CORRESPONDENCE THEOREMS FOR INFINITE HOPF-GALOIS
EXTENSIONS

HOAN-PHUNG BUI, JOOST VERCRUYSSE, AND GABOR WIESE

ABSTRACT. This paper extends Hopf-Galois theory to infinite field extensions and provides a
natural definition of subextensions. For separable (possibly infinite) Hopf-Galois extensions,
it provides a Galois correspondence. This correspondence also is a refinement of what was
known in the case of finite separable Hopf-Galois extensions.

1. INTRODUCTION

Hopf-Galois theory arose from the quest to generalise the classical Galois theory of field
extensions to commutative rings [CHR65], [CS69] and even non-commutative ring extensions
[K'T81], but also leads to a new approach to study classical (separable) field extensions [GP87],
see [CGKKKTU] for a recent overview on the topic. From the very beginning, there has
been a lot of interest in extending the classical Galois correspondence between intermediate
field extensions and subgroups of the Galois group to the setting of Hopf-Galois extensions.
It is well-known (see e.g. [Sch98]) that, in full generality, such a correspondence does not
hold: in general, the correspondence map from Hopf subalgebras to intermediate extensions
is injective but not surjective. Whereas often in the literature, one has been looking for
conditions identifying classes of Hopf-Galois extensions for which the correspondence between
intermediate fields and Hopf subalgebras becomes bijective, we take a different approach
here, and characterize for an arbitrary separable Hopf-Galois extension, those intermediate
extensions for which the correspondence holds.

More precisely, the aim of the present paper is twofold. We extend Hopf-Galois theory
to infinite field extensions and provide a natural definition of H-subextensions, for which we
prove a Galois correspondence theorem for separable Hopf-Galois extensions. This leads to
new results already in the case of finite separable field extensions. Whilst our proof establishes
the finite case first, in this introduction we present the general infinite statements immediately.

For our formulation of infinite Hopf-Galois theory we need the notion of proartinian Hopf
algebras and proartinian coalgebras. These have been considered earlier (for example, by
Fontaine [Fon77]) and are basically limits of projective systems of finite dimensional Hopf
algebras or coalgebras, respectively. As such they carry a natural topology and the discrete
ones are exactly those of finite dimension. It is further natural to introduce proartinian
H-modules and proartinian H-module algebras. The reader is referred to Section 3.1 for a
presentation of this theory.

Classical (infinite) Galois theory gives an isomorphism L[G] = L®xK[G] = Endg(L) if
L/K is a Galois extension (i.e. separable and normal) with (profinite) Galois group G. Hopf-
Galois theory generalises this as follows: The full endomorphism ring of a field extension L/ K
is already ‘encoded’ in a (proartinian) Hopf algebra H that is defined over the base field K.

Definition 1.1. Let L/K be a field extension, H a proartinian Hopf K-algebra and L a
discrete left H-module algebra. This action leads to the definition of a canonical map (see
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(11)) A
We say that the extension L/K is H-Galois if the canonical map can is a homeomorphism of
topological L-vector spaces.

We include a short digression on our interpretation of the definition, as it paves the way
for our definition of H-subextensions, leading to our correspondence theorem. For a field
extension L/K and a proartinian L-vector space V', we say that a proartinian K-vector
space W is a K -rational structure of V if L&xW is a proartinian L-vector space isomorphic
to V. In the case of finite dimensional vector spaces, W C V is a K-rational structure of V/
if any K-basis of W is an L-basis of V.

From this perspective, in an H-Galois extension L/ K, the proartinian Hopf algebra provides
a K-rational structure of Endg (L), just as K[G] provides a K-rational structure of L[G] =
Endk (L) in the case of a classical Galois extension. This idea can be naturally carried over to
any intermediate field K C Ly C L. For that purpose, we define the annihilator of Ly in H
by
It is a closed left ideal two-sided proartinian coideal of H (see Lemma 3.19). Via the canonical
map, we can view H/J(Lg) inside Homg (Lo, L). The principal idea is that H/.J(Ly) will play
the same role for subextensions as H does for the entire Hopf-Galois extension, namely that
of a K-rational structure.

Definition 1.2. Let L/K be H-Galois and Ly be an intermediate field. We say that Ly/K
is an H-subextension if H/J(Lg) is a K-rational structure of Homg(Lg, L) in the sense that
the canonical map

can, : L&H/J(Ly) — Homg (Lo, L)

is a homeomorphism.

In fact, as we will show (see Lemma 3.19), it is enough to assume that can, is injective, as
it is already a quotient map of topological vector spaces. The classical notion of normal field
extensions leads in our setting to the following natural definition.

Definition 1.3. Let L/K be H-Galois. We say that an intermediate field Lg is H-stable if
H - Ly C Ly. If, furthermore, Lg is an H-subextension, then we call it H-normal.

In classical Galois theory, subextensions are obtained and characterised as fixed fields. This
point of view carries on to Hopf-Galois theory via the following definition.

Definition 1.4. Let L be a left H-module K-algebra. Given any subset F' C H, we define
the fized space by F' or the space of F-invariants as

L' :={xeL|h-z =€)z VheF}

Remark that L% is indeed a K-subspace of L. If F is a set of grouplike elements, then
e(g) = 1, and L is a fixed field in the classical sense. On the other hand, if F is a proartinian
coideal in H, then €(F) = 0, and L* consists of elements z € L satisfying h -z = 0 for all
hekF.

Since, as in classical Galois theory, our correspondence theorem for subfields passes via
morphisms, we also have to assume the separability for the field extension, which ensures the
existence of ‘enough’ field morphisms. The crucial point for us is that for a separable field
extension L/K with normal closure (or algebraic closure) L the coalgebra Homg (L, L) has
a (topological) L-basis of grouplike elements, namely exactly given by the field morphisms
L — L. In the case of an H-Galois extension, via the canonical map, this then implies
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that L&k H is a (completed) group algebra. The same arguments actually also give the
converse: any H-extension such that L&y H is a (completed) group algebra is separable. In
our understanding, in the finite case, this use of separability is exactly the starting point
of Greither-Pareigis theory ([GP87], see also Theorem 2.19 below), many ideas of which we
crucially apply and extend to the infinite case.

We now have all ingredients to state our main theorem.

Theorem 1.5. Let L/ K be a separable H-Galois extension for a proartinian Hopf algebra H.
Then the following maps are inclusion reversing bijections:

®
{L/Lo/K | Ly H-subextension} —={I C H|I closed left ideal, two-sided coideal}  (2)
v

Lot J(Lo)

L! yi

Moreover, the above correspondence restricts to a bijection between the following subsets

{L/Ly/K| Ly H-normal} é {I c H|I closed Hopf ideal}
v

Furthermore, if ‘closed’ is replaced by ‘open’, both correspondences work with the restriction

that Lo/ K be finite.

In the case of classical Galois extensions, one can freely pass between considering normal
subgroups H < G of the Galois group and the corresponding quotients G/H. This point
of view also exists for cocommutative Hopf algebras (see Theorem 2.2 and Corollary 2.3).
In particular, in the case of a finite extension L/K, the sets on the right in the above
correspondences can be replaced by the set of Hopf subalgebras of H, and the set of normal
Hopf subalgebras, respectively.

Whereas most of the lemmas needed to prove our Hopf-Galois correspondence are elemen-
tary, as already alluded to above, Greither-Pareigis theory, extended to infinite separable
Hopf-Galois extensions, plays a key role in proving the correspondence of Theorem 1.5. It
additionally also provides an alternative formulation of it in purely group-theoretical terms.
Greither-Pareigis theory relates infinite separable Hopf-Galois extensions L/K with strictly
transitive actions of profinite groups on the set of K-embeddings into a normal closure L of K,
see Proposition 3.21. Particularly, the separability leads to an isomorphism L&H =2 L[N]
with a profinite group N, equipped with a G-action.

Corollary 1.6. There is an explicit bijective correspondence:
{L/Ly/K | Ly H-subextension } zﬁi {V C N|V is a closed G-equivariant subgroup}
restricting to another bijective correspondence
{L/LO/K | Ly H-normal } %’ {V C N |V is a closed G-equivariant normal subgroup}

The G-equivariance of the subgroup can also be rephrased as being normalized by A(G) (the
group of left translations via G) in Perm(G/G").

Moreover, in the finite case, we obtain in section 2.7 several other analogues of statements
from classical Galois theory in the setting of Hopf-Galois extensions. For example, we show
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that the intersection and compositum of Hopf-Galois subextensions is again a Hopf-Galois
subextension (see Proposition 2.28).

Finally, we show that the Hopf-Galois condition in the infinite setting, fits in the framework
of Hopf-Galois extensions in terms of coactions (of usual Hopf algebras) rather than actions,
by taking a suitable restricted dual of our proartinian Hopf algebra, Proposition 3.26.

Notational conventions. Throughout, K will denote a field. Unadorned tensor products
are tensor products over K. The action of the Hopf algebra is denoted by - everywhere,
multiplication inside H and L by concatenation (no symbol). In order to be compatible in
the case of a group algebra, group actions are also written with -. If the group is a group of
automorphisms, then the product of two elements is also denoted o. The group algebra of a
group G over the field K will be denoted K|[G].

2. FINITE HOPF-GALOIS THEORY

2.1. Preliminaries on Hopf algebras and some first observations. Recall that a K-
coalgebra C' is a vector space endowed with a comultiplication map A : ' — C ® C' and a
counit map € : C — K satisfying the usual coassociativity and counitality conditions. We
will use the Sweedler notation for comultiplication: A(c) = ¢y ® ¢(g), for all ¢ € C, so that
the coassociativity and counitality conditions can be expressed as
cn)2) ® @) @ C@) = 1) D)) D)) = ) @ ) @ Ce);
ce(c) = ¢ = elcw))ee).

A coalgebra is called cocommutative if ¢(1)®c(2) = co)@cq) for all c € C'. A grouplike element
in a coalgebra C'is an element x € C such that A(x) = z®x and ¢(z) = 1. A K-bialgebra H is
a K-algebra that has a coalgebra structure such that A and € are K-algebra homomorphisms.
A Hopf K-algebra is a K-bialgebra for which there exists a (unique) antipode map S : H — H
satisfying S(ha))h(e) = €(h)l = ha)S(he)). A group algebra K[G] for a finite group G is a
Hopf algebra by defining the coalgebra structure such that all elements of the group G are
grouplike.

A two-sided coideal in a K-coalgebra H is a K-subspace I C H such that A(1) C H® [ +
I ® H and ¢(I) = 0. A Hopf ideal in a Hopf K-algebra H is a two-sided ideal and two-sided
coideal that is stable under the antipode. It is well-known that, for example, when H is
cocommutative, any two-sided ideal and two-sided coideal is stable under the antipode, i.e.
is a Hopf ideal (see [Nic78]). A Hopf subalgebra Hj of H is called normal if hnyxS(h(2)) and
S(h(1y)zh(2) belong to Hy for all x € Hy and all h € H.

Definition 2.1. Let I C H be a left ideal two-sided coideal and denote by = : H — H/I the
canonical surjection. We define the set of left H/I-coinvariants of H:

©HIH = {he H|r(hu)®he =n(lyg) ®@h}.
For a Hopf subalgebra A C H, we define the augmentation ideal
AT :=ANkere={a € A|ea) =0}.
Theorem 2.2 ([New75], [Schn90, Thm. 4.15]). Let H be a cocommutative Hopf algebra. Then

{I C H|I left ideal two-sided coideal} % {A C H| A Hopf subalgebra}

with o(I) = “H/TH and (A) = HA" are inverse bijections.

Corollary 2.3 ([Mon93, Theorem 3.4.6]). The bijective correspondence from the previous
theorem can be restricted to a bijection between the normal Hopf subalgebras and Hopf ideals
of a cocommutative Hopf algebra H.
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If I is a Hopf ideal, the set of left H/I-coinvariants of H is exactly the kernel of the
canonical surjection H — H/I in the category of Hopf algebras.
The following follows easily by a standard computation.

Lemma 2.4. Let H be a Hopf-algebra.

(a) Let Iy, Iy be left ideals two-sided coideals in H. Then I + I5 is also a left ideal two-sided
coideal in H.

(b) Let Iy, 15 be Hopf ideals in H. Then Iy + I5 is also a Hopf ideal in H.

(c) Let Hy, Hy be Hopf-subalgebras of H. Then Hy N Hy is also a Hopf-subalgebra of H.

(d) Let Hy, Hy be normal Hopf-subalgebras of H. Then Hy N Hs is also a normal Hopf-
subalgebra of H.

Recall that for a bialgebra H, the category ypMod of (left) H-modules is monoidal, where
the tensor product of two left H-modules M and N is endowed with a left H-module structure
via the action

h-(m®n) :h(l) ~m®h(2) ‘N

forallh e H,m € M and n € N. An algebra object L in the category yMod is then called a
(left) H-module algebra, which means that it is an algebra L that is at the same time a left
H-module such that the following compatibility conditions hold

h-(zy) = (hqy - 2)(he - y);  h-1p =e(h)ly,

for all h € H and x,y € L. Remark that if h is a grouplike element in H, then the action of
h on L gives an algebra automorphism.

