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Chapter 1

Introduction

This thesis concerns nonparametric estimation methods for interacting particle systems and their
mean-field equations. In this introductory chapter, we first present the stochastic differential
equations we study in this framework and cite some probabilistic results, including existence
and uniqueness of solutions, as well as a phenomenon called propagation of chaos, which links
the particle systems to their associated mean-field limits. Afterwards, we present some of the
literature on statistical estimation of these models that has been developed over the recent
years. We finish the introduction by outlining the content of this thesis and presenting the main
results.

1.1 Interacting Particle Systems and McKean-Vlasov Equations

For N ∈ N, a N -interacting particle system X 1,N , . . . , X N ,N is given by solutions of the following
system of N d-dimensional stochastic differential equations (SDEs)

¨

dX i,N
t = b(t, X i,N

t ,µN
t )dt +σ(t, X i,N

t ,µN
t )dBi

t , t ≥ 0,

(X i
0)1≤i≤N ∼ µ⊗N

0 ,
(1.1)

where (Bi)1≤i≤N are independent d-dimensional Brownian motions, the initial random variables
(X i

0)i are independent of (Bi)i, and µ⊗N
0 denotes the N -fold product of a probability measure

µ0. Unlike classical SDEs, the drift b and diffusion σ depend on the empirical measure of the
trajectories, defined for each N ≥ 1 as

µN
t =

1
N

N
∑

i=1

δX i,N
t

.

In other words, the dynamics of the i-th particle are governed by all other particles, causing
the interaction. Assuming all particles have the same initial distribution, they also share the
same trajectory, thus making them exchangeable. These systems have first been studied in
[McK66] in the context of plasma physics, and have later prompted probabilistic investigations
and extensions such as in [Gär88; Szn91; Mél96; Ben+98; Mal03; CGM08; Kol10], to name
only a few references.

Let us present a well-posedness result given the standard assumption of Lipschitz continuity.
Let T > 0 and (P2(Rd), W2) denote the space of probability measures on Rd with finite second
moments, equipped with the Wasserstein-2 distance.

1
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Assumption 1. The initial distribution is given by µ0 ∈ P2(Rd). The drift b : [0, T]×Rd ×
P2(Rd)→ Rd and diffusion σ : [0, T]×Rd ×P2(Rd)→ Rd×d are Lipschitz continuous in the
sense that there exists a L > 0 such that for all x , y ∈ Rd and µ,ν ∈ P2(Rd),

|b(x ,µ)− b(y,ν)|+ |σ(x ,µ)−σ(y,ν)| ≤ L (|x − y|+W2(µ,ν)) .

By Itô’s existence and uniqueness result for SDEs with Lipschitz coefficients, the solution to this
SDE system is well-defined.

Theorem 1.1 ([Lac], Lemma 3.2). Under Assumption 1, the system of SDEs (1.1) admits a
unique strong solution for any N ∈ N.

Associated to these particles is a so-called mean-field equation, which is a d-dimensional SDE
given by

¨

dX t = b(t, X t ,µt)dt +σ(t, X t ,µt)dBt ,

Law(X t) = µt ,
(1.2)

where B is a d-dimensional Brownian motion. These equations are known in the literature as
McKean-Vlasov SDEs, distribution dependent SDEs (DDSDEs), or nonlinear SDEs in the sense
of McKean. The nonlinearity is given by the fact that, due to the distribution dependence in
the coefficients, solutions to these equations no longer satisfy the Markov property, and the
flow of measures (µt)t≥0 solves a nonlinear Fokker-Planck equation

∂tµt =
1
2
∇∇⊤

�

σσ⊤(·, ·,µt) µt

�

−∇ (b(·, ·,µt)µ) ,

where ∇ denotes the divergence operator with respect to the space variable x . These equations
have been studied from multiple angles, either from a probabilistic perspective as the mean-field
limit of the aforementioned particle systems, or as DDSDEs [HRW21; GHM22], or through
their associated PDE [CMV03; BGG13; BR18; BR20].

To specify the relationship between interacting particle systems and their mean-field limit, let
us introduce the phenomenon of propagation of chaos. Heuristically, as the name suggests,
this means that particles that start out chaotically, i.e. (X i

0)1≤i≤N ∼ µ⊗N
0 , will propagate this

chaos in time more as the number of particles grows. There are a number of ways to define
propagation of chaos, we refer to the exhaustive reviews [CD22a; CD22b] for further literature.

Definition 1.2 (Propagation of Chaos). Let X i,N
t be the solution of (1.1), and X i

t the solution of
¨

dX i
t = b(t, X i

t ,µt)dt +σ(t, X i
t ,µt)dBi

t ,

Law(X i
t) = µt ,

where the initial values (X i
0)i and the Brownian motions (Bi)i are the same as in (1.1). We say

that (pointwise) propagation of chaos holds if

lim
N→∞

sup
t∈[0,T]

E
�
�

�

�X i,N
t − X i

t

�

�

�

2�

= 0.

Propagation of chaos in particular implies the weak convergence µN
t → µt , pointwise in t.

More precisely, the random variable µN
t converges in law to the deterministic measure µt . By

coupling the trajectories of the particle system with i.i.d. copies of the mean-field equation,
one can show that the classical case of Lipschitz coefficients indeed exhibits propagation of
chaos. Existence and uniqueness of solutions to the mean-field equation can be proved using a
fixed point argument.
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Theorem 1.3 ([Lac], Theorem 3.3). Under Assumption 1, the mean-field equation (1.2) admits
a unique strong solution. Furthermore, propagation of chaos in the sense of Definition 1.2 holds
for the associated interacting particle system given by (1.1).

A special case of interacting particle systems, and one we will be focusing on in this thesis, is
given by time-homogeneous drifts of convolution type, meaning that there exist differentiable
potentials V, W : Rd → R such that

b(x ,µ) = V ′(x) +W ′ ∗µ(x),

where f ∗ g(x) =
´
Rd f (x − y)g(y)dy denotes the convolution. In this case, V and W are

called confinement (or friction) potential and interaction potential, respectively. The associated
Fokker-Planck equation is known in the literature as the granular media equation. These types
of equations have been extensively studied, some works already mentioned include [Ben+98;
CMV03; Mal03; CGM08; BGG13].

1.2 Results on Parametric Inference

The field of statistical inference of interacting particle systems and McKean-Vlasov equations
has only recently garnered attention. Originating as models in plasma physics and first studied
in [McK66], physical observations of the microscopic systems were not available, resulting in an
initial lack of interest in the development of statistical programmes. When these models found
more widespread applications in the recent decades, see for example [GH11; Bal+12; CFT12;
FS13; Cha+17; GSS20; Dje+22], the need for statistical inference became more apparent.
Since then, there have been many contributions made in a variety of directions. We highlight
some important works pertinent to this thesis in the present and following section.

We begin the exposition by outlining some works on parametric inference in interacting particle
systems. Let us first focus on the estimation in the asymptotic regime of N →∞. Consider a
system of N one-dimensional SDEs given by

¨

dX i,N
t = b(θ , t, X i,N

t ,µN
t )dt +σ(t, X i,N

t )dBi
t , t ∈ [0, T]

(X i
0)1≤i≤N ∼ µ⊗N

0 .
(1.3)

Here the parameter of interest is given by θ ∈ Θ ⊂ Rp. Using Girsanov’s theorem, the log-
likelihood of this system can be written explicitly, serving as a natural contrast function for the
estimation of θ , and motivating other contrast functions. Let

X (N) = (X 1,N , . . . , X N ,N )

be the canonical process on C N = C([0, T],RdN ), equipped with its Borel σ-algebra BN .
Denote by PN

θ
and PN

0 be the probability measures on (C N ,BN ) such that

X (N) solves (1.3) with respect to PN
θ ,

X (N) solves dX i,N
t = σ(t, X i,N )dBi

t with respect to PN
0 .

(1.4)

Then the Radon-Nikodym derivative of these two measures is given by

LN (θ ) := log

�

dPN
θ

dPN
0

�

�

X (N)
�

=
N
∑

i=1

 ˆ T

0

b(θ , t, X i,N
t ,µN

t )

σ(t, X i,N
t )

d X i,N
t −

1
2

ˆ T

0

�

b(θ , t, X i,N
t ,µN

t )

σ(t, X i,N
t )

�2

dt

!

.

(1.5)
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The maximum likelihood estimator (MLE) is defined as the maximiser of the above likelihood.

θ̂MLE
N = argmax

θ∈Θ
LN (θ ).

Furthermore, if θ 7→ LN (θ ) is sufficiently regular, the Fisher information matrix of the experi-
ment (C N ,BN , (PN

θ
)θ∈Θ) is defined as I(θ) = EPN

θ
[−Hθ LN (θ )], whereHθ LN is the Hessian

matrix of LN with the derivatives taken with respect to θ .

Our primary interest is the study of the MLE in the high-dimensional limit, that is as N →∞.
Note that this is different from the classical literature of estimation in SDEs, where the asymptotic
usually considered is T →∞. We begin this literature review by presenting the first work
covering high-dimensional parametric statistics for interacting particle systems, [Kas90], where
the MLE was studied in particle systems with a linear dependence on the parameters. In
[DH23], the MLE has been shown to exhibit the LAN property. The joint estimation of parameters
appearing both in the drift and diffusion functions has been investigated in [Amo+23]. Different
settings are discussed afterwards: [Sha+23; PZ22b; PZ22a] study the asymptotic behaviour of
estimators in particle systems in large time. The works [Wen+16; LQ22; GL21a; GL21b; GL23a;
GL23b] present estimation procedures based on observations of the mean-field equation of
particle systems.

1.2.1 Maximum Likelihood Estimation in the Case of Linear Dependence

[Kas90] was the first paper of its kind to analyse parametric estimation in interacting particle
systems by deriving and studying the maximum likelihood estimator. The author showed that
for an interacting particle system with a linear dependence on the parameter of interest θ ,
the MLE can be computed explicitly, given knowledge of the drift and diffusion functions.
Furthermore, the MLE is shown to be a consistent and asymptotically normal estimator as the
number of particles goes to infinity.

Consider continuous-time observations (X (N)t )t∈[0,T] on a fixed time horizon t ∈ [0, T] of the
N -particle system

¨

dX i,N
t =

∑p
k=1 θk bik(X

(N)
t )dt +σi(X

(N)
t )dBi

t ,

(X i,N
0 )1≤i≤N ∼ µ⊗N

0 .

The drift and diffusion functions bik,σi : RN → R are assumed to be known and be such
that the interacting particle system admits a unique strong solution. We present the case of
exchangeable particles, however the original result also holds under more general conditions.
Denote the true parameter as θ0 and the observed information as IN (θ0) = −Hθ LN (θ0). Since
the drift is linear in θ , the MLE can be computed as the solution of

IN (θ0)(θ̂
MLE
N − θ0) = M N

T ,

where (M N
t )t∈[0,T] is a local martingale. By Rebodello’s central limit theorem, the quadratic

variation of M N satisfies



M N
�

T → I(θ0) almost surely as N →∞, which is the main argument
needed to show consistency and asymptotic normality of the MLE in this context.

Theorem 1.4 ([Kas90], Theorem 1). θ̂MLE
N is a consistent estimator of θ0 and

p
N(θ̂MLE

N − θ0)
d
→N (0, I−1(θ0)).

This result can also be used to test for interaction given a particle system.
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1.2.2 The LAN Property

[DH23] studied the MLE for a multivariate interacting particle system with a parameter θ ∈
Θ ⊂ Rp in the drift as in (1.3) and proved that the MLE is locally asymptotically normal as
N →∞. The LAN property implies Hájek’s theorem, which is used to show minimax optimality
of the MLE under some conditions.

Consider the experiments EN generated by the canonical process X (N) and the measures PN
θ

defined as in (1.4):
EN =

�

C N ,BN , (PN
θ )θ∈Θ

�

.

Under some conditions, in particular on the regularity of the drift function b with respect to θ ,
the experiment EN is regular in the sense of Ibragimov and Has’minskii, implying that the Fisher
information matrix IEN (θ) is well-defined. Furthermore, the limit N−1 IEN (θ)→ IG (θ) exists
for any θ in the interior of Θ, see [DH22, Proposition 11]. Under an additional identifiability
assumption on the experiment, the information matrix is non-degenerate and the authors show
the LAN property, following the strategy of Ibragimov and Has’minskii [IH81].

Theorem 1.5 ([DH23], Theorem 14). For every θ in the interior of Θ, the sequence of experiments
(EN )N∈N is locally asymptotically normal at θ with information rate N IG (θ ). That is to say, for
any u ∈ Rp such that θ + (N IG (θ ))−1/2u ∈ Θ , it is

log

 

dPN
θ+(N IG (θ ))−1/2u

dPN
θ

!

= u⊤ξN
θ −

1
2
|u|2 + rN (θ , u),

where ξN
θ
→N (0p,1p×p) in distribution and rN (θ , u)→0 in probability, and both convergences

are with respect to PN
θ

.

Due to Hájek’s theorem [DH23, Corollary 18], the LAN property implies some strong results
for the MLE regarding its minimax optimality.

Theorem 1.6 ([DH23], Theorem 19). For any polynomial loss function, the MLE is exactly locally
asymptotically minimax optimal at any θ in the interior of Θ. Furthermore, on any open subset
Θ0 ⊂ Θ, the MLE is asymptotically minimax optimal.

1.2.3 Joint Estimation of Drift and Diffusion using Discrete Observations

The work [Amo+23] studies the joint estimation of parameters in the drift and diffusion function
given discrete observations of the interacting particle system. Unlike the previously presented
works, the diffusion is also allowed to depend on the empirical measure and contribute to the
interaction in this framework. The discretised observations make the likelihood-based approach
unfeasible, asking instead for a pseudo-likelihood based approach. The resulting estimator is
shown to be consistent and asymptotically normal as the number of particles goes to infinity
and the discretisation step goes to zero.

Consider R-valued particles on t ∈ [0, T] given by
¨

dX i,N
t = b(θ1, X i,N

t ,µN
t )dt +σ(θ2, X i,N

t ,µN
t )dBi

t ,

(X i,N
0 )1≤i≤N ∼ µ⊗N

0 .

The vector of parameters is given by θ = (θ1,θ2) ∈ Θ ⊂ Rp1+p2 . The observations (X (N)tn
j
)1≤ j≤n

are assumed to be given by equidistant time steps tn
j = j∆n with discretisation step ∆n =

T
n ,

and the asymptotic studied is N →∞ and ∆n→ 0. The estimator is defined as the minimiser
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θ̂N
n = argminθ∈Θ SN

n (θ ) of a contrast function that is motivated by the Gaussian quasi-likelihood
function:

SN
n (θ ) =

N
∑

i=1

n
∑

j=1

�

X i,N
tn

j
− X i,N

tn
j−1
−∆n b

�

θ1, X i,N
tn

j−1
,µN

tn
j−1

��2

∆nσ

�

θ2, X i,N
tn

j−1
,µN

tn
j−1

�2 + log

�

σ

�

θ2, X i,N
tn

j−1
,µN

tn
j−1

�2
�

.

Under some assumptions on the regularity of b and σ, the estimator is shown to be consistent
in probability as n, N →∞, see [Amo+23, Theorem 3.1]. Furthermore, assuming the diffusion
coefficient depends linearly on the measure argument via some integration kernel, the authors
also prove asymptotic normality of their estimator, provided the limiting covariance matrix is
non-degenerate.

Theorem 1.7 ([Amo+23], Theorem 3.2). Let N and ∆n be such that N∆n→ 0 as n, N →∞.
Then

 p
N
�

θ̂N
n,1 − θ0,1

�

Ç

N
∆n

�

θ̂N
n,2 − θ0,2

�

!

d
→N (0,2Σ(θ0)

−1),

where Σ(θ0) = diag(Σ1(θ0),Σ2(θ0)) is an invertible block diagonal matrix with entries Σi(θ0) ∈
Rpi×pi .

The main tool used to show asymptotic normality is based on studying the derivatives of the
contrast functional ∇θSN

n using a central limit theorem for martingale difference triangular
arrays. Define the block diagonal matrix M N

n = diag(N−1/21p1×p1
, (∆n/N)1/21p2×p2

). Using
the Taylor expansion, one can show that

IN
n (M

N
n )
−1(θ̂N

n − θ0) = −M N
n ∇θSN

n (θ0),

where IN
n is a Rp×p-valued random variable that converges to Σ(θ0) in probability as N , n→∞.

On the other hand, using the aforementioned CLT, it is

M N
n ∇θSN

n (θ0)
d
→N (0,2Σ(θ0)),

which yields the claimed asymptotic normality of the MLE.

1.2.4 Large Time and Small Variance Statistics

In [GL21a; GL21b], the authors study the following one-dimensional McKean-Vlasov equation
¨

dX t = [V (α, X t)−ϕ(β , ·) ∗µt(X t)]dt + ϵdBt ,

X0 = x0 ∈ R, Law(X t) = µt .
(1.6)

The parameter of interest is given by θ = (α,β) ∈ Θα ×Θβ ⊂ R2. In their first work, [GL21b],
the authors showed that in the small noise limit ϵ → 0, given continuous observations on
a fixed time interval (X t)t∈[0,T], only the parameter α can be estimated, whereas β cannot.
Consequently, the authors next studied the joint estimation of the parameters θ in the asymptotic
regime of T →∞, ϵ → 0, given a path (X t)t≥0 as an observation. We present some of the
results from this second work, [GL21a].

As a contrast function, the authors consider an approximation of the log-likelihood, using a
self-stabilisation property of the SDE. Under some conditions, it is

lim
ϵ→0

b(θ , t,ϵ, x) = ϕ(β , x − x t(α)),
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where b(θ , t,ϵ, x) = ϕ(β , ·) ∗µt(x) and x t(α) solves an ODE of the form
¨

d
dt x t(α) = V (α, x t(α)),
x0(α) = x0.

Therefore, substituting the true drift with H(θ , t, x) = V (α, x) − ϕ(β , x − x t(α)) gives an
approximate likelihood function which can be minimised.

(α̂ϵ,T , β̂ϵ,T ) = argmax
(α,β)∈Θ

1
ϵ

ˆ T

0
H(θ , t, X t)dX t −

1
2ϵ2

ˆ T

0
H(θ , t, X t)

2dt.

The asymptotics of these estimators depend on the behaviour of the root of V , which is assumed
to be unique. For every α ∈ Θα, define x∗(α) as the (unique) solution of V (α, x∗(α)) = 0. The
rates of convergence vary depending on whether said root x∗(α) is constant with respect to α.
Either case results in asymptotic normality, but with different convergence rates and covariance
matrices.

Theorem 1.8 ([GL21a], Theorem 3.3). Let ϵ→ 0 and T →∞ in such a way that ϵ
p

T → 0.
Then the following convergences hold with respect to Pθ0

.

1. If x∗(α) is not constant with respect to α, then for every θ0 ∈ Θ there exists a diagonal
matrix I (1) (θ0) such that

�

ϵ−1pT
�

α̂ϵ,T −α0

�

p
T
�

β̂ϵ,T − β0

�

�

d
→N

�

0, I (1) (θ0)
−1� .

2. If x∗(α) = x∗ for all α ∈ Θα, then for every θ0 ∈ Θ there exists a diagonal matrix I (2) (θ0)
such that

�

ϵ−1
�

α̂ϵ,T −α0

�

p
T
�

β̂ϵ,T − β0

�

�

d
→N

�

0, I (2) (θ0)
−1� .

From this theorem, we indeed see that the joint asymptotics ϵ−1, T → ∞ are needed to
obtain asymptotic statements for the joint estimation. The estimators are also shown to be
asymptotically efficient [GL21a, Section 3.6], meaning that no information was lost when
considering this approximation of the likelihood function.

1.2.5 Further Works

The presented literature on parametric estimation in interacting particle systems is certainly
not exhaustive, and so we mention a few other works related to this field.

Maximum likelihood estimation in the mean-field setting is studied in [Wen+16]. Given an
observation of the McKean-Vlasov equation, it is shown that the MLE is consistent in probability
as T → ∞. Furthermore, the experiments associated to the likelihood of the mean-field
equation are shown to be locally asymptotically mixed normal. This study has later been
generalised to a path-dependent setting by [LQ22], where almost sure consistency of the MLE
was proved.

[Che21] study the MLE for so-called linear elasticity interacting particle systems where the
interaction potential is quadratic, meaning the drift is given by a linear transformation of the
particles. Given continuous observations of the system, the MLE is shown to be consistent and
optimal in the joint limit of N , T →∞.
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A method of moments estimator is studied in [PZ22a] based on observing the path of a single
particle in an interacting particle system. The drift and diffusion are assumed to be polynomials
and to depend linearly on the unknown parameters. The estimator is given as the solution
of a certain inverse problem that is constructed using approximations of the moments of the
invariant measure and the quadratic variation of the observed path. Consistency in L1(R) as
N , T →∞ is shown.

In [PZ22b], an eigenfunction martingale estimator is presented that relies on discrete observa-
tions of a single particle in an interacting particle system. Their method assumes the existence
of an ergodic measure, which is granted under some convexity assumptions on the confinement
and interaction potentials. The estimator is designed to approximate the eigenfunctions of
a linear operator, where the latter is obtained by linearising the generator of the mean-field
equation using the aforementioned invariant measure. This procedure is shown to result in
an estimator that is consistent in probability and asymptotically normal in the joint limit of
N →∞ and discretisation step ∆n→ 0. Convergence rates are given with high probability.

[Sha+23] study online estimation methods for both interacting particle systems as well as their
mean-field limits. The maximiser of an approximate log-likelihood, which is updated using a
stochastic gradient descent scheme, is shown to be consistent as N , T →∞, and as T →∞.

Two more recent studies treating parameter estimation in McKean-Vlasov models in large time
have been undertaken by the same authors in [GL23a; GL23b]. When considering observations
solving the McKean-Vlasov equation, the true likelihood is a theoretical quantity due to the
distribution dependence in the drift. Therefore, the authors use two-step approaches to construct
pseudo-likelihood functions: The observations are assumed to be on a interval [0, 2T ], whereby
the path on [0, T] is used to approximate the unknown distribution, and the likelihood is
computed with respect to the remaining path on [T, 2T ] using said approximation. In addition
to their constructed estimators, the authors also study the true likelihood function in their
frameworks. In the first work, [GL23a], the parametric inference of the polynomial interaction
functions is studied and the invariant distribution is approximated using moment estimators. In
their second and more general work, [GL23b], both the confinement and interaction functions
are allowed depend on the unknown parameters, and the invariant measure is approximated
by a kernel estimator of bandwidth T . In both works, the resulting estimators are shown to be
consistent and asymptotically normal.

1.3 Results on Nonparametric Inference

Results on nonparametric methods are noticeably fewer and more recent than their parametric
counterparts. One of the first works, [Bis11], extended a linear case studied in [Kas90] to
consider parameters with a dependence in time. In [DH22], kernel estimators for the empirical
measure and the drift function are considered, alongside an estimator for the interaction
function, if the measure-dependence of the drift is of convolution type. A semiparametric setup
was considered in [BPP23], which served as motivation for the second work presented in this
thesis. A projection estimator is considered in [CG23], sharing similarities the first work of this
thesis, albeit in a less general setting.



1.3. RESULTS ON NONPARAMETRIC INFERENCE 9

1.3.1 Sieve Estimator and an Approximate MLE

[Bis11] generalised the setting in [Kas90] to a nonparametric one by considering

¨

dX i,N
t =

∑d
k=1 θk(t)bik(X

(N)
t )dt +σi(X

(N)
t )dBi

t ,

X i,N
0 = x i ∈ R,

where the parameters θ ∈ L2([0, T],Rd) now depend on time. In that case, the log-likelihood
LN : L2([0, T],Rd) → R is still explicit and coincides with the likelihood in the parametric
case given by (1.5). The authors use sieves to obtain an estimator for θ . Furthermore, in the
parametric setup, an approximate likelihood estimator, defined by minimising a time-discretised
version of the likelihood, is considered. We choose to skip the discussion of the latter and focus
on the nonparametric problem. For the sieve estimator, let VN , N ∈ N be increasing subspaces
of L2([0, T],Rd) with dim(VN ) = dN and such that

⋃

N∈N VN ⊂ L2([0, T],Rd) is dense. Then
the sieve estimator θ̂ s

N is defined by

θ̂ s
N = argmax

f ∈VN

LN ( f ).

Using similar methods as for the sieve estimator in a setting without interaction, the estimator
is shown to be consistent. Furthermore, its coefficients with respect to a given orthonormal
basis are asymptotically normal.

Theorem 1.9 ([Bis11], Theorems 3.1 and 3.2). The sieve estimator satisfies the following
statements.

1. Let (dN )N∈N be such that dN →∞ and
d2

N
N → 0 as N →∞. Then





θ̂ s
N − θ0







2
L2 → 0,

where the convergence is in probability.

2. Let θ̂ s
N ,k, θ0,k denote the coefficients of θ̂ s

N ,θ0 with respect to an orthonormal basis of L2(Rd).

Let (dN )N∈N be such that dN →∞ and
d3

N
N → 0 as N →∞. Then, for any k ∈ N,

p
N
�

θ̂ s
N ,k − θ0,k

� d
→N (0, I−1(θ0)).

1.3.2 Kernel Estimators and Minimax Optimal Oracle Inequalities

In [DH22], the authors construct kernel estimators for the empirical measure and the drift
function where the kernel bandwidth is chosen via the Goldenshluger-Lepski method. The
associated oracle inequalities are derived and are shown to be minimax optimal in anisotropic
Hölder classes, save for a logarithmic factor. Additionally, in the setting of interaction through
convolution, the authors present a consistent estimator for the interaction function.

Consider a d-dimensional interacting particle system as in (1.1) with a non-interactive diffusion
σ that is Lipschitz in space and an initial distribution exhibiting exponential moments. For the
drift b, the authors consider several cases, in particular the one where the interaction is given
by some integral kernel b(t, x ,µ) =

´
Rd b̃(t, x , y)dµ(y), also called the Vlasov case.
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Kernel Estimators for Empirical Measure and Drift

Let K : Rd → R be a kernel of order l ∈ N and write Kh = h−d K( ·h) for any bandwidth h > 0.
We define a pointwise kernel estimator of µt0

(x0) for any t0 ∈ [0, T] and x ∈ Rd by

µ̂N
h (t0, x0) = Kh ∗µN

t0
(x0).

The data-driven Goldenshluger-Lepski estimator is given by µ̂N
GL(t0, x0) = µ̂N

ĥ
(t0, x0), where ĥ

is selected using the Goldenshluger-Lepski algorithm.

Let us next construct an estimator for b. The idea is to define a kernel estimator π̂N
h for

π(t, x) = b(t, x ,µt)µt(x) and then define a quotient estimator using π̂N
h and µ̂N

h . Consider the
measure πN on [0, T]×Rd defined by

ˆ
[0,T]×Rd

f (t, x)dπN (t, x) =
1
N

N
∑

i=1

ˆ T

0
f (t, X i,N

t )dX i,N
t .

Let H : [0, T]→ R be another kernel of order l. For h= (h1, h2) ∈ R+ ×R+, define Kh(t, x) =
Hh1
(t)Kh2

(x) with the kernel function K as above. We obtain a kernel estimator for π by taking
the space-time convolution of πN with the tensorised kernel function K:

π̂N
h (t0, x0) = Kh ∗πN (t0, x0).

