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Grid Hopping 1n Sensor Networks: Acceleration
Strategies for Single-Step Estimation Algorithms

Gilles Monnoyer!, Thomas Feuillen, Luc Vandendorpe, Laurent Jacques

Abstract—In radars, sonars, or for sound source localization,
sensor networks enable the estimation of parameters that cannot
be unambiguously recovered by a single sensor. The estimation
algorithms designed for this context are commonly divided
into two categories: the two-step methods, separately estimating
intermediate parameters in each sensor before combining them;
and the single-step methods jointly processing all the received
signals. This paper provides a general framework, coined Grid
Hopping (GH), unifying existing techniques to accelerate the
single-step methods, known to provide robust results with a
higher computational time. GH exploits interpolation to approx-
imate evaluations of correlation functions from the coarser grid
used in two-step methods onto the finer grid required for single-
step methods, hence “hopping” from one grid to the other. The
contribution of this paper is two-fold. We first formulate GH,
showing its particularization to existing acceleration techniques
used in multiple applications. Second, we derive a novel theoret-
ical bound characterizing the performance loss caused by GH in
simplified scenarios. We finally provide Monte-Carlo simulations
demonstrating how GH preserves the advantages of both the
single-step and two-step approaches and compare its performance
when used with multiple interpolation techniques.

Index Terms—Radar, Localization, Sensor Network, Interpo-
lation, Grid Hopping, Multilateration.

I. INTRODUCTION

ENSOR networks have received growing attention for the

last decade in many fields of applications, including re-
mote videoconferencing [1]], [2], surveillance [3]], autonomous
robot [4f], [5]], automotive or smart-cities applications [6],
[7]. In these examples, the sensors composing the networks
may be cameras, radars, sonars, microphones, or Ultra-Wide
Bandwidth (UWB) receivers. Although those applications use
different kinds of sensors with different purposes, they all
share a common principle. They leverage the diversity of
information gathered by multiple sensors to estimate one or
several parameters of interest. In this paper, we focus our study
on applications in which the network enables the estimation of
parameters of interest that cannot be unambiguously recovered
by a single sensor. This happens, for example, when a single
sensor provides a signal carrying information about distances.
Multiple sensors are thereby required to estimate locations
as the parameters of interest. In this example, the distances
are projections of the location in a reduced space. With the
formalism of this paper, we call them the sensed parameters.
In Fig. [T} we represented this sensing process of one parameter
of interest through observations of sensed parameters, with the
mathematical formalism we provide in Sec.
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Fig. 1. The two-process acquisition model involved in a sensor network. The
g-th sensor (q € [Q]) observes a signal y, parameterized by the g-th sensed
parameter 67, which is a projection of the parameter of interest p* from its
domain P onto the sensing domain ©.

The algorithms used to estimate the parameters of interest
can be divided into two main categories. One processes the
collected data with rwo-step strategies [8]-[14] and the other
with single-step approaches [15]-[23]. On the one hand,
the two-step methods first perform local processing at each
sensor to provide estimates for the sensed parameters. In their
second step, they combine these estimates by projecting them
onto a space of feasible parameters of interest. This second
step is commonly referred to as multilateration when the
sensed parameters are ranges or delays [14], or triangulation
when angles are sensed [8]. On the other hand, single-step
methods gather all received signals and process them jointly
to directly provide estimates for the parameters of interest.
This is achieved by maximizing a decision function evaluated
in a set, or a grid, of candidate values for the parameters of
interest.

Regardless of the network’s properties, the main advantage
of the two-step strategy resides in its simplicity and its low
complexity because the sensed parameters are usually taken
from a lower-dimensional domain compared to the domain of
interest. However, it is more sensitive to non-idealities such
as noise, reverberation, wave occlusion, or interference. The
single-step approaches are usually more robust to the above
limitations but are computationally heavier [19], [24], [25].
Moreover, estimating multiple parameters of interest with a
two-step method requires solving the challenging “data asso-
ciation problem” [26]]-[28]]. In short, the sensed parameters
provided by each sensor need to be correctly associated with
one another for the second step. This problem has been
addressed in [29] using feature vectors based on the structure
of speech signals, or in [30], [31] by means of tracking.
Nonetheless, its absence in the single-step procedures makes
them more reliable at the price of their higher computational



cost, which we aim to reduce in this paper.

The first contribution of this paper is the presentation of a
framework, named Grid Hopping (GH), for the acceleration
of the single-step methods. Our framework encapsulates and
extends existing acceleration approaches from the literature
related to different applicative fields, including Source Lo-
calization (SL) of sound or UWB, and multistatic radar.
Practically, GH relies on interpolation strategies from one grid,
the discretized domain of the sensed parameter, to another
grid discretizing the domain of the parameters of interest. A
comparison of different interpolation schemes used with the
GH framework is performed through extensive Monte-Carlo
simulations of several applications in Sec.

As a second contribution, we provide a novel theoretical
bound to quantify the performance of GH. Our bound char-
acterizes the impacts of (i) the nature of the projection of
the parameter of interest into the sensed domain (e.g., from
a position to a collection of distances), commonly connected
to the locations of the sensors, (ii) the density of the grid of
parameters of interest, and (iii) the precision loss due to the
interpolation strategy used by GH.

The remainder of this paper is structured as follows. Sec.
provides an overview of existing acceleration techniques for
single-step methods in different fields of applications. In
Sec. we derive the global model of signals for a network of
sensors collectively observing a parameter of interest. Sec.
summarizes the conventional implementations of the two-step
and the single-step methods. In Sec. we instantiate the
general framework from Sec. to applications for which
the methods from Sec. apply. Next, Sec. [V]] presents our
GH formalism and considers its construction using multiple
existing interpolation strategies. In Sec. we derive an
error bound on the parameter estimation with GH. Sec.
presents several simulation results comparing multiple inter-
polation schemes with the conventional single-step and two-
step algorithms. We also compare the actual performance of
a single-step algorithm improved with GH with the bound.

Notations: In this paper, j = 1/—1, lower case bold
symbols denote vectors and upper case bold symbols denote
matrices. The transpose of a matrix A is AT, and its More-
Penrose inverse is AT, Its largest and the lowest eigenvalues
are Amax(A) and Apin(A). The operator §; ; = 1 if ¢ = j and
0 otherwise. We refer to the ground truth and the estimate of
a quantity a as a* and a, respectively. Given p € N, we use
B,(r) :== {z € R? : ||z]|, < r} to denote the £,-norm ball
with radius . For N € N, [N] is the index set {1, ..., N}.
The scalar product of vectors a and b is denoted by (a, b).

II. RELATED WORK

The single-step methods have been studied independently in
different signal sensing communities, each proposing specific
acceleration strategies.

In the multistatic radar field, a single-step method, often
referred to as joint [15]], [16] or direct [18]-[20], has arisen
in connection with the sparse signal recovery literature as
an application of the Block Orthogonal Matching Pursuit
(BOMP) algorithm proposed by Y. C. Eldar in [32]. In those

applications, the collection of targets’ parameters is repre-
sented as a sparse vector in the location-velocity space. Yet,
the discretization of the 4D (or 6D) location-velocity space
is a limitation that makes such single-step method unsuitable
for real-time applications. Acceleration techniques have been
suggested in [[17], [33] to factorize the model, enabling the
sequential estimation of locations and velocities with reduced
computation time. Real-time single-step estimation nonethe-
less remains challenging in multistatic radar applications.

