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Small-amplitude synchronization in driven Potts models
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We study driven q-state Potts models with thermodynamically consistent dynamics and global coupling. For
a wide range of parameters, these models exhibit a dynamical phase transition from decoherent oscillations
into a synchronized phase. Starting from a general microscopic dynamics for individual oscillators, we derive
the normal form of the high-dimensional Hopf bifurcation that underlies the phase transition. The normal-form
equations are exact in the thermodynamic limit and close to the bifurcation. Exploiting the symmetry of the
model, we solve these equations and thus uncover the intricate stable synchronization patterns of driven Potts
models, characterized by a rich phase diagram. Making use of thermodynamic consistency, we show that
synchronization reduces dissipation in such a way that the most stable synchronized states dissipate the least
entropy. Close to the phase transition, our findings condense into a linear dissipation-stability relation that
connects entropy production with phase-space contraction, a stability measure. At finite system size, our findings
suggest a minimum-dissipation principle for driven Potts models that holds arbitrarily far from equilibrium.
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I. INTRODUCTION

Synchronization is a striking collective phenomenon that
occurs in systems of coupled oscillators [1–4]. Due to in-
teractions, a system of oscillators with different oscillation
frequencies may phase-lock to a common frequency and os-
cillate coherently. Synchronization has been observed across
a range of disciplines in science [5] such as biology [6–9],
neuroscience [10], chemistry [11], and physics [12,13].

In large systems of coupled oscillators, the emergence of
synchrony is an instance of a nonequilibrium phase transition,
characterized by the spontaneous occurrence of spatiotempo-
ral order—in the form of phase locking—through the breaking
of time-translational symmetry. To this day, nonequilibrium
phase transitions lack a comprehensive theoretical under-
standing comparable to that achieved for equilibrium phase
transitions in the past century.

In the study of equilibrium phase transitions, exactly solv-
able models have played an important role [14]. A crucial
archetype of model whose equilibrium properties are math-
ematically accessible is the q-state Potts model [15,16]. The
model consists of N identical units of q different states,
labeled 0, . . . , q − 1, immersed in a heat bath at inverse
temperature β = 1/(kBT ). One can think of each unit as
a two-dimensional vector (or spin) that points in one of q
equally spaced directions [see Fig. 1(a)]. In the version of

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

the model we consider here, Potts spins interact via a global
potential: The energy is reduced by J /N whenever a pair of
spins is in the same state [see Fig. 1(b)].

In nonequilibrium physics, exactly solvable models have
played a crucial role, too. For synchronization, in particular,
the perhaps most influential solvable model is the Kuramoto
model [3,17,18], which consists of N → ∞ globally coupled
oscillators with continuous phases. The natural frequency of
each oscillator is fixed but random, drawn from a given prob-
ability distribution. In the Kuramoto model, the competition
between decoherence, introduced by the spread in the natural
frequencies, and order, introduced by an aligning interaction
potential, leads to a dynamical phase transition into a synchro-
nized state at a critical coupling strength [3,17,18].

In this paper, we analyze driven q-state Potts models
[19–21], nonequilibrium versions of the classic Potts model.
In driven Potts models, the spins are amended with thermo-
dynamically consistent stochastic dynamics that models the
interaction between the spins and the heat bath. In addition,
each Potts spin is driven by a nonconservative force f . To
model this force, the dynamics is chosen to favor one direction
of rotation over the other. With such a driving, the Potts
spins become “Potts oscillators” that, on average, rotate in the
direction of the driving (see red arrows in Fig. 1).

The explicit choice of stochastic dynamics is part of any
driven Potts model and it impacts its behavior. More generally,
the dependence on dynamics is characteristic for nonequilib-
rium physics. At equilibrium, by contrast, the Gibbs state is
universal, whenever thermodynamic consistency, i.e., detailed
balance, is preserved. Away from equilibrium, no such univer-
sality exists, and even thermodynamically consistent models
may be sensitive to dynamics.
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FIG. 1. Sketch of the model. (a) Single Potts oscillator consisting
of a two-dimensional spin (green arrow) pointing in one out of q
directions (orange circles) with labels 0, . . . , q − 1. The spin jumps
stochastically between adjacent states and is driven by a nonconser-
vative force f (red arrow). (b) The spins are globally coupled so that
the energy E is reduced by J /N for any pair of spins pointing in the
same direction.

For a wide range of dynamics, we show that a large num-
ber N → ∞ of globally coupled Potts oscillators undergo a
dynamical phase transition into a synchronized phase, in anal-
ogy with the Kuramoto model. The mechanism, however, is
different here: Driven Potts models are intrinsically stochastic
because they exchange energy with the heat bath. The syn-
chronization transition occurs due to a competition between
decoherence from thermal noise and order due to the aligning
interaction between oscillators.

As we will explain in detail, large systems of Potts os-
cillators are described by the occupation probability p(t ) =
(p0, . . . , pq−1)T of the states 0, . . . , q − 1 at time t . Deco-
herent oscillations correspond to uniform occupation, p(t ) =
p∗ ≡ ( 1

q , . . . , 1
q )T. Figure 2(a) shows the result of numer-

ical simulations of a large system of initially decoherent,
driven Potts oscillators with given dynamics. Shown are
the deviations x(t ) = p(t ) − p∗ from decoherence for q = 9.
The initially decoherent system [x(t = 0) = 0] develops a

synchronous pattern characterized by four traveling maxima,
highlighted by red arrows.

Potts oscillators have an intrinsic discrete rotational sym-
metry, so the periodic patterns observed in Fig. 2(a) are
described by discrete complex Fourier modes. As we explain
below, there are four dynamical Fourier modes for q = 9, with
wave numbers k = 1, . . . , 4, that we denote by z1, . . . , z4. The
evolution of these modes in the complex plane is shown in
Figs. 2(b)–2(m).

Initially all modes are inactive [Figs. 2(b)–2(e)], indicating
the initial decoherent state. As time advances, the amplitudes
of the Fourier modes with largest k grow [Figs. 2(f)–2(i)],
until eventually [Figs. 2(h)–2(j)] only z4 is active and rotates
counterclockwise in the complex plane (green arrow), reflect-
ing the emergence of the synchronization pattern shown in
Fig. 2(a). The amplitudes of the remaining Fourier modes are
essentially zero, and they rotate in different directions (green
arrows).

Thermodynamic consistency of the model enables us
to extract faithful thermodynamic observables. The average
rate of dissipated work, shown in Fig. 2(n), is initially at
the large value 〈σ̇ 〉0, associated with the average dissipation
rate of a single, uncoupled oscillator. During relaxation into
the synchronized state, the rate of dissipated work decreases
as a function of time and relaxes to a smaller value 〈σ̇ 〉f,
associated with the average dissipation rate per oscillator in
the synchronized phase.

The phase-space contraction rate, shown in Fig. 2(o), is a
measure of the momentary stability of a given state. Its initial
value L0 is negative, reflecting that decoherent oscillations are
unstable. But it increases as a function of time, changes sign,
and saturates at a positive value Lf > 0, indicating a stable
synchronized final state. Comparing Figs. 2(k) and 2(l) we ob-
serve an apparent connection between stability and dissipation
in the system.

We explain and extend these observations by analyzing
analytically the equations of motion that describe the macro-
scopic dynamics of large systems of coupled Potts oscillators

FIG. 2. (a) Oscillations in real space and Fourier space as a function of time starting from the decoherent state x(0) = 0 for Arrhenius
dynamics [Eq. (26)] with q = 9, βJ /q = 1.025, β f = 7, and N = 105. Arrows indicate evolution in time. Deviations x(t ) = (x0, . . . , x8)T

from decoherence as a function of time, given in units of the microscopic transition time τ . [(b)–(m)] Probability density of Fourier modes
z1, . . . , z4 obtained from an ensemble of 104 realizations at [(b)–(e)] t = 0.5τ , [(f)–(i)] t = 2τ , and [(j)–(m)]. Red lines from macroscopic
dynamics. (n) Rate of dissipated work as function of time. Grey lines indicate dissipation rate in different states. (o) Phase-space contraction
rate as function of time. Grey lines indicate phase-space contraction rate in different states.
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in the thermodynamic limit. So far, no analytical treatment
of synchronization in driven Potts models has been reported.
The existing results are numerical, restricted to small values of
q, and to specific choices of the stochastic dynamics [20,21].
Here we solve the model exactly close to the synchronization
transition for arbitrary dynamics and arbitrary q. Apart from
explaining the numerical simulations shown in Fig. 2, our
results reveal how the behavior of the model depends on the
choice of the dynamics and on the value of q.

From a linear stability analysis, we find that different
dynamics may either stabilize or destabilize the decoherent
phase compared to the equilibrium case. When decoherence is
unstable, the model transitions into a synchronized state with
coherent small-amplitude oscillations as shown in Fig. 2. We
show analytically how different dynamics give rise to a variety
of stable synchronization patterns that constitute a rich phase
diagram of possible synchronized states. All stable oscilla-
tions have in common that only a small number of Fourier
modes is active, as observed for q = 9 in Figs. 2(j)–2(m),
where only a single Fourier mode, here z4, is active.

This reveals a profound difference in the way in which
driven Potts models and the Kuramoto model synchronize:
While “Kuramoto-like” synchronization occurs in real space,
“Potts-like” synchronization occurs in Fourier space.

The stability of the synchronized states is closely linked to
the thermodynamics of the model, as we discuss in detail in
Ref. [22] that appears together with this paper. We find that
synchronization in driven Potts models reduces dissipation in
such a way that the most stable synchronized states dissipate
the least entropy. Close to the synchronization transition, we
derive a linear stability-dissipation relation between states of
least entropy production and states of largest phase-space
contraction. As we argue in detail, this finding suggests a
minimum-dissipation principle [23] for driven Potts models
at finite N , that holds arbitrarily far from equilibrium and
independently of the stochastic dynamics.

Equilibrium Potts models have been realized experimen-
tally for q = 3, 4 using, e.g., spins in adsorbed systems
[24–26] and fluid mixtures [27]. Synchronization of oscil-
lating spins was achieved by applying an external torque
through a spin-polarized current [28–30]. Idealized models
have proven instrumental in predicting the outcomes of these
experiments [31–34]. Combinations of these existing exper-
imental approaches thus offer interesting future perspectives
for the experimental observation of the Potts-like synchro-
nization established here.

This paper is organized as follows: In Sec. II we explain
driven Potts models in detail, starting from the dynamics of a
single Potts oscillator. We discuss the observables that charac-
terize the thermodynamics and the stability of the model for a
finite number N of oscillators. In Sec. III we introduce inten-
sive parameters and take the thermodynamic limit N → ∞.
In this limit, we derive the deterministic equations of motion
for the macroscopic dynamics of the occupation probability
p(t ) of oscillators. We discuss the stability of the decoherent
phase in Sec. IV. In Sec. V we analyze of the stability and
thermodynamics of synchronized and stationary states close
to the phase transition. To this end, we derive the normal
form of the Hopf bifurcation, for which analysis results in the
phase diagram of the model. We then connect the stability

of these states to their dissipation. In Sec. VI we present
numerical simulations for large but finite N and compare
them to the theory. Conclusions are drawn in Sec. VII. Ap-
pendixes A through E contain detailed calculations to support
the main text.

II. MODEL

In this section, we give a detailed description of driven
Potts models. We start by introducing a single, uncoupled
Potts oscillator, followed by a discussion of N uncoupled
oscillators. In the last step, we consider the complete model of
N interacting Potts oscillators with thermodynamically con-
sistent stochastic dynamics.

A. Single uncoupled oscillator

When the interaction strength J is set to zero, one may
consider each Potts oscillator individually. Each oscillator sm

with index m = 1, . . . , N can occupy one of q states:

sm ∈ {0, . . . , q − 1}. (1)

Microscopic transitions within an oscillator are induced by
thermal fluctuations of the surrounding heat bath. Transitions
are allowed only between adjacent states, i.e., only for

sm → sm ± 1, (2)

where sm + 1 corresponds to a counterclockwise transition
and sm − 1 to a clockwise transition. All states are understood
modulo q to implement the periodicity of Potts spins.

Fluctuations of the heat bath are assumed to occur on
much shorter timescales than the dynamics of the system. We
therefore model the transitions (2) by a Markovian stochastic
dynamics with transition rates k±, that obey local detailed
balance [35–37],

k±

k∓ = e±β f . (3)

Here, f and β denote the nonconservative force and the in-
verse temperature of the heat bath, respectively, introduced in
Sec. I. Positive driving f > 0 favors counterclockwise over
clockwise transitions, leading to a mean probability flux in
the counterclockwise direction, the direction of the driving.
Local detailed balance (3) ensures that the model is amenable
to a consistent thermodynamic description in the framework
of stochastic thermodynamics [35–37].

The probability pn of finding a single, uncoupled oscillator
sm in state n obeys the master equation [38,39]

ṗn = j(pn, pn−1)|J =0 − j(pn+1, pn)|J =0, (4)

where j(pn+1, pn)|J =0 is the probability flux from state n to
state n + 1 at vanishing coupling:

j(pn+1, pn)|J =0 = k+ pn − k− pn+1. (5)

Due to discrete rotational symmetry, Eq. (4) is diagonalized
by discrete Fourier transform. The Fourier modes

p̂k =
q−1∑
n=0

e
i2πkn

q pn (6)
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obey the transformed master equation

˙̂pk = (μk|J =0 + iωk|J =0) p̂k, (7)

where μk|J =0 � 0 represents the damping at vanishing cou-
pling and ωk is the angular frequency of the kth Fourier mode,

μk|J =0 = −2(k+ + k−) sin2

(
πk

q

)
, (8a)

ωk|J =0 = (k+ − k−) sin

(
2πk

q

)
. (8b)

The coefficients μk|J =0 are negative for all k except k = 0,
as a consequence of the Perron-Frobenius theorem [40,41].
Vanishing k = 0 corresponds to the decoherent state

p∗ ≡
(

1

q
, . . . ,

1

q

)T

, (9)

introduced in Sec. I, for which the probabilities are homoge-
neously distributed among all states 0, . . . , q − 1. This is the
unique steady state for a single, uncoupled Potts oscillator.