Finally, we arrive at an estimator for b by taking the quotient of the two estimators and adding
a threshold parameter ω> 0 to prevent a blow up.

b̂N
h,h,ω(t0, x0) =

π̂N
h (t0, x0)

µ̂N
h (t0, x0)∨ω

.

The Goldenshluger-Lepski estimator b̂N
GL(t0, x0) can be defined using ĥ as above, and another

estimator ĥ, which is also selected using the Goldenshluger-Lepski algorithm. It is shown that
the risks of µ̂N

h (t0, x0) and b̂N
h,h,ω(t0, x0) can be naturally decomposed into a bias and variance

term. Furthermore, following the Goldenshluger-Lepski method, µ̂N
GL(t0, x0) and b̂N

GL(t0, x0)
are shown achieve the optimal bias-variance trade-off in terms of bandwidth selection, see
[DH22, Theorem 7 and Theorem 9].

Optimality in Anisotropic Hölder Classes

Let P be the family of admissible triplets (b,σ,µ0) satisfying some assumptions regarding
existence and uniqueness of solutions, in particular that (t, x) 7→ µt(x) is the weak solution of
the nonlinear Fokker-Planck equation

¨

∂tµ=
1
2

∑d
j,k=1 ∂

2
jkσσ

⊤µ−∇ (bµ) .
µ(t = 0) = µ0.

(1.7)

Denote S : P → L1(Rd), (b,σ,µ0) 7→ (µt)t∈[0,T] as the solution map of (1.7). Consider the
anisotropic Hölder class H α,β with α-Hölder regularity in time and β-Hölder regularity in
space. For the exact definition, we refer to [DH22, Definition 11]. The function class with
respect to which optimality of µ̂N

GL(t0, x0) is proved is given by

S α,β
L =

�

(b, c,µ0) ∈ P : ∥S(b, c,µ0)∥H α,β ≤ L
	

.

In this function class, the convergence rate of the Goldenshluger-Lepski estimator is shown to
be optimal up to a logarithmic factor, provided the estimation kernel is chosen to be of higher
order than the space-Hölder regularity of µ.
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Theorem 1.10 ([DH22], Theorem 14). Let α,β , L > 0. For any (t0, x0) ∈ (0, T )×Rd it is

sup
(b,c,µ0)∈S

α,β
L

E
�
�

�µ̂N
GL(t0, x0)−µt0

(x0)
�

�

2�
1
2 ≲

�

log(N)
N

�

β∧l
2β∧l+d

.

Moreover,

inf
µ̂N

sup
(b,c,µ0)∈S

α,β
L

E
�
�

�µ̂N −µt0
(x0)

�

�

2�
1
2 ≳ N−

β
2β+d ,

where the infimum is taken over all estimators constructed using µN
t0

.

The lower bound of the estimation problem is computed using a two-point lower bound
argument with LeCam’s lemma, whereas the upper bound follows from classical arguments in
the Goldenshluger-Lepski methodology. A similar result also holds for the drift estimator b̂N

GL,
see [DH22, Theorem 15]. There the rate also depends on the regularity in time α.

Consistency of an Interaction Estimator

The introduced kernel estimators can also be employed for the estimation of the interaction
function ϕ in the case of a time-homogeneous drift given by b(x ,µ) = G(x)+ϕ∗µ(x), whereby
the function G is regarded as a nuisance parameter. In order to express ϕ in terms of only
(µN

t )t∈[0,T] and b, the authors introduce an integral operator which removes the dependence
of b on G. For a family of measures (µt)t∈[0,T], the operator L : L1([0, T],C)→ R is defined
in such a way that, for any x ∈ Rd ,

L b(x ,µ·) = ϕ ∗Lµ·(x).

On the left hand side, L acts on the function t 7→ b(x ,µt) for a fixed x ∈ Rd . Using the Fourier
transform to invert the convolution, we have the relation

F (ϕ) =
F
�

L b(·,µ·)
�

F
�

Lµ·
� .

An estimator ϕ̂N is then obtained by replacing b and µ· with their respective estimators and
adding truncations to ensure the estimator is well-defined. For details, we refer to [DH22,
Section 5]. The resulting estimator is shown to be consistent with respect to the L2(Rd)-norm
in [DH22, Theorem 17]. The statement is purely qualitative; in order to derive a convergence
rate additional assumptions on the distributions (µt)t∈[0,T] would be necessary.

1.3.3 Adaptive Projection Estimators

[CG23] extended the study of [Bis11] by studying nonparametric estimation of the functions
α,β ∈ L2([0, T],R) in the following one-dimensional interacting particle system.

¨

dX i,N
t =

�

α(t)X i,N
t + β(t)(X i,N

t − X̄ (N)t )
�

dt + dBi
t ,

(X i,N
0 )1≤i≤N ∼ µ⊗N

0 .

This model was first studied in [Kas90] as an example in the case of constant coefficients, and in
[Bis11] the joint estimation of (α,β) ∈ L2([0, T],R2) was considered. In [CG23], the problem
of separately estimating α and β is studied, given continuous observations (X (N)t )t∈[0,T] and
letting N →∞. The dependence of the log-likelihood on the parameters can be decoupled,
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motivating two contrast functionals for the estimation of α and γ := α−β which are minimised
separately using projection estimators. We note that this methodology is very similar to the first
work of this thesis, the main difference being that some computations can be done explicitly
due to the dependence on the functions α and γ. Denoting the processes of the empirical mean
and empirical variance as X̄ (N) and V (N) respectively, the authors consider the functionals

UN ,1( f ) =
ˆ T

0
f (t)2 X̄ (N)t dt − 2

ˆ T

0
f (t) X̄ (N)t dX̄ (N)t

UN ,2( f ) =
ˆ T

0
f (t)2 V (N)t dt −

2
N

ˆ T

0
f (t)

N
∑

i=1

(X i,N
t − X̄ (N)t )dX i,N

t .

These two terms indeed decompose the log-likelihood into two parts which only depend on α
and γ respectively, since it is

UN ,1(α) + UN ,2(γ) = LN ((α,γ)).

for any α,γ ∈ L2([0, T ],R). This decoupling of the likelihood allows for separate estimation of
α and γ. Let (S1,m)m∈N and (S2,p)p∈N be two sequences of increasing subspaces of L2([0, T ],R).
The projection estimators α̂m and γ̂p are then defined as

α̂m = argmin
f ∈S1,m

UN ,1( f ) and γ̂p = argmin
f ∈S2,p

UN ,2( f ).

We will next outline the procedure and results for α̂m and note that the study of γ̂p is treated
in a similar way. Computing the estimator is the same as solving a certain inverse problem:
Let (em)m∈N be an orthonormal basis of L2([0, T],R) and S1,m = span(e1, . . . , em). Then α̂m =
∑m

j=1 cα, je j , and the coefficients are given by cα, j =
�

Ψ̂−1
m Ẑm

�

j , where

(Ψ̂m) j,k =
ˆ T

0
e j(t)ek(t)

�

X̄ (N)t

�2
dt, (Ẑm) j =

ˆ T

0
e j(t)X̄

(N)
t dX̄ (N)t .

The study of α̂m revolves around the behaviour of the matrix Ψ̂m, as well as a deterministic
counterpart Ψm ≈ E

�

Ψ̂m

�

. As is standard for these kinds of projection estimators (see [CG19;
CG20]), the spectral norms





Ψ̂−1
m







op and




Ψ−1
m







op are increasing as m→∞, such that there
needs to be some restriction on the choices of m in order to guarantee the stability of the
estimation procedure, namely, for some c > 0,

Lm(




Ψ−1
m







op ∨ 1)≤
cN

2 log N
, Lm :=

m
∑

j=1





e j







2
∞ . (1.8)

Similarly, the estimator needs to be restricted to the event Λm =
¦

Lm(




Ψ̂−1
m







op ∨ 1)≤ cN
log N

©

,
meaning that we consider the truncation α̃m = α̂m1Λm

. To study the risk of α̃m, there are two
norms which arise naturally which involve the empirical mean. For this, the authors first show
in [CG23, Proposition 1] that X̄ (N) solves a SDE with a diffusion term that vanishes as N → ∞.
As such, there exists a deterministic processes (x t)t∈[0,T] that is the mean-field limit of X̄ (N),
that is

lim
N→∞

sup
t∈[0,T]

�

�

�X̄ (N)t − x t

�

�

�= 0 a.s. (1.9)

Thus, the natural norms in which to measure the risk of α̂m are given by an empirical norm
∥·∥X̄ (N) and its deterministic counterpart ∥·∥x , defined as

∥ f ∥X̄ (N) =
ˆ T

0
f (t)2

�

X̄ (N)t

�2
dt, ∥ f ∥x =

ˆ T

0
f (t)2 x2

t dt.
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The probability that these norms are equivalent on L2([0, T],R) approaches 1 with arbitrary
polynomial speed as N →∞, see [CG23, Proposition 3]. Following the same ideas, the risk of
γ̂p can be naturally measured with respect to two norms that depend on the empirical variance
and its mean-field limit in the same sense as in (1.9). Similarly to X̄ (N), the empirical variance
is the solution of a SDE that only depends on γ and vanishing noise.

The risk of the projection estimator with respect to the two introduced norms is as follows.

Theorem 1.11 ([CG23], Proposition 8). Suppose m is such that (1.8) is satisfied. Then it is

E
�

∥α̃m −α∥
2
X̄ (N)

�

≤
�

1+
C
N

��

inf
f ∈Sm

∥ f −α∥2x + 2
m
N

�

+
1
N

,

as well as

E
�

∥α̃m −α∥
2
x

�

≤
�

1+
C
N

��

inf
f ∈Sm

∥ f −α∥2x + 2
m
N

�

+
1
N

,

where C depends on T, α, and the first two moments of X i
0.

This statement is proved by splitting the risk into events on which the estimator is well-behaved
and where it is not, the probability of the latter can be handled using concentration inequalities
for random matrices involving Ψ̂m. To illustrate the result, the authors note that this convergence
rate results in an optimal estimator with respect to the Sobolov-Laguerre basis.

An adaptive estimation method is given by using a data-driven choice of m, where the added
penalty reflects the bias-variance trade off of the risk. Define

M̂N =
§

m≤ N : Lm(




Ψ̂−1
m







op ∨ 1)≤
cN

log N

ª

, m̂= argmin
m∈M̂N

UN ,1(αm) + κ1
m
N

.

We recall that M̂N is the set of projections dimensions such that the growth condition Λm holds.
As a result, the estimator minimises the risk inMN , which is the set of m ≤ N such that the
empirical counterpart of Λm (as stated in (1.8)) holds.

Theorem 1.12 ([CG23], Theorem 1). There exists a numerical constant κ0 such that for any
κ1 ≥ κ0,

E
�

∥α̂m̂ −α∥
2
X̄ (N)

�

≲ inf
m∈MN

�

1+
C
N

��

inf
f ∈Sm

∥ f −α∥2x +κ1
m
N

�

+
1
N

,

where C is the same constant as in [CG23, Proposition 8].

1.3.4 Semiparametric Estimation in the Ergodic Case

In [BPP23], a semiparametric estimation procedure in the joint asymptotics of N , T →∞ has
been studied. The system is given by one-dimensional particles

¨

dX i,N
t = ϕ ∗µN

t (X
i,N
t )dt + dBi

t ,

(X i,N
0 )1≤i≤N ∼ µ⊗N

0 .

Following [CGM08], the interaction function is assumed to be locally Lipschitz with polynomial
growth, and it is the derivative of an interaction potential W : R→ R that is strictly convex with
convexity constant λ > 0. This ensures well-posedness of the system as well as the existence
and uniqueness of an invariant measure π, and a propagation of chaos statement that is uniform
in time. For the statistical estimation, the interaction potential is assumed to be of the form

W (x) =
J
∑

j=1

a j x
2 j + β(x),
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where a j ≥ 0 are the parameters and β the unknown function to be estimated. The authors
also allow the potential to include trigonometric contributions, however we omit these terms
here as they do not affect the estimation procedure. A key observation [BPP23, Lemma 3.1] is
that the convolution of the polynomial part of W with π preserves the polynomial structure: it
is (
∑J

j=1 a j(·)2 j) ∗π(x) =
∑J

j=1α j x
2 j, where the parameters α= (α j) j are obtained through

a linear transformation of (a j) j. Therefore, the authors construct an estimator for α that is
motivated by the quantities

l(x) =
π′(x)
π(x)

and l(x ,α) = −
J
∑

j=1

2 jα j x
2 j−1.

An empirical version of the log-density l is given by lN ,T =
π′N ,T
πN ,T

1{πN ,T>δ}, where πN ,T is a
regularisation of π using a kernel function, and δ > 0 is a threshold to prevent blow-up. Using
a weight function wU , the estimator of the parameters α is defined as

αN ,T = argmin
α∈RJ

ˆ
R

�

l(x ,α)− lN ,T (x)
�2

wU(x)dx .

The estimation procedure for β ′ is motivated by the relation

β ′ ∗π(x) = l(x ,α)− l(x).

The left hand side of this expression is estimated by ΨN ,T = l(·,αN ,T ) − lN ,T , such that we
obtain an estimator for β ′, denoted as β ′N ,T , through deconvolution via Fourier transforms

F (β ′N ,T ) = −
F (ΨN ,T )

F (πN ,T )
1{F (πN ,T )>ω},

where ω > 0 is a threshold to prevent blow-up of the estimator. The constructed estimator
converges with logarithmic speed if the decay of β ′ is assumed to be polynomial.

Theorem 1.13 ([BPP23], Proposition 4.7). Assume that β ′ is an entire function of first order
and type less than some ϑ > 0. Furthermore, assume that

lim
x→∞

x p− 1
2

ˆ ∞
x

�

�β ′(u)
�

�du+ x p
�
ˆ ∞

x

�

�β ′(u)
�

�

2
du
�

1
2

<∞.

Then

E
�







β ′N ,T − β









2

L2(R)

�

≲ω−2(log NT )
−p/J .

This logarithmic rate is shown to be minimax optimal in a certain class of functions F =
Fp,C ,(Ci)i ,λ given by

F =
§

f ∈ C2
b (R): ∥ f ∥∞ ≤ C0,





 f ′






∞ ≤ C1, inf
x∈R

f ′′(x)≥ −C2, lim sup
x→∞

x2p
ˆ ∞

x
f ′(y)2dy ≤ C

ª

,

where the constants C , Ci satisfy some relations. Using the two hypothesis method (see for
example [Tsy08]), the logarithmic rate is retrieved the setting of i.i.d. observations of the
limiting process.

Theorem 1.14 ([BPP23], Theorem 5.1). Let p > 1
2 . Then there exists a constant c0 such that

inf
β̂ ′

sup
β∈F
P⊗N
β

�




β̂ ′ − β ′






2
L2(R) > c0(log N)−p/J

�

.
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The logarithmic rate is reminiscent of the rates in the classical deconvolution problem, where
the role of the added noise is played by the invariant measure π, and the conditions on the
Fourier transform of the data distribution found in deconvolution problems correspond to the
conditions on the tail behaviour of β ′ imposed above.

1.3.5 Estimation of Friction and Interaction using Method of Moments and Sieves

Motivated by the method of moment estimators introduced in [PZ22a] for parametric estimation,
the work [CGL24] considers a nonparametric estimation method that combines a method of
moment procedure with projection estimation. Consider ergodic McKean-Vlasov equations of
the type

¨

dX t = − (b(X t) +ϕ ∗π(X t))dt +σdBt ,

X0 ∼ π.
(1.10)

Under some conditions on the friction term b and the interaction function ϕ, the process
(X t)t≥0 is stationary with Law(X t) = π for all t ≥ 0. The aim is to estimate the two functions
(b,ϕ), given observations (X t)t∈[0,T] as T →∞. The authors consider a (joint) projection
estimator as follows. Let (S1,m)m∈N, (S2,p)p∈N be two sequences of increasing subspaces of
L2(R), given by S1,m = span(e1,1, . . . , e1,m) and S2,p = span(e2,1, . . . , e2,p). The procedure is
motivated by the minimisation objective

(bV
m,ϕV

p ) = argmin
( f1, f2)∈S1,m×S2,p

∥( f1 − b, f2 −ϕ)∥V .

Here ∥·∥V is the natural (semi-)norm associated to (1.10), given by

∥( f1, f2)∥
2
V =
ˆ
R
( f1(x) + f2 ∗π(x))2dπ(x),

whenever this expression is well-defined for a pair of functions ( f1, f2). Let (b,c)m,p denote the
coefficients of (bV

m,ϕV
p ) with respect to (e1, j , e2,k)1≤ j≤m,1≤k≤p. The quantities in the resulting

inverse problem Vm,p(b,c)m,p = Zm,p are approximated using the aforementioned method of
moments. For the method to work, it is assumed that four trajectories following (1.10) are
observed, such that the approximations V̂m,p and Ẑm,p can be constructed using two given paths
each. The necessity of two paths is again due to the involvement of the unknown distribution.
The estimator is given by the minimiser of the approximate inverse problem, with a truncation
to ensure stability, that is

á(b,ϕ)m,p = V̂
−1
m,pẐm,p1§






V̂
−1
m,p










op
≤c
ª.

The risk is shown to naturally decompose into a bias and a variance term. As with the sieve
estimator presented in [CG23], the main idea is to split the risk into parts where it is easily
controlled, and parts whose probabilities vanish sufficiently fast, and the latter statement is
shown using concentration inequalities for random matrices. To state the result, we define
L1,m =

∑m
j=1





e1, j







2
∞ and L2,p =

∑p
j=1





e2, j







2
∞.

Theorem 1.15 ([CGL24], Theorem 1). Assume that L1,m + L2,p ≤ T. Then

E
�









á(b,ϕ)m,p − (b,ϕ)









2

V

�

≤ inf
( f1, f2)∈S1,m×S2,p

∥( f1 − b, f2 −ϕ)∥
2
V + C

L1,m + L2,p

T
.

Lastly, the authors show that the bias and variance term are sensible on a heuristic level by
considering the Hermite basis on L2(R). Since b and ϕ are assumed to grow polynomially in
order for the invariant measure to be well-defined, both functions are not square integrable,
however the example still provides some intuition on the validity of their risk bounds.
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1.4 Organisation of the Thesis

The remainder of this thesis, presenting the main findings during the PhD, is split into two
parts. The first part, Chapter 2, also available as [BPZ24], focuses on projection estimators of
the interaction function ϕ in interacting particle systems of the form

¨

dX i,N
t = (ϕ ∗µN

t )(X
i,N
t )dt +σdBi

t ,

(X i,N
0 )∼ µ

⊗N
0 .

Our estimator ϕN is defined through risk minimisation on sieves (SN )N∈N with respect to a loss
function ∥·∥∗ that is natural for the particle systems considered. We present two methodologies,
depending on the function class in question. The first case encompasses compact spaces where
the supremum norm is uniformly bounded by some constant Kϕ that is assumed to be known.
In this setup, we can employ techniques from the study of U-statistics to bound the risk term
using Dudley integrals of metric spaces, denoted by DI(X ,ρ,ψ) and defined in (2.5). Our main
result reads as follows.

Theorem 2.3. For any q ≥ 2, it is

E
�

∥ϕN −ϕ∥q∗
�1/q ≤ inf

f ∈SN

∥ f −ϕ∥∗ + C

�

KϕDI(SN (2Kϕ),∥ · ∥∞,ψe,2)
p

N

+
p2KϕDI(SN (2Kϕ),∥ · ∥∞,ψp/2)

N
+

p3KϕDI(SN (2Kϕ),∥ · ∥∞,ψp/3)

N3/2

�

.

The risk naturally decomposes into a bias term and a variance term, where the latter is achieved
by using concentration inequalities for U-statistics. Furthermore, we present function spaces
for which our achieved bound is polynomial in N and almost minimax optimal. For A, D > 0,
define

S(A, D) :=

¨

x 7→
1
p

A

D
∑

k=0

ck exp(iπkx/A) :
D
∑

k=0

|ck| ≤
p

AKϕ

«

.

In these function classes, our estimator achieves a parametric convergence rate up to a logarith-
mic factor with respect to the loss ∥·∥∗, assuming the initial distribution is a centred Gaussian
with variance ζ > 0.

Theorem 2.6. Set with arbitrary small δ > 0,

AN :=
Æ

2(ζ2 + T ) log(N), DN :=

√

√

(2+δ)
ζ2 + T
ζ2

log(N).

Then, it is

E
�

∥ϕN −ϕ∥2∗
�1/2 ≲

√

√

√exp(K2
ϕT )

N
+ Kϕ

√

√ log(N)
N

.

We also are able to present risk bounds in general vector spaces of functions, removing the
strong assumption on uniform boundedness. The study of the projection estimator in this setup
is closely related to [CG19; CG20; CG23] and heavily relies on understanding and controlling
the behaviour of a change of base matrix that is associated with transforming an orthonormal
basis in SN into an orthonormal system with respect to the inner product induced by ∥·∥⋆. We
obtain uniform risk bounds in certain function spaces as follows.



1.4. ORGANISATION OF THE THESIS 17

Theorem 2.9. It is

sup
ϕ
E
�

∥ bϕN −ϕ∥2∗
�

≤ (1+ o(1)) sup
ϕ

inf
f ∈SN

∥ f −ϕ∥2∗

+ CN−1/2(1+ LN ) sup
ϕ
∥ϕ∗ −ϕ∥2∗∗ +

C DN

N T
,

where the supremum is taken over the class of functions Φ defined as

Φ :=
�

ϕ : R→ R : ∥ϕ∥∞ ≤ K1, K2 ≤ ∥ϕ∥Lip ≤ K3

	

for fixed constants K1, K2, K3 > 0.

The quantity LN depends on the choice of basis vectors and can be controlled in many examples.
The functional ∥·∥∗∗ is closely related to the original loss ∥·∥∗, and we present an example in
which the term can be controlled in Proposition 2.12.

Finally, we investigate the minimax optimality of this estimation problem. The parametric rate
obtained in compact function classes is shown to be optimal in Theorem 2.13, using the two
hypothesis method. Furthermore, we are able to generalise the optimality result in [BPP23].
In this work, the authors proved that in a semiparametric estimation setting, the optimal rate
of convergence is logarithmic, given observations of the McKean-Vlasov equation at fixed point
in time. We extend this result in Theorem 2.14 by proving that, given continuous observations
of the same processes, the optimal result is still logarithmic.

In Chapter 3, available as [Amo+24], we study the estimation of particle systems with both a
confinement term and an interaction term of the form

¨

dX i,N
t = −(V ′(X i,N

t ) +W ′ ∗µN
t (X

i,N
t ))dt + dBi

t ,

(X i,N
0 )1≤i≤N ∼ µ⊗N

0 .

The assumptions imposed on V and W are such that existence and uniqueness of an invariant
measure Π are guaranteed, and that the empirical measure converges to Π with a certain rate
NT as N , T →∞ with respect to the Wasserstein-1 distance. Furthermore, we are able to show
a uniform propagation of chaos result in L2p(R) for any p ∈ N, which differs from the existing
literature in that the convexity assumption on W is weakened.

Proposition 3.6. Let p ≥ 1. There exists a constant c > 0 such that for any N ∈ N and 1≤ i ≤ N,
it is

sup
t≥0
E
�

|X i,N
t − X

i
t |

2p
�

≤ cN−p.

In the above statement, X
i
t are N i.i.d. copies of the associated mean-field equation. The

framework of this chapter is similar to [BPP23] and we seek to answer some questions that
naturally arise from their results. We study a deconvolution-type estimator for the interaction
function W ′ which is similar to the aforementioned work, however due to the more complicated
potentials in play, the resulting estimator requires a more delicate study. As proved in [BPP23,
Proposition 4.7], polynomial decay assumptions on the potential W lead to logarithmic conver-
gence rates of the estimator W ′N ,T . Thus a natural question to ask is whether an exponential
decay assumption can lead to a polynomial rate. Our main result is that we are able to answer
this question positively in
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Theorem 3.11. Let ϵ ∈ (0, 1) and a ∈ R. There exist c,γ > 0 such that

E
�
ˆ
R
|W ′N ,T (y)−W ′(y)|2 dy

�
1
2

≤ c exp
�aε

2
(c log NT )

1
2

�

(log NT )
1
4 N
− γ2
T .

This statement hinges on the knowledge of the roots of F (Π), which is the Fourier transform
of the invariant measure. More precisely, we have the following

Assumption 7. For a ∈ R, define the set La = {y + ia : y ∈ R} ⊂ C. There exists a ā ≥ 0 such
that ˆ

Lā

�

�

�

�

�

F
�

W ′
�

(z)

F (Π)(z)

�

�

�

�

�

2

dz <∞.

This condition is notably difficult to verify, deserving its own section dedicated towards its
analysis. Utilising Hadamard’s factorisation theorem, we find lower bounds for F (Π), which
together with the exponential decay assumption on W ′ guarantees the existence of the above
integral. We formalise this in Corollary 3.20. Lastly, we present an example wherein F (Π)
indeed exhibits a polynomial decay, provided the confinement potential is not smooth, but is
only continuously differentiable up to some J ∈ N.



Chapter 2

Risk Minimisation of a Projection
Estimator

2.1 Introduction

We present our work [BPZ24]. This chapter is dedicated to the study of N -dimensional
interacting particle systems described by the equation

dX i,N
t = (ϕ ∗µN

t )(X
i,N
t )dt +σdBi

t , i = 1, . . . , N , (2.1)

where t ∈ [0, T], ϕ : R → R is the interaction potential and (Bi)Ni=1 are independent one-
dimensional Brownian motions. Here, µN

t stands for the empirical measure of the particle
system at time t, given by

µN
t :=

1
N

N
∑

i=1

δX i,N
t

, (2.2)

and ϕ ∗ µ(x) :=
´
Rϕ(x − y)dµ(y). We make the assumption that we observe N paths

(X i,N
t , t ∈ [0, T], i = 1, . . . , N) and aim to estimate the unknown interaction function ϕ as

N →∞ with T > 0 being fixed. It is noteworthy that, given complete path observations, the
diffusion coefficient σ can be considered to be known.

