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Abstract. In this paper, following the recent work of Fathi (2018) in the classical case, we provide
by two different methods a sharp symmetrized free Talagrand inequality for the semicircular law,
which improves the free TCI of Biane and Voiculescu (2000). The first proof holds only in the
one-dimensional case and has the advantage of providing a connection with the machinery of free
moment maps introduced by Bahr and Boschert (2023) and a free inverse Log-Sobolev inequality.
This case also sheds light on a dual formulation via the free version of the functional Blaschke-Santaló
inequality. The second proof gives the result in a multidimensional setting and relies on a random
matrix approximation approach developed by Biane (2003), Hiai, Petz and Ueda (2004) combined
with Fathi’s inequality on Euclidean spaces.

1. Introduction

The celebrated Talagrand transportation cost inequality with respect to the standard Gaussian
measure in Rd states that for any probability measure µ, we have:

W2(µ, γ)
2 ≤ 2Entγ(µ), (1)

where W2 denote the L2 Kantorovitch-Wasserstein distance on the space of probability measures
P(Rd),

W2(µ, ν)
2 := inf

{∫
|x− y|2dπ;π ∈ P(Rd × Rd), π(·,Rd) = µ, π(Rd, ·) = ν

}
.

and

Entγ(µ) =

∫
f log fdγ; ν = fγ,

denotes the relative entropy (also called Kullback-Leibler divergence) with respect to the Gaussian
measure.

This transport inequality was first introduced to study the concentration of measure [85] and its
applications to Banach space geometry. In this direction we have, for example, the important result
of Milman [77], who used this concentration phenomenon on the sphere to find a new proof of the
famous Dvoretzky’s theorem [31] on the existence of high-dimensional almost Euclidean sections of
convex bodies. We refer to the survey paper by Gozlan [40] for precise connections between the
phenomenon of concentration of measure and functional inequalities.
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Recently, a sharp version of Talagrand’s inequality for the Gaussian measure was discovered by
Fathi [33], giving a strong entropy-W2 bound. This powerful idea of dualiazing between
Santaló-type inequalities and symmetric transport inequalities transport inequalities was actually
considered in an earlier paper by Nathael Gozlan [39]. This connexion is in fact build upom the
equivalence between the symmetrized transport-entropy inequalities and an even Maurey’s
property (τ) refining the one introduced originally by Maurey [74]. We are very grateful to Max
Fathi for providing this historical reference.

Two different proofs were originally proposed by Fathi: the first is based on connections between
optimal transport theory and the calculus of variations, more precisely between the notion of
moment measures (see the seminal work by Cordero-Erausquin and Klartag [34]), the
Kähler-Einstein PDE [63, 60] and the Gaussian-Talagrand inequality. The second shows that this
symmetrized Talagrand inequality can be seen as the dual formulation of the Blaschke-Santaló
inequality in convex geometry (there are many variants of this inequality; for convenience and
because it has the most general form, we will mostly use a functional version due to Lehec [69]).
More recently, a purely stochastic proof based on a new coupling induced by time-reversal
martingale representations was found by Courtade, Fathi and Mikulincer [20], following Lehec’s
work [71] on proving various functional inequalities by stochastic methods.

Theorem 1. (Fathi, theorem 1.1 in [33]) Let µ be a centered probability measure and ν another
probability measure. Then

W2(µ, ν)
2 ≤ 2Entγ(µ) + 2Entγ(ν). (2)

Furthermore, equality holds if and if only there exists a symmetric positive matrix A such that µ
is a non-degenerate Gaussian measure with covariance matrix A and ν is a Gaussian measure of
covariance A−1 (not necessarily centered).

As a direct corollary (the chain rule for the entropy) when γ is replaced by γa2 , a centered Gaussian
of (isotropic) covariance matrix α2 Id > 0, then the following holds:

Corollary 1. Let µ be a centered probability measure and ν another probability measure. Then

W2(µ, ν)
2 ≤ 2

α2
(Entγa2 Id

(µ) + Entγa2 Id
(ν)). (3)

Using the Cafarelli contraction theorem [17], Fathi was able to show that this theorem can even
be pushed onto the class of uniformly log-concave probability measures.

Theorem 2. (Fathi, theorem 1.5 in [33]) Let θ = e−V a symmetric, uniformly log-concave probability
measure, that is the potential V is smooth and satisfies HessV ≥ αId for some α > 0. Then for any
symmetric probability measure µ and any other probability measure ν, we have

W2(µ, ν)
2 ≤ 2

α
(Entθ(µ) + Entθ(ν)). (4)

The symmetry assumption on µ and θ is not essential and can be relaxed to the following assumption:
denote T the optimal transport map sending γ onto θ, then the theorem still holds if the pushforward
of µ by T−1 is centered, i.e. if the transport map T sending µ onto θ is such that

∫
Tdµ = 0.

These previous theorems have in fact recently been extended by Tsuji [86] when µ does not
necessarily have barycenter zero, thus giving the full picture of sharp transport cost inequalities in
full generality.
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Theorem 3. (Tsuji, corollary 3.2 in [86]) Let µ, ν be probability measures in P2(Rd). Then

W2(µ, ν)
2 ≤ 2Entγ(µ) + 2Entγ(ν)− 2⟨bar(µ),bar(ν)⟩. (5)

In the free context [9], using techniques from the pioneering work of Otto and Villani [79] and,
more precisely, a careful analysis of the complex Burger equation, Biane and Voiculescu obtained in
a breakthrough work the free analogue of the Talagrand TCI. In fact, a few years after this first
important result, first Biane in [11] and then Hiai, Petz and Ueda [51, 53] started a (now very
successful) programme to derive free functional inequalities (free LSI, free Talagrand, HWI...) using
random matrix approximations.

This approach is based in particular on the large deviation asymptotics of spectral measures of
unitary invariant Hermitian random matrices, as discovered by Voiculescu [90] (through his
microstates approximation) and formulated as a large deviation principle by Ben Arous and
Guionnet [2] and Hiai, Petz and Ueda [46, 47]. For convenience, we will recall a useful (and more
general than necessary) result which will be used several times in the sequel.

First, note that if a random matrix XN of size N ×N is distributed according to the law

µN ∝ exp(−N Tr(V (M)))dΛN (M), (6)

where Λ denotes the Lebesgue measure on the space of N ×N Hermitian matrices M s.a
N , and V is a

potential such that µN is indeed a probability measure on M s.a
N , we have that the joint law of its

eigenvalues is given by

PN
V (dx1, . . . , dxN ) =

∏
i<j

|xi − xj |2 exp
(
−N

N∑
i=1

V (xi)

)∏N
i=1 dxi

ZN
V

, (7)

where ZN
V is a normalising constant.

So if we introduce the empirical measure

µ̃N :=
1

N

N∑
i=1

δxi , (8)

The density of eigenvalues can be rewritten as

PN
V (dx1, . . . , dxN ) = exp(−N2J̃N

V (µ̃N ))

∏N
i=1 dxi

ZN
V

. (9)

where JV (µ) =
∫
V (x)dµ(x)−

∫∫
x ̸=y log|x− y|dµ(x)dµ(y).

The following important theorem, proved by Ben Arous and Guionnet [2], is given in a generalized
form (i.e. with a weaker hypothesis) which is satisfied by all the potentials considered in our paper.

Theorem 4. (Large deviations for the empirical measure, Ben Arous and Guionnet [2])
Let V be a continuous function satisfying the following hypothesis

lim inf
|x|→∞

V (x)

x2
> 0. (10)

According to the law µN ∝ exp(−V (M))dΛN (M), the sequence of random measures µ̃N satisfies a
large deviation principle in speed N2 with good rate function H(·, νV ) := χV (·)− χV (νV ).
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This relative free entropy χV for a potential V as well as the free Gibbs measure νV , which (if it
exists) realises the maximum of a suitable free relative entropy functional, will be properly
introduced in the next pages.

The following important theorem is the free transport cost inequality for the quadratic Wasserstein
distance originally due to Biane and Voiculescu [9]. This is exactly the free counterpart of (1) up to
the replacement of the relative Gaussian entropy by its free counterpart, called the free entropy
adapted to the free Ornstein-Uhlenbeck process.

Theorem 5. (Biane, Voiculescu [9], Hiai, Petz, Ueda [51], free Talagrand inequality).
If we denote σ as the standard semicircular law, then for any compactly supported probability measure
µ we have

W2(µ, σ)
2 ≤ 2H(µ, σ)). (11)

The right-hand side is called the free entropy adapted to the free Ornstein-Uhlenbeck process:

H(µ, σ) := χx2

2

(σ)− χx2

2

(µ)

= −χ(µ) + 1

2

∫
x2dµ+ χ(σ)− 1

2

=
1

2

∫
x2dµ− χ(µ) +

1

2
log(2π),

where χ(µ) is the free entropy introduced by Voiculescu in [91] for a given Borel probability measure
µ.

χ(µ) :=

∫∫
log|t− s|dµ(s)dµ(t) + 3

4
+

1

2
log 2π. (12)

In particular, and up to constants, the free entropy is the minus sign of the logarithmic energy of µ.

The free analogue of the Gibbs measure e−udx with u : R → R ∪ {+∞} are called free Gibbs
measure. They will be referred to as νu (sometimes called free equilibrium measures) and are, as in
the classical case, the solution to a variational problem.

Definition 1. The free Gibbs measure νu associated with the (convex or not) function u : R → R is
the measure corresponding to the free Gibbs law τu. This is the unique maximizer of the functional:

χu(µ) := χ(µ)−
∫
u(s)dµ(s), (13)

It is known that the existence of a maximizer is ensured in every dimension when u is a small
analytic perturbation of the quadratic potential or for a convexity condition based on the
contractivity of a certain semigroup introduced by Dabrowski, Guionnet and Shlyakhtenko [25]. In
the one-dimensional case it is known (see e.g. [81]) that the existence and uniqueness of a
(compactly supported) maximizer νu ∈ P(R) is ensured when u is lower semi-continuous and
satisfies some logarithmic growth at infinity:

lim
|x|→∞

(u(x)− 2 log|x|) = +∞, (14)

We can extend this existence more generally for any unbounded set S of the real line and for
u : S → R well-defined and satisfying the hypothesis 14. However, if we work with u : S → R,
where S is a closed bounded set of the real line, we even have to assume C3 regularity on the
interior of S, see Ledoux, Popescu [67].



A SHARP SYMMETRIZED FREE TRANSPORT-ENTROPY INEQUALITY 5

The variational characterization of the maximizer νu (see [81], theorem 1.3) also shows that there
exists a constant C ∈ R (note that we don’t insist on the notion of quasi-everywhere equality and
refer to [81] for details),

u(x) ≥ 2

∫
log|x− y|dνu(y), for quasi-every x ∈ R

u(x) = 2

∫
log|x− y|dνu(y), for quasi-every x ∈ supp(νu) (15)

The uniqueness of the maximizer can also be obtained if u is bounded from below, satisfies a
growth condition at infinity, and satisfies a Hölder-type continuous criterion (see [29]).

It was also noticed by Voiculescu (see section 3.7 of [94]) that the above maximizer νu (here we
assume u to be convex) should satisfy the following Euler-Lagrange equation:

2πHνu = u′, νu − a.e (16)

where Hp denotes the Hilbert transform of a probability measure ρ which is defined as:

Hρ(t) =
1

π
PV

∫
R

1

t− x
dρ(x), (17)

In fact, since νu maximize χu(·). We have for a test function f , and δ ∈ R, that
χu((x+ δf)♯νu) ≤ χu(νu), (18)

Then, by considering d
dtχu((x+ δf)♯νu)|t=0, it is implied that this last equation (16) can also be

rewritten as a Schwinger-Dyson (type) equation as follows (which is also true in the
multidimensional case, using the microstates version of free entropy):

Proposition 1. (Guionnet and Shlyakhtenko: Theorem 5.1 in [44], Fathi and Nelson: Lemma 1.6
in [32]) The unique maximizer of the previous functional is necessarily a solution of the following
Schwinger-Dyson equation:∫

u′(x)f(x)dνu(x) =

∫∫
f(x)− f(y)

x− y
dνu(x)dνu(y), (19)

for all nice test functions f .

