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Minimum-dissipation principle for synchronized stochastic oscillators far from equilibrium
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We prove a linear stability-dissipation relation (SDR) for g-state Potts models driven far from equilibrium by
a nonconservative force. At a critical coupling strength, these models exhibit a synchronization transition from a
decoherent into a synchronized state. In the vicinity of this transition, the SDR connects the entropy production
rate per oscillator to the phase-space contraction rate, a measure of stability, in a simple way. For large but finite
systems, we argue that the SDR implies a minimum-dissipation principle for driven Potts models as the dynamics
selects stable nonequilibrium states with least dissipation. This principle holds arbitrarily far from equilibrium,

for any stochastic dynamics, and for all g.
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Introduction. Both equilibrium and nonequilibrium sys-
tems may exhibit order, characterized by spontaneously
broken symmetries, long-range correlations, and macroscopic
structure. At equilibrium, order is strictly constrained by the
laws of thermodynamics, which force it to be stable and static.
By contrast, far from equilibrium, where fluctuations prevail,
irreversible dynamic processes lead to the appearance of so-
called dissipative structures [1,2], that may occur in a much
richer variety of both stationary and dynamic patterns.

The theory of dissipative structures is closely bound to
irreversibility [1,2] and to the dissipation of entropy [3-5].
For near-equilibrium steady states [6,7], Prigogine’s the-
orem [3] asserts that entropy production is minimal and
constant [8]. However, no such general statements hold far
from equilibrium, where counter examples are known [9-11].
Generalizations of minimum-dissipation principles a la Pri-
gogine to far-from-equilibrium systems have been attempted
by many, but are hindered by the phenomenological nature of
conventional nonequilibrium thermodynamics. Despite these
setbacks, nonequilibrium extremum principles in the spirit of
Gibbs’ maximum entropy principle have fascinated statistical
physicists for almost two centuries [12].

Stochastic thermodynamics [13—15] governs mesoscopic
scales where fluctuations are abundant. Within stochas-
tic thermodynamics, interactions between the system and
the environment are treated as random and are equipped
with a consistent thermodynamic interpretation. Thermody-
namic consistency then holds when a local detailed balance
(LDB) condition is fulfilled [13—15]. Recent developments
[16] allow the analysis of thermodynamically consistent,
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mesoscopic models in the thermodynamic limit, connect-
ing stochastic thermodynamics with the classical theory of
nonequilibrium thermodynamics. This connection provides
previously phenomenological macroscopic laws of nonequi-
librium thermodynamics with a consistent justification.

In this Letter, we employ this connection to shed new
light on the old question of the existence of minimum-
dissipation principles far from equilibrium. We analyze a
family of thermodynamically consistent oscillators, so-called
driven g-state Potts models [17,18], that consist of N globally
interacting Potts spins. A Potts spin can be thought of as a
two-dimensional unit vector, that points into one out of g
equally-spaced directions, see Figure 1(a). We denote by s,,,
m=1,...,N,the state of the m™ Potts spin, which may take
any integer value between 0 and ¢ — 1.

The states s,, change stochastically through a dynamics
that models the interactions of the system with a heat bath
at inverse temperature 8 = 1/(kgT'). Transitions are allowed
only between adjacent states s,, — s, = 1, with s, under-
stood modulo g.

The spins are driven out of equilibrium by a nonconserva-
tive force f > 0, modelled by biasing the dynamics such that
it favours counter-clockwise transitions s,, — s, + 1 over
clockwise transitions s,, — §,, — 1 [red arrow in Fig. 1(a)].
This way, individual Potts spins rotate on average in direction
of the driving and become “Potts oscillators”. Potential exper-
imental realisations of driven Potts models are described in
the companion paper [19].

The oscillators interact with each other via a global, ferro-
magnetic potential, that reduces the energy of the system by
# /N whenever two spins are in the same state, see Fig. 1(b).

The stochastic dynamics of the model is determined by
transition rates for the transitions s,, — s,, = 1. These rates
are constrained by thermodynamic consistency and symme-
tries, but arbitrary to some degree, which leaves one with free
parameters that the model’s behavior depends upon.
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FIG. 1. (a) Potts spin (green arrow) with g states (orange bullets),
driven by a nonconservative force f (red arrow). (b) The energy of
interacting Potts spins is reduced by _¢# /N whenever two spins are
aligned.

