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FREE STEIN KERNELS AND MOMENT MAPS

CHARLES-PHILIPPE DIEZ†

Abstract. In this paper, we propose a free analogue to Fathi’s construction of Stein kernels using
moment maps (2019). This is possible for a class of measures called free moment measures that was
introduced in the free case by Bahr and Boschert (2021), and by using the notion of free moment maps
which are convex functions, solutions of a variant of the free Monge-Ampère equation discovered by
Guionnet and Shlyakhtenko (2012). We then show how regularity estimates in some weighted non-
commutative Sobolev spaces on these maps control the transport distances to the semicircular law.
We also prove in the one dimensional case a free analogue of the moment map version of the Cafarelli
contraction theorem (2001), discovered by Klartag in the classical case (2014), and which leads to a
uniform bound on the free moment Stein kernel. Finally, we discuss the applications of these results:
we prove a stability result characterizing the semicircular distribution among a certain subclass of
free Gibbs measures, the probabilistic interpretation of this free moment Stein kernel in terms of
free diffusion processes, its connections with the theory of non-commutative Dirichlet forms, and a
possible notion of a non-commutative (free) Hessian manifold associated with a free Gibbs measure,
conjecturally having free analogue properties of a classical Hessian manifold associated with a log-
concave measure and considered by Kolesnikov (2012), which has the striking property of having a
Ricci curvature bounded from below by 1/2.

1. Introduction

Fathi, in his important paper [35], discovered a new way to implement Stein kernels with respect
to the standard Gaussian measure via ideas of optimal transport. In fact, there is a variant of the
Monge-Kantorovitch problem, where, instead of specifying both measures and looking for a transport
map that sends one to the other, we fix a target measure µ and look for an essentially continuous
convex function ϕ, called the “moment map”, such that µ is the pushforward of the probability
measure with density e−ϕ by the gradient of ϕ, that is µ = (∇ϕ)♯e−ϕdx. This formal construction
(which is a variant of the Minkowski problem for encoding the convex sets by measures on the unit
sphere) can thus be seen as a canonical bijection between convex functions and Borel measures on R

n.
The existence of such functions ϕ was proved by Cordero-Erausquin and Klartag in [20] for a large
class of measures µ called “moment measures” which have their barycenter at the origin (and thus
have a finite first moment) and are not supported on a hyperplane. This is an important extension
which was originally studied for complex geometry purposes, e.g. the moment maps associated
to convex polytopes play a important role in the construction of Kähler-Einstein metrics on toric
varieties, see Berman and Berndtsson [8] (Kähler-Einstein metrics on log-Fano varieties), Wang and
Zhu [89], Donaldson [32] or Legendre [69], and recently extended by Rotem [78, 79] using surfaces
area measure of log-concave functions.
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From this construction, Fathi in [35] realized through a fixed point argument that the moment
map contains a lot of information on how a target measure is close to the standard gaussian one
and realised that it is possible to construct Stein kernels using these moment maps, which are weak
solutions of a toric Kähler-Einstein equation, thus giving a new powerful tool to compare µ with
the standard Gaussian measure γ, and to prove that suitable regularity estimates in some weighted
Sobolev spaces on these moment maps control the rate convergence to the standard Gaussian law.
He was also able to generalise his construction of Stein kernels with respect to more general reference
measures, i.e. for e−V dx, with Hess V > 0, and was able to obtain new (and also dimensionally
sharp) estimates for the CLT in Lp, p ≥ 2 Wasserstein distances for uniformly log-concave isotropic
probability measures by using the breakthrough work of Klartag in [60] which obtained universal
regularity estimates for the moment map in some weighted Sobolev spaces for the class of log-concave
measures associated with a smooth uniformly convex potential.

Motivated by the role played by the semicircular distribution in the free context, the aim of
this paper is to study the free counterparts of Fathi’s results in order to translate these results into
the free world, where we will see that free moment Stein kernels exist in great generality in the one-
dimensional case and in a perturbative regime in the multidimensional case. We will also show how
regularity estimates on a variant of the free Monge-Ampère equation of Guionnet and Shlyakhtenko
[46], called the free Kähler-Einstein equation, control the transport distance to the semicircular law.
We will then use Caffarelli’s maximum principle argument [14] to prove a free Klartag’s contraction
theorem in the one-dimensional case: for a centered free Gibbs measure associated with a smooth
ǫ-uniformly convex potential, if its moment map is smooth enough, we will show that the moment
map is then ǫ−1-Lipschitz; which we will straightforwardly adapt to Cafarelli’s free version (sending
the semicircular law onto another smooth free Gibbs measure). This will lead to free moment
Stein kernels uniformly bounded by the inverse of the convexity constant. More interestingly, we
will introduce a potential underlying structure analogous to the weighted Riemannian manifold
equipped with a Hessian metric given by the Riemmanian metric tensor g = Hessϕ, i.e. M∗

ϕ :=

(Rn,Hessϕ, e−ϕdx) and generally called a Hessian manifold, which is encoded by a smooth convex
function: ϕ : R

n → R, and which has been studied intensively by Klartag and Kolesnikov for
optimal transport and convex geometry purposes [59, 63, 60, 61]. It is known that this manifold is
the “realisation” (the opposite of “complexification” according to Klartag) of a certain toric Kähler
manifold (even true in the orbifold case which is a manifold with singularities), which has moreover
spectacular curvature bounds since the Ricci tensor associated with the Kähler form induced by ϕ
will be exactly equal to half the metric tensor. This non-commutative structure will be established in
full generality in the one-dimensional case and again for perturbations close to the semicircular law
in the multidimensional case. We will see that an important property, namely, that the derivatives
of the moment map in any direction is an eigenfunction of a certain free diffusion operator, or more
precisely the free Laplacian on what we will call a non-commutative Hessian manifold, which is always
associated with the eigenvalue “−1” and contains all linear functionals as in the classical case, see
Klartag and Kolesnikov [60], equation (2.1) for the classical results. We then introduce a (bi-modular)
carré-du-champ operator and conjecture that the Ricci curvature of this non-commutative Hessian
manifold is bounded from below by 1/2, which would be the free analogue of the result proved by
Kolesnikov in [63]. We will also explore connections with other branches of free probability, such
as invariant measures of free diffusion processes, or with the theory of non-commutative Dirichlet
forms and free spectral gap (Poincaré) inequalities. Finally, since the main goal of the free monotone
transport of Guionnet and Shlyakhtenko [46] was to prove isomorphism between von Neumann
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algebras, we explain why, at least heuristically (for a large number of generators), free Gibbs laws
around the semicircular laws generate von Neumann algebras which are all isomorphic to the free
group factor (Guionnet and Shlyakhtenko [46]): this seems to be the free analogue of Klartag’s
CLT for convex bodies [57], which has a nice interpretation in the moment map setting that we will
translate into the free world. Thus enforcing in the free context, that convexity can “replace the
role of independence in certain aspects of the phenomenon represented by the central limit theorem”:
Klartag [57].
Moreover, if the moment map construction of Bahr and Boschert [6] could be extended beyond this
even perturbative setting, it would also give a heuristic and a possible way of understand better
how von Neumann algebra generated by free Gibbs laws associated to a regular convex potential are
shown to be isomorphic to a free group factor L(Fn) as proved by Dabrowski, Guionnet, Shlyakhtenko
and Jekel [28, 55].

2. Definitions and Notations

In the following we consider a self-adjoint operator x ∈ M (a finite von Neumann algebra
equipped with τ a faithful normal tracial state) with analytic distribution µ := µx = τ ◦ Ex, where
Ex denotes the spectral measure of x on its spectrum σ(x) ⊂ R.

Definition 1. A free Stein kernel for a self-adjoint operator x ∈ (M, τ) with analytic distribution
µ := µX relative to a C1 potential u : R → R is a function A : R2 → R such that for all smooth test
functions f :

∫

u′(x)f(x)dµ(x) =
∫∫

A(x, y)J f(x, y)dµ(x)dµ(y), (1)

The Stein discrepancy of x relative to u is then defined as

Σ∗(x|u) = inf
A

∫∫ [

A(x, y)− 1

]2

dµ(x)dµ(y), (2)

where the infinimum is taken over all admissible Stein kernels A of x relative to u.

If the measure µ is non-atomic, which is known from Voiculescu’s work (Appendix in [87]) to be
equivalent to J f , which is closable as a densely defined operator from L2(R, dµ) to L2(R2, dµ⊗dµ),
the diagonal: ∆ ⊂ R

2 has measure zero with respect to µ ⊗ µ, and we can relax the Stein equation
to ∫

u′(x)f(x)dµ(x) =
∫∫

A(x, y)
f(x)− f(y)

x− y
dµ(x)dµ(y), (3)

Definition 2. The standard semicircular distribution is the probability distribution:

η(dx) =
1

2π

√

4− x2dx, |x| ≤ 2, (4)

This distribution has all its odd moments equal to zero. Its even moments can be expressed as Catalan
numbers thanks to the following relation, valid for all non-negative integers m:

∫ 2

−2
x2mη(dx) = Cm, (5)

where Cm = 1
m+1

(2m
m

)
is the m-th Catalan number.
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Proposition 1. (Voiculescu, [83]) Let µ be a Borel probability measure on R, then its free entropy
is given by

χ(µ) =

∫∫

log|t− s|dµ(s)dµ(t) + 3

4
+

1

2
log 2π, (6)

In particular, and up to constants, the free entropy is the minus sign of the logarithmic energy of µ.

As in the classical case, Free Gibbs laws are characterised by a minimization problem: they
minimize the relative microstate variant of entropy.

Definition 3. ([43, 33, 88]) The free Gibbs law τV associated with the potential V , if it exists, is the
minimizer of the functional:

χV (τ) := −χ(τ) + τ(V ), (7)

In the one-dimensional case, existence and uniqueness of a minimizer is ensured when V is lower
semi-continuous and satisfies

lim
|x|→∞

(V (x)− 2 log|x|) = +∞, (8)

It is known (see [80] or [66]) that under these assumptions that there exists a unique minimizer νV
in the set P(R) and the solution is compactly supported.

Remark 1. It is known that the existence of a minimizer is ensured in all dimensions if V is a small
analytic perturbation of the quadratic potential.
We also know that if V is bounded from below, satisfies a growth condition at infinity and a Hölder-
type continuous criterion [29], we also have uniqueness of the minimizer in (8).

In particular, and focusing only on convex potentials u : R → R (and thanks to Voiculescu’s
explicit calculations), we recall that in the one-dimensional case, the free entropy is the opposite
of the logarithmic energy (up to an explicit constant), thus we are left to minimize the following
functional.

Definition 4. The free Gibbs measure νu associated with the convex function u : R → R is the
measure corresponding to the free Gibbs law τu. This is the unique minimizer of the functional

−
∫∫

log|t− s|dµ(t)dµ(s) +
∫

u(s)dµ(s), (9)

It was also noticed by Voiculescu (see section 3.7 of [88]), that the above minimizer νu, should
satisfy the following Euler-Lagrange equation:

2πHνu = u′, νu − a.e (10)

where Hp denotes the Hilbert transform of a probability measure ρ which is defined as:

Hρ(t) =
1

π
PV

∫

R

1

t− x
dρ(x), (11)

Since νu minimizes χu(·). We have for a test function f , and δ ∈ R, that

χu((x+ δf)♯νu) ≤ χu(νu), (12)

Then, by considering d
dt
χu((x+ δf)♯νu)|t=0, it is implied that this last equation (10) can also be

rewritten by a Schwinger-Dyson (type) equation as follows (which is also true in the multidimensional
case, using the microstate version of free entropy).
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Proposition 2. (Guionnet and Shlyakhtenko: theorem 5.1 in [46], Fathi and Nelson: lemma 1.6
in [33]) The unique minimizer of the previous functional is necessarily a solution of the following
Schwinger-Dyson equation:

∫

u′(x)f(x)dνu(x) =
∫∫

f(x)− f(y)

x− y
dνu(x)dνu(y), (13)

for all nice test functions f .

Remark 2. Guionnet and Maurel-Ségala in [43] have indeed proved the equivalence between the
Schwinger-Dyson equation and the above minimisation problem assuming that the free Gibbs measure
νu exists, is unique and has a connected support. For example:

(1) If u is strictly convex on a sufficiently large interval, i.e. ∃κ > 0, such that u′′(x) ≥ κ for all
x ∈ R. This also ensures that νu is supported on a compact interval and has a density w.r.t.
the Lebesgue measure.

(2) The other case where existence and uniqueness (even in the multidimensional setting) are
ensured is when we consider a “small” analytic perturbation of the semicircular potential,
i.e. for potentials V = 1

2‖x‖2 +βW (where W is a n.c. power series and β is small. See e.g.
[29]).

We recall that in dimension one, for functions f ∈ C1(R), we have the following expression for the
free difference quotient (in the sequel, we will rather use the notation J for the free difference
quotient when we are dealing with the measure formulation):

J f(x, y) =

{
f(x)−f(y)

x−y if x 6= y

f ′(x) if x = y
, (14)

We also recall that we have the following chain rule, which is easy to check

J (f ◦ g)(x, y) = J g(x, y) · J f(g(x), g(y))

We will also denote J f(g) or sometimes J f ◦ g as

J f(g)(x, y) := J f(g(x), g(y))

The cyclic derivative then coincide with the usual derivative, i.e Du(x) = u′(x).

Finally, we will call the non-commutative Hessian in the free context as the operator J D , and we
will denote in a shorthand (J f)−1 as

(J f)−1(x, y) := (J f(x, y))−1 =
x− y

f(x)− f(y)
(15)

when this expression makes sense (for example in the sequel we will consider the case f = u′ where
u is C2-smooth and strictly convex this expression is licit).

3. Free Stein kernels and moments maps

In this section we will focus only on the one-dimensional (commutative) case, where we have a
proper notion of the analytic distribution µx of a non-commutative random variable x ∈ (M, τ) (we
will focus only on the “measure” version and deal with compactly supported measure instead of non-
commutative random variables), we will study the construction of free Stein kernels for compactly
supported measure thanks to a notion of free moment maps developed in the free setting by Bahr
and Boschert in [6], and which corresponds to a free analogue of a breakthrough result in the classical
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case by Cordero-Erausquin and Klartag in [20], which gives a large class of probability measures that
are the pushforward of a convex function ϕ (the transport map) with respect to the law of density
e−ϕ.

