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Abstract

We outline a program to make Kummer theory effective in the setting of
abelian varieties. We make progress on many aspects of this program and com-
plete it for abelian varieties with complex multiplication. We also investigate
analogues of Schinzel’s theorem on abelian radical extensions in the context of
abelian varieties.

1 Introduction

Let A be an abelian variety of dimension g defined over a number field K, for which
we fix an algebraic closureK. We denote byA[N ] the group of torsion points inA(K)
of order dividing N . If P ∈ A(K), we denote by K( 1

N
P ) the smallest extension of K

containing all pointsQ ∈ A(K) such thatNQ = P . We fix a rational point P ∈ A(K)
and assume that the set ZP of multiples of P is Zariski-dense in A.

Let κN be the Kummer representation attached to A and P . This is a representation of
the absolute Galois group ofK(A[N ]) with values inA[N ] ∼= (Z/NZ)2g whose image
is isomorphic to the Galois group of the extension K( 1

N
P )/K(A[N ]) (we refer to

Section 1.2 for precise definitions). Our aim is to find an effective bound, independent
of N , for the so-called Kummer failure of maximality, namely the ratio

fN :=
N2g

#(Im(κN))
.

Remark that we will actually tackle the more general problem where P is replaced by
a finitely generated subgroup G of A(K).

The image of the Kummer representation for abelian varieties was first studied by
Ribet [22], who proved the uniform boundedness of fN asN = ℓ ranges over the prime
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numbers. He showed that the Kummer failure is trivial for all primes ℓ large enough,
assuming a list of ‘axioms’ which were later proved by Faltings [4] and Serre [24].
The existence of a uniform bound for fN as N ranges over all positive integers was
proven by Bertrand [2]. Hindry [6] later gave a streamlined proof. The existence of a
uniform bound on fN implies that, in the the ℓ-adic (resp. adelic) case, the image of
the Kummer representation is an open subgroup of (Zℓ)2g (resp. (Ẑ)2g).
In the case of elliptic curves, effective bounds for the Kummer failure are known. The
work of Javan Peykar [7] deals with CM elliptic curves, while the work of Tronto and
Lombardo [14] handles the case of non-CM elliptic curves. In both cases, the effective
bound is obtained by exploiting certain properties of the endomorphism ring. In his
recent paper [26], Tronto refined these results, setting the foundations for possible
similar results for other commutative connected algebraic groups. More precisely, he
proves that, under certain conditions on the endomorphism ring and the geometric
torsion of the algebraic group (which are satisfied for elliptic curves), the Kummer
failure can be bounded in terms of three independent parameters.

In the case of abelian varieties, Tronto’s result [26, Theorem 5.4] is as follows, where
we denote by τ∞ (resp. κ∞), the adelic torsion (resp. Kummer) representation:

Theorem 1.1 (Tronto). Let P ∈ A(K) be such that ZP is Zariski-dense in A, and let
Γ := {Q ∈ A(K)

∣∣ ∃n ∈ Z⩾1 : nQ ∈ ⟨P ⟩}. Assume that A(K)tors is an injective
EndK(A)-module. Suppose that there exist positive integers d, n,m such that:

1. d(Γ ∩ A(K)) ⊆ ⟨P ⟩+ A(K)tors;

2. n ·H1(Im(τ∞), A(K)tors) = 0;

3. the subring of End(A(K)tors) generated by Im(τ∞) containsm·End(A(K)tors).

Then Im(κ∞) contains (dnm · Ẑ)2g.

Consequently, we have the following result (justified by Lemma 3.9):

Corollary 1.2. For any positive integer N , the Kummer failure fN divides (dnm)2g.

In this paper we show that the three integers d, n,m as in Theorem 1.1 exist for every
abelian variety A over a number field. Moreover, we prove that d and m can always
be effectively bounded in terms of basic invariants of A/K, while n can be effectively
bounded in the case A has CM over K. We also show that the assumption on A(K)tors
is satisfied by an abelian variety A′ in the same isogeny class of A and we study how
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the minimal admissible values of d, n,m change under isogeny. Since the degree of
the isogeny A → A′ can also be bounded effectively in terms of A/K, we ultimately
obtain bounds that only depend on the abelian variety A, on the field K, and on the
divisibility of the point P (respectively, of the subgroup G of A(K)) for which we
consider the Kummer representation.

One of the results of this paper is therefore the following:

Theorem 1.3. Consider an abelian variety A of dimension g defined over a num-
ber field K and with complex multiplication over K. Let G be a finitely generated
subgroup of A(K). Suppose a set of generators of G is linearly independent over
EndK(A) and is given in terms of a Z-basis for A(K)/A(K)tors. There exists an
effective upper bound for fN , uniform in N and depending only on K, A and G.

Our bound in Theorem 1.3 depends exponentially on [K(A[3]) : K], on [K : Q] and
on g, and linearly on the Faltings height hF (A) and on the ‘divisibility parameter’ d of
the group G (see Section 2.2). Notice that [K(A[3]) : K] divides #GL2g(Z/3Z) and
can therefore be bounded by 34g

2 .

Further results in this paper arise from the study of possible analogues of Schinzel’s
theorem on radical extensions [23, Theorem 2] (see Theorem 8.1) in the setting of
abelian varieties.

One result coming from the study of this problem is the following:

Theorem 1.4. Let A be an abelian variety over a number field K. The following are
equivalent:

(i) The extension K(A[n])/K is abelian for every positive integer n.

(ii) The variety A is K-isogenous to a product of simple abelian varieties with CM
over K.

1.1 Structure of the paper

The paper is almost entirely dedicated to the proof of Theorem 1.3. In Section 2 we
adapt Theorem 1.1 to the case when we consider a groupG instead of a single point P ,
and we provide methods to compute effectively the integer d. In Section 3 we prove
a result (Theorem 3.1) which allows us to compare the cardinality of the images of
torsion and Kummer representations for isogenous abelian varieties. In Section 4 we
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take care of the assumption of Theorem 1.1 concerning the injectivity of the module of
torsion points A(K)tors by finding an abelian variety A′ isogenous to A that satisfies
this condition. Theorem 4.3 proves the existence of such an isogeny A→ A′ and gives
an effective bound to its degree. Sections 5 and 6 are devoted, respectively, to finding
effective bounds for the integer n of Theorem 1.1 if A has complex multiplication (see
Corollary 5.2) and for the integer m of the Theorem 1.1 for any abelian variety (see
Theorem 6.3). Section 7 contains the proof of Theorem 1.3.

Finally, in Section 8, independently of the rest of the paper, we discuss analogues
of Schinzel’s theorem (see Theorem 8.1) in the case of abelian varieties, obtaining
necessary and sufficient conditions for the extension Gal(K( 1

N
P )/K) to be abelian.

In particular, we prove Theorem 1.4.

1.2 Preliminaries

Let A be an abelian variety defined over a number field K for which we fix an al-
gebraic closure K, and let g be its dimension. Let R := EndK(A) be the ring of
K-endomorphisms of A. We denote by A(K) the Mordell-Weil group of K-rational
points ofA. IfN is any positive integer, we denote by [N ] the multiplication-by-N en-
domorphism of A and by A[N ] the subgroup of torsion points of A(K) of order divid-
ingN . We also writeK(A[N ]) for theN -th torsion field ofK, obtained by adjoining to
K the coordinates of the points inA[N ]. For any prime ℓwe write Tℓ(A) := lim←−nA[ℓ

n]
for the ℓ-adic Tate module of A. Recall that Tℓ(A) is a free Zℓ-module of rank 2g. We
write Vℓ(A) for the base change of Tℓ(A) to Qℓ and T (A) := lim←−N A[N ] =

∏
ℓ Tℓ(A)

for the adelic Tate module. For an element e ∈ Tℓ(A), we write e = (e(n))n∈Z⩾1
with

e(n) ∈ A[ℓn] and ℓe(n) = e(n−1).

Let ℓ be a prime and let z be an integer or an ℓ-adic integer. We denote by vℓ(z) the
ℓ-adic valuation of z, with the convention vℓ(0) = +∞.

For any field F , after fixing an algebraic closure F , we denote by GF the absolute
Galois group Gal(F/F ). For every positive integer N , fix a basis {T (N)

1 , T
(N)
2 } of

A[N ] such that NT (M)
i = T

(M/N)
i whenever N |M .

