′ is a subset of the orbit of ι(◦pσ−1ι)r(j′). Thus, we may define the map

pB : B(Γ) \ {v} → B(◦pΓ),

by setting p2(b′) to be the (◦pσ)−1ι orbit of any j′ ∈ b′. From the arguments above, it follows
that p2 is injective and b′ ⊂ p2(b′). Finally, we note that for any j ∈ b, there must exist an
r ≥ 1, such that ι(◦pσ−1ι)r(j) /∈ b. Hence, p2 must also be surjective.

If v ∩ b′ = ∅, then it is clear from the construction that b′ = pB(b′).

Similarly, we can define
pV : V (Γ) \ {v} → V (◦pΓ)

by setting pV (v′) to be the ◦pσ orbit of any i ∈ v′. By the same arguments as above, we get
that pV is well defined, bijective, and v′ ⊂ pV (v′).

This lemma implies that, for mutually disjoint v1, v2 ∈ V (Γ), b1, b2 ∈ B(Γ), and partitions
p1 ∈ P (b1, v1), p2 ∈ P (b2, v2), we may define

◦p1,p2Γ := ◦p2(◦p1Γ).
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It is clear that we have

◦p1,p2Γ = ◦p2(◦p1Γ) = ◦p1(◦p2Γ) = ◦p2,p1Γ. (3.5)

For each k ≤ m1, n2, we define the properadic composition maps

◦k : RGrad(n1,m1)⊗ RGrad(n2,m2) → RGrad(n1 + n2 − k,m1 +m2 − k),

Γ1

1 2 . . .m1

1 2
. . .

n1

⊗ Γ2

1 2 . . .m2

1 2
. . .

n2

7→ Γ1

. . .
. . .

1,...,m1−k︷ ︸︸ ︷
Γ2

. . .︸ ︷︷ ︸
n2−k+1,...,n2

. . .
m2−k+1,...,m2︷ ︸︸ ︷

. . .︸ ︷︷ ︸
1,...,n1−k

7→ Γ1◦kΓ2

1 2 . . .m1+m2−k

1 2
. . .
n1+n2−k

composing the boundaries m1 − k + 1, . . . ,m1 of Γ1 to the vertices 1, . . . , k of Γ2, by

Γ1 ◦k Γ2 :=
k∏
i=1

 ∑
p∈P (bΓ1 (n1−k+i),vΓ2 (i))

◦p(Γ1 t Γ2)

 .
The element Γ1 ◦k Γ2 is the sum of all graphs obtained from Γ1 and Γ2 by:

1. Removing each vertex 1, . . . , k from Γ2.

2. For each i ∈ [k], reconnecting each half edge in vΓ2(i) to a corner of the boundary bΓ1(m1−
k + i), respecting the cyclic orientations.

Proposition 3.2.7 ([42]). The composition maps ◦• : RGrad ⊗ RGrad → RGrad defines a
prop(erad) structure on RGrad.

Proof. It follows by Lemma 3.2.6 and (3.5) that the maps are well defined and well behaved.

Proposition 3.2.8 ([42]). There is a map of properads

s : L̂ieBd,d → RGrad
given by

21

1

7→ 1 2
1

,

21

1

7→ 1

1
2

,

Remark 3.2.9. The map s factors through the prop of involutive Lie bialgebras L̂ieB
�
d,d which is

generated by the corollas (1.3) modulo the relations (2.3),(2.4), (2.5) plus the additional relation

= 0. (3.6)
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3.2.3 The ribbon graph complex RGC

We define the ribbon graph complex (RGCd, δ + ∆1) to be the deformation complex

(RGCd, δ + ∆1) := Def(ĥoLieB
+
d,d

s◦p→ RGrad),

where p is the natural projection p : ĥoLieB
+
d,d → L̂ieBd,d, and s is the map L̂ieBd,d → RGrad

from Proposition 3.2.8. As a graded vector space, we have that

RGCd
∼=

∏
n,m≥1

(
RGrad(n,m)[d(n+m− 2)]⊗ sgndn,m

)Sn×Sm
is spanned by ribbon graphs in RGrad (co)invariant under the actions of permuting vertices and
boundaries.

The differentials δ + ∆1 acts on a ribbon graph Γ with n vertices and m boundaries by

δ Γ

1 2 . . . m

1 2
. . .

n

=
n∑
i=1

Γ

1 2 . . . m

1 2
. . . . . .

n

i n+1

i

−
m∑
i=1

Γ

1 2 . . . m

1 2
. . . . . .

n

i

n+1i

,

∆1 Γ

1 2 . . . m

1 2
. . .

n

=
m∑
i=1

Γ

1 2 . . . m

1 2
. . . . . .

n

i m+1

i

−
n∑
i=1

Γ

1 2 . . . m

1 2
. . . . . .

n

i

m+1i

,

where

(m+1)i

i

= i m+1
i

, and
m+1i

i

= i

i

m+1

.

In words, the first part of the differential, δ, splits vertices in a way that respects the cyclic
ordering. The other part of the differential, ∆1, adds an edge between each pair of corners of
each boundary.
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3.2.4 The map F : OGC1 → RGC[1]

The map
F : OGC1 → Def(ĥoLieB

+
0,0

id→ ĥoLieB
+
0,0)[1]

from Theorem 2.2.5, first defined in [43], may be extended to a map

F̄ : OGC1 → Def(ĥoLieB
+
0,0

s◦p→ RGra)[1],

by setting F̄ (Γ) := f ◦ p ◦ (F (Γ)).

We note that F̄ maps a graph in Γ ∈ OGC1 with n sources and m targets to a sum of ribbon
graphs with n vertices and m boundaries. Hence, F maps a graph Γ with m target vertices to a
sum of ribbon graphs with m boundaries. We may take a filtration on RGC(:= RGC0) by the
number of boundaries, and a filtration on OGC1 by the number of target vertices. Then

gr(RGC[1], δ + ∆1) = (RGC[1], δ),

and
gr(OGC1, δ) = (OGC1, δ

t
0),

where δt is the part of the differential that preserves the number of target vertices. It is clear
that the map Φ in Theorem 3.1.6 has an analogue, say Ψ : (OGC1, δ

t
0)→ HGC0, which is also a

quasi-isomorphism. As F̄ maps a graph with m target vertices to a sum of ribbon graphs with
precisely m boundaries, we get that

grF̄ : gr(OGC1, δ)→ gr(RGC[1], δ + ∆1)

is given by the same map of vector spaces

F̄ : (OGC1, δ0)→ (RGC[1], δ).

We have now established both maps mentioned in Corollary 3.0.2.

Theorem 3.2.10. We have a zig-zag of morphisms

(HGC0, δ)← (OGC1, δ
t
0)→ (RGC[1], δ),

where the left map is a quasi-isomorphism.
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Chapter 4

A family of exotic automorphisms of
polyvector fields

Introduction

In this chapter, we find a new application of the remarkable theory of differential forms with
logarithmic singularities developed by A. Alekseev, C. A. Rossi, C. Torossian and T. Willwacher
in [3]. That theory originated from M. Kontsevich’s claim in [25], that his famous formality
map introduced in [26] is also valid (i.e. all integrals converge) if one uses a propagator with
logarithmic singularities on the collapsing strata of compactified configuration spaces. The
reasons for that convergence were not clear until the authors of [3] proved a new version of
Stokes’ Theorem for differential forms with singularities of certain type at the boundary, called
the regularized Stokes’ Theorem.

In this chapter, we construct a (regularized) De Rham field theory on the configuration space
model for the 2-colored operad of Lie ∞-morphisms, using a two parametric propagator with
logarithmic singularities

ωt,λ(i,j) := 1− t
2πi d log

( zi − zj
1 + λ|zi − zj |

)
− t

2πid log
( z̄i − z̄j

1 + λ|zi − zj |

)
, t, λ ∈ R, λ > 0, (4.1)

(using a propagator which is smooth everywhere can only give a homotopy trivial theory). We
use to construct an explicit two parametric family of exotic Lie ∞-automorphisms of Schouten-
Nijenhuis Lie algebra of polyvector fields on an arbitrary affine space

F t,λ : Tpoly(Rd) Tpoly(Rd).

The derivative ∂Ft,λ
∂t |t=0 contains as summands of linear combinations of graphs of the form

β2n+1 •

•
•

•

. . .

•
•

•

•

+ . . . (4.2)
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where the coefficients β2n+1, n ≥ 1 of the wheel-type summands are equal to zeta values ζ(2n+1)
(2π)(2n+1)

up to a non-zero rational factor [45], [19], [40]. These linear combinations of graphs represent
non-trivial cohomology classes in H(GC2) = grt1.

4.1 Prerequisites

4.1.1 Morphism operads

In this chapter we will use a type of operads called morphism operads [29]. Using the framework
of [8], and Chapter 1, we may define morphism operads as follows.

Let T •,◦ denote the category of trees generated by corollas

〈
1 2

. . .
p

,

1 2
. . .

n

,

1 2
. . .

q

〉
p≥0,n≥0,q≥0,

(4.3)

where a dashed outgoing leg may only be grafted to a dashed incoming leg, and a solid outgoing
leg may only be grafted to a solid ingoing leg. Furthermore, we require all ingoing external legs
of a tree to be either dashed or solid. A morphism operad is then a prop

(T •,◦A ,t)→ (P,⊗).

We shall denote the set of all • vertices with solid edges by V •∞(T ), the set of all • vertices
with dashed edges by V •0 (T ), the set of all • vertices by V •(T ) = V •0 (T ) ∪ V •∞(T ), and the set
of all ◦ vertices (with solid inputs and a dashed output) by V ◦(T ).

