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Abstract—In orthogonal frequency division multiplexing
(OFDM)-based dual-function radar-communication (DFRC) sys-
tems, achieving low peak-to-average power ratio (PAPR) is
essential for transmission efficiency and performance. Traditional
PAPR constraints, however, fall short in managing the dynamic
range of waveforms, thereby limiting power maximization. This
study introduces a peak-to-valley power ratio (PVPR) constraint
for multiple-input multiple-output (MIMO) DFRC systems to en-
hance hardware compatibility, waveform fidelity, and consistent
transmission power. We develop low-PVPR OFDM waveforms
tailored for MIMO-DFRC systems, improving both radar and
communication functions. For radar applications, we optimize
the weighted peak or integrated sidelobe level (WPISL) and
employ phase-encoded waveforms to minimize sidelobes. For
communication purposes, we implement a constructive inter-
ference (CI) design coupled with a waveform similarity error
(WSE) constraint. Utilizing the majorization-minimization (MM)
framework, we convert the non-convex problem into a series
of convex ones. Numerical results demonstrate significant im-
provements in sidelobe reduction, symbol error rate (SER), and
average achievable rate, thereby validating the effectiveness of
our approach in enhancing DFRC systems.

Index Terms—Dual-functional radar-communication (DFRC),
waveform design, peak-to-valley power ratio, constructive inter-
ference, range sidelobe suppression.

I. INTRODUCTION

IN recent years, the dual-functional radar communication
(DFRC) system utilizing multiple-input multiple-output
(MIMO) technology has garnered significant attention [1]-
[5]. Radar and communication signals usually share several
common waveform characteristics. Although their primary
purposes differ, it is feasible to repurpose one type of signal to
perform the function of the other [3]. However, implementing
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radar signals for communication and vice versa introduces
several challenges [6], [7]. These challenges would encompass
managing signal interference, optimizing the balance between
radar and communication performance, and ensuring reliable
data exchange in dynamic environments.

A. Related Works

To tackle these challenges, spatial beamforming using multi-
antennas, which leverages spatial degrees of freedom, has
proven to be an effective method for implementing DFRC
systems [8]-[21]. Various optimization-based transmit beam-
forming approaches have been explored for DFRC systems
with both separate and shared antenna configurations [8]-
[10], utilizing communication signals for target detection.
For simultaneous radar target probing and multi-user (MU)
communication, the DFRC transmitter must jointly precoded
individual communication and radar waveforms. In [11], both
communication and dedicated radar signals were employed to
enhance the sensing performance. The work in [12] discussed
a Pareto optimization framework for DFRC systems, aiming
to optimize the trade-off between radar and communication
performance through beamforming design, focusing on single-
antenna communication users (CUs). Additionally, [13] de-
signed a dual-functional base station (BS) to serve multi-
antenna CUs and detect targets simultaneously using a hy-
brid analog/digital beamforming technique. Based on mutual
information theory, [14] proposed an optimal spatio-temporal
power mask design idea, and presented a typical packet-based
signal structure, including training symbols. However, these
studies mainly focused on beamforming and overlooked the
waveform properties of each radar transmitter. Consequently,
achieving beam direction matching through waveform design
has gained considerable attention. For instance, [18] proposed
a generalized framework considering worst-case scenarios
where the steering vector does not match, using peak sidelobe
level (PSL) or integrated sidelobe level (ISL) as objective
functions. In [19], a low-complexity discrete Fourier transform
(DFT)-based closed-form covariance matrix design technique
was introduced to derive a novel solution for directly designing
constant modulus waveforms and the desired beam. Recently,
the symbol-level beamforming (SLB) technology based on
constructive interference (CI) has attracted significant atten-
tion. This approach transforms multi-user interference (MUI)
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into some meaningful signals, thereby enhancing communi-
cation quality of service (QoS) and offering greater design
flexibility [20]. For example, [21] focused on SLB in large-
scale MIMO systems with low-precision digital-to-analog
converters (DACs), demonstrating a notable improvement in
communication QoS compared to traditional methods.

Most of the aforementioned methods for DFRC systems
focus on single carrier-frequency signals. It is important to
note that orthogonal frequency division multiplexing (OFDM)
signals are robust against multipath fading and offer high
spectral efficiency [22]. In [22], the authors studied power
allocation with a word error probability (WEP) constraint
in OFDM-based DFRC systems. Similarly, [23] proposed a
novel quadrature amplitude modulation (QAM), which utilizes
sidelobe control and waveform diversity to transmit commu-
nication information. In their approach, downlink communi-
cation data is modulated by nulling the ambiguity function
(AF) sidelobes within specific range-Doppler cells, while
suppressing sidelobes around the AF mainlobe to maintain
radar detection performance. In [24], the authors developed
an objective function to measure the depth of AF nulling as
a performance metric, focusing on the worst-case sidelobe
level ratio across the targeted range-Doppler cells. It is known
that joint radar-communication signals often have poor range
sidelobes, making them less suitable for radar functions. To
address this issue, [25] proposed a joint radar-communications
approach that operates in pulsed radar mode. In this method,
digital communication sequences are divided into blocks and
mapped to digital phase-coded sequences, such as binary
phase-shift keying (BPSK) and quadrature phase-shift key-
ing (QPSK) sequences. To minimize the downlink multiuser
interference, [26] discussed omnidirectional and directional
beampattern design problems, considering weighted optimiza-
tions that allow for a flexible trade-off between radar and
communication performance. Additionally, they introduced
low-complexity algorithms to address the practical challenge
of constant modulus waveform design. From a practical appli-
cation perspective, to avoid nonlinear distortion of waveforms,
common energy constraints such as constant modulus (CM)
and low peak-to-average power ratio (PAPR) are imposed on
the design of transmitted waveforms. However, the constant
modulus constraint is often overly stringent and lacks flexibil-
ity, which can be detrimental to system performance [27], [28].
Similarly, the PAPR constraint does not sufficiently control
the amplitude fluctuations of signal [29]. OFDM signal in
wireless communication also faces these issues [30]. In the
realm of waveform optimization and design, managing peak-
to-valley variations in power is crucial to mitigate nonlinear
distortions of transmission systems. The peak-to-valley power
ratio (PVPR) constraint [31], or the dynamic range ratio
(DRR) as referred to in [32], [33], emerges as a promising
alternative. By focusing on the ratio between the peak and
minimum (valley) power levels within the waveform, the
PVPR/DRR constraint offers a more comprehensive approach
to control amplitude variations, thereby reducing the likelihood
of nonlinear distortions. This constraint provides some greater
flexibility compared to the CM case, allowing for a wider
range of waveform designs while still maintaining some tight