In the sequel, we recall that for ϕ : Rd → R ∪ {+∞} a function, convex or not, and not identically
+∞, we denote its Legendre transform, as the convex function:

ϕ∗(y) = sup
x∈Rd

ϕ(x)<∞

{x · y − ϕ(x)} , (16)

And which satisfies the following property:

(1) ϕ∗ is always convex and lower semi-continuous.
(2) when ϕ is convex and differentiable at the point x, we have:

ϕ∗(∇ϕ(x)) = x · ∇ϕ(x)− ϕ(x),

(3) If ϕ is C2, ϕ∗ is also C2, and ∇ϕ∗ is the inverse of ∇ϕ, i.e: ∇ϕ∗ = (∇ϕ)−1.

(4) The unique fixed point of the Legendre transform is given by ‖x‖22
2 , i.e. the Legendre

transform is a symmetry on the space of convex functions around this fixed point.

Building on earlier work by various authors [8, 32, 69, 89], the following important theorem was
established by Cordero-Erausquin and Klartag in [20].

Theorem 1. (Cordero-Erausquin and Klartag in [20]) Let µ be a measure in P1(R
d) with barycenter

at the origin, and not supported on an hyperplane. Then there exists an essentially-continuous convex
function ϕ (uniquely determined up to translations), such that µ is the pushforward of the centered
probability measure with density e−ϕ, by the map ∇ϕ. The function ϕ is called the moment map of
µ.

Conversely, if ϕ is an essentially-continuous convex function (this condition ensures the validity
of the “integration by parts”) and also the uniqueness up to translations and can be thought of
roughly as follows: ϕ is essentially continuous if and if only it is lower semi-continuous, and the set
of discontinuity points of ϕ has zero Hn−1 measure, where Hn−1 denotes the (n − 1)-dimensional
Haussdorff measure), with 0 <

∫

Rd e
−ϕdx < +∞, its associated moment measure is not supported

on a hyperplane and its barycenter is at the origin (cf. Proposition 1 in [20]).
The function ϕ, solution of theorem (1), may not be smooth in full generality, especially when the
moment law is a combination of Dirac masses (see the remark before theorem 2.2 in [35] and e.g.
2.5.2 in [6]). In fact, consider the uniform measure on {−1, 1} as a subset of R, i.e. µ = 1

2δ−1 +
1
2δ1,

for which we can compute ϕ(x) = 1
2 |x|, which is not smooth at the origin. Another example is given

by the uniform measure on the sphere S
d−1 :=

{
x ∈ R

d, ‖x‖ = 1
}
, for which the moment measure

is ϕ(x) = ‖x‖. Except in dimension one where we can express the moment map in terms of the
the target measure µ, there is no explicit formula in higher dimensions. Fortunately, a result due
to Berman and Berndtson [8] shows how to derive the smoothness of the moment map via Cafarelli
regularity theory. Indeed, if µ is supported on a compact open convex set with a smooth C∞ density
ρ bounded from above and below, then the moment map is finite and C∞ in the entire R

n. If we
only assume that the density is continuous, bounded from above and below, we can indeed deduce
that the moment map is at least C2, which is sufficient for the considerations of Stein’s method, see
Fathi’s remark 3.1 in [35].

In our context, Bahr and Boschert [6] were able to prove a free analogue (especially well adapted in
dimension one) of this construction by adapting the variational method of Santambrogio [81] for
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the classical moment measures. Note also that the condition that the centered measure µ is not
supported on an hyperplane is reduced in this one-dimensional case to the condition: µ 6= δ0.

Theorem 2. (Bahr and Boschert, Theorem 2.5 in [6]) Let µ 6= δ0, a probability measure in P2(R)
with barycenter zero, then there exists a convex, lower semi-continuous function u, such that µ is the
pushforward of the free Gibbs measure νu by the function u′, i.e µ = (u′)♯νu. The convex function u
is called the free moment map of µ.
Moreover, νu is absolutely continuous w.r.t the Lebesgue measure, has compact support, and is the
unique centered minimizer of the functional

F(ρ) = L(ρ) + T (ρ, µ) (17)

defined on P2(R), where L(ρ) denote the logarithmic energy and T (ρ, µ) is the maximal correlation
functional:

T (ρ, µ) = sup

{∫

x · y dγ, γ ∈ dπ(ρ, µ)
}

(18)

where π(ρ, µ) is the set of transport plans with marginals ρ and µ.

Remark 3. It is also easy to deduce since µ is centered that the derivative of u must changes signs
and so that u(x) →

±∞
+∞.

This theorem gives a large class of probability measures which are the pushforward of the free Gibbs
measure νu by the function u′, and in particular it gives a (complete, with only a small restriction)
analogue of Cordero-Erausquin and Klartag’s result in the classical case, but only in dimension one.
The method of Bahr and Boschert is in fact based on the free analogue of the optimal method
transport functional found by Santambrogio in [81]. Interestingly, it is indeed possible to adopt the
original view of Klartag and Cordero Erausquin [20],which is based on a new “above tangent”
version of the Prekopá-Leindler inequality; this will be done in another paper and is based on the
study of the type of a free pressure functional of the Legendre transform of the moment map.

Another nice feature of the Bahr and Boschert construction [6] is that it allows us to derive sharp
free transport cost inequalities. This deep result in the classical case, which has known a current
deep interest [41, 22], was first witnessed by Fathi in his important paper [34] and enlightens a
duality between an inequality of convex geometry called the (functional) Santalo inequality and
this sharp symmetrized Talagrand inequality. This inequality actually holds in the free case [31],
and strengthens the free transport cost inequality discovered by Biane and Voiculescu [9] for the
semicircular distribution.

More interestingly, and in the classical case, Fathi’s paper [35] discovered a very interesting
connection between the moment map ϕ and the notion of a Stein kernel. In particular, he noticed
that the map

µ 7→ e−ϕdx, (19)

where (here dx standard for the Lebesgue measure on R
n up to a renormalisation constant) has a

unique fixed point given by the standard Gaussian measure, for which we recall that the moment

map is given by
‖x‖22
2 . So the moment map already contains a lot of information about how close µ

is to the standard Gaussian measure γ.
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In particular, and heuristically, if ϕ(x) ≈ ‖x‖2
2

2 , then we can expect that µ ≈ γ. Fathi formalised
this argument, and has showed that one can construct a Stein kernel thanks to this moment map. It
is then easy to bound the quadratic Wasserstein distance to the standard Gaussian by a regularity
estimate on the associated Monge-Ampère (Kähler-Einstein) PDE thanks to the Wasserstein-Stein
discrepancy inequality of Ledoux, Nourdin and Peccati [68].

We can also note from the convexity of ϕ that ∇ϕ is the Brenier map sending e−ϕdx onto µ, and in
particular that the moment map ϕ is basically the weak solution of the following variant of the
Monge-Ampère equation, called the toric Kähler-Einstein equation (because it has numerous
applications in Kähler geometry, and in particular in the study of differential complex and
symplectic structures on toric Fano manifolds, see e.g. Donaldson [32] for a nice exposition).

e−ϕ = ρ(∇ϕ) det(Hessϕ) (20)

where ρ is the density with respect to the Lebesgue measure of µ, which should be strictly positive
on its support.

In particular, for µ = e−ψdx, then ϕ solve (in a weak sense):

e−ϕ = e−ψ(∇ϕ) det(Hessϕ) (21)

Thus, if we fix ρ as the Gaussian density, then the unique weak solution of the Monge-Ampère PDE

(20) is given by
‖x‖2

2

2 , which justifies that the Gaussian is the unique fixed point of the map (19).

Theorem 3. (Fathi, Theorem 2.3 in [35]) Let’s suppose that µ has a density ρ w.r.t the Lebesgue
measure which is strictly positive on its support, and that the solution ϕ to the PDE (20) is C2 and
supported on the entire space R

d. Then Hessϕ(∇ϕ∗) = (Hessϕ∗)−1 is a free Stein kernel for µ with
respect to the standard Gaussian measure.

In the free context and in the one-dimensional case, it seems plausible that a similar statement should
hold by following the same heuristic:
The map µ 7→ νu admits a unique fixed point given by the standard semicircular distribution (this
will be easily seen in section 4, where we will see that u solves a variant of the free Monge-Ampère

equation), and thus, heuristically, if u ≈ x2

2 , we should expect that µ ≈ S(0, 1).

In fact, thanks to this free moment map, we can also construct free Stein kernels with respect to
the semicircular potential and indeed quantify this convergence in the quadratic Wasserstein distance
W2. It is also interesting to note that it has exactly the same form as in the classical case, up to the
replacement of the classical differential operators by their free counterparts.
We will therefore show that in the free context we have a free Stein kernel of the form (J Du∗)−1 =
J Du(Du∗), where u∗ denotes the Legendre transform of the free moment map.

Theorem 4. Let’s assume that µ is centered, absolutely continuous with respect to the Lebesgue
measure and supported on a compact interval, and let u be the free moment map of µ with respect to
the free Gibbs measure νu, i.e. µ = (u′)♯νu. If u is C2 and strictly convex on R, then

(x, y) 7→ (J Du∗(x, y))−1 = J Du(Du∗(x),D∗u(y))

:=
x− y

(u∗)′(x)− (u∗)′(y)
=

x− y

(u′)−1(x)− (u′)−1(y)
(22)

is a free Stein kernel for µ with respect to the standard semicircular potential 1
2x

2.
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Proof: For a test function f , we have:
∫

u′(x)f(x)dνu(x) =
∫∫

f(x)− f(y)

x− y
dνu(x)dνu(y)

Take now g a test function and set f(x) = g(u′(x)). Then the previous equation become:
∫

u′(x)g(u′(x))dνu(x) =

∫∫
g(u′(x))− g(u′(y))

x− y
dνu(x)dνu(y)

=

∫∫
g(u′(x))− g(u′(y))
u′(x)− u′(y)

u′(x)− u′(y)
x− y

dνu(x)dνu(y)

Now put x̃ = (u∗)′(x) = (u′)−1(x) and ỹ = (u∗)′(y) = (u′)−1(y), and note that that this change
of variables also sends µ to νµ (and thus also for the product measure µ⊗2 and ν⊗2

u ).Doing the same
variable change in the left leg, we then get

∫

xg(x)dµ =

∫∫
x− y

(u∗)′(x)− (u∗)′(y)
g(x)− g(y)

x− y
dµ(x)dµ(y).

And so we arrive at the desired conclusion.

We also remind to the reader that we denote the L2 Kantorovitch-Wasserstein distance on the
space of probability measures

W2(µ, ν)
2 := inf

{∫

|x− y|2dπ;π ∈ P(Rd × R
d), π(·,Rd) = µ, π(Rd, ·) = ν

}

.

Now we recall that Cébron proved in [17] that the quadratic Wasserstein distance between a
compactly supported probability measure and the standard semicircular distribution is controlled
by the free Stein discrepancy (a proposition which continues to hold in the multidimensional case,
cf. Proposition 2.5 in [17], which can also be extended to any positive definite covariance matrix:
Lemma 4.16 in [30]).

Theorem 5. (WS inequality, Cébron, proposition 2.7 in [17]) Let µ a compactly supported probability
measure, then:

W2(µ, η)
2 ≤ Σ∗(µ|νx2

2

)2 (23)

In particular, this allows us to bound the free Stein discrepancy by an estimate of the
non-commutative Hessian of u in the non-commutative Sobolev space H1(νu). More precisely, as
we’ll see in section 4, u (if it is smooth enough) will necessarily be a solution of a variant of the free
Monge-Ampère equation [46], so the Stein discrepancy can be bounded by a suitable regularity
estimate on a free Kähler-Einstein-type equation, as shown in the sequel.

Corollary 1. If µ satisfies the hypothesis of the previous theorem, then the quadratic Wasserstein
distance between µ and the standard semicircular distribution S(0, 1) is bounded as follows

W2(µ, η)
2 ≤

∫∫ [
x− y

(u∗)′(x)− (u∗)′(y)
− 1

]2

dµ(x)dµ(y)

=

∫∫ [
u′(x)− u′(y)

x− y
− 1

]2

dνu(x)dνu(y) := ‖Du− Id‖2H1(νu)
,
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This means that if we are able to bound in L2 the non-commutative Hessian J Du averag-
ing against ν⊗2

u , or equivalently estimates in H1(νu), we are able to obtain estimates of transport
distances to the semicircular law.

In fact, following Fathi, Cébron and Mai [37], we denote the first-order non-commutative Sobolev
space associated with a (non-commutative) distribution λ, (assumed to be diffuse to simplify
exposure) as

H1(λ) :=

{

f : R 7→ R,

∫∫ (
f(x)− f(y)

x− y

)2

dλ(x)dλ(y) <∞
}

, (24)

and its associated semi-norm

‖f‖2H1(λ) :=

∫∫ (
f(x)− f(y)

x− y

)2

dλ(x)dλ(y).

N.B: To obtain a true Hilbert space, we recall that we have in fact to consider the quotient of
H1(λ) by N1(λ) =

{
(f, g)/J f = J g , λ⊗2 − a.e

}
).

In a shorthand, for f, g ∈ H1(µ), we also denote

〈f, g〉H1(λ) =

∫∫
f(x)− f(y)

x− y

g(x) − g(y)

x− y
dλ(x)dλ(y) =

∫∫

J f · J g dλ⊗2

However, at the moment we lack a free analogue of the important Klartag universal regular-
ity estimates on convex solutions of the previous Kähler-Einstein PDE (based on earlier work by
Kolesnikov [60]), which in the classical case allows to obtain universal quantitative estimates (de-
pending only on p ≥ 2 and not on the target measure) on the second derivatives (in any direction)
of the moment map ϕ in the weighted Sobolev Lp-spaces Lp(e−ϕdx), p ≥ 2 for the class of compactly
supported log-concave measures µ. Surprisingly, Klartag also proved a control on the third-order
derivatives of ϕ, but only for now in L2. He moreover proved a uniform bound ‖Hessϕ‖op ≤ c−1

under the uniform convexity assumption Hess V ≥ c.

