UNIVERSITE DU
LUXEMBOURG

PhD-FSTM-2024-025
The Faculty of Science, Technology and Medicine

DISSERTATION

Defence held on 23/02/2024 in Luxembourg

to obtain the degree of

DOCTEUR DE L’UNIVERSITE DU LUXEMBOURG

EN PHYSIQUE
by
Stylianos Apollonas MATSOUKAS

QUANTUM CHAOS, COMPLEXITY AND
DECOHERENCE

Dissertation defence committee

Dr Adolfo Del Campo, dissertation supervisor
Professor, Université du Luxembourg

Dr Ludger Wirtz, Chairman
Professor, Université du Luxembourg

Dr Pedro Ribeiro, Vice Chairman
Professor, Instituto Superior Técnico, Lisbon

Dr Dmitry Fedorov

Research scientist, Université du Luxembourg

Dr Dr. Xi Chen
Professor, University of the Basque Country


duke
Rectangle

duke
Rectangle





Quantum Chaos, Complexity and
Decoherence

Apollonas S. Matsoukas-Roubeas

22.01.2024



ABSTRACT

What will the state of quantum technologies be in thirty years? Will we be able
to overcome decoherence in complex devices that exhibit quantum chaotic be-
haviour? Or, similar to the limitations in a Carnot heat engine, should we accept
that the optimal extraction of quantum resources is fundamentally constrained?
Exploring quantum chaos in open many-body quantum systems presents signifi-
cant challenges. A key issue is that the time evolution of dissipative quantum sys-
tems is typically governed by non-Hermitian dynamical generators. As a result,
their eigenvalues cannot be systematically ordered, hindering the use of spectral
statistics. Additionally, studying many-body quantum chaos is challenging be-
cause the spectra of generic interacting systems are essentially intractable. While
quantum simulators could offer valuable insights, they are always prone to some
level of environmental noise and provide limited access to spectral information.
In contrast, dynamical measures such as correlation functions and fidelities can
be feasibly traced in experimental settings. This thesis conducts an extensive ex-
ploration of theoretical tools to tackle quantum complexity in the presence of
decoherence. We focus on generalizing the Spectral Form Factor (SFF) as the
survival probability (SP) of an initial Coherent Gibbs State (CGS), examining its
behavior and properties in various scenarios of open dynamics. This approach is
suitable for both open and many-body systems. We study a series of dissipative
models, including Lindbladian dynamics, non-Hermitian systems, and quantum
channels. We further introduce a framework to directly relate time-dependent
manifestations of quantum chaos and coherence monotones, linking quantum
chaos to the resource theory of coherence. Coherence is perceived as a neces-
sary ingredient of quantum chaos while quantum noise is always suppressed by
decoherence. In complex quantum systems, it is fruitful to search for common
patterns present in systems that are randomly sampled but share some symme-
try. Our focus in most numerical examples is on random matrix calculations to
test the universality of our approach. This requires studying the average behavior
over different systems or in finite intervals of time evolution. A key discovery is
the linkage of time and ensemble averages of the SFF to unitarity breaking. The
thesis addresses the long-standing question regarding the self-averaging nature
of the SFF, demonstrating its self-averaging property at long timescales in open
quantum systems. Furthermore, it probes the properties of the newly introduced
notion of Krylov complexity, revealing its connection to the SFF. These insights
collectively advance the understanding of quantum chaos in many-body systems,
opening pathways for further exploration of quantum complexity in the presence
of decoherence.
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1 INTRODUCTION

THE perceived complexity of a system is tied to its representation. As a result,
invariant complexity measures depend on the specific physical quantities un-
der consideration. Often, the definition of widely employed complexity measures
involves transforming an object into its most fundamental, irreducible form, en-
suring a unique mapping to the real numbers. For instance, the temporal com-
plexity of a classical dynamical system, which is associated with the concept of
chaos [6], can be quantified by representing the divergence of closely spaced ini-
tial conditions in an exponential form. In this context, the Lyapunov exponent
provides the mapping to real numbers [7]. Similarly, the spatial complexity of a
material configuration, related to its fractal characteristics [8], can be assessed
by selecting an appropriate representation for the physical metric space. The
focus in this case is on determining the number of independent parameters es-
sential to uniquely identify an element within the configuration, denoted by the
Hausdorff dimension. Another example is the computational complexity, which
can be evaluated by the most efficient algorithm performing a specific task on a
Turing machine. The linkage to real numbers might be the number of required
computations, memory allocation, or even the length of the algorithm itself, i.e.,
the Kolmogorov complexity [9]. This line of thought has provided a conceptual
framework that positions complexity as a core physical concept, encoding the
intricacy of a system’s informational content.

