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Abstract—Satellite communication (SatCom) systems play a
vital role in providing global connectivity and enable a wide range
of applications, including Internet of Things (IoT) connectivity
for remote areas such as forests and oceans. Two crucial resource
allocation challenges in SatCom are Beam Placement (BP) and
Frequency Assignment (FA) problems, which involve the clique
cover (CC) and graph coloring (GC) problems, respectively.
Conventional solutions for these problems incur excessive com-
putational cost, which is intractable for classical computers.
A promising approach is to formulate these problems using
the Ising model, construct their Hamiltonians, and then solve
them efficiently by a quantum computer. However, the current
quantum computers have very limited hardware and can only
handle rather small inputs. To overcome this limitation, we
propose a hybrid quantum-classical computational pipeline where
an efficient Hamiltonian Reduction method is the key for solving
large CC/GC instances. Through experiments on real quantum
computers, our reduction method outperforms commercial solu-
tions, allowing quantum annealers to handle significantly larger
BP/FA instances while maintaining high probability to achieve
feasible solutions and near-optimal performance. Although the
inherent hardness of the CC/GC problems cannot be overcome
by quantum computing, our research contributes to the early
exploration of quantum computing in the context of the complex
optimization problems in SatCom systems, particularly in the
realm of IoT connectivity for remote areas.

Index Terms—Beam Placement, Quantum Computing, Satellite
Communication, Low Earth Orbit

I. INTRODUCTION

Satellite communication (SatCom) systems have become
indispensable part of modern civilizations, enabling various
applications from telecommunications to Earth observation, in-
cluding Internet of Things (IoT) connectivity for remote areas
like forests and oceans [1]. Low-Earth Orbit (LEO) satellites
have emerged as a promising technological solution to extend
connectivity and complement the coverage of Geostationary
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(GEO) satellites [2]. In the context of LEO satellites, the Beam
Placement (BP) problem seeks to optimally allocate satellite
beams to users, requiring adaptive decision adjustments com-
pared to GEO satellites’ fixed beam grids [1]. To simplify
the network, operators often need to minimize the number of
generated on-board beams [3], [4]. Additionally, the Frequency
Assignment (FA) problem looks for optimal frequency-to-
beam allocations that minimize frequency resource usage
while mitigating interference between nearby beams [3].

The BP and FA problems can be formulated into clique
cover (CC) and graph coloring (GC) in graph theory, re-
spectively [3], [5]. This mapping allows express the prob-
lems’ proximity characteristics. For BP, nearby users can be
represented by vertices connected by edges in a graph. The
objective is to find the minimum number of cliques (fully
connected subsets) that cover all vertices, corresponding to
the minimum number of beams [3]. Similarly, for FA, nearby
beams cannot share the same frequency, as no adjacent vertices
have the same color. The objective is to assign the minimum
number of colors (frequencies) [3]. Notably, the CC problem
in a graph can be translated into the GC problem in its
complement graph [6]. Both CC and GC are NP-hard, meaning
that it is intractable for classical computers to efficiently solve
all instances unless P = NP [6].

Quantum computers, which process data with quantum bits
(or qubits) and can simultaneously explore multiple quantum
states using superposition, offer a potentially revolutionary
approach to address computationally intensive problems [7].
Early theoretical studies have demonstrated promising suc-
cesses, e.g., Grover’s algorithm for speeding up unstruc-
tured search problems [8] and Shor’s algorithm for breaking
Rivest—-Shamir—Adleman (RSA) encryption [9].

Quantum processors are typically categorized into two
main types: quantum gate processors, from IBM, IonQ, and
Rigetti [10], and quantum annealers, manufactured by D-Wave
[11]. While the former was developed for general-purpose
quantum computers, the latter was specifically designed to
tackle combinatorial optimization problems. Currently, quan-
tum annealers possess a sufficient number of qubits to handle
a range of real-world applications, from computer sciences,
quantum chemistry to protein folding [12]. To utilize quan-
tum computers for optimization tasks, such problems are
reformulated as Quadratic Unconstrained Binary Optimization
(QUBO) or Ising formulations [13], which can be represented
by their Hamiltonians, i.e. the matrices underlying Ising for-
mulations. According to Adiabatic Quantum Optimization the-
ories, Hamiltonians represent the mathematical models of the
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problems and are tailored to leverage the unique capabilities
of quantum computing [13].

However, quantum annealers are limited by the size of the
problem that can be solved. Even with more than 5000 phys-
ical qubits, the D-Wave Advantage processors are only able
to tackle Quadratic Assignment Problems with 145 or fewer
variables [14], [15]. Due to the lack of all-to-all connectivity
between the physical qubits in existing quantum annealing
hardware, it is often more than one physical qubit is needed
to represent a single logical qubit in the original problem’s
Ising Hamiltonian. This process is called Minor Embedding
[16]. Existing techniques like Roof Duality [11], [17] and
FastHare [18] to reduce Hamiltonians have limitations, as
they work best on sparse Hamiltonians and did not consider
constrained optimizations as well. However, many common
problems in practice, such as those formulated as CC and GC,
are constrained problems.

In this study, we first present the QUBO formulations of CC
and GC. Then, we present a hybrid quantum-classical pipeline
for solving medium-scale CC and GC problems, both with
and without knapsack constraints. This pipeline consists of
a Hamiltonian Reduction (HR) method and a corresponding
solution reconstruction method. To tackle quantum anneal-
ers’ limit on the number of variables, rather than using the
Hamiltonian from the Ising/QUBO formulation of an original
CC/GC problem, our proposed HR method aims to construct
a small-size “equivalent” Hamiltonian. There are three steps
in our reduction: graph decomposition, presolving variables,
and Hamiltonian formulation. In the first step, we decompose
a graph into connected components. The second step, which is
applied to each connected component, finds large independent
sets and then uses linear programming relaxations to presolve
most variables of a CC/GC instance. Finally, in the third step, a
reduced Hamiltonian is constructed by utilizing the remaining
(unsolved) variables, which is subsequently fed into quantum
annealers. From their output, we reconstruct the solution to
the original CC/GC problem.

To demonstrate the effectiveness of our Hamiltonian Re-
duction method on BP and FA instances, we conducted ex-
periments and benchmarked our proposed quantum-classical
pipeline on several performance metrics. We utilize actual
US vessel position data and the assumption that each single
ship has a satellite communication subscription. We first
demonstrate that our proposed method can typically presolve
more than 99% and 87% variables for BP and FA instances,
whereas D-Wave Roof Duality can presolve none.

Note that while existing quantum computers are designed to
solve QUBOs that are unconstrained, the CC and GC problems
are constrained (by the set of edges of the graph). Therefore,
when transforming CC or GC into a QUBO, the feasibility of
quantum computers’ solutions in the original problems may
not be guaranteed. In our experiments, the proposed method
was able to retain the feasibility of the final solutions at 91.5%
while enabling D-Wave Advantages to tackle CC problems
with sparse graphs that have 125 times more variables than
D-Wave’s limit. Our method also enables D-Wave Advantages
to tackle GC problems with sparse graphs that have 7 times
more variables than D-Wave’s variable limit while keeping the

final solutions’ 97.7% feasibility.

