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Abstract

The main purpose of this article is to begin an investigation based on
the trace formula of the conjecture of K. Buzzard and T. Gee proposing
that every C-algebraic automorphic representation is C-arithmetic. In
the setting of anisotropic groups, we prove a criterion which shows that,
under certain conditions, the trace formula can be used to establish that
an automorphic representation is C-arithmetic. This criterion does not
require the existence of a geometric model for the non-Archimedean part
of the representation: it only depends on the possibility of isolating a finite
family of automorphic representations containing the given one, and on a
certain arithmetic condition on the Archimedean orbital integrals. As an
application, we give a new proof that automorphic representations with a
regular discrete series as Archimedean component are C-arithmetic, and
we suggest a possible road to study automorphic representations with
more general Archimedean type. In the last section, we show that the
conjecture for a general reductive group can be reduced to the analogous
statement for cuspidal C-algebraic automorphic representations.
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1 Introduction

Understanding the arithmetic of Hecke operators acting on automorphic rep-
resentations is, by now, a classical problem. In their article [6], K. Buzzard
and T. Gee introduced the notion of C-algebraic automorphic representation:
this is an Archimedean notion, in the sense that it depends only on the in-
finitesimal character of the Archimedean component of the automorphic repre-
sentation. They conjectured that C-algebraic automorphic representations are



C-arithmetic; that is: there exists a number field that contains all the unrami-
fied Hecke eigenvalues (see Section 2 for precise definitions).

To the best of our knowledge, the only automorphic representations which
are known to be C-arithmetic are those whose non-Archimedean part con-
tributes to the cohomology of a locally symmetric space or to the coherent
cohomology of a Shimura variety.

Many C-algebraic automorphic representations do not admit such a geo-
metric realisation. It is for this reason that we begin an investigation of the
conjecture of K. Buzzard and T. Gee based on the trace formula.

It seems that the only attempt to employ the trace formula to study this kind
of question has been made by A. Knightly and C. Li in [I1]: they showed that the
Hecke eigenvalues of automorphic representations of GLy whose Archimedean
component is an integrable discrete series are algebraic integers. Their method
requires an explicit computation of the geometric side of the trace formula and
it does not establish the C-arithmetic property.

In the context of connected semisimple anisotropic algebraic groups defined
over QQ, we establish the following criterion (see Corollary sections 2 and 3
for notation and for the relevant choices of Haar measures):

Theorem 1.1. Let G be a connected, semisimple, anisotropic algebraic group
defined over Q. Let my = 7,00 ® 3° be an irreducible automorphic representa-
tion of G(Ag). Assume the existence of a function f € C2°(G(R)) verifying the
following conditions:

(1) There exists a finite family C of irreducible automorphic representations
of G(Ag) containing 7y such that:
(i) If 7 € C, then 7K™ £ {0} and Trro(f) = 1.
(ii) If 7 ¢ C, then Trr(f) = 0.

(2) There exists a number field E such that, for every v € {G(Q)}, the
Archimedean orbital integral O,__ (f) belongs to E.

Then there exists a number field E’ and a finite set of places, S, containing oo
and all the places at which 7y ramifies, such that for every p ¢ S, and for every
h € Ho(G(Qp), Kp), the eigenvalue of the operator

K K
mop(R) : Top — o

is contained in E’; that is: the representation my is C-arithmetic.

The result above leads to a simple, non-cohomological proof that automor-
phic representations of connected semisimple anisotropic algebraic groups de-
fined over Q@ whose Archimedean component is a regular discrete series are



C-arithmetic (see Corollary [3.4).

To treat more general automorphic representations, the requirement that
the test function in the criterion be smooth and compactly supported is too
restrictive. In view of the results in [4], we should probably allow Schwartz
functions. However, for us, the main point at this stage is making the case that
the trace formula can be used to investigate arithmetic properties of automor-
phic representations. Since smooth compactly supported functions are enough
for the application in this article, we decided to state our criterion in this form.