In the SL community, the Steered Response Power (SRP) al-
gorithm is an instance of a single-step method [34], [35[]. Many
low-complexity strategies have been proposed to decrease the
computational complexity of SRP. In [34], the authors propose
different techniques to restrict the research to a subset of the
domain of interest. In [36], a hybrid approach between the
single-step and two-step paradigms is developed by leveraging
the intrinsic properties of speech signals to first perform a
two-step estimation and then correct it with a single-step-like
approach to avoid data-association issues. Other techniques,
such as the stochastic region contraction proposed in [37]
or grid rescaling methods from [23], [38], [39], propose to
iteratively refine the search space, starting from a coarse search
of candidates. In [21f], [22], the authors propose a volumetric
technique that enables the representation of multiple grid bins
into a single one, enabling the search on a coarser grid. In
the contributions above, the SRP map is computed from the
computation of the Generalized Cross-Correlation (GCC) [40].
As shown in Sec. this mapping is an approximation that
can be assimilated as the most simple particularization of GH.

In [41]], the authors propose a low-complexity single-step
algorithm exploiting the sampling properties of the speech
signals to build an interpolation-based mapping from the delay
grid bins to the location grid. GH generalizes this work for
other applications as well as other interpolation schemes.

Recently, we proposed an experimental validation of a
specific case of application GH to the Multistatic Radar (MSR)
context [42]], hence accelerating existing single-step methods
in that context. This paper provides the generalization and
complementary theoretical validation of this work. The bound
derived in Sec. enables us to quantify the performance
loss caused by the use of GH with different interpolation
schemes, including the one presented in [41] and the polar
interpolation [43|] which is popular for continuous sparse
signal processing [44], [45].

III. PROBLEM STATEMENT: THE MULTI-SENSOR MODEL

We consider the general problem of estimating a parameter
of interest denoted by p* from the signals received by @
distinct sensors. We focus on systems in which each sensor
is only sensitive to a certain projection of p* onto a low-
dimensional observation space, from which p* may not be
retrieved unambiguously. Our generalized model for such
sensor networks interprets the measurement as a composition
of two processes: (i) the parameter projection process, which
projects the parameter of interest into the sensing space, and
(ii) the sensing process that provides the received signals as
functions of the sensed parameters (see Fig. [I)).
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Fig. 2. Two examples of PPFs, i.e., S(-), where the parameter of interest p*
is a location. (a) The sensed parameters are distances between p and reference
locations. (b) The sensed parameter is a 2D location in a plane corresponding
to an image projection of the 3D domain of interest.

In our model of a Q-node sensor network, the g-th sensor
(g € [Q]) only observes a projection of the parameter of
interest p*, belonging to some space P C R?, onto a reduced
sensing domain © C R<. That sensor thus only has access
to the sensed parameter 0 through a specific Parameter
Projection Function (PPF) S,

Sg:P—0:0;=S8,(p")- (1)

While p* has a physical meaning, it is not required that 0
has one. We provide in Fig. 2] simple examples of PPFs where
p* is a location whose projection ¢ lies in a reduced domain.
Examples of expressions for the PPF are given in table [l for
some typical applications.

The definition of the PPF comes with crucial assumptions.

Assumption 1 (PPF). The global PPF defined as

S(p) = (Si(p),--- ,Sa(p)) " )

is injective over P. Equivalently, S is a bijection between P
and the admissible sensing domain

T:=8(P):={0=8(p):peP} 3)
The domains P, ©, and T are all assumed bounded.

To properly define GH and its associated upper bound, we
also assume that, for all ¢ € [Q], S, is differentiable over
P. Assumption |1|is necessary for the network to recover p*
unambiguously because the sensing process only enables ob-
serving its transformation through the global PPF. Without this
assumption, two distinct values of p* may provide exactly the
same set of () received signals, even in noiseless conditions.
Additionally, one notes the absence of injectivity condition
on S, taken alone, translating the potential ambiguity in the
recovery of p* with one single sensor.

For simplicity, we set the sensing domain © identical for
all ¢ and d = 1 for the remaining of the paper, such that © C
R. This simplification restricts the model to one-dimensional
sensed parameters such as angles and distances. Still, our
approach extends beyond this restriction.

The sensing process corresponding to the observation of a
single parameter of interest (e.g., a multistatic radar observing
a single moving target, or a single source of sound captured
by a network of microphones) is characterized, for the g-th

sensor, by the acquisition of a signal parametrized by the
sensed parameter 0 € ©. This signal y, € C reads

Y, = aqa(%‘) +wy = aga(S,(p*)) + wy, “4)

where the function (or atom) a : © — CM connects, for each
q € [Q], the value 0 to a waveform acquired by the sensor,
ag € C models an unknown amplitude and phase, and the
noise w, is assumed white and Gaussian. Up to the noise
w,, the recorded signal y, is thus 1-sparse in a parametric
dictionary A := {a(f) : 8 € O} [46], [47]. The model @)
easily generalizes to the joint estimation of K parameters of
interest but we restrict our analysis to K = 1.

The model (@) implicitly assumes that the network is
composed of homogeneous sensors whose node signals are
all representable in the same dictionary .A. This means, for
example, that the multistatic radar presented in Sec.
must be composed of radars operating on identical modulation
and acquisition settings. Similarly, the arrays of sub-receivers
composing the Direction of Arrival (DoA)-based localization
system described in Sec. share an identical spatial geom-
etry of sub-receivers. While our approach extends beyond this
restriction, our performance bound is built upon it.

Our approach considers that the atoms of A respect the
following assumptions.

Assumption 2 (Atom function). The operator a has unit norm
la(@)|l2 = 1 for all & € © and is one-to-one over O, ie.,
a(0) # a(d) for all 6 £ 6 € ©.

Assumptions [I] and 2] together ensure the ability of the
network to recover p* unambiguously. Their combination
implies that each value of p* provides its own and unique
set of vectors { a(S,(p*)) }32:1.

The derivation of the bound in Sec.[VII|additionally requires
that a generates a translation invariant kernel x [43[], [48],

[49], i.e.,

(a(), a(0)) =r(0—0"), V0,0 €06. (5)

IV. SINGLE-STEP AND TWO-STEP METHODS

We now briefly describe the single-step and the two-step
methods, two conventional classes of techniques used to
estimate a parameter of interest p* from a ()-node sensor
network according to the measurement model @), i.e., from
the measurements {yq}qQ:l.

a) The two-step methodology: In this methodology,
estimates 6 := (0, - - 79}3)—r are first computed by maximiz-
ing, for each node ¢ € [Q)], the correlation,

Cq(0) = (y,, a(8)).  (6)

A 2

f, = arg max |C, ()2,
0€0

Next, the estimate p is computed from a non-linear least

squares minimization

p = argmin |0 — S(p') |- (7)
p'EP

This second step is referred to as multilateration for ellipses
or hyperbolas intersection [9]|, [14], and triangulation for
directions intersection [8]].



Since the first step is a non-convex continuous optimization
over ©, (6) is generally approximated by restricting 6 to a
uniform discretization ©g C ©, resulting in

éq = argmax |C,(6)|°. (8)
0eOc

This first estimate can then be improved by, e.g., starting a
gradient descent on the cost —|C,(#)]? in (6) initialized with
9q [501-[52]]. Alternatively, one can consider faster interpo-
lation techniques to maximize an approximation of C; [43],
[45], (53]l

b) The single-step methodology: In this method we look
for a value of p € P directly maximizing the non-coherent
sum of all measurement correlations with S,(p), i.e., all
signals are jointly processed in the global optimization

p=argmax »_ .o |C4(Sq(p))|?. )
peP

If all the measurement noises are independent in (@), and
all oy are iid. and independent from p, this step is a
maximum likelihood estimator [19]], [25], [54]. In this case,
(@) is equivalent to minimizing —logP({yq}?:1 |p, ) =
Y01 19 — 04a(S,()) 3.

