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Abstract
Modelling one-to-many type mappings in problems with
a temporal component can be challenging. Backpropa-
gation is not applicable to networks that perform dis-
crete sampling and is also susceptible to gradient insta-
bilities, especially when applied to longer sequences. In
this paper, we propose two recurrent neural network
architectures that leverage stochastic units and mix-
ture models, and are trained with target propagation.
We demonstrate that these networks can model com-
plex conditional probability distributions, outperform
backpropagation-trained alternatives, and do not rapidly
degrade with increased time horizons. Our main contri-
butions consist of the design and evaluation of the archi-
tectures that enable the networks to solve multi-model
problems with a temporal dimension. This also includes
the extension of the target propagation through time
algorithm to handle stochastic neurons. The use of tar-
get propagation provides an additional computational
advantage, which enables the network to handle time
horizons that are substantially longer compared to net-
works fitted using backpropagation.
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1 INTRODUCTION

A recurrent neural network (RNN) is a class of artificial neural network that use internal state
based on temporal indexing to process sequential data. It has been show that RNNs are capa-
ble of solving a wide range of problems, including, but not limited to, speech recognition,1 word
prediction,2 text classification,3,4 image captioning,5,6 sentiment analysis,7 language modelling8

and others.
A diagram of a simple recurrent network (SRN)9,10 is shown in Figure 1. The network is

fully recurrent and is connected to the external environment via its input node, which receives a
sequence of data points {x1, x2, … , xN}. The state of the network at time t is then given by:

ht = 𝜎(Wxh ⋅ xt + Whh ⋅ ht−1 + bh) (1)

where Wxh is the matrix of synaptic weights between the input and the hidden layer, Whh is the
matrix of weights between the hidden layer and itself at adjacent time steps, bh is a bias term,
and 𝜎(⋅) is a non-linear activation function. In this paper, we focus on a variant of the SRN that
outputs a single data point at its final time step. For categorical distributions the output is typically
given by:

yt = softmax(Why ⋅ ht + by) (2)

where Why is a matrix of weights between the hidden layer and the output, and by is the
output bias.

Despite their usefulness in modeling temporal dynamic behavior, RNNs have long been crit-
icized for their training difficulties and biological implausibility. The learning instability and
failures of RNNs to find optimal solutions are typically associated with the backpropagation
through time (BPTT) algorithm, which is a gradient-based technique for training RNNs.11,12

The key principle BPTT employs is to “unroll” the network for a fixed number of time steps
(t ∈ [1, tmax]), using temporal indexing for the inputs and hidden states but sharing the synap-
tic weights across all t’s. The unfolded network is then trained using standard backpropagation.
The challenge with this arrangement is that deeper unrolled networks (i.e., high tmax values) lead
to vanishing and exploding gradients, which prevent the network from learning.13 It has been
shown by Reference 14 that it is necessary for the spectral radius (operator two-norm) of Whh

F I G U R E 1 A diagram of a simple recurrent network with one input unit, one output unit, and one
recurrent hidden unit. The hidden synaptic weights matrix Whh allows the network to retain a state that, in
theory, can represent information from an arbitrarily long context window.
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to be larger than 1 for the gradients to explode, and it is sufficient for it to be smaller than 1 for
the gradients to vanish. Various approaches have been suggested to address gradient stability in
RNNs, including modifying the network architecture,15 use of Hessian-free optimization,16 and
a gradient norm clipping strategy.14 Recently we introduced the target propagation through time
algorithm (TPTT), which outperforms BPTT and exhibits stable learning for larger tmax.17

Backpropagation is also criticized for being biologically implausible, and according to Refer-
ence 18 is biologically “unrealistic in almost every respect.” This includes mechanisms adopted by
BPTT-trained SRNs to solve the credit assignment problem,19 and the continuous values used for
computing the gradients. The latter is in stark contrast with biological neurons that communicate
using spikes.20

2 MOTIVATION

A major issue with BPTT-trained RNNs is that because 𝜎(⋅) is deterministic, it models the condi-
tional distribution p(Y |X) using input X and output space Y under a unimodal assumption. There
are, however, many cases where the problem that is being modeled mandates a one-to-many map-
ping (i.e., p(Y |X) is multimodal), and the observed samples come from one of several distinct
underlying populations. This is the case with structured prediction problems like modeling facial
expressions where the distribution of all possible emotions of a particular individual is multi-
modal in pixel space.21 Cross-modal information retrieval, which aims to retrieve interesting con-
tent across different modalities, is another task that is still considered an open challenge.22 Image
generation23 is another real-world task of complex stochastic nature where modeling multiple
modalities is necessary. Other examples include image captioning, paper bibliographies, genes
and their function, and annotation problems in general.24 Fuzzy image segmentation, where mul-
tiple patterns can have certain ownership over a single pixel,25 and machine translation26 fall in
the same category.