Concerning (1), the article [4] provides a very powerful method to isolate
cuspidal automorphic representations and we are currently exploring the pos-
sibility of employing it in our context. Ome difficulty is that the multipliers
constructed in [] are global objects: roughly, it is needed to modify a given
test function by introducing Hecke operators which are, a priori, not Q-valued
(see, for example, [4] Proposition 3.17, already in the case M = G). We cannot
afford this freedom in our context: we can only use Archimedean multipliers.
For anisotropic groups, however, combining Lemma 2.18 and the ‘Archimedean
part’ of Proposition 3.17, it seems possible to satisfy (1) of the criterion.

Concerning (2), we don’t feel confident enough to formulate a precise con-
jecture, but, at least in this simplified picture, it could indicate why a purely
Archimedean condition (C-algebraicity) might constrain the behaviour of the
non-Archimedean part of the automorphic representation.

The proof that the Hecke eigenvalues are algebraic (Proposition is in-
spired by the method in [I1]. To establish the C-arithmetic property we exploit
an observation of G. Wiese (Proposition [3.2)).

Having in mind the idea of employing the trace formula to treat non-cuspidal
automorphic representations of more general reductive groups, in Section 4 we
reduce the conjecture of K. Buzzard and T. Gee that C-algebraic automor-
phic representations are C-arithmetic to the analogous statement for cuspidal
representations (Theorem [4.7]).

Theorem 1.2. Let G be a connected, reductive group defined over a number
field F. If every irreducible, C-algebraic, cuspidal automorphic representation
of G(Ar) is C-arithmetic, then every irreducible, C-algebraic automorphic rep-
resentation of G(Ag) is C-arithmetic, and every irreducible, L-algebraic auto-
morphic representation of G(Ar) is L-arithmetic.
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Shin and T. Gee for answering several questions. Finally, I wish to thank A-M.
Aubert for her advice and G. Wiese, my supervisor, for all his support.



2 Background

Let us begin by recalling some notions introduced in [6]. Our treatment follows
[9], as well. The notions of L-algebraic and L-arithmetic automorphic represen-
tation are needed in Section 4 only.

Let G be a connected reductive algebraic group defined over a number field
F. Let v be an Archimedean place of F', and F, be the completion of F' at
v. We identify the algebraic closure F, of F, with C. Let T, be a maximal
torus of G¢ and B, a Borel subgroup containing T,,. Let pp, denote half of the
sum of the positive roots corresponding to this choice, and write X*(7T;,) for the
group of characters of T,. Finally, let t, denote the Lie algebra of T, and write
€ :=terC.

Definition 2.1. An irreducible admissible representation = of G(F,) with in-
finitesimal character A, is C-algebraic if Ay — pp, € X*(T,).

Definition 2.2. An irreducible admissible representation = of G(F,) with in-
finitesimal character A, is L-algebraic if A, € X*(T,).

The reader familiar with these notions will realise that they are not formu-
lated as in [6]. However, as it is explained in loc. cit. and in Lemma 12.8.1
in [9], our formulation is equivalent to the one in [6]. Also, these notions are
independent of the choice of B,,.

Let Ap denote the adele ring of F' and AY (resp. Ap o) the ring of finite
adeles (resp. the Archimedean part of the ring of adeles). Fix a compact open
subgroup K> = II, K, of G(A%) with K, a hyperspecial maximal compact
subgroup equal to G(O,) for all v at which G(F,) is unramified. Let K., denote
a maximal compact subgroup of G(Ap ) and form the compact subgroup
K = Koo x K of G(Ar). The local definitions above lead to the following
global notions:

Definition 2.3. An irreducible automorphic representation 7 = @), 7, of
G(Ap) is C-algebraic if m, is C-algebraic for every Archimedean place v of
F.

Definition 2.4. An irreducible automorphic representation 7 = @, 7, of
G(Ap) is L-algebraic if 7, is L-algebraic for every Archimedean place v of F'.

We refer the reader to [6] for a detailed discussion of the rationale for in-
troducing these notions and for how they are related to other aspects of the
Langlands Program. We proceed to introduce the purely non-Archimedean no-
tions of C-arithmetic and L-arithmetic automorphic representations.