Last but not least, to evaluate the quality of quantum opti-
mization techniques’ solutions, prior studies obtained optimal
solutions from classical solvers before comparing with quan-
tum solutions [19]-[21]. However, with NP-Hard problems
like CC and GC, this approach were limited to work with
instances having a small number of variables. In this work,
rather than comparing to exact classical solutions, we derive a
new way to obtain tight lower bounds of the optimal solutions.
Thus, it is more efficient to evaluate quantum solutions.

The major contributions of this work are summarized below.

1) We first propose a novel hybrid quantum-classical com-
putational pipeline to address the Beam Placement (BP)
and Frequency Assignment (FA) optimization problems
in satellite communication (SatCom) systems. To over-
come the hardware limitations of quantum annealers,
which make it challenging to solve large-scale optimiza-
tion instances using quantum annealing alone, the key
ingredient of the proposed pipeline is its Hamiltonian
Reduction method. This method consists of three steps:
isolating connected components, finding a large inde-
pendent set, and linear programming relaxation.

2) To efficiently evaluate the optimality gaps of solutions
from various approaches without the time-consuming
search for exact optimal solutions, we employ a new
lower bound for those BP and FA problems which is
faster to obtain.

3) Finally, we evaluate our approach on synthetic datasets
(Erd6s-Rényi graphs) and on an actual US vessel posi-
tion dataset. On the random graphs, our method achieves
significant reduction compared to existing reductions
approaches such as Roof Duality [11], Symmetric Re-
duction [22], and Monomial Reduction [22]. On the US
vessel position dataset, our method can reduce the size
of the original problem by 87% and 99% for the FA
and BP instances, respectively. We also observe that
the solution quality of our pipeline is comparable to
Simulated Annealing and Tabu Search when the size of
the reduced problem is at most 40 (variables).

The rest of the paper is organized as follows. Section II dis-
cusses related work. Quantum Annealing and the QUBO/Ising
formulation are introduced in Section IV. Then, Section III-C
presents CC and GC formulations and how to convert them
into QUBO formulations. Next, we introduce our Hamiltonian
Reduction method in Section V. Section VI shows numerical
results. Final conclusions are discussed in Section VIIL.

II. RELATED WORKS

BP and FA are challenging problems for operators in LEO
satellite systems as they seek to minimize the number of beams
generated onboard while maximizing the gain provided to
users and mitigating interference. Recent works [3], [4] on
BP face a trade-off between these objectives. Specifically, they
assume the use of “Earth Moving Beams” [23], that require
agile handover procedures to maintain seamless connectivity
for stationary users while the beams are moving with the LEO
satellites’ motion. They proposed to use greedy approaches
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to solve problems whose optimality gap increases as the size
of the optimization increases. To achieve better performance,
the state-of-the-art solutions for the FA and BP problems in
SatCom are computationally complex [24]-[27]. Tedros et al.
[24] proposed to apply Difference-of-Convex-Functions (DC)
and Successive Convex Approximation (SCA) to handle the
non-convexity of FA problems in GEO systems; while Bui et
al. [26] proposed a two-stage algorithm to joint optimize beam
placement and load balancing problems in Non-Geostationary
(NGSO) satellite systems or Pachler et al. proposed to use
Particle Swarm Optimization (PSO) to solve the joint power
and bandwidth allocation problem in GEO systems [27]. Given
the fast dynamic of LEO satellites systems, it is required to
obtain fast solutions with near-optimal performance.

Since BP and FA problems can be formulated as Clique
Covering (CC) and Graph Coloring (GC) problems, as shown
in [28], [29], no polynomial approximation methods for CC
and GC can achieve a better approximation ratio than |V|}/7—¢
for a general graph with |V| vertices and a small error e.
This implies that the gap between a solution achieved by any
polynomial-time algorithm and the optimal value increases
with |V|. Thus, to achieve better performance, more complex
approaches like Particle Swarm [27] or Simulated Annealing
[30] have been considered in the literature, which often have
long convergence time to reduce the gap with the optimal so-
lutions. Given the short communication duration between LEO
satellites and Earth users, which is from 5 to 15 minutes due
to high velocity of satellites [31], there is an urgent need for
faster computational methods. With the capacity of breaking
RSA code which is intractable for classical computers, this
paper aims at exploring the potential of applying computing
in solving BP and FA.

One potential approach to reduce the size of Hamiltonians
is Roof Duality [17], a linear relaxation-based approach that
lowers the number of unknown variables by partially presolv-
ing a subset of binary variables. This approach, included in
the D-Wave Ocean SDK [11], is the most renowned Hamilto-
nian Reduction method. Recently, a new approach known as
FastHare was proposed, which seeks non-separable groups of
unknowns that share the same values in the optimal solution
[18]. However, extensive experiments in [18] showed that the
two approaches worked well on some QUBO instances, but
not others. Importantly, these approaches were specifically
developed for unconstrained QUBO formulations, while the
CC and GC problems involve constraints. Thus, the feasibil-
ity of these approaches for solving the original CC or GC
problems must be investigated further. An early work [22]
proposed Symmetrical Reduction method for GC’s QUBO
formulations. However, experimental results on random graphs
in [22] showed that on average Symmetrical Reduction method
exceed the current D-Wave hardware limit as the number of
vertices of graph is greater than 7.

Another promising approach is to decompose the original
problems into multiple sub-QUBOs. An early method, D-
Wave’s Qbsolv [11] decomposes large QUBO instances into
smaller ones, then sequentially optimizes each sub-QUBO,
before finding the final solutions using Tabu-search [11]. How-
ever, this approach does not guarantee optimality and Tabu-
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Fig. 1: (a) Illustration of a LEO system and (b) An example
of two users served by one satellite beam.

search is computationally costly. Bender decomposition and
Alternating Direction Method of Multipliers (ADMM) have
also been proposed to deal with constrained mixed-integer
linear problems (MILP) [32], [33]. However, the numbers
of binary variables in sub-QUBOs may not be smaller than
those in the original MILP. Graph decomposition/reduction
techniques have shown promising results for specific graph
problems. Authors partitioned/reduced large graph instances of
specific problems such as partitioning large Max-Cut instances
[21] and leveraging DBK (Decomposition, Bounds, k-core)
to split large Maximum Clique problems [34] into smaller
subgraphs before transforming them into QUBOs then sending
them to quantum computers.

III. SYSTEM MODEL AND PROBLEM FORMULATION

In this section, we describe a system model in SatCom
where Beam Placement (BP) and Frequency Assignment (FA)
are optimized sequentially. Then, we introduce how these
problems are formulated as Clique Cover (CC) and Graph
Coloring (GC) problems.

