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TDNNS | linear elasticity

Formulation and discrete function spaces

» work by Pechstein/Schoberl, e.g. [1]

> Hellinger-Reissner, mixed displacement/stress, optional hybridisation
» u € H(curl): vector-valued, tangential-continuous

» o € H(divdiv): symmetric tensor-valued, normal-normal continuous
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Formulation and discrete function spaces
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0= J 56 : (e() — e(w) dx + j 80,1, ds + j 80, lu,]1dS + J 80, ds
Q 20 ar o
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TDNNS

Formulation and discrete function spaces

» work by Pechstein/Schoberl, e.g. [1]

> Hellinger-Reissner, mixed displacement/stress, optional hybridisation
» u € H(curl): vector-valued, tangential-continuous

» o € H(divdiv): symmetric tensor-valued, normal-normal continuous

0= J 56 : (e() — e(w) dx + j 80,1, ds + j 80, lu,]1dS + J 80, ds

Q 20 ar o
_ Js(8u) Lo dx + JSu fdx+ j Su o, ds+ j [6u, ]o, dS + j Su,f, ds
Q Q 20 or 20N
Challenges

» H(divdiv) for tetrahedra (PS element)
» Dirichlet boundary conditions: u, = @, on 0QP and o,,, = £, on 0QP
3 i



TDNNS | solved challenges

Pechstein-Schoberl element

> realised as custom Basix element
» triangle, tetrahedron

> arbitrary order p >=0

> straightforward use

import basix
import hdivdiv # custom H(divdiv): HHJ and PS

cell_type = mesh.basix_cell()

Ue
Se

basix.ufl.element("N2E", cell_type, 2)
hdivdiv.create_custom_hdivdiv(cell_type, 2)

> desirable:
more complete access to Basix
C++ API

4 1]



TDNNS | solved challenges

Pechstein-Schoberl element  Codimension projection for BCs
> realised as custom Basix element » yser-defined projector P

> triangle, tetrahedron > 0= Ip((g,.) (P(1) = &) ds
> arbitrary order p >=0 » optional regularisation

> straightforward use +e [ 87 Tds

import basix import ufl

import hdivdiv # custom H(divdiv): HHJ and PS import dolfinx

from dolfiny.projection import project_codimension
cell_type = mesh.basix_cell()
n = ufl.FacetNormal(mesh)

Ue = basix.ufl.element("N2E", cell_type, 2)
Se = hdivdiv.create_custom_hdivdiv(cell_type, 2) def normalnormal(A):
return ufl.dot(ufl.dot(A, n), n)
. boundary_mts = ... # merged MeshTags
> desu"able: boundary_tag = # mesh tag
more comp|ete access to Basix Sf = dolfinx.fem.functionspace(mesh, Se)
Sn = dolfinx.fem.Function(Sf, name="Sn")
C++ API
t = ... # given boundary stress vector

expr = ufl.dot(t, n) # boundary normal stress

project_codimension(expr, Sn, normalnormal,
boundary_mts, boundary_tag)
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TDNNS | demo

» combination spanner
> fixed flats
> |at. traction at crown

-

N e

low-detail, reference = high-detail, reference

displacement-based e mixed disp/stress o TDNNS i
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Stress-only form | linear elasticity

Formulation and discrete function spaces

> recent work [2] on isotropic case

> symmetrised weak form of Beltrami-Michell equation, stresses only

> derived from equilibrium 0 = div(e) + f and compatibility 0 = inc(e(o))
> ¢ ¢ H': symmetric tensor-valued
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Stress-only form | linear elasticity

Formulation and discrete function spaces
> recent work [2] on isotropic case
> symmetrised weak form of Beltrami-Michell equation, stresses only
> derived from equilibrium 0 = div(e) + f and compatibility 0 = inc(e(o))
> ¢ ¢ H': symmetric tensor-valued
0 :HTV Jgrad(&o‘) : grad(o) — 8o : 2sym(grad(f)) dx
Q

m\'—‘

J div(8o) : grad(tr(o)) + grad(tr(do)) : div(e) dx
Q

1 +v?
E(1-v)

J- tr(do) div(f) dx — = J do : Tds
Q aQ



Stress-only form | linear elasticity

Formulation and discrete function spaces

> recent work [2] on isotropic case

> symmetrised weak form of Beltrami-Michell equation, stresses only

> derived from equilibrium 0 = div(e) + f and compatibility 0 = inc(e(o))
> ¢ ¢ H': symmetric tensor-valued

0 :HTV Jgrad(&o‘) : grad(o) — 8o : 2sym(grad(f)) dx
Q
% J div(8o) : grad(tr(o)) + grad(tr(do)) : div(e) dx
Q
_ El(:_”i) Itr(&r) div(f) dx — — J do : #ds
Q aQ
Challenges

> nothing, really. . uni



Stress-only form | demo

» cube domain
» manufactured solution

» D-only and D/N
boundary conditions
tested




Spectral form | hyperelasticity, isotropic

Formulation and discrete function spaces

» see work by Simo [3] and others

> express state in principal space — Ogden-type material, W(1)
Cu) = ¥ ¢ By with ¢ = [c;, ¢, 03] = A2

> displacement-based, u € H!
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Spectral form | hyperelasticity, isotropic

Formulation and discrete function spaces

» see work by Simo [3] and others

> express state in principal space — Ogden-type material, W(1)
Cu) = ¥ ¢ By with ¢ = [c;, ¢, 03] = A2

> displacement-based, u € H!

_ oW (A)

0=- J@/\(u) - p(A(w) dx + J(Su fda + J Su.-Eds ph) = 22

Q Q 00,
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Spectral form | hyperelasticity, isotropic

Formulation and discrete function spaces

» see work by Simo [3] and others

> express state in principal space — Ogden-type material, W(1)
Cu) = ¥ ¢ By with ¢ = [c;, ¢, 03] = A2

> displacement-based, u € H!

0=~ [orw pOA) dx+ [ Su-fdx+ [ ou-eds P = 5
Q Q 09,
Challenges

> (symbolic) spectral decomposition of 3x3 matrices in UFL
> automatic differentiation through eigenvalues (and eigenbases)
> reduced numerical accuracy in case of coalescing eigenvalues



Spectral form | solved challenges

Symbolic spectral decomposition of 3x3 matrices (over reals)

» based on our work in [4]

v

expressions for general matrices

> reduce rounding errors & catastrophic B
cancellation in matrix invariants

> eigenvalues: ¢, always ordered 4 4
naive expressions

> eigenprojectors: by differentiation E; = % ) :
» implementation in UFL
import ufl A,r"f
from dolfiny.invariants import eigenstate i
F = ufl.Identity(3) + ufl.grad(u) 3
C=F.T xF S

# eigenvalues and eigenprojectors of C
c, E = eigenstate(C)

# principal stretches a
A = ufl.as_vector(ufl.elem_op(ufl.sqrt, c))
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Spectral form | demo

> tube, upright
> fixed bottom face
> torque applied to upper face

neo-Hooke c Mooney-Rivlin

10 il




Summary and outlook
https://github.com/fenics—-dolfiny/dolfiny

pip 1lnstall dolfiny

Discussed topics available as demos

» demo/tdnns
» demo/beltrami
» demo/spectral

Related functionality provided with do1finy

» custom Basix element: HHJ/PS on triangles/tetrahedra
> projector-restricted expressions over codimension-1domains
» (sophisticated) spectral decomposition using UFL


https://github.com/fenics-dolfiny/dolfiny
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