Solving such problems often involves mixture models in which the model learns multiple com-
ponents, where each component has a simple parametric form.27 A drawback of this approach
is that the number of network parameters scales at least linearly with the number of mixture
components. Another alternative to modeling a multimodal p(Y |X) that doesn’t change the archi-
tecture of the network is to make the hidden variables stochastic by including stochastic units in
its architecture. These stochastic units have noisy binary output with a firing probability given by
the sigmoid activation function. Unfortunately, BPTT prevents SRNs with stochastic units from
being trained as backpropagation can’t compute gradients through discrete units.

The use of stochastic neurons brings additional advantages to generalization performance.
The additional noise introduced in the form of stochastic activation acts as a powerful regulariza-
tion mechanism. It has been shown28 that adding noise to the network’s inputs greatly improves
the overall performance of the network and increases the number of hidden units used in the
process. Adding multiplicative binary noise to the hidden units leads to even better results as it
prevents complex co-adaptations by randomly omitting feature detectors.29

The task of modeling biological neurons is another motivator for using non-deterministic
activation. The noise associated with neuronal spike trains could be caused by complex electro-
chemical interactions, which are typically not captured by the idealized model of a neuron. On
the other hand, implementing large-scale complex networks using biophysically detailed neuron
models is challenging because of the inconvenience around numerical calculations associated
with the conductance-based model.30 Using idealized models with stochastic activation provides
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an easy way to run simulations and study how such noise may impact the learning in a neural
network: an approach that also motivated the Boltzmann machine.31

Another use-case is conditional computations, where stochastic units can selectively switch
large areas of the network on and off, thus providing the network with a mechanism for execut-
ing a hard decision. In this setting, having neurons capable of outputing exactly 0 is essential.
This type of hard decisions are also needed in hardware configurations restricted to binary synap-
tic states like TrueNorth.32 Moreover, the presence of trainable stochastic neurons in an RNN
equips such a network with a capability to take hard stochastic decisions about temporal events
at different time scales.33

Here, we present two recurrent architectures that leverage stochastic units and demonstrate
that the training challenges presented by such networks can be successfully solved by using
optimization based on target propagation. Our main contributions consist of the development
of two novel architectures that demonstrate that target propagation provides a viable mecha-
nism for addressing multi-model tasks with temporal components. Although the use of mixture
models and network architectures with stochastic units are fairly established techniques, they
have not been widely applied to recurrent models mostly due to the challenges presented in
training networks that handle long temporal dependencies. The current work demonstrates
that it is possible to develop and evaluate architecture that are challenging not just from time
horizon perspective, but because they also require capturing multi-modal relationships in the
modeled tasks.

3 STOCHASTIC TARGET PROPAGATION THROUGH TIME

In this section, we present stochastic target propagation through time (STPTT): a combined
architecture based on target propagation through time17 and stochastic neurons, which can
successfully train RNNs and solve multimodal problems.

The key concept behind target propagation34,35 is that instead of sending an error signal to the
upstream layers, the network establishes individual targets for its hidden layers and uses local
optimization to adjust the relevant parameters.

In the case of TPTT the target for tmax is set as:

ĥtmax = htmax − 𝛼i ∗
𝜕

𝜕htmax

(3)

Where  is a global loss for the network, and 𝛼i is a learning rate. The targets for the remaining
upstream layers are set by approximating the inverse of (1) using a function G(⋅), such that:

ĥt = G(xt+1, ĥt+1) and ht−1 ≈ G(xt,ht)
G(xt+1,ht+1) = 𝜎(Wxh ⋅ xt+1 + Vhh ⋅ ht+1 + ch)

(4)

After all local targets have been established, the network performs a two-stage optimization
by first updating the parameters of G(⋅) based on a local loss (e.g., mean squared error or MSE)
between the actual and approximated values of the hidden layers. The second phase updates the
feedforward parameters by pushing the hidden layers towards the locally assigned individual tar-
gets. The architecture of a shallow, four-step TPTT network is shown in Figure 2 for illustrative
purposes. See Reference 17 for further details.
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F I G U R E 2 Target propagation through time: Setting the first and the upstream targets and performing
local optimization to bring ht closer to ĥt.