A. SatCom Beam Placement

Consider a LEO system, illustrated in Fig. 1(a), consisting
of satellite with an antenna array and N users. The satellite
is capable of providing a maximum of B beams, where B is
less than or equal to the total number of users in the system'.
The BP involves assigning a set of satellite beams to a set
of user nodes in order to provide communication coverage.
We represent the set of user indices as A/ = {1,..., N} and
the set of beam indices as B = {1,..., B}. The satellite is
connected to a High Performance Computer (HPC) equipped
with a quantum processor through its TT & C (telemetry,
tracking, and control) link for optimization operations. Here,
each user must be associated with one beam. Furthermore,
the network operator tries to reduce the number of onboard-
generated beams while maintaining the required service for its
subscribers in order to take advantage of users’ traffic diversity

'We assume the standard setting in which a beam can serve multiple users
and a user can be served by at most one beam (see, e.g. [3], [24], [26]).
We also assume that users have uniform demands. The case of non-uniform
demands is an open problem for future research.
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Fig. 2: (a) a clique cover on a given graph G and (b) its
equivalent graph coloring on the complement graph G.

and optimize multicast benefits [3], [4]. To achieve that, net-
work operators could serve proximate satellite communication
subscribers with the same beam.

This problem can be modeled as a CC problem, where each
beam represents a clique, and the nodes covered by a beam
form the vertices of the corresponding clique.

In order to construct the proximity graph for CC, previous
studies [3], [26] have shown that for a given set of users to be
served by the same beam, they must be separated by an angle
a < %, where « represents the cone angle of a beam (see
Fig. 1(b)). Therefore, given a set of users’ locations, different
undirected proximity graphs G; = (V;, E;) are generated
based on the satellite’s position in the sky during different
time slots t. An edge between user u and user v exists in the
graph if @, < % Moreover, each beam can serve no more
than W users.

B. SatCom Frequency Assignment

The next step for the operator is to assign frequencies to the
beams aiming at minimizing the frequency resources required,
while also ensuring that neighboring beams are assigned
distinct frequencies to mitigate inter-beam interference. This
is equivalent to solve a GC problem where a conflict graph
is constructed based on the positions of the beam centers.
In this graph, an edge is established between two beams
if the angle between their centers, denoted as f,,, is less
than or equal to twice the cone angle (., < 2a. This
angle constraint guarantees that two nearby beams should have
assigned different frequencies to avoid interference.

C. Clique Cover and Graph Coloring Formulation

Clique Cover (CC) and Graph Coloring (GC) problems
are two equivalent problems in graph theory. CC seeks the
minimum number of cliques required to cover all vertices,
while GC aims to minimize the number of colors needed to
color all vertices without adjacent vertices sharing the same
color. They are equivalent because a minimum clique cover
for a graph G corresponds to a minimum coloring of its
complement G and vice versa [6] (as illustrated in Fig. 2).

In this paper, we use two versions of the CC and GC
problems: with and without constraints on the maximum
number of members in a clique or the maximum number
of vertices that can share the same color. The former, which
involves constraints, is commonly referred to as the bounded
version of the problems. This can be applied into the SatCom

BP problems. On the other hand, the latter is the unbounded
ones, which can be applied into SatCom FA problems. We
formally describe both versions below.

Given an undirected graph G = (V| E), where V is the set
of nodes and E is the set of edges, the decision variables
z. and a,. represent whether clique/color ¢ is used and
whether vertex u is assigned to clique/color c, respectively.
We use the Node Association Matrix (NAM), which is de-
fined as A = (ay.) € {0,1}, where a,. = 1 if node u
is assigned to clique/color c. Otherwise, a,. = 0. The set
C = {1,2,...,|V|} represents the indices of cliques/colors the
nodes are assigned to. Note that a trivial clique cover/coloring
consists of |V| different cliques/color classes of size one. We
re-use W to represent the maximum size of each clique/color
in the bounded version of the GC/CC problems. By mini-
mizing the objective function, the problem aims to find the
minimum number of cliques to cover all vertices in the graph
G, or equivalently, to find the minimum number of colors
needed to color its complement graph G.

P1: min ch, ()
Fertue ce

st. CL: Y aye =1,YueN, )
ceC

C2: aye < 2o, Yu € N,Ve € C, 3)

C3: aye + aye < 1,Ve,if(u,v) ¢ G, )

C4: Y awe <WVcec, (5)
ueN

C5: z¢, aye € {0,1}. (6)

As indicated by C1, each node must be associated with a single
clique or color. The constraint C2 guarantees that no node can
be a member of a unused clique or color. The constraint C3
ensures two nodes that are not neighbors in G (or, equivalently,
are neighbors in G) should belong to different cliques (or
colors). The constraint C4 enforces the maximum possible
number of members assigned to a clique (or a color). By
removing C4, we obtain the unbounded version of the GC/CC
problem.

Due to the NP-Hardness of GC/CC, it is intractable to solve
them on classical computers [6]. Thus, in next section, we
introduce about the background of Quantum Annealing, its
current limitations and how to build a hybrid quantum-classical
pipeline to efficiently solve those problems.

IV. QUANTUM ANNEALING AND QUBO/ISING
FORMULATION

Quantum annealers, especially D-Wave, leverage the quan-
tum mechanical nature of a physical system of S qubits to
solve optimization problems [11], [13]. Here, Hamiltonians
determine the energy profile of the quantum system. According
to Adiabatic Quantum Optimization theories [13], the quantum
system is initiated at the ground state |1)g) of the original
Hamiltonian Hy and then gradually evolves to the ground
state |¢p) of the desired Hamiltonian Hp over a given long
duration 7" as follows.

t t
H(t) = (1 - T) Ho + 7 Hp, (7)
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TABLE I: Key notations used in the paper

Notation Definition

i, ] index of qubits

Hp,Hp the initial and targeted Hamiltonian

S number of qubits in a physical system
N the set of nodes

G, G the graph and its complement

u, v the indices of nodes in the graph

c the index of cliques

deg(v)  the degree of node v

Ze 0/1-valued, indicating whether the clique/color c is
used or not

Aye 0/1-valued, indicating if node u belongs to clique/color
¢ or not

w the maximum number of nodes per clique

where,

s s s
HOZZUf,Hp:ZflcTZZ+ ZFZJU;ZO'; (8)
i=1 i=1 ij=1

In (8), f; and F}; are the coupler strength and bias parameters,
respectively, while o; and o; are Z and X Pauli operations
on the ith qubit, respectively [13]. By measuring the system’s
ground state at time 7', we might discover the optimal solution
of an equivalent Ising model such that

min
s;€{—1,1}5

S S
Hp(s) =Y fisi+ »_ Fiysisj.  (9)
i=1

i,j=1
An alternate formulation of the Ising model is a Quadratic
Unconstrained Binary Optimization (QUBO):

s s
D Qumi+ Y Qimix;,
i=1

ij=1

min (10)

xe€{0,1}5
where x = [z1,...,7g] are binary variables and Q € R*%
is an upper triangular matrix. It is simple to switch between
QUBO and an Ising model by mapping s; = 2z; — 1, f; =

S S
Qi+ izjzl Qij + %ijl Qji and Fj; = 1Qy;.