Over time, a classical chaotic system, governed by deterministic rules, be-
comes effectively unpredictable as the inherent complexity is revealed. From this
perspective, chaos can be related to the computational power needed to predict
the future. Mathematically, chaos is manifestly a dynamical property of classical
systems, concerning the topological transitivity of the dynamical map, the den-
sity of the periodic points in phase space and the sensitivity to the initial condi-
tions in Devaney’s picture [10]. A dynamical system is said to exhibit topological
transitivity if, for any two open sets in the phase space, there exists a point in one
set that will eventually move into the other set under the dynamics of the system.
Therefore, the symplectic structure [11], i.e., the existence of a Hamiltonian, is not
imperative for its definition, which can be directly applied to dissipative systems.
In addition, a typical classical phase space can host both chaotic and regular do-
mains. On the other hand, the most standard signatures of quantum chaos are
not directly applicable to dissipative systems and independent of the initial state.
In the quantum regime, for systems isolated from the surrounding environment,



chaos manifests through spectral correlations reminiscent of those observed in
Random Matrix Theory (RMT). The eigenvalue statistics is determined by the
Hamiltonian, as generator of the time-evolution, and is thus independent of the
initial state of the system. Furthermore, the Hermitian property of the Hamilto-
nian restricts the quantum dynamical map in the unitary group, inadequate for
the description of dissipative effects. Thus, the extension of Hamiltonian spec-
tral statistics to dissipative quantum systems is not straightforward. The primal
aim of this thesis is to investigate the connection between the theory of quantum
chaos and that of open quantum systems away from the semi-classical limit.

The structure of the dissertation at hand follows the flow of results included
in the articles published in the past three years [1-5]. After a brief introduction
to the theory of quantum chaos and that of open quantum systems, we review
the challenges that arise when attempting to bridge the two. The SFF stands out
as the main mathematical tool in this investigation. Subsequent to this overview,
we list the publications. Each article is prefaced with an introduction that eluci-
dates its main results. In particular, in chapter 2 we investigate how decoherence
suppresses the correlation hole of the SFF in the context of the resource theory
of coherence. In section 3 we study the lack of the self-averaging in the SFF and
propose a physical justification of the standard techniques used to smoothen out
quantum noise. Specifically, we show that time and Hamiltonian averages, com-
monly used to smooth out quantum noise in the SFF, are associated to unitarity
breaking, which in turn implies self-averaging at long timescales. In chapter 4 we
introduce a class of solvable models associated to the master equations used in
the previous two chapters, showing their mathematical relevance to high energy
and black hole physics. Chapter 5 concerns the potential of a direct observa-
tion of the correlation hole in existing quantum simulators. We conclude with
the discussion of the newly-introduced notion of Krylov complexity in chapter 6,
highlighting its connection to the SFF.

