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Abstract

In this thesis we study graph complexes and their applications to homotopy algebra, differential
geometry, and the cohomology of the moduli space of algebraic curves.

The first main topic of this thesis is the study of a new higher dimensional incarnation of
one of the most mysterious mathematical structures, the Grothendieck-Teichmdiller group, using
methods and ideas of multi-oriented props and graph complexes.

In Chapter 1, we fix our notation and conventions. We recall the definitions of operads and
props following J.-L. Loday and B. Vallette [29], [47]. and D.V. Borisov and Y.I. Manin [8]. We
also recall the basic tools of the deformation theory of props developed by B. Vallette and S.
Merkulov in [38], and generalize them, rather straightforwardly, to the multi-oriented setting.

In Chapter 2, we study a family of multi-oriented properads of multi-oriented homotopy Lie
bialgebras hoLieBZTl parametrized by the valued parameter d and equipped with k directions, [ of
them being oriented. Multi-oriented properads were introduced by S. Merkulov in [35], where it
is shown that they admit representations in vector spaces with branes, and provide us with a far
reaching generalization of Drinfeld’s notion of a Manin triple [14]. The multi-oriented properads
hoLieBZﬂ of homotopy Lie bialgebras, also introduced in [35], are from a combinatorial point
of view a natural extension of the ordinary properad of Lie bialgebras. Their representations
on vector spaces with branes are not yet fully understood. However, it is shown in [35] that
representations of a two oriented operad Lie?", obtained from a similar ’combinatorial lifting’ of
the Lie operad Lie, do really govern Manin triples as defined in [14].

In Section 2.2, we prove that the derivation complex of the k-oriented prop of [-oriented
homotopy Lie bialgebras is quasi-isomorphic to the k-directed, [-oriented graph complex. This
is a generalization of the result in [43], where the deformation complex of the (1-oriented) prop
of homotopy Lie bialgebras is studied. Combining this with the results of T. Willwacher [51]
and M. Zivkovié [54], we get that the Grothendieck-Teichmiiller group acts on the multi-oriented
properads of Lie bialgebras.

In Section 2.3, we turn our attention to the (co)homology of the first non-trivial multi-
oriented properad, the 2-oriented properad hoLieB?sz. We prove that hoLieB?lT2 is indeed a
minimal model of the 2-oriented properad of 2-oriented Lie bialgebras Lierlm. It is worth
emphasizing that this proof does not follow the scenario of the famous constructions of the
minimal resolutions of the ordinary 1-oriented, props of Lie bialgebras [27], [47], [32], [34]. The
main problem is that the key idea of using spectral sequences associated with path filtrations
does not completely work in the multi-oriented case.

The second main topic of this thesis is the study of hairy graph complexes and their appli-
cations to the theory of cohomology groups of moduli spaces of genus ¢ algebraic curves with
n > 1 punctures. In Chapter 3, we show that the hairy graph complex (HGCggq4,d), studied in
e.g. [7], [22], can be understood as an associated graded complex of the oriented graph complex



(OGCg441,0), subject to a filtration on the number of target vertices, or equivalently source ver-
tices, called the fized source graph complex. The fixed source graph complex (OGCy, §p) maps
into the ribbon graph complex RGC [42], which models the moduli space of Riemann surfaces
with marked points [28]. The full differential § on the oriented graph complex OGCgyq corre-
sponds to the deformed differential § + x on the hairy graph complex HGC, 4, where x adds a
hair. This deformed complex (HGC 4,0 + x) is already known to be quasi-isomorphic to the
standard Kontsevich’s graph complex GC,; [22]. This chapter is based on joint work with M.
Zivkovié [6].

The third main topic of this thesis is a new application of the remarkable theory of dif-
ferential forms with logarithmic singularities developed in [3] for constructing a new universal
transcendent formula for an exotic Lie co-automorphism of the Schouten-Nijenhuis Lie algebra
of polyvector fields.

In Chapter 4, we develop a new (regularized) De Rham field theory based on a two parameter
propagator with logarithmic singularities. We use this for constructing a new two parametric
family of exotic Lie oo-automorphisms of Schouten-Nijenhuis Lie algebra of polyvector fields on
an arbitrary affine space

FEA Tty (RY) ~s Ty (RY).

This universal formula involves all odd Riemann zeta values 5=((2n + 1), n > 1. This is a
new application of the regularized Stokes formula, introduced by A. Alekseev, C. A. Rossi, C.
Torossian and T. Willwacher in [3], in order to prove a statement by M. Kontsevich [25] regarding
the existence of a formality morphism

U Tpoly(Rd) ~ poly(Rd)

with weights obtained by integrating logarithmic forms.
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Introduction

This thesis belongs to a rapidly developing area of mathematics which studies graphs complexes,
properads, as well as their deformation theory with applications to algebra and geometry. One of
the main motivations of the work is to better understand one of the most mysterious structures
in modern mathematics, namely the Grothendieck-Teichmiiller group. It has recently emerged in
very different parts of mathematics, such as deformation quantization of Lie bialgebras [15] [16],
number theory [14], theory of braid groups [15], deformation quantization of Poisson structures
[26], [50], [46], [5], Lie theory [4], Goldman-Turaev theory [1], [2], and many others. The
Grothendieck-Teichmiiller group has many different incarnations in dimension two [26], [51],
and three [52], [43].

In our work we found higher dimensional incarnations of this mysterious group, using the
new notion of multi-oriented graphs and properads, defined in [35] and [54].

In Chapter 2 we study a family of multi-oriented properads of multi-oriented homotopy Lie
bialgebras hoLieBSTl parametrized by the valued parameter d and equipped with k directions,
I of them being oriented. One of the main results here is obtained in Section 2.2 where we

— kl*
show that the derivation complex of the multi-oriented genus completed properads holLieB,; is
quasi-isomorphic to the multi-oriented version of Kontsevich graph complex GC/I;,/K1 up to some

rescaling classes. Combining this result with the results of T. Willwacher [51] and M. Zivkovié
[54], we conclude that the Grothendieck-Teichmiiller group acts on the d oriented properad

—_— de,* . ..
holLieB;,; in a homotopy non-trivial way.

When considering (co)homology of graph complexes, subtle combinatorial differences in the
definitions can have a great impact. For example, it is shown in [32] and [47] that hoLieB
is a minimal model of LieB, i.e. the cohomology of the graph complex holLieB is spanned by
3-regular graphs modulo some quadratic relations. If we instead consider with the wheeled
closure hoLieB® of hoLieB, the main combinatorial tool in [32], a path filtration suggested by
M. Kontsevich [27], as well as the distributive laws by B. Vallette [47], fails to work. As a
consequence, the cohomology of holLieB” is largely unknown. It was shown in [36] (along with
the introduction of hoLieB®), that hoLieB® is not a minimal resolution of LieB®. It is therefore
a high%l non-trivial problem to compute the cohomology of the dg multi-oriented properads
hoLieB"'".

In Chapter 2, Section 2.3, we show that the 2-oriented properad holieB%'? is a minimal
resolution of what we call the 2-oriented properad of Lie bialgebras LieB?'2. The proof of this
statement relies only partially on spectral sequences induced by path filtrations, as suggested in



[27]. As we shall see below, this line of thought does not lead us immediately to the solution of
the problem, we are therefore forced to look for new arguments to finish the proof.

Another important theme of this thesis is the study of the deep relationship between the
cohomology of the hairy graph complexes HGC and the cohomology of the moduli spaces M, ,
of of genus ¢g Riemann surfaces with n marked points.

In [11] and [12], M. Chan, S. Galatius and S. Payne prove that there exists injections

H(GCo) < [] He(M,,Q), (1)
g>1
and
HGCY) < [T IT HeMyn, Q), (2)
g>1n>0

where H.(My,Q) and H.(My,, Q) is the compact support cohomology of the moduli space of
Riemann surfaces of genus g without punctures and, respectively, with n marked points. The
graph complex GCj is the (degree shifted) Kontsevich graph complex introduced in [24], and

GC([)n] is a version of GCy where vertices may be 'marked’ by elements in [n].

In [42], S. Merkulov and T. Willwacher connected the Kontsevich graph complex and Penner’s
ribbon graph complex controlling the cohomology of moduli spaces in a different way. More
precisely, they construct a map

F: (0GCy,d) — (RGC1],6 + Ay), (3)

where OGCj is the oriented version of Kontsevich graph complex and (RGC, d+A) is a complex
of ribbon graphs. Ribbon graphs are closely related to the moduli space of Riemann curves M, ,,
see [44]. More specifically, it is shown in [28] that

Q fork=1,59,...

0 otherwise,

HWRGQ&%%II(H?%wum@waﬁmJ&@{ (4)

gn=>1

In this context, the differential § + A; constructed in [42] is a deformation of the classical
differential § on RGC. It is conjectured that the explicit formula established in [42] is related
to the inclusion (1) constructed in [11].

In chapter 3, we construct a quasi-isomorphism
Sn
® : (0GC1,d0) = (HGCo,0) = (GO @ sgn,,) ",

where &g is a new differential on the oriented graph complex, constructed so that the same
explicit formula constructed in (3) gives a morphism of dg vector spaces

F: (OGCl,(s()) — (RGC[H,(;).

This suggests that the map (3) is also related to the map (2) constructed in [12].

The final chapter of our thesis is devoted to constructing an explicit exotic automorphism of
polyvector fields.



In [26], M. Kontsevich proves his formality conjecture, giving an explicit construction of Lie
infinity quasi-isomorphism
u: Tpoly(Rd) ~ poly(Rd)

from the Lie algebra of polyvector fields T, poly(Rd) to the dg Lie algebra of poly-differential
operators on R%. This construction uses integral weights

wr ::/ /\ Wi )
Confrn m (i

J)EE(T)

where Conf,, ,, is a compactified configuration space of points z;, i € [n+m/| on the closed upper
half-plane H modulo real translations and scaling, with the m last points on the real line, and

w(; ;) is the 1-form
1 Zi — Zj
W) = %darg (z_z — zj> ,

and I' is a graph with n 4+ m vertices.

In [25], M. Kontsevich conjectured that the form w(; ;) can be replaced by the following,

i.5)

thus creating another formality morphism ¢/!°¢. However, as w}?gj) has singularities as z; —z; — 0,

it is not clear that the weights

lo lo
wpe = / /\ w(ii), (5)
Confrm (; e B(T)

are well defined.

The integrals (5) were later proven to converge by A. Alekseev, C. A. Rossi, C. Torossian
and T. Willwacher [3], using a new version of Stokes’ formula that works for differential forms
with some well behaved singularities on the boundary.

We found a new application of this new version of Stokes’ formula by constructing a family
of explicit exotic automorphism of polyvector fields, using a two parameter family of logarithmic
propagators

1—t¢ 2 — %i t Zi — Zj
[N 7 ] ? J
o dl — —dl e B
“ig) T Topg 4108 (1 Az — zjy> omi 08 (1 + Mz — 2]

), tAER, A >0, (6)

on a compactified configuration space &€, of n points z; on the complex plane C modulo trans-
lations.



Chapter 1

Graphs and props

Introduction

The notion of a prop (short for product and permutation category) was introduced by S. MacLane
in [30] as a way of unifying the concept of (bi)algebraic structures. A prop can be viewed, in
short, as a collection of operations with multiple inputs and outputs

AN

such that outputs can be composed to inputs

ma
my —_——
— N\ / mi+ma
AN —— AN
ni nit+ng

creating new operations. For different purposes, many variations of props exist in the literature.
Perhaps the most used one is operads. The term operad and the corresponding formal definition
were coined by P. May [33]. In brief, an operad can be viewed as a collection of operations with

several inputs and a unique output
/I N
n



which can be composed

Operads give us an effective tool to treat many mathematical structures in a unifying way.
There is, for example, an operad Ass that governs associative algebras in the sense that every
associative algebra on a vector space V' can be viewed as a map of operads from Ass to an operad
Endy [29]. Similarly, there is an operad Com that governs commutative algebras, an operad Lie
that governs Lie algebras, an operad Pois that governs Poisson algebras etc.

Other variations of props include properads, introduced by B. Vallette [47], which are very
similar to the original definition of props, but with the subtle difference that horizontal compo-
sitions

mi ma mi-+mg
ni ) ni+nz

are considered in props but not properads.

Wheeled props and properads, introduced in [31], is a variation of a prop that allows non-
oriented compositions

N

N—_——
ni1+n2

Although not always perceived as such, associative algebras can be viewed as a type of props,
where operations are only allowed to have one input and one output.

All variations of props presented above have some common features. Some ideas that work for
one variation may also be applicable to other variations. See [29], [47], [38], [31]. Such a transfer
of ideas and methods from one variation to another may, however, be far from straightforward.

A unifying definition of different variations of props was given by D.V. Borisov and Y.I.
Manin [8], using a notion of categories of abstract graphs. In this section, we shall recall their
definition of generalized props. Our main motivation for using the language of D.V. Borisov and
Y.I. Manin is to transfer the definitions of a derivation complex and a deformation complex of
a prop [38] to the setting of multi-oriented props, first considered in [35].



1.1 Categories of graphs and props

In this section, we will follow D.V. Borisov and Y.I. Manin [8] in order to define graphs and
props.

1.1.1 Non-directed Graphs

Definition 1.1.1. A graph I' = (Fr, Vp, Or, ir) consists of:

1. A finite set Fr, called flags.
2. A finite set V1, called vertices.

3. A map
8p Fr — VF;

4. An involution

LFZFF—>FF, L2:id.

The orbits of «p are called edges and will be denoted by E(I'). The orbits containing 2
elements are called internal edges, and will be denoted by E;n:(I'), and the orbits containing a
single element are called external edges or legs, and will be denoted by L(I'). A graph may be
realized pictorially, by the following steps:

1. Draw a dot for each element in Vr.
2. For each 2-orbit (7, j) of ip draw a line between the vertices Or(i) and dp(j).

3. For each 1-orbit i of ¢, draw a line connected in one end to 9r (7).

For example:

a b

a b
({a,b},{1,2},(a»—>1,b»—>2),id):é @5 ({a, b}, {o}, {a,b} — {o},id) = \/

ab

({a,b},{1,2}), (a = 1,0~ 2),(ab)) = (1 )2(2)  ({a,b}, {o},{a,b} = {o},(ab)) = & .

Remark 1.1.2. The quadruple of data (Fp, Vp,Or,tr) given in definition 1.1.1 is necessary in
order to make precise definitions. Otherwise, we shall almost always think of graphs as pictures.



For bigger graphs than the ones above, e.g. this one

the data (Fr, V1, Or, ) would (at least in the author’s opinion) be not be of any use.

Definition 1.1.3. A morphism of graphs h = (hf', hy, j,) : T'1 — Ty consists of:

1. An injective map
hF : Fp2 — Fpl.

2. A surjective map
hV : VF1 — VFQ.

3. An involution
Lh :FFI \hF(FQ) —)Frl \hF(FQ), Lizld

Such that

(a) The image of h' and its complement Fr, \ h¥ (Fr,) are up, -invariant.

(b) The involution v}, does not fix any element, and it agrees with vr, for the non-fized elements.
Furthermore, we must have that

ar h
Fr, \ WY (Fp,) —= Vp, ——= W1,

b A

or
FF1 \ hF(Frz) *1> VF1
commutes.

(¢) The diagram

commutes.



(d) The bijection
(hF)il : hF(FFQ) — Ir,

maps internal edges of I'1 to internal edges of I's.
Two morphisms hy = (hi', hi,, j}) : Ty — To, hg = (kL' kY, j?) : Ty — I's, may be composed

by
hyohy = (kY o hd, hE o hir, jt U j2).

Note that j,ll and j,% are involutions on disjoint sets. We will denote the category of graphs and
morphisms as above by Gr.

In order to get a better intuition of morphisms of graphs, let us consider the following 3
types of morphisms of graphs:

1. Grafting: A morphism (hf, hy,id) : ' — T's, where both A and hy are bijective, is
called a grafting morphism. Note that a grafting morphism is not necessarily an isomor-
phism, as by (d), the map (hf)~! : Fr, — Fr, may map a pair of external legs to an
internal edge, but not the other way around. For example

a b
(d,1d,1d): (5 (5 MORO,
is a non-invertible grafting morphism.

2. Vertex Merging A morphism (h’, hy,id) : I'1 — 'y where hy is not bijective, while h%"
if bijective and tp, hf = h¥ir, is called a vertexr merger. A vertex merger preserves the
number of internal edges and the number of external legs. For example

a b a b
(id,l,QHo,id):é <25—> \/ ,

ab
(id,l,QHo,id):@ﬂ@% @ .

3. Tadpole Deletion: An edge starting and ending at the same vertex is called a tadpole.
A morphism (k¥ hy,13) : T1 — T's where hy is bijective, and ¢, is non-fixed on the
complement Fr, \ k¥ (FT, ), is called a tadpole deletion morphism.

or

Such a morphism h preserves the number of vertices while it forgets some internal edges.
It follows from (c) that the forgotten edges must be tadpoles. Furthermore, it follows from
(b) that ¢, must agree with ¢r,. An example of a tadpole deletion morphism is

ab
@,id, (ab)): & — .



Proposition 1.1.4. Any morphism h € Mor(Gr) can be written as a composition h =tomok,
where k is a grafting morphism, m is a vertex merger and t is a tadpole deletion morphism.

Proof. Pick an arbitrary morphism

(W by ) = (Fry, Viy, Oy iry) = (Fry, Vi, Ory, (1, )-

Consider the graph
/1 = (FF17VF178F1’ Li‘l)

where (pp, agrees with cr, on the image R (Fr,), and with ¢; on the compliment Fr, \ h¥ (Ft,).
Let k be the grafting morphism

k= (id,id,0) : Iy — I'}.

Next, consider the graph
/2 = (FFUVFQ’a{“g?L,Fl)

where Op, : Fr, — Vp, is given by 0, := Op,hy. Let m be the vertex merger

m := (id, hy,0) : T} — I'%.
Finally, there is a tadpole deletion morphism

t:= (h¥,id,1p) : T — To.
It is clear that h =tomo k. O

A morphism that is a composition of vertex mergers and tadpole deletions is called a con-

traction morphism.

A graph v is called a subgraph of I if F\, C Fy, V,, C Vr, 0y = Or|k,, and 1y = ir|r,. We
will write v C T if v is a subgraph of I". For a subgraph v C I without external legs, let T'/~y be
the graph

P/’y = (FF \ FV’ VI‘/Vw 8F/,y, LF).

Let cony : I' = I' /v be the morphism given by
conf; : Fr \ F, — Fr,
conyy = Vo = W/ V5,

conr _

L trlF, -

We say that two subgraphs 1,72 C I' are disjoint if their flag sets F,, and F’,, are disjoint
(note that with this convention, 7; and 75 may share vertices). For two disjoint subgraphs
~v1,72 C I, we get that v; C I'/v2 and vice versa v, C I'/7;. We may therefore write

L/(vsy2,-m) = (- (T/m)/v2) /5 )/m)

for any disjoint subgraphs vi1,...,7, C T’



Furthermore, It is clear that

(T/y1)/v2 = (T/v2) /7,

and con., con., = con,con,,. Hence, we have I'/(v1,72,.-,7n) = I'/(Vo(1), Yo(2) - - » Yo(n)) for
any permutation o € S,,.

The disjoint union LI, by
Iurly = (Fpl U Fr,, VF1 U VFQ, 8r1 (] 81“2, tr, U LFQ)

makes the category of graphs Gr into an symmetric monoidal category (Gr,Ll). We say that a
graph I' in Gr is connected if there is no isomorphism

I'urly =T,

for graphs I'y, T's # 0.

1.1.2 Properties of the category (Gr,L!)

A graph that only contains one vertex, and no internal edges is called a corolla. That is a graph

C= (Fw‘/c:ac;Lc) -

with |V.| =1 and ¢, = id.

For any graph I, there is a morphism conr to the corolla con(I") := (L(T"), {*}, 0,1id), called
the full contraction morphism, given by merging all the vertices followed by deleting all tadpoles.
Furthermore, for every graph I', there is a canonical grafting morphism from a disjoint union of
corollas to I,

or: |_| v(:= (Bfl(v),{v}),ar,id)) —T

veV(T)
called a total grafting morphism.

For a morphism h : I'y — I'y, there is a commutative diagram

1,y Uh
|—|’U€Vr‘2 h (’U) s |—|U€VF2 v

I [
' ——1Iy

called the atomization of h. Here h='(v) is the graph (81?11(11‘71 (v)), byt (v), Oy, ery) and hy
h(/l (v) — v is the canonical restriction of h. The morphism k is a grafting morphism where ky
and kp are identity maps.
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Furthermore, for any morphism to a disjoint union of corollas

Uh, : |_| %HUU,

vel's

and a total grafting morphism
ory - |_| — PQ,
veV(Te)

there is a unique graph I'y and a contraction morphism h : I'y — I'y such that

Ay
|_|v€Vp2 Iy ? I—l’UGVF2 v

I
Pl % FQ

is the atomization diagram of h.

1.1.3 Categories of abstract graphs and props

Definition 1.1.5. A category of Abstract Graphs is a symmetric monoidal category (G,U),
together with a functor

¥ (G,u) = (Gr, 1)
satisfying the following:
1. The functor ¢ is faithful, i.e. for any two objects I'1,I'y in G, the map
w : MO?“(Fl,Fg) — MOT'(’Lﬁ(Fl),w(FQ))

is injective. We shall call a morphism h € Mor(G) a grafting morphism or a contraction
morphism if ¢ (h) is a grafting morphism or a contraction morphism respectively.

2. An object I in G is called connected if (I") is connected, and an object ¢ € G is called
a G-corolla if 1(c) is a corolla. For any connected object ' in G there exists a G-corolla
con(I") and a morphism conp : I' — con(I") such that

(conr) : (') = ¢(con(I))
is the full contraction morphism of ¥(T).
3. Any object I' in G is the target of a morphism from a disjoint union of corollas
or: |_|cl- — T,

such that
Y(or) = oyr).-

4. For each morphism h : 'y — 'y in G, there is a unique atomization diagram D such that
Y(D) is the atomization diagram of (h).

11



5. For any fized object I'y in G, and morphisms hy, : v, — v for each v € Vp, there is a unique
object I'1, and a contraction morphism h : 'y — I'y such that

Uhy
I_l’l}GVw(FQ) Yo I—l’UGVF2 v

lk h Jorz

N ———1I

is the atomization diagram of h.

Categories of abstract graphs shall almost always be thought of as graphs with extra deco-
ration on edges or vertices, or subcategories of graphs. We will give several examples in Section
1.2.

Definition 1.1.6. Given an abstract category of graphs (G,U), and a symmetric monoidal cat-
egory (C,®), a GC-prop is a strong monoidal functor

P:(G,U) — (C,®)
that maps grafting morphisms to isomorphisms.
Morphisms of GC-props are natural transformations of functors.

Remark 1.1.7. Most commonly, the category (C,®) will be the category of vector spaces
(vecty, ®), or the category of differential graded (dg) vector spaces (dg-vect,, ®) over a field k
(of characteristic 0). Such props will often be referred to as just props and dg props, respectively.

Definition 1.1.8. A functor E : cor(G) — C from a category (groupoid) of corollas cor(G), of
a category of abstract graphs G, to a category C is called a G-collection.

Morphisms of G-collections are natural transformations of functors.

1.1.4 The free GC-prop

Given an abstract category of graphs G and a disjoint union of corollas Uc in | | cor(G), let = Lc
be the category with objects being morphisms h : I' — Uc in Mor(G), and morphisms being
transformations

R(:T = ¢) = hf 1T = ¢),
where f is an isomorphism IV — I" in G.

For a G-collection E in a symmetric monoidal category (C,®), let E be the functor

E:(=Uc — C,

h: (' —Uec) ® E(v).
veVr

Next, for a graph I we define

F(E)(T) := colim_y (1 E,

12



and for a morphism g : I'y — Ty, let F(E)(g) be the unique morphism that exists by the
universal property of colimits, such that the following diagram commutes

~ —

E(h) = E(Usery, 9v) ©h)

l(bh J{‘j)ugoh

FE)T) —I29 L F(B)Ty).

Here, | | gy : |_|VF2 g (v) — |_|VF2 v is the atomization of g.

Proposition 1.1.9. The construction F(E) is a well defined functor of symmetric monoidal
categories and a prop.

Proof. As there are no morphisms from a connected graph to a disconnected graph in G, we
have an equivalence of categories

(:> |_| c) = X (=0).

ceVr ceVr

It follows that

F(I') = colim_ v o= COthcevréc ® E, = ® colim,. E = ® F(E)(c).
ceVp ceVr ceVr

Hence, F(E) is a functor of symmetric monoidal categories.