In STPTT stochasticity is introduced in the form of non-deterministic binary hidden units.
Here, we look at a single time-step RNN but the extension to multiple time-steps is straightfor-
ward. The activation probability of a transition matrix comprised of such neurons at time step t
is given by:

P(h|x) = P(h = 1|x) = 𝜎(Wxh ⋅ x + bh) (5)

where 𝜎(⋅) is the sigmoid function. The stochastic state matrix of the network is then defined
as a binary random vector drawn from the above distribution. Furthermore, the conditional
distribution of the output is then given by:

P(y|x) = EP(h|x)[P(y|h)] = EP(h|x)[ (y|𝜇y, 𝜎
2
y )]

= EP(h|x)[ (y|Whyh + by, 𝜎
2
y )]

(6)

This setting enables the network to represent arbitrary complex conditional probability dis-
tributions as a mixture of exponentially many Gaussians.27 On the contrary, this mandates
the summation over an exponential number of configurations of h. To address this we com-
pute the expectation with respect to the stochastic neurons by using the following Monte Carlo
approximation:

P(y|x) ≃ 1
M

M∑
m=1

P(y|h(m))

h(m) ∼ P(h|x) (7)

The sampling steps above introduce discontinuities and prevent the computation of gradi-
ents via traditional techniques. This challenge, however, is naturally resolved by the use of target
propagation, which employs local optimization and has no dependency on upstream gradient
computation.

The selection of M is somewhat problematic. The assumption that M = 1 may work well
enough doesn’t hold. Reference 36 shows that maximizing the expectation of log 1

M

∑M
m=1P(y|h(m))

with M = 1 leads to deterministic behavior (i.e., the network increases the synaptic weights to
the sigmoid, turning it into a deterministic step-function). Here we follow Reference 21, who
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6 of 19 MANCHEV and SPRATLING

empirically investigate how the chosen number of samples impacts learning and show that
M = 20 is sufficient for learning good stochastic networks.

Another extension of this model is the inclusion of both stochastic and deterministic units
in the weight matrices. Reference 21 show that a hybrid architecture composed of both deter-
ministic and stochastic units achieves superior performance compared to conditional restricted
Boltzmann machines and mixture density networks. This architecture can represent an exponen-
tial number of mixture components in output space and has the advantage that all units can be
jointly trained using TPTT.

4 TARGET PROPAGATION FOR MIXTURE DENSITY
RECURRENT NETWORKS

This section presents a second extension of the standard TPTT-trained RNN by modifying it
to parametrize a Gaussian mixture model or GMM.37 This network tries to learn a conditional
distribution:

p(y|x1∶tmax ) =
k∑

i=1
𝜋i(x1∶tmax )

(
y;𝜇i(x1∶tmax ), 𝜎

2
i (x1∶tmax )

)
(8)

where k is the number of mixture components, and 𝜋i(x1∶tmax ), 𝜇i(x1∶tmax ), and 𝜎2
i (x1∶tmax ) represent

the mixing coefficient, mean, and variance of the i-th GMM component. These parameters are
obtained as follows:

𝝅 = softmax(W𝜋 ⋅ htmax + b𝜋) (9)

𝝁 = W𝜇 ⋅ htmax + b𝜇 (10)

𝝈 = exp(W𝜎 ⋅ htmax + b𝜎) (11)

Note, that the normalized exponential is used in (9) to guarantee that the mixing coefficients
sum to unity, and the exponential function is used in (11) to ensure that the standard deviation is
non-negative.

In general, assuming that the target data is normally distributed means that the maximum
likelihood estimate is the same as the least squares estimate. In such a case, the likelihood of the
entire dataset is simply the product of the likelihoods of each of the N data points included in the
dataset. Using a mixture model allows us to remove the normality assumption for the conditional
distribution of the targets, but we can still use Gaussian kernel functions for the individual mix-
ture components. Therefore, we can construct a likelihood function for the entire mixture model
by using the summation of all density functions weighted by the mixing coefficients. We can train
the model by maximizing the likelihood or by minimizing the negative logarithm of the likeli-
hood for convenience. Here we do the latter, hence, the global loss that the network optimizes is
the negative log-likelihood (NLL), which is defined as:

 = NLL(Y |X) = − 1
N

N∑
n=1

log

( k∑
i=1

𝜋i(xn1∶tmax
)

(
yn;𝜇i(xn1∶tmax

), 𝜎2
i (xn1∶tmax

)
))

(12)
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MANCHEV and SPRATLING 7 of 19

F I G U R E 3 A diagram of a TPTT-trained mixture density RNN. Compared to the standard TPTT-trained
RNN, the final layer has been modified to output the parameters of a mixture density model (𝜋, 𝜇, and 𝜎).