control over power fluctuations.

B. Our Contributions

To address the limitations of current state-of-the-art meth-
ods, we focus on an OFDM-based DFRC system comprising
a multi-antenna base station (BS) and multiple single-antenna
user equipment (UEs). Designing low PAPR waveforms is
essential for enhancing transmission efficiency and overall
performance. However, some existing literature indicates that
PAPR constraints alone may not adequately control the dy-
namic range of waveforms and can be detrimental to maxi-
mizing transmission power. Therefore, to better adapt to real
hardware conditions, enhance waveform fidelity, and maintain
uniform transmission power, we propose a waveform energy
constraint based on the PVPR constraint. This constraint di-
rectly controls the dynamic distortion of waveform amplitude.
We try to design low-PVPR DFRC MIMO-OFDM waveforms
to achieve these goals. The main contributions of this paper
are summarized as follows:

» For the radar functionality, we introduce an optimized
weighted peak or integrated sidelobe level (WPISL)
method and design phase-encoded waveforms to achieve
local sidelobe reduction.

* For the communication functionality, we adopt a wave-
form design method based on CI, including waveform
similarity error (WSE) constraint and a joint objective
function for radar and communication.

* To address this challenging optimization problem, we em-
ploy the majorization-minimization (MM) framework and
introduce auxiliary variables to transform the nonconvex
problem into a series of convex ones, which is then solved
by convex optimization techniques.

* Numerical results demonstrate that our approach sur-
passes current widely-used algorithms in reducing side-
lobes. Additionally, the proposed Cl-based approach out-
performs existing least squares (LS) methods in terms of
symbol error rate (SER) and average achievable rate.

The remaining sections of this paper are organized as
follows. Section II describes the radar model and communica-
tion model, and introduces the waveform design problem. In
Section III, a method based on the MM framework, incorpo-
rating auxiliary variables, is proposed to address the waveform
design problem. Section IV validates the effectiveness of the
proposed algorithm through simulation. Finally, in Section V,
we summarize this article.

Notations: Unless otherwise specified, uppercase bold sym-
bols represent matrices, while lowercase bold symbols repre-
sent vectors. The operators (-)", ()", and (-)” denote the trans-
pose, the conjugate transpose, and the conjugate, respectively.
The set of N x N complex matrices is denoted by CV >, and
the set of n-dimensional complex vectors is denoted by C",
and j denotes the imaginary unit. The ¢5-norm is represented
by || - ||2, the £,-norm by || - ||,, and the Frobenius norm by
|| - ||r. The notation [X]; ; refers to the (i, j)th element of the
matrix X, and Apax (X) denotes the maximum eigenvalue of
the matrix X. The symbols >~ (and > for strictness) are used
to denote positive semidefiniteness (and positive definiteness,
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Fig. 1. A dual-functional radar communication system.

respectively) of matrices. The identity matrix of size N x N
is denoted by In. The operators Re(z) and Im(x) represent
the real and imaginary parts of z, respectively. The notation
vec(+) denotes the matrix vectorization operator, Tr(-) denotes
the trace of a matrix, ® represents the Kronecker product, and
diag(-) denotes the diagonal operator, which forms a diagonal
matrix from its argument.

II. SYSTEM MODEL

We consider a broadband MIMO-DFRC system for multiple
vehicular users, as shown in Fig. 1, employing an integrated
waveform for both detection and communication performance.
Through the collaborative utilization and sharing of DFRC as
a unified platform for radar and communication, this not only
enhances the perceptual capabilities of vehicle but also enables
more flexible and efficient communication. This system is
equipped with N; transmitting elements arranged in a uniform
linear array (ULA) with element space d, whose primary
objective is to serve K downstream single-antenna UEs while
simultaneously sensing M distant targets.