Let v be a non-Archimedean place of F' at which G(F,) is unramified.
Let Hc(G(Fy), K,) denote the C-algebra of bi-K,-invariant, compactly sup-
ported, complex-valued functions on G(F,), and Hg(G(Fy), K,) denote the



Q-subalgebra of Q-valued elements in Hc(G(F,), Ky). It is well-known that
if 7 is a smooth irreducible admissible representation of G(F,) with non-trivial
K,-invariant vectors, then H¢(G(F,), K,) acts by a character

HC(G(Fv)v Kv) —C

on the 1-dimensional space of K,-invariants 7%,

Definition 2.5. Let E be a number field. Let v be a non-Archimedean place of
F at which G(F,) is unramified. We say that a smooth irreducible admissible
representation 7 of G(F,) is defined over F if the image of the map

Ho(G(Fy), K,) — C
induced by the character Hce(G(F,), K,,) — C is contained in E.

Definition 2.6. An irreducible automorphic representation 7 = @, 7, of
G(Ar) is C-arithmetic if there exist a number field F and a finite set of places,
S, containing all the Archimedean places and all the places at which 7, ramifies,
such that 7, is defined over E for all v ¢ S.

It only remains to introduce the notion of L-arithmetic automorphic repre-
sentation.

Again, let v be a place of F at which G(F,) is unramified. Let T, be a
maximal torus of G(F,) and B, a Borel subgroup containing T,. Recall that
the Satake isomorphism identifies H¢(G(F,), K,) with C[X,(T,.4)]"" "%, where
X+«(Ty,q) denotes the maximal split subtorus of T, and W, 4 is the subgroup of
the Weyl group of G(F,) consisting of the elements leaving T), 4 stable. Given a
smooth irreducible admissible representation  of G(F),), we thus obtain a map

C [X* (Tv,d)]Wv’d —C

by pre-composing the character He(G(F,), K,) — C with the Satake isomor-
phism.

Definition 2.7. Let E be a number field. Let v be a non-Archimedean place
of F' at which G(F},) is unramified and 7 be a smooth irreducible admissible
representation of G(F,). We say that the Satake parameter of 7 is defined over
FE if the image of the map

QX (T, )]t — C

induced by the map C[X, (de)]w”'d — C is contained in E.

Definition 2.8. An irreducible automorphic representation 7 = @), m, of
G(AF) is L-arithmetic if there exist a number field E and a finite set of places,
S, containing all the Archimedean places and all the places at which 7, ramifies,
such that the Satake parameter of m, is defined over FE for all v ¢ S.



As explained in [6], the motivation for introducing two notions of arith-
metic automorphic representations is the observation that Ho(G(F,), K,) and

Q[X.(Ty.a)]"* provide two Q-structure of He(G(F,), K,) which, in general,
do not coincide. In loc. cit., the following conjecture is proposed:

Conjecture 2.9. Let G be a connected reductive algebraic group defined over
a number field F. An irreducible automorphic representation 7 = @), m, is C-
algebraic (respectively, L-algebraic) if and only if it is C-arithmetic (respectively,
L-arithmetic).

3 Employing the Trace Formula

Let G be a connected, semisimple, anisotropic algebraic group defined over
Q. Let Ag denote the adeles of Q and Ag’ the finite adeles of Q. Let K :=
Ko x K, where K, is a maximal compact subgroup of G(R) and K a com-
pact open subgroup of G(AZ’) such that K, = G(Z,) for every p at which G is
unramified.

We recall that the right regular representation (R, L?([G])), where
[G] :== G(Q)\G(Ag), decomposes into a Hilbert direct sum

TeA(G)

Here, A(G) denotes the set of equivalence classes of irreducible automorphic
representations of G(Ag), the multiplicity m(n) is finite for every = € A(G).

In the following, unless otherwise stated, = will always denote an element in

AG).