A morphism operad P consists of three S-modules,

P = (Pout,Pmor,P in)

together with composition maps ⊗
v∈VT

Pout(|in(v)|)→ Pout

for all trees T with dashed edges, ⊗
v∈VT

P in(|in(v)|)→ P in

For all trees T with solid edges,⊗
v∈V outT

Pout(|in(v)|)⊗
⊗

v∈VmorT

Pmor(|in(v)|)
⊗
v∈V inT

P in(|in(v)|)⊗ → Pout,

For all trees T with solid ingoing legs, and a dashed outgoing leg.
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Example 4.1.1. For two vector spaces A and B

EndAB := (EndB,EndAB,EndA),

where EndAB(n) := hom(A⊗n, B), is a morphism operad.

Example 4.1.2. As there is an forgetful functor T ◦,• → T , any operad P ”restricts” to a
morphism operad (P,P,P), where we simply do not allow composition if it goes against the
colors.

An algebra over a morphism operad is a representation

Φ : (Pout,Pmor,P in)→ (EndB,EndAB,EndA).

That is a P in-algebra structure on A, a Pout-algebra on B, and some sense of morphisms

Φmor(µn) : A⊗n → B,

for each µn ∈ Pmor.

For a triple of S-modules (Eout, Emor, Ein), we denote the free morphism over Eout, Emor, Ein
by

F(Eout, Emor, Ein),

i.e. the morphism operad with the universal property, for any triple of S-module morphisms f
there exists a morphism operad morphism f̃ , such that the following diagram commutes

(Eout, Emor, Ein)

i
��

f

''F(Eout, Emor, Ein)
∃f̃
// P.

The underlying (triple of) S-module(s) of F(Eout, Emor, Ein) is the vector space of all trees
generated by the corollas in (4.3), where the vertices are decorated by elements in Eout, Emor, Ein
respectively, and the S action is permuting the labels of the leaves. The composition maps are
given by gluing roots to leaves.

4.1.2 The operad of Lie ∞-morphisms

Consider the triple of S-modules Ed = (Ed, E+
d [−1], Ed), where Ed and E+

d are the S-modules that
generate hoLied and hoLie+

d respectively. The free morphism operad F(Ed) is spanned by trees
generated by skew symmetric corollas

1 2
. . .

n

= sgn(σ)d

σ(1)σ(2)
. . .

σ(n)

, n ≥ 2
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1 2
. . .

n

= sgn(σ)d

σ(1)σ(2)
. . .

σ(n)

, n ≥ 2

and

1 2
. . .

n

= sgn(σ)d

σ(1)σ(2)
. . .

σ(n)

, n ≥ 1,

for all σ ∈ Sn. The morphism operad governing Lie ∞-morphisms is the quasi-free morphism
operad

Mor(hoLied) := (F(Ed, E+
d [−1], Ed), δ),

where δ acts as the hoLied differential on the corollas

1 2
. . .

n

and

1 2
. . .

n

, while

δ

1 2
. . .

n

= −
∑
A∈[n]
|A|≥2

sgn([n] \A,A)d

. . .

. . .

︸ ︷︷ ︸
[n]\A

︸ ︷︷ ︸
A

+

+
∑
k≥1

∑
B1tB2t...tBk=[n]

inf Bi<inf Bi+1

sgn(B1, B2, . . . , Bk)d

. . .

. . . . . . . . .︸ ︷︷ ︸
B1

︸ ︷︷ ︸
B2

︸ ︷︷ ︸
Bk

.

The morphism operad Mor(hoLied) governs ∞-morphisms of hoLied-algebras, as defined in e.g.
[29]. That is, representations

µ :Mor(hoLied)→ EndBA
corresponds to a hoLied structure on A given by

[a1, a2, . . . , an] := µ


1 2

. . .
n

 (a1 ⊗ a2 ⊗ . . .⊗ an),
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a hoLied structure on B given by

[b1, b2, . . . , bn] := µ


1 2

. . .
n

 (b1 ⊗ b2 ⊗ . . .⊗ bn),

and a Lie ∞-morphism f : A B given by

fn(a1, a2, . . . , an) := µ


1 2

. . .
n

 (a1 ⊗ a2 ⊗ . . .⊗ an).

4.1.3 Homotopy between ∞-morphisms

In this section we will explain what we mean by exotic Lie ∞-morphisms.

Consider the dg vector space k[t, dt] of polynomial differential forms with the De Rham
differential

d(f(t) + g(t)dt) = ∂f(t)
∂t

dt,

where |dt| is set to be 1 or −1 depending if we consider cohomological or homological grading,
and dtdt = 0.

For any dg vector space A, we have a natural inclusion

i : A ↪→ A⊗ k[t, dt]
a 7→ a⊗ 1,

and a projection for every t0 ∈ k

Evalt0 : A⊗ k[t, dt] � A

a⊗ (f(t) + g(t)dt) 7→ f(t0)a.

Lemma 4.1.3. There is an injective morphism of dg operads

ι : EndA ↪→ EndA⊗k[t,dt]

by (
f : A⊗n → A

)
7→
(
f̄ : (A⊗ k[t, dt])⊗n → A⊗n ⊗ k[t, dt]⊗n f⊗m→ A⊗ k[t, dt]

)
,

where m is multiplication of the poly differential forms.

Proof. The map respects composition since m is associative. Also, it commutes with the differ-
ential, since m is a (co)cycle in Endk[t,dt].
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By this lemma, any algebra structure on A extends to an algebra structure on A ⊗ k[t, dt]
by

µ(a1 ⊗ ω1, . . . , an ⊗ ωn) = ±µ(a1, . . . , an)⊗ ω1 · · ·ωn,

where the sign is determined by the sign rules of graded vector spaces. Furthermore, the maps
i and Evalt0 are algebra morphisms.

Definition 4.1.4 ([13]). Let g and h be two hoLie algebras. Then two∞-morphisms f, f ′ : g h
are said to be homotopy equivalent if there exists an ∞-morphism H : g h⊗k[t, dt] such that

f = Eval0 ◦H,

f ′ = Eval1 ◦H.

We say that an exotic automorphism F : g g is a Lie ∞-morphism that is not homotopy
equivalent to the identity.

4.1.4 Graphs acting on polyvector fields

Let
T

(n)
poly := k[x1, . . . , xn, ξ1, . . . , ξn],

where |xi| = 0 and |ξi| = 1, be the graded vector space of polyvector fields. Graphs Γ ∈ Gra2(m)
act on T

(n)
poly by

Γ(γ1, . . . , γm) = mult

 ∏
(i,j)∈E(Γ)

(
n∑
k=1

∂

∂xk(i)

∂

∂ξ
(j)
k

+ ∂

∂xk(j)

∂

∂ξ
(i)
k

)
(γ1 ⊗ . . .⊗ γm)

 ,
where the notation ∂

∂xk(i)
means applying ∂

∂xk
to the i-th component of γ1 ⊗ . . .⊗ γn.

From this action, we get an hoLie-structure on T
(n)
poly for every MC-element in fGCd. In

particular, the graph induces the Schouten–Nijenhuis bracket

[γ1, γ2] :=
n∑
i=1

∂γ1
∂xi

∂γ2
∂ξi

+ ∂γ1
∂ξi

∂γ2
∂xi

.

We have a canonical map of dg Lie algebras

fGC2 = Def(hoLie+
2 → Gra2)→ Def(hoLie+

2 → EndTpoly) ∼= CE(T (n)
poly, T

(n)
poly)

for any n. In particular, H0(fGC2) = grt is mapped into the zero-th cohomology group of
the Chevalley-Eilenberg complex CE(T (n)

poly, T
(n)
poly). This map is proven in [50] to be a quasi-

isomorphism in the stable limit n→∞.
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4.1.5 A colored graph complex

Just as any operad, Grad extends to a morphism operad

Gra := (Graoutd ,Gramord ,Graind ).

Consider the deformation complex

Def(Mor(hoLie+
2 ) 0→ Gra2).

MC-elements in Def(Mor(hoLie+
2 ) 0→ Gra2) corresponds to morphisms of operads

Mor(hoLie+
2 )→ Gra2.

As the operad Gra2 acts on polyvector fields, MC-elements in Def(Mor(hoLie+
2 ) 0→ Gra2) are

also morphisms of operads

Mor(hoLie+
2 )→ End

T
(n)
poly

T
(n)
poly

,

in particular, MC-elements on the form ( ,F , ) ∈ Def(Mor(hoLie+
2 ) 0→ Gra2), where

F = •+ graphs with more vertices,

corresponds to ∞-automorphisms of T (n)
poly with the Schouten–Nijenhuis bracket.

That is sums of graphs F = •+ F≥1 such that

δF≥1 −
1
2
F≥1 F≥1 = 0,

where δ is the vertex splitting differential and F≥1 F≥1 is the sum of graphs obtained by

adding an edge between graphs in F≥1.

Furthermore, if F≥1 consists of 1-vertex irreducible graphs (that is graphs such that removing
a vertex will not disconnect the graph), we must have separately that

1
2
F≥1 F≥1 = 0,

and
δF≥1 = 0,

i.e. F≥1 is a graph cocycle. For F≥1 to be homotopy equivalent to the identity map, this cycle
must be a coboundary. We shall see below that our explicit map F≥1 is not a coboundary as it
contains all odd wheel graphs so that our map can not homotopy trivial.
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4.1.6 The Dual Co-operad of graphs

Since Grad(n) is finite dimensional in each degree (for d ≥ 2), there exists a dual co-operad
Gd(n) := Hom(Grad(n),k), where each Gd(n) ∼= Grad(n) as vector spaces.