Proposition 3. (Klartag, [59]) Let µ be a log-concave probability measure supported on an open
bounded convex set, and with a density bounded from above and below. Then the essentially continuous
convex function ϕ for which µ is the moment measure is C2 and satisfies for any p ≥ 1 and θ ∈ S

d−1:
∫

|〈Hessϕ(∇ϕ∗)θ, θ〉|pdµ ≤ 8p p2p
(∫

(x · θ)2dµ
)p

, (25)

4. A free toric Kähler-Einstein equation

The aim of this section is to show that the associated convex function u of the variational problem
considered by Bahr and Boschert (2) is in fact a solution of a variant of a free Monge-Ampère
equation, and therefore to deduce that we can interpret the bound obtained for W2 as a suitable
regularity estimate on this free Monge-Ampère equation.

First we need to derive a la Guionnet and Shlyakhtenko a free toric Kähler-Einstein equation
(Section 1.6 in [46]) in the smooth and strictly convex setting. Indeed, we now assume that the
target measure µ is itself a free Gibbs measure associated with a smooth uniformly convex
potential u with u′′(x) > κ,∀x ∈ R for some κ > 0, and so that µ := νu, which we will assume to be
centered, i.e.

∫
xdµ(x) = 0 (e.g. this condition is ensured if u is even). We also recall that µ is

supported on a compact interval K = [a, b]. In this case µ will itself be a free moment measure for
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some convex function ϕ which we will assume for now to be smooth enough, which means at least
of class C4 (we will explain the reason in detail in the next paragraphs).

In the following, all improper integrals are taken in the sense of principal values, and we recall that
for a function ϕ which is C2 and strictly convex ϕ′′ > 0, we have J Dϕ > 0.

Since µ := νu is a free Gibbs measure associated with a potential u at least of class C3, then the
following holds (see e.g. Ledoux, Popescu, theorem 1 in [66]):

2

∫
1

x− y
dµ(y) = u′(x), ∀x ∈ supp(µ),

Then we denote by ϕ the free moment map of µ (up to translations),
We then have by replacing x and y respectively by ϕ′(x) and ϕ′(y), since µ = (ϕ′)♯νϕ:

2

∫
1

ϕ′(x)− ϕ′(y)
dνϕ(y) = u′(ϕ′(x)), ∀x ∈ supp(νϕ)

which can be rewritten as:

2

∫
1

x− y

1

J Dϕ(x, y)
dνϕ(y) = u′(ϕ′(x)), ∀x ∈ supp(νϕ)

Multiplying by ϕ′′(x) on both side of this equation, we find:

2

∫
1

x− y

ϕ′′(x)
J Dϕ(x, y)

dνϕ(y) = ϕ′′(x) · u′(ϕ′(x)). (26)

Now subtracting on both side of (26) by ϕ′(x), using that 2
∫

1
x−ydνϕ(y) = ϕ′(x),∀x ∈ supp(νϕ) in

the left-hand side, we get

2

∫
1

x− y

ϕ′′(x)− J Dϕ(x, y)

J Dϕ(x, y)
dνϕ(y) = ϕ′′(x) · u′(ϕ′(x))− ϕ′(x)

= [u(ϕ′(x))− ϕ(x)]′, (27)

Simple algebra shows that we have the following relations between

∂x(J Dϕ(x, y)) =
1

x− y
[ϕ′′(x)− J Dϕ(x, y)]

And ∫
1

x− y

ϕ′′(x)− J Dϕ(x, y)

J Dϕ(x, y)
dνϕ(y) = ∂x

∫

log(J Dϕ(x, y))dνϕ(y),

Thus we reach,

2∂x

∫

log(J Dϕ(x, y))dνϕ(y) = ϕ′′(x) · u′(ϕ′(x))− ϕ′(x)

= [u(ϕ′(x)) − ϕ(x)]′, (28)

And finally by integrating (28), we arrive to:

2

∫

log(J Dϕ(x, y))dνϕ(y) = u(ϕ′(x))− ϕ(x) + const . (29)

The constant can be fixed by requiring that both sides of the equation vanish at x = 0.
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This last equation looks very much like the toric Kähler-Einstein equation (20) in its logarithmic
form, for an initial measure with density e−ψ:

log(detHessϕ) = ψ(∇ϕ) − ϕ. (30)

Now we can see that the fixing of u = x2

2 in (29) (the constant disappears), so that µ := νx2

2

is the

standard semicircular distribution, leads necessarily to ϕ = x2

2 , so that the unique fixed point of the

map µ 7→ νϕ is necessarily the quadratic potential ϕ = x2

2 , which justifies the interpretation given
in the corollary (1) that the transport distances to the semicircular law are controlled by a suitable
regularity estimate on the weak solution of a variant of the free Monge-Ampère equation. This
result implies in particular the stability of the fixed point of the free Monge-Ampère equation.

In the classical case, once the existence of such an optimal transport map was proved, the question
of the regularity of the transport map was raised. Cafarelli, in several articles, e.g. [13, 14], gives
regularity results about the transport map under various assumptions on the target and source
measures and proves the well-known Caffarelli contraction theorem, which states that the Brenier
map that sends the Gaussian measure to a uniformly log-concave measure is Lipschitz. Klartag in
[59] actually proved the moment analogue of Caffarelli’s result, which we restate here.

Theorem 6. (Klartag, proposition 2 in [59]) The moment map ϕ of a centered uniformly
log-concave probability measure µ := e−V dx, where Hess V ≥ ǫId, for some ǫ > 0, has a uniformly
bounded Hessian,

‖Hessϕ‖op := sup
x∈Rd

‖Hessϕ(x)‖op < ǫ−1. (31)

From this statement Fathi deduced that in this case the moment Stein kernel is uniformly bounded.

Corollary 2. (Fathi, Corollary 2.4 in [35]) Suppose µ is uniformly log-concave, i.e. µ = e−V dx,
with Hess V ≥ ǫId, for some ǫ > 0, then its moment Stein kernel Γ = Hessϕ(∇ϕ∗) is uniformly
bounded: ‖Γ‖op ≤ ǫ−1.

In fact, we can prove that this statement still holds in the free case when the target measure is
itself a free Gibbs measure associated with a uniformly convex potential V , under an additional
regularity assumption that we unfortunately could not remove (the C4-smoothness of the moment
map, since a general regularity theory for free Monge-Ampère equations is still lacking), thus
providing a first step towards a more general Free Klartag contraction theorem.

Proposition 4. (Free Klartag contraction theorem) Let νu be a centered free Gibbs measure with
potential u which is supposed C2 and which is such that for some ǫ > 0, x 7→ u(x)− ǫ

2x
2 is convex.

If the (free) moment map ϕ of νu is C4, then ϕ′ is ǫ−1-Lipschitz on R, and thus

‖J Dϕ‖∞ := sup
(x,y)∈R2

∣
∣
∣
∣
J Dϕ(x, y)

∣
∣
∣
∣
≤ ǫ−1.

Proof: We divide the proof into several steps, closely following the original proof of Cafarelli [14],
which is based on a maximum principle.
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First, note that the target measure has compact support, and that ϕ is also the optimal transport
map between νϕ and νu. We need to prove that if ϕ denotes the free moment map, then ‖J Dϕ‖∞
is bounded. Now we assume that ϕ is C4 (this hypothesis is already mentioned in the remark before
(7.9) in [54], in order to ensure the smoothness of an integral operator of the kind we are going to
deal with). So if we can uniformly bound the second derivative ϕ′′, the proof is complete. To do
this, however, we must assume that the function ϕ′′ reached is maximum at some point x = x∗.
This is always the case because the target measure (and even the source measure) is compactly
supported. This ensures that lim

x→±∞
ϕ′′(x) = 0, and so the positive maximum of ϕ′′ is reached at

some point x = x∗.

Let us start with the equation (28), which is the logarithmic (derivative) version of the free
Kähler-Einstein equation.

2∂x

∫

log(J Dϕ(x, y))dνϕ(y) = ϕ′′(x) · u′(ϕ′(x)).

Taking the derivative of this equation, we get

2∂xx

(∫

log(J Dϕ(x, y))dνϕ(y)

)

= ϕ′′′(x).u′(ϕ′(x)) + ϕ′′2(x)u′′(ϕ′(x))− ϕ′′(x). (32)

Now suppose that ϕ′′ has a maximum at x = x∗, then ϕ′′′(x∗) = 0 (remark also that in this case
ϕ′′′′(x∗) ≤ 0, even if it’s not needed in the proof).

Let us first work on the left hand side to prove that:

∂xx

(∫

log(J Dϕ(x, y))dνϕ(y)

)∣
∣
∣
∣
x=x∗

≤ 0. (33)

We have:

∂xx

∫

log(J Dϕ(x, y))dνϕ(y) = ∂x

∫
1

x− y

ϕ′′(x)− J Dϕ(x, y)

J Dϕ(x, y)
dνϕ(y) (34)

= −
∫

1

(x− y)2
ϕ′′(x)− J Dϕ(x, y)

J Dϕ(x, y)
dνϕ(y)

+

∫
1

x− y
[ϕ′′′(x)− ∂xJ Dϕ(x, y)J Dϕ(x, y)]dνϕ(y)

−
∫

1

x− y
∂xJ Dϕ(x, y)[ϕ′′(x)− J Dϕ(x, y)]dνϕ(y).

Now we know that ϕ′′ is maximum at x = x∗ with thus ϕ′′′(x∗) = 0. Then (34) at x = x∗ become:

∂xx

(∫

log(J Dϕ(x, y))dνϕ(y)

)∣
∣
∣
∣
x=x∗

= −
∫

1

(x∗ − y)2
ϕ′′(x∗)− J Dϕ(x∗, y)

J Dϕ(x∗, y)
dνϕ(y)−

∫
1

x∗ − y
∂x(J Dϕ(x, y))|x=x∗J Dϕ(x∗, y)]dνϕ(y)

−
∫

1

x∗ − y
∂x(J Dϕ(x, y))|x=x∗ [ϕ′′(x∗)− J Dϕ(x∗, y)]dνϕ(y),
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Now recalling the relation between mean value and derivatives:

∂xJ Dϕ(x, y) =
1

x− y
[ϕ′′(x)− J Dϕ(x, y)], (35)

the trivial bound,

J Dϕ(x, y) ≤ ϕ′′(x∗), (36)

And using that ∀y ∈ R, J Dϕ(x∗, y) ≥ 0, we get
∫

1

(x∗ − y)2
ϕ′′(x∗)− J Dϕ(x∗, y)

J Dϕ(x∗, y)
dνϕ(y) ≥ 0,

Since we have that

1

x∗ − y
∂x(J Dϕ(x, y))|x=x∗ =

1

(x∗ − y)2
[ϕ′′(x∗)− J Dϕ(x∗, y)] ≥ 0,

It leads to,
∫

1

x∗ − y
∂x(J Dϕ(x, y))|x=x∗J Dϕ(x∗, y)]dνϕ(y) ≥ 0,

and ∫
1

x∗ − y
∂x(J Dϕ(x, y))|x=x∗ [ϕ′′(x∗)− J Dϕ(x∗, y)]dνϕ(y) ≥ 0,

Combining all these inequalities, we have therefore (because of the minus sign in front of each
integrals)

∂xx

(∫

log(J Dϕ(x, y))dνϕ(y)

)∣
∣
∣
∣
x=x∗

≤ 0,

Hence we have from (32) that (recall that ϕ′′ is maximum at x = x∗, thus ϕ′′′(x∗) = 0)

ϕ′′′(x∗)
︸ ︷︷ ︸

=0

.u′(ϕ′(x∗)) + ϕ′′2(x∗).u
′′(ϕ′′(x∗))− ϕ′′(x∗) ≤ 0,

Now ϕ′′(x) ≥ 0 since ϕ is convex, and we can assume that ϕ′′(x∗) > 0 since otherwise there’s
nothing to prove (since in that case it would lead to ϕ′′ ≡ 0), and by assumption u′′(x) ≥ ǫ since
x 7→ u(x)− ǫ

2x
2 is convex. From this we obtain,

ϕ′′(x∗)[ϕ
′′(x∗).u

′′(ϕ′(x∗))− 1] ≤ 0,

This is equivalent to

ϕ′′(x∗) ≤
1

u′′(ϕ′(x∗))
,

Which finally gives that:

ϕ′′(x∗) ≤ ǫ−1. (37)

and concludes the proof.
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Corollary 3. Let νu be a centered free Gibbs measure with potential u which is C2 and which is
such that for some ǫ > 0, x 7→ u(x)− ǫ

2x
2 is convex. If the (free) moment map ϕ is C3, then its free

moment Stein kernel is uniformly bounded,

‖J Du(Dϕ∗)‖∞ := sup
(x,y)∈R2

∣
∣
∣
∣
J Du(Dϕ∗(x),D∗ϕ(y))

∣
∣
∣
∣
≤ ǫ−1.

Proof: We know that A(x, y) := J Dϕ(ϕ∗(x), ϕ∗(y)) is a free Stein kernel for νu with respect to
the standard semicircular potential.

From the previous theorem 4, we know that for all sup
x∈R

|ϕ′′(x)| ≤ ǫ−1. Therefore ‖J Dϕ‖∞ ≤ ǫ−1,

and the conclusion follows.

Remark 4. Following the same scheme (inspired by the breakthough machinery invented by Calabi
[15] to prove regularity results for the Monge–Ampère equation), it is also not difficult to show by
taking second derivatives in the logarithmic free Monge-Ampère equation that, assuming u, ϕ to be
C5-smooth, we must have the maximum of ϕ′′ reached at point x = x∗:

∂xxx

(∫

log(J Dϕ(x, y))dνϕ(y)

)∣
∣
∣
∣
x=x∗

≤ 0. (38)

which implies some relations giving a third-order regularity bound, as Klartag and Kolesnikov [58]
have done in the classical case. As we haven’t found any applications for the free Stein’s method
yet, we propose to present this point of view in another paper.
It would indeed be very interesting to remove the C4 assumption on ϕ in the previous theorems. It
seems (as mentioned in another context in [54], theorem 11) that only C3-smoothness is needed, but
we leave this question for further investigations.