Now we need to prove that F(E) maps grafting morphisms to isomorphisms. If g : I'; — I'y
is a grafting morphism, then its atomization L, : UveVp2 g t(v) — |_|U€VF2 v is an isomorphism.
By the universal property of colimits, there exists a map F(E)(g)~! such that the following
diagram commutes

E((Unevs, 90) 4 0 h) e E(B)
ld)oug_loh lqﬁh
FE)) ¢ F(B)(T),
It is evident that F(E)(g)~! o F(E)(g) = id. O

Proposition 1.1.10. The prop F(E) is the free prop over the G-collection E in the sense
that, for every prop P and G-collection map ¢ : E — P, there exists a unique map of props
¢ : F(E) — P such that the following diagram commutes

RS

F(B) L3P

13



Proof. By the universal property of colimits, there exists a map ¢(c) : F(E)(c) — P(c), for each
corolla ¢, such that the diagram

commutes for each contraction morphism A : I' — ¢. This gives our desired morphism of
props. ]

1.2 Examples of abstract categories of graphs and their associ-
ated props

1.2.1 Multi-directed and multi-oriented Graphs

Let Ory be the set of maps s : [k] — {in,out}. This set comes with the obvious involution
v : Ork — OrF, by flipping each value.

Definition 1.2.1. A k-directed graph I" = (Fr, V1, Or, tp, Orp, It) consists of:

1. A graph T := (Fy, V,0p,r) in G.

2. A map
OTF : FF — OT‘k,

such that, for all internal edges (f,g), we must have

Orp(f) = «(Orr(g))-

Definition 1.2.2. A morphism h : I'y — 'y between two k-directed graphs is a morphism of
non-directed graphs
(h‘Fa hV» Lh) I =TI

such that Orp(f) = Orp(hY f).

Let the category of k directed graphs G* be the category whose objects are k-directed graphs,
and whose morphisms are morphisms of k-directed graphs.

For a graph T' in G¥, let a path in direction i € [k] be a string of flags in

(Fuo 5, (s £2)s - (fies £5)

such that

u(fr) = 1" Or(f.)(i) =out, Or(f")(i)=in, and Opry) = Or(f,41)-

14



A path may also start or end at an external leg of T".

We will call a path starting and ending at the same edge a wheel. For | < k, let GF™ be the
category of k-directed, | oriented graphs consisting of graphs in G* without wheels in the first
! directions. Morphisms in G*! are morphisms of k-directed graphs h : I'1 — I'y that can be
decomposed as h = h' o k, where h' is a contraction morphism and k is a grafting morphism
such that kI'; is oriented.

A multi-directed graph can be realized visually by a graph with arrows of different colors on

each edge. For example
?iﬁ
is a picture of a 2 directed (and oriented) graph, where the first direction is indicated by a black

arrow in the end of each edge, and the second is indicated by a blue arrow in the middle of the
edge.

Alternatively, we may choose to decorate each edge by an arrow, and an element s € Ory,
where we say that direction i agrees with the arrow if s(i) = in, and disagrees with the arrow if
5(i) = out. For example

0 (in, out) @)= (De(2)- @(out,in) >

It may sometimes be useful to consider an ordering on Ory, for example
s >t if there exists i € [k] such that s(i) = in, and j <i = t(i) = out.

With this choice of ordering, out := (out, ..., out) is the minimal element and in := (in, ..., in)
is the maximal element.

Each corolla in cor(G*™) is isomorphic to a corolla

51 52 Sr
C = X I
Sr41 Sr42 Sn
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which can be ordered so that ¢ < j implies that s; < s;. The automorphism group of such a
corolla is given by X, o, S|Or71(5)|.

It follows that a G*M'C-collection
E : cor(GM) = C

is a collection of objects {E({ns})}scort n,>0 together with a X o, S|0r-1(s) action on each

E({ns}).

1.2.2 On one oriented graphs

Consider the category G consisting of graphs without wheels. A G'T'C-prop is what is generally
known as just a prop.

Each corolla in cor(G™) is isomorphic to a corolla

for some n,m > 0. The automorphism group of such a corolla is given by S,, x S,,. Therefore,
we get that G _collection
E:cor(G') = C

is equivalent to an S-bimodule. That is a collection of objects
{E(n,m)}nm
together with an S,, x S,, action on each E(n,m).

Let 7 be a subgraph of an oriented graph I'. It is clear that ~ is also oriented. However, I' /v
is not necessarily oriented. A trivial example of this is

[ =e+——e ~—09 o I'/y= % .

Hence, a morphism h : I'1 — I's can not necessarily be decomposed to h = tomok, where k
is a grafting morphism, m is a vertex merger and ¢ is a tadpole deletion, as in Proposition 1.1.4.
Instead we have the following proposition.

Proposition 1.2.3. The full contraction morphism conr : I' = ¢ of an oriented graph I' can be
written as a chain of contraction morphisms

r=ri-Irg—...-I,=c,

where T'i11 = T/~ subgraphs v; C T'y that only contain two wvertices. Furthermore, if T' is
connected, one can choose the graphs ; so that they are all connected.

16



Proof. We need to show that for every oriented and connected graph I, there exists a connected
subgraph v C I" with 2 vertices, such that I' /v is oriented.

Let T be the graph obtained from I' by removing all external legs. Next, let S(I') C ¢ be
the set of sources of T, i.e. vertices without ingoing adjacent edges. As I is an oriented graph
without external legs, the set S(I') must be non-empty. Let T'\ S(T') be the graph obtained from
' by removing all sources and their adjacent edges. The graph I'\ S(I') must be an oriented
graph, hence there is a non empty set S(I'\ S(I')) C Vi consisting of vertices that are sources
in '\ S(T). Pick a vertex v; € S(I'\ S(T')). As v is not a source in T', v; must be connected to
at least one vertex vo € S(I'). Let v C T be the subgraph consisting of v; and v and all edges
connecting v; and wvs.

If I' /7 is not oriented, I'/y must contain a path that contains the vertex {v1,vs}. However,
as all incoming edges to {vi,v2} come from vertices in S(I'), such a wheel would also have to
contain a source vertex, which is impossible. Hence, I" /v must be oriented. ]

By Proposition 1.2.3, a morphism P(conr) : P(I') — P(c) is uniquely determined by con-
traction morphisms P(con,) : P(y) = P(c), where v is a graph with two vertices

This leads to the equivalence between this definition of props, which was first given in [8],
and the monoidal definition of props given in e.g. [30] and [47].

For a vector space V, let EndBy, be the prop given by
EndBy (n, m) := Hom(V®" V&™),
The group S, x S, acts on Hom(V®", V&™) by (0,7).f = ofr~!, where o € S, is interpreted
as the isomorphism
c:VeWhe... .0V, =V, @V, @ @ V(o)
that comes with each symmetric monoidal category.

Remark 1.2.4. When we work with (differential) graded vector spaces, the Koszul sign rule
applies. This means that
0:A®B—>B®A

is given by a ® b (—1)l4lllp @ a.

For an oriented graph I' and a contraction morphism

[
N
N
[

m]
conp: ' —
n
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the map
EndBy (conr) : ® EndBy (|in(v)|, |out(v)|) — EndBy (n,m)
veVr

is given by composing the linear maps along the internal edges. Here, in(v) and (out(v)) are,
respectively, the sets of incoming and outgoing adjacent edges to v.

Definition 1.2.5. A (bi)algebra over a prop P is a morphism of props p: P — EndBy .

1.2.3 Multi-oriented props

A GFC-prop is called a k-directed, I-oriented prop, and was first introduced in [35]. For multi-
oriented graphs, there is no equivalent to Proposition 1.2.3. Consider for example the 2-oriented

graph
(2)

o

= € g*"?,

where the first direction is directed 5 = 4 >= 3 = 2 > 1, and the second direction is directed
3>=5%> 1% 4> 2. One can see that there are no subgraphs v C I', v # e such that I'/y is
oriented in both directions. The existence of such graphs makes it impossible to give a monoidal
definition of multi-oriented props.

A multi-oriented analogue to the endomorphism prop is given in [35].

1.2.4 Properads

Using this framework to define props, the definition of a properad, as in [47], may be obtained
in the following way.

In the category of graphs Gr, let us call a contraction morphism
h:T'—=T/y
properadic, if v is a connected subgraph of I'.

Consider the subcategory Pr of Gr that only allows morphisms h : I'j — I'y if A can be
written as a composition of grafting morphisms and properadic contraction morphisms. The
main point is that vertex mergers

Ao X
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are not allowed.

For an abstract category of graphs G, let PrG be the category that contains all objects of G
but only morphisms h such that ¢ (h) € Mor(Pr).

Proposition 1.2.6. The category Pr is an abstract category of graphs. Also, for any abstract
category of graphs G, the category PrG is an abstract category of graphs.

Proof. The first 3 conditions are obvious. Consider a atomization diagram

Uhy
|_]’L)€V¢(F2) Yo I—lUEVF2 v.

F,
Fl % FQ

It is clear that if h is properadic, then so are all morphisms h,. Conversely, if all maps h, are
properadic, then so is h. Hence, we also have the last two conditions. O

Definition 1.2.7. We say that a GC-properad is a PrGC-prop.

It is often more convenient to study properads than props.

1.2.5 Rooted trees and operads

Let the category of rooted trees, T, be the subcategory of G!T! consisting of graphs where every
vertex has precisely 1 vertex has precisely one adjacent outgoing edge. Morphisms in 7T are
morphisms of oriented graphs. The corollas cor(T) are given by

41; 4] > 0.

A
Note that each connected component 7" in 7 must be of genus 0, i.e. |Vp| — |Ep| —1=0, or
T is a tree.

Proposition 1.2.8. The category T is an abstract category of graphs.

Proof. The conditions 1 and 3 are clear. For 2, note that each connected component T of T
must have precisely one outgoing external leg. Hence, it contracts to a corolla in cor(7T). Next
consider an atomization diagram

Uhy
I—IUGV;Z)(FQ) Yo |—|U€VF2 v.
h
' —— =TI
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It is clear that if I'y and 'y are rooted trees, then the subgraphs v, must be rooted trees, and
the corollas v € Vp, must be in cor(7). Conversely, if each 7,, and I'y are rooted trees, then I'y
must also be a rooted tree. O

A TC-prop is called an operad. As rooted trees are simpler objects than general graphs,
there are other equivalent, perhaps simpler and more practical definitions of an operad (see for
example [29]). As the automorphism group of a corolla with n ingoing legs and 1 outgoing leg

[n]

is given by the symmetric group S,,, a 7 -collection is equivalent to what is known as an S-module.
An S-module a collection of objects {E(n)}n>0 in C together with an S,, action on each E(n).
This leads to the partial definition of an operad, given in for example [29].

Proposition 1.2.9 (e.g. J.-L. Loday, B. Vallette [29], Section 5.3.7). An operad P : T — C is
equivalent to an S-module P = {P(n)}n>0 together with partial composition maps

0; : P(n)@P(m) - P(n+m—1), 1<i<n,

such that
(105 &) Cigny—1v) j<i—1
(mojv)oj§=qpo;(roji1§) i<j<it+ng—1
(1 oj_nyt18) 0iv) i+mng <.

for all u € P(ny), v € P(ng), & € P(n3). Furthermore, these maps should satisfy the
equivariance conditions

os o(v) = o' (o v)
for each o € S,,, where ' € Sy 4pn—1 is the permutation that acts as o on the block {i,i+1,... i+
m — 1}, and
a(p) oi v =0" (1 og(;) v),

for each o € S,,, where " € S, 4n_1 is the permutation that acts like o on [n+m — 1]/{i,i +
1,...,i+m — 1}, while preserving the orders in {i,i+ 1,...,i+m — 1}.

When considering regular operads, this is often a more practical definition.
For a vector space V, let Endy be the operad given by
Endy (n) := Hom(V®", V) = EndBy (n, 1).
Definition 1.2.10. An algebra over an operad P is a morphism of operads

pw:P — Endy.

20



1.2.6 Symmetric graphs and props

For a corolla ¢ € cor(Gr), let Gry m(c) be the set of graphs with vertices labeled by elements in
[n], internal edges labeled by elements in [m] and external legs labeled as the legs of the corolla
c. That is graphs

I'= (FF = ([m]l U [m]Q) U LC7VF = [n]yara tm U idLC)a
where ¢, : [m]; U [m]a — [m]1 U [m]s is the obvious involution i; &4 is.

The edge labeled by i is then the orbit (i1,i2) C [m]1 U [m]a of ¢, We say that (iy,i2) is
intrinsically directed from the vertex 0(i1) to the vertex 0(iz).

Let P, = S,,, x S§* be the group of permutations
7 : [m]y U [m]e — [m]; U [m]a,

such that t,,7 = Ttp,. The group ng =S, x Py, acts on Gry, m(c) by permuting vertex labels,
permuting edge labels, and flipping the intrinsic direction of edges

(o,7).(([m]1 U [m]2) U Le, [n], Op, tm U idg) =
((fml1 U [m2) U Le, [n), 00 rr ™t Uidy,, b Uidy, )

It is clear that every graph I' € Gr is isomorphic to some graph in Gy, ,(c), for some n,m >0
and some corolla c. Furthermore, the ngm action on Gry, m(c) covers all internal isomorphisms
between graphs in Gry, ,(c), i.e. any isomorphism h : I' — I/, such that

I
conr
h
COoONnr
I —5e

commutes is on the form

h= (bt hy,0) = (vt Uidy,, 0, 0),
for some 7 € P, and o € S,,.

For an abstract category of graphs G, and a corolla ¢ in cor(G), with set of external legs L.,
let Gy.m(c) be the set of graphs I' in G, such that:

L () € Grym(¥(c)),
2. there exists a contraction morphism conr : I' — c.

Definition 1.2.11. We say that an abstract category of graphs is symmetric if:

1. Any object I in G is isomorphic to some object in some Gy m(c).

2. The group ng acts on Gpm(c) in such a way so that
Y((o,7).I) = (o,7).9(T).
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All our examples of abstract categories of graphs so far are symmetric. For example, gﬁ% (c) is
the set of k-directed [-oriented graphs

T = ([m)y U[m]2 U Le, [n], &p, ur, Orp).
The group S, x Pr, acts on Gl (c) by
(,7).([m]1 U [m]a U Le, [n], Op, o0, Orp) <=
([m]y U [m]a U Le, [n], 00p (7~ Widy, ), ur, Orp (77 Uidyg,)).

For the properadic categories of abstract graphs PrG*'(c), we have that PrQﬁTfn(c) consists of
connected graphs in GET! (c).

For a field k of characteristic 0, let (vecty, ®) be the category of vector spaces over the field
k.

Proposition 1.2.12. Let G be a symmetric abstract category of graphs, and let E : cor(G) —
vecty be a G-collection. Then, the free prop over E

F(E):(G,U) — (vecty, ®)

s given by

59 m
F(E)(c) = GB( P ®E(v)) .

n,m>0 \I'€Gy m(c) vEVT

Proof. Let =, », c be the category whose objects are morphisms I' — ¢, I' € g,’j%(c), and whose
morphisms are transformations

h:T—c— flh:T e,
where f € ng.
As each object in G is isomorphic to some object in some Qﬁ% (c), we have that
SS

n,m

F(E)(c) := colim.. ® E(v) = colimy, =, .c ® E(w) = @ ® E(v)

veEVR veVp Fegﬁj}ln(c) veVp

For a graph I' € G, . (¢), and graphs 7, € Gy, m, (v) for all vertices v € V(I'), let

F(717 cee 7%1) € gN7M(C)7

be the graph with vertex set

VF(’Ylu”yn) = I_I [nv] = [N]’
veVp
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flag set

connection map

and orientation map
Orp( =Orr U |_| Ory, .

veEVP

717"'7777,)

The contraction map

sg

Ny, My

F(E)(cony,,..qn) : ® @ @ ® E(w) —

’UGV(F) Ny ,vaO ’Yvengl (’U) wEV-y,U

ny,Mm

F(E)T)

N,M

- D D QEw

NM20 \reght! (o) weVr

F(E)(e)

is then induced by the canonical map

Q| D b & EBEw|- D D K  Ew) —

UEV(F) Ty, My >0 »yvegkﬂ (’U) wEV»YU Ny, My >0 Yo egkﬂ (’U) wEVr‘(’Yl

ny,Mm ny,Mm

= P Pp K Ew.

N,M>0 Feg%fé\/j (C) weVr

Note that X Sn,,m, is a subgroup of S]g\ﬁ M-

vEV,

1.2.7 Ideals of props

Definition 1.2.13. For a prop
P : G — vecty,

we say that an ideal I C P is a G-collection I such that for any corolla c in cor(G), graphs
'y uTy in G, and morphisms h : I'y U Ty — ¢; the map

P(h):P(T1) @ I(T) = Plc)

has its image in I(c).
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For a prop P in the category of vector spaces and an ideal I C P, we may define a prop
P/I(T) :=P(I)/I(T). (1.1)

For a subspace R C [[.ccon(g) P(c), we let (R) denote the ideal generated by R, i.e. the minimal
ideal containing R

(R)(c) :=={pn € P:pecim(P(h)|lpr,)orrs,)) for some h: T UTy — c}. (1.2)
We may use (1.1) and (1.2) to define examples of props.

For example, let E; be the T-collection that maps the 3-valent corolla to a 1-dimensional
vector space of degree 1 — d

E, /I\ =k[1 —d],
1 2

while the unique non-trivial automorphism of the 3-valent corolla

maps to the sign (—1)%. Then, F(E)(n) is a graded vector space spanned by trees, generated

by the corollas
_(_1\d
/I\ = /I\ ’ (13)

Let J4 C [leccor(T) F (Ea)(c) be the ideal

! + 4 + 4 ,
LACTA AL

Jy = (1.4)

N

3 3 1 1 2

We may then define an operad
Lied = f(Ed)/Jd

Proposition 1.2.14. Algebras over the operad Liey are precisely ((1 — d)-shifted) Lie algebras.

Proof. 1t is evident that for any dg Lie algebra (V,[—, —],J), there is a map

p:Llieg — Endgyg

Conversely, each such map gives a dg Lie algebra. O
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Proposition 1.2.14 gives the motivation to say that Lie; is the operad that governs Lie
algebras. We may define operads governing different types of algebras in a similar fashion. For
example, let Fa¢s be the S-module given by

0 otherwise,

Epss(n) := {

the operad that governs associative algebras is then given by

Ass := F(FEass(n))/ < I - I > .
AT N

N

1 2

1.2.8 Coprops

Using this framework of D.V. Borisov , Y.I. Manin [8] to define props, we may define coprops
in the following way:

Definition 1.2.15. A GC-coprop is a contravariant functor
P (G,U) = (C,®)
that maps grafting morphisms to isomorphisms.

Example 1.2.16. For a dg prop P, where P(I") is finite dimensional for each graph T, its dual
P* given by
P*(T) := hom(P(I),k)

and
P*(h : Fl — FQ) = P(h)* : hom(’P(Fg),k) — hOHl(P(F1>,k)

is a coprop.

1.3 Deformation theory of props

In this section we shall recall some concepts from [38] in the slightly more generalized setting of
dg props over a symmetric category of graphs G.

1.3.1 The space of derivations Der(P)

In this section, we will define the space of derivations of a dg prop.
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Definition 1.3.1. For a dg prop P let homfldg(P) be the set of collections of linear maps
fr : P(T) — P(T') of degree k, not necessarily commuting with the differential, such that for

each two graphs I'y,T'a and morphism h : 'y — T'a, the diagram

Py - p(ry)

P(h) P(h)

P(Ta) 125 p(T)

commutes.

Definition 1.3.2. An element d € homﬁdg(P) is called a derivation of P if the diagram

dryury

P(Pl (] FQ)

l id ®d[‘2 +dF1 ®id J’

P() @ P(I2) P(y) @ P(T2)

P(Fl (] PQ)

commutes for each I'y,I's. Here the vertical maps are the coherence maps of the strong monoidal
functor P. We denote the set of derivations of a dg prop P by Der(P) = [[zez Der”(P).

Note that for two derivations dy,ds € Der(P)* and z,y € k, we have that zd; + yds is also
a derivation of degree k. Hence, Der(P) is a graded k-vector space.

Proposition 1.3.3. The space of derivations Der(P) forms a dg Lie algebra (Der(P,), [—,—],0)
with the Lie bracket being

[dl,dg] = d1 o dg — (*1)|d1||d2|d2 o dl,

and the differential being
§(d)=6dpod— (=D)dodp.

Here 6p denotes the differential on each the dg vector space P(c), ¢ € cor(G)

Proof. 1t is clear that [—, —] satisfies the Jacobi identity. However, we need to show that [f, g]
is a derivation.

We have

(def+ f®id) o (([d®g) + g®id) =
=id®@fog+fog+ (-1)¥lge f+ fog®id

and

(id@g+g®id) o (id®f + f ®id) =
=idegof+g® f+(-DVlfog+gofoid.
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This gives
[f®id+id®f, g ®id+id ®g] =
= (idef + f®id) o (([d®g) + g ®id) — (~1)F¥l(id®g+ g ®id) o (d@f + f ®id) =
=id@(fog— (~1Wgo f) + (fog— (-1V)go f)@id =
=ide[f,g] +[f,g] @1id,
which is what we want. Note that all terms +(f ® g) and £(g ® f) cancel out.
It follows that the diagram

[f7g]F1UF2

P(Fl I_]FQ) P(Fl |_|F2)

l_ id ®[f, 7 ®id l:
P(T1) @ P(T) Sl IO b0y @ P(Ty)

commutes for all derivations f,g, i.e. [f,g] is a derivation.
The differential is compatible with the Lie bracket, as it is given by
d = [op, —].
Furthermore, §2 = 0 as [0p, 6p] = 0. O

Proposition 1.3.4. There is a one-to-one correspondence between maps of G-collections d :
E — F(E) and derivations d € Der(F(E)), such that

E

[
F(E)—— F(E)

commutes.

Proof. For any map of G-collections d : E — F(E), we get a derivation

S¥.m
d: F(E)(c) = @( 8% ®E<v>) -

n,m=>0 Fegn,m(c) veVR

SH,m
- D ( S5, ®f(E)(v)) — F(E)(c)

n,m=>0 Fegn,7n(c) veVr
by

n

(11 ® . @ pn) = > i ® . D ifta—1 @ djig @ ifiar1 @ ifin.

a=1

This is the only derivation that restricts to d : E — F(F), as any other such derivation
d:F(E)— F(E)

would give a derivation d’ — d that restricts to 0 : E — F(FE). It is clear that such a derivation
must be 0. O
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1.3.2 Minimal models

For a dg prop P, let H(P) be the dg prop given by

A dg prop P is called quasi-free if
Poo(c) := (F(E)(c), ),

where (F(E),0) is the free prop over some G-collection E, and ¢ is a differential on the space

F(E)(c).
Definition 1.3.5. A model of a dg prop P is a quasi-free dg prop Ps with a quasi-isomorphism

€:Ps — P.

As any derivation on a free prop F(E), the differential ¢ of a quasi-free dg prop is uniquely
determined by its restriction
0:E— F(E).

Let F(™ (E) C F(E) be the subspace spanned by decoreted graphs containing n vertices. Let
6™ be the part of (= don>1 6(™) whose image lies in F(" (E). We say that 6 is decomposable,
if 61 = 0.

Definition 1.3.6. A model (F(E),0) of a prop P is called a minimal model if the differential
& is decomposable.

For example, the operad Lie; admits a minimal model holiegy, first considered by V. Hinich,
V. Schechtman [20]. It is given by hoLieBy(c) := (F(&q4),d), where &y is the S-module given by

k[(1—-n)d+1] n>2

Ea(n) = {0 ne<l,

and S, acts on &;(n) by the sign

The differential ¢ is induced by

5 b = sgn(I, J)4(—1)2HIl/I ’
A= X e 1\

[J]21,]T]>2 4
[n]
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where sgn (I, J) is the sign of the unshuffle permutation

org:[n)—ITUJ.

Let R4 be the ideal generated by

(AA)
[n] [n]

n>3

5/%\/\*/1\\ */I> :
1 2 3 1 / 2 / 3 \
2 3 3 1 1 2

Hence, we have that holieg/Ry4 = Liey.

Note that

Theorem 1.3.7 (V. Hinich, V. Schechtman, [20]). The operad holieg is a minimal model of
Lied.

We shall also consider a quasi-free operad, called the extended homotopy Lie operad
hoLie/} (c) := (F(E])(c),d),
where Ej is the S-module given by

K[(1—n)d+1] n>1

Er = ,
4 (n) {0 n=0,

and S, again acts on Sj(n) by the sign

41% :sgn((f)déi)\d, o €S

oln]

The differential ¢ is induced by

0 I Z sgn(l, J)4(=1)41/l I

Hf—’//;n;\ s //.</:}\~

——
1

The difference between holie; and hoLiezlr being that hoLiej has an additional generator

}
r
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of degree 1, and the differential creates such corollas. This difference makes hoLie;r acyclic.

Representations
W hoLiej[ — End(y¢)

are (1 — d)-shifted homotopy Lie algebras on the dg vector space (V,d + % ).