Remark 1. It is also worth noting that at the maximiser the function χu(νu) is invariant by
shifting u, i.e. for any z ∈ R, χuz(νuz) = χu(νu), where z ∈ R and uz(·) := u(z + ·) is any suitable
function satisfying (14).

The cyclic derivative in this case coincides with the usual derivative, i.e. Du(x) = u′(x), and the
non-commutative Jacobian is the operator JD.

As it will be needed in the sequel, we also have a sort of reminder on the Legendre transforms and
their main properties. We recall that it is an order-reversing involution when restricted to convex
functions.
For φ : Rd → R ∪ {+∞} a function, convex or not, and not identically +∞, we denote its Legendre
transform as the convex function:

φ∗(y) = sup
x∈Rd

φ(x)<∞

{x · y − φ(x)} , (20)

And which satisfies the following property:
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(1) φ∗ is always convex and lower semi-continuous.
(2) when φ is convex and differentiable at the point x, we have:

φ∗(∇φ(x)) = x · ∇φ(x)− φ(x),

(3) If φ is C2, φ∗ is also C2, and ∇φ∗ is the inverse of ∇φ, i.e: ∇φ∗ = (∇φ)−1.
(4) φ(x) + φ∗(y) ≥ x · y, for all x, y ∈ Rd.

The unique fixed point of the Legendre transform is given by ∥x∥22
2 , i.e. the Legendre transform is a

symmetry on the space of convex functions around this fixed point. The geometrical analog of the
Legendre transform being the polar transformation, the previous statement can also be translated
in terms of convex bodies K ⊂ Rd by saying that the unique fixed point of the polar
transformation, i.e. K 7→ K◦ (where K◦ denotes its polar body) is exactly the Euclidean unit ball
Bd

2 w.r.t. the standard inner product on Rd.

Remark 2. Guionnet and Maurel-Ségala in [41] have indeed proved the equivalence between the
Schwinger-Dyson equation and the above maximisation problem, provided that the free Gibbs measure
νu exists, is unique and has a connected support. For example:

(1) If u is strictly convex on a sufficiently large interval, i.e. ∃κ > 0, such that u′′(x) ≥ κ for all
x ∈ R. This also ensures that νu is supported on a compact interval and has a density w.r.t.
the Lebesgue measure.

(2) The other case where existence and uniqueness (even in the multidimensional setting) are
ensured is when we consider a “small” analytic perturbation of the semicircular potential,
i.e. 1

2∥x∥
2 + βW (β small and W a n.c. power series see e.g. [44]).

Remark 3. It has been proved by various authors that the free Talgarand inequality for the free
quadratic cost (T2) holds for more general convex potentials than the semicircular ones by the sem-
inal work of Hiai, Petz and Ueda [51]. However (and surprisingly) Maurel-Segala and Mäıda [73]
have shown that free transport entropy inequalities can hold in non-convex situations at the cost of
weakening the distance W2 to W1, in particular giving a free analogue of Bobkov and Götze’s result
[14].

Our purpose here is to strengthen the previous result of Biane Voiculescu [9], Hiai, Petz and Ueda
[51, 53] by giving a free analogue of Fathi’s sharp symmetrized Talagrand inequality (abbreviated
SSTI) which holds in all dimensions for the microstates variant. In dimension one, we can even give
a better picture of this transport cost inequality by proving some connection with (its possible)
dual formulation via a free Santaló inequality.

In the classical case, the correspondence between convex functions and Borel measures in Rd

admits of several different views: the Minkowski problem, a vision coming from complex geometry
(toric Kähler manifolds), or a more probabilistic one via the Monge-Ampère equation (PDE
theory) and the transport of measures.
The duality between the transport entropy inequality and the functional Blascke-Santaló inequality
for the class of s-concave functions has recently been further explored by Fradelizi, Gozlan,
Sadovsky and Zugmeyer, see section 3 and more precisely Theorem 2.7 in [37]. This allows, in
particular, to obtain some optimal transport entropy inequalities for spherically invariant
probability models beyond the Gaussian case. Motivated by the barycenter problem in optimal
transport theory, Nakamura and Tsuji in [78] also recently extended the Blaschke-Santaló
inequality for the case of multiple even functions conjectured by Kolesnikov and Werner [64] (who
proved the unconditional version of the theorem in their paper) and proved a Talagrand type
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inequality for multiple even probability measures involving the Wasserstein barycenter of these
measures. This notion of Wasserstein barycenter was introduced by Agueh–Carlier in [1] and
consists an extension of McCann’s interpolation [76] to the case of more than two measures. This
last important statement has profound consequences in the theory of optimal transport and in fact
traduce a specific property of the L2 Wasserstein space: (P2(Rd),W2) is a Hamadard and a fortiori
a geodesic space (uniquely geodesic only for a pair of absolutely continuous probability measures),
which leads to a notion of midpoint and to the famous displacement of convexity of functionals in
the Wasserstein space.

For a little context, we recall the general breakthrough proved by Cordero-Erausquin and Klartag
in [19], which is a variant of the optimal transport problem. In this case, the Brenier map is the
solution of a variant of the Monge-Ampère equation, called the toric Kähler-Einstein equation. The
original approach they used is based on a variational formulation in the class of convex functions,
and in particular that the Prékopa-Leindler inequality implies that, for a (nice) measure µ, we have
that J(u) := log

∫
Rd e

−u∗
dx−

∫
Rd fdµ is a concave functional over the space of convex functions

finite in a neighborhood of the origin. We will come back to this convex formulation and how to
adapt this method in the free case in another paper.

Theorem 6. (Cordero-Erausquin and Klartag in [19]) Let µ be a measure in P1(Rd) with barycenter
at the origin, and not supported on an hyperplane. Then there exists an essentially-continuous convex
function φ (uniquely determined up to translations), such that µ is the pushforward of the centered
probability measure with density e−φ by the map ∇φ. The function φ is called the moment map of
µ.

In our context, Bahr and Boschert [6] were able to prove a complete free analogue in the
one-dimensional case of this construction by adapting the variational method of Santambrogio [84]
for the classical moment measure. Note also that the condition that the centered measure µ is not
supported on a hyperplane is reduced in this one-dimensional case to the condition: µ ̸= δ0.

Theorem 7. (Bahr and Boschert, Theorem 2.5 in [6]) Let µ ̸= δ0, a probability measure in P2(R)
with barycenter zero, then there exists a convex, lower semi-continuous function u, such that µ is the
pushforward of the free Gibbs measure νu by the function u′, i.e µ = (u′)♯νu. The convex function u
is called the free moment map of µ.
Moreover, νu is absolutely continuous w.r.t the Lebesgue measure, has compact support, and is the
unique centered maximizer of the functional

F(ρ) = L(ρ) + T (ρ, µ) (21)

defined on P2(R), where L(ρ) denote the logarithmic energy of ρ and T (ρ, µ) is the maximal corre-
lation functional:

T (ρ, µ) = sup

{∫
x · y dγ, γ ∈ dπ(ρ, µ)

}
(22)

where π(ρ, µ) is the set of transport plans with marginals ρ and µ.

Remark 4. When the free moment measure µ is itself a centered free Gibbs measure, then the
function φ is solution to a free Kahler-Einstein equation which is a variant of the free Monge-Ampère
equation of Guionnet and Shlyakhtenko [44] (see section 4 in [28]).
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2. A sharp symmetrized one dimensional free TCI

Although we can derive the free sharp symmetrized Talagrand inequality for the semicircular law
using Fathi’s inequality on Euclidean spaces 1 and the random matrix approach used by Hiai, Petz
and Ueda in [51] (which will be done in the section 5), we prefer to propose first in the one-dimensional
case a proof based on the notion of free moment measure introduced by Bahr and Boschert [6]. This
has the advantage of providing interesting analogies with the theory of optimal transport and the
calculus of variations, and in particular with the machinery of free moment maps. For a bit of
context, and because we are going to relate this sharp Talagrand inequality to optimal transport
theory, we need to introduce a fundamental result, which is a reversed Log-Sobolev inequality for
the class of log-concave measures.

Theorem 8. (Inverse Log-Sobolev inequality) Let ρ = e−φdx be a log-concave probability measure in
Rd, and define its Shannon-Boltzmann entropy as S(ρ) :=

∫
φdρ, then we have:

S(γ)− S(ρ) ≥ 1

2

∫
log det(Hessφ)dρ, (23)

Moreover, equality holds if and if only ρ is Gaussian with some positive definite covariance matrix
A.

This important inequality was first proved by Artstein-Avidan et al. [4] using affine isoperimetric
inequalities, but leaving the cases of equality open. The proof is rather technical, and the tools
used seem inaccessible in the free context. Recently, a relatively simple and short proof including
the equality cases has been given by Caglar et al. [18] using the functional Santaló inequality.

Using this classical inverse Log-Sobolev inequality in combination with a random matrix
approximation procedure with concentration of measures arguments from Guionnet’s seminal work
[43], we are indeed able to derive the free version of the inverse Log-Sobolev inequality. Surprisingly,
we can also obtain an analytical proof of our result using a free version of the Blaschke-Santaló
inequality (the latter will be proved in Section 3), theorem 16. This was not expected at first sight
and relies mainly on the variational characterisation of the free pressure (corresponding to the free
version of the log-Laplace functional) and on the properties of the Legendre transform.

2.1. Random matrix heuristics.

First, we derive the following free inverse log-Sobolev inequality purely by large deviations for
random matrices and a correct understanding of how the rescaled matrix entropies converge to
their free counterparts.

In the following we denote ρ := νu as a free (and thus compactly supported) Gibbs measure
associated with a convex lower semi-continuous potential u satisfying lim

|x|→+∞
u(x) = +∞ and we

also denote σ as the standard semicircular law.

Let M sa
n be the set of Hermitian n×n matrices with inner product according to the Hilbert-Schmidt

norm ∥A∥2HS := TrN (A2) (where TrN denotes the non-normalised trace), and the associated Lebesgue

measure dΛN on M sa
N ≃ Rn2

. We denote the normalised trace as trN = 1
N TrN .

Now, we consider the two following measures on M sa
N :

dσN (M) =
1

ZN
exp

(
− N2

2
trN(M

2)

)
dΛN (M),
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dρN (M) =
1

Zu
N

exp

(
−N2 trN(u(M))

)
dΛN (M)

where ZN and Zu
N denotes some normalisation constants.

The two measures are well-defined since both x 7→ x2

2 and x 7→ u(x) are convex functions going
to infinity at infinity, both admits a minimum, so that u(x) ≥ a|x|+ b for some a > 0, b ∈ R. This
ensures that both satisfy the logarithmic growth assumptions at infinity (14). Recall also that the
first one is the standard Gaussian measure on the space of Hermitian N ×N matrices.