A. QUBO Transformation

The problem P1 can be transformed into QUBO based
on prior knowledge of how to include constraints into the
objective as quadratic penalties as follows [13]. First, binary
slack variables s.,,w € W = {1,..., W} are introduced to
turn C4 into equalities. Then, we transform P1 into P1 defined
as follows.

Pl: min Ze, (11D
{ZC}x{auc}>CEZC
st (2) — (4), (6)
Z Aye + Z WSy = W,¥Ve e C. (12)
ueN weW
Let x = [af.. .,a‘a,zl,...,zm,sh ...,sic|]" represent

the variables of PI in a column vector. We define matrices
Qc1,Qe2,Qcs and Q4 corresponding to constraints Cl,
C2, C3, and C4, respectively. Additionally, we define matrix

TABLE II: Rules for Converting Constraints to Penalties

Constraint Equivalent Penalty

Cl:ay +az+az=1 Ma1 +as +ag — 1)2
C2a<z Aa — az)

C3:a1 +az <1 Aaia2)

Co: Y aut >, wsw =W [ A au+ 2, wsw — W)?

Q, corresponding to the objective function. The rules for con-
verting traditional constraints into corresponding penalties are
described in Table II (see [35] for a more detailed treatment).
The QUBO problem is formulated as follows.

QUBO : min x'Qx, (13)

where Q = Q. +A(Qc1+ Qe2+ Qo3+ Qeu). Here, Ais a
constant that controls the relative importance of satisfying the
constraints versus minimizing the objective function, and

Q, = diag([le(WHcD, 11x\C|,01x(W|C\)Dv
QCI = K{Kl — 2d1ag (d,{K1>a

(14)
15)

Qe2 = diag([hx(wucn, 01x(\c|+W|C|)D

+{ Oicixiviiel,  Ka, Oy icixwicl }
O¢ci+wichx|viiel Oel+wieh xlel Ocel+wieh xwic|

Qcs = diag([ﬁ ..., F, O(lC\+W\C|)><(\C|+W|C|)})7 (17)

|C| times

Qc1 =KIK; — 2diag(d] Ks), (18)

where dy, K;, ds, Ky, Kj are derived later in (19)-(20).
In this context, I denotes the identity matrix and F is the
|[V| x |V| adjacency matrix of the complement of G. The
function diag(-) creates a matrix with its argument on the
main diagonal. Following [13], we set A equal to |C| + 1.
In the unbounded version, we remove the last W|C| columns
and rows in Q,, Qc1,Qc2, and Qc¢s, which represent C4.
We also set Q¢4 = 0 in that case.

To make Q an upper-triangular matrix, which can then be
used by D-Wave solvers, we modify it by setting Q;; = Q5+
jS,Vj > 4 and Qi]' = O,Vj < i.

B. Scaling Limitations of Current Hardware

To construct QUBO, quantum computers require |C||V| +
|[V| + W|C| logical qubits for solving P1. Current quantum
computers, including D-Wave, require more than 5000 physi-
cal qubits to represent fewer than 145 logical qubits [15]. For
example, an input with |V| = 10, |C| = 10, and W = 3,
which requires 140 logical qubits, can be handled by D-
Wave Advantage. However, it can no longer handle a slightly
larger input with 13 nodes and 13 cliques/colors, where each
clique/color can cover 5 nodes, which requires 247 logical
qubits, exceeding D-Wave’s capacity.

C. A Case Study of How Quantum Annealing Solves the
Clique Cover Problem

In this section, we present a case study to demonstrate how
to use D-Wave’s quantum annealing to solve a CC instance.
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di =1jyx1, d2=Wlyx, Ki=[Lvixivi, - Lvixivi: Opvixiel, Opvixwl, (19)
|C| times
—Lvix1, Ovixt5--+r Ov)x1
Ovix1, —Ljvix1 s+ - Opvix1 Lixic] Oixjc =+ O1xjc) Oixje) 1+ W Orxw Oixw --+ O1xw
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Fig. 3: An example of a graph of seven vertices, which can
be covered (optimally) by three cliques.

We consider a graph with 7 vertices and 9 edges (see Fig. 3),
and aim to find a minimum number of cliques that can
cover all the vertices of this graph. We assume no limit on
the size of each clique. We apply the D-Wave’s quantum
annealing function to this graph with different annealing times
and observe the lowest energy found by the annealer. As
shown in Fig. 4, when the number of anneals increases, the
energy of the quantum system decreases. When the energy
is sufficiently low, the solutions returned by the annealer are
feasible. Additionally, as the number of anneals increases to
3000, we can obtain an optimal clique cover (three cliques).

V. A NOVEL HYBRID QUANTUM-CLASSICAL PIPELINE

This section proposes a hybrid quantum-classical compu-
tational pipeline to solve CC/GC instances. As the coloring
problem on a graph can be transformed into the clique cover
problem on the complement graph, we will mainly describe
our pipeline using the clique cover problem for succinct-
ness. Our pipeline first reduces the original Hamiltonian into
smaller ones, and then feeds them into quantum annealers.
The returned outputs can be used to reconstruct solutions
for the original problem. More specifically, the graph is first
decomposed into connected components, where solutions for
each component suffice for the entire graph (see Remarks 1
and 2). Then, the variable presolve technique is utilized to
identify a large independent set in each component. As such
nodes cannot belong to the same cliques, they can be assigned
to different cliques to further reduce the number of input
variables (i.e. the vertex-to-clique variables a,.). After this
initial assignment, in each connected component, we formulate
P2, which is a reduced version of Pl that aims to assign
the remaining nodes to as few cliques as possible (includ-
ing the cliques containing the nodes in the aforementioned
independent set). The linear relaxation of P2 is then solved
to assign several nodes to their respective cliques. Finally, a
reduced Hamiltonian is constructed, and a quantum computer

—8— Feasible
—4— Infeasible

7.54

Quantum System's Energy

b
o
L

251 Optimal Solution|

0.0 T T ™
10 10 10 10
Number of anneals

Fig. 4: Performance of D-Wave on Clique Cover on a small
instance. As the system’s energy’gets sufficiently low, the
quantum annealer starts to return feasible solutions, eventually
reaching the optimality.

is employed to find clique allocations for the unassigned nodes
in each connected component.

A. Graph Decomposition

Before solving a CC or GC problem, it is essential to
isolate connected components in the given graph. This is
because finding a solution on the original graph is equivalent
to finding solutions for the CC/GC problem on all connected
components, which have smaller sizes and are easier to solve.
Let MCC(G) and x(G) denote the size of a minimum clique
cover of a graph G and the minimum number of colors
required to color the vertices of G.