Similarly, a coalgebra object in the category yMod is called a (left) H-module coalgebra.
This is a coalgebra C that is at the same time a left H-module such that the following
compatibility conditions hold

Alh-c) =hay-cay@he - c@;  eolh-c) = en(h)eo(e),

for all h € H and ¢ € C. Again, if h is a grouplike element in H, then A acts on C by a
coalgebra automorphism.

For a left H-module algebra L, we can consider the smash product algebra L# H, which is
the vector space H ® L endowed with the multiplication

(@ h)(y® k) =x(ha) - y) @ hok.

Then a (left) L#H-module M is at the same time a left L-module and a left H-module
satisfying the following compatibility condition

h-(xm) = (hqy - ©)(he) - m)

forall h € H, x € L and m € M. In our current setting, the famous faithfully flat descent
for Hopf-Galois extensions can be expressed in the following way.

Proposition 2.5. If L/K is a finite Hopf-Galois extension, then the functors
L®—: VectK :L#HMOC] : (—)H

define an equivalence of categories, where M* = {m € M | h-m = e(h)m,Vh € H}.
In case H = KIG| is a group algebra, the above equivalence is even an equivalence of
symmetric monoidal categories, and MY coincides with M©, the set of G-invariants.

Lemma 2.6. Let A be a finite dimensional vector space over a field K, and let {(e;, f;) | i =
1,...,n} C Ax A* be a finite dual base.
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(a) There is a natural bijective correspondence between the algebra structures on A and the
coalgebra structures on A*. FExplicitly, the correspondence between a multiplication for
A and a comultiplication for A* is given by the following formulas for all a,b € A and
feAr

A(f) = Z f(eiej)fi ® f; ab = Z fi(l)(a)fi(z)(b)ei- (3)

Otherwise stated
f(ab) = fay(a) f2)(b)

forall a,b e A and f € A*.

(b) Considering an algebra structure on A and a corresponding coalgebra structure on A* as
in (a), the set of grouplike elements in A* is exactly the set of algebra morphisms from
A to K. Moreover, the coalgebra A* has a base of grouplike elements if and only if the
algebra A has a base of orthogonal idempotents (i.e. A is isomorphic to a product of copies
of the base field).

(c) Let L/K be any field extension and fix a K-algebra structure on A. Then Homg (A, L)
is an L-coalgebra, whose grouplike elements are exactly the set of K-algebra morphisms
HOI’Y1K,,/_\|g (A, L)

Proof. (a) This well-known result follows by a direct computation.

(b) Using the left hand side of (3), one sees that f is multiplicative exactly if and only if
A(f) = f® f. Applying the right hand side of (3) on base elements ¢e;, one sees that the dual
base elements f; are grouplike if and only if the base elements are orthogonal idempotents.

(c¢) If A is a finite dimensional K-algebra, then by base extension we find that L ®x A
is a finite dimensional L-algebra, so applying the previous parts we find that the L-linear
dual Hom (L ®x A, L) = Homg (A, L) is an L-coalgebra whose grouplikes are exactly the
L-algebra morphisms in Hom (L ®x A, L), which correspond to the K-algebra morphisms in
Homg (A, L) using the last isomorphism. O

Proposition 2.7. (a) If C is a coalgebra with a base B of grouplike elements, then any
quotient coalgebra and any subcoalgebra of C also has a base of grouplike elements (formed
by subsets of B).

(b) Any Hopf subalgebra of a group algebra K[G] is again a group algebra K[N] over a
subgroup N of G. Moreover K[N] is a normal Hopf subalgebra of K|G| if and only
if N is a normal subgroup of G.

(c¢) If I = K[G]K[N]* is the left ideal two-sided coideal of K[G] associated to the Hopf subal-
gebra K[N], then the quotient K|[G]-module coalgebra K[G]/I is isomorphic to K[|G/N]
(the coalgebra with right cosets of N as a base). In particular any quotient Hopf algebra
of a group algebra is again a group algebra over a quotient group (this happens when when
K|[N] is a normal Hopf subalgebra).

(d) The kernel of the projection K|G| — K[G/N] is the linear span of elements of the form
gn — gn’ where g € G and n,n’ € N.

Proof. (a) If C has a base B of grouplike elements and f : C' — D is a surjective coalgebra
morphism, then f(B) is a generating set of grouplike elements. Since grouplike elements are
always linearly independent, this gives a base of grouplike elements for D.

If : : D — C is an injective coalgebra morphism, then ¢* : C* — D* is a surjective
algebra morphism. From Lemma 2.6 we know that C* is a product of copies of the base field.
Consequently, D* is also a product of (a smaller number of) copies of the base field, and
therefore D has a base of grouplike elements. The inclusion map ¢ sends grouplike elements
of D to grouplike elements of C', so the base of grouplikes of D can be considered as a subset
of the base of grouplikes of C.
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(b) This follows from part (a), using the well-known and easily checked fact that the set of
grouplike elements in a Hopf algebra forms a group.

(c)-(d) First remark that I is generated as a K-linear space by elements of the form gn—gn/
where g € G and n,n’ € N. By part (a), we know that K[G]/I has a base of grouplike ele-
ments, which can be obtained by taking the images of the elements of G under the projection
7 : K[G] — K]|G]/I. Suppose that g,¢' € G are such that 7(g) = n(¢’) in K[G|/I. By
the above characterizations of elements in I and the linear independence of the grouplike
elements in K[G], this is equivalent with the existence of elements h € G and n,n’ € N such
that ¢ = hn and ¢’ = hn'. Otherwise said, g7'¢’ = n"!'n € N or ¢ € gN. Hence we conclude
that G/N is indeed a base for K[G]/I. The other results follow directly from this. i

2.2. Basics of Hopf-Galois extensions. We start this section by explicitly specialising
Definition 1.1 to the finite dimensional case.

Definition 2.8. Let L/K be a finite field extension and let H be a finite dimensional K-
bialgebra. We say that L/K is a Hopf-Galois extension for H (or simply H-Galois) if L is a
left H-module algebra and the K-linear map

can: L ® H — Endyc(L), can(a © h)(y) = 2(h - y) (4)

where x,y € L and h € H, is bijective. The map can is called the Galois map or the canonical
map.

We first prove that H as in Definition 2.8 is a cocommutative K-Hopf algebra. Moreover,
by faithfully flat descent, it follows that the space of H-invariants of L is just K, which means
that L is even a Galois object instead of just a Galois extension.

Lemma 2.9. Let H be a K-bialgebra. If L/K is a finite extension that is H-Galois, then
H is a cocommutative Hopf K-algebra. Moreover, the H-invariants of L are just K, that is

K=L%={zeL|h -z=c¢eh)x,VYhe H}.

Proof. Using the fact that L/K is H-Galois in the first and third isomorphism, the fact that
L/K is finite in the second isomorphism and the Hom-tensor relations in the last isomorphism
we obtain a natural isomorphism
L®H®HX Homy (L, L) ® H >~ Homg (L, L ® H)
>~ Homg(L,Homg(L,L)) = Homg(L® L, L)
The composed isomorphism « : L ® H ® H — Homg(L ® L, L) is given explicitly by
a(r@h@h)(y®2)=x(h-y)(h - 2).
By the commutativity of L, it is clear that for all x,y,z € L and all h € H,
z(hay - y)(he) - 2) = zh-(yz) =zh- (2y)
= x(hq) - 2)(h) - y) = 2(he) - y)(ha) - 2)
This means that a(z ® hay ® he) = a(r ® hie) ® haq)) and since « is an isomorphism
we also have that = ® hqy ® h) = © ® hp) ® hg). Since K is a field, it follows that
hay ® hig) = he) ® hy € H® H, hence H is cocommutative.
The fact that H is a Hopf algebra was proven in [Sch97] (there with H-comodule algebras
rather than H-module algebras). A brief argument goes as follows. Consider the map
f: L®H®H—Homg(L®L,L),
Ble®h@)(y® =) = olh- (g -2) = 2(ha) - 9) (' - 2).
By a similar reasoning as for the map a above, one can see that 3, being a composition

of natural isomorphisms, is itself an isomorphism. Moreover, one easily observes that g =
oo (idy ® can’) where can’ : H ® H — H ® H is given by can’(h ® h') = h1) ® h)h'. Since
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both v and [ are isomorphisms, can’ is an isomorphism as well. Then one can verify that
S : H — H given by S(h) = (e ® idg) o can’~'(h ® 1) is an antipode for H.

For the last statement, remark that L = L ® K is a left L#H-module by means of the
usual actions of L and H on L. Hence, by Proposition 2.5 we immediately obtain that L
and K coincide as subsets of L. Il

Let now L be any H-module algebra over K (not necessarily H-Galois) and consider
any field extension L C L and the action of L ® H on Homg (L, L) defined as follows: For

y®h € LoH and f € Homg (L, L) define f.(y®h) as the map sending x € L to yf(h-x). This
turns Homg (L, L) into a right L ® H-module. Combining this action with the L-coalgebra
structure on Homy (L, L) as described in Lemma 2.6(c), one arrives at the following result.

Lemma 2.10. With structure as defined above, HomK(L,Nf/) is a right L ® H-module L-
coalgebra and the canonical map can: L®yxg H — Homg (L, L) is a morphism of right L ® H -
module L-coalgebras.

Proof. Remark that the L ® H-action on Homg (L, L) is exactly such that
can(y ®h) = 1r.(y @ h).

From thi~s observation it is clear that can is already L ® H-linear. We check that for all
y®heL®H and x,2’ € L :

(can(y ® hq)) ® can(1 @ h))(z ®2’) = (can(y @ h)(z)can(1l & h)) (')
= y(ha) - 2) (b - o)
= y(h-(z2')) = can(y ® h)(zz")
Hence A(can(y®h)) = can(y®@h1))®can(1®hz)), so can is indeed a coalgebra morphism. [

Notice that the L-module coalgebra structure on Hom (L, i) is exactly dual to the L®H-
module algebra structure on L ® L. Via the action, we obtain the L-linear homomorphism

Logx H— EndZ(HomK(L,E)), yhe— (f—= (x—yf(h-x))).

If we compose it with the evaluation at 1, : L — L, we exactly recover the canonical map

Let us briefly recall the dual point of view to Hopf-Galois theory, which is in fact more
often used in literature. If H is a finite dimensional Hopf K-algebra, then the dual space
H* = Homg(H, K) is again a finite dimensional Hopf algebra, whose multiplication and
comultiplication are obtained by dualizing those of H, as in (3). Similarly, L is a left H-
module algebra by an action H® L — L,h®x — h-x if and only if L is a right H*-comodule
algebra by the coaction

p:L— LRH", pa)=x0 @z =) (e 7)® f; (5)
where {(e;, fi)} is a finite dual base for H. The (right) L-dual of the Galois map leads to a
second canonical map

L®L— L®H, can(x@y)—xy[o]@)y”—zxez ) @ fi. (6)

The map can from (4) is an isomorphism (i.e. L/K is H-Galois) if and only if can* is an
isomorphism. Moreover the map can* can be checked to be an algebra morphism (thanks to
the commutativity of L), which the dual statement of Lemma 2.10. Remark that since H is
cocommutative, H* is a commutative Hopf algebra.
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2.3. The correspondence map . In this subsection we study J(Lg) for an intermediate
extension L.

Lemma 2.11. Let L/K be H-Galois and Ly be an intermediate field. Then the map
cany : L ® H/J(Ly) — Homg (Lo, L), cany(z ® h)(y) = x(h -y),

induced by the Galois map, is surjective. If Lo is H-stable, then can, induces a well-defined
map can : Lo ® H/J(Ly) — Endg (L), which is also surjective.

Proof. The first statement directly follows from the following commutative diagram, where
the vertical arrows are the obvious surjections,

can

L®H — Endk (L)

| i

L ® H/J(Lo) —% Homg (Lo, L).

If Ly is H-stable, then the map Lo ® H/J(Ly) — Endg(Lg) is clearly well-defined. To see
that it is surjective, consider first the following surjective map:

L®p, Lo® H/J(Lo) = L ® H/J(Lo) — Homg (Lo, L) = L @1, End(Lo).
As Ly — L is faithfully flat, the surjectivity of Ly ® H/J(Lo) — Endg (L) follows. O

We now formulate some equivalent characterizations of H-subextensions.

Lemma 2.12. Let L/K be H-Galois and Ly be an intermediate field. Denote oy : H —
Homg (Lo, L), ag(h)(x) = h.x for any « € Ly and h € H. Then the following statements are
equivalent:

(i) For any subset F' C H, K-linear independence inside Homg (Lo, L) implies L-linear
independence.
(ii) There are elements hy, ..., h,, € H whose images under g are L-linearly independent
and generate ag(H) over K.
(i11) The natural map cany : L ® H/J(Ly) — Homg (Lo, L) is injective.
(iv) Lg is an H-subextension of L/K.