1.1 Quantum Chaos and Spectral Statistics

ISTORICALLY, the inception of chaos theory came alongside the introduction
H of phase space methods by Poincaré [12], whilst the standardization of the
term "chaos" in the mathematical literature is usually attributed to Yorke [13].
In the second half of the previous century, symplectic geometry and the differ-
ent techniques for the systematic construction of action-angle variables revealed
how one can break regularity, by breaking the stability of solutions of Liouville
integrable systems after a small perturbation. Namely, a system is Liouville in-
tegrable if the number of conserved quantities in involution equals the number
of degrees of freedom. This line of thought led to three fundamental results, the
Kolmogorov-Arnold-Moser (KAM) theorem, the phenomenon of Arnold diffu-
sion, and the Nekhoroshev estimates [10, 11, 14]. KAM guarantees the persis-
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tence of quasiperiodic orbits under small perturbations of the Hamiltonian. On
the other hand, the phenomenon of Arnold diffusion illustrates how trajectories
can exhibit ergodic behaviour, despite the confining structure of KAM tori. Fi-
nally, Nekhoroshev estimates provide bounds on the stability times of orbits in
nearly integrable Hamiltonian systems, asserting that the deviation from initial
conditions remains small over exponentially long timescales under certain condi-
tions. The theory of quantum chaos emerged around the same period, from the
investigation of quantum analogs of classically chaotic systems [15].

In isolated quantum systems, the Hermiticity of the Hamiltonian ensures the
unitarity of the resulting dynamical maps, which in turn preserves the inner prod-
uct between any two states. As a result, the concept of quantum chaotic motion
cannot be identified using a straightforward equivalent of the Lyapunov expo-
nent or similar measures that indicate a strong sensitivity to initial conditions.
An intuitive alternative involves examining how sensitive the system’s evolution
is to minor variations in the dynamical parameters, specifically the Hamiltonian
itself. This sensitivity is quantitatively assessed using the Loschmidt echo [16].
In more recent studies, the fidelity susceptibility [17, 18] has gained notable in-
terest as a means to gauge the sensitivity of eigenstates to perturbations. More-
over, Out-of-Time-Ordered Correlators (OTOCs) [19-21] have been identified as
potential tools to forge a connection between the phenomenology of eigenstate
thermalization [22-28], the scrambling of quantum information [29-31], and the
progression of operator growth [32, 33].

The most common recent definitions of chaos in classical mechanics con-
cern the properties of dynamical maps, i.e., the properties of the functions that
take one point of phase space to another, manifested in the structure of phase
space itself [10]. On the other hand, at the heart of quantum chaos theory are
the Berry-Tabor [34] and the Bohigas-Giannoni-Schmit (BGS) [35] conjectures,
which connect the distribution of spacings between adjacent energy levels to the
regularity of the classical analog of a system. The phenomenon of neighboring
energy levels tending to stay apart is referred to as “level repulsion”, and it serves
as a hallmark of quantum chaos. Conversely, if energy levels cluster closely to-
gether, implying the lack of correlations between the Hamiltonian eigenvalues,
the corresponding quantum systems are called regular. Periodic-orbit theory and
semiclassical analysis formed the basis for defining quantum chaos through spec-
tral statistics. Extending its use without any reference to classical analogs or a
semiclassical limit is not a mere logical leap but represents a contemporary per-
spective on identifying significant signatures of quantum complexity, which can
be elevated to fundamental principles. Notably, the presence of a correlation hole
in autocorrelation functions has been broadly accepted as a well justified defini-
tion of quantum chaos. It is crucial to understand that such a correlation hole is
distinct from regular oscillating behavior or phenomena attributable to finite size
effects, as we will discuss further.



1.1.1 Random matrix theory and energy level repulsion

RMT, from its mathematical origin to its modern applications in diverse disci-
plines, stands as a testament to the profound interconnectedness of ideas in
science and mathematics. It is a framework for the systematic study of the
spectral properties of matrices whose entries are random variables drawn from
given probability distributions [36], originally introduced in the early 20th cen-
tury, following the rigorous treatment of probability theory and linear algebra.
Nevertheless, RMT attracted broad atten-

tion after Wigner pointed out that the
eigenvalue statistics of matrices drawn 0.08 '
from the Gaussian ensemble was con-
nected to the behaviour of the complex
nuclei spectra [37, 38]. This idea was
groundbreaking. It suggested that, at least
for certain properties, detailed knowledge
of the complex interactions between nu-
cleons was not essential. As an exam- 0 =0 0 5 10
ple, the eigenvalues of a d x d matrix
drawn from the Gaussian Orthogonal En-
semble GOE(d) are distributed according
to Wigner’s semicircle law

