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Abstract

Many real-world applications demand accurate and fast predictions, as well as reliable uncertainty
estimates. However, quantifying uncertainty on high-dimensional predictions is still a severely
under-investigated problem, especially when input-output relationships are non-linear. To handle
this problem, the present work introduces an innovative approach that combines autoencoder deep
neural networks with the probabilistic regression capabilities of Gaussian processes. The autoen-
coder provides a low-dimensional representation of the solution space, while the Gaussian process is
a Bayesian method that provides a probabilistic mapping between the low-dimensional inputs and
outputs. We validate the proposed framework for its application to surrogate modeling of non-linear
finite element simulations. Our findings highlight that the proposed framework is computation-
ally efficient as well as accurate in predicting non-linear deformations of solid bodies subjected to
external forces, all the while providing insightful uncertainty assessments.

Keywords: Surrogate Modeling, Deep Neural Networks, Gaussian Process, Autoencoders,
Uncertainty Quantification, Finite Element Method

1. Introduction

In computational mechanics, high-fidelity modeling methods such as the finite element method
(FEM) are standard for achieving detailed insights into the mechanical behaviors of materials
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and structures. Despite their capability to provide accurate predictions for complex non-linear
problems, these methods are often hindered by the substantial computational effort they demand,
thereby constraining their applicability in domains requiring real-time solutions. As a remedy,
various approximate methods, such as surrogate modeling, have emerged as an indispensable tool
to alleviate the computational burden associated with traditional simulations. By providing the
balance between computational efficiency and the accuracy, these methods play a crucial role in
scenarios requiring fast- or real-time responses.

In conventional methods like FEM, numerical challenges primarily arise from two main factors:
the non-linearities present in the problem and the high number of unknowns (degrees of freedom)
required to attain the desired level of prediction accuracy. The majority of approximate methods
concentrate on addressing the latter aspect by directly reducing the number of unknowns of the
problem. For instance, the conventional reduced ordered modelling (ROM) methods accomplish
this by linearly projecting higher-order information to lower-dimensional space using dimensionality
reduction techniques such as Principal Component Analysis (PCA) [1, 2], and Proper Orthogonal
Decomposition (POD) [3, 4]. However, these approaches yield undesirable results when simulat-
ing highly nonlinear phenomena [5–7]. In response to the linearity limitation, numerous nonlinear
dimensionality reduction techniques have been proposed [8, 9]. However, obtaining real-time sim-
ulations with these methods, in particular when considering high degree of non-linearity, remains
a challenge [10].

Rapid advancements in machine learning has naturally fueled developments to approximate mod-
elling. There has been a widespread adoption of machine learning techniques to accelerate com-
putationally intensive numerical methods [11–15]. In particular, deep learning (DL) models have
been successfully used as accurate and computationally inexpensive surrogates to solve non-linear
problems in mechanics [16–20]. In context of ROM, DL methods are being extensively used to find
non-linear reduced order representations of the high dimensional data [21, 22]. At the same time,
they are computationally inexpensive at the prediction stage, hence, they are highly suitable in a
wide area of applications requiring real time simulations [23, 24].

This work focuses on another important aspect, which is the capabilities of surrogate models to
quantify uncertainty. Providing reliable uncertainty estimates alongside predictions is needed in
various real-life applications, such as surgical simulations [25] or autonomous driving [26], to reduce
risks of harmful consequences in these crucial tasks. There exist many machine learning approaches
allowing to quantify model- and data uncertainties. In deep learning, the most common approach
is to use stochastic deep neural network architectures with relevant suitable training procedures.
These are, for instance, [27–29]. They are known to be capable of providing uncertainty informa-
tion, however, they can be computationally much more intensive as compared to their deterministic
versions. Another class of approaches, employed specifically in this work, are probabilistic mod-
els that are based on Gaussian process regression [30, 31] (GP regression or GPR). The excellent
predictive power and intrinsic capability of GPRs to quantify uncertainties make them a perfect
candidate for the application of this contribution. Indeed, GPs have been employed also in me-
chanics in a wide range of studies both as surrogate models [32–35] and as an approach to model
spatially varying parameter fields [36–38]. Ding et al. [39] employed a combination of GPR and
PCA to model displacement fields in problems with nonlinear materials (i.e., elastoplastic material),
[40] and [41] used GPR to assess uncertainties in the full-field measurement experimental context.
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Despite being a powerful technique for constructing probabilistic surrogate models, GPR is known
for its poor computational scaling with respect to number data points [42]. The scalability issue is
substantially more significant for multioutput GPs (MOGP), where surrogate models gives multiple
outputs simultaneously (i.e., O(N3M3), where N and M denote the number of data points and
the dimension of the multiple output, respectively [43]. Numerous approximated techniques have
been developed to significantly reduce this very poor scaling. The primary effort was to reduce the
scaling with respect to N , making the GPR more suitable for big data, see [42] for a more extensive
review. For the multi-output GPs, the most common simplification is to apply independent GPs
for each dimension of the output (Independent Multi-Output Models), which reduces the scaling
to N3M .

The framework proposed in this contribution focuses on alleviating part of the scaling issue by
directly reducing the dimension of outputs, M . This is achieved by applying the compressed latent
representation of outputs via, so called, autoencoder deep neural networks—a strategy akin to ap-
proaches found in related works [44, 45]. Autoencoder neural networks, as an unsupervised learning
technique, have been commonly adopted to efficiently learning compressed representations across
various domains [46–48], also in the context of computational fluid dynamics [49, 50] and compu-
tational solid mechanics [51, 52]. The primary advantage of autoencoder DNNs is their ability to
reduce the dimensionality of data in a non-linear way [53]. As such, they perform much better
than POD or PCA when high non-linearities are present in data, see, e.g., the study [54]. Despite
the known drawback of DNNs vs. PCA regarding their reduced interpretability of latent represen-
tations, in the present work we use DNNs as an integral component of the proposed probabilistic
framework. The reason for that is to provide a more general framework, capable of handling a
wider class of datasets.