The maximization (9) is also often approximated on a
uniform discretization Pg of P through

p =argmax Yo [Cy(Se(p)) > (10)
PEPc

Similar to the problem (6), the single-step approach (9) can
be solved efficiently in its continuous form with solvers
that initiate refinement steps on estimates obtained from a
grid-search approach (I0). This is particularly exemplified
by the Multi-snapshot Newtonalized Orthogonal Matching
Pursuit [55]]. For the intelligibility of the focus of our paper,
i.e., the analysis of the GH framework, we limit its scope
to the single-step and two-step methods restricted to their
grid search version, respectively using and instead
of (6) and (9). Since p* is assumed to be taken from the
continuous domain P unrestricted to the grid Pg, this aspect
induces gridding errors that are taken into account in both
the theoretical and numerical study of this paper. We note
that the GH technique we present in Sec. can be coupled
with the off-grid search and refinement techniques mentioned
above. We postpone this coupling with advanced algorithms
estimating multiple parameters of interest from a continuous
domain to future contributions.

c) Differences between the two methodologies: Compu-
tationally speaking, two-step methods based on the discretiza-
tion (8) require Ng := |O¢| evaluations of the correlation C,,
for all ¢ € [Q]. On the other hand, single-step methods based
on the discretization (I0) require Np := |Pg| such evaluations
for each index ¢. Since the domain of interest P is typically of
higher dimensions compared to the sensed domain ©, it results
in Np > Ng. This intensifies as a higher precision is targeted
by the use of denser grids, which is why two-step methods are
known to be faster than their single-step counterparts.

The single-step methods, however, potentially offer a more
robust estimation of p* as they directly gather all available
information and promote, via the mappings S,(p), consistent

models across all sensors. This has, for example, been shown
for signal transmissions submitted to high noise [19] or is
subjected to reverberation [24], [25]. The question we address
in this work is thus to preserve the advantages of both
approaches in a hybrid strategy: Grid Hopping.

V. EXAMPLES OF APPLICATIONS

Let us provide a few standard examples of applications
(also summarized in Table[I) for which the model and the two
classes of methods described above apply. For each applica-
tion, we describe the contextual meaning of (i) the number )
of acquired signals, (ii) the length M of the measurements,
(iii) the sensed parameters {0;‘}qu1, and (iv) the parameter of
interest p*. Moreover, we provide the parametric expression
of the atom a(6) and the expression of the PPF, S,(p).

A. Multistatic FMCW Radar

A MSRs is composed of multiple RXs and one or multi-
ple transmitters (TXs). For simplicity, we consider a single
transmitter in a linear chirp modulation setting and a single
antenna in each receiver. The MSR estimates the location and
the velocity vectors describing a target. With the appropriate
simplifications of the radar signal model [17]], a Frequency-
Modulated Continuous Wave (FMCW) radar can be seen as
the combination of a Doppler radar and a radar emitting a
single chirp [S56]-[58]]. For simplicity, we restrict here the
application of (@) to the separate estimation of the location
and the velocity.

The number of measurements () is the number of RXs since
we assume here a single TX. The dimension M is the number
of samples acquired per RX in one processing time frame.

a) Location estimation with a MSR: The parameter of
interest p* is a target’s location. The ¢-th sensed parameter
is the sum of distances from the TX to the target and from
the target and the ¢-th RX. Fig. B(a) illustrates the geomet-
rical properties of those parameters in the MSR application.
Given X and x** as the TX and the ¢-th RX’s locations
respectively, the PPF of the g-th receiver

Sqp) = Z(lp—a™ |2+ lp —2f¥]l2), (D

where % is inserted for the simplicity of the atom’s expression
in , with B is the radar’s bandwidth and c the speed of
light. As derived in [59], [60], the atom’s expression for a
single linear-chirp FMCW radar reads

am (0) = exp(—j2m03}). (12)

b) Velocity estimation with a MSR: The target’s velocity
is now the parameter p*, and the sensed parameters are the
bistatic speeds [15], [16]. Given the unit vectors R™ and
th'X pointing toward the target from the TX and the ¢-th RX,
respectively, the PPF linking the velocity vector contained in
p to the g¢-th bistatic speed reads

Sy(p*) = ML (BT 4 BIX p), (13)

similarly normalized with %, where fy is the carrier
frequency and 75 the sampling period. With this normalization,
the atom’s expression for the Doppler multistatic radar follows
the same expression as (12).



Applications Q M p* parameter projection Sy (p) = atom a,, (0) =
o . . . # samples target’s .
Localization with MSR  Fig.[3(a) | # receiver (RX)s antennas per clf)irp locition %(Hp — x|z + |lp — 2B¥||2) | exp(j2n6m/M)
Velocity from MSR Fig.[3(b) | # RXs antennas # chirps \ti:lii;t; %(hTX + thX, p) exp(j2mém/M)
. . L ) # Fourier bins source 1 .
Source Loc. with TDoA  Fig. |3[c) | # pairs of RXs used in GCC location | @z (IP —®qll2 — Ip — xg|l2) exp(j2mOm /M)
. . # sub-receivers source RX . 1T
Source Loc. with DoA Fig.[3(d) | # sensor arrays per array location Z(p— ) exp(j2rA~t h,,ep)
TABLE I

SUMMARY OF THE APPLICATIONS PRESENTED IN SEC.WITH THE CONTEXTUAL MEANING OF EACH MODEL QUANTITY (“#” MEANS “NUMBER OF”).

Fig. 3.
parameters in the domain of interest. (a) MSR composed of one TX and three RXs, for the estimation of the target location p*. The loci are given by ellipses.
(b) The same MSR for the estimation of p* as the target velocity. (¢) SL system composed of three RX (yielding Q) = 3 pairs of RXs), with p as the source’s
location. The loci are hyperbolas. (d) SL system composed of three receiving nodes, each composed of an array of L receivers such as depicted in Fig.

B. Source Localization with Time Difference of Arrival

Our approach also applies to the estimation of the location
p* of the source of a signal. When the receivers are not
synchronized with the transmitter, the delays cannot be used
for intersections of ellipses like in MSR. Therefore, evaluating
the Time Difference of Arrival (TDoA) between pairs of re-
ceivers is a commonly used strategy that leads to intersections
of hyperbolas. A simple representation of this application is
shown in Fig. [3[c). This method is typically used in sound
source localization [25] or UWB positioning systems [61].

Let L be the number of receivers (such as microphones for
sound source localization) located around p* (see Fig. [3c)).
In our model @), the number of measurements is @ =
L(L — 1)/2, i.e., to the number of pairs of receivers that
we associate to record the TDoA. The measurement y, from
the ¢-th pair of RXs is obtained at the output of a cross-
correlation using a phase-transform weighting function [21]].
This amounts to computing the Discrete Fourier Transform
(DFT) of each of the L received signals, and, given a pair of
receivers, multiplying their two spectra and keeping only their
phase by modulus division (see e.g., [35] for details).

Mathematically, for a single source, all RXs record the same
signal with different unknown delays, leading to

am(0) = exp(j2m05;), m € [M], (14)
where 0 is the TDoA (normalized with respect to the sampling
rate T for simplicity) so that the PPF is

Sy(p) = (llp — z4ll2 — [P — 2 l2), (15)
where x, and m; denote the locations of the two receivers of
the g-th pair.

\ / (d) \. / —
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Representations of the applications described in Sec. each with @ = 3 measurements. The dashed lines represent the loci of identical sensed

Fig. 4. Representation of the g-th node of a DoA-based application. The node
is composed of M co-located sub-receivers such that the source is located in
the far field, implying an angle of arrival 6 (acting as the sensed parameter)
identical for all receivers of a given array.

C. Source localization from Directions of Arrival

Estimating a source location p* from a collection of @
sensor arrays, each sensitive to a Direction of Arrival (DoA)
the wave emitted by the source, also enters into the scope
of the model (@). This case typically happens with arrays of
microphones [62], [63], or radio frequency receivers [64], and
p* is estimated from the intersection of lines given by the
DoAs, such as depicted in Fig. [3[d).