Frequency

Figure 1.1: Example of semicircle
distribution (1.1) for a sample of

V2do? — B2 10* GOE(64), of standard deviation
Q(E):Wa (1.1) o=1

denoting with ¢ the standard deviation of the Gaussian distribution. In Figure
1.1, we show such an example for the eigenvalue distribution of 10* matrices with
d = 64 and 0 = 1. Throughout the next three decades, mathematical physi-
cists such as F. Dyson deepened the understanding of RMT, by classifying matrix
ensembles into universality classes based on their symmetries [15, 36]. Beyond
quantum mechanics, RMT found applications other areas, such as number the-
ory [39], condensed matter physics [40], wireless communications [41], biological
networks [42] and finance [43]. In all figures showing numerical calculations of
RMT in this thesis, the timescale is set by the dispersion of the Hamiltonian.
Quantum chaos theory, as all of quantum mechanics, is deeply connected
to the quantum-classical correspondence principle, stating that the behavior of
quantum systems is expected to converge to that of their classical analogs in the
limit of large quantum numbers or high energies. The Berry-Tabor conjecture
states that the quantum energy levels of classically integrable or regular systems
are uncorrelated and thus their level spacing distribution should be a Poissonian
[34]. In contrast, chaotic classical systems are expected to have spectra that are
more and more correlated, depending on the degree of non-integrability. The BGS
conjecture provided a rigorous treatment of the above argument, positing that
spectral fluctuations of a quantum system whose classical analog is chaotic, show
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| « __Level clustering
1k / Level repulsion i

Frequency

Figure 1.2: Example of level clustering and repulsion, characterizing regular and
chaotic quantum dynamics respectively. The black distribution corresponds to
the average level spacing of 10* diagonal 64 x 64 matrices with uncorrelated
eigenvalues drawn from the uniform distribution, while the red one to the average
level spacing of the same number of GUE(64) matrices.

the same statistical properties as those of certain random matrices [35]. It further
suggested that the level spacings of the energy levels in a quantum system with
chaotic classical dynamics will not be random but will follow a Wigner-Dyson
distribution [15]. This distribution is characterized by level repulsion, meaning
that it is highly unlikely to find two energy levels that are very close to each
other. As an archetypical examples of level clustering and repulsion, in Figure 1.2
we show the level spacing distribution of 10* matrices with eigenvalues drawn
independently from a uniform distribution together with that of the same num-
ber of GUE(64) matrices for d = 64. However, a system specific prediction of the
above conjecture can take place only after unfolding the Hamiltonian spectrum,
i.e., after removing the dependence on the mean level spacing. Such a process un-
covers the universal properties of the spectrum related to statistical fluctuations.
An alternative to unfolding is the use of level spacing ratios [44, 45] or dynamical
signatures such as Loschmidt echoes, the survival probabilities of states and the
SFF [16].

1.1.2 The spectral form factor

Let us consider an isolated quantum system, described by a d—dimensional Hamil-
tonian H, acting on the elements [¢)(t)) of a Hilbert space H, whose dynamics
is governed by Schrodinger equation iho; [1(t)) = H |4 (t)). The associated

partition function is Z(8) = Tr(e*ﬂﬁ), where § = 1/(kgT) is the inverse tem-
perature, while the trace Tr[-| refers to the sum of all diagonal elements in any

11



basis, i.e., the sum of its eigenvalues. At finite temperature one can consider
the analytical continuation Z(3,t) = Tr [exp( (B+it)H )] through a Wick
rotation[46]. The analytically continued partition function is a powerful math-
ematical object that allows the use of statistical mechanics and thermodynam-
ics to field theoretical calculations. It is used in the solution of path integrals,
the renormalization of the theories and the characterization of systems near a
phase transition [47], among other applications. The erratic time fluctuations of
Z(3,t) known as “quantum noise” have been recently proposed as signature of
a discrete spectrum of black hole microstates in the context of the Anti-de Sit-
ter/Conformal Field Theory (AdS/CFT) correspondence. The normalized squared
quantity | Z(8,t)/Z(B)|* is known as the SFF. Its structure and the existence of
a correlation hole is related to the phenomenon of level repulsion [48].

