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Abstract—This paper examines the impact of quantization on
the twiddle factors in the Fast Fourier Transform (FFT) used
for beamforming applications. A comprehensive scenario utilizing
a Medium Earth Orbit (MEO) satellite system is developed to
analyze these effects. The setup comprises a 10×10 phased array
antenna, where each antenna element consists of a subarray of
5×5 elements spaced at half-wavelength intervals, all distributed
in a circular aperture. We investigate the influence of 1, 2, 3,
and 4-bit quantization on various aspects of system performance,
including the overall radiation pattern, the grid of beams gen-
erated by a 16-point FFT, and the Signal-to-Interference Ratio
(SIR) in a multibeam scenario. Our findings provide insight into
the trade-offs between quantization resolution and beamforming
efficacy, highlighting the critical role of twiddle factor precision
in optimizing satellite communication systems. Finally a set of
recommendations is given for selecting the quantization that is
most suitable for different cases.

Index Terms—Phase arrays, FFT, Digital Beamforming.

I. INTRODUCTION

Digital beamforming has become a focal point in recent
years, driven by the commercial viability of fully control-
lable phased arrays. This development enables the practical
simulation, design, and application of numerous beamforming
algorithms that were previously theoretical. These algorithms,
however, present challenges in terms of power consumption,
multi-beam efficacy, and flexibility. The impact of these chal-
lenges on various beamforming techniques is summarized in
Table I, highlighting the computational complexities associated
with each technique [1].
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TABLE I: Computational Requirements, Multi-Beam Efficacy,
and Flexibility of Digital Beamforming Algorithms

Beamforming
Algorithm

Comp. Req. Multi-Beam
Efficacy

Flexibility

Delay-and-Sum
Beamforming

Very Low Low Low

FFT-Based
Beamforming

Low High Medium

Zero-Forcing
Beamforming

Medium High Low

MVDR Beamforming Medium Medium High
LCMV Beamforming High High High
Eigenbeamforming High Medium Medium
Maximum Likelihood
Beamforming

Very High Low Medium

Fast Fourier Transform (FFT)-based beamforming is high-
lighted in Table I as a particularly efficient technique, charac-
terized by low power consumption and capability to support
multi-beam operations with both regular [2] and potentially
irregular lattice structures [3]. Moreover, its implementation
becames even more efficient by replacing the FFT by the
Discrite Furier Transform (DFT) to obtain the beamforming
matrix [4]. Despite the advantages, a significant challenge
persists in implementing these digital beamforming algorithms
in phased array antennas, particularly due to the use of phase
shifters.

Various implementations of FFT have been proposed in
the literature. For instance, Ariyarathna et al. introduce a 16-
point DFT approximation method that effectively eliminates
the need for multipliers, typically a major contributor to power
consumption and chip area in digital beamforming systems
[5]. Another application of FFT beamforming is presented by
Madanayake et al., where the authors focus on developing a
digital beamforming architecture optimized for size, weight,



Fig. 1: Coordinate system used for the mathematical formula-
tion.

power, and cost, crucial for modern wireless communication
systems. This study introduces a multiplication-free 32-point
linear transform approach that significantly reduces the arith-
metic complexity of beamforming, compared to traditional
methods, and decreases the chip area and power consumption
by 46% and 55%, respectively [6]. The last work presented in
[7] implements a beamforming network using a sparse-matrix-
based user selection, a 2D DFT-based digital beam generation,
which is implemented by a FFT algorithm, and a spatial
windowing module for selecting the antenna pattern. However,
neither of these works addresses the effects of quantization
over the multi-beam scenarios they present.

This paper analyzes the impact of quantizing the twiddle
factors in the FFT on beam distribution, beam pattern, and
Signal-to-Interference Ratio (SIR) in multi-beam scenarios.
The resolution (in bits) of these devices often limits their
effectiveness, underscoring the importance of quantization
analysis in multi-beam applications.