Each sensor array is composed of M sub-receivers as
depicted in Fig. 4] The atom function in model () corresponds
to the steering vector which can, for a generic array of
receivers, be written following [|65], [66],

am(0) = exp(j27r)\_1 hjneg), m € [M], (16)

where ) is the signal’s wavelength, h,, is the vector pointing
from a chosen reference sub-receiver’s location toward the
m-th sub-receiver, and ey is the unit vector pointing in the
direction given by the sensed parameter 6. If the location to
estimate p* lies in 2D, then  is an angle of arrival defined
with respect to an arbitrary reference direction. If, however,




p* is a 3D position, then 6 is a pair of azimuth and elevation
angles. In both cases, the PPF reads

Sq(0) = Z(p — x). (17)

VI. GRID HOPPING

The GH methodology is a fast proposition to approximately
solve (I0). We first intuitively motivate the technique by
considering the simple MSR instance of Fig. [5(a), composed
of one TX and two RXs. The system acquires a single chirp,
taking M = 10 samples to determine the location p* of a
single target, thus acquiring a signal modeled according to
Sec. a). Fig. 5]b) shows an example of a correlation
function used by the single-step method (@) with a typical
grid P¢ discretizing the domain of interest P. In Fig. [5]c),
we observe the correlations that one maximizes in a two-
step approach. The blue samples form a uniform sensing grid
O¢ discretizing © with a precision similar to the way Pg
discretizes P. The grey samples are taken from the grids
S,(Pg), which are the transformation of P¢ through the PPFs.

Computationally speaking, the grid search used to exactly
solve the single-step problem (I0) restricted to Pg requires,
for each index ¢ € [Q], to evaluate the correlation Cy(6) for
all @ taken from the grid S;(Pg). With GH, we use atom
interpolation to “hop” from the (blue) grid ©¢ onto the (grey)
grid S;(Pg) for the evaluations of C,(6). This operation is
expected to provide a good approximation of the exact single-
step grid search with a computational complexity with the
same order of magnitude as exhibited by two-step methods,
which are commonly faster.

One can understand the performance of GH as follows.
Given a ground truth p*, the precision of the estimate p
resulting from (I0) is intrinsically limited by the density of the
grid Pg. Yet, as observed in Figb)—(c), the grids S,(Pg)
discretize © more densely than Pg discretizes P. Therefore,
we expect, and quantify with the bound derived in Sec.
that the error caused by interpolating from the lower density
grid O¢ toward S;(Pg) is often negligible compared to the
limitation intrinsically caused by the gridding Pg of P.

Beyond the intuitive example, we first define the order-I in-
terpolation performed by GH from the partition U,,¢[n]On =
O, with ©,, N @;1 = for n #* n'. With {en’i}ie[[] C O¢
denoting a subset the grid ©¢ taken in the neighbourhood of
its n-th bin, the interpolated atom a(6) approximates a(6) as

ST .0) Y cnil0)albn,),

n€[Ne] i€[I]

(18)

where X,,(0) =1 for § € ©,, and 0 otherwise, and where the
interpolating coefficients are such that c¢,, ; (6 i) = 0p,i7 O .
Second, GH uses the interpolated atom (I8) in the single-

step correlation (10, i.e.,

p=argmax Y [Cy(Sy(p))I*, Col0) := (y,, al0)).
PEPG  4elq
19)
In practice, can be computed efficiently with a lookup
table (mapping each p € Pg to the right grid index n in Og)
and by pre-computing the coefficients {c, ;(0) };c|r) for all & €

Algorithm 1: Grid-Hopping Single-step Method

Input : The measurement: y, and the pre-computed
lookup tables £, € CNP*2I " for all ¢ € [Q]

Output: The estimate: p

for g =1to Q do

for np =1 to Np do
(n1, ..., nr, c1, ..., cr) < Lynp] 21
hgne = 21'121 Ci Gq,n; (22)
R o 2
Nip = argmax,, . c(Np] 2 o1 |hg.ne | (23)
p = np-th element of Pg (24)

S,(Pg) and all g € [Q]. Formally, we have () pre-computed
matrices denoted by £, € CM**2!_ For all ¢ € [Q], the np-
th row (denoted L,[np]) contains the I indexes to perform
the interpolation from the grid ©¢, and the I pre-computed
coefficients.

The resulting GH procedure is summarized in Alg.
During the real-time processing, we compute, for all ¢ € [Q)],
the correlations Cy(O¢) in 20). Next, for each p € Pg, we
read the interpolation data in (2I) and perform the hopping

in 22).

Overall, the QM Np products required for the grid search
of the one-step estimation (9) is replaced by the computation
of QM Ng products for the computation of the @) sets of
correlations Cy(O¢) plus additional QINp products for the
interpolations (22). Because in non-degenerate conditions I <
M and Ng < Np, the GH-based grid search is expected to
be computed faster than the standard single-step computation

given in (10).

We end this section by illustrating, in Fig. [6] the approx-
imated correlation functions C’q(Q) obtained for the simple
example presented at the beginning of this section (see Fig. [5)
while using the four interpolation schemes that we compare
with our numerical results in Sec. (i) the Zero-Order
Hold (ZOH) strategy, i.e., no interpolation, with I = 1, (ii)
a conventional polynomial interpolation method (Fig. [6{b) for
I = 3), (iii) the “Polar” interpolation, which is specifically
efficient for translation-invariant atoms [43]], [44]. Its standard
version with I = 3 (Fig. @c)) has more recently been
extended to higher order versions [53]. Finally (iv) the Least-
Squares (LS) optimal interpolation, minimizing the interpo-
lation error for a given order I, such that (cy,---¢;)T =
[a(6r), - ,a(0r)]Ta(9) (Fig.[[d) for I = 3).

VII. UPPER BOUND ON THE GH ESTIMATION

This section theoretically studies the estimation errors re-
sulting from the approximations used in our GH strategy. Let



Fig. 5.

(a) Schematic representation of an example of a MSR composed of one TX and two RXs. The received signals are composed of M = 10 samples

we have £ = 0.5. The grid of grey dots represents the elements of Pg. (b) The resulting noiseless single-step correlation function used by (@), or evaluated
only to the grid Pg by (I0). (¢) The correlation function of the first step (6) for ¢ = 1 (top) and g = 2 (bottom) corresponding to two RXs in the situation
described in (a). The big blue dots represent the samples taken on the grid ©¢. The dense stem plot in grey depicts the samples taken on the grids Sq(Pg).
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Fig. 6. Comparison of the exact correlation function C(6) and its approximation C'q(G) resulting either from (a) the NN strategy (no interpolation), (b) an
order-2 polynomial interpolation (I = 3), (¢) the conventional polar interpolation [43]] (I = 3), and (d) the LS-optimal interpolation with I = 3.

us first motivate the study proposed in this section. Assuming
a set of measurement vectors y, described by the model (),
the GH-based single-step estimation (T9) produces an estimate
P with an error ||p — p*||2 that originates from three aspects:

e The noise w, affecting any estimation method, including
the continuous single-step optimization (9),
o the restriction to a grid search on Pg, affecting both (I0)

and (19),

o and the interpolation error, specific to our GH approach.

While the stochastic errors caused by the noise are effi-
ciently characterized by the well-known Cramer-Rao Lower
Bound (CRLB) [67]-[69], we evaluate here the estimation
errors specifically caused by the two latest, deterministic,
effects within the sensor network context of this paper. To that
end, we derived an upper bound on the error ||p — p*||2 for
an estimate p resulting from (I9) while considering noiseless
measurements. We express our bound with respect to the
properties of the grids ©¢ and Pg as well as the interpolator
used for GH, showing the joint effect of each processing step.