We then denote S(σN ) and S(ρN ) respectively as the Shannon-Boltzmann entropy of σN and
ρN . We then have by definition of the free entropy (see e.g theorem 4.2 in [50] or section 1, (IV ) in
[52]),

χ(σ) = lim
N→∞

(
1

N2
S(σN ) +

1

2
logN

)
,

and

χ(ρ) = lim
N→∞

(
1

N2
S(ρN ) +

1

2
logN

)
And since ∀N ≥ 1, ρN has a log-concave density w.r.t the Lebesgue measure given by:

uN (M) = N2 trN(u((M)),

Thus, by applying the classical inverse Log-Sobolev inequality 8, we get that:

1

N2
[S(σN )− S(ρN )] ≥ 1

2N2
EρN

[
Tr logHessuN

]
, (24)

Then, we see that the left-hand side converges to the difference of the free entropies:

1

N2
[S(σN )− S(ρN )] → χ(σ)− χ(ρ),

We have now to distinguish two different cases:

(1) We first suppose that u is twice continuously differentiable and strictly convex. Hence, from

Guionnet’s concentration result (see [43]), since ρ(n) has a strictly log-concave density), we
get that:

1

N2
EρN

[
Tr logHessuN

]
→ ρ⊗ ρ(logJDu).

from which we obtain the desired inequality.
(2) If it’s not the case, we use a regularization. This can be done for example in two steps. For

example, if the function u lacks smoothness, we can use Moreau-Yoshida regularisation
which is defined for proper convex function u : R → R as uλ(x) := min

y∈R

{
u(y) + 1

2λ |y − x|2
}

as in [26] (see lemma 2.6 and proposition 2.5 for various properties of this regularization),
which can be used in order to gain smoothness on the potential and preserve its convexity.
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Next, we add a small quadratic perturbation, i.e for ϵ > 0 “small” enough, the function
ũϵ(x) := u(x) + ε

2x
2 which is strictly convex. It is then easy to see that the free Gibbs

measure which is associated with ũϵ is ρϵ = ρ⊞ ηϵ, the free convolution of ρ with a
semicircular distribution of variance ϵ (see e.g Jekel [56]).
Hence we get by applying the result in the previous case:

χ(σ)− χ(ρϵ) ≥ 1

2
ρϵ ⊗ ρϵ(logJDũϵ)

=
1

2
ρϵ ⊗ ρϵ(log(JDu+ ϵ))

≥ 1

2
max

(
ρϵ ⊗ ρϵ(logJDu), log ϵ

)
(25)

since x 7→ log(x) is non-decreasing.
But, we know from Voiculescu’s paper, proposition 7.5 in [93] that ϵ 7→ χ(ρϵ) is increasing.
Its also not difficult to show that the same holds for the log-Jacobian part:
ϵ 7→ ρϵ ⊗ ρϵ(logJDu) since u is convex. Thus, we get at the limit,

χ(σ)− χ(ρ) ≥ 1

2
ρ⊗ ρ(logJDu) (26)

which leads to the following possible free inverse log-Sobolev inequality.

More interestingly, the following proof shows deep similarities with the original proof of the inverse
Log-Sobolev inequality by Caglar et al. [18] using the functional Santaló inequality. This was the
connection we were looking for, as this second proof confirms the correct form of this free inverse
inequality. The main ingredients of the proof are the variational characterisation of the free
pressure defined in section 3, the definition of 45, the free Blaschke-Santaló inequality, and the
geometric properties of the Legendre transform.

Theorem 9. (Inverse free log-Sobolev inequality)
Let’s denote ρ := νu be a free Gibbs measure with finite first moment (which implies that mo-
ment of any order exists) and associated with a convex lower semi-continuous potential u satisfying
lim

|x|→+∞
u(x) = +∞ and σ as the standard semicircular law. Then,

χ(σ)− χ(ρ) ≥ 1

2
ρ⊗ ρ(logJDu), (27)

where we denote ρ⊗ ρ(logJDu) :=
∫∫

log

(
u′(x)−u′(y)

x−y

)
dρ(x)dρ(y).

Equality occurs in (27) if and if only ρ follows a (non-degenerate) centered semicircular distribution.

Proof: Since there is nothing to prove in the case χ(ρ) = −∞, we can assume that χ(ρ) > −∞.

Let us start with the analytic proof using the free form of the Blaschke-Santaló inequality, which
we will prove in Section 3, Theorem 16. In the following, we recall that we denote for µ ∈ Mc :=⋃

R>0M([−R,R]) (the space of compactly supported probability measures) and h ∈ L1(µ), the
pairing µ(h) as

µ(h) :=

∫
h(x)dµ(x). (28)
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Since both terms of the inequality (27) that we aim to prove are invariant under the translations of
the free Gibbs measure ρ, we can assume without loss of generality that ρ is centered.

Let’s assume for now that u is smooth enough, i.e. we assume that u is C2 and strictly convex
over the entire real line. We also denote the following pushforward measure µ := u′♯νu = u′♯ρ, which

actually makes µ the moment measure associated with the convex potential u (i.e. the free moment
map of µ).

By definition of the free relative entropy or equivalently the free pressure (just apply the max-
imum characterization of (1) or equivalently (45) for ρ which is the free Gibbs measure potential u
and µ which has a relative entropy with respect potential u∗ less than its maximizer νu∗) we have{

−ρ(u) + χ(ρ) = χu(νu)
−µ(u∗) + χ(µ) ≤ χu∗(νu∗)

Summing these two inequalities and using the following inequality for the Legendre transform
∀x, y ∈ R, u(x) + u∗(y) ≥ xy, and, since the application conditions are satisfied, using the Blaschke-
Santaló free inequality, we obtain using 16,

χ(ρ) + χ(µ)− ρ(u)− µ(u∗) ≤ χu(νu) + χu∗(νu∗) ≤ log(2π). (29)

Now using Voiculescu’s change of variables for the free entropy [91] (we are in a very smooth context
here to apply this formula), i.e. χ(µ) = χ(u′♯ρ) = χ(ρ) + ρ⊗ ρ(logJDu), we get,

χ(ρ) + χ(ρ) + ρ⊗ ρ(logJDu)−
∫
u(x)dρ(x)−

∫
u∗(x)dµ(x) ≤ log(2π), (30)

But since µ is the pushforward of ρ by u′, we have, using the fundamental property of the Legendre
transform (21), ∫

u∗(x)dµ(x) =

∫
u∗(u′(x))dρ(x) =

∫
xu′(x)dρ(x)−

∫
u(x)dρ(x). (31)

Hence, we get

2χ(ρ) + ρ⊗ ρ(logJDu)−
∫
u(x)dρ(x)−

∫
u∗(u′(x))dρ(x) (32)

=2χ(ρ) + ρ⊗ ρ(logJDu)−
∫
xu′(x)dρ(x) ≤ log(2π).

But now a standard application of the Euler-Lagrange equation

2πHρ = u′, ρ− a.e

implies the following Schwinger-Dyson equation (well known in the free context, this is just a par-
ticular application of the integration by parts formula for free Gibbs measures)∫

xu′(x)dρ(x) =

∫∫
dρ(x)dρ(y) = 1.

This integration by parts now gives us that

2χ(ρ) + ρ⊗ ρ(logJDu)− 1 ≤ log(2π). (33)

But, since χ(σ) = 1
2 log(2πe) =

1
2 + 1

2 log(2π), we reach finally the conclusion.
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The result remains true for a not necessarily C2 and strictly convex function, but it involves
working (especially to make sense of the integrals used above) on the interior of the domain of u
and u∗, denoted respectively by Ωu := ({x ∈ R, u(x) <∞})o and Ωu∗ , since we also remember that
u′ exists almost everywhere by Rademacher’s theorem and a theorem of Alexandrov [3], Busemman
and Feller [16] claim that u′′ exists almost everywhere inside the convex domain of u. The ideas of
the proof in this less regular case are just a translation of those of Caglar et al. [18] in the free
context (see the proof of their theorem 1). We leave the details to the reader.

The cases of equality are exactly the cases of equality in the free Blaschke-Santaló inequality
theorem 16, which tells us that ρ is semicircular. A standard calculation then confirms that this is
a case of equality.

Remark 5. Heuristically, the cases of equality can also be understood again via the random matrix
approximation. In fact, for the equality to hold, it is necessary that the inequality (24) is actually
an equality. This is known to hold (from the equality in the classical inverse logarithmic Sobolev

inequality) if for all n ≥ 1 the measures ρ(n) are themselves Gaussian, from which we deduce that the
limiting equilibrium measure ρ then follows a (non-degenerate) semicircular distribution.

Note also that ρ is assumed to have finite entropy, and thus a fortiori with the free entropy

dimension equal to one. That is, δ(ρ) = 1 + lim sup
ϵ→0

χ(ρϵ)
|log ϵ| = 1, since ρ is non-atomic in dimension

one according to Voiculescu’s formula (see [91]).

Remark 6. The above lemma still holds if the free entropy χ on the left is replaced by the negative
of the logarithmic energy L (the appearing constants vanish).

Moreover, the assumption that u is convex l.s.c with lim
|x|→+∞

u(x) = +∞ gives that u has a global

minimum (so that u(x) ≥ a|x|+b for some a > 0 and real b), and the finiteness of the first moment,
by Proposition 2.4 in [6] implies that ρ has a compact support, is absolutely continuous with respect
to the Lebesgue measure, and satisfies the Euler-Lagrange equation 2πHρ = u′ on the support of ρ.

Now, as Santambrogio noticed in the classical case, it is also easy to see that the minimisation
problem of theorem 7 can be reformulated in terms of W2 instead of using the maximal correlation
functional (the second moment of measure µ being fixed). In this way, the relationship between the
moment of measure and the optimal transport becomes clear.

Therefore the measure ρ := νu, for any convex function u (which is the free moment map, up to
translations), satisfies the solution of theorem 7:

ρ = argmin

{
χx2

2

(ν)− 1

2
W2(ν, µ)

2, ν ∈ P2(R)
}
, (34)

where χx2

2

(ν) := 1
2

∫
x2dν(x)− χ(ν) is the free entropy relative to the standard semicircular

potential.

Remark 7. In particular, this result includes the free Talagrand inequality of Biane and
Voiculescu [9], which is obtained by taking ν as the standard semicircular distribution.
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More interestingly, if ρ is the maximizer in (34), then the quantity to be minimized above can be
rewritten as

−1

2

∫
|u′(x)− x|2dνu(x) + χx2

2

(νu), (35)

where the first term is the negative of the relative free Fisher information of ρ with respect to the
semicircular potential. Thus, this quantity (to a constant) is the inverse of the deficit in the
semicircular logarithmic Sobolev inequality, and gives a strong indication that it could be used to
derive improvements of free functional inequalities.

Now, since χ(µ) = χ(ρ) + ρ ⊗ ρ(logJDu) (assuming finite entropy for ρ), which is the change
of variable formula for the free entropy which is valid since (modulo constant appearing in the free
entropy), by definition, the minus logarithmic energy satisfies,

−L(µ) :=

∫∫
log|x− y|dµ(x)dµ(y)

=

∫∫
log|u′(x)− u′(y)|dρ(x)dρ(y)

=

∫∫
log

∣∣∣∣u′(x)− u′(y)

x− y
· (x− y)

∣∣∣∣dρ(x)dρ(y)
=

∫∫
log|x− y|dρ(x)dρ(y) +

∫∫
log

(
u′(x)− u′(y)

x− y

)
dρ(x)dρ(y)

= −L(ρ) + ρ⊗ ρ(JDu), (36)

where we used in the second line that µ is the pushforward of ρ by u′, in the third line that ρ is
absolutely continuous w.r.t the Lebesgue measure (a fortiori non-atomic) making the decomposition
licit, and finally in the last equality that JDu ≥ 0 since u is convex.

We then get by applying theorem 8:

2χ(σ)− χ(µ)− χ(ρ) ≥ 0, (37)

Hence, the previous inequality (37) is equivalent to:

H(µ, σ) +H(ρ, σ) ≥ 1

2

∫
x2dρ+

1

2

∫
x2dµ− 1

≥ 1

2

∫
x2dρ+

1

2

∫
|u′(x)|2dρ−

∫
x · u′(x)dρ

≥ 1

2

∫
|x− u′(x)|2dρ =W2(µ, ρ)

2,

since for a convex lower-semi-continuous function u, we have
∫
x · u′(x)dρ ≤ 1 (and equality when u

is smooth, from the Schwinger-Dyson equation for ρ := νu). The last equality being obtained since
u′ is the optimal transport map.