1.3.3 The deformation complex

For maps of G-collections fi, fa,..., fn : E1 — E2 and a graph I' € G,, ,,,, consider the map

oo Bl R Eir) = R Ealv)

veVr veVr
MO Qpn = > Efo) D @ Lo (1 @ ... @ pn),
UESTL

where the signs & are the Koszul signs of the permutation f1 @ ... ® fn = fo1) @ ... ® fo(n)-
For an isomorphism of graphs 7: I'y — D', it is clear that the following diagram commutes

[f1ysfnlry

E1(T) Ey(T')
lE(T) E(T)J{
[flv"'?f’nh‘
E1(T3) s E5(T2)
Hence, the collection of maps {[f1,..., fulr}reg,.,. gives a map

[fis-oo [l : FO(B)) — FO(E).

For a quasi-free G-dg prop Ps := (F(E),dp,,) and a G-dg prop (Q,dg), we let the deformation
complex Def(Py 9, Q), be the dg vector space spanned by (degree shifted) G-collection maps

Def(Po = Q) := Homes (E, Q)[—1],

with the differential 6(f) := dg o f + [f], where [f] is the following map of G-collections

85 1]

(=) f] - E FOE) ——— F(Q) " Q.

This is equipped with a holie; structure, given by letting [fi,..., f,] be the following map
of G-collections

s [f1,-werfn]
(=1)Maltetlhnl 1 g o ] EL]:(")(E) 1;>]:(n)(g) _en, g,
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Proposition 1.3.8. The deformation complex Def(Poo 5 Q) is indeed an homotopy Lie algebra.

Proof. We will show that Def(P RN Q)[1] is a shifted homotopy Lie algebra, i.e.

n

S Ellfirsos Fig s Fivs o FigJE0QUf1s s Fal 4D £6Q(fi), fry - fimts fivns -5 fa] = 0,

1uJ=[n] i=1

and the signs + arise from the Koszul sign rule of the permutations

(flvfn) Hfil?"'7fi‘]‘7fj17"'7fjlj‘ and fi?fla'"7fi—17fi+1>"'7fn-

As g is a derivation, we have that

n

5Q[fl7)fn] +Zi[6g(fl)afla . '7fi—l7fi+1)' . 7fn] =0.

i=1

The other terms
Z ([ fir, - 7fi|1|]7fj1? - '7fjm]

IUuJ=[n]

is the map

(62)) 2orng=p) Flfia iy Wi i) con
E—— F"(E) F(Q) £, Q,

where (62)(™ is the weight n part of 62. As 6 = 0, we must also have that

o Ellfaso s Fig s Fivs - Fiiy] = 0

IuJ=In]

It follows that these brackets induce a holLiey structure on Def(P RN Q)[1] and, therefore, a
hoLie; structure on Def(Py, RN Q). O

Proposition 1.3.9. A G-collection map E — Q induces a morphism of dg props f : Peo — Q

if and only if f is a Maurer Cartan element Def( Py 9 Q), i.e. a G-collection map f: E — Q
of degree 0, such that

1
dgo f— —I[f,..., f]=0.
) kzk"ﬁ:‘

Proof. A G-collection map f : E — Q of degree 0, gives a map of non-dg props

f:F(E)— Q.

One can see that

fope =3 wilf o f)

k>1 ¥

Hence, we have that fép_ = dof if and only if f is an MC-element. O
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By proposition 1.3.9, and the fact that each MC element gives a twisted differential [39], we
have that each morphism f : Py, — Q gives a twisted differential on Def(Py, 9, Q) given by
1
4] = —g, [, [
1(9) =) LA
k

k>1

We say that
Def(Pa 5> Q) := (Homs, (E, Q)[~1], + &)

is the deformation complex of the map f : Py — Q.

Note that .
Def(Poo -3 Poo) 2 Der(Pa)[—1]

as dg vector spaces. However, their (homotopy) Lie structures are different.

1.4 Multi-directed and oriented versions of Kontsevich graph
complex

In this section we will give definitions of the multi-directed and multi-oriented versions of Kont-
sevich graph complex.

1.4.1 A vector space of graphs

Let grafﬂfn = gﬁ%(o), where o is the corolla without any legs. The set gra]ﬁ% consists of graphs
I in GFM with vertex set Vi = [n], set of flags I = [m]; U [m]2 and involution ¢r : [m]; U [m]y —
[m]1 U [m]g by i1 — 2, o — 1.

We may say that an element (graph) I' € gra’fﬂn consists of two maps
['=(0p : [m]y U[m]a — [n],Orp : [m]; U [m]a — Org)
with Orr(i1) = (Orrp(i2))°PP, and no closed paths in the first [ directions.

We may also realize a graph I' € graﬁ?}n pictorially by:

1. Drawing n labeled vertices, and a line labeled by ¢ between Or(i1) to Or(i2) for each i € [m].

2. Drawing an arrow on each line indicating the intrinsic orientation of the edge, and adding
a proper labeling for the other orientations.

For example:

32



where

(1) =1, 9(1a) =2, 9(21) =3, (2) =2, 9(31)=1, 9(35) =3,

we denote the edge (i1,72) by a roman numeral, and

(Or(11) =5, Or(21) =u, Or(3;) =1).

The group P, = S;,, x S§* acts naturally on graﬁ% by permuting the edge labels and flipping
the intrinsic direction

a:graf,lln — gra

I = ([m]U[m],[n],0r,1,0rr) + ol = (Im]U[m],[n],0pr0c " t,0rroo™t).

kL

m,n

Let Grazﬂ(n) be the vector space

GratT(n) := [Tn>0 <graﬁ?fn> P, Sgnm> [m(1 —d)] deven,
T Mnso ((erallly) @, sgn§™) [m(1 - d)]  d odd.

ktl

The elements in GraZTl(n) are linear combinations of graphs in gra, ~ modulo

)

= sgngm (o)ol,

for any o € P,,, where

sgn,. (o d even
el (0,02) 1= | Eml)
sgns"(o2) d odd.

For example

1.4.2 An operad of graphs

k1l

mni,mai?

I'y € gralll let

n2,ma’

For two graphs I'y € gra

gral“loil"g C gran1+n271,m1+m2

be the set of graphs I, such that:

1. The subgraph I'}, of I', with vertices i,i+1,...,i+n2 — 1 and edges m1 +1,...,m1 + mo
is isomorphic to I'o, by a map that preserves the order of the vertices and the edges.
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2. There is an isomorphism I'/T% — I'; by collapsing the vertex set of I'/T to {1,...{é,i +
1,...,i+n2—1},i+ng,...n1+n2—1}—> [nl]

More precisely, for two graphs
Fl = (FFU [nl]a 817 L1, O'I"l),

I'y = (Fr,, [n2], 02,12, Or3)

let grap .., be the set consisting of graphs

I = (Fpl L] Fp2, [n1 “+ ngo — 1],3F,L1 Lo, Or U OT’Q),

such that
= 01(f) if feort({1,...i—1})
or(f) €{ii+1,....i+ny—1} if feo;'(s)
=0 (f)+nz—1 if feor'({i+1,...m})
=0(f)+i—1 it f € Fr,.

We define the composition maps by

0; Gra’;ﬂ(nl) ® Gragﬂ(ng) — GraZTl(nl +mng —1)
I®ly = Iioly:= Y T

Pegrar, .1,

Pictorially, the element I'; o; I'y is obtained from I'; and I'y by removing the ¢’th vertex from I'y
and summing over all ways to reconnect the edges that were connected to vertex i to I's.

Proposition 1.4.1. The maps o; : Gra(n;) ® Gra(ng) — Gra(ny +n2 — 1) are well defined and
they are indeed operadic composition maps.

Proof. For I'1 € grafﬁl’ml,Fg € graﬁl{mw and o € P, 7 € Py, we have
ol'y 0 7Ty = oo V= > (ox7)T
[egrasr, o, 71, Pegrar, .1,

Hence, the maps are well defined on

Pkierarly,m(d - D)/ (T +sgng(@)oT) ,cp, pegain = @ Crag" (n).

To show that the maps o; define operadic composition maps, we need to show that

(=1)IT2lTsl(T) 0, T3) 051 py—1 T2) j <
(F10;T2) 0 I3 =T 0; (T2 0j_i41I'3) i1 <j<j+i—-1
(_1)|F2HF5|(F1 Oj—notl Fg) 0; FQ) 7+ ng < ] <ni+ng— 1.

In each case, one can see that the graphs on the left hand side differ from the graphs on the
right hand side by a permutation o € P,,,, which gives the desired sign. O
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1.4.3 The graph complex

Proposition 1.4.2. There is a map of operads

s: Lieg — Grasﬂ

/I\ - X (W

1 9 s€Ork

Proof. We have

(
@+@( A

Hence, s gives a well defined map of operads F(E;) — Grasﬂ, where FE, is the generating
S-module of Lieg. It remains to show that s(.J;) = 0.

We have

’ 1/1>'\
2 3

\_/

> O+®- LOTO-

s€Ork

56(’)

- T (0FOEO-O0)

It follows that
s(Ja) =

(03O OR O ORSOR
DGO+ @O D)+
(D)2 (D) %@@> _

(OO ONOSS O OF
OO ONOS ORI
() %@@>
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Each row in the last expression vanishes as the graphs

OO OO ORn0
differ by one swap of edge labels and one flip of the intrinsic orientation. O

Let 5: hoLie:lr — Gragﬂ be the map

5: hoLie; 5 Lieg > Grazﬂ.

We define the k-directed, [-oriented version of Kontsevich full graph complex fGCZTl to be the
deformation complex .
fGCET .= Def(hoLie} = GrakTh).

Formally, an element I" is a map of S-modules

I: H E5— Gragﬂ(n),

n>1

where Sj is the generating S-module of the quasi-free operad hoLieg.

Consider the map of graded vector spaces

p: [T Gra* () [(n = 1)d + (1 = dym] — fGCy,

n>1

given by
p(T) = Z sgn(o) ol

oES,
The map p is clearly surjective, and its kernel is given by

ker(p) = H k({T — sgnig (o) = T €gra,,,,0€Sg})[(n—1)d+ (1 —d)m],

where

sgn (0, ey, Ocy) = sgn(av)d sgn(ael)d+1 sgn(aez)d, (v, Oeqs Oey) € Sp X Sy X S5 = Sg.

kL

o, with symmetrized vertices and skew
bl

If d is even, fGCSN is spanned by graphs in gra
symmetrized edges. If d is odd, fGC];Tl is spanned by graphs in graﬁ% with skew symmetrized

vertices and symmetrized edges.

For two graphs I'; € graﬁl’ml, Iy e graﬁl{mw the Lie bracket in fGC*™ is given by
A A
[pPT1,ple) = > £ + _
IuJ=[n14no—1] A2 »pr2 Rag>: »prl
L TN I x
—— —~—~
J J
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ZPiZF—f:ZF

i=1 FEgraFloiFZ i=1 FEgraFQinl

Hence, we may write

REESS SD SRR DI SR,

=1 I‘Egraplolp2 i=1 Fegrap2oipl
for two graphs I'1 € graiﬁ{ml, Iy € graﬁzl’m27 representing elements in f{GC4. The map 5[1] :
E7[1] — Grag is given by
p > ()—(2)
s€Ork

where Or* ¢ OrF is the subset such that OrF = Or* L (@k)"i”p, e.g. The first direction agrees
with the intrinsic direction for every s € Ork.

The differential 6 on fGC* acts on a graph dp(T') = p (Zi:VF [oje—e— (e—e0 F)) . Note
that the terms ®—®o I" cancel with the terms in I' o, #—e where all the edges connected to i gets
reconnected to one of the vertices in #—e. Hence, § acts by splitting each vertex in a graph I,
without creating univalent vertices

51 59 S5p
d+1)i
5 = > X :
teOr, 10J=[m]
Sr4+1 Sr42 Sm M 1121

where I = INr], b=IN[r+1,m], J1=JNJ[r], Jo =JN[r+1,m|, and the new edge gets
the last edge label.

1.4.4 Trimming of fGC*"

In this section, we will define the Kontsevich k-directed l-oriented graph complex GCZN C fGCZﬂ.
It is spanned by fewer graphs than the full graph complex fGCF but it contains the same
information in the cohomology.

Let
fGktheonn - GOkt

be the sub dg Lie algebra spanned by connected graphs. It is clear that
chle ~ :Sr\(fGC)le,COTL'n,)7

where S is the completed symmetric tensor product.
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Next, we define the Kontsevich k-directed l-oriented graph complex GCST C fGC];Tl’Cmm to
be the sub dg Lie algebra spanned by graphs, where every vertex is at least 2-valent.

Proposition 1.4.3. The inclusion i : GCZTZ — fGCZTl’wnn is a quasi-isomorphism.

Proof. Let an antenna of a graph I" be a subgraph A, consisting of a univalent vertex v together
with a maximal string of passing vertices.

5
Remark 1.4.4. A passing verter of a multi-oriented graph is a two valent corolla %5 that is

not a source or target in any direction.

We say that an antenna is of length 7 if it contains ¢ vertices. Let core(T") be the graph
obtained from I' by contracting all antennas to length 1. For example:

core =

The differential § cannot decrease the number of vertices in core(I'). Hence, we may take a
filtration on fGC*™ by the number of vertices in the core. That is

E,(fGCktheonny . — (T ¢ fGCktheonn . [Veore(ry| > p, for all single term graphs I'}.
The associated graded complex gr(fGCKTheonn 5y = (fGCkMheonn 50y splits

(fGCle’Conn,(so) o @(C’y’éo)’
5

with a subcomplex (Cy, d), for each graph  with only length 1 antennas, spanned by graphs I'
with core(I") = 7.

Each (C,, dp) is isomorphic to a tensor product

s,
(07,50)'5( X (Ai,5o)) ;

1€ Vuni ()

where Vi () is the set of univalent vertices of v and where (A;, dg) is the dg vector space that
models the antenna associated with ¢, and S, is the automorphism group of .

Each A; is spanned by elements

a; = o -+ o >1
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and

0 1 even.

Sas — {am i odd

It is clear that each (A;,dp) is acyclic. Hence, (C,,dp) is acyclic unless v does not have any
univalent vertices, in which case v € GC*', and C, = (k)Sv.

It follows from the mapping lemma for spectral sequences [49] that the inclusion
i : OB s fGOTheonn

is a quasi-isomorphism. ]

1.4.5 About the cohomology H(G STl,(S)

In this section, we will present a short survey of known results about the cohomology H (GCZTI).
Theorem 1.4.5 (M. Zivkovié, [54]). For all k > I, we have
H(GCE) = H(GeTIT),

For all k > 1, we have
H(GCH) = H(GCT).

Remark 1.4.6. The first statement
H(GCEM) = m(act+T
is rather simple to prove. One can see that there is a map
f:acktt 5 et

by letting f(I') be the sum of all ways to add an extra direction on each edge. One can then
show that f is a quasi-isomorphism.

The second statement
kTN ~ k41
H(GCy") = H(GAT

is less obvious. The special case H (GC};O) ~H (GC(lij_ll) was first proven by T. Willwacher in

[52], without giving an explicit map. In [54], Zivkovié¢ construct an explicit quasi-isomorphisms

B (GCYEITED 5y 5 Gkt 5).

Perhaps the most astonishing result about the H(GCy,6) is the following theorem by T.
Willwacher.

Theorem 1.4.7 (T. Willwacher, [51]). We have
HY(GOY™) = gety,

where gty is the Grothendieck-Teichmiiller Lie algebra.
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The Deligne-Drinfeld-Thara conjecture states that the Grothendieck-Teichmiiller Lie algebra
grt; is conjectured to be isomorphic to the completed free Lie algebra with generators

03,05,---,02n41,---> n21

(It is shown by F. Brown [9] that this is a Lie subalgebra of grt;.)

It is shown in [51], that each (conjectural) generator og,+1 corresponds to a cohomology
class in GCy represented by
Want1 + (other terms),

O

e

~—

where W, is the graph

The class associated to W3, is simply given by

P

The next class, associated to Wj, is given by

A representative for the cohomology class associated to W7 is computed by R. Buring, A. Kiselev
and N. Rutten in [10], and it is the sum of 46 different graphs. To the author’s knowledge, no
one has computed the class associated to Wy.

Wy =

y

5
W5+§

The differential on GC,4 preserves the loop order (number of vertices minus number of edges),
hence GC splits, with a sub-dg vector space GC’C(ip ) for each loop order p. The most extensive
list (to the author’s knowledge) of dimensions of H(GC®), ) and H (GCE)Z)d) is given in [21].

even
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Chapter 2

Multi-directed and oriented Lie
bialgebras

Introduction

The (1-oriented) properad of homotopy Lie-bialgebras holieB,. 4 (with two integer parameters
¢, d determining the degree shifts of the cobrackets and brackets respectively) is a well known
object, defined and studied in e.g. [32], [43], [47]. The multi-oriented versions of holieB, 4,
denoted hoLieBZTl, were defined by S. Merkulov in [35]. In this chapter, we will prove the claim
that the Grothendieck-Teichmiiller group acts faithfully on each hoLieBZTl. More specifically, we

will show that GCZI_ll acts faithfully on the completed properad hﬁ_ie\BZTl by derivations. This is
a generalization of results in [43] and [5], where the 1 oriented and wheeled cases are considered
respectively. Combining this result with Theorem 1.4.5 (M. Zivkovi¢ [54]) and Theorem 1.4.7
(T. Willwacher [51]), we get a d dimensional incarnation of the Grothendieck-Teichmiiller group
for any d > 2.

We will also show that the 2-oriented properad hoLieBZT2 is a minimal model of the 2-oriented

properad LieBiTQ. This proof partly relies on path filtrations, as in [32], originally suggested by
M. Kontsevich [27]. However, as we will see that path filtrations do not take us all the way, this
proof uses a new type of filtrations on graph complexes.
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2.1 The definition of hoLieB*"

2.1.1 The generating G*-collection

The multi-directed homotopy Lie-bialgebra props are quasi-free, meaning that they admit the

structure
51 52 5 51 52 54
. kTl
hoLieB:T >< — | ARk >< G,
Si41 5i+2. - Sn Si41 57.'—0—2. o Sn

where 55 is a non-differential graded G*-collection, and § is a degree 1 derivation on ]-"W(EZ;)
that squares to 0. We will start by describing the generating G¥M-collection EF.

For an integer d, and a map D : Ork — Z such that D(s) + D(sP?) = —d, let EX be the
G*-collection given by

51 59 5;
e h
gk 1+d+> D(s))|;
e Jj=1
Si4+1 §i42 Sh
and for an isomorphism
0(1)50(2) So (i)
Si41 5z+2 So(i41) 5d(z+2) S5(h)

we set
E5(0) = sgnp(0).
Here sgnp (o) is the graded sign of the permutation, uniquely determined by the rule sgnp(o7) =
sgigy1(0) sgnp(r), and
—1 if both D(s;) and D(s;41) are odd

1 otherwise,

sgnp(j(j+1)) = {

for all transpositions (j(j + 1)).

Remark 2.1.1. We omit the D from the notation in 55, as we are almost always only interested
in d. Or more specifically the parity of d. However, each Efj is understood to be equipped with
amap D : Or* — 7Z, such that D(s) + D(s°P?) = —d. In the 1-directed case, we will, however,
write 501,21’0 and hoLieBdel’O. With that, we mean D(in) = —c and D(out) = —d.

Let F W(Efj) be the free k-directed, l-oriented prop over the GF-collection Efj. For a corolla

c, we get
SZ,m

FEN) = P D K dw =

mn20 \ peghtl (o) veV ()
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n(d+1)—md+ > D(Or(i))
i€L(c)

® k<gs,tfn<c>

m,n>0

> /(F - Sgnd—i—l(U)Ur)regﬁTjn(C)JE(S%M)-

In words, F*(EX)(c) is spanned by isomorphism classes of graphs with external legs labeled

as the legs of c. Note that F*T(£k)(e) = fGCZill [d + 1] as graded vector spaces.

2.1.2 The differential

For a corolla

51 59 5;
([h], {o},i > o,id, i s 5;) = >< ,
Si+1 5i+2. - Sh

consider the map
§: &5 — FIUER)

given by
O(([h],[1],7— 1,id,i — 5;)) :=

> (WUt w1z, [2],05,1d, (11— tU 1y = €7P) LU (i = 55)),
teOrk ILUJ=[h]

where 04(11) = 1, 05(13) = 2, and 9%|; =1, 84|, = 2.

In pictures, this is

51 59 5;
i (€01, ILI=[h] f2
Si+1 Si42 Sp
N——
Ja

where h =IN[], lo=IN[i+1,h), s =IN[i], [ =IN[i+1,h]

(2.1)

Remark 2.1.2. In the pictures, we consider the signs to be ambiguous as the order of the flags
are not properly specified. Hence, we write the signs +. The proper signs are indicated in (2.1).

The map 6 : E¥ — FF(EF) induces a derivation
d d

5 FMERY — FRUED.

Proposition 2.1.3. The derivation § : FET(ER) — FFIU(ER) is of homological degree 1, and

52 =0.
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Proof. As 0 adds 1 internal edge and 1 vertex, its homological degree is (d 4+ 1) —d = 1. To see

51 59 5;
that § squares to 0, it is sufficient to show that §%(c) = 0, for all corollas ¢ = ><
Si+1 5¢+2' - 5p
We get
51 52 5;
S O
t1,t2€0rk L.
Sit1 Sit2 Sm

PR

t1,toeOrk ILJUK=[h]

Remark 2.1.4. Here, we say that each picture represents a graph

([R]U[2]1 U [2]2, [3],0,¢,Or).
—_——
Fr Vr

As the numbering of the vertices and edges are indicated, the sign is not ambiguous.
Each term above has an isomorphic 'partner term’, and the isomorphism is given by 1
transposition of vertex labels, and the transposition of the internal edge labels. This permutation

is odd both when d is even and when d is odd. Hence, each term is canceled by another term,
and 62 = 0. O]
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2.1.3 The properads hoLieB*, hoLieB™ and holLieB

We will consider three different ’completion levels’ of the properad of k-directed [-oriented ho-
motopy Lie bialgebras. First, The properad of full k-directed l-oriented homotopy Lie bialgebras

hoLieBly™"* := (F*!(&), ).

Second, let ST be the ideal of hoLieB*T"* generated by corollas that are sources or targets in some
direction. The properad of extended k-directed l-oriented homotopy Lie bialgebras hoLieB*T:+ is
given by

hoLieBXT"" := hoLieB¥* /ST

Next, let I be the ideal of hoLieB¥™F generated by the remaining 2-valent corollas

S
= <%5 >5€Or’C

The properad of (regular) k-directed l-oriented homotopy Lie bialgebras hoLieBZﬂ is given by

hoLieB™ := hoLieB:™ /1.

The multi-oriented properads of (multi-oriented) Lie bialgebras LieBZTl are obtained as a

quotient
LieBA™ .= hoLieBA™ / K%,

51 59 5; 51 592 5;
o KK
e . e .

§i4+1 §i42 Si+1 Si42 n

where

n>4,5,€0rk,

Each LieBZTl is generated by 3-valent corollas, modulo quadratic relations given by
51 52
5 >< ~0,
54 53

for all 51, s, 53, 54 € OrF, such that the corolla above is not a source or a target. For example,
in the one directed case, we get that LieBde1 and LieBde0 are generated by corollas

1 2 2 1

/1\2 - /1\1, VYo-ent Y (2.2

1

modulo the relations

I + I + l =0, (2.3)
SO NN
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2 3 3 1 1 2
1 \O/ 2 3
Y + + —0, (2.4)

1\/2 1\/2 i\/z 2\/& i\/Q
/I\ T \ + / Y +(-1)¢ ' \ +(—1)C/ ¢ =0 (2.5)

The full list of relations for the 2-directed properad LieB>'10 will be given in Section 2.3.3.

2.1.4 Completed variants

For a graph I', we say that its loop order, is given by the number of internal edges minus the
number of vertices. For an G-collection F in a symmetric category of graphs G, let

S%,m
Gple) == P ( D ®E(v)) C F(E) ()

m-n>p \Iegson"(c)

be the ideal of the free properad generated by all decorated graphs with loop order greater or
equal to p. We define the genus completed free properad to be the projective limit

—

F(E) = lm F(E)/G,.

Elements in the vector space F(FE)(c) are possibly infinite sums of isomorphism classes of graphs,
with vertices decorated by elements in £. Note, however, that arbitrary infinite sums are not
allowed. More precisely, for every fixed p, there can only be a finite number of graphs with loop
order p.

We shall consider the derivation complex Der(F(E)) to be the space of continuous deriva-
tions, i.e. derivations

—_—

d: F(E)— F(E),
such that

d(iﬂi) Zid(ui)-

Practically, such derivations are uniquely determined by a map of G-collections

—

d: E— F(E).
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The differential on hoLieBZTl does not change the loop order. Hence, we may define

R, K kM
hoLieBy . hoLieBy " and hoLieBy

to be the genus completed versions of hoLieBSTl’*, hoLieBZTl’Jr and hoLieBZﬂ respectively. Note
that for each fixed degree, the vector space

SH m
D | D & MW
n—m=p FGQZ% veV (T)
. o . . — = kMl ——— kP +
is finite dimensional. Hence, elements in the genus completed properads hoLleBd hoLleBd

— kM o . . o
and holLieB; are infinite sums of graphs with no finiteness conditions.