The modified architecture of the TPTT-trained MDRNN is shown in Figure 3. Setting the
targets for the hidden layers is identical to the approach adopted in the standard TPTT-trained
RNN: ĥtmax is set using (3) and the targets for the remaining upstream layers are set using
the approximate inverse (4). The mixture model parameters are optimized directly using the
global loss:

W𝜋 ∶= W𝜋 − 𝛼f
𝜕

𝜕W𝜋

W𝜇 ∶= W𝜇 − 𝛼f
𝜕

𝜕W𝜇

W𝜎 ∶= W𝜎 − 𝛼f
𝜕

𝜕W𝜎

(13)

This extension is useful, because it can model one-to-many mappings for both classification
and regression tasks. In Section 5.2, we demonstrate how such a network can successfully solve
one-to-many mapping problems featuring a temporal component.

5 EXPERIMENTS

This section presents a series of experiments conducted with an STPTT and a TPTT-trained
MDRNN. The Python code and data used in all experiments is available on GitHub.1

5.1 Synthetic classification task

This task is inspired by Reference 27 and considers a one-to-many mapping between a single
input variable x and a single output discrete variable y, which represents 10 separate classes (class
labels in [0, 9]).
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8 of 19 MANCHEV and SPRATLING

The x → y mapping dataset is formed as follows:

x = a + 0.3 sin(2𝜋a) + 𝜖,

y = [x ∗ 9],
where [] denotes convergent rounding,
and a ∼ U(0, 1), 𝜖 ∼ U(−0.1, 0.1)

(14)

The purpose of the rounding function is to discretize the target variable and produce a dataset
fit for a classification task. Figure 4 shows a sample of the data and the corresponding mean for
each of the individual target classes. The task is further extended and made more challenging by
transforming the input variable x into a vector defined as:

x = {x, t1, t2, … , tN} (15)

Where the elements t1, t2, … , tN ∼ U(0, 1) act as distractors. This transformation reshapes the
inputs x into sequences of length T = tN + 1, which can be fed to the network sequentially, thus
introducing a temporal component to the problem. Ultimately, the end goal in this task is for the
network to learn to model p(y|x). Therefore, to achieve decent performance, the network also
needs to learn to ignore the distractors, making the problem more difficult.

Two hybrid stochastic recurrent neural networks were trained and evaluated on this problem.
The first was trained using TPTT and the second using straight-through estimation (STE). The
straight-through estimator was proposed by Reference 38, and here it is used to provide baseline
results for comparison. This estimator back-propagates through the sampling step by ignoring its
derivative, treating the discrete sampling step as it had been the identity function. Reference 36
show that this method achieves the best performance in binary stochastic feedforward networks.
The derivatives for a straight-through estimator in the context of binarized RNNs are given in
Appendix A.

F I G U R E 4 A simple one-to-many dataset generated using (14). The black vertical bars denote the mean
for each class distribution.
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Both networks were trained for 1000 epochs on the same 3000 labelled samples. The networks
have an identical number of neurons: 100 in the transition matrix (hidden-to-hidden), 10 neurons
in the output layer (corresponding to the number of target classes), and a single neuron for the
input (the dimensionality of Wxh is 1 × 100). The hidden-to-hidden matrix is used in a hybrid con-
figuration with an equal split between stochastic and deterministic units (i.e., 50 binary stochastic
neurons and 50 deterministic neurons).

The length of the unrolled network is T = tN + 1, where N represents the number of distractor
symbols after x. The networks also use the sigmoid as their activation function, softmax for the
output layer, and cross-entropy as global loss. The networks were optimized using AdaGrad,39

and the hyperparameter selection was based on a grid search with varying learning rates from
[1.0 × 10−5, 1.0 × 10−1]. Each network was trained in two different settings: a shallow setting (T =
2 or a single distractor symbol) and a deep setting (T = 20, i.e., 19 distractors). The performance
in terms of cross-entropy loss as measured on the training data is presented in Table 1. The STE
network uses 𝛼 = 0.1. The learning rates for the STPTT network are set to 𝛼i = 𝛼f = 1.0 × 10−1 and
𝛼g = 1.0 × 10−5. The number of samples drawn for calculating the loss after the forward phase is
set to M = 20 for both networks.