Here, we identify the graph Γ ∈ Gk(n) with the linear map fΓ : Grad(n)→ k by

fΓ(Γ′) :=
{

1 Γ′ = Γ
0 otherwise,

.

The cocomposition map, for a tree T ∈ T with n leaves

∆T : G(n) →
⊗

v∈V (T )
G(In(v)),

(by fΓ 7→ fΓ(Grad(conT )−)) is the map

Γ 7→ (−1)σΓ,T
⊗

v∈V (T )
Γv/{Γw}w∈In(v),

where Γv ⊂ Γ is the sub-graph that contains all vertices associated with leaves of T that are
ancestors to v.

Similarly we have a morphism cooperad

G := Hom(Gra,k) = (Gout,Gmor,Gin).

Lemma 4.1.5. Let P be a morphism operad, and let P∗ be its dual cooperad. Then given a
morphism of cooperads

F : G→ P∗,

we get a morphism of operads

P → Gra
µ 7→

∑
Γ
F (Γ)(µ)Γ,

where the sum runs over all isomorphism classes of graphs Γ.

In the following sections our efforts will go to constructing a morphism of co-operads

G→Mor(hoLie2)∗,

whose dual morphism of operads will induce an exotic automorphism of polyvector fields.
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4.2 Operads of compactified configuration spaces

In this section, we follow [37] to construct two topological operads Ĉ := 〈Cn〉n≥2 and

Ĉ := 〈Cp,Cn, Cq〉p≥2,n≥1,q≥2,

such that
FChains(Ĉ) ∼= hoLie2,

and
FChains(Ĉ) ∼=Mor(hoLie2).

4.2.1 The fundamental chains

Let C̄ := {C̄k} be an operad in the category of smooth manifolds with corners, which satisfies
the following conditions:

1. Each C̄p is a compact oriented manifold.

2. C̄ is free as an operad in the category of sets C̄ = F〈C〉.

3. The S-space C := {Ck}, of generators is given by Cp := C̄p \ ∂C̄p.

4. Each manifold C̄p is canonically stratified

C̄p =
⊔
T∈Tp

CT

as sets, where CT :=
∏
v∈V (T )C|In(v)|. The inclusion map CT ↪→ C̄p is assumed to be

smooth.

The Fundamental chains of C̄

FChains(C̄) ⊂ Chains(C̄)

is an operad in the category of dg vector spaces, where FChainsd(C̄)(n) is spanned by pairs
(CT , or), where T is a tree with n leaves, dim(CT ) = d, and or is a orientation on CT , with the
relation

(CT , or) = −(CT , oropp).

By the conditions above, FChains(C̄) admits the structure of a graded free operad. Fur-
thermore, we get a differential

∂ : FChainsd(C̄)→ FChainsd−1(C̄)

by mapping a d dimensional component CT to its (d − 1)-dimensional boundary ∂CT . The
differential will have the structure

∂(Cn, or) =
∑

T∈T boundaryn

(CT , orT ),
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for some family of trees T boundary ⊂ T , and orT is the induced orientation on the boundary
component CT .

For simplicity, we will assume a standard orientation for each CT and write

∂Cn =
∑

T∈T boundaryn

(−1)σTCT ,

where the sign is negative if the induced orientation is opposite to the standard orientation.

4.2.2 A Model for hoLie2

For any finite subset A ⊂ Z+, we define

ConfA(C) := {A ↪→ C}

to be the space of all injective maps A ↪→ C, and

C̃onfA(C) := {A→ C}

be the space of all maps A→ C.

The 3-dimensional Lie group R+ n C acts freely on ConfA(C) (|A| ≥ 2) by scaling and
translating. We define

CA := Conf(C)/(R+ nC)

and
C̃A := C̃onfA(C)/(R+ nC).

For any B ⊆ A, we have a natural map πB : CA → CB, by restriction.

A topological compactification ĈA of CA can be defined as the closure of the composition

CA

∏
πB−−−−→

∏
B⊆A
|B|≥2

CB ↪→
∏
B⊆A
|B|≥2

C̃B. (4.4)

The compactified space ĈA admits a boundary component

CA/B × CB

for each subset B ( A, |B| ≥ 2, corresponding to the limit configurations where the points in
B collapse to a single point. This is included into ĈA by the map

CA/B × CB
φB′−−→

∏
B′⊆A
|B|≥2

C̃B′ ,

where φB is the composition
CA/B × CB � CB

πB′−−→ C̃B′ ,
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if B′ ⊆ B, and

CA/B × CB � CA/B
i−−→ C̃A

πB′−−→ C̃B′ ,

otherwise. Here, i is the natural lift i(z) : A→ A/B → C.

Similarly, CA/B ×CB admits boundary components in ĈA corresponding to the limit config-
urations where points in CA/B or CB collapse. We get that Ĉn admits canonical stratification

Ĉn =
⊔
T∈Tn

CT ,

where CT :=
∏
v∈V (T )CIn(v) is a boundary component of co-dimension |V (T )|.

Proposition 4.2.1. [17] The fundamental chain operad of FChains(Ĉ) is a quasi-free operad
isomorphic to hoLie2.

Proof. The underlying S-module of FChains(Ĉ) is generated by

〈Cp〉p≥2 = F
〈

1 2
. . .

p

〉
p≥2,

where dim Cp = 2p− 3. The 2p− 4 dimensional boundary components of Cn consist of config-
urations where a group of points A has collapsed. Hence,

∂
. . .︸ ︷︷ ︸
[n]

=
∑
A [n]
#A≥2

. . .
. . .

︸ ︷︷ ︸
[n]\A︸ ︷︷ ︸

A

. (4.5)

This coincides precisely with the hoLie2 operad.

Remark 4.2.2. If we compactify C(Rd) := Conf(Rd)/(R+ nRd) the analogous way we get

FChains(Ĉ(Rd)) =
{

hoLied d ≥ 2
A∞ d = 1.

4.2.3 A Model for Mor(hoLie2)

Consider the space CA := ConfA(C)/C, where C acts on ConfA(C) by translation. For B ⊂ A,
there is again a natural projection πB : CA → CB by forgetting the points that are not in A. We
also have an isomorphism

ψ : CA
∼=→ CA × (0,+∞)

(z1, . . . , zn) 7→
(

(z1, . . . , zn),
n∑
i=1
|zi − ζ(z)|2

)
,
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where ζ(z) =
∑n
i=1

zi
n is the ”center of mass” of the configuration.

A topological compactification ĈA of CA is defined to be the closure of the composition

CA

∏
πB−→

∏
B⊆A
|B|≥2

CB

∏
Ψ
−→

∏
B⊆A
|B|≥2

CstB × (0,+∞) ↪→
∏
B⊆[n]
|A|≥2

C̃stB × [0,+∞]. (4.6)

We get one codimension 1 boundary component of Ĉn for each colored tree

TA :=
. . .

. . .
︸ ︷︷ ︸

A ︸ ︷︷ ︸
[n]\A

TB1,...,Bk :=
. . .

. . . . . . . . .︸ ︷︷ ︸
B1

︸ ︷︷ ︸
B2

︸ ︷︷ ︸
B3

(4.7)

|A| ≥ 2, and B1 t . . . tBk = [n] and inf Bi < inf Bi+1.

The component
CTA
∼= C[n]/A × CA

corresponds to the limit configurations where the points in A collapse. This is included into Ĉn
by

C[n]/A × CA � CA
(πB′ ,0)−−−−→ C̃B′ × [0,∞]

if B′ ⊆ A, and

C[n]/A × CA � C[n]/A
πB′◦ψ◦i−−−−−→ C̃B′ × [0,∞]

otherwise.

The component
CTB1,...,Bk

∼= C[n]/B1t...tBk ×
∏

1≤i≤k
CBi ,

corresponds to the limit configurations where each set of points Bi, Bj goes infinitely far away
from each other. This is included into Ĉn by

C[n]/B1t...tBk ×
∏

1≤i≤k
CBi � CBj

ψ◦πB′−−−−→ C̃B′ × [0,∞]

if B′ ⊆ Bj , and

C[n]/B1t...tBk ×
∏

1≤i≤k
CBi � C[n]/B1t...tBk

(πB′◦i,∞)−−−−−−→ C̃B′ × [0,∞]

otherwise.
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This extends to a boundary component

CT ∼=
∏

v∈V ◦∞(T )
CIn(v) ×

∏
v∈V •(T )

CIn(v) ×
∏

v∈V ◦0 (T )
CIn(v) ⊂ Ĉn,

of co-dimension |V ◦(T )|, for each tree T ∈ T ◦,•n .

We define
Ĉ := (Ĉ, Ĉ, Ĉ)

to be the morphism operad in the category of smooth manifolds with corners, with the natural
smooth composition maps

ĈT ↪→ Ĉn, for each T ∈ T ◦,•n .

Theorem 4.2.3 (S. Merkulov [37]). The fundamental chain operad FChains(Ĉ•) is a quasi-free
morphism operad isomorphic to Mor(hoLie2).

Proof. We have that

Ĉ := F
〈

1 2
. . .

p︸ ︷︷ ︸
Cp

,

1 2
. . .

n︸ ︷︷ ︸
Cn

,

1 2
. . .

p︸ ︷︷ ︸
Cp

〉

q≥2,n≥1,p≥2,

and the differential on Cp, Cq coincides with the hoLie2 differential. Furthermore, Cn is of degree
2n− 2, and according to (4.7) we have

∂
. . .

