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ABSTRACT

In this paper, a new data-adaptive method, called DAIS (Data Adaptive ISolation), is introduced
for the estimation of the number and the location of change-points in a given data sequence. The
proposed method can detect changes in various different signal structures; we focus on the examples of
piecewise-constant and continuous, piecewise-linear signals. The novelty of the proposed algorithm
comes from the data-adaptive nature of the methodology. At each step, and for the data under
consideration, we search for the most prominent change-point in a targeted neighborhood of the data
sequence that contains this change-point with high probability. Using a suitably chosen contrast
function, the change-point will then get detected after being isolated in an interval. The isolation
feature enhances estimation accuracy, while the data-adaptive nature of DAIS is advantageous
regarding, mainly, computational complexity. The methodology can be applied to both univariate and
multivariate signals. The simulation results presented indicate that DAIS is at least as accurate as
state-of-the-art competitors and in many cases significantly less computationally expensive.
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1 Introduction

Change-point detection, also known as data segmentation, is the problem of finding abrupt changes in data when,
at least, one of their properties over time changes. It has attracted a lot of interest over the years, mostly due to its
importance in time series analysis and the wide range of applications where change-point detection methods are needed.
These include genomics ([10]), neuroscience ([37]), seismic data ([SO]), astronomy ([[12]), and finance ([[L5]).

There are two directions; sequential (or online) and a posteriori (or offline) change-point detection. We focus on the
latter, where the goal is to estimate the number and locations of changes in given data. We work under the model

Xe=fi+oe, t=1,2,...,T, D

where X, are the observed data and f; is a one-dimensional deterministic signal with structural changes at certain points.
We highlight, however, that the case when X, is multivariate is also discussed in our paper. We focus on the case of
piecewise-constant and continuous, piecewise-linear signals f;, meaning that the changes are in the mean or the slope.
However, the proposed algorithm can be extended to other, possibly more complicated, signal structures. Although
detecting changes in the mean is a simple case, as noted by [9], more complex change-point problems that allow
changes in properties other than the mean, can be reduced to the segmentation problem we are studying. This can be
done by applying a suitable transformation to the data that reveals the changes as those in the mean of the transformed
data. For example, [16]] and [2] provide methods for the detection of multiple change-points in the second-order (i.e.
autocovariance and cross-covariance) structure of possibly high dimensional time series, using Haar wavelets as building
blocks. The signal is transformed into a piecewise-constant one with change-point locations identical to those in the
original signal. We want to emphasize that the novelty of our paper does not come from the structure of changes that
the method can be applied to. Upon correct choice of a contrast function, we can cover more scenarios such as the case
of piecewise-quadratic signals (see [7]] for more details). The importance and novelty of our work lies mainly in the
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data-adaptive nature of the proposed algorithm itself, which, at each step, starts searching for change-points in the areas
that most prominently include one.

The various methods available for solving the problem of change-point detection can be mainly split into two categories,
according to whether they are optimization-based methods or they use an appropriately chosen contrast function. The
former group includes methods that look for the optimal partition of the data, by performing model selection using a
penalization function to avoid overfitting. The latter category’s methods do not search for the globally optimal partition
of the signal. Instead, the change-point locations are chosen as the most probable location at each step of the algorithm.
Only some of the already existing methods are mentioned in this introduction but comprehensive overviews and more
detailed explanations can be found in [S7] and [65].

Starting with the optimization-based methods for detecting changes in the mean when f; is piecewise-constant, one
of the most common penalty functions is the Schwarz Information Criterion ([54]), which was used by [63]] for
change-point detection, assuming Gaussian random variables ¢; in (I). Under the same assumption, [[64]] studies an
estimator based on least squares. Relaxing this assumption and allowing instead for more general exponential family
distributions, [31] introduces a dynamic programming algorithm which uses maximum likelihood estimates of the
location of the change-points. [48]] introduces an AIC-type criterion for change-point models and [20]] shows that while
an AIC-like information criterion does not give a strongly consistent selection of the optimal number of change-points,
a BIC-like information criterion does. [32]] employs dynamic programming to guarantee that the exact global optimum,
in terms of creating the segments, is found, while [35] proposes an algorithm, called PELT, whose computational cost
is linear in the number of observations. [52] introduces the pDPA algorithm, which includes a pruning step towards
complexity reduction. [44] combines the ideas from PELT and pDPA leading to two new algorithms, FPOP and SNIP,
which have low computational complexity. Finally, [24] introduces SMUCE, a new estimator for the change-point
problem in exponential family regression and [S8] proposes two procedures achieving optimal rate, a least-squares
estimator with a new multiscale penalty and a two-step multiscale post-processing procedure.

Focusing now on the category where a contrast function is used, for f; being piecewise-constant the relevant function is
the absolute value of the CUSUM statistic, which is defined in Section[3.1} A method that has received a lot of attention
is the Binary Segmentation algorithm, as introduced in [59]]. It starts by searching the whole data sequence for one
change-point. Subsequently, at each step, the data sequence is split according to the already detected change-points.
However, because of checking for a single change-point in intervals that could have more than one change-points,
Binary Segmentation has suboptimal accuracy; many methods have been developed with the scope to improve on
such drawbacks. One of these methods is proposed by [26], called WBS, which calculates the value of the contrast
function on a large number of randomly drawn intervals, which allows detection of change-points in small spacings.
[28]] proposes WBS2 which draws new intervals each time a detection occurs. A different approach is adopted by
[7] with the NOT algorithm. By choosing the narrowest interval for which the value of the chosen contrast function
exceeds a pre-defined threshold, there is exactly one change-point in each interval with high probability. The ID method
in [3]] achieves, first, isolation and then detection of each change-point through an idea based on expanding intervals
in a sequential way, starting from both the beginning and the end of the data sequence, in an interchangeable way.
The isolation of each change-point maximizes the detection power. [37]] proposes SeedBS which uses a deterministic
construction of search intervals which can be pre-computed while [[19]], [21] and [39] consider moving sum statistics.
[27]] achieves a multiscale decomposition of the data with respect to an adaptively chosen unbalanced Haar wavelet
basis, using a transformation of the data called TGUH transform and [12], through a ‘bottom-up’ approach, explores
reverse segmentation, which involves the creation of a ‘solution path’ by deleting the change-point with the smallest
CUSUM value in the segment determined by its closest left and right neighbors, in order to obtain a hierarchy of nested
models. A method that does not fall in any of the two categories described above is FDRSeg, proposed by [40], which
controls the false discovery rate in the sense that the number of falsely detected change-points is bounded linearly by
the number of true jumps.

Methods for detecting more general structural changes can again be split into the same two categories. Focusing
on optimization-based methods, [6] considers the estimation of linear models based on the least squares principle.
[36] introduces a trend filtering (TF) approach to produce piecewise-linear trend estimates using an ¢/, penalty. [23]]
presents a locally dynamic approach, called CPOP, that finds the best continuous piecewise-linear fit to the data using
penalized least squares and an ¢y penalty. [25] proposes the MARS method for flexible regression using splines
functions with the degree and knot locations determined by the data. Two methods for optimizing the knot locations
and smoothing parameters for least-squares or penalized splines are introduced by [56]]. [61] introduces the frequentist
information criterion for change-point detection which can detect changes in the mean, slope, standard deviation or serial
correlation structure of a signal whose noise can be modeled by Gaussian, Wiener, or Ornstein-Uhlenbeck processes.
[55]] introduces PLANT, a bottom-up type algorithm that finds the points at which there is potential variation of the
slope using a likelihood-based approach, and then recursively merges the adjacent segments. Considering algorithms
using a suitably chosen contrast function, the algorithm NOT can be applied to both piecewise-linear and quadratic
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signals, while ID can be applied to piecewise-linear and can be extended to piecewise-quadratic signals. Finally, [42]
extends TGUH to piecewise-linear signals and [33]] proposes a moving sum methodology.

In this paper, we propose a data-adaptive change-point detection method, called Data Adaptive ISolation (labelled
DAIS), that attempts to isolate the change-points before detection, by also taking into account the potential true locations
of the change-points. This means that the algorithm does not start from a random interval, or the beginning/end of the
signal, as most algorithms in the literature, but instead starts checking around a point that there is reason to believe it
could be around a true change-point. The idea behind the data-adaptive nature of the algorithm, and the belief that the
algorithm will start close to a change-point, arise from the fact that, for example, in the case that the unobserved true
signal f; in (1) is piecewise-constant, taking pairwise differences between consecutive time steps will reveal a constant
signal with the value 0, with spikes where the change-points occur. This means that the largest spike, in absolute
value, occurs at the location of the change-point with the largest jump in the sequence, therefore the most prominent
change-point. Similarly, in the case that f; is continuous and piecewise-linear, differencing the signal twice will again
reveal a signal with spikes near to the true locations of the change-points. We try to use this fact in the observed signal,
X;. In the algorithm, we identify the location of this spike, which we will be referring to as the ‘largest difference’
for the rest of the paper, and test around it for possible change-points. A discussion about the connection between the
isolation aspect of the algorithm and the location of the largest difference can be found in Section while Section
complements this discussion with theoretical results in the case that ¢, is Gaussian. We want to emphasize that since
the largest difference is only used as the starting point of the search for change-points in the data sequence, the true
change-points are detected even when the largest difference is far from them. The novelty of our work lies in the
data-adaptive nature of the algorithm as just described.

The DAIS algorithm uses left- and right-expanding intervals around the location of the largest difference (in absolute
value) found, denoted by d, ., in the interval [s, €] in order to identify the potential change-point that might have
caused the spike and so must be close to d; .. This is done in a deterministic way around d; ., expanding once either
only to the left or only to the right at each step, in an alternate way. Using expanding intervals, we achieve isolation
of the change-points, which is desirable as the detection power of the contrast function is maximized in such cases
(see Sections [3.1]and [3.2] for the choice of the contrast function). Due to the alternating sides of the expansions, the
location of the largest difference, which, as explained before, we have a reason to believe to be around the location
of a change-point, is at the midpoint of the interval being checked (or close to it) after an even number of steps has
been performed. This increases the power of the contrast function and so gives an advantage to the detection power
of the method. Using an expansion parameter Ar (more details in Section|4.2)) at most [(e — s + 1)/Ar] + 1 steps
are necessary to check the whole length of the interval [s, e] around the largest difference. As soon as a change-point
is detected, DAIS restarts on two disjoint intervals, one ending at the start-point of the interval where the detection
occurred and one starting from the end-point of that same interval. A more detailed explanation of the algorithm can be
found in Section 2

The data-adaptive nature of DAIS is what differentiates it from its competitors. A key methodological difference with
other algorithms is the way the intervals are being checked. WBS and NOT, as a first step, randomly draw a number of
intervals, and derive the maximum of the contrast function values within those intervals. For those values exceeding a
certain, predefined threshold, the change-point is detected for WBS at the location where the maximum, among the
maximums within each interval, is attained and for NOT at the location corresponding to that maximum value (that
surpasses the threshold) that belongs to the smallest interval drawn. WBS2 draws new random intervals every time a
change-point is detected. ID uses one-sided expanding intervals starting from the end-points of the data sequence under
consideration in order to achieve isolation before detection, and so the intervals are checked in a deterministic way. All
aforementioned algorithms will follow the described method for any data sequence, drawing random intervals (WBS,
WBS2, NOT) or starting from a fixed point (ID). In contrast to this, DAIS adapts its starting-point at every step to the
nature of the data, as it takes into account the location and magnitude of the changes when calculating the location of
the largest difference. Expanding intervals around the location of the largest, in absolute value, difference, are created
and thus detection of the change-point in an interval in which it is isolated occurs with high probability. This way of
expanding around d . increases the detection power, as explained in Section The data-adaptivity also gives an
advantage in terms of computational complexity, as is explained in Section4. ]|

The paper is organized as follows. Section[2|provides details on the methodology of DAIS. We present a simple example
followed by a detailed explanation of the algorithm and, in Section [2.3] we discuss the connection between the location
of the largest difference calculated at each step of the algorithm and the guarantee that the change-point can be detected
in an interval in which it is isolated. In Section[3] we provide theoretical results regarding the consistency of the number
of change-points detected and the accuracy of their estimated locations as well as some theoretical results concerning
the discussion of Section[2.3] Section[d]includes an explanation of how some parameters of DAIS are selected and a
note on computational complexity, which is also compared to that of competitors. In Section[5] we provide results on
simulated data and a comparison to state-of-the-art competitors. Section [6]discusses extensions to the algorithm in
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more complicated signal structures, which include temporal correlation, relaxing the Gaussianity assumption on the
noise term €;, and multivariate data sequences. In Section|[/| two examples using real world data are presented. The first
one is about crime data reported daily and the second one involves weekly data on the Euro to British pound exchange
rate. Section [§]concludes the paper with a summary of the most important findings. The proof of Theorem|[I]and the
outline of the proof of Theorem [3|can be found in Appendix [B]and[C] respectively. Finally, further simulation results,
an investigation of the impact of the choice of parameter values in the performance of the algorithm, and the proof of
Theorem 2] can be found in the supplementary material.

2 Methodology

2.1 Simple example

We begin by presenting a toy example of how DAIS works in practice in the case of f; in (I)) being a piecewise-constant
signal. We have a sequence with length 7' = 100, standard deviation ¢ = 1, and a change-point at location = 65 with a
jump of magnitude equal to 1.5. The data are presented in the left plot of Figure[I] with the true underlying signal plotted
in red. We first calculate the absolute difference of consecutive observations, X; and X;;; fort =1,2,..., 7 — 1.
As can be seen by the plot on the right of Figure[T] in this example the largest difference occurs at the location of
the change-point (d1 100 = 65), which means that argmax,_; , g9/ X¢+1 — X¢| = 65. As shown in the left plot of
Figure [2] DAIS creates right- and left-expanding intervals around this point, where, for the sake of presentation of this
example, the expansion parameter is chosen to be Ay = 10. The intervals in the order in which they are checked are
[65,74], [55, 74] and [55, 84], where detection occurs. Note here that the algorithm does not detect the change-point in
the first two intervals being checked, most probably either because the magnitude of the jump compared to ¢ is small,
or because the number of observations used is not sufficiently large, or a combination of the two. The change-point
is identified at location 65 and then the algorithm restarts in the intervals [1, 55] and [84, 100]. As these two intervals
contain no change-points in our example, the largest differences are just at points where the absolute value of the
difference between the noise of two consecutive observations is large. In this case, the location of the largest difference
is arbitrary and only acts as the starting point for searching the whole interval for change-points to confirm that there is
none. The largest differences are now detected at points dq 55 = 46 and dg4 100 = 85 in the two intervals, respectively.
The algorithm starts checking the interval [1, 55], with the expansions being performed in a similar way as to the smaller
interval [84, 100], on which we focus for simplicity. For the interval [84,100] the left- and right-expanding subintervals
checked are: [85,94], [84, 94], and [84, 100], as shown in the right plot of Figure2} Since no change-point is detected
in either of the intervals, the algorithm terminates.
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Figure 1: Left plot: The data (in black) and the underlying signal (in red) used for the toy example. The change-point
is at location 65. Right plot: The absolute values of consecutive pairwise differences. The maximum, with location
d1,100 = 65, is marked with a red circle.

We emphasize that the differences are only used as a way to start the algorithm in an area close to the change-point.
In cases with high variance, o2, of the noise, the largest difference might not be around the change-point but under
the assumptions specified in Section 3] the change-points will still be detected with high probability. The location of
the largest difference that guarantees detection of the change-point in an interval in which it is isolated is discussed in
Section[2.3] and further results are provided in Section [3.3]for the case that ¢, in (I) is Gaussian.
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Figure 2: Example with one change-point at » = 65 with jump 1.5. Left plot: The largest difference is at d1, 100 = 65
and the change-point is detected when the third expanding interval is checked. After detection the next intervals that are
checked are [1, 55] and [84, 100]. Right plot: The left- and right-expanding intervals around the location of the largest
difference, ds4,100 = 85, when checking [84, 100]. No change-point is detected.

2.2 The DAIS algorithm

In the following paragraphs, the method is presented in more generality. For the rest of the paper, we use s, e to denote
the start- and the end-point, respectively, of the interval under consideration, while 7" € N denotes the total length of the
given signal and 1 < s < e <T. We denote by N € Ny and by ; forz = 1,2, ..., N the number and the locations of
the true change-points, respectively, with the latter ones sorted in 1ncreasmg order whlle Nand 7 fori =1,2,...,N
are their estimated values. The true, unknown number, N, of change-points is allowed to grow with the sample size. We
denote by At € N the expansion parameter and (7 € R™ the threshold, which is used to decide whether a time-point is
a change-point; more details on the choice of their values are given in Section In addition, d;_. is the location of the
largest difference, in absolute value, in the interval [s, ] and is defined as

argmax  {|Xy11 — X¢l}, f+ is piecewise-constant,

d. — te{s,s+1,...,e—1} )
se = argmax  {| X120 —2Xy11 + X¢|},  f: is continuous, piecewise-linear.

te{s,s+1,...,e—2}

We denote by C? (X)) the contrast function applied to the location b using the values { X, Xs41,..., X} forb € [s, e).
The functions used for the cases of piecewise-constant and continuous, piecewise-linear signals are explained in Sections

[B.1)and 3.2} respectively. For K = [fusmstl] o = [e=duetl) fomax — max (K, K7}, K™ = min{K', K"},
and K = K™% + K™ then the start- and end-points of the intervals [c!,, ct] in which the algorithm tests for the
existence of a change- pomt, are given by

c, =max{ds . —mAp,s}, m=0,1,... K™

m

¢, =min{d; . + kAp — 1,e}, k=1,2,... K™%

These are collected in the ordered sets, Ly, . s and Ry, _ s, defined in (@), which consist of the left and right end-
points, respectively, of the intervals used in DAIS It holds that for m, k < K™, s < cm < cﬁn_l andcj,_, < ¢ <e,
while for m, k € {Kmm +1,. Kmax} either s = ¢! = ¢ andc,_; < ¢ <eors < cl < cfn 1 and

m m—1
Ch_1 = ¢, = e (so one end- pomt remains fixed). Since the expansions occur in turn once from the 1 right and once
from the left, the points appear twice in each set, up until the moment when one end- pomt is equal to either s or e,
which occurs when K™i» expansions have occurred on both sides, and so 2K min expansions in total. The left- and
right-expanding intervals checked are collected in the ordered set /; in (). The ordered sets of the end-points for the
expansions are:

_ [N N A ! l ! ! !
Lds,e,s,e = {007 C1,C1,Co5 - -+ s Cgrmin_ 1, Cggminy Crmin g 1, Cggmin 495 - -+ 7cKmax},

_fr o oror r r r r r
Rds,e,s,e = {01701,02,02, -« +y Cgeminy Cpeminy Cpemin 15 Crmin 95 - - .,CKmax}, 3)

while the ordered set of the intervals checked can be written as:

I = [Sjaej] = |:Lds,c1sye|: 1, Rdsms,e[ ]} forj e {1,2,..., K}, “)
where A[i] denotes the it element of the ordered set A. It is easy to show that |Ldg wsel = |Ra, = K, where
|A| denotes the cardinality of the set A. Note that the largest number of expansions required in order to check the

whole length of the interval [s, e] around d . is [ <555 )\STHW + 1. The intervals I; defined in (@) are not deterministic. The

end-points depend on the location of the largest difference, which depends on the structure of the unknown signal and
the noise of the data sequence under consideration.