In the present work, we combine GPR with autoencoder DNNs to provide surrogate model for
force-displacement predictions in mechanics of solids. In the proposed framework, we reduce the
high-dimensional 2D/3D finite element solutions (full-field displacement) into their reduced rep-
resentation by applying autoencoder neural networks, and then use GPR to provide probabilistic
mapping between the input forces and the reduced-order displacements. During the prediction
phase, for a given unseen force, GPR predicts the reduced-order (latent space) displacement which
is then projected to the full field using the decoder part of autoencoder network. Such general idea
to combine GPR with autoencoder DNNs is not new, and has been recently utilized in different ap-
plications and contexts. For instance, in the context of high-dimensional outputs, similar strategy
has been applied to the spatiotemporal climate modeling [45], in which the full-field climate data
is compressed using a DNN autoencoder while GP is used to forecast weather one step ahead. In
the context of mechanics, in the works [55, 56], techniques combining GPR and autoencoders have
been developed for reliability analysis, and demonstrated for the problem of predicting structural
compliance of 2D beams. In the present work, we extend the application to non-linear deformation
of 3D solids with unstructured meshes. We emphasize on studying the contribution of errors by
individual components (GP and autoencoder), and we provide interpretation of uncertainties in
relation to the extrapolated region. We demonstrate the robustness and versatility of our frame-
work by applying it to synthetic datasets generated from the non-linear finite element simulations.
Additionally, the source codes and datasets utilized in this work are provided in the following
repository: https://github.com/saurabhdeshpande93/gp-auto-regression.

3

https://github.com/saurabhdeshpande93/gp-auto-regression


17

GP 
 

training  

u uul

Autoencoder training + GP training 

Encoder Decoder

Full field 
displacements 

Full field 
displacements 

f ul

(a) Autoencoder training 

(b) GP training in the latent space

Latent 
displacements 

Figure 1: Two-stage training. (a) First, the autoencoder neural network is trained to compress full field displacement
data to corresponding latent space representations. (b) Afterwards, the GP model is trained to provide the proba-
bilistic force-displacement mapping in the latent space.

The remainder of this paper is organized as follows. In Section 2 we introduce the surrogate model-
ing framework, and describe its constituent parts. In Section 3 we present two benchmark examples
and study the performance of the framework. The conclusions and future research directions are
outlined in Section 4.

2. Methodology

As outlined in the introduction, in this work, we focus on the problem of predicting non-linear
deformation of solids under external loads. The goal is to introduce surrogate machine learning
framework that is capable of accurate and fast predictions of full field displacements along with
the associated uncertainties. The core idea is to combine the autoencoder deep neural network
with the Gaussian Process Regression, see Section 2.1 and Section 2.2, respectively. The training
of both models is based on the numerically generated force-displacement dataset

Df = {(fi,ui)}i=1,..,N , (1)

which is obtained with the classical FEM, see Section 2.4.

The training of the two constituent models is performed sequentially in two stages, see Figure 1. In
the first stage, Figure 1a, the autoencoder network is trained only on full-field displacement data
to get the corresponding compressed representations, ul. In the second stage, Figure 1b, the GP
regression model is trained between the forces, f , and the latent displacements vector ul.
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Figure 2: For an unseen input force f∗, the GP is used to predict the latent displacement distribution (i.e., our uncer-
tainty about the displacements is described by a probability distribution). Subsequently, these latent displacements
are projected to the full-field displacement distribution by using the decoder component of the autoencoder network.

Following the training, the GPR model is stacked with the Decoder part of the autoencoder network,
which provides the probabilistic force-full-displacement model, see also Section 2.3. Specifically, for
a given unseen input force, GPR model predicts the latent displacement distribution. These latent
displacements are then reconstructed to the full space using the decoder part of the autoencoder
network, see Figure 2.

2.1. Obtaining latent representations with autoencoder neural networks

Autoencoders are neural networks that are primarily used for unsupervised learning and dimen-
sionality reduction tasks [53]. They are designed to encode high-dimensional input data into a
lower-dimensional latent space representation, and then decode it to the original input space, aim-
ing to reconstruct the input data as accurately as possible.

The architecture of an autoencoder network typically consists of two main components: an encoder
and a decoder. The encoder takes the input data and maps it to a compressed representation in the
latent space, while the decoder takes this compressed representation and reconstructs the original
input data. The encoder and decoder are usually symmetrical, meaning that they have the same
number of layers and the layer sizes are mirrored. One of the key aspects of autoencoders is that
the latent space, also referred to as the bottleneck layer, has a lower dimensionality than the input
space. This forces the network to learn a more efficient and meaningful representation of the data.
By compressing the data into a lower-dimensional space and then reconstructing it, autoencoders
can capture the most salient features by discarding less relevant information.