Proof. Suppose (i). Let B be a K-basis of H, then there exists a subset By C B such
that ag(Byp) is a K-basis of ag(H). By assuption, ag(By) is also L-linearly independent in
HomK(LO, L)

Suppose (ii). By definition, J(Lg) = ker(ay), hence, aog(H) = H/J(Ly). Therefore, any
element u in L ® H/J(Ly) can be written in the form v = > " | 2; ® ap(h;) for some z; € L.
Since the elements ag(h;) are L-linearly independent, if cany(u) = >", x;a0(h;) = 0, then
all x; = 0 and therefore u = 0. Hence can, is injective.

Suppose (iii). If can, is injective, it is also bijective by Lemma 2.11).

Suppose (iv). Let F' C H such that oy(F) is K-linearly independent. Since oy has an

epi-mono factorization o : H —>= H/J(Ho)& Homg (Lo, L) , we find that 7(F') is also
K-linearly independent. Now suppose that > z;a0(f;) = 0 for some x; € L and f; € F. Since
> xiap(fi) = cang(x; @ w(f;)) and can, is injective, we find that x; ® 7(f;) = 0 and hence all
z; = 0 as the elements 7(f;) are K-linearly independent. It follows that ag(F) is L-linearly
independent as needed. [l

Proposition 2.13. Let L/K be H-Galois and Ly be an intermediate extension.
(a) J(Lg) is a left ideal and €(J(Lgy)) = 0.
(b) If Lo is an H-subextension, then J(Lg) is a two-sided coideal.
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(c¢) If Ly is H-stable, then J(Ly) is a right ideal.
(d) If Lo is H-normal, then Lo/ K is H/J(Ly)-Galois and J(Lg) is a Hopf ideal.

Consequently, by defining ®(Lo) = J(Lo), we obtain the map needed in Theorem 2.2/.
Proof. (a) Since for any h € H, k' € J(Ly) and = € Ly we have that
(hh"y -z =h-(K -2)=0

and J(Lg) is indeed a left ideal. Moreover, €(J(Lg)) = 0 since 1 € L, and hence for any
h e J(Ly), h-1=¢€(h)1 =0,s0e(h)=0.

(b) We need to prove that A(J(Ly)) C H® J(Lg)+J(Lo) ® H. Denote m: H — H/J(Ly) :
h + h the natural projection. Then H ® J(Lg) + J(Ly) ® H = ker(r ® 7). Hence for any
h € J(Lo) we have that A(h) € H® J(Lo) + J(Ly) ® H if and only if 7 @ m o A(h) = 0. To
prove this, let {hi,...,h,} be a basis of H/J(Ly), and take elements h},...,hl, € H/J(Ly)
such that (7 @ T)A(h) = ha)y @ h) = Y., h; @ h;. For any z,y € Lo we find

n

cang (D hi-w@hi)(y) = 3 (- ) (hi-y) = - (wy) = 0.

i=1

Since can,, is injective by the definition of H-subextensions, we obtain that > , hi-x®h; = 0.
Because the elements h; are a base, it follows that ﬁ; -x =0 Vx € Ly, hence B; = 0 for all
indices ¢ and we can conclude that 7 @ m o A(h) = 0.

(c) Let h € J(Lo) and b’ € H, then hh' € J(Ly) because Vo € Ly : (hh') -z =h(h -2) =0
(since b -z € Ly).

(d) The Galois map canf, : Lo®H/J(Ly) — Endg(Lg) is surjective by Lemma 2.11. Since canj,
is the restriction of the map can,, which is injective by the definition of H-subextensions, it is
injective as well, hence Lo/ K is H/J(Lg)-Galois. Consequently, J(Lg) is a Hopf ideal because
H/J(Ly) is a Hopf algebra by Lemma 2.9. Obviously, the map & is inclusion reversing. [

Corollary 2.14. Let L/K be H-Galois and denote by oo : H — Endg (L) the map associated
with the action of H on L. Then for any intermediate extension Ly, the following subsets of
H coincide:

{h ceH | h(l) T h(g) =x®h,Vr € Lo} = {h eH | Oé(h) c EndLO(L)}.
Denoting the above subset of H by ®'(Lg), we obtain inclusion reversing maps
& : {L/Lo/K | Ly H-subextension} — {H' C H | H' Hopf subalgebra}

and

& :{L/Ly/K | Ly H-normal} — {H' C H|H' normal Hopf subalgebra}.

Proof. Consider h € H such that h) - 2o ® hp) =20 ®@h € L® H, for all zg € Ly. When we
apply the bijective map can to this equality, we find that the previous equality holds if and
only if

for all g € Lo and all x € L. As (hq) - 2o)(h@) - ) = h - (xox), we conclude that h € H
satisfies the above equality if and only if «(h) is Lg-linear.

The fact that & is a well-defined and inclusion reversing map is obtained by remarking
that ® = ¢ o &, where ¢ is the correspondence from Theorem 2.2 and Corollary 2.3. Indeed,
since ag : H/J(Lg) — Homg (Lo, L) is injective, we have that h € «H//(Lo) [f = ¢ o ®(Ly) if
and only if h € ®'(Ly). d
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2.4. The space of invariants. In this subsection, we define and study the space of invariants
for an H-module algebra L. This allows us to define the map ¥ from Theorem 2.24.

Lemma 2.15. Let L be an H-module algebra and I C H. Denote as before L' the space of
I-invariants.

(a) If I is a left ideal two-sided coideal, then L' is an intermediate extension of L/K.
(b) If I is moreover a right ideal (hence a bi-ideal), then L' is H-stable.

Proof. (a) Let h € [ and x € K. Then h-z = ¢(h)z = 0, so L’ contains K. For any z,y € L',
we find that h - (zy) = (hay-z)(he) - y) =0, since A(h) € [® H+ H ® I. Hence L' is a ring
and it is a field because L/K is an algebraic extension.

(b) If I is also a right ideal, then Vi’ € H,Vx € L' : h- (W -x) = (hK') -z = 0 because hl € I.
Soh' -z e L d

Lemma 2.16. Let L/K be an H-module algebra and let I C H be a left ideal two-sided
coideal. Let L/ L be any field extension. Then can’ : L® H/J(L') — Homg (L', L) is injective
if one of the following equivalent statements holds:

(i) The natural map L @ H/I — Homg (LY, L) is injective.

(ii) The natural map L @ H/I — Homg (L', L) is injective.
If moreover L/K is H-Galois then the validity of any of these conditions implies that L' is
an H-subextension and I = J(L').

Proof. The equivalence between (i) and (ii) follows from the fact that L is faithfully flat over
L. Since I C J(L'), we have the projection p : H/I — H/J(L"). Hence the canonical map
from the statement factors as the composition

Lo H/T—"" Lo H/JIL") —=" Homg(L!, L)

and it follows that can’ is injective as well. Hence, L! is an H-subextension if L/K is H-
Galois. O

Next we observe that the notion invariants is stable under base change. Recall that if L
is an H-module algebra, and L C L is any field extension, then L ® L is an L ® H-module
algebra.

Lemma 2.17. Let L be an H-module K-algebra and F' C H a K-linear subspace. Then for
any base extension L/L, we have that

(Lo L)y®F = Lo LF,

Proof. This follows from the fact that the space of invariants is a limit in Vectx and the
extension-of-scalars functor preserves limits. An explicit argument is as follows. Take T®@x €
L® L¥. Then for any § @ h € L ® F', we find that

(g@h)- (TRz)=gT@h-2=97RQe(y)r =€ @ )T R x.

So L® LF ¢ (L ® L)X On the other hand, take any 3, %; ® x; € (L ® L)®F | where we
suppose without loss of generality that the elements z; are linearly independent. Then for
any h € F', we find using the definition of the action under extension of scalars that

h) - (Z@@%) :Zfi@)h'l‘i
and on the other hand, since ) . Z; ® x; is F-invariant, we find

(1®h)- Zx,@xz Ziﬂ@e(h)x
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Since the elements z; are linearly independent we can conclude that z; € L¥ for all indices 1,
and hence Y, &, @ h-x; € Lo L. O

Let us show that the space of invariants with respect to a Hopf subalgebra coincides with
the space of invariants for the associated ideal. Hence the invariants with respect to an ideal,
which we will consider mostly here, correspond in the case of usual Galois extensions to the
classical invariants.

Lemma 2.18. Let L/K be a finite H-Galois extension and let I be a left ideal two-sided
coideal of H. Consider the associated Hopf subalgebra Hy C H as in Theorem 2.2. By
dualizing we find that (H/I)* is a right coideal subalgebra of H* and w: H* — H{ is a Hopf
algebra surjection. Then the following subsets of L coincide:

L' =y (L (H/I)) = L% = 1P
where p : L — L ® H*, p(x) = zg ® xpy) is the coaction as in (5) and L®M = {x €

L | g @ m(xp)) = 2 ® 1y} is the space of coinvariants.

Proof. L' C p~Y(L ® (H/I)*). Take any # € L! and take a finite dual base {(e;, f;)} of H,
whose first m elements are in I and the next n — m elements generate a linear complement
of I in H. Then f,,11,..., [, provide exactly a base of (H/I)* and we find

p(x) :Z(ei-x)@)fi = Z (e, 7)® f € L® A.
i=1 i=m+1

p YL ® (H/I)*) C L. Recall that I = HH, . Then since for any x € Hy, we have that
xr —e(z)l € Hf C I, we find that the composition Hy C H — H/I is given by the map
x + e(x)1. Dualizing this, we find that 7(a) = eg-(a)ly; for any a € (H/I)*. Now let z € L
such that p(z) € L ® A, then x(g @ 7(z)) = 2j0) ® €(xp) gz = 7 @ 1.
Lot C LMo, Let x € L%, then zg)@7(2p)) = 2®@1ps. SoVb € Hy, br = x (1y:,b) = €(b)z
and therefore z € Lo,

Lt c L' it is easy to see that Lo C LH = LHHT | To finish the proof, just recall that
HHf =1. O

2.5. Greither-Pareigis Theory. Let L/K be a finite separable extension. We view this
extension in two ways: via classical Galois theory and via Hopf-Galois theory. For the former,
we denote by L the normal closure of L over K and consider the Galois groups G' = Gal(L/K)
and G’ = Gal(L/L). The natural bijection G /G’ — Homg _ag(L, L) given by sending g € G
to its restriction to L extends to an isomorphism of L-coalgebras

L|G/G") = Homg (L, L).
This isomorphism is G-equivariant for the left G-actions given by
g-( Y aehG)= Y glane)ghG' and g-f=gof
hG'eG/G! hG'eG/G!

for g € G, > creq/a anchG' € LIG/G") and f € Homg (L, L).

We now assume further that L/K is H-Galois. Let us recall that then H is a Hopf K-
algebra and L is a left H-module K-algebra. We then also have a natural right action of
L ® H on Homg (L, L) by setting

(f-yoh)(@)=yf(h-x)



CORRESPONDENCE THEOREMS FOR INFINITE HOPF-GALOIS EXTENSIONS 13

forx e Landy®h € IN/N ® H and the canonical map, extended to L, is now precisely obtained
by applying this right L ® H-action on the identity map 1 : L — L:

can: L ® H — Homg(L,L), y@h— 1y (y®h)

and (1. (y®h))(z) =y(h-z) for x € L. The assumption that L/K is H-Galois now means
that can is an isomorphism and, in other words, that Homg (L, L) is exactly the right L ® H-
orbit of 1. The canonical map is hence an isomorphism of right L ® H-module L-coalgebras,
as seen in Lemma 2.10.

We further let G act from the left on L ®x H on the left factor: g - (y®h)=g(y) @ h for
geGand y®@h € L® H. Also, G acts on the left on Homk (L, L) by usual composition.
Then we have the following compatlblhty relation between the left G-action and the right
L ® H-action on Homg (L, L):

go(f-(y@h)=(gof)-(g-(y®h) (7)
for all f € Homg (L, i), all g € Gand all yoh € LQ H, as can be easily checked by evaluating
both sides at « € L, as follows: (go (f - (y® h)))(z) = g(yf(h-z)) = g(y)g(f(h - z)) and
((gof) (gly®m))(x) = ((go f)  (9(y) ® M) (x) = g(y)(g o f)(h-x) = g(y)g(f(h - x)). We

remark explicitly that can is not G-equivariant.

The following theorem is our account of crucial results from [GP87].

Theorem 2.19. Let L/K be a finite field extension that is H-Galois and use notations as
above. The following assertions hold.

(a) There is an isomorphism of Hopf L-algebras
L ® H = LIN]

where N is a group of order [L : K, if and only if L/K is separable. In all further points
we assume this is the case.

(b) The left action of G on L ® H via g- (x ® h) = g(x) ® h induces a left action of G on N
via group automorphisms.

(¢) The elements of N act on the right by L-coalgebra automorphisms on Homy (L, L), in
particular, N acts on the right on the set Homg_ag(L, L) G/G.