When the quantum evolution is unitary, the SFF can be identified as the
squared absolute value of the fidelity between an initial CGS

_8E,

d
Ug) = €’ n
[Ug) q; 70

(1.2)

and the corresponding time evolved state exp(—itﬁ/h) |W3). Therefore, the SFF
can be expressed as the squared absolute value of the auto-correlation function

d (B+ht) Z(B+ it
Ta(t) = (Wg| 7! [ Wg) = Z = (Z(B)ﬁ). (13)

In general, the inner product (V| exp(—iﬁt/h) | W), between any initial pure
state |¥) and the corresponding time evolved one, carries all information about
the energy levels and can be used as an accurate diagonalization tool [49]. Specif-
ically, due to the unitarity of the dynamics, the Fourier transform of (1.3) is al-
ways a sum of delta functions, positioned on the eigenvalues of the Hamiltonian,
weighted by their algebraic multiplicity times the corresponding Boltzmann fac-
tors. In the simplest case of a non-degenerate Hamiltonian of finite dimension d,
the Fourier transform of the above overlap reads

Fial (5 ) = | e Fa
LS [ ity

- \/? pné(E - En), (1-4)

n=1

where p,, = e #F» /Z () are the Boltzmann factors, and is usually referred as
the local density of states. For the sake of geometrical intuition, in Fig. 1.3 we
show an example of an overlap next to its local density of states.

12



Quantum Chaos and Spectral Statistics

B . 0.7
1‘r<:;9\' L 06
‘ ‘ 0.5
> 04
0.3
| | 0.2
bt 0.1

Flf3]

Figure 1.3: The Fourier transform of the correlation function (1.3) (autocorrela-
tion function or just overlap) is a weighted sum of — functions positioned at
the eigenvalues of the Hamiltonian. a: Time evolution (dark red curve) of the
overlap (1.3) on the complex plane for a CGS of dimension d = 4. The Hamilto-
nian H has been randomly chosen by GOE(4) with standard deviation o = 1.
b: The corresponding Fourier transform of the overlap to the left (1.4) with the
d0—functions magnified (by convolution with a triangular function) for illustrative
purposes. The dashed vertical lines show the positions of the eigenvalues of the
Hamiltonian H. We have set h = 1.

Next we consider the fidelity between an initial CGS and the corresponding
time evolved state. For closed Schrodinger dynamics the fidelity is the square of
the absolute value of the overlap (1.3) of the previous paragraph

B A o=B(En+Em)—4(En—Em)t

- - gy 2 e h

Fs(t) = |fs(0)|° = ‘(‘I’g’e z |\Ifﬁ>‘ - n%:_l Z(B)?
(B+ it) P = B

n;ém

Its Fourier transform reads

v 1)

—B(En+Em )
Z e~ B(En+Em) (5= (BBt gy
Z2B)? Jeso

f i
\/; Z pnpm5(5 - (Em - En)): (1~6)

n,m=1

and it is therefore the weighted sum of delta functions positioned at the dynam-
ical frequencies as shown in Figure 1.4.
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Figure 1.4: The Fourier transform of the SP is a weighted sum of —functions
positioned at the differences between eigenvalues of the Hamiltonian. a: Time
evolution (dark red curve) of the SP (fidelity) (1.5) for a coherent Gibbs state of
dimension d = 4. The Hamiltonian H has been randomly chosen by GOE(4)
with ¢ = 1. b: The corresponding Fourier transform of the SP to the left (1.6),
with the picks of the — functions magnified (by convolution with a triangular
function) for illustrative purposes. The dashed vertical lines show the positions
of the eigenvalue differences of the Hamiltonian H. In this calculation we have
set h = 1.

a b
52 =9 .

107
o

1072

10—3_

070 100 100 102 00 100 100 102
¢ ¢

Figure 1.5: The phenomenon of level repulsion in the level spacing distribution is
manifested in the correlation hole of the SFF. In panel a, we show the infinite tem-
perature, 5 = 0 SFF averaged over a sample of 100 Hamiltonians of dimension
d = 64, with eigenvalues independently drawn from the uniform distribution of
range {0,64}. The contained level spacing distribution is given for a sample of
10* Hamiltonians. In panel b, the same number of Hamiltonians is sampled from
the Gaussian Unitary Ensemble GUE(64). In all numerical calculations we have
set h = 1.