The autoencoder network, U , is constructed by subsequently applying the encoder and decoder
networks

U(u,θauto) = Udecoder(Uencoder(u,θauto),θauto), (2)
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where u stands for the full field displacements and ul = Uencoder(u,θauto) is their corresponding
latent/compressed representation. For a given full field displacement dataset, {ui}i=1,..,N , the
autoencoder network is trained by minimizing the following mean squared error loss

L(Df ,θauto) =
1

N

N∑
i=1

∥U(ui,θauto)− ui∥22, (3)

where θauto are trainable parameters of the autoencoder network. The optimal parameters, θ∗
auto,

are retrieved by minimizing the loss function:

θ∗
auto = arg min

θauto
L(Df ,θauto). (4)

Therefore, once the autoencoder network is trained, for a given full field displacement field u, the
corresponding latent representation ul is computed by applying the encoder part of the autoencoder
network:

ul = Uencoder(u,θ
∗
auto). (5)

Hence, we obtain latent state dataset Dl = {(fi,ul
i)}i=1,..,N , from the full field dataset Df =

{(fi,ui)}i=1,..,N . Note that forces are identical for both datasets and they are always provided as
smaller dimensional arrays, which is discussed in detail in Section 3.1. In the next section, we will
use the latent dataset, Dl, to elaborate Gaussian process regression model, which will provide the
transformation between the input forces, f , and the latent solutions, ul.

Remark: In our study, we employ two distinct autoencoder architectures, see Section 3.2.1. The
first type utilizes fully connected networks, suitable for handling arbitrary unstructured meshes.
Meanwhile, the second type utilizes convolutional neural networks (CNNs) specifically designed for
structured mesh scenarios [10, 57].

2.2. Gaussian Process Regression in the latent space

As discussed in the introduction, Gaussian Process Regression (GPR) faces scalability challenges
as the number of data points, N , and the dimension of outputs, M , increase. In this work we focus
on reducing the bottleneck related to M , which is particularly important for problems with a large
number of degrees of freedom, such as the examples studied in Section 3. As explained earlier,
the main idea behind reducing M is to project the high-dimensional displacements (of dimension
M) to a significantly lower-dimensional space, L ≪ M , and then employ GPR between the input
forces and the latent representation of displacements. In addition to that, in this work we follow
a common practice to implement independent GPs for each dimension of the output, assuming
that all output components are independent of each other. This approach significantly reduces
the O(N3L3) complexity of a multi-output GPR problem to L independent problems of O(N3)
complexity each (i.e., O(N3L)). Because our framework uses independent GPRs for each latent
output, in this subsection, we provide a brief introduction to single-output GPs. For more details,
interested readers are referred to [30].

GPs are an extension of multivariate normal distributions into an infinite-dimensional Gaussian
distribution [58]. Consider two data points (f , w(f)), (f ′, w(f ′)), a GP is completely specified by its
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mean function and covariance function. We define mean function m(f) and the covariance function
k(f , f ′) of a real process w(f) as:

m(f) = E(w(f)),

k(f , f ′) = E
(
(w(f)−m(f))(w(f ′)−m(f ′))

)
.

(6)

As mentioned, a GP is used to describe a distribution over functions. Therefore, a realization of a
GP reads as:

w(f) ∼ GP(m(f), k(f , f ′)), (7)

where f and f ′ are two GP input vectors of dimension D, which are force vectors in the scope of
the present framework. Hence, in general, for a finite collection of inputs F = [f1, · · · , fN ]:

w ∼ N (m,K), (8)

where w =
[
w1 · · · wN

]T , m =
[
m(f1) · · · m(fN )

]T and K denotes the covariance matrix
between two inputs, i.e., (K)ij = k(fi, fj). Frequent choices for the covariance function are given in
[30].

In simple terms, in GPR, we set a GP (Eq.(7)) as a prior for the function that maps inputs to
outputs and then update this prior with available observations using Bayes’ rule (see [59]). In our
framework, the GP predicts displacements corresponding to latent space representations, as shown
in Figures1 and 2. Therefore, we will use the superscript-l notation, (·)l, for all GP outputs.

Since the proposed framework uses independent GPRs for latent outputs, we will focus on a single
latent output to explain the GP setup. Let ũli be an observation for a particular latent output
contaminated by Gaussian noise, i.e., ũli ∼ N (w(fi), σ

2), with i = 1, · · · , N . Without loss of
generality, we assume that the function mapping inputs to the output is a realization of a GP with
zero mean and a covariance function k(f , f ′), defined by its parameter set θGP. Furthermore, let
y = [ũl1, · · · , ũlN ]. The predictions ũl∗ of a GPR for a new data point input f∗ will be as follows:

ũl∗|θGP, σ
2, ũl,F, f∗ ∼ N (E(ũl∗),V(ũl∗)), (9)

E(ũl∗) = k∗T (K+ σ2IN )−1y, (10)

and
V(ũl∗) = k(f∗, f∗)− k∗T (K+ σ2IN )−1k∗, (11)

where E(ũl∗) denotes mean of the predicted ũl∗ at f∗, V(ũl∗) denotes the prediction variance, IN
is an N × N identity matrix, K denotes the N × N covariance matrix given in Eq. (8), k∗ is an
N × 1 vector with (k∗)i = k(f∗, fi). Furthermore, to obtain the optimal parameters for GPR, we
train the GP by maximizing the following equation:

log p(y|F,θGP, σ
2) = −1

2
yT (K+ σ2In)

−1y − 1

2
log[det(K+ σ2In)]−

n

2
log(2π). (12)

In Equation (12), p(y|F,θGP, σ
2) represents the conditional likelihood of the observations. This

likelihood depends on the parameter set θGP, the input matrix F, and the noise variance σ2. The
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optimised parameters (θGP, σ2) are computed by maximising the log likelihood, as discussed in
[59]. Note also that the GP and the autoencoder network are trained separately. Autoencoder
network needs to be trained first in order to generate the latent state dataset, which is then used
to train the GP.