2.2 Derivations of holLieB f

. . o — klx . .
Let us consider the dg Lie algebra of derivations Der(hoLieB,; ). As a vector space it is equiv-
alent to the space of maps of G*-collections

T gh — FHI(ER).

We get that

— kTl* —— kTlx
Der(hoLieB., ) = I1 (hoLieBy ™ (¢)[=c]]) aure) = [T TT k(GET ngmvh[n(d—k 1) — md,

h>0 h>0n,m
cecork (h)
where cor®(h) is the set of k-directed corollas with legs labeled by h, is a dg vector space spanned
by isomorphism classes of k-directed [-oriented graphs with external legs. Here, gn m.p 18 the
set of graphs with n labeled vertices, m labeled edges and h labeled external legs. The group
SY = Sg X Sy, where Sy, acts by permuting the external legs.

nmh

The differential § acts on such a graph by vertex splitting, and attaching corollas to the
external legs

51 592 Sp 51 52 Sp 51 52
N\ NN\ i \\"'
T = or —
TN == TN
Spb1 Sr42 Sm Sp41 Sr42 Sm 1-ti€OTk 5 59 Sm

In terms of graphs, the Lie bracket is then given by

Fl,rg Z I‘lo FQ— Z FQO Fl

UGVFI ’UGVFQ
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Here, I'1 o, I'g is the sum of all graphs I' such that I'y C I', and F/fz = I'1, where Ty is the
graph obtained from I's by removing the external legs.

We define a map
K,
F o fGolher Der(hoLieBy )

by sending each graph I' to the sum over all ways to attach external legs to I'. More precisely,
let I' = (Ep, V1, Op, Orp) be s single term graph of fGC*M™. Then,

F(Ep,Vr,0,0r) := Z(EF U [h], Vi, 0 U Oy, Orp U Ory,),

where the sum runs over all h > 0, 0, : [h] — Vr and Ory, : [h] = Ory. In pictures, we will write

51 59 Sp
FO)= 3
mz0 .
§1,0.58m Spil Srt2 Sm
Here,
51 52 Sr
Sr41 Sr42 Sm

is understood to be the sum of all graphs whose internal part is equal to I' that contracts to

Sr41 Sr42 Sm

51 Sy

Proposition 2.2.1. The map
F : fGCEL™ s Der(hoLieBl)")

is a map of dg Lie algebras.

Proof. One can see that, for a vertex v € Vr,, we get
F(Fl) Oy F(Fg) = F(Fl Ou FQ),

where the o, on the left hand side is the linear extension of the operation defined above, and
the o, on the left hand side is the operadic composition map of Gra®. It follows that

[F(['1), F(T2)] = F([I'y, Ta)).

Kkl
Furthermore, the derivation F'(e—®) is precisely the differential on holLieB,; . Hence, the differ-
ential on Der(hoLierl“) is given by

T s [T, F(o—e)].

It follows that F' is also a map of dg vector spaces. O
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2.2.1 Rescaling classes

kT,
For t € Ory, consider the element r¢ € Der(hoLieB, *) by

51 $52 5
T = Z (#lie k] 5=t} —1) X
n>1 .
§1<...<sn€O0ry, Si41 5i42 Sn

We get that
5(7"{ - T‘toma) = 0,

and as there are no graphs without vertices, there cannot be an element R; such that éR; =
— kl,x

(r¢ — rorr ). Hence, each r¢ — ropp represents a cohomology class in Der(hoLieB,; ).

Similarly, we get that

51 59 5;
7‘@ = Z (77, — 2) (26)
i>1 SO
S 5ens sn€O0TE Sit1 Sigo S

Kl
represents a cohomology class in Der(hoLieB, , *). We will call the classes [ry — rwopp], [rg] €

— kTl,*
Der(hoLieB,; ) the rescaling classes, as they only act by rescaling corollas.

Remark 2.2.2. In [43] and [5], the special graph }, which is an edge not connected to any

. . . — =111 .
vertex, is considered to be an element in Der(holLieB,; ), with

&:q—w

The special graph { may be viewed as the derivation generated by

I»—>id.

|

With our definition, id is not a member of hoLieBdel I . Hence, we do not consider the special

— 1t
graph 1 to be a member of Der(hoLieBCTd ).
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2.2.2 Cohomology of the full derivation complex

Theorem 2.2.3. The map
F :GC;" — Der(holLieB; )

is a quasi-isomorphism up to the rescaling classes r¢ — r, y.

The 1-directed case of this theorem is considered in [5].

kT,
Proof. Take a filtration on Delr(hoLieBdT *) by the number of external legs plus the number of

internal edges
— = ktix S
Fy(Der(hoLieB; )):= ] k(G o) St

n>1,m+h>p
Also take a filtration on GCSN by the number of internal edges

gnm
FGCE = T k(Guwm)® """

n>1,m>p

—— kM
Note that the map F' maps FpGCIdm into F), Der(hoLieBdT )
On the associated graded complex

e Kl e Kkl

— k l,
gr(Der(hoLieB; ),0) := H(Fp(Der(hoLieBdT *),5)/Fp+1(Der(hoLieBd ),0) =
2

g
n,m,h
= H H gn,m,ha 50 )
p n>1,m+h=p
the differential §y acts by attaching a univalent vertex to each external leg. One can see that all

other terms of § add an internal edge or external legs.

For a graph I' € G, p, 5, let its non-univalent part v(I') be the graph obtained from I' by
removing all univalent vertices v, transforming the internal edge that was connected to v to an
external hair. The differential dy preserves the non-univalent part of each graph. Hence, the
associated graded complex splits

— k1,
(Dex(hoLieBy ), 00) = [ D (G,
n,m,h>0~v€iso(V(Gn,m.hn))

where the sum runs over all isomorphism classes of graphs without univalent vertices -y, including
special graphs

5
y=—
without vertices, and (C,, dg) is the sub-dg vector space spanned by graphs I" such that v(I") = ~.
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5
If v+ = ——, we get that C, is spanned by elements

S S S
) e, e,

with

S S S
0p®—>— =0g—>—®=e—>—0

In this case, C, contains one cohomology class represented by

This class corresponds to the rescaling class rs; — rgopp.

For a fixed graph v =€ G, ,, 5, without univalent vertices, we have

Sg,m,h
C’y ) ( ® Dl) 7

GE(L[‘)
where Dj is the dg vector space spanned by configurations

Or, (1)

Y ——

and
Ory (D)
—_— 0
with
Ory (1) Or, (1)
gV —>— =T —>—0

It is clear that each Dy is acyclic. It follows that C, is acyclic for all graphs with a non-empty
set of external legs. If 4 does not contain any external legs, then C., = (k[|y|])4%.

Now, on the second page of the spectral sequence, we have

n>1,m=p

Sgn,m
— kT,
H(gr Der(hoLieBdT *), dp) = ( H y(gn,m,g)) >~ (GCMY) @ Kk(rescaling classes).

Note that the rescaling class ry corresponds to the class in C,. It is now clear that the map
Fdi: GCSEI @ k(rescaling classes) — hoLieBZﬂ
induces an isomorphism
) kM . —— kTl*
F@i:(GCy,0) @ k(rescaling classes) — H(gr Der(hoLieB; ), do).

By the mapping lemma for spectral sequences, we have that F' is a quasi-isomorphism ]
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KMl
2.2.3 Another derivation complex Der*(hoLieB, )

— ktl,+ —— k1, — ktl,+
Consider the derivation complex Der*(hoLieBGlT ) := Def(hoLieB, i hoLieBdT )[1] consist-

ing of derivations
e ktx kAt
I' : hoLieB — holieB,

— kA
As a graph complex, Der*(hoLieB; ) consists of (possibly infinite) sums of graphs without
source or target vertices. As a vector space, we may write

Delr*(hoLieBdT H k(G W’S{ )fdm])gi,m,h’

nmh
m,n,h

where g’““ys{ is the set of graphs without source or target vertices.

Remark 2.2.4. In the fully oriented case, we have

— kTk,+ — kTk,+
Der*(hoLieBdT ) = Der(hoLieBdT ).

Theorem 2.2.5. The cohomology of the derivation complex is given by

_——— k l, _—— k l,
H(Der*(hoLieBdT +)) ~ GCHl g H(hoLieBdT +(o))[—(d + 1)] @ k(rescaling classes).

— kM, +
Remark 2.2.6. If at least 1 direction is oriented, i.e. I > 1, we have that hoLieB f (o) = 0.

kY,
Hence, we have H(Delr*(hoLieBUlT +)) >~ GCF @ (rescaling classes) for [ > 1.

This theorem looks very similar to Theorem 2.2.3. However, as there are no 1-valent corollas
—— kMt
in the graph complex Der*(hoLieB; ), we will have to use different spectral sequences to prove

/_\ k‘Tl,“F .
it. First note that the dg vector space (Der*(hoLieB; ), d) splits

kN e Eflt kot
Der*(hoLieBdT ),0) = (Der*\'(hoLieBdT ),0) @ (De]r'(hoLieBdT ),0),

— kT4
where (Der'(hoLieBdT ),0) is the dg vector space of derivations
K+
e — holieBy

— k l, —k l,
It is clear that (Der’(hoLieBdT +), 9) is isomorphic to hoLieBdT +(o)[—(d + 1)]. The remaining

K+
part of the dg vector space (Der*\'(hoLieBd ), ) is spanned by multi-directed graphs with at
least 1 external leg

(Der* \e (hoLleBle +),5) &~ H k(gkﬂys{[d(n +1)— dm])gg,m,h‘

n,m,h
n>1,m>0,h>1

Theorem 2.2.5 will follow from the following proposition.
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Proposition 2.2.7. The map

_— kMl
Fr.Gckt Der*\'(hoLieBdT)
51 59 5;

I — >

h>1 ..
Si4+1 Si+2 Sp

is a quasi-isomorphism up to the re-scaling classes r, rop.

The 1 oriented case of Proposition 2.2.7 is proven in [43].

2.2.4 Outgoing antennas

In this section, we will construct a multi-directed version GCdT of the graph complex GC
introduced in [52]. The purpose of this is that the map

—_— k l,+
FT o fGCH Der*\°(hoLieBdT )
—kTl
factors through GCdT . We will then separately show that the maps
—— kAl

Fi - (GCHT 5 GO

and k1l kt+
Fy GOL' = Der*(hoLieB, ),

such that F* = F," o F}", are quasi-isomorphisms up to the rescaling classes.

Let gj’j“ n C GF . be the set of connected graphs T with n vertices (Vi = [n]), m internal

511, nymyh

edges, and h external legs (FT = ([m] U [m] U [h])) such that:

1. No external leg is coherently directed inwards, i.e. for each external leg e € (L(T")), we
must have that

(Orr(e)) ™" (out) # 0.

2. Each vertex v has at least one outgoing adjacent edge in each direction, i.e. for each vertex
v € Vp, we have that
(Orp(95 ™ (v)) ™" (out) # 0.

N

For example

€ G,
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while

9 ¢ §2T27
as the first graph has a vertex without an outgoing edge in the blue direction, and the second

graph has a wheel in the black direction (marked by dotted edges).

—— k1l
Now, let GCdT be the graded vector space

GOy = T ®(@ 1 — 1)d+ (1 — dym])Snmr.

nmh
n,m,h>0

We have a map of vector spaces

J ele LA cToni

(Fl—‘aVFv&FaLF,OTF Z Z Z VF,aFua],LFuld],OT‘FuOT])
J200r;:[j]—0Ork 0; []]—)Vp

where Or;(i) # in for all i € [j], and we identify terms containing a target vertex with 0.
Pictorially, Fi is given by
51 S92 55

AN

We also have a map

— k l,
. GOE & Der*(hoLieBy )

(FF,VF,aF,LF,O’I“F) — Z Z Fpl_l VF,Ppuaj,LFLlld],OTTI_lZn])
J20p;:[5]—=Vr

pictorially given by

r — Y T .
AN

M
J

— k1l
Here, a double headed arrow represents a coherently directed edge. We may equip (}CdT with
the differential §, such that
im(Fy) —2 im(F)

d e

CToMLN eTo L

54



commutes. Pictorially, the differential § is given by

Z Fo,&->e+y I~ iZ@ (2.7)

veV (T Yt S 0 IR 7>0 »#---
N
J ]

Here, the first term is vertex splitting, the second term is attaching corollas as in Der(hoLieB),
and the third term is attaching a coherently incoming edge to the graph with all possible
combinations of legs attached to it.

—— kAl
Proposition 2.2.8. The map F; : GCF! — GC ! above is a quasi-isomorphism up to the
rescaling classes ry, and s — Tsopp, for s € Or¥ s #in, out.

If £ = 0, then this is Proposition 3 in [52]. The proof is analogous.

Proof. We define an antenna of a graph I' € g’““ o to be a subgraph containing either an

external leg or a univalent vertex together with a maximal string of bivalent vertices. We obtain
the graph core(T") of a graph I' by removing all antennas. For example

core ( ‘ ) = core = @,

S e

core =

The differential § can only preserve or increase the number of vertices in core(I'). Hence, we
may define a descending filtration by the number of vertices in the core

g
F,GC," .={Hnmh>ok<{re@’i%h~\ ore(r)| = PH(n = D + (1= dym])*rmi p >0
0 p<—1

The differential dg on the associated graded complex
/\Ich el ——
gr(GCy ) =[] F,GCy /Fp11GCy

p=>0

only sees the terms that preserve the number of vertices in the core. One can see that Jy also
preserves the structure of the core.
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Hence, the associated graded complex splits

) -
(gr(GCd )?50) = (0’7750)7

~yEcore(GKT)

where the product runs over all isomorphism classes of possible core graphs v and (C., dp) is the
associated sub-dg vector space spanned by graphs I' with core(I') = ~.

If the core «y is not empty, we get that

S'Y
(Cy,60) = (@(Dv,5o)> ;

vEVy

where v runs over all vertices in the core, S, is the automorphism group of ~, and (D,, do) is
the dg vector space that models configurations of antennas connected to v.

If v is at least 2-valent and not a target vertex, then

D, = (S5(A),d; + dy),

where A is the dg vector space that models a single antenna attached to v, S (A) denotes the
completed symmetric algebra over A, d; is the differential induced on S(A) by the differential
on A, and ds is multiplication by the element

y O

s€Or\{in}

For an antenna a € A, we define the oot of the antenna to be a maximal string of coherently
ingoing edges, staring at the root-vertex of the antenna. We call the non-root part of the antenna
the tip of the antenna.

i @4— - -+ «—@ [ »®

root tfp

We define a descending filtration on (A, d;) by the number of edges in the tip of the antenna.
The differential di o on the associated graded complex only sees the terms that leave the tip
intact. Hence, it splits

(grA,dig) = [[(Re, dip),

t

where R; is the dg vector space that models the root of an antenna with a tip .
If the tip is not empty, R; is spanned by elements

Ti:(:)« @L— -+ «@ [ >

i edges t
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where 7 > 0. One can see that the differential is given by

J +7r;i41 1 even
T =
R ) i odd,

and that the dg vector space R; is acyclic.

If the tip is empty (t = 0), we get that Ry is spanned by elements

r. = «—@«— - «—@
AN
1 edges
where i > 1. Here, we get that
0 1 even
dyor; = , ;
+riy1 4 odd,

so (Ro,d1,0) is also acyclic. Note that splitting of the univalent vertex is canceled by the third
term in (2.7) with j = 0. It follows that (A, d;) is acyclic.

Using that (A,d;) is acyclic, and that the differential increases the number of antennas
attached to v, one can see that each cohomology class of S (A) must contain the empty configu-
ration. Furthermore, S (A) contains exactly one such cohomology class represented by

> v
>0 0 N
J

If v is at least two-valent, but a target in the core, we get that
Cy, = S(A)/B,,

where B, C S (A) is the sub-dg vector space spanned by antenna configurations that does not
remove the target status of v.

Once again, we can see that any cohomology class of B, must contain the empty config-
uration. However, there are no cocycles of B, containing the empty configuration. Hence,
H(B,) =0, and we have R R

H(S(A)/By) = H(5(A)).

If v is one-valent in the core, the dg vector space C, needs at least two antennas. Hence,
C, = §2%(A)/(B,)*?,

which is acyclic as both (A, d;) and (BZ22,d;) are acyclic.

If v is 0 valent in the core (The core is just a single vertex v), we must have at least 3
antennas attached to v. Hence,

Co 2= §23(4)/BZ,
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which is also acyclic.

—kTl
We now have showed that H (gr(GerT ,0)) contains one cohomology class for every core graph
I', with vertices being at least bivalent. Those are precisely the graphs in GCZTZ. Furthermore,
we have that each such class is represented by F;"(T).

Finally, we will treat the case when the core is empty. An element in gro(/}a must have the
form

,

1 edges mid section m J eages

where the mid-section m is a string of non-coherently directed edges, and 7,7 > 0 counts the
number of coherently directed edges on the sides of the m. Put a descending filtration on

— k1l
groGC ! by the number of edges in the mid section. The associated graded complex splits
again, with a sub-dg vector space A™ for each mid-section m.

If m contains at least two edges, then Fj is allowed. Also note that the mid section cannot
be symmetric, hence F]”; # £F];. We get that A™ = R ® R, where R is the dg vector space
with one generator r; in each degree ¢ > 0, and

+riy1 ¢ even
d?“i = .
0 7 odd.

It is clear that A™ is acyclic.

5
If m consist of a single edge m = ——, the graph [ is not allowed. Hence,

S
» M Y
dl F070 = —>—0_——

represents a cohomology class. This cohomology class corresponds to (r¢ — 7rp).

If the mid-section is just a vertex m = e, then we have a symmetry relation Fz.] =+F j"i,
and also F( is not allowed. Hence,

~ >1 >1
A® = Rdegi /\Rdegi ’
which contains a single cohomology class represented by

[ ] [ ]
FO,l = Fl,O = «

)

which is the term of ry — r;- + r5;z with an empty core. O

2.2.5 Ingoing trees

. . . P Taull YL y .
Proposition 2.2.9. The inclusion Fy : GCdTH — Der(hoLieB; ) is a quasi-isomorphism, up to
1 rescaling class.

The proof of this is analogous to Proposition 4.1.2 in [43].
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Proof. For a graph Der(hoLieB*™), we define an inwards directed external tree to be a tree that
is connected to the graph in one point, and is oriented inwards in all directions.

For a graph in I’ € Der(hoLieB*™""), we define its skeleton, sk(T') to be the graph obtained
from I" by:

1. Removing all inwards external trees from I', to obtain a graph ~.

2. Removing all passing vertices from v, and connect the two edges.

For example

k /\ = ®  skeleton ﬂ_,\L =

AN

S

—kTl
Similarly, for a graph in GCdT , we obtain its skeleton by removing passing vertices.

— kTl
We get descending filtration on Der(hoLieB*™) and G}CdT , by the number of vertices in the
skeleton. The map F> maps a graph with skeleton v to a sum of graph with the same skeleton
~. Hence, it induces a map of spectral sequences.

It is a standard argument to show that H (ngerT ) contains one cohomology class for each
skeleton 4.

On the other hand, one can see that the differential dy on the associated graded complex
gr Der(hoLieBZﬂ) only sees the terms that leave the skeleton intact. Hence (Der(hoLieBsTl), o)
splits as a product with a sub-dg vector space (Cs,dg) for each skeleton 5. We need to show
that each H(Cj5,dp) is one dimensional, with its cohomology class being represented by F(7).

Take another filtration on each C5 by the number of removed passing vertices. The asso-
ciated graded complex grCjy splits into a direct sum (D, do0), with a sub-dg vector space
(D~,60,0) for each graph ~ obtained from 4 by adding passing vertices to edges. Furthermore,
the differential dp g on D only acts on the input forest to each vertex v € V(y). Hence D, splits
into a tensor product

S’Y
(D, 00,0) = ( (09 (Ev,50,0)> ;

veV ()
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where FE, is the dg vector space of input forest configurations attached to v.

If v is not a source in any direction, then all forest configurations are legal, including the
empty one.

For an input forest configuration T', consider its root to be the maximal string of vertices
that are ancestors to all other vertices

v

i
TOO0t

/i\

TiyTh
Similarly to the antenna complex in the proof of Proposition 2.2.8, we can take a filtration on
the number of edges in the non-root part. It is easy to see that the associated graded complex is
acyclic almost everywhere, except for the 2 classes represented by the empty configuration, and
the configuration of a single input leg. Hence, H(FE,) is at most 2-dimensional. Furthermore,
one can see that H(F,) contains one cohomology class represented by the empty configuration,
and one cohomology class represented by

> v
>0 7N
N—_——
J
If v is a source in some direction, then the empty configuration is not included in F,, and hence
H(FE,) is one-dimensional. Thus, the cohomology of the associated graded complex grCjy is
spanned by graphs 7 obtained from 4 by:

1. Adding vertices on edges.

2. For passing vertices and sources, we sum over all ways to attach coherently ingoing legs
to the vertex.

3. For other vertices v, there is a choice of either not attaching anything to v, or attaching

2

v
J

to v.

Now, let us look at the second page of the spectral sequence (H(C5,d0,0),60,1). The differ-
ential dp1 creates new passing vertices by splitting vertices in 7, splitting passing vertices, and
adding corollas

2’7 -0 >
20 TN

J
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to the external legs of 7.

Put a descending filtration on (H(C5,d0,0), d0,1) by the number of vertices without coherently
ingoing legs. The associated graded complex splits into a tensor product

gr(H(C5),001) = Q) (Ae,00.10),
e€E(Y)
where (Ae,do1,0) is the dg vector space that models passing vertices with attached input trees

between the endpoints of e.

If e= v > is an external leg, then A, is spanned by elements

Fl': E v e > - @ > @ >

gl TN 7N
~—— ——
J1 Ji
where 7 > 0 counts the number of passing vertices. We get that
€l if the root is bald
do,1.0F; = . L
€i+1Fir1  if the root is hairy,

and we can see that A. is acyclic if the root is bald, and that it contains a single cohomology
class represented by Fy if the root is hairy.

If e is an internal edge, then

€i+1F;+1  if both the endpoints are hairy
00,1,0F = < € Fit1 if one of the endpoints is hairy and the other is bald
€i+1Fi41  if both the endpoints are bald.

Thus, (A, d0,1,0) is acyclic if one of the endpoints is bald and the other is hairy. Since we must
have at least 1 hairy vertex, we get that all vertices must be hairy for a graph to not vanish in
the cohomology.

It follows that each H(Cj5, o) is one dimensional, with its cohomology class being represented
by F»(7). The only class not covered by the image F is the class in Cj, which is the minimal
skeleton part of the rescaling class ry + - — r57. Hence, the map

o kil
F,@i:GCyp1 @ k(rg + r5- — roz) — H(holieB, ,do)

is a quasi-isomorphism. ]

2.3 Cohomology of hoLieBZT2

It is shown in [32] and [47] that hoLieBy1 is a minimal model of LieByl. In [36] it is shown that
hoLieBlljTO contains a cohomology class

L»Q—»Q — QD—S?‘—QD + Q—Q—Q EhoLieBljlo

odd*
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Hence, the wheeled properad hoLieBigg is not a minimal model of LieB})gg.

In this chapter we shall prove the following theorem:
Theorem 2.3.1. The projection (hoLieB?lTQ, J) — (LieB?lT27 0) is a quasi-isomorphism, i.e.
(hoLieBim, 9) is a minimal model of (LieBiTZ, 0).

The two oriented properad hoLieBZT2 is generated by (skew)symmetric corollas
Lo mi 1o ma ny+ne+mp+me >3
ny+ng >1
W ; my+mg > 1
/%7 .&\ mtm 21
172 m 12 mn

ng +mg > 1.

The differential § acts on each generating corolla by vertex splitting

Iy ulpy=[nq]Ulno]
JUJg=[m1]u[ma]

Remark 2.3.2. When considering 2-oriented graphs, we can draw the pictures so that the first
direction is given by black arrows at the end of each edge, that flow from down to up; and the
second direction is given by blue arrows at the middle of each edge, that flow from left to right.

Remark 2.3.3. In the formula above, we identify corollas that are targets or sources with 0.
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For example, if I; = (), then

The 2-oriented properad of 2-oriented Lie-bialgebras LieBZTd2 given by the quotient
LieB5'? := holieB2? /K,

is generated by 8 different 3-valent corollas, 4 operadic corollas

PN
PR

Modulo 19 quadratic relations, induced by the differential of the 4-valent corollas in hoLieBZ,;

1, 51
%3 3
) ) M
/ 3 3
2, 12

and 4 other corollas

RN
P N
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Full pictures of all relation are presented in Section 2.3.3.