Algorithm [I] provides a pseudocode that briefly explains the workflow of DAIS. The first step is to identify, within
the observed data, X;, ¢ = 1,2,...,T, the location of the largest difference d; r, as defined in . This is the step
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Algorithm 1 DAIS

function DAIS(s, e, A7, (1)
if e — s < 3 then
STOP
else
Set ds . as in (@)
Forj e {1,2,...,K}letI; = [sj,e;] asin ()
i=1
(Main part)
b; = argmaxte[si,ei)ogi,ei (X)
if CY . (X) > (7 then
add b; to the list of estimated change-points
DAIS(s, s;, A, ()
DAIS(e’H €, )‘T7 CT)
else
1=1+1
if i < K then
Go back to (Main part) and repeat
else
STOP
end if
end if
end if
end function

that makes the algorithm data-adaptive, differentiating it from the competitors, as the algorithm will check different
intervals I; for the same underlying signals (in terms of the type of the change, the length of the sequence and the
change-point locations) if they have different observed noise, depending on the value of d; 7. Applying the appropriate
transformation (as in (2)) based on the signal structure) to the unobserved true signal f; in (I, will reveal a constant
signal at 0, with non-zero values at the locations where the change-points occur, so we expect that the largest difference
for the observed data X; will be at a point near the change-point with the largest magnitude of change. A proper
explanation of what we consider to be ‘near’ is discussed in Sectionin detail. After calculating d; 7, expanding
intervals are used to check for possible change-points. The algorithm expands the intervals once from the right and
once from the left of the point where the maximum absolute difference occurs at every step by an expansion parameter
of magnitude A\r. By doing this, we identify the location of the change-point that is closest to the detected largest
difference. This expansion is performed for at most (%1 + 1 steps in total. Upon the detection of a change-point,
the algorithm restarts after discarding the data that have already been checked. If, for example, the change-point was
detected in the subinterval [s*, *], then DAIS will be reapplied to [1, s*] and [e*, T']. When checking any interval
[s, €] the maximum value attained by the contrast function at a point b within the interval, is compared to the chosen
threshold (r. If this value exceeds (7, we take b to be a change-point, for b € {s,s + 1,...,e — 1} in the case of
piecewise-constant signals, and b € {s,s + 1,...,e — 2} in the case of continuous, piecewise-linear signals. If no
change-point is detected, then the algorithm terminates.

As mentioned in the Introduction, the algorithm can be applied to more general signals, for example continuous,
piecewise-polynomial signals of order p. In this case, the location of the largest difference needs to be generalized. In
the more general case, it can be defined as the value of ¢ for which the absolute value of the (p + 1)—times differentiated
signal is maximized. Differentiating the signal a p + 1 amount of times eliminates a degree p polynomial trend ([29]).

There are two main advantages to the algorithm due to its data-adaptive nature. Firstly, since at each step DAIS starts
checking for potential change-points around the largest difference, which as already explained we have reason to believe
that it is around the most prominent change-point, then this change-point is detected fast. If the starting point is not near
the change-point, detection still occurs with a slower speed. Secondly, when the change-point is at the location of the
largest difference, or close to it, due to the way the expansions occur, the change-point lies in the middle of the intervals
being checked when an even number of expansions have been performed. This provides advantages in detection power
due to the change-point being detected in some cases in balanced intervals. Such near balance in the distances of the
change-points from the left and right end-points of the intervals under consideration does not necessarily appear in many
state-of-the-art competitors, such as Binary Segmentation, ID, NOT, WBS, WBS2 and SeedBS. Thus, the data-adaptive
nature of our algorithm enhances its speed and accuracy in estimating the locations of the change-points.
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2.3 Location of the largest difference and the isolation aspect

As already explained in detail in Section [2.2] for a given data sequence X, the algorithm calculates the location
of the largest difference dj ., as defined in (2)), in the interval [s, ¢] under consideration at each step and checks
for change-points around it. For different data sequences, DAIS will start searching for change-points in different
neighborhoods of the data, based on where the most prominent change-point (if any) lies. This is exactly the novel
data-adaptive nature of the proposed algorithm, compared to the existing algorithms in the literature that exhibit a fixed
workflow, not adaptive to the data structure regarding the location of the change-points, if any exist. In this section, we
now explain the role of the location of the largest difference in the detection of a change-point in an interval where
isolation is guaranteed, a discussion which is related to Assumption (A1) of Section[3.1]

For the rest of this section, we are working under the framework of Assumptions (A2) and (A3), for piecewise-constant
and continuous, piecewise-linear signals, respectively. The assumptions can be found in Sections[3.1]and [3.2]and need
to be satisfied for the change-points to be detected. The detection of a change-point r;, for j € {1,...,N}, N € N
will certainly occur if both end-points are far enough from the true location of the change-point, but of course it can
happen at any smaller interval where the value of the contrast function exceeds the pre-specified threshold (7. We
define the smallest distance between two consecutive change-points by dr, as in (I4). The constant n > 3/2, also
introduced in this section, acts as a scaling parameter and in the worst case scenario, meaning that the interval in which
detection occurs is the largest possible, both end-points are at least at a distance d7/2n from the true change-point (as
also explained in the proof of Theorem|[I]in Appendix[B). Larger values of n imply that the end-points of the intervals
will be closer to the change-points when detection occurs. In the worst-case scenario, as just explained, it holds that not
only both end-points are at least a distance d7/2n from the change-point, but also at least one of the end-points will be

in one of the intervals: 5 5 5 5
L T T R T T
Ij = <T‘jn77’j2n]a Ij = [Tj+2n’rj+n)' ©)

Note that in [26] and [3] the choice n = 3/2 was made while in [7] the value of n = 3 was used when defining similar
intervals for the location of the end-points of the interval which allow for detection to occur. Since the length of the
intervals in 9) is d7/2n, the condition Ay < d7/2n is required, so that there is always at least one end-point that lies
within ]L and [ JR, where, as previously explained, Ar is the expansion parameter. Since Ay > 1, we implicitly require
d7 > 2n and, using the lower bound of n, Ay < d7/3.

In the cases of either d; . < r; or ds . > ry, it is apparent that any value of d, . guarantees isolation, as the left and
right expanding intervals will not include any other change-point, besides 1 and r, respectively, before detection
occurs. Considering now the more complicated case, where the location of the largest difference lies between two
change-points, define d; as in (I4) to be the distance between the consecutive change-points r; and ;1. In addition,
6 o =min{rj11 — dse,ds e — 75} for j = 0,1,..., N. Without loss of generality, suppose that d . € [rs,711] for
some J € {1,..., N — 1}. Requiring

67 307

0<é) <L 2 6
SOeS 5 T (6)

guarantees detection in an interval where the change-point is isolated and also allows for the detection of the neighboring
change-points. This is because the end-point of the interval the algorithm will be applied to after detection of the first
change-point (either r; or 751 1), will have a distance of at least 7 /2n from all the undetected change-points; see
(@T) and (S3) in the supplementary material for a proof that d7/2n is the minimum distance of the end-points from the
change-point that guarantees detection. Note that the lower bound of n ensures that the right hand side of the second
inequality in (6) is non-negative. As is explained later in detail, for any n > 3/2, the upper bound in (6) increases as
T — oo. In the case that n = 3/2 and §; = 7, the upper bound becomes 0, which means that d, . has to lie exactly at
the location of the change-point for (6)) to be satisfied. However, this does not mean that the method fails in this case; it

only implies that the change-point is not guaranteed to be isolated when it is detected. More discussion about this is
given after Assumption (A1) in Section[3.1}

It is worth mentioning that (6] is derived such that all change-points can be detected in an interval in which they are

isolated, for any Ay < d7/2n. If we fix Ay = 1, then in the worst-case scenario, which is for detection to happen when

both end-points are necessarily at least at a distance dr/2n from the true change-point location, one of the end-points
will be exactly at a distance [d7/2n]. So, for Ax = 1, (6)) can be relaxed to

o; [0r

0<6/, <= — [—W

- 9T 2 2n
For the choice n = 3/2 and 6; = Or, using (@, ds . has to be within §r/2 — {5T/3—‘ of the true location of the

change-point.

(N
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From the consistency result as in Theorem |1} ér must be at least of order O(logT'). This is because d7 needs to
be larger than the distance between the estimated and true locations of the change-points, which is at most of order
O(logT), as can be seen from (I6); otherwise we would not be able to match the estimated change-points with the true
ones. Also, by definition, d; is at least of order O(d7) for any j = 0,1, ..., N. This means that as " — oo, the upper
bound of & ;’ . as given in (7) (and (6) for n > 3/2) increases. Additionally, if f . increases, the signal-to-noise ratio
becomes larger and so the probability that the largest difference is exactly at the location of the change-point increases.
In both cases, the probability that d . lies within § ;] . of any change-point increases. More details on this, in the case
that ¢;,t = 1,2,..., T follow the Gaussian distribution, are provided in Section[3.3]

We define
(®)

g — T-1, when f; is piecewise-constant,
T — 2, when f; is continuous, piecewise-linear, ’

to be the maximum value that d, . can obtain. In the case of continuous, piecewise polynomial signals of order p, it
can be extended to d7'2* = T' — p — 1. Considering now any d, . € {1,2,...,d?¢*} and using (6)), in order to have
detection while the change point is isolated, it must hold that

~ N_
51 367 ON—1 307 max
ds,e € 1 r1 + 5 - 4n‘| U |:f'N - 9 + E,d&e U U Bn,j (9)
where
B 0;—1 , 30r o; 307
Bl > T T 10

and the union over j in (9) is the empty set for N < 2. Note that the length of the interval where d; . cannot lie under
this assumption, at each step of the algorithm, is 2[3d7/4n] — 1 around the midpoint of every pair of consecutive
change-points. Similar intervals to () can be defined using (7)), but we focus on the general Ay < §r/2n case.

Now, let us consider the case where the signal-to-noise ratio is so small that it is impossible for the location of the
largest difference to be informative (near anyone of the true change-points); in such cases, and based on the noise, the
largest difference could be anywhere in the set {1, 2,. dma"} with dmaX as in (§). Assumptions (A2) or (A3), which
can be found in Sections [3.]and[3.2} respectively, and are needed for detectlon of the change-points to be possible, are
considered to be satisfied. In this case, the probability that the location of the largest difference does not lie in (9) is
(N-1) (2[3‘)T] — 1) /d2*. Therefore, even in the worst case that the signal-to-noise ratio is such that the location of
the largest difference is unmformative, as long as N7 is of order less that O(T"), the probability of the result in (O will
still go to 1 as T — oco. This is a strong indication that the requirement expressed in (9), which is, in fact, Assumption
(A1) provided in Section 3] is not restrictive and it only used to have guaranteed isolation and detection at the same
time.

We highlight that in the specific case of ¢; in (I)) being i.i.d. random variables following the A/(0, 1), a discussion on
the calculation of the exact probability that the largest difference is at a location that guarantees detection in an interval
where the change-point is isolated, for all change-points, can be found in Section [3.3]

3 Theory

DAIS requires knowledge of the standard deviation, o, of the data generation mechanism in ([II) If o is unknown, it
can be estimated using the Median Absolute Deviation method (MAD), with the estimator defined as & := 1.4826 x

median(|xz — median(x)|) for & = (21,22, ... xT), as proposed by [30]. The obtained estimator has a simple explicit
formula, needs little computation time, is very robust with a bounded influence function and a 50% breakdown point,
and, in the case of Gaussianity is a consistent estimator of the population standard deviation ([53]]). Due to the
expected presence of change-points in the data, we use this estimator on the first and second order differenced data, for
piecewise-constant and continuous, piecewise-linear signals, respectively; see for example [[7]] for a similar approach.
The exact expressions for the piecewise-constant and continuous, piecewise-linear cases are provided in Sections [3.1]
and@ respectively. We take o to be known and, without loss of generality, we let ¢ = 1. The model becomes

Xt:ft+€t; t:1,2,...,T, (]1)

where ¢;,t = 1,2, ..., T are i.i.d. random variables following the A(0, 1) distribution. This assumption is commonly
used in the literature to prove theoretical consistency results.
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Before proceeding, we introduce some notation that is used throughout the paper. With f; the underlying signal as in

,then for j = 1,2,..., N, the minimum magnitude of change in the data sequence is defined as
J g & q
— min A
fr= min A7, (12)
where
| ijH — frj ’ , when f; is piecewise-constant,
A;.c = (13)

12fr; = fr;41 — fr,—1], When f; is continuous, piecewise-linear.

Furthermore, for o = 0 and 1 = 7', then the minimum distance between consecutive change-points is defined as

(ST = . minN(Sj, where Sj =Tj41 — Ty (14)

In Sections [3.1]and [3.2] we provide the theoretical results on the consistency of the algorithm for the cases of piecewise-
constant and continuous, piecewise-linear signals, respectively. The proofs of Theorems |I| and [2| can be found in
Appendix [B]and the supplementary material, respectively. In Section [6.3] we also provide theoretical results for the
consistency in the case of multivariate signals and the outline of the proof can be found in Appendix [C| In Section
we return to the discussion of Section [2.3]and present some results in the case when () holds, and ¢, in () are i.i.d.
from the A (0, 1) distribution.

3.1 Piecewise-constant signals

Under piecewise-constancy, f; = p; fort =r;_1 +1,...,7r; and frj =+ frj+1. The estimator of the standard deviation

used is ¢ := 1.4826 x median(|Y" — median(Y")|)/v/2, where Y = (X3 — X1, ..., X7 — X7_1). The statistic used
as a contrast function in this case is the absolute value of the CUSUM statistic, which is defined as

s+1
X X 15
|,/ _sHZt,/ e_bzf, (15)
t=b+1
where s < b < eand £ = e — s + 1. The value of C’b X) is small if b is not a change-point and large otherwise.

To prove the consistency of our method in accurately estimating the number and locations of the estimated change-points,
we work under the following assumptions:

(A1) The location of the largest difference d . as defined in (@), satisfies (9) every time the algorithm is applied to
an interval [s, e] which contains at least one change-point.

(A2) The minimum distance, d7, between two successive change-points, and the minimum magnitude of jumps f -
as defined in and (T2), respectively, are connected by v/d7 f,,, > Cv/log T for a large enough constant C.

The first assumption is a formal statement of what is discussed in Section [2.3] and is required to ensure that every
change-point can be detected in an interval where isolation is guaranteed. It is not a strict assumption, for more details
on this see Sections [2.3]and [3.3] The exact probability of the consecutive pairwise difference being larger in absolute
value at a change-point location compared to a point where no change occurs, in the case where ¢; are assumed to
be Gaussian, is provided in Section[3.3] (A2) is a typical assumption in the literature and characterizes the difficulty
of the detection problem. It is worth mentioning that if d7 is of order greater than O(logT'), then f . 1s allowed to
decrease as T increases. Further discussion for (A2) is given after Theorem[I] Assumptions (A1) and (A2), together,
guarantee that all change-points will be detected in intervals in which they are isolated. However, even when (A1)
fails, the change-points can still potentially get detected in practice. This can happen in one of two ways. The first
is that detection occurs in an interval in which the change-point is isolated, whose end-points (one or both) are at a
distance of less than d7/2n from the true location of that change-point. The second way is in an interval in which the
change-point is not isolated. In both cases the detection power, which is based on the value of the contrast function, is
reduced, but change-points can still be detected. The detection power is maximized when the change-point is isolated,
in the midpoint of the interval under consideration with end-points far from it, and this is what we attempt to achieve
using Assumption (Al).

Below, we provide the relevant theorem for the consistency of DAIS in accurately estimating the true number and the
locations of the change-points in the case of piecewise-constant signals. The proof of the theorem can be found in

Appendix
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Theorem 1. Let {X;}i—1 2, 1 follow model (I1), with f; being a piecewise-constant signal and assume that the
random sequence {6t}t:1’27“.7T is independent and identically distributed (i.i.d.) from the normal distribution with
mean zero and variance one and also that Assumptions (Al) and (A2) hold. Let N and r;,j = 1,2,... N be the number

and location of the change-points, while N and fi,5 =1,2,... N their estimates, sorted in increasing order. Then,
with A;f, £ and 57 as in (13), (12), and (14), respectively, there exist positive constants C1, Ca, C3, Cy independent
of T such that for C1+/logT < (p < Cy ‘NSTiT and for sufficiently large T, we obtain

. 2 C
_ A ! _ 4
P(N—N,j_{nzaXNOr] 7| (Aj) )S C’3logT>21 T (16)

,,,,,,

The lower bound of the probability in is1 —O(1/T). From Theorem we can conclude that in order to be able
to match the estimated change-points with the true ones, d7 needs to be larger than max;—; 2 .. N \fj -7 [, which

means that 67 must be at least of order O(log T"). Assumption (A2) ensures that the rate attained for d7 f 2T which

characterizes the complexity of the problem, is O(logT') and, as [13]] argues, the lowest possible o1 f ; that allows
detection of the change-points, in the case of piecewise-constant signals is O(log T' — log log T"). Therefore, the rate
obtained by DALIS is optimal up to a rather negligible double logarithmic factor. As mentioned in [65]], the rate we
obtain has been established in various different papers. Rates for other methods which are the same or comparable to
ours can be found in [18]].

3.2 Continuous, piecewise-linear signals

For the case of continuous, piecewise-linear signals, f; = p;1+p; 0t fort =r;_14+1,...,r; and frj 1 +frj+1 #+ 2f,,j
with the additional constraint p; 1 + ftj,27; = pj+1,1 + fj+1,27; so that the signal is continuous. The estimator of the
standard deviation used is 57, := 1.4826 x median(|Y" — median(Y)|)/v/6, where Y = (X1 —2Xo+X3,..., X7 _o—

2X7_1 + Xr). Through a log-likelihood approach, [[7] shows that contrast function is C? , (X)) = ‘(X , d)l;,e) , where
the contrast vector ¢Z’e = (¢%.(1),...,¢% (T)) is given by
ab BY . [(e+2b—3s+2)t — (be + bs — 2s% +2s5)|, te{s,...,b},
b
L) = —5=[(8e = 20— 5+ 2)t — (2¢* +2¢ —be — bs)], t e {b+1,...,¢e}, (17)
0, ’ otherwise,

where / = e — s + 1 and

6 2
a“:<e<ez1><1+(eb+1><bs+1>+<eb><b5>>> |

1
»  [(e=b+1)(e—b) :
e \(b—s+1)(b—s) ] °
Under the Gaussianity assumption, C’ge (X)), as defined above, is maximized at the same point as the generalized
log-likelihood ratio for all possible single change-points within [s, €).