A. OFDM-Based DFRC Waveforms

To enhance the performance of OFDM and mitigate the
effects of inter-symbol interference (ISI) induced by multipath
channels, this study adopts the conventional OFDM technol-
ogy augmented with a cyclic prefix (CP) [34]. To facilitate
theoretical analysis, we make the assumption that the CP
length is not less than the maximum delay of the channel. For
optimal synchronization and theoretical feasibility, the starting
point of the DFT window for OFDM symbols is precisely
determined within its guard interval. The base station achieves
impeccable synchronization with radar pulses, enabling it to
accurately discern the start and end times of radar pulses.
The CP extends the OFDM symbol by appending a duplicate
of its latter portion to the front. If the length of the CP
exceeds or equals the maximum delay of the multipath signal,
the ISI impact of an OFDM symbol on the subsequent one

is confined within the guard interval. This ensures that the
subsequent DFT transformation of the next OFDM symbol
remains unaffected by ISI, with its period denoted as V.
Let N, represent the CP length in terms of the number of
samples. Consequently, the resultant period of the extended
OFDM symbol becomes N = N + N.,.

We first define S € CN+£xL as the symbol data
matrix for all UEs on N subcarriers, transmitted during
a communication frame of length L. Additionally, Q =
diag(Qy,...,Qn.) € CNsNexNeK j5 the compact pre-coding
matrix for all UEs on all subcarriers. Here, Q,, € CNtxK
represents the pre-coding matrix for all UEs on subcarrier.
The transmit symbol data S is initially pre-encoded in the
frequency domain by the matrix Q. Before undergoing sub-
carrier modulation, the signal goes through an inverse discrete
fourier transform (IDFT) operation to transform it into the time
domain. Subsequently, we proceed to employ

X5:QS: I:X}‘, 7X}[‘VS}T€(CN5Nt><L. (l)

Prior to IDFT processing, the baseband pre-encoded symbol
matrix across all subcarriers can be rewritten as X, =
[x1,X2,...,xz] € CNexL and x; is the N;-dimensional
spatial domain transmitting data at the [th moment. The
normalized DFT matrix for data transmission is denoted as
Foer € CNSXNfz, where the (n,m)th element of Fpgr is
given as #Nge_ﬁ(”_l)(m_l). Taking into account that the
ULA is equipped with NN; transmitting antennas, the IDFT
processing at the DFRC-BS transmitter is represented by the
operation (FRyr ®Iy,) € CN:NtxNalNt Consequently, the
time-domain waveform after IDFT can be further represented
as

G = (Fhrr ® Iy,) X, € CNeNex L, 2)

For CP-based DFRC MIMO-OFDM waveforms, it is crucial
to mitigate ISI caused by multipath frequency-selective fading,
with the last N, symbols repeating at the beginning of the
original symbol sequence [35]. The DFT matrix is denoted as
F., and the DFT matrix with CP is expressed as [36]

F = [F.,Fppr] € CVe*V, (3)

Typically, the DFRC MIMO-OFDM waveform after the
addition of CP can be represented as [37]

G2 (FMely,) X, € CVNexE, 4)

Following the above discussion, the receiver can exploit the
orthogonality of subcarriers for signal demodulation. This is
achieved by performing IDFT at the transmitter, adding the
CP, and subsequently removing the CP and applying DFT
at the receiver. The signal processing flow in an OFDM-
based DFRC system is succinctly illustrated in Fig. 2. Fig.
2 depicts the complete signal processing chain of the DFRC
system. It includes the data symbols being modulated using
PSK, followed by waveform optimization, IDFT, and the
addition of a CP before transmission. At the receiver end,
the CP is removed, and a DFT is applied to recover the
transmitted signal. This sequence effectively mitigates the
impact of frequency-selective fading-induced ISI and ensures
accurate demodulation and radar processing [34].
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B. Constructive interference for Communications

The signal incorporated with CP should undergo modulation
onto subcarriers and then be converted into the radio frequency
(RF) domain. Subsequently, it is transmitted through N, RF
chains connected to V; antennas. The communication channel
extending from the DFRC-BS to the downstream UEs in
the link is presumed to manifest as a broadband frequency-
selective fading channel. This presumption remains valid given
the condition of time invariance over a sufficiently extended
time scale [26]. The received signal for the symbol-data
sequence can be expressed as

Y, = 'S + (H X — S)+ Wy, 5)
Signal MUI Noise

where W represents the noise matrix containing the i.i.d.
additive white Gaussian noise (AWGN) components on [N,
subcarriers, following the distribution CA'(0,0?). Besides,
H, = diag(Hy,...,Hy,) € CN:EXN:Ne jg the effective
channel matrix, and H,, (n = 1,2,---, N;) is the channel
matrix on the nth subcarrier with

Ne
~ _ j2mu(n—1)
H,=) He =~ (©)
u=0
- - - 9T
where H,, = [h{u,...,h}( u} € CK*Nt represents the

channel matrix at the uth tap, and l~1k7u is the channel vector
for the kth UE at the uth tap, and follows the distribution
CN(o0, ;ﬁl) with i.id. Rayleigh fading coefficients. The
corresponding channel for each UE on the nth subcarrier can

be expressed as

Ne ~ _ j2mu(n—1)
hk,n = E hk,ue Ns
u=0

e CV M, (7)

For the considered DFRC MIMO-OFDM system, the
transmitting radar beampattern at the detection angle 6
can be expressed as NLZnNL a'l(9)R,a(f), represent-

ing the average over N, subcarriers. Here, a(f) =

ToNg—1_ L Ng—3 _ . N1 .
[6 i—5 7rsm«97€ j=5—msing | el 3 ﬂ'San]T c (CNt,Xl

) )

is the transmission steering vector, assuming an even number
of transmit antennas on the DFRC-BS ULA and selecting the

center of the ULA as the reference point. Furthermore, R,
stands for the effective spatial covariance matrix of the trans-
mit DFRC MIMO-OFDM waveform on the nth subcarrier,
defined as R,, = 1+ G, G To ensure the positive definiteness
of the covariance matrix R,,, we assume that the frame length
satisfies L > N, a condition will be easily achievable when
considering broadband scenarios with approximately time-
invariant channels.