We denote by τA,N the N -torsion representation

τA,N : GK → Aut(A[N ])

given by the Z/NZ-linear action of GK on A[N ]. The group A[N ] is abstractly iso-
morphic to (Z/NZ)2g, hence we also have Aut(A[N ]) ∼= GL2g(Z/NZ). The Galois
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group Gal(K(A[N ])/K) can be identified with the image of τA,N , and hence with a
subgroup of GL2g(Z/NZ).
Given a point P ∈ A(K), we denote by K( 1

N
P ) the smallest extension of K over

which all points Q ∈ A(K) such that NQ = P are defined. In particular, K( 1
N
P ) ⊇

K(A[N ]). We denote by κA,N the Kummer representation

κA,N : GK(A[N ]) → A[N ]

σ 7→ σ(Q)−Q,

whereQ ∈ A(K) is such thatNQ = P . Since we only consider the action ofGK(A[N ]),
it is easy to see that the map κA,N is independent of the choice of Q. The Galois group
Gal(K( 1

N
P )/K(A[N ])) can be identified with the image of κA,N , and hence with a

subgroup of (Z/NZ)2g. We call Kummer failure of maximality, denoted by fN , the
integer N2g/#Im(κA,N).

Fix a set of points {Q(N)}N∈Z>0 ⊆ A(K) such that Q(1) = P and NQ(M) = Q(M/N)

whenever N |M . An element σ ∈ Gal(K( 1
N
P )/K) can be expressed as a (2g+1)×

(2g + 1) matrix Mσ with entries in Z/NZ of the form

Mσ =

 Bσ tσ

0 1

 , (1)

where Bσ is the image of σ under τA,N , while tσ = σ(QN)−QN ∈ Im(κA,N). Given
two elements σ, τ ∈ Gal(K( 1

N
P )/K), we have that Mστ =MσMτ .

Fix a prime ℓ. By taking the inverse limit over n, the representations τA,ℓn and κA,ℓn
yield the ℓ-adic torsion representation τA,ℓ∞ : GK → Aut(Tℓ(A)) and the ℓ-adic Kum-
mer representation κA,ℓ∞ : GK(A[ℓ∞]) → Tℓ(A). Likewise, by taking the inverse limit
over all positive integers N , we get the adelic torsion representation τA,∞ : GK →
Aut(T (A)) and the adelic Kummer representation κA,∞ : GK(A(K)tors)

→ T (A). If the
abelian variety A is clear from the context, we drop the subscript A from the notation.

We denote by Ktors the smallest extension of K over which all points in A(K)tors are
defined. We let

Γ := {Q ∈ A(K)
∣∣ ∃n ∈ Z⩾1 : nQ ∈ ⟨P ⟩}

and denote by Kkum the smallest extension of Ktors over which all points in Γ are
defined. We call Ktors and Kkum respectively the torsion extension and the Kummer
extension of K associated with A and P .
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By taking the limit, with our previous identifications, in the ℓ-adic situation we have

Gal(K(A[ℓ∞])/K) ∼= Im(τℓ∞) ⊆ GL2g(Zℓ)

and

Gal

(
K

(
1

ℓ∞
P

)/
K(A[ℓ∞])

)
∼= Im(κℓ∞) ⊆ (Zℓ)2g

and in the adelic case we have

Gal(Ktors/K) ∼= Im(τ∞) ⊆ GL2g(Ẑ)

and
Gal(Kkum/Ktors) ∼= Im(κ∞) ⊆ (Ẑ)2g.

Moreover, an element σ ∈ Gal(K( 1
ℓ∞
P )/K) (resp. σ ∈ Gal(Kkum/K)) can be iden-

tified with a matrix as in (1), where Bσ is the image of σ under τℓ∞ (resp. τ∞) and tσ is
the inverse limit over n of σ(Qℓn)−Qℓn (resp. the inverse limit overN of σ(QN)−QN ).

2 The divisibility parameter

Let G be a subgroup of A(K) generated by r points that are linearly independent over
EndK(A). For a positive integer N , let

1

N
G := {Q ∈ A(K)

∣∣ NQ ∈ G} and ΓG :=
⋃
N

1

N
G.

We consider the Kummer extension K(ΓG)/Ktors, which generalises the case con-
sidered in Theorem 1.1 (which corresponds to the case of rank 1). In this situation, the
adelic Kummer representation we consider is

κN : GK(A[N ]) → Hom

(
1

N
G
/
(G+ A[N ]), A[N ]

)
σ 7→ (Q 7→ σ(Q)−Q),

where the target space can be identified with A[N ]r. Indeed, if P1, . . . , Pr are gener-
ators of G, an element in the codomain of κN is uniquely determined by the images
of points Qi such that NQi = Pi (for each i such image is independent of the choice
of Qi). The image of κN is isomorphic to the Galois group of the Kummer extension
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K( 1
N
G)/K(A[N ]), and we define the Kummer failure of maximality in this situation

as fN = N2gr/#Im(κN). Similarly, the adelic representation is

κ∞ : GKtors → Hom
(
ΓG
/
(G+ A(K)tors)

, A(K)tors

)
∼= A(K)rtors.

Remark that, if r = 1, the assumption that P is linearly independent over EndK(A)
is equivalent to requiring that ZP is Zariski-dense in A, and ensures that the index
[A(K)tors : Im(κ∞)] is finite. Notice that Ribet in [22] uses the same assumption,
which is needed to generalise [6, Proposition 1] to subgroups G of A(K).

Theorem 1.1 and Corollary 1.2 still hold with the expected adjustments, namely:

Theorem 2.1. Let G be a subgroup of A(K) that is generated by r elements that are
linearly independent over EndK(A). Assume that A(K)tors is an injective R-module.
Suppose that there exist positive integers d, n,m such that:

1. d(ΓG ∩ A(K)) ⊆ G+ A(K)tors;

2. n ·H1(Im(τ∞), A(K)tors) = 0;

3. the subring of End(A(K)tors) generated by Im(τ∞) containsm·End(A(K)tors).

Then Im(κ∞) contains (dnm · Ẑ)2gr. In particular, for any positive integer N , the
Kummer failure fN divides (dnm)2gr.

The smallest positive integer d that satisfies condition (1) in Theorem 1.1 (resp. The-
orem 2.1) is called the divisibility parameter of P (resp. of G).

Lemma 2.2. The divisibility parameter d exists. It is effectively computable if P
(resp. a set of generators of G) is known in terms of a Z-basis for A(K)/A(K)tors.

Proof. We can compute d as shown in [27, Section 6.1]. Indeed, the method used for
elliptic curves also applies to general abelian varieties.

Remark 2.3. In order to apply Lemma 2.2, we only need to know the non-zero coef-
ficients of the point P (resp. of the generators of the group G) with respect to some
(potentially unknown) basis for A(K)/A(K)tors. Therefore, a priori, we do not need
to know what the basis is, or even what the rank of the Mordell-Weil group is, to effect-
ively compute d. Moreover, in the case a single point P is considered, the parameter
of divisibility d is simply the gcd of its coefficients in any basis representation.
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We may still be able to bound the parameter d effectively, through other methods. An
example is the following result, which applies for example to Jacobians of curves of
genus 2.

Theorem 2.4. Let A be an abelian variety over a number field K. Let P ∈ A(K), and
suppose that there exist:

1. an algorithm that, given a point in A(K), computes its canonical height (up to
arbitrary numerical precision);

2. an algorithm that, given a positive real number α, enumerates the (finitely many)
points in A(K) whose canonical height is less than α.

Then the divisibility parameter d for P can be effectively bounded.

Proof. The parameter d is the maximal integer for which there exist Q ∈ A(K) and
T ∈ A(K)tors such that P = dQ + T . By standard properties of the canonical height
ĥ, we know that ĥ(P ) = d2ĥ(Q).

The canonical height ĥ(P ) can be computed through algorithm 1. Consider the finite
set of points

S = {Q′ ∈ A(K)
∣∣ ĥ(Q′) ⩽ ĥ(P )}

which is the output of algorithm 2 applied to the real number ĥ(P ), and let S ′ =
S \ A(K)tors. Then we have:

d ⩽

√
ĥ(P )

(
min
Q′∈S′

ĥ(Q′)

)−1

.