2.3. Projecting latent GP predictions to the full field space using decoder

As depicted in the Figure 2, the latent space predictions obtained using GP are projected to the
full space using decoder part of the autoencoder network. At the inference stage, for a new input
force f∗, the GPR first generates latent displacement distribution p(ũ∗l|f∗) for each latent output,
l, which is a Gaussian distribution with the mean and variance obtained using Eq.(10) and Eq.(11)
respectively:

p(ũ∗l|f∗) = N (EGP,VGP). (13)

Subsequently, the distributions of full field displacements are obtained by translating samples from
the latent predictive distributions through the decoder component. Let the latent vector ul

s denote a
sample, s, drawn from distributions corresponding to all latent outputs, obtained using independent
GPs for an input f∗. The displacement corresponding to the full field solution for each degree of
freedom (DOF) is a Gaussian distribution, whose mean and variance are computed as follows:

(ũ∗µ)i ≈
1

S

S∑
s=1

(Udecoder(u
l
s))i,

(u∗σ)
2
i ≈

1

S − 1

S∑
s=1

((Udecoder(u
l
s))i − (u∗µ)i)

2,

(14)

where i represents index of DOF. In order to get the full field displacement distributions, we
generate S samples in the latent space, and these samples are then projected to the original space
using the decoder. Now the final Gaussian distributions of displacements of the full field solution
is represented through the mean (ũ∗

µ) and standard deviation (u∗
σ) of these S samples. We set

S = 300 for all the implementations presented in this work.

2.4. Finite element formulation for non-linear deformations of solid bodies

We consider the problem of deformation of a body occupying the domain Ω, that is fixed at a
part of its boundary Γu (Dirichlet boundary conditions), and loaded over the surface Γt (Neumann
boundary conditions) and/or by body forces b̄. This boundary value problem is expressed by the
virtual work principle∫

Ω
P (F (u)) · ∇δu dV −

∫
Ω
ρ b̄ · δu dV −

∫
Γt

t̄ · δu dS = 0 ∀δu, (15)
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where u and δu belong to appropriate functional spaces, u = ū and δu = 0 on Γu, and P (F ) is
the first Piola-Kirchhoff stress tensor. P (F ) is given by the constitutive relationship through the
strain energy potential, W (F ), as:

P (F ) =
∂W (F )

∂F
, (16)

where F = I +∇u is the deformation gradient tensor. In this work we use following Neo-hookean
(hyperelastic) strain energy density:

W (F ) =
µ

2
(Ic − 3− 2 ln J) +

λ

4
(J2 − 1− 2 ln J), (17)

where J = det(F ) and Ic = tr(F TF ).

Following conventional finite element methodology, the problem represented by Eq. (15) is dis-
cretized and posed as a system of nonlinear equations for the unknown nodal displacements, which
is then solved iteratively using Newton-Raphson method. As the effect, for an input vector of pre-
scribed external forces, the vector of nodal displacements is computed. The solutions for different
input forces provide the necessary force-displacement dataset, in which each element consist of the
pair (f ,u), where f encodes the information on external loading and u is the vector of full-field
displacement of FE mesh.

Remark: The vector f provides a compressed information about the external loading. In our
benchmark examples, a body can be subjected to either point loads applied to a single node, or
uniform body forces acting throughout the entire volumes. In the 2D example, we apply point
loads, and describe the loading f as its magnitude (fx, fy) and the position, d, at which the force is
applied (relative to the fixed boundary). In the 3D example, we apply body forces, and the loading
f represents the force density components (bx, by, bz). See also more details in Section 3.1.

3. Results

The performance of the framework is demonstrated and studied based on two benchmark examples,
as illustrated in Figure 3: the 2D beam example and the 3D liver example. The bodies are
subjected to varied loading conditions and undergo large deformations in non-linear regime. The
data necessary for training is generated through the finite element simulations, see Section 2.4,
and the procedure and data range is described in a more detail in Section3.1. The finite element
simulations are performed with the AceFEM framework [60, 61]. The details of the surrogate
framework and its training are provided in Section 3.2. In Sections 3.3-3.6 we study the predictive
capabilities of the framework, with a more detailed discussion on sources of errors and on the
interpretation of probabilistic predictions. In particular, in Sec. 3.6, we demonstrate the capabilities
of our framework to be a convenient indicator of the missing data region.

3.1. Dataset generation information

In the 2D beam example, see Figure 3a, a beam is loaded with point forces of random direction and
magnitude, within the ranges described in Table 1. These forces are applied to the nodes located
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Figure 3: Schematics of examples considered in this work. (a) 2D beam discretised with quad elements is subjected
to point loads on the nodes lying on red line; this example is adapted from [57]. (b) 3D liver is subjected to body
forces.

along the top line, which is visually represented by red line in the Figure 3a. For the 2D beam
case, displacement data is provided for all degrees of freedom (DOFs) of the mesh, capturing the
full-field displacements of the beam. However, the forces used as inputs to the surrogate framework
are represented in a compressed format of a 3-component array. Specifically, the applied point load
is characterized by two components, namely fx and fy, representing the force magnitudes in the x
and y directions, respectively. Additionally, the distance, d, from the fixed boundary to the point
of application is considered. This information is visually depicted in Figure 3a.

In the 3D liver example, a body representing the liver geometry is subjected to a body force of
random direction and magnitude. The liver is also constrained at specific nodes located at the right
end, see Figure 3b. Similarly to the beam case, displacement data is provided for all DOFs of the
liver mesh, representing the full-field displacements of the organ. The compressed representation
of forces consists of the body force density components in the x, y, and z directions, respectively
(bx, by, bz). Further details, such as the range of external forces applied, as well as other information
used to generate the datasets are given in the Table 1.

Remark: Note that for each loading case, the data generated by the FE simulation is deterministic.
This has been a choice in the scope of the present work, however, it can be extended to the non-
deterministic case if needed.