14



Quantum Chaos and Spectral Statistics

At this point, it is worth noting that the mechanism of quantum revivals [50-
53] is directly associated to the degree of commensurability between the dynam-
ical frequencies of the cosine decomposition in Eq. (1.5). Quantum revivals refer
to a fascinating phenomenon in quantum mechanics where a system that has
evolved away from its initial state can spontaneously return to a state very close
to the initial one after a certain period of time, i.e., Fjg ~ 1.

Time and ensemble averaging are essential for probing universal features of
systems that are inherently complex or subject to fluctuations. Time averag-
ing involves averaging observables over time intervals to identify steady-state or
equilibrium properties, smoothing out transient or fluctuating behaviors. Ensem-
ble averaging, on the other hand, involves averaging observables over a collection
of systems or over different realizations of a system parameter, such as an external
field or a shape parameter in a billiard problem [15]. In RMT, ensemble averaging
is key to identifying universal statistical properties. Ensembles can be classified
in symmetry classes. By averaging over these ensembles, one can study univer-
sal properties that are common across a wide range of realistic systems. Both
time and ensemble averaging over disordered realizations can be used to smooth
out fluctuations of the SFF, revealing correlations in the energy levels. Ensemble
averaging, here denoted by () 7, typically involves averaging physical quantities
across a collection of Hamiltonians sampled randomly. Similarly, disordered av-
erages usually refer to the sampling Hamiltonians of a specific form with a set of
their parameters drawn from a probability distribution.

The averaged SFF’s structure depends on the type of the quantum system
under study and its symmetries. As shown in Figure 1.5, for quantum chaotic
systems, the SFF initially exhibits a dip which is followed by a ramp, indicat-
ing short-range level repulsion. This correlation hole [48, 54-56] distinguishes
chaotic systems from integrable ones, where energy levels are uncorrelated and
the ramp is absent. Its value saturates to a plateau at the Heisenberg time.

Specifically, for 3 finite, the knowledge of all energy moments is in principle
enough to determine the initial decay of the autocorrelation function fz(t)

d > (—(B+it)"EE

d
Z e~ (B+it) By Z Z o

Z(B+it) = o ke
) = =Z = " - =l — (17)
S 3y L
m=1 m=1¢=0
d

(@) S B

= k=0 : ~ h=0 : (1.8)
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where iy is the /" moment of the distribution of eigenvalues. The last approxi-
mation holds for large d. The Hamiltonian moments carry no information about
the energy correlations and therefore the initial part of the SFF can be expressed
as a function of a linear combination of the Hamiltonian moments. As an exam-
ple, when the energy spectrum follows the semicircle distribution (1.1), the odd
moments are zero, while the even ones are

¢
e = (0 621) %, { = even. (1.9)
(5+1)((5)Y)

The fidelity in this case becomes

2k 2
i (—(B+it)'m | | (B+iovd) G
- = k! = 2k (2k)! 10
(6) = 2 (—B) B -~ Jd 2 ’ (110)
S (o)

where Cy = (%)/(£ + 1) is the £ Catalan number. As shown in Figure 1.6,
the approximation of Eq. (1.10) stops being a good description of the SFF when
energy correlations become important, i.e., before the linear ramp.

The understanding of the correlation hole after taking the ensemble average
is better understood through the annealed approximation [57], valid at high tem-
perature (8 < 1),

Z(B + it)
Z(B)

2 Z(B +it)|?
> _lze+ir), )
H

Z(B,t) = <‘ CEPEE

which allows for the separate study of the oscillating analytically continued nu-
merator, decomposed into a constant, (Z(23)) ;; a disconnected part |(Z(3, 1)) 5 |%,
and a connected part g.(,t)