The state of a large system of Potts oscillators is described
by the occupation probability p(¢) = (po, ..., pq_l)T, pa(t)
denoting the probability of an arbitrary Potts spin s,, to be in
state s, = n at time ¢. For small g #, Potts oscillators rotate
decoherently so that p(¢) is constant and uniform, p(¢) =
p= (é, e, é)T. At a critical value 8 7., however, a dynam-
ical phase transition into a synchronized state occurs, in which
macroscopic numbers of Potts spins oscillate in synchrony, as
observed numerically for ¢ < 7 in Refs. [17,18]. The synchro-
nized state is a simple example of a dissipative structure that
spontaneously breaks time-translation symmetry and exhibits
macroscopic order.

Synchronization is conveniently described by the time-
dependent deviations x(¢) = p(t) — p* from decoherence.
Figure 2 shows synchronization in a numerical simulation of a
large system of driven Potts oscillators with ¢ = 7. Figure 2(a)
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FIG. 2. (a) Synchronization in real and Fourier space starting
from decoherence, using Arrhenius dynamics (details in Ref. [19])
with g =7, B /q=1.025, Bf =7, N = 10°. Arrows indicate
evolution in time ¢ in units of the microscopic transition time t.
(a) Deviations xo, . . ., x¢ from decoherence. (b)—(j) Probability den-
sity of Fourier modes z;, 22, z3 att = 0.5t [(b)—(d)], # = 27 [(e)—(2)],
and ¢ = 47 [(h)—(j)], obtained from an ensemble of 10* realisations.
Red lines from macroscopic dynamics in Eq. (1). (k) Rate of dissi-
pated work. (1) Phase-space contraction rate.

shows how initial decoherence [x(0) = 0] evolves into a syn-
chronization pattern in x(z), characterized by three traveling
maxima (red arrows).

Discrete rotational symmetry, s,, = s, £ ¢, allows to char-
acterise these patterns by discrete complex Fourier modes.
As we explain below, there are three dynamical Fourier
modes for g =7, that we denote by zi, zp,z3 with wave
numbers k = 1, 2, 3, respectively. The time evolution of these
modes in the complex plane is shown in Figs. 2(b)-2(j).
Initially all modes are inactive [Figs. 2(b)-2(d)], but the
amplitudes of the Fourier modes with largest k& grow
[Figs. 2(e)-2(g)]. Eventually [Figs. 2(h)-2(j)], only z3 is active
and rotates counterclockwise in the complex plane (green ar-
row), reflecting the emergence of the synchronization pattern
shown in Fig. 2(a). By contrast, the amplitudes of z; and z,
are essentially zero.

We employ stochastic thermodynamics [13—15] to extract
faithful thermodynamic observables from the dynamics. The
average rate of dissipated work, shown in Fig. 2(k), is initially
large and equal to (o), the average dissipation rate of a single,
uncoupled oscillator. During relaxation into the synchronized
state, the rate of dissipated work decreases and settles at a
smaller value, (o), associated with the average dissipation
rate per oscillator in the synchronized phase.

The phase-space contraction rate, shown in Fig. 2(1), is a
measure of a state’s momentary stability. Its initial value L is
negative, reflecting that decoherent oscillations are unstable,
but it increases as function of time, changes sign, and saturates
at a positive value £y > 0, indicating a stable synchronized
final state. Comparing Figs. 2(k) and 2(1) we observe an ap-
parent connection between stability and dissipation.

We explore this connection and derive a stability-
dissipation relation, Eq. (18), that links least dissipation and
largest stability in a simple way. Our exact derivation is based
on the analytic solution of driven Potts models close to the
synchronization transition, discussed in Ref. [19]. Previous
relations between stability and dissipation either refer to near-
equilibrium situations [1,2] or lack a coherent thermodynamic
interpretation [20-23]. The new relation (18), by contrast,
holds far from equilibrium and carries a transparent inter-
pretation, as it rests upon the well-established concepts of
stochastic thermodynamics [13-15].