Interacting particle systems of the type (2.1) play an important role in probability theory
and applications. Initially introduced by McKean in his pioneering work [McK66], these
systems served as models for plasma dynamics. In more recent years, diffusion-type interacting
particle systems have found wide-ranging applications in finance [Car+19; Dje+22; FS13;
GSS20; GH11], social science [Cha+17], neuroscience [Bal+12], and population dynamics
[ME99], among others. From a probabilistic perspective, the particle system outlined in (2.1)
is inherently linked to its corresponding mean-field limiting equation—a one-dimensional
McKean-Vlasov stochastic differential equation

�

dX t = (ϕ ∗µt)(X t)dt +σdBt ,
Law(X t) = µt ,

(2.3)

where B is a 1-dimensional Brownian motion. Under suitable assumptions on the function
ϕ, a well-known phenomenon known as propagation of chaos emerges. This phenomenon
indicates that, as N →∞, the empirical probability measure µN

t weakly converges to µt for
any t > 0, and the McKean-Vlasov stochastic differential equation (2.3) characterises the

19
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asymptotic trajectory of an individual particle. Classical treatments of propagation of chaos
and McKean-Vlasov SDEs can be found in the monographs [Kol10; Szn91]. Furthermore,
the measure µt is absolutely continuous with respect to the Lebesgue measure for all t > 0,
assuming certain regularity conditions on ϕ. Moreover, the density of µt , denoted again by µt
with a slight abuse of notation, satisfies the granular media equation

∂tµt = ∂x

�

(σ2/2)∂xµt + (ϕ ∗µt)µt

	

. (2.4)

The realm of statistical inference for interacting particle systems remains a less explored domain.
While a considerable number of recent articles delve into parametric estimation for particle
systems and McKean-Vlasov stochastic differential equations under diverse model and sampling
assumptions (see, for instance, [Amo+23; Bis11; Che21; CG23; DH23; GL21a; GL21b; Kas90;
LQ22; Sha+23; Wen+16]), non- and semiparametric estimation of the interaction potential ϕ
presents a notably more intricate challenge. This complexity arises from the convolution with
measures the µN

t or µt and has only been the subject of investigation in three recent papers.
Specifically, the articles [BPP23] and [Amo+24] explore the semiparametric estimation of ϕ
given observations X i,N

T , i = 1, . . . , N , with N , T →∞. The methodology heavily relies on the
existence of the invariant density, necessitating the asymptotic regime T →∞, and employs
the deconvolution method. Another relevant work, [DH22], focuses on the same observation
scheme as the current paper, presenting a nonparametric approach for the drift function ϕ ∗µt
but demonstrating consistency only for an estimator of the interaction function ϕ.

This work aims to investigate nonparametric estimation of the function ϕ using the sampling
scheme X i,N

t , t ∈ [0, T ], i = 1, . . . , N , with N →∞ and T held fixed. We propose two intercon-
nected methods, both based on empirical risk minimisation over sieves (Sm)m≥1, employing an
unconventional underlying loss function ∥·∥∗ that depends on the unknown measure (µt)t∈[0,T].
Our first approach addresses the scenario where the functional spaces (Sm)m≥1 are compact
with respect to ∥·∥∞. In this case, the analysis of the rate of the proposed estimator heavily
relies on empirical process theory for (degenerate) U-statistics. The second approach investi-
gates a more traditional setting, where (Sm)m≥1 are finite-dimensional vector spaces. Here, we
require a further truncation of the empirical risk minimiser, akin to the approach introduced in
[CG20] for classical stochastic differential equations, where the coefficients are independent
of the laws (µt)t∈[0,T]. We derive convergence rates with respect to the loss function ∥·∥∗,
involving an examination of stochastic and approximation errors. We will demonstrate that the
resulting convergence rate is often

p

log(N)/N in the first scenario, which essentially matches
the minimax lower bound. However, for the second method, the convergence rate decreases
due to the truncation procedure. Additionally, we will establish that the minimax lower bound
for the traditional L2(R)-loss is logarithmic, consistent with the findings of [BPP23].

The remainder of this chapter is structured as follows. Section 2.2 concentrates on a risk min-
imisation approach over compact functional classes. This section elucidates the core concepts,
establishes convergence rates in terms of metric entropy, and analyses the approximation error
associated with the estimation method. In Section 2.3, we introduce an alternative approach
that involves risk minimisation over vector spaces coupled with an additional dimension trun-
cation. Uniform convergence rates for the resulting estimator are presented. Section 2.4 delves
into an exploration of minimax lower bounds. Specifically, we demonstrate that the estimator
developed in Section 2.2 attains essentially optimal rates with respect to the ∥·∥∗-norm. Addi-
tionally, we establish a logarithmic lower bound when considering the traditional L2-loss. For
the detailed proofs of the main results, we refer to Section 2.5.
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Notation

All random variables and stochastic processes are defined on a filtered probability space
(Ω,F , (Ft)t≥0,P). Throughout, positive constants are represented by C (or Cp if dependent on
an external parameter p), though their values may vary across lines. We use the notation Ck(R)
(resp. Ck

c (R)) to denote the space of k times continuously differentiable functions (resp. the
space of k times continuously differentiable functions with compact support). The sup-norm
of a function f : R→ R is denoted as ∥ f ∥∞ or ∥ f ∥Q := supx∈Q | f (x)|. When referring to a
probability measure or density µ, bµ denotes its Fourier transform:

bµ(z) =
ˆ
R

exp(izx)µ(x)dx .

Given a matrix A∈ Rk×k, we denote by ∥A∥op the operator norm of A; we write A≽ B if A− B
is a positive semidefinite matrix. For two sequences (an)n∈N and (bn)n∈N we write an ≲ bn if
there exists a constant C > 0 with an ≤ C bn for all n ∈ N. The Orlicz norm of a real valued
random variable η with respect to a nondecreasing, convex function ψ on R with ψ(0) = 0 is
defined by

∥η∥ψ := inf
�

t > 0 : E
�

ψ
�

|η|/t
��

≤ 2
	

.

When ψp(x) := x p with p ≥ 1 the corresponding Orlicz norm is (up to a constant) the Lp-norm
∥η∥p = (E[|η|p])1/p. We say that η is sub-Gaussian if ∥η∥ψe,2

<∞ with ψe,2 := exp(x2)− 1.
In particular, this implies that for some constants C , c > 0,

P(|η| ≥ t)≤ 2 exp

 

−
c t2

∥η∥2
ψe,2

!

and E[|η|p]1/p ≤ C
p

p∥η∥ψe,2
, p ≥ 1.

Consider a real valued random process (X t)t∈T on a metric space (T ,d). We say that the
process has sub-Gaussian increments if there exists C > 0 such that

∥X t − Xs∥ψe,2
≤ Cd(t, s), ∀t, s ∈ T .

Let (Y,ρ) be a metric space and X ⊆ Y. For ϵ > 0, we denote by N (X,ρ,ϵ) the covering
number of the set X with respect to the metric ρ, that is, the smallest cardinality of a set (or
net) of ϵ-balls in the metric ρ that covers X. Then logN (X,ρ,ϵ) is called the metric entropy of
X and

DI(X,ρ,ψ) :=
ˆ diam(X)

0
ψ−1

�

N (X,ρ, u)
�

du (2.5)

with diam(X) :=maxx ,x ′∈Xρ(x , x ′), is called the Dudley integral with respect toψ. For example,
if |X|<∞ and ρ(x , x ′) = 1{x ̸=x ′} we get DI(X,ρ,ψe,2) =

p

log |X|, where |X| is the cardinality
of X

2.2 Risk Minimisation over Compact Functional Classes

We start by introducing assumptions on the underlying interacting particle system that insure
propagation of chaos. We assume that the initial law of the model is given by Law(X 1,N

0 , . . . , X N ,N
0 ) =

µ⊗N
0 , where µ⊗N

0 denotes the N -fold product measure of some probability measure µ0 with´
xkµ0(d x)<∞ for all k ∈ N. Furthermore, we assume the following condition.
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Assumption 2. The interaction function ϕ : R → R is globally Lipschitz continuous and
bounded, that is,

|ϕ(x)−ϕ(y)| ≤ Lϕ|x − y|, |ϕ(x)| ≤ Kϕ, x , y ∈ R

for some finite Lϕ, Kϕ > 0.

This condition guarantees the validity of propagation of chaos in the sense that, for all t ∈ [0, T ],
the random measure µN

t converges to the deterministic measure µt in law (see e.g. [CD22b,
Theorem 3.1]).

2.2.1 Construction of the Estimator and Main Results

We initiate our exposition by outlining the fundamental principles of our estimation methodology.
To begin, we consider a sequence of spaces (Sm)m≥1 (sieves). The crucial idea of our approach
lies in the following minimisation strategy:

min
f ∈SN

1
N T

N
∑

i=1

ˆ T

0

�

f ∗µN
t (X

i,N
t )−ϕ ∗µ

N
t (X

i,N
t )

�2
dt. (2.6)

However, the above risk function cannot be directly computed from the data since the interaction
function ϕ is unknown. We derive an empirical (noisy) version of the minimisation problem
by omitting the irrelevant term ϕ ∗µN

t (X
i,N
t )

2 in the integrand and minimising the resulting
quantity:

γN ( f ) :=
1

N T

N
∑

i=1

�ˆ T

0
f ∗µN

t (X
i,N
t )

2 dt − 2
ˆ T

0
f ∗µN

t (X
i,N
t )dX i,N

t

�

over SN . For further analysis, we introduce the following bilinear forms:

〈 f , g〉N :=
1

N T

N
∑

i=1

ˆ T

0
( f ∗µN

t )(X
i,N
t )(g ∗µ

N
t )(X

i,N
t )dt,

〈 f , g〉∗ :=
1
T

ˆ T

0

ˆ
R
( f ∗µt)(x)(g ∗µt)(x)µt(x)dx dt.

We set ∥ f ∥2N := 〈 f , f 〉N and ∥ f ∥2∗ := 〈 f , f 〉∗. With these notations at hand, we deduce the
identity

∥ f −ϕ∥2N = γN ( f ) + νN ( f ) + ∥ϕ∥2N (2.7)

where νN ( f ) is the martingale term defined via

νN ( f ) :=
2σ
N T

N
∑

i=1

ˆ T

0
( f ∗µN

t )(X
i,N
t )dBi

t .

Finally, our estimator ϕN is defined as follows:

ϕN := argmin f ∈SN
γN ( f ), ϕN

∗ := argmin f ∈SN
∥ f −ϕ∥2∗ . (2.8)

The identity (2.7) means that by minimising γN ( f ) we minimise (up to a martingale term
νN ( f )) ∥ f −ϕ∥N which is close to ∥ f −ϕ∥∗ for N large enough.

Before we proceed with the asymptotic analysis, we give some remarks about a rather uncon-
ventional loss function ∥·∥∗ and its relation to the classical L2(R)-norm.
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Remark 2.1. The upcoming analysis will reveal that the risk ∥·∥∗ is the intrinsic norm for
evaluating error bounds. Unlike conventional literature on empirical risk minimisation, it is
crucial to note that this norm is elusive since the laws µt remain unobserved. This presents
one of the principal mathematical challenges in our statistical analysis.

Remark 2.2. The norm ∥ · ∥∗ can be bounded from above by the L2(R)-norm. Indeed, if
we assume that the densities (µt)t∈[0,T] satisfy

´ T
0 ∥µt∥∞ dt <∞, we conclude by Young’s

convolution inequality that

∥ f ∥2∗ ≤
1
T

ˆ T

0
∥µt∥∞∥ f ∗µt∥2L2(R) dt ≤ ∥ f ∥2L2(R)

1
T

ˆ T

0
∥µt∥∞ dt.

Nonetheless, these two norms are far from being equivalent. To illustrate this point, we assume,
for simplicity, that µt = µ represents the density of the standard normal distribution for all t.
Now, consider the function f (x) = 1[2M ,3M](x) for some M > 0. In this scenario, it is evident
that ∥ f ∥2L2(R) = M . On the other hand, there exist constants c1, c2 > 0 such that

∥ f ∥2∗ =
ˆ
[−M ,M]

( f ∗µ)2(x)µ(x)dx +
ˆ
[−M ,M]c

( f ∗µ)2(x)µ(x)dx

≤ c1 exp(−c2M2).

In particular, ∥ f ∥L2(R)→∞ while ∥ f ∥∗→ 0 as M →∞ at an exponential rate.

To formulate our main statements, we assume that the spaces (Sm)m≥1 are compact with respect
to ∥·∥∞ with ∥ f ∥∞ ≤ Kϕ for f ∈ Sm. In certain cases, we employ the notation Sm(Kϕ) to
explicitly express the dependence of the spaces on the parameter Kϕ. Additionally, we assume
the existence of spaces Sm(2Kϕ)which are also compact with respect to ∥·∥∞ with ∥ f ∥∞ ≤ 2Kϕ
and

f , g ∈ Sm(Kϕ) =⇒ f ± g ∈ Sm(2Kϕ).

Subsequently, we establish the bounds for the error term ∥ϕN −ϕ∥∗.

Theorem 2.3. It holds under Assumption 2,

E
�

∥ϕN −ϕ∥q∗
�1/q ≤ ∥ϕN

∗ −ϕ∥∗ + C

�

KϕDI(SN (2Kϕ),∥·∥∞ ,ψe,2)
p

N

+
p2KϕDI(SN (2Kϕ),∥·∥∞ ,ψp/2)

N
+

p3KϕDI(SN (2Kϕ),∥·∥∞ ,ψp/3)

N3/2

�

for any p > 2, 2 ≤ q ≤ p, where C > 0 is an absolute constant and ϕ∗ stands for the best
approximation of ϕ as defined in (2.8).

Let us outline the key concepts behind the proof of Theorem 2.3. We commence with the
inequality:

∥ϕN −ϕ∥2∗ ≤ ∥ϕ
N
∗ −ϕ∥

2
∗ + 2

�

sup
f ∈SN

�

�∥ f −ϕ∥2N − ∥ f −ϕ∥
2
∗

�

�+ sup
f ∈SN

|νN ( f )|
�

. (2.9)

This inequality decomposes the estimation error into an approximation error ∥ϕN
∗ −ϕ∥

2
∗ and

stochastic errors related to the last two terms. To handle the stochastic errors, we initially
consider i.i.d. observations from the McKean-Vlasov SDE (2.3). Remarkably, the term ∥ f −
ϕ∥2N − ∥ f −ϕ∥

2
∗ turns out to be a linear combination of (degenerate) U-statistics, while νN ( f )

represents a martingale, as noted earlier. Concentration inequalities are applied to both terms,
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leading to the moment bound in Theorem 2.3 via the metric entropy. In the final step of
the proof, we employ a change of measure device initially proposed in [DH22] to transfer
the statement from i.i.d. observations of the McKean-Vlasov SDE (2.3) to observations of the
original particle system (2.1). In case we have a bound on the covering number of the space
SN , we immediately obtain the following corollary.

Corollary 2.4. Suppose that N
�

SN (2Kϕ),∥·∥∞ ,ϵ
�

≲ ϵ−DN for all N and an increasing sequence
of positive numbers DN satisfying D2

N N−1/2→ 0 as N →∞. Then it holds

E
�

∥ϕN −ϕ∥q∗
�1/q ≤ ∥ϕN

∗ −ϕ∥∗ + CKϕ

√

√DN

N
.

Our focus now shifts to examining the approximation error ∥ϕN
∗ −ϕ∥∗, which will be addressed

in the subsequent analysis.

2.2.2 Approximation Error

In this segment, we delve into an examination of the approximation error outlined in Theo-
rem 2.3. The strong contractivity inherent in the norm ∥·∥∗ introduces a surprising characteristic
wherein the error ∥ϕN

∗ −ϕ∥∗ often exhibits exponential decay in the dimensionality of the space
SN . In the following, we adopt the following assumption regarding the initial distribution:

Assumption 3. Assume that the initial distribution is normal, that is,

µ0(x) =
1

p

2πζ2
exp(−x2/(2ζ2))

for some ζ > 0.

We also consider a condition on the interaction function ϕ:

Assumption 4. There is a monotone increasing sequence (αn) with

αn→∞, αn+1/αn→ 1, n→∞

such that the following representation holds

(µt ∗ϕ)(x) =
1
p
αn

∞
∑

k=0

ck exp(iπkx/αn)bµt(−k/αn), x ∈ [−αn,αn],

with coefficients ck = ck(αn) satisfying
∑∞

k=1 |ck|≲ Kϕ
p
αn.

Remark 2.5. Let us examine Assumption 4. This assumption holds for any function ϕ which
admits a Fourier series representation of the form

ϕ(x) =
1
p
α

∞
∑

k=0

ak exp(iπkx/α), x ∈ R, (2.10)

with absolutely summable coefficients (ak)k≥0 satisfying
∑

k |ak| ≤
p
αKϕ for some α > 0.

These types of periodic potentials appear in McKean-Vlasov equations arising in physics, see e.g.
the Kuramoto-Shinomoto-Sakaguchi model in [Fra05]. Indeed, for such functions we readily
deduce the identity

(µt ∗ϕ)(x) =
1
p
α

∞
∑

k=0

ak exp(iπkx/α)bµt(−k/α).
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Taking for instance αn = αn and comparing the coefficients, we obtain the statement of
Assumption 4 with ckn = ak

p
n and cl = 0 for l ̸∈ {kn : k ≥ 0}.

Next, for any A> 1 and D ∈ N, we consider the functional space

S(A, D) :=

¨

x 7→
1
p

A

D
∑

k=0

ck exp(iπkx/A) :
D
∑

k=0

|ck| ≤
p

AKϕ

«

.

The main result of this subsection is the following theorem.

Theorem 2.6. Suppose that Assumption 3 and Assumption 4 hold. Set with arbitrary small δ > 0,

AN :=
Æ

2(ζ2 + T ) log(N), DN :=

√

√

(2+δ)
ζ2 + T
ζ2

log(N)

and define nN :=min{n : αn ≥ AN}, N ∈ N. Then we obtain

inf
g∈SN=S(αnN ,DN )

∥g −ϕ∥2∗ ≲
exp(K2

ϕT )

N
.

As a consequence, we deduce that

E
�

∥ϕN −ϕ∥2∗
�1/2 ≲

√

√

√exp(K2
ϕT )

N
+ Kϕ

√

√ log(N)
N

.

As a consequence of Theorem 2.6, the resulting convergence rate is established as
p

log(N)/N .
We will demonstrate in Section 2.4 that this rate is essentially optimal. However, it is important
to note, as highlighted in Remark 2.2, that this does not necessarily imply a polynomial conver-
gence rate with respect to the classical L2(R)-norm. In fact, we will establish in Section 2.4
that the minimax lower bound for the L2(R)-norm is logarithmic, consistent with the findings
of [BPP23].

Remark 2.7. Theorem 2.6 suggests that the approximation error decays exponentially when
dealing with functions of the form described in (2.10). However, this phenomenon is not
exclusive to the Fourier basis. Remarkably, a similar result can be observed for the polynomial
basis. The following explanation sheds light on the fast rates of approximation in the ∥·∥∗-norm.
Suppose that ϕ ∈ L1(R). Then we have by the Parseval identity

(ϕ ∗µt)(x + i y) =
1

2π

ˆ
R

exp(iux − uy) bϕ(u)bµt(−u)du.

Under Assumption 3, |bµt(u)| ≤ exp(−u2ζ2/2) (see (2.38)) and hence

|(ϕ ∗µt)(x + i y)| ≤
∥ϕ∥L1

2π

ˆ
exp(−uy)|bµt(u)|du

≤
√

√ 1
2πζ2
∥ϕ∥L1 exp

�

y2/(2ζ2)
�

.

Thus

max
|z|=r
|(ϕ ∗µt)(z)| ≤

√

√ 1
2πζ2
∥ϕ∥L1 exp

�

r2/(2ζ2)
�

, r > 0.
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As a result, the function ϕ ∗µt is entire of order 2 and finite type. Furthermore, we deduce the
power series expansion

(ϕ ∗µt)(z) =
∞
∑

n=0

cnzn

with cn ≤
�

e/ζ2n
�n/2

. This implies the inequality

sup
x∈[−A,A]

�

�

�

�

�

(ϕ ∗µt)(x)−
D
∑

n=0

cn xn

�

�

�

�

�

≤ ϵD,A =
∞
∑

n=D+1

�

eA2

ζ2n

�n/2

Note that
ϵD,A ≤ 2e−(1+D)/2

provided (1 + D)−1A2 ≤ ζ2/e2. Let TK[ f ] = 1{| f (x)|≤K} f (x) + Ksign( f (x)) be a truncation
operator at level K . Then it holds that

inf
ψ∈span{zn,n≤D}

1
T

ˆ T

0

ˆ
�

(µt ∗ϕ)(x)− TKϕ[ψ ∗µt](x)
�2
µt(x)dxdt ≤ ϵ2

D,A+ RT (A)

with

RT (A) =
4K2
ϕ

T

ˆ T

0

ˆ
|x |>A

µt(x)dxdt.

Here we used the fact that for any ψ ∈ span{zn : n ≤ D}, it is ψ ∗ µt ∈ span{zn : n ≤ D}.
Similarly to the case of Fourier basis (see the proof of Theorem 2.6), we get

RT (A)≤ 8K2
ϕ exp

�

K2
ϕT/2

�

exp

�

−
A2

2(ζ2 + T )

�

.

If we choose AN =
p

2(ζ2 + T ) log(N) and DN =
2e2(ζ2+T )

ζ2 log(N), then

inf
ϕ∈span{zn: n≤DN }

1
T

ˆ T

0

ˆ
�

(µt ∗ϕ)(x)− TKϕ[ψ ∗µt](x)
�2
µt(x)dxdt ≲

exp
�

K2
ϕT/2

�

N
.

In other words, we obtain an exponential decay of the approximation error for the polynomial
basis as well.

2.3 Risk Minimisation over Vector Spaces

While the empirical minimisation approach presented in the preceding section serves as a
valuable estimation method, it is not without its limitations. Firstly, the construction of the
estimator ϕN in (2.8) inherently assumes knowledge of the constant Kϕ. Secondly, a significant
drawback lies in the necessity of the compactness property of functional spaces Sm with respect
to the supremum norm, a condition that is notably stringent.

2.3.1 Setting and Construction of the Estimator

This section focuses on a more traditional setting of risk minimisation within vector spaces. We
assume that the finite-dimensional spaces SN are equipped with an inner product 〈·, ·〉, and
(e1, . . . , eDN

) represents an orthonormal basis of SN satisfying ∥e j∥∞ <∞ for all j = 1, . . . , DN .
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Due to the vector space structure, the estimator ϕN introduced at (2.8) can be computed
explicitly as

ϕN =
DN
∑

j=1

(θN ) j e j , (2.11)

where θN = Ψ−1
N ZN and the random vectors ΨN , ZN , taking values in RDN×DN and RDN respec-

tively, are given by

(ΨN ) jk =



e j , ek

�

N ,

(ZN ) j =
1

N T

N
∑

i=1

ˆ T

0
e j ∗µN

t (X
i,N
t )dX i,N

t . (2.12)

There is a theoretical counterpart to the empirical matrix ΨN . Indeed, we have that E[ΨN ]≈ Ψ
where the matrix Ψ is given by the formula

(Ψ) jk =



e j , ek

�

∗ . (2.13)

Obviously, both matrices are positive semidefinite by construction. In the next step, we will
regularise the estimator ϕN . For a given sequence DN , the operator norm ∥Ψ−1

N ∥op may become
too large compared to the sample size N and we would like to avoid such situations. For this
purpose, we restrict the growth of ∥Ψ−1∥op.

Assumption 5. Let η≥ 5 be a given number. We assume that ΨN is invertible almost surely
and the sequence DN is such that the following growth condition is satisfied:

L2
N∥Ψ

−1∥2op ≤
cη,T N T

4 log(N T )
,

where LN :=
∑DN

j=1 ∥e j∥2∞ and cη,T := (72ηT )−1.

We now consider the regularised version of the initial estimator ϕN introduced at (2.8):

bϕN = ϕN 1n
L2

N∥Ψ
−1
N ∥2op≤

cη,T N T
log(N T )

o (2.14)

An analogous methodology was suggested in [CG20]within the framework of classical stochastic
differential equations. Nevertheless, the probabilistic analysis of bϕN becomes notably more
intricate due to the sophisticated structure of the model. Moreover, unlike the analysis in
[CG20], the theoretical quantity ∥Ψ−1∥2op in Assumption 5 proves challenging to control due to
the absence of information about µt . We will discuss this condition in detail in Section 2.3.3.

2.3.2 Main Results

This section is devoted to the asymptotic analysis of the estimator bϕN . We start by introducing
two random sets, which will be crucial for our proofs. We define

ΛN :=
§

L2
N∥Ψ

−1
N ∥

2
op ≤

cη,T N T

log(N T )

ª

, ΩN :=

¨

�

�

�

�

�

∥ f ∥2N
∥ f ∥2∗

− 1

�

�

�

�

�

≤
1
2
∀ f ∈ SN

«

. (2.15)

We recall that ΛN reflects the cut-off introduced in (2.14). On the other hand, on ΩN the norms
∥·∥N and ∥·∥∗ are equivalent, i.e.

1
2
∥ f ∥2∗ ≤ ∥ f ∥

2
N 1ΩN
≤

3
2
∥ f ∥2∗ .
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Our first theoretical statement shows that, under Assumption 5, P(ΛN ) and P(ΩN ) approach 1
as N →∞.

Proposition 2.8. Suppose that Assumption 2 and Assumption 5 are satisfied.

(i) There exists a n ∈ N such that for all N ≥ n:

P
�





Ψ−1/2ΨNΨ
−1/2 − IDN







op >
1
2

�

≤ D1/4
N exp

�

−
cη,TηN T

16L2
N∥Ψ−1∥2op

�

,

where IDN
denotes the identity matrix in RDN×DN .

(ii) It holds that
P(Λc

N )≤ P(Ω
c
N )≤ (N T )−η+1.

The concentration bound in Proposition 2.8(i) is key in understanding the asymptotic behaviour
of the estimator bϕN . The main result of this section is the following theorem.

Theorem 2.9. Suppose that Assumption 2 and Assumption 5 are satisfied. Then we obtain uniform
bounds

sup
ϕ
E
�

∥ bϕN −ϕ∥2N
�

≤ sup
ϕ
E
�

inf
f ∈SN

∥ f −ϕ∥2N

�

+
C DN

N T
, (2.16)

as well as

sup
ϕ
E
�

∥ bϕN −ϕ∥2∗
�

≤ (1+ o(1)) sup
ϕ

inf
f ∈SN

∥ f −ϕ∥2∗

+ CN−1/2(1+ LN ) sup
ϕ
∥ϕN
∗ −ϕ∥

2
∗∗ +

C DN

N T
, (2.17)

where the supremum is taken over the class of functions Φ defined as

Φ :=
�

ϕ : R→ R : ∥ϕ∥∞ ≤ K1, K2 ≤ ∥ϕ∥Lip ≤ K3

	

for fixed constants K1, K2, K3 > 0. Here the norm ∥ f ∥∗∗ is defined as

∥ f ∥2∗∗ :=
1
T

ˆ T

0

ˆ
R

f 2 ∗µt(x)µt(x)dxdt.

We remark that ∥ f ∥∗ ≤ ∥ f ∥∗∗. However, it does not hold a priori that ∥ϕN
∗ − ϕ∥∗∗ → 0 as

N →∞. We will discuss this term in the next subsection.