(d) Restricting the canonical map can : L ® H — Homg(L,L) to N C L[N] = L ® H, leads
to a right N -equivariant bijection

B: N — Homg_ag(L, L) = G/C,

which is given by n — (1G")-n. In other words, N acts strictly transitively from the right
on G/G' and B is the orbit map of 1G". )

(e) The left G-action and the right N-action on Homg_a(L, L) = G/G' are related by the
formula

g+ ((hG) - n) = (ghG") - (g n)
where n € N and g, h € G.
(f) Viewing N as a subgroup of Perm(G/G") via the right N-action on G/G" and G as a

subgroup of Perm(G/G") wia the left G-action on G/G', the formula of (e) expresses
exactly the fact that N is normalized by G in Perm(G/G").

Proof. (a) The separability of L/K means that the cardinality of Homy_ag(L, L) equals
[L : K], which is the L-dimension of Hom x(L, L). This, in turn, is by Lemma 2.6 equivalent
to the fact that the L-coalgebra Homg (L, L) has a basis of grouplike elements. Since the
canonical map can is a morphism of coalgebras and L ® H is moreover a Hopf algebra, this
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base of grouplike elements form a group N, and hence, as a Hopf algebra, L® H is isomorphic
to a group algebra L[N] for some group of order [L : K].

(b) In fact the group G acts on L ®x H by Hopf algebra automorphisms'. For any element
yohe L® H (sum understood), and any g € GG, we find that

Alg-(y@h)) =A(g(y) @ h) = g(y) @ h1 ®; 1 ® h) =
gy) ®@h1 @5 g9(1) @ hy =g (y®@h) @z g- (12 he)

Soif y®h € L ® H is grouplike, then also ¢ - (y ® h) will be grouplike. Since N is exactly
the group of grouplike elements in L ® H, we find indeed that G acts on N. Since moreover
the action of G on L ® H respects the multiplication, G acts moreover on N by group
automorphisms.

(¢) Since Homg (L, L) is a right L ® H-module L-coalgebra, the elements of N, which are
exactly the grouplike elements of L ® H, act from the right on Hom K(L,i) by coalgebra
automorphisms. As a coalgebra morphism sends grouplikes to grouplikes, it follows that N
permutes the grouplike elements of Homg (L, L). Finally, by Lemma 2.6(c), the grouplike
elements of Homg (L, L) are exactly the algebra morphism (or field morphisms) from L to L.

(d) Since the canonical map is an L-coalgebra morphism by Lemma 2.10, it leads to a bijec-
tion between the set of grouplike elements of L ® H, which is N, and the set of grouplike ele-
ments of Homp, (L, L), which is Homg _ai(L, L) = G/G'. Furthermore, again by Lemma 2.10,
can is right L ® H-linear, hence N-equivariant. Finally, the explicit form of this bijection in
terms of the action of N on G/G’ follows directly from the relation between the canonical
map and the action of L ® H on Homg (L, L).

() This follows directly from (7), with hG’ € G/G" corresponding to f € Homy (L, L) and

n corresponding to an element of L ® H.
(f) Denote o : N — Perm(G/G’) and A : G — Perm(G/G"), then by (e), we find for all
g,heGandne N

Mg)a(mAg™)(hG) = g- (g7 'hG") - n) = (hG") - (g-n) = a(g - n)(hG"),
and therefore N is normalized by G in Perm(G/G’). 0

In [GP8T7], this theorem is used to show that H-Galois structures on the extension L/K
are in bijective correspondence with subgroups N of Perm(G/G") that act strictly transitive
on G/G' and that are normalized by A(G), which is the permutation of G/G’ given by left
multiplication. We will make use of this result in order to classify intermediate Hopf-Galois
extensions.

2.6. Intermediate extensions. The aim of this section is to establish, for a finite separable
H-Galois extension L/K, the following proposition characterising the fixed field of left ideals
two-sided coideals as H-subextensions, which will allow us to prove the main Theorem 2.24
in the finite case.

Proposition 2.20. Let L/K be a finite separable H-Galois extension, where H is a Hopf
K-algebra. Then for all left ideals two-sided coideals I C H, the following statements hold:

(a) The fized field L' is an H-subextension.
(b) If I is a Hopf ideal, then the extension L'/K is H/I-Galois.

Lemma 2.21. There is a bijective correspondence between the sets of:

ITo be more precise, G acts by ”relative Hopf algebra morphisms”, meaning that the elements of G also
act as automorphisms of the base field and do not restrict to the identity on the base field. This however,
does not affect our conclusions.
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e left ideals two-sided coideals I C H, and

o G-equivariant subgroups V.C N
Under this correspondence, the isomorphism 7 : Loy H— I:[N] from 2.19(a) induces an
isomorphism of left L @ H-module L-coalgebras

T:Log H/(L®I) = Log H/I — LIN/V].

Moreover, V' is a normal subgroup of N if and only if I C H is a Hopf ideal. In that case, T
1s an isomorphism in the category of L-Hopf algebras.

Proof. Applying extension of scalars on a left ideal two-sided coideal I C H, we obtain a left
ideal two-sided coideal L ® I in L ® H 22 L[N], so the existence of a subgroup V C N follows
from Proposition 2.7. Recall from Theorem 2.19(b) that the G-action on N is induced by the
action of G on L ® H on the first tensorant. Since the quotient L ® H — L ®@ H /1 is clearly
G-equivariant under this action, V' becomes a G-equivariant subgroup of N.

Conversely, if V C N is a G-equivariant subgroup, then L[V] is a Hopf subalgebra of L[N]
in the symmetric monoidal category of E#K [G]-modules. Applying Proposition 2.5, we find
that the space of G-invariants H' = fL[V]G is a Hopf subalgebra of H in Vectx. The desired
left ideal two-sided coideal is then given by I = HH'" (see Theorem 2.2). The correspondence
is indeed bijective, as it is based on the equivalence of categories from Proposition 2.5.

The last statement follows directly from the well-known fact that those left ideals two-
sided coideals in a group algebra that are Hopf ideals, correspond to those subgroups that
are normal. O

We now include a purely group theoretic lemma, which we state here in its profinite version
needed later.

Lemma 2.22. Let G be a profinite group and G' C G a closed subgroup. Further, let N be a
(possibly non-commutative) profinite left G-module which acts continuously on G/G' on the
right such that for allm € N, all g,h € G we have

9+ ((hG") -n) = (ghG") - (g - n)
and, in particular, for h =1,

9-((1G") - n) = (9G") - (g -n) (8)
We assume that the orbit map

f:N—=G/G, n— (1G).n

1s a homeomorphism. It is trivially right N -equivariant. Finally, let V- C N be a G-
equivariant open (resp. closed) subgroup V- C N and define

U={ueG|uG ep(V)}.

Then the following statements hold.
(a) U is an open (resp. closed) subgroup of G, which contains G'. Moreover, if V. C N is
open, then G /U is finite.
(b) For all g € G and all v € V' we have
pri((9G') -v) = pry(9G') = gU,
where pry : G/G' — G /U denotes the natural projection.
(¢) The composition N LN G/G g G /U induces a homeomorphism N/V — G/U.
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Proof. (a) If 7 : G — G/G' denotes the natural projection, then U = 7~'(5(V)), showing
both the the containment G C U and the open-ness (closed-ness) of U. Let now uy,us € U
and vy, vy € V such that u1G = (1G’) - v; and usG = (1G’) - vo. Then by (8) we have

(1G,) . (vl(ul . ’Ug)) == ((]_G/) . vl)(ul . 1)2) == (ulG') . (Ul . ’UQ) == Ul((]_G/> . 1)2) == U1U2G/,

showing uy, us € U as v1(uy-ve) € V. Applying (8) with g = v~ and n = v for uG’ = (1G’)-v
we obtain
1G' =u ' ((1G") - v) = (w'G") - (u™' - v),

1

which shows u~! € U by acting on both sides with (u=!-v)~!. Tt is well known that open

subgroups are of finite index.
(b) We take u € U such that (1G") - (¢! - v) = uG’ and apply again (8) to get
(9G") v =(9G") - (9- (97" -v)) =9((1G") - (g7 -v)) = guG".
(¢) The composite map pry; o 3 is surjective, continuous and open. First let n € N and
v € V. Then there are g € G and v € U with (1G") - n = gG’" and (1G") - v = uG’. We then

have

pry o B(nv) = pry ((1G') - (nv)) = pry (((1G') - n) - v) = pry ((9G') - v)
= pry (9G') = pry ((1G) - n) = pry 0 B(n),
showing that the map indeed descends to a surjective map N/V — G/U.

Assume now pr; o f(n) = pry o f(m) for m,n € N. We then have g € G and u € U such
that (1G”) - m = gG" and (1G’) - n = guG’. Let v € V be such that (1G’) - v = uG’. But we
have

guG' = g(uG) = g((1G") -v) = (9G') - (g - v) = (1G") -m) - (g - v) = (1G") - (m - (g - v)).
Because of the injectivity of g, it thus follows n = m - (g - v), showing nV = mV, as
required. U

Lemma 2.23. Let I C H be a left ideal twg-sz’ded coz;deal. Consider the associated G-
equivariant subgroup V. C N (where as before L @ H = LIN]) as in Lemma 2.21 and U C
G = Gal(L/K) the associated subgroup containing G' = Gal(L/K) as in Lemma 2.22.
We have L' = LY and the natural map
L®yg H/I — Homg (L', L)
s an isomorphism.

Proof. Theorem 2.19 ensures that the hypotheses of Lemma 2.22 are fulfilled. From Lemmas
2.22 and 2.21, it follows that we have the K-linear isomorphism?

L@k H/I = LIN/V] = LIG/U] = Homg (LY, L).
Let now i € I and f € Homg (L, L) be injective (for instance, a field homomorphism). Under
the canonical map, f corresponds to an element ¢ in L ® H. It is clear that ¢ - (1 ®1) is zero

in L ® H/I. This, however, means that the restriction to LV of f-(1®1) is the zero map. In
particular, we see for all x € LY

(f-(1®i)(x) = f(i-z) = 0.

The injectivity of f now implies i -2 = 0 for all x € LY. We conclude LY C L!. The proof is
now concluded by observing that the composite

L ®H/I — Homy (L', L) = Homg (LY, L)

2More precisely, it is an isomorphism of I:—coalgebras and right L ® H-linear maps.
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is exactly the isomorphism above, whence the last epimorphism is bijective and therefore
L' =1LY. O

Proof of Proposition 2.20. From the isomorphism of Lemma 2.23, Lemma 2.16 directly gives
the statement (a). The statement (b) is by definition. d

We can now prove our main theorem for finite separable Hopf-Galois extensions.

Theorem 2.24. Let L/K be a separable finite H-Galois extension. Then the following maps
are inclusion reversing bijections:

o
{L/Lo/K | Ly H-subestension } —={I C H|I left ideal, two-sided coideal }
v

Lot J(Lo)

L’ yi

Moreover, the above correspondence restricts to a bijection between the following subsets
@
{L/Lo/K|Ly H-normal } —={I C H|I Hopf ideal }
v

Proof of Theorem 2.24. We already know that the map ® is well-defined by Proposition 2.13.
On the other hand, for any left ideal two-sided coideal I of H, we define ¥(I) = L!, and
we know now by Proposition 2.20 that L is an H-subextension. If, in addition, I is a right
ideal, then L! is also H-stable (by Lemma 2.15) and, thus, H-normal. This shows that ¥ is
well-defined as well.

Furthermore, Proposition 2.20 and Lemma 2.16 tell that ® o W(I) = J(L!) = I, which
provides the first half of the correspondence.

For the other half of the correspondence, let Ly be an H-subextension. We clearly have
the inclusion Ly C L7/(0). Moreover, by the definition of H-subextensions, the natural map
L ® H/J(Ly) — Homg(Lg, L) is an isomorphism, and on the other hand by Lemma 2.23,
L ® H/J(Ly) — Homg(L?%) L) is also an isomorphism. We hence conclude that L, =
7 (Lo) O

Finally, let us rephrase our correspondence in purely group-theoretical terms via Greither-
Pareigis theory.

Corollary 2.25. Combining Theorem 2.2/ with Lemma 2.21, we obtain also a bijective cor-
respondence as follows

@l
{L/Lo/K | Ly H-subextension } —={V C N |V is a G-equivariant subgroup}
\II,
restricting to another bijective correspondence
@/
{L/LO/K | Ly H-normal } a— {V C N |V is a G-equivariant normal subgroup}
\II,

As in Theorem 2.19(f) the G-equivariance of the subgroup can also be rephrased as being

normalized by A(G) in Perm(G/G’).
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2.7. Hopf-Galois theory for subextensions. In classical Galois theory, any intermediate
field Ly of a Galois extension L/K leads to a Galois extension L/Ly. Our next result shows
that the same property holds for an H-subextension of an H-Galois extension.

Proposition 2.26. Let L/ K be a finite H-Galois extension and let Ly be an H -subextension.
Consider the Hopf subalgebra Hy = V'(Lg) as constructed in Corollary 2.1/. Denote as before
«: H — Endg (L) the map associated to the action of H on L. Then the following statements
hold.

(Cl) L Qi Hy = {Zz v, Qh; € L H | ca_n(zl Tr; ® hl) € EndLO(L)}.