Remark 1. Ler G = (V,E) be a graph with connected
components Gy, ...,G ), where Gy = (Viiy, Eq)). The
size of a minimum clique cover of G is equal to the sum
of the sizes of the minimum cli}gue covers of its connected
components, i.e., MCC(G) =, MCC(G 1))

Remark 2. The minimum number of colors to color G is
equal to the maximum among the minimum numbers of colors
required to color its connected components, ie., X(G) =
maxg—1,....x X(Gk))-

2The D-Wave quantum annealing system does not directly return energies in
physical units like Joules or electronVolts. Instead, it works with dimensionless
quantities called “arbitrary units” (AU) in its calculations [36]. The energy
values in the results take the form of relative values in these arbitrary units,
ranking the quality of different possible solutions [36].
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Algorithm 1 Find an independent set

Algorithm 2 Hybrid Quantum-Classical Pipeline

Input: G = (V, E) - the undirected input graph
Output: Vi, - an independent set of G

1: Ving = 0,

2: while V # () do

3: v* = arg min, ¢y deg(v),2

4: Vind = Ving U {'U*}7

5: V=V\({v*}ul(v*))>

6: end while

B. Two-step Variable Presolve

1) Find a Large Independent Set: In this step, our pipeline
finds a large independent set in G and pre-assigns nodes in
that set to different cliques. Note that finding a maximum
independent set in a graph is known to be computationally
challenging and falls under the category of NP-hard problems.
As an alternative, approximation methods from literature such
as the one proposed by Boppana and Halldérsson [37] can be
employed. In our study, as a proof-of-concept, we use a simple
yet efficient greedy algorithm (see Algorithm 1) to find a large
independent set, denoted Vi,q. As nodes in every independent
set must belong to different cliques in any clique cover, we
can then assign nodes in Viyg to |Viyg| different cliques/colors
without loss of optimality. This step presolves |Ving| X |C]
variables a,,. (with u belongs to the independent set Vi,q) from
the problem formulation P1.

More formally, after pre-assigning nodes wu,’s in Viyg =
{w}le‘i"fl to |Vina| different cliques c;’s, we can formulate a
reduced problem P2, with the last constraint only using the
subgraph induced by the set of the remaining vertices V' \ Vipq.

P2: min E Zey
Ze,Quc
ceC

st (2) - (5),

ey

a”U«I{C/. :17 gzla"w‘%ﬂdb (22)
Qype, =0, A0 0=1,...,Vidl, 23)
ze, =1, £=1,...,|Vindl, (24)

Zey Qye € {0,1},Vu € V' \ Vig. (25)

Lemma 1. Let OPT(PI) and OPT(P2) denote the opti-
mal values of PI and P2, respectively. Then, OPT(PI) =
OPT(P2).

Proof. The optimality of the clique cover is unaffected by pre-
assigning the nodes in an independent set to different cliques
(indices) because these non-adjacent nodes cannot belong to
the same cliques. O

2) Linear Programming Relaxation: In this step, we con-
sider the linear relaxation P2’ of P2 given below. Recall that
we already assign node u;’s to the clique c;’s for all uy € Vipg
- the independent set found in the previous step.

P2’ : min E Ze,
Ze,Gue
ceC

s.t. (2) — (5),(22) — (24),
Zey e € [0,1],Vu € V' \ Vipg.

(26)

27)

2deg(v) is the degree of node v; T'(v) is the set of neighbors of node v.

Input: G = (V, E), W (optional), problem type (Clique Cover or Graph
Coloring)
Output: x9 - a solution to Pl
1: Decompose G into connected components G-
2: for each Gy do
if problem type is Clique Cover then

Find an independent set of G using Algo. 1.

Compute an optimal solution X ) of P2’ on G-

Form Q k), V(&) - the set of unassociated nodes of G 4.

Form sz) by selecting rows and columns of Q) corresponding
to ze,c = |C| +},...,C‘, aic,i €V,e=C+1,...,C and spy,w =
1,...,We,c€C.

8: else

9: Perform lines 4-7 on é( k)-

10: end if

11: After transforming Q’(k> to H;)(k),
tage processor.

12: After obtaining results from D-Wave, return x?,f‘), by combining the
results of D-Wave with Xy for Gg.

13: end for

14: Aggregate x4 from x

AN AN

send H’,

P(k) to D-Wave Advan-

QA

(k) by following Remarks 1 and 2.

This problem P2’ can be efficiently solved by the well-known
simplex method [38]. The solution of P2’ provides a lower
bound on the optimal values of P2 and P1.

Theorem 1. Denote the optimal value of P1' and P2, i.e., the
linear relaxation formulations of P1 and P2, by OPT(P1")
and OPT(P2"), respectively. Then we have OPT(PI') <
OPT(P2") < OPT(P2) = OPT(P1).

Proof. First, as the feasible region of P2 is a subset of the
feasible region of P1, the same holds for P2’ and P1’, which
implies that OPT(P1’) < OPT(P2).

Next, we have OPT(P2') < OPT(P2), which is due to
the fact that P2’ is the linear relaxation formulation of P2.
Based on Lemma 1, OPT(P1) = OPT(P2). Combining all
the above inequalities, the proof of the theorem follows. [

Thanks to the lower bound established in Theorem 1, even
without solving P1 or P2 optimally, which is a challenging
task, we can still benchmark the performance of our proposed
pipeline (see Fig. 10). We also note that it is faster to solve
P2’ than P1’ because P2’ has fewer variables. Furthermore,
the lower bound obtained by the solution of P2’ is often much
tighter than that of P1’.

C. Reduced Hamiltonian Formulation

1) Unbounded Version: After finding an optimal solution
X by solving P2’, those nodes u that are associated to the
clique/color ¢ (i.e., ay. = 1) are placed in that clique/color.
The unassociated nodes are grouped in the set V. The set of
used cliques/colors is denoted as C, and due to the symmetry
of clique/color variables, it can be re-indexed from 1 to
IC|. A reduced version of the QUBO formulated from PI is
constructed as a Hamiltonian.

An upper bound on the number of additional cliques/colors
required (other than the first |C| cliques/colors) is C =
min{C — |C|,|V|}, where C is the maximum number of
cliques/colors that can be used (we set C = |V| in our
implementation). The reduced Hamiltonian only includes z.
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for ¢ = [C| +1,...,|C| + C, and ay. for u € V and
c=1C|+1,...,|C| + C.

For example, consider a graph with three vertices 1, 2, 3,
and two edges (1,2) and (2,3). Assume that we have obtained
a pre-assignment solution in which node 1 and node 2 are
assigned to clique 1. Here, the graph can be formed by a
maximum of C' = |V| = 3 cliques. Since 1 and 2 are assigned,
only node 3 is undecided. As a results, the maximum number
of additional cliques is C = 1. Hence, z; = 1 and z3 = 0.
Then, the vector x = [1,0,0,1,0,0, —, —, —, 1, —, 0], where —
is an undecided value. Here, the first, second and third group
of 3 elements of x are the association decisions for node 1,
node 2, and node 3, respectively. The last 3 elements of x are
indicators whether to use clique 1, 2, and 3, respectively.