2.3.3 Checking Assumption 4 and Bounding the Norm ∥ϕN
∗ −ϕ∥∗∗

The primary challenge in implementing the theoretical findings from the preceding section
lies in selecting an appropriate sequence of dimensions DN , which ensures the fulfilment of
Assumption 4. This requirement is essentially equivalent to determining an upper bound for
the quantity ∥Ψ−1∥op. In this context, we introduce an approach to establish an upper bound
on the operator norm ∥Ψ−1∥op, guided by a Gaussian-type condition on the densities µt . We
introduce the following condition on (µt)t∈[0,T]:

Assumption 6. We suppose that the densities µt are symmetric and there exist numbers
c1, c2 > 0 and functions g1, g2 such that g2 ∈ L2([0, T]), g1 g2

2 ∈ L1([0, T]), and

µt(x)≥ g1(t)exp(−x2/c1) and bµt(x)≥ g2(t)exp(−x2/c2).
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Remark 2.10. The lower bound for the densities (µt)t∈[0,T] can be deduced via [QZ02, Theo-
rem 1]. Indeed, under Assumption 3, it holds that

µt(x)≥
1
p

2πt

ˆ
R
µ0(y)

ˆ ∞
|x−y|p

t

z exp

�

−
(z + Kϕ

p
t)2

2

�

dzdy

≥
exp

�

−K2
ϕ t
�

2π
p

tζ2

ˆ
R

exp

�

−
y2

2ζ2

�

exp

�

−
(x − y)2

t

�

dy

=
exp

�

−K2
ϕ t
�

p

2π(ζ2 + t/2)
exp

�

−
x2

2ζ2 + t

�

.

Obtaining lower bounds for the Fourier transforms (bµt)t∈[0,T] is a more delicate problem, see
Chapter 3.

We consider the vector space SN generated by functions (ek)1≤k≤DN
with

ek(x) = (2AN )
−1/2 exp(iπkx/AN ), x ∈ R,

which is an orthonormal system in L2([−AN , AN ]). For this choice of basis we obtain the identity

Ψkl = 〈ek, el〉∗ =
1

2AN T

ˆ T

0
bµt(−k/AN )bµt(l/AN )bµt((l − k)/AN )d t. (2.18)

We deduce the following result.

Proposition 2.11. Suppose that Assumption 6 holds. Assume that DN = aD log(N) and AN =
aA
p

log(N) for some aD, aA > 0. Then it holds that

∥Ψ−1∥op ≤ vT N
2a2

D
c2a2

A
+

a2
A

c1 (1+ o(1)),

where vT := 2
p

2πT
�´ T

0 g1(t)g2(t)2d t
�−1

.

In the next step we will study the norm ∥ϕN
∗ −ϕ∥∗∗. For this purpose, we assume that ϕ has

the representation

ϕ(x) =
∞
∑

k=1

ckek(x)

with coefficients ck = ck(N) satisfying the condition
∑∞

k=1 |ck|<∞.

Proposition 2.12. Suppose that Assumption 3 is satisfied. Then it holds that

∥ϕN
∗ −ϕ∥

2
∗∗ ≲

�

1+ A−1
N D4

N∥Ψ
−1∥2op exp

�

−
3D2

Nζ
2

2A2
N

��

 

∞
∑

k=DN+1

|ck|

!2

.

Now, we can combine the statements of Theorem 2.9, Proposition 2.11 and Proposition 2.12,
to derive the convergence rate for ∥ bϕN −ϕ∥∗. For clarity, we focus on the ergodic scenario
where µt = µ0 and µ0 satisfies Assumption 3. In this context, the constants c1 and c2 from
Assumption 6 are explicitly given by

c1 = 2ζ2, c2 =
2
ζ2

.
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As ∥e j∥2∞ = A−1
N and DN = aD log(N), AN = aA

p

log(N), Proposition 2.11 implies the following
bound:

L2
N∥Ψ

−1∥2op ≲
a2

D

a2
A

log(N)N
2a2

Dζ
2

a2
A
+

a2
A
ζ2

.

Hence, for Assumption 5 to hold true, the constants aA and aD need to fulfil

2a2
Dζ

2

a2
A

+
a2

A

ζ2
< 1.

On the other hand, exploring the proof of Theorem 2.6, the approximation error is obtained as

∥ϕN
∗ −ϕ∥

2
∗ ≲ N

−
a2

Dζ
2

a2
A + N−

a2
A

2ζ2 .

Consequently, if we choose a2
Dζ

2/a2
A = a2

A/(2ζ
2) = (1 − ε)/4 for a small ε > 0, we finally

conclude that

E
�

∥ bϕN −ϕ∥2∗
�

≲ N−1/4+ε (2.19)

provided the condition (
∑∞

k=DN+1 |ck|)2 ≤ CN−z with z > 5/8 holds. The substantial decrease
in the convergence rate compared to Theorem 2.6 directly stems from the stringent constraint
imposed by Assumption 5. Still this is the first result in the literature regarding the convergence
rates of the linear-type estimates within the context of McKean-Vlasov SDEs.

2.4 Lower bounds

This section is dedicated to deriving minimax lower bounds. We start by establishing a lower
bound for the previously examined estimation problem concerning the norm ∥·∥∗. To achieve
this, we focus on a simplified scenario involving i.i.d. observations drawn from a McKean-Vlasov
SDE:

�

dX t = (ϕ ∗µt)(X t)dt +σdBt ,
Law(X t) = µt ,

and denote by Pϕ the associated probability measure. We assume that Xϕ0 = x ∈ R for all ϕ.
The ensuing theorem establishes a minimax lower bound with respect to the norm ∥·∥∗.

Theorem 2.13. There exists a constant c > 0 such that, for every N ∈ N,

inf
bϕN

sup
ϕ
P
⊗

N
ϕ

�

∥ bϕN −ϕ∥∗ > cN−1/2
�

> 0, (2.20)

where P
⊗

N
ϕ is the N-fold product measure, the supremum is taken over all functions ϕ satisfying

Assumption 4 and ∥ϕ∥∞ ≤ (32T )−1/2, and the infimum is taken over all estimators of ϕ retrieved
from N observations of (X t)t∈[0,T].

Proof. Consider two functions ϕ0,ϕ1 ∈ S and denote by µ0
t and µ1

t the corresponding marginal
densities. The Kullback-Leibler divergence KL(Pϕ0

,Pϕ1
) between the probability measures Pϕ0

and Pϕ1
can be explicitly computed as

KL(Pϕ0
,Pϕ1

) =
1
2

ˆ T

0

ˆ
R

�

ϕ0 ∗µ0
t (x)−ϕ1 ∗µ1

t (x)
�2
µ0

t (x)dxdt.
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As a consequence we obtain the inequality

KL(Pϕ0
,Pϕ1

)≤ T∥ϕ0 −ϕ1∥2∗ + ∥ϕ1∥2∞

ˆ T

0

�
ˆ
R

�

�µ0
t (x)−µ

1
t (x)

�

� dx
�2

dt,

where the ∥·∥∗-norm is computed with respect to µ0
t . Furthermore, using Theorem 1.1 of

[BRS16], we derive
ˆ T

0

�
ˆ
R

�

�µ0
t (x)−µ

1
t (x)

�

� dx
�2

dt

≤ 4
ˆ T

0

�
ˆ t

0

ˆ
(ϕ0 ∗µ0

s (x)−ϕ1 ∗µ1
s (x))

2µ0
s (x)dxds

�

dt

≤ 8TKL(Pϕ0
,Pϕ1

).

Since ∥ϕ1∥2∞ ≤ (16T )−1 we finally deduce that

KL(Pϕ0
,Pϕ1

)≤ 2T∥ϕ0 −ϕ1∥2∗ .

Applying the two hypotheses method described in [Tsy08, Theorem 2.2], we obtain the state-
ment of the theorem.

We will now consider the L2(R)-norm instead of ∥·∥∗ and compare the results to [BPP23]. We
recall that logarithmic rates have been obtained in the L2(R)-norm in [BPP23, Theorem 5.1]
for a similar estimation problem given the observation scheme (X i,N

T )1≤i≤N with N , T →∞. It
turns out that these rates cannot be improved to polynomial ones in their framework, and the
same holds in our case (note however that polynomial rates may appear under a different set of
conditions as demonstrated in Chapter 3). To see this, we again consider simplified setting of
i.i.d. observations drawn from McKean-Vlasov SDE (2.3). Furthermore, we consider a similar
model as presented in [BPP23]: Let W : R → R be an even and strictly convex interaction
potential of the form

W (x) = p(x) + β(x), p(x) =
J
∑

j=1

a j x
2 j ,

where (a j) j=1,...,J are known constants and β ∈ C2
c (R). The potential W determines the

interaction function ϕ via ϕ =W ′ and we are interested in the estimation of the non-parametric
part β in the case of stationarity. The invariant law µ solves the elliptic nonlinear Fokker-Planck
equation

�

1
2

d2

dx2
+

d
dx
(ϕ ∗µ)

�

µ= 0, (2.21)

meaning that µ is given by the implicit equation

µ(x) = cµ exp (−W ∗µ(x)) , (2.22)

where cµ is a normalising constant such that µ is a probability density.

To introduce the appropriate class of functions, we consider C2
c (R)-wavelets. More specifically,

we let the mother wavelet be a symmetric function ψ ∈ C2
c (R) with supp(ψ) = [−1,−1/2]∪

[1/2, 1], ∥ψ∥L2(R) = 1 and, for n, k ∈ Z, define

ψn,k(x) = 2n/2ψ(2n x − k).
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The set (ψn,k)n,k∈Z forms a basis of L2(R). Now, for α, K > 0, we consider the functional space

FαK =

(

β ′ : β ∈ C2
c (R),

∑

n∈Z

∑

|k|>m




β ′,ψn,k

�2
L2(R) ≤ Km−α ∀m ∈ N

)

.

For the estimation of the nonparametric part β ′ of ϕ based on i.i.d. observations of (2.3) we
obtain the following lower bound.

Theorem 2.14. Assume that the coefficients (a j)1≤ j≤J and the function β satisfy the conditions
of [BPP23, Theorem 5.1]. Then there exists a constant c > 0 such that, for every N ∈ N,

inf
bβ ′N

sup
β ′∈FαK
P
⊗

N
ϕ

�

∥bβ ′N − β
′∥2L2(R) > c (log N)−

α
2J

�

> 0, (2.23)

where P
⊗

N
ϕ is the N-fold product measure and the infimum is taken over all estimators of β ′

retrieved from N observations of (X t)t∈[0,T].

Proof. We will use the two hypotheses method described in [Tsy08, Theorem 2.2]. We will find
two interaction forces ϕ0,ϕ1 ∈ FαK such that, for some constant c > 0,

∥ϕ0 −ϕ1∥
2
L2(R) = c (log N)−

α
2J and KL

�

P
⊗

N
ϕ0

,P
⊗

N
ϕ1

�

≲ 1.

The Radon-Nikodym density of dPϕ1
/dPϕ0

can be computed using Girsanov’s theorem: denoting
the stationary marginals as µi , i = 0, 1, we have for X ∈ C([0, T];R)

log

�

dPϕ1

dPϕ0

(X )

�

=
ˆ T

0
ϕ1 ∗µ1(X t)−ϕ0 ∗µ0(X t)dX t

−
1
2

ˆ T

0
ϕ1 ∗µ1(X t)

2 −ϕ0 ∗µ0(X t)
2dt,

such that

KL
�

Pϕ0
,Pϕ1

�

=
ˆ
R

log

�

dPϕ1

dPϕ0

(x)

�

µ1(x)dx

=
T
2

ˆ
R
(ϕ1 ∗µ1(x)−ϕ0 ∗µ0(x))

2µ1(x)dx .

In a similar manner as in [BPP23, Theorem 5.1], we can show that

KL
�

Pϕ1
,Pϕ0

�

≤ γ2KL
�

Pϕ1
,Pϕ0

�

+
T
2

ˆ
R
(β ′0 − β

′
1) ∗µ0(x)

2µ1(x)dx ,

with γ ∈ (0,1). So, it remains to show the estimate
ˆ
R
(β ′0 − β

′
1) ∗µ0(x)

2µ1(x)dx ≲
1
N

(2.24)

for a proper choice of ϕ0,ϕ1. Now we will choose the two hypotheses. Let ρ > 0, M ∈ N be
rescaling parameters to be determined later. We define

f = ρ
2M
∑

|k|=M

ψ0,k.
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Note that our choice of basis elements implies that supp f = [−2M − 1,−M − 1/2] ∪ [M +
1/2,2M + 1] and ∥ f ∥2L2(R) = ρ

2(M + 1). We will consider the hypotheses ϕ0 ∈ FαK and
ϕ1 = ϕ0 + f . In order to guarantee ϕ1 ∈ FαK , we observe that

ρ2
∑

n∈Z

∑

|k1|>m

2M
∑

|k2|=M




ψn,k1
,ψ0,k2

�2
2

¨

≲ ∥ f ∥22 = ρ
2M , m≤ 2M ,

= 0, m> 2M .

Hence, in order for ϕ1 ∈ FαK to hold, we set

ρ2 = O(M−α−1).

This means we choose
∥ϕ0 −ϕ1∥

2
L2(R) = ∥ f ∥

2
L2(R) = O(M−α).

We will now verify that (2.24) holds. The main ingredient is the observation that, for i = 0, 1,

µi(x)≲ exp
�

−aJ x2J
�

, (2.25)

which in particular implies ∥µi∥L2(R) <∞. By symmetry of µi and f , it suffices to show

ˆ ∞
0

f ∗µ0(x)
2µ1(x)dx ≲

1
N

. (2.26)

Let us split the integral at some 0 < k < M which we determine later. The tail behaviour is
governed by (2.25): Using Cauchy-Schwarz, we have ∥ f ∗µ0∥2∞ ≤ ∥ f ∥

2
L2(R)∥µ0∥2L2(R) ≲ ρ

2M2,
such that ˆ ∞

k
f ∗µ0(x)

2µ1(x)dx ≲ ρ2M
exp

�

−aJ k2J
�

k2J−1
.

For the remaining integral, we have

ˆ k

0
f ∗µ0(x)

2 dµ1(x)≲ sup
x∈[0,k]

f ∗µ0(x)
2.

We deduce that

sup
x∈[0,k]

f ∗µ0(x)
2 ≤ sup

x∈[0,k]

ˆ x−M

−∞
f (x − y)µ0(y)dy ≤ ∥ f ∥2L2(R)

ˆ k−M

−∞
µ0(y)

2dy

≲ ρ2M
exp

�

−aJ (M − k)2J
�

(M − k)2J−1
.

From this, we see that by choosing k = M/2, the entire integral is bounded by

ˆ ∞
0

f ∗µ0(x)
2µ1(x)dx ≲ exp

�

−aJ M2J
�

.

Choosing M = c (log N)
1

2J with some constant c > 0 gives (2.26), which in turn gives us the
rate

∥ϕ0 −ϕ1∥
2
L2(R) = C M−α = C (log N)−

α
2J ,

which implies the claim of the theorem.
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2.5 Proofs

This section is devoted to proofs of the main results. We will often transfer probabilistic results
from i.i.d. observations of the McKean-Vlasov SDE displayed in (2.3) to observations of the
original particle system at (2.1) via a change of measure device established in [DH22]. For this
purpose we consider two N -dimensional processes given by the weak solutions of

dX
i
t = (ϕ ∗µt)(X

i
t) +σdBi

t
, 1≤ i ≤ N ,

dX i
t = (ϕ ∗µN

t )(X
i
t) +σdBi

t , 1≤ i ≤ N

having the same initial value, and denote by PN
and PN , respectively, the associated probability

measures.

2.5.1 Proof of Theorem 2.3

Before we begin the proof, we briefly recall a result related to U-statistics.

Maximal Inequalities for U-statistics

Let G be a class of real-valued functions on RK and (UN (g) : g ∈ G ) be a U-process of the form

UN (g) =
1
(N)K

N
∑

i1,...,iK=1

g(X i1 , . . . , X iK )

where X1, . . . , XN is a sequence of i.i.d. random variables with common distribution P and
(N)K = N(N − 1) · . . . · (N − K + 1). If for each g ∈ G ,

EX∼P[g(x1, . . . , x i−1, X , x i+1, . . . , xK)] = 0, i = 1, . . . , K ,

for arbitrary x1, . . . , x i−1, x i+1, . . . , xK ∈ R, then the process (UN (g), g ∈ G ) is called degenerate.

Theorem 2.15. Suppose that G is a class of uniformly bounded functions with supg∈G ∥g∥∞ ≤ G
and the U-process (UN (g), g ∈ G ) is degenerate. Then it holds

¦

E sup
g∈G

�

�N K/2UN (g)
�

�

q©1/q
≲ GpK DI(G ,∥·∥∞ ,ψp/K)

for any p ≥ q.

Proof. We can apply the maximal inequality from [She94, Section 5] and note that for uniformly
bounded classes G

dUN
:=
�

UN

�

| f − g|2
��1/2 ≤ ∥ f − g∥∞

as well as UN

�

|g|2
�

≤ G2 with probability 1 for all f , g ∈ G .

Let us now come to the proof of Theorem 2.3. We consider the setting of i.i.d. observations
drawn from the mean field limit (2.3), that is we work under PN

. We recall the inequality

∥ϕN −ϕ∥2∗ ≤ ∥ϕ
N
∗ −ϕ∥

2
∗ + 2

�

sup
f ∈SN

�

�∥ f −ϕ∥2N − ∥ f −ϕ∥
2
∗

�

�+ sup
f ∈SN

|νN ( f )|
�

, (2.27)
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where ϕN
∗ has been introduced in (2.8). Next, we set νN ( f ) =: 2MN ( f )/

p
N T where for all

f ∈ S, MN ( f ) is a martingale with quadratic variation

σ2

N T

N
∑

i=1

ˆ T

0
[( f ∗µN

t )(X
i,N
t )]

2 dt ≤ σ2∥ f ∥2∞.

Hence, we deduce by the Bernstein inequality for continuous martingales,

PN
(|MN ( f )−MN (g)| ≥ a)≤ 2 exp

�

−a2/(σ2∥ f − g∥2∞)
�

for any a > 0 and f , g ∈ SN . Since for all q ≥ 1, the Lq(Ω)-norm is dominated by ∥·∥ψe,2
, an

application of the general maximal inequality [Kos08, Theorem 8.4] implies







 sup
f ∈SN

|MN ( f )−MN ( f0)|









Lq(Ω)
≲ DI(SN ,∥·∥∞ ,ψe,2) (2.28)

for any f0 ∈ SN . Consider now the difference ∥g∥2N − ∥g∥
2
∗ for a function g ∈ SN (2Kϕ). We

obtain the decomposition

∥g∥2N − ∥g∥
2
∗ = U1,N (g) + U2,N (g) + U3,N (g) +O(N−1) (2.29)

where ∆t(x , y) := g(x − y)− (g ∗µt)(x), and

U1,N (g) :=
2
T

ˆ T

0

ˆ
R

 

1
N

N
∑

j=1

∆t(x , X j,N
t )

!

(g ∗µt)(x)µt(x)dxdt

+

�

1
N T

N
∑

i=1

ˆ T

0
(g ∗µt)(X

i,N
t )

2 dt −
1
T

ˆ T

0

ˆ
R
(g ∗µt)(x)

2µt(x)dxdt

�

,

U2,N (g) :=
1

N(N − 1)(N − 2)

N
∑

i=1

∑

j,k ̸=i, j ̸=k

1
T

ˆ T

0

ˆ
R
∆t(x , X j,N

t )∆t(x , X k,N
t )µt(x)dxdt

+
2

N T

N
∑

i=1

ˆ T

0

1
N − 1

∑

j ̸=i

∆t(X
i,N
t , X j,N

t )(g ∗µt)(X
i,N
t )dt

−
2

N T

N
∑

i=1

ˆ T

0

1
N − 1

∑

j ̸=i

ˆ
R
∆t(x , X j,N

t )(g ∗µt)(x)µt(x)dxdt,

U3,N (g) :=
1

N(N − 1)(N − 2)

N
∑

i=1

∑

j,k ̸=i, j ̸=k

1
T

ˆ T

0
∆t(X

i,N
t , X j,N

t )∆t(X
i,N
t , X k,N

t )dt

−
1

N(N − 1)(N − 2)

N
∑

i=1

∑

j,k ̸=i, j ̸=k

1
T

ˆ T

0

ˆ
R
∆t(x , X j,N

t )∆t(x , X k,N
t )µt(x)dxdt.

The key observation is that each Ur,N is a degenerate U-statistic of order r for r = 1, 2, 3, while
U1,N is the leading term. First, turn to U1,N and note that

U1,N (g) =
1
N

N
∑

j=1

�

Z j(g)−EPN Z j(g)
�
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with

Z j(g) =
1
T

ˆ T

0

�

2
ˆ
R
∆t(x , X j,N

t )(g ∗µt)(x)µt(x)dx
�

+ (g ∗µt)(X
i,N
t )

2 dt.

It holds that
|Z j(g)| ≤ 8K2

ϕ, |Z j(g)− Z j(g
′)| ≤ 4Kϕ∥g − g ′∥∞,

with probability 1 for g, g ′ ∈ SN (2Kϕ). Hence

∥Z j(g)− Z j(g
′)∥ψe,2

≲ Kϕ∥g − g ′∥∞.

This implies that the process eU1,N =
p

NU1,N has sub-Gaussian increments and

∥eU1,N (g)− eU1,N (g
′)∥ψe,2

≲ Kϕ∥g − g ′∥∞.

Fix some g0 ∈ SN (2Kϕ). By the triangle inequality,

sup
g∈SN (2Kϕ)

|eU1,N (g)| ≤ sup
g,g ′∈SN (2Kϕ)

|eU1,N (g)− eU1,N (g
′)|+ |eU1,N (g0)|.

By the Dudley integral inequality, see [Ver18, Theorem 8.1.6], for any δ ∈ (0, 1), we conclude
that

sup
g,g ′∈SN (2Kϕ)

|eU1,N (g)− eU1,N (g
′)|≲ Kϕ

�

DI(SN ,∥·∥∞ ,ψe,2) +
Æ

log(2/δ)
�

holds with probability at least 1−δ. Applying Hoeffding’s inequality, see e.g. [Ver18, Theorem
2.6.2.], we have for any δ ∈ (0, 1),

|eU1,N (g0)|≲ Kϕ
Æ

log(1/δ),

with probability at least 1−δ. In other words, for any u> 0,

PN
�

sup
g∈SN (2Kϕ)

|eU1,N (g)|> u

�

≤ exp

�

−
(u− KϕDI(SN (2Kϕ),∥·∥∞ ,ψe,2))2

2K2
ϕ

�

.

Putting things together we conclude that

EPN

�

sup
g∈SN (2Kϕ)

|U1,N (g)|q
�1/q
≲

qKϕDI(SN (2Kϕ),∥·∥∞ ,ψe,2)
p

N
. (2.30)

Furthermore, due to Theorem 2.15,

EPN

�

sup
g∈SN (2Kϕ)

�

�NU2,N (g)
�

�

q�1/q
≲ p2KϕDI(SN (2Kϕ),∥·∥∞ ,ψp/2) (2.31)

and

EPN

�

sup
g∈SN (2Kϕ)

�

�N3/2U3,N (g)
�

�

q�1/q
≲ p3KϕDI(SN (2Kϕ),∥·∥∞ ,ψp/3) (2.32)

for any p > 2 and q ≤ p. This implies the statement of Theorem 2.3 in the setting of i.i.d. ob-
servations drawn from the McKean-Vlasov SDE (2.3).
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Now, we will transfer the result from i.i.d. observations to observations of the original particle
system at (2.1) via a change of measure device established in [DH22]. Recalling the definition
of probability measures PN

and PN , we deduce the identity

dPN

dPN = ET (M
N
)

where Et(M
N
) = exp

�

M
N
t −

1
2

¬

M
N¶

t

�

and

M t =
N
∑

i=1

ˆ t

0
σ−1

�

ϕ ∗ (µN
t −µt)(X

i
t)
�

dW i
t

is a PN
-local martingale. According to [DH22, Proposition 19], we obtain the bound

sup
N≥1

sup
t∈[0,T−δ]

EPN

�

exp
�

τ
�¬

M
N¶

t+δ
−
¬

M
N¶

t

���

≤ Cδ,τ (2.33)

for every τ > 0, 0≤ δ ≤ δ0 and some constant Cδ,τ > 0. Let ξ be any FT -measurable random
variable. Then by the Hölder inequality

EPN [|ξ|r] = EPN

�

|ξ|rET (M
N
)
�

≤
¦

EPN [|ξ|2r]
©1/2 ¦
EPN [E2

T (M
N
)]
©1/2

. (2.34)

Next, fix a grid 0= t0 < t1 < . . .< tK = T with |tk+1 − tk| ≤ δ and decompose

EPN

�

E2
T (M

N
)
�

= EPN

K
∏

k=1

exp
�

2(M
N
tk
−M

N
tk−1
) +

¬

M
N¶

tk−1
−
¬

M
N¶

tk

�

(2.35)

= EPN

K
∏

k=1

Etk
(M

N
tk
−M

N
tk−1
)exp

�¬

M
N
tk
−M

N
tk−1

¶

(2.36)

+
¬

M
N¶

tk−1
−
¬

M
N¶

tk

�

By using the martingale property of Etk
, repeatedly applying the Hölder inequality and using

(2.33), we deduce the inequality

EPN [E2
T (M

N
)]≤ Cδ,T .

As a consequence the bounds (2.28)-(2.32) remain valid under the probability measure PN .
This completes the proof.

2.5.2 Proof of Theorem 2.6

Note that αnN−1 < AN ≤ αnN
and hence AN/αnN

→ 1 as N → ∞. Under Assumption 4
considered for the sequence αnN

, we obtain the inequality

inf
g∈SN

1
T

ˆ T

0

ˆ
R
((ϕ ∗µt)(x)− (g ∗µt)(x))

2µt(x)dxdt

≤
1

αnN
T

ˆ T

0
∥µt∥[−αnN ,αnN ]

ˆ αnN

−αnN

�

�

�

�

�

∞
∑

k=DN+1

ck exp(iπkx/αnN
)bµt(−k/αnN

)

�

�

�

�

�

2

dxdt + R(αnN
)

≤
1

αnN
T

ˆ T

0
∥µt∥[−αnN ,αnN ]

∞
∑

k=DN+1

�

|ck||bµt(−k/αnN
)|
�2

dt + R(αnN
),
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where

R(A)≤
4K2
ϕ

T

ˆ T

0

ˆ
|x |>A

µt(x)dxdt.

In the next step we would like to obtain estimates for the marginal densities µt . For this purpose
we consider the SDE

d eX t = (ϕ ∗µt)(eX t)dt +σdBt , eX t ∼ µ0 (2.37)

which is obtained by freezing the densities µt in the McKean-Vlasov equation (2.3). Note that,
under Assumption 2, (2.37) is the standard SDE with bounded and Lipschitz continuous drift
function ϕ ∗µt . By applying [TT20, Theorem 3.1] to (2.3) and using our Assumption 3, we
deduce that

µt(x)≤
1
p

2πt

ˆ
R
µ0(y)

ˆ ∞
|x−y|p

t

z exp

�

−
(z − Kϕ

p
t)2

2

�

dzdy

≤
exp

�

K2
ϕT/2

�

2π
p

tζ2

ˆ
R

exp

�

−
y2

2ζ2

�

exp

�

−
(x − y)2

2t

�

dy

=
exp

�

K2
ϕT/2

�

p

2π(ζ2 + t)
exp

�

−
x2

2(ζ2 + t)

�

.

Therefore, we get

R(A)≤ 8K2
ϕ exp

�

K2
ϕT/2

�

exp

�

−
A2

2(ζ2 + T )

�

.