II. MATHEMATICAL FORMULATION

The coordinate system used in this study is illustrated in
Fig. 1. Using this coordinate system, we can derive the unit
vector representing the direction of incoming or outgoing
electromagnetic waves as shown in the following.
−→r m = sin θm cosϕm

−→x + sin θm sinϕm
−→y + cos θm

−→z , (1)

where −→x = (1, 0, 0), −→y = (0, 1, 0), and −→z = (0, 0, 1)
represent the unit vectors according to x−, y−, z− axes, re-
spectively. Additionally, the positions of the antenna elements
are defined accordingly to −→x ,−→y ,−→z as

p̂[m,n,o]) = (0, 0, 0) +mdx
−→x + ndy

−→y + odz
−→z . (2)

For planar arrays, we set the z-direction elements to zero.
Then, p̂m,n,o can be simplified as

p̂[m,n,o] ≡ p̂[m,n] = mdx
−→x + ndy

−→y . (3)

Based on these definitions, we compute the weight matrix for
a beam pointing in the q-direction represented by −→r q , as

b[m,n](
−→r q) ≈ e+jβp̂T

[m,n]
−→r q . (4)

Thanks to this framework, one can derive the expressions used
to calculate the final frequency spectrum as

Y[o,q](t) =

M∑
m=0

N∑
n=0

X[m,n,o,q](t)e
−i2π(mo

M +np
N ). (5)

Here, X denotes the symbols to be transmitted, while o and
p are indices for the desired beam. This expression represents
the well-known FFT. Lastly, the radiation pattern is computed
using the following array factor (AF) formula:

AF =

Mx∑
m=1

My∑
n=1

|Am,n|W[m,n,o,q]e
j(m)(βdx sin(θ) cos(ϕ))

ej(n)(βdy sin(θ) sin(ϕ)) (6)

where Am,n represents the amplitude weight matrix for
each antenna element, β represents the wave-number, and
W[m,n,o,q] is the FFT beamforming matrix. Herein, W[m,n,o,q]

can be defined as

W[m,n,o,q] = ZX[m,n,o,q]Z
T , (7)

where Z denotes the quantized matrix of Q-points containing
the required progressive phase shift, and X[m,n,o,q] is the
single entry matrix that specifies the active beam location. The
result of this equation will be quantized for 1, 2, 3, and 4 bits
in the subsequent subsections.

III. FOURIER MATRIX APPROXIMATION BY QUANTIZED
TWIDDLE FACTORS

In the FFT, the Fourier matrix ZN , essential for efficiently
computing the DFT, is decomposed into several simpler matri-
ces. This decomposition involves repeatedly applying a block
diagonal butterfly matrix B, along with multiple permutation
matrices and twiddle factor matrices, tailored to a radix-R FFT
algorithm.

The matrix decomposition of Z can be succinctly repre-
sented as:

ZN = P1BT1P2BT2 · · ·PlogR N−1BTlogR N−1PlogR NB

In this decomposition:
• Pk denotes the permutation matrices at each stage k,

which reorder the data to ensure that inputs are correctly
aligned for the butterfly operations that follow. These
permutations are crucial as they reconfigure the input
array’s ordering at each stage of the transform.

• B is a block diagonal butterfly matrix applied at each
stage, structured as 2 × 2 blocks in radix-2 FFT and
4×4 blocks in radix-4 FFT. Being each block the Fourier
matrix of size 2 and size 4. Note that the butterfly
operations only require four summations per output in
Radix-4.

• Tk represents the twiddle factor matrices at each stage
k up to logR N − 1, which are diagonal and contain
elements of the form e−2πik/N . These matrices adjust
the phase of the DFT outputs, aligning them correctly
for subsequent combinations.



The process involves multiple stages, each of which applies
a butterfly operation to combine DFT outputs followed by a
phase adjustment using twiddle factors. After each stage, a
permutation is necessary to rearrange the elements before the
next stage begins. The systematic application of these matri-
ces reduces the computational complexity from O(N2) in a
straightforward DFT to O(N logR N) in the FFT, significantly
enhancing the efficiency for large-scale computations. This
matrix-based framework not only simplifies the understanding
of the FFT’s operational structure but also highlights the algo-
rithm’s efficiency in hardware implementations. The twiddle
factor block is the only part of the algorithm that requires
a variable-by-constant multiplication. The efficiency of this
block might be further improved for highly quantized twiddle
factor constants. In such cases, the twidle multiplication op-
erates by a limited number of adders, which highly improves
the operation efficiency [8].