Following the methods used in [32] to show that hoLieB is quasi-isomorphic to LieB, we will
establish a spectral sequence on hoLierlﬁ, by the number of directed paths through a graph.

For a graph T € hoLieB?lm, define P;(T") to be the set of paths following direction i from an
i-input leg to an i-output leg. The differential can only decrease the number of paths through
a graph, hence we obtain filtrations on hoLieBZT2 by only considering graphs with a limited
number of directed paths.

We will start by taking a filtration on the number of paths following the first (black) direction
FyholieB2™ := {T € holLieB2?||P,(T)| < p},
and we will show that the cohomology of the associated graded complex

gr(hoLieB3?,§) := @)(FyhoLieB; '/ F,_1hoLieB;*, §) = (hoLieB3'*, &)
p

is generated by 3-regular graphs. As dim H(hoLieB?lm, dp) < dim H(hoLieBim, J), it follows that
(hoLieBZﬁ, 0) is generated by 3-regular graphs.

The differential dy sees only the terms in (2.8) where all paths in the black direction are
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preserved. These are terms

with J1 =0 or I, =0,

and

with Jo =0 or I; = 0.

Remark 2.3.4. If we naively try to follow the proof of the 1 oriented case in [32], we would say
that (grhoLieB?lTQ,ég) splits

(grhoLieB, d0) = @D(Cs. do).
Y

where 7 is a "reduced graph” preserved by the differential dy, and (C., dp) is the sub-dg vector
space spanned by graphs that reduces to ~.

Next, we would be tempted to say that each C, is a tensor product

Sy
C = ( ® (Dv,50)) )

veV(y)

where D, is the dg vector space spanned by graphs that reduces to v. Finally, we would conclude
that each H(D,, dp) is spanned by 3-valent graphs.

However, as we will find that the reduced graph 7 may contain wheels in the second (blue)
direction, we can only say that

Sy
C, C ( X (Dv,éo)) .

veV(y)
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Hence, it is not clear that the cohomology is completely determined by H(D,,dy). Before we
tackle this problem, let us, in the next section, reduce the number of corollas we have to consider.

2.3.1 Auxiliary properads P*'? and hoP?"

We will define two 2-oriented dg properads (hoP?'2,dg), (P22, 80) such that:

1. We have quasi-isomorphisms of dg vector spaces

hoP?2 — gr(hoLieB3'?) and hoP?1? — P212,

2. The properad P?'? contains fewer corollas, and it is, therefore, easier to prove that H (P?1?)
is spanned by 3-valent corollas.

Let
hoP?!2 := Free(Op, Star)/R

and

P2 = F*2(0p(2), Star)/(R, J),
where Op is the set of operadic corollas

1 n

S P N |

where one leg has the opposite multi-direction to all other legs; and Star is the set of star

W A

where each leg has a unique multi-direction.
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The relations are given by the Jacobi identity

S S

5 S 5
T=1 AN T AN
1 2 3 1

5

S
2

S
TN
2 3

S

1

s5€0rg

and R is an ideal of 1 term relations, were an operadic corolla is connected to a star corolla,
or the opposite directed operadic corolla, with its unique leg

NS

R=| 4

67
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525\\5
1 2 m

(2.10)



In full, R is generated by:

1 1 1

ST
)

n

cel ] ILA. :
KORTTN
N

/\ /\ \ \\
K >\ f,x,ﬂy

12/;?‘ e
i e

The differential dg acts by vertex splitting while preserving all paths in the black direction

NN

>< ) /< ! >\’ o
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and the holLie differential on operadic corollas

(2.12)

Remark 2.3.5. It is easy to verify that the differential dg preserves the ideals R and 7.
As a dg vector space, hoP?? is a subspace of hoLieB?lm, spanned by graphs such that:

1. Each corolla is either an operadic corolla or a star corolla;

2. For each operadic corolla, the unique leg is either an external leg, or it is connected to
another operadic corolla of the same type
g

AN

There is a canonical inclusion of dg vector spaces
i - hoP*1? — gr(hoLieBzw), (2.13)

as well as a projection
p: hop?1? 5 P12, (2.14)

Proposition 2.3.6. The maps i and p above are quasi-isomorphisms, i.e.

gr(hoLierlm) &~ H(hoPQTz) ~ H(rPQTQ).

Proof. First, take a filtration on gr(hoLieBZw), hoP?12 and P22 by the number of paths in the
second (blue) direction.

NN
></< : >\
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preserve the paths in the blue direction, we have that the differential on the associated graded
complex grP?™ vanishes.

On grhoP?12, the differential 00,0 vanishes on star corollas, and acts normally on the operadic
corollas.

On the (double) associated graded complex grgrhoLierlTQ, the differential dpo only sees

terms on the form

; (2.15)

where one (or both) of the corollas is an operadic corolla
S
€ Op,
s
12 n

Remark 2.3.7. We always say that an operadic-corolla is pointing towards its unique leg, even
if the unique leg is directed the opposite direction.

If the corolla only contains 3 types of legs, e.g. y/ then 8 also sees terms

on the form

where the internal edge is a unique input (or output) in both directions but to the opposite
corollas (in the example above, the internal edge is the unique output, in the blue direction, to
the lower left corolla; and the unique input, in the black direction, to the upper right corolla).
Let us write

pointing towards the other corolla.

, (2.16)

Sool =Y T+ T, (2.17)

where I'y, are graphs obtained from I' by splitting a vertex such as (2.15), and I'g are graphs
obtained from I' by splitting a vertex such as (2.16).
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Next, for a graph T' € (grgr)hoLieBZ, grhoP?'2  or P22 we define the reduced graph R(T),
to be the graph obtained from I' by contracting the unique edge in all operadic corollas

: (2.18)

(if it is internal).

Note that each term ) TI'y in (2.17) has the same reduced graph as I', while the terms in
>_I's have more vertices in the reduced graph than I', i.e.

R(a) = R(T)  [V(R(Ts))| > [V(R(I))|.

Hence, we may take a filtration on the (grgrhoLieBZT2, 80.0), (grhoP?12 50), and (grP?'2,80,0)
by the number of vertices in the reduced graph

GpgrgrhoLieB? := {T" € grhoLieB2"||R(V (T"))| > p}.

The differential dg 9o on the associated graded complex grgrgrhoLiersz only sees the terms

80,00 =Y _Ta

that completely preserve the reduced graph. Hence, (hoLierlT2, 00,0,0) splits
(hoLieB?sz, (507070) = @(ny, 607070),
v

where the sum runs over all possible reduced graphs v, and C, is the sub-dg vector space spanned
by graphs I' with R(T") = ~.

Next, each C, splits into a tensor product,

Sy
Cy = ( & (DU,50,0,0)) ;

veV ()

where D, is the dg vector space spanned by graphs G such that R(G) = v, and S, is the
symmetry group that acts on v. We can see that D, consists of genus 0 graphs with at most one
vertex x not being an operadic corolla, connected to trees of operadic corollas directed towards
x.

Similarly, (hoP%12, 80 0.0) and (P22, 80 0.0(= 0)) split, into

(hoP?"2,60,0,0) = ED(CY,. 60,0,0)
Y
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and

(P*2,0) = P(CY,0),

v
with

S"/
(CL,d0,00) = ( & (D;,(So,o,o)) ;

veV (y)

Sy

(CY,0) = ( X (DLCO)) :
veV(y)

We need to show that, for each 2-directed (skew) symmetric corolla v, the maps
i : hoP?1? < grhoLieB]”,

and
D hoP?212 — p212

induces quasi-isomorphisms

(Dy,60,00) — (Dl 80,00) « (Dy,0).

1. If v is an operadic corolla with n + 1 legs, then we can see that
(D, b0,0,0) = (Dy;, d0,0,0) = (hoLie(n), d),

and
(D!, 0) = (Lie(n),0).

It follows from Theorem 1.3.7, that both maps are quasi-isomorphisms.

2. If v is a star corolla, then there is only one graph that reduces to v, namely v itself. Hence,
D, D}, and D) are all 1-dimensional.

3. Otherwise, if v is neither a star corolla nor an operadic corolla, we have
D,=D!=o0.

We need to show that D, is acyclic for such corollas.

Pick a multi-direction

o - or
O—<——— T O0—>—> 10—<—> HO+—>— 0—e—

of which v has at least 2 legs. Define a weight grading on D,,, by

(z) 1 if the non-operadic corolla only has 1 leg of direction s
w =
0 otherwise.
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for every generating graph in D,. Alternatively, if v is a properadic corolla

we say that

1 if all corollas are operadic
w(z) = .
0 otherwise.

We can make a filtration by
FpDv = {x €D, : deg(x) - ’LU(.’E) > p}v

where deg(z) is the cohomological degree. Then, the associated graded complex consists of short

exact sequences
A\ N\
) A
hoLi
oLie(n) ® . * 5

which are acyclic. Here, A is the vector space of spanned by trees of operadic corollas of the
other multi-directions.

It follows that the maps in (2.13) and (2.14) are quasi-isomorphisms. O
2.3.2 Cohomology of P?12,

In this section, we will prove the following proposition, which will finish the proof of Theorem
2.3.1.

Proposition 2.3.8. All cohomology classes in H(P?2,6y) are represented by strictly 3-valent
graphs.

For a graph I' € P?'2 we define another reduced graph R'(I'), obtained by contracting

subgraphs
/ and

R e N
A K PANAN
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f\/i\/ P!

e A
/ e
U1 1) V3
L v A V.
N S
\\ // :
‘\ » //
; el A e

Figure 2.1: The graph to the left reduces to the graph to the right. We labeled the four valent
star corollas by v, v9 and vs, and we marked the wheels by dotted and dashed edges.

—

One can see that the differential Jy preserves R/(T'). Hence, (P?12,y) splits

P2 = P)(Cy, o),
v

where the sum runs over all reduced graphs v, and (C,,dp) is the dg vector space spanned by
graphs with R'(T") = ~.
However, as R'(I") may contain cycles in the second (blue) direction (see Figure 2.1), we do

not get that each (Cy,dp) is a tensor product of simple dg vector spaces.

For this purpose, consider the 2-directed 1-oriented properad (P2, 80) D (P?12,6y), gener-
ated by the same corollas and relations as P22, except that we allow wheels in the blue direction.
We have that

(P2T1760) = @(C$7 50)7
Y

where CEYD D C, is the dg vector space spanned by graphs I' € P2 with R'(T") = ~. Here, we do
have

Sy
CE)? = ( ® (Dvaéﬂ)) ;

veS(Y)

where S() is the set of \/ corollas in ~, and D, is a 3-dimensional dg vector space

AN
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spanned by substitutions of

hvd
Xy

to the vertex v € S(v), with

» >< ) /< : >\ |
and S, is the symmetry group of ~.
As H(D,) is one-dimensional, it is easy to see the following lemma:
Lemma 2.3.9. For each reduced graph ~, we have that H(C;ﬁ) is one-dimensional, and the
cohomology class is represented by a 3-regular graph.
However, as CY/C, is not a sub-dg vector space, i.e. (Cff, dp) does not split

(C5,d0) % (C5,00) @ (C5 /C5, 00),

the following lemma, which finishes the proof of Theorem 2.3.1, is not as clear.

graph in C,, or C, is empty.

Lemma 2.3.10. For each reduced graph v, we have that H(C,,dy) C H(Cﬁf, d0). More precisely,
H(C,,d0) is either one-dimensional with a cohomology class represented by any strictly 3-valent

If S(vy) is empty, then it is clear that C, is one-dimensional.

Assume that C,/ is one-

Each >< € S(v) may be "tangled up” in the wheels of v in one of three possible

dimensional for each +" with |S(7')| < n, and let v be a reduced graph with |S(vy)| = n.

ways, pictured and named as

/

—_——

AT

(2.19)
) i \\’ !
open i - o~
half closed closed
We denote the set of open corollas by F'(y), the set of half closed corollas by hB(7), and the set
of closed corollas by B(7).
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Remark 2.3.11. Note that, if v contains a wheel, then v must contain at least one half closed
corolla. Otherwise, C, is empty.

We will put a weight grading on each D,, by setting the weight of a substitution to 1 if it
"breaks a wheel” in v, and 0 if it does not. That is:

1. If v is open, then all substitutions carry degree 0.

2. If v is half closed, then

\\/ =0, / =0, \\ R
< N

\ I
\ I
\ I
\ = I =
\ I
\ /
| /
Tt~ /
- .-

’
- _ -«

or in the opposite case

/
/ \\
/
/ 1

I:’I =0, /4// =1, ‘\x = 0.
i >< / /< ‘

The differential can only increase the weight grading (by 1 or 0). Hence, this weight grading

induces a spectral sequence on C, and on CEYD. On the associated graded complexes, which we
will denote (CY,do) and (Cy, do), we do have that

(C5+ do) = (Cy, do) @ (C5 /Cy, do),

Hence,

(CS/Cyrdo) & (Cyrdo) = (€5 do) = Q) (Du,do(=00)) @ (Du,do) @) (D, do(=0)).
veEF(Y) vERB(7) vEB(Y)
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For the open star corollas v € F(v), the cohomology of (D,,dy) = (Dy, dp) is one-dimensional,
with a cohomology class represented by either of the extended substitutions;

NN
o { _ >\ ) 20

For the half closed star corollas v € hB(7y), the cohomology of (D, dp) is again one-dimensional,
however, the cohomology class is only represented by the substitution that breaks the wheels
passing through v;

H(Dv,do)_< ,4’/ > orH(DU,dO)—< \\ > . (221)
AN

Now, consider the second page of both spectral sequences, say (ES, d;) and (Fs,dy),
Eg = H(C'();)?d())’

and
Ey = H(CY, do).

By (2.20) and (2.21), we get that Ej consists of graphs in T' € C°, while Ey consists of
graphs in C,, such that:

1. The half closed star corollas in v are extended the way that breaks the wheels passing

through them.

2. On the open corollas, we identify with —

It follows that
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/4 V\ <y /1 V\ <>
h 4 N, < N <
v 4 4 b4 4
N . A / \ .
v= V1 (%) v3 =y = V9
x v * v v *
' \ \ / \ : !
\ : I : I
\ / b4 /
b » /) ‘\ » /
AN ", / N 7/
AN K » * Ko

Figure 2.2: One can see that the vertices v; and v3 are "half closed”, while vy is ”closed” in .
In +/, the vertex v is "open”.

Lemma 2.3.12. The second page of this spectral sequence, (Eo,dy), is identical to a dg vector
space (Cyr,00) where ' is a reduced graph obtained from ~ by substituting the open and the half
closed corollas

Here, the dashed arrows are external legs. See Figure 2.2.

Proof. One can see that there is a canonical isomorphism

i (Eéj?dl) = ® (DW{SO) - ® (Dv750) = (Cgado)
vEB(Y) veS (V)

Furthermore, as the graphs in EéD does not have wheels passing through the half closed corollas,
this map sends oriented graphs precisely to oriented graphs. Hence, it restricts to an isomorphism

(EQ, dl) — (CWI, (5())

O

As +/ contains fewer 4-valent vertices than v, our induction assumption gives us that H(C) =
H(E;) = H(C,) is spanned by 3-valent corollas. This finishes the proof of Theorem 2.3.1.
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Remark 2.3.13. If we instead try to follow B. Vallette’s proof [47] of H(hoLieB) = LieB, we
would find that the relation

O N S
g e

in Lierlm, does not have a simple replacement rule. This could possibly be fixed by a 'replace-
ment algorithm’, which determines whether to replace

PV &
A

or

PN

belongs to an open, closed or half closed

depending on whether the <

corolla of a reduced graph R/'(T").

2.3.3 Relations for 2-directed Lie bialgebras

In this section, we will give full formulas for the 19 relations in LieBgm, LieBgT1 and LieB(Q)TO.
They are as follows:

2

&2 &

NN
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0 = / + / + /
321 /;‘ 1/7? 2
2 74 377 el
1 2 3
(5\ \ 4 \\ + \\\
123 R\\ZS \ R. 9
2 3 At
1 2 3
1 1 1 2 2
X &2 o 2 2 1 1
2
I R
2 2 12 12 12 12
1 2 1 2
+ /3/2+ /{\ L /<\ Sy /< '
! | // 2 // > //
2 2 1 1
1 1 1 2 2
& 2&\ 2\% 2\. 1\& 1&
S e, T T \}\ * X
2 2 1 2 1 2 1 2 1
1 2 1 2
2 1 2 1
PN TN N N
2 2 1 1
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10.

11.

12.

13.
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14.

15.

16.

17.

18.

19.

above, but with additional signs.

The relations of Lierlm, for d # 0 are as
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Chapter 3

A fixed source graph complex

Introduction

The main motivation for the work in this chapter is the explicit morphism of dg vector spaces
F : (0OGCy,0) — (RGC[1],0 + A1)

constructed by S. Merkulov and T. Willwacher in [42]. Here, (OGCjy,d) is the oriented version
of Kontsevich’s graph complex, and (RGC[1],0 + A1) is a dg vector space spanned by ribbon
graphs. Ribbon graphs (sometimes called fat graphs) model Riemann surfaces with marked
points [44]. For our ribbon graph complex RGC, we get

Q fork=1,5,9,...

) (3.1)
0 otherwise,

H*(RGC,0) =[] (H!f*”(Mg,n, Qo sgnn)gn ® {

g,n

where H.(M,,,, Q) is the compact support cohomology of the moduli space of Riemann surfaces
of genus g with n marked points (see [28] for more details). In this context, the differential 6+ A4
constructed in [42] is a deformation of the classical differential 6 on RGC. A simple observation
gives that the same explicit formula F' is also a map of dg vector spaces

F: (0GCy, d0) — (RGC[1], ), (3.2)

where, this time, it is the differential § on OGC; that is not standard. The differential J
splits vertices of graphs in OGC in a way that preserves the number of target vertices. In this
chapter, we show that there is a quasi-isomorphism from the oriented graph complex with this
new differential to the better known hairy graph complex HGC,, ,,, studied in e.g. [7], [22].

Theorem 3.0.1. There is a map of graded vector spaces
®: OGCp 41 — HGCy,
such that the associated morphisms of dg vector spaces

@ : (OGCpy1,80) — (HGCpp, ),
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and
®: (OGCpi1,d) — (HGCppp, 6 + X)

are quasi-isomorphisms. Here, x is the extra differential on HGCgq 4 that adds a hair, considered

As a corollary, we get a relationship between the ribbon graph complex and the hairy graph
complex.

Corollary 3.0.2. We have an explicit zig-zag of morphisms
(HGCO’O, 5) — (OGCl, 50) — (RGCD], 5),

where the left map is a quasi-isomorphism.

A recent result by M. Chan, S. Galatius and S. Payne [12] states that there exists an em-
bedding
HMGOY, d) = [[ HE(Mgn, Q).
g

Here, GCM isa dg vector space spanned by hairy graphs where each hair is labeled by an integer
in [n]. The map @ : (OGCy,dg) — (RGC[1],6) is believed to be related to this embedding.

This chapter is based on joint work with M. Zivkovié¢ [6].

3.1 The hairy graph complex

The hairy graph complex (HGCg,6) is a version of Kontsevich Graph complex, where graphs
are allowed to have external legs, which we in this context call hairs.

Let HyGp, m be the set of connected graphs without univalent vertices, with vertices labeled
by [n], internal edges labeled by [m], and hairs labeled by [k]. That is connected graphs I' =
(Fr, Vr,Or,ur) in Gr, with flag set Fr = [m]y U [m]a U [k], vertex set Vr = [n], involution
ir = Ly Uidp), and ]81?1(1))| > 2 for all vertices v € V. The group Sggnk = Sp X Sppy X S§F xS,
acts on HyG,, ,, by permuting vertex labels, permuting edge labels, flipping the intrinsic direction

of internal edges, and permuting hair labels. That is
(Ua 71,72, U)(Frv VF7 8Fa LF) = (FFv VF7 oodro ((7-7 7-2)_1 U U_1)> LF), IS Sna

for all (11,72) € Sy, X S5, v € Sk.

Let
Hgray(n,m, k) := k(HgGnm)[d(n — 1) + (1 — d)m — k + 1],

and let

[L>1m>0k>1 Hgra,(n, m, k) ®gng ) (sgn,, @k ® sgn%@m ®sgn,) d odd,

HGCd =
{anl,mzo,kzl Hgra,(n, m, k) ®gng . (k ® sgn,, ®k @ sgny,) d even.

84



Remark 3.1.1. Here, we define the hairy graph complex HGC,; so that hairs have degree 1.
It is also possible (and required for some applications, for example in [7]) to define the graph
complex so that the hairs have other degrees. In our hairy graph complex HGC;, we do not
allow graphs without hairs, however, in some applications it may be more suitable to also include
hairless graphs.

The differential § is given by vertex splitting as in GC, minus the terms created where a
hairy vertex only has one adjacent internal edge. This means that § acts on each vertex with e
adjacent internal edges, and one adjacent hair, by

1 - Z =+ )
HF*/H\ S \I/~>\

——
J

where the dashed line represents the hair. On non-hairy vertices, § acts by

5 = > = :
L i, /%

~——
J

The sign is determined by giving the new edge the last edge label, while the lower of the two
vertices inherits the label of the split vertex, the upper vertex gets the last vertex label, and the
new edge is intrinsically oriented from the lower vertex to the upper vertex.

It was shown in [22] that HGC,; admits an extra differential y given by attaching a hair to

each vertex
AT AL

[e] [e]

where the sign is determined by giving the new hair the last hair label.

Proposition 3.1.2 (A. Khoroshkin, T. Willwacher, M. Zivkovié [22]). If we require graphs in
HGCy to have at least one hair, we get

H(HGCq, 6+ ) = H(GCy, 6).

3.1.1 A fixed source graph complex

To clear up some space for superscripts, let us denote the set of 1l-oriented graphs and the
1-oriented graph complex by OG and OGCj respectively That is

OGnm := Gp'y

n,m?
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and

0GC, == GOy,

For an oriented graph I', let wsource(I') be the number of source vertices in I'. Note that splitting
a vertex of I' cannot decrease the number of source vertices in I'. Hence, we obtain a filtration

F,(0GC,0) := ({I' € OGC : wyource(I') > p},0).
The associated graded complex

(0GC, §y) := (H F,0GC/F,410GC, 5)

p>1

admits a differential §y given by vertex splitting without creating source vertices. That is

J2
] n N
50>< . i%:& JUL A0, JUL #0,
L uly=[i] SRy 2
[Z] J1uJo=lj] 117é

for non-source vertices, and

Iz

i n N
50\/ = > i\/ , LI #0,

Ilulgz[i}

for source vertices. We will call the graph complex (OGCy,do) the fized source oriented graph
complex.

3.1.2 A map O0GCyy; — HGCy

In this section, we will create a map of graded vector spaces
D OGCd+1 — HGCd

Let O ¢tGnm C OGy,m be the set of oriented graphs with k source vertices and ¢ bi valent target
vertices. For a graph I' € Oy, ;Gp1+,m++, we define the hairy skeleton hs(I') to be the isomorphism
class of hairy graphs with n vertices, m internal edges and k hairs, obtained from I'" by:

1. Putting a hair on each source vertex.

2. Contracting each occurrence of bivalent target vertices —e<— into a single non-oriented
edge.
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3. Forgetting the orientation of all other edges.

For a graph I' € Oy, 1Gy,+¢m+t, the map @ is roughly defined as

o) :=

{hs(F) ift=m-n+k (3.3)

0 otherwise.

Unfortunately, (3.3) does not provide enough information to say that it is a well defined map
of graded vector spaces. In order to make a well defined map, let us compare the graded vector
spaces

0GCyy = H k(OGp m)[(d+1)(n—1) —dm]/(T — Sgnd+1(U)Ur)reogn,m),aegimv

n,m

d+1 d—i—l)

where sgng., 1 (01,02, 03) = (sgn(o1)4 sgn(o2)? sgn(os) , for

(Guy e, Te) € Sp X Sy x SF™ = 89

n,ms

and +*-

HGCy = H k(HeGnm)[d(n — 1) + (1 — d)m + k] /(I — Sgnd(T)Tr)rergmm),TegHg )

n,m,k
n,m,k

where sgn,(71, 72,73, 74) = sgn(ﬁ)dsgn(Tg)d“‘1 Sgn(Tg)dsgn(T4), for (m,72,73,74) € Sp X Sy X
SX™ x Sy, = SHY

n,m,k"
Let us first check that ® is of degree 0. Set t = m — n + k, we have that a graph I' €
OktGn+t,m+t = Ok m—n+kGm+k,2m—n+k is of degree

degT) =(d+1)(m+k—-1)—d2m—n+k)=d(n—1)+ (1 —d)m+ k = deg(®I),
which is what we need.