As we discuss in Sec. IV below, interactions between os-
cillators may change the sign of μk when βJ reaches a
critical value, rendering the decoherent phase unstable. The
angular frequencies ωk , by contrast, are only weakly affected
by interactions once the decoherent phase is unstable. In anal-
ogy with the natural frequencies of individual oscillators in
the Kuramoto model, we call ωk the “natural frequencies” of
driven Potts models.

B. N uncoupled oscillators

In the next step, we consider the behavior of an ensemble
of N uncoupled, identical oscillators. This system is invari-
ant under arbitrary permutations of oscillators. It is therefore
convenient to introduce the q-dimensional occupation vector
N = (N0, . . . , Nq−1)T associated with a given microstate s.
The components Nn of N specify the number of oscillators
in state n = 0, 1, . . . , q − 1 and are subject to the constraint∑q−1

n=0 Nn = N .
The occupation vector N provides a coarse-grained but

complete description of the microstate. However, since
the coarse-graining map s 
→ N is many-to-one, the states
described by N carry a (dimensionless) internal entropy
[20,21,42]

Sint(N) = log �(N) with �(N) = N!∏q−1
n=0 Nn!

, (10)

where � is the microscopic multiplicity of the state N. Here
and in the following we express all entropy measures in units
of kB.

An allowed microscopic transition (2) for sm = n leads to
a change of the occupation vector

N → N + �±
n with (�±

n )m = δmn±1 − δmn, (11)

where δmn denotes the Kronecker symbol. The inverse transi-
tions of �±

n are given by

�∓
n±1 = −�±

n . (12)

In the noninteracting model, microscopic transitions oc-
cur independently. Therefore, the rates W ±

n (N)|J =0 for the

transitions (11) are the sums of the rates of all microscopic
transitions that enter (11), i.e.,

W ±
n (N)|J =0 = Nnk±. (13)

Consequently, the transition rates (13) of the noninteracting
model are products of the entropic factors Nn, that stem from
the combined contributions of individual microscopic oscilla-
tors in state n, and the microscopic transition rates k±.

The transition rates (13) on the level of the occupation
vector N obey a macroscopic version of the microscopic local
detailed balance condition (3):

W ±
n (N)

W ∓
n±1(N + �±

n )

∣∣∣∣
J =0

= exp[Sint(N + �±
n ) − Sint(N) ± β f ],

(14)

that involves the change in internal entropy,

Sint(N + �±
n ) − Sint(N) = log

(
Nn

Nn±1 + 1

)
, (15)

along the transition.
Given the transition rates (13), the probability P(N, t ) to

find the system in state N at time t obeys the master equation

Ṗ(N, t ) =
q−1∑
n=0

[Jn(N, N − �+
n )|J =0

− Jn(N + �+
n , N)|J =0], (16)

where

Jn(N′, N)|J =0 = N ′
nk+P(N′, t ) − Nn+1k−P(N, t ) (17)

denotes the probability flux from N to N′ along state n.

C. Complete model

In the final step, we now discuss the complete driven Potts
model, including interactions. The oscillators interact with
each other pairwise by a global, ferromagnetic interaction of
strength J /N , whenever two oscillators are in the same state
[see Fig. 1(b)]. In other words, every microscopic pair (m, m′)
with sm = sm′ , m �= m′, reduces the internal energy E of the
system by J /N .

The global nature of the interaction conserves the in-
variance of the system under arbitrary permutations of the
oscillators, so we can describe the complete model using
the occupation vector N introduced in Sec. II B. A simple
calculation shows that the total energy E is expressed in terms
of N as

E (N) = −J

2N
(N · N − N ). (18)

Analogous to the noninteracting rates (13), the transition
rates W ±

n (N) for the transitions N → N + �±
n of the interact-

ing model,

W ±
n (N) = NnK±(Nn±1 − Nn), (19)

are products of Nn and functions K±(x) that contain the
microscopic interactions between spins as well as the noncon-
servative force. We assume that the functions K±(x) depend
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on the energy change due to the transition,

E (N + �±
n ) − E (N) = −J

N
(Nn±1 − Nn + 1), (20)

but that they are otherwise independent of n. In contrast to the
extensive total energy (18), the energy change (20) is intensive
in the thermodynamic limit N → ∞. Therefore, the depen-
dence of K±(x) on the energy change (20) ensures a consistent
thermodynamic limit for the transition rates. The argument of
K±(x), i.e., x = Nn±1 − Nn in Eq. (19), then follows from the
N dependence given in Eq. (20).

Since the occupation vector N carries an internal entropy
Sint(N), the free energy F of the system [20,21,42],

F (N) = E (N) − β−1Sint(N), (21)

enters the local detailed balance condition for the transition
rates of the interacting model, i.e.,

W ±
n (N)

W ∓
n±1(N + �±

n )
= exp{−β[F (N + �±

n ) − F (N) ∓ f ]}.

(22)

The product form (19) of the transition rates further implies a
local detailed balance condition for K±(x) with respect to the
energy change alone,

K±(Nn±1 − Nn)

K∓(Nn − Nn±1)
= exp{−β[E (N + �±

n ) − E (N) ∓ f ]}.

(23)

In the noninteracting limit J → 0, the rates K±(x) reduce
to the N-independent k±. Consequently, Eq. (22) reduces
to Eq. (14) and Eq. (23) reduces to Eq. (3).

Finally, the master equation for the probability P(N, t ) of
the complete model reads

Ṗ(N, t ) =
q−1∑
n=0

[Jn(N, N − �+
n ) − Jn(N + �+

n , N)], (24)

with probability fluxes for the transitions N → N′ along n
given by

Jn(N′, N) = W +
n (N)P(N, t ) − W −

n+1(N′)P(N ′, t ). (25)

D. Choice of dynamics

The local detailed balance conditions (22) and (23) fix the
antisymmetric part of the logarithms of K±(x), but leave them
otherwise arbitrary. Ideally, one would have a microscopic
model for the (e.g., quantum mechanical) interaction between
the heat bath and the Potts spins, that would allow one to
derive K± explicitly. However, such a model is not known
in general, which makes the freedom in choosing K±(x) an
integral part of Potts models. The best one can do is to regard
the undetermined (symmetric) part of the logarithm of K±(x)
as a free parameter of the model and to explore the parameter
space that this choice offers.

While it is possible to make general statements about the
nonequilibrium properties of driven Potts models close to the
synchronization transition, as we will show, numerical simula-
tions require specific choices of the transition rates. A typical

choice uses mixed Arrhenius rates with

K±
Arr(x) = τ−1e

β

2 [ J
N (1∓ξ )(x+1)± f ], (26)

depending on the parameter −1 � ξ � 1 [43]. The timescale
τ corresponds to the typical, microscopic transition time of a
single Potts spin. For ξ = 0, K±

Arr(x) correspond to the classic
Arrhenius rates, studied in Refs. [20,21], and used in the
numerical simulations presented in Fig. 2.

A second common choice uses Glauber rates:

K±
Gla(x) = 2

τ

e± β f
2

e− J
N (x+1) + 1

. (27)

Arrhenius rates (26) with ξ = 0 and Glauber rates (27) have
convenient properties, that we discuss in more detail in
Sec. IV B. For the numerical simulations presented in Sec. VI,
we therefore use either of these two. Notwithstanding this, our
analytical results hold in general and thus for all dynamics.

E. Thermodynamic observables

Thermodynamic consistency of the model in the form of
the local detailed balance conditions (22) and (23) constrains
the dynamics and allows us to define genuine stochas-
tic thermodynamic quantities at the mesoscopic level, that
are consistent with the macroscopic thermodynamics of the
system [44].

In particular, the system entropy Ssys is given by the sum of
the internal entropy and Shannon entropy [45]:

Ssys(N, t ) = Sint(N) + Ssha(N, t ), (28)

where the stochastic Shannon entropy reads

Ssha(N, t ) = − log P(N, t ). (29)

Averaging Ssys over N and taking a time derivative, we write
the average rate of change of system entropy, 〈Ṡsys〉, in terms
of the average total entropy production rate 〈
̇〉 and the rate
of entropy change, 〈Ṡenv〉, of the environment:

〈Ṡsys〉 = 〈
̇〉 − 〈Ṡenv〉, (30)

where 〈·〉 denotes the average over N. These quantities are
expressed in terms of probabilities, fluxes, and rates as

〈
̇〉 =
∑

N

q−1∑
n=0

log

[
W +

n (N)P(N, t )

W −
n+1(N + �+

n )P(N + �+
n , t )

]

× Jn(N + �+
n , N), (31a)

〈Ṡenv〉 =
∑

N

q−1∑
n=0

log

[
K+(Nn+1 − Nn)

K−(Nn − Nn+1)

]
Jn(N + �+

n , N).

(31b)

With the local detailed balance condition (23), we rewrite
〈Ṡenv〉 in terms of the energy change and the nonconservative
force as

〈Ṡenv〉 = −β
∑

N

q−1∑
n=0

[E (N + �+
n ) − E (N) − f ]

× Jn(N + �+
n , N),

= −β〈Q̇〉, (31c)
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where 〈Q̇〉 denotes the average heat flux into the system.
The first law of thermodynamics, 〈Ė〉 = 〈Q̇〉 + 〈Ẇ 〉, re-

lates the average heat flux 〈Q̇〉 to the average rate of energy
change, 〈Ė〉, and the average rate of dissipated work, 〈Ẇ 〉,
identified as

〈Ẇ 〉 = f
∑

N

q−1∑
n=0

Jn(N + �+
n , N). (32)

All three quantities, 〈
̇〉, 〈Ṡenv〉, and 〈Ẇ 〉, are measures of
dissipation. The total entropy production rate 〈
̇〉 determines
the irreversibility of the complete system of oscillators and
heat bath as a function of time and is therefore arguably the
most physically relevant dissipation measure. On the other
hand, the other two measures, the average rate of dissi-
pated work, 〈Ẇ 〉, in particular, are much easier to compute
along stochastic trajectories, because their expressions [cf.
Eqs. (31)] do not explicitly involve the probability P(N, t ).

Fortunately, at steady state, i.e., Ṗ(N, t ) = 0, we have
〈Ė〉 = 〈Ṡsys〉 = 0, which implies that

〈
̇〉 = 〈Ṡenv〉 = β〈Ẇ 〉. (33)

This shows that the average rate of dissipated work, 〈Ẇ 〉, can
be used as a proxy for the average entropy production rate
〈
̇〉 at steady state. In the thermodynamic limit, discussed in
Sec. III, an equation similar to Eq. (33) holds even for non-
steady states at long times, so the average rate of dissipated
work is a faithful measure of dissipation in this case as well.

F. Inflow rate

In addition to dissipation, measured by the thermodynamic
observables introduced in Sec. II E, we now consider the sta-
bility of trajectories. A simple measure for the stability of a
stochastic trajectory is the so-called inflow rate [46], defined
as the entrance rate Win(N), the rate of trajectories entering a
given state N, subtracted by the escape rate Wout(N) out of N:

L(N) = Win(N) − Wout(N), (34)

where

Win(N) =
q−1∑
n=0

[W +
n (N − �+

n ) + W −
n (N − �−

n )], (35a)

Wout(N) =
q−1∑
n=0

[W +
n (N) + W −

n (N)]. (35b)

The inflow rate quantifies the tendency of the probability to
accumulate in N when L(N) > 0, and to be depleted when
L(N) < 0. As we discuss in Sec. III, in the thermodynamic
limit N → ∞ the average 〈L〉 of the (stochastic) inflow rate
L(N) reduces to the (deterministic) phase-space contraction
rate of the macroscopic dynamics, a measure of stability in
dynamical systems theory [47].

III. THERMODYNAMIC LIMIT

In the thermodynamic limit N → ∞, the law of large
numbers ensures that intensive variables are well described
by their mean values.

In particular, the rescaled occupation number n ≡ N/N is
intensive and obeys such a law. As a consequence, fluctuations
of n become unimportant in the thermodynamic limit and n
converges to its (deterministic) mean value n → p(t ) ≡ 〈n〉
[38]. The quantity pn(t ) = 〈nn〉, in turn, gives the probability
that a randomly chosen microscopic Potts oscillator sm is in
state sm = n at time t .

Because fluctuations of n vanish as N → ∞, intensive
averages of functions of n have large-N limits that are deter-
ministic functions of p. For a given extensive quantity A(N)
with the intensive limit a(p), we have

lim
N→∞

1

N
〈A(N)〉 = lim

N→∞
1

N
A(〈n〉N ) ≡ a(p). (36)

Similarly, averages of ratios of two extensive quantities A(N)
and B(N), with individual intensive limits a(p) and b(p),
decompose as

lim
N→∞

〈A(N)

B(N)

〉
= lim

N→∞
A(〈n〉N )

N

(
B(〈n〉N )

N

)−1

= a(p)

b(p)
.

(37)

Using Eq. (36), we find the large-N limits

lim
N→∞

1

N
〈E (nN )〉 = lim

N→∞
1

N
E (〈n〉N ) ≡ E (p), (38a)

lim
N→∞

1

N
〈Sint(nN )〉 = lim

N→∞
1

N
Sint(〈n〉N ) ≡ Sint(p), (38b)

lim
N→∞

1

N
〈F (nN )〉 = lim

N→∞
1

N
F (〈n〉N ) ≡ F (p), (38c)

where

E (p) = −J

2
p · p, Sint(p) = −p · log p, (39)

F (p) = E (p) − β−1S (p). (40)

Here, E (p) denotes the mean energy per oscillator, Sint(p) is
the mean internal entropy per oscillator, and F (p) represents
the mean free energy per oscillator.