If f=fo® [ isan element in C°(G(Ag)), then the operator R(f) is
trace-class and we have the well known trace formula

Y mm)Time (foo)Tim™(f¥) = D vol(G(Q\G,(Ag)) O (f),
neA(G) ve{G(Q)}
where {G(Q)} denotes the set of conjugacy classes of G(Q), the orbital integral
O, (f) is defined as

O04(f) = fla™ yz) de,

/GW(AQ)\G(A@)
and G, (Q) (resp. G,(Ag)) denotes the stabiliser of v in G(Q) (resp. in G(Ag)).

Proposition and Corollary below require Haar measures on G(Ag)
and on the centralisers G (Ag) satisfying two conditions:



(M1) For every v € G(Q), the quantity vol(G~(Q)\G~(Ag)) is a rational num-
ber.

(M2) For every non-Archimedean place, the local Haar measure assigns a ratio-
nal number to every open compact subset. For every non-Archimedean
place p at which G(Q,) is unramified, the local Haar measure p, on G(Q))
assigns measure 1 to G(Zy).

Realising condition (M1) is non-trivial: in Corollary 3.3 below we will choose
Gross’ measure to fulfil it.

For the first part of condition (M2) we argue as follows. By V.5.2 in [14],
G(Q,) admits a maximal compact subgroup Ky with the following property:
there exists a neighbourhood basis of the identity, say B, consisting of open
compact subgroups and such that every C' € B is a normal subgroup of Kj.
Normalising the Haar measure on G(Q,) so that K has measure 1, we obtain
a Haar measure that assigns a rational number to every C' € B and, therefore,
it assigns a rational number to every open compact subset. For p such that
G(Qp) is unramified, this reasoning shows that it is possible to normalise the
local Haar measure so that it gives measure 1 to G(Z,,) and it assigns a rational
number to every compact open subsets of G(Q,).

We begin by proving that, under certain conditions on the automorphic
representation we want to study, the trace formula can be used to establish the
algebraicity of the eigenvalues of a Q-valued Hecke operator. This is inspired
by the method developed in [II]: it relies on the Newton-Girard identities.

Proposition 3.1. Let G be a connected, semisimple, anisotropic algebraic
group defined over Q. Let my = 7,00 ® 7§° be an irreducible automorphic
representation of G(Ag). Assume the existence of a function f € C°(G(R))
verifying the following conditions:

(1) There exists a finite family C of irreducible automorphic representations
of G(Ag) containing my such that:

(i) If © € C, then 7K™ #£ {0} and Trrao(f) = 1.
(ii) If 7 ¢ C, then Trro(f) = 0.

(2) For every v € {G(Q)}, the local orbital integral O, _(f) is an algebraic
number.

Then, for every h € Ho(G(AF ), K*°), the eigenvalues of the operator

o (h) : ﬂ'go’Koo — WSO’KOO

are algebraic.



Proof. Let f € C2°(G(R)) be as in the statement and consider h € Ho(G(AF), K>°).
Applying the trace formula to compute the trace of R(f ® h), we obtain

Tr[R(f@h)] = Y m(r)Trme(f)Trr™(h)

TeA(G)

= Z ) Trw® (h)

mel

on the spectral side, and therefore

SomE T () = Y vol(GH(Q)\G, (A)05(f @ ).

weC YE{G(Q)}

The spectral side is equal to the trace of the operator

T:= @m(ﬂ)w"o(h) : @m(w)wwﬂw — @m(w)ﬂw’Kx.

wel wel el

The sum on the geometric side is finite by Lemma 9.1 of [I] and the volume terms
are rational numbers by condition M1. Each global orbital integral can be fac-
tored into a product of an Archimedean orbital integral and a non-Archimedean
one. Since the Hecke operator h is Q-valued, the non-Archimedean orbital in-
tegrals are rational numbers by condition (M2) and Theorem 3 in [3]. The
Archimedean orbital integrals are algebraic numbers by (2). It follows that the
trace of the operator T is algebraic. Next, we show that, for every positive
integer m less than or equal to the dimension of the vector space

@m(ﬂ‘)ﬂ'm’KW,

el

the trace of T™ is algebraic. First, we observe that

= @m(ﬂ') [7°( @m (h*™),

Tel el

where h*™ denotes the convolution of h with itself m times. Using the test
function f ® A*", and arguing as above, we see that the trace of 17" is alge-
braic. Applying the Newton-Girard identities (Proposition 28.1 in [I1] and the
discussion preceeding it), it follows that the coefficients of the characteristic
polynomial of T" are algebraic numbers, and so must be the eigenvalues of T'.
Since my € C, the eigenvalues of 75°(h) are in particular eigenvalues of T', and
the result follows.