IV. SIMULATION

The simulation scenario, depicted in Figure 2, progresses
through five distinct stages:

1) The initial stage involves designing the unit cell antenna,
specifically employing a double patch antenna with an
integrated cavity to diminish mutual coupling among
antennas. In addition, the unit cell has been designed
to have a period p = λ0/2. A comprehensive, step-by-
step guide on the antenna’s design is available in [9].

2) Subsequently, the process involves assembling the unit
cells into a subarray configuration. While this arrange-
ment is known to have certain limitations, most notably,
the presence of grating lobes, its application is justified
for MEO satellite orbits. Employing subarrays enables a
reduction in the number of RF chains, as detailed in [10],
and also decreases computational time complexity After
calculations, we have selected a 5×5 elements subarray,
which give us an inter-subarray space psub = 2.5λ0.

3) The following stage entails calculating the contribution
of each antenna, our case 100 antennas, using the
array factor with its corresponding spacial widowing
and tapering, to the beam angles of interest, incorpo-
rating the W matrix, which was determined through
an N-point FFT. In this scenario we have selected a
circular widowing meaning that the 100 elements will
be distributed in a circular aperture. Next, the quantity
of beams generated correlates directly with the number
of points in the FFT. Since for this example we have
selected O = P = 16 beams, we will have a total of
256 beams.

4) A comprehensive representation of all beam contri-
butions across the specified directions is subsequently
obtained (full radiation patterns). This representation
facilitates the assessment of quantization effects in three
distinct domains: the beams per se, the overall beam
projections, and the SIR.

For easiness of representation, we will use a u-v coordinate
system, where:

u = sin θ cosϕ; v = sin θ sinϕ (8)

The subsequent sections will detailed into the implications
of quantization of the twiddle factors.

V. QUANTIZATION EFFECTS

1) Quantization effect on the radiation pattern: The effects
on the radiation pattern has been assessed by plotting the the
beam corresponding to the 2DFFT index (4, 4) for the case of
1, 2, 3, and 4 bit quantization and compared with the case of no
quantization illustrated in Figure 3. For the 1-bit quantization
case, the radiation pattern obtained is illustrated in Figure
4. Compared with the no quantization case we can see that
the radiation pattern has high Side Lobe Levels (SLL) due to
the leading imperfect constructive and destructive interference
pattern for the low quantization. However, this destructive
interference does not generate grating lobes even though the
high inter-element space. The error calculated using this and
the no-quantized scenario is illustrated in Figure 4b. We can
appreciate that the error is acceptable even though this is the
one bit quantization case.
In the case of 2-bit quantization, illustrated in Figure 5a, the

error obtained in this case is visually depicted in Figure 5b.
The error maxima has considerable decrease to around -10
dBs.
For 3-bit quantization the result radiation pattern obtained, vi-

sually depicted in Figure 6a, shows that the biggest difference
visually noticeable are the side lobes variation. This variation
can be more noticeable analyzing the error illustration pre-
sented in Figure 6b.
For the last case scenario Figure 7a, the difference between

the non-quantized is practicable not noticeable as it is visually
depicted in the error illustration, presented in Figure 7b.
Moreover, the values of error obtained in this scenario reach
-30 dB which corroborates the small difference between 4-
bit quantized scenario and non-quantized. Finally, it is worth
mentioning that if we analyze a beam that is further away from
broadside, the errors will increased due to bigger discontinu-
ities in the phase distribution across the array.

A. Quantization Effect on Beam Projection

The beam projection is assessed by plotting the -3 dB
contours of each of the 256 beams resulting from the FFT
beamforming. All the results show that there are no secondary
lobes that reaches values near or compared to the main beam.
This can be seen by plotting the no quantization case illustrated
in Figure 8 and the worst case that is the 1-bit quantization
case illustrated in Figure 9.

B. Quantization Effect on the SIR

The SIR for each multi-beamforming scenario is calculated
by determining the maximum power at each grid point divided
by the overall interference. The baseline results without quan-
tization are shown in Figure 10. This illustration show us that
the biggest SIR will always be located at the center of each
beam and it diminishes as it moves further. Moreover, all the



Fig. 2: Simulation scenario as a five-step process.