Before presenting the theoretical result for the consistency of the number and location of the estimated change-points
by DALIS in the case of continuous, piecewise-linear signals, we require the following assumption, which is equivalent
to (A2) in Section [3.1] but now under the current setting of changes in the slope.

(A3) The minimum distance, d7, between two successive change-points and the minimum magnitude of jumps f T,
as defined in (T4) and (T2)), respecitvely, are connected by 5?’/ 2 [ = C*/1ogT for a large enough constant

C*.
Theorem 2. Let {X;}i—1 2, .. 1 follow model (I1), with f; being a continuous, piecewise-linear signal and assume

that the random sequence {et}t:1,27.,_,T is independent and identically distributed (i.i.d.) from the normal distribution
with mean zero and variance one and also that (Al) and (A3) hold. Let N and rj,j = 1,2,... N be the number
and location of the change-points, while N and fi,j = 1,2,... N are their estimates, sorted in increasing order.
In addition, A;, as defined in is the magnitude of each change in the slope of fi, and iT and O are defined

10
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in (12) and (T4), respectively. Then there exist positive constants Cy,Ca,Cs, Cy independent of T such that for
Ci1/logT < (r < Cgé?QiT and for sufficiently large T, we obtain

. . 2/3 Cy
]P’(N:N,j maxN(|rj—rj|(AJf-) >§ Cg(logT)1/3>21—T. (18)

=1,2,...,

The proof of Theorem [2| can be found in the supplementary material. Again, the lower bound of the probability is
1 — O(1/T) and the difficulty of the problem, 63/ 2 S s analogous to /o7 f,., which appears in (A2) for the case

of piecewise-constant signals. For f . ~ T'/2, the change-point detection accuracy is O (T ~1/3 (log T)l/ 3), which

differs from the optimal rate O(T~'/3) derived by [51] only by the logarithmic factor. This means that the change-point
detection rate in DAIS is almost optimal.

3.3 Probability of guaranteed isolation of the change-point at detection

In this section, we work under Assumptions (A2) and (A3), for piecewise-constant and continuous, piecewise-linear
signals, respectively. We return to the discussion of Section[2.3] that concerns the connection between the location of
the largest difference and the guarantee that the detection of the change-point closest to it occurs in an interval in which
it is isolated. The probability of this happening is given by

5 36 dn_1 36
P|d,. € 1,r1+1—T]U[rN— Mol g oL gmax

2 4n 2 4n

N-1
U U Bn;j (19)
j=2

where B,,.; is defined in (I0) and the union over j is the empty set for N < 2. Under the assumption of ¢; being i.i.d.
random variables following the A/(0, 1) distribution, and in the case that f; is piecewise-constant, we note that in order
to calculate the probability that the largest difference is exactly at the location of a change-point, we need to calculate
the following:

N T-1

P(U () 1Xry1 = X0y = [Xea —Xt|>. (20)
j=1 t=1

It is easy to see that > ([20), as is the probability of d; . being exactly at the location of any change-point,

while (T9) in a small area around any change-point. As a first step, we are interested in the probability that the largest

difference occurs at the location of a specific change-point, namely r;, for J € {1,..., N}. We will work on

P<|XTJ+1 — X, > | X1 — Xt|>7 2n

which is the probability that the observations around the change-point r; have a larger absolute difference than a
pair of observations in the signal where no change occurs. The focus is putont ¢ {r; — 1,r;,7; + 1} such that
| X, +1 — X, | and | X;+1 — X;| are independent. Using (), the fact that e, ~ N(0, 1), and that f 1 — fi = 0 for
t'£ry, can be written as

P<|Xr‘]+1 — X, | > [ X1 — Xt|> = P(fmﬂ — fr, + 02| > UZ2|) (22)

A

where Zy, Zy ~ N(0,2) are independent. In the above equation, |(f,,+1 — f»,) /o + Z»| follows the Folded Normal

(FN) distribution with mean (f,, 11 — f,) /o and variance 2. Similarly, | Z>|, follows the same distribution with mean
0 and variance 2, which reduces to the simpler case of the Half Normal (HN) distribution with variance 2. So, ([2;2]) can
be equivalently written as P(Y, > Y3) for Yy ~ FN((f;,+1 — fr,) /0,2) and Yo ~ HN(0, 2). Denoting by fy, the
probability density function of Y7 and Fy, the cumulative distribution function of Y2, (22) can be written as

P(Yi > V) = /O T B(Ya < ) frn (y)dy = /0 " Fr () v (0)dy

= Ey, |:FY2(Y1):| = Ev, [erf(%)}

11
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where erf(z) = % foz e~ dt is the Gauss error function. Using [47] (equation (38) on p.10), we can calculate the
above as )
1 fr +1 = fr ) :|

P(Yy >Ys) == |1 +erf | LT , 23

(Y1 > Y3) 5 [ ( Nor (23)

so we have an explicit expression for (22)). It is easy to see now that this probability goes to 1 as (f,,+1 — fr,) gets
larger. However, calculating or bounding from below the probability in (20), and subsequently in (TI9), are not as
straightforward to handle tasks due to the fact that | X; — X;_1| and | X;_1 — X;_o| are dependent. We provide results
based on simulations.

We want to note that when N = 1, the interval in Assumption (A1) becomes [1, d§'2*], which implies that isolation of
the change-point in the interval in which detection occurs is guaranteed for all possible values of the location of the
largest difference. Also, in a data sequence with N > 2 change-points, we expect the order that they are detected to be
with decreasing magnitude of change. This means that the change-point with the smallest magnitude of change will be
detected last, in an interval in which it is certainly isolated, so the second smallest magnitude of change in the data
sequence is the one that needs to be ‘large enough’ to ensure that all change-points will be isolated in an interval where

detection can occur. For this reason, the following simulation study considers data sequences with two change-points.

Before investigating further, it is worth emphasizing that for any location of the largest difference, isolation of
the change-point is guaranteed for at least one interval if A = 1. However, as explained in Section in order
to guarantee that detection will occur, the endpoints of the interval have to be at a distance of at least 5= from the
change-point, and Assumptions (A2) or (A3) need to be satisfied.

For the simulation study, we focus on piecewise-constant signals. More specifically, we consider a data sequence with
o = 1 and two change-points at locations r1 = 10 + [logT'| and ro = T — 10 — |log T'|, with equal magnitudes
of change, which are chosen to be equal to o. These values ensure that Assumption (A2) is satisfied and are also
aligned with the conclusion of the consistency theorem, Theorem [I} which states that o7 has to be at least of order
O(log T) in order to be able to match the estimated change-points with the true ones. We use n = 3/2, which is
the most unfavorable choice, as it minimizes the total length of the union of the intervals in (@]) which becomes
1,L —6r/2) UL +67/2,T—1]. In Table the proportion of times that d; 7 lies in this union of intervals is
reported as 7" increases, using 10,000 repetitions for each value of T'. The results show that the probability of the largest
difference occurring at a point that guarantees isolation in the interval where the change-point will be detected increases
with the length of the signal. This is expected in this example, as the length of the interval in which d; 7 should not lie
is equal to 7, and therefore, its proportion to the length, 7" — 1, of the whole differenced sequence goes to 0.

Table 1: Proportion of times that the location of the largest difference was in an interval where detection while the
change-points are isolated is guaranteed.

T op proportion

60 14 0.762
80 14 0.818
100 14 0.850
150 15 0.905
200 15 0.928
250 15 0.942
500 16 0.966
750 16 0.976
1000 16 0.982
1500 17 0.990

4 Computational complexity and practicalities

4.1 Computational complexity

We will now explain why DAIS needs to check at most (%1 + 2N + 1 intervals before the algorithm is terminated,
where, as explained before, IV is the total number of change-points of the signal, 7" is the length of the data sequence
and A7 is the chosen expansion parameter. If there are no change-points, the algorithm will check at most (%1 + 1 left-
and right-expanding intervals around the location of the largest difference, as explained in Section [2| In the case that the
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signal has change-points, since at every time that detection occurs the already used observations are discarded and the
algorithm is restarted on two disjoint subintervals, then the maximum total number of expansions required increases by
two (one for each of the newly created subintervals). Therefore, the maximum number of iterations depends on the
number of change-points and DAIS needs to check at most K/ = (%1 + 2N + 1 intervals. Since we take Ay < o7,

then K’ > [T'/ér] + 2N + 1. Combining this with the definition of d, which implies that N < T'/ér, it can be
concluded that the lower bound of K’ is O(T/dr). As explained by [3]], the lower bound for the maximum number of
intervals that need to be checked in ID is O(T'/é7) and in WBS and NOT it is O(T?/6%) up to a logarithmic factor,
which means that DAIS is faster than the latter two algorithms and is of the same order as ID.

Now, focusing more on the algorithms ID and DAIS, we need to highlight that the data-adaptive nature of DAIS leads
to computational advancements. More specifically, due to the methodology of ID, when the data sequence under
consideration has a small number of true change-points, the number of intervals that need to be checked will be close
to the maximum possible for ID, which is 2(%1 In contrast, DAIS needs to check only K intervals, which will
be much smaller compared to ID. For example, when the signal has no change-points, using the same expansion
parameter A, DAIS checks almost half as many intervals as ID, which leads to substantial computational gain. This
can be seen in the simulation results of Signals (S12) and (S13) in Table [ST which have 0 and 1 change-points,
respectively, when compared with ID_th, which uses the same A7 as DAIS. When many change-points are present,
using again the definition of §7 and the inequality o7 > 2nAp, for which the explanation is in Section we get
N <T/(2nAr) < T/(2Ar)—1. So, K’ will always be smaller than the maximum number of intervals that are checked
by ID. However, it needs to be noted that the data-adaptivity comes at an additional, but small, computational cost,
since, at each step of the algorithm, the location of the largest difference, in absolute value, needs to be re-calculated.

4.2 Parameter selection

Choice of the threshold (7: In Theorems|l{and 2] the rate of the lower bound of the threshold {7 is O(+/log T') and so
we use
¢r =Cy/logT. (24)

For the choice of the positive threshold constant C, we ran an extensive simulation study using various signal structures
and Gaussian noise. The best behavior occurred for C' = 1.7 in the case of piecewise-constant signals and C' = 2.1 in
the case of piecewise-linear signals. These are the constants that were used for the simulations in Section[5} However,
our algorithm performs well for a range of values for C. Simulation results for C' € {1.5,1.6,1.7,1.8,1.9} in the case
of piecewise-constant and C' € {1.9,2,2.1,2.2,2.3} in the case of continuous, piecewise-linear signals are provided in
the supplementary material in[S2]in Tables [S6 and [3] proves in Corollary 1 that, in the case of piecewise-constant
signals, as T" — oo, the threshold can be taken to be at most /3 log 1; our choice of 1.7 for the threshold constant, C'
as in (24), does not violate this result.

Choice of the expanding parameter \;: As can be seen by the proofs of Theorems [I| and in a given
signal, detection will occur for any Ay < d7/2n, where n > 3/2 is a constant. Using Ay = 1 ensures that each
change-point is isolated for as many intervals as possible, but this increases the computational time. In practice, we use
Ar = 3, which is small enough to have very good accuracy in the detection of the change-points, but not too small
which could magnify the computational cost. Our algorithm is quite robust to changes in the value of Ar; for a small
simulation study in the case that Ar € {1, 3,5, 10, 15,20}, see Table If the value of A7 is large, then there is a risk
of underestimating the number of change-points in cases where the distance between change-points is smaller than Ap.

5 Simulations

This section compares the performance of DAIS with state-of-the-art competitors. We only focus on algorithms that
estimate both the number and the locations of the change-points in the given univariate signal in an offline manner.
The competitors used in the simulation study can be found in Table [2] along with the relevant R packages. For ID,
WBS and SeedBS we report the results for both the Information Criterion (IC) and the thresholding stopping rules. The
notation is ID_ic, WBS_ic, SeedBS_ic and ID_th, WBS_th, SeedBS_th, respectively. Regarding the threshold constant,
the default value C' = 1.15v/2, as in the breakfast R package ([T]]), was taken in the piecewise-constant case, while
C = 1.4/2 was used for ID in the continuous, piecewise-linear case). We highlight, that even though for SeedBS we
used code (that is partly based on the wbs R package ([8]])) from the relevant GitHub repository, we decided, for a fair
comparison, to keep the well-calibrated threshold constant of the breakfast R package. This choice led to a substantially
better performance for SeedBS compared to results that were relied on the constant used in the relevant GitHub code.
Furthermore, for the NOT method of [7] results are presented based on the Schwarz information criterion, while for the
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WBS2 method of [28] results are provided when the algorithm is combined with the Steepest Drop to Low Levels (SDLL)
model selection procedure, introduced also in [28]]. In order to allow the competitors achieve their best performance, in
some cases the inputs of the relevant functions, as developed in R, were adjusted. The competitors ID, WBS, WBS2,
PELT and MARS were applied using the default values based on the relevant R packages provided in Table 2| For
DP_univar, the values proposed in the examples of the corresponding R function are used. For MOSUM, the function
multiscale.localPrune was used, with the default values for all the parameters apart from the minimal mutual distance of
change points that can be expected (the d.min input argument) which was set equal to 3 instead of 10. This enhances
MOSUM’s performance compared to the default d.min = 10 value because in our simulation study, we use signals with
O < 10. The maximum number of features allowed, K., is required for the function that employs the Information
Criterion model selection procedure within the breakfast R package. Therefore, for the NOT, WBS_ic and ID_ic
methods we needed to choose K.y The default value in the relevant R function is Kpax = min{100,7/log(7T)}. In
signals, where the true number of change-points surpasses this default value, we set Ky.x = [T/d7], where d7 is the
minimum distance between consecutive change-points in the signal tested. For MSCP, the value of the minimal window
considered is chosen to be min{[d7 /2], 20}, where 20 is the default value. SMUCE requires Monte Carlo simulations
for calculating ¢, the vector of critical values at level «, which is the asymptotic probability of overestimating the
number of change points. The time for these simulations, which can be quite high, is not included in the values
reported below and we use the default choice, which is o = 0.5. [41]] proposes an implementation for MsFPOP and
MsPELT, which are extensions of FPOP and PELT to the multiscale penalty proposed by [38]. As the results for
the number and the locations of the estimated change-points are the same (they only differ at their computational
times), we only report the results of MsSFPOP. The calibration constants are set to the values chosen by simulations
in [41] such that the percentage of the false positives is less than 0.05. The estimation of the standard deviation for
CPOP is set to be done using the MAD method as described in Section[3] TF, SeedBS and MsFPOP are employed
based on the implementations found inhttps://github.com/hadley/11tf, https://github.com/kovacssolt/
SeedBinSeg/blob/master/SeedBS.R| and https://github.com/aliehrmann/MsFPOP, respectively. Change-
point detection using local_poly involves performing cross validation for every time series, for the optimal values to be
chosen. The degree of the polynomial is set to 1, so that the fitted signals are piecewise-linear. Code on the simulations,
as well as on how to implement DAIS, can be found in https://github.com/Sophia-Loizidou/DAIS. For the
simulations we have used a modification of the DAIS algorithm described in Section[2] in order to make it more accurate.
More specifically, DAIS restarts from the detected change-point instead of the start- and end-points of the interval
where the detection occurred. This leads to an improvement in the accuracy of the algorithm without affecting the speed.
This is also our recommendation on how to use the algorithm in practice.

Table 2: Methods used in the simulations

Type of signal Method Notation | Reference | R package
1D (31 breakfast ([11])
PELT [35]] changepoint ([34])
WBS [26] breakfast ([1]])
WBS2 (28] breakfast ([1]])
NOT [71 breakfast ([1])
Piecewise-constant | MOSUM [21] mosum ([45])
MSCP [39] mscp ([38])
SeedBS [37] -
DP_univar [60] changepoints ([62]))
SMUCE [24] stepR ([49])
MsFPOP [41]) -
1D 3] breakfast ([1]))
CPOP [23] cpop ([221)
Continuous, NOT ] breakfast ([1]])
piecewise-linear MARS [25]] earth ([46])
TF [36] -
TS [42] trendsegmentR ([43])
local_poly [66]] changepoints ([62])

As a measure of the accuracy of the estimated number of change-points, we present the difference between the number

of change-points detected and the true number of change-points (/N — N). As a measure of accuracy of the location of
the detected change-points, we give Monte-Carlo estimates of the mean squared error,

ME =73 & (- £,)'
t=1
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where T is the total length of the sequence and ft is the ordinary least squares approximation of f; between two
successive change-points. We also report the scaled Hausdorff distance, defined as

1

dy =n; max{maxmkin\rj — T ,ml?xm_inpnj — }
J J

where ng = max;—1, . n d; is the length of the largest segment between successive change-points. The Hausdorff
distance, dy, is given for all signals except for signals that do not contain any change-points; in such cases, dy is
uninformative. Finally, the average computational time for each method is also reported. The top performing algorithm,
in terms of accuracy in the number of change-points detected, is presented in bold, along with all methods that performed
within 5%. The lowest MSE and dy values are also in bold, as well as all values that are within 10% of the lowest ones.
The signals used can be found in Appendix [A]and further simulation results are in the supplementary material.

The signals included in this section contain more than one change-point. For signals with no or one change-point, please
refer to Tables[ST|and [S3]in the supplementary material. Due to their difficult structure, we first put the focus of the
discussion on Signals (S1) and (S2).

Signal (S1) (Table3)) is a particularly difficult structure for most algorithms because it includes a pair of consecutive
change-points that shift the data sequence to opposite directions, which masks the existence of the change-points.
Signals with this type of difficult settings make the appreciation of the isolation aspect more apparent; for a relevant
discussion of the importance of localization in such signals see also Section 2 in [26]. Therefore, detection is harder
when the change-points are close to each other, ‘work against each other’, and their isolation, while of great importance,
is for some algorithms unlikely or, for others, occurs only in a limited number of intervals. The best performing methods
in (S1), in terms of accuracy for the estimated number of change-points, are DAIS and ID_th; this is unsurprising
based on the fact that these two methods are expected to certainly achieve isolation of the change-points prior to their
detection.