Generally, traditional methods for designing DFRC wave-
forms aim to minimize the MUI energy to achieve effective
communication. However, note that not all interference is
detrimental. Thus, it is unnecessary to minimize all types of
interference. Interference can be categorized into destructive
interference (DI) and CI [38]. For QPSK case as illustrated
in [38], CI is considered a beneficial disturbance because it
directs the received signal towards the correct decision region,
known as the constructive region. This redirection towards the
constructive region provides additional degrees of freedom,
making CI a valuable aspect.

The CI technology has been extensively studied in recent
research [39] [40]. To avoid diverting our primary focus,
we will not delve into the derivation of CI constraints. For
the sake of derivation simplicity, we adopt a phase rotation
approach to separate the amplitude and phase parts of the
received signal. This strategy facilitates the disentanglement of
interference signals from the received signal. We express the
rotated noiseless received signal as 3, , = ﬁk’nxl =TI +‘Ek’n,
where hy,, = hg e/, and t, = hy,x; — I This
representation helps in managing interference signals while
ensuring that the received signal remains within the construc-
tive region.

By leveraging the geometric relationships of rotational
QPSK symbols illustrated in Fig. 3, the constraints for con-
structing CI can be formulated as follows

‘Im (flkmxl)‘ < (Re (ﬁk,nxl) — Fk.> tan ¢, Vk,Vn, (8)

where ¢ = T is the central angle, and M is the modulation
order of the PSK scheme.
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C. Sidelobe Level for Radar

To design our DFRC MIMO-OFDM waveform, we denote
the ideal reference waveform as Gy = (FE ® Iy,)Xp,
where X represents the radar waveform before the IDFT
operation, capable of achieving an ideal detection probability.
By employing directional beamforming techniques, we can
achieve a benchmark waveform similar to Gy. By employing
directional beamforming design [26], a reference waveform
Gy can be obtained. Thus, from the perspective of radar
performance, it is beneficial to make the DFRC waveform
G = (FBr ®Iy,) X, as close to G as possible.

To achieve lower sidelobe levels in the designed waveform,
it is imperative to suppress clutter from adjacent range cells.
This suppression is necessary to avoid some masking effect of
strong targets on weaker ones. A commonly employed metric
for quantifying range sidelobes and assessing their suppression
is the weighted integrated sidelobe level (WISL), and defined

as [41]
L—1

WISL = | Tr(Ugxx") 2. 9)
k=1

where wj, denotes the nonnegative weights,

1 —q=k
and
x = vec(Xy). (11)

Here, we introduce a more general norm-based metric,
i.e., WPISL, for autocorrelation sidelobes, and set e, =
Tr(Ujxx™). The definition of WPISL has

L—1
WPISL =~ wylex|?,

k=1
where 2 < p < +00. Once p = 2 we could get the WISL
metric. If wg=1,Vk, we could get the ISL metric. Furthermore,

12)

when both p — +oo and wy = 1,Vk, we would get the

L—1 L/p
( > ek|p) — max {|ex|}, which corresponds to the PSL
k=1

metric.

III. AN MM-BASED INTEGRATED WAVEFORM DESIGN

A. Peak-to-Valley Power Ratio Constraint

In OFDM systems, the time-domain transmitted signal
may exhibit significant peaks, leading to a high PAPR after
performing IDFT operations on all subcarriers. This elevated
PAPR not only diminishes the efficiency of power amplifiers
in the transmitter but also reduces the signal-to-quantization
noise ratio (SQNR) of analog-to-digital converters (ADCs) and
DAC:s.

To ensure that amplifiers in the RF components operate in
the saturation or nonlinear region, maximizing transmission
power, transmitted waveforms are typically subject to constant
envelope and PAPR constraints.

However, the CM constraint limits the flexibility of wave-
form design and system performance. The PAPR constraint
with less stringent restricts the peak-to-average power ratio
and is a key issue in OFDM systems [42]. PAPR, the ratio
of maximum to average passband signal power, can lead
to a large modulus dynamic range (MDR), requiring costly
wide-range amplifiers and causing waveform distortion. To
address this, based on [31]-[33], we also apply the peak-to-
valley power ratio (PVPR) concept to the pre-coded waveform
dynamic range, thereby compensating for the drawbacks of the
PAPR constraint. This PVPR constraint is defined as

2
max |[(F @ Ly, )X.J,

Zi

PVPR(X,) = 5 <x> (13

min [[(F¥ & L) X.]

l)

il

where x is a parameter controlling the MDR of the waveform.
Specifically, when the amplitude deviation is O, this constraint
is equivalent to a CM constraint with uniform amplitude. It is
evident that the CM constraint is a specific case of the PVPR
constraint.