As a straightforward corollary (following identically Fathi’s proof of Theorem 3.4 in [35], which is
straightforwardly adapted to the free case), we obtain the following rate of convergence in the free
CLT for the free Gibbs measure associated with a ǫ-uniformly convex potential, which explicitly
depends on the convexity constant.

Corollary 4. Suppose µn is the law of 1√
n

∑n
i=1Xi, where (Xi)i∈N∗ is a sequence of normalised,

freely independent and i.i.d bounded random variables with the law νu, a centered free Gibbs
measure associated with u, a ǫ-uniformly convex potential satisfying the assumptions of the
corollary 3. Then there exists C > 0 (universal) such that we have

W2(µn, η)
2 ≤ C

ǫn
(39)

More generally, if we want to transport the semicircular law via a smooth map T to some free
Gibbs measure associated with u : R → R, a ǫ-uniformly convex potential, then it is not difficult to
show that in this case T must solve the following free Monge-Ampère equation.

2

∫

log(J T (x, y))dη(y) = u(T ′(x))− T (x) + const, ∀x ∈ [−2, 2]. (40)

We can then derive the following variant of the contraction theorem. It can be obtained mutadis
mutandis as for the moment maps version of the theorem 4.
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Theorem 7. (Free Cafarelli contraction theorem) Let η be the standard semicircular distribution,
and νu be a free Gibbs measure associated with a smooth u : R → R be a ǫ-uniformly convex
potential. Let T be the optimal transport map sending η to νu. If we assume that T is C3, then T is√
ǫ−1-Lipschitz.

This allows us to derive the following stability result, which is the free counterpart of the
Bakry-Émery stability theorem (see [21]), giving a characterisation of the semicircular distribution
among the class of centered and isotropic free Gibbs measures associated with a 1-uniformly convex
potential. We also suggest that this statement may hold even under the weaker transport regularity
hypothesis.
We claim no originality in the following proof, which is essentially identical to Proposition 2 of
Courtade and Fathi [21].

Corollary 5. Let µ := νu be a free Gibbs measure supported on [−2, 2] with u′′(x) ≥ 1,∀x ∈ R

which is supposed to be centered and of variance 1. If the transport map T which sends the
semicircular law η to µ is C3, then µ = η.

Proof: First, note that in this case both measures have compact support and thus moments of
order 2, and are also absolutely continuous with respect to the Lebesgue measure (a fortiori
non-atomic), so the Brenier theorem states that there exists such an optimal transport for
quadratic cost (and is also the gradient of a convex function). Let T be the transport map. Since T
is by assumption C3, we deduce by 7 that T is 1-Lipschitz in this case. Then we compute

2 =

∫

|x− y|2dµ(x)dµ(y)

=

∫

|T (x)− T (y)|2dη(x)dη(y)

≤
∫

|x− y|2dη(x)dη(y) ≤ 2. (41)

Therefore, we must have |T (x)− T (y)| = |x− y|, η⊗2 − a.s. Since T is continuous (and η is diffuse),
this equality holds almost everywhere on [−2, 2]. So we can conclude that T is an affine map on
[−2, 2]. Since µ (which is supported exactly on [−2, 2]) is centered and of variance one, T must be
the identity map.

Remark 5. It is interesting to note that we cannot generalise our theorem 5 if the support of the
free Gibbs measure is arbitrary, let’s say a compact interval [a, b] other than [−2, 2]. In fact, the
main argument of the classic case of Courtade and Fathi (Proposition 2 in [21]) is as follows: first,
they prove that the result holds if the measure has full support, i.e. supp(µ) = R

d. Second, if it
doesn’t (i.e. if the support is arbitrary), they prove that the conclusions remain true by using a
Gaussian convolution and a proper renormalisation. In our case, using the same scheme, we take
the free convolution of µ with a standard semicircular η and then rescale it so that the new measure
ν is still isotropic. In fact, this doesn’t change the 1-convexity hypothesis of the potential, nor its
smoothness, since it is still C2. However, the whole conclusion collapses due to the failure of
Cramer’s theorem in the free setting, which states the following.
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Theorem 8. Failure of Cramér’s theorem (Voiculescu, Bercovici, [7]).
There exists µ, ν ∈ P(R) compactly supported probability measure on the real line which are not
semicircular and such that their free convolution µ⊞ ν is semicircular.

However, we think that the result might be true thanks to a possible weak version of the free
Cramer’s theorem, but unfortunately we have not been able to prove it, and not even the first
proposition in this direction, which would be a free version of Prekopa’s theorem, asserting in the
classical case that log-concavity is preserved (or strongly preserved) by the usual convolution.

Conjecture 1. (Weak free Cramer’s conjecture) Let µ := νφ and ν := νψ be two free Gibbs
measures associated with two strictly C2 convex potentials φ,ψ : R → R. If the free convolution
µ⊞ ν is semicircular, then both µ and ν are semicircular.

We now discuss the idea and heuristics about the (classical and universal) regularity estimates
obtained on the solution ϕ of the toric Kähler-Einstein equation (21) for an initial log-concave
measure (not necessarily strictly) supported on a bounded convex set K which are due to Klartag

[59], based on an idea of Kolesnikov [63] (see also an alternative proof using the Bakry-Émery
calculus proposed by Fathi: c.f. Theorem 3.2 in [35]). Indeed, let’s consider the Hessian metric
given by the Riemannian metric tensor g = Hessϕ on R

d, then we can show that if the initial
measure µ is log-concave, the metric measure space M∗

ϕ := (Rd, g, e−ϕdx) has Ricci curvature
bounded from below by 1/2, and one can check that the derivative in any direction of the moment
map ϕ is an eigenfunction always associated with the eigenvalue −1 of the Laplacian on M (and
containing all linear functional). Finally, geometric arguments (estimates in Lp of the gradient of an
eigenfunction of the Laplacian on a manifold with positive curvature) or simple calculations using
the Bakry-Emery calculus (reformulated in this language by Fathi) suffice to conclude. In a more
probabilistic way, this means that pushforward of the (classical) diffusion (Xt)t≥0 (see equation
(58)) via ∇ϕ∗ is in fact the (standard) Brownian motion on the dual weighted Riemmanian space
M := (K, (Hessϕ)−1, µ) (where K = supp(µ)) has µ as invariant measure provided that it satisfies
the conditions of theorem (3). This Riemannian space M is in fact stochastically complete (i.e. this
canonical Brownian motion of this manifold is non-explosive and never reaches the boundary of K).
The curvature condition then “heuristically” ensures that the behaviour of the Brownian motion on
this manifold cannot be worse than the behaviour of the Brownian motion on the sphere.

In the sequel we continue our exposure with the notations used above.
Following the diffusion point of view of Kolesnikov [63] section 2, we can observe that a part of the
above statements still hold in the free context (thus providing the first step towards proving the
free Klartag regularity estimates, but not the main conclusion). In fact, if we reformulate the above
calculations a bit and introduce the following:

Definition 5. Let Kϕ := supp(νϕ). We define the following free diffusion operator, which we call
the Laplacian on the non-commutative metric measure space M∗

n.c := (Kϕ,J Dϕ, νϕ) and which is
defined for functions f of class C2 as,

Lϕf(x) := 2

∫
1

x− y

f ′(x)− J f(x, y)

J Dϕ(x, y)
dνϕ(y)− f ′(x) · u′(ϕ′(x))

= 2

∫
f ′(x)(x− y)− (f(x)− f(y))

(x− y)2
(J Dϕ(x, y))−1dνϕ(y)− f ′(x) · u′(ϕ′(x)),
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Remark 6. More generally a non-commutative Hessian manifold of the form
M∗
n.c := (Kϕ,J Dϕ, νϕ) is said to be isomorphic to its dual as M∗

n.c := (Kµ,J Dϕ∗, µ), the
diffeomorphism from M∗

n.c to Mn.c the diffeomorphism map being given by x 7→ ϕ′(x).

Therefore, from the previous calculations we can observe that the non-commutative Laplacian
associated with Mn.c has an interesting spectrum: The first non-zero eigenvalue is −1, and the
corresponding eigenspace contains all linear functions. This can be seen in particular from equation
(27). We can also notice the dependence w.r.t the free Riemannian metric (weight) J Dϕ or (28).
In fact, we will see that the right multidimensional variant of this Laplacian will be given by a
equation which look like (28) from which we will deduce the same kind of results.

Proposition 5. The function ϕ′ is an eigenfunction of the operator Lϕ, always associated with the
eigenvalue −1:

Lϕϕ
′ = −ϕ′,

And to denote the carré du champ operator

Γϕ(f, g) = (J Dϕ)−1 · J f · J g

and in a shorthand Γϕ(f) := Γϕ(f, f), we can check that:

Γϕ(Dϕ) = J Dϕ, (42)

We can be more precise and show that this Laplacian does in fact generate a non-commutative
Dirichlet form.

Lemma 1. For f, g ∈ C∞
0 (R), we have:

∫∫

(J Dϕ)−1 · J f · J g dν⊗2
ϕ = −

∫

f · Lϕgdνϕ = −
∫

g · Lϕfdνϕ (43)

Proof: Denoting in a shorthand ψ = ϕ∗, we have therefore that J Dψ = (J Dϕ(Dψ))−1.

Now notice that µ is pushed forward by ψ′ to νϕ. So we can check that the following for almost all
x ∈ R:

Lϕf(ψ
′(x))

= 2

∫
f ′(ψ′(x))(ψ′(x)− ψ′(y))− (f(ψ′(x))− f(ψ′(y)))

(ψ′(x)− ψ′(y))2
J Dψ(x, y)dµ(y) − f ′(ψ′(x)) · u′(x)

= J ∗
u (J f(Dψ))(x),

Hence, it is the divergence of the non-commutative vector field J f(Dψ) with respect to µ := νu,
where J ∗

u denote the adjoint of J with respect to the inner product L2(νu), that is for test
functions p, q, r we have:

〈J p, q ⊗ r〉
L2(ν⊗2

u ) = 〈p,J ∗
u (q ⊗ r)〉L2(νu),
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Indeed, let’s denote Muf := −2∂x(I ⊗ νu)J f + u′Df as the infinitesimal generator of the free
Langevin diffusion:

dXt = −Du(Xt) +
√
2dSt,

Then, by using the remark right after (6.9) in [54] (which is based on [85] Corollary 4.4 and
Proposition 3.5), we have Mu = J ∗

uJ , on the set of functions f which are at least of class C2, and
moreover,

〈Muf, f〉µ =

∫∫ (
f(x)− f(y)

x− y

)2

dµ(x)dµ(y),

From which we finally deduce that (where we used the chain rule for the non-commutative
derivative (15) in the third equality):

∫

f · Lϕgdνϕ =

∫

f(ψ′) · Lϕg(ψ
′) dµ = −

∫∫

J Dψ · J f(ψ′) · J g(ψ′) dµ⊗2

= −
∫∫

(J Dϕ)−1 · J f · J g dν⊗2
ϕ ,

Put another way, it implies that the function ϕ is a solution of a quasilinear free diffusion equation,
where Lϕ is the generator of the non-commutative Dirichlet form.

E(f) :=
∫∫

(J Dϕ)−1 · (J f)2 dν⊗2
ϕ , (44)

We can also deduce that if we denote (Pt)t≥0 as the semigroup acting on Lipschitz functions
induced by Lϕ, then for all t ≥ 0 we have Ptϕ

′ = e−tϕ′ and Γϕ(Ptϕ
′) = e−2tJ Dϕ.

In the following, we will assume that we are given a tracial W ∗-probability space (M, τ), which is
supposed to contain a copy of L(F∞) and to be filtered:
This means that there exists a free Brownian motion (St)t≥0 and its corresponding filtration
(At)t≥0 in (M, τ).

We then follow the “diffusion” approach of Klartag, section 4 in [59], which uses diffusion processes
and, in particular, the notion of “stochastically complete” weighted Riemannian manifolds to study
the transport of measures. This approach will allow us to formally derive the apparently correct
“bimodular” carré-du-champ operators associated with this free diffusion. However, we will not
investigate the global well-posedness of such free SDE’s, leaving this for further investigations. We
also mention that we insist on the fact that in the free case it seems that two carre-du-champ
operator appear (one is uni-modular and was defined by Guionnet and Shlyakhtenko, section 6 in
[44]). To the best of our knowledge, an important open problem in the free case is to prove or
disprove that free functional inequalities (LSI, TI, HWI [77], HSI [68], etc...) can be obtained using

a non-commutative Bakry-Émery criterion 1. Note that the approach we present here was largely
inspired by the formulas found by Houdré and Popescu: section 5 in [54], which basically boils
down to the free Ornstein-Uhlenbeck case that we will present in detail immediately afterwards.

1This seems to be the first time that the “bimodular” version of the carré-du-champ that we present appears
explicitly, although it was probably well known to the specialist community.
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Definition 6. We say that the non-commutative Hessian manifoldM∗
n.c := (R,J Dϕ, νϕ) is “stochas-

tically complete” in the free sense if the free Ito diffusion process with generator Lϕ is defined for all
times t ∈ [0,+∞), which amounts to proving that for any bounded initial data X0 = z ∈ Ms.a freely
independent of the free Brownian motion S, the following free SDE holds:

dXt = −u′(ϕ′(Xt))dt+ (2(J Dϕ(Xt))
−1)

1

2 ♯dSt, (45)

does not explode in finite time. Note that here from the convexity assumption on ϕ, we have ∀(x, y) ∈
R
2,J Du(x, y) ≥ 0. Hence, we see here the operator J Dϕ : L2(M) → L2

+(M⊗̄M), i.e. ∀x ∈
L2(M),J Dϕ(x) = Q∗Q, for some Q ∈ L2(M⊗̄M).

Below we continue our exposition under the previous assumptions.

We also extend the action of the operator Lϕ to the tensor product of functions as follows.
First, for tensor products of simple functions, we set

L ⊗2
ϕ = Lϕ ⊗ id+ id⊗ Lϕ, (46)

and we extend its action by linearity.
We can then check that this operator is negative and closable, which allows us to extend its action
to a larger domain.