The N-rescaled, average fluxes are also intensive and read

1

N

∑
N

Jn(N + �+
n , N) ≡ 1

N
[〈W +

n (nN )〉 − 〈W −
n+1(nN )〉].

(41)

As N → ∞ the terms on the right-hand side of Eq. (41)
become [cf. Eq. (36)]

lim
N→∞

1

N
〈W ±

n (nN )〉 = lim
N→∞

W ±
n (〈n〉N )

N
≡ w±

n (p), (42)

where the rescaled transition rates w±
n are given by

w±
n (p) = k±(pn±1 − pn)pn, (43)

and

k±(pn±1 − pn) = lim
N→∞

〈K±[(nn±1 − nn)N]〉. (44)
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For the thermodynamic limit of the rescaled fluxes in Eq. (41),
we then obtain

j(pn+1, pn) ≡ lim
N→∞

1

N

∑
N

Jn(N + �+
n , N),

= k+(pn+1 − pn)pn − k−(pn − pn+1)pn+1.

(45)

The function j(pn+1, pn) represents the average probability
flux per oscillator from state n to state n + 1 in the thermody-
namic limit.

Note that the average flux j(x′, x) in Eq. (45) has the same
form as the flux (5) of a single oscillator. The difference is that
in the interacting model with J > 0, the functions k±(x) in
Eq. (45) depend on p.

A. Macroscopic dynamics

We now consider the dynamics of p = 〈n〉 in the thermo-
dynamic limit. To this end, we multiply Eq. (24) by n = N/N
and average over N. Using the same arguments as before, we
obtain for N → ∞ the equation of motion

d

dt
p(t ) ≡ h[p(t )] =

q−1∑
n=0

[�+
n w+

n (p) + �−
n w−

n (p)]. (46)

To simplify Eq. (46), we use Eqs. (11) to remove the sum and
express the right-hand side in terms of the average fluxes (45).
This gives

ṗn = hn(p) = j(pn, pn−1) − j(pn+1, pn), (47)

with all indices understood modulo q.
Again, Eq. (47) has the same form as master equation (4)

for a single, uncoupled oscillator. And just as for the linear
dynamics in Eq. (4), one can readily show that Eq. (47) con-
serves probability, i.e.,

d

dt

q−1∑
n=0

pn(t ) = 0,

q−1∑
n=0

pn(t ) = 1. (48)

Due to the interactions J > 0 between Potts oscillators,
however, the fluxes j(y, x) in Eq. (47) are nonlinear functions
of the probability p, whereas Eq. (4) is linear and constrained
by the Perron-Frobenius theorem [40,41].

The macroscopic dynamics is inherently thermodynami-
cally consistent and satisfies a macroscopic version of local
detailed balance condition (22):

w±
n (p)

w∓
n±1(p)

= exp{−β[�±
n · ∇pF (p) ∓ f ]}, (49)

which follows from applying Eq. (37) to Eq. (22). The change
in free energy enters Eq. (49) as

�±
n · ∇pF (p) = lim

N→∞
1

N
{〈F [(n + �±

k /N )N]〉 − 〈F (nN )〉},

= −J (pn±1 − pn) + β−1(log pn±1 − log pn).

(50)

Here, (∇p)n ≡ ∂
∂ pn

denotes the gradient with respect to p.

B. Macroscopic thermodynamic observables

The intensive versions of the thermodynamic observables
introduced in Sec. II E have large-N limits in terms of the
probabilities p.

We define the intensive entropy production rate 〈σ̇ 〉 =
limN→∞〈
̇〉/N , rate of entropy change of the environ-
ment, 〈Ṡenv〉 = limN→∞〈Ṡenv〉/N , rate of dissipated work,
〈Ẇ〉 = limN→∞〈Ẇ 〉/N , and heat production rate 〈Q̇〉 =
limN→∞〈Q̇〉/N .

From the thermodynamic limit of Eqs. (31), we find that the
intensive thermodynamic observables 〈Ȯ〉 = 〈Ẇ〉, 〈Ṡenv〉, 〈σ̇ 〉
can be decomposed into

〈Ȯ〉 =
q−1∑
n=0

Ȯ(pn+1, pn), (51)

with edge functions Ȯ(y, x) that are identical for all n. The
edge functions read, in terms of the average flux j(y, x),

σ̇ (y, x) = [βJ (y − x) + β f + log (x/y)] j(y, x), (52a)

Ṡenv(y, x) = β[J (y − x) + f ] j(y, x), (52b)

Ẇ (y, x) = f j(y, x). (52c)

Using these explicit forms, we write 〈Ṡenv〉 and 〈σ̇ 〉 in terms
of 〈Ẇ〉 as

〈σ̇ 〉 = β〈Ẇ〉 − β
d

dt
F[p(t )], (53a)

〈Ṡenv〉 = β〈Ẇ〉 − β
d

dt
E[p(t )]. (53b)

These relations allow us to generalize Eq. (33) outside the
steady state in the thermodynamic limit. To this end, we take
an additional long-time average over the observables:

〈〈Ȯ〉〉 = lim
T →∞

1

T

∫ T

0
dt〈Ȯ〉. (54)

The integral in Eq. (54) turns the total derivatives in Eqs. (53)
into boundary terms that vanish in the long-time limit. With
the additional time average, we obtain a generalization of
Eq. (33),

〈〈σ̇ 〉〉 = 〈〈Ṡenv〉〉 = β〈〈Ẇ〉〉, (55)

that is valid beyond steady states.
In the synchronized phase, when p follows a periodic

trajectory with period Tp, such that p(t ) = p(t + Tp), the long-
time average in Eq. (54) can be replaced by an average over
one period:

〈〈Ȯ〉〉 = 1

Tp

∫ Tp

0
dt〈Ȯ〉. (56)

Hence, with the appropriate averages, relations (55) and (33)
imply that the average rate of dissipated work, 〈〈Ẇ〉〉, serves
as convenient proxy for the dissipation of the system.

C. Phase-space contraction in thermodynamic limit

The average 〈L〉 of the entrance rate L(N) in Eq. (34)
possesses a well-defined thermodynamic limit

L ≡ lim
N→∞

〈L(N)〉 = lim
N→∞

〈Win(N) − Wout(N)〉, (57)
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that reads

L(p) = −∇p ·
q−1∑
n=0

[�+
n w+

n (p) + �−
n w−

n (p)] = −∇p · ṗ.

(58)

Hence, the average entrance rate L converges to the neg-
ative flow divergence −∇p · h of p as N → ∞. The flow
divergence determines the exponential contraction rate of in-
finitesimal volumes V in the phase space of p [47]. One has

d

dt
logV (t ) = −L(p), (59)

which is why we call L(p) the phase-space contraction rate.
Phase-space probability accumulates in regions of positive

L, while it escapes regions of negative L. Positive L is a nec-
essary condition for flow-invariant sets, such as fixed points
and for periodic orbits to be stable, and thus to be approached
in the long-time limit. These properties make L (and 〈L〉)
important measures of stability.

D. Symmetries of macroscopic dynamics

In addition to the global permutation symmetry among
oscillators that we used to introduce the occupation vector N,
driven Potts models are invariant under simultaneous, discrete
rotations of all oscillators. This symmetry carries over to p and
leads to equivariance [48–50] of the macroscopic dynamics
(47) under the corresponding symmetry transformations, i.e.,

h(p) = γ −1h(γ p). (60)

The transformations represented by γ are associated with the
cyclic group Cq [48]. The group Cq consists of the q elements

Cq = {e, ρ, ρ2, . . . , ρq−1}, (61)

where e denotes the identity element and ρ is the generator
of the group, satisfying ρq = e. In terms of p, the symmetry
induced by Cq corresponds to cyclic permutations of the ele-
ments of p:

(p0, p1, . . . , pq−1)T ρ
→ (pq−1, p0, p1, . . . , pq−2)T, (62)

where the generator ρ has the q-dimensional matrix represen-
tation

Rρ =

⎛
⎜⎜⎜⎜⎝

0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
1 0 0 . . . 0

⎞
⎟⎟⎟⎟⎠. (63)

All elements of Cq in Eq. (61) have a matrix representation
of the kind (63) given by Rρn = Rn

ρ , where n = 1, . . . , q.
The corresponding q-dimensional representation of Cq is
reducible, and it is decomposed into the irreducible represen-
tations of Cq by means of a discrete Fourier transform, which
we exploit below.

To summarize this section, in the thermodynamic limit, the
stochastic dynamics of driven Potts models becomes deter-
ministic, and follows the macroscopic equations of motion,
Eqs. (47). These equations describe the evolution of the prob-
abilities pn(t ) for a randomly chosen oscillator to be in state n

at time t and they share the microscopic symmetries of Potts
oscillators. The thermodynamic observables 〈
̇〉, 〈Ṡenv〉, and
〈Ẇ 〉, as well as the stability measure 〈L〉, that we defined for
finite systems, all have deterministic, macroscopic limits, 〈σ̇ 〉,
〈Ṡenv〉, 〈Ẇ〉, and L, respectively, that depend on p.

IV. STABILITY OF DECOHERENT PHASE

After having taken the thermodynamic limit in Sec. III, we
now analyze the stability of the decoherent phase in this limit.
The formulation (47) of the macroscopic dynamics in terms
of j(x′, x) immediately shows that any constant probability
vector is a fixed point of the dynamics (47), because

j(x, x) − j(x, x) = 0, (64)

for all x. Probability conservation (48) implies that x = q−1,
so the decoherent state p∗ [Eq. (9)] is a fixed point of the
dynamics (47). We now establish the stability and the bifur-
cations of the decoherent fixed point p∗ for arbitrary q.

To this end, we first transform the coordinates p → x as

p = x + p∗. (65)

The vector x, mentioned already in Sec. I, characterizes the
deviations from the decoherent fixed point. In terms of x,
probability conservation (48) reads

∑q−1
n=0 xn = 0 and the de-

coherent fixed point is located at x∗ = 0. The transformed
macroscopic dynamics (47) reads

ẋ = h(x + p∗) ≡ h̃(x), (66)

which inherits the Cq symmetry [Eq. (60)], because Rγ p∗ =
p∗ for all γ in Cq.

The stability of the decoherent fixed point x∗ = 0 is deter-
mined by the stability matrix

Mnm = ∂mh̃n(x)|x=0. (67)

The equivariance relation (60) then implies that M commutes
with the generator Rρ ,

[Rρ,M] = 0. (68)

This, in turn, entails that the stability matrix M is circulant
[51], and that it has the eigenvectors vk with components

(vk )n = exp

(
2π ikn

q

)
, (69)

where k, n = 0, . . . , q − 1. Equations (68) and (69) are a con-
sequence of the Cq symmetry of driven Potts models but are
otherwise general.

The nonzero elements of the stability matrix M of the
decoherent fixed point p∗ read

Mnn = j10 − j01, Mn+1n = j01, Mn−1n = j10, (70)

where we denote by jnm the derivatives of the average flux j
at p∗:

jnm = ∂n
y ∂m

x j(y, x)|x=y= 1
q
. (71)

In order to determine the stability of the decoherent fixed point
x∗, we must diagonalize the stability matrix M.
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A. Discrete Fourier transform

Because M is circulant, a consequence of Eq. (68), it
is diagonalized by Fourier transform. The discrete Fourier
transform for sequences of length q is expressed by a q × q
matrix F . The latter is constructed from the eigenvectors (69)
according to

F =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

vT
0

vT
1

vT
2

...

vT
q−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, i.e., Fkn = e
i2πkn

q . (72)

The backtransform is obtained through the inverse matrix
F−1, given by

F−1 = q−1F†, (73)

where F †
nk = F̄kn denotes Hermitian conjugation. The Fourier

transform (72) maps a vector x to its Fourier modes x̂:

x̂ = Fx. (74)

Expressing the problem in Fourier modes takes advantage
of the periodicity of the system. Since the vector x is real, the
components of x̂ occur in complex conjugate pairs of Fourier
modes zk and z̄k with

x̂k = zk, x̂−k = z̄k, (75)

where k = 1, . . . , � q
2� (indices modulo q).

Note that up to two Fourier modes are real: First, we have

x̂0 = x̂−0, z0 = z̄0. (76)

This component can safely be neglected, because x̂0 = 0 due
to probability conservation [Eq. (48)]. Disregarding x̂0 re-
duces the dimensionality of the problem from q to q − 1.

Second, for even q, the Fourier mode with k = q
2 is real,

since

x̂ q
2

= x̂− q
2
, z q

2
= z̄ q

2
. (77)

This Fourier mode is associated with alternating probability
patterns, as we discuss in Sec. IV B. Therefore, we henceforth
call z q

2
“alternating mode.”

Altogether, the dynamics is (q − 1)-dimensional and de-
scribed by the � q

2� dynamic Fourier modes z1, . . . , z� q
2 �, as

advertised for q = 9 in Sec. I, where � q
2� = 4.