Note that, while there are more efficient algorithms to determine the set A(K)tors, the
knowledge of the set S is sufficient to determine it: indeed, A(K)tors is contained in S,
and we can test whether a point T ∈ S is torsion by computing iT for i = 1, . . . ,#S
(indeed, the order of a torsion point is at most #A(K)tors, which in turn is at most
#S)

Remark 2.5. Let J be the Jacobian of an algebraic curve C of genus 2 over a number
field K and let P ∈ J(K). Suppose we know the equation of the curve C and the
Kummer coordinates of the point P (see [19, §3]). Then there exist algorithms as in
Theorem 2.4 (see for example [19]). The divisibility parameter d for P can therefore
be effectively bounded in this case.
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Example 2.6. Consider the hyperelliptic curve C of genus 2 over Q given by the equa-
tion:

y2 = x6 − 6x4 + 2x3 + 5x2 − 2x+ 1

and let J be the Jacobian of C. Consider the rational points p1 = (−1,−1) and p2 =
(2, 1) of C. Let P be the point of J corresponding to the divisor class [p2 − p1]. One
can compute that ĥ(P ) ∼ 0.669 and that the set

S ′ = {P ′ ∈ J(Q)
∣∣ ĥ(P ′) ⩽ ĥ(P ), P ′ /∈ J(Q)tors}

consists of 26 points, with minS′ ĥ(P ′) ∼ 0.128. The parameter d is then bounded by
(ĥ(P )/minS′ ĥ(P ′))1/2 ∼ 2.286. Indeed, it can be checked in this case that d = 1.

3 Torsion and Kummer extensions for isogenous abelian
varieties

Throughout this section, let A and A′ be two isogenous abelian varieties of dimension
g defined over a number field K, and let φ : A → A′ be a fixed K-isogeny between
them. Let D denote the degree of φ. We first define the tangent space Tℓ of the ℓ-
adic torsion representation of an abelian variety. We then compare the degrees of the
torsion and Kummer extensions of K associated with A and A′. To do so, we compare
the images of the relevant Galois representations. In particular, we will prove the
following result, consequence of Lemmas 3.6 and 3.10 and Corollary 3.11:

Theorem 3.1. Let φ : A → A′ be an isogeny of abelian varieties of degree D and
consider a point P ∈ A(K) \ A(K)tors. For every prime ℓ and for every positive
integer n we have

#Im(τA′,ℓn) ⩽ (#Tℓ)vℓ(D) ·#Im(τA,ℓn)

ℓ2gn

#Im(κA′,ℓn)

∣∣∣ℓvℓ(D) ·# Tℓ(A)

Im(κA,ℓ∞)

and, for every positive integer N , we have

N2g

#Im(κA′,N)

∣∣∣D ·# T (A)

Im(κA,∞)

where the Kummer representations on A and A′ are relative to the points P and φ(P )
respectively, and where Tℓ is the tangent space of τA,ℓ∞ .

9



There exists a K-isogeny ψ : A′ → A such that ψ ◦ φ = [D]. If a prime ℓ does
not divide D, then [D] induces an isomorphism on Tℓ(A), and therefore the map
Tℓ(A) → Tℓ(A

′) induced by φ is an isomorphism. It follows that the ℓ-adic torsion
representations on A and A′ are isomorphic. If ℓ | D, then [D] is not an isomorphism
on the Tate module, but it becomes an isomorphism on Vℓ(A). The two torsion repres-
entations are again isomorphic when tensored by Qℓ, however, in general, Im(τA,ℓ∞)
and Im(τA′,ℓ∞) are not conjugate subgroups of GL2g(Zℓ).

3.1 The tangent space of the image of the ℓ-adic representation

Consider an abelian variety A of dimension g defined over a number field K. For a
prime ℓ and a positive integer n, consider the group Im(τℓn) as a subgroup of GL2g(Z/ℓnZ).
Notice that we have

#Im(τℓn+1)

# Im(τℓn)
= #ker

(
Im(τℓn+1)

mod ℓn−−−−→ Im(τℓn)
)
.

The projection Im(τℓn+1) → Im(τℓn) is surjective, and we can identify its kernel with
a subgroup of

ker
(
GL2g

(
Z⧸ℓn+1Z

)
mod ℓn−−−−→ GL2g

(
Z⧸ℓnZ

))
= Id+ℓnM2g×2g(Fℓ).

It is easy to check that the following map is a group homomorphism:

ker
(
Im(τℓn+1)→ Im(τℓn)

)
→M2g×2g(Fℓ)

(Id+ℓnS) 7→ S.

We call T (n)
ℓ its image: it is an Fℓ-vector subspace ofM2g×2g(Fℓ).

Lemma 3.2 ( [13, Proof of Lemma 9]). We have T (n)
ℓ ⊆ T (n+1)

ℓ for all integers n ⩾ 1.

Since T (n)
ℓ is a subspace of M2g×2g(Fℓ), which is a finite dimensional vector space

over Fℓ, Lemma 3.2 implies that dim(T (n)
ℓ ) and hence also T (n)

ℓ stabilise for n large
enough. We denote such stabilised space by Tℓ and we call it the tangent space of
the ℓ-adic torsion representation τℓ∞ (see [13, Definition 9]). In particular, for n large
enough, we have

#Im(τℓn) = k · ℓn·dim(Tℓ) (2)

for some constant k which does not depend on n.
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Example 3.3. For an elliptic curve E, the tangent space Tℓ can be described as follows
(see [12, Definitions 18 and 19]):

• if E does not have CM, then Tℓ =M2×2(Fℓ);

• if E has CM and ℓ splits in EndK(E), then, for a suitable choice of basis, Tℓ =
Diag2(Fℓ), the subspace of diagonal matrices;

• if E has CM and ℓ > 2 is inert in the quadratic ring EndK(E), then, in a suitable
basis,

Tℓ =
{(

x dy
y x

) ∣∣ x, y ∈ Fℓ
}
,

where d is a quadratic non-residue modulo ℓ;

• more generally, if EndK(E) is isomorphic to the quadratic ring Z[x]/(x2− cx−
d), then in a suitable basis

Tℓ =
{(

x dy
y x+ yc

) ∣∣ x, y ∈ Fℓ
}
.

3.2 Isogenies and Tate modules

Given a K-isogeny φ between the abelian varieties A and A′ and a prime ℓ, there
is an associated Zℓ-linear map on the Tate modules: if e = (e(n))n∈Z⩾1

is a point of
Tℓ(A), we set φ(e) = (φ(e(n)))n∈Z⩾1

. Fix bases v1, . . . , v2g of Tℓ(A) and v′1, . . . , v
′
2g of

Tℓ(A
′). Then v1⊗1, . . . , v2g⊗1 and v′1⊗1, . . . , v′2g⊗1 are bases for Vℓ(A) and Vℓ(A′),

respectively. We can describe φ : Tℓ(A) → Tℓ(A
′) as a matrix M ∈ GL2g(Qℓ) with

ℓ-integral entries (we write this matrix with respect to the chosen bases). Notice that
the multiplication by an integer N from A to itself corresponds to the matrix N Id, and
the isogeny ψ from A′ to A such that ψ ◦ φ = [D] corresponds to the matrix DA−1,
which again has integer entries.

Lemma 3.4. The matrix M is such that vℓ(det(M)) = vℓ(D).

Proof. One may easily check that the map

(Tℓ(A)⊗Qℓ)/Tℓ(A)→ A[ℓ∞]

e⊗ ℓ−n 7→ e(n)
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is an isomorphism of Zℓ-modules. Moreover, the kernel of the action of M by multi-
plication on (Tℓ(A)⊗Qℓ)/Tℓ(A) ∼= A[ℓ∞] is the ℓ-part of the kernel of the isogeny φ,
whose cardinality equals ℓvℓ(D).

As Zℓ is a PID, we can write M = P1SP2, where S is the Smith normal form of M
and P1 and P2 are invertible matrices in GL2g(Zℓ), so that vℓ(det(M)) = vℓ(det(S)).
Since the matrices P1 and P2 are invertible, it suffices to compute the ℓ-adic valuation
of the cardinality of the kernel of the action of the diagonal matrix S.