1 2 3 n−1 n

• = −
∑
A⊆[n]
#A≥2

•

...

. . .︸ ︷︷ ︸
[n]\A

◦︸ ︷︷ ︸
A

+
n∑
k=2

∑
[n]=B1t...tBk

inf B1<...<inf Bk ... ...

. . .

B1 B2 Bk

...︸ ︷︷ ︸︸ ︷︷ ︸ ︸ ︷︷ ︸
◦

• • • (4.8)

which coincides with the Mor(hoLie2) operad.

Remark 4.2.4. If we compactify Conf(Rd)/Rd the analogous way, we get

FChains(Ĉ•(R)) ∼=Mor(hoLied).

for d ≥ 2, and
FChains(Ĉ•(R)) ∼=Mor(hoAss1).
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4.2.4 De Rham field theories

Given an operad C̄ in the category of smooth manifolds with corners, such that the fundamental
chains are well defined. The De Rham complex Ω•(C̄) turns into a dg cooperad, where the co-
composition map ∆T is given by restricting a differential form to the boundary component
associated to the tree T

∆T : Ω•(C̄) → Ω•(C̄T ) =
⊗

v∈V (T )
Ω•(C̄In(v))

ω 7→ ω|C̄T .

By Stokes’ formula, we get a morphism of dg cooperads

∆T : Ω•(C̄) → FChains(C̄)∗

ω 7→
∫
−
ω.

Definition 4.2.5. A G-De Rham field theory is a morphism of dg cooperads

Ω : (G, 0)→ (Ω•(C̄), d),

where G is the dual of some (colored) operad of graphs.

Proposition 4.2.6. Assume that G acts on a (dg)-vector space X. Then, a De Rham field
theory Ω : G→ Ω•(C̄) induces a FChains(C̄)-algebra on X, by

Cn(x1 ⊗ · · · ⊗ xn) :=
∑
Γ

(∫
Cn

Ω(Γ)
)

Γ(x1 ⊗ · · · ⊗ xn) (4.9)

Proof. We obtain the formula by applying Lemma 4.1.5 to the map

G
Ω // Ω•(C̄)

∫
−−
// FChains(C̄) .

4.3 Regularized De Rham field theories

In this section we follow A. Alekseev, C. A. Rossi, C. Torossian and T. Willwacher [3] to establish
a version of Stokes’ formula that allows certain well behaved singularities at the boundary.
Furthermore, we construct a cooperad of differential forms on a smooth manifold with corners,
that may have these well behaved singularities.
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4.3.1 Trees as nested families

A nested family of sets is a collection of sets {Ai}i∈I , where for all i, j ∈ I, we either have

Ai ∩Aj = Ai, Ai ∩Aj = Aj , or Ai ∩Aj = ∅.

In the following sections, it shall be useful to identify a tree T with a nested family {v}v∈V (Γ),
where we identify the vertex v with a subset of the external legs (often called leaves) of the tree,
consisting of all leaves i that are connected to v by a directed path.

For two trees T1, T2, we say that T1 ≥ T2 if there exists a morphism of graphs T2 → T1.

4.3.2 Regularized Stokes Formula

Let K be a smooth compact manifold with corners covered by a system chart {UT }T∈T , where
each UT locally diffeomorphic to Rk≥0 × Rn−k. Further assume that T is a partially ordered set
such that:

1. UT1 ∩ UT2 = ∅ unless T1 ≥ T2 or T2 ≥ T1.

2. There exists a non-vanishing multi-vector field ξT on each chart UT , which satisfies the
compatibility condition

ξT ′ |UT∩UT ′ = ξT ∧ ξ′|UT∩UT ′
for some multi-vector field ξ′, whenever T ′ < T .

3. K admits a partition of unity {ρT }T∈T , subordinate to {UT }T∈T , such that

ι(ξv)dρT = 0, (4.10)

for the vector fields ξv, such that ξT =
∧
v ξv.

Remark 4.3.1. In our application of this, the partially ordered set T will be some sort of trees
T = T , or T = T ◦,• and we will have one vector field ξv for each vertex of T .

Remark 4.3.2. In [3], 2 and 3 are given as the conditions of the following Lemma.

Lemma 4.3.3. Let {UT }T∈T be a system of charts that satisfies 1.

Assume that each UT carries a free torus action f : TT×K → K, that preserves the boundary
components. If T > T ′ we have an injective group homomorphism

TT ↪→ TT ′

such that the natural inclusions
UT ∩ UT ′ ↪→ UT

are TT -equivariant. Then, the fundamental vector fields ξv of the circles S1
v ⊂ TT gives non-

vanishing multi-vector fields

ξT =
dimT∧
v=1

ξv,

that satisfy 2. Furthermore, if each ρT is TT invariant, then {ρT }T∈T satisfy 3.
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Definition 4.3.4. Let ξ be a multi-vector field and α be a differential form on some topological
space X. We say that α is ξ-basic if ι(ξ)α = 0 and ι(ξ)dα = 0.

Definition 4.3.5. Let ω ∈ ΩdimK−1(K \ ∂K). We say that ω is regularizable if for every
UT , there exists a ξT -basic form αT , called a counter term, such that ω − αT is regular on the
boundary ∂C̄ ∩ UT . The regularized form Reg(ω) ∈ Ω•(∂K) is the top degree form

Reg(ω)|∂K∩UT = (ω − αT )|∂K∩UT .

Proposition 4.3.6. The regularization is well defined, i.e. it does not depend on the chart, nor
the choice of counter terms.

Proof. Let α1, α2 be two different counter terms for ω in UT1 and UT2 respectively. Then α3 :=
(α2−α1) = (ω−α1)− (ω−α2) is a ξT1∩T2-basic form on UT1 ∩UT2 that restricts to a regular top
degree on form the boundary ∂(UT1 ∩UT2). Since the operator ηT1∩T2 ∧ ι(ξT1∩T2) is the identity
on top degree forms, we have that

α3|∂(UT1∩UT2 ) = η ∧ ι(ξ)α3|∂(UT1∩UT2 ) = 0,

which means that

(ω − α1)|∂(UT1∩UT2 ) = (ω − α2)|∂(UT1∩UT2 ) = Reg(ω).

Theorem 4.3.7 (Regularized Stokes’ Theorem; A.Alekseev, C.A. Rossi, C. Torossian, T.
Willwacher [3]). Let ω ∈ Ωtop−1(K \ ∂K) be a regularizable differential form. Then, dω is
regular on the boundary and ∫

K
dω =

∫
∂K

Reg(ω).

Proof. Since dΩ is a top degree form in the interior of K, we have that

dω|UT = ηT ∧ ι(ξT )dω|UT = ηT ∧ ι(ξT )d(ω − αT )|UT = d(ω − αT )|UT ,

for each chart UT . Since ω − αT is regular on the boundary, d(ω − αT ) = dω is too.

Now, we have∫
∂K

Reg(ω) =
∑
T

∫
∂K∩UT

ρT Reg(ω) =
∑
T

∫
UT

d(ρT Reg(ω)) =

=
∑
T

∫
UT

d(ρT (ω − αT )) =
∑
T

∫
UT

d(ρTω) =
∫
K
d(
∑
T

ρTω) =
∫
K
dω,

where we used (4.10) to conclude that

d(ρTαT ) = ηT ∧ ι(ξT )(dρT ∧ αT + ρTdαT ) = 0.
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4.3.3 A cooperad of regularizable differential forms

Let C̄ := {C̄k} be an operad in the category of smooth manifolds with corners, which satisfies
the conditions of Section 4.2.1, so that the fundamental chains FChains(C̄) are well defined.

Furthermore, we assume that C̄p is covered by charts {UT }T∈Tn , as in the previous section.
Also, assume that each boundary component C̄T is covered by {UT ′/T := U ′T ∩ C̄T }T ′≤T , and
we have multi-vector fields ξT ′/T , such that

ξT ′ = ξT ∧ ξT ′/T (4.11)

on each chart UT ′/T .

Remark 4.3.8. Here, we see ξT as a multi-vector field defined on
⋃
T ′≤T UT ′ (not just UT ).

We also fix a choice of dual forms ηT , such that ι(ξT )ηT = 1 with the compatibility condition

ηT ′ = ηT ∧ ηT ′/T |UT ′ , (4.12)

for each subtree T of T ′.

Definition 4.3.9. We denote by Ω•reg(Cn) the sub-dg vector space of Ω•(Cn) consisting of dif-
ferential forms ω on Cn such that, for each T ∈ Tn;

ηT ∧ ι(ξT )ω and ηT ∧ ι(ξT )dω

are regular on the boundary component ∂TCn ∩ UT , and

ηT ∧ ι(ξT )dω|∂TCn = d (ηT ∧ ι(ξT )ω|∂TCn) . (4.13)

Furthermore, if ω is a top−1 degree form, we require ω to be regularizable.

It is evident that Ω•reg(Cn) is indeed a sub-dg vector space of Ω•(Cn). Since ηT ∧ ι(ξT )ω is
the identity on top degree forms, we have that Ωtop

reg(Cn) = Ωtop(Cn). In Ωtop−1
reg (Cn) we have

that all forms must satisfy

ηT ∧ ι(ξT )dω|∂TCn = d (ηT ∧ ι(ξT )ω|∂TCn) (= 0)

on all boundary components. Thus, we get that Ωtop−1
reg (Cn) consists of all regularizable forms.