We note that our bound encompasses the study of the lone
effect of either the gridding or the interpolation since it can be
particularized to corresponding scenarios by appropriately set-
ting limit values of some variables upon which it is expressed.
This aspect is detailed later in this section.

In the remainder of this section, we first define variables
describing the estimation context. Next, the upper bound is
given in Theorem [I} with its proof deferred to the appendix.
At the end of this section, we discuss the insights one learns
from our bound and its limitations.

A. Technical Definitions

Our upper bound is formulated using four definitions. With
Definitions [I] and [2] we extract variables respectively quanti-
fying the grid’s density and the interpolation’s accuracy that
drive the estimation error under study. Additionally, Defini-
tions [3| and [4| identify attributes characterizing the shape of
the single-step estimation’s objective function.

In detail, Definition (1| relates the spacing of the grid Pg
using the concept of “covering radius”, denoted by p. In words,
p is the distance within which any p € P is guaranteed to find
a nearby element from the grid Pg.

Definition 1. [Covering radius] The grid P discretizes P
with the covering radius p defined by

p:=max min |p—p|2. (25)

pEP p'EPc

A high-density grid corresponds to a small value of p,
which goes towards O for an “infinitely dense” grid. We
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Fig. 7. Interpolation gaps of multiple interpolators applied to the example of
Fig. @ These results are obtained with a sensed grid uniformly discretizing
the sensed space © := [0, M| with Ng grid bins.

intuitively expect an estimation error that linearly increases
with p, following the increasing worst-case distance between
p* and its closest neighbor in Pg.

Next, we evaluate the interpolation accuracy using the inter-
polation gap ¢ defined below. As later shown in Theorem
the worst-case error also grows linearly with &.

Definition 2 (Interpolation Gap). Given an interpolation
scheme from which a(0) is derived by (18), we define the
interpolation gap & as

¢ :=maxpeo ||a(0) — a(f)]2. (26)

Let us highlight that £ is driven in practice by three
elements: (i) the nature of the interpolation, (ii) its order I, and
(iii) the density of the grid ©¢. This dependency is represented
in Fig. [7]by showing the value of £ corresponding to different
interpolation schemes and orders, with respect to the density
of the 1D grid O¢.

The impact of p and £ on the estimation error depends on
the properties of the single-step cost function. Definition [3]
translates a first such property by defining parameters related
to the jacobian of the transformation S. These enable us to
make connections between worst-case errors in the admissible
sensing domain 7 (defined in (3)) and corresponding errors
in the domain of interest P.

Definition 3 (Variations of parameter projection). The global
projection function S : P v T exhibits the maximal and the
minimal variation coefficient, respectively defined by

o -
Amin = min Amin (J(p) " J (D)), (27)
. .

>\max = Igléa'f)?( )\max (J(p) J(p))7 (28)

where J(p) denotes the jacobian matrix of S evaluated in p.

The quantities Apin and Amax are also related to the
injectivity of the global PPF. We emphasize this aspect with
the following lemma, proven in Appendix

Lemma 1. Given S, a glqbal PPF, and a convex domain P
meeting Assumption |1} if Apin > 0 then S is invertible over
P.

It follows that the ill-posed situation of a non-injective
global projection function yields Amin = 0. This extreme case
suggests that a high value of ;\max with a low value of A\pyipn
leads to higher estimation errors.

(a) Squared Kernel and Bounding Parabolas
|1 (3)[?

—— Upper Bound
0.5} ——  Lower Bound
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Fig. 8. (a) Example of a lobe-r function (r = .75) corresponding to
the squared kernel |x(3)|2 of the atom (I2), with a choice of upper and
lower bounding parabolas. (b) A two-dimensional lobe-r function (r = .53)
obtained from a weighted outer summation of two functions as depicted in
(a). We call the green region the inner-lobe, the blue region the outer-lobe,
and the red region the outside.

Finally, the shape of the single-step cost function also
depends on the decreasing properties of the squared correlation
kernel |k(-)|? (defined in (5)). We evaluate this aspect by
introducing the concept of “lobe-r” functions.

Definition 4 (lobe-r function). Given r > 0 and a domain
Z C R™ a function f : Z — R is said to be lobe-r if
there is R > r such that for all 2™ € By(r) and for all
2% € Z\B(R), we have
f(zin) > f(zOUt), (29)
and if there are positive lobe-bounding constants 0 < U < L
such that for all z € B (R), the following holds
1-Lz]3 < f(z) < 1-Ullz]f3. (30)
In particular, all the above imply that f(z) has a unique global
maximizer z = 0, with f(0) = 1.

This concept can be better understood by inspecting Fig. [§]
More precisely, Fig. [§[a) shows an example of a lobe-r func-
tion with its lower and upper bounding parabolas that illustrate
the condition (30). In Fig. [§(b), a 2D lobe function is given
with regions highlighted in different colors. We respectively
call the inner-lobe and the outer-lobe of f, the domains By (r)
and B, (R)\B2(r). The property (29) tells us that any value
of f taken inside the inner lobe is greater than all evaluations
of f outside the outer lobe. For z € Bo(R)\Ba(r), f(z) may
take values larger than inside the inner lobe but follows the
decreasing rule (30).

We note that the squared kernel |«(-)|? resulting from any
of the examples given in Sec. |V|is a lobe-r function for some
r > 0. Practically speaking, the inner radius r of |s(-)|? is
then closely related to the sensor resolution.

| 2



B. The Grid Hopping Estimation Bound

Using the definitions above, we present here our main
theoretical result in Theorem E} In the following, we use a
notation for normalized amplitude coefficients (defined in (@),

Q
Vg = lag?/ Zq/:o g2, (31
and we set Ymax 1= MaXye[Q] Vg» Ymin ‘= MiNge[Q] Vq-

Theorem 1 (Grid Hopping Estimation Bound). Assuming that
(A.1)
(A.2)
(A.3)

the grid Pq discretizes P with a covering radius p,
we use an interpolation scheme with a gap &,

the atom function a defines a translation invariant
kernel such that |k(-)|? is a lobe-r function with L,
U as lower and upper bounding constants,

and given measurements provided by @) with no noise, the

Jollowing error bound on the estimate P resulting from the
estimation (19) holds: With the constants

Rp = /B = Ui, Rp o= % (32)
if
AmaxRE) p? + 22 ¢ < 12, (33)
then 1 _1
1B =PIl < A (R € + AiaxRep). (34)

Theorem [I] is proven in the appendix. In words, if the
covering radius p of Pg is sufficiently smaller than the inner
lobe r, then the noiseless estimation error ||p — p*||2 is upper
bounded by a weighted sum of the interpolation gap ¢ and the
covering radius p.

As announced at the beginning of this section, we can
particularize our bound for two scenarios. In a standard single-
step estimation with no GH, and hence the only error is the
gridding error, proportional to p according to (34) with £ = 0.
If, on the other hand, GH is used to estimate p in a continuous
space (e.g., with an infinitely dense grid Pg), then p = 0 and
only the interpolation error, proportional to &, remains.

C. Discussion on the GH Estimation Bound

We now proceed to analyze the insights we can learn from
our bound. We first highlight that the factor A_2 translates the
impact of the “geometry” of the scenario and the network’s
ability to observe the parameter of interest diversely, inherently
embodied in the properties of the PPF. Notably, the ill-
conditioned network with Api, = 0 studied by Lem. (1] yields
an unbounded error.

In addition, since Rp is minimized when all the received
signals exhibit similar power (i.e., Ymax = Ymin), OUr bound
suggests that imbalance between the power levels of the sig-
nals negatively impacts the estimation performance in single-
step methods.