Let the diagonal entries of S be of the form uiℓ
ki for i = 1, . . . , 2g, where ui ∈ Z×

ℓ

and the ki are non-negative integers. Let

h =

(
ti∑
n=1

wi,nℓ
−n + Zℓ

)
i=1,...,2g

be an element in (Tℓ(A) ⊗ Qℓ)/Tℓ(A) ∼= (Qℓ/Zℓ)2g, where the ti are non-negative
integers and the wi,n are in {0, · · · , ℓ − 1}, with wi,ti ̸= 0. Then for any element
h0 ∈ Q2g

ℓ whose class in (Qℓ/Zℓ)2g is h, we have S ·h0 ∈ Z2g
ℓ if and only if ki ⩾ ti for

all i, and hence the ℓ-adic valuation of the cardinality of the kernel of φ is
∑2g

i=1 ki =
vℓ(det(S)).

The map φ ⊗ 1 is an isomorphism between Vℓ(A) and Vℓ(A′). A K-isogeny is com-
patible with the Galois action of GK , hence for every σ ∈ GK and every v ∈ Vℓ(A)
we have:

σ · v = (φ⊗ 1)−1(σ · (φ⊗ 1)(v)).

We conclude that
Im(τA,ℓ∞) =M−1 Im(τA′,ℓ∞)M, (3)

where Im(τA,ℓ∞) is represented in the basis vi⊗ 1 and Im(τA′,ℓ∞) is represented in the
basis v′i ⊗ 1.

Example 3.5. Let E be an elliptic curve over a number field K and let T ∈ E[ℓ](K)
be a point of prime order ℓ. Consider the elliptic curve E ′ = E/⟨T ⟩ and let φ be the
canonical projection φ : E → E ′.

Let e1, e2 be a basis of Tℓ(E), where e(1)1 = T . We define a basis e′1, e
′
2 of Tℓ(E ′) as

follows:

1. we set e′2 = φ(e2). Notice that e(1)2 /∈ ⟨T ⟩ since T and e(1)2 are linearly independ-
ent, and hence e′(1)2 ̸= O. This implies that e′2 generates a saturated submodule
of Tℓ(E ′).

12



2. we choose e′1 = (e
′(n)
1 )n∈Z⩾1

∈ Tℓ(E
′) that completes e′2 to a basis of Tℓ(E ′)

(the existence of such an e′1 follows from the structure theory of finitely gener-
ated modules over a PID: any saturated submodule of a finitely generated, free
module has a free complement).

Therefore we have φ(e2) = e′2 and φ(e1) = αe′1 + βe′2 with α, β ∈ Zℓ. By definition
of the isogeny φ, we know that φ(e1) ≡ 0 mod ℓ, hence α ≡ β ≡ 0 mod ℓ. Now,
α ̸≡ 0 mod ℓ2, for otherwise we would have

φ(e
(2)
1 ) = βe

′(2)
2 = v(ℓφ(e

(2)
2 )) = vφ(e

(1)
2 )

where β ≡ vℓ mod ℓ2, contradicting the fact that kerφ is generated by T = e
(1)
1 . We

then have

⟨
(
α
β

)
,

(
0
1

)
⟩ = ⟨

(
ℓ
0

)
,

(
0
1

)
⟩

as Zℓ-modules, hence we can choose α = ℓ and β = 0. We conclude that, with this
choice of basis, φ acts on the Tate module as multiplication by the matrix M = ( ℓ 0

0 1 ).
In particular, it is not a bijection on the Tate modules.

Consider now Im(τE,ℓ∞). Since T ∈ E[ℓ](K) and e(1)1 = T , we have

Im(τE,ℓ∞) ⊆
{(

a b
c d

)
∈ GL2(Zℓ)

∣∣ a ≡ 1, c ≡ 0 mod ℓ

}
as all elements of GK fix the point T . Applying (3) we get:

Im(τE′,ℓ∞) ⊆
{(

a b
c d

)
∈ GL2(Zℓ)

∣∣ a ≡ 1, b ≡ 0 mod ℓ

}
.

Automorphisms in Im(τE′,ℓ∞) do not necessarily fix a point of E ′[ℓ], but fix the line
corresponding to the second basis vector. In particular, E ′ admits an ℓ-isogeny over
K: this is not surprising, as the isogeny having as kernel this fixed line is the dual of
the map E → E ′ we started with.

3.3 Torsion extensions

Let φ : A → A′ be a K-isogeny of degree D and consider Im(τA,ℓn) and Im(τA′,ℓn).
Let Tℓ and T ′

ℓ be the tangent spaces relative to A and A′, respectively.

13



Lemma 3.6. For every n ⩾ 1 we have

(#T ′
ℓ )

−(2g−1)vℓ(D) ⩽
#Im(τA′,ℓn)

# Im(τA,ℓn)
⩽ (#Tℓ)vℓ(D).

Proof. Let e := vℓ(D) and D = ℓeD′, where D′ is coprime to ℓ. We claim that
A′[ℓn] ⊆ φ(A[ℓn+e]). Indeed, let P ∈ A′[ℓn] and let P = φ(Q) for some Q ∈ A(K),
which exists by surjectivity of φ over K. Consider an integer E such that ED′ ≡ 1
(mod ℓn), so that P = ED′P and let Q′ = ED′Q. We have

0 = ℓnP = ℓnφ(Q) = φ(ℓnQ).

Since ℓnQ ∈ ker(φ), we have ℓnQ ∈ A[D] and therefore ℓnQ′ ∈ A[ℓe]. The claim
follows as P = φ(Q′) and Q′ ∈ A[ℓn+e]. Since φ commutes with the action of GK ,
we have the inclusion

K(φ(A[ℓn+e])) ⊆ K(A[ℓn+e])

and hence K(A′[ℓn]) ⊆ K(A[ℓn+e]). The same reasoning, applied to the isogeny
ψ : A′ → A such that ψ ◦ φ = [D], implies that K(A[ℓn]) ⊆ K(A′[ℓn+(2g−1)e]) (recall
that ψ has degree D2g−1). Since Im(τA,ℓn) is isomorphic to the Galois group of the
torsion extension K(A[ℓn])/K, we have:

#Im(τA′,ℓn)

# Im(τA,ℓn)
⩽

#Gal (K(A[ℓn+e])/K)

#Gal (K(A[ℓn])/K)

n→∞−−−→ (#Tℓ)e

and
#Im(τA′,ℓn)

# Im(τA,ℓn)
⩾

#Gal (K(A′[ℓn])/K)

#Gal (K(A′[ℓn+(2g−1)e])/K)

n→∞−−−→ 1

(#T ′
ℓ )

(2g−1)e
.

By Lemma 3.2, for any positive integer t the sequence (#Gal(K(A[ℓn+t])/K(A[ℓn])))n
is increasing (and eventually constant) and the same holds for A′, so this concludes the
proof.

Corollary 3.7. The tangent spaces Tℓ and T ′
ℓ have the same dimension.

Proof. For n large enough, let #Im(τA,ℓn) = kAℓ
n·dim(Tℓ) and #Im(τA′,ℓn) = kA′ℓn·dim(T ′

ℓ )

for some positive constants kA and kA′ as in (2). By Lemma 3.6, (kA/kA′)ℓn(dim(T ′
ℓ )−dim(Tℓ))

is bounded, which implies that dim(T ′
ℓ ) = dim(Tℓ).
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Remark 3.8. Corollary 3.7 can also be obtained by noticing that the Fℓ-dimension of
Tℓ (resp. T ′

ℓ ) is equal to the Qℓ-dimension of the identity component of the ℓ-adic mono-
dromy group attached to A (resp. A′). Since an isogeny A→ A′ induces an isomorph-
ism between the identity components of the respective ℓ-adic monodromy groups, the
claim follows.

3.4 Kummer extensions

Let φ : A → A′ be a K-isogeny of degree D. Let M be the matrix associated with φ
introduced in Section 3.2. Let P ∈ A(K) \ A(K)tors be a fixed non-torsion point. By
equation (3) and the Galois-equivariance of φ, and using the notation (1), we have that

Gal

(
K

(
1

ℓ∞
P

)/
K

)
∼−→ Gal

(
K

(
1

ℓ∞
φ(P )

)/
K

)
 B t

0 1

 7→
 MBM−1 Mt

0 1

 .