After training is completed, each network is sampled across the 10 possible classes (10 × 100 =
1000 observations) and the samples are plotted against the training data (Figure 5). The mean of
the sampled data from each distribution is also calculated and reflected on the plot. It is evident
that when the task is shallow (two time steps, single distractor) the STE and the STPTT networks
perform equally well. The increase of the sequence length, though, substantially impacts the per-
formance of the STE network. Not only does it fail to learn the correct means, but it completely
misses an entire distribution (class 9). The STPTT network on the other hand is less impacted,
and although its output gets noisier with the increase of depth, it still approximates the ten dis-
tributions reasonably well. This finding is in agreement with the results presented in Reference
17 as straight-through estimation ultimately relies on backpropagation, which is susceptible to
gradient instabilities driven by the increase of the sequence length.

5.2 Synthetic regression task using a mixture density recurrent
neural network

The problem in this section is directly taken from Reference 27 and represents a one-to-many
mapping defined by y = x + 0.3 sin(2𝜋x) + 𝜖, where 𝜖 ∼ U(−0.1, 0.1) and x ∈ [0, 1]. A 3000 sam-
ples dataset depicted in Figure 6 is used for training, and a further 1000 samples are used as
a hold-out set. This task is further transformed into a temporal problem by adding distractor
symbols in a fashion identical to the modification introduced in Section 5.1 (see Equation 15).

Two MDRNNs were trained and evaluated on the synthetic regression problem. One MDRNN
was trained with standard BPTT and the other trained using the TPTT scheme outlined above.

T A B L E 1 Cross-entropy loss for the straight-trough estimator-trained RNN (STE) and a stochastic target
propagation through time-trained RNN (STPTT).

Sequence length STE STPTT

T = 2 1.44 1.44

T = 20 2.27 1.54

Note: Each network is tested in two regimes: shallow (sequence length of 2) and deep (sequence length of 20).
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10 of 19 MANCHEV and SPRATLING

F I G U R E 5 Comparison of the estimation of multiple overlapping distributions as defined by the synthetic
classification task (Section 5.1). The training data is given in blue, and the samples from the trained network are
plotted in red. The vertical bars denote the mean of each distribution, calculated using samples from each class
obtained from the trained networks. For relatively shallow networks (T = 2) STE (A) and TPTT (B) optimization
approximate the mean of the distributions equally well. When the network depth is increased (T = 20), the
samples from the TPTT-trained network (D) get noisier, but it still approximates the means fairly well and retains
the characteristic S shape of the mean values. The performance of the STE-trained network (C), however, rapidly
degrades—the means are way off, and it completely misses an entire distribution.
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MANCHEV and SPRATLING 11 of 19

F I G U R E 6 A 3000 observations sample for modeling a continuous one-to-many relationship.

T A B L E 2 Lowest NLL achieved for a BPTT and TPTT-trained MDRNN.

Sequence length BPTT TPTT

T = 5 −0.98 −0.98

T = 30 0.54 −0.94

Note: Each network is tested using a shallow (sequence length set to 5) and a deep (sequence length set to 30) variant of the
synthetic regression task. For short sequences the two networks perform equally well, but increasing the depth of the network
substantially degrades the BPTT performance, while the impact on the TPTT-trained MDRNN is negligible.

Both networks had the number of mixture components set to k = 3, used the AdaGrad optimizer
for tuning their parameters, and were trained for 4000 iterations. A cartesian grid search was per-
formed for finding optimal learning rates for the two networks. As a result the BPTT network uses
𝛼 = 0.01, and the learning rates for the TPTT network are 𝛼i = 1.0, 𝛼f = 0.01, and 𝛼g = 0.001. The
lowest NLL achieved using these optimized training hyper-parameters is reported in Table 2. The
results demonstrate that BPTT optimization rapidly degrades with increased sequence lengths,
while the performance of the TPTT-trained MDRNN is minimally impacted. This is also evi-
dent when the trained networks are randomly sampled to inspect the learned distributions.
Figure 7 shows the plots of 1000 points sampled from each of the networks under consideration.
We see that both the BPTT and TPTT-trained MDRNNs capture the characteristic shape of the
one-to-many relationship when the temporal dependency is relatively short (Figure 7A,B). The
performance of the TPTT network remains unaffected with the increase of the sequence length,
while the BPTT-trained network completely fails at capturing the correct relationship.