O

The criterion to establish that an automorphic representation is C'-arithmetic
requires strengthening condition (2) in the proposition above. We will also need
the following key result, for which we are grateful to G. Wiese.



Proposition 3.2. Let V be a finite-dimensional complex vector space of dimen-
sion n. Let Tg := {Tn : V — V}qaeca be a family of diagonalisable, commuting
linear operators, closed under taking finite Q-linear combinations. Assume the
existence of a number field E such that the characteristic polynomial char, ()
of T,, has coefficients in E for every a € A. Then there exists a number field E’
such that the eigenvalues of T, belong to E’ for every a € A.

Proof. For every a € A, the degree of char,(x) equals the dimension of V. Let
E,, denote the splitting field of T,, over E, then [E, : E] < nl. Let M denote
the maximum of the set

{m € N| m = [E, : E] for some a € A},

and let T, € Tg be such that [E,, : E] = M. By assumption, there exists a
basis {v1,...,v,} of V with respect to which the operators in 7g can be simul-
taneously diagonalised. Let Aq,---, A, be the eigenvalues of T, corresponding
to the eigenvectors vy, ..., v,. If Ty € Tg, let u1, ..., piy, be the eigenvalues of T
corresponding to the eigenvectors vy, ..., v,. For every k € {1,...,n}, there are
only finitely many elements ¢ € E for which A; + cpy is not a primitive element
of E(Ag, k). We can therefore find an element r € Q such that \g + rpyg is
a primitive element of E(Ag, uy) for every k € {1,...,n}. Now, the operator
T, + 113 is in Tgp by assumption, its eigenvalues corresponding to the eigenvec-
tors vy,...,v, are Ay + 1, ..., Ay + Ty, and the splitting field over E of its
characteristic polynomial is L = E(A; +ru1,. .., Ap +7p,). By construction, L
contains F,,, hence [L : E] is at least M. Moreover, [L : E] is at most M, since
To, + 713 is in Tg. It follows that L = E,, and, since Ej3 is contained in L
by construction, we have that Eg is contained in E,,. Since T is an arbitrary
element in 7y, the result follows by setting E' = E,,,.

O

Corollary 3.3. Let G be a connected, semisimple, anisotropic algebraic group
defined over Q. Let my = 7y, ® m3° be an irreducible automorphic representa-
tion of G(Ag). Assume the existence of a function f € C2°(G(R)) verifying the
following conditions:

(1) There exists a finite family C of irreducible automorphic representations
of G(Ag) containing 7y such that:
(i) If 7 € C, then 7K™ £ {0} and Trra(f) = 1.
(ii) If © ¢ C, then Trro(f) = 0.

(2’) There exists a number field E such that, for every v € {G(Q)}, the
Archimedean orbital integral O, (f) belongs to E.

Then there exists a number field E’ and a finite set of places, S, containing oo
and all the places at which 7y ramifies, such that for every p ¢ S, and for every
h € Ho(G(Qp), Kp), the eigenvalue of the operator

K, K
mo,p(h) : Top — o



is contained in E’; that is: the representation my is C-arithmetic.

Proof. There exists a fnite set of places, S, which contains co and such that, for
p ¢ S, the representation 7, is unramified for every 7 € C.