Consider the ℓ-adic Kummer representations κA,ℓ∞ and κA′,ℓ∞ , with respect to the
points P and φ(P ) respectively. The previous formula implies

Im(κA′,ℓ∞) = φ(Im(κA,ℓ∞)). (4)

Lemma 3.9. For any prime ℓ and any positive integers n and N , we have

fℓn | [Tℓ(A) : Im(κℓ∞)]

fN | [T (A) : Im(κ∞)].

Proof. The considerations in [14, Remark 2.6] hold also in the case of abelian varieties.
The statement follows.

Lemma 3.10. Let φ : A → A′ be an isogeny of abelian varieties of degree D. Fix a
point P ∈ A(K) \ A(K)tors and suppose that the set ZP of multiples of P is Zariski-
dense in A. Consider the Kummer representations κA,ℓ∞ and κA′,ℓ∞ relative to (A,P )
and (A′, φ(P )) respectively. Then we have

#
Tℓ(A

′)

Im(κA′,ℓ∞)
= ℓvℓ(D) ·# Tℓ(A)

Im(κA,ℓ∞)
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and

#
Tℓ(A

′)

κA′,ℓ∞(Gal(K/Ktors))
= ℓvℓ(D) ·# Tℓ(A)

κA,ℓ∞(Gal(K/Ktors))
.

Proof. As in Section 3.2, let M be the matrix representing the injective linear morph-
ism φ : Tℓ(A) → Tℓ(A

′) induced by φ on the Tate modules. Recall from (4) that
φ(Im(κA,ℓ∞)) = Im(κA′,ℓ∞). Let µ (resp. µ′) be the Haar measure on Vℓ(A) (resp. Vℓ(A′)),
normalised so that µ(Tℓ(A)) = 1 (resp. µ′(Tℓ(A

′)) = 1). Pulling back µ′ along the in-
vertible linear map φ : Vℓ(A)→ Vℓ(A

′) we obtain a Haar measure on Vℓ(A), which is
therefore a multiple c µ of the Haar measure µ. To determine c, we use the change of
variables formula in ℓ-adic integration:

c = c

∫
Tℓ(A)

dµ =

∫
Tℓ(A)

φ∗(dµ′) =

∫
φ(Tℓ(A))

dµ′ = µ′(φ(Tℓ(A))).

Since Tℓ(A′) is the disjoint union of [Tℓ(A′) : φ(Tℓ(A))] translates of φ(Tℓ(A)), we
have

µ′(φ(Tℓ(A))) =
1

[Tℓ(A′) : φ(Tℓ(A))]
= ℓ−vℓ(det(M)) = ℓ−vℓ(D),

where the last two equalities follows from well-known facts in the theory of modules
over a PID (Smith normal form) and Lemma 3.4. The Kummer image Im(κA,ℓ∞) is
an open subgroup of Tℓ(A): see for example [6, Proposition 1], which implies the
openness of Im(κA,ℓ∞) by passing to the inverse limit (because ZP is Zariski-dense
in A). We can then compute, using again the change of variables formula in ℓ-adic
integration:

µ′(Im(κA′,ℓ∞)) =

∫
Im(κA′,ℓ∞ )

dµ′ =

∫
M(Im(κA,ℓ∞ ))

dµ′

=

∫
Im(κA,ℓ∞ )

M∗(dµ′) = c

∫
Im(κA,ℓ∞ )

dµ = ℓ−vℓ(D)µ(Im(κA,ℓ∞)).

This concludes the proof of the first claimed equality, as

#
TℓA

′

Im(κA′,ℓ∞)
=

1

µ′(Im(κA′,ℓ∞))
and #

TℓA

Im(κA,ℓ∞)
=

1

µ(Im(κA,ℓ∞))
.

The proof of the second equality in the statement follows, simply replacing ImκA′,ℓ∞

with κA′,ℓ∞(Gal(K/Ktors)) and ImκA,ℓ∞ with κA,ℓ∞(Gal(K/Ktors)). Note that the
torsion fields of A and A′ coincide.
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Corollary 3.11. With notation and assumptions as in Lemma 3.10, let N be any pos-
itive integer. We have

N2g

#Im(κA′,N)
| D ·# T (A)

Im(κA,∞)
.

Proof. By Lemma 3.9, the left-hand side divides [T (A′) : Im(κA′,∞)]. We have

T (A′)

Im(κA′,∞)
∼=

∏
ℓ Tℓ(A

′)∏
ℓ κA′,ℓ∞(Gal(K/Ktors))

∼=
∏
ℓ

Tℓ(A
′)

κA′,ℓ∞(Gal(K/Ktors))
.

By the second part of Lemma 3.10 we then obtain that the order of T (A′)
Im(κA′,∞)

is

∏
ℓ

#
Tℓ(A

′)

κA′,ℓ∞(Gal(K/Ktors))
=
∏
ℓ

ℓvℓ(D) Tℓ(A)

κA,ℓ∞(Gal(K/Ktors))
= D ·# T (A)

ImκA,∞
.

4 Injectivity of A(K)tors

Let A be an abelian variety defined over a number field K. Consider the EndK(A)-
module A(K)tors. We aim to understand when this module is injective. By [26, Re-
mark 5.2], if EndK(A) is a domain which is a maximal order inside EndK(A) ⊗ Q,
then A(K)tors is an injective EndK(A)-module. Up to isogeny, we can always assume
that EndK(A) is a maximal order in EndK(A)⊗Q (see [11, Lemma A.3]). Our goal
is then to drop the assumption that EndK(A) is a domain, or equivalently, that A is a
simple abelian variety over K.

Up to isogeny, we can write any abelian variety A over K as An1
1 × . . . × Anr

r for
some non-negative integers r, n1, . . . , nr, where each Ai is K-simple and Ai is not
K-isogenous to Aj for i ̸= j. We will consider separately powers of simple abelian
varieties and products of abelian varieties sharing no common factors.

Lemma 4.1. IfA(K)tors is an injective EndK(A)-module, thenAn(K)tors is an inject-
ive EndK(A

n)-module.

Proof. We have EndK(A
n) = Mn×n(EndK(A)). Since any ring R is Morita equi-

valent to Mn×n(R) (see for example [8, Theorem 17.20]), we have an equivalence
between the categories EndK(A)-Mod andMn×n(EndK(A))-Mod. In particular, the
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module A(K)tors in the category of EndK(A)-modules corresponds to An(K)tors =
(A(K)tors)

⊕n in the category ofMn×n(EndK(A)) modules through this equivalence,
from which the statement follows.

Lemma 4.2. Let A and B be abelian varieties defined over K with no common factor
and let C = A × B. Then C(K)tors is an injective EndK(C)-module if and only
if A(K)tors and B(K)tors are injective as modules over EndK(A) and EndK(B) re-
spectively.

Proof. We have C(K)tors = A(K)tors × B(K)tors and EndK(C) ∼= EndK(A) ×
EndK(B) as A and B have no common factor. We conclude because for two rings
R1 and R2 the product category R1-Mod × R2-Mod and the category (R1×R2)-Mod
are equivalent.

Theorem 4.3. Let A be an abelian variety defined over the field K = K(A[3]). There
exist an isogeny φ : A → A′ and an isogeny ψ : A′ → A such that A′(K)tors is an
injective EndK(A

′)-module. There exists an effective bound Ξ, depending only on A
and on K, for the degree of both φ and ψ.

Proof. Since K = K(A[3]), we know that EndK(A) = EndK(A) (see for instance
[3, Lemme 8]). By [21, Théorèmes 1.1 and 1.6] there exist K-isogenies φ : A →
A′ ∼= An1

1 × . . . × Anr
r and ψ : A′ → A, where the Ai are geometrically simple

abelian varieties defined over K that are pairwise not isogenous over K and such
that EndK(Ai) is a maximal order in EndK(Ai) ⊗ Q = EndK(Ai) ⊗ Q for each i.
By [26, Remark 5.2], Ai(K)tors is an injective EndK(Ai)-module, so we can conclude
by Lemmas 4.1 and 4.2. An effective bound Ξ for the degree of φ and ψ is given
in [5, Théorème 1.9(2)], see Remark 4.4 (notice that another non-effective but sharper
bound is given in [5, Théorème 1.4]).