Next, note that (2.3) can be written as

X t = X0 +
ˆ t

0
(ϕ ∗µs)(Xs)ds+σBt

meaning that bµt(u) = bµ0(u)ψt(u)whereψt is the characteristic function of the random variable´ t
0 (ϕ ∗µs)(Xs)ds+σBt . Thus, under Assumption 3, we conclude that

|bµt(u)| ≤ exp(−u2ζ2/2). (2.38)

Furthermore, by [TT20, Remark 3.3], ∥µt∥∞ ≤ 2∥µ0∥∞ + Kϕ. As a consequence we derive

inf
g∈SN
∥g −ϕ∥2∗ ≲

Kϕ
AN

∞
∑

k=DN+1

|ck|2 exp

�

−
k2ζ2

A2
N

�

+ exp
�

K2
ϕT/2

�

exp

�

−
A2

N

2(ζ2 + T )

�

Hence under our choice of AN and DN we obtain that

inf
g∈SN
∥g −ϕ∥2∗ ≲

exp(K2
ϕT/2)

N
.

This completes the proof of Theorem 2.6.



2.5. PROOFS 39

2.5.3 Proof of Proposition 2.8

Before we begin the proof of Proposition 2.8, we present some preliminary results.

Some Properties of Ψ

We begin by pointing out that Ψ is invertible. Indeed, this immediately follows from the repre-
sentation Ψ = (




ei , e j

�

∗)1≤i, j≤DN
, since (e j)1≤ j≤DN

is an orthonormal system. The invertibility
of the matrix Ψ implies that we can transform (e j)1≤ j≤DN

into an orthonormal system with
respect to 〈·, ·〉∗.

Lemma 2.16. The collection ē = (ē1, . . . , ēDN
)⊤ given by

ē = Ψ−1/2e, (2.39)

where e = (e1, . . . , eDN
)⊤, is an orthonormal system with respect to 〈·, ·〉∗.

Proof. Denoting the Kronecker delta as δi j , we have




ēi , ē j

�

∗ =



(Ψ−1/2e)i , (Ψ
−1/2e) j

�

∗ =
�

Ψ−1/2ΨΨ−1/2
�

i j = δi j . (2.40)

Matrix Concentration Inequality for Independent Observations

First of all, we recall a result from [PMT16], which provides a concentration inequality for
operator norms of self-adjoint matrices.

Theorem 2.17 ([PMT16], Corollary 6.1). Let (X i)1≤i≤N be a sequence of independent random
variables taking values in a Polish space X , and let H be a function from X N into the space of
m×m real self-adjoint matrices Hm. Assume that there exists a sequence (Ai)1≤i≤N ⊂ Hm that
satisfies

A2
i ≽

�

H(x1, . . . , x l−1, x l , x l+1 . . . , xN )−H(x1, . . . , x l−1, x ′l , x l+1 . . . , xN )
�2

for each index 1 ≤ i ≤ N, where x l and x ′l range over all possible values of X l . Define ν2 =









∑N
i=1 A2

i










op
. Then it holds that

P
�

∥H(X1, . . . , XN )−EH(X1, . . . , XN )∥op > t
�

≤ m exp
�

−
t

2ν2

�

.

We begin by considering the random matrix ΨN which has been constructed from i.i.d. observa-

tions X
i,N

, i = 1, . . . , N , drawn from the mean field limit (2.3) instead of mutually dependent
particles (thus, we work under PN

). That is,

(ΨN ) jk =
1

N T

N
∑

i=1

ˆ T

0
e j ∗µN

t (X
i
t)ek ∗µN

t (X
i
t)dt

for 1≤ j, k ≤ DN . As a slight abuse of notation, we denote the corresponding bilinear form as
〈·, ·〉N . In what follows, we prove that Proposition 2.8 holds for ΨN and then transition to the
particle system in the next section.
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Proof of Proposition 2.8 in the independent case. (i) Here we would like to prove the inequality

PN
�





Ψ−1/2ΨNΨ
−1/2 −Ψ−1/2EΨNΨ

−1/2






op ≥
1
2

�

≤ DN exp

 

−
cη,TηN T

4L2
N ∥Ψ−1∥2op

!

. (2.41)

via Theorem 2.17. Recall that by Lemma 2.16

�

Ψ−1/2ΨNΨ
−1/2

�

jk =



ē j , ēk

�

N ,

where ē = Ψ−1/2e. We consider the space X = C([0, T],R) and the map H given by

H : (C([0, T],R))N →HDN ,

(x1, . . . , xN ) 7→

�

1
N T

N
∑

i=1

ˆ T

0
ē j ∗δx(t)(x i(t))ēk ∗δx(t)(x i(t))dt

�

1≤ j,k≤DN

where δx(t) =
1
N

∑N
j=1δx j(t). We have that

Ψ−1/2ΨNΨ
−1/2 −Ψ−1/2EPN

�

ΨN

�

Ψ−1/2

= H
�

X
1
, . . . , X

N�−EPN

�

H
�

X
1
, . . . , X

N��
.

For x = (x1, . . . , xN ) ∈ (C([0, T],R))N we denote by x̃ the same vector where the l-th entry is
replaced by x l

′. We need to study ∆H jk := (H(x)−H( x̃)) jk, which is given by

∆H jk =
1

T N3

N
∑

i,r1,r2=1

ˆ T

0
ē j(x i(t)− xr1

(t))ēk(x i(t)− xr2
(t))

− ē j( x̃ i(t)− x̃r1
(t))ēk( x̃ i(t)− x̃r2

(t))d t.

If either none or all of the indices are equal to l, the difference vanishes. Therefore, there are at
most 3N(N −1) non-zero terms. Consequently, for any 1≤ l ≤ N , we can bound the difference
as

|∆H jk| ≤
6
N





ē j







∞ ∥ēk∥∞ .

Moving on to the spectral norm of ∆H, we have for any y ∈ RDN :

y⊤∆H2 y =
DN
∑

j,k=1

y j yk

DN
∑

l=1

∆H jl∆Hkl ≤
36
N2

DN
∑

j,k=1

|y j yk|
DN
∑

l=1





ē j







∞ ∥ēk∥∞ ∥ēl∥
2
∞

≤
36
N2

 

DN
∑

j=1





ē j







2
∞

!2

∥y∥2 ≤
36
N2

L2
N





Ψ−1






2
op ∥y∥

2 .

This means that

A2
l :=

36
N2

L2
N





Ψ−1






2
op IDN

satisfies the condition A2
l ≽∆H2 for all 1≤ l ≤ N . We also define ν2 := 36

N L2
N





Ψ−1






2
op. Now

we apply the concentration inequality of Theorem 2.17 and deduce the statement (2.41), which
completes this part of the proof.
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(ii) To finish the proof of Proposition 2.8(i) in the independent case we observe that




Ψ−1/2ΨNΨ
−1/2 − IDN







op ≤







Ψ−1/2ΨNΨ
−1/2 −Ψ−1/2EPN

�

ΨN

�

Ψ−1/2









op

+







Ψ−1/2EPN

�

ΨN

�

Ψ−1/2 − IDN










op
.

Thus we only need to show the convergence







Ψ−1/2EPN

�

ΨN

�

Ψ−1/2 − IDN










op
→ 0 as N →∞. (2.42)

Since the particles are exchangeable and independent, we have

EPN

�

(ΨN ) jk
�

=
1

T N3

N
∑

i,r1,r2=1

ˆ T

0
EPN

�

e j(X
i
t − X

r1

t )ek(X
i
t − X

r2

t )
�

d t

=
1

T N2

ˆ T

0

�

(N − 1)2EPN

�

e j ∗µt(X
1
t )ek ∗µt(X

1
t )
�

+ e j(0)ek(0)

+ (N − 1)
�

EPN

�

e j ∗µt(X
1
t )
�

ek(0) +EPN

�

ek ∗µt(X
1
t )
�

e j(0)
��

d t

=
(N − 1)2

N2
Ψ jk +

e j(0)ek(0)

N2

+
N − 1
T N2

ˆ T

0

�

EPN

�

e j ∗µt(X
1
t )
�

ek(0) +EPN

�

ek ∗µt(X
1
t )
�

e j(0)
�

d t.

Hence, we deduce that
�

�

�EPN

�

(ΨN ) jk
�

−Ψ jk

�

�

�≲
1
N

�

(IDN
) jk +





e j







∞ ∥ek∥∞
�

.

Now, the spectral norm can be bounded through Assumption 5:





IDN
−Ψ−1/2EΨNΨ

−1/2






op ≲
1
N



1+




Ψ−1






op

 

DN
∑

j,k=1





e j







2
∞ ∥ek∥

2
∞

!1/2




≲
LN





Ψ−1






op

N

≲
1

p
N T log(N T )

.

(2.43)

This gives the claim (2.42) and thus the validity of Proposition 2.8(i) in the independent case.
(iii) On Λc

N , the following inequalities hold:

cη,T
N T

log(N T )
≤ L2

N

�





Ψ−1






op +







Ψ−1 −Ψ−1
N










op

�2

≤ 2L2
N





Ψ−1






2
op + 2L2

N








Ψ−1 −Ψ−1
N










2

op
.

So, if Assumption 5 holds, we deduce that







Ψ−1 −Ψ−1
N










2

op
≥

cη,T

4L2
N

N T
log(N T )

≥




Ψ−1






2
op ,

and [CG19, Proposition 4 (ii)] yields the claim.
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From Independent Observations to the Particle System

To transfer the results of Proposition 2.8 from the independent case to the particle system
introduced in (2.1), we use an elegant transformation of measure argument investigated
in [DH22]. We recall the probability measures PN and PN

that have been introduced in
Section 2.5.1. According to [DH22, Theorem 18, eq. (35)], there exists a k ∈ N such that

PN (A)≤ Ck(k+1)/8
ϕ PN

(A)k/4 ∀A∈ FT , (2.44)

where Cϕ is a constant independent of N and bounded by

Cϕ ≤ 1+
∞
∑

p=1

(δaϕ)
p ∥ϕ∥2p

Lip , (2.45)

where aϕ depends exponentially on ∥ϕ∥Lip and δ needs to be chosen. Clearly,

δ <
�

2aϕ ∥ϕ∥
2
Lip

�−1

gives us an upper bound for Cϕ, which is uniform over the class Φ. Therefore, we have

PN
�





Ψ−1/2ΨNΨ
−1/2 − IDN







op >
1
2

�

≲ PN
�





Ψ−1/2ΨNΨ
−1/2 − IDN







op >
1
2

�k/4

≲ D1/4
N exp

 

−
cη,T

16L2
N ∥Ψ−1∥2op

ηN T

!

,

meaning that Proposition 2.8 is true for the particle system (2.1). This completes the proof of
Proposition 2.8.

2.5.4 Proof of Theorem 2.9

We begin by considering the RDN -valued random vector EN = ZN − 〈e,ϕ〉N , that is

(EN ) j =
σ

N T

N
∑

i=1

ˆ T

0
e j ∗µN

t (X
i,N
t )dBi

t .

By the Itô isometry,

E
�

(EN ) j(EN )k
�

=
σ2

N T
Ψ jk +O(N−2). (2.46)

Lemma 2.18. For EN defined as above, we have

E
�

∥EN∥
4�≲

DN L2
N

(N T )2
.

Proof. Using Jensen’s inequality, the Burkholder-Davis-Gundy inequality, and independence of
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the Bi , we get

E
�

∥EN∥
4�≤ σ4DN

DN
∑

j=1

E
�

(EN )
4
j

�

≲ σ4DN

DN
∑

j=1

E





�

1
(N T )2

N
∑

i=1

ˆ T

0

�

e j ∗µN
t (X

i,N
t )

�2
dt

�2




≤
σ4DN

N2T3

DN
∑

j=1

N
∑

i=1

ˆ T

0
E
�

�

e j ∗µN
t (X

i,N
t )

�4�
dt

≤
σ4DN

(N T )2

DN
∑

j=1





e j







4
∞ ≲

DN L2
N

(N T )2
,

which is the claim.

For the asymptotic behaviour in ∥·∥∗ and ∥·∥N , we consider orthogonal projections and their
error with respect to our introduced norms. We begin with some intermediate estimates.

Proposition 2.19. Let ΠN : L2(∥·∥∗)→ SN (resp. Π∗) be the orthogonal projection with respect
to ∥·∥N (resp. ∥·∥∗) and recall that Π∗ϕ = ϕN

∗ . Suppose that Assumption 5 is satisfied. Then we
have

(i) E
�




ϕN −ΠNϕ






2
N 1ΛN∩ΩN

�

≲ DN
N T .

(ii) E
�




ϕN −ΠNϕ






2
N 1ΛN∩Ωc

N

�

≲ 1
N T .

(iii) E
�




ΠN
�

ϕ −ϕN
∗

�





2
∗ 1ΩN

�

≲ N−1/2(1+ LN )∥ϕ −ϕN
∗ ∥

2
∗∗ +O(N−1) + o

�

∥ϕ −ϕN
∗ ∥

2
∗

�

.

Remark 2.20. Depending on the choice of η, (ii) actually decays faster than stated. However,
as (i) is the slowest term in Theorem 2.9, a convergence rate of (N T )−1 is sufficient. We will see
in our proofs that this requires η≥ 3, see (2.55). Considering we are analysing the projection
error in its respective norm, the proof of this lemma hardly differs from that of [CG20, Lemma
6.3].

Proof of Proposition 2.19. (i) As ΠNϕ−ϕ = argmin f ∈SN
∥ f −ϕ∥N , a straightforward computa-

tion gives

ΠNϕ =
DN
∑

j=1

(baN ) je j , baN = Ψ
−1
N 〈e,ϕ〉N . (2.47)

By definition of EN , θN − baN = Ψ−1
N EN . Hence,





ϕN −ΠNϕ






2
N =
















DN
∑

j=1

�

Ψ−1
N EN

�

j e j
















2

N

= E⊤NΨ
−1
N EN . (2.48)

On ΩN , all eigenvalues of Ψ−1/2ΨNΨ
−1/2 are in [1

2 , 3
2], which implies that





Ψ1/2Ψ−1
N Ψ

1/2






op ≤ 2, (2.49)

such that E⊤NΨ
−1
N EN 1ΩN

≤ 2E⊤NΨ
−1EN . Together with (2.46) and Lemma 2.18, we have deduced
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by Assumption 5:

E
�




ϕN −ΠNϕ






2
N 1ΛN∩ΩN

�

≤ 2E
�

E⊤NΨ
−1EN

�

≲
DN
∑

j,k=1

�

Ψ−1
�

jk

�

1
N T
Ψ jk +

1
N2

�

≲
DN

N T
+

DN





Ψ−1






op

N2
≲

DN

N T
+

DN

LN
p

N3 log(N T )

≲
DN

N T
.

(ii) By Proposition 2.8, (2.48) and Lemma 2.18, we have

E
�




ϕN −ΠNϕ






2
N 1ΛN∩Ωc

N

�

≤ E
�




Ψ−1
N







2
op 1ΛN

∥EN∥
4
�1/2
P
�

Ωc
N

�1/2

≤
p

DN (N T )−(η/2+1).

(iii) We define g = ϕ −ϕN
∗ and write the projection of ΠN g according to (2.47) as an inner

product. Using Lemma 2.16, Parseval’s identity, and (2.49) we deduce the following inequalities
on ΩN :





ΠN g






2
∗ =





e⊤Ψ−1
N 〈e, g〉N







2
∗ 1ΩN

=




ē⊤Ψ1/2Ψ−1
N Ψ

1/2




 〈ē, g〉2∗
=




Ψ1/2Ψ−1
N Ψ

1/2 〈ē, g〉N






2
≤ 4





〈ē, g〉N






2

≤ 4




Ψ−1






op

DN
∑

j=1




e j , g
�2

N .

Due to the identity g = ϕ −ϕN
∗ , we have that




e j , g
�

∗ = 0 for all j = 1, . . . , DN . Hence,

DN
∑

j=1

E
�




e j , g
�2

N

�

=
DN
∑

j=1

E
�

�


e j , g
�

N −



e j , g
�

∗

�2�
. (2.50)

For the latter term we want to use the decomposition (2.29). However, we note that ∥g∥∞ is
not necessarily uniformly bounded in N , and thus we need a precise estimate of this norm. We
recall that ∥ϕ∥∗ ≤ ∥ϕ∥∞ ≤ K1 for all ϕ ∈ Φ. Also note the identity

ϕN
∗ =

DN
∑

j=1




ē j ,ϕ
�

∗ ē j .

Consequently, we deduce that





ϕN
∗







∞ ≤
DN
∑

j=1

�

�




ē j ,ϕ
�

∗

�

� · ∥ē j∥∞ ≤

 

DN
∑

j=1




ē j ,ϕ
�2
∗

!1/2 DN
∑

j=1

∥ē j∥2∞

!1/2

≤ L1/2
N





Ψ−1






1/2
op

 

DN
∑

j=1




ē j ,ϕ
�2
∗

!1/2

.

On the other hand, we have





ϕN
∗







2
∗ =

DN
∑

j=1




ē j ,ϕ
�2
∗ ≤ ∥ϕ∥

2
∗ ≤ K2

1 .
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Hence, we obtain the inequality

∥g∥∞ ≲
�

1+ L1/2
N





Ψ−1






1/2
op

�

. (2.51)

In the next step, we use the decomposition (2.29) and the polarisation identity 〈 f , g〉∗ =
(∥ f + g∥2∗ − ∥ f − g∥2∗)/4 to get




e j , g
�

N −



e j , g
�

∗ = U1,N (g, e j) + U2,N (g, e j) + U3,N (g, e j) +O
�

N−1∥g∥∞∥e j∥∞
�

, (2.52)

where Uk,N (g, e j) := (Uk,N (g + e j)− Uk,N (g − e j))/4 for k = 1, 2, 3. Now, we need to estimate
the variance of the terms Uk,N (g, e j). For this purpose we will use the same change of measure
device as proposed in Section 2.5.1. In particular, due to the Cauchy-Schwarz inequality (2.34),
it suffices to find an appropriate bound for the fourth moment of Uk,N (g, e j), k = 1, 2, 3, under

the probability measure PN
.

We start with the U-statistics U2,N (g, e j) and U3,N (g, e j). Replacing g (resp. e j) by g/∥g∥∞
(resp. by e j/∥e j∥∞), we conclude as in Section 2.5.1:

EPN

�

U2,N (g, e j)
4
�1/2 ≲ ∥g∥2∞∥e j∥2∞N−2,

EPN

�

U3,N (g, e j)
4
�1/2 ≲ ∥g∥2∞∥e j∥2∞N−3. (2.53)

Next, we treat the term U1,N (g, e j). Under PN
we deal with i.i.d. random variables. Observe

that for a statistic WN := N−1
∑N

i=1 Zi, where Zi ’s are i.i.d. random variables with E[Z1] = 0
and E[Z4

1 ]<∞, we have that E[W 4
N ] = 3N−2E[Z2

1 ]
2 + N−3E[Z4

1 ]. Using this observation and
applying the Hölder inequality, a straightforward computation shows that

EPN

�

U1,N (g, e j)
4
�1/2 ≲ ∥e j∥2∞

�

∥g∥2∗ + ∥g∥
2
∗∗

� �

N−1 + N−3/2∥e j∥2∞∥g∥
2
∞

�

. (2.54)

Now, we put everything together. According to (2.34), we deduce that

EPN

�

Uk,N (g, e j)
2
�

≤ CEPN

�

U1,N (g, e j)
4
�1/2

for k = 1, 2,3.

Plugging the inequalities (2.53) and (2.54) into (2.50), and taking into account the bound in
(2.51), we conclude that

E
�




ΠN
�

ϕ −ϕN
∗

�





2
∗ 1ΩN

�

≲




Ψ−1






2
op L2

N

�

N−2 + N−3
�

+ N−1




Ψ−1






op LN

�

∥g∥2∗ + ∥g∥
2
∗∗

�

+ N−3/2




Ψ−1






2
op L3

N

�

∥g∥2∗ + ∥g∥
2
∗∗

�

.

Recalling Assumption 5, we obtain the statement of the proposition.

Now, we proceed with the proof of Theorem 2.9. Let us start with the asymptotic result in the
empirical norm. We split

∥ bϕN −ϕ∥
2
N = inf

f ∈SN

∥ f −ϕ∥2N +






bϕN −ΠNϕ






2
N

= inf
f ∈SN

∥ f −ϕ∥2N +




ϕN −ΠNϕ






2
N

�

1ΛN∩ΩN
+ 1ΛN∩Ωc

N

�

+ ∥ϕ∥2N 1Λc
N

=: inf
f ∈SN

∥ f −ϕ∥2N + I1+ I2+ I3 .
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Recall that E[I1] and E[I2] are treated in Proposition 2.19. Furthermore, we have EI3 ≲ 1/N
due to Proposition 2.8. This gives us

E
�

∥ bϕN −ϕ∥
2
N

�

≲ E
�

inf
f ∈SN

∥ f −ϕ∥2N

�

+
DN

N T
.

Taking the supremum over ϕ ∈ Φ gives the first claim.

For the asymptotic results in ∥·∥∗, we split

∥ bϕN −ϕ∥
2
∗ = ∥ bϕN −ϕ∥

2
∗

�

1ΛN∩ΩN
+ 1ΛN∩Ωc

N

�

+ ∥ϕ∥2∗ 1Λc
N

=: II1+ II2+ II3 .

For II1, we set g = ϕ −ϕN
∗ . Note that ΠNΠ∗ = Π∗, therefore

ΠNϕ −ϕ = ΠN (g +Π∗ϕ)−ϕ = ΠN g − g.

So we split the terms in II1 into

∥ bϕN −ϕ∥
2
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2
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ΠNϕ −ϕ






2
∗

≤
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2
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2
∗ + ∥g∥

2
∗ .

Since ∥·∥N and ∥·∥∗ are equivalent on ΩN , we have

E
�
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≤ 2E
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2
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.

By Proposition 2.19 (iii), we have

E
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2
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Moving on to II2, we have
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Recalling the definition of ϕN given in (2.11) and that (ZN ) j = (EN ) j +



e j ,ϕ
�

N , we have
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Since ϕ is bounded,
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such that
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Finally, with Assumption 5 and Lemma 2.18, and the fact that ∥Ψ∥op ≤ LN , we obtain

E
�

∥ϕN∥
2
∗ 1ΛN∩Ωc

N

�

≤ E
�




Ψ−1
N







2
op ∥Ψ∥op

�




〈e,ϕ〉N






2
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∥ϕ∥2∞p
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�

(N T )−(η−1)/2.
(2.55)

Last but not least, we have that
E[II3]≲ P(Λc

N )

which completes the proof due to Proposition 2.8.

2.5.5 Proof of Proposition 2.11

Let us denote by λmin(Q) the smallest eigenvalue of a symmetric matrix Q ∈ RDN×DN . Since

λmin(Q1Q2)≥ λmin(Q1)λmin(Q2) and

λmin

�

T−1
ˆ T

0
Q t d t

�

≥ T−1
ˆ T

0
λmin(Q t)d t,

for all positive semi-definite matrices Q1,Q2, (Q t)t≥0, we obtain via (2.18):

λmin(Ψ)≥
1

2AN T

ˆ T

0
min

k=1,...,DN

(bµt(k/AN ))
2λmin(Rt)d t

≥
exp

�

−2D2
N/(c2A2

N )
�

2AN T

ˆ T

0
g2

2(t)λmin(Rt)d t

where Rt ∈ RDN×DN is a Toeplitz matrix given as Rkl
t = bµt((l−k)/AN ). To deduce a lower bound

for λmin(Rt), we introduce the discrete-time Fourier transform

F(ω) :=
∑

n∈Z
bµt(n/AN )exp(−iωn), ω ∈ [−π,π].

A well-known result states that

λmin(Rt)≥ min
ω∈[−π,π]

F(ω),

and hence we need to compute F(ω). For this purpose, we will apply the Poisson summa-
tion formula. Define the function f (x) := bµt(x/AN )exp(−iωx) for x ∈ R and F f (z) :=´
R f (x)exp(−i2πzx)d x . The Poisson summation formula states that

F(ω) =
∑

n∈Z
f (n) =

∑

n∈Z
F f (n).

By the Fourier inversion formula we obtain the identity

F f (n) =
ˆ
R
bµt(x/AN )exp (−i x(ω+ 2πn)) d x =

ANp
2π
µt (AN (ω+ 2πn)/π) .

Due to Assumption 6, we deduce that

F(ω)≥
AN g1(t)p

2π

∑

n∈Z
exp

�

−
A2

N (ω+ 2πn)2

c1π2

�

≥
AN g1(t)p

2π
exp

�

−
A2

N

c1

�

(1+ o(1)).
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Putting things together, we conclude that

λmin(Ψ)≥
exp

�

−2D2
N/(c2A2

N )
�

exp
�

−A2
N/c1

�

2
p

2πT

ˆ T

0
g1(t)g2(t)

2d t.

This implies the statement of Proposition 2.11.

2.5.6 Proof of Proposition 2.12

Consider the decomposition

ϕ =
∞
∑

j=1

c je j =
DN
∑

j=1

c je j +
∞
∑

j=DN+1

c je j =: ϕ1 +ϕ2.

In this scenario it holds that
ϕ −Π∗ϕ = ϕ2 −Π∗ϕ2.

Furthermore, it is

∥ϕ2∥2∗∗ ≤ ∥ϕ2∥2∞ ≲ A−1
N

 

∞
∑

j=DN+1

|c j|

!2

.

To estimate the term ∥Π∗ϕ2∥2∗∗, we introduce the decomposition

Π∗ϕ2 =
DN
∑

j=1




ē j ,ϕ2

�

∗ ē j .

Now, we deduce that
∥Π∗ϕ2∥2∗∗ ≲ ∥Π

∗ϕ2∥2∞.

We obtain the inequality

∥Π∗ϕ2∥∞ ≤
DN
∑

j=1

|



ē j ,ϕ2

�

∗ | · ∥ē j∥∞.

In the next step we will find a bound for the term |



ē j ,ϕ2

�

∗ |. First, we note




ē j ,ϕ2

�

∗ =
DN
∑

k=1

∑

l=DN+1

Ψ
−1/2
jk cl 〈ek, el〉∗ .

We already know that

〈ek, el〉∗ =
1

2AN T

ˆ T

0
bµt(−k/AN )bµt(l/AN )bµt((l − k)/AN )dt.

Due to Assumption 3, the leading order of the above term is achieved for l = Dn + 1 and
k = Dn/2. Hence, we conclude that

|



ē j ,ϕ2

�

∗ |≲ DN∥Ψ−1∥1/2op exp

�

−
3D2

Nζ
2

4A2
N

� ∞
∑

j=DN+1

|c j|.

Consequently, we obtain the inequality

∥Π∗ϕ2∥∞ ≲ A−1/2
N D2

N∥Ψ
−1∥op exp

�

−
3D2

Nζ
2

4A2
N

� ∞
∑

j=DN+1

|c j|,

which completes the proof.



Chapter 3

Polynomial Rates through
Deconvolution Estimation

The foundation of stochastic systems involving interacting particles and the development
of nonlinear Markov processes, initially introduced by McKean in the 1960s [McK66], can
be traced back to their roots in statistical physics, particularly within the domain of plasma
physics. Over subsequent decades, the significance of these systems in probability theory
has steadily grown. This area has witnessed the development of fundamental probabilistic
tools, including propagation of chaos, geometric inequalities, and concentration inequalities.
Pioneering contributions from researchers such as [Mél96; Mal01; CGM08; Szn91] have played
a crucial role in shaping this field.