(b) L/Lg is Lo @ Ho-Galois, i.e. the map cany ,; : L ® Hy — Endp, (L) is bijective.

(¢) If Lo/ K is moreover H-normal, then Ly/K is also H/J(Lg)-Galois.

Proof. (a) If  ® h € L ® Hy, then we find by Corollary 2.14 that can(z ® h) = za(h) €
Endg,(L). Conversely, take ) . 2; ® h; € L ®x H such that the elements z; are linearly
independent over K and can(} . x; ® h;) is left Lo-linear. This means that for all zy € Ly
and all x € L, the following equality holds

Z xixo(h; - ) Z x;ih; - (zox) Z z;i(h (hie2) - @)

Using the bijectivity of can: L ® H — Endg (L), this equahty can be translated into

Za:xo@)h—Zwl i(1) - To) @ Ry

which holds for all z, € L. Smce Lo is an H -subextension, the map can, : L ® H/J(Lgy) —
Homy (Lo, L) is injective. Hence the previous equality is furthermore equivalent to

le@m ) @ hy —Z%@W hi)) @ hiay € L@ H/J(Lo) ® H

where we denote m:H — H/J(Ly) for the canonical surjection. Since we assumed that the
elements x; are linearly independent, we find that 7(1) ® h; = 7(hi1)) ® hi(2). Hence we find
by Theorem 2.2 that h; € H,.

(b) Consider the following commutative diagram

can

L®H — Endg (L)

~

L/LO

L®Hy—> L&y, (Lo® Hy) —>EndL0( )

Since can is bijective, can ; is also injective. It is surjective by part (a). Hence L/Lg is
Ly ® H-Galois.
(c) This was already proved as Proposition 2.13(d). O

Next we treat the passage to intersections and composita. We see that it is very convenient
to have the possibility to work with either ideals or subalgebras.

Lemma 2.27. Let L/K be a finite field extension and let K C L; C L fori = 1,2 be
intermediate fields.

(a) EndLlLQ(L) = EndL1 (L) N EndLQ(L).
(b) If Endy, (L) = Endy, (L), then Ly = L.

Proof. (a) Clearly, an endomorphism of L is both L;- and Lo-linear if and only if it is L Lo-
linear.

(b) By part (a) we find that Endy,(L) = Endy,(L) = Endp,;,(L). Furthermore, we have
dimg (Endz/(L)) = [L : K|[L : L'] for any intermediate field K C L' C L. Hence it follows
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that Ly, L, and L Ly have the same degree over K. Since obviously L; C LiLs for ¢ = 1,2,
it follows that L; = Ly = L{L,. O

Proposition 2.28. Let L/K be a separable finite H-Galois extension. Let Ly = L't = LM

and Ly = L = L2 be H-subextensions corresponding to left ideals two-sided coideals I, I

and Hopf-subalgebras Hy, Ho, respectively.

(a) LiLy is an H-subextension and LyLy = L™"H2 [f [, and Ly are H-normal, then so is
LiL,.

(b) LiN Ly is an H-subextension and Ly N Ly = LI+ [f Ly and Ly are H-normal, then so
18 L1 N LQ.

Proof. First remark that by Lemma 2.4 I; + I, and H; N Hy are of the right type.
(a) By Proposition 2.26, we have isomorphisms

canyp, : L ®x H; — Endp, (L)
for i = 1,2. Taking intersections on both sides and using Lemma 2.27 we obtain a canonical
isomorphism

L®k (HyNHy) — Endp, 1,(L).
As Hy N Hy is a Hopf-subalgebra, it corresponds to a unique H-subextension Lz
with canonical isomorphism L ® g (Hy N Hy) = Endy,(L). Lemma 2.27(b) implies Ly = L1 Lo,
concluding the statement about composita. Since we deal with H-subextensions, the H-

normality reduces to H-stability, which is clear for L;L,.
(b) Consider the following commutative diagram.

L®H

%////////////;;EZ)
5///// \\\\\X .

L®H/[1£:1>HomK(L1, HomK(LQ,L)<N—L®H/]2

Y /
HomK(L1 N Lg, L
Tcanl,z
(

)
L® H/(I + L)

— LHlﬂHQ

The inner part of this diagram is a pushout square (in Vecty), since it arises by applying
the contravariant functor Homg(—, L) to the diagram which expresses the intersection L; N
Ly as the pullback of the inclusions L; — L. The outer part of the diagram is also a
pushout square. Since can, can; and can, are isomorphisms, it follows that can, , is also
an isomorphism. Moreover, as Ly N Ly C L2, we have that can, , factors through the
canonical map L ® H/(I; + Iy) — Homg (L2 L), which is an isomorphism since L1+ is
an H-subextension by Proposition 2.20. Tt follows that Homy (L7772 L) = Homy (L N Ly, L)
and therefore Ly N Ly = L1'*H2 is an H-subextension. d

3. INFINITE HOPF-GALOIS THEORY

3.1. Proartinian Hopf algebras. In this section, we present the underlying algebraic lan-
guage in which we formulate our infinite Hopf-Galois correspondence. Let K be any field,
equipped with the discrete topology. Let Vecti be the category of finite dimensional K-vector
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spaces. We now extend it by introducing proartinian K-vector spaces. First we recall that a
topological K-vector space V is a K-vector space equipped with a topology with respect to
which both addition and scalar multiplication are continuous.

Definition 3.1. A proartinian K -vector space is a topological K-vector space such that there
exists a family Ay of open subspaces U C V' which form a base of open neighbourhoods of 0
such that the following two statements hold:

(1) the quotient V/U is a finite dimensional discrete K-vector space for each U € Ay,
(2) the natural K-linear map ¥ : V — @1 V/U, induced by all projection maps 7, = mp :
Uehy
V — V/U, is bijective.
A morphism between proartinian K-vector spaces is a continuous K-linear map. The category
of proartinian K-vector spaces is denoted ProVecty.

The category ProVecty enjoys the following further properties (which can also be deduced,
for instance, from [Fon77, 1,§3], [Tak85]).

Lemma 3.2. Let V' be a proartinian K -vector space.

(a) For every open subspace W C V| the quotient V/W is a finite dimensional vector space
with the discrete topology, the projection my =V — V/W is continuous, and W is closed.

(b) If one endows the projective limit l&n V/U with the coarsest topology for which all projec-

UeAy

tion maps are continuous, the linear isomorphism ©" of condition (2) becomes a home-
omorphism. We will henceforth often identify V with this projective limit along this
tsomorphism.

(c) The set (\yep, U = {0} is closed and the morphisms my are jointly monic.

Proof. (a) As W is open, we have U C W for some U € Ay and the finite dimensionality of
V/W follows from the one of V/U via the natural surjection V/U — V/W. The discreteness
in the quotient topology is clear. The other two statements follow from ;! ({0}) = W, once
viewing {0} as an open set and once as a closed one.

(b) By (a), 7V identifies Ay with a base of open neighbourhoods of 0 of im V/U.

UeAy

(¢) The equality (¢, U = {0} follows from the injectivity of 7" and also means that the
Ty are jointly monic. Further, as any open subspace U C V' is also closed by (a), (¢, U
is indeed closed.

Proposition 3.3. Let V' be a proartinian K-vector space and W C V' be a subspace.
(a) The canonical inclusion of W in V' factors as in the following diagram of injective K-
linear maps
Wc V

|er > | gV

lim W/(UNW)——— lim V/U
UeAy UeAy

(b) The topological closure of W, denoted /W, 1S given as
W= () WU+W)=lim (U+W)/U= lim W/(UNW).

UcAy UeAy UcAy

Consequently, ™ is a bijection if and only if W is closed.
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(c) W CV is a closed subspace if and only if the quotient V/W is a proartinian K-vector
space and the natural projection wy : V. — V/W is continuous. In this case the projection
map 1s also an open K-linear map.

Proof. (a) Since W/(U N W) is a subspace of V/U for every U € Ay, the natural map
fm W/(UNW) — lim V/U is injective. The injectivity of 7V follows from Lemma 3.2(c).
UeAy UeAy

(b) First observe that (¢, (U + W) is closed as it is the intersection of open (and hence
closed) subspaces U+W. Let W’ be a closed subspace containing . We have to show that W’
contains (\ep, (U+W). Ad absurdum, let v € (¢, (U+W)\W’. Since W' is closed, there
is U € Ay such that (v+U)NW' = (). However, our assumption implies that v € (U+W)\W’,
so v = u + w for some u € U and w € W. Therefore W/ D W 3> w =v —u € v+ U, which
provides the required contradiction. This shows W= Nuea, (U +W).

For U,U" € Ay with U C U’, we have the commutative diagram

U+ W —— (U+W)/U

|

U+ W — (U + W)U

The projective limit along U € Ay hence gives (yey, (U + W) — lim (U + W)/U, the
UeAy
kernel of which is immediately checked to be (¢, U = {0}, which shows the first stated
isomorphism.
The last isomorphism is a consequence of the classical one (U+W)/U = W/(UNW). The

final statement follows then from the fact that composition of the inclusion W C W with the
stated isomorphisms is exactly the injective morphism 7" from part (a).
(c) If W is closed, by part (b), we find that

VIW =V/(() (U +W))= lim V/(U+W) = Lim (V/W)/(U+W)/W),

which shows that V/W is indeed proartinian with base of open neighbourhoods of 0 given by
mw(U) = (U+ W) /W for U € Ay, and that 7y is an open map.

Conversely, if V//W is proartinian, {0} is closed, so V/W \ {0} is open in V/W. Since my,
is continuous, V' \ W = 7, (V/W \ {0}) is open in V and hence W is closed in V. O

Proartinian K-vector spaces enjoy the following further properties.

Proposition 3.4. (a) Any proartinian K-vector space is Hausdorff.

(b) The discrete proartinian K-vector spaces are exactly the finite dimensional K-vector
spaces.

(c) A closed subspace W C 'V is open if and only if it is of finite codimension.

Proof. Let V' be a proartinian K-vector space.

(a) Any two vectors v,w € V, v # w have the disjoint open neighbourhoods v + U and
w + U, respectively, for any open subspace U € Ay not containing v — w.

(b) Suppose V' is finite dimensional. Then the intersection (\;;., U = {0} of Lemma 3.2(c)
can be refined to a finite intersection of open sets, showing that {0} is open, whence V is
discrete. Conversely, if V' is discrete, then {0} is an open subspace and V' = V/{0} is finite
dimensional by Lemma 3.2(a).

(¢) If W C V is open, then V/W is finite dimensional by Lemma 3.2(a). Conversely, if
V/W is finite dimensional, then it is a discrete proartinian K-vector space and consequently
W =, ({0}) is open. O
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For a K-linear map V' — W between proartinian vector spaces, the continuity can be
expressed as the following property. For any U € Ay, there exists a U’ € Ay such that
U" C kermy o f, which means that there exists a K-linear map fy g @ V/U' — W/U such
that the following diagram commutes

1% d W
Ty i iﬂ’U
fU,U/

VU W/U.

We note fyyromyryr = fuur for any U” € Ay such that U” C U’ and the natural projection
mprgr 2 V/U" — V/U'. Since the morphisms 7y are jointly monic, the family of morphisms
fuur completely determines the map f. Nevertheless, some caution is needed when one
wants to express properties of the morphism f in terms of the morphisms fy;» defined on
finite quotients. Indeed, the continuity of f requires the existence of such morphisms fy -,
however the choice of these morphisms is not unique (nor canonical). Depending on the
choices made, the morphisms on finite quotients do not always properly reflect the properties
of the morphism f, as the following example shows.

Example 3.5. Denote by K™ = [[,-, K = im K™ taken with respect to the maps m,p, :
n>1
K™ — K" for m > n, projecting onto the first n components. Further let m, = 7, :
K> — K™ be the natural projection map.
Consider the identity map on K°°. To express the continuity of the identity map the most
intuitive choice of morphisms on finite quotients would be to take ¢dx~» and the following

commutative diagrams:
id

K~ K~
[{i_n idgn [(i'n

However, this is not the only possible choice. Indeed, one could also consider for any projection
7, on the codomain, a projection m,; on the domain together with the projection m, 1 as
morphism on finite quotients. This also expresses the continuity of the identity map by the
commutativity of the following diagram:

id

K> K>
iﬂn+1 iﬂ'n
Kn+1 Tn,n+1 Kn

Nevertheless, for this choice, the morphisms m,4;, are surjective but not injective, show-
ing that depending of the choice, morphisms on finite quotients of an isomorphism are not
necessarily isomorphisms themselves.

It will be important for us that ProVecty is equipped with the completed tensor product &
over K, making it into a symmetric monoidal category. More precisely, given two proartinian
K-vector spaces V and W, one defines

VEWw = lim V/Uy @ W/Uy.
(Uv,Uw)€EAV X Aw
For any pair (Uy,Uy) € Ay X Ay, we denote the corresponding projection map VW —

V/Uy @ W/Uw by Ty, @WUW. Moreover, there is a canonical K-linear monomorphism V' ®
W —= VeW.
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We now put Hopf algebras and coalgebras into the context of proartinian vector spaces.