B. Problem Formulation

Generally, radar in practical scenarios often necessi-
tates transmission with utmost available power. Thus,
we also impose the following power constraint, i.e.,
% H(FH ® INt)XSHIQ: < P, where the power budget P, is en-
tirely utilized for generating the DFRC MIMO-OFDM wave-
form. The concept of CI is adopted to enhance the performance
of the DFRC waveform with a focus on minimizing low-
range sidelobes. To achieve a better trade-off performance,
admissible square WSE constraint (corresponding to the 2nd
constraint in (14)). To address these considerations, this text
introduces a novel approach that employs controlled waveform
dynamic range and overall transmission energy constraints,
aiming to alleviate the shortcomings associated with PAPR
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constraints. The problem under consideration can be formu-
lated as follows

p

s

H)l(in gwk ‘Tr (Ukvec(Xs) (vec(Xs))H)

1
st (BT e Tn) X, < R
2
| (Fber @ In) X = Go|, < 67 (14)
‘Im (flkmxl)‘ S (Re (ﬁk,nxl> — Fk) tanap

2
rrﬁx ‘ [(FH & INt) XS]

il
<>

min|[(F¥ & Ty,) X

%l

il

C. Proposed MM-Based Method

In MIMO radar waveform design, solving problem (14)
presents significant challenges due to the non-convex nature
of the optimization involved. The major difficulty arises from
the complex cyclic autocorrelation and cross-correlation ex-
pressions, specifically e, which involve DFT and a selection
matrix. To tackle this non-convex waveform design issue,
we adopt the Majorization-Minimization (MM) framework.
The MM algorithm transforms the original problem into a
more manageable form by deriving an upper bound surrogate
function that approximates the objective function locally at
each iteration. This surrogate function is then minimized in the
subsequent iteration, enabling efficient convergence towards a
solution.

To obtain the substitute function for |ex|”, (k
we present Lemma I as follows.

Lemma 1 [41] : Let the function v(z) = zP, where p > 2
and z € [0, Z]. For any given z( € [0, Z), The relationship is
as follows

1,..,L—1),

v(z) < ax? + bx + ¢, (15)
where o o1/ o
gz —xoipxo (a:—xo)’ (16)
(T — x0)?
szmcg_1 — 2axp. (17

Without confusion, we will use ¢ to absorb terms unrelated to
optimization.
Specifically, to address problem of (14), we turn to using

MM framework, and construct an objective optimization func-

(a)

tion. Given the gth iteration’s value of ’(ek) ‘, according to

Lemma 1, know that |ey,|” is majorized at ‘(ek)(q)’ over [0, Z]
by

Filerl? + 5 lexl + [ @0)@] — (0= D] @[", a9)
where
T = o ‘(e’“)(q) ] B p‘(ek)@ B (19)
" -fe]) Go-fe®])
Ry = p‘(ek)(q)‘p_l Y ’(ek)(‘”‘. (20)

For the sake of convenience, we define f (x) = Y wy|ex|”

k=1
and obtain
L—1
F) <> wy (jklek|2+ﬁk |ek\+é). @1
k=1
We further observe that K; < 0 and
exl [(e-0)@| 2 Re[ex- ()] @2
Therefore, we have
L—1
Fx) <> wnTlexl?
k=1
L1 (@) 1 (23)
+ Z wrRrRe < e} ? ) + Z WG,
k=1 ’ kq k=1
where
L-1 e(q)
ZwkﬁkRe e, k
(q)
k=1 ’€k
L-1 e(q)
= Z wrpRrRe { Tr(U kxxH) k
‘ (q)‘
k=1 e,
(24)
; L—1 e,(f)
=Re{x Zwkﬁk‘ (q)‘U_k X
k=1 €L
1 L-1 e(ql)c
H —
= 2X Z wkﬁk‘ @ Uk X,
k=1—L €k
with e_; = Tr(U_jxx™M). In (23), it can be observed that

L-1

there remains a challenging quartic term > wi Jx lex|?. We
k=1

optimize it through its maximum eigenvalue, as stated in the

following lemma.

L—-1
Lemma 2 [43] : The function d(x) = 3 wiJklex]® +
k=1

(a)
%XH (Zﬁzll_L wi Rk ‘e*q’j Uk> x is majorized by
€k
(%) = Amax (L) [|X]17 = 2Amax (L) Re [yTx] +¢,  (25)
where
L—1 » b2
=3 balen®] e, ee
k=1—L
Amax (B) 2 1
= (14 Zmaxt>) Hx<q> > x@ - = __rx@. @7
y ( N () 115 s N (L) (

Proof: See Appendix A for the detailed derivation. |

In steps (21) to (25), we have constructed an auxiliary func-
tion and derived update rules to progressively simplify the ob-
jective function. These steps lay the foundation for accelerated
convergence. To further enhance the convergence speed during
the iterative process, we can adopt the acceleration scheme
based on the squared iterative method (SQUAREM) proposed
in [41]. The SQUAREM method introduces momentum terms
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to achieve quadratic convergence, significantly reducing the
number of iterations and making the iterative updates more
efficient. To further facilitate optimization, we shall transform
problem (14) into its equivalent vector form, as follows

N Ay (£) [[vee(Xs)[12 — 2Amax (£) Re [yvec(X,)]
1 2

st 7 [(FeIy,) X < A
| (Fper © Inv,) X — GOHE <4
‘Im (flk,nxl)’ < (Re (flk,nxl> — I‘k) tan ¢

2

il

mae|[(F" @ Ly,) X,]

2
=~ <x%

min |[(F @ Ly,) X,

(28)
where x; is the part of X that corresponds to the transmitted
data from all antennas during the /-th OFDM symbol period.
Since the PVPR constraint is nonlinear and non-convex, the
above problem is exceedingly challenging to be solved. To
handle this difficulty, we propose to deal with the PVPR
constraint as presented in Lemma 3 as follows.