However, formulating a modern statistical inference program for these systems remained
challenging until the early 2000s, with few exceptions, such as Kasonga’s early paper [Kas90].
Several factors contributed to this challenge. Firstly, the advanced probabilistic tools required for
estimation were still under development. Secondly, the microscopic particle systems originating
from statistical physics were not naturally observable, making the motivation for statistical
inference less apparent. This situation began to change around the 2010s with the widespread
adoption of these models in various fields where data became observable and collectable.
Applications expanded into diverse fields, including the social sciences (e.g., opinion dynamics
[Cha+17] and cooperative behaviours [CFT12]), mathematical biology (e.g., structured models
in population dynamics [ME99] and neuroscience [Bal+12]), and finance (e.g., the study of
systemic risk [FS13] and smile calibration [GH11]). Mean-field games have emerged as a new
frontier for statistical developments, as evident in the references [Car+19; Dje+22; GSS20].
This transition has led to a growing need for a systematic statistical inference program, which
constitutes our primary focus. Recently, this interest has manifested in two primary directions.
On one front, statistical investigations are rooted in the direct observation of large interacting
particle systems, as evidenced in works [Amo+23; Che21; CG23; DH22; DH23; PZ22b]. On
the other front, statistical inference revolves around the observation of the mean-field limit,
the McKean-Vlasov process, as exemplified in [GL21b; GL21a; Sha+23]. Concerning stationary
McKean-Vlasov SDEs, the literature is relatively sparse. To the best of our knowledge, only
a handful of references exist, including [PZ22a] and [GL23a], which focus on the special
McKean-Vlasov model without a potential term. In [GL23b], a more general model is explored.

This chapter, based on [Amo+24], focuses on statistical inference for an interacting particle
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system described by the following stochastic differential equation:

¨

dX i,N
t = −(V ′(X i,N

t ) +
1
2W ′ ∗µN

t (X
i,N
t ))dt + dBi

t ,

(X i,N
0 )∼ µ

⊗N
0 ,

(3.1)

where the processes Bi := (Bi
t)t≥0 are independent standard Brownian motions. The function

V is referred to as the confinement potential, while W (or W ′) is the interaction potential (or
interaction function respectively). Our primary objective is to estimate the interaction function
W ′ based on observations X 1,N

T , ..., X N ,N
T of the particles, which are solutions of the system

(3.1). Our approach hinges on the analysis of the associated inverse problem concerning
the underlying stationary Fokker-Planck equation, relying on various results related to the
probabilistic properties of the model.

Our research is closely connected to a recent study [BPP23] that discusses estimation of the
interaction function with a specific semiparametric structure. The authors in [BPP23] develop
an estimation procedure, demonstrating convergence rates that critically depend on the tail
behaviour of the nonparametric part of the interaction function W . Specifically, assuming a
polynomial decay of the tails, they establish logarithmic convergence rates, proven to be optimal
in that context. This naturally raises the question of whether polynomial rates can be achieved
under a different set of conditions. This work aims to address this question, and our key finding
is that, by assuming exponential decay of the interaction function W , we can introduce an
estimator that achieves polynomial convergence rates, as demonstrated in Theorem 3.11.

Compared to the framework proposed in [BPP23], our model features some distinctions. The
smoothness of the confinement potential V emerges as a crucial factor influencing the achieved
convergence rate. Additionally, the regularity of the invariant density π of the associated
McKean-Vlasov equation and the analysis of its Fourier transformF (π) are vital for establishing
the asymptotic properties of our estimator. Notably, a lower bound on F (π) is required, pre-
senting one of the primary challenges in this work. We address this challenge using Hadamard
factorisation, leading to the desired lower bound under mild assumptions on the model. Fur-
thermore, we provide an example demonstrating how a non-smooth confinement potential V
results in the Fourier transform F (π) exhibiting a polynomial decay. As another interesting
situation, we consider the case of non-smooth potential W and show that even in this case the
Fourier transform of π decays exponentially fast. Further technical tools include the extension
of the Kantorovich-Rubinstein dual theorem to functions lacking Lipschitz continuity, presented
in Theorem 3.4, and an extension of the uniform propagation of chaos in the L2p-norm without
a convexity assumption for W , as demonstrated in Proposition 3.6.

The structure of this chapter is as follows. In Section 3.1, we introduce the model assumptions.
This section also offers a concise overview of interacting particle systems, and the relevant
tools about Fourier and Laplace transforms. Crucially, we present key probabilistic results that
lay the groundwork for our main findings. Section 3.2 is dedicated to formulating our primary
statistical problem and the associated estimation procedure. Additionally, we establish upper
bounds on the L2 risk of the proposed drift estimator. The proof of our main results is provided
in Section 3.3, where we delve into the detailed verification of our key findings. Finally, in
Section 3.4, we explore the sufficient conditions necessary to ensure that the transforms satisfy
the requirements for our main results. All remaining proofs are collected in Section 3.5.
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Notation

All random variables and stochastic processes are defined on a filtered probability space
(Ω,F , (Ft)t≥0,P). Throughout the chapter, we use the symbol c to represent positive constants,
although these constants may vary from one line to another. For any function f : R→ R, we
denote its supremum as ∥ f ∥∞ := supy∈R | f (y)|. The notation xn ≲ yn signifies the existence
of a constant c > 0, independent of n, such that xn ≤ c yn. The derivatives of a function f
are denoted as f ′, f ′′, . . . , or f (k), k ≥ 1. For a complex number z ∈ C, we denote its complex
conjugate, real part, and imaginary part as z, Re(z), and Im(z), respectively. For a ∈ R, we use
the notation

La := {y + ia : y ∈ R}.

3.1 Model and Assumptions

We start our analysis by introducing a set of assumptions on the confinement potential V and
the interaction potential W . It will become evident that the smoothness of V plays a pivotal
role in our asymptotic analysis. Our investigation encompasses two distinct scenarios: Either
the confinement potential of smoothness takes the form V (x) = αx2/2 for a positive constant
α, or the confinement potential is expressed as V (x) = αx2/2+ eV (x), where α > 0 and eV is a
known function characterised by non-smooth features, as explained below. We assume that V
and W satisfy the following hypothesis:

Assumption 7. The potentials W : R→ R and V : R→ R are such that

• The interaction potential W ∈ C2(R) is even with bounded derivatives W ′ ∈ L1(R) and
W ′′ such that infx∈RW ′′(x) = −CW for some CW > 0.

• The confinement potential V is given by V (x) = α
2 x2 + eV (x), with α+ infx∈R eV

′′(x) =
CV > 0, where CV and CW satisfy the relation CV − CW > 0. eV is given by either

A1. eV = 0, or

A2. eV is even, and there exists J ∈ N, J ≥ 2 such that eV ∈ C J(R) and eV ̸∈ C J+1(R).
Furthermore, for each 2≤ j ≤ J , supx∈R |eV ( j)(x)|= c̃ j <∞.

Additionally, the initial distribution admits a density, which (by abuse of notation) we also
denote as µ0, satisfying

ˆ
R

exp(cx)µ0(x)dx <∞, ∀c ∈ R,
ˆ
R

log(µ0(x))µ0(x)dx <∞. (3.2)

Remark 3.1. We emphasise that we do not assume convexity of the interaction potential W , as
is commonly done in most works. Instead, our assumption is that W ′′ is bounded below by a
constant −CW < 0. While the geometric convergence of the distribution of the system (3.1) to
the invariant distribution for t →∞ now follows from [CMV03, Theorem 2.1], Proposition 3.6
establishes a uniform (in time) propagation of chaos under the above assumptions. Lastly, note
also that A1 can be seen as a special case of A2, where J =∞.
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3.1.1 Probabilistic Results

The mean field equation associated to the interacting particle system introduced in (3.1) is
given by the 1-dimensional McKean-Vlasov equation

¨

dX t = −
�

V ′(X t) +
1
2W ′ ∗µt(X t)

�

dt + dBt ,

Law(X t) = µt .
(3.3)

Under Assumption 7, existence and uniqueness of strong solutions of (3.1) and (3.3) follow
as in [Ben+98; CMV03; Mal03]. Additionally, the measure µt possesses a smooth Lebesgue
density and the McKean-Vlasov equation admits an invariant density π solving the stationary
Fokker-Planck equation

1
2
π′′ = −

d
dx

��

V ′ +
1
2

W ′ ∗π
�

π

�

, (3.4)

which means that π is given by

π(x) =
1
Zπ

exp (−2V (x)−W ∗π(x)) , x ∈ R, (3.5)

with a normalising constant

Zπ =
ˆ
R

exp (−2V (x)−W ∗π(x)) dx <∞.

The invariant density can be upper and lower bounded under our assumptions, according to
the following lemma. Its proof can be found in Section 3.5.

Lemma 3.2. Suppose that Assumption 7 holds true. Then, for any x ∈ R, there exist two constants
c1, c2 > 0 such that

c1 exp(−eC x2)≤ π(x)≤ c2 exp(−CV x2),

with eC := α+ c̃2 and CV and c̃2 are as in Assumption 7. Furthermore, it holds that

|π(n)(x)| ≤ c(1+ |x |)n exp(−CV x2), 0≤ n≤ J .

A crucial tool in our estimation procedure consists in a result which combines uniform in time
propagation of chaos for (3.1) with convergence to the equilibrium of (3.3). In order to state
it we start by introducing the Wasserstein metric. The Wasserstein p-distance between two
measures µ, ν on R is defined by

Wp(µ,ν) :=
�

inf
X∼µ,Y∼ν

E[|X − Y |p]
�

1
p

,

where the infimum is taken over all the possible couplings (X , Y ) of random variables X and Y
with respective laws µ and ν. The following result combines point (iv) of [CMV03, Theorem
2.1] with [Mal03, Theorem 5.1] or [CGM08, Theorem 3.1], adapted to the current framework,
see also our Proposition 3.6 below.

Theorem 3.3. Let X
i
, 1≤ i ≤ N, be i.i.d. copies of the process X defined in (3.3) so that every X

i

is driven by the same Brownian motion as the i-th particle of the system (3.1) and they are equal
at time 0. Denote by

ΠN ,T = N−1
N
∑

i=1

δX i,N
T
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the empirical distribution of the particle system X i,N
T for 1≤ i ≤ N, and by Π the law associated to

the invariant density π. Under Assumption 7 there exists a constant c > 0 independent of N and
T such that

sup
t≥0
E
�

|X i,N
t − X

i,N
t |

2
�

≤ cN−1

and
E[W1(ΠN ,T ,Π)2]≤ c

�

N−1 + exp(−λT )
�

=: cN−1
T ,

where λ= CV − CW > 0, and CV and CW have been introduced in Assumption 7.

The aforementioned bound asserts that the invariant distribution Π of the mean field equation
can be accurately approximated by the empirical measure ΠN ,T , while providing an associated
error bound for this approximation. In the upcoming estimation procedure all convergence
rates will be measured in terms of NT . In the following, we will present and prove a similar
result, but from a dual perspective, involving the Laplace transforms of ΠN ,T and Π.

We opt to replace the use of the Fourier transform, as seen in [BPP23], with the Laplace
transform. This choice is made with a similar intent as the authors of [BG21], allowing for
greater flexibility and the inclusion of diverse scenarios.

Before we proceed further, let us now introduce some notation and properties concerning
the Laplace transform. For any locally integrable function φ, we define the bilateral Laplace
transform as follows:

Òφ(z) :=
ˆ
R
φ(t)exp(−zt)dt. (3.6)

The Laplace transform Òφ(z) is an analytic function within the convergence region Σφ , which
typically takes the form of a vertical strip in the complex plane:

Σφ :=
¦

z ∈ C : x−φ ≤ Re(z)≤ x+φ
©

for some x−
φ

, x+
φ

such that −∞< x−
φ
≤ x+

φ
<∞. The convergence region Σφ can degenerate

to a vertical line in the complex plane, in that case it is Σφ :=
�

z ∈ C : Re(z) = xφ
	

, with
xφ ∈ R. If φ is a probability density, then the imaginary axis always belongs to the convergence
region Σφ . In this case the Fourier transform of φ

Òφ(−i y) =F (φ)(y) :=
ˆ
R
φ(t)exp(i y t)dt, y ∈ R,

is the characteristic function of φ. This degenerate case pertains to distributions whose
characteristic function lacks the ability to be analytically extended to a strip surrounding the
imaginary axis on the complex plane.

We are now ready to state a propagation of chaos type result for the Fourier transforms that is
reminiscent of Theorem 3.3 by means of the Kantorovich-Rubinstein theorem. In particular, we
can demonstrate that the transform of Π can also be effectively approximated by the transform
of the empirical measure ΠN ,T . The proof can be found in Section 3.3.

Theorem 3.4. Under Assumption 7, there exists a constant c > 0 such that, for any z ∈ L±a,

E[|F (Π)(z)−F (ΠN ,T )(z)|2]≤ c|z|2N−1
T .

Remark 3.5. Note that for z ∈ R, this theorem is a direct implication of the Kantorovich-
Rubinstein dual formulation, applicable to 1-Lipschitz functions. However, when dealing with
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z ∈ L±a, the function exp(iz) no longer possesses Lipschitz continuity, thereby rendering the
use of the Kantorovich-Rubinstein dual formulation unfeasible. This motivates us to establish
this analogous formulation.

Some crucial results will be instrumental in the derivation of the theorem above. Specifically,
we present an extension of the propagation of chaos theorem, as stated in Proposition 3.6
below, in the L2p norm, for p ≥ 1. For the detailed proof of this result, we refer to Section 3.5.

Proposition 3.6. Under Assumption 7 for any p ≥ 1 there exists a constant c > 0 such that for
any N ∈ N and 1≤ i ≤ N, it is

sup
t≥0
E
�

|X i,N
t − X

i,N
t |

2p
�

≤ cN−p.

3.2 Statistical Framework and Main Results

3.2.1 The Estimation Procedure

Suppose we observe the data X 1,N
T , . . . , X N ,N

T in the asymptotic framework where N , T →∞.
Our goal is to estimate the interaction function W ′. In particular, we will propose an estimator
W ′N ,T and study its performance by considering the associated mean integrated squared error,
aiming to achieve polynomial convergence rates.

The estimation procedure is semiparametric in the sense that it consists of four different steps,
involving both parameter estimation and nonparametric estimation techniques.

1. The first step consists in the estimation of the derivative of the log-density which we
denote as l(y):

l(y) := (logπ)′(y) =
π′(y)
π(y)

, y ∈ R.

This will be achieved by the introduction of kernel estimators for both π and π′. Let K
be a smooth kernel of order m≥ 2, that isˆ

R
K(x)dx = 1,

ˆ
R

x jK(x)dx = 0 j = 0, ..., m− 1,
ˆ
R

xmK(x)dx ̸= 0.

It is worth noting the choice of the kernel order, denoted by m, is flexible and can be
determined by the statistician. As we will see later on, the choice of m is determined
by the regularity of V : a smooth confinement potential allows us to choose an arbitrary
m ∈ N. On the other hand, if V is non-smooth as described in A2 of Assumption 7, we
need to additionally assume that m ≤ J . Indeed, this is a standard restriction on the
order of the kernel when estimating non-smooth functions. Let us also introduce the
bandwidths hi := hi,N ,T , i = 0,1, which satisfy hi → 0 for N , T →∞ and the notation
Kh(x) =

1
h K( x

h ). Then, we can define the kernel estimators πN ,T and π′N ,T for π and π′,
respectively, as

πN ,T (y) :=
1
N

N
∑

i=1

Kh0
(y − X i,N

T ), π′N ,T (y) :=
1

Nh1

N
∑

i=1

K ′h1
(y − X i,N

T ).

An estimator for the derivative of the log-density l(y) is then given by

lN ,T (y) :=
π′N ,T (y)

πN ,T (y)
1{πN ,T (y)>δ},

where δ = δN ,T → 0 as N , T →∞.
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2. In the second step, we estimate the parameter α > 0 appearing in the confinement
potential. This is based on the identity

l(y) = −2αy − 2eV ′(y)−W ′ ∗π(y)

and on a contrast function method. Indeed, since W ′ ∈ L1(R), we know that
�

�W ′ ∗π(y)
�

�→
0 as |y| →∞, which allows us to construct a minimal contrast estimator for α. In partic-
ular, for any ε ∈ (0, 1) arbitrarily small, we can introduce an integrable weight function w
with support on [ε, 1] and a parameter U = UN ,T , which satisfies U →∞ for N , T →∞.
Then, we can define the estimator αN ,T for α as

αN ,T := argmin
α∈R

ˆ
R

�

lN ,T (y) + 2αy + 2eV ′(y)
�2

wU(y)dy.

3. Using the results in the previous step we can construct an estimator ΨN ,T of Ψ := −W ′∗π.
Given the estimators lN ,T and αN ,T constructed above, we define

ΨN ,T (y) :=
�

lN ,T (y) + 2αN ,T y + 2eV ′(y)
�

1{|y|≤εU}, y ∈ R.

4. The last step consists in applying the deconvolution and the inverse Laplace transform to
obtain an estimator for W ′. Note that because we want to consider values of F (Π) on a
domain where the function is analytic (e.g. to avoid zeros), we can not use the standard
regularisation techniques of deconvolution problems consisting of cutting off the estimates
outside bounded intervals on the real line, see [Joh09]. Instead, we are going to employ
a Tikhonov-type regularisation. More specifically, for some a ≥ 0, choose a sequence of
entire functions ρN ,T such that for z ∈ L±a,

�

�F
�

ΠN ,T

�

(z) +ρN ,T (z)
�

�≥ ϵN ,T > 0, where
ϵN ,T → 0 for N , T →∞. Then, we define the estimator W ′N ,T via

F
�

W ′N ,T

�

(z) := −
F
�

ΨN ,T

�

(z)

F
�

ΠN ,T

�

(z) +ρN ,T (z)
.

Observe that the right hand side is well-defined since ΨN ,T ∈ L1(R)∩ L2(R). Additionally,
for all z ∈ L±a, |F (W ′N ,T )(z)| ≤ ϵ

−1
N ,T

�

�F (ΨN ,T )(z)
�

�, such that W ′N ,T , as the inverse Fourier
transform of the right hand side, is well-defined.

It is natural to draw a comparison between our proposed estimation approach with the one
presented in [BPP23], particularly in scenarios where the interacting drift exhibits polynomial
tails. Although the overall steps in the estimation process share similarities, our context
introduces several novel considerations.

Our estimation procedure can be divided into two parts, depending on whether we are ad-
dressing the first case with infinite smoothness, where eV = 0, or the less smooth case where eV
adheres to condition A2. The model distinction arises from the absence of the potential function
V (x) in [BPP23]. Instead, the interaction potential in [BPP23] comprises two components: the
potential, encompassing trigonometric and polynomial functions, and the non-parametric com-
ponent of W . Despite this difference, it does not significantly impact the estimation procedure.
The parametric component in [BPP23] plays a role similar to the confinement potential in our
context, and both are estimated through a contrast function, yielding comparable results in
steps 1 and 2 for both cases.

The deviation becomes evident in step 3, where the constraint on exponential tails of W ′ results
in polynomial convergence rates (see Theorem 3.8), a contrast to the logarithmic convergence
rates for Ψ in [BPP23] due to polynomial tails of W ′.
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The divergence continues into the fourth and final step, where the estimation procedure takes
on entirely different forms. The primary challenge lies in analysing the joint decay of the
transforms of W ′ and π, introducing the condition

´
La
|F (W

′)(z)
F (Π)(z) |

2 dz <∞. Analysing such a
condition proves to be a complex task. Notably, the analysis hinges on studying the zeros of
the transform of π, leading us to use the Laplace transform instead of the Fourier transform.
It is worth noting that selecting a = 0 in La allows obtaining the Fourier transform from the
Laplace transform. A comprehensive explanation regarding the fulfillment of the mentioned
constraint can be found in Section 3.4.

3.2.2 Main Results: Convergence Rates

Let us start with the first step, which consists in the estimation of l. We remark again that
the order of the kernel can be chosen arbitrarily in the case of eV = 0, whereas for eV as in
Assumption 7, A2, we require the condition m≤ J . In the sequel the bandwidths h0 and h1 for
πN ,T and π′N ,T , respectively, are chosen as

h0 := N
− 1

2(m+1)
T and h1 := N

− 1
2(m+2)

T .

Finally, the threshold parameter is chosen as

δ :=
c1

2
exp(−eCU2),

where c1, eC are the constants appearing in Lemma 3.2. We remark that the definitions for h0
and h1 are the same as in [BPP23] while the choice of δ is due to our lower bound on π as
presented in Lemma 3.2.

Proposition 3.7. Let h0, h1 and δ be as above and let U ≥ 1. Assume that Assumption 7 holds.
Then it is

sup
|x |≤U
E
�

|lN ,T (x)− l(x)|2
�

1
2 ≲ exp(eCU2)

�

N
− m

2(m+2)
T + UN

− m
2(m+1)

T

�

.

We now proceed to estimate α in step 2, employing the estimator αN ,T . In our current context,
this step is less challenging than it was in the previous work cited as [BPP23], thanks to the
specific model under consideration. In particular, the estimation of α essentially involves
simplifying step 2 from [BPP23] to the scalar case, where an additional potential eV has been
introduced. However, this potential is already known, and it can be chosen in a way such that
it does not contribute to the convergence rate at this stage of the analysis.

Theorem 3.8. Let U ≥ 1 and recall that m is the order of the kernel K. If Assumption 7 holds
then, for any ε ∈ (0, 1),

E
�
ˆ
R
|ΨN ,T (y)−Ψ(y)|2 dy

�
1
2

≲ exp(eCU2)U
1
2

�

N
− m

2(m+2)
T + UN

− m
2(m+1)

T

�

(3.7)

+
2 exp(−CV (ε

U
2 )

2)

εU
+

�ˆ
|y|> εU

2

|W ′(y)|2 dy

�
1
2

.

The dependence of the convergence rate for ΨN ,T on the tail behaviour of the function W ′

is evident in Theorem 3.8. In particular, when the tails of W ′ exhibit exponential decay, the
subsequent corollary, which directly follows from the previous result, provides a precise bound.
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Corollary 3.9. In the setting of the previous theorem, let p > CV and assume that

lim sup
x→∞

exp(2px2)
ˆ
|y|>x
|W ′(y)|2dy <∞. (3.8)

Then, for any ε ∈ (0, 1), choosing U2 = cu log(NT ), where

cu =
m

2(m+ 2)
1

(eC + CV
ε2

4 )
, (3.9)

gives

E
�
ˆ
R
|ΨN ,T (y)−Ψ(y)|2 dy

�
1
2

≲ (log NT )
1
4 N−γT , (3.10)

where

γ=
m

2(m+ 2)
1

1+ 4eC
ε2CV

. (3.11)

Remark 3.10. One might question why the convergence rate above depends on the auxiliary
parameter ε ∈ (0, 1) introduced in the second step of our estimation procedure. By following
the proof of Theorem 3.8, it is easy to verify that when the value of α is known and does
not require pre-estimation, the results still hold with ε = 1. However, when estimating the
parameter α, we lose the option of setting ε = 1 and can only use ε ∈ (0,1), which slightly
affects our convergence rate. The optimal choice is to take ε as close to 1 as possible, resulting
in

γ=
m

2(m+ 2)
1

1+ 4eC
CV

− ε̃

for any arbitrarily small ε̃ > 0.

The estimation of Ψ leads us to the estimation of W ′ as stated in the following theorem. In this
context, an assumption regarding the decay of the transforms of π and W ′ will be crucial.

Assumption 8. Recall that La = {y + ia : y ∈ R} for some a ≥ 0. There exists an a ≥ 0 such
that ˆ

L±a

�

�

�

�

�

F
�

W ′
�

(z)

F (Π)(z)

�

�

�

�

�

2

dz <∞. (3.12)

We will further analyse this assumption in Section 3.4. Therein, we will employ tools from
complex analysis to establish a lower bound on F (Π), allowing us to verify that Assumption 8
holds true in specific situations. Additionally, we will conclude said section by providing an
example, illustrating how a non-smooth confinement potential implies polynomial decay of
the transform of the invariant density. This example assists us in verifying the validity of
Assumption 8 as mentioned earlier.

In the sequel, ϵN ,T is chosen as

ϵN ,T = exp
�aε

2
(cu log NT )

1
2

�

(log NT )
1
4 N
− γ2
T .

From a quick look at Theorem 3.11, it is easy to see that this constitutes the final convergence
rate for the estimation of W ′.
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Theorem 3.11. Suppose that Assumption 7 and Assumption 8 hold true for some a ≥ 0. Then

E
�
ˆ
R
|W ′N ,T (y)−W ′(y)|2 dy

�
1
2

≤ c exp
�aε

2
(cu log NT )

1
2

�

(log NT )
1
4 N
− γ2
T ,

where cu is as in (3.9) and γ as in (3.11).

Remark 3.12. Observe that when Assumption 8 holds for a = 0, the convergence rate found

in Theorem 3.11 is (log NT )
1
4 N
− γ2
T . Thanks to Hadamard’s representation theorem, we can

obtain such a result if F (Π) does not have zeros on the real line, see Theorem 3.19 below. In
Theorem 3.11, we consider a more general case, where F (Π) is allowed to have real zeros.
The crucial condition is indeed that there exists at least one line in C that is parallel to the
real axis on which the function does not have any zeros. Let us stress that this condition is
much weaker than requiring no zeros of F (Π) on the real axis since there is a large class of
densities with Fourier transforms vanishing only on the real line, see, e.g. [Bru50]. We refer to
Section 3.4 for more details.

Remark 3.13. Even when Assumption 8 holds for a ̸= 0, the observed convergence rate,
as determined in the previous theorem, remains polynomial. This outcome arises from the
dominance of the polynomial term over the exponential term in the presented upper bound.

Remark 3.14. It is important to highlight that the convergence rate outlined in Theorem 3.11
is contingent on the smoothness of the confinement potential eV . Specifically, in the scenario of
smooth potentials, we have the flexibility to choose the order of the kernel m to be arbitrarily
large. Additionally, it is worth noting that the convergence rate γ is 1/(2(1+ 4eC/CV )) at best,
which we would obtain if the choice of ε= 1 were admissable. In contrast, when dealing with
a confinement potential of smoothness J , we encounter the constraint m≤ J . In this case, the
optimal choice is to set m= J , leading to γ being close to J/(2(J + 2)(1+ 4eC/CV )).

3.3 Proof of the Main Results

Let us introduce some notation and properties of the Laplace transform, as defined in (3.6), that
will be useful in the following section. The inverse Laplace transform is given by the following
formula

φ(t) =
1

2πi

ˆ x+i∞

x−i∞
Òφ(z)exp(zt)dz =

1
2π

ˆ ∞
−∞

Òφ(x + i y)exp((x + i y)t)dy,

with x ∈ (x−
φ

, x+
φ
). The bilateral Laplace transform is unique in the sense that if Òφ1 and Òφ2

are such that Òφ1(z) = Òφ2(z) in a common strip of convergence Re(z) ∈ (x−
φ1

, x+
φ1
)∩ (x−

φ2
, x+
φ2
),

then φ1(t) = φ2(t) for almost all t ∈ R (see [Wid41, Theorem 6b]).