Hence we have:

H(ρ, σ)− 1

2
W2(µ, ρ)

2 ≥ −H(µ, σ),

Now, theorem 7 asserts that ρ is a maximizer of the functional

ν 7→ H(µ, ν)− 1

2
W2(µ, ν)

2, (38)
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from which we deduce that for any compactly supported probability measure ν

H(ν, σ)− 1

2
W2(µ, ν)

2 ≥ −H(µ, σ),

which is equivalent to:

Theorem 10. Let µ be a centered compactly supported probability measure, and ν another compactly
supported probability measure. Then, we have

W2(µ, ν)
2 ≤ 2H(µ, σ) + 2H(ν, σ), (39)

Equality occurs if and only if µ follows a semicircular distribution with variance σ2 and ν follows a
semicircular distribution with variance σ−2.

To understand the case of equality, it suffices to see that equality holds if and only if equality
occurs in the theorem 9, in which case ρ must follow a semicircular distribution with variance
σ > 0. Hence µ, which is the projection of ρ by u′ (a linear function in this case), also follows a
semicircular distribution with variance σ−1. Finally, a standard calculation confirms that this is a
case of equality.

Remark 8. This is actually an improvement on the free Talagrand inequality. In fact, by taking
µ = σ, we immediately recover the free Talagrand inequality. Furthermore, by using the triangle
inequality for W2 with for centre, we get the semicircular law and again the free Talagrand inequality:

W2(µ, ν)
2 ≤ 4H(µ, σ) + 4H(ν, σ),

which, with our inequality, can be improved to a prefactor 2, which can be interesting for applications.
However the measure µ must be centered for the inequality to hold (and both compactly supported).

Now, following the recent work of Tsuji [86], we can extend our previous theorem without any
barycenter restrictions, and thus obtain a more general free analogue of the sharp symmetrized
Talagrand transportation cost inequality.

Theorem 11. Let µ and ν be compactly supported probability measures. Then, we have:

W2(µ, ν)
2 ≤ 2H(µ, σ) + 2H(ν, σ)− 2 bar(µ) · bar(ν), (40)

where bar(µ) :=
∫
xdµ(x).

Equality occurs if and only if µ follows a semicircular distribution with variance σ2, σ > 0 and ν
follows a semicircular distribution with variance σ−2.

Before doing the proof, we need to introduce a preliminary lemma which yields to the the free
counterpart of the Proposition 3.1 in the paper [86] of Tsuji.

For a probability measure µ on P(Rd), we denote its barycenter as
∫
xdµ(x). For any a ∈ Rd, we

also denote the translation of µ by a as the probability measure µa which is defined for all Borelian
A of Rd as µa(A) := µ(A− a).

Lemma 1. Let ν be a compactly supported probability measure. Then for any other compactly
supported measure µ and a ∈ R, we have:

χx2

2

(µa) +
1

2
W2(µa, ν)

2 = χx2

2

(µ) +
1

2
W2(µ, ν)

2 − a bar(ν). (41)
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Proof: First, note that since we are in the one-dimensional case, the non-commutativity disappears,
so the Monge-Kantorovitch duality still holds, and we can still use the following equality, which was
already proved in full generality by Tsuji in P2(Rd), d ≥ 1,

1

2
W2(µa, ν)

2 =
1

2
W2(µ, ν)

2 + abar(µ)− a bar(ν) +
a2

2
. (42)

Now it suffice to remark that we have,

χx2

2

(µa) = −1

2

∫
x2dµa(x) +

∫∫
log|t− s|dµa(s)dµa(t)

= −1

2

∫
(x+ a)2dµ+

∫∫
log|t− s|dµ(s)dµ(t)

= −1

2

∫
x2dµ+

∫∫
log|t− s|dµ(s)dµ(t)− a

∫
xdµ(x)− a2

2

= χx2

2

(µ)− abar(µ)− a2

2
. (43)

Plugging this into (42) concludes.

We can now finish the proof of the sharp symmetrized free Talagrand TCI in the general case.

Proof: (Theorem 40) Its just an application of the previous lemma with a := bar(µ) to get the
desired conclusion. Indeed, we get in this case,

χx2

2

(µa) +
1

2
W2(µa, ν)

2 = χx2

2

(µ) +
1

2
W2(µ, ν)

2 − bar(µ) · bar(ν). (44)

which is equivalent to the conclusion.

3. A free Blaschke-Santaló inequality

This section focuses on obtaining free analogues of some inequalities from convex geometry that
have an intrinsic link to optimal transport theory, first discovered by Gozlan [39] and recently
formalised as a powerful duality by Fathi [33].

Let us first recall that in dimension one (also true in the multivariate setting if we introduce a
modified free entropy quantity defined as the Legendre transform of the multivariate free pressure),
Hiai, Mizuo and Petz [50, 52] introduced the concept of free pressure and proved that the free
entropy can be written as the (minus) Legendre transform of the free pressure. For convenience, we
rewrite these formulas with the minus sign.

Definition 2. Let R > 0 and consider the free pressure defined as the Legendre transform of the the
(minus) free entropy:

ηR(h) := sup {µ(h) + χ(µ), µ ∈ M([−R,R])} , h ∈ CR([−R,R]), (45)

where the dual pairing is given by µ(h) :=
∫
hdµ, h ∈ C([−R,R]) := CR([−R,R]) (real-valued), and

µ ∈ M([−R,R]),
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Remark 9. A first important fact is that for h ∈ C([−R,R]) (or considering h ∈ C(R) and denoting
h|[−R,R] its restriction to [−R,R]), the quantity ηR(h) is in fact equal to χh(νh), i.e this quantitu is
exactly the unique maximizer of (13) since we have the variational principle ηR(h) = −νh(h)+χ(νh),
see for example Hiai, see page 710 in [50]. We will therefore often state our results in terms of relative
entropy, switching from one notation to the other at convenience (especially when using duality, we
will need to introduce an appropriate cutoff to make sense of all the quantities needed).

A second important fact is that the free pressure is in fact a convex decreasing function, which
is also 1 Lipschitz with respect to the uniform norm:

|ηR(h1)− ηR(h2)| ≤ ∥h1 − h2∥∞, h1, h2 ∈ CR([−R,R]). (46)

From this definition, Hiai and a.l. [50, 52] proved that we can recover the free entropy as the
(minus) Legendre transform of the free pressure, providing a free analogue to the well-known dual
formulation of entropy as the Legendre transform of the log-Laplace functional in the classical case.

Theorem 12. (Hiai, Mizuo, Petz; section 5 in [50])
For µ ∈ M([−R,R]), h ∈ CR([−R,R]), we have:

(1) the free entropy is given as the Legendre transform of the free pressure:

χ(µ) = inf {µ(h) + ηR(h), h ∈ CR([−R,R])} . (47)

(2) Moreover, we have:

ηR(h) = lim
N→∞

(
1

N2
log

(∫
(Msa

n )R

exp(−N2 trN(h(M)))dΛN (M)

)
+

1

2
logN

)
, (48)

where h(A) is defined by functional calculus and (M sa
n )R := {M ∈M sa

n , ∥M∥∞ ≤ R}

The first result in this direction was a free analogue of the Brunn-Minkowski inequality ob-
tained by Ledoux in [65] in the one-dimensional case by random matrix approximation, who later,
in collaboration with Popescu, proved it by a mass transport argument. This inequality is actually
in a Prékopa-Leindler form, and so far only exists in the one-dimensional case, which we will use
to prove a free Blaschke-Santaló inequality. However, it is still not clear how to develop a multi-
dimensional analogue of this free Brunn-Mikowski inequality, and it seems even more difficult to
formulate a non-microstate extension which, despite the analytical flavour of the definitions, is much
harder to manipulate in practice, especially when proving functional inequalities, since the matrix
approximation no longer helps.

Theorem 13. (Ledoux-Popescu [65, 66], free Brunn-Minkowski inequality)
Let U1, U2, U2 be real-valued continuous functions on R satisfying the growth assumptions (14) and
such that for some θ ∈ (0, 1), for all x, y ∈ R,

U3(θx+ (1− θ)y) ≤ θU1(x) + (1− θ)U2(y).

Then

χU3(νU3) ≥ θχU1(νU1) + (1− θ)χU2(νU2). (49)

With the notations involving a cutoff, if R > 0 is such that supp(νU1), supp(νU2), supp(νU3) ⊂
[−R,R], we have:

ηR(U3) ≥ θηR(U1) + (1− θ)ηR(U2). (50)
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The following inequality is known as the functional Blaschke-Santaló inequality since it is the
functional generalization of Santaló’s result for convex bodies (note that there are many different
variants, and the one we use in the sequel is due to Lehec [69], who generalized the first result for
even functions proved by Ball [7]).
It was shown by Fathi [33] that this inequality is the dual formulation of the Sharp’s symmetrized
Talagrand inequality for the Gaussian measure. This classical Santaló inequality is in fact the starting
point of our investigations to provide its free version using random matrix approximations.

Theorem 14. (Functional Santaló inequality) Let f and g be mesurable functions on Rd such that
we have f(x) + g(y) ≤ −x · y, ∀x, y ∈ Rd, if ef (or eg) have barycenter zero, then:(∫

efdx

)(∫
egdx

)
≤ (2π)d, (51)

equality occurs if and if only there exists C ∈ R and and a positive definite matrix A, such that

f(x) = C −Ax · x, and g(y) = −C −A−1y · y (52)

a.e. in Rn.

This theorem is in fact the functional version of the famous Blaschke-Santaló inequality for
convex bodies, first proved in dimension n ≤ 3 by Blaschke [13] and in full generality by Santaló [83]
using Steiner symmetrization and the Brunn-Minkowski inequality.

Theorem 15. (Blaschke-Santaló inequality) Let K ⊂ Rd a centrally symmetric (K = −K) convex
body and K◦ its polar set, then the Mähler-Volume of K is bounded as follows:

M(K) := Vold(K)Vold(K
◦) ≤ (Vold(B

d
2))

2 (53)

Equality occurs in (53) if and if only K is an ellipsoid and Bd
2 denotes the Euclidean Ball w.r.t the

standard inner product on Rd.

The next step is to give an indication of the free version of the functional Blaschke-Santaló
inequality. This will be suggested by large matrix approximations and the classical version of the
Blaschke-Santaló inequality as follows.

Indeed, let’s f, g be continuous functions satisfying the inequality f(x) + g(y) ≥ xy for all x, y ∈ R.
Let’s denote for convenience the “micro-pressure”:

ηR,N (f) = log

(∫
(Msa

n )R

exp(−N2 trN(f(M)))dΛN (M)

)
, ∀n ≥ 1.

We choose R > 0 as a suitably chosen cutoff. We also assume, without loss of generality, that the

following probability measure, called the micro Gibbs measure µfR on the set of Hermitian matrices:

dµfR,N (M) =
1

Zf
R,N

exp(−N2 trN(f(M)))1{∥M∥∞≤R} dΛN (M),

And its truncated probability measure denoted µfR,N on the set of Hermitian matrices (with the

proper renormalization constant Zf
R,N ):

dµfR,N (M) =
1

Zf
R,N

exp(−N2 trN(f(M)))1{∥M∥∞≤R} dΛN (M),
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We know assume that µfR,N has barycenter zero for (at least) N large, i.e.∫
trN(Φ(M))dµfN (M) = 0 (54)

This is easily satisfied, for example, if the potential f is even (separating M s.a
N into the positive and

negative cones), and is already an interesting case for applications, see e.g. Kolesnikov, Werner [64]
for many new results on generalised Blaschke-Santaló inequalities in the classical case.

Now since we have the following weak convergence, i.e. for any bounded continuous function Φ :
R → R, ∫

trN(Φ(M))dµfN (M) →
∫

Φ(x)dµf (x) (55)

In the case where the convergence of the moments is ensured (i.e. this convergence is extended to
Φ(x) = xk, k ≥ 0), e.g. see [56] f , we directly find the barycenter condition at the limit for the free
Gibbs measure. ∫

xdνf (x) = 0.