Problem N.of DOFs (F)

Range
(External

forces/ body
force density)

Young’s modulus E [Pa],
Poisson’s ratio ν, density ρ

[kg/m3]

Dataset size
(train+test)

2D beam 128 fx, fy = -2.5 to
2.5 N 500, 0.4, - 5700 + 300

3D liver 9171 bx, by, bz= -0.8
to 0.8 N/kg 5000, 0.45, 1000 7600 + 400

Table 1: Details of FE datasets.
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3.2. Implementation details

3.2.1. Autoencoder networks: Architectures & training details

In this study, we employ two types of autoencoder networks. Firstly, we utilize a CNN-based
architecture, illustrated in Figure 4, tailored for the 2D beam example. Secondly, we utilize a
fully connected autoencoder network, depicted in Figure 5, implemented for the 3D liver example.
Both of these networks consist of an encoder and a decoder component. The primary function of
these autoencoder networks is to compress the displacement solutions of the full field space into
corresponding latent representations. Note that the forces are initially provided in a simple format,
see Sec. 3.1, thus do not need to be compressed by autoencoder networks.

22

3 × 3 Convolution 2 × 2 Max pool 2 × 2 Upsample Reshape 1 × 1 ConvolutionDense

Encoder Decoder

Latent  
units 

256 256

128 128

64 64  L

2

128 128

256 256 2

640 640
64

Figure 4: CNN autoencoder architecture for used for the 2D beam case. Input is provided to the network in the
structured mesh format, the number at the top of the convolution layer output indicates the number of channels in
the respective layer. Input is applied series of convolution and pooling/upsampling layers until the original dimension
is retrieved. In the bottleneck level, fully connected layers (dense layer) are applied and the number the top of their
output represents the number of units present in it.

Architecture for the 2D beam case
Encoder: The input to the CNN autoencoder is a mesh displacement tensor, which is represented
with 2 channels. These channels correspond to the displacements along the x and y DOFs of the
mesh. The input tensor undergoes application of two convolutional layers, each with 256 channels
and 3 × 3 filters as shown in Figure 4. Convolutional operations enable feature extraction and
dimensionality reduction. Subsequently, a max-pooling operation is applied, which reduces spatial
dimensions of the tensors while preserving the number of channels. This process is repeated again
with 128 channels, further capturing important patterns in the data. At the latent level of the
network, two convolution layers with 64 channels are applied, which is followed by flattening of
the tensor. Now the flattened tensor is applied with a dense layer with l units, which stands for
the dimension of the compressed/latent state. This compressed representation contains crucial
information about the input mesh, capturing the most relevant features.

Decoder: The Decoder takes a flattened tensor of dimension L as its input. Initially, this input
tensor undergoes processing via a dense layer. This strategic utilization of the dense layer facilitates
a transformation of the arbitrary latent dimensions into a new size that can be conveniently reshaped
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into a grid structure, a format that seamlessly aligns with the subsequent convolutional layer
operations. For instance, utilizing a dense layer of 640 units as shown in the Figure 4 allows us
to reshape the flat tensor to a 64 × 5 × 2 tensor, on which series of upsampling and convolution
operations are performed until the original spatial dimensions is achieved. In the end, a 2 channel
convolution with 1× 1 filter is applied to get back the original mesh shape.

23

+
+ +

+ +
+ +

+Latent  
units 

Encoder Decoder

 512 512
 1024 1024

 2048 2048
 4096 4096

 DOF  DOF

 512 512
 1024 1024

 2048 2048
 4096 4096

Dense

 L

+ Skip Connection

Figure 5: Fully connected autoencoder architecture used for the liver case. Skip connections are indicated with the
(+) sign. The number of units for each dense layer output is indicated at the bottom. The latent representation
dimension is denoted as L, set to L = 16 for the 3D liver case.

Architecture for the 3D liver case
Convolutional neural networks are inherently designed to work with grid-like inputs, such as struc-
tured meshes. For that reason, this methodology isn’t immediately adaptable to inputs that lack
this grid-based nature, such as the unstructured mesh that are present in the liver example. To
address this limitation, we introduce an alternative solution in the form of a fully connected au-
toencoder network as illustrated in Figure 5. This network can handle diverse and unstructured
meshes.

Encoder: This component receives input in the form of displacements linked to all degrees of freedom
(DOFs) of the mesh. This information is encoded within a flattened tensor, which serves as the
input layer. It is further applied with two dense layers with 4096 units each. We also introduce
skip connections as illustrated in the Figure 5, which avoid vanishing gradient issues and stabilize
the training procedure. This procedure applying blocks of dense layers and skip connections is
repeated three more times with 2048, 1024, 512 units for dense layers respectively.

Decoder: Decoder takes the L = 16 dimensional 1D tensor as the input (compressed/latent tensor),
a similar procedure of applying two dense layers and skip connections is followed until the original
size tensor is obtained. The number of units used in each dense layer is detailed in the Figure 5.

Training of autoencoder networks
Autoencoder network is trained on the full field displacement dataset, using the loss function as
described by Eq.(3). Minimization is carried out using the Adam optimizer with recommended
parameter configurations as presented by Kingma [62]. In both instances, a batch size of 16 is
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employed, with the 2D beam case trained across 32000 epochs and the 3D liver case for 4000
epochs. The initial learning rate is set at 1e-4 and linearly decays to 1e-6 during the training
process. Autoencoder networks are trained using Tensorflow [63] library on a Tesla V100-SXM2
GPU, utilizing the high-performance computing facilities at the University of Luxembourg [64].

Remark: Besides the size of the latent vector, there are several other hyperparameters that deter-
mine performance of both autoencoder architectures. In the case of 2D CNN network, these are:
the size of convolution window, the number of channels per layer, the number of convolutions per
level, and the type of pooling layers. In the case of 3D fully connected network, these are: the sizes
of each layer, and the arrangement of skip connections. The particular choice of hyperparameters
that determine both autoencoder architectures is primarily based on our earlier experience and
studies, see [19, 57], which is then followed by the grid search optimization in the space of hyper-
prameters. The presented final architectures have been found to perform the best for the problems
analyzed in this work.