Signal (S2) contains two change-points at a distance of just 5, at locations r; = 30 and ro = 35. The magnitudes
of the changes regarding r; and 79 are 2.3 and 5.7, respectively. Due to the large magnitude of change for r, DAIS
starts checking for a change-point around 75, which can be detected while it is still isolated in a small interval (due to
the distance with r; being small). Then, r;, which has a smaller magnitude of change, is also detected while isolated.
In contrast to this, algorithms that are also based on thresholding and check the data sequence in a sequential way
(while attempting to obtain change-point isolation), either through keeping one of the end-points fixed (for example,
ID) or through a moving sum approach (for example, MOSUM) may struggle with such a signal. This is because, in
such algorithms, r; will appear first while scanning the data, and if not detected while still isolated, then there is the
risk of r; being first detected (due to its larger magnitude of change) before 71, in an interval that also contains 7.
Discarding the data points already checked (as, for example, in ID), or carrying on the moving sum process further
away from r; (as, for example, in MOSUM), will then mean that ; can not get detected in any following steps of such
algorithms. Moving now away from thresholding based approaches, we highlight that WBS2 (which is based on the
SDLL model selection procedure), as well as many optimization based algorithms, more specifically, ID_ic, WBS_ic,
NOT, SeedBS_ic, and MsFPOP, have a very good behavior in (S2).

Regarding the results for Signals (S3) and (S4) as shown in Table 4} many algorithms, including our proposed method
DAIS, perform very well. However, ID_ic, WBS, SeedBS, and NOT tend to slightly overestimate the true number
of change-points. In contrast, the MSCP algorithm seems to underestimate the number of the change-points in those
two signals. DP_univar and MsFPOP exhibit heavy underestimation in Signal (S3), while they heavily overestimate
the true number of change-points in (S4). SMUCE underestimates in Signal (S3) and performs very well in (S4). For
Signals (S5), (S6) and (S7) shown in Tables @ and 5] a great number of methods struggle to detect the change-points,
due to the limited spacings between them. Signal (S5) includes change-points of different magnitudes and with slightly
different distances between them. DAIS, ID, WBS_th, WBS2, PELT, and MsFPOP exhibit very good performance
in the signal both in terms of accuracy (with respect to the number and the locations of the estimated change-points)
and speed. Signals (S6) and (S7) consist of a large number of regularly occurring change-points. DAIS, ID_th, WBS2,
SeedBS_th, and MsFPOP exhibit a very good behaviour in such complex structures. Notice that algorithms which were
tested with both the thresholding and IC stopping rules, such as ID, WBS, and SeedBS, tend to perform well in general
but neither is consistently accurate in terms of the choice of the stopping rule in the various scenarios tested that involve
large deviations on the number of change-points as well as their distance. For example, notice the dependency on the
model selection method (either IC or thresholding) when the performances related to ID, SeedBS, and WBS for IC and
thresholding in signal (S2), are compared to their performances in Signals (S6) and (S7). Such model selection based
behaviors are expected as the thresholding approach is more appropriate for a large number of change-points, potentially
close to each other, while the information criterion is better suited for a moderate number of change-points with larger
spacings. This difference in accuracy between the threshold- and SIC-based stopping rules is what motivated in [3]] the
introduction of a hybrid version of ID that combines these two stopping rules. Regarding the MOSUM algorithm, it
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performs well for signals with a small number of change-points; however it struggles in Signals (S5), (S6) and (S7),
which are more complex structures involving a large number of change-points with limited spacings. WBS2 is a very
well performing algorithm in terms of accuracy, but is more computationally expensive compared to DAIS, with DAIS
being at least one order of magnitude faster than WBS2 in the simulations. Based on the simulations, we conclude
that overall, DAIS performs very well in various different piecewise-constant signal scenarios regarding the number of
change-points, the distance between them, as well as the magnitudes of the changes, when most competitors struggle to
accurately detect the changes in some of the cases tested.

We now proceed with a discussion of the performance of DAIS under the continuous, piecewise-linear framework. The
simulation results are shown in Tables[6|and [7] We conclude that DAIS performs at least as accurately as the algorithms
ID and CPOP, and substantially better than other competitors available in the literature, regarding accuracy in terms of
both the estimated number and the estimated locations of the change-points. Furthermore, the average computational
time for DAIS remains very low in all signals tested; in fact, it is the lowest among the times for the top performing
methods.

Table 3: Distribution of N — N over 100 simulated data sequences of the Signals (S1) and (S2). The average MSE, dg
and computational times are also given.

N-N
Method Signal | —2 | —1 0 1 2 | >3 | MSE dy Time (s)
DAIS 16 0 80 | 2 2 0 0.014 | 0.089 0.004
ID_th 10 0 79 | 8 3 0 0.013 | 0.081 0.007
ID _ic 33 0 64 | 2 1 0 0.018 | 0.179 0.013
WBS_th 8 7 63116 | 5 1 0.015 | 0.105 0.010
WBS_ic 30 0 68 | 2 0 0 0.016 | 0.166 0.032
WBS2 10 2 75 | 7 1 5 0.015 | 0.091 0.563
PELT 77 0 231 0 0 0 0.026 | 0.397 0.001
NOT (S1) 30 0 68 | 2 0 0 0.016 | 0.167 0.037
MOSUM 15 0 74| 6 4 1 0.014 | 0.108 0.011
MSCP 75 23 2 0 0 0 0.030 | 0.394 2.600
SeedBS_th 11 18 [ 55|13 | 2 1 0.017 | 0.103 0.022
SeedBS_ic 32 0 66 | 2 0 0 0.017 | 0.176 0.022
DP_univar 0 0 6 3 10| 81 | 0.045 | 0.334 0.138
SMUCE 4 36 | 53| 7 0 0 0.020 | 0.057 0.005
MsFPOP 29 0 70 | 1 0 0 0.016 | 0.157 0.004
DAIS 0 7 86 | 4 3 0 0.063 | 0.039 0.001
ID_th 0 37 (49 10| 2 2 0.125 | 0.065 0.001
ID_ic 0 9 83| 6 1 1 0.068 | 0.026 0.004
WBS_th 0 1 64 | 17 | 8 10 | 0.075 | 0.154 0.002
WBS_ic 0 4 86 | 7 2 1 0.061 | 0.025 0.005
WBS2 0 24 | 67 | 3 3 3 0.087 | 0.048 0.055
PELT 0 18 | 81 1 0 0 0.068 | 0.011 0.001
NOT (S2) 0 4 87 | 6 2 1 0.062 | 0.024 0.013
MOSUM 0 83 |14 | 3 0 0 0.185 | 0.050 0.002
MSCP 0 100 | O 0 0 0 0.197 | 0.069 0.066
SeedBS_th 0 5 75 112 | 7 1 0.064 | 0.073 0.026
SeedBS _ic 0 6 87 | 6 1 0 0.060 | 0.021 0.026
DP_univar 0 15 |59 |13 | 11 2 0.183 | 0.175 0.001
SMUCE 0 36 |59 5 0 0 0.111 | 0.033 0.001
MsFPOP 0 12 | 86 | 2 0 0 0.066 | 0.015 0.001

6 DAIS extensions

6.1 Temporal dependence

We first consider relaxing the assumption of independence for the error terms ¢;. Temporal dependence is therefore
introduced in the observed data sequence. In such cases, methods that reduce the autocorrelation in the time series can
be applied. This can be done using a subsampling technique, which is briefly described below.
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Table 4: Distribution of N — N over 100 simulated data sequences of the Signals (S3), (S4) and (S5). The average
MSE, dp and computational times are also given.

N-—-N
Method Signal | <3| -2 | -1 0 1 |2 >3] MSE dy Time (s)
DAIS 0 0 2 95 310 0 0.023 | 0.014 0.002
ID_th 0 0 1 94 510 0 0.022 | 0.013 0.003
ID_ic 0 0 0 78 | 17 | 4 1 0.023 | 0.015 0.006
WBS_th 0 0 1 86 | 12 | 1 0 0.025 | 0.016 0.003
WBS_ic 0 0 0 62 | 266 6 0.024 | 0.017 0.005
WBS2 0 0 2 92 5|1 0 0.025 | 0.015 0.039
PELT 0 0 7 93 0|0 0 0.022 | 0.014 0.001
NOT (S3) 0 0 0 81 [ 12 | 2 5 0.022 | 0.014 0.053
MOSUM 0 0 2 97 1|0 0 0.018 | 0.012 0.004
MSCP 100 | O 0 0 0|0 0 0.949 | 0.182 0.072
SeedBS_th 0 3 10 | 79 8 |0 0 0.030 | 0.020 0.016
SeedBS_ic 0 0 0 70 | 19 | 6 5 0.025 | 0.016 0.016
DP_univar 100 | O 0 0 0|0 0 0.240 | 0.067 0.001
SMUCE 47 | 26 8 19 010 0 0.115 | 0.044 0.001
MsFPOP 100 | O 0 0 0|0 0 0.344 | 0.090 0.001
DAIS 0 0 0 96 4 10 0 1.699 | 0.012 0.002
ID_th 0 0 0 92 8 |0 0 1.710 | 0.013 0.002
ID_ic 0 0 0 88 | 10 | 1 1 1.760 | 0.014 0.007
WBS_th 0 0 0 79 |19 | 2 0 1.490 | 0.018 0.004
WBS_ic 0 0 0 94 6 |0 0 1.470 | 0.009 0.010
WBS2 0 0 0 94 510 1 1.480 | 0.012 0.118
PELT 0 0 0 |100] O |O 0 1.475 | 0.008 0.001
NOT (S84) 0 0 0 97 310 0 1.550 | 0.009 0.018
MOSUM 0 0 0 90 8 | 2 0 1.513 | 0.014 0.007
MSCP 49 | 33 | 16 2 0|0 0 10.770 | 0.109 0.289
SeedBS_th 0 0 1 83 | 14 | 2 0 1.630 | 0.018 0.017
SeedBS_ic 0 0 0 96 4 10 0 1.600 | 0.010 0.017
DP_univar 0 0 0 0 0O [0 100 | 4544 | 0.112 0.004
SMUCE 0 0 2 98 0|0 0 1.560 | 0.008 0.002
MSsFPOP 0 0 0 0 0O | 0| 100 | 11.80 | 0.153 0.001
DAIS 0 0 0 98 210 0 0.253 | 0.004 0.001
ID_th 0 0 0 99 1|0 0 0.246 | 0.005 0.003
ID_ic 0 0 0 91 9 |0 0 0.259 | 0.007 0.004
WBS_th 0 0 0 94 6 |0 0 0.239 | 0.005 0.001
WBS_ic 0 0 0 71 | 19 | 9 1 0.270 | 0.012 0.003
WBS2 0 0 0 99 1|0 0 0.235 | 0.004 0.024
PELT 4 4 0 92 010 0 0.380 | 0.018 0.001
NOT (S5) 0 0 0 72 | 17 | 8 3 0.271 | 0.012 0.004
MOSUM 100 | O 0 0 0|0 0 6.460 | 0.893 0.001
MSCP 100 | O 0 0 0|0 0 6.270 | 0.446 0.026
SeedBS_th 0 1 14 | 80 510 0 0.348 | 0.016 0.019
SeedBS_ic 0 0 0 73 | 20| 5 2 0.265 | 0.011 0.019
DP_univar 100 | O 0 0 0|0 0 5.790 | 0.154 0.001
SMUCE 14 10 | 19 | 57 010 0 1.110 | 0.034 0.001
MsFPOP 0 0 0O 100 O |O 0 0.228 | 0.004 0.001

For a chosen integer s we subsample the observed time series X; by choosing ev-
ery s observation. This creates s different data sequences, for which the autocorrela-
tion is reduced compared to the original data sequence. If, for example, s = 5 and
T = 1000, the new data sequences are of the form {X1, Xg, ..., Xo96}, { X2, X7,..., Xoo7}, {X3, Xs,..., Xo0s},
{X4,Xog,..., X999}, {X5, X10,--.,X1000} DAIS is applied to each one of these smaller data sequences and we

obtain s sets of detected change-points. We can then apply a majority voting rule, which discards any change-points
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Table 5: Distribution of N — N over 100 simulated data sequences of the Signals (S6) and (S7). The average MSE, dg
and computational times are also given.

N-N
Method Signal | —99 | [-98,—11] | [-10,10] | MSE | dg | Time (s)
DAIS 0 5 95 0.435 [ 0.011 | 0.016
ID_th 0 3 97 0.403 | 0.009 0.017
ID_ic 98 0 2 3.930 | 0.970 | 0.053
WBS_th 0 73 27 1.230 | 0.012 | 0.007
WBS_ic 99 0 1 3.960 | 0.980 | 0.036
WBS2 0 0 100 0.280 | 0.003 | 0.336
PELT 2 93 5 2490 | 0.251 0.007
NOT (S6) | 100 0 0 4.000 | 0.990 | 0.034
MOSUM 100 0 0 4.000 | 0.990 0.003
MSCP 0 100 0 3.930 | 0.057 | 1.400
SeedBS_th 0 26 74 0.829 | 0.011 0.020
SeedBS_ic 100 0 0 4.000 | 0.990 | 0.020
DP_univar 0 100 0 3.690 | 0.026 0.048
SMUCE 0 100 0 3.570 | 0.030 | 0.002
MsFPOP 0 0 100 0.346 | 0.008 | 0.001
DAIS 0 0 100 0.234 | 0.003 0.013
ID_th 0 0 100 0.245 | 0.003 | 0.021
ID_ic 100 0 0 6.250 | 0.992 | 0.061
WBS_th 0 97 3 2.060 | 0.011 | 0.015
WBS_ic 100 0 0 6.250 | 0.992 | 0.025
WBS2 0 0 100 0.199 | 0.001 | 0.307
PELT 2 55 43 1.670 | 0.082 | 0.001
NOT (87) 100 0 0 6.250 | 0.992 0.031
MOSUM 100 0 0 6.250 | 0.992 | 0.003
MSCP 99 1 0 6.220 | 0.160 1.090
SeedBS_th 0 0 100 0.402 | 0.007 | 0.023
SeedBS_ic 100 0 0 6.250 | 0.992 0.023
DP_univar 0 100 0 5.710 | 0.025 | 0.030
SMUCE 0 100 0 5.430 | 0.020 | 0.002
MsFPOP 0 0 100 0.209 | 0.002 | 0.001

Table 6: Distribution of N — N over 100 simulated data sequences of the Signal (S9). The average MSE, dy and
computational times are also given.

N-—-N
Method Signal | < -2 | —1 0 1 2 | >3 | MSE dy Time (s)
DAIS 0 0 99 1 0 0 | 0.030 | 0.085 0.020
ID_th 0 0 95 | 5 0 0 | 0.030 | 0.086 0.024
ID_ic 0 0 93 7 0 0 | 0.034 | 0.099 0.093
CPOP 0 0 99 1 0 0 | 0.013 | 0.050 5.550
NOT (S9) 0 O [100| O | O 0 | 0.015 | 0.055 0.720
MARS 0 0 5 39 | 47 9 0.025 | 0.194 0.008
TF 0 0 0 0O | O | 100 | 0.018 | 0.440 0.768
TS 0 1 9 | 0| O 0 | 0.096 | 0.186 1.020
local_poly 0 0 1 5 | 12| 82 | 0.054 | 0.503 | 125.400
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Table 7: Distribution of N — N over 100 simulated data sequences of the Signals (S10) and (S11). The average MSE,
dyr and computational times are also given.

N-—-N

Method Signal | < —-15 | (=15,-2] | =1 | O 1 |[2,15) | > 15 | MSE dp Time (s)
DAIS 0 0 0 100 O 0 0 0.267 | 0.296 0.018
ID_th 0 0 1 97 | 2 0 0 0.233 | 0.273 0.046
ID_ic 0 0 0 9 | 10 0 0 0.264 | 0.302 0.478
CPOP 0 0 0 91 9 0 0 0.381 0.247 0.439
NOT (S10) 0 57 16 | 17 | 10 0 0 0.808 | 0.871 1.030
MARS 100 0 0 0 0 0 0 4700 | 98.50 0.003
TF 0 0 0 0 0 0 100 | 0.205 | 0.395 0.645
TS 0 33 37130 | 0 0 0 0.854 | 0.580 1.430
local_poly 100 0 0 0 0 0 0 4.740 | 0.827 157.80
DAIS 0 0 0 [100 | O 0 0 0.039 | 0.196 0.016
ID_th 0 0 0 100 | O 0 0 0.037 | 0.216 0.036
ID_ic 0 0 0 98 | 2 0 0 0.041 | 0.243 0.433
CpPOP 0 0 0 929 | 1 0 0 0.252 | 0.291 0.062
NOT (S11) 100 0 0 0 0 0 0 1.060 | 119.000 | 0.815
MARS 100 0 0 0 0 0 0 1.060 | 118.000 | 0.002
TF 0 0 0 0 0 1 99 | 0.191 | 0.307 0.300
TS 100 0 0 0 0 0 0 1.060 | 119.000 | 0.480
local_poly 100 0 0 0 0 0 0 1.060 | 76.700 16.900

that are not detected in at least 1) time series, where 1 < s is a positive integer. The change-points are then transformed
to represent locations in the original time series. The purpose of taking every s" observation is to not include the
observations which have the highest correlation between them. That is, the observations just before or just after each
data point. Thus, for larger values of s, we manage to reduce the autocorrelation in the resulting disjoint data sequences,
but we obtain a larger number of smaller data sequences, which has a negative impact on the detection accuracy. More
details on this can be found in [2]]. A different way to reduce autocorrelation is using a pre-averaging technique, such as
the one described in Section[6.2] which involves averaging the data sequence before applying the algorithm in order to
reduce the correlation between consecutive observations.

6.2 Heavy-tailed noise

In this subsection we relax the assumption that the error term ¢; is Gaussian and we instead consider a heavy-tailed
distribution for €¢;. To improve the performance of DAIS in such cases, the data sequence can be pre-processed by
averaging the time series to bring the noise closer to Gaussianity, as described in Section 4.5 of [3]]. Using this technique,
we take advantage of the Central Limit Theorem, the noise of the observations with large ¢, is reduced in absolute value,
and we obtain a smaller data sequence with less extreme values for all the data points. The idea is that for a chosen
integer s, we define @Q = [T'/s] and set

L1 ) 1 d
Xq:g Z Xt, forq:1,2,...,Q—1 and XQ:m Xt.
t=(q—1)s+1 t=(Q—1)s+1
DAIS can then be applied on X to obtain change-points 7], ..., f“}*v The change-points of the original time series
X, can be obtained using the transformation #; = (77 — 1)s + [££1 | fori =1,... , N. The choice of the value of

s is important. On the one hand, taking larger values brings the data closer to Gaussianity. On the other hand, these
values of s return smaller data sequences that have been pre-processed more and so we lose on the accuracy of both the
location and the number of change-points detected. In practice we recommend s = 5.

The performance of DAIS in the case of heavy-tailed data can be found in Table[8] For the pre-averaging technique we
use s = 5 and the heavy-tailed noise is chosen to be the Student’s t-distribution with degrees of freedom being equal
to either 5 or 7. Signals (S1) and (S8) are piecewise-constant and (S9) is piecewise-linear and their description can
be found in Appendix[A] Even though the accuracy of DAIS is reduced compared to Section[3] the results indicate a
good level of robustness for DAIS at the presence of heavy-tailed noise. The more heavy-tailed the noise, the more the
overdetection, which is expected, as spikes caused by the heavy-tailed distribution of €; can sometimes be mistakenly
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detected as change-points. However, DAIS performs relatively well for Signals (S1) and (S8) even for the case of 5
degrees of freedom for the Student’s t-distribution.