Proposition 4.3.10. We have a dg cooperad
(
Ω•reg(C̄),∆, d

)
, where

Ω•reg(C̄) :=
〈

Ω•reg(Cn)
〉
,

the co-composition is given by regularizing and restricting

∆T : Ω•reg(Cn) → Ω•reg(CT )
ω 7→ ηT ∧ ι(ξT )ω|CT ,

and the differential is given by

dT : Ωk
reg(CT ) → Ωk+1

reg (CT )
ω 7→ dCT (ω),

where dCT is the De Rham differential on CT .
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Proof. The assumptions (4.11) and (4.12) assure co-associativity of ∆. The computability be-
tween the co-composition and the differential is assured by (4.13).

Remark 4.3.11. the co-composition ∆ is, in general, not independent of the choice of ξT and
ηT . However, if ∆Tω is a top degree form, then it is independent of the choice of ξT and ηT .

Theorem 4.3.12. Regularization and integration gives a morphism of dg cooperads

Ω•reg(C) → FChains(C)∗

ω 7→
∫
−

Regω.

Proof. By Theorem 4.3.7, we have that this is map commutes with the differentials. It is also
clear that it is a morphism of cooperads.

Definition 4.3.13. A regularized G-De Rham field theory is a morphism of dg cooperads

Ω : (G, 0)→ (Ω•reg(C̄), dDR),

where G is the dual of some operad of graphs G.

Proposition 4.3.14. A regularized G-De Rham field theory

Ω : (G, 0) → (Ω•reg(C̄), dDR)
Γ 7→ ωΓ

gives a morphism of dg operads

ρ : FChains(C̄) → G

CT 7→
∑
Γ

(∫
CT

ωΓ

)
Γ.

4.4 Regularization on Cn

In this section, we shall define the framework to define a cooperad of regularized differential
forms on Cn. More precisely, for each tree T ∈ T ◦,•n , we will define charts UT , covering the
boundary component ĈT , and vector fields ξT and a partition of unity ρT on Ĉn. These charts
UT , and vector fields ξT , will be shown to satisfy the conditions of the previous sections, so that
we get a cooperad of regularizable differential forms Ω•reg(Ĉ).

4.4.1 The multi vector fields

Following [45], we will start by defining closed sets V̂ c
T , where we can define our multi-vector

fields. In the next section we will define a partition of unity {ρT }T∈T ◦,• , and open sets UT ⊂ V̂ c
T

that satisfy all the conditions in Section 4.3, so that Ω•reg(Ĉ) is well defined.
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Given a configuration z ∈ Confn(C) and a subset A ⊆ [n], we denote the center of mass of
the points in A by

ζA := 1
|A|

∑
a∈A

za. (4.14)

For a tree T ∈ T ◦,•n , we may parametrize Cn so that

ζv = ζOut(v) + rOut(v)z
′
v,

ζ[n] = 0,

where rv > 0 and
(zw)w∈In(Out(v)) ∈ CstIn(Out(v)).

Here
CstA := {z′ ∈ ConfA(C) : ζ(z′) = 0 and max

w∈A
|z′w| = 1} ∼= CA

is the ”standard position” of configurations in CA. Note that we have

Cn ∼=
∏

v∈V (T )
CstIn(v) × (0,∞) \ {some configurations where points collide}.

For c ∈ (0, 1), we define a set V c
T ⊂ Ĉn by

V c
T :=

∏
v∈V •∞(T )

CstIn(v)×(1/c, c̄v)×
∏

v∈V ◦(T )
| In(v)|≥2

CstIn(v)×(0, c̄v)×
∏

v∈V •0 (T )
CstIn(v)×(0, c̄v)\{colliding points}

where
c̄v := crOut(v) min

v′′∈CstIn(Out(v))\{v}

|z′v − z′v′′ |,

and cvroot :=∞.

Furthermore, let V̂ c
T be the closure of V c

T in Ĉn

V̂ c
T :=

∏
v∈V •∞(T )

ĈstIn(v)×[1/c, c̄v]×
∏

v∈V ◦(T )
| In(v)|≥2

ĈstIn(v)×[0, c̄v]×
∏

v∈V •0 (T )
ĈstIn(v)×[0, c̄v]\{colliding points}.

Lemma 4.4.1. We have that:

1. The sets V̂ c
T covers Ĉn.

2. Each V̂ c
T contains the boundary component CT .

3. For c small enough there are no colliding points in V̂ c
T .

4. Let T1, T2 be non-ancestors. Then, for any c′ > 0 there exists c > 0, such that

V̂ c
T1 ∩ V̂

c
T2 ⊂ V̂

c′

gcd(T1,T2).
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Proof. The first statement is obvious, since V̂ c
Ttop

covers Ĉn.

For the second statement, we note that the boundary component CT corresponds to∏
v∈V •∞(T )

CstIn(v) × {∞} ×
∏

v∈V •(T )
CstIn(v) × (0,∞)×

∏
v∈V ◦0 (T )

CstIn(v) × {0} ⊂ V̂
c
T .

For the third statement, let a, b be leaves of T , and let ka, kb be the number of vertices
between a and lca(a, b), and b and lca(a, b) respectively. The points za, zb ∈ V c

T can only collide
if

ka∑
i=1

c̄Outi(a) +
kb∑
i=1

c̄Outi(b) ≥ rlca(a,b)|z′Outka (a) − z
′
Outkb (b)|.

However, for c < 1
4 , we get that c̄v < 1

2 c̄Out(v). Hence,

ka∑
i=1

c̄Outi(a) +
kb∑
i=1

c̄Outi(b) < 2clca(a,b)

∞∑
k=1

1
2k = 2clca(a,b) ≤ rlca(a,b)|z′Outka (a) − z

′
Outkb (b)|

which implies that the points za and zb cannot collide with each other.

For the last statement, we note that

lim
c→0

V̂ c
T1 ∩ V̂

c
T2 = ĈT1 ∩ ĈT2 = Ĉgcd(T1,T2) ⊂ V̂ c′

gcd(T1,T2)

for all c′ > 0.

For c small enough, so that there are no colliding points in V c
T , the torus TT :=

∏
v∈V ◦0 (T ) S

1
v

acts on V̂ c
T by rotating the points associated to a vertex v around their center of mass. This

torus action induces a multi-vector field

ξT :=
∧

v∈V ◦0 (T )
ξv,

where
ξv :=

∑
i∈v

∂

∂Arg(zi − ζv)
.

Furthermore, for a subtree T of a tree T ′ it is clear that

ξ′T = ξT ∧ ξT ′/T

on V̂ c
T ∩ V c

T ′ .

4.4.2 Partition of unity and open cover

In this section, we will use the sets V̂ c
T to construct our open cover {UT }T∈T ◦,•A

, and partition of
unity {ρT }T∈T ◦,•A

of Ĉn.
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For each tree T ∈ T ◦,•n , pick cT , 0 < cT < c̃T , such that

V̂
c̃T1
T1
∩ V̂ c̃T2

T2
⊂ V̂ cgcd(T1,R2)

gcd(T1,T2) (4.15)

for non-ancestors T1, T2, and the torus actions are defined. We are able to do this because of
Lemma 4.4.1. Next we choose functions χT : ĈA → R such that:

1. χT ≡ 1 on a neighborhood around V̂ cT
T ,

2. suppχT ⊂ V̂ c̃T
T ,

3. χT is invariant under the torus actions.

This allows us to recursively define the partition of unity {φT }T∈T ◦,•n
by

ρT = χT (1−
∑
T ′∈Tn

|V (T ′)|>|V (T )|

ρT ′).

Lemma 4.4.2. The functions {ρT }T∈T∈T ◦,•n
are a partition of unity of ĈA. Furthermore, we

have that supp ρT1 ∩ supp ρT2 = ∅, unless T1 ≥ T2 or T2 ≥ T1.

Proof. We will show by reverse induction that the following properties hold for each n:

1. 0 ≤ ρT ≤ 1,

2.
∑
|V (T )|≥n ρT ≤ 1,

3.
∑
|V (T )|≥n ρT = 1 on a neighborhood of each V̂

cT ′
T ′ such that |V (T ′)| ≥ n,

4. If |V (T1)|, |V (T2)| ≥ n, and T1, T2 are non-ancestors, then supp ρT1 ∩ supp ρT2 = ∅.

For n = top, we have that ρT = χT and 1 - 4 holds by assumption. Now assume that they hold
for n+ 1.

Assertion 1 (for n) follows immediately from the induction assumption 2 (for n+ 1).

To show assertion 4, let T1, T2 be non-ancestors with V (T1), V (T2) ≥ n. By (4.15), we have
that

supp ρT1 ∩ supp ρT2 ⊂ suppχT1 ∩ suppχT2 ⊂ V
cgcd(T1,T2)

gcd(T1,T2) . (4.16)
Further, we have that

1 ≥
∑

|V (T )|>|V (T1)|
ρT ≥

∑
|V (T )|≥|V (gcd(T1,T2))|

ρT = 1

in a neighborhood of V cgcd(T1,T2)
gcd(T1,T2) , where the first inequality is assured by the induction assumption

2, the second inequality is assured by assertion 1 with |V (gcd(T1, T2))| > |V (T1)|, and the
equality is assured by assumption 3. Thus, we have

ρT1 |V cgcd(T1,T2)
gcd(T1,T2)

= χT1(1−
∑
T ′∈Tn

|V (T ′)|>|V (T )|

ρT ′)|V cgcd(T1,T2)
gcd(T1,T2)

= 0, (4.17)
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and combined with (4.16), it is clear that we have assertion 4 for n.

From assertion 4, it follows that for T1 6= T2 with n vertices, ρT1 and ρT2 have disjoint
support. Assume that p ∈ supp(T ′) for some T ′ with n vertices, then∑

|V (T )|≥n
ρT = χT (1−

∑
|V (T )|>n

ρT ) +
∑

|V (T )|>n
ρT ≤ 1,

which is assertion 2.