On the basis of the dissipation-stability relation, we es-
tablish a minimum-dissipation principle [3] for driven Potts
models at large but finite N, that holds arbitrarily far from
equilibrium, for all dynamics, and for all g. Existing studies of
the thermodynamics of synchronization [24-28] have drawn
model-dependent conclusions on whether synchronization en-
hances [29,30] or reduces [17,31] dissipation. Our results now
show that synchronization reduces dissipation in all driven
Potts models, and that the least dissipative nonequilibrium
states are dynamically selected close to the phase transition.

Macroscopic dynamics. From a minimal set of require-
ments, including thermodynamic consistency, symmetry, and
a well-defined thermodynamic limit, we show in Ref. [19],
that as N — oo the occupation probabilities p,(¢) obey the
deterministic equations of motion:

d
apn(t) = halp®)] = j(Pus Pn=1) — J(Put1, Pn)s (1)
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FIG. 3. (a) Stability of decoherent phase in the 8 f-8,7 /g plane
with phase boundaries for different dynamics (broken and solid lines,
details in Ref. [19]). (b) Phase diagram of small-amplitude synchro-
nized states in driven Potts models as function of ¢ and a [Eq. (14)].
Numbers indicate how many Fourier modes are active. Markers show
the parameters of previous numerical studies [17,18].

n=0,...,9—1, where j(pn+1,pn) denotes the average
probability flux per oscillator from state n to state n + 1.
The flux j is expressed in terms of the rescaled micro-
scopic transition rates wni for the transitions s,, — s, £ 1,
Sm =N, as

J(Put1s p) = w;i (p) —w,, (p). (2
The LDB condition [13—15] requires that
we 3
) exp{—=BL0p,., — W) F@)F I}, 3)

where f denotes the nonconservative force and

Fp) = —%p-p+ﬁ*1p-10gp, 4

denotes the free energy per oscillator.

From Eq. (1), we immediately find that the decoherent
state p* is a fixed point with % Plp=p- = 0. A linear stability
analysis reveals that the stability of p* depends on the sign of
the bifurcation parameter [19]

A = 2(j10 — Jjor): ®)
where we denote by j,,;, the derivatives of the probability flux
Jj at the decoherent fixed point:

Jom = OG0yt (©)

q

The fixed point p* is stable for A <O and unstable for
A > 0, so that perturbations of decoherence grow, whenever
A is positive.

The location in parameter space where A changes sign
depends on the transition rates. Figure 3(a) shows the phase
boundaries (A = 0) for different wff. In the equilibrium limit
Bf — 0, all phase boundaries approach BZ./q =1 [32].
Away from equilibrium, for Bf > 0, varying w¥ may either
stabilize the decoherent phase (blue arrow), destabilize it (red
arrow), or retain the phase boundary of the equilibrium case
(solid line), see Ref. [19] for examples.

For A > 0, when the decoherent fixed point is unstable,
fluctuations drive the system away from decoherence and to-
wards other attractive states. Such states can be either distant
attractors such as ordered states, as is the case at equilibrium
[32] and for weak driving [17], or nearby, small-amplitude

variations of p*. Candidates for the latter are coherent os-
cillations (synchronization) and stationary, nonequilibrium
patterns.

Analytic solution. In order to explore the possible stable
structures in the vicinity of the decoherent fixed point p*, we
solve the driven Potts model exactly for small x. To this end,
we exploit the periodicity of Potts spins and transform the
variation vector x into discrete Fourier modes X by means of
a Fourier transform ¥ = Fx, where F is a ¢ x ¢ matrix with
elements Fy, = exp(i2rwkn/q),k =0, ..., g — 1. The inverse
transform F~! is obtained by Hermitian conjugation: F~! =
g 'F7.

This way, we obtain the equation of motion for :

Y=h@®), h@) =Fh@E '+ p). (7

In the vicinity of the decoherent fixed point, |[¥| < 1, we
expand h(X) to third order in %, i.e.,

@) ~ i) + %) + 1), 8)

where il(n), n=1,...,3,are n-order polynomials in X.