2) Bounded Version: The main difference between bounded
and unbounded version lies in the presence of slack variables.
The slack variables corresponding to used clique/color ¢ are
only kept if the number of nodes associated to that clique/color
is smaller than W. Denote the vacancies of clique/color ¢
by W.. For example, if W = 5 and there are two nodes
associated with a given clique/color ¢, the vacancies of ¢’
is 3, ie, Wy = 3, we only keep slack variables s./1,Scq2
and s.3. Slack variables corresponding to ¢ = |C| 4+ 1,...,C
are set to zero to further decrease the quantities of variables
in the reduced Hamiltonian by making the assumption that
the size of the largest clique of the remaining nodes is less
than or equal to W. It is important to note that if this
assumption is not satisfied, the resulting solution becomes
infeasible, lowering the success probability of this hybrid
quantum-classical computation pipeline (see Fig. 8).

Let j € J be the set of indices of rows/columns of @) which
are related to pre-assigned variables. We have

ZQn‘/ziﬂ%' + Z Qiiwi (28)
= Z Qii’l'ixi’ + Z Q”(L'1
ii'¢J i\ a1
+ Z Qjix; + Z Qi;z; + constant  (29)
ijVz;=1
= Z Qlywity + Z Q.;x; + constant.  (30)

To construct the reduced @Q’, we first change the value of
Qii,Vi ¢ J such that

Qi = Qis + Z Qij + Z Qji-

jedzi=1 jeda;=1

€2y

Then, we construct )’ based on rows and columns corre-
sponding to undecided variables. For example in Fig. 5, given
an original @), which is a 12 x 12 matrix, and vector x =
[1,0,0,1,0,0,—,—,—,1,—,0], we first revise the diagonal
vector of Q. For example, Q77 = 23 and Qgs = 13. Then, we
construct @’ based on the rows 7,8,9 and 11 with columns
7,8,9 and 11.

After that, for both the unbounded and bound versions, the
reduced Hamiltonian H, is constructed by the new matrix Q'

D. Quantum Annealing and Solution Recovery

We then send the reduced Hamiltonian H} to quantum
processors using the Quantum Cloud Providers” APIs. After

Q

7 6 8385722008

02 4641042687
00750009679 6 1
000927966573 Q
000033241025

00000409 288 8 3 22 0 1 9
0 0 00O 0OO 00O 1 7 90 0o 13 1 7
000000011475 > o o 22 o
0 0 00O0OO O 0 7 7 0 4 0O 0 0 12
000000GO0TGO0O0O OO0 8

O 0 00000 00 0 5 7

0O 0 0O 0O0OOO O O O O 8

x - [1,0,0,1,0,0, -, -, -,1,-,0]

Fig. 5: An example of constructing matrix ¢’ based on @ and
pre-assigned decision x.

TABLE III: Default Parameter Setup.

Parameter Value
Number of satellite users 25-200
Satellite’s altitude 1110 km
Satellite’s latitude and longitude | 26.812309°, —85.386382°
Number of realization 200

receiving the solutions from quantum computers, we combine
the solution with the lowest energy level with the ones
we obtained from solving P2’ to recover a solution to P1.
The complete pseudo-code for this process can be found in
Algorithm 2. We note that Q) in Algorithm 2 is the matrix
() corresponded to connected component G'(y).

To solve a BP instance using the hybrid quantum-classical
pipeline, a graph G is first constructed to represent the
proximity of users based on their locations. The graph is
then decomposed, and a reduced Hamiltonian is created for
each resulting subgraph. The quantum annealer receives the
Hamiltonian of each subgraph, providing individual solutions,
which are then aggregated to recover a solution for the original
BP instance.

Similarly, for a FA instance, a conflict graph G is first
constructed to represent the inter-beam interference. Then,
the graph is decomposed into smaller subgraphs, and the
complement of each subgraph is computed to transform the
GC problem to the CC problem. The reduced Hamiltonians
for the complement subgraphs are then sent to the quantum
annealer, and the returned bitstrings are used to recover a
solution to the original FA problem.

VI. NUMERICAL RESULTS

In this part, we run simulations to evaluate the performance
of the proposed hybrid quantum-classical pipeline. We sim-
ulate the satellite subscribers utilizing actual vessel positions
recorded by the US Coast Guard on January 1, 2022 [39]. We
first conduct BP optimization where each satellite subscriber
is treated as a node in the proximity graph used in the
bounded CC problem. For each sample size n (the number of
users/nodes in the graph) ranging from 25 to 200, we take 200
random samples of locations from identifiable vessels in the
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V | Original Roof | Sym. Re- Mono. Our V | Original Roof | Sym. Re- Mono. Our
p g Dual. duction Reduction Method p g Dual. duction Reduction Method
075 | 3 12 12 10.31 17.20 0.00 090 | 3 12 12 11.35 19.47 0.00
4 20 20 16.90 30.41 0.00 4 20 20 18.82 35.07 0.00
5 30 30 145.12 327.76 0.05 5 30 30 170.38 389.19 0.00
6 42 42 212.62 486.06 0.14 6 42 42 249.12 577.36 0.00
7 56 56 291.53 673.41 0.33 7 56 56 344.49 803.22 0.02
8 72 72 384.38 894.23 0.67 8 72 72 454.33 259431 0.04
0.80 | 3 12 12 10.63 17.87 0.00 095 | 3 12 12 11.69 49.87 0.00
4 20 20 17.52 31.89 0.00 4 20 20 19.40 92.83 0.00
5 30 30 153.63 348.57 0.03 5 30 30 178.64 989.51 0.00
6 42 42 224.47 515.08 0.07 6 42 42 259.17 1470.89 0.00
7 56 56 309.64 717.00 0.15 7 56 56 360.95 2041.47 0.00
8 72 72 407.97 951.84 0.36 8 72 72 474.11 2722.52 0.01
0.85 | 3 12 12 10.98 18.64 0.00
4 20 20 18.20 33.53 0.00
5 30 30 162.28 369.25 0.01
6 42 42 237.42 546.97 0.03
7 56 56 326.47 758.43 0.08
8 72 72 431.16 1007.69 0.16

TABLE IV: This table shows the average numbers of remaining binary variables over reduction schemes on binomial random
graphs. Following the setting in [22], p € {0.75,0.8,0.85,0.9,0.95} is the probability an edge exists, V € {3,...,8} is the
number of vertices. We compute the average over 10* instances for each pair of (p, V). For example, for p = 0.75 and V = 3,
the number of variables in the original QUBO is 12. The average numbers of unsolved variables on 10* random graphs after
applying Roof Duality, Symmetrical Reduction, and Monomial Reduction are 12, 10.31 and 17.30, respectively, while our

pipeline was able to pre-solve all.

Fig. 6: Positions of 150 randomly selected ships at the southern
coast of the U.S.