Definition 7. We define the second carré du champ Γϕ,2 adapted to free diffusion (45) for smooth
functions f, g as

Γϕ,2(f, g) =
1

2

(

Γϕ(L
⊗2
ϕ (Γϕ(f, g)) − Γ(Lϕf, g)− Γϕ(f,Lϕg)

)

, (47)

and we set Γϕ,2(f) := Γϕ,2(f, f).

Example 1. Let us first make a few remarks about the most fundamental case. Let’s choose u = x2

2 ,

for which we know that ϕ = x2

2 . Thus the free diffusion (Xt)t≥0 defined in (45) reduces to the

free Ornstein-Uhlenbeck process dXt = −Xtdt +
√
2dSt, with infinitesimal generator L (the free

Ornstein-Uhlenbeck operator), which has a pure point spectrum: sp(−L) = N.

In this case we get (since we fix ϕ = x2

2 , we denote this for convenience Γ instead of Γϕ),

Γ(f) = (J f)2,

We also recall the non-commutative Bochner formula J L = (L ⊗2−Id)J , where Id is the identity
operator on L2([−2, 2]2, η⊗2) ≃ L2([−2, 2], η)⊗̄L2([−2, 2], η) (for such a proof, see point (5.3) of
Proposition 7 in [54], note also the sign conventions, since they consider the number operator N :=
−L instead), we first get

Γ(f,L f) = Γ(L f, f) = (J L f) · J f

= (L ⊗2(J f)− J f) · J f

= L ⊗2(J f) · J f − (J f)2. (48)

We then have (after some simple calculations) the following expression for Γ2:

Γ2(f) =
1

2

[

L ⊗2((J f)2)− 2L ⊗2(J f) · J f + 2(J f)2
]

,
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And it suffices to prove that:

L ⊗2((J f)2)− 2L ⊗2(J f) · J f ≥ 0. (49)

We use a spectral approach to prove that a non-commutative Bakry-Émery criterion holds for this
free diffusion:

In fact, take f(x) = Un(x), n ≥ 0, where (Un)n≥0 is the sequence of Tchebychev polynomials of
the second kind, defined recursively by setting U0 = 1, U1 = X and XUn = Un+1−Un−1. It is known
that they form an orthonormal basis of eigenfunctions of the free Ornstein-Uhlenbeck operator, and
hence of L2(η), with LUn = −nUn. Thus the chaotic decomposition takes the following form,

L2(η) =

∞⊕

n=0

Ker(L + nId), (50)

The non-commutative derivatives of the Tchebychev polynomials also have a nice form (see e.g. prop
5.3.9 in [10], which also gives its “infinite dimensional” version when the non-commutative derivative
is replaced by the free Malliavin gradient).

JUn =

n∑

k=1

Uk−1 ⊗ Un−k, ∀n ≥ 1

Then, using the product formula for Tchebychev polynomials (which holds in full generality for
Wigner-Ito integrals, see Proposition 5.3 in Biane and Speicher [10]), we get

(JUn)
2 =

n∑

j,k=0

k∧j−1
∑

p=0

n−(k∨j)
∑

q=0

Uk+j−2p−2 ⊗ U2n−k−j−2q,

And so we use L ⊗2,

L ⊗2((JUn)
2) =

n∑

j,k=1

k∧j−1
∑

p=0

n−(k∨j)
∑

q=0

(2p + 2q − 2n+ 2).Uk+j−2p−2 ⊗ U2n−k−j−2q,

We can also simply

L ⊗2(JUn) = (1− n)
n∑

k=0

Uk−1 ⊗ Un−k

= (1− n)JUn,

And so we have,

L ⊗2(JUn) · JUn = (1− n)(JUn)
2 =

n∑

j,k=1

k∧j−1
∑

p=0

n−(k∨j)
∑

q=0

(1− n).Uk+j−2p−2 ⊗ U2n−k−j−2q,

This brings us to the

L ⊗2((JUn)
2)− 2L ⊗2(JUn) · JUn = 2

n∑

j,k=1

k∧j−1
∑

p=1

n−(k∨j)
∑

q=1

(p + q).Uk+j−2p−2 ⊗ U2n−k−j−2q

which, by tedious recursion, can be shown to be always positive.
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So, by expanding f in Tchebychev polynomials, this finally gives that the non-commutative
Bakry-Émery criterion is satisfied:

Γ2(f) ≥ Γ(f). (51)

More generally, we can prove the following decomposition, but proving a general non-commutative
Bakry-Émery criterion seems to be another challenge, since a spectral approach is impossible.
Indeed, we recall from the work of Anshelevich [4] that the only free diffusion operator of the form
Lϕ which has orthogonal polynomial eigenfunctions is the free Ornstein-Uhlenbeck operator, i.e.

when ϕ = x2

2 . This is currently the main obstacle to proving a non-commutative curvature criterion.

Proposition 6. Let ϕ satisfy the previous hypothesis, then for smooth test functions f we have

Γϕ,2(f) =
1

2

(

L ⊗2
ϕ ((J Dϕ)−1 · (J f)2)− 2(J Dϕ)−1 · L ⊗2

ϕ (J f) · J f + 2(J f)2
)

(52)

Proof:
Γϕ(f) = (J Dϕ)−1 · (J f)2.

Then by using the non-commutative Bochner formula:

J Lϕ = (L ⊗2
ϕ − J Dϕ)J ,

i.e for smooth test functions: J (Lϕf) = L ⊗2
ϕ (J f)− J Dϕ · J f ,

We arrive to,

Γϕ(Lϕf, f) = (J Dϕ)−1 · J Lϕf · J f

= (J Dϕ)−1(L ⊗2
ϕ (J f)− J Dϕ · J f) · J f

= (J Dϕ)−1 · L ⊗2
ϕ (J f)− (J f)2.

Therefore

Γϕ,2(f) =
1

2

(

L ⊗2
ϕ ((J Dϕ)−1 · (J f)2)− 2(J Dϕ)−1 · L ⊗2

ϕ (J f) · J f + 2(J f)2
)

.

However, the calculations required to prove the next conjecture seem very complicated at the
moment (especially since we cannot use a spectral approach), so we will leave them for further
investigation. Worst of all, even if the conjecture could be proved, there is (to our knowledge) no
proof of the free Logarithmic-Sobolev inequality via a non-commutative Bakry-Emery criterion, so
we cannot get to the free Klartag estimate for now.

Conjecture 2. Under the above notations and assumptions we have for all smooth functions (f, g):

Γϕ,2(f) ≥
1

2
Γϕ(f), (53)

So, using the conventions of Guionnet and Shlyakhtenko [44], we say that Mn.c := (Kϕ,J Dϕ, νϕ)
satisfies CD(2,∞).

A proof of such an estimate, analogous to Kolesnikov’s result [63], would be very useful to understand
how far the parallelism can be made between the classical notions of a weighted Riemannian manifold
with Hessian matric given by a convex function or from its complexification given by a certain toric
Kähler manifold and associated with a centred convex body K or equivalently with a centred log-
concave measure e−ϕdx, and their free counterparts.
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In fact, we recall how to associate to the uniform measure on a convex set a suitable toric Kähler
manifold which is both Einstein with λ = 1

2 and Fano with thus a “good” curvature criterion. The
construction is as follows.

Let µ be the uniform measure on K, then we know (see the full details given in Klartag’s work
[58]) that it is the moment measure of a smooth convex function ψ. We denote the complex torus
as Tn

C
:= C

n/(
√
−1Zn) equipped with its real torus action:

t · (x+
√
−1y) = x+

√
−1(y + t), t ∈ T

n := R
n/Zn, x+

√
−1y ∈ T

n
C
.

After a suitable complexification to transform the convex function ψ into a complex p.s.h. function
(plurisubharmonic: upper-semicontinuous and subharmonic on each complex line) which amounts
to set ψC(x +

√
−1y) = ψ(x), x +

√
−1y ∈ T

n
C
(note also that in this case the function ψC is T

n-
invariant), the toric Kähler-Einstein manifold M := (Tn

C
, ωψ) equipped with its Kähler form ωψ :=

2
√
−1∂∂̄ψ =

√
−1
2

∑n
i,j=1 ωi,jdzi∧dz̄j (where we set as usual ψi,j := ∂2ψ/(∂xi∂xj)) has many pleasant

properties: the most important one being that its Ricci tensor where Ricω = −
√
−1∂∂̄ log(detψi,j)

is exactly equals to half the Riemmanian metric: Ricωψ = 1
2ωψ (thus a Einstein metric and this

is called a toric Fano manifold since its first Chern class is positive, i.e. c1(M) > 0) which makes
it very similar to a Gaussian space (in particular to obtain Log-Sobolev, Gaussian concentration,
isoperimetric inequalities...).
Moreover, the moment map T

n
C
∋ x +

√
−1y 7→ ∇ψ(x) ∈ R

n send the volume measure induced by
the Riemannian metric, i.e. Vol := wnψ/n! = wψ ∧ . . . ∧ wψ/n! to the uniform measure µ on K (see

Abreu [1]).

Remark 7. We are also grateful to D. Shlyakhtenko, who also pointed out to us that this kind of
free SDE’s (45) also arise in the study of “free dilations”, i.e. αt :M → M̃ :=M ∗L(F∞) which are
trace preserving ∗-automorphisms such that ‖αt(x)−x‖2 →

t→0
0 which also solve free SDE’s. This has

many applications to prove structural properties of von Neumann algebras, especially in the group
case, i.e. M = L(Γ) where Γ is an icc group. Indeed, it was noticed by Dabrowski and Ioana [26] that
the existence of unbounded 1-cocycle coming from unbounded derivations implies strong restrictions
on the structure of the group in order to be able to have a free dilation (based on another earlier
work of Dabrowski’s [25]). This could be very helpful in order to use the breakthrough of Popa’s
deformation/rigidity theory to obtain structural properties on these group von Neumann algebras.

5. Transporting free Stein kernels to other free Gibbs measure

In this short section we will show that, as Fathi did in section 5 of [35], we are able to construct
free Stein kernels with respect to other free Gibbs reference measures in order to compare, for
example, µ with a free Gibbs state νV with potential V smooth and convex, provided it exists.
This will be possible as soon as the pushforward measure µV of the measure µ by DV := V ′ has a
barycenter at the origin. It is also, as expected, exactly the free counterpart of the kernel discovered
by Fathi in section 5 of [35].

Theorem 9. Let νV be a free Gibbs measure associated with the potential V . Suppose V is strictly
convex and C2. Suppose also that we are given a measure µ which has a density w.r.t. the Lebesgue
measure and is supported on a compact interval. Let µV be the pushforward of µ by DV and suppose
that

∫
xdµV (x) = 0. Then

(x, y) 7→ AV (V
′(x), V ′(y)).(J DV )(x, y))−1 := AV (V

′(x), V ′(y))
x− y

V ′(x)− V ′(y)
(54)



24 CHARLES-PHILIPPE DIEZ†

is a free Stein kernel for µ with respect to the potential V , where AV : R2 → R is an arbitrary free
Stein kernel for µV with respect to the standard semicircular potential ν 1

2
x2.

Proof: Let’s denote µV the pushforward of µ by V ′. Then we set g(x) = f((V ∗)′(x)) for an arbitrary
test function f , and we have:

∫

R

V ′(x)f(x)dµ(x) =

∫

R

V ′(x)g(V ′(x))dµ(x)

=

∫

R

xg(x)dµV (x)

Now let’s assume that µV admits free Stein kernels with respect to the standard semicircular potential
ν 1

2
x2 . This is always ensured by the result of Cébron, Fathi and Mai in [37], provided that

∫

xdµV =

∫

R

V ′(x)dµ = 0,

Now denote AV : R2 → R such a kernel, then (55) becomes
∫

V ′(x)f(x)dµ =

∫∫

AV (x, y)
g(x) − g(y)

x− y
dµV (x)dµV (y)

=

∫∫

AV (V
′(x), V ′(y))

g(V ′(x))− g(V ′(y))

V
′
(x)− V

′
(y)

dµ(x)dµ(y)

=

∫∫

AV (V
′(x), V ′(y))

f(x)− f(y)

V ′(x)− V ′(y)
dµ(x)dµ(y)

=

∫∫

AV (V
′(x), V ′(y))

x− y

V ′(x)− V ′(y)
f(x)− f(y)

x− y
dµ(x)dµ(y),

Where we used the fact that V ′′(x) > 0 for x ∈ supp(µ) and thus that V ′(x)− V ′(y) 6= 0, µ almost
everywhere.

6. Connexion with the free (weighted) Poincaré inequalities and free diffusions
processes

In the free case, free Poincaré inequalities were discovered by Voiculescu in an unpublished note
(see lemma 2 in [24]) and studied by many authors (see for example Ledoux and Popescu [66] for
a one-dimensional proof and various properties of the Poincaré constant under smooth changes of
variables...). Note that these inequalities also hold in the multidimensional case, and have profound
consequences for establishing regularity properties of von Neumann algebras, e.g. in the seminal
work of Dabrowski [24] it was proved that if X = (x1, . . . , xn) has finite free Fisher information, then
W ∗(X) is a factor which doesn’t have the Γ property of Murray and von Neumann, and in particular
is non-amenable. 2 In the one dimensional case, a free Poincaré inequality in the sense of Voiculescu
means that for any compactly supported probability measure µ, there exists a constant C (depending

2In an unpublished note which Dabrowski personally communicated to the author, Dabrowski actually proved that
the absence of the Γ property still holds under the weaker assumption of a full non-microstates free entropy dimension:
δ∗(X) = n, and expect the same kind of result to hold under the weakest possible condition, i.e. when δ∗(X) > 1, as
Voiculescu proved for the microstates version of free entropy (see corollary 7.5 in [84])
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only on µ and known to be bounded from above by 2ρ2(µ) where ρ(µ) = sup {|z|, z ∈ supp(µ)} in
full generality and without any restriction on µ) such that for all test functions f :

V arµ(f) ≤ C

∫∫ (
f(x)− f(y)

x− y

)2

dµ(x)dµ(y) (55)

In fact, the important work of Ledoux and Popescu [66] illuminates a deep connection between large
deviations of random matrices and free functional inequalities, where in this paper the authors prove
another type of free Poincaré inequality by a mass transport argument. In fact, this new inequality
can be generalised by a new variance estimate involving higher order non-commutative derivatives,
see the important work of Houdré and Popescu [54].