For p ¢ S, and for each element h € Ho(G(Q,), K,), we can form an element in
Ho(G(AZ), K>), called again h abusing notation, defined by tensoring h with
the unit of Ho(G(Qy), Kp) for every p’ # p. We thus obtain, for every p ¢ S,
and for every 7 € C, a family of commuting diagonalisable operators

{m>°(h) : g KT WOO’KOO}h

indexed by Ho(G(Qp), K,). For every p ¢ S, this gives rise to a family of
commuting diagonalisable operators

Top = {Th = P m(mm>F" (h) : P m(m)a>E" — Pm(m)a=E"},

wel el el

indexed by Ho(G(Qp), Kp). Arguing as in the proof of Proposition 3.1} but using
the stronger condition (2’), it follows that, for every p ¢ S, the characteristic
polynomial of every T} € Tg, has coefficients in E. We observe that elements
belonging to different 7gp ,’s commute. Therefore, we form the Q-subspace Tg
of the endomorphism space of

D"

el

generated by the families 7g . It consists of commuting diagonalisable opera-
tors. Let T' € T and write it as

T = 27: aiThi
i=1

for some aq,...,a, € Q and some hq,..., h, € Upgs Tg,p- We observe that T is
equal to the operator

@m(ﬂ')ﬂ‘x”Kx () : @m(ﬁ)ﬂ"x”Km — @m(ﬁ)ﬂ'o"’]{m,

el el nel

where .
hi="a;h; € Ho(G(AF), K™).
i=1
Arguing as in Proposition and by condition (2’), we conclude that the
characteristic polynomial of T has coefficients in . We can thus apply Propo-
sition to Tg and the result follows since, for every p ¢ S and for every
h € Ho(G(Qy), K,), the eigenvalue of the operator m ,(h) is an eigenvalue of

the operator T}, € Tg,, C To-
O
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To conclude, we apply Corollary [3.3]to give a new proof that an automorphic
representation with a regular discrete series as Archimedean component is
C-arithmetic. These have been studied in [2].

We equip the centraliser groups G~ (Ag) with Gross’ measure , so that (M1) is
satisfied. For every non-Archimedean p at which G(Q,) is unramified, we choose
local measures u, on G(Q,) such that u,(G(Z,)) = 1 and, for the remaining
places, we normalise the Haar measures so that they satisfy (M2) in the way
explained above.

Corollary 3.4. Let G be a connected, semisimple, anisotropic algebraic group
defined over Q. Let my = 7,00 ® m3° be an irreducible automorphic representa-
tion of G(Ag) with ¢ s a regular discrete series and m0°*" # {0}. Then m
is C-arithmetic.

Proof. By Théoreme 3 in [7], if p is an irreducible, finite-dimensional represen-
tation of G(R), there exists a smooth compactly supported function f, such
that, for every admissible (g, K )-module of finite length o, we have

o0

Tro(fu) = Z(—l)idimHi(g, Koo, 0@ ).
i=0

Now, let 7 be as in the statement, let u be an irreducible, finite-dimensional, al-
gebraic representation of G(R) the infinitesimal character of which is the contra-
gredient of the infinitesimal character of mp oo. Then the (g, K+ )-cohomology of
70,00 With respect to u is concentrated in one degree by part (b) of Theorem 5.3
in [?] and it is 1-dimensional: we can thus normalise f,, so that Trmo o (fu) = 1.
This will then hold for every discrete series with the same infinitesimal character
as Tp,co- By the proof of Corollary 6.2 in [2], under the regularity assumption
ol Ty, the unitary irreducible representations of G(R) with non-vanishing
(g, K )-cohomology with respect to u are precisely the discrete series with the
same infinitesimal character as 7 oo. It is well-known that there are only finitely
many such discrete series representations, therefore (1) of Corollary is ful-
filled. For (2’), we observe that since G is defined over Q, the representation p
admits a model over a number field E. Let v € {G(Q)}. By Theorem 4.1 in
I8, taking into account our normalisation of f, and the choice of Haar measure,
the orbital integral O,_ (f,) vanishes or we have

Oy (fu) = dy . Trp(veo)

where d,_ € Z\{0}. Since p is defined over E, the orbital integral O,(f,)
belongs to E. We can now apply Corollary concluding the proof.
O
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4 Reduction to Cuspidal Representations

We recall that by the discussion in Section 5.1 of [6], given a connected, reductive
algebraic group G defined over a number field F', and a central extension

1—G, -G —G—1,

since the map G'(Ar) — G(Ap) is surjective, we can identify the irreducible
automorphic representations of G(Ap) with the irreducible automorphic repre-
sentations of G'(Ap) which are trivial on the image of G,,(Ar) in G'(Ar). We
would like to thank T. Gee for explaining that this identification follows from
the results in Section 5 of [12].