The bound also enables us to study the impacts of using
either a dense grid or a higher-order interpolation scheme.
We remind the reader that GH’s computational complexity is
proportional to NgM + Npl. If the term in p dominates the
error, we can only decrease p to significantly improve the
performance, thereby increasing Np. If, however, the term

in ¢ dominates, we can decrease this term either by using a
more precise interpolation scheme (e.g., a polar interpolation
instead of ZOH) or by increasing the density of the grid O¢.
Computationally, in the first case, we increase [; in the other
case, we increase Ng. Therefore, determining the best choice
between these two ways of decreasing & depends on the value
of Np. If NgM dominates the computation time, a higher-
order interpolation scheme is preferred. If Npl dominates,
a low-order interpolation scheme with a denser grid O¢ is
preferred. This effect will be observed in the numerical results.

Finally, while our bound studies the joint impact of the
discretization of Pg and the interpolation on the estimation
error, its deterministic point of view makes it a separated
approach from standard bounds on the effect of the noise,
such as the CRLB. We postpone the in-depth study of the joint
effect of the three sources of errors we listed at the beginning
of this section for a future dedicated publication. In particular,
the derivation of a CRLB, taking into account the effect of
the gridding and interpolation errors as equivalent noise in the
estimate, in a similar fashion as quantization noise, is expected
to add a valuable contribution in the future to understand the
interconnection between those aspects.

VIII. NUMERICAL RESULTS

This section presents numerical results from extensive
Monte-Carlo simulations. First, we compare the bound from
Sec. [VII] with simulation results on the simple MSR appli-
cation of Fig. [ in a noiseless scenario that fits the condi-
tions for which Thm. [T] applies. These results, presented in
Sec. compare our theoretical worst-case error bound
with corresponding worst-case errors observed in numerical
experiments, thereby showing the bound’s level of tightness.

Next, in Sec. [VIII-Bl we assess the effectiveness of GH
in connection with the choice of interpolation scheme, using
simulations performed for two different applications. These
results highlight how GH can augment single-step estima-
tion algorithms by significantly reducing their computational
complexity while maintaining efficiency and only inducing
minimal estimation inaccuracy.

A. Evaluation of the GH Bound

We randomly selected 10,000 realizations for the value of
the true parameter of interest p*, taken following a uniform
distribution in P, depicted in Fig. Eka). For each selected
value of p*, we computed the collection of () noiseless
and equal-power measurements {yq}qQ:1 (i.e., with Y =
Ymax = 1/@). For each realization, GH was used with all the
interpolation schemes compared in Fig. [7]to obtain estimates p
of p*. These estimations were performed for several uniform
griddings ©¢ of © and griddings Pg of P. The grids Pg
all have a similar structure as the grid from Fig. [5(a) and are
defined with different spacing between adjacent bins, which is
directly proportional to the covering radius p.

For each grid and interpolation scheme, we recorded the re-
alization which provided the worst (higher) estimation squared
error ||p — p*||3. This metric is used here to evaluate the
ability of our upper bound to properly translate the behavior
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Fig. 10. Comparison of the GH bound with the maximal squared error ||p —
p* H% obtained using GH with the order-5 polar interpolation [53]. Three
distinct uniform grids P, characterized by their covering radius p are shown.

of the error it is intended to bound. The next section compares
performance in detail using an average error metric. Fig. O[a)
depicts these worst-case errors with respect to the density of
O¢ expressed by Ng/M, while the grid Pg is fixed with
p = 1/8. The comparison with Fig. [7| confirms that the
interpolation schemes with lower gaps ¢ lead to lower worst-
case errors. Increasing Ng decreases the error, following the
value of ¢ shown in Fig. [/| before reaching the grid error
resulting from the limited density of the grid Pg.

In Fig. [O[b), the same data as Fig[(a) are shown, with
respect to the values of ¢ taken from Fig. [/} We added the
GH bound computed with the fixed covering radius p = 1/8.
Similar results, restricted to the polar interpolation, are de-
picted in Fig. for multiple values of p. We observe two
regimes in each curve. The left flat part corresponds to values
of ¢ such that Fg dominates Ey while the right increasing
part corresponds to the regime where Ep dominates. The
same two regimes with similar slopes appear in the simulated
results. The vertical shift between the theoretical bound and
the results is caused by a constant coefficient. In contrast, the
horizontal shift translates a mismatch between the theoretical
and the actual weightings of p and £ in the expression of the
bound. Those are due to the unlikeliness of all the intermediate
inequalities used in the derivation of the bound to be tight in a
single value of p*. Still, the weighted-sum property of p and &
is preserved when moving from the theory to the simulations.

(a) 21 |C,(S,(p))I? (b)

—20 0
T T

—20 20

Fig. 11. Correlation functions used in the single-step method (9) on a signal
obtained with the two systems simulated in Sec. [VIII-B] observing a single
target or a signal source located in p* = (—16,32) "' with a SNR = 20dB.
(a) the MSR system. (b) the DoA-based localization system.

B. Grid-Hopping Performance

We validate, on two different systems, the performance of
GH in comparison to the single-step and two-step methods pre-
sented in Sec. While multiple contributions have already
shown the superiority of single-step methods over their two-
step counterpart under sophisticated nuisance [19], [24], [25],
we restrict our study to the robustness of the GH estimation
against white noise. This simple case enables us to highlight
the ability of GH to attain performance comparable to those
of single-step methods with a computational complexity closer
to two-step methods, as well as deriving a rule of thumb to
choose the most appropriate interpolation scheme.

The first application is a MSR with @) = 3 receivers and
a geometry similar to the one presented in Fig. [5(a) with
different scales. More precisely, all dimensions are multiplied
by 8 and each antenna provides M = 64 samples. The other
application is a network of sensor arrays as described in
Sec.[V-C The receiver nodes are located in the same location
as the receivers of the MSR described above, and each node
is a circular array of sub-receivers, as used in [63[], whose
radius is 16\ and composed of M = 64 receivers. Examples
of correlation functions computed by a single-step method in
both setups are given in Fig. [TT]

Simulating the MSR system for multiple values of Signal-
to-Noise Ratio (SNR), we averaged the estimation error
| —p*||2 over 10,000 realizations of signals (see model [4) in
which p* have been taken uniformly at random in P and the
coefficients ¢, have been taken independently for each index
q from a complex normal distribution of variance equal to 1.
Fig. [[2fa) shows the resulting performance with a covering
radius p = 1/4, when Ng/M = 4. The results confirm
the single-step method’s stronger robustness against noise.
At a high SNR, the performance saturates, as it reaches the
limitation due to the gridding Pg. The GH curves follow
the one of the single-step but saturate sooner to reach, at
high SNR, a performance which depends on the choice of
interpolation. The ZOH strategy logically yields the worst
GH performance, while higher order interpolations exhibit
here performance almost indistinguishable from the single-step
algorithm.

Fig. [I2[b)-(c) respectively show the average estimation
error and the computation time with respect to the cardi-
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Fig. 12. Simulation results from the MSR system showing the average of
the estimation error ||[p — p*||2 over 10,000 realization of noisy signals
following (@). The polynomial, the polar, and the LS interpolator used in GH
for this simulation are all of order / = 3. Two different distinct uniform grids
‘Pg are used. In (a)-(c), covering radius p = 1/4 and in (d)-(f), p = 1/8.

nality Neo of ©¢ with a constant 20dB SNR. For a given
interpolation scheme, increasing Ng leads to smaller errors,
but increases the GH’s computation time. In the considered
scenario, the term in NgM dominates the computation time
of GH methods. The polar interpolation with No/M = 4
thus appears as the potential best compromise between the
performance and the computation time. The LS interpolator
requires a higher computation time than the polar one because
it requires complex interpolating coefficients and, hence, is
computationally of order I = 6 instead of 3.