Lemma 3 : The optimization problem (28) can be relaxed
into the following optimization problem

win Amax (L) [[vee(Xs) |5 — 2Amax(£) Re [y'vec(Xs)]

X 1
st [|(F" @ Ly,) X|i<P
|(Fher @ Ly,) X, — Go|), < 62
‘Im (flk,nxl>‘ < (Re (flkmxl) — Fk.) tan ¢

2
B[ o)X, <6
(29)

Proof: First of all, by defining an auxiliary variable § =

2
miln ‘ [(FH ® INt) Xs]i ;| » the PVPR constraint (i.e., the last

constraint in (28)) can be reformulated as

2
5= min|[(F & 1) X,],,
o 2 (30)
max ‘ [(FT e Ty) X, ,| <8
which is equivalent to
" 2
5= min|[(F" e Tn) X.],,
< ’[(FH@IM)XSL,Z (31)

2
< ma|[(F 0 1) X,],,

< Bx*.

Therefore, problem (28) can be equivalently reformulated
as

min Amax (L) [vee(Xs) |5 — 2Amax(£) Re [y'vec(X;)]

sy

1
st 7 [|(F' e ly) X[ < R
| (Fprr © In,) X — G0H12: <o
‘Im (flknxl)‘ < <Re (flkmxl) — Fk) tan ¢
2
<[P oIy )X],,| <8¢

2
5= min|[(F" & 1) XJ, |

(32)
Then we relax problem (32) by removing the last constraint,
resulting in the optimization problem (29). |

The non-convexity introduced by the fourth constraint in
problem (29) poses substantial challenges for direct solution
approaches, complicating the optimization landscape and po-
tentially leading to local optima. To address these challenges
and leverage the advantages of convex optimization, we under-
take a deliberate relaxation of the problem structure. Through
careful manipulation of the constraints and objectives, we
derive a convex formulation of the problem, as outlined in
Lemma 4.

Lemma 4 : The optimization problem (29) can be further
relaxed into the following

) 2
Juin, Amax (L) [[vee(X)[l3 — 2Amax (£) Re [y"vec(X,)]

1 2
stz [|(F" e In) X[ < R
(Pl © Ly,) X, — Go|;, < 6°

‘Im (flk)nxl>‘ S (Re (flkmxl) — Fk) tancp
Blyn,r < diag(Z) < Bx*1nw,L
Z > 0.
(33)
Proof: See Appendix B for the detailed derivation. |

It is easy to check that (33) is convex, and can be solved
by standard numerical tools, e.g., the CVX toolbox [44].

IV. NUMERICAL SIMULATION

In this section, we mainly formulate a uniform linear array
configuration for both the transmitting arrays and receiving
ones. The elements in these arrays are all uniformly spaced
with half a wavelength interval. In the following simulation
(unless otherwise specified), the number of transmitting an-
tennas is Ny = 16, and the code-length of the waveform is
L = 512. We suppose that P, = 1, the length of the CP
is 3 and with a total of 32 subcarriers available. Moreover,
there are 2 active UEs and 3 designated targets within our
experimental scenario. Additionally, we set the constellation
selected for communication users as the unit-power QPSK
manner. Therein, we also try to employ Monte Carlo trials to
assess the statistical performance of algorithms for designing



JOURNAL OF KTEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2024

-50

-100

-150

-200

Autocorrelation magnitude (dB)

Proposed
e MM 4
WeCAN
APISA

-250

300 I I I I I
-512 -300 -100 0 100 300 512

Autocorrelation sampling points

Fig. 4. ACL comparison for suppressing sidelobes in the single area.

Autocorrelation magnitude (dB)

Proposed

MM
w w WeCAN

APISA

300 I I I I I
-512 -300 -100 0 100 300 512

Autocorrelation sampling points

Fig. 5. ACL comparison for suppressing sidelobes for multiple areas.

waveforms. Genereally, the definition of the auto-correlation
level (ACL) can be denoted by

lex|

(34)
leo

ACL = 20log,, — (dB),

A. Sublobe Level Suppression

To validate the radar’s performance, we further define the
averaging consumption time, the averaging autocorrelation
magnitude within the inhibitory range as Aver-time and Aver-
ACL, respectively. In this subsecion, we consider the scenario
for suppressing single-sidelobe region with weights w, = 1,
k€ {1,2,..,100} and p = 2. In Table I and Fig. 4, we have
compared our algorithm (referred to as “Proposed”) with We-
CAN [45], APISA [46], and MM [47]. For the MM algorithm,
this study addresses more complex scenarios with additional
constraints and a different descent mechanism, enhancing its
applicability and performance in various conditions. Here, the
metric, i.e., ACL in the suppression region, is defined similar
to [48]. All experiments were performed on a PC with a 2.30

TABLE I
PERFORMANCE OF SINGLE-AREA SIDELOBE SUPPRESSION

Multiple Area

Algorithms
Aver-ACL (dB) Aver-time (s)
WeCAN -42 22.74
MM -51 0.83
APISA -187 0.33
Proposed -283 0.24
TABLE II

PERFORMANCE OF MULTIPLE-AREA SIDELOBE SUPPRESSION

Multiple Area

Algorithms
Aver-ACL (dB) Aver-time (s)
WeCAN -38 25.74
MM -49 0.86
APISA -103 0.32
Proposed -258 0.25

GHz i7-12700H CPU and 16GB RAM. After running 1000
iterations, MM algorithm has achieved an ACL of —51dB,
WeCAN obtained ACL of —42 dB, respectively. Additionally,
APISA with an alternating projection mechanism has achieved
ACL values of —187 dB. Our proposed algorithm achieved an
ACL of —283dB.