5.3 Polyphonic music task

These experiments directly leverage the recurrent stochastic extension of a TPTT-trained network
as outlined in Section 3. The experiments were conducted using a dataset of classical piano midi
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12 of 19 MANCHEV and SPRATLING

F I G U R E 7 Comparison of the performance of BPTT versus TPTT-trained MDN on the synthetic
regression task. (A) A shallow BPTT-trained network, T = 5; (B) A deep BPTT-trained network, T = 30; (C) A
shallow TPTT-trained network, T = 5; (D) A deep TPTT-trained network, T = 30.

music (Piano-midi.de), which was also used in References 40,41 and 42. The data was downloaded
from http://www.piano-midi.de and split into training, validation, and test sets following.43 The
training set comprises over 6 h of music and the test set, which is used for measuring the per-
formance of the network, spans slightly over 1 h and 27 min. We used pre-processed training,
validation, and tests sets as provided by Reference 44. All pieces were transposed to C4 and sam-
pled every eighth note (quarter note for Johann Sebastian Bach’s chorales) following the beat
information given in the MIDI files. Each sequence in the data set was loaded as a list of time
steps, where a time step contains a list of the non-zero elements in the piano-roll at this instant.

The goal in this task is to predict the next note or combination of simultaneously played
notes. This is a challenging problem because of the high dimensionality of the data and the com-
plex temporal dependencies involved. For example, a network could easily learn a number of
scales (patterns of notes ordered by pitch) but piano pieces often feature multiple voices in the
same hand using overlapping piano scales. In this case, we model the output as a zero-initialized
88-dimensional binary vector representing the A0–C7 range. A one indicates that the note in the
specified location is being played at the current time-step. This set up enables us to model jointly
played notes and chords by having multiple ones in the label vector.
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T A B L E 3 NLL for a BPTT and TPTT-trained RNN with 50 stochastic and 50 deterministic neurons.

Optimizer STE-BPTT STPTT

AdaGrad 13.34 9.69

Nesterov 13.39 12.44

SGD 13.39 12.44

RMS 13.17 9.86

Note: Sequence length was set to T = 50.

T A B L E 4 NLL for a fully deterministic, STE-optimized RNN (STE(D)-BPTT), an stochastic baseline RNN
optimized with (STE-BPTT) and TPTT-trained stochastic RNN (STPTT) with 300 neurons in a hybrid 50:50
configuration.

STE(D)-BPTT STE-BPTT STPTT

11.22 13.25 9.45

Note: Sequence length was set to T = 100.

Two hybrid recurrent networks were fitted using this dataset: a baseline straight-through
estimator trained via BPTT (STE-BPTT) and a stochastic TPTT-trained network (STPTT). Both
networks were configured with 100 neurons in their hidden layers. The split between stochastic
and deterministic neurons is evenly balanced (a 50:50 ratio), as suggested by Reference 21.

A grid search for determining the optimal learning rates for both networks was performed
over [1, 1 × 10−4]. In addition, to rule out any optimizer induced impact on the final results, four
different optimizers were treated as a parameter of the grid search (AdaGrad, Nesterov, SGD, and
RMS). The networks were trained over sequences of length T = 50, and the lowest NLL values
achieved for each optimizer are reported in Table 3. The results demonstrate that the STPTT net-
work outperforms the baseline regardless of which optimizer was used for adjusting the synaptic
weights.

To further evaluate the impact of network depth on the behavior of the stochastic network,
we ran three experiments using the optimal parameters selected by the grid search but with a
time horizon of 100 time steps. We also increased the networks complexity by using 300 neu-
rons in a hybrid configuration, with an identical 50:50 split between deterministic and stochastic.
The networks were trained for 300 epochs, which equates to 20,132,880 training sequences.
Once again the STPTT network significantly outperformed the STE baseline (see Table 4). We
also conducted a separate experiment with STE using fully deterministic neurons: STE(D)-BPTT.
Interestingly, this network performed better than its hybrid STE counterpart. Nevertheless, it was
also significantly outperformed by its stochastic TPTT-trained competitor.

6 DISCUSSION AND FUTURE WORK

In this paper, we introduced two extensions to the standard target propagation trained recurrent
neural network as outlined in Reference 17. We proposed a mechanism for training recurrent
neural networks with stochastic units (both fully stochastic or in a hybrid configuration, where
stochastic units are used in conjunction with traditional fully deterministic neurons). We also
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14 of 19 MANCHEV and SPRATLING

showed an extension of the standard TPTT-trained recurrent neural network to a mixture density
RNN, which can successfully solve one-to-many mappings for regression problems in a temporal
setting. We believe that this work provides a valuable perspective to learning multi-modal RNNs
and could be of interest in a wide range of related applications.