Proposition 4.1. Let G be a connected, reductive algebraic group defined over
a number field F' and let

1—G,, —G —G—1

be a central extension. Let 7 be an irreducible automorphic representation of
G(Ar) and let 7" denote the irreducible automorphic representation of G'(Ap)
obtained by lifting 7 along the surjection G'(Ar) = G(AF). Then the following
two statements hold:

(1) The representation 7 is C-algebraic (resp. C-arithmetic, resp. L-algebraic,
resp. L-arithmetic) if and only if the representation 7’ is C-algebraic (resp.
C-arithmetic, resp. L-algebraic, resp. L-arithmetic).

(2) If 7 is cuspidal, then 7’ is cuspidal.

Proof. See [6], Lemma 5.33, for part (1). Part (2) is [12], Theorem 5.2.1.
O

For certain groups, the C' and L notions that we are considering are related
by a character twist. More precisely:

Theorem 4.2. Let G be a connected, reductive algebraic group defined over
a number field F. Assume that G admits a twisting element in the sense of
Definition 5.34 of [6]. Then there exists a character x of G(F)\G(Ar) such that
the following statements hold:

(1) An irreducible automorphic representation = of G(Ap) is C-algebraic if
and only if 7 ® x is L-algebraic.

(2) An irreducible automorphic representation 7 of G(Ap) is C-arithmetic if
and only if 7 ® x is L-arithmetic.

Proof. See Proposition 5.35 in [6] for part (1) and Proposition 5.36 in [6] for
part (2).
O
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Remark 4.3. A consequence of Theorem as explained in [6], is that, if G
admits a twisting element, we can twist L-algebraic and C-algebraic representa-
tions into each other, and we can twist C-arithmetic and L-arithmetic represen-
tations into each other. Indeed, if 7 is L-algebraic, writing it as (7 ® x 1) ® ¥,
we obtain that 7 ®x ! is C-algebraic by part (1) of Theorem Conversely, if
7 ®x~!is C-algebraic, then, twisting it by y and applying part (1) of Theorem
shows that 7 is L-algebraic. The same reasoning applies for the notions of
C-arithmetic and L-arithmetic automorphic representations.

If a group does not admit twisting elements, then there exists a central
extension which does.

Theorem 4.4. Let G be a connected, reductive algebraic group defined over a
number field F. Then there exists a central extension

1—>Gm—>§—>G—>1

such that G admits a twisting element.

Proof. See part (a) of Proposition 5.37 in [0].
O

Before proceeding, let us recall the fundamental result of R. Langlands estab-
lishing that every automorphic representation is a subquotient of the parabolic
induction of a cuspidal automorphic representation. Following [I3], if P is a
parabolic subgroup of G with Levi factor M, and if o = @), 0, is a cuspidal
automorphic representation of M(Ap), we call an irreducible subquotient of
Indp(o) = @, Indp, (0,) a constituent. Recall that there exists a finite set of
places, S, such that for v ¢ S, the representation Indp,(o,) has exactly one
constituent, denoted by 7, with non-zero G(O,)-invariant vectors.

Theorem 4.5. Let G be a connected, reductive algebraic group defined over a
number field F'. Then the following statements hold:

(1) If P is a parabolic subgroup of G with Levi factor M, and ¢ = @), 0, is
an irreducible, cuspidal automorphic representation of M(Af), then the
constituents of Indp (o) are the representations 7 = @), m,, where 7, is a
constituent of Indp, (0,), and, for all v ¢ S, m, = 70.