Table 8: Distribution of N — N over 100 simulated data sequences of the Signals (S1), (S8) and (S9) with noise
following the Student’s t-distribution with d = 5, 7 degrees of freedom. The average MSE, dy and computational times
including the pre-averaging are also given.

N-N

d| Signal | <-3|-2]-11]0 1 2 | >3 | MSE dy Time (ms)
(S1) 0 1 0 |8 | 6 | 6 0 | 0.025 | 0.038 1.0

51 (S8 0 0 0 |70 | 14|12 | 4 | 0.016 | 0.081 1.9
(89) 0 0 0 [ 37]22|21] 20 2 21.1 10
(S1) 0 0 0 |92] 4 |3 1 0.022 | 0.023 1.0

7| (S8 0 0 0 |83]| 6 | 8 3 | 0.015 | 0.060 0.8
(S9) 0 0 0 |8 ] 8 |10] O 2.01 21 10

6.3 Multivariate models

The DAIS algorithm can be extended to multivariate or high dimensional models. The model considered is the following:
Xt:ft+6t,t:17...7T, (25)

where X; € R4*! are the observed data and f; € R%*! is the d-dimensional deterministic signal with structural
changes at certain points. In the case of piecewise-constant signals, the structure of f is given by fi = pu; for
te{rj1+1,...,rj}and fr, # fr, 41 where pj € R for j = 1,2,..., N + 1. For continuous, piecewise-linear
signals, fy = pj1 + pjot fort € {rj1 +1,...,r;} and fr, 1 + fr, 41 # 2fr; Where pj 1, pj2 € R4*!. To
ensure continuity, we need the additional constraint of g1 + pg,27k = k41,1 + Hike+1,27% for k € {1,2,...,N}.
As with the univariate case, the algorithm can also be applied to more general signal structures.

The calculation of the largest difference, that was used as a starting point for the univariate signal, needs to be adapted
for the multivariate case. This can be done using mean-dominant norms L : R? — R, whose definition can be found in
[L1]. Some examples are

d
1
La(Xy) 1=y | 5 D X2i Loo(Xe):= sup |X,4] (26)
=1

i=1,...,d

The location of the largest difference of the interval [s,e], 1 < s < e < T can be calculated as

i — { ey (Kot - D), fi piecewise-constant, .,

argmax,e g i1 ooy {L(| Xt42 — 2X¢q1 + Xi[)},  fi piecewise-linear.

We define y; to be the R4*! vector with entries the value of the chosen contrast function, this being (T3)) for piecewise-
constant signals and (I7) for piecewise-linear ones. At each step of the algorithm, the goal is to decide whether the point
that maximizes the mean-dominant norm L(y;) is a change-point. The aggregation scheme for the contrast function,
as just described, was also proposed by [4]. Algorithm [2]provides a pseudocode for DAIS in the case of multivariate
signals, which we call MDAIS. For a discussion on the choice of the mean-dominant norm, we refer the reader to
(2] 4] [14] [17]).

Theoretical results for this variant of the algorithm about consistency for the number and locations of the estimated
change-points can be proven. In the rest of this section, we provide the consistency theorem that concerns the case of a
piecewise-constant f and the outline of its proof can be found in Appendix [C] However, since the focus of this paper
is proposing the novel data-adaptive methodology, we do not delve further in this. Following a similar methodology,
theoretical results can also be proven for f; being continuous, piecewise-linear. For the statement of the theorem, we
require the following assumption, which is equivalent to Assumption (A2) (used for the case of univariate f;):

(A4) The quantities 67 and f - are connected by /07 f, T2 Cari/log (le/ 4), for a large enough constant C';;.

Similarly to the univariate case, the number of change-points V is allowed to grow with 7" and d. Note that the threshold
constant, (7 q depends on both the length of the data sequence and its dimension. Before providing the statement of the
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theorem, we generalize the contrast function chosen for the case of piecewise-constant signals, which is the absolute
value of the CUSUM statistic as given in (15)), to

b
e—b —s+1
77 Nx -f,/ X
é(b—8+1); " le—1D) t;ﬂ b

forl=e—s+1,be{s,...,e—1}tandj € {1,...,d}.

Theorem 3. Let {X;}i—1 . 1 follow model 25) with fi piecewise-constant and let €, ~ Ny(0,Y), where > € R4*4
is positive definite and also that Assumptions (Al) and (A4) hold. Let N and r;,j = 1,2,... N be the number
and location of the change-points, while N and 7;,j = 1,2,... N their estimates, sorted in increasing order. In

addition, Aj := | fr, 41 — fr;|for j=1,2,... N, fr: 1nfj 1,...N{L (Aj)} and 67 is as in (14). Then there exist

positive constants Cy,Co, C3, Cy independent of T and d, such that for C1 4 /log (Td1/4) < (ra < Cs ‘/5TiT and
for sufficiently large T, we obtain

x| = (28)

s,e| T

" C
— S 1/4 4
IP’(N - N’j:{%??,zv{lrf ril a2 }g Cs log (Td ) ) >1- (29)
where, for Xf;g asin and [sj, e;] the interval where 7; is obtained, we denote by q; := argmax;_; ’X? e
and

Aj), Jor L(-) = La(")

The outline of the proof of Theorem 3]is given in Appendix|[C] Note that this extension of our algorithm is robust to
spatial dependence. Theoretical results related to this statement, as well as simulation results can be found in [4]], where
the extension of ID ([3]]), namely the MID algorithm, is introduced.

a»—{ oy, i = frja;ls for L(-) = Lo (")
j L2 (

Algorithm 2 MDAIS

function MDAIS(s, e, A1, (1, L(+))
if e — s < 1 then
STOP
else
Set dm“lli as in (27
For j € {1,2,...,K} let I; = [s;, e;] asin (@)
=1
(Main part)
b; = argmaxte[si7ei)l’ (C;,ei ('X))
if L (CY . (X)) > (g then
add b; to the list of estimated change-points
1\/IDAIS(S7 Si, /\T7 CT)
MDAIS(e;, e, Ar, (1)
else
i=1+1
if i < K then
Go back to (Main part) and repeat
else
STOP
end if
end if
end if
end function

7 Real data

7.1 Crime data

In this section, DAIS is applied to real data and the underlying signal is assumed to be piecewise-constant. The chosen
dataset includes daily crime reports in Montgomery County, Maryland and can be found in https://catalog.data,
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gov/dataset/crime, We use daily observations starting from 22/01/2020, up to 31/08/2024. Since the data involve
counts of crimes, they are positive integer-valued and thus a transformation is required to bring them closer to Gaussian

data with constant variance. This is done using the Anscombe transform ([3]) o : N — R, with a(x) = 2/ + 3/8.

The top plot of Figure [3|is a plot of the real data (in black), along with the estimated underlying signal, f;, according
to the change-points detected by DAIS (plotted in red). We now attempt to provide a possible explanation about the
change-points estimated by DAIS that express the most important movements in the data. The first change-point occurs
on the 17" of March 2020 and corresponds to the first days of positive cases of COVID-19 when the first rules were
imposed to limit the spread of the virus among the community in the state of Maryland. As expected, since people were
forced to stay at home, the number of crimes reported dropped significantly. The second change-point is on the 28"
of April 2020, when the official authorities started lifting the restrictions and the number of crimes increased. Some
small decrease around the 11" of December 2020 can be explained by people’s behavioral change around the holidays.
The number of crimes returns close to the previous levels, on the 28" of May 2021 and a further increase is observed
at the end of the summer, 27™ of August 2021. This could possibly be due to people going on holidays out of town,
leaving their homes more vulnerable to break-ins. As has also been observed for 2020, there is again a reduced number
of reported crimes around the Christmas holidays of 2021, starting from the 23™ of December 2021 until the 17" of
January 2022. It is notable that the next change-point detected is almost a year later, as there is a sudden decrease
on the 23" of December 2022, with an increase on the 26™ of the same month. An increase in the daily number of
crimes reported is also detected on the 28" of September 2023. As in the previous years, there is a drop on the 23 of
December 2023 and an increase to a slightly higher average than before on the 23" of January 2024. Further increase
to the number of daily crimes reported is observed on the 26" of February and the 10" of April 2024, with a decrease
on the 4" of June 2024. It is clear that the average number of crimes has increased in the last years. It is important to
note that there is a clear trend as change-points were detected by DAIS on 11/12/2020, 23/12/2021, 23/12/2022 and
23/12/2023. All four are near the Christmas holidays and a decrease in the daily number of crimes reported is noticed,
followed by the trend increasing on the 17/01/2022, 26/12/2022 and 22/01/2024.

The fits obtained by three competitors, ID, MOSUM, and NOT, are shown in the bottom plot of Figure [3| plotted
with blue, yellow and green lines, respectively. All methods obtain different signals on the same data, with ID and
DAIS providing similar fits and NOT having minor differences with them. ID and NOT detect 11 and 10 out of the 15
change-points that DAIS detects, respectively. They both do not detect the change-points in May 2021 and the last
2 change-points detected by DAIS, in April and June of 2024. ID also does not detect the change-point just before
Christmas 2020, while NOT does not detect the 2 change-points around Christmas 2022. MOSUM detects only 5
change-points, with the only change-point around the Christmas period being the one in 2020, which ID missed. By
detecting change-points around the same period every year, we could argue that DAIS is detecting the seasonality
around the Christmas holidays, which none of the other competitors managed to fully capture.

7.2 Euro to British pound exchange rate

The DAIS algorithm for changes in the slope is applied to the Euro to British pound exchange rate. The data
are the weekly close prices adjusted for splits for the period between 07/04/2014 and 12/09/2024, obtained from
https://finance.yahoo.com/quote/EURGBP%3DX/. The results can be seen in Figure @ The first plot is the
observed signal, while the other plots are the estimated piecewise-linear signals from DAIS, ID and CPOP. The
change-points which are discussed in the next paragraph are indicated by dashed lines in the plot of the observed signal.

All three fits are very similar, with ID detecting the least number of change-points (27) and thus having a smoother
signal, while DAIS and CPOP detect 42 and 60, respectively. The first important change-point, detected only by DAIS,
on the week of 5™ of J anuary of 2015 is the same week as the Charlie Hebdo shooting, the terrorist attack that occurred
at the offices of the satirical weekly newspaper in Paris. After this, the exchange rate decreased, indicating that the
attack had negative effects to the strength of the Euro. The next important change-point is an increase in the value of the
exchange rate starting on the week of 9" of November 2015. This change-point is detected by both DAIS and CPOP,
while ID detects one just one week later. The change might have been caused by Prime Minister David Cameron’s
speech on the 10" of November, during which he repeated his commitment to holding a referendum for Brexit before
the end of 2017. A few days later, on the 13", the terrorist attacks in Paris took place. Both events had an impact on
the exchange rate. The next change-point, from which a new increase in the observed value begins, is detected in the
week of 13™ of June 2016, which is the week just before the referendum was held, on the 23" of June. It is worth
noting that the drop in the week of the 16" of March of 2020, that is detected by DAIS and CPOP, coincides with
the day that the Prime Minister Boris Johnson announced the government would be implementing measures intended
to halt the spread of the COVID-19 virus. The big drop around June of 2022, with change-points detected by all
methods in two consecutive weeks, on the 6™ and 13, falls around the time when fuel prices soared, according to
https://www.theguardian.com/theguardian/2022/jun/09.
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Figure 3: The observed time series data of daily crime reports in Montgomery County and fitted piecewise-constant
mean signal obtained by applying DAIS (red), ID (blue), MOSUM (yellow) and NOT (green) to the data. The x-axis
labels correspond to the month and year in an MM/Y'Y format.
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Figure 4: The observed time series data of Euro to British pound sterling exchange rate and fitted piecewise-linear
signal obtained by applying DAIS (red), ID (green) and CPOP (blue). The x-axis labels correspond to the year.
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8 Conclusions

In this paper, DAIS is introduced, which is a new data-adaptive method for detecting structural changes in a given data
sequence. The first step of the method is to identify the location of the largest difference in the sequence, as defined in
([2) for the cases of changes in the mean and changes in the slope, in an effort to start searching from an area around
the most apparent change-point in the case that there is one. This step is what makes our method data-adaptive and
differentiates it from the competitors. Expanding intervals around the location of the largest difference, in absolute
value, are used to achieve isolation of the change-points, which enhances the detection power. Theoretical results
regarding the consistency of the number of change-points detected and the accuracy of their estimated locations are
provided. The simulation results presented indicate that DAIS is at least as accurate as the state-of-the-art competitors,
exhibiting uniformly good behavior across different signal structures. Its data-adaptive nature is advantageous regarding
the detection of the true change-points in difficult structures. DAIS uses intervals around the location of the largest
difference and so the change-points are, with high probability, near the midpoint of these intervals, which results in the
power of the contrast function being maximized. Such an interval expansion approach around the location of the true
change-points, offers also an advantage in terms of the computational complexity of the algorithm, especially in cases
with few change-points. For the proof of the theoretical properties of DAIS we require that the location of the largest
difference is at a location where detection, while the change-point is isolated in an interval, is guaranteed. However, in
practice, the change-points can still potentially get detected even when this assumption fails. Detection could occur in
an interval in which the change-point is isolated, but whose end-points are not far enough from the true location of the
change-point to guarantee detection. It could also occur in an interval in which the change-point is not isolated. In such
intervals, as described in both cases, the detection power is reduced, but detection can still occur.

Finally, we consider some extensions of DAIS to more difficult structures. This includes heavy tailed noise and temporal
dependence. The case of multivariate signals is also discussed and further analyzed, with the algorithm MDALIS being
proposed. Under some assumptions that are equivalent to the ones for the univariate signals, a consistency result is
provided for the case of possible changes in the mean vector of an underlying d—dimensional signal.

A Signals used in the simulation study

The signals used in the simulations of Section [5|are reported below. For the case of changes in the mean (piecewise-
constancy), the signals f; in (1)) are the following:

(S1) small_dist: sequence of length 1000 with 2 change-points at 485 and 515 with values between change-points
0, 1, 0. The standard deviation is o = 1.

(S82) small_dist2 piecewise-constant signal of length 135 with 2 change-points at 30, 35 with values between
change-points 0, 2.3, 8. The standard deviation is o = 1.

(S3) stairs: piecewise-constant signal of length 150 with 14 change-points at 10, 20, 30, 40, 50, 60, 70, 80, 90,
100, 110, 120, 130, 140 with values between change-points 1, 2, 3, .. ., 15. The standard deviation is o = 0.3.

(S4) mix: piecewise-constant signal of length 301 with 9 change-points at 11, 21, 41, 61, 91, 121, 161, 201, 251
with values between change-points 7, -7, 6, -6, 5, -5, 4, -4, 3, -3. The standard deviation is o = 4.

(S5) miz2: piecewise-constant signal of length 75 with 11 change-points at 5, 12, 17, 25, 31, 38, 44, 50, 56, 61, 67
with values between the change-points 0, 5, 0, 6, 0, 4, 0, 5, 0, 6, 0, 4. The standard deviation is o = 1.

(86) many_cpts: piecewise-constant signal of length 700 with 99 change-points at 7, 14, ..., 693 with values
between change-points 0, 4, 0, 4, .. ., 0, 4. The standard deviation is o = 1.

(87) many_cpts_long: piecewise constant signal of length 600 with 119 change-points at 5, 10, 15, .. ., 595 with
values between change-points 0, 5, 0, .. ., 0, 5. The standard deviation is o = 1.

(S8) simple_stgnal: sequence of length 1100 with 1 change-point at 550 with values between change-points 0, 2.
The standard deviation is o = 1.

Under the case of continuous, piecewise-linearity, the signals f; used are:
(89) wawvel: continuous, piecewise-linear signal of length 1408 with 7 change-points at 256, 512, 768, 1024, 1152,

1280, 1344 with changes in slope —1/64, 2/64, —3/64, 4/64, —5/64, 6/64, —7/64. The starting intercept is
f1 = 1 and slope f> — f; = 1/256. The standard deviation is o = 1.
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(S10) wawve2: continuous, piecewise-linear signal of length 1500 with 99 change-points at 15, 30, ..., 1485 with
changes in slope -1, 1, -1 .. ., -1. The starting intercept is f; = —1/2 and slope fo — f1 = 1/40. The standard
deviation is o = 1.

(S11) wawve3: continuous, piecewise-linear signal of length 840 with 119 change-points at 7, 14, 21, . . ., 833 with
changes in slope -1, 1, -1 .., -1. The starting intercept is f; = —1/2 and slope fo — f1 = 1/32. The standard
deviation is o = 0.3.

B Proof of Theorem[l

Before proving Theorem [IJ we introduce some more notation. For convenience, we de-

% e— b —s e ..
note ([3) by X!, = | /Z(b—isz-l) Do Xt — z(ejb% > i—py1 Xt- Similarly, we denote the
CUSUM of the unobserved signal as 2”6 = ‘/ﬁ Z?:s fi \ Z(;il Db fre

We also work under @ and (T4). For the following proof, the contrast vector
P2 o= (V2 (1), 48 .(2), ..., 92 (T1)) is defined through the contrast function

—b _
’/f(beTl)7 t—S,S+17...7b,

b —
ce(t) = betl t=b+ 1,42, 6, (30)
0, otherwise
where s < b < e and { = e — s + 1. Notice that for any vector v = (v1, v, ..., vy, ), we have that (v, 1/:2,6> =0,

For the proof of Theorem [I] we require the following Lemma.

Lemma 1. Suppose f = (f1, f2,-- -, fT) is a piecewise-constant vector. Pick any interval [s,e] C [1,T] such that
[s,e — 1] contains exactly one change-pointr. Let p = |r — b| ,Af = |foi1 — fo|,np =7 —s+1landnr = e — 7.

Then,
() - ()
9 s,e s,e

1. foranyr < b <e, ( ~§7e>2 - (fé)e)z = (pne/(p+nr)) (Af)Q;

[RERTIRER TS ST

In addition,

2\ 2 o \2 e
2 foranys <b<r, (fr.) = (fo.) = (onr/(p+mm) (AF)°.
Proof. See Lemma 4 from [7]. O

The proof of Theorem |1|consists of 6 steps. Step 1 is to show that the observed |X ge\ is uniformly close to the

unobserved | f£e| forall 1 < s < b < e < T. This will allow us to extend some results that will be derived
for the signal, f;, to the data sequence, X;, in which we are interested. In Step 2, we control the distance
between |Xbe\ - ~§fe| and |f§}e| - \ffze\ for all possible combinations of s, e, by, b2, where 1 < s < e < T and
b1,ba € [s,e). In Step 3, we show that it suffices to restrict the proof to an interval with a single change-point
because each change-point will be isolated in an interval where detection will occur with high probability, as
discussed in Section In this step, we also show that the estimated change-point 7; will be close to the actual
change-point ;. Since after detection DAIS restarts in intervals with end- (or start-) point the start- (or end-)
point of the interval where the detection occurred, in Step 4 we prove that there is no change-point, besides the
detected one, in the intervals that are skipped, with probability 1. In Step 5, we show that the new intervals used
after detection allow for the detection of all the remaining change-points. Finally, in Step 6 we show that when
there is no change-point in the interval being checked, the algorithm will not have any false detections and will terminate.