We empirically demonstrated that the proposed variants outperform our baseline compar-
isons (STE in the case of stochastic units and backpropagation for the MDRNN) in three
distinctive problems, which require many-to-one mappings—a synthetic classification task, a
synthetic regression task, and a polyphonic music classification task. We speculate that the bet-
ter performance of these two architectures can be attributed to the overall better stability that
target propagation exhibits over extended time horizons.17 On the other hand, there are certain
computational disadvantages stemming from the use of stochastic units and the use of target prop-
agation in general. The pairing of stochastic units with a Markov chain Monte Carlo sampling is
computationally demanding. For the STPTT network that we use in our experiments the value of
M = 20 leads to a 20-fold increase of the forward passes needed to train the network. Target prop-
agation also brings an increased difficulty in hyperparameter tuning as it employs three different
learning rates, thus substantially increasing the search space. This can, of course, be mitigated by
clamping the 𝛼i, 𝛼g, and 𝛼f to the same value if it is deemed that model performance can be sac-
rificed to reduce the time needed for hyperparameter optimization. It is important to recognize
that although we performed the evaluation on a selected class of problems, these network archi-
tectures are fairly general and can be applied to a wide range of problems like word prediction,
text classification, image captioning, sentiment analysis, language modeling, and many others.2
All of these problems can occur in a setting where one-to-many mapping is integral to finding
good solutions. We, however, defer the aspect of evaluation on other, more practical tasks to future
investigations.

In Reference 17, we also demonstrated that injection of random Gaussian noise in the process
of learning G(⋅) can be beneficial as a form of regularization. This ensures that the inverse function
is not over-fitted to the training data, and in certain cases can lead to an increase of accuracy of
over 10%. We did not investigate the impact of noise injection in any of the proposed architectures
and leave this to future work. Similarly, the choice of M is based on empirical results21 obtained
for different architectures and there is a possibility that better M values exists for the experiments
and network variants presented in this paper. It is also worth noting that there is no inherent need
to clamp the value of M during the learning and inference phases of the network. For example,
Reference 45 use M = 1 when training a feedforward stochastic neural network, but switch to
M = 100 when performing inference. Further investigation on the selection of optimal M is also
left to future work.

For all experiments in this paper we used transition matrices comprising 100 neurons. This
is identical to the setup used in Reference 17 and matches what41 used for their synthetic evalu-
ations. It must be noted that we did not experiment with other transition matrix sizes but, as we
showed in Reference 17, varying the size of Whh in TPTT-trained networks can have a substan-
tial impact on the model performance. Therefore, this is a potential area for future research. In
terms of the split between stochastic and deterministic units, we decided to maintain an equal
ratio of 50:50 as suggested by Reference 21. This is not a hard requirement and a future analysis
of how varying the stochastic to deterministic split impacts the network performance could be
potentially beneficial.

While not explicitly investigated here, the ideas outlined in this paper can easily be extended
to computationally more powerful architectures like LSTM.15 This, alongside the architecture
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MANCHEV and SPRATLING 15 of 19

optimization of the presented networks (e.g., number of elements in the transition matrix,
number of mixture components etc.) is left to future work.
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MANCHEV and SPRATLING 17 of 19

APPENDIX A. DERIVATION OF STRAIGHT-THROUGH GRADIENT
OPTIMIZATION FOR A SIMPLE RECURRENT NEURAL NETWORK

Let’s define a binarized RNN as follows:

hat = Whh ⋅ hst−1 + Wxh ⋅ xt + bh

ht = 𝜎(hat)
hst = samp(ht)

where samp(⋅) is our sampling function defined as samp(hi, zi) = 1zi>hi where zi ∼ U[0, 1]. For the
output at the final time step (tmax) we have:

ya = Why ⋅ htmax + by

y = softmax(ya)

 = NLL(y, t) = −
M∑

i=1
ti × log(yi),where M is the length of y and t

Next, we derive the gradients for the synaptic weights. Note, that hst is completely ignored, as in
the context of straight-through optimization samp(⋅) is considered to be the identity function, and
the derivative of the identity function is 1.

A.1 Why, by

𝜕

𝜕Why
= 𝜕

𝜕y
𝜕y
𝜕ya

𝜕ya

𝜕Whh

The first two terms are straightforward:

𝜕

𝜕y
𝜕y
𝜕ya

= −(t − y) = y − t (A1)

We then have:

𝜕

𝜕Why
= (y − t)

𝜕ya

𝜕Whh
= (y − t)htmax

and for the bias we have:

𝜕

𝜕by
= (y − t)

𝜕ya

𝜕by
= (y − t) ∗ 1 = y − t

A.2 Whh, bh
For the deepest layer of the network (at htmax ) we have:

𝜕

𝜕Whh
= 𝜕

𝜕y
𝜕y
𝜕ya

𝜕ya

𝜕htmax

𝜕htmax

𝜕hatmax

𝜕hatmax

𝜕Whh
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18 of 19 MANCHEV and SPRATLING