To properly define @, we will complete the following steps:

1. For t = m — n + k, we define a subset ok,tgw mat C Ok.tGn+t,m+t, called the model
enumerated graphs, such that each graph I' € O ;Gp+m++ is isomorphic to a graph I €

Or9,, tmage 1t can then be concluded that there is an isomorphism of vector spaces

Ok7tGCd+1 — H Ok,tgn%mﬁ[d(n — 1) + (1 - d)m + k‘]/ ~,

n—m=t—k

where ~ is the relation I' = sgny ;(o)ol for all T' € 6;;5 and o € Sa, where

n+t,m-+t
01,:GCg41 C OGCyqq is the sub vector space spanned by graphs in Oy, (Gpntt,m+¢, and SY

is the set of isomorphisms between graphs in Oy ;G St

2. We associate each graph I' € 6;;5 with a graph E;(F) € HiGn,m, of the isomor-

phism class hs(T).

n+t,m+t
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3. For any isomorphism o(: I'1 — T'g) € Sg, let 7 be the isomorphism of hairy graphs
7 : hs(I't) — hs(I'2). We will show that sgng, (0) = sgny(7). As a consequence we get a
map of graded vector spaces

[T 0Gnmld(n —1) + (1 — dym + k]/ ~— HGC,y.

n,m

We can then give a proper definition of ® : OGCyy1 — HGCy, by

0 otherwise.

where or is an isomorphism I' — IV for some arbitrary model enumerated graph I".

3.1.3 Counting sources

Lemma 3.1.3. Ift = m —n-+k, then each vertex of a graph I' € Oy, 1Gpit.m+t 5 either a source
verter, a bivalent target vertex, or it has a unique incoming edge.

Proof. Consider the graph « obtained from I' by removing each bivalent target vertex and its
adjacent edges. The graph ~ then contains n vertices and m — (m —n + k) = n — k edges. Such
a graph v must contain at least k separate connected components. Since < is oriented, each
connected component must contain at least 1 source vertex. As - contains precisely k source
vertices, we must have that + contains precisely k£ connected components 71, ..., 7, with 1 source
vertex each. Furthermore, v contains precisely k components if and only if each component 7;
is of genus 0 i.e. each 7; is a tree. Finally, we note that each tree 7; contains precisely 1 source
vertex if and only if all edges in 7; are directed outwards from the single source vertex. O

Let t = m —n + k, we say that a graph I' € Oy, ;G 4¢,m+¢ With k& source vertices is of model
enumeration if:

1. The source vertices occupy vertex labels 1, ..., k;

2. The bivalent target vertices occupy the last vertex labels, n +1,...,n +t;

3. The two adjacent edges to a bivalent target vertex n + i, are labeled m — t + ¢ and m + i.
4. The unique incoming edge to each vertex i € {k + 1,n} is labeled by 1.

5. The intrinsic orientation agrees with the orientation for all edges.

Let Ok,tgn_i_t,m
Op tGntt,m+¢ is isomorphic to a (several) model enumerated graph(s). Hence, step 1 is completed.

4 be the set of model enumerated graphs. It is clear that any graph in

For each graph I € 6;5 let ;LTS(I‘) € HyGn,m be the graph obtained from I' by:

n+t,m+t’
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1. Forgetting the orientation of the edges. (As the intrinsic orientation agrees with the
orientation for each edge of a graph in OG, the orientation is not really forgotten).

2. Attaching a hair labeled i to each vertex i =1,...,k

i
3. Contracting the edges m +1,...,m+1¢

i 1 m—t+1
m—t+1 ‘m m—+1 e Te.

N

This completes step 2. The following Lemma will complete step 3.

Lemma 3.1.4. Let I'1,I'y be two model enumerated graphs in Oy 1Gpitm+t, let o € SgH’mH be
a permutation that induces an isomorphism

o:1'y = Ty,
and let T € SHY be the permutation that induces an isomorphism
7 hs(T'1) — hs(Ty).
Then sgng, 1(o) = sgny(7).

Proof. We may write o = 01 0 09 0 03 0 04, where the permutation o1 € S; permutes the source

VY-% Y

The graded sign of such a permutation is given by sgn,,(co1) = sgn(o) and

Next, o9 € S; permutes the labels of bivalent target vetrices along with their adjacent edges.

e.g.
m—it4i m4i  m—t+j N\ mj m—t—&-jm m+j  m—t+i m+i
W ") ~ \" "
The graded sign of such a permutation is given by sgnd+1(02) = Sgn(ag)d+1(Sgn(02)d)2 =
sgn(og) 4t

Next, o3 € S;t swaps the labels of two edges adjacent to a bivalent target vertex. e.g.

m—t+i m-+41 m-41 m—t+i

«— +—> — n+1 je——
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The graded sign of such a permutation is given by sgng,; = sgn(o3)?.
Finally, o4 € S,,_; permutes the labels of the remaining vertices, along with the labels of

their adjacent ingoing edges

[e1 62] 61] [62]
J z’

)d+1

The graded sign of such a permutation is given by sgn(c4) = sgn(oy sgn(oy4)? = sgn(oy).

The associated isomorphisms 7 = 1y omo7m3074 : %(Fl) — }Az;(Fz) are given respectively by
a permutation 7y € S; that permutes the labels of the hairy vertices along with the hair labels.
e.g.

We get sgn, (1) = sgn(r)d+1 =sgng,(o1).

The permutation 7o € S; permutes the labels of the edges m —t+1,....,m

o#m .L). — .L). o%o
We get sgng (7o) = sgn(72)?! = sgny, 1 (02).
The permutation 73 € S;t swaps the intrinsic orientation of the edges m —t+1,...,m,

% %
0, 60

We get sgn,(73) = sgn(Tg)d =sgng, ((03).

Finally, 74 € S,,_; permutes the vertices k + 1,...,n along with the edges k +1,...,n, e.g.

[51] [eJ] [51 [51
We get sgn,(74) = sgn(74) = sgng, 1(o4). O
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Proposition 3.1.5. The map ® is a map of dg vector spaces
®: (0GCyy1,0) — (HGCy, 6 + x)

and

D : (OGCd+1,50) — (HGCd,5)

Proof. For source vertices, we have

Is I
—_— R
0 W - Y e = > * —i0 Y
I UI=[i] II‘_Ji‘]g[le] ! |

For vertices with 1 ingoing edge, we have

12 I2

<I>5Y=Zi<1> T + :5Y+X\T/.

IUJ€e]
[T]=1

For a vertex with 2 ingoing legs, we get

de_@

m 7

Here, the (—1)% sign comes from a swap of edge labels in the oriented graph complex OGCg, 1,
and the (—1)?~! sign comes from a swap of edge labels in HGC,.

Finally, for a vertex with three or more ingoing legs, it is clear that

(1]
—
o W —o.
AN
[j]

N~
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It follows that ®5 = (§ + x)®. As ® maps a graph with k sources to a hairy graph with
precisely k hairs, it is clear that we also have ®dg = §O. O

3.1.4 The map P is a quasi-isomorphism

Theorem 3.1.6. The maps
®: (0GCyq1,0) — (HGCy, 6 + x)

and

D : (OGCd+17 (50) — (HGCd, (5)
are quasi-tsomorphisms.

Remark 3.1.7. This is an alternative proof to the proof given in [6], where the dual complexes
are considered.

Proof. 1t is enough to show that
D : (OGCd_H, 50) — (HGCd, 5)

is a quasi-isomorphism, as it is the first page of a spectral sequence, it follows by the mapping
lemma for spectral sequences [49], that the first map is also an isomorphism. For a graph
I' € OGCy, count the weight of a vertex v € V(T') by

{Valence(v) if v is a source
w(v) ==

. . )
valence(v) —1  if v is not a source.

and take a filtration on the number of vertices with w(v) > 1. The differential dp¢ on the
associated graded complex (OGCy,do) := gr(OGC,dy) only creates bivalent target vertices.
Moreover, it fixes the hairy skeleton. Hence the associated graded complex splits

(0GC4y,0,0) = €P(Cy. d00),
Y

where the sum runs over all hairy graphs v, and C, is the sub-dg vector space spanned by graphs
I’ with hairy skeleton hs(I") = .

Each C, is a sub-dg vector space of a quotient of a tensor product

S'Y
(Cy,0,0) C (( X (De,5o,o)) /ny) ,
)

eeEinternal('y

where Dy, ., is the dg vector space spanned by substitutions of either
VW, VW O U —>e<— w;

to the edge e between two vertices v and w. The sub-dg vector space B, C ®D, consists of graphs
where at least one non-hairy vertex v € V(y) is a source vertex, and S, is the automorphism
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group of 7. The graphs not included in C are graphs with either a closed path, or where a
hairy vertex is not an internal source.

Let

(Cy,000) C ( X (D(v,w)750,0)> /By

(va)eEinternal (’Y)

__\S _
be the dg vector space such that (Cv> = C,. We need to show that each (C,do,) is one-
dimensional, with a cohomology class represented by any graph I' such that ®(I") = ~.
We note that if all vertices in 7 are hairy, then C, is one-dimensional, with the only legal

graph being

V—0<+— W

on all internal edges.

Suppose that H(C/) is one-dimensional for each graph 4’ with n — 1 non hairy vertices, and
let v be a graph with n non-hairy vertices. Pick an internal edge e = (v—w) € E(v), where v
is hairy and w is not hairy. Consider the map

ic : (Cyjes000) — (Cy,000)
G~ G®w—u).

This is a map of dg vector spaces since

50702'6(G) = 50’0G X (’U"’LU) +G & (1} >0 ’LU) = ’ie((SO,oG).

=0 as w is a source

We may take a filtration on C, and /e Dy the number of a —e<—b substitutions, on the
edges (a,b) € E(v) \ {e}. The associated graded complex grC, = (C., 80,0,0) splits

(Cy,0000) = P (Ec, 0000),
c

where the sum runs over all possible choices of substitutions
a—b,a+—b or a —e<b,
to the edges (a,b) € E(v) \ {e}, and
(Ec,00,00) C ((De,d0,0) ® G)/By

is the dg vector space spanned by the remaining possible substitutions to the edge e = (v, w).

Remark 3.1.8. With a possible choice of substitutions
a—b,a+—"b or a —e<b,

we mean a choice of substitutions such that there still exists an oriented graph I', with hs(I") =+,
that is obtained from ~ by substituting the edges (a,b) according to the choice of substitutions.
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For the dg vector space C, /., we get that

(6’7/67 50,0,0) = @(ElGa 0)7
G

where Ef, = k if w is a source vertex in G, and Ej, = 0 if w has an ingoing adjacent edge in G.
We need to show that each map
gr(ic) : B — Eg
is a quasi-isomorphism.
If w has an ingoing adjacent edge in GG, the dg vector space E¢ is spanned by the substitutions
(v—w), (v—e—w),

with dp (v —w) = (v—e<~—w). It is clear that this is acyclic, hence, H(gr(i.)) is the isomor-
phism 0 — 0.

Otherwise, if w is a source vertex in G, then the only allowed configuration in E¢ is (v — w)®

G = gr(ic)(G).

It follows that gr(i.) is a quasi-isomorphism. By the mapping lemma, we have that i, is a
quasi-isomorphism

ie : (é,y/e,(S()’()) — (67, 5070).

By our induction hypothesis, we get that H(C,) is one-dimensional for every hairy graph .
Also, for a hairy graph v with k hairs, n vertices and m edges, we get that the cohomology class
in C, is represented by any oriented graph I' € C, with m —n+k bivalent target vertices, which
are the graphs such that ®(I') = . This completes the proof.

O]

3.2 Application to ribbon graphs and the moduli space of curves
with punctures

In this section, we will follow [42] in order to define the ribbon graph complex (RGC, 0+ A;), as
well as the map F : (OGCy,d) — (RGCI1],d + A;). This will allow us to make the observation

that @ is also a map of dg vector spaces

F : (0GC1,8) — (RGC[1], ).

3.2.1 Ribbon Graphs

Definition 3.2.1. A ribbon graph I' is a triple (Fr, tr, or), where Fr is a finite set, 1 : Fr — Fy
18 an tnvolution with no fired points, i.e.

L%:ida LF(f) #f )

for every f € Fr, and or : Fr — Fr is a bijection.
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As in ordinary graphs, the elements of Fr are called flags or half edges. The orbits of the
involution «p are called edges, and the set of all edges will be denoted by E(T"). The vertices of
a ribbon graph I' are orbits of the permutation or, and the set of all vertices will be denoted by
V(D).

Definition 3.2.2. We say that a cyclic ordering on a finite set A is a Z | := Z/|A|Z action on
A with precisely 1 orbit.

The difference between an ordinary graph and a ribbon graph is that each vertex in a ribbon
graph is equipped with a cyclic ordering of its adjacent (half) edges, given by f + 1 = opf.

We may draw a picture of a ribbon graph I' in the following way:

1. For each vertex (iyia...ix) € V(I'), draw a dot with clockwise ordered lines labeled by
i1, 12, ...1 connected to the dot

(ilig - ’Lk) <~

2. For each edge (iqip) € E(I'), connect the lines labeled by i, and 4.

Two very basic examples of ribbon graphs are
L 12
({1,2},(12), (1)(2) =e—=  ({1,2},(12),(12)) = @ .
We call the orbits of the permutation o Lo up boundaries of T', and we denote the set of

boundaries by B(T"). For example, the ribbon graph

1 2
*——o

has one boundary (12), while the ribbon graph

12

-

has two boundaries, (1) and (2).

3.2.2 A properad of ribbon graphs

Let rgra,, ,,, ;. be the set of ribbon graphs with vertex set labeled by [n], boundary set labeled
by [m] and edge set labeled by [k]. That is the set of ribbon graphs

I = ([F] U [K], ek, o1),
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where ¢, is the natural involution on [k] U [k], together with bijections vr : [n] — V(T'), br :
[m] — B(T"). Here, the edge labeled by i € [k] is the pair (i1,42), ¢ = i1 € [kK]UD, i =iy € DU [K].
We say that the edge (i1,1i2) is intrinsically oriented from iy to is.

The group P = S X SQX’C acts naturally on rgra,, ,,, , by permuting edges and flipping the
intrinsic orientation. Let RGrag(n, m) be the vector space

P
[iso (K(rera, ) @ sen,) * [k(1—d)]  d even

RGrag(n,m) := '\ P
[iso (k(rara, ) @ sens®) " k(1 = )] d odd.

Remark 3.2.3. By RGra without a subscript, we shall mean RGra := RGrag, i.e. edges have
degree 1.

The space
RGrag := @ RGrag(n,m)

n,m>1

is an S-bimodule, where S,, acts on RGray(n,m) by permuting vertex labels, and S,, acts on
RGrag(n,m) by permuting boundary labels.

In order to define the properadic composition maps o : RGrag ® RGray — RGrag, we have
to make a few definitions.

Definition 3.2.4. Let A and B be two finite sets with cyclic orderings. We say that an ordered
A-partition p of B is a partition
|_| Pa = B,

a€A

where each
pa={bL,....bF} c B

is ordered with
, bitl i<k
%+1:{; ! S _
boyr @=Fk, wherer =min{j € Z[j > 1,pay; # 0}.
We denote the set of all ordered A-partitions of B by P(A, B).

Definition 3.2.5. Let I' = (F,¢,0) be a ribbon graph, and let v € V(I'), b € B(I') such that
vNb=0. Then, for each ordered partition p € P(b,v), we define the p-grafted ribbon graph

opl’ = (F7 Ly Opa)v
by letting opo be the unique permutation such that:
1. 0p0|p\(wub) = T1F\(vL)-
2. For each j € b

() — JTInP; pj # 0,
”"(")_{o<j> by =0
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3. for each i € p;
0,0 (i) = {0(2') i # max pj,

o(j) 1= maxp;.

For two ribbon graphs I'y = (Fi,t1,01) and Ty = (Fs,19,02), v € V(I'1), b € B(I'2), and
p € P(b,v), we set
I op Iy = (F1 U Fo, e Ueg, Op(Ul L 0'2)) .

A picture of the ribbon graph o,I' is obtained from a picture of the ribbon graph I' by
removing the vertex v and reconnecting its adjacent edges to the corners of the boundary b
according to the partition p.

Lemma 3.2.6. There is a bijection of vertices
pv - V() \{v} = V(o)
and a bijection of boundaries
ps : B(I')\ {0} = B(o,I),
such that v C py (V') and b C pp(V') for every v’ € V(I') \ {v} and b’ € B(T) \ {b}.

Furthermore, if v N'b = () we have equality v' = py(v'). Similarly if v N = (), we have
b =pp(b).

Proof. Pick a boundary &' € B(T')\ {b}, and a flag 5’ € V/. Suppose that (o,0)~1e(j") # o~ 1u(5').
Then we must have «(j') = o(j) or «(j') = minp; for some j € b. The first case implies
that o~ '.(j') € b and, therefore, we get j/ € b, which contradicts our choice of j'. If +(j') =
min p;, then (o,0)~1(j’) € b. Furthermore, for r = 1,2,3, ..., we have that ((o,0)~1:)"(j') =
(c=t)"(5') € b until t(o=1)""L(j") = o(j), in which case t(opo™ )" (') = o7 1u(j'). Tt follows
that b’ is a subset of the orbit of ¢(c,071¢)"(j’). Thus, we may define the map

pp : B(T) \ {v} = B(opl),

by setting pa(b') to be the (o,0) 1 orbit of any j' € ¥'. From the arguments above, it follows
that po is injective and b C po(d'). Finally, we note that for any j € b, there must exist an
r > 1, such that ¢(o,07 )" (j) ¢ b. Hence, po must also be surjective.

If vN b =0, then it is clear from the construction that b’ = pp (V).

Similarly, we can define
pv : V(D) \ {v} = V(opI)

by setting py (v’) to be the opo orbit of any i € v'. By the same arguments as above, we get
that py is well defined, bijective, and v' C py (v'). O

This lemma implies that, for mutually disjoint v1,ve € V(I'), by,by € B(T'), and partitions
p1 € P(b1,v1), p2 € P(b2,v2), we may define

Opy pa L 1= 0py (0, ).
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It is clear that we have
OPLPZF = Opy (OPIF) = Op; (OPQF) = OP27P1F' (3'5)

For each k < mq,n9, we define the properadic composition maps

o : RGrag(ni,m1) ® RGrag(na,ma) — RGrag(ny +ng — k,mi +ma — k),

mo—k—+1,....,m2

1mi—loo
o N\
12 mi1 12 m2 '\/\ k s 12 mi+ma—k
N N = N
I X I's — ry L —  Tioil
27N 77N ST N S~ — 77N
12 12 na m—kﬂ,---,nz 12 nitno—k
composing the boundaries m; — k +1,...,my of I'y to the vertices 1,...,k of I's, by

k
Fl O Fz = H ( Z Op(rl L FQ)) .

=1 pEP(bpl (nl—k+i),vp2 (4))
The element I'y of I's is the sum of all graphs obtained from I'y and I's by:

1. Removing each vertex 1,...,k from I's.

2. For each ¢ € [k], reconnecting each half edge in vr, (7) to a corner of the boundary br, (m; —
k + i), respecting the cyclic orientations.

Proposition 3.2.7 ([42]). The composition maps oe : RGrag ® RGra; — RGra, defines a
prop(erad) structure on RGrag.

Proof. It follows by Lemma 3.2.6 and (3.5) that the maps are well defined and well behaved. [

Proposition 3.2.8 ([42]). There is a map of properads
S L7€\Bd7d — RGray

given by

/1\2H@i@’ Y ~ 8 ’

Remark 3.2.9. The map s factors through the prop of involutive Lie bialgebras @Z,d which is
generated by the corollas (1.3) modulo the relations (2.3),(2.4), (2.5) plus the additional relation

é: 0. (3.6)

f

1
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3.2.3 The ribbon graph complex RGC
We define the ribbon graph complex (RGCgy, 0 + Aq) to be the deformation complex
——= T so
(RGCg,6 + A1) := Def(hoLieB, ; = RGray),
— — —

where p is the natural projection p : holieB; ; — LieBg 4, and s is the map LieB;s4 — RGrag
from Proposition 3.2.8. As a graded vector space, we have that

SnXSm,

RGCy = H (RGrad(n, m)[d(n+m —2)] ® sgnim) :

nm>1

is spanned by ribbon graphs in RGrag (co)invariant under the actions of permuting vertices and
boundaries.

The differentials § + A acts on a ribbon graph I with n vertices and m boundaries by

12 m 12
R n .
1 r - Z )
VAN i—1
12 n 12 .
i
where
m+1
i ' i m+1 i
AT Y
i (m+1) i

In words, the first part of the differential, §, splits vertices in a way that respects the cyclic
ordering. The other part of the differential, Ay, adds an edge between each pair of corners of
each boundary.
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3.2.4 The map F: OGC; — RGC][]]

The map
—%1 id —mt
F : OGC; — Def(hoLieBy o * hoLieByo)[1]
from Theorem 2.2.5, first defined in [43], may be extended to a map

F': OGC; — Def(hoLieBy , ¥ RGra)[1],

by setting F(I') := f opo (F(T)).

We note that F maps a graph in I' € OGC; with n sources and m targets to a sum of ribbon
graphs with n vertices and m boundaries. Hence, F' maps a graph I with m target vertices to a
sum of ribbon graphs with m boundaries. We may take a filtration on RGC(:= RGCy) by the
number of boundaries, and a filtration on OGC; by the number of target vertices. Then

gr(RGCI1],d + A1) = (RGC[1],9),

and

gr(0GCy,d) = (0GCy, ),

where ! is the part of the differential that preserves the number of target vertices. It is clear
that the map ® in Theorem 3.1.6 has an analogue, say ¥ : (OGCy, 65) — HGCy, which is also a
quasi-isomorphism. As F maps a graph with m target vertices to a sum of ribbon graphs with
precisely m boundaries, we get that

grF : gr(0GCy,8) — gr(RGC[1],6 + A1)
is given by the same map of vector spaces
F : (0GCy,d) — (RGCI1],6).
We have now established both maps mentioned in Corollary 3.0.2.

Theorem 3.2.10. We have a zig-zag of morphisms
(HGCy, 0) + (OGCy, d4) — (RGCI1],0),

where the left map is a quasi-isomorphism.
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Chapter 4

A family of exotic automorphisms of
polyvector fields

Introduction

In this chapter, we find a new application of the remarkable theory of differential forms with
logarithmic singularities developed by A. Alekseev, C. A. Rossi, C. Torossian and T. Willwacher
in [3]. That theory originated from M. Kontsevich’s claim in [25], that his famous formality
map introduced in [26] is also valid (i.e. all integrals converge) if one uses a propagator with
logarithmic singularities on the collapsing strata of compactified configuration spaces. The
reasons for that convergence were not clear until the authors of [3] proved a new version of
Stokes” Theorem for differential forms with singularities of certain type at the boundary, called
the reqularized Stokes’ Theorem.

In this chapter, we construct a (regularized) De Rham field theory on the configuration space
model for the 2-colored operad of Lie co-morphisms, using a two parametric propagator with
logarithmic singularities

£ 1-t¢ zi — 2; t %— %
A= =l — Ldlog (—ZE )t AeR, A 4.1
Y6 T o Og(1+>\|zi—zjy> ori Og<1+)\\zi—zj|>’ AER, A>0,  (41)

(using a propagator which is smooth everywhere can only give a homotopy trivial theory). We
use to construct an explicit two parametric family of exotic Lie co-automorphisms of Schouten-
Nijenhuis Lie algebra of polyvector fields on an arbitrary affine space

FA Tpoly(Rd) ~ poly(Rd)-

. £ . . o
The derivative agt +—0 contains as summands of linear combinations of graphs of the form

A\ T (4.2)




¢(2n+1)
(27r)(2n+1)

up to a non-zero rational factor [45], [19], [40]. These linear combinations of graphs represent
non-trivial cohomology classes in H(GCs) = grt,.

where the coefficients B2,,11, n > 1 of the wheel-type summands are equal to zeta values

4.1 Prerequisites

4.1.1 Morphism operads

In this chapter we will use a type of operads called morphism operads [29]. Using the framework
of [8], and Chapter 1, we may define morphism operads as follows.

Let 7°° denote the category of trees generated by corollas

TSPy
A A A

t2 o # p>0,n>0,g>0,

where a dashed outgoing leg may only be grafted to a dashed incoming leg, and a solid outgoing
leg may only be grafted to a solid ingoing leg. Furthermore, we require all ingoing external legs
of a tree to be either dashed or solid. A morphism operad is then a prop

(737, 1) = (P, ®).

We shall denote the set of all e vertices with solid edges by V2 (T'), the set of all e vertices
with dashed edges by V7 (T'), the set of all e vertices by V*(T') = V?(T') U VL (T), and the set
of all o vertices (with solid inputs and a dashed output) by V°(T).

A morphism operad P consists of three S-modules,
P = (fpout’ :Pmor’ Pzn)
together with composition maps

@ P (Jin(v)]) — P

veVp

for all trees T' with dashed edges,

&) P (Jin(v)]) — P

veEVP

For all trees T with solid edges,

® ’POUt(‘Z'TL(U)D(X) ® Pmor(“n(v)‘) ® 'Pm(|in(’u)|)®—>’POUt,

veEVRH veVror vevin

For all trees T' with solid ingoing legs, and a dashed outgoing leg.
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Example 4.1.1. For two vector spaces A and B
End4 := (Endp, End4, End ),
where Endg(n) := hom(A®", B), is a morphism operad.