If we choose R > 0 large enough, we still have the weak convergence for the truncated probability
measure ∫

trN(Φ(M))dµfR,N (M) →
∫

Φ(x)dνf (x) (56)

Since µfR,N is compactly supported as well as the free Gibbs measure νf (both have a fortiori

moments of any order), hence, by choosing Φ : R → R as a C∞
c function such that Φ(t) = t, t ≤ R

with cutoff R > 0 large enough (take R >
diam(supp(νf ))

2 , which is sufficient), we still get∫
xdνf (x) = 0.

So, to apply the classical Blaschke-Santaló inequality to M s.a
N , the last step is to make sure that the

inequality f(x) + g(y) ≥ xy is preserved for self-adjoint matrices. Fortunately, this is shown in the
next proposition.

Proposition 2. Let f, g : R → R be such that ∀(x, y) ∈ R2 f(x) + g(y) ≥ xy. Let x, y ∈ M s.a
N two

self-adjoint N ×N matrices. Then we have N2 trN(f(x)) +N2 trN(g(y)) ≥ N2 trN(xy).

Proof: To prove this, we consider for each n ≥ 1 and for each x, y ∈M sa
N ,

F (x) := N2 trN(f(x)),

and

G(y) := N2 trN(g(y)),

Now, since x, y are self-adjoint, there are two (complex) orthonormal bases where x, y are similar to
D = diag(α1, . . . , αN ) and E = diag(β1, . . . , βN ), respectively, from which we deduce that

F (x) = N2 trN(f(D)) = N
N∑
i=1

f(αi), andG(y) = N2 trN(f(E)) = N
N∑
i=1

g(βi),

with ∀1 ≤ i ≤ N , λi := f(αi) and µi := g(βi) ∈ R.
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Now, without loss of generality, we can assume that

λ1 ≤ . . . ≤ λN and µ1 ≤ . . . ≤ µN ,

Indeed, both F (x) and G(y) are defined via a sum over the respective eingavlue of x, y, thus are
invariant by permutations of the respective eigenvalues of x and y, we can choose a permutation of
λi or µi that respects the increasing order. So we can easily deduce from the assumption
f(x) + g(y) ≥ xy that

F (x) +G(y) ≥ N
N∑
i=1

λiµi

Now by using the Hoeffman-Wielandt inequality (see e.g. [54]), we get

N∑
i=1

λiµi ≥ Tr(xy),

which implies finally the conclusion,

F (x) +G(y) ≥ N2 trN(xy).

We now introduce the two following quantities which corresponds respectively to the exponential of
the “micro-pressure”:

∀N ≥ 1, η̃R,N (f) :=

∫
(Msa

n )R

exp(−N2 trN(f(M)))dΛN (M), f ∈ CR(R),

and its renormalized version

η1R,N (f) := N
N2

2

∫
(Msa

n )R

exp(−N2 trN(f(M)))dΛN (M) = N
N2

2 η̃R,N (f).

Note here, that N2 trN(M
2) := N TrN (M2) = N∥M∥2HS , and that the Hilbert-Schmidt norm ∥·∥HS

corresponds to the Euclidean norm on RN2
under the isometry

M = [Mij ] ∈M s.a
N 7→ ((Mii)1≤i≤n, (

√
2ℜ(Mij))i<j , (

√
2ℑ(Mij))i<j) ∈ RN2

. (57)

So if the measure µ
(n)
f has a barycenter of zero (so its limiting equilibrium measure also has a

barycenter of zero), using the functional Santaló inequality with d = N2 we get ∀N ≥ 1.

log(η1R,N (f)) + log(η1R,N (g)) ≤ N2 log(2π). (58)

which is equivalent to

1

N2
log(η̃R,N (f)) +

1

N2
log(η̃R,N (g)) ≤ log(2π)− log(N),

and finally this (adding on both sides logN),(
1

N2
log(η̃R,N (f)) +

1

2
logN

)
+

(
1

N2
log(η̃R,N (g)) +

1

2
logN

)
≤ log(2π). (59)

Taking the limit in (59), since both terms of the left side are well defined, we get the free functional
Santaló inequality

ηR(f) + ηR(g) ≤ log(2π), (60)

The conclusion follows by taking the exponential.
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Remark 10. We recall that the density of GUE with respect to the Lebesgue measure is given for
N ≥ 1 by

dσN (M) = 2−
N
2 π−

N2

2 exp

(
− tr(M2)

2

)
dΛN (M). (61)

Using the isometry given by (57) (note in particular the importance of the coefficient
√
2 to renor-

malize correctly) we can explain why we get the “right” rate N2 at the end of the calculations, which
is necessary to use the large deviation techniques.

This reasoning (which is perfectly formal in the even case) leading to the first inequality (60) then
suggests the following free form of the functional Blaschke-Santaló inequality.

In fact, in one of Lehec’s proof [69], his arguments are based on an induction over the dimension
and on a one-dimensional logarithmic form of the Prekopa-Leindler inequality that we recall here
(the cases of equality can also be deduced as for the classical Prekopá-Leindler inequality, which
were characterized by Dubuc [30]). In another of his work, Lehec used the Yao-Yao partition [70])
to obtain another new proof.

Lemma 2. (Logarithmic Prekopa-Leindler)
Let ϕ1, ϕ2 be non-negative Borel functions on R+. If ϕ1(t)ϕ2(t) ≤ e−st for every s, t ∈ R+, then∫

R+

ϕ1(s)ds

∫
R+

ϕ2(s)ds ≤
π

2
. (62)

More generally, when we strenghned a bit the symmetry assumption to an unconditional version
involving geometric means

Lemma 3. (Prekopa-Leindler for the geometric mean)
Let ϕ1, ϕ2 : Rn → R be Borel measurable unconditional functions such that
ϕ1(x1, . . . , xn) + ϕ2(y1, . . . , yn) ≤ −⟨x, y⟩ for every (x1, . . . , xn) and (y1, . . . , yn) ∈ Rn

+, then∫
Rn
+

eϕ1

∫
Rn
+

eϕ2 ≤
(
π

2

)n

. (63)

As for the Santaó inequality, which states that Gaussian densities are the unique maximizers
of the Blaschke-Santaló functional, this lemma can be reinterpreted by saying that half-gaussian
densities maximize the “positive“ Blaschke-Santaló functional.

It turns out that this statement can also be translated in the free case as a logarithmic version
of the free Brunn-Minkowski inequality, and tells us that the maximum of the midpoint of the free
pressures is obtained for the quarter-circular law. We also recall that the usual self-adjoint free
entropy might not be necessarily the most adapted quantity to deal with measure on R+ or more
generally inside the positive cone of a von Neumann algebra. Hiai and Petz in [49] introduced a free
entropy quantity adapted to deal with polar decompositions, and which is well adapter to compute
free entropy for elements in the positive cone of a von Neumann algebra M. This free entropy
adapted to the polar decomposition is in fact defined for h ∈ M+ with distribution µh ∈ M(R+) as,

χ+(µh) := χ(µh) +
1

2
log

(
π

2

)
+

3

4
(64)

= L(µh) + log π +
3

2
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Hiai and Petz also proved (see remark 2.4 in [49] or Proposition 3.2 in [48]) that the unique maximizer
(with maximal value log(πeC)) of the functional M+ ∋ h 7→ χ+(µh) under the constraint τ(h) ≤ C
is in fact achieved when h as an analytic distribution given by

√
4Ct− t2

2πCt
1[0,4C](t)dt. (65)

This means nothing but to say that h
1
2 is the quarter-circular law of radii 2

√
C. When C = 1,

h
1
2 follows the standard quarter-circular law which we recall is the pushforward of a Marcenko-

Pastur law under the map x 7→
√
x, or the distribution of the polar part of a semicircular operator

(see Voiculescu [88] or Banica [8]). Moreover, it is well known (see Ledoux, Popescu [66]) that
this standard Marcenko-Pastur law is the unique maximizer of the relative entropy functional with
potential Id(x) := x over P([0,∞]), i.e. it maximizes the relative entropy χId(·) over the space of
measures supported on the positive real line.

However, we need to introduce a modified quantity adapted to deal with probability measures
supported on the positive real line and associated to a potential on this positive real line. The
problems are that the constants are mostly not taken into account (because they vanish in most of
the free functional inequalities) of all the previous related work already evoked.

Definition 3. Let µ ∈ M(R+) and a potential V : R+ → R continuous satisfying condition (14).
Then, we set:

χ+
V (µ) := χ+(µ)−

∫
V (x)dµ(x). (66)

This entropy appears also as the large deviation rate of self-adjoint random matrices (see Hiai and

Petz [48]) conditionned to stay in the positive cone M s.a,+
n := {M ∈M s.a

n , M ≥ 0} with thus all
positive eigenvalues.

Using now Ledoux and Popescu’s notations (see equations (10.2) and (10.3) in [66]), we have the
following slight modification (with the new constant 1

2 log 2) of their proposition that will be use in
the next proof.

Proposition 3. For a measure µ on [0,∞) we defined its associated symmetric measure µ̃ by setting
for every Borel subset of [0,∞)

µ(F ) := µ̃(
{
x, x2 ∈ F

}
) (67)

We then have that the minimizer of χṼ (·) is maximized for νṼ = ν̃V where for a potential V :

[0,∞) → R := R∪{+∞} we set Ṽ (x) := V (x2)
2 , and moreover we have χ+

V (νV ) = 2(χṼ (νṼ )−
1
2 log 2).

The following lemma is the logarithmic form of the free Prekopa-Leindler inequality. We omit the
proof as is a standard to obtain from random matrix approximations as for the proof of (13).

Lemma 4. Let U1, U2, U2 be real-valued continuous functions on [0,+∞) satisfying the growth as-
sumptions (14). Suppose that for all x, y ∈ R,

xy ≤ U1(x
2)

2
+
U2(y

2)

2
.

Then,
1

2
χ+
U1
(νU1) +

1

2
χ+
U2
(νU2) ≤ log π. (68)
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Suppose for now that we would have the stronger hypothesis that ∀x, y ∈ R, f(x) + g(y) ≥ (x+y)2

2 ,
then applying the free Brunn Minkowski’s inequality (13), the free Blaschke-Santaló inequality
would follow easily by setting U1 := f, U2 := g, and U3 := x2 with θ := 1

2 . The idea of the following

is that there is nothing in between this two lower bounds (x, y) 7→ xy and (x, y) 7→ (x+y)2

2 in the
centered case.

Theorem 16. (Free functional Blaschke-Santaló inequality).
Let f, g be continuous functions, such that f(x) + g(y) ≥ xy for all x, y ∈ R. If the equilibrium
measure νf (or νg) solution of the variational problem (1) has barycenter zero, then

eχf (νf )+χg(νg) ≤ 2π. (69)

Or with the free pressure, for R ≥ 2, such that supp(νf ), supp(νg) ⊂ [−R,R], we have

eηR(f)+ηR(g) ≤ 2π, (70)

More generally, we have the following more general statement which gives the existence of a
Santaló point (i.e. an appropriate shift) when none of the measure is supposed to have barycenter
zero.

Corollary 2. (Non-centered free Blaschke-Santaló inequality).
Let f be a continuous functions. Then, there exists z ∈ R such that for every other continuous
function g

(∀ x, y ∈ R, f(z + x) + g(y) ≥ xy) =⇒ eχf (νf )+χg(νg) ≤ 2π. (71)

Proof: (Theorem 16 and corollary 2)

For simplicity, we choose R ≥ 2 large enough that both νf and νg, as well as the standard
semicircular distribution, have their support in [−R,R].
We will explain how the how the existence of such a z ∈ R (drawing similiarity with the even case),
then explain how to deduce that we can choose z = 0 when we only assume that νg is centered (with
no symmetry assumptions). Finally, we will look at the cases of equality right after that by using a
complete different tensorization technique.

Step 1: The general case

Now let z ∈ R be such that (the existence in the general case of such a point z is easy to deduce,
since it is just a “log”-median of the positive free relative entropy χ+

ϕ+(νϕ+), and the reader might

for simplicity think of it as z = 0 as in the even case),

χϕ+(νϕ+) = 2(χfz(νfz)−
1

2
log 2). (72)

where we again denote fz as the function fz(·) := f(z + ·) as the usual shift by z.