B. Stability exponents

With the help of the Fourier transform (72), we diagonalize
M as D = FMF−1. The diagonal components Dk ≡ Dkk of D
read

Dk = μk + iωk, D−k = μk − iωk, (78)

for k = 0, . . . , � q
2�. Here μk and ωk are the real and imaginary

parts of the stability exponent of the kth Fourier mode close to
x∗. From M in Eq. (70), we obtain

μk = � sin2

(
πk

q

)
, ωk = � sin

(
2πk

q

)
, (79)

FIG. 3. High-dimensional Hopf bifurcation of the decoherent
phase for even and odd q. The real parts of all nonzero eigenvalues
(blue bullets for � < 0) change sign at � = 0 and become positive
for � > 0 (red bullets). The eigenvalue of the zero mode is shown as
the grey bullet. (a) Even q = 8: There is a nontrivial real mode that
changes sign at � = 0. All other nonzero eigenvalues are complex.
(b) Odd q = 7: All nonzero eigenvalues are complex.

where we introduced the parameters

� = 2( j10 − j01), � = j10 + j01 = q j00. (80)

The factor sin2( πk
q ) � 0 in Eq. (79) is non-negative and

zero only for k = 0, where D0 = 0. The corresponding zero
mode vT

0 = (1, . . . , 1) is a consequence of probability conser-
vation (48) and it originates from the translational invariance
of h̃ along the unphysical, one-dimensional subspace normal
to

∑q−1
n=0 xn = 0.

Comparing Eq. (79) to the stability exponents (8) of a
single uncoupled oscillator, we find

μk = μk|J =0

[
1 − 2

q

k+′(0) + k−′(0)

k+ + k−

]
, (81a)

ωk = ωk|J =0, (81b)

where k±′(0) denotes the derivative of k±(x) at x = 0 and
k±(0) = k±. This shows that interactions affect the stability of
the decoherent phase, determined by μ, because the additional
term in Eq. (81a) may change the sign of μ.

From Eq. (79) we observe that the real parts μk have the
same sign as �. This implies that the decoherent phase is
stable for � < 0 and unstable for � > 0. We therefore call
� the bifurcation parameter.

The natural frequencies ωk in Eq. (81b), by contrast, are
unaffected by interactions at the decoherent fixed point. The
fact that ω remains finite for k �= q

2 when � changes sign
indicates the emergence of oscillatory states through a high-
dimensional Hopf bifurcation [52,53].

The behavior of the stability exponents close to the bifur-
cation is shown schematically in Fig. 3. Figure 3(a) shows the
behavior for even q, Fig. 3(b) for odd q. In both cases, the real
parts μ of all stability exponents, except for the one associated
with the zero mode, cross the imaginary axis when � changes
sign. For odd q [Fig. 3(b)], all physical exponents occur in
complex conjugate pairs. For even q [Fig. 3(a)], by contrast,
there is a unique, real eigenvalue for k = q

2 with

D q
2

= μ q
2

= �, and v q
2

= (1,−1, . . . , 1,−1)T. (82)

The corresponding eigenvector v q
2

is aligned with the alternat-
ing mode z q

2
in Eq. (77), and unstable for � > 0.
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FIG. 4. (a) Alternating mode for even q = 8. A stationary, al-
ternating pattern with increased probability in four states (blue) is
commensurate with the topology of the ring. (b) No alternating mode
for odd q = 7. Alternating patterns, here with increased probability
in three states (blue), are incommensurate with the topology of the
ring, and rotate due to the driving f . (c) Stability of the decoherent
phase in the plane spanned by β f and βJ /q with phase bound-
aries for different dynamics (black lines). Some dynamics stabilize
the decoherent phase (blue arrow) others destabilize it (red arrow):
Mixed Arrhenius dynamics [Eq. (83)] with ξ = 1 (dotted line),
ξ = 0.5 (dashed line), and ξ = −1 (dash-dotted line). The solid line
corresponds to classical Arrhenius dynamics (ξ = 0) and Glauber
dynamics [Eq. (85)], described in the main text.

The instability of the decoherent fixed point along v q
2

for
even q can be understood intuitively: The ferromagnetic inter-
actions of the Potts model energetically favor oscillators to
be in the same state, while the thermal noise favors states
of high entropy. Even q allows for a stationary, alternating
pattern of x with higher occupations in “every other state” of
the oscillator, as shown in Fig. 4(a). This alternating pattern
represents a compromise between the energetic and entropic
tendencies within the system for even q. For odd q, such
states are frustrated, because they are incommensurate with
the periodicity of the oscillators [see Fig. 4(b)]. Patterns with
fewer maxima and minima, however, may form as rotating
patterns due to the driving f .

The dynamics, i.e., the choice of k±(x) in the transi-
tion rates defined in Eq. (43), has a significant impact on
the stability of the decoherent phase. Different choices for
k±(x) lead to different parameter regions where the de-
coherent phase is stable, i.e., where � > 0. Figure 4(c)
shows the phase diagram for the stability of the decoher-
ent phase. Here, f = 0 corresponds to the equilibrium Potts
model with global interactions, where p∗ becomes unstable at
βJc/q = 1 [16].

For β f > 0, the phase boundary between the stable and
unstable regions depends on the dynamics, as shown by the
different broken lines in Fig. 4(c). Each line corresponds to
a choice of k±(x) and separates parameter regions where
decoherence is stable (below the line) and unstable (above the
line). As indicated by the blue arrow, some dynamics stabilize
the decoherent phase compared to the equilibrium case; others
destabilize it (red arrow). Interestingly, some specific dynam-
ics conserve the phase boundary of the undriven, equilibrium
model (solid line).

For instance, the rescaled, macroscopic versions k±
Arr(x) of

the mixed Arrhenius rates K±
Arr(x) introduced in Eq. (26) have

the form

k±
Arr(x) = 1

τ
e

β

2 [(1∓ξ )J x± f ]. (83)

These rates lead to a change of sign of μk , i.e., � = 0, at the
critical coupling

βJc

q
= 1

1 − ξ tanh
(

β f
2

) . (84)

The choice ξ = 0 corresponds to the classical Arrhenius rates,
for which the driven Potts model was studied in Refs. [20,21].
This choice of dynamics is particularly convenient, since the
phase boundary βJc/q = 1 is identical to that at equilibrium
and independent of f [see solid line in Fig. 4(a)]. Positive
values, ξ > 0, push the phase boundary to larger values of
βJc/q, stabilizing the decoherent phase, while negative val-
ues, ξ < 0, destabilize the decoherent phase.

The rescaled versions k±
Gla(x) of the Glauber rates

[Eq. (27)] read in the thermodynamic limit

k±
Gla(x) = 2

τ

e± β f
2

e−βJ x + 1
. (85)

This set of rates has similar advantages to the classical
Arrhenius rates in that the critical coupling βJc/q = 1 is
identical to that at equilibrium, conserving the equilibrium
phase boundary of the decoherent phase. The origin of this be-
havior is understood by noticing that k±′(0) = βJ

2 k± for both
classical Arrhenius rates and for Glauber rates, and using Eq.
(81a). We therefore use either Arrhenius rates (83) with ξ = 0
or Glauber rates (85) in the numerical simulations presented
in Sec. VI.

V. COHERENT SMALL-AMPLITUDE OSCILLATIONS

From the stability analysis in Sec. IV, we concluded that
the decoherent fixed point becomes unstable for � > 0, at a
phase boundary that depends on the dynamics. We now estab-
lish the final states that the system evolves to in the long-time
limit, for 0 < � � 1 and � � β f . It turns out that the choice
of dynamics not only affects the stability of the decoherent
phase, but it also changes the characteristics of the coherent
small-amplitude states that occur when the decoherent phase
is unstable.

In order to show this, we first Fourier transform the equa-
tion of motion (47) to obtain the dynamics of the Fourier
modes x̂.

A. Dynamics of Fourier modes

In terms of the Fourier modes (72), the equation of motion
(66) takes the form

˙̂x= ĥ(x̂), ĥ(x̂) ≡ F h̃(F−1x̂). (86)

Close to the bifurcation, we expect that the system remains in
the vicinity of the decoherent fixed point x̂ = 0 and expand
ĥ(x̂) to third order in x̂:

˙̂x ∼ ĥ
(1)

(x̂) + ĥ
(2)

(x̂) + ĥ
(3)

(x̂), (87)
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where the partial derivatives of ĥ at x̂ = 0 determine the
model-dependent coefficients of the expansion,

ĥ
(1)

(x̂) = Dx̂, ĥ
(2)

(x̂) = 1

2!

q−1∑
k′,k′′=1

∂k′∂k′′h(x̂)|x̂=0x̂k′ x̂k′′ ,

ĥ
(3)

(x̂) = 1

3!

q−1∑
k′,k′′,k′′′=1

∂k′∂k′′∂k′′′h(x̂)|x̂=0x̂k′ x̂k′′ x̂k′′′ . (88)

Conveniently, these coefficients are constrained by the Cq

symmetry [Eq. (60)], which translates to ĥ as

ĥ(x̂) = R̂−1
γ ĥ(R̂γ x̂), (89)

where R̂γ ≡ FRγF−1 with Rγ = Rn
ρ , n = 0, . . . , q − 1, and

generator Rρ given in Eq. (63).
Rρ is diagonalized by F , and we have R̂ρ = FRρF−1 with

diagonal components R̂k ≡ (R̂ρ )kk given by

R̂±k = e±2π ik/q, (90)

for k = 0, . . . , � q
2�. All other symmetry transformations R̂γ

are constructed from the generator R̂ρ by R̂γ = R̂n
ρ , n =

0, . . . , q − 1.
Equation (90) highlights a major advantage of the Fourier-

transformed coordinates: Through F , the q-dimensional
reducible representation of Cq associated with Eq. (63) is
transformed into the direct sum of q one-dimensional irre-
ducible representations of Cq, given in Eq. (90). Out of these,
only the trivial representation with k = 0 is real for odd q.
This representation is associated with the unphysical zero
mode which has its origin in the constraint (48).

For even q, an additional real representation with generator
R̂ q

2
= −1 is associated with the alternating mode [Eq. (82)].

The existence of this additional real representation of the
symmetry group for even q is the group-theoretic explanation
for the occurrence of v q

2
in Eq. (82).

The decomposition (90) into irreducible representations is
a significant simplification, because the Fourier-transformed
symmetry transformations R̂ρ act locally on the components
x̂, instead of globally shuffling the components of x as with
Rρ in Eq. (63).

In particular, for the expansion (87), the symmetry implies

that ĥ
(2)

and ĥ
(3)

[see Eq. (88)] contain only terms with k′′ =
k − k′ and k′′′ = k − k′ − k′′, respectively, which significantly
simplifies the manipulations that follow.

B. Normal form

Close to the bifurcation, for 0 < � � 1 and � � β f , the
coupled nonlinear equation (87) can be brought into normal
form [53] by a nonlinear transformation x̂ 
→ x̂′. This normal
form characterizes bifurcations into small-amplitude states,
i.e., synchronized states and stationary patterns. It is consid-
erably simpler than Eq. (87) as it contains only the essential
terms for the bifurcation. In terms of the transformed compo-
nents z′

k , the normal form reads

ż′
k ∼

⎛
⎝Dk −

� q
2 �∑

k=1

Ckk′ |z′
k′ |2

⎞
⎠z′

k, (91)

where Ckk′ , k, k′ = 1, . . . , � q
2�, are coefficients that determine

the magnitudes of the essential bifurcation terms.
The reason why Eq. (91) is easier to analyze than Eqs. (87)

is that Eq. (91) allows to decouple the phases and amplitudes
of z′

k by the coordinate transform z′
k = rkeiφk . The correspond-

ing phase-amplitude equations for

r ≡ (
r1, . . . , r� q

2 �
)T

and φ ≡ (
φ1, . . . , φ� q

2 �
)T

(92)

are analyzed in Sec. V D.
The � q

2� × � q
2� coefficient matrix C in Eq. (91) decom-

poses into its real and imaginary parts as

C = A + iB, (93)

where A and B are real. We obtain C from a method outlined
in Sec. V C.

We note that in normal form (91) the expanded equations of
motion (87) appear to have a higher degree of symmetry:
While Eq. (87) is equivariant under discrete rotations with R̂ρ

[Eq. (90)], the normal form is equivariant under continuous
rotations of the phases of z′

k . However, the transformation that
brings Eq. (87) into the normal form (91) generates higher-
order terms that we neglect. These higher-order terms are
equivariant under the discrete complex rotations (90), but they
are inessential for the local dynamics close to the bifurcation.

Hence, the terms of lower symmetry have not actually
disappeared from Eq. (91) but are merely transformed into the
higher orders, leaving us with only the essential terms of the
Hopf bifurcation.

C. Transformation into normal form

We now outline the method to bring the expanded macro-
scopic equation of motion (87) into the normal form (91). To
third order in x̂ this is achieved by the nonlinear coordinate
transformation x̂ 
→ x̂′, where

x̂′ = x̂ + f (2)(x̂) + f (3)(x̂). (94)

Here, f (n)(x̂) contains polynomials of order n = 2, 3 in x̂.
Since x̂′ ∼ x̂ to linear order in x̂, the transformation does
not affect the linear order in Eq. (87). Instead, the transfor-
mation can be chosen to eliminate the nonlinear cross terms
in Eq. (87) and to bring the dynamics in the normal form
(91) [54].

As we explain below, we need only find the quadratic
transformation f (2) explicitly. The explict form of the quartic
transformation f (3) is not required.

In Appendix A we show that f (2) is given by the condition
[52,53]

L( f (2) ) = ĥ
(2)

, L( f ) ≡ ( f · ∇ )ĥ
(1) − ĥ

(1)T
D f , (95)

where (D f )kk′ = ∂ fk/∂ x̂k′ denotes the matrix of derivatives of
a given vector valued function f . L is a linear mapping that

maps the unknown function f (2) to the known function ĥ
(2)

.
To determine f (2), we compute the inverse of L and apply

it to ĥ
(2)

:

f (2) = L−1(ĥ(2) ). (96)

A convenient matrix representation for L is obtained by

expressing f (2) and ĥ
(2)

in a basis in which L is diagonal [53].
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Such a basis is given by the elements ek′ with components

(ek′ )k = ek′k ≡
{

x̂k′ x̂k−k′ , k �= k′
0, k = k′, (97)

where k, k′ = 1, . . . , q − 1. Substituting ek′k into L, we find

Lk (ek′ ) = [μk − μk′ − μk−k′ + i(ωk − ωk′ − ωk−k′ )]ek′k .