Proof. We will prove the more specific result
" 2 1
_ 4 f
IP’(N = N,j_lm)f)'(”N<|rj — 1yl (Aj) >§ Cslog Z)z 1— 6T (31)
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which implies result (T6).
Step 1: Allow us to denote by

b b
Xs,e — Jsse

Ap =

< \/8logT}. (32)

We will show that P (A7) > 1 — 1/(12y/7T). From and (T3), simple steps yield X?, — f2, = & ., where
& . ~N(0,1). Thus, for Z ~ N(0,1), using the Bonferroni inequality we get that
pry) =p (o [R2- 1

s,b,e:1<s<b<e<T > \/W)
3
>, B (‘Eg»e‘ = \/W) < %P(IZI > \/8log T)

1<s<b<e<T

T3 T3 ¢(/8logT) 1
—1p(z> BlogT) < — <
3 (7> VB1oeT) < 3 J8logT — 127l

where ¢(-) is the probability density function of the standard normal distribution.

max ’
s,b,e:1<s<b<e<T

IN

Step 2: For intervals [s, e) that contain only one true change-point r, for w;”e as defined in (30), we denote by

(w2800 — oL (£ 0T )
max max
smtan N il (F R — UL (P e

ri<e<rjii
s<b<e

Br =

< +/8logT ;. (33)

Because

(8o (F 00 = wii(F i) )|/ (I8 (0t ) — i (F w2 )

follows the standard normal distribution, we use a similar approach as in Step 1, to show that ]P( (Br) ) < 1/12y/7T.
Therefore, Step 1 and Step 2 lead to

IP(ATQBT) >1

1
N
Step 3: This is the main part of our proof. From now on, we assume that A7 and B both hold. The constants we use
are

=\/C>3+\/§,02=\/}n 6{03—2(2\f+4) (34)

where C' satisfies Assumption (A2), \/EiT > C+/logT and n > 3/2 as defined in Section Forj e {1,2,...,N}
define I JL and I ]R as in @ The location of the largest difference in an interval [s,e], 1 < s < e < T, is defined
as ds e = argmaxte{s’sﬂ)wefl}{\Xtﬂ — X;|} as in (@) and for K! = [d“"’%;“}, K" = [ed/\“’iﬁl} Kmax —
maX{Kl, K"}, define

Cin = max{ds,e - m)\T7 5}, m=20,1,... 7KmaX7
¢, =min{d, . + kAr — L,e}, k=1,2,... K™, (35)

Since the length of the intervals in () is dr/2n, A\r < d7/2n ensures that there exists at least one m €
{0,1,..., K™a} and at least one k € {1,2..., K™} such that ¢ € IjL and ¢}, € IJR forallj € {1,2,..., N} and
for all possible locations of the largest difference.

At the beginning of DAIS, s = 1, e = T and the first change-point that will get detected depends on the value of d; 7.
As already explained in Section forj € {1,..., N — 1}, the largest difference d; . will be at most at a distance 7 .

from the nearest change-point r; or 1, where 7 < % - %—T for §; = r;41 — ;. The first point to get detected
will be the point that is closest to the largest difference d; 7. The interval where the detection of this change-point

occurs, cannot contain more than one change-points, as was explained in Section [2.3]and is proved at (36).

We will show that there exists an interval [c},, ct], form € {0,1,..., K™®} and k € {1,2..., K™®}, such that the
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first change-point to get detected, 7, is isolated, assuming that d; 7 > 7 ;. A similar approach works for d; 7 < r.
The differences arise from the fact that the expansions are always performed starting from the right, which implies that
if the change-point is to the right of d; 7, an uneven number of expansions will be performed before the end-point of
the interval lies in (5). Without loss of generality, we suppose that J € {1,2,..., N — 1}. The result in the case that
J = N is easier to prove and so it is skipped, since, as can be seen by (9), the change-point will certainly be isolated
when detection occurs if dy 7 > 7. Note that since the closest change-point to the largest difference is r;, it must
hold that 51’ o =di, 7 —r;. We are now Con51der1ng the largest possible interval that may be checked before detection
occurs in the sense that the largest number of expansions will be performed. Detection is guaranteed when checking this
interval, but it may occur in any interval smaller than this. Showing that the change-point will be isolated in the largest
interval means that it will also be isolated in any of the smaller intervals. Since we are considering d; v > 7, the worst
case scenario, (meaning when DAIS checks the largest interval) occurs for m = k, cl €Iy L and ¢, —ry > or/2n, but
it does not necessarily hold that ¢}, € I%. So, 7, — c. < dorp/nand ¢ —dir+1l=dir— cl.. Tt follows that

czfcin leerlec 72(d1ch )71<2(d1T77'J+7"J70l)

o7

or
<2(5{T+;) <bs+ 5, (36)

where we used (6)) in the last step. Now, since r; — ¢}, < &7 / n, there can be at most one change- pomt in the interval
! _

¢+ 7). Considering the interval [r;, ¢;], using (36) and ry—cl, > dr/2n,itholds that ¢; —r; = ¢y —cl, +cl, —r; <

5J, so ¢}, < ry41 and 7y is isolated in [r;, c},]. The two results combined prove that the change-point is isolated in the

interval [c!,,, cf].

Now, we consider J € {1,..., N}. We will show that for b = argmax_, <t<er |X£l o
Using (32)), we have that

that ‘X

X5 | 2 %0 | 2 |7 | - VETos T, (37)
“mo mi“k m’-k
But,
— l
—c Dy 38
c ,ck ’\/ ck—cl (TJ—Cin—‘,—l)(r‘] — )f] (38)

o tl )y
- & —=rp)f,
(cf —cb, +1)(ch —ry) kT Il

(cg—ry)(ryg—dc,+1) (rg—c, +1)(c —ry)
fTJi fTJ-‘rl
c

(ch —c, +1) (cf —cb, +1)
_ =)y =, +1)Af (g =r)(rs—c, +1) Al
a—c, +1 2max{c} —ry,r;—c, +1}

_ \/min{c’,;—rj,rj—cl,n+1}Af

9 (39
If we show that 5
min{cf, —ry,ry —cj, +1} 2 o0 (40)
then, using Assumption (A2) and the results in (37) (38), @0), we have that
bl > ,/leg — /8logT > \/i?fT — /8log T
“m> -k n n——
1 2y2logT 1 2V2
N
\/ZR 5TiT 4n c
= Cayy/ 5TiT > (r 41

and thus, the change-point will get detected.
But holds as, for m = k, it holds that ¢}, —dy 7 +1 = dy v — ¢!, and so
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-IdeTng,thencZeIffandser—rJ>6T/2nandm—cﬁn+1:rJ—dl,T—i—dLT—cﬁn—&—l>
¢, —dir >cp—ryg>or/2n.

-Ifd1T>7’J,thencl EIJ andsorchﬁnJrl>5T/2nandc’,;fm:c’,;fd17T+d17TfrJ>
le—C —1>’I“J—C >(5T/2n

Therefore, we have proved that there will be an interval of the form [c,, il
Xt or| > Cr. For k* € {1,2,... K™} and m* € {k* — 1,k"},
denote by ¢,. > cL. and Cp < € the first leftn-l al;ld right-expanding points, respectively, that this happens and
« St<ch NG » with ‘Xb,

as ry is isolated m the mterval where it is detected Our aim now is to find v > 0, such that for any b* €

such that the interval contains 7

and no other change-point and MaXel <jccr

let by = argmax, : > (r. Note that b; cannot be an estimation of r;,j # J,

c

Clx
{e e ce + 1,0 ch — 1} with [b* — r']|( ‘,) > vr, we have that

(X) (% )2 42)

Proving @2) and  using the  definition  of by, we  can  conclude  that
2
by —r J|<A§> < 7. Now, using (TI), it can be shown, for ?° _ as defined in (30), that {@2) is equivalent

to
2 2 2
T b ~b* ~TJ
( chx Ck*) (fc * Ck*) > <€sz* Ck*) (6517,*’61?*)

2Pl (PN ) =W (P ). 43)

o *

Without loss of generality, assume that b* € [r, c;..) and a similar approach holds when b* € [c!,,.., 7). Using Lemma
[1} we have that for the left-hand side of {@3)),

(fr[’ ) (ff**7ck*)2: |ry —b*|(ry — Cﬁn* +1) ) (A{;)Q; _A (44

Conx 1Clor lrg —b*|+ (rj—c,. +1

m

Also, for the right-hand side
p* 2 2 3 \2
(ecl *9Ch ) B (EC[’ *5Cp ) = s7e,g}~?§l<e (68’6) = 8 log T (45)

and using Lemma T]and using (33),
2P (P o) =V (P >,e>

K* m* 1Cpex

<2||¢c e PV )V (P ) T

Using (@4)), @3) and @8), we can conclude that [@3) is satisfied if A > 8log T + v/2v/A/8log T is satisfied, which
has solution

2
A>(2\/§+4) log T
From (@4) and since
lry —b*|(ry — e +1) S lry —b*|(ry —c,. +1)
lrg—b*|+ry;—c,. +1 7 2max{|ry — b*|,r; — ! . + 1}

min{|r; — b*|,7; — cl,. +1}
2 )

we can conclude that

2
2(2v/24+4) logT logT
min{|ry — 0", ry —c\ . +1} > (2v2+4) log =528

(a1) (a2)

(47)
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implies (@2). Now, if

logT
min{r; —c . +1,cf. —r;} > Cng (48)

(49)

J
2
then (@7) is restricted to |r; — b*| (Af;) > C3log T and this implies (#2)). So, we conclude that necessarily
2

Iry — byl (Af}) < CylogT. (49)

2
But (@#3) must be true since if we assume that min{r; — cl,. +1,¢;. —r;} < C3log T/ (Af;) , then we have that

£b g

XSJ*, | Se e 8logT' < | f/ ,c;*‘+\/m
- \/(Cz* - ”)(r‘j “Cu H DAL RlogT
Chw — Copx + 1
< \/min{cz* —ry,ry— b+ 1}A‘§ ++/8logT
< (v/C5 +2v2)\/log T = C1\/log T < (r,
which contradicts | X byi*, . > (r.

Thus, we have proved that for Ay < 1 /2n, working under the assumption that both A7 and By hold, there will be

t
l

by —
an interval [c, ., cb.] with ’X el ‘> (r, where by = argmax,: < c.r | X,

or ’ is the estimated location for the
HRN AN

change-point r ; that satisfies

Step 4: After the detection of the change point r; at the estimated location b in the interval [c!,., c¥.], the process
is repeated in the disjoint intervals [1,cl,.] and [c}.,T], which contain r1,72,...,7;_1 and 7‘J+1,m+2, N
respectively. This means that we do not check if there are any more change points in the interval [c},., c}.], besides the
already detected r ;. Since cl,. > ¢l and ¢} < ¢}, it holds that [cl,e,ch] C ek, et 7] and the argument of (36) can be

used to conclude that r; is isolated in [c},., c&.].

Step 5: After detecting 77, the algorithm will first check the interval [1, c!,.]. So, unless r; = 71 and [1, ¢},,.] contains
no other change-points, the next change-point to get detected will be one of r1, 79, ...,7;_1. The location of the largest
difference in the interval [1, c,.], dy . . , will again determine which change-point w111 be detected next. If d; . o, is at
a position that the next detected change -point, as explained at the beginning of Step 3, will be one of 71,72, .. " , T2,
then we can prove exactly as we did for 7y that there will eventually be an interval with end-points far enough from the

change-point that allows detection while the change-point is isolated.

Now, we need to discuss the case that the next change-point to get detected is r ;1. This is the closest change-point to
the already detected r; so the end-point of the interval where DALIS is reapplied to depends on the interval where the

detection of r; occurred. As before, for ky_q1 € {1,..., K™} and mj_; € {kj—1 — 1,k;_1} we will show that
: l T l ! s T 1 : : : :
ry—1 gets detected in [ij‘,,lﬂck}_l]’ where Com, 2 Coyy and s < Chy s < ¢,,~ and its detection is at location
_ ot
by_1 = argmax . <t<el, X, Lo |
my_1 J-1 m’ LY

which satisfies ‘m 1 — by_ 1‘( 7 1) < CslogT. Firstly, rj_;1 is isolated in the interval [cfmfl,ckj_l]

using the same argument as in (36). Following similar steps as in (38), we have that for by1 =

Yt
argmax ; ’Xl
g ¢:m',_1§t<ck]71 c

C b
my_1""ky_1

>

b
’Xll .

(&
J—-1""kj_1

f;;jll i —+/8logT

min{cj, —Trj_1,Tj— 1—Cm +1
>\/ { ky_1 5 J—1 }Ajfl. (50)
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Before we show that mim{cgk1 —ry_1,ry_1—c, . +1} > 07/2n, we need show that . satisfies L . —ry 1 >
o7 /2n since ¢, > ¢ . Itholds that

Cin*fr‘]_lzcin*7TJ+TJ*TJ_1ZC%7TJ+5‘]_1.

We are again concentrating on the worst-case scenario, meaning that both end-points are at least at a distance d1/2n
from the change-point. More precisely, either .. € I or ¢ € I%, and the other end-point could be further than 7 /n

from the change-point. If cﬁh € IL, then, since n > 3 /2, the above inequality becomes

-1 or
) —.
T>2n

If instead ¢} € [ R then using (@) and the fact that dy 7 — cl;, < ¢; — da,r due to the way the expansions occur,

~ 6T n
Cin*_rJflZC%_TJ+§J71>—;+1+5T>

rg—cn=r;—dip+dir—ch <8 +cf—dir

1)
<OIF e gty —dyr < 28]+
n

(5J,1 35T 5T N 5T
< 2( - 7) T, - L
- 2 dn + n ™
and so 5 5
Cin*—TJ 1>C~—7"J+(5J 1> 6] 1+7+(5J 1—l
2n 2n
This means that the right end-point of  the interval could eventually satisfy
CZJ,I —7rj-1 > 07/2n for some k;_; since the largest it can become is CZJ,l = cﬁn*. As in Step 3, the

detection could happen before this is satisfied. For the left end-point of the interval, the same holds as in Step 3. In any
case, min{cy — 71,751 — + 1} > é7/2n holds and so, from (50) we have that

I /6
> ﬁAﬁfl —+/8logT > ﬁiTe— \/8logT

> (1_2‘C{§>\/$fT:CQ\/EfT>§T.

771] 1

)XbJ 1

mjy_1 7ckJ—1

Vian
Therefore, we have shown that there exists an interval of the form [cf%] G ] with
A J—1
't
max,. <b<er Xcl o > (r.
Cring 1= kj—1 Mmy_1"ky

Now, denote cﬁn} E c;*l the first points where this occurs and b;_; as defined above with X by—1 o > (r. We

sCp
mJ 1 kJ71

can show that fr J-1—by_1 | ( T 1) < CslogT, following exactly the same process as in Step 3.

After detecting r;_; in the interval [¢! Con 2 Che ], DAIS will restart on intervals [1, c! ] and [023 o cl..]. DAIS

will also check [c}.,T], as described in Sectlon I Step 5 can be applied to all 1ntervals, as long as there is a
change-point. We can conclude that all change-points will get detected, one by one, and their estimated locations will

2
satisfy |rj —b; | (A;) < CslogT,Vj € {1,2,...,N}. There will not be any double detection issues as each interval
contains no previously detected change-points.

Step 6: After detecting all the change-points at locations by, be,...,by using the intervals [cl x CZ] for
j € {1,..., N}, the algorithm will check all intervals of the form [c},. cp,.] and [c}., cfn* Jowith ¢, = 1 and
J— J J J
CZJ*V“ =T. Atmost N + 1 intervals of this form, containing no change-points, will be checked. Denoting by [s*,€e*]
any of those intervals, we can show that DAIS will not detect any change-point as for b € {s*,s* +1,...,e* — 1},
’Xs o< f*’e* +1/8log T = \/8log T < C1\/log T < (r.

The algorithm will terminate after not detecting any change-points in all intervals.
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C Outline of the proof of Theorem 3|

Before providing the outline of the proof, we need some notation. For 1 < s < b < e < T, we denote
> > S S Sbi [ e—b b b_ L

by Xg,e T (Xsb:cleg,’ga s 7Xg,’g)’ where Xg:g - e(be_s_g_l) Zt:s Xt,j 4/ g(es_—;% Zfzb_,_l Xt,j, which is

equivalent to (I3), ¢ = e — s+ 1 and X, ; is the 4 component of Xy, for j € {1,...,d}. Furthermore,

£b ._ (Fbl Fb,2 £b,d b .  [/__e—b b . [b—s+1 \e s
fs,e C ( s,erdsert s,e)’ where fsé - n(b—s+1) Zt:s ft,_] - n(e—b) Zt:b+1 ft,] is the value of the

CUSUM statistic at the location b, when we work in the interval from s up to e, for the 5" underlying component
signal. Also, for L(-) any mean-dominant norm as those in (26)), and for || being the vector of the absolute value of the

elements of an ¢ € R, %, = L (‘X’g’e ) and D%, =L ( ft.

) . Proving Theoreminvolves the following steps:

Step 1: We show that the values of the mean-dominant norm of the contrast function of the observed and unobserved
signals, L (X'g’e) and L ( f;’,e} are uniformly close, for all 1 < s < b < e < T. Using the mean-dominance
property as given in p.190 of [I1], it holds that 0 < Li(z) < L(z) < Loo(z),Vx € (RY)* and so, for

Ay = {mamsgb<egL(]X;ef;’,e]) < /8log (Tdi)} and Ap = {maxlgssb«glc‘i’,ef??,e <

1/8log (Tdi)}, it holds that A% C Ap. From the definition of our model in (23), we have that

€ ~ Ny(0,%),Vt € {1,...,T} and, using the Bonferroni inequality, we can show, following similar steps
as those in [4]], that P ((A%.)) < 1/(12+/7T'), which implies P (A7) > P (A%) > 1/(12/7T).