Indeed, from proposition 3, we know that

χ+
ϕ+(νϕ+) = 2(χf◦|·| −

1

2
log 2), (73)

where f ◦ |·| denotes the composition of f with the absolute value. So in the even case, we would get

χϕ+(νϕ+) = 2(χf − 1

2
log 2). (74)
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In this general case, we would have to choose a suitable replacement of g to ensure that the
condition (71) is satisfied, i.e. we replace g by ḡz(y) := g(y)− zy, since

fz(x) + ḡz(y)− zy := f(z + x) + g(y)− zy ≥ (z + x)y − zy = xy. (75)

For such a choice we use the same conventions as for ḡz, with the notation ψz instead.

We can apply the lemma 4 twice, first to R+ and to the restriction ϕ+ and ḡ+z to R+, to get

e
1
2
χϕ+ (νϕ+ )+ 1

2
χ
ḡ+z

(ν
ḡ+z

) ≤ π. (76)

And thus

e
χfz (νfz )+

1
2
χ+

ḡ+z
(ν

ḡ+z
)
≤

√
2π (77)

But since the free relative entropy (or free pressure) is invariant by translation, i.e.
χfz(νfz) = χf (νf ) (again, we refer to (1) or e.g. (48) to see this invariance as the level of random
matrices).

Applying the same reasoning on R− and summing the two inequalities and we get the desired
conclusion.

Step 2: The centered case

Now we relax the even hypothesis a bit. In fact, in this part we prove that we can actually take
z = 0 if νg is centered.
We consider as before the function ḡz(y) := g(y)− zy, which together with fz satisfies the
quadratic growth condition (71), since

fz(x) + ḡz(y)− zy := f(z + x) + g(y)− zy ≥ (z + x)y − zy = xy. (78)

Now we have by hypothesis, the existence z ∈ R such that

eχf (νf )+χḡz (νḡz ) ≤ 2π. (79)

and the goal is to show that we can choose in fact z = 0.

Since we have assumed that g has a barycenter zero, by definition of νḡz , which is the maximiser of
the free relative entropy functional associated with the potential ḡz, now for any probability
measure µ ∈ P(R) we have

χg(µ) :=

∫∫
log|x− y|dµ(x)dµ(y)−

∫
gdµ(y)

=

∫∫
log|x− y|dµ(x)dµ(y)−

∫
[g(y)− zy]dµ(y)− z

∫
ydµ(y)

=

∫∫
log|x− y|dµ(x)dµ(y)−

∫
ḡz(y)dµ(y)︸ ︷︷ ︸

≤χḡz (νḡz )

−z
∫
ydµ(y)

≤ χḡz(νḡz)− z

∫
ydµ(y) (80)
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Applying this inequality to µ = νg which has barycenter zero and we get that

χg(νg) ≤ χḡy(νḡy)− z

∫
ydνg(y)︸ ︷︷ ︸
=0

, (81)

which with combine with the previous inequality (79) tells us that we can therefore choose z = 0 in
the centered case.

Step 3: The cases of equality

To understand the cases of equality, it’s better to work in terms of free pressure (the desired
properties appear easier with the cutoff). So let’s assume, without loss of generality, that∫
x2dνf (x) = 1. To reach the conclusion, we will use a tensorization procedure that exploits the

fact that the free entropy of free microstates is additive for free tuples of non-commutative random
variables. Regarding the free pressure, Hiai reformulated the proposition we need: in dimension
d = 2 (also true in any dimension), the free pressure is additive when restricted to separable
real-valued continuous functions, i.e. for d = 1, the free pressure is additive, e.g. for
h(x, y) := f(x) + g(y) we have, using the point (6), proposition 2.3 in [52], for continuous functions
f, g : R → R,

ηR(f) + ηR(g) = η2R(h), where h(x, y) = f(x) + g(y), (82)

where more generally for h ∈ (A2
(R))

s.a, the self-adjoint part of A2
(R) := C([−R,R])⋆2 which is the

2-fold universal free product C∗-algebra of C([−R,R]), we denote:

η2R(h) := lim
N→∞

(
1

N2
log

(∫
(Msa

n )2R

exp(−N2 trN(h(M1,M2)))dΛ
⊗2
N (M1,M2)

)
+ logN

)
. (83)

Recall that χ(σ∗2) = log(2πe) (which is the multi-dimensional free Gibbs laws corresponding to the

potential V1 =
x2

2 + y2

2 ) and that the free entropy and the free-entropy quantity introduce by Hiai
in [52] as the Legendre transform of the free pressure coincide on free uniformly R-bounded tuples
(see theorem 4.5 (iii) in [52]). Hence, from the equality in (70), we deduce

log(2π) = η2R(h) = η2R

(
x2

2
+
y2

2

)
(84)

Again, by using that the free pressure η2R is decreasing (in the sense of operator) as well as the
convexity of the free pressure, and that for every R ≥ 2, V1 ∈ (A2

(R))
s.a, we must have

f(x) + g(y) =
x2

2
+
y2

2
, (85)

since the free entropy under the variance condition is maximized (in dimension n = 2 for the sum of
the variances is equals to two) for the standard semicircular system, we deduce that

f(x) = g(x) = x2

2 and therefore that the two free Gibbs measures νf and νg must follow a standard
semicircular distribution.

The general case follows by assuming that
∫
x2dνf (x) = ρ−1, ρ > 0, from which we deduce that

again the two measures are semicircular, with respective variances ρ−1 and ρ.
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Remark 11. The above random matrix heuristics can be formalised if we have convergence of the
moments of the random matrix models. This is ensured, for example, if the potential V is c-uniformly
convex and semi-concave, see the recent important work of Jekel [56, 57] who uses PDE techniques
to prove that the log-concave measure on (M s.a

N )n, given by uniformly convex and semi-concave (not
necessarily constant) potentials approximable by trace polynomials, satisfies the concentration of the
measure around a non-commutative law in the large N limit, and uses this to provide new deep results
on the equality cases between the non-microstates and microstates free entropy.

For convenience, by taking the supremum over the cutoff R > 0 (or choosing this cutoff R large
enough to ensure that the limiting equilibrium measure has support in [−R,R]) in the definition 45,
we can obtain a representation of the free entropy for any compactly supported probability measure
without specifying the cutoff exactly. This is a saturation property and has been proved in various
contexts, see for example Ueda, Theorem 4.5 in [52] or Biane and Dabrowski end of page 674) of [12]
for this statement.

Remark 12. In fact, this amounts to working with the space of compactly supported probability
measures, denoted again as Mc :=

⋃
R>0M([−R,R]). Equivalently, for a general continuous f :

R → R satisfying assumptions (14), we know that the relative free entropy functional

µ ∋ P(R) 7→ −µ(f) + χ(µ), (86)

admits a unique (compactly supported) maximiser νf .

We let Rf = inf {R > 0, supp(νf ) ⊂ [−R,R]} and we set (we trivially extend the definition for
measure supported on subset by setting zero mass outside its support).

η(f) := ηRf∨2(f) = sup
R≥Rf∨2

ηRf
(f). (87)

The cutoff R ≥ 2 is actually chosen to include the appropriate standard semicircular potential.

Unfortunately, we cannot yet reach the duality noted by Fathi in the classical case (see Proposition
1.3 in [33]): the sharp symmetrized Talagrand inequality (abbreviated SSFTI) is dual to the
functional Santaló inequality. The main difficulty in the free case is to prove the inverse implication
(free Santaló implying SSFTI). This is explained in detail in the remark 13.

The following proof is largely inspired by Fathi’s techniques in the classical case. The crucial fact
here is that the dimension is one. This is essential for the application of the Monge-Kantorovitch
duality.

We also recall that non-commutative Monge-Kantorovitch duality has recently been explored
in an important paper by Jekel and a.l. [38]. This requires the introduction of a new class of
convex functions, and there may also be subtleties about optimal coupling, as non-commutative laws
living in a finite dimensional algebra may require an infinite dimensional algebra to couple optimally.
Moreover, the optimality of transport maps (as the one considered by Guionnet and Shlyakhtenko)
is only proved for some cases, see remark 9.9 in [58]. Furthermore, this duality is currently only
available for quadratic costs, and has not yet been established for arbitrary transport costs.

Proposition 4. The sharp symmetrized free Talagrand inequality implies the free functional Santaló
inequality.
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Proof: We reformulate this time (SSFTI) with the maximal correlation functional and the free
entropy χ, i.e (SSFTI) is equivalent to:

inf
π

−
∫
x · y dπ ≤ −χ(µ)− χ(ν) + log(2π), (88)

or equivalently

sup
π

∫
x · y dπ ≥ χ(µ) + χ(ν)− log(2π), (89)

where π denotes the set of transport plans with marginals µ and ν.

Since we are in dimension one (hence the non-commutativity vanishes), the left side is still a
transport cost with the (still nice enough) cost function x · y instead of |x− y|2.

Hence by Kantorovitch duality (see special case 5.1.16 in [93]):

sup
π

∫
x · y dπ = inf

f(x)+g(y)≥xy

∫
fdµ+

∫
gdν. (90)

By using theorem 12, we have:

χ(µ) = inf
f

∫
fdµ+ η(f), (91)

To prove the first implication, we take f, g to be continuous such that f(x)+ g(y) ≥ xy, and we take
µ := νf and ν := νg to be free Gibbs measures associated with the potentials f and g respectively,
and such that

∫
xdνf (x) = 0.

The measures µ, ν are well defined, since f, g are continuous (a fortiori l.s.c.) and grow faster
than any linear function, so the condition (14) is satisfied.

If we now apply the Talagrand inequality (89), we get

sup
π

∫
x · ydπ ≥

∫
fdµ+ η(f) +

∫
gdν + η(g)− log(2π),

and by using (90) and (91) we have∫
fdµ+

∫
gdν ≥

∫
fdµ+ η(f) +

∫
gdν + η(g)− log(2π),

which (after removing the same terms on both sides and applying the exponential) is equivalent to

eη(f)+η(g) ≤ 2π,

and, we get the desired conclusion.

Remark 13. However, it is still unclear whether the converse holds in full generality: Does the free
Blaschke-Santaló functional inequality imply (SSFTI) in its maximal correlation formulation?
For now, we can explain one possible way to prove this statement, and the main obstacle to achieving
the full proof.
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Given µ, a centered compactly supported probability measure, and ν, another compactly supported
probability measure, and given two continuous functions f and g satisfying f(x) + g(y) ≥ xy, our
goal is to prove that ∫

fdµ+

∫
gdν ≥ χ(µ) + χ(ν)− log(2π).

To use the free Santaló inequality, the free Gibbs measure associated with f must be centered:∫
xdνf (x) = 0, and this is not the case at all.

Let’s assume for now that there is λ ∈ R such that∫
xdνf+λId(x) = 0. (92)

and note that since µ is centered, adding a linear function to it doesn’t change the value of
∫
fdµ,

i.e. for all λ ∈ R we have ∫
fdµ =

∫
(f + λid)dµ. (93)

We denote (for this choice of λ), f̃(x) := f(x) + λx and g̃(y) := g(y + λ), for which we can easily

check that f̃(x) + g̃(y) ≥ xy for all (x, y) ∈ R2.

So, if the assumption (92) is true, we get by using the free functional Santaló inequality,

η(f̃) + η(g̃) ≤ log(2π),

Now we have that
∫
fdµ =

∫
f̃dµ, since µ should be centered, and η(g̃) = η(g) (this is as said before

easily seen by using the limiting formula (48), since the Lebesgue measure is invariant by
translations). Therefore, adding on both sides

∫
fdµ and

∫
gdν, and using the dual formulation of

the free entropy, we finally get∫
fdµ+

∫
gdν ≥

∫
f̃dµ+ η(f̃)︸ ︷︷ ︸

≥χ(µ)

+

∫
gdν + η(g)︸ ︷︷ ︸
≥χ(ν)

− log(2π)

≥ χ(µ) + χ(ν)− log(2π).