Moreover, the following identities will prove to be useful. Let φ be a locally integrable function
and a > 0. By Parseval’s theorem, (see [Doe74, Theorem 31.7])

∥φ∥22 =
1

2πi

ˆ a+i∞

a−i∞
F (φ)(−is)F (φ)(is)ds

=
1

2π

ˆ ∞
−∞
F (φ)(−ia− y)F (φ)(ia− y)dy.

Then,

∥φ∥22 ≲
ˆ ∞
−∞
|F (φ)(−ia− y)F (φ)(ia− y)|dy ≲∆− +∆+,
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where

∆− =
ˆ ∞
−∞
|F (φ)(−ia− y)|2 dy =

ˆ
L−a

|F (φ)(z)|2 dz,

∆+ =
ˆ ∞
−∞
|F (φ)(ia− y)|2 dy =

ˆ
La

|F (φ)(z)|2 dz,

and La = {y + ia : y ∈ R}.

3.3.1 Proof of Theorem 3.4

As it will be helpful for the proof of Theorem 3.4, we now state a lemma establishing that
finite exponential moments of X

1
0 = X 1,N

0 = X i
0 imply finite exponential moments of X

1
t and

X 1,N
t for all t ≥ 0. Its proof can be found in Section 3.5.3. Remark that the sub-Gaussianity

implies the required finite exponential moments (3.2). Indeed, a centered random variable
Z is sub-Gaussian if there exists a K > 0 such that E[exp(tZ)] ≤ exp(K2 t2/2) for all t ∈ R.
For sufficient conditions ensuring sub-Gaussianity see [DH22, Definition 30] and references
therein.

Lemma 3.15. Under Assumption 7, we have

sup
t≥0
E
�

exp(±cX t) + exp(±cX i,N
t )

�

<∞

uniformly in i and N. Additionally, for any k ≥ 1,

sup
t≥0
E
�

|X t |k + |X
i,N
t |

k
�

<∞ (3.13)

uniformly in i and N.

We start proving Theorem 3.4 by introducing some notation. Let Πt be the law of X t , Π the
law with density π and ΠN

T = ΠN ,T with

F (ΠN
T )(z) =

1
N

N
∑

j=1

exp(izX j,N
T ), F (ΠN

T )(z) =
1
N

N
∑

j=1

exp(izX
j
T ),

F (ΠT )(z) = E[exp(izX T )], F (Π)(z) =F (π)(z) =
ˆ ∞
−∞

exp(izx)π(x)dx .

In order to prove the result we now consider the following decomposition:

E[|F (Π)(z)−F (ΠN
T )(z)|

2]≲
3
∑

i=1

δi(z),

where

δ1(z) = |F (Π)(z)−F (ΠT )(z)|2, δ2(z) = E
�

|F (ΠT )(z)−F (Π
N
T )(z)|

2
�

,

and

δ3(z) = E
�

|F (ΠN
T )(z)−F (Π

N
T )(z)|

2
�

≤

 

1
N

N
∑

j=1

E
�

|exp(izX
j
T )− exp(izX j,N

T )|
2
�

1
2

!2

= E
�

|exp(izX
1
T )− exp(izX 1,N

T )|2
�

.
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For x = x1 + i x2 and y = y1 + i y2, we have that

|exp(x + y)− exp(y)|= |exp(x)− 1|exp(y1)

≤ (|exp(i x2)− 1|exp(x1) + |exp(x1)− 1|)exp(y1)

≤ (|x2|exp(x1) + |x1|(exp(x1) + 1))exp(y1)

≤
p

2|x |(exp(x1 + y1) + exp(y1)) (3.14)

which implies, for any z ∈ La,

δ3(z)≤ 2|z|2E
�

|X 1
T − X 1,N

T |
2(exp(−aX

1
T ) + exp(−aX 1,N

T ))2
�

.

Using the Cauchy-Schwarz inequality, we get

δ3(z)≲ |z|2E
�

|X 1
T − X 1,N

T |
4
�

1
2

,

because the exponential moments of X
1
T and X 1,N

T are uniformly bounded in T, N according to
Lemma 3.15. By Proposition 3.6,

E
�

|X 1
T − X 1,N

T |
4
�

≲
1

N2
,

which yields

δ3(z)≲
|z|2

N
. (3.15)

Next, consider δ2(z). Since Π
N
T is based on i.i.d. X

1
T , . . . , X

N
T with common law ΠT , we have

that

δ2(z) =
1
N
E
�

|E[exp(izX
1
T )]− exp(izX

1
T )|

2
�

≲
1
N

, (3.16)

where exponential moments of X
1
T are uniformly bounded in T by Lemma 3.15. Finally, let us

deal with δ1(z). We introduce a random vector (X T , X ) with Law(X T ) = ΠT , Law(X ) = Π, and
E[|X T − X |2] =W 2

2 (ΠT ,Π). Then, using again (3.14), it is

δ1(z)
1
2 = |E[exp(izX T )]−E[exp(izX )]|

≤ E[|exp(izX T )− exp(izX )|]

≤
p

2|z|E[|X T − X |(exp(−aX T ) + exp(−aX ))].

Using the Cauchy-Schwarz inequality we obtain

E[|X T − X |(exp(−aX T ) + exp(−aX ))]≲W2(ΠT ,Π),

since the moments and the exponential moments of X T , X are uniformly bouned in T by
Lemma 3.15 and the fact that Law(X ) = Π is the invariant law of the McKean-Vlasov SDE.
[Mal03, Theorem 1.4] ensures that there exist two constants c and λ := CV − CW > 0 such that

W2(ΠT ,Π)≤ c exp(−λT ).

It yields that
δ1(z)≲ |z|2 exp(−2λT ). (3.17)

From (3.15), (3.16) and (3.17) we get, for any z ∈ La,

E[|F (Π)(z)−F (ΠN
T )(z)|

2]≲ |z|2
�

1
N
+ exp(−λT )

�

=
|z|2

NT
.

Our reasoning easily extends to z ∈ L−a, thereby concluding the proof of the theorem.
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3.3.2 Proof of Proposition 3.7

The proof of Proposition 3.7 follows closely the proof of [BPP23, Theorem 4.1]. Recall that
lN ,T is a kernel estimator of

l(x) =
π′(x)
π(x)

= −2V ′(x)−W ′ ∗π(x). (3.18)

Let us decompose its error into the sum

|lN ,T (x)− l(x)|= |l(x)|1{πN ,T (x)≤δ} + r(x) (3.19)

where

r(x) := |lN ,T (x)− l(x)|1{πN ,T (x)>δ}

≤ δ−1
�

|π′N ,T (x)−π
′(x)|+ |l(x)||πN ,T (x)−π(x)|

�

. (3.20)

Under our assumptions, we have that |V ′(x)| ≤ c(1+ |x |+ |eV ′(x)|)≤ c(1+ |x |), where we have
used that eV ′(0) = 0 and eV ′′ is bounded. Moreover, |W ′ ∗π(x)| ≤ ∥W ′∥∞∥π∥1 = ∥W ′∥∞ <∞,
which imply

sup
|x |≤U
|l(x)|≲ U .

Next, Lemma 3.2 gives the lower bound π(x)≥ c1 exp(−eC |x |2), which in turn implies π(x)≥
2δ for all |x | ≤ U . It follows that for all |x | ≤ U ,

P(πN ,T (x)≤ δ) = P(π(x)−πN ,T (x)≥ π(x)−δ)

≤ P(∥π−πN ,T∥∞ ≥ δ)≤ δ−2E
�

∥π−πN ,T∥2∞
�

.

Finally, consider
πN ,T (x)−π(x) = r0(x) + r1(x)

with
r0(x) = Kh0

∗ (ΠN ,T (x)−Π)(x), r1(x) = Kh0
∗Π(x)−π(x),

where recall Kh0
(x) = h−1

0 K(h−1
0 x) is a scaled kernel. We get

|r0(x)| ≤ ch−1
0 W1(ΠN ,T ,Π)

by applying the Kantorovich-Rubinstein theorem, moreover, E[W 2
1 (ΠN ,T ,Π)]≤ cN−1

T because
of Theorem 3.3. After substitution, we have that

r1(x) =
ˆ
R
(π(x + h0 y)−π(x))K(y)dy,

where by the Taylor theorem

π(x + yh0) = π(x) +
m−1
∑

i=1

π(k)(x)
k!

(yh0)
k +
π(m)(x +τyh0)

m!
(yh0)

m

for some 0 ≤ τ ≤ 1. Recall that K has order m. Moreover, the bound in Lemma 3.2 ensures
that |π(m)(x)| ≤ c, hence,

|r1(x)| ≤ chm
0
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uniformly in x ∈ R. Our choice of h0 yields

E
�

∥πN ,T −π∥2∞
�

≲ N
− m

m+1
T

and similarly, that of h1 yields

E
�

∥π′N ,T −π
′∥2∞

�

≲ N
− m

m+2
T .

Using these bounds in (3.19), (3.20), we obtain

sup
|x |≤U
E
�

|lN ,T (x)− l(x)|2
�

1
2 ≲ exp(eCU2)

�

N
− m

2(m+2)
T + UN

− m
2(m+1)

T

�

,

which concludes the proof.

3.3.3 Proof of Theorem 3.8

Recall that

ΨN ,T (x) =
�

lN ,T (x) + 2αN ,T x + 2eV ′(x)
�

1{|x |≤εU},

Ψ(x) = l(x) + 2αx + 2eV ′(x) = −W ′ ∗π(x).

We decompose the mean integrated squared error of ΨN ,T into

E
�
ˆ
R

�

ΨN ,T (x)−Ψ(x)
�2

dx
�

1
2

=

�ˆ
|x |>εU

(Ψ(x))2dx

�
1
2

+ I , (3.21)

where

I :=

�ˆ
|x |≤εU
E
�

(ΨN ,T (x)−Ψ(x))2
�

dx

�
1
2

.

Applying Minkowski’s inequality, we get I ≤ I1 + I2, where

I1 :=

�ˆ
|x |≤εU
E
�

(lN ,T (x)− l(x))2
�

dx

�
1
2

≲ U
1
2 sup
|x |≤U
E
�

(lN ,T (x)− l(x))2
�

1
2 ,

I2 :=

�ˆ
|x |≤εU
E
�

(2αN ,T x − 2αx)2
�

dx

�
1
2

≲ U
3
2E
�

(αN ,T −α)2
�

1
2 .

Next, consider the mean squared error of

αN ,T := argmin
α∈R

ˆ
R

�

lN ,T (x) + 2αx + 2eV ′(x)
�2

wU(x)dx ,

where wU(·) := w(·/U)/U . The estimator αN ,T and α can be computed explicitly via

αN ,T = −
1

2C2U2

ˆ
R

�

lN ,T (x) + 2eV ′(x)
�

xwU(x)dx ,

α= −
1

2C2U2

ˆ
R

�

l(x) + 2eV ′(x) +W ′ ∗π(x)
�

xwU(x)dx ,

where C2 :=
´
R x2w(x)dx . Since the support of wU is [εU , U], Jensen’s inequality can be

applied to get

(αN ,T −α)2 ≤
1

4C2
2 U4

ˆ
R

�

lN ,T (x)− l(x)−W ′ ∗π(x)
�2

x2wU(x)dx .
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By Minkowski’s inequality, we obtain

E
�

(αN ,T −α)2
�

1
2 ≤

1
2C2U2

(J1 + J2),

where

J1 :=
�
ˆ
R
E
�

(lN ,T (x)− l(x))2
�

x2wU(x)dx
�

1
2

≤ C
1
2

2 U sup
|x |≤U
E
�

(lN ,T (x)− l(x))2
�

1
2 ,

J2 :=
�
ˆ
R
(W ′ ∗π(x))2 x2wU(x)dx

�
1
2

≤
C∞U

1
2

2

�ˆ
|x |>εU

(W ′ ∗π(x))2dx

�
1
2

,

with C∞ := supx∈R x2w(x). Using the above bounds in (3.21) we conclude that

E
�
ˆ
R
(ΨN ,T (x)−Ψ(x))2 dx

�
1
2

≲ U
1
2 sup
|x |≤U
E
�

(lN ,T (x)− l(x))2
�

1
2

+

�ˆ
|x |>εU

(W ′ ∗π(x))2 dx

�
1
2

.

The first term on the right hand side has been studied in Proposition 3.7, and we are therefore
left to study the second term. It is

�ˆ
|x |>εU

(W ′ ∗π(x))2 dx

�
1
2

=

�ˆ
|x |>εU

�
ˆ
R

W ′(x − y)π(y)dy
�2

dx

�
1
2

.

By Minkowski’s inequality this is bounded by

ˆ
|y|≤ ε2 U

�ˆ
|x |>εU

|W ′(x − y)|2dx

�
1
2

π(y)dy +
ˆ
|y|> ε2 U

�ˆ
|x |>εU

|W ′(x − y)|2dx

�
1
2

π(y)dy.

(3.22)

Then, we apply a change of variables x − y := ex , observing that |x | > εU and |y| ≤ εU/2
imply |x − y|> εU/2. For the second integral we enlarge the domain of integration to R. It
follows that (3.22) is upper bounded by

�ˆ
|x |> ε2 U

|W ′(x)|2dx

�
1
2
ˆ
R
π(y)dy +

�ˆ
|y|> ε2 U

π(y)dy

�

�
ˆ
R
|W ′(x)|2dx

�
1
2

.

Thanks to Lemma 3.2, we know that
ˆ ∞
ε
2 U
π(x)dx ≲

ˆ ∞
ε
2 U
π(x)dx ,

with π(x) = c2 exp(−CV x2) satisfying π′(x) = −2c2CV xπ(x). Hence, we can write
ˆ ∞

u
π(x)dx ≤

1
u

ˆ ∞
u

xπ(x)dx =
π(u)

2c2CV u
.

It implies that ˆ ∞
ε U

2

π(x)dx ≲
2exp(−CV (

ε
2 U)2)

εU
(3.23)
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Then, the boundedness of
´
Rπ(y)dy is straightforward, while

´
R |W

′(x)|2 dx is bounded as
W ′ ∈ L1(R)∩ L∞(R). It follows

�ˆ
|x |>εU

(W ′ ∗π(x))2 dx

�
1
2

≲
�ˆ
|x |> ε2 U

|W ′(x)|2dx

�
1
2

+
2exp(−CV (

ε
2 U)2)

εU
, (3.24)

as we wanted.

3.3.4 Proof of Corollary 3.9

Corollary 3.9 is a consequence of Theorem 3.8 and of the exponential decay of the tails of W ′.
The choice of the threshold

U2 = cu log(NT ) (3.25)

gives
�ˆ
|y|> ε2 U

|W ′(y)|2 dy

�
1
2

≲ exp

�

−
pε2U2

4

�

= N
− pε2cu

4
T .

Together with Theorem 3.8 it implies that

E
�
ˆ
R
|ΨN ,T (y)−Ψ(y)|2 dy

�
1
2

≲ (log NT )
1
4 N

eCcu
T

�

N
− m

2(m+2)
T + (log NT )

1
2 N
− m

2(m+1)
T

�

+ N
−CV

ε2
4 cu

T + N
−p ε

2
4 cu

T .

Recall that p > CV . Then, we can choose cu in order to obtain the balance between the
remaining two terms above:

cu =
m

2(m+ 2)
1

(eC + CV
ε2

4 )
. (3.26)

Then, the convergence rate is

(log NT )
1
4 N
− m

2(m+2)
CV
ε2
4

(eC+CV
ε2
4 )

T

as claimed.

3.3.5 Proof of Theorem 3.11

Let La := {y + ia : y ∈ R} for some a ≥ 0. Assume Re(F (Π)(s))> 0 for all s ∈ La. Recall that
we defined a sequence of entire functions ρN ,T (s) :=F (Π)(s)−F (ΠN ,T )(s) + ϵN ,T , s ∈ C, for
some ϵN ,T > 0. Note that for all s ∈ La

|F (ΠN ,T )(s) +ρN ,T (s)|= |F (Π)(s) + ϵN ,T | ≥ ϵN ,T > 0 (3.27)

and W ′N ,T is defined via

F (W ′N ,T )(s) := −
F (ΨN ,T )(s)

F (ΠN ,T )(s) +ρN ,T (s)
.

Let δN ,T :=W ′N ,T −W ′. Plancherel’s theorem gives
ˆ ∞
−∞
|δN ,T (x)|2 dx =

1
2πi

ˆ a+i∞

a−i∞
F (δN ,T )(i(−s))F (δN ,T )(is)ds

=
1

2π

ˆ ∞
−∞
F (δN ,T )(y − ia)F (δN ,T )(y + ia)dy ≲∆−a +∆a, (3.28)
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where

∆±a :=
ˆ ∞
−∞
|F (δN ,T )(y ± ia)|2 dy =

ˆ
L±a

|F (δN ,T )(s)|2 ds.

It suffices to consider ∆a, because the analysis of ∆−a follows a similar route. Rewrite

F (δN ,T )(s) = −
F (ΨN ,T )(s)−F (Ψ)(s) + ϵN ,TF (W ′)(s)

F (ΠN ,T )(s) +ρN ,T (s)
.

Let us deal with the denominator by using (3.27) and Re(F (Π)(s)) + ϵN ,T > Re(F (Π)(s))> 0
for all s ∈ La. We get

∆a ≲
1

ϵ2
N ,T

∆a,1 + ϵ
2
N ,T

ˆ
La

�

�

�

�

F (W ′)(s)
F (Π)(s)

�

�

�

�

2

ds, (3.29)

where

∆a,1 :=
ˆ
La

|F (ΨN ,T )(s)−F (Ψ)(s)|2 ds.

E[∆a,1]
1
2 =

�
ˆ ∞
−∞

exp(−2ax)E
�

|ΨN ,T (x)−Ψ(x)|2
�

dx
�

1
2

≤ D1 + D2, (3.30)

where

D1 :=

�ˆ
|x |>εU

exp(−2ax)|Ψ(x)|2 dx

�
1
2

,

D2 := (2εU)
1
2 exp(aεU) sup

|x |≤εU
E
�

|ΨN ,T (x)−Ψ(x)|2
�

1
2 .

We start handling D1, while the analysis on D2 heavily relies on the bounds gathered in previous
steps. We recall that

Ψ(x) = −W ′ ∗π(x) = −
ˆ
R

W ′(x − y)π(y)dy.

By the Minkowski inequality,

D1 ≤
ˆ
R

�ˆ
|x |>εU

exp(−2ax)W ′(x − y)2dx

�
1
2

π(y)dy = I1 + I2,

where after a change of variable the right hand side has been decomposed into

I1 :=
ˆ
|y+c0|≤

ε
2 U

�ˆ
|x+y|>εU

exp(−2ax)W ′(x)2 dx

�
1
2

exp(−a y)π(y)dy,

I2 :=
ˆ
|y+c0|>

ε
2 U

�ˆ
|x+y|>εU

exp(−2ax)W ′(x)2 dx

�
1
2

exp(−a y)π(y)dy,

with c0 := a
2CV

. Note that |y + c0| ≤
ε
2 U and |x + y| > εU imply |x − c0| >

ε
2 U in the inner

integral in I1. Let us also enlarge the domain of integration to R in the outer and inner integrals
in I1 and I2 respectively. Then

I1 + I2 ≤ J1

ˆ
R

exp(−a y)π(y)dy + J2

�
ˆ
R

exp(−2ax)W ′(x)2 dx
�

1
2

, (3.31)
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where

J1 :=

�ˆ
|x−c0|>

ε
2 U

exp(−2ax)W ′(x)2 dx

�
1
2

, J2 :=
ˆ
|y+c0|>

ε
2 U

exp(−a y)π(y)dy.

The upper bound on π in Lemma 3.2 implies that the first integral on the right hand side of
(3.31) is finite, furthermore,

J2 ≲
ˆ
|y+c0|>

ε
2 U

exp(−a y − CV y2)dy

≂
ˆ
|y|> ε2 U

exp(−CV y2)dy ≲
exp(−CV (

ε
2 U)2)

ε
2 U

.

Now consider J1 and the second integral on the right hand side of (3.31), where W ′ ∈ L2(R) is
odd and satisfies the assumption (3.8) for p > CV . This means that there exists a c > 0 such
that ˆ ∞

x
W ′(u)2 du≤ c exp(−2px2)

for all x ≥ 1, that is ˆ ∞
1
χ(u)W ′(u)2 du≤ c

ˆ ∞
1
χ(u)dF(u),

where F(u) := 1 − exp(−2pu2) and χ(u) := 1(u ≥ x), u ∈ R, for all x ≥ 1. By monotone
approximation the above inequality remains valid for all non-negative non-decreasing functions
χ : [1,∞) → [0,∞), for example, χ(u) = exp(2au). We get that the second integral of
W ′ ∈ L2(R) on the right hand side of (3.31) is finite. Moreover,

(J1)
2 ≲
ˆ ∞
ε
2 U−c0

exp(2ax)W ′(x)2 dx

≲
ˆ ∞
ε
2 U−c0

exp(2ax)dF(x) =
ˆ ∞
ε
2 U−c0

exp(2ax − 2px2)(4px)dx

≲ exp
�

−2p
�ε

2
U − c1

�2�

,

where c1 = c0 +
a

2p . Since p > CV , it follows that

(J1)
2 ≲

exp(−2CV (
ε
2 U)2)

( ε2 U)2
.

We conclude that

D1 ≲
exp(−CV (

ε
2 U)2)

ε
2 U

. (3.32)

Regarding D2, we recall that from the definition of ΨN ,T (y) and Ψ(y) we deduce

D2 ≲ (2εU)
1
2 exp(aεU)(R1 + R2),

where

R2 := sup
|y|≤U
E
�

|lN ,T (y)− l(y)|2
�

1
2 ,

R1 := εUE
�

�

αN ,T −α
�2�

1
2 ≲ R2 + U−

1
2

�ˆ
|x |>εU

Ψ(x)2 dx

�
1
2

.
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The integral in the upper bound on R1 coincides with D1 when a = 0 hence satisfies (3.32),
whereas the upper bound on R2 follows from Proposition 3.7. We get the upper bound

D2 ≲ exp (aεU)

�

(εU)
1
2 exp(eCU2)

�

N
− m

2(m+2)
T + UN

− m
2(m+1)

T

�

+
exp(−CV (

ε
2 U)2)

ε
2 U

�

,

which also works for E[∆a,1]
1
2 . The choice U2 = cu log NT for cu as in (3.26) gives us

E[∆a,1]
1
2 ≲ exp

�

aε(cu log NT )
1
2

�

(log NT )
1
4 N−γT =: λN ,T (3.33)

for γ as in (3.11). Finally, from (3.28), (3.29) and (3.33) it follows that

E
�
ˆ ∞
−∞

�

�δN ,T (y)
�

�

2
dy
�

1
2

≲
λN ,T

ϵN ,T
+ ϵN ,T ,

where note that ϵN ,T can be chosen such that ϵN ,T := λ
1
2
N ,T → 0 for N , T →∞. It yields

E
�
ˆ ∞
−∞

�

�δN ,T (y)
�

�

2
dy
�

1
2

≲ λ
1
2
N ,T

as required.

3.4 On the Fourier Transform of the Invariant Measure

We have observed that Assumption 8 is crucial in order to obtain the polynomial convergence
rate stated in Theorem 3.11. However, this assumption may appear somewhat unclear at first.
The objective of this section is to investigate sufficient conditions that guarantee the validity
of Assumption 8. Given our focus on the super-smooth case, it seems natural to require that
the transform of the function W ′ we aim to estimate decays exponentially fast. Verifying the
condition (3.12) entails seeking a lower bound for the transform of π, which will be the main
objective of this section. We will thus begin by examining the properties of the Fourier transform
of π, with the intention of studying the set of zeros and finding a lower bound outside that set.
Recall that the Fourier transform of the density is (by definition) the transform of its associated
measure, that is

F (Π) =F (π) =
ˆ
R

exp(izx)π(x)dx .

We will use tools from complex analysis to study F (π) as a function defined on C. More
specifically, our aim is to represent the entire function F (π) via Hadamard’s factorisation
theorem. For definitions of the terminology used in this work, we refer to [Hol73]. We begin by
deriving an upper bound of the order of F (π), which stems from the fact that π has Gaussian
tails.

Theorem 3.16. Let Assumption 7 hold and π be as in (3.5). The map

F (π): C→ C, z 7→
ˆ
R

exp(izx)π(x)dx (3.34)

is an entire function which coincides with the characteristic function of π on R. Moreover, the
order of F (π) does not exceed 2.
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Proof. The integral in (3.34) exists and defines a continuous function at any z = a+ i b with
a, b ∈ R since |F (π)(a+ i b)| ≤

´
R exp(−bx)π(x)dx <∞ by using π(x) ≲ exp(−CV x2) and

∥W ′ ∗π∥∞ ≤ ∥W ′∥∞ <∞.

Furthermore, we have
´

CF (π)(z)dz = 0 for any closed contour C which follows from the
Cauchy theorem applied to the function z 7→ exp(izx). By Morera’s theorem, F (π) is an entire
function. To determine the order of F (π), we use the inequality

|zx | ≤
1
2

�

1
c
|z|2 + c |x |2

�

∀z, x ∈ C, c > 0,

such that, for any z ∈ C,

|F (π)(z)| ≤
ˆ
R

exp(| Im(z)x |)π(x)dx

≤ exp

�

Im(z)2

2c

�ˆ
R

exp

�

cx2

2

�

π(x)dx .

Recall that according to Lemma 3.2, π(x)≲ exp(−CV x2). Hence, the above integral is finite if
x 7→ exp(−(CV − c/2)x2) is integrable on R, which is the case for CV > c/2. As a result, the
order of F (π) does not exceed 2.

Now that we have that F (π) is an entire function of finite order, we will find an expression for
the function using Hadamard’s factorisation theorem. For this, we denote the zeros of F (π) as
(a j) j∈N and order them by increasing modulus. Note that the zeros are symmetric around the
imaginary axis, in other words, if a j is a zero of F (π), then so is its negative conjugate −a j.
Moreover, F (π) has no zeros on the imaginary axis because F (π)(ia)> 0 for all a ∈ R, see
[LO77, Corollary 1 to Theorem 2.3.2]. Let us introduce the critical exponent of convergence
ρ1 of the sequence (a j) j∈N:

ρ1 = inf

(

r > 0 :
∑

j∈N

1
|a j|r

<∞

)

.

We denote the order of F (π) as ρ and make the following

Assumption 9. F (π) satisfies either ρ1 < ρ or ρ1 = ρ < 2.

We will use the Hadamard canonical factors

Ed(z) =

¨

1− z, d = 0,

(1− z)exp(z), d = 1,

defined for z ∈ C, to study the infinite product representation of F (π).