(98)

Hence, in a basis formed by the elements in Eqs. (97), L is
diagonal and its inverse can be computed as

L−1
k (ek′ ) = ek′k

μk − μk′ − μk−k′ + i(ωk − ωk′ − ωk−k′ )
. (99)

As shown in Appendix B, h(2) reads, in terms of the
elements (97),

ĥ(2)
k =

q−1∑
k′=1

Ĥ (2)
kk′ ek′k, (100)

where

Ĥ (2)
kk′ = 1

q

j20 − j02

�
μk − i

j11

q2 j00
(ωk − ωk′ − ωk−k′ ). (101)

Given this, we can immediately compute f (2) using Eq. (99):

f̂ (2)
k =

q−1∑
k′=1

Ĥ (2)
kk′ ek′k

μk − μk′ − μk−k′ + i(ωk − ωk′ − ωk−k′ )
, (102)

which provides the transformation required to eliminate the
quadratic terms in Eq. (87).

In addition to removing ĥ
(2)

, the quadratic transformation
f (2) also impacts the cubic and higher-order terms in Eq. (87).
We show in Appendix A that f (2) alters the third-order
terms as

ĥ
(3) 
→ ĝ(3) ≡ ĥ

(3) + ĥ
(2)T

D f (2). (103)

The role of the cubic transformation f (3) in Eq. (94), in
turn, is to remove all inessential third-order terms contained in
ĥ

(3)
and those generated by f (2). f (3) is determined in a similar

way as before, by constructing the inverse of the mapping L
[53]. However, since we know that the cubic transformation
f (3) removes the nonessential third-order terms, but otherwise
affects only the terms of order four and higher, we do not need
to determine f (3) explicitly. Instead, we only need to compute
the effect of f (2) on the coefficients of the essential cubic
terms in Eq. (91).

Hence, once we have computed ĝ(3) in Eq. (103), the coeffi-
cients C in the normal form (91) are determined by projecting
ĝ(3) onto the third-order terms given in Eq. (91). This proce-
dure brings the original equations (87) into normal form (91)
with coefficients D and C. The details of the projection of ĝ(3)

and how it leads us to C are summarized in Appendix B.

D. Amplitude equations

Once we have obtained the normal form (91), the equa-
tions for the amplitudes r and the phases φ follow by applying

the transformation z′
k = rkeiφk . The amplitudes obey the

equations

ṙk ∼
⎛
⎝μk −

� q
2 �∑

k′=1

Akk′r2
k′

⎞
⎠rk, (104a)

with matrix A [cf. Eq. (93)] given by

A = A(uvT − W ), A = 4

q2
( j03 − j30), (104b)

where u, v are vectors and W is a diagonal matrix with
components

uk = 1 + a cos

(
2πk

q

)
, vk′ =

(
1− 1

2
δk′ q

2

)
sin2

(
πk′

q

)
,

Wkk′ = Wkδkk′ , Wk = 1

4

(
1 + 1

3
δk q

2

)
[2uk − (a + 1)]vk,

(104c)

and parameter

a = j2
02 − j2

20

q j00( j03 − j30)
− 1. (105)

For Arrhenius and Glauber dynamics given in Eqs. (83) and
(85), the parameter A reads A = 2 cosh(β f /2), while a = 0
for Arrhenius and a = 1 for Glauber dynamics.

For the analysis of the amplitude equations, we focus on
stable fixed points r∗ of Eq. (104a), for which ṙ|r∗ = 0. The
fixed points of Eq. (104a) encompass both stationary patterns
(with φ̇ = 0) and oscillating (synchronized) solutions (φ̇ �= 0)
of the original Eqs. (87). In particular, we note that the al-
ternating mode z q

2
is real, which implies that φ q

2
= φ̇ q

2
= 0,

i.e., z q
2

is nonoscillating. Therefore, fixed points r∗ for which
k = q

2 is the only mode with nonvanishing amplitude corre-
spond to stationary, alternating probability patterns.

Equation (104a) is nonlinear and therefore has in general
multiple fixed points r∗, which we call “states.” Each state
contains � q

2� amplitudes r∗
k . For a given state, we call the

Fourier modes with vanishing amplitude, i.e., r∗
k = 0, “inac-

tive” modes and denote the set of inactive modes of a state
by Sia. Similarly, k values with r∗

k > 0 correspond to “active”
Fourier modes of a state, and we denote by Sa the set of such
active modes. Furthermore, we denote the number of active
modes of a given state by |Sa| and the number of inactive
modes by |Sia| = � q

2� − |Sa|.
By inspection of Eq. (104a), we note that r∗

k = 0 leads to
ṙk = 0 for any state and for arbitrary combinations of k’s. The
amplitudes of the remaining, active modes can be computed
explicitly, due to the simple structure (104b) of the matrix A.

To ease the notation, we use the subscripts a and ia for
vectors and matrices restricted to the subsets Sa and Sia,
respectively. With this notation we write the states r∗ as de-
compositions of

r∗
ia = 0, r∗2

a = A−1
a μa. (106)

Here, r∗2
a denotes the component-wise square of the ampli-

tude vector r∗ restricted to the subset Sa of active modes. To
compute r∗

a we thus need to invert Aa. Since the matrix Aa

is a sum of a diagonal part and a rank-one perturbation [see
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Eq. (104b)], it can be inverted using the Sherman-Morrison
formula [55]:

A−1
a = − 1

A

(
W −1

a − W −1
a uav

T
aW

−1
a

vT
aW

−1
a ua − 1

)
. (107)

With this, we obtain the following expression for r∗2
a :

r∗2
a = λW −1

a (αaua − μ̃a), (108)

where λ ≡ �/A denotes the reduced bifurcation
parameter and

αa = vT
aW

−1
a μ̃a

vT
aW

−1
a ua − 1

, μ̃a ≡ μa

�
. (109)

The quantity αa > 0 is a scalar that depends on the set Sa of
active Fourier modes and on a.

For a set Sa to be admissible, we require that all com-
ponents of r∗2

a are positive. Furthermore, to ensure that r∗
decomposed of r∗

ia and r∗
a [see Eq. (106)] is approached in

the long-time limit, we demand that r∗ is a stable fixed point
of Eq. (104a). Stability holds if all eigenvalues of the stability
matrix Nlm ≡ ∂ ṙl/∂rm are negative.

Using Eq. (104a) and the form (104b) of A, N decomposes
into

Nia = −� diag(αauia − μ̃ia), Na = −(ũaṽ
T
a − W̃a),

(110)

where ũ and ṽ are vectors and W̃ a diagonal matrix with
components

ũk =
√

2Ar∗
k uk, ṽk′ =

√
2Ar∗

k′vk′ ,

W̃kk′ = 2�(αauk − μ̃k )δkk′ . (111)

All other components of N vanish. Hence, by permuting
entries, we can bring N into block-diagonal form where Na

forms a connected block, and Nia forms a connected diagonal
part. The eigenvalues of N are then given by the eigenvalues
of Na and by the diagonal elements of Nia.

To find all stable steady states, we first determine the ad-
missible sets of active modes Sa using Eq. (108). We then
diagonalize the nontrivial block Na of the stability matrix N in
Eq. (110) to determine the regions in q-a space, where stable
coherent small-amplitude oscillations with different numbers
|Sa| of active modes exist. The diagonalization of Na can be
done analytically for small |Sa|, but numerically efficiently for
higher values of |Sa|.

The result of this analysis is shown as the phase diagram
in Fig. 5. The white regions are associated with parameters
for which no small-amplitude synchronized states exist. The
remaining, differently colored regions host at least one stable
synchronized state, where the number |Sa| in the diagram
indicates how many Fourier modes are active.

The white patches between the green (|Sa| = 1) and blue
(|Sa| = 2) regions in Fig. 5 occur for even q. They host no
stable oscillations but stationary, alternating states with Sa =
{ q

2 } and φ̇ = 0. The connected white region above a > 1 does
not host any stable small-amplitude states.

Figure 5 shows that in the colored regions only small num-
bers of Fourier modes are active in the long-time limit. The
active modes are those with largest k. In other words, while

FIG. 5. Phase diagram of the driven Potts model as function of
q and the model parameter a. Numbers indicate how many Fourier
modes are active. The dashed line at a = 0 denotes the location
of Arrhenius dynamics, and the dotted line shows a = 1 (Glauber
dynamics). The light grey line indicates a = 1

3 , below which the
problem is treated exactly in Sec. V D 1. Symbols indicate the ver-
sions of the model considered numerically in Refs. [20] (circle) and
[21] (diamonds).

the active k’s are equal or close to the maximum possible
value � q

2�, the number |Sa| of active modes is much smaller
than � q

2�.
This implies that Potts oscillators synchronize into nonlo-

cal rotating probability distributions of phases with (close to)
as many minima and maxima as allowed for any given q [see
Fig. 2(a)].

The extreme case of this “Potts-like” behavior is realized
in the green parameter region (|Sa| = 1) in Fig. 5, where only
a single Fourier mode is active in any stable state. The |Sa| =
1 region is mainly localized at a < 1

3 , but it extends beyond
a < 1

3 for odd q. We indeed show explicitly in Sec. V D 1 that
for a < 1

3 only states with at most one active mode are stable.
Interestingly, driven Potts models exhibit multistability in

the |Sa| = 1 region; i.e., several single-mode states with differ-
ent active Fourier modes are simultaneously stable, in general
those modes with largest k. The number of stable single-
mode (|Sa| = 1) states constitutes the “fine structure” of the
|Sa| = 1 phase, shown in Fig. 6, and discussed in more detail
in Sec. V D 1. Which of these stable states the system selects
in the long-time limit is discussed in Sec. V H.

FIG. 6. Fine structure of multistability in the |Sa| = 1 phase. The
color indicates the multiplicity of stable synchronized states with a
single active Fourier mode. The fine grey line shows a = 1

3 .
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The calculations summarized in Fig. 5 also show that re-
gions with |Sa| = 2, 3, . . . occur for a > 1

3 . We find that these
regions host unique stable synchronized states for which only
the |Sa| Fourier modes with largest k are active. The macro-
scopic motion for these synchronized states is quasiperiodic
because the ratios of their frequencies are not in general ra-
tional. As a consequence, the trajectories of the |Sa| largest-k
modes zk can be thought of as covering the |Sa|-dimensional
surface of a torus.

For Arrhenius dynamics, the parameter a vanishes, i.e.,
a = 0 < 1

3 (see dashed line in Fig. 5), so the phase diagram
predicts synchronized states with a single active Fourier mode
for odd q, which is indeed what we observe in Figs. 2(j)–2(m).
Figure 6 shows that there is a second oscillating state for
q = 9, which is also stable in the thermodynamic limit. We
confirm the existence of this state numerically in Sec. VI.

Glauber dynamics have a = 1 > 1
3 , so for increasing q,

coherent small-amplitude oscillations with increasing number
of active Fourier modes are predicted to be stable (see dotted
line in Fig. 5). This prediction is confirmed numerically for
q = 11 in Sec. VI.

1. Analytic treatment for a < 1
3

We outline how to treat the problem exactly for a < 1
3 ,

which includes Arrhenius rates with a = 0. For a < 1
3 , all

entries of ũa, ṽa, and W̃ in Eq. (110) are positive. For this
case, we show in Appendix C that by applying the matrix
determinant lemma [56] combined with an eigenvalue inter-
lacing theorem [57–59] one finds that the stability matrix
N has at least |Sa| − 1 positive, i.e., unstable, eigenvalues.
This implies that for a < 1

3 , only states with a single active
Fourier mode (|Sa| = 1) are stable and states with |Sa| > 1
are unstable. Hence, the only relevant stable small-amplitude
states, synchronized and stationary, are those for which r∗

k > 0
for a single k = 1, . . . , � q

2� and r∗
k′ = 0 for all other k′ �= k.

For |Sa| = 1 states, the general amplitudes given in
Eq. (108) simplify to

(r∗
k′ )2 = λμ̃k

ukvk − Wk
δkk′ . (112)

For Arrhenius rates with a = 0 the expression simplifies fur-
ther and we obtain

(r∗
k′ )2 = 4λ

3

(
1 + 5

4
δk q

2

)
δkk′ . (113)

Recall that k = q
2 corresponds to the stationary alternating

state, present only for even q. For Arrhenius rates, the am-
plitudes of the synchronized states (k �= q

2 ) in Eq. (113) are
independent of k; i.e., all small-amplitude synchronized states
have the same amplitude.

The stability analysis for states with one active Fourier
mode and a < 1

3 reveals that the alternating mode (k = q
2 ) is

stable for all even q while the oscillating mode with largest k,
k = q−1

2 , is stable for all odd q. The remaining synchronized
states with a single active Fourier mode k are stable only if

3

4
sin2(k′π/q) <

sin2 (kπ/q)

1 + 4
3

a
a+1 sin2 (kπ/q)

, (114)

for all k′ �= k.

Equation (114) implies that for any given q, the modes with
large k, i.e., with many minima and maxima distributed over
the states 0, . . . , q − 1, have in general more stable directions.
For these modes, the probability is most evenly distributed
among the states 0, . . . , q − 1, while still allowing for syn-
chronized patterns. The number of stable states with a single
active mode for given q and a thus depends on the number of
k = 0, . . . , q − 1 that satisfy Eq. (114) for all k′ �= k.