Definition 3.6. Let H € ProVectx. We say that H is a proartinian Hopf algebra over K if
there is a base Ay of 0 consisting of open subspaces U of V such that for every U € Ay, the
quotient V/U is a finite dimensional K-vector space equipped with the structure of a Hopf
algebra over K and for all U,V € Ay with U C V the natural maps vy : H/U — H/V are
morphisms of Hopf algebras over K with respect to the fixed Hopf algebra structures.

Similarly, we say that H is a proartinian coalgebra over K if there is a base Ay of 0
consisting of open subspaces U of V' such that for every U € Ay, the quotient V/U is a finite
dimensional K-vector space equipped with the structure of a coalgebra over K and for all
U,V € Ay with U C V the natural maps my,y : H/U — H/V are morphisms of coalgebras
over K with respect to the fixed coalgebra structures.

A morphism f : H — H' between proartinian Hopf algebras (resp. coalgebras) is a K-linear
map such that for each U’ € Ay, there exists U € Ay with f(U) C U’ such that the induced
map fyrp : H/U — H'/U’, which satisfies 7y o f = fir yomy, is a morphism of Hopf algebras
(resp. of coalgebras). The assumption implies that a morphism is always continuous.

Example 3.7. Finite dimensional Hopf algebras (coalgebras) are precisely the discrete proar-
tinian Hopf algebras (coalgebras). Remark that the projection morphisms ny : H — H/U,
with U € Ay are morphism of proartinian Hopf algebras (coalgebras), with respect to this
discrete topology on the quotients.

Example 3.8. Let G be a profinite group and €2 be a system of open neighbourhoods of
the identity element of GG consisting of normal subgroups. Then the completed group ring

K[G] = lim K[G/N]

NeQg
is a proartinian Hopf algebra over K.

Proartinian coalgebras and proartinian Hopf algebras H inherit additional structure from
the structures making each of the H/U a coalgebra or a Hopf algebra, respectively. For
instance, in the case of a proartinian Hopf algebra, we obtain a K-linear multiplication
on H, which is obtained from the universal property of H as a projective limit from the
multiplications my on each H/U, by means of the following commutative diagram for any
U e AHZ

H®H L H
WU@?TUi i”U
H/U® HU — -~ H/U.

This multiplication map turns H into a (usual) K-algebra and moreover, the commutativity
of the above diagrams implies that the multiplication map is continuous. Further, since the
multiplication map m is continuous, it can be extended to a morphism with the completed
tensor product as domain:

m: H®H — H.
The situation of the coalgebra structure is slightly more complicated. This time, one uses the

universal property of the completed tensor product HRH as a projective limit to define a
comultiplication on H that makes the following diagram commute for all U, V, W &€ Ay such
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that U CV and U C W:

H 2 HOH (9)
“Ui iﬂv@ﬂw
HIU 2% H)U @ HIU "2 qiv @ HIW.

Remark, however, that in this case and unless H is discrete, H is not a coalgebra (or Hopf
algebra) in the classical sense because of the necessity to work with the completed tensor
product. Rather, H is a topological coalgebra in the sense of [Tak85]. If all H/U are cocom-
mutative, H will be cocommutative as well, by definition.

Similarly, a unit morphism u : K — H, a counit ¢ : H — k and an antipode S : H — H
can be constructed by taking a projective limit of the structure maps of all H/U for U € Ay:

K v H H ‘ K H & H (10)

| A N N |-

K—" - H/U HU—2 K  HU—2  HU

These structure maps then satisfy the expected coalgebra or Hopf-algebra axioms (see, for
instance, [Fon77, p. 36]), which implies that H is a coalgebra or Hopf algebra in the monoidal
category of proartinian vector spaces (with completed tensor product).

The projective limit H = @ H/U in Vectg differs from (in fact, is strictly bigger than)

Uehy
the projective limit computed in the category of all (cocommutative) Hopf algebras. More
precisly, the projective limit in the category of cocommutative Hopf algebras is exactly the
biggest subspace of H for which the comultiplication A : H — H®H factors through the
usual tensor product H ® H.

Since we suppose all the Hopf algebras Hy := H/U for U € Ay to be finite dimensional,
their linear dual is again a Hopf algebra and this gives rise to an inductive system of Hopf
algebras (H, my;). The inductive limit of this system in the category of Hopf algebras
coincides with the one in the category of K-vector spaces, and hence provides a (usual) Hopf
algebra H' = hg Hy;. Using an argument based on adjunctions, one can easily verify that

UeAy
the Sweedler dual of H is exactly the projective limit of the system (Hy, myr7) computed in
the category of Hopf algebras, and the full linear dual of H' is isomorphic to H (as K-vector
space).

Lemma 3.9. Let H and H' be proartinian K -coalgebras and f : H — H' a K-linear map.

(a) Then the following two conditions are equivalent:
(i) f is a morphism of proartinian coalgebras;
(ii) f is continuous and Agr o f = (f&f) o Ay and egr o f = ey
(b) If f is a morphism of proartinian coalgebras and it is moreover a homeomorphism, then
f~1is again a morphism of proartinian coalgebras.

Proof. (a) Since morphisms of proartinian coalgebras are continuous, we can assume without
loss of generality that f is continuous. Now take any opens V', W' € Ap/, and any open
U c V' nW’'. The continuity of f implies that there exists an open U € Ay such that
f(U) c U', leading to induced maps fyry : H/U — H'/U’. Now consider the following
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diagram:
H d /
x Ussdd
furu 1T
Ax H/U H'JU
\AH’
A o
H&H ref HEH Ay
| \ e
T g f
H/U® H/U — 27 H' /U @ H'JU’
7rV/(§>ﬂ'W/ WV/,U’®7FW’,U/
H//V/ ® H//W/

The continuity of f and, as a consequence, of f& f implies that the top and the bottom of the
box are commutative diagrams. The left and the (extended) right side walls commute by the
construction of Ay and Apr, using that H and H’ are proartinian coalgebras, see (9). The
consequence we are interested in is the following. Since each of the maps 7y is surjective, and
the morphisms 7y ®my (varying over all V!, W' € Ay/) are jointly monic, the back of the
box commutes, i.e. Ay o f = (f&f) o Ay, if and only if the front half of the box commutes
for all U’ (and correspondingly chosen U), that is, if and only if the maps fy respect the
comultiplications.
Further consider this diagram.

H H'
lﬁU TI'U/l
fur
H/U SELE
€H/U

970
K

The rectangle is commutative by the continuity of f. The left half is commutative by the
construction of €g, coming from the proartinian coalgebra structure, and similarly also the
right half is commutative by the construction of eg,. Using the surjectivity of each my, we
see that eg = ey o f if and only if the lower part of the diagram (the diagram without the
first line) commutes, that is, if and only if the maps fi ¢ respect the counits.

The proof is finished because the commutativity of the front half of the box and of the
above diagram without the first line is exactly the definition of a morphism of proartinian
algebras.

(b) If f is a morphism of proartinian coalgebras and a homeomorphism, then f~! clearly
satisfies Ay o f~! = (f7'®f 1) o Ay, and hence f~' is again a morphism of proartinian
coalgebras by part (a). O

As in the finite case, a crucial role will be played by grouplike elements.
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Definition 3.10. An element x in a proartinian coalgebra H is called grouplike if and only
if my(z) is grouplike in the (finite dimensional) coalgebra H/U for any U € Ap.

Example 3.11. Consider a profinite set X = @ X; taken as the limit of a projective
i€l
system formed by maps of finite sets m;; : X; — X, for any ¢,j € I with ¢« < j. Then
define H = K[X] = lim K[X;], which is a proartinian coalgebra by considering a coalgebra
i€l

structure on each finite dimensional K[X;], where X; is a base of grouplike elements. Consider
now any grouplike element # € H. This means that for any i € I, m;(z) € K[X|] is grouplike,
that is, m;(x) € X;. Therefore, by definition of X as profinite set, we find that x € X. We can
conclude that the grouplike elements of K[X] are exactly the elements of X. Remark that
these elements are a linearly independent set, but not a base for K[X] unless X is finite.

Corollary 3.12. The grouplike elements of a proartinian coalgebra H form a profinte set
G(H).

Any morphism of proartinian coalgebras restricts to a continuous map between the respective
profinite sets of grouplike elements.

In fact, taking grouplikes leads to a functor from the category of proartinian coalgebras to
the category of profinite sets, which is a right adjoint to the fully faithful functor that sends
a profinite set X =lim X; to the proartinian coalgebra K[X] = lim K[X;].

el el

Proof. Let H be a proartinian coalgebra, and take any U € Ay. Then H/U is a finite
dimensional coalgebra. Since grouplike elements are linearly independent, the set G(H/U) of
grouplike elements in H/U is finite. Moreover, since coalgebra morphisms preserve grouplike
elements, we find that the projection morphisms 7y : H/U — H/V induce maps vy :
G(H/U) — G(H/V) by restriction. Therefore we obtain a projective system of finite sets,
whose projective limit is exactly the set of grouplike elements in H.

The second statement follows directly from the first one.

For the finial statement recall from Example 3.11 that G(K[X]) = X, which is the unit of
the desired adjunction. By the second statement, we then find that any coalgebra morphism
from K[X] to a proartinian coalgebra H is completely determined by a morphism from X
to G(H), showing that we indeed have an adjunction as stated, and since the unit is an
isomorphism, the left adjoint is fully faithful. U

Next we turn our attention to the theory of modules and (Hopf) ideals in proartinian
Hopf algebras as well as coideals in proartinian coalgebras. First note that the usual notion
of left /right /two-sided ideal makes sense for proartinian Hopf algebras. However, since the
comultiplication in a proartinian coalgebra is defined by a completed tensor product, we have
to adapt the notion of coideal accordingly, which we do as follows.

Definition 3.13. Let H be a proartinian coalgebra over K with basis of neighbourhoods Ay
as in Definition 3.6. We say that a K-subspace I C H is a two-sided proartinian coideal if
mu(I) = +U)/U C H/U is a two-sided coideal for all U € Ag.

Similarly, if H is a proartinian Hopf algebra over K with Ay as in Definition 3.6, then a
K-subspace I C H is a proartinian Hopf ideal if (I + U)/U C H/U is a Hopf ideal for all
UeAy.

The next lemma shows that ideals in the usual sense coincide with closed “proartinian”
ideals.

Lemma 3.14. Let H be a proartinian Hopf algebra.
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(a) If I is a left ideal in H (in the classical sense), then for each U € Ay, we have that
(I+U)/U is aleft H/U-ideal. Hence, the action of H on I is continuous with respect to
the subtopology on I.

(b) If I C H s such that for each U € Ay, (I +U)/U is a left H/U-ideal, then the closure
Tisa left ideal in H.

(¢) If I C H is closed, then I is a (closed) left ideal in H if and only if (I + U)/U is a left
ideal in H/U for allU € Ag.

Proof. (a) Since by definition, the multiplication of H induces a multiplication on all finite
quotients by open Hopf ideals, the statement follows by the commutativity of the following
diagram since 7y (I) = (I + U)/U for all U € Ap.

HxI m JL

Hx H m H
i’/rUXWU iﬂ'U
H/Ux HU —"—~ H/U

(b) The statement tells us that the multiplication maps of each finite quotient H/U restrict
to a left action of H/U on (I +U)/U:

my

H/Ux (I+U)/U (I+U)/U
Taking the projective limit along all U € Ay, we obtain the desired action of H = @ H/U

UeAn
on T = lim (I+U)/U.
UeAy
(¢) is a direct combination of the previous two points since I = T in this case. U

In contrast to the above theorem, a proartinian coideal is not a coideal in the classical sense.
The reason is similar to the observation made above that the comultiplication of a proartinian
coalgebra lands in the completed tensor product, and hence a proartinian coalgebra is not
a coalgebra in the usual sense. By the same arguments, one can observe that a proartinian
coideal I in H has the property that A(1) C I®H + H®1I.

Definition 3.15. Let H be a proartinian Hopf K-algebra. A topological K-vector space L
is called a left H-module if there is a continuous K-linear map

HxL—L, (hyz)— hx

such that

(1) l.x =z for all x € L and

(2) (hih2).x = hy.(he.z) for all x € L and all hy, hy € H.

Further, a proartinian H-module coalgebra over K is a proartinian left H-module which carries
a compatible structure of proartinian coalgebra. Finally, a proartinian H-module algebra
over K is a proartinian left H-module which carries a compatible structure of proartinian
algebra.

The following lemma, which will be useful later, now follows directly by combining the pre-
ceding definitions with the properties of the proartinian topology as stated in Proposition 3.3.

Lemma 3.16. Let H be a proartinian coalgebra over K, and I C H a K-linear subspace.
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(a) I is a closed (and open) proartinian coideal if and only if H/I is a proartinian (and finite
dimensional) coalgebra and the natural projection H — H/I is continuous.

Suppose now that moreover H is a proartinian Hopf algebra over K.

(b) I is a closed (and open) left ideal proartinian coideal in H if and only if H/I is a
proartinian (and finite dimensional) left H-module coalgebra and the natural projection
H — H/I is continuous.