Theorem 3.17. Suppose that Assumption 7 and Assumption 9 hold and let π be as in (3.5) and
F (π) as in (3.34). Then, there exist p1 ∈ R and p2 ≥ 0 such that for all z ∈ C,

F (π)(z) = exp(−p2z2 + ip1z)
∏

j∈N
E1

�

z
a j

�

. (3.35)

Proof. Firstly, we consider the case ρ1 < ρ. Then ρ is either 2 or 1 by [Hol73, Lemma 4.10.1].
The representation in (3.35) follows from [LO77, Remark, page 42]. We note that if F (π) is of
order ρ = 2, then p2 > 0 because p2 = 0 would lead to the contradiction ρ ≤max(1,ρ1) by
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[LO77, Theorems 1.2.5, 1.2.7, 1.2.8]. However, ifF (π) is of order ρ = 1 then its representation
may be reduced to

F (π)(z) = exp (iep1z)
∏

j

E0

�

z
a j

�

, ep1 := p1 +
∑

j

Im

�

1
a j

�

. (3.36)

Next, we turn to the case ρ1 = ρ < 2. According to Hadamard’s factorisation theorem,

F (π)(z) = exp(q1z + q0)
∏

j

E1

�

z
a j

�

for some q1, q0 ∈ C. We note that q0 = 0 since F (π)(0) = 1. In order to say something about
q1, we note that X with a probability density function π satisfies E[|X |] <∞. Moreover,
E[X ] = 0, whence

0= Re
�

F (π)′(0)
F (π)(0)

�

= Re (logF (π)(z))′ |z=0 = Re

 

q1 +
∑

j

z
a j(z − a j)

!�

�

�

�

�

z=0

= Re(q1).

Remark 3.18. We have p2 > 0 only if ρ1 < ρ = 2. If F (π) has no zeros then π must be a
density of a normal distribution with mean zero by [LO77, Corollary to Theorem 2.5.1], since
ρ is finite.

The following step consists in bounding the infinite product in (3.35). If ⌊ρ1⌋ = 0, the term
∏

j∈N exp(z/a j) is well-defined, and the representation becomes

F (π)(z) = exp(−p2z2 + iep1z)
∏

j∈N
E0

�

z
a j

�

,

where ep1 is the same as in (3.36). Let us now use [Dup17, Lemma 4.12]. For all z ∈ C outside
∪ jBε j

(a j), where ε j = 1/|a j|ρ1+ϵ and ϵ > 0, ρ1 + ϵ ≤ 2, we get

�

�

�

�

�

∏

j∈N
E⌊ρ1⌋

�

z
a j

�

�

�

�

�

�

≳ exp(−cπ|z|ρ1+ϵ).

This leads us to the following theorem.

Theorem 3.19. Let Assumption 7 and Assumption 9 hold. Then there exist cπ > 0 and a family
of positive numbers (ε j) j∈N such that, for any z ∈ C outside ∪ j≥1Bε j

(a j), it holds that

|F (π)(z)|≳ exp(−cπ|z|2). (3.37)

Due to Theorem 3.19 we can explicitly describe a scenario where condition (3.12) is satisfied,
assuming that we are in the super-smooth case where the tails of the transform of the interaction
function are exponential.

Let us introduce slowly varying functions l : R+→ R+ (see also [Sen76]). These are positive
and measurable functions such that, for each λ > 0, the following holds as t →∞: l(λt)

l(t) → 1.
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Assumption 10. Let (a j) j∈N, cπ, and (ε j) j∈N be as in Theorem 3.19. Assume that ∪ j≥1Bε j
(a j)∩

L0 = ;. Furthermore, there is a slowly varying function l such that lim infz→∞ l(z) > cπ for
which the following holds true on L0:

|F (W ′)(z)|= O(exp(−|z|2l(|z|))) as |z| →∞. (3.38)

Note that in the aforementioned assumption, we assert that the transform of W ′ exhibits a
decay that is almost Gaussian. This observation aligns with our expectations, given the nature
of the model under consideration, where the confinement potential is driven by x2.

It is noteworthy that [Sed08, Theorem 5], specifically in the scenario where ā = 0, yields
both necessary and sufficient conditions for the existence of non-trivial functions exhibiting an
almost Gaussian nature, accompanied by an almost Gaussian Fourier transform as defined in
(3.38). Furthermore, according to [Har33, Theorem 1], if both W ′ and its Fourier transform
follow the asymptotic behaviour O(|z|s exp(−1

2z2)) as |z| →∞, then both can be expressed as
a finite linear combination of Hermite functions. This provides concrete examples that satisfy
our assumptions.

Corollary 3.20. Let Assumption 7, Assumption 9, and Assumption 10 hold. Then, we have

ˆ
L0

�

�

�

�

�

F
�

W ′
�

(z)

F (π)(z)

�

�

�

�

�

2

dz <∞.

Proof. The corollary is a straightforward consequence of Theorem 3.19 and Assumption 10.
We have indeed

ˆ
L0

�

�

�

�

�

F
�

W ′
�

(z)

F (π)(z)

�

�

�

�

�

2

dz ≤
ˆ
L0

exp(−|z|2l(|z|) + cπ|z|2)dz,

which is bounded due to Assumption 10.

We can conclude by noting that, under the assumptions of Corollary 3.20, Assumption 8 is
clearly satisfied. This implies that we can achieve a polynomial convergence rate for the
estimation of W ′, as stated in Theorem 3.11. To underline these findings, we conclude this
section by providing two examples.

Example 3.21. Let us demonstrate how a non-smooth confinement potential leads to an
invariant density with a Fourier transform exhibiting polynomial decay. We have that

π(x) =
1
Zπ

exp (−2V (x)−W ∗π(x)) ,

where V (x) = (α/2)x2 + eV (x) and W (x) satisfy Assumption 7. In addition, assume that W , eV
are smooth on R, R \ {0} respectively and there exist eV (J+1)(0±) := limx→0± eV

(J+1)(x) <∞
such that

eV (J+1)(0+) ̸= eV (J+1)(0−).

Furthermore, eV ( j), 2≤ j ≤ J + 2, are bounded on R \ {0}. Therefore, π is smooth on R \ {0}
and there exist π(J+1)(0+) ̸= π(J+1)(0−). Then, iteratively integrating by parts we obtain

F (π)(z) =
1

(−iz)(J+1)
(I−(z) + I+(z)),
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where

I−(z) :=
ˆ 0

−∞
exp(izx)π(J+1)(x)dx , I+(z) :=

ˆ ∞
0

exp(izx)π(J+1)(x)dx .

If we integrate by parts once more, we obtain

I+(z) =
1
iz

�

−π(J+1)(0+)−
ˆ ∞

0
exp(izx)π(J+2)(x)dx

�

(3.39)

since π(J+1)(x)→ 0 as x →∞ and π(J+2) is integrable, which in turn follow using the same
arguments as in the proof of Lemma 3.2. By Riemann’s lemma, the last integral in (3.39) tends
to zero and so

I+(z) := −
1
iz
π(J+1)(0+) + o

�

1
z

�

as z→∞. Clearly an analogous reasoning applies to I−(z). It yields that for all large enough
z,

|F (π)(z)| ≥
c
|z|J+2

.

Hence, the Fourier transform of π has a polynomial decay, as claimed.

Example 3.22. Consider a Burgers’ type ODE of the form

πx x + (((W
′ + x) ∗π)π)x = 0

with W ′(x) = αδ0 for some α ∈ (0, 1). Even though W ̸∈ C2(R) in this case, it is still instructive
to study this situation. In particular, this example shows that for non-smooth potentials W , the
Fourier transform of π can decay rather fast. Let us introduce ϕ(x) := αδ0 + x . Then we have

((W ′ + x) ∗π)(x) =
ˆ
R
ϕ(x − y)π(y)dy = απ(x) + (x −µ)

provided
´
Rπ(y)dy = 1 and

´
R yπ(y)dy = µ. Then

πx + (x −µ)π+απ2 = 0.

Applying the transformation
π= y ′/(αy),

we obtain
(y ′/y)2 + (y ′′ y − (y ′)2)/y2 + (x −µ)y ′/y = 0

or
y ′′ + (x −µ)y ′ = 0.

The general solution of this equation is given by

y(x) = c1 + c2

ˆ x

−∞
exp(−(s−µ)2/2)ds, c1, c2 ∈ R.

Hence, we deduce the identity

π(x) =
exp(−(x −µ)2/2)

c +α
´ x
−∞ exp(−(s−µ)2/2)ds
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with the constant c > 0 chosen in such a way that
´
Rπ(x)dx = 1. The Fourier transform of π

can be written as

F (π)(ω) =
ˆ
R

exp(iωx − (x −µ)2/2)
F(x −µ)

dx = exp(iωµ)
ˆ
R

exp(S(ω; z))
F(z)

dz

where S(ω; z) = iωz − z2/2 and

F(z) = c +α
ˆ z

−∞
exp(−s2/2)ds

= c +α
Æ

π/2+α
ˆ z

0
exp(−s2/2)ds,

having used that
´ z
−∞ exp(−s2/2)ds+

´ 0
z exp(−s2/2)ds =

p

π/2. We have the identity

ˆ iw

0
exp(−t2/2)dt = i

p
2 exp(w2/2)D+(w/

p
2)

where D+ is the Dawson function satisfying

D+(x) =
1

2x
+

1
4x3

+O
�

1
x5

�

, x →∞.

Hence, we conclude that
ˆ iw

0
exp(−t2/2)dt = −

exp(w2/2)
iw

�

1+O
�

1
w2

��

, w→∞.

The same asymptotic holds for Re(w)/Im(w)→∞. We can therefore write

F(iw) = c +α
s

π

2
−
α

iw
exp(w2/2)

�

1+O
�

1
w2

��

, w→∞.

Furthermore, note that the solution of the equation

exp(w2/2)
iw

= q

has the form

w=
Ç

2 log(q) + 2 log(i
Æ

2 log(q)) +O(log−1(q))

for q large enough. Then the function F(z) has a zero at the point z0 = iw0 with

w0 =

È

2 log((c +α
Æ

π/2)/α) + 2 log(i
Ç

2 log((c +α
Æ

π/2)/α))

+O(log−1((c +α
Æ

π/2)/α))

for α small enough (note that c→
p

2π for α→ 0). Observe that we can write

ˆ
R

exp(S(ω; z))
F(z)

dz = I(w) +
ˆ 2iw0+∞

2iw0−∞

exp(S(ω; z))
F(z)

dz, (3.40)

where clearly

I(w) =
ˆ
R

exp(S(ω; z))
F(z)

dz −
ˆ 2iw0+∞

2iw0−∞

exp(S(ω; z))
F(z)

dz.



3.5. PROOFS OF TECHNICAL RESULTS 73

For I(w) we can use Cauchy’s integral theorem. Indeed, it can be considered as an integral over
a closed contour of exp(−z2/2)→ 0 as |Re(z)| →∞. On the strip {0< Im(z)< 2Re(w0)}, the
function exp(S(ω; z))/F(z) has a simple pole in z0 = iw0 with residue

lim
z→z0
(z − z0)

exp(S(ω; z))
F(z)

= lim
z→z0

exp(S(ω; z))
F ′(z)

=
exp(−ωw0 +w2

0/2)

αexp(w2
0/2)

= α−1 exp(−ωw0).

Recall that if a function f is analytic inside a contour C except at some isolated singularities
a1, ..., an, then Cauchy’s residue theorem ensures that

´
C f (z)dz = 2πi

∑n
k=1 Res( f , ak). Hence,

we obtain
I(ω) = 2πiα−1 exp(−ωw0).

Besides that, the contribution of the second integral in (3.40) is negligible as
ˆ 2iw0+∞

2iw0−∞

exp(S(ω; z))
F(z)

dz =
ˆ ∞
−∞

exp(S(ω; z + 2iw0))
F(z + 2iw0)

dz = O(exp(−2ωw0))

since infz∈R |F(z + 2iw0)|> 0. Thus, we deduce that

F (π)(ω) =
2πi
α

exp(−ωw0 + iωµ) +O(exp(−2ωw0)).

3.5 Proofs of Technical Results

This section is devoted to proofs of our technical lemmas. We start by providing the proof of
Lemma 3.2.

3.5.1 Proof of Lemma 3.2

We can write the invariant density π(x) in the following equivalent ways:

π(x) =
1
Zπ

exp(−2V (x)−W ∗π(x)) (3.41)

=
1
Z0

exp(−2V0(x)−W0 ∗π(x)), (3.42)

where Zπ, Z0 are the normalising constants and

V0(x) :=
ˆ x

0
V ′(u)du= V (x)− V (0),

W0(x) :=
ˆ x

0
W ′(u)du=W (x)−W (0),

satisfy W0(0) = V0(0) = 0 and W ′0(x) =W ′(x), V ′0(x) = V ′(x) for all x ∈ R. Note

W0 ∗π(x) =W ∗π(x)−W (0)

and

W0 ∗π(x)−W0 ∗π(0) =
ˆ x

0
W ′ ∗π(u)du=W ∗π(x)−W ∗π(0).

To obtain the bounds for π let us use the representation (3.42). According to Assumption 7 we
have ∥W ′∥1 <∞. We deduce that for all x ∈ R,

|W0(x)| ≤
ˆ |x |

0
|W ′(u)|du≤ ∥W ′∥1,
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hence,
|W0 ∗π(x)| ≤ ∥W0∥∞∥π∥1 ≤ ∥W ′∥1.

We get that

π(x)≤
1
Z0

exp(−2V0(x) + ∥W ′∥1)≂ exp(−2V0(x)) (3.43)

and

π(x)≥
1
Z0

exp(−2V0(x)− ∥W ′∥1)≂ exp(−2V0(x)).

As we have assumed that there exists a CV > 0 such that V ′′ ≥ CV we obtain, for all x ≥ 0,

V0(x) =
ˆ x

0
(V ′(u)− V ′(0))du+ V ′(0)x

≥
CV

2
x2 + V ′(0)x

and

V0(−x) =
ˆ 0

−x
V ′(u)du

=
ˆ 0

−x
(V ′(0)− V ′(u))du− V ′(0)x

≥
CV

2
x2 − V ′(0)x .

In conclusion, we deduce that

V0(x)≥
CV

2
x2 + V ′(0)x . (3.44)

Recall that V ′(0) = 0 under both A1 and A2 as eV = 0 or eV ∈ C2(R) is assumed to be even. The
proof about the upper bound of π is therefore concluded. For the lower bound, we have

π(x)≥ c exp(−αx2 − 2eV (x)). (3.45)

Observe that, similarly as above, we can take advantage of the fact that Ṽ ′′ ≤ c̃2 to obtain, for
all x ≥ 0,

eV (x)− eV (0)
ˆ x

0
(eV ′(u)− eV ′(0))du+ eV ′(0)x ≤ c̃2

ˆ x

0
u du=

c̃2

2
x2,

having also used that eV ′(0) = 0. An analogous reasoning holds true for x ≤ 0. It implies that,
for any x ∈ R, eV (x)≤ eV (0) + c̃2

2 x2. Replacing it in (3.45) we obtain

π(x)≥ c exp(−αx2 − c̃2 x2 − 2eV (0)) = c exp(−eC x2)

with eC = α+ c̃2, as we wanted.

Let us move to the proof of the upper bound for the derivatives of π. More specifically, we
want to prove by induction that for every n ∈ N, n≤ J , there exists a c > 0 such that

|π(n)(x)| ≤ c(1+ |x |)nπ(x). (3.46)
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Let us begin with the base case n= 1. Then π= −ϕ′π, where ϕ′ := 2V ′ +W ′ ∗π. Note that
|ϕ′(x)| ≤ c(|x |+ 1), where |V ′(x)| ≤ c|x | follows from ∥V ′′∥∞ <∞ and V ′(0) = 0. Now
assume the claim (3.46) holds for some n< J . Then the (n+ 1)-th derivative of π is

π(n+1) = (π′)(n) = −
n
∑

k=0

�

n
k

�

ϕ(k+1)π(n−k). (3.47)

The inductive hypothesis ensures that |π(n−k)(x)| ≤ c(1+ |x |)(n−k)π(x). Moreover, we have
that |ϕ(k+1)(x)| ≤ c(1+ |x |) since ∥W ′∗π(k)∥∞ ≤ ∥W ′∥1∥π(k)∥∞ <∞, whereas |V (k+1)(x)| ≤
c(1+ |x |) follows from ∥V ( j)∥∞ ≤ c, 2≤ j ≤ J . We conclude by replacing it in (3.47), which
yields

|π(n+1)(x)| ≤ c
n
∑

k=0

(1+ |x |)(1+ |x |)(n−k)π(x)≤ c(1+ |x |)n+1π(x)

as we wanted, for n+ 1≤ J .

3.5.2 Proof of Proposition 3.6

For convenience, we omit the dependency on N in our notation X i,N
t . We will prove the claim

by applying a Grönwall-type argument to the function

y(t) := E[|X i
t − X

i
t |

2p].

We define

ΠN
t :=

1
N

N
∑

i=1

δX i
t
, Π

N
t :=

1
N

N
∑

i=1

δ
X

i
t
, Πt := Law(X t).

Since (X i
t)t≥0 and (X

i
t)t≥0 start at X i

0 = X
i
0 and are driven by the same Brownian motion

(Bi
t)t≥0, it holds that

X i
t − X

i
t =−

ˆ t

0
V ′(X i

s)− V ′(X
i
s) +

1
2

W ′ ∗ΠN
s (X

i
s)−

1
2

W ′ ∗Πs(X
i
s)ds.

Applying Itô’s formula, summing over i = 1, . . . , N and dividing by N , yields

1
N

N
∑

i=1

|X i
t − X

i
t |

2p = −
2p
N

N
∑

i=1

ˆ t

0

�

Ai(s) +
1
2

Bi(s) +
1
2

Ci(s)
�

ds,

where

Ai(s) := (X i
s − X

i
s)

2p−1(V ′(X i
s)− V ′(X

i
s)),

Bi(s) := (X i
s − X

i
s)

2p−1(W ′ ∗ΠN
s (X

i
s)−W ′ ∗ΠN

s (X
i
s)),

Ci(s) := (X i
s − X

i
s)

2p−1(W ′ ∗ΠN
s (X

i
s)−W ′ ∗Πs(X

i
s)).

Taking the expectation and derivative gives

y ′(t) = −
p
N

N
∑

i=1

E[2Ai(t) + Bi(t) + Ci(t)].
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Using the assumption V ′′ ≥ CV > 0 and the mean value theorem gives

−E[Ai(t)]≤ −CVE[|X i
t − X

i
t |

2p].

The analysis of Bi(t) makes use of the symmetry of W and the exchangeability of (X i
t , X

i
t),

i = 1, . . . , N . Indeed, we obtain

−E[Bi(t)] = −
1
N

N
∑

j=1

E[Bi j(t)],

where

E[Bi j(t)] = E[(X i
t − X

i
t)

2p−1(W ′(X i
t − X j

t )−W ′(X
i
t − X

j
t))]

=
1
2
E[((X i

t − X
i
t)

2p−1 − (X j
t − X

j
t)

2p−1)(W ′(X i
t − X j

t )−W ′(X
i
t − X

j
t))].

By the mean value theorem, the assumption −W ′′ ≤ CW gives

−E[Bi j(t)]≤
CW

2
E[((X i

t − X
i
t)

2p−1 − (X j
t − X

j
t)

2p−1)((X i
t − X j

t )− (X
i
t − X

j
t))]

≤ 2CWE[|X i
t − X

i
t |

2p],

hence,
−E[Bi(t)]≤ 2CWE[|X i

t − X
i
t |

2p].

Hölder’s inequality for Ci(t) implies

−E[Ci(t)]≤ E[|X i
t − X

i
t |

2p]
2p−1

2p Ri(t)
1

2p ,

where

Ri(t) :=E[|W ′ ∗ΠN
t (X

i
t)−W ′ ∗Πt(X

i
t)|

2p]

=E





�

�

�

�

�

1
N

N
∑

j=1

W ′(X
i
t − X

j
t)−W ′ ∗Πt(X

i
t)

�

�

�

�

�

2p


 .

Expanding this term, we deduce that

Ri(t) =
1

N2p

N
∑

j1,..., j2p=1

E

� 2p
∏

k=1

E[W ′(X
i
t − X

jk
t )−W ′ ∗Πt(X

i
t)
�

�

�X
i
t]

�

,

because of the independence of X
i
t , i = 1, . . . , N . The key remark to study this expectation is

that for i ̸= j,
E[W ′(X

i
t − X

j
t)−W ′ ∗Πt(X

i
t)|X

i
t] = 0

since Law(X
j
t) = Πt . We observe that if there exists k such that jk ≠ j

ek ∀ek ∈ {1, ..., 2p} \ k,
then the 2p-fold product vanishes. In other words, in order for a term to contribute to the sum
in Ri(t), for every index jk there must be another j

ek such that jk = j
ek. We can have at most

N p of these combinations of indices. We recall we have assumed ∥W ′∥∞ <∞, which implies

E[|W ′(X i
t − X

j
t)−W ′ ∗Πt(X

i
t)|

k]<∞ for any k ∈ N. Therefore, we have

Ri(t)
1

2p ≲ N−
1
2 .
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In conclusion, by exchangeability,

−
1
N

N
∑

i=1

E[Ci(t)]≲
1
p

N

�

1
N

N
∑

i=1

E[|X i
t − X

i
t |

2p]

�

1
2p

.

Finally, we obtain

y ′(t)≤ −2(CV − CW )y(t) +
c
p

N
,

and since y(0) = 0 and CV − CW > 0, the conclusion follows by integrating this Grönwall-like
differential inequality, which provides y(t)≤ c/

p
N uniformly in t.

3.5.3 Proof of Lemma 3.15

Observe that for c > 0 and any random variable X ,

0<
1
2
(E[exp(cX )] +E[exp(−cX )]) = 1+

∞
∑

k=1

c2k

(2k)!
E[X 2k], (3.48)

hence, it suffices to study the asymptotic growth rate of its even moments in order to show
E[exp(±cX )]<∞.

Let us start by looking at E[exp(±cX i,N
t )], which leads us to study E[(X i,N

t )
2k] for k ∈ N. For

convenience, we omit the dependency on N in our notation and recall that the particles follow
the system of SDE’s:

X i
t = X i

0 +
ˆ t

0
−V ′(X i

s)−
1

2N

N
∑

j=1

W ′(X i
s − X j

s )ds+ Bi
t , i = 1, . . . , N .

Applying the Itô lemma gives

(X i
t)

2k = (X i
0)

2k +
ˆ t

0
− 2k(X i

s)
2k−1(V ′(X i

s) +
1

2N

N
∑

j=1

W ′(X i
s − X j

s )) +
1
2
(2k)(2k− 1)(X i

s)
2k−2ds

+ 2k
ˆ t

0
(X i

s)
2k−1dBi

s.

Taking the expectation and then differentiating,

d
dt
E[(X i

t)
2k] =− 2kE[(X i

t)
2k−1V ′(X i

t)]−
k
N

N
∑

j=1

E[(X i
t)

2k−1W ′(X i
t − X j

t )]

+ k(2k− 1)E[(X i
t)

2k−2],

where

−E[(X i
t)

2k−1V ′(X i
t)] = −E[(X

i
t)

2k−1(V ′(X i
t)− V ′(0))]−E[(X i

t)
2k−1V ′(0)]

≤ −CVE[|X i
t |

2k] + |V ′(0)|E[|X i
t |

2k−1], (3.49)

follows from the strong convexity of V , and ∥W ′∥∞ <∞ implies

−E[(X i
t)

2k−1W ′(X i
t − X j

t )]≤ ∥W
′∥∞E[|X i

t |
2k−1].
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We get

d
dt
E[|X i

t |
2k]≤− 2kCVE[|X i

t |
2k] + 2k|V ′(0)|E[|X i

t |
2k−1] + k∥W ′∥∞E[|X i

t |
2k−1]

+ k(2k− 1)E[|X i
t |

2k−2], (3.50)

where

E[|X i
t |

2k−l] = E[|X i
t |

2k−l(1(|X i
t | ≤ C) + 1(|X i

t |> C))]

≤ C2k−l + C−lE[|X i
t |

2k], l = 1,2,

for all C > 0. Denote mt(2k) := E[|X i
t |

2k]. Then it holds that

d
dt

mt(2k)≤ −2kCV mt(2k) + k(2|V ′(0)|+ ∥W ′∥∞)(C2k−1 + C−1mt(2k))

+ k(2k− 1)(C2k−2 + C−2mt(2k))

= −Ak(mt(2k)− B),

where

A := 2CV − (2|V ′(0)|+ ∥W ′∥∞)C−1 − (2k− 1)C−2,

B := A−1((2|V ′(0)|+ ∥W ′∥∞)C2k−1 + (2k− 1)C2k−2)

do not depend on t. For some fixed ϵ ∈ (0,1), set

C = C(k) :=
�

(2k− 1)
2CVϵ

�
1
2

, k ∈ N,

so that

A= A(k)∼ 2CV (1− ϵ)> 0, B = B(k)∼
2CVϵC(k)2k

A(k)
,

where ∼ denotes asymptotic equality as k→∞. The Grönwall inequality

d
dt

mt(2k) =
d
dt
(mt(2k)− B(k))≤ −A(k)k(mt(2k)− B(k))

gives

mt(2k)≤ B(k) + (m0(2k)− B(k))e−A(k)kt ,

which in turn implies that, for all large enough k, uniformly in t,

mt(2k)≤max(m0(2k), B(k)).

Based on (3.48) and the subsequent analysis, we conclude that supt≥0E[exp(±cX i
t)] is bounded

as long as

sup
t≥0

∞
∑

k=1

c2k

(2k)!
mt(2k)≲

∞
∑

k=1

c2k

(2k)!
(m0(2k) + B(k))
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is also bounded. We observe that
∑∞

k=1 c2km0(2k)/(2k)! converges because of (3.48) and our
assumption E[exp(±cX i

0)]<∞. To test the convergence of the series
∑∞

k=1 c2kB(k)/(2k)! we
use the ratio test also known as d’Alembert’s criterion:

c2k+2B(k+ 1)/(2k+ 2)!
c2kB(k)/(2k)!

∼
c2C(k+ 1)2k+2

C(k)2k(2k+ 1)(2k+ 2)

=
c2(2k+ 1)k+1

(2CVϵ)(2k− 1)k(2k+ 1)(2k+ 2)
→ 0

as k→∞. The result for the exponential moments of X i
t follows.

One can follow the preceding proof to get supt≥0E[exp(±cX t)]<∞ from E[exp(±cX 0)]<∞,
where recall (X t)t≥0 is a solution of

X t = X 0 −
ˆ t

0
V ′(X s) +

1
2

W ′ ∗Πs(X s)ds+ Bt

with Πt := Law(X t). Indeed, Itô’s lemma for (X t)2k gives

d
dt
E[(X t)

2k] =− 2kE[(X t)
2k−1(V ′(X t) +

1
2

W ′ ∗Πt(X t)]

+ k(2k− 1)E[(X t)
2(k−1)],

where, in the same manner as in (3.49), we have

−E[(X t)
2k−1V ′(X t)]≤ −CVE[|X i|2k] + |V ′(0)|E[|X i

t |
2k−1],

and since ∥W ′∥∞ <∞, we get

−E[(X t)
2k−1W ′ ∗Πt(X t)]≤ ∥W ′∥∞E[|X t |2k−1].

Thus, we obtain the inequality (3.50) for E[|X t |2k] instead of E[|X i
t |

2k]. The rest of the proof
remains the same.
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