In the classical case, following an idea of Saumard [82] in dimension one, Fathi [35] proved that in
every dimension d ≥ 1, moment measures with sufficiently smooth moment maps satisfy a Weighted
Poincaré Inequality with an explicit weight given by the Moment Stein Kernel (but only for this
particular construction of the Stein Kernel). In the free case, thanks to the free Brascamp-Lieb
inequality, we are able to obtain a one-dimensional analogue involving the free moment Stein kernel.

However, since we have not been able to find a proof of the free Brascamp-Lieb inequality (in the
sense of Biane), we propose a simple proof based on the calculations found in the paper by Houdré
and Popescu [54], and the same kind of arguments for the proof of the Brascamp-Lieb inequality
found by Helffer [47] in the classical case.

Proposition 7. (Free Brascamp-Lieb Inequality) Let V be a C2 and strictly convex potential, and
consider its associated free Gibbs measure νV , then for smooth functions f :

V arνV (f) ≤
∫∫

(J DV )−1(J f)2 dν⊗2
V (56)

Proof: Set MV := −2∂x(Id ⊗ νV )J + V ′D , which is the infinitesimal generator of free Langevin
diffusion:

dXt = −DV (Xt) +
√
2dSt,

and recall as before that for a sufficiently smooth function, MV = J ∗
V J where again J ∗

V denotes
the adjoint of J with respect to the inner product in L2(νV ). Then, by proposition 10 in [54], we
have for f of class C2,

〈MV f, f〉L2(νV ) =

∫∫ (
f(x)− f(y)

x− y

)2

dνV (x)dνV (y)

In particular, since the right-hand side is a Dirichlet form, which is positive and closable, its generator
MV must be essentially self-adjoint and positive.

We then assume, without loss of generality, that f ∈ L2
0(νV ) :=

{
f ∈ L2(νV ),

∫
fdνV = 0

}
,

considering then the pseudo-inverse M−1
V which is well defined and for which we have

f =MVM
−1
V f .

It is not difficult to see that

V arνV (f) =

∫∫

JM−1
V f · J f dν⊗2

V
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Now consider the linear extension of the operator M⊗2
V := MV ⊗ id+ id⊗MV , which acts on a

simple function with values in R
2 as follows

M⊗2
V (f ⊗ g) =MV f ⊗ g + f ⊗MV g,

where, as usual, (f ⊗ g)(x, y) := f(x)g(y).
It is then not difficult to show that this operator M⊗2

V is essentially self-adjoint and positive.

Then we can check that,

JMV = (M⊗2
V + J DV )J ,

which follows from

J (−2∂x(Id⊗ νV )J ) =M⊗2
V ,

Hence, we have:

(M⊗2
V + J DV )−1J = JM−1

V

And finally sinceM⊗2
V is non-negative, we have that (M⊗2

V +J DV )−1 ≤ (J DV )−1, which concludes
the proof.

The following lemma refines a particular application of the free Cafarelli-Klartag contraction
theorem 4, namely the stability of the free Poincaré inequality by Lipschtz map. Indeed, for
example, it is easy to see that if the (smooth) transport map from the semicircular to a free Gibbs
measure νu is associated with u a 1-uniformly convex potential, then νu satisfies a free Poincaré
inequality with a free Poincaré constant less than 1, see also Leodux and Popescu, Proposition 2 in
[66].

Proposition 8. Let µ a centered compactly supported probability measure, with a density w.r.t the
Lebesgue measure and with a sufficiently smooth moment map ϕ (at least of class C2). Consider
its moment free Stein kernel A = J Dϕ(Dϕ∗). We then have the following free weighted Poincare
inequality valid for smooth functions f :

V arµ(f) ≤
∫∫

A · (J f)2 dµ(x)dµ(y), (57)

Proof: Let’s denote ϕ as the free moment map of µ, and A = J Dϕ(Dϕ∗) its free moment Stein
kernel. Then, by using the chain rule for the non-commutative derivative, we get:

V arµ(f) = V arνϕ(f ◦ ϕ′)

≤
∫∫

(J Dϕ)−1 · J Dϕ · J f(ϕ′) · J Dϕ · J f(ϕ′)dν⊗
2

ϕ

=

∫∫

J Dϕ · (J f(ϕ′))2dν⊗2
ϕ

=

∫∫

A · (J f)2dµ⊗2
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We now return to the probabilistic interpretation of free moment Stein kernel and the result 8 as a
spectral gap for the generator of a free diffusion process. We also continue to denote (St)t≥0 as a
free Brownian motion and (At)t≥0 as its corresponding filtration. We also assume for our
exposition that ϕ is of class C2 and still strictly convex.

Indeed, another nice feature of this construction is the positivity and symmetry of these free Stein
kernels, i.e. ∀(x, y) ∈ R

2,J Du(Du∗(x),Du∗(y)) ≥ 0, from the convexity assumption on u, and the
symmetry: J Du(Du∗(x),Du∗(y)) = J Du(Du∗(y),Du∗(x)). In fact, using this argument, Fathi
and Mikulincer [38] have translated the construction of moment Stein kernels of the form
A = Hessϕ(∇ϕ∗) into a probabilistic way.

That is, under some mild assumptions (e.g. this Stein kernel, which by construction is always
symmetric and positive semidefinite, i.e. in S+

d (R), should actually be inside the positive cone and
uniformly bounded from below), it is possible to construct a diffusion process with µ that has its
unique invariant measure, which at first sight might be very useful to do sampling from µ.
Specifically, if (Bt)t≥0 is a standard Brownian motion on some filtered probability space, then the
diffusion process is (Xt)t≥0:

dXt = −Xtdt+
√

2Hessϕ(∇ϕ)∗(Xt)dBt, (58)

has µ as a unique invariant measure (uniqueness is then ensured by a standard criterion on the
lower bound of this diffusion coefficient). However, as noted by Fathi and Mikulincer [38], the
moment Stein kernels are generally not globally Lipschitz, but generally belong to some Sobolev
space (and are almost never explicitly tractable). Using these moment Stein kernels, a variant of
the Crippa and De Lellis [23] techniques for studying transport equations, and a proxy condition
derived from the crucial Lusin-Lipschitz property, they obtained a new generalisation of the
Ledoux, Nourdin, Peccati estimates [68] relating transport distances and Stein discrepancies in a
non-Gaussian setting, that is for invariant measures µ of diffusions that are well-conditioned
log-concave measures.

Definition 8. Let (XX0

t )t≥0 be the free stochastic process starting from arbitrary (bounded) initial
data X0 ∈ Ms.a with law µ assumed to be free of free Brownian motion (St)t≥0, and a weak
solution of the following free SDE given by Picard iteration if it exists:

dXt = −Xtdt+ (2J Dϕ(Dϕ∗(Xt)))
1

2 ♯dSt, (59)

Remark 8. This free process is actually a modification of the free Ornstein-Uhlenbeck process:

dXt = −Xtdt+
√
2dSt, (60)

which has S(0, 1) invariant measure, and for which we recall that we have exponential fast
convergence to equilibrium for the relative entropy via the free Log-Sobolev inequality (see Biane
[12]), and even for the free quadratic Wasserstein metric thanks to the free Talagrand inequality
proved by Biane and Voiculescu [9] (Otto-Villani-type estimates).
Here the usual conventions of Langevin diffusion are reversed: all the information is carried in the
diffusion coefficient and not in the drift.

First we calculate the infinitesimal generator L of this free SDE (59). Thanks to the free Ito
formula of Biane and Speicher (see also the trace Ito formula of Nikitopolous): Theorem 3.5.3, and
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remark 3.5.4 in [75]) we can easily deduce that the generator is self-adjoint and, for all C2-bounded
functions f , is given by

L f(x) = ∆J Du(Du∗(X0))f(x)− xf ′(x),

where we denote ∆J Du(Du∗(X0)) as the correction term coming from the free Ito formula (it is
really important to note here that the generator depends on the law of the initial condition).
Then we can note that if the free SDE (59) is well defined, then in this case Eµ(L f) = 0 for all C2

bounded functions (where Eµ denotes the expectation taken under µ). In other words, µ is the
invariant measure of the free SDE (59):

∫

L f(x)dµ(x) = 0,

In fact, it is easy to see that this is a self-adjoint operator and that
∫

L f(x)dµ(x) =

∫∫
f ′(x)− f ′(y)

x− y
J Du(Du∗(x),Du∗(y))dµ(x)dµ(y) −

∫

xf ′(x)dµ(x)

= 0.

since it is exactly the Stein equation in its weak formulation that is satisfied by the measure µ (we
assume here that the test functions are gradients, i.e. f → Df := f ′).

From now on, the above statement 8 can be more conveniently reformulated by saying that the
following Dirichlet form has a spectral gap 1.
Indeed, for a function f ∈ Dom(L ), we define the Dirichlet form:

f 7→ µ(fL f) = µ⊗ µ(A · (J f)2),

The connection with the weighted free Poincaré inequalities can be made more explicit from the
above statement by saying that

V arµ(f) ≤ µ⊗ µ(A · (J f)2),

In particular, if ϕ is smooth and ρ-uniformly convex for some ρ > 0, then:

V arµ(f) ≤ ρ

∫∫ (
f(x)− f(y)

x− y

)2

dµ(x)dµ(y). (61)

7. A first step towards a multidimensional extension

In this part we’ll explain how our previous construction of free moment Stein kernels can be
extended to a multidimensional setting, albeit with strong restrictions since we can only deal with
free moment measures that are “close” to the semicircular law. In this case, our results can be
interpreted as a first step towards studying regularity estimates on free Monge-Ampère equations
and their links to free diffusion operators (and towards understanding the non-commutative Hessian
structure associated with free Gibbs laws that are sufficiently close to the semicircular law). We
will first introduce the main notation, which is slightly different now that we are in a strongly
non-commutative setting.

We first recall what the space of the test function (the free algebra) will be, and how the Banach
algebra of non-commutative power series with radius of convergence R > 0 is defined.
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Definition 9. Let t1, . . . , tn be non-commuting self-adjoint variables. Then we denote by P :=
C〈t1, . . . , tn〉 the algebra of non-commutative polynomials (also called free algebra) in these variables.
We also set P0 ⊂ P as the linear span of polynomials with zero constant term.

In this space we consider the family of norms ‖·‖R with R > 0, defined as follows. For a monomial q
and arbitrary P ∈ P, let λq(P ) denote the coefficient of q in the decomposition of P ; thus we have
P =

∑

q λq(P )q. Then we set

‖P‖R =
∑

q:deg(q)≥0

|λq(P )|Rdeg(q), (62)

we will denote by P(R) the completion of P with respect to this norm. This is a Banach algebra,
which can be viewed as the algebra of non-commutative power series with a convergence radius of
at least R > 0.

We now introduce the well-known concept of tracial non-commutative distributions, which will
make the notation easier in the sequel.

Definition 10. Let X = (X1, . . . ,Xn) in a W ∗ tracial probability space (M, τ), then by definition
the non-commutative distribution (or law) of X, denoted µX , is the linear form

µX : P → C

P 7→ τ(P (X)). (63)

Remark 9. In fact, we can easily check that

(1) µX(1) = 1 (unital),
(2) µX(P

∗P ) ≥ 0 (positive),
(3) µX(PQ) = µX(QP ) (tracial),
(4) µX(Xi1 . . . Xin) < Rn for any choice of i1, . . . , in ∈ {1, . . . , n} and where R is any positive

number such that R > sup
i=1,...,n

‖Xi‖ (exponentially bounded).

This motivate to define more generally the notion of non-commutative distribution which is the
following.

Definition 11. A tracial non-commutative distribution is a trace on the C∗-universal free product
C([−R,R])∗n for some R > 0. This space is denoted Σm,R and is endowed with the weak ∗-topology,
i.e. the topology of pointwise convergence on P. Equivalently, an element of Σm,R is a unital,
positive, tracial and exponentially bounded map.

Let’s also recall Voiculescu’s definitions of free difference calculus, which are the cyclic gradients and
the free difference quotients. In the following definitions we first define these operators on the space
of non-commutative polynomials, and any tensor product that appears must be understood as the
algebraic tensor product (i.e. without completion).

Definition 12 (Voiculescu, [86]). We define the cyclic derivative on monomials m ∈ P as

Dm = (D1m, . . . ,Dnm),

where

Djm =
∑

m=atjb

ba,

and then extended it linearly to P.
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Definition 13. (Voiculescu section 3 in [85]) The j-free difference quotient is defined as:

∂jm =
∑

m=atjb

a⊗ bop,

and then linearly extended to P.

In fact, we can relate the free difference quotients and the cyclic derivatives as follows

Dj = m ◦ (∂j)σ , (64)

where we denote σ as the flip homomorphism, i.e. Q = a⊗b ∈ P⊗Pop, (Q)σ = b⊗a. This operator
is then extended to include linearity.

Definition 14. For P = (p1, . . . , pn) we define the non-commutative Jacobian as :

JP =






∂1p1 ∂2p1 · · · ∂npn
...

...
. . .

...
∂1pn ∂2pn · · · ∂npn




 ∈Mn(P ⊗ Pop),

Fortunately, the non-commutative Jacobian enjoys a fundamental chain rule property (up to
natural operations).

We also introduce the Number operator N and the symmetrization operator S , which are defined
on P by

N (ti1 . . . tip) = pti1 . . . tip (65)

i.e. N P =
∑p

i=1 ∂jP♯tj, this is the linear operator that multiplies a monomial of degree p by p.

The symmetrization operator S is defined on monomials in P0 as

S ti1 . . . tip =
1

p

p
∑

r=1

tir+1
. . . tipti1 . . . tir . (66)

Using corollary 3.3 in [74], it can be shown that the operator J D extends to P(R) for any R > 0.

Here P⊗̂RPop is the completion of the algebraic tensor product P(R) ⊗ (P(R))op with respect to
the projective tensor norm (e.g. [74, Section 3.1] for further details).

We now introduce the notion of the free Gibbs law in the multivariate setting, which is similar to
the univariate one, except that here, since there are different notions of entropy, we’ll focus on the
microstates one, which we’ll recall in what follows.