3.2.2. Gaussian process details

All the Gaussian Process (GP) implementations presented in this work are performed using the
Matérn covariance function, as it is known to be less prone to overfitting. (Note, however, that our
framework is not limited to any particular covariance function.) The Matérn covariance function
has the following form:

Cν(rij) = λ2
21−ν

Γ(ν)

(√
2ν
rij
ψ

)ν

Kν

(√
2ν
rij
ψ

)
, (18)

where rij = ∥fi − fj∥, fi and fj denote the ith and jth input vectors, ∥·∥ denotes the Euclidean
norm, ψ is the length scale, Γ(ν) denotes the gamma function, Kν is a modified Bessel function,
λ2 denotes the variance. The positive parameter ν is critical; the larger it is, the smoother w(f)
becomes in Eq. (7). A Gaussian Process (GP) with the Matérn covariance function is ⌈ν⌉−1 times
mean square differentiable, and for ν → ∞, the Matérn covariance function converges to the radial
basis function (RBF). If we choose ν in the form of a half-integer, i.e., ν = p + 1/2, it leads to
a convenient form of the covariance function that is a product of a polynomial of order p and an
exponential function. Often, as in this contribution, ν is fixed due to computational complexities
and the extreme changes in the functions that occur as ν changes. The most common choices for ν
are 1/2, 3/2, and 5/2. In this work, we decided to use ν = 5/2 by comparing the predictions of the
aforementioned covariance functions for the latent space. Accordingly, the 5/2 Matérn covariance
function reads:

k(rij) = C5/2(rij) = λ2
(
1 +

√
5rij
ψ

+
5r2ij
3ψ2

)
exp

(
−

√
5rij
ψ

)
. (19)

The remaining hyperparameters, ψ and λ2, are then inferred or optimized by maximizing the
marginal likelihood in Eq. (12).

The kernel hyperparameters are obtained by training GPs using the scikit-learn library [65] on
the latent datasets, as described in Section 2.2. Optimization is performed using the L-BFGS-B
optimizer [66]. As described in Section 2.2, we implement independent GPs corresponding to each
latent component of the autoencoder network.
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Figure 6: (a) As described in the Figure 2, for an input force f , the latent distribution is predicted using GP. ũl
µ and

ul represent the mean of the latent distribution and true latent solution for a particular latent DOF, respectively.
(b) Latent distribution is then projected to the full space as described in Section 2.3. ũµ, ur, u represent the mean
of the full field displacement prediction, reconstructed solution and the true FEM solution for a particular full field
DOF, respectively. ef represents the framework error while er represents the reconstruction error, for the particular
full field DOF.

3.3. Sources of prediction errors

At the prediction phase, for a new unseen case, the GPR is first applied to achieve the latent space
prediction, which is subsequently projected to the full space solution using the decoder part of the
autoencoder network, see Section 2 and Figure 2. Hence the error in the framework arises from
GPR fitting as well as the compression and reconstructions steps done by the autoencoder network.
The idea of this split of errors is schematically shown in Figure 6 for a single DOF of the full-field
solution.

The mean prediction of the framework, ũµ, is interpreted as the displacement solution. Hence the
absolute difference between this mean prediction, ũµ, and the true FEM solution, u, is considered
as the error of the framework,

ef = |ũµ − u|. (20)

The error contributed to autoencoder, er, is computed by taking absolute difference between the
reconstructed solution and the FEM solution. The reconstructed solution is obtained by projecting
the true latent solution (as obtained by Eq. (5)) to the full field, thus neglecting any contribution of
the GP. The reconstructed solution reads ur = Udecoder(u

l), and the corresponding reconstruction
error is

er = |ur − u|. (21)

Finally, the error contributed to GP fitting, eGP, is computed by taking the difference between the
mean full-field prediction, ũµ, and the reconstruction solution, ur, as follows:

eGP = |ũµ − ur|. (22)

Note: All the errors are computed in the decoded space, and are provided per full-field DOF.
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Figure 7: Deformation of the 2D beam subjected to the point load (-2.00, 2.19) N on the top right corner node.
Nodal displacements obtained using the (a) proposed framework (b) FEM respectively. (c) Nodal error and (d)
reconstruction error of the framework. (e) GP component error. (f) Uncertainty predicted by the framework for the
full field solution.

3.4. Performance study of the GP+autoencoder framework

In this section we study the performance of the framework. Firstly, we showcase two particular load
cases for the 2D and 3D example representing highest nodal displacement examples of each scenario.
We visualize the predictions and corresponding errors, which are plotted on deformed meshes. In
particular, we utilize the aforementioned breakdown of the framework error into reconstruction-
and GP error, which aims to provide a clear and accessible understanding of how each component
contributes to the overall performance of the framework. Figures 7 and 8 illustrate the interpolated
node-wise L2 norm of the framework’s predictions, including displacements, associated uncertain-
ties, and errors for the 2D beam and 3D liver cases, respectively. Further, we provide overall error
metrics for the entire test sets to quantify the framework’s performance.
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For the 2D beam example, we analyse the test example in with the maximum nodal displacement
of 1.16 m, see Figure 7. The prediction of displacement field obtained using the proposed frame-
work which is in a very good agreement with the FEM solution, as presented in the Figures 7a-b.
Figure 7c provides nodal error of the entire framework. While Figure 7d and Figure 7e provide
reconstruction error and GP error components as described by Eq.(21) and Eq.(22) respectively.
Error plots show that all the errors are fairly low when compared to the magnitude of the displace-
ment solution thereby displaying the capability of the framework in making accurate predictions.
Figure 7f provides nodal uncertainty estimates predicted by the framework (2 standard deviations),
as obtained from Eq.(14). One can observe that the GP component errors are within the uncer-
tainty bounds for respective nodal predictions, i.e., in other words, true solution of the framework
is contained within the displacement distribution for all the nodes.