. ~(1) A . . .
The linear part B ~ = DX contains the stability matrix D,
diagonal in the Fourier basis, with elements Dy = wy + iowy

and
— A sin? T[_k — Qsi @
Ui = A sin 7 ) wp = §2sin p . )

The imaginary part wy of Dy, with parameter
Q= jio + jo1 = qJjoos (10)

denotes the “natural frequency” of the k™ Fourier mode, with
which the dynamics spirals away from p* for A > 0 [19].

Where the dynamics takes X(¢) in the long-time limit de-
pends on the higher-order terms in Eq. (8). Before we consider
these, we note that x is real, so that the Fourier modes X are
related by complex conjugation. We define

Zk = Xp a1

with k =1,..., L%J (indices modulo g). The zeroth mode
Zo = Xo vanishes due to probability conservation, leaving the
driven g-state Potts model with | ] dynamic Fourier modes,
as stated for ¢ = 7 in the Introduction.

The nonlinear terms in Eq. (8) are brought into the simpler
normal form [19]

2 = X,

4]

G~ (Dkk -3 Ckk/|z,;,|2>z,;, (12)

k=1

by a nonlinear transformation z; > z;, where C is a complex
matrix. The normal form (12) retains only terms that are es-
sential for the transition when 0 < A < 1 and A < Bf [33].

To determine the long-time states, we separate the Fourier
modes z; into their amplitudes r; and phases ¢, z, =
rr exp(i¢y). The normal form (12) then decomposes into a
phase equation for ¢ and an amplitude equation for r. The
latter reads

L)
: 2
o~ =) Awerd | e
k=1

(13a)
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FIG. 4. Stability-dissipation relation for two different dynam-
ics with N = 10° and Bf = 7, obtained from a time average with
t/t =~ 100. (a) Even ¢. Markers from numerical simulations of the
stochastic dynamics, solid lines from the macroscopic dynamics 1.
The dashed line shows Eq. (18). (b) Same as in (a) but for odd q.

with [19]
4
A=Re(C)=Aw" - W), A= ?(jos — J30), (13b)

and contains the essential parameters for r close to the transi-
tion. The vectors u, v and the diagonal matrix W depend only
on the single parameter

S ek Y (14)

qjoo(jos — Jj30)

Both stable synchronized states and stationary patterns with
d) = 0 are given by the stable fixed points r* of Eq. (13a), i.e.,
Flr=r~ = 0. Because of the simple structure (13b) of A, these
fixed points can be obtained explicitly [19].

Following this program, we arrive at the phase diagram
of small-amplitude synchronized states in the g-a parameter
space, given in Fig. 3(b). In the white regions, no syn-
chronized states are stable. Different colors indicate stable
synchronization patterns with a finite number |S,| of non-
vanishing, i.e. active, Fourier modes. The amplitudes of the
remaining I_%J —|S4] modes vanish, i.e., these modes are
inactive.

The green region (|S,| = 1) exhibits multistability, i.e.,
several synchronized states, each with a different active mode,
are simultaneously stable [19]. The other colored regions with
|S;| > 1 host unique stable synchronized states.

The white patches between the green and blue regions
in Fig. 3(b) occur only for even g. Although they host no
synchronized states, they admit stationary probability patterns
[19]. Note that previous numerical studies [17,18], shown
as markers in Fig. 3(b), covered only a tiny fraction of the
parameter space.

Stability-dissipation relation. We now derive the main re-
sult of this Letter, a stability-dissipation relation, that holds
for all dynamics that admit stable small-amplitude states, in-
cluding both synchronization and stationary patterns. To this
end, we introduce the average entropy production rate (o) per
oscillator [34], which for N — oo takes the form [19]

q—1
(6) =Y F(pus1. P)j(Pus1. Pn)- (15)
n=0

where F(pui1, pn) = BLf — (0p,,, — 3p,)F(p)] are thermo-
dynamic forces that drive the fluxes j(p,+1, pn)-

We define the change in entropy production Ag relative to
the entropy production rate of a single Potts oscillator (¢)¢ =
28 f sinh(Bf/2) [17,18] by A6 = ({6) — (d)0)/I(d)ol, ex-
press (¢) in terms of Fourier modes, and expand around the
decoherent fixed point ¥ = 0. Exploiting the symmetries of
driven Potts models and the general properties of the transition
rates, we obtain the simple expression [19]:
2u
a*joo’
valid for 0 < A <« 1 and A < Bf [33]. The parameters A =
A/A and I" > 0 are dynamics dependent, while «, > O de-
pends on the set of active Fourier modes in a given stable state
and on a [19]. Equation (16) shows that entropy production is
reduced in any stable small-amplitude state.