Definition 15. (Voiculescu, Microstates free entropy [83])
Let X = (x1, . . . , xn) ∈ (M, τ)n be a W ∗ tracial probability space. For each k ∈ N, let M sa

k denote
the set of k× k self-adjoint matrices equipped with its non-normalised trace Tr. For l ∈ N and ε > 0,
let

Γ(X; k, l, ε) :=

{

Y ∈M sa
k ,

∣
∣
∣
∣

1

n
Tr(P (Y ))− τ(P (X))

∣
∣
∣
∣
< ε, ∀P ∈ P with deg(P ) ≤ l

}

. (67)

Then the free entropy of the microstates of X is defined as follows

χ(X) := inf
l,ε

lim sup
k→∞

1

k2
log(Vol(Γ(X; k, l, ε))) +

n

2
log k. (68)
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Note that we also use a shortcut: χ(τX) = χ(X).

More generally, any non-commutative distribution τ with exponential bound R > 0 can be realised
as the non-commutative distribution of some n-tuple of self-adjoint operators X = (X1, . . . ,Xn)
with ‖X‖∞ := max

i=1,...,n
‖Xi‖∞ ≤ R on a W ∗ tracial probability space. This is a version of the

Gelfand-Naimark-Segal construction (see Proposition 5.2.14 in [3]).

This leads to the following definition, which is well known and was introduced by Voiculescu in
[88] and Guionnet and Shlyakhtenko in [46].

Definition 16. The free Gibbs law τU associated with the potential U is the minimiser of −χ(τU) +
τ(U(X1, . . . ,Xn) if it exists.

We are now in a position to give a proper definition of free moment laws in a multivariate setting.

Definition 17. The law of a non-commutative tuple of random variables X = (X1, . . . ,Xn) is called
a free moment law if there exists a self-adjoint non-commutative power series U such that the law
τU is well defined, and the law of non-commutative random variables Y = (Y1, . . . , Yn) such that

X = (X1, . . . ,Xn) = (DU)(Y1, . . . , Yn), (69)

that is, for all j = 1, . . . , n,

Xj = DjU(X1, . . . ,Xn). (70)

Then the definition of the free Stein kernels in the multivariate setting takes the following form

Definition 18. A free Stein kernel for an n-tuple X ∈ (M, τ)n with respect to a potential V ∈ P
is an element of L2(Mn(M⊗̄Mop), (τ ⊗ τ op) ◦ Tr) such that for any P ∈ Pn:

〈[DV ](X), P (X)〉τ = 〈A, [J P ](X)〉τ⊗τop , (71)

Σ∗(X|V ) = inf
A
‖A− (1⊗ 1op)⊗ In‖L2(Mn(M⊗̄Mop),(τ⊗τop)◦Tr), (72)

where the infinimum is taken over all admissible Stein kernels A of X relative to V .

We also need to introduce an appropriate notion of convexity, which was already precisely defined
in the work of Guionnet and Shlyakhtenko [46] and was also used by Fathi and Nelson [33] to prove
a microstates variant of the free Log-Sobolev inequality.

Definition 19. We say that f ∈ P(R), R > 0 is convex if and only if J Df = Q∗Q for some

Q ∈Mn(P
(R)⊗̂P(R)). In shorthand we will refer to this as J Df ≥ 0.

The following theorem is stated in a more general setting, since we don’t assume that the
target-free Gibbs measure is necessarily “close” to the semicircular law,

Theorem 10. Let X = (X1, . . . ,Xn) be a free moment law associated with a non-commutative power

series U in P(R) for some R > 0, i.e, such that there exists Y = (Y1, . . . , Yn) of the law τU which is
well defined and such that for all j = 1, . . . , n, Xj = DjU(Y1, . . . , Yn).

Now suppose DU = (D1U, . . . ,DnU) ∈ (P(R))n has a compositional inverse G ∈ (P(‖DU‖R))n with
J DU ≥ 0, then A = [J DU ](DG(X)) is a free Stein kernel for X with respect to the standard
semicircular potential. V1 =

1
2

∑n
i=1X

2
i which is also positive in Mn(W

∗(X)⊗̄W ∗(X)).
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Proof: By definition, since Y follows the free Gibbs law associated with U , it satisfies the following
Schwinger-Dyson equation: ∀P = (P1, . . . , Pn) ∈ Pn.

τ([DU ](Y ) · P (Y )) = τ ⊗ τ ◦ Tr([JP ](Y )), (73)

So by setting Q = P (DU) :=

(

Pi(D1U, . . . ,DnU)

)n

i=1

component-wise, by the trace property of the

state and the chain rule for the non-commutative Jacobian, we get

τ(P (DU)(Y ) · [DU ](Y )) = τ ⊗ τ ◦ Tr([J P (DU)](Y ))

= τ ⊗ τ ◦ Tr([J DU ](Y )♯[J P ](DU(Y )).

Now, by changing the variables: Y = (Y1, . . . , Yn) = DG(X1, . . . , Yn), that DU(DG(X)) = X, we
come to

τ(X · P (X)) = τ ⊗ τ ◦ Tr([J DU ](DG(X))♯[J P ](X)).

which is exactly the desired conclusion. The positivity of such a free Stein kernel then follows easily
from the convexity assumption on U .

We now introduce the following free version of the quadratic Wasserstein distance, which was first
introduced in the important work of Biane and Voiculescu [9].

Definition 20. (Biane Voiculescu, [9]) The free quadratic Wasserstein distance is defined as the
following infinimum over couplings with respect to the quadratic cost

W2((X1, . . . ,Xn), (Y1, . . . , Yn)) = inf
{

‖(X ′

i − Y
′

i )1≤i≤n‖2/(X
′

1, . . . ,X
′

n, Y
′

1 , . . . , Y
′

n) ⊂ (M3, τ)

(X
′

1, . . . ,X
′

n) ≃ (X1, . . . ,Xn), (Y
′

1 , . . . , Y
′

n) ≃ (Y1, . . . , Yn)
}

,

where ≃ means equality in the ∗-distribution, where (M3, τ) is a W ∗-tracial probability space with

each (X
′

i , Y
′

i ) ∈M3, where ≃ means equality in the distribution.

Remark 10. We can also define the classical Wasserstein distance between two bounded tuples of
random vectors by requiring that the coupling (X ′

1, . . . ,X
′
n, Y

′
1 , . . . , Y

′
n) lives in an abelian W ∗-tracial

probability space.

Thus, as in the one-dimensional case, via the multidimensional free Wasserstein Stein discrepancy
of Cébron [17], we can obtain the following stability estimates on the free Monge-Ampère equation
of Guionnet and Shlyakhtenko, but first, following the work of Fathi, Cébron and Mai [37], we
introduce the multidimensional version of the free Sobolev spaces associated with a
non-commutative distribution.

Definition 21. For any (tracial or not in full generality) non-commutative distribution µ, we denote
H1(µ) as the separation-completion of Pn with respect to the sesqui-linear form:

〈P,Q〉H1(µ) := µ⊗ µ ◦ Tr((JQ)∗♯J P ), P,Q ∈ Pn. (74)

Remark 11. If we specify the non-commutative law as the distribution µX of a tuple of self-adjoint
operators X = (X1, . . . ,Xn), it is interesting to note that the isotropic cone which is defined as
NµX :=

{
P ∈ Pn, 〈P,P 〉H1(µX ) = 0

}
could contain non-constant polynomials due to the possible

algebraic relations between the Xi’s. However, if we make some mild assumption on the n-tuple
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X, e.g. finite free Fisher information, finite free entropy or even the weakest condition of full non-
microstate free entropy, i.e. δ∗(X) = n, then the absence of algebraic relations is automatically
satisfied, cf. Charleworth-Shlyakhtenko [18], or Mai, Speicher and Weber [72].

Now we recall that in the seminal paper by Guionnet and Shlyakhtenko [46], the authors proved
that existence of an analytic and invertible transport U between the free Gibbs state associated with
the quadratic potential (semicircular system) and a small perturbation of this potential, i.e. such
that DU(S1, . . . , Sn) has the free Gibbs law τW associated with the potential W when (S1, . . . , Sn)
are free semicircular variables exists and is unique (in an appropriate sense) if ‖W − V1‖R is small
enough. In particular, such a transport solves the following free Monge-Ampère equation.

Lemma 2. (Guionnet and Shlyakhtenko, Lemma 3.3 in [46])
A free transport U between the free Gibbs laws with potential V1 =

1
2

∑
X2
j and potential W exists if

and only if (denoting in a shorthand τ := τV1 as the standard semicircular law):

(1⊗ τ + τ ⊗ 1)Tr logJ DU = S

{

W (DU(X))− 1

2

∑

X2
j

}

. (75)

where S means equality modulo cyclic symmetrization (or commutator).

Using this notion of free Sobolev spaces, we can now reinterpret in a more pleasant way the
quantitative stability result (which here is perturbative by nature) on the free Monge-Ampére
equation.

Corollary 6. Let X = (X1, . . . ,Xn) be an n-tuple of bounded operators as in the previous theorem
10 and S = (S1, . . . , Sn) be a standard semicircular system, both living in some W ∗-tracial probability
space. Then we have

W2(X,S)
2 ≤ ‖[J DU ](DG(X)) − (1⊗ 1)⊗ In‖L2(Mn(W ∗(X)⊗̄W ∗(X))

= ‖[J DU ](Y )− (1⊗ 1)⊗ In‖L2(Mn(W ∗(Y )⊗̄W ∗(Y ))

= ‖DU − IdPn‖H1(µY ). (76)

where IdPn = (t1, . . . , tn).

In a perturbative regime, that is for free Gibbs near the semicircular law, Bahr and Boschert have
been able to extend the construction in a multidimensional case. The method they employed is not
variational and relies on a study of an analogous free Monge-Ampère PDE to conclude via a fixed
point argument.

Theorem 11. (Bahr and Boschert, Theorem 3.1 in [6]) There exists a C > 0 and a ǫ > 0 such
that if W (X1, . . . ,Xn) is a self-adjoint n.c power series containing only terms of even degree, and
‖W‖C < ǫ, then there is a corresponding power series V (Y1, . . . , Yn) such that, when Y has the free
Gibbs law associated with 1

2‖X‖2 + V , then Y + DY V (Y ) has free Gibbs law 1
2‖X‖2 +W .

Assumptions:

From now on and in the sequel, we assume that given C > 0 and a ǫ > 0 such that theorem 11 is
satisfied. In particular by Proposition 3.2 in [6], for this choice of cutoff C we know that the free

Gibbs law τW̃ (with ‖W‖C < ǫ) to the Schwinger-Dyson equation of the potential W̃ exits, and
which by theorem 11 is also the non-commutative law of Y + DY V (Y ), where we denote

Ṽ = V1 + V = 1
2

∑n
i=1X

2
i + V , and W̃ := V1 +W = 1

2

∑n
i=1X

2
i +W .

We also assume that this cutoff C > 0 is large enough so that the following non-commutative
Hessian metric U = J D Ṽ and its inverse U−1 = (J D Ṽ )−1 exists in Mn(P

(C)⊗̂P(C)).
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In particular, Bahr and Boschert then prove that V then solves the following variant of the
Monge-Ampère equation.

Lemma 3. (Bahr and Boschert, lemma 3.3 in [6])
The non-commutative power series solution of theorem 11 satisfies

(1⊗ τṼ + τṼ ⊗ 1)Tr log(1 + J DV ) = S

{

W (Y + DV ) + (N − id)V +
1

2
|DV |2

}

. (77)

where here S means equality modulo cyclic symmetrization (or commutator).

Since we want to adopt the diffusion point of view exposed for the one-dimensional case, we will
linearise this equation and show that the free moment map (modulo commutator and replacement
by a non-flat Laplacian) is still an eigenvector of the Laplacian on a non-commutative Hessian
manifold, which is always associated with the eigenvalue −1.

In the following we rewrite the equation (77) with Ṽ = V1 + V and in particular (omitting the

superscript Y as the context is clear) that Y + DV = D Ṽ and J D Ṽ = 1 + J DV .

Let’s now introduce the following operator, which will be the Laplacian part of the free Monge-
Ampère equation and will allow us to reformulate it as a free diffusion equation.

Definition 22. For a cutoff C > 0, with W ∈ P(C) and ǫ > 0, chosen small enough so that both
‖W‖C < ǫ and the above statements holds.

Then, for an arbitrary non-commutative power series g ∈ P(C), we set

L W̃
Ṽ
g = 2

n∑

i,j=1

m ◦ (id⊗ τṼ ⊗ id)(1 ⊗ (J D Ṽ )−1♯(∂i ⊗ id ◦ ∂jg)♯(J D Ṽ )−1 ⊗ 1)

−
n∑

i=1

∂iW̃ (g)♯DiṼ . (78)

where m is the standard multiplication operator and (∂i ⊗ id) ◦ ∂i denotes the mixed second-order
derivative. We recall that the free difference quotients are coassociative derivatives, i.e. (∂i⊗id)◦∂j =
(id⊗∂j)◦∂i, see the important work of Dabrowski, Guionnet and Shlyakhtenko in [25, 28], and Biane
and Speicher [10] for further details.

Remark 12. The first term of the operator above is in fact the “flat Laplacian”. In the case where
W̃ = V1 (i.e. W = 0), we in fact are left with the infinitesimal generator of free Langevin diffusion
with potential V

dXt = −[DV ](Xt) +
√
2dSt.

where here St = (S
(1)
t , . . . , S

(n)
t )t≥0 is a n-dimensional free Brownian motion.