(c) I is a closed (and open) proartinian Hopf ideal in H if and only if H/I is a proartinian
(and finite dimensional) Hopf algebra and the natural projection H — H/I is continuous.

In particular, one can choose the set Ay from Definition 5.6 to be the set of all open proar-
tinian coideals in a proartinian coalgebra and the set of all open proartinian Hopf ideals in a
proartinian Hopf algebra.

To finish this section, we investigate more closely the case of discrete left H-modules.

Lemma 3.17. Let H be a proartinian Hopf K -algebra and consider a K -linear map
- H XL — L.

Then the above map is continuous with respect to the discrete topology on L (in particular,
this is the case if L is a discrete H-module) if and only if

L - U LI?

ICH open proartinian Hopf ideal
where LI = {z € L|Viel:i-z=0}.
Proof. Since L carries the discrete topology, the continuity of the action is equivalent to
{(hy)e HXL|h-y=ux}
being an open set in H x L for all x € L. This set is the disjoint union of all the sets
{heH|h y=uz}x{y}
for y € L. Consequently, continuity is equivalent to {h € H | h-y = x} being open in H for
all x,y € L. To characterise this, let h € H be any element such that h -y = z. Then
{heH|h-y=x=h-y}=h+{icH|i-y=0}
Since addition on H is by homeomorphisms, continuity is equivalent to the left ideal
I,={ieH|i-y=0}
being open in H. By the proartinian topology on H, this is further equivalent to the assertion
that, for every y € L, I, contains an open proartinian Hopf ideal I C H (and hence y € L C
L'). This is then further equivalent to the assertion that every y € L lies in L! for some open
proartinian Hopf ideal I C H, as claimed. O

3.2. Hopf-Galois extensions. Let L/K be a separable field extension and H a proartinian
Hopf K-algebra such that L is a discrete left H-module algebra. Then we can see Endg (L)
naturally as a projective limit of K-vector spaces in the following way. Using Lemma 3.17 in
the first equality, we find that

Endg (L) = Homyg (U L L) = lim Hom (L', L)
I I
where I varies over all open proartinian Hopf ideals in H. If each Homg(L!, L) is finite

dimensional as L-vector space, equivalently, if L! is finite dimensional as K-vector space,
then Endg (L) will be proartinian, but in general this is not guaranteed at this point.
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We can define, by means of the universal property of L&xH as projective limit, the proar-
tinian version of the canonical Hopf-Galois map as the morphism can which makes the fol-
lowing diagram commutative for any open proartinian Hopf ideal I C H

LodxH = Endy (L) (11)
iﬂ’] iresj
L &g H/T —=2 ~ Homy(L!, L)

where, as in the finite case, we define can;(z ® h)(y) = z(h-y) for all z € L, y € L' and
h € H/I. By construction, this morphism is then continuous.

Lemma 3.18. Let L/K be an H-Galois extension as in Definition 1.1. Consider any open

proartinian Hopf ideal I C H. Then

(a) can; is surjective.

(b) L' is finite dimensional as a K -vector space, and hence Endg (L) is a proartinian L-vector
space.

(¢) Homy (LY, L) is an L-coalgebra whose coalgebra structure is defined by the formula

flzy) = f(1)(95)f(2)(y)

for all f € Homg (LY, L) and x,y € L'. Consequently, Endg(L) is a proartinian L-
coalgebra.

(d) can; is a morphism of L-coalgebras and therefore can is an isomorphism of proartinian
L-coalgebras.

(¢) For any field extension L)L, Homg (L, L) is a right proartinian L& x H-module L-coalgebra
and the canonical map can : L&x H — Hom (L, IN/) is a morphism of right L& x H-module
L-coalgebras.

Proof. (a) follows directly from the commutative diagram (11) that defines can.

(b) Since can; is surjective and H/I is finite dimensional as K-vector space, we find that
Homy (L!, L) is finite dimensional as L-vector space. As remarked before the lemma, this
was the only missing condition for Endg (L) to be a proartinian L-vector space. Furthermore
as Homg (L!, L) is finite dimensional as L-vector space, L! is also finite dimensional as K-
vector space.

(c) Since L! is finite dimensional by part (b), the first statement is exactly Lemma 2.6(c).
The second statement then follows by definition since Endg (L) is a projective limit of finite
dimensional L-coalgebras.

(d) Since H/I and L' are finite dimensional, can; being a coalgebra morphism is exactly
Lemma 2.10. Therefore, the homeomorphism can is a(n iso)morphism of proartinian coalge-
bras by Lemma 3.9(b).

(e) For any open proartinian Hopf ideal I in H, we know from (b) that L! is finite di-
mensional over K and hence Homg(L!, L) is finite dimensional over L. Therefore, we
can apply Lemma 2.10 and see that Homg(L!, L) is a L&y H/I-module L-coalgebra and
Gn, : L&k H/I — Homg (L, L) is a morphism of right L&k H/I-module L-coalgebras. We
can then conclude by taking the projective limit over the set Ay of all open proartinian Hopf
ideals of H. g

Remark that even though can is an isomorphism of proartinian coalgebras, it does not follow
immediately that can; is a bijection for any open proartinian Hopf ideal I (see Example 3.5).
The difficulty is to establish the injectivity of can;, so that we can link a proartinian Hopf-
Galois extension with finite dimensional ones. To that aim, we will extend Greither—Pareigis
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theory to the infinite case in the next subsection. We first establish some properties of J(Ly),

defined in (1).

Lemma 3.19. For any intermediate field K C Ly C L, we find that
(a) J(Lo) is a closed left ideal two-sided proartinian coideal of H.
(b) If Ly is H-stable, then J(Lo) is also a right ideal.
(¢) The canonical map cany : LOH/.J(Lg) — Homg (Lo, L) is a quotient map.
(d) Lo is an H-subextension if and only if can, is injective.
Proof. (a) J(Lg) is a closed set since it equals the intersection (., m;'{(0)} where m, :
H — L is the continuous map h + h-z for x € L. Since L = Uy, L' (see Lemma 3.17), we
also have J(Lo) = (;en,, J (L), and for every I € Ay, we have I C J(Lg) and the image of
J(LE) in H/I coincides with the left ideal two-sided coideal of H/I consisting of the elements
annihilating L{, we obtain isomorphisms
H/J(Lo) = lim H/J(Lg) = Yim (H/I)/(J(Lg)/T).
IeAy IeAy

Therefore, we can conclude by Lemma 3.16(b) that J(Lg) is a closed left ideal two-sided
proartinian coideal of H.

(b) This follows in the same way as in the finite case. For any h € H, i € J(Lg) and
x € Ly, we find that (ih) -z =1i-(h-x) =0, since h -z € Ly, and therefore also ih € J(Ly).

(c) Consider the following diagram

can

L®H ——— Endg (L)

| |

L&H/J(Lo) —2% Homp (Lo, L).

The vertical arrows are quotient maps (i.e. they are surjective, and topology on their image
is the quotient topology). Since can is a homeomorphism, the composition is also a quotient
map, and therefore can, is a quotient map as well.

(d) is now obvious since any injective quotient map is a homeomorphism. O

We remark that for every intermediate field K C Ly C L we trivially have Ly, C L7(F0)
and, consequently, .J(Ly) D J(L/(F0)). In fact, we have equality

J(Lo) = J(L7))

as the other inclusion is clear. This of course is, in other words, a direct consequence of the
fact that we have a Galois connection between intermediate field extensions and (proartinian)
left ideals two-sided coideals.

Proposition 3.20. Let L/K be a Hopf-Galois extension for a proartinian Hopf algebra H.

(a) For any H-subextension, we have Ly = L70),
(b) For any closed ideal two-sided proartinian coideal C' in H such that the canonical map

LRk H/C =2 Homy (LE, L)
is an isomorphism, we have that L is an H-subextension of L and C' = J(LY).

Proof. (a) As Ly C L70) we can consider the composition

cany : LOH/J(Lo) — 2 Homy (L'®), L) — — Homy (Lo, L) .

The assumption that Ly is an H-subextension implies that this composition is an isomor-
phism, whence both maps are isomorphisms. Consequently, Ly = L7("0).
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(b) Consider the following diagram

L&H/C = Homy (LC, L)
\ %’
L&H/J(LC)

Since can. is bijective by assumption and 7 is surjective, can;¢ is bijective, so in particular
injective, hence L¢/K is an H-subextension of L by Lemma 3.19. Now 7 is the composite
isomorphism @Zé o can., from which we conclude C' = J(L%). O

To get the full correspondence one then also needs that any closed ideal two-sided proar-
tinian coideal in H arises this way. We will need results for it that will follow from infinite
Greither-Pareigis theory, allowing us to show that L is an H-subextension if C is any closed
ideal two-sided proartinian coideal in H.

3.3. Infinite Greither—Pareigis theory. The aim of this section is to connect finite and
infinite Hopf-Galois theory. Let L/K be a (possibly infinite) separable extension, and L be a
normal closure over K. Then we know by classical (infinite) Galois theory that G = Gal(L/K)
is a profinite group containing G' = Gal(i /L) as a closed subgroup, and we have isomorphisms

HomK,A|g(L, E) = HomK,Ng( U LN, Z) = HomK,A|g( U EG’N) i)
NG open NG open
~ Jm G/(G'N)=G/G’
NG open
as profinite left G-sets and
Homi(L,L) = lim L[G/(G'N)] = L[G/C']

NG open

as proartinian L-vector spaces and left L[G]-modules, where L[G] is the completed group
algebra.

Proposition 3.21. Let L/K be a separable H-Galois extension as in Definition 1.1 and use

the notation just introduced. Then

(a) For any open proartinian Hopf ideal I C H, HomK,Ng(Ll,i) is a base of grouplike
elements for Homy (L', L) as L-coalgebra.

(b) For any open proartinian Hopf ideal I C H, Lok H/I is isomorphic as a Hopf f}-algebm
to a group algebra L[Nj|, for some finite group Nj.

(c) The groups N; form a projective system of finite groups when I runs through the open
proartinian Hopf ideals of H and hence the projective limit N = 1&1 Ny is a profinite

I

group.

(d) L& H is isomorphic as proartinian Hopf L-algebra to the completed group algebra i[[N]]
Moreover the natural left action of G on the first tensorant of L& x H induces a continuous
left G-action on N.

(e) From the canonical map, we obtain a homeomorphism of profinite sets

f:N=G/G.

(f) Since Homg (L, L) = L[G/G"] is a right proartinian L&k H = L[N]-module L-coalgebra
by Lemma 3.18, we obtain a continuous right action of N on G/G’', which satisfies the
compatibility relation

9.((hG").n) = (ghG").(g.n)
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where n € N and g, h € G. Moreover, the map [ s right N -equivariant and sendsn € N
to (1G").n

(g) For any open proartinian Hopf ideal I C H, there exists an open normal subgroup V. C N
such that N/V = Ny and L @k H/I = L[N/V] as Hopf L-algebras.

Proof. (a) By Lemma 3.18(b) we know that L is of finite dimension, and hence Hom (L', L)
has a base of grouplike elements by separability and Lemma 2.6, which are given exactly by
the K-algebra morphisms from L’ to L.

(b) Using a base-extension from L to L, we obtain a canonical map

cn: L&xH — Homg (L, L),

which is a morphism of proartinian L-coalgebras and a homeomorphism. Its inverse cn 'is
also a morphism of proartinian i—coalgebras by Lemma 3.9. In particular, can ' is continuous
and preserves the comultiplication. The continuity of can implies that there exists an open
proartinian Hopf ideal I’ in H and a (surjective, coalgebra) morphism (can '); such that the
following diagram commutes

Gn!

|- |
Lo H/I p— Homy (L”, L).
can” )s

Since (can '); is a surjective coalgebra morphism, and Homy (L', L) has a base of grouplike
elements by part (a), it follows by Proposition 2.7 that Lo H /I also has a base of grouplike
elements. Hence, L ® H /I, being a finite dimensional Hopf algebra with a base of grouplike
elements, is a group algebra L[N;] for some finite group Nj.

(¢) We know that that there is a projective system of Hopf algebras L ® H/I. Since each
of these Hopf algebras is a finite group algebra by part (b), and morphisms of Hopf algebras
preserve grouplike elements, we obtain henceforth a projective system of finite groups.

(d) The first part follows from the fact that L& H and L[N] arise as the projective limit
of isomorphic projective systems of finite dimensional Hopf K-algebras. The second part is
clear, since G acts on L&y H by proartinian coalgebra morphisms, hence the G-action on
L& H turns grouplikes into grouplikes by Corollary 3.12 and leads to a continuous action of
G on N.

(e) Combining the above, we obtain a sequence of isomorphisms

LIN] = L&H = Homy(L, L) = L[G/C].

The first isomorphism is an isomorphism of proartinian Hopf algebras. The last isomorphism
is an isomorphism of proartinian coalgebras. Finally, the canonical map can is a morphism
of proartinian coalgebras as well, by Lemma 3.18. The combined isomorphism is therefore
a morphism of proartinian coalgebras. Since N and G/G’ are exactly the grouplike ele-
ments of the first and last proartinian coalgebra (see Example 3.11), we obtain the desired
homeomorphism of profinite sets.