Remark 4.4. Let A be an abelian variety of dimension g defined over a field K. The
explicit value of Ξ given in [5] is:

Ξ(A) =
(
(7g)8g

2

[K : Q] max(1, log[K : Q], hF (A))
)2g2

and it depends only on the dimension g of A, on the degree [K : Q] and on the Faltings
height hF (A).
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5 Torsion representations and homotheties for CM abelian
varieties

In this section we consider the cohomology groupH1(Im(τ∞), A(K)tors) for an abelian
variety A. We look for a positive integer n that is a multiple of the exponent of this
cohomology group. The best tool we have to find such an integer is Sah’s Lemma (see
for instance [1, Lemma A.2]), which states that, if an element z is in the center of a
group G, then (z − Id)H1(G,M) = 0 for any G-module M , where we identify z to
the endomorphism of H1(G,M) induced by it. To use Sah’s Lemma in our case, we
consider homotheties inside Im(τ∞).

Serre proved that for any abelian variety A there exists an integer c ⩾ 1 such that
the image of the torsion representation τ∞ contains all the homotheties inside (Ẑ×)c

(see [28, Théorème 3]), but this integer c is not effective.

The following result by Eckstein [3, Théorème 7] gives us an effective integer c in the
case of abelian varieties with complex multiplication, therefore allowing us to provide
an effective integer n to use in Theorem 1.1 (2) in this case.

Theorem 5.1 (Eckstein). Let A be an abelian variety over a number field K and with
complex multiplication over K. Then Im(τℓ∞) contains (Z×

ℓ )
c ⊆ GL2g(Zℓ), where

c = [K(A[3]) : Q] (which divides #Aut(A[3]) · [K : Q]).

Corollary 5.2. Let A be an abelian variety over a number field K. There exists a
positive integer n such that

n ·H1(Im(τ∞), A(K)tors) = 0.

If A has complex multiplication over K, then we can effectively bound the integer n in
terms of g = dimA and [K : Q].

Proof. Let c be a positive integer such that Im(τ∞) ⊇ (Ẑ×)c. In particular, by Theorem
5.1, we can choose c = [K(A[3]) : Q] if A has complex multiplication over K. We
define the element z = (zℓ)ℓ ∈ Ẑ as:

zℓ =

{
1 + 2v2(c)+2 if ℓ = 2

2c otherwise

We have zℓ ∈ (Z×
ℓ )

c for each ℓ, and therefore z ∈ Ẑ×c ⊆ Im(τ∞). Define

n := 2v2(c)+2(2c − 1) ∈ Z
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and notice that z − 1 = un for some unit u ∈ Ẑ×. By Sah’s Lemma, since z is a
homothety in Im(τ∞) and hence in the centre of Im(τ∞), we have that z − 1 kills
H1(Im(τ∞),M) for any Im(τ∞)-module M , and hence the statement follows.

6 The algebra generated by the image of the torsion
representation

In this section, we consider the subring of End(A(K)tors) generated by Im(τ∞). In or-
der to apply Theorem 1.1, we wish to find an integer m such that this subring contains
m · End(A(K)tors). Notice that in the case of (non-CM) elliptic curves an effective
value for such an integer m was found by bounding the so-called parameter of max-
imal growth µ (see [27, §6.2]), that is, an integer such that the image of τ∞ contains
all the elements of the form Id+µB where B ∈ End(A(K)tors) ∼=M2g×2g(Ẑ).
Let R = EndK(A). We first consider the ℓ-adic case and look for integers mℓ such
that the subring of EndR(Tℓ(A)) generated by Im(τℓ∞) contains mℓ · EndR(Tℓ(A)).
We rely on the following result by Gaudron and Rémond (see [5, Théorème 1.5(2) and
Théorème 1.9(5)]), which will also allow us to patch the various ℓ-adic results to an
adelic one.

Theorem 6.1 (Gaudron-Rémond). There exist an integer d and an explicit constant Ξ,
depending on the abelian variety A/K (see Remark 4.4), such that:∏

ℓ

disc(Zℓ[Im(τℓ)]) | d

and ∏
ℓ

disc(Zℓ[Im(τℓ)]) ⩽ Ξ2.

Lemma 6.2. Let ℓ be a prime and R = EndK(A). There exists a positive integer mℓ

such that the subring of EndR(TℓA) generated by Im(τℓ∞) contains mℓ · EndR(TℓA).
In particular one can take such an mℓ that satisfies m2

ℓ | disc(Zℓ[Im(τℓ∞)]).

Proof. Let VℓA = TℓA⊗Qℓ and consider EndIm(τℓ∞ )(VℓA), the endomorphisms of VℓA
that commute with the elements of Im(τℓ∞). By Faltings’s theorem (see [15, Chapter
IV, Theorem 2.5]) we have that EndIm(τℓ∞ )(VℓA) = R⊗Qℓ. Therefore, the centraliser
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CEnd(VℓA)(Qℓ[Im(τℓ∞)]) of Qℓ[Im(τℓ∞)] inside End(VℓA) isR⊗Qℓ. Trivially, the cent-
raliser of R ⊗Qℓ inside End(VℓA) is EndR⊗Qℓ

(VℓA), hence by the double centraliser
theorem (see for example [17, Chapter IV, Theorem 1.14]) we obtain EndR⊗Qℓ

(VℓA) =
Qℓ[Im(τℓ∞)]. This implies that rkZℓ

(EndR(TℓA)) = rkZℓ
(Zℓ[Im(τℓ∞)]), and hence

that the index [(EndR(TℓA)) : Zℓ[Im(τℓ∞)]] is finite. This proves the existence of mℓ,
which can be taken to be this index.

The second statement follows from the basic properties of discriminants, since we have

disc(Zℓ[Im(τℓ∞)]) = [(EndR(TℓA)) : Zℓ[Im(τℓ∞)]]2 · disc(EndR(TℓA)).

The next result can also be obtained directly from [5, Corollaire 13.8], but with a less
sharp bound.

Theorem 6.3. There exists a positive integerm such that the subring of End(A(K)tors)
generated by Im(τ∞) contains m · End(A(K)tors). We may take m such that m ⩽ Ξ,
where Ξ is as in Remark 4.4.

Proof. If we let mℓ be as in Lemma 6.2, by Theorem 6.1 we have mℓ = 1 for almost
all ℓ. We can therefore define the integer m =

∏
ℓmℓ, which is as requested because

m · EndR(TA) = m ·
∏
ℓ

EndR(TℓA) =
∏
ℓ

(mℓ · EndR(TℓA))

⊆
∏
ℓ

Zℓ[Im(τℓ∞)] = Ẑ[Im(τ∞)]

by Lemma 6.2. To justify the last equality, note that for all Ẑ-modules M one has
M = ẐM = (

∏
ℓ Zℓ)M =

∏
ℓ(ZℓM), and it follows from the definitions that

Zℓ
(
Ẑ[Im(τ∞)]

)
= Zℓ[Im(τℓ∞)].

The last assertion follows from Theorem 6.1.

7 An effective bound for the Kummer failure in the
CM case

We are now ready to prove Theorem 1.3:
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Theorem 7.1. With the notation and the assumptions of Theorem 1.3, there is an
abelian variety A′ over K such that A′(K)tors is an injective EndK(A

′)-module and
a K-isogeny φ : A′ → A such that deg(φ) can be effectively bounded (the bound
depending only on A and K). Moreover, we have

fN

∣∣∣ deg(φ) · (dnm)2g (5)

where d is the divisibility parameter of G ⊆ A(K) and n > 0 is the exponent of
H1(Im(τA′,∞), A′(K)tors) and m is the smallest positive integer such that the subring
of End(A′(K̄)tors) generated by Im(τA′,∞) contains m · End(A′(K̄)tors). The integer
d can be effectively computed and the integers n and m exist and can be effectively
bounded (where the bound depends only on A and K).

Proof. Since [K(A[3], 1
N
G) : K(A[lcm(3, N)])] divides [K( 1

N
G) : K(A[N ])], the

Kummer failure for A over K divides the Kummer failure for A over K(A[3]), and
their ratio is at most [K(A[3]) : K]. We will then assume, without loss of generality,
that K = K(A[3]). By Theorem 4.3 there exist A′ and φ as in the statement. By
Theorem 3.1 we have

fN

∣∣∣ deg(φ) ·# T (A′)

Im(κA′,∞)
. (6)

We can now apply Theorem 2.1 to the abelian variety A′. By Lemma 2.2, the divis-
ibility parameter d of G ⊆ A is effectively computable, and it is easy to check that
this is also the divisibility parameter of φ−1(G) ⊆ A′. By Corollary 5.2, n can be
effectively bounded. By Theorem 6.3 m exists and can be effectively bounded. By (6)
and Theorem 2.1 we can conclude that (5) holds.