Step 2: We control the distance between L (X g’le) —L (X' gfe) and L ( f:;) —L ( f ffe) , for all possible combinations

of s,e,b1,be, where 1 < s < e <T.For f, = (fik,..., fr)and for [s, e] being any interval that contains only one
true change-point, namely r;, we denote

(w8 o (Fur 8,0 ) = it (Fus 73, ) )
(98,0 (fus 00 ) = w3t (Fies 072, )
where ¢}, is defined in (30). In (51)) above, k € {1,...,d}, while ||-||2 is the Buclidean norm. Due to ¢ s, t = 1,...,T
following the standard normal distribution for all & € {1,...,d} (with the univariate error terms being independent

over time, but possibly spatially dependent), then straightforward calculations lead to Agﬁe(kz, r;) ~ N(0,1),Vk €
{1,...,d}. For

AL (k1) : (51)

‘ 2

- 1 s ()
Br=g ey, e s ] < Stos (T2 1 62
k=1,....d rj<e§'rj+1
s<b<e
we can show that P (Br) > 1 — 1/(12+/7T) using a similar procedure as in Step 1. From Steps 1 and 2, we conclude

Step 3: Working under the assumption that both A%, (and thus also A7) and By hold, we show that detection in an
interval where the change-point is isolated will occur and so the proof can be restricted to an interval with a single
change-point and we also prove that the estimated and true change-points are close to each other. The values used in this

step for the positive constants C, C, and C3 of Theorem are C1 = \/03+\/§, Cy = \/% — %, C3 = 2(2\/5—1-4)2.

The order with which the change-points are detected depends on the location of the largest difference at each step
of the algorithm and so, without loss of generality, we assume that the first change-point to get detected is r; for
J€{l,...,N}. Forcl,,ch as defined in (33), ¢!, € I% or ¢ € I% hold (or both), with IL, I as defined in (§), and
showing that the change-point will be isolated in [c!,, ¢f] is the same as for Theore Step 3. It can be shown that for

— t b : :
b=argmax. <iccr Cclm,c;’ C’Cimc2 > (7,4, S0 77 can be detected in the interval.

Now, for k* € {1,..., K™} and m* € {k* — 1,k*}, we denote by cl,. > ¢! and ¢;. < c} the first left-
and right-expanding points, respectively, where detection of r; occurs. Showing that the estimated and true
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change-points are close to each other requires working on the two mean-dominant norms of (26) separately.

_ |fTJ 1,97 f?”J7 J|’ when L() = LOO(')
and a; = {Lg(ZJq), whenqL(-) = Lo(")

that |by — | a% < Cslog (Tdi) . This can be done using a contradiction argument, based on the fact that for any

J

, , we show
w1 Clox

Denoting by ¢; = argmax;_; 4 ‘X’Z"

m

~ 2 ~ 2
b* € {che,... cl. — 1} with [b* — ;] a2 > log (Tdi), it holds that (XCT;”‘”,. ) > (Xbl . ) , which, using

T
m* I k* m k*

the definition of b, cannot be true. The detailed proof of this is skipped, but we highlight that it basically relies on a
combination of the strategy followed in [4] that the consistency of the MID algorithm was proved, and the approach
followed in our Theorem ] Step 3.

Step 4: We show that when the algorithm re-starts, no change-points are left undetected and that the new intervals
allow for the detection of the remaining change-points. The first part is immediate, as from Step 3 we know that the
change-point was isolated in the interval in which detection occurred. Since the change-point was detected in the
interval [c!, ., ct.], MDAIS restarts on [1,c!,.] and [c}., T]. The proof that detection of 7; occurs is the same as in
Step3forall j € {1,...,J —2,J+2,...,N}. We focus on j = J — 1 and similar steps hold for j = J + 1. For
kro1e{l,...,K™*}andmy_1 € {kj_1—1,ks_1}, we will show that r ;_; gets detected in [cﬁnj E cz,; 1], where

Cﬁn; = e, ,_, and 02371 <, , < ¢l .. The upper bound of the last inequality is the reason why 7;_; should be
considered separately, as the right end-point of the interval where detection will occur is upper bounded by the left end-

point of the interval in which r ; was detected. The detectionof r;_; isatb;_; = argmax. <t<er Czl
my = ki

m* sC

J—1 J—1
Following similar steps as in Step 3, we have that Cfl'] .
my_y’

«a - {'fTJ,QJl - f"‘J—laQJ—l ‘7 when L() = Loo()
T T\ La(Ay_1), when L(:) = Ly(+) ’

- > (r,q4. Now, with

k71

Xbehj
1
Cmy %y

the proof, that [by_1 —r;_1]a%_, < Cslog (Td1/4).

forgj—1 :=argmax;_;, 4 , it is straightforward to show, following the same process as Step 3 of

r

Step 5: Finally, when no change-points are left, the algorithm terminates. After detecting all the change-points at
locations by, b, . .., by using the intervals [c,lm*_ ] for j € {1,..., N}, the algorithm will check all intervals of the
J J

form [02;71 , cﬁn;] and [cg;, 571;+1], with clmg =1and cZ*NH =T. Atmost N + 1 intervals of this form, containing no

change-points will be checked. Denoting by [s*, e*] any of those intervals, for b € {s*,s* +1,...,e* — 1},

Cloe < Db+ \/ 8log (Td*) = \/ 8log (Td%) < C1y flog (Td) < ¢ra

and the algorithm terminates.
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Abstract: In this supplement we provide further simulation results, an investigation of the impact of the values of the
expansion parameter, Ar , and the threshold constant in the performance of the algorithm, as well as the step-by-step
proof of Theorem 2, which shows the consistency of our method in accurately estimating the true number and the
locations of the change-points in the case that the underlying signal ft is continuous, piecewise-linear.

S1 Further simulation results

Some further simulation results are presented in Tables [ST]and [S2| for piecewise-constant signals and Tables [S3|and [S4]
for continuous, piecewise-linear signals. The signals used are:

(S812) justnoise: sequence of length 6000 with no change-points. The standard deviation is o = 1.

(S13) long_stgnal: sequence of length 11000 with 1 change-point at 5500 with values before and after the change-
point 0 and 1.5. The standard deviation is 0 = 1.

(S14) small_dist3: sequence of length 1000 with 6 change-points at 100, 130, 485, 515, 870, 900 with values
between change-points 0, 1.5, 0, 1, 0, 1.5, 0. The standard deviation is o = 1.

(S15) teeth: piecewise-constant signal of length 270 with 13 change-points at 11, 31, 51, 71,91, 111, 131, 151, 171,
191, 211, 231, 251 with values between change-points 0, 1,0, 1, ..., 0, 1. The standard deviation is o = 0.4.

(S16) justnoise_wave: piecewise-linear signal without change-points of length 1000. The starting intercept is
f1 = 0and slope fa — f1 = 1. The standard deviation is 0 = 1.

(S17) wave4: continuous, piecewise-linear signal of length 200 with 9 change-points at 20, 40, . . ., 180 with changes
in slope 1/6, 1/2, -3/4, -1/3, -2/3, 1, 1/4, 3/4, -5/4. The starting intercept is f1 = —1 and slope fo — f1 = 1/32.
The standard deviation is o = 0.3.

(S18) wawved: continuous, piecewise-linear signal of length 350 with 50 change-points at 7, 14, . . ., 343 with changes
in slope -2.5, 2.5, ..., 2.5, -2.5. The starting intercept is f; = —0 and slope fo — f; = 1. The standard
deviation is o = 1.

The general conclusions form the tables are that DAIS performs at least as well as the competitors, often having an
advantage in computational time and accuracy compared to the best performing competitors. Signal (S12), in Table
has no change-points. Most algorithms have very good results with negligible differences in the accuracy in the number
of change-points detected. Similar conclusions hold for Signal (S13), in which the large length of the signal forces
some algorithms, especially MSCP, to be extremely slow. Moreover, comparing DAIS with ID_th which use the same
value for the expansion parameter A, it is evident that DAIS requires a smaller number of expansions and thus is faster.
Signal (S14) in Table [S2]indicates that in this difficult structure, where pairs of change-points are close to each other
and move towards opposite directions such that they ‘cancel’ each-other out, ID_th has the best performance, followed
by DAIS and MOSUM, in terms of accuracy with respect to the number of change-points detected and the MSE. For the
Signal (S15) all algorithms perform similarly. Regarding continuous, piecewise-linear signals, the Signal (S16) in Table
[S3]has constant slope and no change-points. In this signal, all algorithms perform very well, apart from the MARS,
TF, and local_poly methods, which seem to exhibit some overdetection issues. Among the top performing algorithms,
DAIS and ID_ic have the lowest computational time. Regarding the performance of the competing methods in Signals
(S17) and (S18) as shown in Table [S4] DAIS and ID (combined with either the thresholding or the information criterion
stopping rule) exhibit very good performance in both signals in terms of accuracy for both the estimated number and
the estimated locations of change-points. CPOP has slightly worse (but still quite accurate) performance in both signals.
NOT and TS are among the top performing methods in (S17), but not in (S18).
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Table S1: Distribution of N — N over 100 simulated data sequences of the Signals (S12) and (S13). The average MSE
and computational times are also given.

N-N
Method Signal | -1 0 1 122>3 MSE dy Time (s)
DAIS -9 T o0f1] 0 1.87 x 10~% - 0.237
ID_th -1 92350 3.59 x 10~4 - 0.458
ID ic - 1100 0 |O| O | 1.39x 104 - 0.193
WBS_th -lo91 | 81| 0 2.15 x 10~* - 0.050
WBS _ic - 1100 0 |O| O | 1.39x 104 - 0.073
WBS?2 -9t |53 1 2.75 x 10~* - 3.570
PELT - 1100 0 |O| O | 1.39x 104 - 0.003
NOT (S12) | - 100 O O] O | 1.39 x 10* - 0.085
MOSUM -l 9% 214 0 2.96 x 10~ - 0.028
MSCP - 1100 0 |O| O | 1.39x 10°* - 83.25
SeedBS_th -1 8 111 0 1.59 x 1074 - 0.041
SeedBS_ic -9 [ 1]0]| O 1.68 x 10~* - 0.041
DP_univar -1 0 | 0]0|100]| 372x107% - 30.70
SMUCE -1 78 2210 0 3.60 x 10~* - 0.070
MsFPOP -197 30| 0 2.14 x 1074 - 0.039
DAIS 099 [0 |1] 0 [433x10% | 43.10x107°* 0.322
ID_th 0193|2150 5.61 x 10~ 135.00 x 104 0.471
ID_ic 0100 0 |[O| O | 437x10"% | 1.15x 104 0.391
WBS_th 098 |2 1]0| 0 | 433x10°4 5.74 x 1074 0.083
WBS_ic 0100 0 |0|] O | 419%x10~% | 1.06 x 10~4 0.118
WBS2 092|341 5.46 x 10~4 176.00 x 10~* 6.380
PELT 0100 0 |0|] O | 419 x10~%* | 1.06 x 10~4 0.004
NOT (S13) | 0 |100| O |O| O | 419x10~% | 1.06 x 104 0.127
MOSUM 092 |21]6| 0 5.49 x 10~* 203.60 x 104 0.049
MSCP 6193 |1 |0 0 |341.35x107* | 334.74 x 10~* | 276.294
SeedBS_th 019 |10[0| 0 | 4.30 x 1074 | 223.00 x 10~* 0.052
SeedBS _ic 0100 0 O] O | 419x 104 | 1.06 x 104 0.052
DP_univar 0| 0 | 0|0 100| 368x10"* | 4840.00x 10~* | 190.80
SMUCE 09 |7 13| 0 5.08 x 1074 269.00 x 104 0.117
MsFPOP 09 | 10| 0 | 432x10"% | 2320x 10 0.068

S2 Investigation of the impact of parameter choice on accuracy

In this section, we investigate the impact of the expansion parameter, Ay, and the threshold constant, C, in the accuracy
of DAIS using a small simulation study. The setup and signals used are the same as in Section [5]of the main paper
and Section The values used for the expansion parameter are Ay € {1,3,5,10,15,20} and for the threshold
constant C' € {1.5,1.6, ..., 1.9} for the case of piecewise-constant signals and C' € {1.9,2,...,2.3} for continuous,
piecewise-linear signals. The results in Table [S5|indicate that our algorithm is robust to small and moderate changes of
Ar. Tables|S6|and [S7|indicate that any value of the threshold constant in the intervals [1.5, 1.9] for piecewise-constant
and [1.9, 2.3] for continuous, piecewise-linear signals has good estimation accuracy.

S3 Proof of Theorem

For the proof of Theorem 2] we require the following two lemmas.

Lemma 2. Suppose f = (f1, fo,..., fT)T is a piecewise-linear vector and r1,rs, ..., N are the locations of the
change-points. Suppose 1 < s < e < T, suchthatrj_1 < s <r; < e < rjq1, forsome j =1,2,... N. Let
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Table S2: Distribution of N — N over 100 simulated data sequences of the Signals (S14) and (S15). The average MSE,
dyr and computational times are also given.

N —N
Method Signal | < -3 | —-2| —-1] 0 1 12| >3| MSE dg Time (s)
DAIS 0 15 3 /8] 0 |2 0 0.0321 | 0.067 0.004
ID_th 0 2 2 |8 | 5 |4 1 0.0303 | 0.031 0.005
ID_ic 2 35 0 |63 010 0 0.0358 | 0.145 0.016
WBS_th 0 4 7 71|14 |3 1 0.0307 | 0.049 0.009
WBS_ic 2 33 1 64| 0 |0 0 0.0337 | 0.140 0.029
WBS2 0 6 51701 9 |6 4 0.0306 | 0.048 0.504
PELT 26 65 0 9 010 0 0.0596 | 0.437 0.001
NOT (S14) 2 33 1 64| 0 |0 0 0.0332 | 0.139 0.043
MOSUM 0 13 2 1791 3 |3 0 0.0287 | 0.063 0.015
MSCP 95 5 0 0 010 0 0.1390 | 0.593 2.610
SeedBS_th 0 4 23 |50 |15 |7 1 0.0338 | 0.049 0.019
SeedBS_ic 1 29 2 1633 |1 1 0.0331 | 0.122 0.019
DP_univar 0 0 0 2 6 | 4| 8 | 0.0602 | 0.126 0.139
SMUCE 0 8 30 148 | 5 |0 0 0.0405 | 0.034 0.005
MsFPOP 2 34 1 63| 0|0 0 0.0332 | 0.143 0.004
DAIS 0 0 1 94 | 4 |1 0 0.0272 | 0.010 0.002
ID_th 0 0 2 |8 | 1010 0 0.0270 | 0.012 0.003
ID_ic 0 0 0O |8 | 11 |3 0 0.0272 | 0.011 0.008
WBS_th 0 0 1 84 | 14 | 1 0 0.0231 | 0.011 0.004
WBS_ic 0 0 0 (93| 7 1|0 0 0.0229 | 0.008 0.010
WBS2 0 0 1 9% | 3 | O 0 0.0231 | 0.008 0.096
PELT 1 6 31901010 0 0.0263 | 0.016 0.001
NOT (S15) 0 0 0 94| 6 |0 0 0.0242 | 0.008 0.018
MOSUM 0 0 0 |95| 3 |2 0 0.0226 | 0.008 0.008
MSCP 100 0 0 0 010 0 0.2110 | 0.261 0.242
SeedBS_th 0 2 9 |77 |10 | 2 0 0.0283 | 0.018 0.026
SeedBS_ic 0 0 0 [93| 5 |2 0 0.0240 | 0.009 0.026
DP_univar 49 18 2 1311010 0 0.0889 | 0.210 0.003
SMUCE 8 13 25541010 0 0.0598 | 0.029 0.002
MsFPOP 100 0 0 0 010 0 0.2500 | 0.930 0.001

Table S3: Distribution of N — N over 100 simulated data sequences of the Signal (S16). The average MSE and
computational times are also given.

N-N
Method Signal 0 1 2 | >3 MSE Time (s)
DAIS 100 | O 0 0 [212x103 0.032
ID_th 100 | O 0 0 | 212x10"3 0.049
ID_ic 100 | O 0 0 |212x10°8 0.033
CPOP 100 | O 0 0 2.45 x 1073 3.220
NOT (S16) 98 2 0 0 2.46 x 1073 0.427
MARS 0 100 | O 0 5.25 x 1073 0.006
TF 11 51 |30 ] 8 5.29 x 1073 0.420
TS 100 | O 0 0 |212x108 0.618
local_poly 10 5 17 | 68 6.47 x 1073 33.000
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Table S4: Distribution of N — N over 100 simulated data sequences of the Signals (S17) and (S18). The average MSE,
dyr and computational times are also given.

N-N
Method Signal | < —-15 | (=15,-2] | =1 ] 0 | 1 | [2,15) | > 15 | MSE | dy | Time (s)
DAIS - 0 0 [9% | 4 0 0 0.022 | 0.104 | 0.003
ID_th - 0 0 |95 | 4 1 0 0.021 | 0.108 | 0.002
ID_ic - 0 0 19| 9 1 0 0.021 | 0.112 | 0.016
CPOP - 0 0 | 87|12 1 0 0.081 | 0.122 | 0.017
NOT (S17) - 0 0 9 | 3 1 0 0.015 | 0.088 | 0.065
MARS - 84 131310 0 0 3.720 | 2.160 | 0.003
TF - 0 0]0/|O0 21 79 | 0.024 | 0433 | 0.097
TS - 0 0 |9 | 4 0 0 0.094 | 0.198 | 0.110
local_poly - 100 010/|0 0 0 0.331 | 0.956 | 0.095
DAIS 0 1 2 196 | 1 0 0 0.463 | 0.300 | 0.008
ID_th 0 0 2 1971 0 0 0.428 | 0.251 | 0.008
ID_ic 0 2 0 |97 |1 0 0 0.476 | 0.287 | 0.045
CPOP 0 0 0 |89 |11 0 0 1.650 | 0.323 | 0.025
NOT (S18) 1 0 3 179110 7 0 0.611 | 0.831 0.094
MARS 100 0 0]0/|O0 0 0 6.590 | 48.00 | 0.003
TF 0 0 0100 82 18 1.200 | 0.323 | 0.110
TS 100 0 0]01|O0 0 0 6.650 | 49.00 | 0.197
local_poly 100 0 0100 0 0 6.610 | 5220 | 0.639
Af = |2frj — frj41 — frj,1| and n = min{r; —s,e —r;}. Then,
[ s el
Cs,e(f) SISIEE(E Cs,e(-f) { S %(T] + 1)3/2A]f
Proof. See Lemma 5 from [[1]. O
Lemma 3. Suppose f = (f1, f2,. .., fT)T is a piecewise-linear vector and 1,73, ..., TN are the locations of the

change-points. Suppose 1 < s < e < T, suchthatr;_; < s <r; <e < 1y, forsomej =1,2,...,N. Let
pP= ‘T - b‘ 7A{ = |2f7'j - frj—i-l - frj—l
2

12 L (F, 88 ) — &L (F, 0L 3 = (C(£)) — (CL(F).

ML =71; —sandnr = e — r;. Then,

In addition,

21 3(AS Z,
= gz min{p, L} i)

1. foranyr; <b<e, (C’;’e(f))2 - (C’f,e(f))

T 2 b 2 1 : 3 f 2

2. forany s <b <rj, (C’s,e(f)) — (Cs7e(f)) = g3 min{p,nr} (Aj> .
Proof. See Lemma 7 from [[1]. O

The steps of the proof of Theorem [2] are the same as for Theorem [T} which can be found in Appendix [B] We work under

the notation in (I2)), (13) and (T4).