Fig. d)-(D, shows similar results for p Pg equal to 1/8.
The same conclusions as before apply but the computation
times tell another story. Since the number of grid bins Np has
increased, the term in Npl now dominates the computation
time. It is now more efficient to reduce £ by increasing Ng
instead of I. Practically, this translates into the conclusion
that the ZOH strategy with a dense sensed grid O is the best
compromise between performance and computation time.

This observation confirms the intuition described in Sec. [VII|
and provided by the GH bound. In short, when Np is suffi-
ciently small, then a higher order interpolation is preferred to
reach the single-step method’s performance with GH. As Np
becomes larger, using a lower order interpolation with a dense
sensing grid ©¢ becomes computationally more efficient.

Finally, Fig. shows similar results when applied to the
second application. Since the atom function described by (16)
is not translation invariant, we can no longer use the polar
interpolation for which this property is a requirement. Also,
this implies that our theoretical bound is no longer ensured.
Still, the observation of similar results as for the MSR system
tends to assume that the main intuition provided by the bound
can be extended beyond the translation-invariance assumption.
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Fig. 13. Simulation results from the DoA-based localization system, similar
as Fig. for a grid Pg with p = 1/8.

IX. CONCLUSION

This paper intends to introduce and evaluate the Grid
Hopping framework, which generalizes multiple acceleration
techniques of single-step estimation methods for networks
of sensors. With a few assumptions on the system and the
sensing scenario, we provided a theoretical bound on the
estimation error between the GH estimate and the ground
truth. We used our bound to derive a rule indicating the
situations where using a lower order interpolation with a dense
grid is expected to be computationally more efficient than
using a high order interpolating with coarse grids for similar
performance. With the Monte-Carlo simulation, we confirmed
the intuitive rule and showed the effectiveness of GH in simple
sensing scenarios.

While this paper focused on presenting and characterizing
the GH framework in its simplest applicative context, future
research includes the application of GH to more advanced
single-step algorithms tailored for the estimation of multiple
parameters of interest and including off-grid search or refine-
ment of the estimates, as well as further evaluations of the
method in systems that suffer from additional non-idealities
such as reverberation. When integrating these advanced algo-
rithms with GH, comparing their resulting performance with
the CRLB is expected to provide insight into the level of degra-
dation introduced by the use of GH. Therefore, deriving CRLB
specifically tailored to take into account this degradation is
another possible key direction for future research built upon
our results.

APPENDIX

This appendix is dedicated to the proof of Theorem [T} This
proof is structured on the basis that Theorem [] results from
a particularization of simpler and a more general theorem:
Theorem 2l This theorem bounds the norm of the maximizer
of a function f approximating a lobe-r function f.

More precisely, we organize the appendix as follows. First,
Appendix [A] describes, proves, and interprets the more general
Theorem [2] from which Theorem [I] originates. Next, we pro-
vide in Appendix [B] three technical lemmas required to apply
Theorem [2] in the specific context of interest for our bound,
i.e., the GH’s optimization problem (T9). Finally, Appendix
exploits all the above to effectively prove Theorem [I}



A. Approximate Lobe Function Maximization Bound

The maximizer of a lobe-r function f is trivially 0 by
definition of this concept. In contrast, Theorem @] bounds the
“error” (compared to 0) one obtains when maximizing an
approximate function f instead, and when this optimization is
moreover constrained in a subset of the domain of f. To bound
this error, this theorem exploits the decreasing properties of
the lobe-r function f.

In the proof of Theorem [} we will match the GH optimiza-
tion (T9) with the optimization problem studied by Theorem [2]
Note that the distinction of the two constants 7 and 7’ in this
theorem has importance for the derivation of Theorem

Theorem 2 (Lobe Function Maximization Bound). Let f :
Z +— R be an approximation of the lobe-r function f such
that for all z € Z,

[f(z) = f(2)] < n. (35)

Given a set Z' C Z and zef € argmin, ¢ z||z||2, if
2_

lzretll < 22, (36)
then the estimate z defined by

2 := argmax f(z) 37

z€Z/
is such that 9
1213 < Fllzveell3 + 7, (38)

where 1 is a constant potentially smaller than 1 such that
|f(z) = f(z)| <7 holds specifically for z € {zyer, 2}

Proof. To exploit the decreasing property (30) of the lobe-r
function f and thereby prove Theorem[2] we must first guaran-
tee that 2 belongs inside the outer lobe, i.e., 2 € B, (R). This
is directly proven if we show that for all 2°%* € Z\B., (R),
we always have f(z) > f(z°U).

We demonstrate this inequality by first rewriting (36) as

1 — L zet||3 (39)

Next, we upper bound the left part of by applying
in z.ef. We can do this since L > U and n > 0 by definition,
and hence the constraint (36) ensures ||zyet|l2 < 7.

We also lower bound the right part of (39) by noticing that
for all 2°%¢ € Z\B,(R), it holds f(z°") < 1—Ur2. Indeed,
by the decreasing property (30), any 2™ such that |2y =
provides f(2'") < 1—Ur?, while following the property (29),
we have f(z°U) < f(2).

Applying the above to (39), it results

f(zret) =1 > f(2°") + 1, (40)

for all z°"* € Z\B.(R). Using (33), we conclude that
F(zrer) > f(2°") and hence % € B (R).
With the above, we showed that we can apply on both

—n>1-Ur?+n.

f(zre) and f(2). Combined with the definition of 7', this
leads to
fE) < f&) +n' <1-UJ2l5+7, @1)
and
F(ziet) 2 f(zret) =0 2 1= Llzeetll3 = 1. (42)

Since f(%) > f(zre), this implies [|2]]3 < Ellzretll3 + 20
and concludes the proof.

B. Auxilliary lemmas

Showing how the context of the GH estimation fits the one
of Theorem |2| requires a few technical lemmas.

We begin with a lemma showing that a positive weighted
sum of the lobe-r function is also a lobe-7 function, described
by an inner radius and bounding constants that depend on the
sum’s weights. This lemma is helpful to characterize properties
of the objective function of and to show that it meets the
conditions for Theorem [21

Lemma 2 (Summation of lobes). Given positive by, --- ,bg
such that ) 4€[Q] bq = 1 and the separable function

fo i 29 =R fu(2) =X cigrbaf(20), 43
with f a lobe-r function and z = [;le’ 25T, Sy is lobe-F
whose lobe is bounded by L and U obtained from

7= Yy [ = Lhpay, U =Ubmn, (44)
and where byax = max,c(q) by and buyin = minge(q) by
Proof. For this proof, we use the notation B,(r) := {z €

Q:||lz|l, < r}, while the ball B,(r) is defined in Z. We
first prove that property (29) holds for fi, with 7 defined by
(@4). To this end, let us define

in

2=z, (25) T, “5)
2o = [(299)T ... (onut)T]T. (46)

such that z°"* € ZQ\B_ (R) and that zit € By(r) for all
q € [Q]. By construction, there is at least one index ¢’ € [Q)]
such that 20" € Z\B (R). For such index ¢', the properties
of a lobe-r function guarantee that

f(zg") < min f(z)<1-U max Hz||2—1—U7"
zE€Ba(r) z€B
(47)

For other indexes ¢ # ¢', we have f(z"") <1 since 1 is the
maximum value of f by definition. Therefore,

fo(2°") < 1= by Ur? <1 — by Ur?. (48)
Moreover, using property (30), we have

Fol2™) 2 3 i) b1 — LIIZP3) (49)

=1%o baLlZ03 (50)

> 1 — bnax L|| 2|3 (&2))

From (@) and (51), we deduce that any couple (2", z
defined as above exhibits the inequality

fb(zin) - fb(zout) > brninlj'r'2

A sufficient condition for fi,(z") — f,(2°") to be positive is
|23 < [L]é’md‘;r = 72, which proves (@4).