By Theorem 4.3, degφ and m are both bounded by the same constant Ξ, which only
depends onA. Finally, the integer n determined in Corollary 5.2 depends on the primes
of K for which A′ has bad reduction. By [25, Corollary 2], these are precisely the
primes of bad reduction of A.

Corollary 7.2. We have

fN ⩽ Ξ(dn0Ξ)
2g and fN | Ξ′(dn0Ξ

′)2g

where n0 is an effective constant such that n0 ·H1(Im(τA′,∞), A′(K)tors) = 0 and Ξ is
as in Remark 4.4 and Ξ′ = eψ(Ξ) where ψ is the second Chebyshev function (namely,
Ξ′ is the least common multiple of all integers less then or equal to Ξ).

Proof. The integer n0 exists by Corollary 5.2 and we may easily conclude.
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Remark 7.3. In Theorem 7.1 we may remove the assumption that A has complex
multiplication over K, provided that we have an effective bound for n. Indeed, we
have not assumed complex multiplication to effectively bound degφ, d and m.

8 Analogues of Schinzel’s theorem on radical exten-
sions for division fields

Schinzel’s theorem on radical extensions [23, Theorem 2] (see also [10]) gives a char-
acterization of the abelian radical extensions of a field. For number fields, it states:

Theorem 8.1 (Schinzel). Let K be a number field and let n be a positive integer. For
an element a ∈ K, the Galois group of the splitting field of xn − a over K is abelian
if and only if there exists an element b ∈ K such that aw = bn, where w is the largest
divisor of n such that K contains the w-th roots of unity.

LetA be an abelian variety over a number fieldK. In this setting, the role of an element
a ∈ K in Schinzel’s theorem is played by a point P ∈ A(K), and similarly the Galois
group of the splitting field of xn − a over K corresponds to the Galois group of the
extension K( 1

n
P )/K. Moreover, the group of torsion elements of order n over K is

cyclic group µn of roots of unity in the setting of Schinzel’s theorem and the group
A[n] ∼= (Z/NZ)2g in our setting.

A first obstacle to the generalization of Schinzel’s theorem to abelian varieties comes
from the fact that any cyclotomic extension K(ζn)/K is abelian, but the torsion exten-
sion K(A[n])/K need not be, as its Galois group is a subgroup of GL2g(Z/nZ). Since
Gal(K(A[n])/K) is a quotient of Gal(K( 1

n
P )/K), the latter group can be abelian

only when the former is. This leads to the following question, which we answer in
Section 8.1:

Question 8.2. When is K(A[n])/K abelian for all values of n?

A second problem arises from the fact that the torsion subgroup A[n] is not cyclic, as
the cyclicity of µn plays a vital role in the proof of Schinzel’s theorem. On top of this,
if A(K)tors is not cyclic, there is no clear integer w′ dividing n which plays the same
role as w in the statement of Schinzel’s theorem. Two candidates for w′ are the largest
divisor of n such that A[w′] ⊆ A(K) and the integer w′ = gcd(exp(A(K)tors), n). We
investigate the following question for both choices of w′, and we show in Section 8.2
that the answer is negative in both cases:
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Question 8.3. Fix a positive integer n and assume K(A[n])/K is abelian. Is it true
that K( 1

n
P )/K is abelian if and only if there exists Q ∈ A(K) such that w′P = nQ?

Finally, we consider the following question, to which we can only give a partial answer
in Section 8.2:

Question 8.4. Fix a positive integer n and assume K( 1
n
P )/K is abelian. Can we

define a proper divisor v of n such that there exists Q ∈ A(K) with vP = nQ?

8.1 Abelian torsion extensions

The aim of this section is to answer Question 8.2 by proving Theorem 1.4. We show
that an abelian variety A is such that K(A[n]) is an abelian extension of K for every n
if and only if A is K-isogenous to a product of simple abelian varieties with CM over
K. Notice that thea similar result over K was already proven in [9, Lemma 8.2].

Proof of Theorem 1.4. The abelian variety A is K-isogenous to A′ := A1 × · · · × Ar
where each Ai is K-simple. We clearly have that K(A′[n]) = K(A1[n], . . . , Ar[n]).
By the argument in the proof of Lemma 3.6, there exist integers d, d′ ⩾ 1 such that
K(A′[n]) ⊆ K(A[nd]) and K(A[n]) ⊆ K(A′[nd′]) for all n ⩾ 1. If K(A[nd])/K is
an abelian extension, we obtain that K(A′[n])/K is abelian, and the same holds for
K(Ai[n])/K for all i. Similarly, if K(Ai[nd

′]) is abelian for all i, then K(A[n])/K is
abelian. Thus, it suffices to prove the statement in the case A is K-simple.

We first prove (i)⇒(ii). Let g be the dimension of A and fix a prime ℓ. By taking
the limit in n, since K(A[ℓn])/K is abelian, the image Gℓ∞ of τA,ℓ∞ is an abelian
subgroup of GL(Tℓ(A)) ∼= GL2g(Zℓ) ⊂ GL2g(Qℓ). A well-known theorem of Faltings
(see [15, Chapter IV, Theorem 2.5]) gives

EndGℓ∞ (Vℓ(A)) ∼= EndGℓ∞ (Q2g
ℓ ) ∼= EndK(A)⊗Z Qℓ. (7)

By assumption,A isK-simple, so EndK(A) is an integral domain. By [18, Proposition
3.6], to prove that A has CM over K we aim to show that EndK(A) ⊗ Q contains
a number field of degree 2g over Q (equivalently, it contains an étale Q-algebra of
degree 2g over Q). By integrality of the free Z-module EndK(A), it suffices to show
that EndK(A)⊗Z Q contains a commutative semisimple Q-subalgebra of rank 2g.

Let Gℓ∞ be the Zariski closure of Gℓ∞ . Since Gℓ∞ is abelian, the identity component
G0ℓ∞ is an abelian affine reductive (by Faltings’ results [4]) algebraic group, hence a
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torus. In particular, all of its irreducible representations over Qℓ, which is algebraically
closed of characteristic 0, are 1-dimensional. The same is true for Gℓ∞ itself since this
is a commutative group of multiplicative type [16, Theorem 12.30]. It follows that, as a
representation of Gℓ∞ , the Qℓ-vector space Tℓ ⊗Qℓ

∼= Qℓ
2g

decomposes as
⊕

W⊕mi
i ,

where each Wi is 1-dimensional,
∑

imi = 2g, and Wi,Wj are non-isomorphic for
i ̸= j.

Using (7) we obtain that EndK(A)⊗Z Qℓ is isomorphic to

EndGℓ∞ (Qℓ
2g
) ∼=

⊕
i

EndGℓ∞

(
W⊕mi
i

) ∼=⊕
i

Matmi×mi
(Qℓ), (8)

where the last equality follows from Schur’s lemma on irreducible representations.

Let D = EndK(A) ⊗ Q and let F be its center. Since A is K-simple, D is a central
simple algebra over F . Let e = [F : Q] and m2 = [D : F ]. As we are working
in characteristic zero, we have em2 | 2g (see [20, §21, Theorem 2]). Moreover, the
theory of central simple algebras shows that

D ⊗Q Qℓ
∼=
(
Matm×m(Qℓ)

)e
.

Comparing this with (8), we obtain that em =
∑

imi = 2g and hence, since em2 | 2g,
we must have m = 1. We conclude that EndK(A) ⊗ Q contains a field of degree 2g
over Q.

Now we prove (ii)⇒(i). It suffices to treat the case when n is the power of a prime
number ℓ, and clearly it suffices to show that the extension K(A[ℓ∞])/K is abelian,
or equivalently that Im(τℓ∞) is abelian. This is a well-known property of (simple) CM
abelian varieties, see for example [25, Corollary 2 to Theorem 5].