Similarly, we analyse the test example of 3D liver case with the maximum nodal displacement of
0.14 m. Figure 8 shows that the framework is able to accurately predict the deformation responses
of the 3D liver geometry subjected to external body forces. Figure 8a, 8b show that the nodal
displacements predicted by the framework are in a great agreement with the FEM solution. Fig-
ure 8c, 8d present the framework and reconstruction errors which are extremely low compared to
the magnitude of displacements. For the maximum displacement node, the prediction error is 0.2%
of its magnitude. Directing attention to Figure 8e and Figure 8f, these figures present the error
contribution of the GP component and the predicted uncertainty respectively. Again, the nodal
GP errors are within the respective nodal uncertainty values thereby indicating that the framework
is able to make reliable predictions.

The performance of the framework over the entire test set is computed using the mean absolute
error metric. For the mth test case, the mean error is given as follows:

em =
1

F

F∑
i=1

|ũ∗
µ(fm)i − ui

m|, (23)

where F is the number of DOFs of the mesh representing the full field space, ũ∗
µ(fm) is the mean

prediction of the GP+Decoder framework (full field prediction) as described through Eq.(14) and
um is the finite element solution for the full field space. To have a single validation metric over the
entire test set, we compute the average mean norm ē and the corrected sample standard deviation
σ(e) as follows:

ē =
1

M

M∑
m=1

em, σ(e) =

√√√√ 1

M − 1

M∑
m=1

(em − ē)2. (24)

Finally, in addition to that, we also use the maximum error per degree of freedom over the entire
test set

emax = max
m,i

|ũ∗
µ(fm)i − ui

m|. (25)

The proposed framework predicts probabilistic displacement fields corresponding to the full field
mesh. First, we analyse the prediction performance by comparing mean predictions of the frame-
work to the true FEM solutions. Table 2 presents error metrics for both benchmark examples.
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(a) Framework solution (b) FEM Solution

(c) Absolute error, ef, see Eq. (20) (d) Reconstruction error, er, see Eq. (21)

(e) GP component error, eGP, see Eq. (22) (f) Uncertainty prediction, (u∗
σ)

2, see Eq. (14)

Figure 8: Deformation of the 3D liver for the highest nodal displacement case, subjected to external body force
(0.71, 0.69, -0.78) N/kg. Nodal displacements obtained using the (a) proposed framework (b) FEM respectively. (c)
Nodal error and (d) reconstruction error of the framework. (e) GP component error. (f) Uncertainty predicted by
the framework for the full field solution.

Additionally, the maximum nodal displacements for both examples are also provided, i.e., we com-
pute displacements of all the nodes for every single test case, and provide the maximum nodal
displacement in the table. Table 2 shows that both mean and maximum errors are fairly low when
compared to the displacement magnitudes, which demonstrates that the proposed framework is
capable of predicting mechanical deformation responses with very low errors.
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Example M ē [m] σ(e) [m] emax [m] Max nodal disp. [m]
2D Beam 300 0.1 E-3 0.8 E-4 7.5 E-3 1.16
3D liver 400 0.9 E-4 0.3 E-4 2.3 E-3 0.14

Table 2: Error metrics for 2D and 3D test sets for predictions using the proposed GP+autoencoder framework. M
stands for the number of test examples, and ē, σ(e) and emax are error metrics defined in Equations (24)-(25).

3.5. GP performance in the latent space

GPs are utilized to predict outcomes in the latent space. The indpendent GPs forecast a Gaussian
probability distribution for each latent DOF. To ensure the efficiency and accuracy of GP’s predic-
tions, we provide additional accuracy measures. First, we define prediction of a particular DOF as
healthy, if the corresponding true solution lies within two standard deviations of the mean value.

To give an example, for the liver case, we plot latent probability distributions for a randomly chosen
test example and check if the corresponding true latent values lie within the distribution. These
true latent values are derived from the autoencoder compression of full field Finite Element Method
(FEM) solutions. The displacement variables for all the latent distributions are transformed to an
uniform scale. If the true latent solution for that latent distribution lies within (uµ ± 2uσ), it is
indicated by the green line, otherwise with the red line as shown in the Figure 9. For a particular
test examples, if all the latent predictions are healthy, then that prediction is regarded as correct,
see, e.g., Figure 9a. Even if a single latent prediction is not healthy, that prediction is regarded as
incorrect, see Figure 9b. This is because a single non-healthy latent prediction can affect the full
field solution during the reconstruction step.

The percentage of healthy and correct predictions together contribute to a comprehensive assessment
of the GP’s predictive capabilities in predicting latent distributions. Table 3 provides these accuracy
measures for both training and test datasets of both cases. The study on test datasets reveals that
even though ∼ 95% of predicted latent components are healthy, the percentage of correct GPs
predictions can be significantly lower. We expect this unwanted effect to be more pronounced with
the increasing dimension of the latent space.

Case % correct predictions % healthy predictions
Train Test Train Test

2D beam 95.1 77.7 99.1 94.1
3D liver 93.1 74.5 99.0 95.6

Table 3: Performance of the GP in correctly predicting latent distributions of both cases.