Additionally, we also considered the sidelobe suppression
in multi-region scenarios, specifically setting weights wy = 1,
ke {1,2,...,100} U {150,151, ...,200}. In Table II and Fig.
5, we have observed some outstanding performance in both
runtime and ACL metric, where Table II also presents similar
characteristics to Table I. The proposed algorithm in this paper
achieved the best results in all 20 Monte Carlo trials.

To further evaluate the computational complexity, we
demonstrate convergence metric v.s. the number of iterations
in Fig. 6, and CPU time consumption in Table I. Therein,
in Fig. 6, we employ log |x(?) — x(q_1)| as the convergence
metric in the y-axis, with a threshold value 10710, The figure
reveals obvious convergence differences, where our algorithm
consumes much less time than MM, APISA, and WeCAN, and
exhibits superior robustness. Meanwhile, as indicated in Table
I and Fig. 6, WeCAN exhibits slower convergence, APISA
exhibits oscillations which might attribute to their alternating
projections disabled for thus non-convex cases.

Additionally, we assess the performance in minimizing PSL,
by setting p to a large value, wr = 1,Vk, so as to yield
an approximate PSL. Here, various p values were considered
p = 10, 50,102, and 103, with a maximum iteration number
4 x 10%. As shown in Fig. 7, it is evident that for smaller
p values (e.g., p = 10), the convergence is correspondingly
rapid, even with a higher PSL. Conversely, for larger p values
(e.g., p = 10%), the situation is reversed. Hence, an incremental
approach for p can be employed to attain lower PSL and
change convergence.
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B. Effect of PVPR

In this subsection, we would delve into the impact of
aforementioned PVPR constraint on the inhibition of local-
correlation. Here, we mainly employ the proposed algorithm
to synthesize low-correlation waveforms within an extended
local delay range of [-50, 50] and L = 256 for various
PVPR constraints. Namely, we tried to relax the constant
model (PVPR=1) gradually to other PVPR constraints, such
as PVPR<2, PVPR<4, and PVPR<6. Accordingly, Fig. 8(a)
has illustrated the resulting waveform correlation levels under
different PVPR constraints. It is evident that from the CM
constraint to a slightly relaxed PVPR<2 constraint, the local
waveform correlation level decreases from around -150 dB to
nearly -300 dB. Subsequently, as we gradually relax the PVPR
constraint from PVPR<2 to PVPR<6, we observe minimal
variation in the local waveform correlation level, hovering
around -300 dB. We can infer that the waveforms synthesized
by the algorithm in this study attain a low correlation level.
Furthermore, Fig. 8(b) illustrates the intercorrelation levels of
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Fig. 8. Autocorrelation (top) and cross-correlation (bottom) plots of wave-
forms under different PVPR constraints.

the designed waveforms. It is discernible from the figure that
as the PVPR constraints being relaxed, both the sidelobes of
local autocorrelation and the intercorrelation levels of designed
waveforms can approximately approach -300 dB. This substan-
tiates the algorithm’s capability to design nearly orthogonal
local low-correlation transmission waveforms. Additionally,
Fig. 9(a)-(d) have illustrated the normalized amplitude dis-
tribution of designed waveforms in these four scenarios. It
can be observed that the case of PVPR = 2 could maintain
the dynamic range of each antenna’s amplitude within accept-
able fluctuations, whereas PAPR = 2 constraint results in a
larger range. This instance highlights that the proposed PVPR
constraint could stand as the preferred manner for enhancing
transmitter’s efficiency.

Furthermore, in Fig. 10, we have provided a comparison of
the blur functions for the optimized waveforms. Fig. 10(a)
illustrates the blur function for the traditional LFM-based
integrated waveform. It is evident that in the temporal slices at
any Doppler shift, there are relatively high sidelobe levels near
the zero-delay point. In contrast, Fig. 10(b) depicts the region
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Fig. 9. Normalized transmit waveform amplitude distribution [29].(a) CM.
(b) PVPR=1. (c) PVPR=2. (d) PAPR=2.

of interest within the temporal slice, i.e, [-50, 50] optimized by
the proposed algorithm, with the remarkably low sidelobe lev-
els even below -90 dB. Consequently, the integrated waveform
optimized in this study outperforms traditional LFM-based
integrated waveforms in terms of ranging performance. To
achieve target detection over a broader range of interest delays,
future research can focus on the design of integrated wave-
forms with favorable autocorrelation characteristics across the
entire delay range.

In the following figures, we mainly considered four different

10

Delay index

Delay index

Doppler shift (rad)

(b)

Fig. 10. Comparison of non-periodic waveform ambiguity function. (a) Inte-
grated waveform based on the LFM. (b) The integrative waveform proposed
in this paper.

PVPR thresholds, i.e., 0.5, 1, 3, and 5. In Fig. 11, we assume
K =4, T, = 5dB,Vk, and SNR = % varies from 0 dB
to 25 dB. As the SNR increases, all schemes gradually seem
to be saturated. The phenomenon might attribute to the finite
signal power, wherein the noise power becomes progressively
negligible with a higher SNR, thus rendering MUI as the pre-
dominant factor. As the SNR increasing, the SER experiences
a decline, and the influence of PVPR constraints on SER
performance becomes more evident. This intricate interplay
highlights the significance for managing PVPR in the context
of evolving SNR conditions.