Proof. We will prove the more specific result

N 2/3 - 1
— Ao ! 1/3 —
IP’(N = N’j—{l,g?.(.,N(hj 7] (Aj) >§ Cs3(logT) )2 1 6 /T (S1)
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Table S5: Distribution of N — N over 100 simulated data sequences of signals for Ay € {1,3,5,10, 15,20}, for the
piecewise-constant Signals (S1), (S3), (S4), (S12) and (S15), and the continuous, piecewise-linear Signals (S9) and
(S10). The average MSE, d and computational times are also given.

N-N
Ar | Signal | <3| -2 | -1 0 1 12| >3 MSE dp Time (s)
1 - 11 4 | 82 1 |1 1 0.013 0.076 0.010
3 - 131 2| 85 010 0 0.012 0.073 0.004
5 S1) - 16 | 3 | 79 210 0 0.013 0.095 0.003
10 182 | 77 2 |1 0 0.013 0.102 0.002
15 - 21| 2 | 76 0 |1 0 0.014 0.114 0.001
20 - 221 2| 73 2 |1 0 0.014 0.122 0.001
1 0 0 1 95 410 0 0.022 0.009 0.003
3 0 0| 0| 98 210 0 0.022 0.009 0.003
5 (S3) 0 0| 2| 97 110 0 0.022 0.009 0.002
10 0 0| 5| 95 0|0 0 0.025 0.011 0.002
15 0 01| 3| 92 510 0 0.026 0.012 0.002
20 0 01| 3| 91 511 0 0.028 0.013 0.003
1 0 1 0| 89 9 |1 0 1.800 0.017 0.003
3 0 1 0| 89 9 |1 0 1.750 0.018 0.002
5 (S4) 0 1 0| 92 710 0 1.790 0.016 0.002
10 0 1 0| 95 4 10 0 1.750 0.015 0.002
15 0 4 | 0| 91 510 0 1.830 0.018 0.002
20 0 6 | 0| 93 1 |0 0 1.890 0.018 0.002
1 0 0| 0/ 98 210 0 0.031 0.089 0.028
3 0 0| 0| 98 210 0 0.030 0.086 0.011
5 (S9) 0 0| 0| 99 1 |0 0 0.029 0.085 0.007
10 0 0| 0| 98 210 0 0.028 0.083 0.004
15 0 0| 0| 99 1 |0 0 0.026 0.082 0.004
20 0 0|0 |100| 0 |0 0 0.025 0.072 0.003
1 0 0] 0| 9 410 0 0.292 0.325 0.034
3 0 0| 0| 98 210 0 0.265 0.297 0.024
5 (S10) 0 1 0| 97 210 0 0.246 0.299 0.023
10 0 0| 0| 99 110 0 0.215 0.251 0.021
15 0 0|0 |100| 0 |0 0 0.228 0.247 0.021
20 1 0| 0| 81 16 | 2 0 0.375 0.385 0.021
1 - - - 99 0|1 0 1.9 x 10717 - 0.599
3 - - - 1100 O |O 0 1.5 x 10~* - 0.209
5 (S812) - - - 1100 0 | O 0 1.5 x 10~4 - 0.124
10 - - - 1100 0 | O 0 1.5 x 104 - 0.062
15 - - - 1100 0 | O 0 1.5 x 1074 - 0.037
20 - - - 1100 0 | O 0 1.5 x 104 - 0.032
1 0 1 0| 92 710 0 0.028 0.011 0.004
3 0 1 0| 94 510 0 0.027 0.011 0.003
5 (S15) 0 1 0| 96 310 0 0.026 0.010 0.003
10 0 1 0| 97 1 |1 0 0.025 0.009 0.002
15 0 0|0 |100| 010 0 0.025 0.008 0.003
20 1 0| 0| 98 1 |0 0 0.026 0.011 0.003

which implies result of the main paper.
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Table S6: Distribution of N — N over 100 simulated data sequences of signals for C' € {1.5,1.6,1.7,1.8,1.9}, for the
piecewise-constant Signals (S1), (S3), (S4) and (S14). The average MSE, dy and computational times are also given.

N—-N
C |Signal [ <3| 2|-1] 0 | 1|2]|>3|MSE| dy | Time(s)
s [ 4 268 [12[12] 2 |0015] 009 | 0.004
1.6 8218 | 3| 1] 1 |0013]0062]| 0.004
170 S | - |14 2|8 |0 0] 0 |0013]0078]| 0004
1.8 -2t 2177100 0 |0014]0.113]| 0.004
1.9 - |28 4168 0|0]| 0 |0016]|0.149 | 0.004
5 0 |0 09 |8 | 1] 0 |[0021]0.009] 0002
1.6 0 lo|o|l9 |50 0 |0021]0008]| 0002
171 3 | o oo |98 |20 0 |002]000 | 0002
1.8 0 lo|3[9 |1]|0] 0 |002]0010]| 0002
1.9 0 | 1]10[8 |0 0] 0 |0024]0.013]| 0002
5 0 | 0] 0 72 21| 3| 4 |1.89 |0.022 0002
1.6 0 lo|o| 8 |[15|3] 0 |178 0018 0002
17! 4 | o | 1|08 |9 | 1] 0 |175 /0018 0002
1.8 0 l2]0]9 |1 | 1] 0 |1730]0016]| 0002
1.9 0 |3/0]l9 |0 1] 0 |1760]0.017]| 0.002
5 T - - [ 756 16| 3 [0001]| - 0.197
1.6 -l - -193]2|5] 0o |o0001 . 0.222
170612y - | - | -199 o 1] 0o |0001]| - 0.216
1.8 -l - -19lo|1] 0o |o0o001]| - 0.223
1.9 - |- -1]1wo]ol|lo]| o |o0o001]| - 0.231
5 0 [0 0 74 [16] 6 4 [002700i3 | 0002
1.6 o lo|o|8 |7 |21 2 |0027]0011]| 0002
1.7/ 615 | 0o | 1o |9 | 5|0 o |0027]0011]| 0.002
1.8 1 1]0o]l9 |20/ 0 |0027]0013]| 0002
1.9 1 | 4|19 |1]0] 0 |0028]0017]| 0002

Table S7: Distribution of N — N over 100 simulated data sequences of signals for C' € {1.9,2,2.1,2.2}, for the
continuous, piecewise-linear Signals (S9) and (S10). The average MSE, dy and computational times are also given.

N-N
C |Signal | <3 |-2]|-1| 0 |1]|2|>3| MSE | dyg | Time(s)
1.9 0 010]92 80| 0 |0.032]|0.097 | 0.009
2 0 00|97 |3[0] 0 |0.032|0.091 0.010
2.1 | (S9) 0 00| 9 20| 0 |0.030)0.087 ]| 0.010
22 0 0109 |1[0] O |0.029]|0.083 | 0.009
2.3 0 0|0[100 00| O |0.028|0.075| 0.010
1.9 0 0107] 92 |7]|1 0 |0.269 | 0.304 | 0.018
2 0 00| 9% [4]0] 0 |0.265]|0297 | 0.017
2.1 | (S10) 0 00|99 [1]0] O |0.265]|0295 | 0.017
22 0 10|97 (2]0] 0 |0.267|0.311 0.018
2.3 0 110]9 [(4(0] 0 |0270| 0329 | 0.032
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Data-adaptive structural change-point detection via isolation

Steps 1 & 2: Similar to Theorem [T} denote

Ar = { max |ICY (X)=CL.(f) < \/SIOgT}

s,b,e:1<s<b<e<T

(6418050~ 81158306

B} =< max max < +/8logT ». (S2)
Jj=12..,.N ’l"]‘71<8§7‘]’ ||¢l,g),e<.f7 d)g’e> - ¢:,e<.f7 ¢;,e>||2
rj<esrjty
s<b<e

The same reasoning as in the proof of Theoremleads toP(A%) >1—-1/(12y/#T) and P(B}) > 1 —1/(12y/nT).
Therefore, it holds that
1

67T

Step 3: From now on, we assume that A% and B/ both hold. The constants we use are

P(AT-NBr)>1—

2 s 1 2v2 ! 2
C’:\/>C’2 8, Co=—=—-———, (C3=0633(2v2+4)3,
1 503 +8 2= s O 3 (2V2 + 4)
where C* satisfies Assumption (A3), 5;/2iT > C*/logT and n > 3/2. As before, for j € {1,2,..., N} define IJL
and IJR asin (®). For ds . = argmaxte{&sﬂpwe_z}{|Xt+2 —2X:11 + X¢|} being the location of the largest difference
detected in the interval [s,e], 1 < s < e < T, define ¢!, and ¢}, as in (33) of the main paper. Since the length of the

intervals in () is d7/2n, Ar < d1/2n ensures that there exists at least one m € {0,1,..., K™} and at least one
ke {1,2..., K™} such that !, € IjL and ¢}, € Iijorallj e{1,2,...,N}.

At the beginning of DAIS, s = 1, e = T and the first change-point that will get detected depends on the value of d; 7.
As already explained in Section forj € {1,..., N —1}, the largest difference d; . will be at most at a distance 5{7T

from the nearest change-point r; or r;1, where 6{7T < % - %f for Sj = rj4+1 — r;j. The first point to get detected
will be the point that is closest to the largest difference dy 7. The interval where the detection of this change-point

occurs, cannot contain more than one change-points, as was explained in Section[2.3]

Without loss of generality, we suppose that the first change-point to get detected is r; for some J € {1,2,...,N}.
We can show that there exists an interval [c!,,, ¢t ], for m, k € {0,1,..., K™}, such that r, is isolated using exactly

the same argument as in (B7) of the main paper. We will now show that for by = argmax. <y..r C’é, o (X), then
~ m = mCr
Csii,cg (X) > (r. Using (S2), we have that

Co (X)>Cl (X)) >0l (f) = /BlogT. (S3)

From Lemma 2] we have that

3

1 5
Ty > : 1 o f
Cclm,c;; (f) > 75 (mln{r_] Cons Ch m}) A7

Showing that
min{c; —ry,r;—c } > o
koot mh = on”
follows the exact same steps as Step 3 in the proof of Theorem[I]and will not be repeated. Now, using Assumption (A3)
and the results in (S3), (S4), we have that

3 3
. 1 /6p\2 1 [or\?
Y X) 2 (22) Aj - 8logsz(zf;) fr = V/8logT

< 1 2\/210gT>53/2f >( 1 2ﬁ>5g/gf
8v/3n3 5§/QiT Ter=\gy3p3 Cx )T =T

= OgdiﬂiT > (r

and thus, the change-point will get detected.

(84)

(85)
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l

Therefore, there will be an interval of the form [cm, ci], such that the interval contains r; and no other change-point

and max <t<er Cl (X)) > ¢r. For k*,m* € {0,1,... K™*}, denote by clye > ckoand . < ¢; the first
m — : mCL
left- and right-expanding points, respectively, that this happens and let b; = argmax. ,_.r C’ﬁl o (X)), with
m* — k* m* 1Clex
cby

(X)) > (r. Note that b; cannot be an estimation of r;, j # J, as r; is isolated in the interval where it is

r
Cm’* VCk*

2
detected. Our aim now is to find 57 > 0, such that for any b* € {cl, ., c\ . +1,... c;. —1} with [b* — 7| (A?) > A,
we have that

(Cy (X)) (cj’j**)c (X))Q. (S6)

Copx Clon k*

2
Proving (S6) and using the definition of b, we can conclude that |b; — 7] (Aé) < 7. Now, using (TI)), it can be
shown, for ¢  as defined in (I7), that (S6) is equivalent to

(€ () (5 ) <cﬁzw<e>>2—<czz;*,cz*<e>>2

2% o (FOl V=0 (P8 e, (s7)

Without loss of generality, assume that b* € [r s, ck.) and a similar approach holds when b* € [c},., ;). Denote

. 2 b 2
(CCJM* (f)) —(Ccz er (f)) : (S8)
For the right-hand side of (S7) using (S2)),
* 2 2 2
(Cfl . (e)) —(CZJ . (e)) < max (cge( )) (c” (e)) <8logT. (S9)
* k* Con# rCpx s,e,b:s<b<e ’ c *’Ck*

Using Lemmal[3] (S2) and (S8), we have that for the left-hand side,
2% o (POl VO (F8T )
<2H¢z*,c* £ oY )= Zf*’c* ; ZLJ“%)HQVSlOgT
= 2v/A+\/8logT. (S10)

Using (S8), (S9) and (ST0), we can conclude that (S7) is satisfied if A > 8log T + v/2v/A/8log T is satisfied, which
has solution

o Chon

A> (2\/§+4)21ogT.
Using Lemma[3] we can conclude that
A> (2\/§+4)210gT
613 (min{|r; — b*|,7; — cb,. }) (A§)2 > (2\/§+4)2logT
(6310gT)1/3 (2\/§+4)2/3 e (logT)l/B

& min{|ry —b*|,ry —ch.} > REE RE (S11)
(29) (49)
Now, if for sufficiently large T
loe T 1/3
min{r; —c ., cr. —r;} > 21/303% —1, (S12)
af)
J
it follows that s
. ” log T
min{r; —c, ., cr. —rs} > 6’3%,
(29)
J
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and we can deduce that (STI) is restricted to
(log T)*/*

|7‘J —b*| > (s (A§>2/3

which implies (S6). So, we conclude that necessarily

2/3
Iy — by] (A{}) < Oy (logT)3. (S13)
But (S12) must be true since if we assume that

(log T)"/*

min{rj — cfn*,cz* - ’I“J} < 21/303 2/3 -
af)
J

)

then, using Lemma@], we have that

cty o (X)<C o, (f)+/8logT

Con* 1 Crx Cm*"’k*

, 3/2
\f(mm{rj in ,ck*—rJ}—&—l) / Af;—!— 8logT

3/2
1 (logT)1/3
< — | 230 =L AT 4+ \/8logT
\/g (A§)2/3 J

2 .
= \/gCg/z\/logT—i—\/SlogT
2
= <ﬂC§’/Q + ¢§> ViogT = C1\/10g T < (r,

which contradicts C% . (X) > (.

m* T k*

Thus, we have proved that for Ay < §r/2n, working under the assumption that both A% and Bj. hold, there will be an
interval [c},,., ¢;..] with Cb] e (X) > ¢p, where by = argmax, L <t<er Ct . (X)) is the estimated location for
k* *

Comx 2 Cex
the change-point 7 that satlsﬁes (S13).

Step 4: After the detection of the change-point 7 at the estimated location b in the interval [c},., ¢}, the process
is repeated in the disjoint intervals [1,c!,.] and [c}., T]. Proving that there is no other change-point in the interval

[ ., c}.«] can be done in exactly the same way as Step 4 in the case of piecewise-constant signals and will not be
repeated here.

Step 5: After detecting r 7, the algorithm will first check the interval [1, ¢!, .]. So, unless r; = 71 and [1, c},,.] contains
no other change-points, the next change-point to get detected will be one of r1, 72, ..., 77—_1. The location of the largest
difference in the interval [1, cl,,.], dy ., will again determine which change-point will be detected next and as in Step

»m*

5 for piecewise-constant signals, we only need to consider the case when the next change-point to get detected is 7 7_1.

Now, concentrating on the case that the next change-point to get detected is r;_;, we mention that since this
is the closest change-point to the already detected r;, we need to make sure that detection is possible. As

before, for k;_; € {1,.. Kmax} and my_1 € {kj_1 — 1,kj_1} we will show that r;_; gets detected in
(€l Chs ] where cfﬂ*i >, and ¢, <¢j <. and its detection is at location

_ t
bj—1 =argmax, = < .o Ch
mhy_ kG

Crmy_ 1’ckJ 1]

2/3
which satisfies |rJ 1 —by_ 1|( I 1) < C5(logT) 173, Firstly, ;_; is isolated in the interval [c!

using the same argument as in of the main paper. Using Lemma we have that for by_, =
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cl

t
argmax ; ., C X
& CmelSt<C’<J71 my_ 1% ;1 ( )’

oL (X))o  (X)=CY L (f)—/BlogT

[+ C c
my_1°"ky_1 my_1°"ky_q my_1"ky_q

1 . , 3/2
> o (minfry1 = ch,,och,, —rsa}) AL, - /BlogT. (S14)
Before we show that min{c},  —rj_1,77_1—ch,, ,} > 67/2n, we need show that cl,,. satisfies c.,,..—r;_1 > ép/2n
The proof is exactly the same as in Step 5 of the proof of Theorem 1. It can be deduced that the right end-point of the
interval will satisfy cZJ_l —rj_1 > 07 /2n for some k;_;. For the left end-point of the interval, the same holds as in

Step 3. In any case, min{czj_l —Tryj_1,Tj_1 — } > d7/2n holds and so, from (S14)), using exactly the same

calculations as (S3), we have that

mJl

b _ 3/2
ci/! o (X) = Ca(67)* S > Cr
mj—1 J—1
Therefore, we have shown that there exists an interval of the form [cﬁh, G ] with
< J—1
maXCQ <b<er Cz, or (X) > CT.
my—1= ky_1 my—1""ky_q
Now, denote cﬁnj E 023 the first points where this occurs and b;_ as defined above with szJ -1 o (X) > (r.
- 1 5 e

my—1 -1

2/3
We can show that |r;_1 —by_1 | ( g 1) < C5 (log T)1/3, following exactly the same process as in Step 3.

.]. Step

5 can be applied to all intervals, as long as there is a change-point. We can conclude that all change-points will get
2/3

detected, one by one, and their estimated locations will satisfy ‘rj —b; | (A{> < C5 (log T)1/3’ vje{1,2,...,N}.

There will not be any double detection issues as each interval contains no previously detected change-points.

After detecting r;_; in the interval [cfnj .+ Cks_ |- DAIS will restart on intervals [1, cfwj Jand [c.

)
1 m

Step 6: After detecting all the change-points at locations by, be,...,by using the intervals [cl . ck*] for
j € {1,..., N}, the algorithm will check all intervals of the form [cj.. , c ms] and et c ! me, ) with Cjps = 1 and
CZTV =T. Atmost N + 1 intervals of this form, containing no change pomts will be checked Denoting by [s*,€e*]
any of those intervals, we can show that DAIS will not detect any change-point as for b € {s*,s* +1,...,e* — 1},

Cli oo (X) < Cb .. (F) +/8logT = /8log T < C1\/log T < (1.

The algorithm will terminate after not detecting any change-points in all intervals.
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