Because the hidden state ht partially influences ht+1, we need to backprop through the upstream
layers, so 𝜕

𝜕Whh
becomes:

𝜕

𝜕Whh
=

tmax−1∑
t=1

𝜕

𝜕y
𝜕y
𝜕ya

𝜕ya

𝜕htmax

𝜕htmax

𝜕hatmax

𝜕hatmax

ht

𝜕ht

𝜕hat

𝜕hat

𝜕Whh

𝜕

𝜕Whh
= 𝜕

𝜕y
𝜕y
𝜕ya

𝜕ya

𝜕htmax

𝜕htmax

𝜕hatmax

tmax−1∑
t=1

𝜕hatmax

ht

𝜕ht

𝜕hat

𝜕hat

𝜕Whh

The first two terms in the summation are:

𝜕hatmax

ht

𝜕ht

𝜕hat
=

tmax∏
i=t+1

𝜕hai

𝜕hi−1

𝜕hi−1

𝜕hai−1
(A2)

So we finally get:

𝜕

𝜕Whh
= 𝜕

𝜕y
𝜕y
𝜕ya

𝜕ya

𝜕htmax

𝜕htmax

𝜕hatmax

tmax∑
t=1

[ tmax∏
i=t+1

𝜕hai

𝜕hi−1

𝜕hi−1

𝜕hai−1

]
𝜕hat

𝜕Whh
(A3)

Looking at the first four terms above we can use (A1) to get:

𝜕

𝜕y
𝜕y
𝜕ya

𝜕ya

𝜕htmax

𝜕htmax

𝜕hatmax

= (y − t)
𝜕ya

𝜕htmax

𝜕htmax

𝜕hatmax

𝜕hatmax

𝜕Whh

𝜕ya
𝜕htmax

is simply Why. We also use 𝜎′(x) = 𝜎(x)(1 − 𝜎(x)) to get:

𝜕

𝜕y
𝜕y
𝜕ya

𝜕ya

𝜕htmax

𝜕htmax

𝜕hatmax

= (y − t) ⋅ Why ⋅ 𝜎(hatmax ) ⋅ (1 − 𝜎(hatmax )) (A4)

For (A2) we use the derivative of the sigmoid to get:

tmax∏
i=t+1

𝜕hai

𝜕hi−1

𝜕hi−1

𝜕hai−1
=

tmax∏
i=t+1

Whh ⋅ 𝜎(hai−1) ⋅ (1 − 𝜎(hai−1)) (A5)

Substituting (A4) and (A5) in (A3) and using 𝜕hat
𝜕Whh

= ht−1

𝜕

𝜕Whh
= (y − t) ⋅ Why ⋅ 𝜎(hatmax) ⋅ (1 − 𝜎(hatmax ))

tmax∑
t=1

[ tmax∏
i=t+1

Whh ⋅ 𝜎(hai−1) ⋅ (1 − 𝜎(hai−1))

]
⋅ ht−1

The derivation of 𝜕

𝜕bh
is identical to (A3). The only difference is the final term, which is 𝜕hat

𝜕bh
(equal

to 1). Therefore for bh we have:
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MANCHEV and SPRATLING 19 of 19

𝜕

𝜕bh
= 𝜕

𝜕y
𝜕y
𝜕ya

𝜕ya

𝜕htmax

𝜕htmax

𝜕hatmax

tmax∑
t=1

[ tmax∏
i=t+1

𝜕hai

𝜕hi−1

𝜕hi−1

𝜕hai−1

]
𝜕hat

𝜕bh

𝜕

𝜕bh
= (y − t) ⋅ Why ⋅ 𝜎(hatmax ) ⋅ (1 − 𝜎(hatmax ))

tmax∑
t=1

[ tmax∏
i=t+1

Whh ⋅ 𝜎(hai−1) ⋅ (1 − 𝜎(hai−1))

]

A.3 Wxh
This is again identical to (A3) except for the last term:

𝜕

𝜕Wxh
= 𝜕

𝜕y
𝜕y
𝜕ya

𝜕ya

𝜕htmax

𝜕htmax

𝜕hatmax

tmax∑
t=1

[ tmax∏
i=t+1

𝜕hai

𝜕hi−1

𝜕hi−1

𝜕hai−1

]
𝜕hat

𝜕Wxh

𝜕

𝜕Wxh
= (y − t) ⋅ Why ⋅ 𝜎(hatmax ) ⋅ (1 − 𝜎(hatmax ))

tmax∑
t=1

[ tmax∏
i=t+1

Whh ⋅ 𝜎(hai−1) ⋅ (1 − 𝜎(hai−1))

]
xt
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