Finally, we connect Ag to the stability change across the
transition. To this end, we consider the average (L) of the
stochastic inflow rate L [35], the difference between the en-
trance rate, the sum of all transition rates of adjacent states
entering a given state, and the escape rate out of this state.

In the thermodynamic limit, (L) converges to the phase-
space contraction rate L, i.e., limy_ (L) = £ [19], given
by L = —V), - p [36]. Phase-space probability accumulates in
regions of positive £, while it escapes regions of negative
L. Positive L is a necessary condition for fixed points and
periodic orbits to be approached in the long-time limit.

We analyze the relative stability change AL = (L —
Lo)/|Lo| of L close to the transition, where Ly = —gA/2
denotes the phase-space contraction rate at p*. Expanding AL
around X = 0, we find [19]

AL ~ 2w, > 0, (17

Ao ~ =2Tka, <0, T= (16)

implying that small-amplitude states are more stable (L is
larger) than p* for A > 0.

Combining Eq. (17) with Eq. (16), we arrive at the
stability-dissipation relation

A ~ —TAAL, (18)

the main results of this Letter. It shows that, close to
the transition, Ao depends linearly on AL with negative,
dynamics-dependent prefactor —I'A, so that dissipation is
smallest in the most stable small-amplitude state.

We have tested the stability-dissipation relation numer-
ically, using both the macroscopic (1) and the stochastic
dynamics. The latter involves an additional long-time aver-
age [19]. Figure 4 shows Ao plotted against AAL for two
different sets of transition rates with (a,I") = (0, 1/2) and
(a,T) = (1, 1) [19]. For values of Ad and AAL close to the
transition, the simulations confirm Eq. (18).

Minimum-dissipation principle. Finally, we establish the
minimum-dissipation principle for driven Potts models. When
the thermodynamic limit is taken before a long-time limit,
Eq. (18) alone does not directly imply such a principle, be-
cause the infinite-size system is in general nonergodic and the
most stable states are assumed only if the initial condition
lies in their basins of attraction. However, when long times
are invoked first, fluctuations enable frequent transitions be-
tween different states that are sufficiently close. This holds
for A « 1, where all small-amplitude states and the deco-
herent state are separated only by small distances of order
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/A, while finite-size fluctuations are of order 1//LN/q
1/+/AN. Hence, stable small-amplitude states are frequently
visited when 1 < N < 472

In this case, the system predominantly occupies stable
states with largest (L), because once a (stochastic) trajectory
has reached such a state, it typically spends a long time
there, compared to the average entrance time. Equation (4)
then implies that driven Potts models probabilistically se-
lect small-amplitude states with largest (L(N)) — L and thus
smallest dissipation [37]. In numerical simulations, we find
that the minimum-dissipation principle holds for substan-
tially larger N and A than our argument suggests [19], which
is why 1 < N < 172 should be considered a conservative
estimate.

Conclusion. We have proved a linear stability-dissipation
relation (4) for driven Potts models, which shows that the
most stable dissipative structures dissipate the least entropy.

For large but finite systems, we argued that Eq. (18) implies a
minimum-dissipation principle for driven Potts models, that
holds arbitrarily far away from equilibrium, independently
of the dynamics, and for all g. The dissipation and stability
measures ¢ and L can be defined for any thermodynami-
cally consistent stochastic system. We are therefore confident
that the tools developed here will facilitate further connec-
tions between nonequilibrium thermodynamics and stability.
For instance, preliminary results suggest a relation similar to
Eq. (18) for Potts oscillators with local interactions.
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