Figure 6 shows the number of stable states with a single
active Fourier mode as function of q and a as determined
from Eq. (114). We observe that the number of stable states
with a single active Fourier mode increases as q increases,
and decreases as a increases. Which one of these single-mode
states the system evolves to at long times is discussed in
Sec. V H.

For even q, the stationary alternating state with Sa = { q
2 }

is always stable. The first stable oscillating state for even q
(Sa = { q

2 − 1}) requires

sin2

(
π

q

)
<

1

4
(1 − 3a). (115)

Assuming a is non-negative, this condition can only be sat-
isfied for even q � 8 and a < 1

3 . For q = 6 and a = 0 the
synchronized state has a marginal direction along k′ = q

2
where the stability exponent vanishes, meaning that it is nei-
ther linearly stable nor unstable.

Equation (115) explains why no stable oscillations were
observed numerically for even q and Arrhenius rates (a = 0)
in Ref. [21]: Stable oscillations for even q occur for the first
time at q = 8, while the numerical analysis in Ref. [21] ex-
plored only q values up to q = 7.

E. Phase equations

We now briefly analyze the phase equations. They deter-
mine the angular velocities φ̇ with which the active modes
rotate in the complex plane. The phase equations read

φ̇k ∼ ωk −
∑
k′∈Sa

Bkk′r∗2
k′ . (116a)

Here, the matrix B has the entries

Bkk′ = B

(
1 − 1

2
δkk′

)
wkyk′ , B = 1

q2

( j20 − j02)2

q j00
, (116b)

with vectors w and y given by

wk = sin

(
2πk

q

)
, yk′ =

(
1− 1

2
δk′ q

2

)[
1+ b sin2

(
πk′

q

)]
,

(116c)

and parameter

b = 4
( j20 + j02)2 − 1

3 ( j30 + j03)q j00

( j20 − j02)2
. (117)

For Arrhenius and Glauber dynamics, we have B =
2 cosh2(β f /2)/ sinh(β f /2), as well as b = 0 for Arrhenius
and b = 4 tanh2(β f /2) for Glauber dynamics.

For k ∈ Sa and k �= q
2 we define the relative difference �φ̇k

of the oscillation frequency compared to the natural frequency
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ωk as

�φ̇k ≡ φ̇k − ωk

|ωk| = − B

�

(
ya · r∗2

a − 1

2
ykr∗2

k

)
. (118)

The right-hand side of Eq. (118) is always negative. This
predicts that coherent oscillations of the active modes are
consistently slower than their natural frequency ωk , with a
correction of order 0 < � � 1.

F. Thermodynamic observables in synchronized phase

To analyze the thermodynamics in small-amplitude states,
we expand the edge functions Ȯ in Eq. (51) around the deco-
herent fixed point x∗ = 0:

Ȯ(y, x) ∼ Ȯ00 + xȮ01 + yȮ10 + 1
2 x2Ȯ02

+ 1
2 y2Ȯ20 + xyȮ11, (119)

where Ȯnm = ∂n
y ∂m

x Ȯ(y, x)|x=y= 1
q
. Substituting this expansion

into Eq. (51) and Fourier-transforming x 
→ x̂, we show in
Appendix D that for 0 < � � 1, Eq. (52) takes the form

〈Ȯ〉 ∼ 〈Ȯ〉0 − 4 j11

q
va · r∗2

a . (120)

Here, 〈Ȯ〉0 = qȮ00 is the average rate of change of the ob-
servable O for a single, uncoupled oscillator. We note that 〈Ȯ〉
is time independent, so that 〈〈Ȯ〉〉 ∼ 〈Ȯ〉 to leading order in
� � 1. For the relative change �Ȯ at the bifurcation, we find

�Ȯ ≡ 〈Ȯ〉 − 〈Ȯ〉0

|〈Ȯ〉0|
∼ − 2�λαa, � = 2 j11

q2 j00
> 0, (121)

where � is a dynamics-dependent parameter. For example, �

takes the values � = 1
2 and � = 1 for Arrhenius [Eq. (83)] and

Glauber [Eq. (85)] dynamics, respectively.
Equation (121) shows that �Ȯ is negative for all thermo-

dynamic observables 〈σ̇ 〉, 〈Ṡenv〉, and 〈Ẇ〉. Hence, dissipation
is reduced in small-amplitude states, synchronized and sta-
tionary, for all dynamics and all q. Equation (121) generalizes
the observations made in Fig. 2(k) to all dynamics and all q.

Whether synchronization increases or decreases dissipa-
tion in coupled oscillators is a debated question in the
literature. Zhang et al. [60] argue that synchronized states
in a model with global, chemical interactions, modeled by
exchange reactions between oscillator phases, dissipate more
energy than if they oscillate decoherently. In their model,
interactions between oscillators occur at a given rate, inde-
pendently of the individual rotating motion of the oscillators.
As a result, alignment, and thus synchronization, requires
additional energy.

In driven Potts models, by contrast, synchronization re-
duces dissipation, because collective oscillatory motion of
Potts spins reduces the rate of energy-barrier crossings in the
global potential, compared to decoherent oscillations.

Equation (121) also implies that the derivative of the aver-
age entropy production rate 〈σ̇ 〉 with respect to the (reduced)
bifurcation parameter λ has a finite jump of size −2�αa〈σ̇ 〉0

at λ = 0. Similar discontinuities have been observed nu-
merically in thermodynamically consistent chemical reaction
models across synchronization transitions [61].

G. Stability of coherent oscillations

Finally, we analyze the phase-space contraction rate L,

L = −
q−1∑
n=0

∂ ṗn

∂ pn
, (122)

close to the transition. In Appendix E we show that L takes
the following form:

L ∼ − q�

2
+ qA va · r∗2

a = −q�

2
+ q�αa, (123)

when 0 < � � 1, independent of time t . With the phase-
space contraction rate at the decoherent fixed point L0 =
−q�/2, we then find for the relative change �L of the L at
the bifurcation

�L ≡ L − L0

|L0| = 2αa > 0. (124)

Hence, phase-space contraction increases upon crossing the
phase transition. Combining this relation with Eq. (121) for
Ȯ = σ̇ we find the linear relation

�σ̇ ∼ −�λ�L. (125)

This stability-dissipation relation, the main subject of the
accompanying Ref. [22], states that the relative amount by
which dissipation is reduced in small-amplitude states is pro-
portional to the relative change in phase-space contraction
rate �L. The prefactor is given by the positive constants λ

and �, which depend on the dynamics through the derivatives
of the average flux j at the decoherent fixed point. Although
the values of these constants are dynamics dependent, relation
(125) holds in general and is, in particular, valid arbitrarily far
from equilibrium.

Previous works on the connection between stability
and dissipation either refer to near-equilibrium situations
[62,63] or employ definitions of entropy production with-
out clear thermodynamic interpretation [64]. For so-called
thermostated, deterministic systems, the phase-space con-
traction rate can be shown to coincide with the entropy
production rate in the macroscopic limit [65–67]. However,
the thermodynamics of these systems is quite intransparent,
in particular with respect to the physical interpretation of
the deterministic thermostat. The dissipation-stability relation
(125), by contrast, holds far from equilibrium, for thermody-
namically consistent stochastic systems which carry a clear
thermodynamic interpretation. Relation (125) shows that en-
tropy production and phase-space contraction are not equal
in stochastic systems with local detailed balance, and obey a
linear relation only close to the decoherent state.

H. Implications for steady-state selection

We have shown in Eq. (125) that, close to the synchro-
nization transition, dissipation is minimal in small-amplitude
states with highest phase-space contraction rate. In the vicinity
of this transition and in the presence of multistability, this
suggests that driven Potts models favor, i.e., select, states
that minimize dissipation, in accordance with a minimum-
dissipation principle [23] that holds far from equilibrium.
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In the strict thermodynamic limit, where fluctuations are
negligible, however, maximum stability alone does not guar-
antee that the most stable state is assumed by the system. In
addition, the initial condition must lie in its basin of attraction.
At large but finite N , however, finite-size fluctuations induce
transitions between nearby nonequilibrium states, thus allow-
ing all states to be visited in the long-time limit.

For well-separated stable states at large N , such noise-
induced transitions occur as large deviations and are exponen-
tially suppressed in N [44]. Close to the transition (λ � 1),
however, the decoherent state and all stable small-amplitude
states are only separated by distances ∼√

λ and typical (Gaus-
sian) fluctuations around these states are roughly of the order
∼1/

√
LN . With L ∼ � ∼ λ [see Eq. (123)], we thus find

that for 1 � N � λ−2, noise-induced transitions between the
stable small-amplitude states occur frequently, due to typical
fluctuations around the deterministic dynamics.

In this case, all stable small-amplitude states can be ac-
cessed from the decoherent state and are visited regularly. As
a consequence, the states with smallest dissipation are occu-
pied most of the time, because they have the largest average
inflow rate 〈L〉. In other words, once a (stochastic) trajectory
has reached a state of low dissipation, it typically spends a
long time there, compared to the average time it took the
trajectory to enter that state. Hence, close to the transition, at
large but finite system size, driven Potts models are expected
to probabilistically select, i.e., predominantly occupy, those
small-amplitude states that dissipate the least entropy.

VI. NUMERICAL SIMULATIONS

We now compare our results with numerical simulations
of the stochastic dynamics. To this end, we generate a large
number of trajectories, N(t ), that we evolve with the Gille-
spie algorithm [68]. Along each trajectory, we compute the
amplitudes r∗ and the associated oscillation frequencies φ̇

∗
,

the average dissipation 〈〈Ẇ〉〉 = 〈〈σ̇ 〉〉, and the average phase-
space contraction rate L. We evolve the trajectory of a large
system (N = 106) for a long time T ≈ 102τ � Tp, where Tp

corresponds to the largest oscillation period of the system, and
numerically compute the average values of these quantities.

Figure 7 shows the results of our numerical simulations
(symbols) for q = 7, compared with the theory, shown as the
lines. Figure 7(a) shows the amplitudes r∗ in the decoherent
state (D, λ < 0) and in the synchronized state (S, λ > 0) for
Arrhenius rates, for which Sa = {3} according to the theory
developed in Sec. V D. We observe that only r∗

3 changes
significantly across the transition into the synchronized state;
all other amplitudes remain small. The analytical predictions
(dashed lines) agree well with both the numerics and with the
results from the macroscopic dynamics (solid lines) close to
the bifurcation.

Figure 7(b) shows the components of the angular velocity
φ̇ as function of λ for Arrhenius rates. In the decoherent phase,
the different modes oscillate with their natural frequencies ω,
but the amplitudes of these oscillations are essentially zero [cf.
Fig. 7(a)]. In the synchronized state, the angular velocity φ̇3 of
the active mode z3 is slightly reduced, according to Eq. (118),
while all other velocities are altered significantly. Notably, φ̇1

changes sign, as we already noted for q = 9 in Fig. 2(j). Close

FIG. 7. Comparison of analytic results (dashed lines), macro-
scopic dynamics (solid lines), and numerical simulations (symbols,
N = 106) for q = β f = 7 in decoherent phase (D) and synchro-
nized phase (S), averaged over long times, T ≈ 100τ . (a) Order
parameters r∗

1 , r∗
2 , and r∗

3 in yellow, red, and blue, respectively, for
Arrhenius rates. (b) Oscillation frequencies φ̇∗

1 , φ̇∗
2 , and φ̇∗

3 in yellow,
red, and blue, respectively, for Arrhenius rates. (c) Average entropy
production rate as function of λ for Arrhenius (circles) and Glauber
(squares) rates. The dotted line shows 〈σ̇ 〉0, and the dashed and
dash-dotted lines show the asymptotic behaviors as obtained from
Eq. (121). (d) Average phase-space contraction rate as function of λ

for Arrhenius (circles) and Glauber (squares) rates. The dotted line
shows L0, and the dashed and dash-dotted lines show the asymptotic
behaviors as obtained from Eq. (123).

to the synchronization transition, we observe that for φ̇1 and
φ̇2 the angular velocities result from a mixture of the velocities
of the (unstable) modes z1 and z2 (dashed lines) and those of
the actual velocities of the active mode z3 (solid lines). This is
a finite size effect that vanishes in the thermodynamic limit.

Figure 7(c) shows the time-averaged dissipation 〈〈σ̇ 〉〉 in
the decoherent and synchronized states from numerical simu-
lations using Arrhenius (circles) and Glauber (squares) rates,
and from theory (lines). As predicted, dissipation is reduced
by synchronization, compared to the decoherent state (dot-
ted line) that becomes unstable for λ > 0. The analytical
predictions for 〈〈σ̇ 〉〉 close to the bifurcation (dashed and
dash-dotted lines) are in agreement with the numerical simula-
tions. For larger λ, we observe deviations from the predicted
behavior. In particular, for Glauber rates at λ∗ ≈ 0.05 (light
grey line), the system undergoes an additional bifurcation into
an ordered state, where dissipation is drastically reduced.

Figure 7(d) shows the phase-space contraction rate L from
numerical simulations using Arrhenius (circles) and Glauber
(squares) rates, in comparison with the analytical predictions
(dashed and dash-dotted lines) and the result using the macro-
scopic dynamics (solid lines). We observe that L vanishes
at the phase transition, λ = � = 0, but is otherwise posi-
tive. For λ > 0, the decoherent fixed point is unstable and
its phase-space contraction L0 is negative (dotted line). In
the synchronized phase for λ > 0, we observe positive L,
in good agreement between the analytical prediction (124)
(dashed and dash-dotted lines), numerical simulations (circles
and squares), and the results from the macroscopic dynamics
(solid lines). Larger λ result in deviations from the analytical
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FIG. 8. Multistability for Arrhenius dynamics. Probability den-
sity (blue) of z1, . . . , z4 in the complex plane, for q = 9 with
λ = 0.025, β f = 7, N = 105, sampled from an ensemble of 104

realizations initialized close to the synchronized state with Sa = {3}.
The lines show the prediction from the macroscopic dynamics (47)
Sa = {3} state (orange) and the more stable Sa = {4} state (red).
Arrows show the directions of motion. [(a)–(d)] Initial state; [(e)–(h)]
state after t = 5τ ; [(i)–(l)] state after t = 15τ .

results, obtained from the normal form. For Glauber rates, the
bifurcation to the ordered state at λ∗ leads to a drastic increase
in stability. The data presented in Figs. 7(c) and 7(d) have been
used to test the stability-dissipation relation (125) (see Fig. 4
in Ref. [22]).