Finally, in a neighborhood of V̂ cT ′
T ′ , we have that χT ′ ≡ 1, and there we have∑

|V (T )|≥n
ρT = (1−

∑
|V (T )|>n

ρT ) +
∑

|V (T )|>n
ρT = 1,

which is assertion 3.

Lemma 4.4.3. Each ρT is invariant of the torus action in UT .

Proof. Since supp ρT1 ∩ supp ρT2 = ∅ if T1, T2 are non-ancestors, we have that

ρT = χT (1−
∑
T ′∈Tn

|V (T ′)|>|V (T )|

ρT ′) = χT (1−
∑
T ′∈Tn
T ′>T

ρT ′)

on supp ρT . This is a sum of products of {χT ′}T ′≥T , and all such χT ′ are also invariant of the
TT action.

We can now choose open sets supp(ρT ) ⊂ UT ⊂ V c̃T
T , such that:

1. The collection {UT }T∈T ◦,•n
is an open cover of Ĉn.

2. The intersection UT ∩ UT ′ = ∅, unless T ≥ T ′ or T ′ ≥ T .

3. The torus TT acts freely on UT , preserving all boundary components.

4.5 Constructing the automorphisms

In this section, we will finally construct our family of morphisms of dg operads

F t,λ :Mor(hoLie2)→ Gra.

We will do so with a regularized De Rham field theory

Ωt,λ : G→ Ω•reg(C).

This section closely follows [3] Section 4 and [45] Sections 4 and 5.
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4.5.1 A logarithmic propagator

We define a two parameter family of logarithmic propagators

ωt,λ(i,j) := 1− t
2πi d log

( zi − zj
1 + λ|zi − zj |

)
− t

2πid log
( z̄i − z̄j

1 + λ|zi − zj |

)
∈ Ω•(Cn), (4.18)

where t ∈ R and λ > 0. Indeed, ωt,λ(i,j) has singularities when zi and zj collapse, and is therefore
not a member of Ω•(Ĉn).

Proposition 4.5.1. The propagator ωt,λ(i,j) is a member of Ω•reg(Ĉn).

Proof. In polar coordinates zi − zj = r(i,j)e
iθ(i,j) , we get that

ωt,λ(i,j) = 1− 2t
2πi d log

(
r(i,j)

1 + λr(i,j)

)
+
dθ(i,j)

2π . (4.19)

On the boundary components where r(i,j) = ∞, we get that ωt,λ(i,j) restricts to dθ(i,j)
2π , which is

regular.

In a chart UT around a boundary component where r(i,j) = 0, we have that ι(ξv)ξvωt,λ(i,j) = 1
whenever i, j ∈ v. Hence, we get that

ηT ∧ ι(ξT )ωt,λi,j =
{
ηT |V ◦0 (T )| = 1
0 otherwise.

We also need to show that ωt,λ(1,2) is regularizable on C2, where ωt,λ(1,2) is a top−1 degree form.
We note that the vector field around the inner boundary component C2|r=0 is ∂

∂θ , and that

α := 1− 2t
2πi d log

(
r

1 + λr

)
is a ∂

∂θ -basic form. Hence, ωt,λ(1,2) is regularizable on Ĉ2, and

Reg(ωt,λ)|r(1,2)=0 := (ωt,λ(1,2) − α)|r(1,2)=0 = dθ

2π .

Theorem 4.5.2. We get a morphism of dg cooperads

Ω : G→ Ω•reg(Ĉ)
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by

Ω : Gmor(n) → Ω•reg(Ĉn)

Γ 7→ ωt,λΓ :=
∧

e∈E(Γ)
ωt,λe ;

Ω : G∞(n) → Ω•reg(Ĉ∞n )

Γ 7→
∧

e∈E(Γ)

Arge
2π ,

Ω : G0(n) → Ω•reg(Ĉ0
n)

Γ 7→ ηn ∧ ι(ξn)ωt,λΓ

∣∣∣
C0
n

.

Since Ω•reg(Ĉ) is not a dg algebra, it is not clear that this is well defined. We need to show
that:

1. ι(ξT )ωt,λΓ is regular in UT .

2. Top−1 degree forms ωt,λΓ are regularizable.

3. ωt,λ∆Γ = ∆ωt,λΓ , and ωt,λdΓ(=0) = dωt,λΓ .

The following forms of ωt,λΓ will be useful. In polar coordinates z1 − z2 = reiθ, we get that

ωt,λ(r, θ) = 1− 2t
2πi

(
dr

r
− λdr

1 + λr

)
+ dθ

2π . (4.20)

In a chart UT , we can write zi = rvz
v
i + ζv if i ∈ v, and zi− zj = rv(rveeiθe), where e = (i, j) and

i, j ∈ v. With this notation, we get

ωt,λe (rv, rve , θe) = 1− 2t
2πi

(
d(rvrve )
(rvrve ) −

λd(rvrve )
1 + λ(rvrve )

)
+ dθe

2π =

= 1− 2t
2πi

drv
rv

+ 1− 2t
2πi

(
drve
rve
− λrvedrv

1 + λ(rvrve ) −
λrvdr

v
e

1 + λ(rvrve )

)
+ dθe

2π︸ ︷︷ ︸
regular as rv→0

, (4.21)

when endpoints of e are in v.

Proposition 4.5.3. The form ωt,λΓ admits a decomposition

ωt,λΓ = drv
rv
∧ αv + terms regular in rv (4.22)

in every chart in UT and v ∈ V ◦0 (T ), where αv is independent of rv, ι(ξv)αv = 0 and dαv = 0.
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Proof. We have that
ωt,λΓ = ±

∧
(i,j)∈E(Γ)
i,j∈v

ωt,λ(i,j)

︸ ︷︷ ︸
ωt,λΓv

∧
∧

(i,j)∈E(Γ)
i or j /∈v

ωt,λ(i,j)

︸ ︷︷ ︸
ωt,λΓ\Γv

,

where all the possible singularities are in ωt,λΓv . From (4.21), we see that ωt,λΓv admits a decompo-
sition

ωt,λΓv = drv
rv
∧ αΓv + terms regular in rv.

Next, let αΓ\Γv be an rv independent form such that αΓ\Γv := ωt,λΓ\Γv |rv=0. Then, ωt,λΓ\Γv
admits a decomposition

ωt,λΓ\Γv = αΓ\Γv︸ ︷︷ ︸
independent of rv

+ (ωt,λΓ\Γv − αΓ\Γv)︸ ︷︷ ︸
proportional to rv

.

Hence, ωt,λΓ admits a decomposition

ωt,λΓ = drv
rv
∧ αv + terms regular in rv, (4.23)

where αv := αΓv ∧ αΓ\Γv is independent of rv.

It remains to show that ι(ξv)αv = 0. In order to see this, consider the form

ι

(
∂

∂rv

)
ι(ξv)ωt,λΓ = 1

rv
ι(ξv)αv + terms regular in rv.

This form is regular as rv → 0, if and only if ι(ξv)αv = 0. Here, we note that ωt,λΓ is regular for
t = 1/2, and for t 6= 1/2 we note that

∂

∂rv
∧ ξv = ∂

∂rv
∧
(
ξv −

irv
1− 2t

∂

∂rv

)
.

Thus, it is sufficient to show that

ι

(
ξv −

irv
1− 2t

∂

∂rv

)
ωt,λΓ =

∑
e∈E(Γ)

±
(
ι

(
ξv −

irv
1− 2t

∂

∂rv

)
ωt,λe

)
∧ ωt,λΓ\e

is regular as rv → 0.

If both endpoints of e are outside of v, then it is clear that(
ι

(
ξv −

irv
1− 2t

∂

∂rv

)
ωt,λe

)
= 0.

If both endpoints of e are in v, then ι(ξv)ωt,λe = irv
1−2t ι(

∂
∂rv

)ωt,λe . Hence, we get again that(
ι

(
ξv −

irv
1− 2t

∂

∂rv

)
ωt,λe

)
= 0.

Finally if one endpoint of e is in v but the other is not, then both ι(ξv)ωt,λe and irv
1−2t ι(

∂
∂rv

)ωt,λe
are proportional to rv. This cancels the singularity in ωt,λΓ\e.
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In particular, this proposition implies that ι(ξT )ωt,λ = ι
(∧

v∈V ◦0 (T )

)
ωt,λΓ is regular in UT ,

which is 1 in our list of things to show in this section.

Lemma 4.5.4. Let ω be a top-1 degree form on Cn. If ω admits a decomposition

ω = dαv + terms regular in rv, (4.24)

where ι(ξv)dαv = 0, in every chart in UT and every v ∈ V ◦(T ).

Proof. We need to show that ω admits a decomposition

αT + regular terms,

where αT is ξT -basic.

Let
ξvT :=

∧
v′∈V ◦0 (T )\v

ξv′ ,

and let ηvT be the dual form ι(ξvT )ηvT = 1.

Since ω is a top−1 degree form, it admits a decomposition

ω =
∑

v∈V (T )
ηvT ∧ ι(ξvT )ω − (k − 1)ηT ∧ ι(ξT )ω︸ ︷︷ ︸

regular by (4.24)

,

where k = |V ◦(T )|. Furthermore, we have∑
v∈V (T )

ηvT ∧ ι(ξvT )ω =
∑

v∈V (T )
ηvT ∧ ι(ξvT ) (dαv + terms regular in rv) .