Now we prove that the bounding property - holds for
fo with L and U. For all z = [2],--+ 2 Q] € B (R) C

Z9, we necessarily have z, € B, (R) C Z for all ¢ € [Q].

out )

— buax L||2™]|3. (52)



Therefore, we can apply (30) separately to each term of the
summation to obtain

Jol2) 2 1= S balllzal = 1= b D213 (53)
fo(z) <1-— qu[Q] beUllzql3 < 1= bminUl|2[3, (54)
which proves (@4) and concludes this proof. O

Next, we provide a lemma that will help us in bounding the
error between the exact sum of squared correlations appearing
in (9) with the approximation used by GH in (19).

Lemma 3. Given three vectors vi,vo and vz with unit (o
norm and two positive constants € and 1 such that

(w1, v2)?>1—¢% and |{vi,v3)]> >1—n% (55)
two inequalities hold

(w1, vs)|* = [(va, v3)*| < V2 (56)

[[{v1, vs)|* — [(va, v3)[*| <2 (57)

Proof. For this proof, we use the notation V; = viviH for

i €{1,2,3} and {(, ) as the Frobenius inner product. The left

part of (36) and is thus equivalent to | (V1 — V3, Vi3)g|.
To prove (56), we apply the Cauchy-Scharwz inequality,

[(Vi=Va, Vi)p| < V1= Valp|Vslr.  (58)

Since |V; — V|| = 2 — 2|{v;, v;)|* and ||V3]r = 1,
injecting (33) in the above provides (56).

The inequality is similarly proven by developing
|<V1 - VQ, V3>F| as

}<V1 Vo, Vi—-V3)r— (V-
<|[Vi=Valp|V: -

Vo, Vi)p|

Vsllg + 11— (V1, Vo)r|. (59)

Since (V1, Va)r = |[(v1, v2)|?, injecting (33) in the above
provides (57). O

We end this tour of technical lemmas with a property
enabling us to exploit Definition [3|to navigate from the domain
of interest P to the admissible sensed domain 7 and inversely.

Lemma 4. Given a global PPF following assumption |l| and
denoted by S, for all pairs p,,ps € P and 61,02 € T such

that 01 = S(p,) and 05 = S(p,), the following holds
S‘min”p2 *MH% <62 — 01”3 < S‘maprz *p1||§. (60)
Proof. From the mean value theorem, 82 — 61 = J(p)(py —
p;) for some p € P. Therefore,
162 — 6113 = (P> — 1) "I T (D) (P) (P2 — 1)
€ Pmin, Amax[lpz — 1[5 (61)
O

C. Proof of Theorem [I|

Now, we exploit the above lemmas to prove Theorem [I] by
applying Theorem [2] to the GH estimation (19).

To help us connect this optimization problem with the
formalism of Theorem [2] let us begin this proof by defining
some functions derived from the kernel x (see (B)). Given the
ground truth p* which is sensed through its associated sensed
parameters 8% = (07, -- 76?(*:—2)T := S(p*), the approximated
kernels, which result from the use of a instead of a in the
correlation processes, read for all ¢ € [Q],

Fq(0) == (a(0; +9), a(0y)).

Next, we consider the summation performed in the single-step
method with and without GH respectively in (@) and (19).
When particularized to the noiseless context for which this
bound applies, and given & := (61, -+ ,dg) ', this yields

(62)

kx(8) = 2 e Ya [K(04) %, (63)
fs(0) = 3 qe10) Ya [Rq(0g) (64)

Using the definition here above and the notation
§=60-6" (65)

we can now reformulate the optimization in (I9) as equivalent
to solve

6 = argmax iig(6),
dcTa

(66)

where Tg 1= S(Pg) — 6" C T — 67, and then apply the
bijection p = S~1(0*+6). The next part of this proof consists
in demonstrating in three steps that (66) meets the conditions
for Theorem [2] These steps provide

1) a proof that kx(d) is a lobe function,

2) an upper bound on |ix(d) — kx(d)|,

3) an upper bound on the ¢ norm of &, =

arg minge 7,
by respectively using Lemma [2] [3] and [}

Step 1) Since imposes that |x(d)|? is a lobe-r function
and since ) gl Va = 1 by construction, we can use
Lemma [2] to derive the properties of xx. We conclude that
Ky is a lobe-r with lobe-bounding constants L and U defined
by

YminU
Ymax L

Z/ - ’VmaxLa U - 'VminUa r. (67)

7;:

Step 2) The definition of the interpolation gap implies, for
all 0 € ©, that

¢ > |la(9) — a(0)|3 = 2(1 — R{(a(0). a(0))})
> 2(1 —[{a(0), a(9))]),

which in turn, for all ¢ € [(Q)] and for all 6 € © —

(68)
(69)

9; , leads to

(@(0; +0), a(@: +o)[>>1-+5 (70
>1-¢. (71)

Additionally, the lobe bounding property of |«(5)|? gives
|5(0)* = [{a(0; +0), a(B))* > 1 - L&*.  (72)



We now apply Lemma [3] to the above. In the notation of this
lemma, vy, vy and v3 are respectively mapped to a(0; + 9),
a(f; + 0) and a(6;). It results for all ¢ € [Q] and for all
d€0© -0,

||724(8)|* — [£(6)[?| < min {V2¢,2VLE|S| + €7}

We end this step by extending the above to the sum Kx. For
all § € T — 0", we have

|Fis2(8) — ks ()] = | 2,10y YalIFq(8) 7 — [£(34) )|
<Y pei@) YallRa(B) P = [K(6)1?|
< qu[Q} Vg in {\@&2\@5|5q| +§2}
< min {V2¢,2VIE[8]2 + €2}, (74)

where the last inequality exploits the property > el Va = 1,

(73)

1
which implies 3° o) qldq| < Vax][6]]2.
Step 3) The statement guarantees the existence of p, s €
Pg such that ||p,.s —p*||3 < p?. Applying Lemma EI, we have

[S(Prer) — 07113 < Amaxp’. (75)

Since by construction, S(p,.s) — 0" € TG, we have e :=
arg mingc ., [|6||2 such that

||6refH% S )\maxpz (76)

This completes the three steps enabling us to apply The-
orem [2] to the maximization (66). Following our conclusion
in (74), we map the term 7 (in the notation of Theorem [2))
to v/2¢. The term 1’ is mapped to 2v/L&||6]|2 + £2. This is
allowed since

|"%E(6ref) - KZ((Sref” S 2\/Z£||6refH2 +§25
< 2VLE| 6|2 + €7,

(77)
(78)

by definition of 8.
With the above mapping of 7 and 7, and the properties of
kx, in (67), we apply Theorem [} if p is such that

e _
Ao < LR = P 02— 200, (79
then (76) guarantees
U7?—2v/2 Umin 22
18erl|3 < T2V = Do (g2 226y - (g

and therefore Theorem [2| gives the bound ||8]|2 < % Amaxp? +

# |62+ %52. Finding the only positive root of the above
order-2 polynomial in |82 yields

U 18]ls < 2VEé + \/<4i+217>§2 + LUAmaxp?. (81)

< VI +V20)¢ + \ LT e - (82)

Using the notation Rp defined in (32)), we rewrite the above
as

== (83)
VT

Since Amin||p — p*|12 < [|6]3 by Lemma we finally obtain

(34) by using all the notations given in (32)). Similarly, is

rewritten as (33) with those notations. This finally concludes

the whole proof of Theorem [T}

D. Proof of Lemmal ]

Proof. If S is differentiable and non-injective over P, there
exist two distinct parameters p;, p, € P such that S(p;) =
S(p,). From the mean value theorem, there is p € P on the
segment from p; to p, such that

0=38(p,) — S(p1) = J(P)(p2 — P1),
meaning that Amin (J ' (2)J(P)) = 0 = Ain. O

(84)
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