Gulf of Mexico region. We also choose the most common LEO
altitude for Starlink at 1110 km for the satellite’s altitude [3].
We set the satellite’s latitude at 26.812309° and its longitude
at —85.386382°. The maximum number of users that can be
served by one beam W is 20. Once BP instances are solved,
by leveraging the BP centers resulted from those BP instances,
we conduct FA optimization where each beam center is treated
as a node in an unbounded GC problem. For the D-Wave
Quantum Annealing settings, the annealing time is set at the
default value of 20us with 3000 samples. Thus, the total
annealing time 7" is 0.06s. We note that even though the
maximum number of anneals is 10000, we found that we
can set the number of anneals up to 3000, during the time
conducting this research, because D-Wave wants to avoid any
users monopolizing their quantum resources [40].

A. Qubit Reduction

In this section, we evaluate the effectiveness of our reduc-
tion method by comparing the average number of remaining
variables corresponding to the reduced Hamiltonians achieved
by our method with Symmetric Reduction [22], Monomial
Reduction [22], and the function Roof Duality in the D-Wave
Ocean SDK [11]. Here, Symmetric Reduction and Monomial

Reduction are reduction methods designed for graph coloring
instances. Note that the average number of remaining variables
corresponding to the Hamiltonians have a direct impact on the
complexity of the problem.

1) On Binomial Random Graphs: Following the setting in
[22], we first compare our reduction method on small random
conflict graphs where the probability of an edge existing
increases from 0.75 to 0.95 and the number of vertices |V|
increases from 3 to 8. For each pair of (p,V’), we generate
10* random conflict graphs. Then, we perform our reduction
method as well as Roof Duality. For the performance of
Symmetric Reduction and Monomial Reduction, we re-use the
results mentioned in [22].

As shown in Table IV, our approach achieved significantly
smaller average numbers of remaining variables on dense
random conflict graphs. This is because with such high edge
probability values, the graphs are likely to be complete graphs.
As a result, it is likely to find the maximum independent
set in the complementary graph consisting of all vertices.
Therefore, our method can solve the graph coloring instances
prior to constructing the reduced QUBO formulations in
most scenarios. We also see that with V' < 4, Symmetrical
Reduction method can obtain better performance than Roof
Duality. However, as |V| increases, Symmetrical Reduction
method introduces many new auxiliary variables. Thus, our
approach is more scalable than those in [22] in the parameter
range.

2) On Real-World Data: Next, we evaluate our reduction
method on US Vessel data. As depicted in Fig. 7, in our
experiments, we observed that the D-Wave Roof Duality
method did not lead to a noticeable reduction in the number of
variables in the Hamiltonian. On the other hand our variable
presolve step demonstrated substantial reductions in the size
of the Hamiltonian. For example, on BP instances, when the
number of users is 200, which is equivalent to 44200 logical
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Fig. 7: The average numbers of remaining binary variables in
different reduction schemes on (a) BP instances and (b) FA
instances.

qubits to form H p, our proposed scheme can reduce to 288.35
logical qubits on average, which corresponds to more than
99% reduction. On FA instances, in the worst case when the
number of beams is from 55 to 66, which is equivalent to
3432.20 logical qubits (on average) to form Hp, we need
413.31 logical qubits (on average) on reduction Hamiltonians,
which corresponds to more than 87% reduction.

B. Probability To Obtain Feasible Solutions

This section aims to evaluate the probability to obtain fea-
sible solutions through our hybrid quantum-classical pipeline.
We use the term success probability for the likelihood that
the proposed pipeline’s solutions are feasible in the original
problem P1. There are a few reasons why some solutions may
not be feasible after running D-Wave Quantum Annealing.
First, the number of anneals is limited due to D-Wave’s
policy to prevent users from monopolizing their resources.
And second, if the size of the reduced Hamiltonian exceeds
D-Wave’s hardware limit, the instance cannot be solved by
D-Wave. Fig. 8 depicts the outcomes depending on various
circumstances. The percentage of instances when all nodes
are successfully associated to the beams by solving P2’ (the
presolve step) without using Quantum Annealing (QA) are
depicted by blue color and labeled as "Pres.", demonstrating
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Fig. 8: Success probability to achieve feasible solutions of the
proposed hybrid quantum classical pipeline in (a) BP instances
and (b) FA instances.

the performance of our variable presolve approach. Red color
is used to represent the percentage of instances in which the
presolve step cannot solve all variables and QA must be called.

Our findings indicate that the proposed pipeline successfully
resolves a significant number of BP instances with fewer than
125 users. Additionally, we are able to solve an extra 9.5%
of the BP instances that the reduction strategy alone cannot
address by using QA to handle the undecided variables. On the
contrary, we note that the Hamiltonian reduction scheme may
not be well-suited for graph coloring instances in the context
of Frequency Assignment. As can be seen from Fig. 8 (b), the
success probability reduces from 66.4% to 29.9% as the size
of the graph increases to more than 44 nodes. This is because
the reduction scheme performs better on sparse proximity
graphs in Clique Covering context, which are equivalent to
dense conflict graphs in the Graph Coloring context. However,
the conflict graphs encountered in our experiments are sparse,
leading to poor success rates.

It is worth noting that the Binary Quadratic Model (BQM)
as well as Constrained Quadratic Model (CQM) implemented
in D-Wave fail to solve these BP/FA instances due to the large
number of variables involved.
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Fig. 9: Success probability to achieve feasible solutions of
Simulated Annealing and Tabu Search on (a) BP instances
and (b) FA instances.

C. Algorithm Performance

In this section, we will assess the performance of our pro-
posed hybrid quantum-classical (HQC) pipeline compared to a
range of widely recognized classical algorithms: Tabu Search,
Simulated Annealing, Best Fit [41] and Bron-Kerbosch, in the
context of BP/FA. We selected Tabu Search and Simulated
Annealing because they are well known algorithms and al-
ready implemented in D-Wave’s SDK, which makes it more
convenient to benchmark against our solution. We also picked
two classical greedy algorithms, Best Fit and Bron-Kerbosch
for two reasons: first, they are classical algorithms for solving
resource allocation problems [3], [41], [42], and second,
their implementation simplicity and low time complexity fit
perfectly into the rapid dynamics of LEO satellite networks?.
The settings of these algorithms are given below.

o Tabu Search: Utilizing the matrix ) of QUBO, the QUBO
formulation of P1, we use it as the input of the Multi-
start Tabu Search algorithm [44], which is implemented
in the D-Wave Ocean SDK. For a fair comparison with

3As mentioned in [43], the LEO satellite network setup time, including
the network resource allocation, could be in a range of ten seconds to
one minute depending on different network operators. Therefore, the beam
placement/frequency assignment algorithms employed in the setup phase must
be very fast to be practical.
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Fig. 10: The performance comparison of our proposed al-
gorithm and various benchmarks, including Bron-Kerbosch,
Simulated Annealing, and Best Fit. For the BP problem, our
method outperforms other approaches and almost achieves the
lower bound. For the FA problem, the solutions obtained by
our method are close to the lower bound and Best Fit, and
significantly better than Simulated Annealing.