(f) As in the finite case, since Homg (L, i) is a right proartinian L& H-module L-coalgebra,
the grouplike elements of N, being grouplike elements of L& x H act on Hom (L, E) by proar-
tinian coalgebra morphisms, and therefore send grouplikes to grouplikes (see Corollary 3.12).
A K-linear map f € Homg (L, L) is grouplike if and only if the restriction of f to L7 is
grouplike in Homy (L7, [~/) for any open Hopf ideal I € Ay, which means that this restriction
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is an algebra map (see Lemma 2.6(c)). Since L = (J;c,,, L', this means that f itself is an al-

gebra map. Since Homg_ 454 (L, L) =~ G/G' by classical Galois theory, we obtain the required
continuous action of N on G/G’. The formulae are proven exactly as in the finite case (see
Theorem 2.19).

(2) For any open proartinian Hopf ideal I € Ay, we know by part (b) that L @y H/I =
L[N/] is a finite dimensional group algebra, and by part (d) that L&xH = L[N]. Via
these isomorphisms, the natural projection L&xH — L@y H /I translates to the natural
projection L[N] — L[N;]. The latter map is induced from a surjection of groups N — N;
(cf. Example 3.11 and Corollary 3.12). Taking V' to be its kernel, we find N; = N/V and,
again by Corollary 3.12, L ® I = L[V] as needed. O

Proposition 3.22. Let L/K be a separable Hopf-Galois extension for a proartinian Hopf
algebra H. Then for any open left ideal two-sided proartinian coideal I C H, the canonical
map

can; : L ®y H/I — Homg (L', L).

1 an isomorphism.

Proof. We first assume that [ is an open proartinian Hopf ideal. Proposition 3.21 ensures
that the hypotheses of Lemma 2.22 are fulfilled. From that lemma and Proposition 3.21(g),
it follows that we have the K-linear isomorphism

L@y H/I = LIN/V] = L|G/U] = Homg (LY, L).

This isomorphism allows us to apply verbatim the arguments of the proof of Lemma 2.23 in the
finite case in order to conclude LY = LY and can; is bijective. For the general case, when I is an
open left ideal two-sided proartinian coideal of H, there is a proartinian Hopf ideal J contained
in I since the open proartinian Hopf ideals form a base of open neighbourhoods of 0. As L’
is H/J-Galois by the preceding case, can; is an isomorphism because H/I = (H/J)/(1/J)
and L' = (L7)/7) and we can apply the Galois correspondence of Lemma 2.23 for the finite
Hopf algebra H/J and its left ideal two-sided coideal 1/.J. O

Corollary 3.23. Let L/K be a separable Hopf-Galois extension for a proartinian Hopf al-
gebra H. Then for any open proartinian Hopf ideal I C H, the finite extension L'/K is
H/I-Galois and an H -subextension of L.

Proof. By Proposition 3.22, L' /K is H/I-Galois, and we conclude by Proposition 3.20(b). O

3.4. The infinite Hopf-Galois correspondence.

Corollary 3.24. Let L/K be a separable Hopf-Galois extension for a proartinian Hopf al-
gebra H and let C' be a closed ideal two-sided proartinian coideal in H. Then the following
statements hold.

(a) LY is an H-subextension, J(LY) = C and LC = J, L’, where J runs through the open
ideals two-sided proartinian coideals in H containing C'.

(b) Moreover, C is a right ideal if and only if L® is H-stable, i.e. if and only if L¢ is H-
normal.

Proof. (a) By Proposition 3.3(a) we know
C=()(C+I).
IeAy

As a sum of an open and a closed ideal two-sided proartinian coideal, C'+ [ is an open ideal
two-sided proartinian coideal in H containing C'
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Due to the inclusion ey, L+ C LY, we have the following diagram

ca

>

LoxH — Endg (L) (12)
id@chi ires
L&gH/C —%— Homg(LC, L) —"“— Homp (U,cy, L°, L)

By the commutativity of the left square, can. is surjective (note that this is exactly the same
argument as in Proposition 3.18(a)). By Proposition 3.22, for each I € Ay, the extension
LC*! is an H-subextension, whence we have the canonical isomorphism L ® H/(C + I) =
Homy (LC*!, L). Taking the projective limit of these leads to the isomorphism

lim L ® H/(C + 1) = lim Homy (L, L) 2 Homy (| J L, L),

IeAy IeAy IeAy

After identification of lim L ® H/(C + I) with L®H/C, this is exactly the horizontal com-
IeAy

position of diagram (12), which is thus an isomorphism. This implies the desired equality
L¢ = ;L7 as in the statement of the corollary, as well as the fact that can. is bijective.
We conclude by applying Proposition 3.20(b).

(b) This can be proved by direct computation as in the finite case. First assume that C' is
a right ideal. Then for any ¢ € C, h € H and x € L®, we find that ¢- (h-z) = (ch) -z = 0,
because ch € C, and hence h - 2 € LY. Conversely, suppose that L¢ is H-stable, then for
any h € H and any ¢ € L°, we have hx € L%; consequently, for any ¢ € C, it follows
c-(h-x)=(ch)-x=0. This gives ch € J(L®) = C. O

We are now ready to prove the infinite Hopf-Galois correspondence. To this end, let
us make the following remark. If H is a proartinian Hopf algebra and L/K a separable
H-Galois extension, then by Proposition 3.22, L! is H/I-Galois for any open Hopf ideal
I € Ay. This implies by Lemma 2.9 that H/I is cocommutative, hence we can also view H
as a “cocomutative proartinian Hopf algebra”. Now consider any two-sided ideal two-sided
proartinian coideal J in H. Again by the above, we know that (J + I)/I is a two-sided
ideal two-sided coideal in H/I. Since H/I is cocommutative, this implies that (J + I)/I
is also stable under the antipode, i.e. a Hopf ideal. This then means by definition that J
is a proartinian Hopf ideal in H. In other words, as in the finite case, the two-sided ideal
two-sided proartinian coideals and Hopf ideals coincide in our setting.

Proof of Theorem 1.5. As in the finite case, we define ®(Ly) = J(L¢) and ¥(I) = L!. By
Corollary 3.24, we find that the maps ¥ are well-defined, and W o ®(I) = I. On the other
hand, Lemma 3.19 tells us that ® is well-defined and by Proposition 3.20 we have that
do \IJ(L()) == L(). O

We now generalise Lemma 2.21 to the infinite case.

Proposition 3.25. There is a bijective correspondence between the sets of:

e closed proartinian left ideals two-sided coideals C C H, and
o G-equivariant closed subgroups V- C N

which is characterised by the property that the isomorphism from Proposition 3.21 LOH =
L[N] descends to an isomorphism L&H/C = L[N/V]. Moreover, C C H is a closed
proartinian Hopf ideal if and only if V' is a closed normal subgroup of N. In that case, the
above isomorphism is an isomorphism of proartinian L-Hopf algebras. Furthermore, these
statements continue to hold with ‘closed’ replaced by ‘open’.
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Proof. Let first C' C H be a closed proartinian left ideal two-sided coideal. For any I € Ay,
consider the left ideal two-sided coideal C; = 7;(C) C H/I. By the finite case, Lemma 2.21,
there is a G-equivariant subgroup V; C Ny, where, as before, Ny is such that L H /I = i[N 7).
As the N; and their quotients N;/V; form projective systems, so do the V;, and letting
V' = lim V} we obtain a closed G-equivariant subgroup of N such that L®H/C = L[N/V].
IeAy
Let now V' C N be a closed G-equivariant subgroup. As N = @ Ny, we can put V; =
IeAy

V' N Ny, identifying N/V with the projective limit of the N;/V;. For each I € A, V; is
then a G-equivariant subgroup of N; and by Lemma 2.21, we obtain a left ideal two-sided
coideal C; C H/I such that L ® H/Ct = L[N;/V;]. Writing C; = 7;'(C;), which is an open
and closed proartinian left ideal two-sided coideal of H, we can make the closed proartinian
left ideal two-sided coideal C' = [;.,, Cr of H. Via the projective limit, we again find
LR®H/C = L[N/V].

Since these two constructions pass along the finite case, where they are mutual inverses,
they give the claimed bijective correspondence. The last statement follows as open-ness
(under the assumption of closed-ness) is characterised by finite dimensionality. U

The proof of Corollary 1.6 follows directly from Theorem 1.5 and this proposition.

3.5. Example. Here we give an example of an infinite Hopf-Galois extension, which is not
classically Galois.

For any n € N, we consider the field L,, := Q( 3:/5), which is a non-normal, separable Galois
extension of Q. Applying [GP87, Corollary 2.6], we find that L, /Q is Hopf-Galois for some
Hopf algebra, and in fact it is even “almost classically Galois” (see [GP87, Definition 4.2]).
Clearly, L,, C Ly, for all n € N and we define L = Q( *V/2) = Unen Ln- Since moreover by
[GP87, Theorem 5.2], an almost classical Galois extension has a Hopf-Galois structure such
that the strong structure theorem holds, we find that for a fixed n € N, there exists a Hopf
algebra H, such that L, is H,-Galois and any L,, with m < n is H,,-Galois for some Hopf
algebra H,, = H,,/I,,m, where I, ,, is a Hopf ideal in H,,. Invoking the axiom of choice, we
obtain for each n € N a Hopf algebra H,, turning L,,/Q into an H,-Galois extension, such that
for each n,m € N with m < n, there is a surjective Hopt algebra morphism =, , : H,, = H,,.
In this way, we obtain a projective system of finite dimensional Hopf algebras, and we can
define H = 1&1 H,, the associated proartinian Hopf algebra, and L/Q is H-Galois in our

sense.

3.6. Formulation in terms of coactions. We already remarked that if H is a profinite
Hopf algebra, then H = hﬂ (H/U)* is a usual Hopf algebra. The aim of this section is to

UeAy
show that an infinite Hopf-Galois extension in our sense is exactly a Hopf-Galois extension

of H' with respect to a co-action (instead of a continuous action).

Proposition 3.26. Let H be a proartinian Hopf algebra, and H' = hﬂ (H/U)*. For any
UeAy
K -vector space (respectively K -algebra) L, there is a bijective correspondence between

(a) continuous K-linear maps H® L — L turning L into a discrete H-module (algebra);
(b) K-linear maps p: L — LR H?', p(x) = z0) @[y turning L into an H'-comodule (algebra).
Moreover, under this correspondence, L is H-Galois (in the sense of Definition 1.1) if and
only if L is H'-Galois in the sense of Kreimer-Takeuchi, that is, the canonical map

can': L®g L - Lok HY, can'(z ®y) = 2y @ yp-

1s a K-linear isomorphism.
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Proof. From (a) to (b). Suppose first that L has a continuous H-action. The we know by
Lemma 3.17, that L = UIeAH L. In other words, for I C J € Ay, we have a canonical
inclusion L7 C L! and L is the inductive limit of this direct system L = hg L'. By
IeAy
construction, the action of H on L induces an action H/I @ L' — L for any I € Ay. Since
H/I is finite dimensional, we can take its dual coaction as in (5), pr : LI — L @ (H/I)*.
Taking the inductive limit of these coactions we obtain (using the fact that the tensor product
preserves inductive limits) a global coaction p: L — L ® HT.

From (b) to (a). Conversely, suppose that p : L — L ® H' exists. Take any z € L and
write p(z) = Y21, #;®@h!. Since we have a finite number of elements A in the inductive limit
H', there exists some I € Ay such that hl € (H/I)* for all i = 1,...,n. We then define for
any h € H, h-x:= Y, hi(n;(h))z;. One easily checks that this definition is independent of
the choice of I, and the coassociativity and counitality of H imply that this indeed defines
an action of H on L. By construction, we have that x € L’ if p(z) € L ® (H/I)*. Since (as
already observed above) for any x € L there exists some [ such that p(z) € L ® (H/I)*, so
x € L', we find that L = |J,. An L' and therefore the action is continuous with respect to the
discrete topology on L by Lemma 3.17.

One checks that p is an algebra map if and only if L is an H-module algebra.

Now suppose that L is H-Galois. Then by Corollary 3.23, can; : L® H/I — Homg (L', L)
is bijective, which implies that L! is finite dimensional since H/I is so. Taking the L-linear
dual of the canonical map, we obtain the canonical map can} : L ® L' — L ® (H/I)*. By
passing to the direct limit over Ay, we then find that can’ : L ® L — L ® H is bijective.

Conversely, suppose that can' is bijective and fix any I € Ay. Observe that for any z,y € L,
by the left L-linearity, can'(z ® y) € L ® (H/I)* implies that can’(1® y) € L ® (H/I)*, so
p(y) € L® (H/I)*. The latter implies that y € L’ as we already showed earlier in this proof.
Therefore, the restriction of (can’)™ to L® (H/I)! lands in L® L’, which means that it gives
an inverse for can;, which is then also bijective. Since all can; are bijective, can is bijective
as well, by passing to the projective limit over I € Ay. O
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