8.2 Abelian Kummer extensions

Fix a positive integer n. Let Ln = K(A[n]) and suppose Gal(Ln/K) is abelian. Let
L′
n = K( 1

n
P ) and Gn = Gal(L′

n/K). In general, as discussed in Section 1.2 and with
the same notation, an element σ ∈ Gn can be represented as a matrix:

Mσ =

 Bσ tσ

0 1

 ∈M(2g+1)×(2g+1)(Z/nZ).

It is easy to check that, in general, two elements σ, τ in Gn commute if and only if

(Bσ − Id)tτ = (Bτ − Id)tσ.
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We begin by answering Question 8.3 choosing first w′ as the largest divisor of n such
that A[w′] ⊆ A(K), and then w′ = gcd(exp(A(K)tors, n)).

Let w′ be the largest divisor of n such that A[w′] ⊆ A(K). If there exists a point
Q ∈ A(K) such that nQ = w′P , then Gn is abelian, since K( 1

n
P ) is the compositum

of the two fields K(A[n]) and K( 1
w′Q), which are both abelian extensions of K. To

see that the latter of these extensions is abelian, notice that, since A[w′] ⊆ A(K), the
extension K( 1

w′Q) is generated by the coordinates of any single point R ∈ A(K) with
w′R = Q.

However, the following example shows that the converse does not hold: if Gn is
abelian, there need not exist a point Q ∈ A(K) such that nQ = w′P .

Example 8.5. Consider the elliptic curve E : y2 = x3+1 over the fieldK = Q(
√
−3)

whose torsion subgroup is E(K)tors ∼= Z/2Z × Z/6Z. We have w′ = 2. Let P be a
torsion point of order 6 and let n = 3. The extension K(1

3
P )/K is abelian, but there

exists no point Q ∈ E(K) such that 3Q = 2P , as Q would need to be a K-rational
point of order 9.

Let w′ be the greatest common divisor of n and exp(A(K)tors). In this case neither
of the two implications in Schinzel’s theorem holds (see Examples 8.9 and 8.10), but
we have the following result if n = p is prime.

Lemma 8.6. Let p be a prime number and suppose that K(A[p])/K is an abelian
extension with group Hp. The exponent of A(K)tors annihilates H1(Hp, A[p]).

Proof. LetH ′
p be the maximal subgroup ofHp of order prime to p. SinceHp is abelian,

this is the direct product of the q-Sylow subgroups of Hp for q ̸= p. In particular,
the order of Hp/H

′
p is a power of p. Consider the inflation-restriction sequence with

respect to the normal subgroup H ′
p of Hp:

0→ H1(Hp/H
′
p, A[p]

H′
p)→ H1(Hp, A[p])→ H1(H ′

p, A[p])
Hp/H′

p .

Since (|H ′
p|, |A[p]|) = 1, the cohomology group H1(H ′

p, A[p]) is trivial. We now
distinguish two cases:

1. If p | #A(K)tors, the exponent of A(K)tors is a multiple of p, and therefore it
annihilates H1(Hp, A[p]), as it annihilates A[p].

2. If p ∤ #A(K)tors, then it suffices to prove that H1(Hp/H
′
p, A[p]

H′
p) is trivial.

More precisely, we show that A[p]H
′
p is trivial. If not, A[p]H

′
p would be a non-

zero vector space over Fp. It is well-known that a p-group acting on a non-trivial
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vector space over Fp has non-zero fixed points. Applying this fact to the p-Sylow
subgroup of Hp/H

′
p (which is the image in Hp/H

′
p of the p-Sylow subgroup of

Hp) yields that A[p]Hp = A(K)[p] is nontrivial, contradiction.

Corollary 8.7. Let p be a prime. If K(1
p
P )/K is abelian and A(K)[p] = {0}, then

we have P = pQ for some K-rational point Q.

Proof. Let Hp be the Galois group of the extension K(A[p])/K and let Gp be the
Galois group of K(1

p
P )/K. Consider the following inflation-restriction sequence:

0→ H1(Gp/Hp, A[p]
Hp)→ H1(Gp, A[p])→ H1(Hp, A[p])

Gp/Hp .

The cohomology group on the left is trivial, as A[p]Hp = A(K)[p] = {0}, making
the map on the right injective. The integer exp(A(K)tors) kills H1(Hp, A[p])

Gp/Hp by
Lemma 8.6, hence exp(A(K)tors) also annihilates H1(Gp, A[p]). Using the following
injective map coming from the exact sequence in [14, Lemma 4.3] when n = p:

A(K) ∩ pA(K(1
p
P ))

pA(K)
↪→ H1(Gp, A[p]),

we conclude that there exists a K-rational point Q such that P = pQ.

Remark 8.8. An analogue of Lemma 8.6 does not hold for composite integers. Indeed,
consider the subgroup H of GL2(Z/4Z) generated by the matrices(

−1 0
2 −1

)
,

(
1 2
2 1

)
.

One easily checks that the invariants of H acting on (Z/4Z)2 are given by (Z/2Z)2,
while H1 (H, (Z/4Z)2) has exponent 4. With MAGMA, we found the following ex-
ample, where H is the Galois group of K(E[4])/K for the elliptic curve E over
K, K(1

4
P )/K is abelian, but w′P is not 4 times a K-rational point, where w′ =

gcd(4, exp(E(K)tors).

Example 8.9. Consider the elliptic curve E : y2 = x3 +2x2− 8x and P = (4, 8) over
the fieldK = Q(i). One can check thatE(K)tors ∼= (Z/2Z)2 and thatK(1

4
P,E[4])/K

is abelian, with Galois group (Z/2Z)2×Z/4Z. We havew′ := gcd(4, expE(K)tors) =
2, but w′P = 4Q does not have solutions in E(K).

27



Example 8.10. Consider n = 2 and the abelian variety A = E1 × E2 over Q, where
E1 : y

2 + y = x3 − x has trivial torsion over Q and E2 : y
2 + xy = x3 − x has torsion

Z/2Z over Q. Notice that w′ := gcd(2, expA(Q)tors) = 2. Clearly, Q(E[2])/Q is not
abelian as Q(E1[2])/Q ∼= S3. For any point P ∈ A(Q), we have that w′P = nQ for
Q = P , but Q(1

2
P,A[2])/Q is not abelian.

We now address Question 8.4. Let Gn be abelian, and consider the injective homo-
morphism coming from the exact sequence in [14, Lemma 4.3]:

α :
A(K) ∩ nA(L′

n)

nA(K)
↪→ H1(Gn, A[n]) (9)

P 7→ (σ 7→ tσ) .

The group ring Z[Gn] acts on A(L′
n) by extending the Galois action, and therefore it

also acts onH1(Gn, A[n]). We callH the kernel of the action of Z[Gn] onH1(Gn, A[n]),
which – by Sah’s lemma (see [1, Lemma A.2]) and since Gn is abelian – contains the
elements (σ − 1) for σ ∈ Gn. If a =

∑
g ngg is an element of Z[Gn], we denote its

trace by ||a|| =
∑

g ng. We define v to be the positive integer such that the ideal vZ is
generated by the integers ||h|| for h ∈ H . Notice that n · 1 ∈ H , therefore v | n. The
following Proposition gives a partial answer to Question 8.4: even if v divides n, we
are not excluding that v may be n itself.

Proposition 8.11. If Gn is abelian and v is as above, then there exists Q ∈ A(K) such
that vP = nQ.

Proof. Since Gn is abelian, the map α in (9) is Z[Gn]-equivariant. Indeed, we have

α(σT )(ρ) = ρ(σt)− σt = σ(ρt)− σt = σ ((αT )(ρ))

for all σ, ρ ∈ Gn and for all T ∈ (A(K) ∩ nA(L′
n))/nA(K), with t such that nt = T .

Fix h ∈ H . We have
α(hP ) = hα(P ) = 0

by definition of H . Since P belongs to A(K), the Galois group Gn acts trivially on
it, and therefore hP = ||h||P . As α is injective, this implies that ||h||P ∈ nA(K),
concluding the proof.
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(Lille, 2001).

[2] D. Bertrand. Galois representations and transcendental numbers. In New ad-
vances in transcendence theory (Durham, 1986), pages 37–55. Cambridge Univ.
Press, Cambridge, 1988.

[3] Carola Eckstein. Homothéties, à chercher dans l’action de Galois sur des
points de torsion, volume 2005/7 of Prépublication de l’Institut de Recherche
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