C. Communication-Radar Performance Trade-off

We further assessed the superiority of the proposed CI-
based waveform design method through numerical results. For
comparison purposes, the CI-based method and the LS-based
method introduced in [26] are denoted as “CI” and LS.’
respectively. The spatial covariance matrix R was obtained
using the classical LS method from [49]. As shown in Fig. 12,
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Fig. 11. SER performance versus transmit SNR with §2=2.

we begin by showcasing radar beampatterns derived through
various waveform design methods. All presented results are
normalized with respect to the omnidirectional radar beampat-
tern, referred to as ”Omni” for reference. When the square root
of the WSE constraint reaches 3, it signifies that the designed
beams accurately align with the target angles, with acceptable
performance degradation. This observation underscores the
effectiveness of all CI-based methods employed. The findings
indicate that these methods consistently demonstrate their
efficacy, affirming their capability to precisely point to target
angles while maintaining satisfactory performance levels.

V. CONCLUSION AND FUTURE WORKS

This paper has addressed the challenges of mitigating the
high PAPR problem of OFDM-based waveforms in a MIMO-
DFRC system. Introducing a PVPR constraint, our approach
enhances waveform fidelity and power control adaptability
to real hardware conditions. The joint design of low-PVPR
DFRC MIMO-OFDM waveforms, coupled with optimized
radar and communication segments, has demonstrated su-
perior performance. Key findings include improved control
over waveform dynamic range, significant reduction in radar
sidelobes, and enhanced communication efficiency with lower
SER and higher average achievable rates. The MM framework
has proven effective in transforming the non-convex problem
into a series of convex ones, solvable via convex optimization
techniques, thereby outperforming existing methods.

Future efforts should prioritize the practical implementation
of the proposed low-PVPR waveforms in real-world MIMO-
DFRC systems. This includes designing and testing prototypes
across diverse operational environments to substantiate per-
formance enhancements. Moreover, expanding performance
metrics to encompass factors such as power consumption,
latency, and robustness to interference will offer a more
comprehensive evaluation of DFRC system effectiveness.

APPENDIX A
L-1 )
The quartic term »_ wiJx |ex|” can be further rewritten

=1
using the vec notation as follows

1
§vecH (xx") - B - vec (xx"), (33)
L—1
S wrJkvee (U_y) vect (U_y). Furthermore,
k=1—L
with respect to (35), we can proceed with the deduction to

obtain

where B =

1
§vecH(xxH) 9B - vec(xx™)

1
< 5Amax(%)vecH(xxH)vec(xxH)
Re [vecH(x)@ (1)@ . (B — A (B)Dvec(xxh)| + &
1
< §>‘maX(%)HXH%

L—-1

+XH< Z wiTre—_ (xD)U,
k=1—L

—/\max(%)x(q)x(q)l{) X+ ¢.
(36)
Furthermore, we can rewrite the right-hand side of inequality
(23) as

1
éAmaX(%)Hxng

+xt (c - )\max(‘B)x(Q)x(Q)H) x+é& (37
where
L—1 .
=Y wk‘(ek)(q) (-9 UL.  (38)
k=1—L
_ (@2 () ;
Let £, = |(ex) (e—x)"¥ Ug. According to Theorem
in [50], it is known that
2(L—z)(L—1) (q)
)\max(ﬁk) < L Ok ! 1% 75 0 (39)
2L,z=0

where 2 represents the range and z = | 2¥ |.

Therefore, Apax(L) also serves as an upper bound for
the eigenvalues of the matrix £ — )\max(%)x(‘Z)x(q)H; how-
ever, the computational complexity of obtaining Apax(L —
Amax (B)x@x(@M]T is comparatively higher. Therefore, we
opt for Apax (L) as the upper bound for £—)\max(%)x(‘1)x(q)H,
and A\pax (B) > 0, we obtain

xH (ﬁ - )\max(%)x(Q)x(‘J)H> x
< Amax (£)x"x+
2Re {XH (ﬁ — Amax (B)x D x(OH _ )\max(ﬁ)I) X(q):| +c

= Amax(£) X3 — 2Amax(£) Re [yx] + ¢,
(40)
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APPENDIX B

The difficulty of solving problem (29) is from the last con-
straint. To handel this constraint, we introduce two auxiliary
variables, z € CNNtL and Z € CNN:LXNN:L  which are
defined as

zZ = [(FH & INt)Xs]l,ly Ty (FH ® INt)Xs]l,La R
(FH @ In) XN 1 (FR @ In) X v, o]ty @1
Z = zz1.

Then, the last constraint in (29) can be reformulated as

Blnn,r < diag(Z) < Sx*1nn,L 42)
Z = zz

which is equivalent to
Blnn, o < diag(Z) < Sx*1nn,L
Z>0 43)
rank(Z) = 1.

The above constraints can be relaxed by dropping the rank-one
constraint, as

{ Blnn, L < diag(Z) < Bx*1nn,L (44)
Z > 0.

Therefore, problem (29) is related to be
Jin Amax (L) [[vec(Xs)[|5 — 2Amax(£) Re [yflvec(Xy)]

s3M

st
L7

| (Fper @ In, ) X, — G0||12: < §2
‘Im (flk,nxz>’ < (Re (flk,nxl) - Fk) tan ¢

Blyn,r < diag(Z) < Bx*1nn,L
Z>0.

[(FY o 1y,) X2 < R

(45)
Therefore, the optimization problem in (45) is derived by
introducing the auxiliary variable Z and relaxing the rank-
one constraint, transforming the original non-convex problem
into a SDP.
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