3.6. Uncertainty for missing data region

As presented in the Table 1, the original 2D beam dataset of 6000 examples was generated by
applying random forces of magnitude -2.5 N to 2.5 N in X and Y-direction. In order to further
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Figure 9: Latent distribution prediction for two randomly chosen test examples from the liver test dataset. All the 16
true latent values are transformed to an uniform scale, along with the displacement random variables. True latents
lying within the two standard deviations (±2σ region represented by shaded gray region) are indicated with green
lines, while the latents lying outside are indicated with red colors. (a) All true latent displacements lie within ±2σ,
which we classify as a correct prediction. (b) Three true latent values don’t lie within ±2σ, which we classify as an
incorrect prediction.

test the capability of the framework, we remove all the cases whose nodal input force magnitude
is less than 1 N (the region represented by white circle in Figure 10). This subset of original data
(5019 examples) is now used to train the proposed framework. Now the framework trained on this
masked dataset is used to make predictions on two new input datasets.

In the first case, we apply a one dimensional Y-directional force whose magnitude changes from
-3 to 3 N, as indicated by red dot line in the Figure 10a. In Figure 11a, we plot the uncertainty
of selected latent DOF predicted by GP. For comparison, we also plot the error of latent DOF
prediction as well. The figure shows that the uncertainty of prediction for all the latent DOFs is low
in the region supported by the data and the prediction errors are within uncertainty bounds. The
uncertainty grows quickly in both interpolated and extrapolated missing data region. Especially,
the uncertainty grows rapidly in the extrapolated region (for magnitude of the force greater than
2.5 N).

In the second case, we use a new test dataset in which two dimensional input forces are randomly
generated as denoted by red dots in Figure 10b. In Figure 11b we plot the uncertainty for the
first latent DOF. It is evident that the uncertainty shows an increasing trend in the region not
supported by training data. All the 20 latent DOFs show a very similar trend. In the presented
examples, these uncertainties correlate with the GP prediction errors, which can provide useful
information. However, it’s crucial to emphasize that the predictive capabilities in the data-sparse
and extrapolated regions can never be assured, with the tendency to deteriorate with the distance
from the training data.
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Figure 10: Reduced training dataset. The subset of the original dataset is marked with gray color. The distributions
of two new test sets are illustrated with red dots in (a) and (b).
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Figure 11: Uncertainty prediction for 2D beam case, for the GP trained using the missing dataset as indicated in
Figure 10. In (a), the uncertainties (red line) and true latent prediction errors (blue line) are shown for selected four
latent components (component number is indicated in the inset) for the test data depicted in Figure 10a. In (b), the
uncertainties are shown for the first latent component for the test data depicted in Figure 10b. In (a) and (b) we
observe the trend of increased uncertainty in the region not supported by the training data.

Similarly, higher uncertainty values in regions not supported by data are also observed in the full
field space. For instance, one of the test points located in the white region of Figure 10b has its
prediction projected into the full space. As shown in Figure 11b, the latent uncertainty for such an
input is high. Similarly, Figure 12f shows that the predicted full field uncertainties are also high
throughout the 2D domain. As mentioned earlier, uncertainties are only responsible for tracking the
GP component error and are not directly correlated with the autoencoder errors. However, higher
levels of uncertainty values, which exceed acceptable engineering thresholds, serve as a reliable
indicator of whether the full field solution should be trusted or not.
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Figure 12: Deformation of the 2D beam subjected to a point load (-0.14, 0.15) N on the corner node, which is present
in the missing training data region as described by white circle in Figure 10b. Nodal displacements obtained using
the (a) proposed framework (b) FEM respectively. (c) Nodal error and (d) reconstruction error of the framework.
(e) GP component error. (f) Uncertainty predicted by the framework for the full field solution.

4. Conclusions

This work presents a novel approach to probabilistic surrogate modeling of high-fidelity simulations.
It combines Gaussian processes with reduced-order modeling to efficiently simulate the mechan-
ics of solids while accounting for uncertainties. The reduced representations of high-dimensional
displacement data are achieved using autoencoder neural networks, allowing for drastic non-linear
compression. For instance, this method reduced approximately 9100 degrees of freedom (DOFs) to
16 latent-space components, as demonstrated with the liver example. This strategy significantly
reduces the computational cost of probabilistic predictions using Gaussian processes by lowering
the output dimensionality, which is crucial because this cost can scale linearly to cubically with
the output dimension size. We demonstrate that the proposed framework can accurately predict
non-linear hyper-elastic deformations of solid bodies, along with the associated model uncertainties.

In addition to demonstrating the capabilities of our probabilistic framework, we also studied its
possible limitations. We emphasized that while the uncertainties in the missing data region provide
a useful indicator that is correlated with the distance from training data, they do not necessarily
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need to represent the true solution errors. The development of methods to improve the quantitative
nature of those predictions remains an open topic for future research. We also pointed out that
even if a single component of the latent solution is predicted incorrectly, it can impact the entire
reconstructed solution. This led us to propose more meaningful error metrics for quantifying the
performance of the proposed probabilistic framework. This issue can be alleviated by developing a
suited training strategy, which poses an interesting future research direction.

This study opens up several other opportunities for future research. One exciting direction is
applying this approach to probabilistic simulations of time and path dependent problems. One
could use latent state to track how solutions evolve in such cases, which would make the whole
process much faster and more efficient [67]. Another direction would be to exploit state of the
art graph autoencoder networks to find compressed representations for arbitrary high-dimensional
meshes [68]. This advancement would overcome the limitations of fully connected networks, which
are recognized for their challenges in handling problems with a high number of dimensions. Finally,
we believe that the proposed approach can find direct application in research and development,
which is not restricted to problems in mechanics but covers a broader spectrum of engineering and
scientific domains. To facilitate this, we have made all the codes and datasets used in this work
available as open-access in the GitHub repository at https://github.com/saurabhdeshpande93/gp-
auto-regression.
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