Multistability, predicted for Arrhenius rates in Fig. 6, is
numerically confirmed for q = 9 in Fig. 8. We initialize an
ensemble of realizations of the system close to the stable
synchronized state with Sa = {3} [Figs. 8(a)–8(d)]. Initially,
the density remains at the Sa = {3} state for several relaxation
times τ . As time evolves [Figs. 8(e)–8(h)], however, an in-
creasing fraction of the density transitions into the more stable
(and less dissipative) synchronized state with Sa = {4}. Even-
tually [Figs. 8(i)–8(l)], the majority of the realizations occupy
the Sa = {4} state. We have conducted a similar analysis for
the same system but with q = 17, where three synchronized
states (Sa = {6}, {7}, and {8}) are stable. The results can
be found in the Supplemental Material of Ref. [22]. They
confirm that finite systems close to the transition eventually
predominantly occupy the least dissipating small-amplitude
states, independently of the initial conditions, in accordance
with the minimum-dissipation principle discussed in Sec. V H
and in Ref. [22].

From these numerical results, it appears that the minimum-
dissipation principle, the selection of states based on mini-
mum entropy production, holds for much larger systems than
allowed by the condition 1 � N � λ−2 derived in Sec. V H.
This indicates that, in the presence of multistability, (mini-
mum) entropy production plays a role for the transition rates
between different attractors, even when these transitions are
rare.

Finally, for Glauber dynamics (a = 1), the phase diagram
in Fig. 5 predicts stable coherent oscillations with an increas-
ing number of active modes for increasing q. In particular

FIG. 9. Multiple active modes for Glauber dynamics. Probability
density (blue) of z1, . . . , z5 in the complex plane, for q = 11 with
λ = 0.01, β f = 7, N = 105, sampled from an ensemble of 104 real-
izations at t = 4τ , initialized from the decoherent state. The active
modes are Sa = {4, 5}. The red line shows the prediction from the
macroscopic dynamics. The arrows show the directions of motion.

for q = 11, theory claims the existence of a unique stable
synchronized state with two active Fourier modes Sa = {4, 5}
and |Sa| = 2. This finding is confirmed by our numerical
simulations shown in Fig. 9. We clearly observe two active
Fourier modes, the ones with largest k, as predicted. The
amplitudes of the other modes are small.

To summarize, our numerical simulations confirm the pre-
dictions of the theory close to the synchronization transition.
Further away from the transition, we observe deviations from
the predicted behavior and additional bifurcations, indicating
a more complex behavior than accounted for by the normal
form (91), when � (and thus λ) is not small.

VII. CONCLUSIONS

We have studied small-amplitude synchronization and sta-
tionary states in driven Potts models with general dynamics
and all numbers q of states. These models describe ferromag-
netically interacting Potts spins in contact with a heat bath
at inverse temperature β and driven by a nonconservative
force f . The competition between decoherence from ther-
mal noise and alignment due to ferromagnetic interactions,
combined with nonequilibrium driving, results in a dynamical
phase transition from the decoherent phase into either a syn-
chronized phase or, in some cases, nonequilibrium stationary
states.

To study the transition, we have derived and analyzed the
normal form of the high-dimensional Hopf bifurcation that
underlies it. Close to the transition, we found stable synchro-
nized and stationary states of small amplitude for a wide range
of parameters. The stability of the decoherent phase as well as
the characteristics of the small-amplitude states were found to
depend on the dynamics in an intricate way.

In particular, dynamics may stabilize or destabilize the
decoherent phase, compared to the equilibrium Potts model,
depending on the location in parameter space where the
bifurcation parameter � in Eq. (80) changes sign. In the
synchronized phase, q and a [cf. Eq. (105)] span the parameter
space of a rich phase diagram (Fig. 5) of coherent small-
amplitude oscillations.

Each synchronized state hosts a finite number of active
Fourier modes that determine the shape of the probability dis-
tribution of oscillator states in the thermodynamic limit. The
number of active modes was found to be much smaller than
the maximum possible, with active modes being the ones with
largest k. This shows that driven Potts oscillators synchronize
differently than oscillators in the Kuramoto model: While the
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phases in Kuramoto oscillators localize in real space, Potts
oscillators localize in Fourier space.

Connecting to the thermodynamics of the model, we found
that in driven Potts models synchronization reduces dissi-
pation, independently of the dynamics and of the number
q of states within each oscillator. Furthermore, we have
shown that dissipation is minimized in the most stable syn-
chronized state. Close to the synchronization transition, this
finding is summarized in a linear stability-dissipation relation,
given Eq. (125) and discussed in Ref. [22]. At finite system
size and close to the transition, 1 � N � λ−2, our findings
suggest the existence of a minimum-dissipation principle for
driven Potts models, where the system probabilistically selects
the least dissipating state based on maximum stability, i.e.,
maximum phase-space contraction. In practice, our numer-
ical results indicate that the minimum-dissipation principle
holds for significantly larger N and λ than explained by this
estimate.

Our analysis opens the door to a deeper understanding of
driven Potts models, synchronization transitions, and nonequi-
librium phase transitions in general. The phase diagram in
Fig. 5 is an ideal starting point to study regimes outside the
vicinity of the transition. We have conducted a preliminary
study that indeed shows that the model exhibits additional
transitions into quasiperiodic and possibly chaotic, synchro-
nized states for large-enough λ. It would be interesting to
investigate systematically how these additional transitions af-
fect the thermodynamics [69], and, in particular, whether or
not they reduce dissipation even further.

On the basis of the deterministic coherent oscillations we
have studied here, another logical next step is the analysis of
finite-N fluctuations. This would allow us to directly quan-
tify the coherence of oscillations [70–72], and to estimate
the rates of transitions between stable small-amplitude states.
This could provide a quantitative estimate of the probabilities
to reside in given stable states, and thus possibly extend the
minimum-dissipation principle to regimes outside the vicinity
of the phase transition.

The linear stability-dissipation relation (125) has been
shown to hold for all driven Potts models and all q, and might,
with possibly model-specific adjustments, hold even for more
general classes of models. Intriguing candidates to test this hy-
pothesis are driven lattice Potts models with nearest-neighbor
interactions [19], for which preliminary studies show promis-
ing results, and perhaps also active versions of the model
[73]. Driven lattice Potts models close to the synchroniza-
tion transition could exhibit interesting critical fluctuations,
whose characteristics might affect the minimum-dissipation
principle and the stability-dissipation relation established
here.
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APPENDIX A: COORDINATE TRANSFORM

We consider the effect of a transformation x̂ → x̂′ that
removes the quadratic terms ĥ

(2)
in Eq. (87). We write

x̂′ ≡ F(x̂) = x̂ + f (2)(x̂). (A1)

The inverse transformation reads

x̂ = F−1(x̂′) ∼ x̂′ − f (2)(x̂′) + [ f (2)(x̂′) · ∇] f (2)(x̂′). (A2)

To obtain the flow of x̂′, we take a time derivative of Eq. (A1),
and write

d

dt
x̂′ = [ĥ(x̂) · ∇]F(x̂),

= {ĥ[F−1(x̂′)] · ∇}F[F−1(x̂′)]. (A3)

The term ĥ[F−1(x̂′)] reads, to third order in x̂′,

ĥ[F−1(x̂′)] ∼ ĥ
(1) − ( f (2) · ∇)ĥ

(1) + [( f (2) · ∇) f (2) · ∇]ĥ
(1)

+ ĥ
(2) − ( f (2) · ∇)ĥ

(2) + ĥ
(3)

, (A4)

where all functions have x̂′ as their argument. We use the
notation (DG)kk′ = ∂Gk/∂ x̂′

k′ for a vector G and write

DF(x̂) ∼ I + D f (2)(x̂) + D f (3)(x̂). (A5)

Here, I denotes the q × q identity matrix. We now express
Eq. (A3) as

d

dt
x̂′ = ĥ[F−1(x̂′)]TDF(F−1(x̂′)), (A6)

where the transpose indicates that the vector ĥ multiplies the
matrix DF from the left.

Using Eqs. (A2) and (A5) we express DF[F−1(x̂′)] as

DF(F−1(x̂′)) ∼ I + D f (2) − ( f (2) · ∇)D f (2). (A7)

Keeping only terms up to third order in x̂′, we write
Eq. (A6) as
d

dt
x̂′ ∼ ĥ

(1) − ( f (2) · ∇)ĥ
(1) + ĥ

(1)T
D f (2) + ĥ

(2) + ĥ
(2)T

D f (2)

− ĥ
(1)T

( f (2) · ∇)D f (2) − ( f (2) · ∇)ĥ
(1)T

D f (2)

+ [( f (2) · ∇) f (2) · ∇]ĥ
(1) − ( f (2) · ∇)ĥ

(2) + ĥ
(3)

.

(A8)

To remove the quadratic terms in the first line of Eq. (A8), we
require that [49,52,53]

ĥ
(2) = ( f (2) · ∇)ĥ

(1) − ĥ
(1)T

D f (2) ≡ L( f (2) ). (A9)

This is Eq. (95) in the main text. Applying f (2) · ∇ to Eq. (A9)
we furthermore find the relation [49,52,53]

( f (2) · ∇)ĥ
(2) = [( f (2) · ∇) f (2) · ∇]ĥ

(1) − ( f (2) · ∇)ĥ
(1)T

D f (2)

− ĥ
(1)T

( f (2) · ∇)D f (2), (A10)

which then simplifies Eq. (A6) to

d

dt
x̂′ = ĥ

(1) + ĥ
(2)T

D f (2) + ĥ
(3)

. (A11)

This means that a transformation that removes ĥ
(2)

by sat-
isfying Eq. (A9) changes the third-order terms of the flow
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of x̂ by

ĝ(3) = ĥ
(3) + ĥ

(2)T
D f (2), (A12)

as stated in Eq. (103) in the main text.

APPENDIX B: GENERAL DERIVATION
OF NORMAL-FORM EQUATIONS

Here we derive the normal form given in Eq. (91) in the
main text. The discrete Fourier (back) transforms of x̂ and x
are given by

x̂k =
q−1∑
n=0

e
i2πkn

q xn, xn = 1

q

q−1∑
k=0

e− i2πkn
q x̂k . (B1)

The equation of motion (47) for x reads

ẋn = j(xn, xn−1) − j(xn+1, xn). (B2)

Expanding the average flux j to third order in x we find

j(y, x) = j00 + j10y + j01x + 1
2 ( j20y2 + 2 j11xy + j02x2)

+ 1
6 ( j30y3 + 3 j21xy2 + 3 j12x2y + j03x3). (B3)

We note that

j(x, x) = (k+ − k−)x (B4)

is linear in x. This implies the relations

j00 =k+ − k−

q
, j10 + j01 = q j00,

j20 + j02 = − 2 j11, j30 + j03 = −3( j21 + j12). (B5)

The general form (45) of the fluxes also implies that

j03 − j30 = j21 − j12, (B6)

which can be checked by explicit computation. The flow (B2)
then reads, to third order in x,

ẋn ∼ ( j10 − j01)xn + j01xn−1 − j10xn+1

+ 1
2

(
j20x2

n + 2 j11xnxn−1 + j02x2
n−1

)
− 1

2

(
j20x2

n+1 + 2 j11xn+1xn + j02x2
n

)
+ 1

6

(
j30x3

n + 3 j21x2
nxn−1 + 3 j12xnx2

n−1 + j03x3
n−1

)
− 1

6

(
j30x3

n+1 + 3 j21x2
n+1xn + 3 j12xn+1x2

n + j03x3
n

)
.