QA, the number of iterations for Multi-start Tabu Search
is set at 3000.

o Simulated Annealing: Similar to Tabu Search, we make
use of ) as the input of the Simulated Annealing algo-
rithm [45], which is implemented in the D-Wave Ocean
SDK. For a fair comparison with QA, the number of
iterations for Simulated Annealing is set at 3000.

« Best Fit: A node is simply allocated to the most frequently
used clique/color without violating any constraints. If no
existing clique/color can accommodate a node, a new
clique/color is used by the algorithm.

o The Bron-Kerbosch algorithm [42] is used in [3] to find
all maximal cliques in a graph, then greedily union largest
cliques until all vertices are covered.

We also note that the input for QA is the reduced Hamiltonian
Hp, or equivalently ()', while the input for Tabu Search and
Simulated Annealing is ) which are much larger than Q.
As shown in Fig. 9, we first observe the success probability
of complex algorithms: Tabu Search and Simulated Annealing.
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The success probability of Tabu Search suddenly drops to
zero as the number of variables is more than 3100, while
that of Simulated Annealing remains high. Therefore, when
comparing the objective values of algorithms, Tabu Search is
excluded due to lack of feasible solutions.

In other words, we want to see how far the solutions
obtained by our method are from the optimal in comparisons
with other algorithms. In order to ensure a fair evaluation, we
only consider cases that are fully solved by Quantum Anneal-
ing, excluding instances where the reduction scheme achieves
optimality. It is important to note that the performance of the
Simulated Annealing exhibits the worst performance in our
evaluations due to large number of variables while the number
of anneals is fixed at 3000. Additionally, Bron-Kerbosch algo-
rithm obtains the second worst performance over BP instances.
We can observe in the following section that Bron-Kerbosch is
the fastest algorithm which could explain its low performance.

As can be seen in Fig. 10(a), we observe the divergence
trends of Best Fit and Bron-Kerbosch from the lower bound
as the number of users (number of vertices |V]) in network
increases. These results align with the theoretical results in
[28], [29], which state that no polynomial approximation
can achieve a better approximation ratio than |V'|'/7=¢ for
a general graph with |V| vertices. This implies that the gap
between a solution achieved by any polynomial-time algorithm
and the optimal value increases with |V|. Thus, the gap
between such a solution with a lower bound increases as well.

In order to establish a lower bound for the optimal BP, we
utilize the objective value of P2’ as a reference. The results
shown in Fig. 10(a) demonstrates that Quantum Annealing
provides feasible solutions that achieve objective values close
to the optimal quality in the context of BP instances. More-
over, we observe that as the number of users increases,
the performance gap between Quantum Annealing and other
benchmarks widens.

On FA instances, we observe that the proposed scheme can
achieve near optimal solutions. However, with the network
size of up to 66 nodes, Best Fit can also achieve near optimal
performance.

D. Computational Time Comparison

In this section, we compare the computational perfor-
mance of various algorithms, including our proposed quantum-
classical pipelines with and without Graph Decomposition
(GD), Tabu Search, Simulated Annealing, Best Fit, and the
Bron-Kerbosch algorithm. Our evaluation focuses on the com-
putational time required by each approach, which is shown in
Fig. 11. Additionally, we also assess the practical usability of
these algorithms by comparing them with the communication
duration between LEO satellites and Earth users [31], which
is from 5 to 15 minutes due to high velocity. Thus, the time
to make network decision should be comparably smaller than
the duration.

Our proposed quantum-classical pipelines combine both
quantum and classical computing resources to solve the
problem at hand. When utilizing GD, the performance of
the pipeline is enhanced by decomposing the problem into

- Tabu Search
Simul. Anneal.
HQC w.o GD
HQC w GD
Bron-Kerbosch
- Best Fit

Computing Time, [s]

25 50 75 100 125 150 175 200
Number of Users
Fig. 11: The computing time comparison of our proposed
algorithm, Tabu Search, Simulated Annealing, Bron-Kerbosch,
and Best Fit. Our approach requires less time than the first two
but more time than the last two.

connected components, which allows for more efficient pro-
cessing. Comparing the pipelines with and without GD, we
find that the GD-based approach exhibits faster computational
time, demonstrating the effectiveness of this decomposition
technique.

Our method has distinctive advantages compared to other
resource allocation algorithms, including Simulated Anneal-
ing, Tabu Search, Bron-Kerboch and Best Fit, as explained
below. First, as observed in Fig. 11, our method is much
faster than Simulated Annealing and Tabu Search, i.e., while
ours takes less than 1 second to return a solution for up to
200 users, Simulated Annealing and Tabu Search’ running
time already exceeds 5 minutes for 50 users. Such expensive
running time renders these two methods impractical for LEO
satellite applications, as the entire communication duration
between the satellites and ground users is usually between 5
and 15 minutes only. On the other hand, while Bron-Kerboch
and Best Fit run faster, their solutions, especially those of
Bron-Kerboch, are not as close to the optimal solutions as
those solutions returned by our pipeline (see Fig. 10a). Note
that the main step that makes our method slower than Bron-
Kerboch and Best Fit is the preprocessing, which includes
solving the Linear Programming Relaxation P2’

VII. CONCLUSION

In this paper, we explored the application of quantum
computing to solve the Clique Cover (CC) and Graph Color-
ing (GC) problems within satellite communication networks,
specifically focusing on the instances of Beam Placement (BP)
and Frequency Assignment (FA) problems with respect to
a practical dataset of vessel locations in the United States.
Initially, we derived a Quadratic Unconstrained Binary Opti-
mization (QUBO) formulation suitable for quantum annealers
as input. Due to quantum annealers’ hardware limitation, we
then introduced a Hamiltonian reduction technique to reduce
the number of necessary logical qubits. Our proposed method
obtained remarkable performance by significantly reducing
the number of required logical qubits compared to the Roof
Duality technique in D-Wave’s library, which provides no
reduction. Furthermore, our experimental results highlighted
the high probability of achieving feasible solutions employing
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our reduction method in conjunction with Quantum Anneal-

ing.

In comparison, both D-Wave’s Binary Quadratic Model

(BQM) and Constraint Quadratic Model (CQM) struggled to
solve instances involving more than 145 variables. Notably,
our proposed approach outperformed Best Fit, a renowned
classical approach. This research demonstrated a promising
advancement in leveraging quantum computing for encom-
passing CC and GC formulations, especially their applications
in SatCom for IoT connectivity at remote areas. We expect that
our contribution will inspire future exploration of quantum
computers in tackling conventionally known NP-hard prob-
lems.

Last but not least, our Hamiltonian reduction approach for
BA and FA can be widely applied into other applications of
Clique Covering (CC) and Graph Coloring (GC) problems,
including social network analysis [46], register allocation [47],
network scheduling [48], and video processing [49].
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