Example 4.1.2. As there is an forgetful functor 7°°* — 7T, any operad P ’restricts” to a
morphism operad (P,P,P), where we simply do not allow composition if it goes against the
colors.

An algebra over a morphism operad is a representation
O : (Pout, pmer Pty  (Endp, Endg, Endy).
That is a P"-algebra structure on A, a P°“!-algebra on B, and some sense of morphisms
O™ () : AP — B,

for each p,, € P,

For a triple of S-modules (E°%, E™°" E), we denote the free morphism over E°U4t Emer  pin
by A
J—_-(Eout’ Emor’Ezn)’
i.e. the morphism operad with the universal property, for any triple of S-module morphisms f
there exists a morphism operad morphism f, such that the following diagram commutes

(Eout’ Emor’ Ein)

S
]:(Eout’Emorinn) 3]; B

The underlying (triple of) S-module(s) of F(E°% E™°" E™) is the vector space of all trees
generated by the corollas in (4.3), where the vertices are decorated by elements in E°%, E™mer | Ein
respectively, and the S action is permuting the labels of the leaves. The composition maps are
given by gluing roots to leaves.

4.1.2 The operad of Lie co-morphisms
Consider the triple of S-modules £; = (€4, € [—1], Eq), where &; and £ are the S-modules that

generate holiegy and hoLie;; respectively. The free morphism operad F(&,) is spanned by trees
generated by skew symmetric corollas

)\ = sgn(o)? )\ , n>2

1 2 n o(1)o(2)  o(n)
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and

for all o € S;,. The morphism operad governing Lie co-morphisms is the quasi-free morphism
operad

Mor(holieg) := (F(Ea, €5 1], Ea), 5),

where ¢ acts as the holiey differential on the corollas /K and 2 , while

N

o /ﬁ\ =

12

+Z Z sgn(B1, Ba, ..., By)? ,);\

k>1 BiUBgU...UBg=[n] e A
inf B; <inf B; e ;e S
S— N——
B1 By By

The morphism operad Mor(hoLie;) governs co-morphisms of holLieg-algebras, as defined in e.g.
[29]. That is, representations
p 2 Mor(hoLieg) — End§

corresponds to a holiey structure on A given by

[a1,a9,...,a,) :=p )\ (a1 ®az®...® ay),

12 n
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a holiey structure on B given by
[bl,bg,...,bn]::,u ﬁ (b1®b2®®bn),

and a Lie co-morphism f : A ~~ B given by

folar,ag, ... an) == p /\ (a1 ®a2®...R ay).

19 n

4.1.3 Homotopy between co-morphisms

In this section we will explain what we mean by exotic Lie oco-morphisms.

Consider the dg vector space kl[t,dt] of polynomial differential forms with the De Rham
differential
af(t)

d(f(6) + g(t)de) = 5 .

where |dt| is set to be 1 or —1 depending if we consider cohomological or homological grading,
and dtdt = 0.

For any dg vector space A, we have a natural inclusion

i:A — A®kltd]
a — a®l,

and a projection for every tg € k

Evaly, : A®kft,dt] — A
a® (f(t) +g(t)dt) —  f(to)a.

Lemma 4.1.3. There is an injective morphism of dg operads

t:Endy — EndA®1k[t,dt}

by
(f: AP = A) — <f: (A @kt, dt])®" — A®" @ kt, dt]*" "Z" A @ k(t, dt]) :

where m is multiplication of the poly differential forms.

Proof. The map respects composition since m is associative. Also, it commutes with the differ-
ential, since m is a (co)cycle in Endy 44 O
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By this lemma, any algebra structure on A extends to an algebra structure on A ® k[t, dt]
by
wlar @ wi, ..., an Qwy) = tu(ag, ... an) @ wi -« wp,
where the sign is determined by the sign rules of graded vector spaces. Furthermore, the maps
¢ and Eval;, are algebra morphisms.

Definition 4.1.4 ([13]). Let g and b be two hoLie algebras. Then two oo-morphisms f, f' : g~ b
are said to be homotopy equivalent if there exists an co-morphism H : g ~~ b @Kk[t, dt] such that

f = EvalgoH,

f' = Eval; oH.

We say that an exotic automorphism F : g ~» g is a Lie oo-morphism that is not homotopy
equivalent to the identity.

4.1.4 Graphs acting on polyvector fields

Let

T;gl)y = ]k[xl, N S PR o

where |z¢] = 0 and |¢;| = 1, be the graded vector space of polyvector fields. Graphs I' € Grag(m)

act on T;E:l)y by

F(’yl,...,’ym):mult( H (i 0.9 + 0 a.>(’71®...®’)’m)>7

k ] k )
(BT \k=1 9%() 36;‘5) Oz 852)

o)
ox ](CZ

0

where the notation Dk
T

means applying to the i-th component of 1 ® ... ® vy,.

)

From this action, we get an holie-structure on T;Z)y for every MC-element in fGCy. In

particular, the graph ®—e induces the Schouten—Nijenhuis bracket

[ ]: — 8’71 672 %8’)/2
TR L i g T 08 oat

We have a canonical map of dg Lie algebras

fGCy = Def(hoLiej — Grag) — Def(hoLiej — Endr,,, ) = CE(T() T\ )

for any n. In particular, H°(fGCy) = grt is mapped into the zero-th cohomology group of
the Chevalley-Eilenberg complex CE(T(n) 7"

poly’ = poly
isomorphism in the stable limit n — oo.

). This map is proven in [50] to be a quasi-
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4.1.5 A colored graph complex

Just as any operad, Grag extends to a morphism operad
Cra := (Grag", Gra7"", Grall").
Consider the deformation complex

Def(Mor(hoLies) RN Grag).

MC-elements in Def(Mor(hoLies ) RN Grag) corresponds to morphisms of operads

Mor(holie] ) — Gras.

As the operad Grag acts on polyvector fields, MC-elements in Def(Mor(hoLies ) RN Grag) are

also morphisms of operads

Mor(hoLie]) — End {77,

poly

in particular, MC-elements on the form (e—e, F e—e) c Def(Mor(hoLie;) 2 Grag), where

F = e 4 graphs with more vertices,

corresponds to oco-automorphisms of T;Zl)y with the Schouten—Nijenhuis bracket.

That is sums of graphs F = e 4 F>1 such that

1
0F>1 — = =0
= 2@@ ’
where ¢ is the vertex splitting differential and @@ is the sum of graphs obtained by

adding an edge between graphs in F>i.

Furthermore, if > consists of 1-vertex irreducible graphs (that is graphs such that removing
a vertex will not disconnect the graph), we must have separately that

2108

0F>1 =0,

and

i.e. F>1 is a graph cocycle. For F>1 to be homotopy equivalent to the identity map, this cycle
must be a coboundary. We shall see below that our explicit map F>1 is not a coboundary as it
contains all odd wheel graphs so that our map can not homotopy trivial.
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4.1.6 The Dual Co-operad of graphs
Since Grag(n) is finite dimensional in each degree (for d > 2), there exists a dual co-operad
®4(n) := Hom(Gragy(n), k), where each ®4(n) = Grag(n) as vector spaces.

Here, we identify the graph I'" € Gi(n) with the linear map fr : Grag(n) — k by

1 =T

0 otherwise,

fr(’) == {

The cocomposition map, for a tree T' € T with n leaves

Ar:®n) — & (In(v)),
veV(T)

(by fr — fr(Grag(conr)—)) is the map

I'— (_1)0F’T ® Fv/{Fw}wEIn(v)7
veV(T)

where I', C I" is the sub-graph that contains all vertices associated with leaves of T that are
ancestors to v.

Similarly we have a morphism cooperad
& := Hom(Gra, k) = (&%, ¢ &),

Lemma 4.1.5. Let P be a morphism operad, and let P* be its dual cooperad. Then given a
morphism of cooperads

F:6 - P

we get a morphism of operads

P Gra

poe > FI)(T,
T

i

where the sum runs over all isomorphism classes of graphs T.

In the following sections our efforts will go to constructing a morphism of co-operads
& — Mor(hoLies)®,

whose dual morphism of operads will induce an exotic automorphism of polyvector fields.
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4.2 Operads of compactified configuration spaces

In this section, we follow [37] to construct two topological operads C := (C,,)n>2 and
€ := (Cp, €, Co)p2anz1,422,
such that R
FChains(C) = holiea,

and R
FChains(€) = Mor(hoLiez).

4.2.1 The fundamental chains

Let C := {C}} be an operad in the category of smooth manifolds with corners, which satisfies
the following conditions:

1. Each C_'p is a compact oriented manifold.
2. C is free as an operad in the category of sets C' = F(C).
3. The S-space C := {C}}, of generators is given by C,, := C,, \ 9C,.

4. Each manifold C’p is canonically stratified

Co= || Cr
TET,

as sets, where Cr := HveV(T) Clrn(v)|- The inclusion map Cr < C_'p is assumed to be
smooth.

The Fundamental chains of C

FChains(C) C Chains(C)

is an operad in the category of dg vector spaces, where FChainsy(C)(n) is spanned by pairs
(Cr,or), where T is a tree with n leaves, dim(Cr) = d, and or is a orientation on Cr, with the
relation

(Cr,or) = —(Crp, orPP).

By the conditions above, FChains(C') admits the structure of a graded free operad. Fur-
thermore, we get a differential

0 : FChainsg(C) — FChainsq—1(C)

by mapping a d dimensional component Cp to its (d — 1)-dimensional boundary dCp. The
differential will have the structure

d(Cnyor)y= > (Cr,orp),

Teﬁi)ounda'ry
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for some family of trees 7°°%"4e™y < T and ory is the induced orientation on the boundary
component Cr.

For simplicity, we will assume a standard orientation for each Cr and write

aC, = Y (-1)7Cr,

TE,TTIL)ounda'ry

where the sign is negative if the induced orientation is opposite to the standard orientation.

4.2.2 A Model for holie,

For any finite subset A C Z,, we define
Confa(C) :={A — C}

to be the space of all injective maps A — C, and

Conf 4(C) :={A — C}

be the space of all maps A — C.

The 3-dimensional Lie group Rt x C acts freely on Confa(C) (JA| > 2) by scaling and
translating. We define
Cy = Conf(C)/(RT x C)

and o
Ca = Conf,(C)/(RT x C).

For any B C A, we have a natural map np : C4 — Cp, by restriction.

A topological compactification C4 of C4 can be defined as the closure of the composition

CAM) H CB‘—> II C~'B. (4.4)
BCA BCA
|B[>2 |B|>2

The compactified space C 4 admits a boundary component
Ca/p xCp

for each subset B C A, |B| > 2, corresponding to the limit configurations where the points in
B collapse to a single point. This is included into C'4 by the map

CA/B x Cp E) H CB/,

B/CA
|B|>2

where ¢p is the composition
CA/B X CB —» CB E) CB’,

110



if B C B, and
CA/B X CB —» CA/B —Z—> 6,4 E) CN'B/7
otherwise. Here, 7 is the natural lift i(z) : A — A/B — C.

Similarly, C4/p x Cp admits boundary components in Ca corresponding to the limit config-
urations where points in Cy,p or Cp collapse. We get that C,, admits canonical stratification

én: |_| CT7
TeTn

where C7 := [[yev (1) C(v) is @ boundary component of co-dimension [V/(T')|.

Proposition 4.2.1. [17] The fundamental chain operad of fChains(CA’) s a quasi-free operad
isomorphic to hoLies.

Proof. The underlying S-module of F C’hains(CA‘) is generated by

s

12 P peo

where dim C}, = 2p — 3. The 2p — 4 dimensional boundary components of C,, consist of config-
urations where a group of points A has collapsed. Hence,

/I\ (4.5)
Q%L”% LS
"]\A/ )
~—~——
A
This coincides precisely with the holies operad. O

Remark 4.2.2. If we compactify C(R?) := Conf(R%)/(R* x R?) the analogous way we get

hoLieg d > 2

FChains(C(RY)) = {A i

4.2.3 A Model for Mor(holLie,)

Consider the space €4 := Conf4(C)/C, where C acts on Confa(C) by translation. For B C A,
there is again a natural projection g : €4 — €p by forgetting the points that are not in A. We
also have an isomorphism

Y€y S Cpx(0,+00)

(21, y2n) <zl,..., Z!zz ),
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where ((z) = Y_i_; % is the "center of mass” of the configuration.

A topological compactification EA of €4 is defined to be the closure of the composition

v ~
€y rﬁf II s H—> II C% x (0,400) = ] C¥ x [0, +ox]. (4.6)
BCA BCA BCln|
|B|>2 |B|>2 |A[>2

We get one codimension 1 boundary component of ¢, for each colored tree

TBt-Br = ER (4.7)

[TL]\A B1 BQ B3

|A| > 2, and By U...U B = [n] and inf B; < inf B;4;.

The component
Q:TA = Q:[n}/A x Cy

corresponds to the limit configurations where the points in A collapse. This is included into ¢,
by

Q:[n]/A X CA - CA M} éB’ X [0,00]
if B C A, and
T /Owoi ~
Crupja X Ca = Cppya —L—— Cp % [0, 00)
otherwise.

The component

corresponds to the limit configurations where each set of points B;, B; goes infinitely far away
from each other. This is included into €, by

Pom gy

C[n]/Bll_l...uBk X H Cp, — ¢Bj B 5’3/ x [0, o0]
1<i<k
if B’ - Bj, and
(mgroi,00)
Chypio.up, % 11 €8 = Chypin.up, ——— Cpr x [0,00]

1<i<k

otherwise.
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This extends to a boundary component

Cr = H Cln(v) X H Q:In(v) X H CIH(U) - ana

veV2(T) veVe(T) veVy (T)

of co-dimension |V°(T')|, for each tree T' € T,0°.
We define
¢:=(C,¢,0)
to be the morphism operad in the category of smooth manifolds with corners, with the natural
smooth composition maps

¢p = &,, foreach T € T2°.

Theorem 4.2.3 (S. Merkulov [37]). The fundamental chain operad FChains(&,) is a quasi-free
morphism operad isomorphic to Mor(hoLies).

Proof. We have that

Cp n Cp g>2n>1,p>2,

and the differential on C),, C;; coincides with the holies differential. Furthermore, &, is of degree
2n — 2, and according to (4.7) we have

R N vt

#A>2 ———

A
!
A
n -7 7~ -
+ > 4 e (4.8)
5 pietiun // W \ DN
N
32 By,
which coincides with the Mor(hoLies) operad. O

Remark 4.2.4. If we compactify Conf(R%)/R? the analogous way, we get
FChains(€4(R)) = Mor(hoLiey).

for d > 2, and R
FChains(Ce(R)) = Mor(hoAssy).
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4.2.4 De Rham field theories

Given an operad C' in the category of smooth manifolds with corners, such that the fundamental

chains are well defined. The De Rham complex Q°(C) turns into a dg cooperad, where the co-
composition map A7 is given by restricting a differential form to the boundary component
associated to the tree T’

A Q.(é) — Q.(C'T) = ® Q.<éln(v))
veV(T)
w = Wl

By Stokes’ formula, we get a morphism of dg cooperads

Ar:Q*(C) — FChains(C)*

w»—>/w.

Definition 4.2.5. A &-De Rham field theory is a morphism of dg cooperads

Q1 (8,0) = (2°(C), d),
where & is the dual of some (colored) operad of graphs.

Proposition 4.2.6. Assume that & acts on a (dg)-vector space X. Then, a De Rham field

theory Q : & — Q°*(C) induces a FChains(C)-algebra on X, by

Co(1 @+ @ xp) 1= Y (/ Q(F)) [(z1® - @ xy) (4.9)

I_‘ n
Proof. We obtain the formula by applying Lemma 4.1.5 to the map

62 Q°*(C) —— FChains(C) .

4.3 Regularized De Rham field theories

In this section we follow A. Alekseev, C. A. Rossi, C. Torossian and T. Willwacher [3] to establish
a version of Stokes’ formula that allows certain well behaved singularities at the boundary.
Furthermore, we construct a cooperad of differential forms on a smooth manifold with corners,
that may have these well behaved singularities.
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4.3.1 Trees as nested families

A nested family of sets is a collection of sets {A;}ier, where for all 4, j € I, we either have
AiﬁAj:Ai, AiﬂAj:Aj, OI‘AZ‘DAJ‘:@.

In the following sections, it shall be useful to identify a tree T' with a nested family {v},cv (1),
where we identify the vertex v with a subset of the external legs (often called leaves) of the tree,
consisting of all leaves 7 that are connected to v by a directed path.

For two trees 17,15, we say that 17 > T if there exists a morphism of graphs Tb — T7.

4.3.2 Regularized Stokes Formula

Let K be a smooth compact manifold with corners covered by a system chart {Ur}re7, where
each Ur locally diffeomorphic to Réo x Rk, Further assume that T is a partially ordered set
such that:

1. Up, NUp, = 0 unless 71 > Ty or Ty > T3.

2. There exists a non-vanishing multi-vector field & on each chart Ur, which satisfies the
compatibility condition
&rlvpnuy = &0 NE lupnu,

for some multi-vector field &', whenever 7" < T.
3. K admits a partition of unity {pr}rer, subordinate to {Ur}reT, such that
U&)dpr = 0, (4.10)
for the vector fields &,, such that &7 = A, €.

Remark 4.3.1. In our application of this, the partially ordered set T will be some sort of trees
T =T, or ¥ =7T% and we will have one vector field &, for each vertex of T

Remark 4.3.2. In [3], 2 and 3 are given as the conditions of the following Lemma.
Lemma 4.3.3. Let {Ur}reT be a system of charts that satisfies 1.

Assume that each Ur carries a free torus action f : Trx K — K, that preserves the boundary
components. If T > T" we have an injective group homomorphism

Tr — TT/

such that the natural inclusions
UrNUpr < Up

are Tr-equivariant. Then, the fundamental vector fields &, of the circles S} C Tt gives non-

vanishing multi-vector fields
dim T

fT: /\ 51)7
v=1

that satisfy 2. Furthermore, if each pr is Tp invariant, then {pr}reT satisfy 3.
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Definition 4.3.4. Let £ be a multi-vector field and o be a differential form on some topological
space X. We say that « is {-basic if 1()a =0 and 1(§)da = 0.

Definition 4.3.5. Let w € QUME-1(K \ OK). We say that w is regularizable if for every
Ur, there exists a §r-basic form ar, called a counter term, such that w — ag is reqular on the
boundary OC N Ur. The regularized form Reg(w) € Q*(0K) is the top degree form

Reg(w)|oxnuy = (W — ar)|axnu,-

Proposition 4.3.6. The regularization is well defined, i.e. it does not depend on the chart, nor
the choice of counter terms.

Proof. Let oy, as be two different counter terms for w in Up, and Up, respectively. Then a3 :=
(e —a1) = (w—a1) — (w—a2) is a & npy-basic form on U, NUp, that restricts to a regular top
degree on form the boundary 9(Ur, N Ur,). Since the operator npynr, A t(§ry Ty, ) is the identity
on top degree forms, we have that

a3|3(UT1 ﬂUTQ) = A L(g)a3|8(UTlﬂUT2) = 07
which means that
(w - al)‘a(UTlﬂUT2) = (w - a2)’3(UT1ﬁUT2) = Reg(w)
L]

Theorem 4.3.7 (Regularized Stokes’ Theorem; A.Alekseev, C.A. Rossi, C. Torossian, T.
Willwacher [3]). Let w € QP~YK \ 0K) be a regularizable differential form. Then, dw is

regular on the boundary and
/ dw = Reg(w).
K oK

Proof. Since dfQ is a top degree form in the interior of K, we have that

dwluy, = nr A u(&r)dwlu, =nr A uér)dw — ar)luy = dw — ar)|uy,
for each chart Up. Since w — ap is regular on the boundary, d(w — ar) = dw is too.

Now, we have

0K

=¥ |, dtorte - an) =¥ [ dtore) = [ i3 pres) = /. .

where we used (4.10) to conclude that

Reg(w Z /a . pr Reg(w Z / (pr Reg(w)) =

d(prar) = nr A u(ér)(dpr N ar + prdar) = 0.
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4.3.3 A cooperad of regularizable differential forms

Let C := {C_'k} be an operad in the category of smooth manifolds with corners, which satisfies
the conditions of Section 4.2.1, so that the fundamental chains FChains(C') are well defined.

Furthermore, we assume that C), is covered by charts {Ur}reT,, as in the previous section.
Also, assume that each boundary component Cr is covered by {Uzs,p := Up N Cr}p<r, and
we have multi-vector fields {7+ /7, such that

§rr =& Ny (4.11)
on each chart U /7.

Remark 4.3.8. Here, we see {1 as a multi-vector field defined on Uz < Urs (not just Ur).

We also fix a choice of dual forms 7y, such that ¢({7)nr = 1 with the compatibility condition

nrr = nr Anpyrlug. (4.12)
for each subtree T of T".
Definition 4.3.9. We denote by Q.. (Cy) the sub-dg vector space of Q*(Cy,) consisting of dif-

reg

ferential forms w on C, such that, for each T € Ty,;

nr Auér)w  and  nr A u(ér)dw

are regular on the boundary component OrCy, N Ur, and

nr N L(gT)dwlaTcn =d (T)T AN L(fT)w‘aTon) . (4.13)

Furthermore, if w is a top—1 degree form, we require w to be reqularizable.

It is evident that Q7. (Cy) is indeed a sub-dg vector space of Q*(Cy,). Since nr A 1(ér)w is

the identity on top degree forms, we have that QL% (C,) = Q'P(C,). In Q%~1(C},) we have
that all forms must satisfy

nr A u(ér)dwlarc, = d(nr A uér)wlayc,) (= 0)

on all boundary components. Thus, we get that Qﬁoeg_l(C’n) consists of all regularizable forms.

Proposition 4.3.10. We have a dg cooperad (Q' (C’),A,d), where

reg

Q4(C) = (Q0ey(Cn))
the co-composition is given by regqularizing and restricting

Ar : Q Cn) - (CT)

reg

w = nr Aér)wlor,

reg(

and the differential is given by
dr : ., (Cr) — QLN Cr)

reg

w = dop(w),

where dc,, is the De Rham differential on Cr.
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Proof. The assumptions (4.11) and (4.12) assure co-associativity of A. The computability be-
tween the co-composition and the differential is assured by (4.13). O

Remark 4.3.11. the co-composition A is, in general, not independent of the choice of {7 and
nr. However, if Apw is a top degree form, then it is independent of the choice of {p and .

Theorem 4.3.12. Regularization and integration gives a morphism of dg cooperads
Ney(C) —  FChains(C)*
w = / Regw.

Proof. By Theorem 4.3.7, we have that this is map commutes with the differentials. It is also
clear that it is a morphism of cooperads. O

Definition 4.3.13. A regularized &-De Rham field theory is a morphism of dg cooperads

Q:(6,0) = (2,,(C),dpR).

reg
where & is the dual of some operad of graphs G.

Proposition 4.3.14. A reqularized &-De Rham field theory

Q: (8,00 = (20,(C).dpr)
r — wr

gives a morphism of dg operads

p: FChains(C) — G

Cr — ZF:(/OTWF>F.

4.4 Regularization on ¢,

In this section, we shall define the framework to define a cooperad of regularized differential
forms on €,. More precisely, for each tree T € 7-*, we will define charts Ur, covering the
boundary component @T, and vector fields &7 and a partition of unity pr on ¢,. These charts
Ur, and vector fields &7, will be shown to satisfy the condiEions of the previous sections, so that

we get a cooperad of regularizable differential forms Q7. (€).

4.4.1 The multi vector fields

Following [45], we will start by defining closed sets 1779, where we can define our multi-vector
fields. In the next section we will define a partition of unity {p7}re7e., and open sets Ur C V7
that satisfy all the conditions in Section 4.3, so that 29, (€) is well defined.

reg
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Given a configuration z € Conf,(C) and a subset A C [n], we denote the center of mass of
the points in A by

Z Za- (4.14)

aEA

For a tree T' € 7.*, we may parametrize ¢, so that
G = COut(v) + 70Out(v)zin

C[n] =0,
where r, > 0 and
(zw)wGIn(Out(v)) € Clsrf(Out(v))

Here

Cs = {2 € Confa(C):((¢) =0 and rlilgz(\zu =1}=2Cy
is the ”standard position” of configurations in C'4. Note that we have

n = H n(v (0,00) \ {some configurations where points collide}.
veV(T

For ¢ € (0,1), we define a set V& C €, by

Vi = H C’IH(U (1/e,¢p)x H Cﬂf( x (0, &) H cit () % (0, ¢y) \{colliding points}

UGV. veVO(T) ’UEV.(T)
[In(v)|>2
where
— . / /
Cy = CT" mln Zyy — R
v Out(v) WOt | v v”|7

In(Out(v)\{v}

and ¢, ,, = 00.