(B7)

We now Fourier-transform this expression to obtain the flow
of x̂. For the linear terms we find

˙̂xk = (μk + iωk )x̂k . (B8)

The quadratic terms in ẋn transform according to
q−1∑
n=0

e
i2πkn

q x2
n = 1

q

q−1∑
k′=0

x̂k′ x̂k−k′ , (B9a)

q−1∑
n=0

e
i2πkn

q x2
n±1 = e∓ i2πk

q

q

q−1∑
k′=0

x̂k′ x̂k−k′ , (B9b)

q−1∑
n=0

e
i2πkn

q xn±1xn = 1

q

q−1∑
k′=0

e∓ i2πk′
q x̂k′ x̂k−k′ . (B9c)

These quadratic contributions to the flow of x̂k are then

ĥ(2)
k (x̂) = 1

q

q−1∑
k′=1

(
j20 − j02

�
μk − i

j11

q j00
ωkk′

)
x̂k′ x̂k−k′ , (B10)

where we defined ωkk′ ≡ ωk − ωk′ − ωk−k′ .
The third-order terms transform as

q−1∑
n=0

e
i2πkn

q x3
n = 1

q2

q−1∑
k′,k′′=1

x̂k′ x̂k′′ x̂k−k′−k′′ ,

q−1∑
n=0

e
i2πkn

q x3
n±1 = e∓ i2πk

q

q2

q−1∑
k′,k′′=1

x̂k′ x̂k′′ x̂k−k′−k′′ ,

q−1∑
n=0

e
i2πkn

q x2
nxn±1 = 1

q2

q−1∑
k′,k′′=1

e∓ i2πk′
q x̂k′ x̂k′′ x̂k−k′−k′′ ,

q−1∑
n=0

e
i2πkn

q xnx2
n±1 = 1

q2

q−1∑
k′,k′′=1

e∓ i2π (k′+k′′ )
q x̂k′ x̂k′′ x̂k−k′−k′′ . (B11)

This gives

ĥ(3)
k = 1

6q2

q−1∑
k′,k′′=1

[
2

j03 − j30

�
(3μk−k′ − 3μk′ − μk )

+ i
j30 + j03

q j00
ωkk′

]
x̂k′ x̂k′′ x̂k−k′−k′′ . (B12)

In Eq. (B10), we note that ek′ given in Eq. (97) in the main
text are equivariant basis vectors, with respect to which L is
diagonal. The transformation that removes the quadratic terms
in ĥ(2)

k (x̂) is given by

f̂ (2)
k (x̂) = −1

q

q−1∑
k′=1

(
j11

q j00
+ i

j20 − j02

�

μk

ωkk′

)
x̂k′ x̂k−k′ , (B13)

expanded to lowest order in 0 < � � 1 and � � β f .
The cubic contribution generated by f̂ (2)

k reads

(ĥ
(2)T

D f (2) )k =
q−1∑
k′=1

ĥ(2)
k′ ∂k′ f̂ (2)

k , (B14)

where

∂k′ f̂ (2)
k ∼ −2

q

[
j11

q j00
+ i

j20 − j02

�

μk

ωkk′

]
x̂′

k−k′ . (B15)
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We thus find

(ĥ
(2)T

D f (2) )k = − 1

q2

q−1∑
k′,k′′=1

{
2( j20 − j02) j11

q j00�

(
μk′ + μkωk′k′′

ωkk′

)

+ i

2

[(
2

j20 − j02

�

)2
μkμk′

ωkk′
−

(
2 j11

q j00

)2

ωk′k′′

]}
x̂′

k′′ x̂′
k′−k′′ x̂′

k−k′ . (B16)

In the next step, we need to extract the parts of ĥ
(2)T

D f (2) and ĥ
(3)

that are of the form x̂k x̂k′ x̂−k′ , because these are the essential
terms for the bifurcation. To combine these terms in a single sum, we need to subtract the terms that are contained in both sums
in Eq. (B17). For these terms, k′′ = k and k′ = 2k. We then transform k′ → k − k′, which means that we must remove terms
with k = k′. This gives, for k �= q

2 ,

(ĥ
(2)T

D f (2) )k ∝ − 1

q2

� q−1
2 �∑

k′=1

(
1 − 1

2
δkk′

){
4( j20 − j02) j11

q j00�
μ̃kk′ + i

[(
j20 − j02

q j00

)2

ωk +
(

2 j11

q j00

)2

ω̃kk′

]}
|z′

k′ |2z′
k

− 1

2q2

4( j20 − j02) j11

q j00�
μk|z′

k|2z′
k − 1

2q2

{
4( j20 − j02) j11

q j00�
μ̃k q

2
+ i

[(
j20 − j02

q j00

)2

ωk +
(

2 j11

q j00

)2

ω̃k q
2

]}
z′3

q
2
,

(B17)

where we defined μ̃kk′ ≡ μk−k′ + μk+k′ − 2μk and ω̃kk′ ≡ 2ωk − ωk−k′ − ωk+k′ .

We now apply the same procedure to ĥ
(3)

. The terms ∝ x̂k x̂k′ x̂−k′ in the sum in Eq. (B12) come from terms with k′ = k,
k′′ = k, and k′ + k′′ = 0, so we need to subtract the overlap terms with k′ = k′′ = k, k′ = −k′′ = k, and −k′ = k′′ = k. We have

ĥ(3)
k ∝ 1

q2

� q−1
2 �∑

k′=1

(
1 − 1

2
δkk′

){
2

j03 − j30

�
(μ̃kk′ − 2μk′ ) + i

3

( j30 + j03)

q j00
ω̃kk′

}
|z′

k′ |2z′
k

+ 1

2q2

{
2

j03 − j30

�

(
μ̃k q

3
− 2μ q

2

) + i

3

j30 + j03

q j00
ω̃k q

2

}
z′3

q
2
. (B18)

Normal-form equations

Putting expressions (B17) and (B18) together and rearranging the terms, we find

ĝ(3)
k ∝ 1

q2

� q−1
2 �∑

k′=1

{
−

[
1 − 1

2

(
1 − j20 − j02

j03 − j30

j11

q j00

)
δkk′

]
4

j03 − j30

�
μk′ +

(
1 − 1

2
δkk′

)[
2

(
j03 − j30

�
− 8( j20 − j02) j11

q j00�

)
μ̃kk′

− i

(
j20 − j02

q j00

)2

ωk + i

[
1

3

j30 + j03

q j00
−

(
2 j11

q j00

)2
]
ω̃kk′

]}
|z′

k′ |2z′
k + 1

2q2

{
−4
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�
μ q

2

+ 2

(
j03 − j30

�
− 8( j20 − j02) j11

q j00�

)
μ̃k q

2
− i

(
j20 − j02

q j00

)2
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[
1

3

j30 + j03

q j00
−

(
2 j11

q j00

)2
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ω̃k q

2

}
z′3

q
2
. (B19)

For k = q
2 the expressions are slightly different; we find

ĝ(3)
q
2

∝ 1

q2

� q−1
2 �∑

k′=1

{
−8

(
j03 − j30

�
− ( j20 − j02) j11

q j00�

)
μk′

}
|z′

k′ |2z′
q
2
− 4

3q2
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�
μ q

2
z′3

q
2
. (B20)

In summary,

ĝ(3)
k ∝ −

� q−1
2 �∑

k′=1

{
A

[
1 + 1

4

(
1 − C

A

)
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sin2

(
πk′

q

)
+
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2
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(
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q
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(
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q
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q
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q
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(
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q

)]}
|z′
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2

{
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2
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k (B21)
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for k �= q
2 and

ĝ(3)
q
2

∝ −
� q−1

2 �∑
k′=1

(A − C) sin2

(
πk′

q

)
|z′

k′ |2z′
k − A

3
z′3

q
2

(B22)

for k = q
2 , with coefficients

A = 4

q2
( j03 − j30), C = 4

q2

[(
j2
02 − j2

20

)
q j00

− ( j03 − j30)

]
,

B = 1

q2

( j20 − j02)2

q j00
, D = 4

q2

[
( j20 + j02)2

q j00
− 1

3
( j30 + j03)

]
.

(B23)

In the final step, we combine the terms in the sums in
Eqs. (B21) and (B22) into the matrix Ckk′ and define a ≡ C/A
and b ≡ D/B, to obtain the normal form in Eq. (91) in the
main text.

APPENDIX C: STABLE OSCILLATIONS FOR a < 1
3

In this section, we show that for a < 1
3 the stability matrix

N has at least |Sa| − 1 positive eigenvalues, as a consequence
of the matrix determinant lemma [56] and an eigenvalue inter-
lacing theorem [57–59].

As explained in the main text, we can bring the stability
matrix N in Eq. (110) into a form where the elements l, m ∈
Sa form a connected block Na, and Nia gives the diagonal part.
The eigenvalues of N are then given by the diagonal elements
in Nia and the eigenvalues of the block Na.

We now show that the connected bloc Na has |Sa| − 1
positive eigenvalues for a < 1

3 . To this end, we symmetrize
N, writing Ñ = SNS−1, where S is diagonal with elements

Skk′ =
√

ṽk

ũk
δkk′ . (C1)

This transformation does not affect the eigenvalues and leaves
the diagonal part of N invariant. The block Na, however,
transforms into the sum of a diagonal part and a symmetric
order-one perturbation,

Ña = −(
w̃aw̃

T
a − W̃a

)
, (C2)

with the symmetric rank-one perturbation w̃aw̃
T
a characterized

by the vector w̃ with components

w̃k = √
ũk ṽk . (C3)

For matrices of the form (C2), the matrix determinant lemma
[56] states that the determinant of Ña, and thus of Na, is
given by

det Ña = det(W̃a)
(
1 − w̃T

aW̃
−1

a w̃a
)
. (C4)

The elements of W̃a are positive whenever all elements of Wa

are positive, which is guaranteed for a < 1
3 . A simple analysis

shows that the term 1 − w̃T
aW̃

−1
a w̃a is negative for a < 1

3 ,
which implies that the determinant of Ña is negative. Hence,
Na must have at least one negative eigenvalue.

To extend this result, we now show that Ña has exactly
one negative eigenvalue and |Sa| − 1 positive eigenvalues.

This follows directly from an eigenvalue interlacing theorem
[57–59], which states that for symmetric matrices perturbed
by a rank-one perturbation as in Eq. (C2), the ordered eigen-
values Kn, K1 � K2 � · · · � K|Sa|, of Ña (and thus of Na) have
the property

K|Sa| � �̃|Sa| � K|Sa|−1 � �̃|Sa|−1 � · · · � �̃1, (C5)

where �̃k are the ordered diagonal elements of W̃a, such that
�̃1 � �̃2 � · · · � �̃|Sa|. In other words, the eigenvalues of
Ña are interlaced with the ordered diagonal elements �̃k of
W̃a. Since all �̃k are positive for a < 1

3 , we find that all Kk

with k < |Sa| must be positive.
But because the determinant det Ña in Eq. (C4) is always

negative, the smallest eigenvalue K|Sa| must be negative. This
means that Ña has exactly one negative eigenvalue and |Sa| −
1 positive eigenvalues.

We conclude that the complete matrix Ña (and thus the
untransformed Na) has at least |Sa| − 1 unstable directions,
which means that only states with a single active Fourier
mode, |Sa| = 1, can be stable for a < 1

3 , as stated in the
main text.

APPENDIX D: THERMODYNAMIC OBSERVABLES
CLOSE TO TRANSITION

We analyze the behavior of thermodynamic observables
close the synchronization transition. All observables have the
generic, composite form of Eq. (52). Expanding to second
order in x, we find

〈Ȯ〉 ∼ qȮ00 + 1

2

q−1∑
n=0

(
Ȯ20x2

n+1 + 2Ȯ11xn+1xn + Ȯ02x2
n

)
.

(D1)

Applying the Fourier transform, we find from Eqs. (B9)

〈Ȯ〉 ∼ qȮ00 + 1

2q

q−1∑
k′=1

(
Ȯ20 + Ȯ02 + 2Ȯ11e− 2πk′

q
)
x̂k′ x̂−k′ .

(D2)

Ȯ(x, x) is linear in x. It follows that Ȯ20 + Ȯ02 = −2Ȯ11.
Using this, we write

〈Ȯ〉 ∼ qȮ00 − 2Ȯ11

q

q−1∑
k′=1

sin2

(
πk′

q

)
x̂k′ x̂−k′ . (D3)

With the notation in Eq. (75) we write the sum as

q−1∑
k′=1

sin2

(
πk′

q

)
x̂k′ x̂−k′ =

� q
2 �∑

k′=1

(
1 − 1

2
δk′ q

2

)
sin2

(
πk′

q

)
|zk′ |2.

(D4)

For t → ∞ and to lowest order in �, we have |zk′ |2 ∼ r∗2
k′ .

This gives

〈Ȯ〉 ∼〈Ȯ〉0 − 4Ȯ11

q
va · r∗2

a , (D5)

where 〈Ȯ〉0 ≡ qȮ00.
We now express Ȯ11 in terms of jnm. To this end, we note

that the composite functions Ȯ(y, x) in Eq. (52) can, for all
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thermodynamic observables Ȯ, be written as

Ȯ(y, x) = ȯ(y, x) j(y, x), (D6)

so that

Ȯ00 = ȯ00 j00, (D7a)

Ȯ11 = ȯ11 j00 + ȯ10 j01 + ȯ01 j10 + ȯ00 j11, (D7b)

with coefficients ȯnm = ∂n
y ∂m

x ȯ(y, x)|x,y= 1
q
. ȯ(y, x) has the

property

ȯ(y, x) + ȯ(x, y) = const, (D8)

which implies the general relations

∂yȯ(y, x) = −∂yȯ(x, y), ∂y∂xȯ(y, x) = 0 (D9)

We then have for ȯnm,

ȯ00 = const, ȯ10 = −ȯ01, ȯ11 = 0. (D10)

We thus find

Ȯ11 = ȯ01( j10 − j01) + ȯ00 j11 ∼ ȯ00 j11, (D11)

because j10 − j01 = �/2 � 1 close to the synchronization
transition. Putting everything together, we now have

〈Ȯ〉 − 〈Ȯ〉0

|〈Ȯ〉0|
∼ − 4 j11

q2 j00
va · r∗2

a = −2�λαa, (D12)

as given in Eq. (121) in the main text.

APPENDIX E: PHASE-SPACE CONTRACTION RATE
CLOSE TO TRANSITION

We derive an expression for the phase-space contraction
rate L that holds close to the synchronization transition. We
expand the equation of motion (47) to third order in xn around
the decoherent fixed point and substitute the expansion into
the definition (122) of L. We find

L ∼ −q( j10 − j01) − 1

2

q−1∑
n=0

[
( j30 − j21)x2

n+1

+2( j03 − j30)xn+1xn + ( j12 − j03)x2
n

]
.

(E1)

Applying the Fourier transforms (B9) and using the same
arguments as in Appendix D leads us to

L ∼ − q( j10 − j01) + 2( j03 − j30)

q

×
q−1∑
k′=1

sin2

(
πk′

q

)
x̂k′ x̂−k′ ,

∼ − q�

2
+ qAva · r∗2

a = −q�

2
+ q�αa. (E2)

With L0 = −q�/2, we readily obtain Eq. (124) in the
main text.
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