The proof would be completed by taking the supremum over all f and g on the left.

So the main obstacle is to prove that there are λ ∈ R such that∫
xdνf+λid(x) = 0. (94)

A first idea we tried is to look at the following partition function,

Z(λ) := lim
n→∞

∫
trN(M) exp(−n2(trN(f(M)) + λ trN(M)))dΛN (M), λ ∈ R (95)

which can be seen as the point limit of the sequence of functions (Zn)n≥1:

Zn(λ) =

∫
trN(M) exp(−n2(trN(f(M)) + λ trN(M)))dΛN (M), λ ∈ R,

Then we can check (using Fathi’s arguments in dimension d = n2 [33]) that for all n ≥ 1, Zn is
well-defined, monotone (in λ) and smooth, since f goes to infinity faster than any linear function,
so its domain is an unbounded convex of R, so its range is the whole space R. In particular, there
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exists (λn) ∈ RN, Zn(λn) = 0. However, it is not sufficient to conclude that the result holds in the
limit [33], i.e. there exists λ ∈ R,

∫
xdνf+λid(x) = 0, and this is a consequence of (λn)n≥0 not being

constant.

So we ask the following question:

Conjecture 1. For every f : R → R continuous satisfying assumptions (14). Does λ ∈ R exist
such that the free Gibbs measure associated with f + λid has barycenter zero?

4. A inverse form of the free Blaschke-Santaló inequality

In the context of convex geometry, the notion of Mahler volume plays an important role in this
study of convex bodies. For example, this quantity has nice properties: it is a continuous mapping
if we equip the space of convex bodies in Rd with the usual Haussdorff topology. There are many
connections between the study of this volume and other open problems in convex geometry, e.g. to
the Bourgain slicing problem studied by Klartag [61], which was a longstanding difficult conjecture
finally solved in a recent work by Klartag and Lehec in [62]. This Mahler volume is also an affine
invariant, and it is known that the shapes with maximum Mahler volume are the ellipsoids (this is
the case of equality in the Blaschke-Santaló inequality). However, the shape with the smallest value
seems to be the hypercube (whose polar set is exactly the symmetric unit cube, generally called the
octahedron). This was proved, at least asymptotically, in a pioneering work by Bourgain and Milman
in [15] using methods from the geometry of Banach spaces and, more precisely, from the theory of
cotypes. Obtaining these (non-asymptotic) lower bounds is in fact still an open problem, precisely
formulated by Mahler [72] through the following famous conjecture in convex geometry (historically
he formulated only the general case, not the symmetric one):

Conjecture 2. (Mahler’s Conjecture) Let K be a centrally symmetric convex body in Rd, then the
following bound holds:

P(K) := Vold(K)Vold(K
◦) ≥ P(Bd

∞) =
4d

d!
, (96)

where Bd
∞ := [−1, 1]d and equality holds if an if only K is an Hanner polytope.

More generally for a general convex body K,

P(K) := min
z∈K

Vold(K)Vold((K − z)◦) ≥ P(∆n) =
(d+ 1)d+1

(d!)2
, (97)

where ∆d is a simplex of Rd with equality if and if only K = ∆d.

The lower bound in the centrally symmetric case with order (d !)−2 is known since Mahler work
[72] and the Mahler conjecture is now known for unconditional convex bodies (symmetric w.r.t all
the hyperplanes {xi = 0} , i = 1, . . . , d) as proved by Saint Raymond [82] and in small dimensions
n = 2, 3. The third dimensional case being recently proved in a important work of Iriyeh and Shibata
[55].

Like the Blaschke-Santaló inequality, the Mahler conjecture admits a functional form discovered by
Fradelizi and Meyer [36], which however is stronger than the Mahler conjecture for sets, since for
the functional version to hold the geometric conjecture must hold in every dimension.
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Theorem 17. (Fradelizi-Meyer 2008 [36]). The symmetric Mahler conjecture (2) holds if and only
if for all f even, convex functions.

log

∫
e−fdx+ log

∫
e−f∗

dx ≥ d log 4, (98)

where f∗ denote the Legendre transform.

Moreover the conjecture is true for f convex, unconditional, i.e. f(x1, . . . , xd) = f(|x1|, . . . , |xd|).

We can indeed prove the following proposition by reasoning as in Proposition 3.5 in [6] or by using
the variational characterisation (14).

Proposition 5. Let f : R → R be an even differentiable function satisfying (14), then νf is a
symmetric probability measure.

Remark 14. The differentiability conditions can be weakened by assuming that f is differentiable on
supp(νf ). In fact, from the Euler-Lagrange or Schwinger-Dyson equations, it’s enough to look only
inside the support of νf , since it’s a diffuse measure.

The following theorem is obtained by a random matrix approximation. Since the ideas are the
same as for our previous free version of the free Blaschke-Santaló inequality (16), here with an even
potential (so the barycenter of the limiting free Gibbs measure exists and is always zero, which we
don’t need to check), we leave the details to the reader; the analytical proof is much more difficult,
and this is an absolutely non-trivial statement: It has the same complexity as in the classical case
as it was already mentioned by Fradelizi and Meyer in the remark following propositions 1 and 2
[35]. Therefore, we think it deserves to be presented in a separate full paper.

Theorem 18. (Free inverse Blaschke-Santaló inequality). Let f be a l.s.c convex even function such
that lim

|x|→∞
f(x) = +∞ (or at least having a minimum), then

χf (νf ) + χf∗(νf∗) ≥ log(4), (99)

or equivalently with the notations introduced before, we have

η(f) + η(f∗) ≥ log(4). (100)

Remark 15. This inequality says in fact that the minimum (not unique) is obtained for the family
of arcsine laws, which are the laws supported on [−R,R] for some R > 0 and of density

1

π
√
R− x2

.

For example, if R = 1, this free Gibbs measure is associated with the potential V (x) = log(2), x ∈
[−1, 1] and V (x) := 1

π log| |x|+
√
x2−1
2 | , x /∈ [−1, 1]. This is consistent with the result in the classical

case, since in dimension one the Blaschke-Santaló function over R is minimal for symmetric segments
(which are the only Hanner polytopes in dimension one), and it is well known that the arcsine
distribution is considered as the free analogue of the uniform distribution. Equivalently, it is easy
to see that their “dual” is the Bernoulli law. In particular, it would be interesting to prove that the
minimum is non-unique and can only be attained by these two families of laws.
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Using the same scheme as in the proof of proposition 4, we are able to prove a inverse form of
(SSFTI) for symmetric free Gibbs measures (e.g. for even potentials u with at least quadratic
growth).

Theorem 19. Let µ := νf a free Gibbs measure associated with a even l.s.c convex potential f with
lim

|x|→∞
f(x) = +∞ (or at least with a minimum), and let µ∗ = νf∗ denote the free Gibbs measure

associated with f∗ (the Legendre transform of f). Then, we have

H(µ, σ) +H(µ∗, σ) ≤ 1

2
W2(µ, µ

∗)2 +
1

2
log(π/2). (101)

Proof: First, note that µ∗ is well defined. In fact, by the properties of the Legendre transform (4),
we have that f∗ is l.s.c. and satisfies (14).

Let Fev be the set of even (unconditionally) l.s.c. convex functions. Then we have the following,
which holds by a simple localization argument,

sup
π

∫
x · ydπ = inf

f∈Fev

∫
fdµ+

∫
f∗dµ∗,

where π is a transport plan between the marginals µ and µ∗.

This fact follows from the following arguments: it is well known from Kantorovitch duality that

sup
π

∫
x · ydπ = inf

f : R→R

∫
fdµ+

∫
f∗dµ∗;

where f is a lower semi-continuous convex function (see e.g. particular case 5.3 in [87]).

Note that in this case µ (hence µ∗) are symmetric measures. In fact, reasoning as in proposition 3.5
in [6] to show that or using the variational characterization (14), it is not difficult to show that
supp(νu) must be a symmetric compact interval, and that νu(B) = νu(−B) for any B ⊂ B(R)
(which means nothing more than saying in dimension one that the distribution is symmetric with
respect to the origin). This is even easier to deduce if the potential f has enough regularity, e.g. if
f is of class C3 we have an explicit formula for the density of the free Gibbs measure, see e.g.
Ledoux and Popescu, Theorem 1, [66].

It is then easy to see that the optimizer also inherits the symmetry property of these two measures.
So we can restrict the definition of the supremum in (102) to the functions f ∈ Fev.

We can also easily check that

χ(µ) + χ(µ∗) = inf
f∈Fev

∫
fdµ+

∫
f∗dµ∗ + η(f) + η(f∗),

This is trivial to get, since the optimizer is the function f itself.
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Using these formulas, as well as the theorem (18) and the previous approach used to prove the
proposition 4, we finally get

χ(µ) + χ(µ∗) ≥ sup
π

∫
x · ydπ + log 4,

Subtraction of (half of) the second moments of each measure and the constant log(2π) on each side
finishes the proof.

5. A multidimensional version of SSFTI

In this section we adopt the notations and conventions of Hiai and Ueda [53] for stating a
multidimensional extension of the previous theorem 10 for tracial non-commutative distributions.
This part is again based on a random matrix approximation procedure.

If A is a unital C∗-algebra, Asa stands for the set of self-adjoint elements of A, and we denote S(A)
by the state space of A and its restriction to tracial states TS(A) (recall that not every state is
tracial, e.g. in a type III von Neumann algebra). The universal free product C∗-algebra of two
copies of A is denoted by A ⋆A, and σ1 and σ2 stand for the canonical embedding maps of A into
the left and right copies of A.

Let us fix n ∈ N and R > 0. We denote the universal free product C∗-algebra A(n)
R := C([−R,R])⋆n

with norm ∥·∥R and a canonical set of self-adjoint generators Xi(t) = t in the ith copy of

C([−R,R]), 1 ≤ i ≤ n. Each φ ∈ S(A(n)
R ) provides a (non-commutative) distribution or law of

X1, . . . , Xn whose (non-commutative moments) are given by φ(Xi1 . . . , Xim), 1 ≤ i1, . . . , im ≤ n.
Indeed, any distribution in the C∗ algebra setting can be realized in this way. More precisely, if
a1, . . . , an are self adjoint variables in a C∗-probability space (A, ϕ) with operator norm ∥ai∥ < R,

then one has a (unique) ∗-homomorphism ψ from into A(n)
R sending any Xi to ai so that the

distribution of X1, . . . , Xn under ϕ ◦ ψ ∈ S(A(n)
R ) coincides with that of a1, . . . an under ϕ.

Since we will be dealing with non-commutative Wasserstein distance and free entropy, which are
well understood and have good properties only for tracial states, we will consider only tracial

distributions, i.e. elements in TS(A(n)
R ).

Recall that every probability measure λ ∈ P((M sa
N )n) gives rise to the tracial distribution

λ̂R ∈ TS(A(n)
R ) which is defined by:

λ̂R(h) :=

∫
(Msa

N )n

1

N
TrN (h(rR(M1), . . . , rR(Mn)))dλ(M1, . . . ,Mn), h ∈ A(n)

R .

where rR denotes the retraction on R onto [−R,R].

Definition 4. We will say that λ ∈ P((M sa
N )n) is centered if it has first absolute moment and if for

all i = 1, . . . , n, ∫
(Msa

N )n

1

N
TrN (Mi)dλ(M1, . . . ,Mn) = 0.

We will also say that τ ∈ TS(A(n)
R ) is centered if for all i = 1, . . . , n, we have

τ(Xi) = 0.
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Let πτ be the GNS representation of A(n)
R associated with τ , and denote ((π(A(n)

R ))′′, τ̃) where τ̃ is
the normal extension of τ with the self-adjoint variables πτ (X1), . . . , πτ (Xn).