We can now “differentiate” this equation (77) (taking the full cyclic gradient in every direction) to
finally write it as a free diffusion equation by introducing only these diffusions operators as follows

LW̃
Ṽ

DiṼ +RDiṼ = −S DiṼ . (79)

where R is a second order term (whose expression can be computed explicitly), which we will
remove by modifying the Laplacian using a new free differential calculus for a bigger set of test
functions as discovered by Dabrowski, Guionnet in [28].
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Indeed, inspired by Dabrowski, Guionnet and Shlyakhtenko’s work on free transport for convex
potentials [28], we set the following deformed Laplacian, which was introduced to remove this addi-
tional second order term R appearing in the free Monge-Ampère equation. The procedure basically
amounts to enlarge the set of test functions (to the space of functions with expectations) and change
the generator of the diffusion to involve differentiation under expectation. The reader might consult
the important heuristic details given in the introduction of [28]. It is a crucial fact and it will help
to see that free diffusion equations are indeed semigroups with generators given by:

∆Ṽ
W̃

= L Ṽ
W̃

+ δṼ
W̃
.

where δṼ
W̃

is the derivation defined on the following space of non-commutative polynomials with expec-

tations already considered by Cébron in [16] C {X1, . . . ,Xn} := C〈X1, . . . ,Xn〉⊗S (C〈X1, . . . ,Xn〉),
where here we let S (C〈X1, . . . ,Xn〉) denotes the symmetric algebra of non-commutative polynomials
(see appendix in [16] for furthers details on this construction) by

δṼ
W̃
(P0) = 0, δṼ

W̃
(τ(P )) = τ(L Ṽ

W̃
(Pi)).

The action of this operator can then be easily extended to consider non-commutative power series
(analytic functions) P(R), for some R > 0 with expectations, i.e. for analytic functions of the form

∑

P0,...,Pn∈P

aP0,...,PnP0τ(P1) . . . τ(Pn).

which is exactly the form of a free transport map found by Guionnet and Shlyakhtenko [46].

Since we want to solve the free Monge-Ampère equation in gradient form, we have to define a
cyclic gradient that respects the property of differentiation under expectation. In fact, the solution is
given by introducing the full cyclic gradient, which is then defined on this space of analytic functions
with expectation by setting:

Di(P0τ(P1) . . . τ(Pn)) =

n∑

j=0

DiPj
∏

k 6=j
τ(Pk).

The action of the full free difference quotient is also needed as in is involve sin the transport equation
and it is given as follows,

∂i(P0τ(P1) . . . τ(Pn)) = ∂iP0τ(P1) . . . τ(Pn).

Moreover, we have the commutation relation between the flat Laplacian adapted to the free diffusion
and the full cyclic gradient, i.e setting

∆(·) = 2
n∑

i,j=1

m ◦ (id⊗ τṼ ⊗ id)∂i ⊗ id ◦ ∂j(·), (80)

we have

∆Di = Di∆, ∀i = 1, . . . , n. (81)

See for example Dabrowski, Guionnet and Shlyakhtenko, equation (14) in [28] to note this fact.

Then we can finally check that modulo commutators, we have that in each direction DiV is an
eigenvalue of the following free diffusion operator.
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Proposition 9. Each DiṼ , i = 1, . . . , n is an eigenvalue (modulo) commutator of the free
Laplacian.

∆Ṽ
W̃
(DiṼ ) = −S DiṼ , ∀ i = 1, . . . , n. (82)

Moreover, the associated eigenspace is composed (modulo) commutators by all linear functions.

In particular, the classical analogue of the important equation (82), which plays a key role in many
results, can be used to recover (at least asymptotically for large n) a central phenomenon in convex
geometry, formally proved in Klartag’s seminal work [57], which states that:
“High-dimensional, centered, isotropic convex bodies (or isotropic log-concave distributions) have
most of their one-dimensional marginal that are approximately standard Gaussian.”

In fact, let’s assume that X is a random vector which is uniformly distributed on the convex body
K (with non-empty interior) supposed to be an isotropic body of volume one. Then, for a subset
Θ ⊂ S

n−1 with large spherical measure, ∀θ ∈ Θ, 〈X, θ〉 ≈ N (0, 1) if n is sufficiently large. This very
important result for the class of isotropic, convex bodies can indeed be explained by the previous
view of moment maps. This was remarkably pointed out by Fathi as a conjecture about “CLTs for
random eigenfunctions in positive curvature” in his Habilitation thesis, conjecture 2 in [36], in order
to provide a unified framework for different kinds of (classical) CLTs.

Indeed, if we denote µ as a uniform measure on the isotropic convex body K, then if the barycenter
of K is at the origin, we know that there exists a moment map ϕ such that µ = (∇ϕ)♯e−ϕdx, and
considering the weighted Riemannian manifold (Rn,Hessϕ, e−ϕdx), we know that ∂iϕ := ∂eiϕ is an
eigenvalue of the Laplacian on this manifold, i.e. Lϕ(∂iϕ) = −∂iϕ (see, for example, Fathi’s proof
of Theorem 3.2 in [35]), so we can explain Klartag’s result by saying that for most directions the
pushforward of e−ϕ by ∂iϕ is approximately Gaussian (this is also even true for multidimensional
vectors if, for example, the convex Body is moreover unconditional, see theorem 1.3 of Klartag
[57]). The curvature criterion proved by Kolesnikov [63], which ensures that the Ricci curvature is
always bounded from below by 1/2, uniformly, with respect to the dimension n of the ambient
Euclidean space, is here a really important feature in Fathi’s conjecture, which is motivated by
several examples, such as Meckes CLT for the eigfunctions of the Laplacian on the sphere (which
has positive constant curvature) [73]. So if Fathi’s conjecture about CLTs for random
eigenfunctions in positive curvature is true, then Klartag’s theorem would follow.
It is also important to note that there are other CLTs that exploit this structure: a version of
Nualart and Peccati’s fourth moment theorem [76], or even Ledoux’s fourth moment theorem,
which generalises this last one for more general structures given by the chaos of a Markov operator
[67]. The main goal of this conjecture is to give a unified geometric framework covering all these
different CLTs, and in particular Klartag’s central limit theorem for convex bodies [57].

This is the same phenomenon that appears here in the free case, mostly that the free version of this
moment measure is such that if Y has the free Gibbs law with potential 1

2 |X|2 + V (X), then the

moment measure Y +DiV (Y ), which is the free Gibbs law of the potential 1
2 |X|2 + V (X), has most

of its marginals approximately semicircular, i.e. e.g. ∀i = 1, . . . , n, Yi + DiV (Y ) ≈ S ≃ σ and most
of the coordinates are “asymptotically free” from each other: this is the most important remark
as it is well known (see corollary 6.7 [83] of Voiculescu) that freeness and regularity, i.e. a free
family of random variables X1, . . . ,Xn generating a II1 factor, necessarily generates a (possibly
interpolated) free group factor. In fact according to Klartag, we can rephrase the convexity as
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being almost as good as independence (here free independence). Furthermore, we conjecture that
the Ricci curvature defined in the same way as in 7 (but in a multidimensional setting), is bounded
from below by 1/2. This seems to be the reason why, heuristically, for n large enough, we have the
isormorphism between these perturbed semicircular von Neumann algebras generated by the
Xi = Yi + DiV (Y ), i = 1, . . . , n ≤ ∞ and the free group factor W ∗(S1, . . . , Sn) ≃ L(Fn) (this even
seems to explain the remarkable non-commutative triangular transport discovered by Jekel [55]). If
the construction of moment maps could be extended to more general potentials (and not just the
even perturbative case), this would also explain why the isomorphism still holds in the uniformly
convex setting, as proved by Dabrowski, Guionnet and Shlyakhtenko [28], at least for a large
number of generators.

All this remarks gives a strong hint that the conjecture of Fathi and Nelson [33] may be true. In
the following we denote for a, b ∈ M, a von Neumann algebra equipped with a faithful normal state
(not necessarily tracial), (a⊗ bop)† = b∗ ⊗ (a∗)op and for a matrix A ∈Mn(M⊗̄Mop), we denote

A† ∈Mn(M⊗̄Mop) such that [A†]i,j = [A]†i,j .

Conjecture 3. (Fathi, Nelson [33]) Let X = (X1, . . . ,Xn) with joint law µX and A = A† a free
Stein kernel with respect to V1, then there exists ǫ > 0 such that if Σ∗(X|V0) < ǫ, then there exists a
free transport from µX to the semicircular law. In particular, W ∗(X) →֒ L(Fn).

8. Remarks and open questions

The computations done in section 4 and the seminal works of Klartag and Kolesnikov [59, 60,
61, 63] seem to suggest that in the free context, and for a centered free Gibbs measure µ := νu
associated with a smooth uniformly convex potential u : R → R (and thus supported on a compact
interval K), the good notion of a non-commutative Hessian manifold (at least in dimension one) is
given by the structure M∗

n.c := (Kϕ,J Dϕ, νϕ) where ϕ is the moment map and whose Laplacian
can be computed explicitly and for which the moment map is always an eigenfunction associated
with the eigenvalue −1. The pushforward of the free diffusion (Xt)t≥0, by ψ

′ where ψ = ϕ∗ can thus
be interpreted as the (canonical) free Brownian motion on the non-commutative Hessian manifold
Mn.c := (K,J Dψ, µ). Moreover, this formal construction can be seen as a canonical way to deform
a free Brownian motion so that its invariant measure is exactly given by the free moment measure νϕ.
This amounts in the end to adding a drift term to the generator of the free Brownian motion on the
manifold Mn.c := (K,J Dψ, νϕ) (we recall that the global and intrinsic construction via Dirichlet
forms define the classical Brownian motion on a closed Riemannian manifold (M,g) as the unique
Markov process with half the Laplace-Beltrami operator as its infinitesimal generator). It is also
interesting to note that in the classical case in the uniformly convex setting we have exponentially
fast convergence to the equilibrium of the SDE (58), a statement we didn’t investigate here.

The recent work of Fathi and Mikulincer [38] provides new insights into how to prove stability
estimates for invariant measures of diffusions that may be far from Gaussian. As mentioned above,
the (classical) SDE’s considered in their paper are generally irregular and not necessarily Lipschitz,
but generally belong to some Sobolev spaces. The first authors to overcome these problems and
deal with this level of generality in the classical case was Figalli in [39] for stochastic differential
equations based on Le-Bris and Lions [65] work for Fokker-Plank equations with irregular coefficients.
Unfortunately, in the free setting, almost nothing is known in the general context of free SDE’s with
non operator Lipschitz coefficients (except for the free SPDE’s considered in the seminal work of
Dabrowski [27]). It would be of great interest to develop a free analogue of these results, and also to
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investigate whether a kind of Lusin-Lipschitz property, i.e. maximal estimates for Sobolev functions
w.r.t. the Lesbesgue measure, recently extended by Ambrosio, Brué and Trevisan [2] when the
reference measure is log-concave, might hold in the non-commutative context (see e.g. section 2.2 in
[38] for precise statements).

In the free context, the lack of geometric interpretations and a sufficiently strong free Riemannian
geometry (in particular, it is closely related to understand the evolution of the semigroup acting on
a Lipschitz function under the action of the non-commutative carré du champ, and therefore to
prove the free log-Sobolev inequality under an appropriate non-commutative Bakry-Émery condition
introduced by Guionnet and Shlyakhtenko in [44]) seems to be a major obstacle to obtaining such
results. This question, as well as the study of the regularity properties of the free transport map, its
Lp-estimates in some non-commutative Sobolev spaces, and the study of the continuity of the moment
measure (most of these statements were proved by Klartag and Kolesnikov [59, 60, 61]), thus seems
much more difficult to obtain in the free setting. Even extending our result in the multidimensional
setting beyond the perturbative regime seems to be very complicated and possibly irrelevant.

The last question we ask is whether there is a possible free analogue of Fathi’s conjecture 2
in [36]. A sub-question of this has already been raised in a previous author’s paper [30], section
10, where a possible fourth moment diffusive structure was proposed, which would be a free analog
of Ledoux’s one. However, it is still very unclear whether there is any structure other than the
semicircular one in which the free CLT can hold for random chaotic eigenfunctions. Moreover, the
development of the theory of free moment maps in a convex non-perturbative setting could possibly
be of great interest to translate some isomorphism problems. We leave all these questions to the
interested reader.
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Mathematics Research Notices, Volume 2015, Issue 17, 2015, Pages 8116–8151.
[55] David Jekel, Conditional Expectation, Entropy, and Transport for Convex Gibbs Laws in Free Probability, Inter-

national Mathematics Research Notices, Volume 2022, Issue 6, March 2022.
[56] David Jekel, Wuchen Li, and Dimitri Shlyakhtenko: Tracial smooth functions of non-commuting variables and

the free Wasserstein manifold, Dissertationes Mathematicae 580 (2022), 1-150.
[57] Bo’az Klartag, A central limit theorem for convex sets, Iventiones Mathematicae, Volume 168, pages 91–131,

(2007).
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[82] Adrien Saumard, Weighted Poincaré inequalities, concentration inequalities and tail bounds related to Stein kernels
in dimension one, Bernoulli 25(4B), 2019, 3978–4006.

[83] Dan Voiculescu, The analogues of entropy and of Fisher’s information measure in free probability theory, II,
Inventiones mathematicae volume 118, pages 411–440 (1994).

[84] Dan voiculescu, The analogues of entropy and of fisher’s information measure in free probability theory III: The
absence of cartan subalgebras, Geometric and Functional Analysis, Volume 6, pages 172–199, (1996).

[85] Dan Voiculescu: The analogues of entropy and of Fisher’s information measure in free probability theory V. non-
commutative Hilbert Transforms Invent. math. 132, 189±227 (1998).

[86] Dan-Virgil Voiculescu: A note on cyclic gradients Indiana University Mathematics Journal Vol. 49, No. 3 (Fall,
2000), pp. 837-841.

[87] Dan Voiculescu, The Coalgebra of free difference quotient and Free Probability, International Mathematics Research
Notices 2000, No. 2.

[88] Dan Voiculescu, Free entropy, Bulletin of the London Mathematical Society, Volume 34, Issue 3, Pages 257-278,
May 2002.

[89] X.-J. Wang and X. Zhu, Kähler–Ricci solitons on toric manifolds with positive first Chern class, Adv. Math. 188
87–103.

http://arxiv.org/abs/1407.5715

	1. Introduction
	2. Definitions and Notations
	3. Free Stein kernels and moments maps
	4. A free toric Kähler-Einstein equation
	5. Transporting free Stein kernels to other free Gibbs measure
	6. Connexion with the free (weighted) Poincaré inequalities and free diffusions processes
	7. A first step towards a multidimensional extension
	8. Remarks and open questions
	9. Acknowledgments
	References