Furthermore, let 1779 be the closure of Vi in ¢,

VE = H C’IH(U [1/¢, ¢y x H v) x [0, &) % H CAZ’fIf(v) x [0, &\ {colliding points}.
veVe( IUIEX(/O)I(Z; veV(T)

Lemma 4.4.1. We have that:

1. The sets XA/Cﬁ covers En
2. Each 1779 contains the boundary component .
3. For ¢ small enough there are no colliding points in 1719

4. Let Ty, Ty be non-ancestors. Then, for any ¢’ > 0 there exists ¢ > 0, such that
Y

Vi, NVg, C Vcd(T1 To)
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Proof. The first statement is obvious, since ‘A/Tcmp covers @n
For the second statement, we note that the boundary component € corresponds to

H n(v X {OO} X H (0700) X H CISIli(v) X {O} - ‘772

veVe (T veVe(T) veVy (T)

For the third statement, let a,b be leaves of T', and let k,, k; be the number of vertices
between a and lca(a, b), and b and lca(a, b) respectively. The points z,, 2, € Vi can only collide
if

/
Z Couti(a Z Cout?(b) = Tea(a,b) |Zoutka(a) - ZOutkb(b)|'
However, for ¢ < Z’ we get that ¢, < §EOut(v)' Hence,
ky,

o0

1 /

outi(a) + D_ Cour'(y) < 2Ctea(ad) Z 7 = 20ca(ab) < Mea(a ) Zougka @) ~ Zourke (s
=1 k=1

)
e
i

which implies that the points z, and z; cannot collide with each other.

For the last statement, we note that
(1:1_I>I(1] ngl M Vq% = ¢T1 N €T2 = Q:gcd(Tl,Tg) C Vcd(Tl,Tg)

for all ¢ > 0. O

For ¢ small enough, so that there are no colliding points in V7, the torus T := HveV0° (T) S}

acts on VTC by rotating the points associated to a vertex v around their center of mass. This
torus action induces a multi-vector field

§r = /\ &v,

veV(T)
where
Z 0 Arg — o)

Furthermore, for a subtree T of a tree T” it is clear that
&r =& Ny

on 1719 NVE.

4.4.2 Partition of unity and open cover

In this section, we will use the sets VTC to construct our open cover {UT}TGTX"’ and partition of

unity {pT}TeTj" of €.
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For each tree T' € T,7°°, pick ¢, 0 < ¢ < ér, such that
~ér ~CT. 5>Cecd(Ty,R9)
VT1 N VT2 *C ‘/gcgd(TltTﬁ (415)

for non-ancestors 71, T3, and the torus actions are defined. We are able to do this because of
Lemma 4.4.1. Next we choose functions x7 : €4 — R such that:

1. x7 =1 on a neighborhood around VT,
2. supp x1 C ‘A/YQT,

3. xr is invariant under the torus actions.

This allows us to recursively define the partition of unity {¢T}Te7’n°" by

pr=xr(l— >  pr).
T'€Tn
V(TS VD)

Lemma 4.4.2. The functions {pT}TeTeﬁf" are a partition of unity of ¢4 Furthermore, we
have that supp pr, Nsupp pr, = 0, unless Ty > Ty or Ty > Ty.

Proof. We will show by reverse induction that the following properties hold for each n:

1. 0<pr<1,

\V)

- vz PT < 1

w

- 2jv(T)|>n PT = 1 on a neighborhood of each VAT’ such that |V(T7)| > n,

e

IE|V(Th)|,|V(T2)| > n, and T1,T» are non-ancestors, then supp pr, Nsupp pr, = 0.

For n = top, we have that pr = xy7 and 1 - 4 holds by assumption. Now assume that they hold
for n + 1.

Assertion 1 (for n) follows immediately from the induction assumption 2 (for n + 1).

To show assertion 4, let T, T> be non-ancestors with V(71), V(T2) > n. By (4.15), we have
that

Coc )
supp pr; N supp pr, C supp X7y N supp X7, C V, 50012 (4.16)
Further, we have that
1> Y prz> 3 pr =1
[V(T)|>|V(T1) [V(T)|>|V (ged(T1,T2))|

in a neighborhood of Vgccgg?gfg 2)) , where the first inequality is assured by the induction assumption

2, the second inequality is assured by assertion 1 with |V (ged(Th,T2))| > |V(T1)|, and the
equality is assured by assumption 3. Thus, we have

PTy |chcd(T17T2) = XT1 (1 - Z pT’)|VCgcd(T1,T2) =0, (4'17)
gcd(T1,T2) T ged(T1,T2)
V(TH>|V (D]
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and combined with (4.16), it is clear that we have assertion 4 for n.

From assertion 4, it follows that for 77 # T» with n vertices, pr, and pp, have disjoint
support. Assume that p € supp(7”) for some T” with n vertices, then

Z pr = xr(1— Z or) + Z pr <1,

[V (T)|>n [V (T)|>n [V (T)|>n
which is assertion 2.

Finally, in a neighborhood of V;,T', we have that xyp» = 1, and there we have

> PT—(l— o)+ Y pr=1

[V(T)|>n V(T)|>n [V(T)|>n
which is assertion 3. O

Lemma 4.4.3. FEach pr is invariant of the torus action in Urp.

Proof. Since supp pr, Nsupp pr, = 0 if T1, T, are non-ancestors, we have that

pr = xr(l - o pr)=xr(1- Y pr)
T'€Tn T €Tn
[V(T")|>|V(T)| T'>T

on supp pr. This is a sum of products of {x7'}7>7, and all such x7/ are also invariant of the
T action. OJ

We can now choose open sets supp(pr) C Up C Vr_,éT, such that:

1. The collection {Ur}peroe is an open cover of [
2. The intersection Up N Uz = 0, unless T > T or T > T.

3. The torus Tr acts freely on Ur, preserving all boundary components.

4.5 Constructing the automorphisms

In this section, we will finally construct our family of morphisms of dg operads
F'A . Mor(hoLiey) — Gra.
We will do so with a regularized De Rham field theory
Qe — 0 ().

This section closely follows [3] Section 4 and [45] Sections 4 and 5.
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4.5.1 A logarithmic propagator

We define a two parameter family of logarithmic propagators

() 1-t Zi — Zj t Zi — Zj .
= ——dlog (————) — —dlog [ ——————) € Q°(¢&,), 4.18
“ig) omi © 08 <1 + Az — zj‘) omi " 08 (1 + Az — Zj‘) € (&) ( )

where t € R and A > 0. Indeed, wffj) has singularities when z; and z; collapse, and is therefore

~

not a member of Q°(&,).

Proposition 4.5.1. The propagator w'é )‘.) is a member of Q% @n)

k)
%,J reg

Proof. In polar coordinates z; — z; = r(id)eie(ivﬂ, we get that

A 12 (i) d6(i 5)
= ——dl : =, 4.19
“(i.5) omi 0 (1 + AT ) + 2T (4.19)

. db; s . .
On the boundary components where r(; ;) = 0o, we get that wE%Aj) restricts to #, which is
regular.

In a chart Uy around a boundary component where r(; ;) = 0, we have that L(&,)ﬁvwfg)}) =1
whenever 7, 7 € v. Hence, we get that

V(1) =1
nr A U )w;; {O otherwise.

We also need to show that wf’l)‘Q) is regularizable on €5, where wl(t’l’\m is a top—1 degree form.

We note that the vector field around the inner boundary component €y|,—¢ is %, and that

1—2t r
= —dl
@ 27i Og(l—i—)\r)

is a %—basic form. Hence, wf’l’\Q) is regularizable on €5, and

A do

A
Reg(w")]r =0 1= (Wiia) = Al =0 = o’

Theorem 4.5.2. We get a morphism of dg cooperads

Q:6 -0, (0
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Q:6""(n) — Q. (¢,)

reg
' — w?/\ = /\ wf;/\;
ecE(T)
Q:6®(n) — QL (C)
A
]_" — /\ Lge,
2T
ecE()

Q:6°n) — Q. (CY

reg

r — nn/\a(ﬁn)(,ultiA

co’

Since Q7. (€) is not a dg algebra, it is not clear that this is well defined. We need to show
that:

1. L(fT)wf:A is regular in Up.
2. Top—1 degree forms wlti)‘ are regularizable.

A A A % U
3. w T = Awp”, and Wit (=g) = dwp”

The following forms of wltJA will be useful. In polar coordinates z; — zo = re'?, we get that

Wt (r,0) =

1—2t<dr )\dr) do (4.20)

omi \r 14+X) 21
In a chart Uy, we can write z; = ry2{ + (¢, if i € v, and z; — 2z; = o (r0e?), where e = (i, j) and
1,7 € v. With this notation, we get

12t <d(1"1,7"g) Ad(ryr?) ) db.

wé’)‘(rv, Te,0c) =

2mi (ror?) 14 A(ryr?) 27
_ 1— ?t dry n 1— 275 (drg o Arddry, Arydryg ) %7 (4.21)
210 Ty 2re \r? 14+ A(rpr?) 14 A(ryr?) 27
regular as r,—0
when endpoints of e are in v.
Proposition 4.5.3. The form W?A admits a decomposition
d
w?A = v A Qay + terms reqular in ry (4.22)
Ty

in every chart in Ur and v € V5 (T'), where oy, is independent of ry, t(§y)ay = 0 and da, = 0.
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Proof. We have that
LA [ tA
wp” == /\ Wiy N /\ Wiy

(4,7)EE(T) (1,7)€E(T)
1,JEV i or j¢v
tA £,
“r, Y\,

where all the possible singularities are in w%j From (4.21), we see that wlt«:‘ admits a decompo-

sition
tA dry lar i
wp = o N ar, + terms regular in 7.
v
Next, let apr\p, be an 7, independent form such that ap\r, = w?i‘r lry=0. Then, w?i\r
v v
admits a decomposition
A tA
“nr, = AT\T, + (WF\FU arr, ) -
N
independent of ry, proportional to 7,
Hence, w?)‘ admits a decomposition
dr .
wfﬂ’k = — Ay + terms regular in r,, (4.23)

v
where o, 1= ar, A anr, is independent of r,.
It remains to show that ¢(&,)a, = 0. In order to see this, consider the form
0

1
L <) L(ﬁv)w?A = —1(&y)ay + terms regular in r,,.
ory Tw

This form is regular as r, — 0, if and only if ¢(§,)a, = 0. Here, we note that w?)‘ is regular for
t =1/2, and for ¢t # 1/2 we note that

a/\g_a/\(g_ iy a)
or, Y Or, Y1 —2tor, )’

Thus, it is sufficient to show that

_ e 0 tA _ o iry 9\ 4 A
L<5“ 1—2tm>wf =2 i<b<5” 1—2tam)”“" >A”F\e

ecE(T")

is regular as r, — 0.

If both endpoints of e are outside of v, then it is clear that

_ 2'7’1, 8 t)\) .
(L (5” 1— 2t8rv> we” ) =0

If both endpoints of e are in v, then (&, )wb* = %L(agv JwtA. Hence, we get again that

B iTU (9 t)\) o
(L (5” 1— 2t8rv> we ) = 0.

Finally if one endpoint of e is in v but the other is not, then both +(&,)w’* and

; tL( o) )wt,A

are proportional to r,. This cancels the singularity in w%’\Ae. O

iy
-2
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In particular, this proposition implies that L(fT)wt’)‘ = (/\UGVOO(T)) wfi)‘ is regular in Urp,
which is 1 in our list of things to show in this section.

Lemma 4.5.4. Let w be a top-1 degree form on €,. If w admits a decomposition
w = day, + terms regular in 1y, (4.24)

where 1(&)da, =0, in every chart in Ur and every v € V°(T).

Proof. We need to show that w admits a decomposition
ar + regular terms,

where ar is £r-basic.

Let
517)’ = /\ §vrs

v eV (T)\v
and let nY. be the dual form ¢(£})nY = 1.

Since w is a top—1 degree form, it admits a decomposition

w= Y npAu&pw— (k=D Aér)w,
veV(T)

regular by (4.24)

where k = |V°(T')|. Furthermore, we have

Z Ny A u(€r)w = Z np A L(EF) (day, + terms regular in ) .
veV(T) veV(T)

Here, nf A o(&F) (terms regular in r,) must be completely regular. Now,

ar = Z 77% A L(S%)dav
veV(T)

is our &p-basic form.

Indeed, since da, is a top—1 degree form and ¢(&,)da,, = 0, we must have that 7 Au(&F)da, =
dao,. Hence,

ar = Z da’v)
veV(T)

and it is clear that ¢({7)a, = 0 and dar = 0. O

Note that % A a = d(log(r)a) for a closed form a. Hence, Lemma 4.5.4 with Proposition
4.5.3 implies that top—1 degree forms w%’)‘ are regularizable, which is 2.

Our next proposition implies 3.

Proposition 4.5.5. Let I' € &(n) be a graph. Then, for every tree T € T* and v € V(T),
we have

A £
Mo A L(&o)wr ’8 Ur WA, T
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Proof. We have that

M A L(fv)w?)\ = (-1 )U(U)UU A L(fv)wr A Wltﬂi\r 10 A Wr A L(fv)wr\rv

A
WALT

We need to show that
A
A wr A L(fv)wr\rv e 0.

Indeed, wtrj‘ admits a decomposition

tA
wF =

Ty

. £ . .
where o and ~ are regular in r,, and L(fv)wr\rv admits a decomposition

L(iv)wlt“(\pv =10,

where (8 is regular in r,. Since dr, and r, disappear at the boundary component 9,Ur, we get
that

Ny A wlt«:‘ A L(&,)wfiirv N (dry NN B+ 1oy A B)lg, vy =0

oUp

4.5.2 Interpreting the automorphisms

We now have established a morphism of dg cooperads
R N ()
By Proposition 4.3.14, we get a morphism of dg operads
FtA ]:Chaz'ns@) —  Gra,
¢, = Z w;)‘f‘,

reGra™°"(n)
Y
w2 ()
reGra®“t(n)
cmo Z ( 'Reg(wltﬂ”\)> I.
PeGrain(n) \” 7"

Since FChains(€) = Mor(hoLiey), this is equivalent to an MC-element
(674, 2, ¢) € Def(Mor(hoLiey) - Gra,).
Let us first take a look at the MC-elements

Om/m H ¢f7}t\t<m € Def(hoLiey — Gra®"*/™m),
n>0
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where ¢?Z§/ " is a sum of graphs with n + 1 vertices

¢“ = FeGra n+1) </n+1 Reg >
¢0m Z </n+1 (gi) > :

reGra(n+1)

and

Proposition 4.5.6. Let C,, be the boundary strata where all points collapse, and let T' € &°(n)
be a graph with |E(T")| = 2n — 3. Then,

db.

o

- A

ecE(T)

Reg(w?)‘)

n

Proof. As wff‘ is regular, the singularities must disappear. The formula (4.19) gives us the
desired result. O

Lemma 4.5.7 (Kontsevich vanishing lemma, [26]). Let T' € &%(n) be a graph with |E(T)| =

2n — 3. Then,
/ (d&) 1T T'=e—e
c, \2)r |0 otherwise.

As a direct consequence of Kontsevich vanishing lemma, we get that the MC-elements qﬁiﬁ\,
QSO“t are concentrated in weight degree 1, and are equal to the graph

)

for all £, A. It follows that the induced MC-elements in
Def(hoLieg — EndTpoly(Rd))

induce the Schouten—Nijenhuis Lie bracket on T},.

Next, let us look at

Fo =2 wp'T, (4.25)
r
where wlti’\ = e, wii/\.
Proposition 4.5.8. We have
f’t7>\ - .
(0 —
for all t,\. Fort=1/2, we have
./_"1/2’/\ — o,

Proof. The first statement is clear. For the second statement, we note that wl/z”\(zi,zj) =
%d Arg(z; — zj). As the space €, cannot be spanned by just the angles between the points, the

weights w?)‘ must vanish for all graphs I" # e. O
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It follows that the induced oo-morphism
FOA: Doty (RY) = Ty (RY)

is the identity for ¢ = 1/2, and an automorphism for all ¢, .

Our aim now is to show that F* is exotic for t # 1/2.

4.5.3 The partial derivative 9,w'*

Let us look at the partial derivative 8twff\. We have that

N i ’Z] — 22‘ )
| i B Y 4.26
O™ (21, 22) = — 0g<1+/\|21—22| Y

Let

n EA

o = (D) By

ecl’

where

. i |2i — 2]

. t= *1 PN

Blig) =~ °g<1+Alzz-—Zj|>’

so that

LA ®)
dwp” = Owwp”.

Proposition 4.5.9. For any graph I' € &(n), we have that (I)?A s a reqularizable form on in.

Lemma 4.5.10. Let I' € 8™°" be a graph, let T € T,>°, and let v € VP (T'). Then LAJ?A admits

a decomposition

~ dr .
wl’i/\ =2 Ao+ log(ry)ag + terms regular in 1,
Ty

in Up, where a1 and ag are independent of r,, and 1(&)a1 = t(§y)ae = 0, (& )dag = dag = 0.
Proof. We see that (2 is regular in 7, if e ¢ E(I,), and
e

B = L log(r,) + terms regular in 7,
7r

if e € E(T',). Hence, @?A admits a decomposition

%log(rv) Z (—1)6“&1?5\{@} A w?i\n + Z(terms regular in rv)ewtr’i‘{e},
ecE(T'y)

:—dT” Aaj—+terms regular in 7,
t,\ . Ty
=L(§v)wr’v (regular in ry)

=log(rv)az+terms regular in 7,

129



where we can choose a; and as to be independent of r,. Furthermore, we get that

L(E)TE = A - log(rv) ({U)w?j A L(&,)w?i‘n + terms regular in r,
by Proposition 4.5.3

proportional to 7,

is regular in r,. Hence, ¢(&,)a; = t(&y)ae = 0. Since
atwt A _ d~t A

does not have a log(r,) singularity, we have that dag = 0. Furthermore, since

YA u(&)an + terms regular in 7,
v

Dpe(€)wp = (&) dwp = (&0)doy —

is regular in r,, we must have that ¢(§,)da; = 1(&§,)ae = 0. O

It follows that each nr A L(gT)th’A is regular on each boundary component 0r€,. We also
have that

nr A uEr)daop = 0, (77T A L(éT)Wtr’/\>
is regular in OpC,.

Lemma 4.5.11. Top—1 degree forms @fﬂ’)‘ are reqularizable.

Proof. Let wr be a top—1 degree form. Then, dw = 8tw%’)‘ is a top degree regular form.
Thus, we must have that

d d
d ( :U Aaoq + log(rv)m) = A (ag — day)

v Ty

is regular. Since a; and «g are independent of 7,,, we must have that as = day, and thus

dry
™A oy + log(ry)an = d(log(ry)on).

v

We can now apply Lemma 4.5.4 to conclude that JJ?)‘ is regularizable. ]

Lemma 4.5.12. For a collapsing boundary strata

ATAWF =+ (nA /\L(fA)wF ) /\OJF\FA‘ .. + (77A /\L(fA)wI‘ > /\wlt“QFA‘aAQ

For an infinity boundary strata, we denote I'ng :==T'/{I'p,,...,I'p,}. Then we have

A (29 (29
= (dArg)r A Wiy, N AP +

,,,,,

+ (dArg)r /\Zj:w AL AT A AW
i k

where

(@hrg)r = T1og (1) Y (- (AT o



Proof. We have that

EA)DE = (=174 u(Ea)BF) A Wiy, £ 810 A €AWy, +

—0 as rp—0
—f—(—l)‘TAHA'L({A)wF A @;i‘r + WFA A L(fA)wF\F

—0 as rp—0

. . tA ~t,A .
The second statement is clear, since wr and Wy, are independent of r,, and
k2 1

iy = (dArg)r.,

X lr,=00

Lemma 4.5.13. For any graph I', we have that dA~t A = Ad(:}lti)‘.

Proof. 1t is sufficient to show this for codimension 1 boundary components. From the formulas
in the previous lemma, we can see that dA(I)%’A = 8tAw§’A. It follows that

AAGR = AW = Aduwp = Adap’.

O
Proposition 4.5.9 follows from Lemma 4.5.10, Lemma 4.5.11 and Lemma 4.5.13.
4.5.4 A family of graph cocycles z'*
Looking at the formulas of Lemma 4.5.12, we see that
/ Reg(@) = / (dArg)r. [ / Wi+
€ By,...By Clnl/{B1,.... B} i<k Cp, ¢
PN A
+ / (dArg) Z / Wry, H/ WrY
Clnl/{By,....By} 3 =3 it By i
Applying Kontsevich vanishing lemma, we get
ot A A o A _
/ Reg( t)\) _ f€31 FBl IQBQ wFBQ + f€B1 FBl chQ FBQ FOO = (427)
€ By,...By, otherwise.

For a graph I' with |E(I")| = 2|V(")| — 2, this is

~t)\ tA ~t A
/8@ wp” = Z @y, WL, - (4.28)

[E(T 4)|=2|A|-2
|E(Tg)|=2|B|-1
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On the collapsing boundary strata, we have

~
~t, A wF/Ft)\
| Reg@) = ﬂFA B, [EE/Ta)| =200~ |A)])
TaA

otherwise,

FA:H

where

This gives us
~tA L~ At
90n E(T)=2|A|—2
where dI := 3" ¢ pr) (—1)“T"T /e.
Theorem 4.5.14. There exists a family of graph cocycles z* € {GCsy, such that
atft,)\ — xt,)\ . Ft,)\ 4 5ﬁt,)\ 4 [‘Ft’)\,ft)\].
Here, x - T" is the action of summing over all ways to insert the graph x into a verter of I', and

the Lie bracket is given by [['1,T2] := @@

Proof. By the regularized Stokes’ formula, we have that

oA = (/ Reg &k )r:

Reg(ZF’ —/8 . Reg@ﬁ)‘> r.

-
According to (4.28), we have

3 ( / Reg &b >F— S @R Ep 0, To) = [F92, F.

T oo Cn r',I'2

00Cn

The sum runs over all graphs I'j, T's such that |V(I'1)|+ |V (T'2)| = n, |[E(T'1)| =2|V(T'1)| -1
and |E(T'2)| = 2|V (I'2)| — 2. According to (4.29), we have

S ([ rest)r - zﬁzsmz( > = tp?m)h
r |[E(T A

Pon T )|=2]A| -2
A o/
= Zwr 0T+ 3 Br'wpT1 Ty

Ty,

\_\/_./
5]:t,>\ mt,A,]:tA
where
At A

=2 BT

I
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Since F'* is a Lie oo-morphism, we have that
0 = 6F+ %[f't,)\,]:t,)\].
Hence
0 = O0F + %[ft,A,ft,A])
= O(a" FIA 4 6FA 4 [FIAF) 4 (a8 - FOA 4 6FA 4 [FIA, FA) FHA =
= (02") - FA 4t (07 + %[]:t’/\vft’A]) FO[FEA, FIA] 4 [§FLY 4 [FBA, FiN, FiA) =

=0

~ 1 ~
= (02"%) - FPA 4 [6FA, 0] + [0F 4 S [F0A, 12, P =

=0
= (6xt’/\) - FhA

Since Ft* is a group-like element, i.e. Ft* = o + graphs with more vertices, we get that
(628 - Fb* = 52! + graphs with more vertices,

which vanishes if and only if §zt* = 0. O

4.5.5 About the graph cocycles z**

We now have constructed a family of graph cocycles
Y=N ( / Reg(w§*)> r (4.30)
r Gk
We note first that @ = 0. Since there are no connected graphs with |E()| =2|V(T")| — 2 for

V()| = 2,3, we have that a;}i,’)‘ =0 for k =2,3.
Lemma 4.5.15. Let C}, be the boundary component of Ek where all points collapse. Then

[ Res@ =1 = v [ ostr (57)

ecE()

Proof. We will use the coordinates z; — z; = erei@i,j on €. We have that

~ & r )
wltj\ — Z(—l) (10g(R) + log <1—|—;]%7“e)> wlt—‘i\{e}

Since L(fk)&tp’)‘ is regular as R — 0, we must have that the log(R) singularity cancels, and thus
we have

nr A L(E)D ro =

= Y (=D)°log(re)nr A L(fk)UJ?Q{e} Z )¢ log(re) Reg (WF\{6}>
ecE(T) R=0 E()
The statement follows from Proposition 4.5.6. O

133



The integral weights

are computed for the wheel graphs

@\@

by A. B. Goncharov [19] and A. Rossi, T. Willwacher [45].
Theorem 4.5.16 ([19],[45]). For odd k > 3, we have that
de k
> o[t () =il
c€ E(Wy) Crt T/ T\{e} (2m)

for some rational number qi, and  is Riemann’s zeta function.

In particular, As the graphs W, cannot be coboundaries in H(fGC3), we have that the
cohomology class [z5] is non-trivial. It follows that F'#1/2A and F'/2* = id are not homotopy
equivalent, i.e. F#1/2X is an exotic Lie oo-automorphism.
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