The microstates free entropy χ introduced by Voiculescu [93] is defined in our context as as follows

χ(τ) := lim
m→∞
ε↘0

lim sup
N→∞

(
1

N2
log Λ⊗n

N (ΓR(πτ (X1), . . . , πτ (Xn);N,m, ε)) +
n

2
log 2π

)
,

where ΓR(πτ (X1), . . . , πτ (Xn);N,m, ε) denotes the approximating microstates which are n-tuples
(A1, . . . , An) ∈ (M sa

N,R)
n (tuples of self-adjoint matrices such that max

i=1,...,n
∥Ai∥ ≤ R) such that∣∣∣∣τ(Xi1 . . . Xip)−

1

N
TrN (Ai1 . . . Aip)

∣∣∣∣ = ∣∣∣∣τ̃(πτ (Xi1) . . . πτ (Xip))−
1

N
TrN (Ai1 . . . Aip)

∣∣∣∣ < ε

for all possible choice of i1, . . . , ip, 1 ≤ p ≤ m.
For sake of convenience, we can choose a sub-sequence N(1) < N(2) < . . . in such a way that letting

ΓR(τ ; k) := ΓR(πτ (X1), . . . , πτ (Xn);N, k,
1

k
)

we have

χ(τ) = lim
k→∞

(
1

N(K)2
log Λ⊗n

N (ΓR(τ ; k)) +
n

2
log 2π

)
. (102)

Following what we defined in the previous section, we denote the following Gaussian product
measure on P((M sa

N )n),

σ
(n)
N :=

n⊗
i=1

σN ∈ P((M sa
N )n). (103)

That is

dσ
(n)
N (M1, . . . ,Mn) =

1

Zn
N

exp

[
−N

(
1

2

n∑
i=1

Tr(M2
i )

)]
dΛ⊗n

N (M1, . . . ,Mn).

We then have by the celebrated asymptotic freeness result of Voiculescu [89].

Lemma 5. For all R ≥ 2, we have

lim
N→∞

σ̂
(n)
N,R = τ 1

2

∑n
i=1 X

2
i
= σ⋆n weakly∗. (104)

Definition 5. (Biane Voiculescu, [9]) The free quadratic Wasserstein distance is defined as

W2(τ1, τ2)
2 = inf

{∑
i=1

τ(|σ1(ai)− σ2(ai)|2 τ ∈ TS(A ⋆A|τ1, τ2)
}
,

where
TS(A ⋆A|τ1, τ2) := {τ ∈ TS(A ⋆A) : τ ◦ σ1 = τ1, τ ◦ σ2 = τ2} .

Remark 16. We recall the following properties satisfied by this free quadratic Wasserstein distance
(see [53], Proposition 1.2 for a more general statement): for every τ, τ ′ ∈ TS(A) where A is a
unital C∗-algebra, we have

(1) W2(τ, τ
′) is a metric on TS(A).

(2) W2(τ, τ
′) is jointly lower semi-continuous in (τ, τ ′) ∈ TS(A)× TS(A) in the weak∗-topology

(see [9], Proposition 1.4).
(3) W2(τ, τ

′) is jointly convex in (τ, τ ′) ∈ TS(A)× TS(A).
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Let us recall the following lemma proved by Hiai and Ueda (see lemma 1.3 in [53]), which gives an
inequality comparing the free quadratic Wasserstein distance between two non-commutative
distributions with the usual quadratic Wasserstein distance for their random matrix distributions.

Lemma 6. For each pair λ1, λ2 ∈ P((M sa
N )n) and each R > 0, let λ̂1,R, λ̂2,R ∈ TS(An

R) be the
corresponding random matrix distributions. Then we have

W2(λ̂1,R, λ̂2,R) ≤
1√
N
W2(λ1, λ2), (105)

where W2(λ1, λ2) is the usual quadratic Wasserstein distance between λ1, λ2, defined in this case by

W2(λ1, λ2)
2 := inf

π

∫∫
(Msa

N )n×(Msa
N )n

n∑
i=1

∥Ai −Bi∥2HSdπ. (106)

where π denotes the set of transport plans of marginals λ1, λ2.

Before introducing the main theorem, we need to set the multivariate version of the free entropy

adapted to the free Ornstein-Uhlenbeck process. In fact, we set for every τ ∈ TS(A(n)
R )

H(τ, σ⋆n) := 2

(
− χ(τ) + τ

(
1

2

n∑
i=1

X2
i

)
+
n

2
log 2π

)
. (107)

We also need to introduce the following lemma, which basically states the (classical) sharp
symmetrized Talagrand inequality at the level of random matrices. This will be used to derive the
result for the free case by going to the limit and using the lower semi-continuity of the free
quadratic Wassertein distance.

Lemma 7. For every N ∈ N∗ and λ, λ′ ∈ P((M sa
N )n) with λ centered, then we have:

W2(λ, λ
′)2 ≤ 2

N
EntσN (λ) +

2

N
EntσN (λ

′). (108)

Proof: This is just an application of the corollary 1 when considering (M sa
N )n as RN2n and, the

use of the tensorization property of the classical sharp Talagrand inequality. Indeed, in this case,
σN is a product of independent centered Gaussian variables of variance 1

N . Assuming now that each
component of the n-tuple of random matrices
λ = ([λi]1≤j,k≤N )ni=1 ∈ (M s.a

N )n := ((λik,k)1≤k≤N , (
√
2ℜ(λij,k))j<k, (

√
2ℑ(λij,k))j<k)

n
i=1 is centered,

concludes.

Theorem 20. Let R ≥ 2, and σ⋆n ∈ TS(An
R) as the non-commutative distribution of a standard

semicircular system, then
W2(τ, τ

′)2 ≤ 2H(τ, σ⋆n) + 2H(τ, σ⋆n) (109)

for every τ ∈ TS(An
R) centered and every τ ′ ∈ TS(An

R).

Proof: We assume without loss of generality that both χ(τ), χ(τ ′) > −∞, as if not, there is
nothing to prove.
Then, recall that we can choose a sub-sequence N(1) < N(2) < . . . in such a way that letting

ΓR(τ ; k) := ΓR(πτ (X1), . . . , πτ (Xn);N, k,
1

k
),
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we have

χ(τ) = χ(πτ (X1), . . . , πτ (Xn)) = lim
k→∞

(
1

N(K)2
log Λ⊗n

N (ΓR(τ ; k)) +
n

2
log 2π

)
.

Let us first introduce the following random matrix distribution λ̂N(k),R ∈ P((M sa
N(K),R)

n) and

associated with the probability measure

λN(k) :=
1

Λ⊗n
N(k)(ΓR(τ ; k))

Λ⊗n
N(k)|ΓR(τ ;k) ∈ P((M sa

N(K),R)
n)

It is then shown in [53] (see the proof of theorem 2.2) that

lim
k→∞

λ̂N(k),R = τ, weakly∗.

By using Lemmas 6 and 7, we have

W2(λ̂N(k),R, λ̂′N(k),R)
2 ≤ 2

N(k)2
EntσN(k)

(λN(k)) +
2

N(k)2
EntσN(k)

(λ′N(k))

where both 1
N(k)2

EntσN(k)
(λN(k)) and

1
N(k)2

EntσN(k)
(λ′N(k)) converges respectively to H(τ, σ⋆n) and

H(τ ′, σ⋆n) when k → ∞ (see details in the proof of theorem 2.2 in [53]).

And finally by using the joint lower semi-continuity of free quadratic Wasserstein distance W2,
Lemma 6 and (110) we get

W2(τ, τ
′)2 ≤ lim inf

k→∞
W2(λ̂N(k),R, λ̂′N(k),R)

2.

which completes the proof..

Remark 17. It is worth noting that this theorem also holds if the free entropy is replaced by a
quantity similar to the free entropy η: the multidimensional free pressure (introduced by Hiai [52]),
which is defined as the Legendre transform of the free entropy. This comes at the cost of a slight
weakening of the hypothesis, since the non-commutative tracial distributions under consideration

must arise as an equilibrium tracial state for some h ∈ (A(n)
R )sa, and gives a sharper bound, since it

is known that χ(τ) ≤ η(τ) by Proposition 4.5 in [52]. However, this result would only be interesting
in the multidimensional case (since these two entropies coincide in dimension one). Another topic of
great interest would be to obtain such a result for the non-microstates version of the free entropy χ∗;
this problem seems to be much more difficult, as can be seen in the proof of Dabrowski’s Talagrand
transport cost inequality for the non-microstates free entropy (Theorem 26 in [22]), which is based
on obtaining an infinitesimal estimate in the free quadratic Wasserstein distance between two close
points of a free Ornstein-Uhlenbeck process. This is quite difficult and requires a deep understanding of
certain free Markov dilations, which are (embeddings) deformations of a finite von Neumann algebra,
e.g. M = W ∗(X1, . . . , Xn) with X1, . . . , Xn in a finite von Neumann algebra and its associated
Markov semigroup ϕt = e−∆t with the L2-generator ∆ in divergence form, i.e. ∆ = δ∗δ̄, where δ
denotes the free difference quotient. In fact, to get this kind of dilation, the free difference quotient
must have better properties than just being closable (finite free Fisher information Φ∗(X) < ∞),
e.g. with Lipschitz conjugate variables [22, 24], which is a stronger assumption, since in this case
W ∗(X1, . . . , Xn) has many structural properties similar to those of the free group factor L(Fn).
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Using the same procedure and the theorem 2 of Fathi [33], it is also not difficult to see that this
sharp symmetrized free Talagrand inequalities can be extended to more general free Gibbs laws
coming from the free product of a one-dimensional free Gibbs measure associated with strictly
convex potentials: that is, if
V (X1, . . . , Xn) = V (X1) + . . .+ V (Xn), with, ∀i = 1, . . . , n , V ′′

i ≥ c > 0, τVi ∼ νVi and such that
τV = τV1 ∗ . . . ∗ τVn. One can even find a pure mass transport proof (under a slightly stronger
regularity assumption) to extend the sharp symmetrized free Talagrand inequality to a free
(one-dimensional) Gibbs measure associated with a uniformly convex potential. This is a
consequence of a one-dimensional free version of the Cafarelli contraction theorem, recently proved
by the author in [28]. For the sake of brevity, we leave the details to the reader.

6. Open Questions

In the classical context of convex geometry, there are numerous results (such as those mentioned
in this paper) that can be translated from a geometric formulation to a functional version and vice
versa. This has been a topic of profound interest in geometric functional analysis, e.g. the Prékopa-
Leindler inequality as a strong version of the Brunn-Minkowski inequality, the functional Santaló
inequality of Ball in his thesis [7], or even the Mahler conjecture of Fradelizi and Meyer [36], the
entropic form of the hyperplane slicing conjecture . In this work we have been able to derive new
free functional inequalities with a convex geometry flavor (the list presented here is not exhaustive,
as many variants of the inequalities proposed here are easy to obtain). We wonder whether this kind
of geometric aspect makes sense in the free context (and hopefully in the multidimensional case),
as it could be very useful to have a better understanding of what free (convex) geometry really is.
There are probably also many analogous conjectures in the free case (some of which remain unproven
in the classical case). In particular, since the semicircular law maximizes the free Blaschke-Santaló
functional and the Bernoulli law (or by duality the arcsine law) minimizes it (conjecturally true in
a multidimensional setting) and, since von Neumann algebras generated by semicircular operators
are free group factors and in the Bernoulli case we obtain a hyperfinite algebra (at the level of the
C∗-algebra we have an AF-algebra), we wonder whether this free Blaschke-Santaló inequality and the
cases of equality can be reformulated in a more geometrical way, i.e. in terms of algebras (probably
first for ∗-algebras) and conjecturally for von Neumann algebras, which in our context are the free
analogue of convex bodies and which reinforce this phenomenon discovered in [28].
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[70] J. Lehec, Partitions and functional Santaló inequalities, Arch. Math, Volume 92, pages 89–94, (2009).
[71] J. Lehec, Representation formula for the entropy and functional inequalities, Ann. Inst. Henri Poincaré, Probab.
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