(2) An irreducible representation m of G(Ap) is automorphic if and only if
there exists a parabolic subgroup P of G with Levi factor M, and an
irreducible, cuspidal automorphic representation o of M (Ag) such that =
is a constituent of Indp (o).

Proof. Part (1) is Lemma 1 in [I3], part (2) is Proposition 2 in [I3].
O

We will make use of the following result, which we have learnt from Remark
2.10 in [15], and for which we supply a proof.
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Proposition 4.6. Let G be a connected, reductive group defined over a number
field F, and 7 be an irreducible automorphic representation of G(Ar). Let P be
a proper parabolic subgroup of G with Levi factor M, and ¢ be an irreducible,
cuspidal automorphic representation of M(Ap) such that 7 is a constituent of
Indp (o). Then the following two statements hold:

(1) The representation 7 is L-algebraic if and only if o is L-algebraic.
(2) If o is L-arithmetic, then 7 is L-arithmetic.

Proof. Let m, be an Archimedean component of 7. Then 7, is a constituent of
Indp, (0,), and o, is an irreducible admissible representation of the Levi factor
M, of P,. Writing M, as MJA,, with A, denoting the split component of
M,, then we can write o, as the tensor product of an admissible, irreducible
representation of M, and a character of A,. With this observation, it follows
from Proposition 8.22 in [?] that m, and o, have the same infinitesimal character.
Since this is true for all Archimedean places, it follows that o is L-algebraic if
and only if 7 is L-algebraic.

Part (2) is a special case of Lemma 5.45 in [6]. O

We can now prove the main result of this section.

Theorem 4.7. Let G be a connected, reductive group defined over a number
field F. If every irreducible, C-algebraic, cuspidal automorphic representation
of G(AF) is C-arithmetic, then every irreducible, C-algebraic automorphic rep-
resentation of G(Ag) is C-arithmetic, and every irreducible, L-algebraic auto-
morphic representation of G(Ar) is L-arithmetic.

Proof. We distinguish four cases.

(I) Let 7 be an irreducible, C-algebraic, cuspidal automorphic representation
of G(AF). Then the result holds by assumption.

(IT) Let 7 be an irreducible, L-algebraic, cuspidal automorphic representation
of G(Ap). By Theorem there exists a central extension

lHGmHéHG—)l

such that G admits a twisting element. Let 7 denote the automorphic
representation of G(Ar) obtained by lifting 7 along the surjection
G(Ap) — G(Ap). Then, by Proposition 7 is cuspidal and L-algebraic.
By Theorem [4.2) we can twist 7 to obtain a cuspidal C-algebraic auto-
morphic representation of G(Ar), which is therefore C-arithmetic by as-
sumption. By Theorem the representation 7 is L-arithmetic, and so
is m by Proposition

(ITI) Let 7 be an irreducible, L-algebraic automorphic representation of G(Ar)
which is not cuspidal. Then, by part (2) of Theorem [4.5] 7 is a constituent
of Indp(o), where P is a parabolic subgroup of G with Levi factor M,
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(V)

and o is a cuspidal automorphic representation of M(Ar). By (1) of
Proposition o is L-algebraic and, arguing as in case (II), we obtain
that o is L-arithmetic. By part (2) of Proposition [4.6} it follows that 7 is
L-arithmetic.

Let 7 be an irreducible, C-algebraic automorphic representation of G(A )
which is not cuspidal. By Theorem there exists a central extension

1—>Gm—>é—>G—>1

such that G admits a twisting element. Let 7 denote the automorphic
representation of G(Ap) obtained by lifting 7 along the surjection

é(AF) — G(AF). By part (1) of Proposition 7 is C-algebraic. By
Theorem [4.2] we can twist 7 to obtain an L-algebraic automorphic repre-
sentation of G(Ap). Arguing as in case (III), we obtain that this twist of
7 is L-arithmetic. By Theorem it follows that 7 is C-arithmetic and
we conclude that 7 is C-arithmetic by part (1) of Proposition

O
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