Fig. 3: No quantized radiation pattern corresponding to a
2DFFT index(4,4).

beams at all positions will have a comparable value of SIR
with a slightly higher value in the beams located near and in
the broadside direction.

a) 1-bit Quantization: For the 1-bit quantization sce-
nario, as depicted in Figure 11a, the SIR peaks at approxi-
mately -2.2 dB at broadside, while reaching a minimum of -6
dB for other beams positions. This higher SIR at broadside is
particularly beneficial as it maintains power without suffering
from big side lobes as other beams are affected.

b) 2, 3, 4-bit Quantization: In the 2, 3, 4-bit quanti-
zation scenario, shown in Figure 11b, 11c, 11d, there are
improvements compared with 1-bit scenario, specially for 2-
bit scenario but for 3 and 4-bit scenario the improvement is
barely noticeable.

As previously observed, the scenario described is signif-
icantly affected by interference, primarily due to the high

(a) (b)

Fig. 4: Results corresponding to 1-bit case. a) Radiation
pattern. b) Error between 1-bit results and no quantization.

(a) (b)

Fig. 5: Results corresponding to 2-bit case. a) Radiation
pattern. b) Error between 2-bit results and no quantization.

number of beams (256) relative to the fewer antenna elements
(100). This disparity leads to considerable beam overlap,
which significantly degrades the SIR. To provide a clearer
understanding of the quantization effects on the SIR, we have
deactivated a quarter of the beams, resulting in a total of
64 active beams at any given moment. Figure 12 illustrates
this adjustment by showing the indices of the beams that
remain activated. Following, we present the SIR of the no
quantized beams, 1-bit quantization, 2 bit quantization, 3 -bit
quantization, and 4-bit quantization in Figures 13, 14a, 14b,



(a) (b)

Fig. 6: Results corresponding to 3-bit case. a) Radiation
pattern. b) Error between 3-bit results and no quantization.

(a) (b)

Fig. 7: Results corresponding to 4-bit case. a) Radiation
pattern. b) Error between 4-bit results and no quantization.

Fig. 8: Beam contour at θ−3dB using a 16-point FFT, without
quantization. The beam numbers are included in the figure.

Fig. 9: Beam contour at θ−3dB using a 16-point FFT, quantized
at 1 bit. The beam numbers are included in the figure.

Fig. 10: SIR obtained without quantization effects.

14c and 14d, respectively.
In this analysis, we can have a more visible effect of the

quantization effect compared with the previous case. The SIR
improves as the quantization levels increase, with the most
notable improvement occurring at 2-bit quantization, which
increases the SIR by around 2 dB. For 3-bit and 4-bit quanti-
zation, the improvement is about 0.8 dB each. The difference
between 3 and 4-bit quantization and no quantization is nearly
imperceptible, allowing us to conclude that 3-bit or 4-bit
quantization is sufficient to achieve a progressive phase shift
without any significant discontinuities.

VI. CONCLUSIONS

This study has explored the effects of quantization on the
twiddle factors of the FFT in both single and multi-beam
radiation patterns, and their impact on the SIR. A notable



(a) (b)

(c) (d)

Fig. 11: SIR of the 256 beam scenario using: a) 1-bit quan-
tization, b) 2-bit quantization, c) 3-bit quantization d) 4-bit
quantization

Fig. 12: 64-beams activation scenario. The beam numbers are
included in the figure.

outcome of quantization is the emergence of pronounced side
lobes in the visible region, which intensify when the separation
of sub-arrays exceeds half a wavelength. A key finding is the
overall degradation of the SIR, where the presence of high
side lobes introduces substantial interference, thus reducing
system efficiency. Based on our analysis, we propose specific
quantization strategies tailored to the computational resources
available. For applications with limited resources, using a 1-
bit quantized FFT algorithm can generate all required beams
without producing grating lobes or high side lobes comparable
to the main beam in the visible region. For scenarios with
more computational capacity, 2-bit and 3-bit quantizations
provide performance nearly equivalent to that of unquantized

Fig. 13: SIR obtained without quantization in the 64 activated
beam scenario.

(a) (b)

(c) (d)

Fig. 14: SIR of the 64 beam scenario using: a) 1-bit quan-
tization, b) 2-bit quantization, c) 3-bit quantization d) 4-bit
quantization

case. For the most demanding applications, where ample
computational resources are available, we recommend 4-bit
quantization, which achieves performance indistinguishable
from the unquantized scenario. Consequently, we have opted
for 4-bit quantization in our FFT beamforming network im-
plementation, due to the previously described advantages.
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