Here, ηvT ∧ ι(ξvT )(terms regular in rv) must be completely regular. Now,

αT :=
∑

v∈V (T )
ηvT ∧ ι(ξvT )dαv

is our ξT -basic form.

Indeed, since dαv is a top−1 degree form and ι(ξv)dαv = 0, we must have that ηvT∧ι(ξvT )dαv =
dαv. Hence,

αT =
∑

v∈V (T )
dαv,

and it is clear that ι(ξT )αv = 0 and dαT = 0.

Note that dr
r ∧ α = d(log(r)α) for a closed form α. Hence, Lemma 4.5.4 with Proposition

4.5.3 implies that top−1 degree forms ωt,λΓ are regularizable, which is 2.

Our next proposition implies 3.

Proposition 4.5.5. Let Γ ∈ G(n) be a graph. Then, for every tree T ∈ T ◦,• and v ∈ V ◦s (T ),
we have

ηv ∧ ι(ξv)ωt,λΓ

∣∣∣
∂vUT

= ωt,λ∆vΓ
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Proof. We have that

ηv ∧ ι(ξv)ωt,λΓ = (−1)σ(v)ηv ∧ ι(ξv)ωt,λΓv ∧ ω
t,λ
Γ\Γv︸ ︷︷ ︸

ωt,λ∆vΓ

±ηv ∧ ωt,λΓv ∧ ι(ξv)ω
t,λ
Γ\Γv .

We need to show that
ηv ∧ ωt,λΓv ∧ ι(ξv)ω

t,λ
Γ\Γv

∣∣∣
∂vUT

= 0.

Indeed, ωt,λΓv admits a decomposition

ωt,λΓv = drv
rv
∧ α+ γ,

where α and γ are regular in rv, and ι(ξv)ωt,λΓ\Γv admits a decomposition

ι(ξv)ωt,λΓ\Γv = rvβ,

where β is regular in rv. Since drv and rv disappear at the boundary component ∂vUT , we get
that

ηv ∧ ωt,λΓv ∧ ι(ξv)ω
t,λ
Γ\Γv

∣∣∣
∂vUT

= ηv (drv ∧ α ∧ β + rvγ ∧ β)|∂vUT = 0.

4.5.2 Interpreting the automorphisms

We now have established a morphism of dg cooperads

Ωt,λ : G→ Ω•reg(Ĉ).

By Proposition 4.3.14, we get a morphism of dg operads

F t,λ : FChains(Ĉ) → Gra,
Cn 7→

∑
Γ∈Gramor(n)

$t,λ
Γ Γ,

Coutn 7→
∑

Γ∈Graout(n)

(∫
Coutn

ωt,λΓ

)
Γ,

Cinn 7→
∑

Γ∈Grain(n)

(∫
Cinn

Reg(ωt,λΓ )
)

Γ.

Since FChains(Ĉ) ∼=Mor(hoLie2), this is equivalent to an MC-element

(φoutt,λ ,F t,λ, φint,λ) ∈ Def(Mor(hoLie2) 0→ Gra2).

Let us first take a look at the MC-elements

φ
out/in
t,λ =

∏
n≥0

φ
out/in
t,λ,(n) ∈ Def(hoLie2 → Graout/in),
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where φout/in(n) is a sum of graphs with n+ 1 vertices

φint,λ,(n) :=
∑

Γ∈Gra(n+1)

(∫
Cn+1

Reg(ωt,λΓ )
)

Γ,

and
φoutt,λ,(n) :=

∑
Γ∈Gra(n+1)

(∫
Cn+1

(
dθ

2π

)
Γ

)
Γ.

Proposition 4.5.6. Let Cn be the boundary strata where all points collapse, and let Γ ∈ G0(n)
be a graph with |E(Γ)| = 2n− 3. Then,

Reg(ωt,λΓ )
∣∣∣
Cn

=
∧

e∈E(Γ)

dθe
2π .

Proof. As ωt,λΓ is regular, the singularities must disappear. The formula (4.19) gives us the
desired result.

Lemma 4.5.7 (Kontsevich vanishing lemma, [26]). Let Γ ∈ G0(n) be a graph with |E(Γ)| =
2n− 3. Then, ∫

Cn

(
dθ

2π

)
Γ

=
{

1 Γ =
0 otherwise.

As a direct consequence of Kontsevich vanishing lemma, we get that the MC-elements φint,λ,
φoutt,λ are concentrated in weight degree 1, and are equal to the graph

,

for all t, λ. It follows that the induced MC-elements in

Def(hoLie2 → EndTpoly(Rd))

induce the Schouten–Nijenhuis Lie bracket on Tpoly.

Next, let us look at
F t,λ(n) :=

∑
Γ
$t,λ

Γ Γ, (4.25)

where $t,λ
Γ :=

∫
Cn+1

ωt,λΓ .

Proposition 4.5.8. We have
F t,λ(0) = •

for all t, λ. For t = 1/2, we have
F1/2,λ = •.

Proof. The first statement is clear. For the second statement, we note that ω1/2,λ(zi, zj) =
1

2πdArg(zi− zj). As the space Cn cannot be spanned by just the angles between the points, the
weights $t,λ

Γ must vanish for all graphs Γ 6= •.
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It follows that the induced ∞-morphism

F t,λ : Tpoly(Rd)→ Tpoly(Rd)

is the identity for t = 1/2, and an automorphism for all t, λ.

Our aim now is to show that F t,λ is exotic for t 6= 1/2.

4.5.3 The partial derivative ∂tω
t,λ

Let us look at the partial derivative ∂tωt,λΓ . We have that

∂tω
t,λ(z1, z2) = i

π
d log

( |z1 − z2|
1 + λ|z1 − z2|

)
. (4.26)

Let
ω̃t,λΓ :=

∑
e∈Γ

(−1)e+1βλe ω
t,λ
Γ\{e},

where
βλ(i,j) := i

π
log

(
|zi − zj |

1 + λ|zi − zj |

)
,

so that
dω̃t,λΓ = ∂tω

t,λ
Γ .

Proposition 4.5.9. For any graph Γ ∈ G(n), we have that ω̃t,λΓ is a regularizable form on Ĉn.

Lemma 4.5.10. Let Γ ∈ Gmor be a graph, let T ∈ T ◦,•n , and let v ∈ V •0 (T ). Then ω̃t,λΓ admits
a decomposition

ω̃t,λΓ = drv
rv
∧ α1 + log(rv)α2 + terms regular in rv

in UT , where α1 and α2 are independent of rv, and ι(ξv)α1 = ι(ξv)α2 = 0, ι(ξv)dα1 = dα2 = 0.

Proof. We see that βλe is regular in rv, if e /∈ E(Γv), and

βλe = i

π
log(rv) + terms regular in rv

if e ∈ E(Γv). Hence, ω̃t,λΓ admits a decomposition


i

π
log(rv)

∑
e∈E(Γv)

(−1)e+1ωt,λΓv\{e}︸ ︷︷ ︸
=ι(ξv)ωt,λΓv (regular in rv)


∧ ωt,λΓ\Γv

︸ ︷︷ ︸
=log(rv)α2+terms regular in rv

+
∑

(terms regular in rv)eωt,λΓ\{e},︸ ︷︷ ︸
= drv
rv
∧α1+terms regular in rv
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where we can choose α1 and α2 to be independent of rv. Furthermore, we get that

ι(ξv)ω̃t,λΓ = i

π
log(rv)ι(ξv)ωt,λΓv ∧ ι(ξv)ωt,λΓ\Γv︸ ︷︷ ︸

proportional to rv

+ terms regular in rv︸ ︷︷ ︸
by Proposition 4.5.3

is regular in rv. Hence, ι(ξv)α1 = ι(ξv)α2 = 0. Since

∂tω
t,λ
Γ = dω̃t,λΓ

does not have a log(rv) singularity, we have that dα2 = 0. Furthermore, since

∂tι(ξv)ωt,λΓ = ι(ξv)dω̃t,λΓ = drv
rv
∧ ι(ξv)dα1 −

drv
rv
∧ ι(ξv)α2 + terms regular in rv

is regular in rv, we must have that ι(ξv)dα1 = ι(ξv)α2 = 0.

It follows that each ηT ∧ ι(ξT )ω̃t,λΓ is regular on each boundary component ∂TCn. We also
have that

ηT ∧ ι(ξT )dω̃t,λΓ = ∂t
(
ηT ∧ ι(ξT )ωt,λΓ

)
is regular in ∂TCn.

Lemma 4.5.11. Top−1 degree forms ω̃t,λΓ are regularizable.

Proof. Let ω̃t,λΓ be a top−1 degree form. Then, dω̃t,λΓ = ∂tω
t,λ
Γ is a top degree regular form.

Thus, we must have that

d

(
drv
rv
∧ α1 + log(rv)α2

)
= drv

rv
∧ (α2 − dα1)

is regular. Since α1 and α2 are independent of rv, we must have that α2 = dα1, and thus
drv
rv
∧ α1 + log(rv)α2 = d(log(rv)α1).

We can now apply Lemma 4.5.4 to conclude that ω̃t,λΓ is regularizable.

Lemma 4.5.12. For a collapsing boundary strata

∆TAω̃
t,λ
Γ = ±

(
ηA ∧ ι(ξA)ωt,λΓA

)
∧ ω̃t,λΓ\ΓA

∣∣∣
∂ACn

±
(
ηA ∧ ι(ξA)ω̃t,λΓA

)
∧ ωt,λΓ\ΓA

∣∣∣
∂ACn

.

For an infinity boundary strata, we denote Γ∞ := Γ/{ΓB1 , . . . ,ΓBk}. Then we have

∆TB1,...,Bk ω̃
t,λ
Γ := ω̃t,λΓ

∣∣∣
∂
TB1,...,Bk Cn

= (dÃrg)Γ∞ ∧ ω
t,λ
ΓB1
∧ . . . ∧ ωt,λΓBk

±

± (dArg)Γ∞ ∧
k∑
i=1
±ωt,λΓB1

∧ . . . ∧ ω̃t,λΓBi
∧ . . . ∧ ωt,λΓBk

,

where
(dÃrg)Γ := i

π
log

( 1
λ

) ∑
e∈E(Γ)

(−1)1+e(dArg)Γ\{e}.
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Proof. We have that

ι(ξA)ω̃t,λΓ = (−1)σAι(ξA)ω̃t,λΓA ∧ ω
t,λ
Γ\ΓA ± ω̃

t,λ
ΓA ∧ ι(ξA)ωt,λΓ\ΓA︸ ︷︷ ︸
→0 as rA→0

+

+(−1)σA+|A|ι(ξA)ωt,λΓA ∧ ω̃
t,λ
Γ\ΓA ± ω

t,λ
ΓA ∧ ι(ξA)ω̃t,λΓ\ΓA︸ ︷︷ ︸
→0 as rA→0

.

The second statement is clear, since ωt,λΓBi
and ω̃t,λΓBi

are independent of rv, and

ω̃t,λΓ∞

∣∣∣
rv=∞

= (dÃrg)Γ∞ .

Lemma 4.5.13. For any graph Γ, we have that d∆ω̃t,λΓ = ∆dω̃t,λΓ .

Proof. It is sufficient to show this for codimension 1 boundary components. From the formulas
in the previous lemma, we can see that d∆ω̃t,λΓ = ∂t∆ωt,λΓ . It follows that

d∆ω̃t,λΓ = ∂t∆ωt,λΓ = ∆∂tωt,λΓ = ∆dω̃t,λΓ .

Proposition 4.5.9 follows from Lemma 4.5.10, Lemma 4.5.11 and Lemma 4.5.13.

4.5.4 A family of graph cocycles xt,λ

Looking at the formulas of Lemma 4.5.12, we see that∫
C
TB1,...,Bk

Reg(ω̃t,λΓ ) =
∫
C[n]/{B1,...,Bk}

(dArg)Γ∞
∏
i≤k

∫
CBi

ωt,λΓBi
±

±
∫
C[n]/{B1,...,Bk}

(dÃrg)Γ∞
∑
j

∫
CBj

ω̃t,λΓBj

∏
i 6=j

∫
CBi

ωt,λΓBi

 .
Applying Kontsevich vanishing lemma, we get

∫
C
TB1,...,Bk

Reg(ω̃t,λΓ ) =


∫
CB1

ω̃t,λΓB1

∫
CB2

ωt,λΓB2
±
∫
CB1

ωt,λΓB1

∫
CB2

ω̃t,λΓB2
Γ∞ =

0 otherwise.
(4.27)

For a graph Γ with |E(Γ)| = 2|V (Γ)| − 2, this is∫
∂∞Cn

ω̃t,λΓ =
∑

|E(ΓA)|=2|A|−2
|E(ΓB)|=2|B|−1

$t,λ
ΓA$̃

t,λ
ΓB . (4.28)
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On the collapsing boundary strata, we have

∫
CTA

Reg(ω̃t,λΓ ) =


$̃t,λ

Γ/ΓA ΓA =
β̄t,λΓA$

t,λ
Γ/ΓA |E(Γ/ΓA)| = 2(n− |A|)

0 otherwise,

where
β̄t,λΓA :=

∫
CA

Reg(ω̃t,λΓA).

This gives us ∫
∂0Cn

ω̃t,λΓ = $̃t,λ
dΓ +

∑
E(ΓA)=2|A|−2

β̄t,λΓA$
t,λ
Γ/ΓA , (4.29)

where dΓ :=
∑
e∈E(Γ)(−1)e+nΓ/e.

Theorem 4.5.14. There exists a family of graph cocycles xt,λ ∈ fGC2, such that

∂tF t,λ = xt,λ · F t,λ + δF̃ t,λ + [F t,λ, F̃ t,λ].

Here, x · Γ is the action of summing over all ways to insert the graph x into a vertex of Γ, and

the Lie bracket is given by [Γ1,Γ2] := Γ1 Γ2 .

Proof. By the regularized Stokes’ formula, we have that

∂tF t,λn =
∑
Γ

(∫
∂Cn

Reg ω̃t,λΓ

)
Γ =

=
∑
Γ

(∫
∂0Cn

Reg ω̃t,λΓ −
∫
∂∞Cn

Reg ω̃t,λΓ

)
Γ.

According to (4.28), we have
∑
Γ

(∫
∂∞Cn

Reg ω̃t,λΓ

)
Γ =

∑
Γ1,Γ2

$t,λ
Γ2
$̃t,λ

Γ1
[Γ1,Γ2] = [F t,λ, F̃ t,λ].

The sum runs over all graphs Γ1,Γ2 such that |V (Γ1)|+ |V (Γ2)| = n, |E(Γ1)| = 2|V (Γ1)| − 1
and |E(Γ2)| = 2|V (Γ2)| − 2. According to (4.29), we have

∑
Γ

(∫
∂0Cn

Reg ω̃t,λΓ

)
Γ =

∑
Γ
$̃t,λ
dΓ Γ +

∑
Γ

 ∑
|E(ΓA)|=2|A|−2

β̄t,λΓA$
t,λ
Γ/ΓA

Γ =

=
∑
Γ′
$t,λ

Γ δΓ′︸ ︷︷ ︸
δF̃t,λ

+
∑

Γ1,Γ2

β̄t,λΓ1
$t,λ

Γ2
Γ1 · Γ2︸ ︷︷ ︸

xt,λ·Ftλ

where
xt,λ :=

∑
Γ
β̄t,λΓ Γ.
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Since F t,λ is a Lie ∞-morphism, we have that

0 = δF t,λ + 1
2[F t,λ,F t,λ].

Hence

0 = ∂t(δF t,λ + 1
2[F t,λ,F t,λ])

= δ(xt,λ · F t,λ + δF̃ t,λ + [F t,λ, F̃ t,λ]) + [xt,λ · F t,λ + δF̃ t,λ + [F t,λ, F̃ t,λ],F t,λ] =

= (δxt,λ) · F t,λ + xt,λ · (δF t,λ + 1
2[F t,λ,F t,λ])︸ ︷︷ ︸

=0

+δ[F t,λ, F̃ t,λ] + [δF̃ t,λ + [F t,λ, F̃ t,λ],F t,λ] =

= (δxt,λ) · F t,λ + [δF̃ t,λ, 0] + [δF t,λ + 1
2[F t,λ,F t,λ], F̃ t,λ]︸ ︷︷ ︸

=0

=

= (δxt,λ) · F t,λ.

Since F t,λ is a group-like element, i.e. F t,λ = •+ graphs with more vertices, we get that

(δxt,λ) · F t,λ = δxt,λ + graphs with more vertices,

which vanishes if and only if δxt,λ = 0.

4.5.5 About the graph cocycles xt,λ

We now have constructed a family of graph cocycles

xt,λk :=
∑
Γ

(∫
Ck

Reg(ω̃t,λΓ )
)

Γ (4.30)

We note first that ω̃t,λ• = 0. Since there are no connected graphs with |E(Γ)| = 2|V (Γ)| − 2 for
|V (Γ)| = 2, 3, we have that xt,λk = 0 for k = 2, 3.

Lemma 4.5.15. Let Ck be the boundary component of Ĉk where all points collapse. Then∫
Ck

Reg(ω̃t,λΓ ) = i

π

∑
e∈E(Γ)

(−1)e
∫
Ck

log(re)
(
dθ

2π

)
Γ\{e}

.

Proof. We will use the coordinates zi − zj = Rri,je
iθi,j on Ck. We have that

ω̃t,λΓ =
∑

(−1)e
(

log(R) + log
(

re
1 + λRre

))
ωt,λΓ\{e}.

Since ι(ξk)ω̃t,λΓ is regular as R→ 0, we must have that the log(R) singularity cancels, and thus
we have

ηT ∧ ι(ξk)ω̃t,λ|R=0 =

=
∑

e∈E(Γ)
(−1)e log(re)ηT ∧ ι(ξk)ωt,λΓ\{e}

∣∣∣∣∣∣
R=0

=
∑

e∈E(Γ)
(−1)e log(re) Reg

(
ωt,λΓ\{e}

)
.

The statement follows from Proposition 4.5.6.
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The integral weights ∑
e∈E(Wn)

(−1)e
∫
Ck+1

log(re)
(
dθ

2π

)
Γ\{e}

are computed for the wheel graphs

Wk = k+1

1
k

· · ·
· · ·

3

2 ,

by A. B. Goncharov [19] and A. Rossi, T. Willwacher [45].

Theorem 4.5.16 ([19],[45]). For odd k ≥ 3, we have that

∑
e∈E(Wn)

(−1)e
∫
Ck+1

log(re)
(
dθ

2π

)
Γ\{e}

= qk
ζ(k)
(2π)k ,

for some rational number qk, and ζ is Riemann’s zeta function.

In particular, As the graphs Wn cannot be coboundaries in H(fGC2), we have that the
cohomology class [xt,λ] is non-trivial. It follows that F t6=1/2,λ and F1/2,λ = id are not homotopy
equivalent, i.e. F t6=1/2,λ is an exotic Lie ∞-automorphism.
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