9(8.t) = (128 + D), (1.12)
= (Z28)) g + (Z(B,0) yI* + ge(8, 1),

as demonstrated in detail in [57, 58]. The constant term in the above decompo-
sition corresponds to the long-time average value of the SFF, which is reached
after all frequencies have been expressed on average after the Heisenberg time.
The disconnected part arises from the contribution of the average spectral den-
sity. The connected part, on the other hand, reflects the correlations between the
energy levels responsible for the characteristic ramp of the correlation hole.
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Figure 1.6: Example of the dip-ramp-plateau structure of the SFF with g = 0.01
(black solid line), crucial for characterizing quantum chaotic systems. Here we
have taken the Hamiltonian average over a sample of 100 GOE(128) matrices
with ¢ = 1, setting h = 1. The red dashed line corresponds to the first 50
moments of the expansion (1.10) while the blue to the plateau.

1.1.3 Many-body quantum chaos

Quantum chaos plays an instrumental role in the propagation of information
across entangled many-body systems. In isolation, it underlies the spread and
scrambling of quantum probability, hindering the reconstruction of the initial
state through local measurements [30, 59]. In its turn, information scrambling
is closely linked with the thermalization of subsystems in a disordered system
that begins in a non-equilibrium state [24, 26, 60]. By contrast, strong disor-
der can localize excitations [61, 62]. Understanding and quantifying these phe-
nomena is essential for the development of quantum technologies and black hole
physics. Despite the importance of other concepts that characterize entangle-
ment growth, information scrambling, and thermalization, the direct study of
correlations between energy levels remains the most fundamental method for
comprehending the dynamics of quantum chaos and the related phenomenology.
Nevertheless, from its origins in atomic nuclei [63], the theoretical justification
of spectral statistics in strongly interacting many-body systems does not easily
correlate with classical chaotic dynamics. Within this framework, the SFF is a
promising and plausible tool for the analytic and experimental exploration of the
relationship between many-body quantum chaos and RMT [64].

In the study of interacting many-body quantum systems, understanding the
relative behavior between subsystems equates to grasping the principles of open
quantum systems. This assertion stems from the fact that any subsystem of a
fully interacting many-body system, irrespective of the chosen partition, is af-
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fected by a surrounding environment. From this viewpoint, the theory of open
systems is practically a theoretical framework for understanding the effective
behaviour of small subsystems of many-body systems.

1.2 Open Quantum Systems

HE axiomatic approach of quantum mechanics focuses on Hermitian Hamilto-
T nians, ensuring real energy eigenvalues and the conservation of probability
in measurement results. To this end, it describes systems in isolation from any
environment. However, as early as the first radioactive phenomena came under
theoretical study, certain physical scenarios began to challenge this viewpoint
[65, 66].

The first rigorous treatment of open quantum dynamics came with the def-
inition of the reduced density matrix [67]. Nevertheless, the knowledge of the
exact time-evolution of a reduced density matrix requires the monitoring of all
environmental degrees of freedom. In the years that followed the invention of the
density matrix formalism [68], the systematic investigation of C*—algebras laid
the mathematical foundation for the theory of open quantum systems [69]. A
C*—algebra is an algebra over the complex numbers, with a norm and an involu-
tion operation, where the norm of an element is equal to the norm of its product
with its involution. The set of all bounded operators on a Hilbert space forms a
C*—algebra. By the 1970s, with the growing interest in quantum technologies,
there was a pressing need to understand how quantum systems evolve in the
presence of environmental noise. The formalism of quantum operations [70] pro-
vided a rigorous framework for the description of the allowed mappings between
quantum states, regardless the nature of the external degrees of freedom, which
can describe observers, apparatuses or stochastic interactions with a bath. This
laid the foundation for later developments which eventually gave rise to quantum
information theory as a distinct discipline of mathematics and physics. Parallel
to the developments in the theory of quantum operations, the master equation
approach emerged [71, 72]. The Lindblad form ensures complete positivity and
trace preservation of the quantum evolution, a critical requirement for the no-
tion of quantum probability to hold according to the Copenhagen interpretation
of quantum mechanics. This formalism offered a deeper understanding of pro-
cesses like decoherence and relaxation in quantum systems and played a founda-
tional role in quantum optics and condensed matter theory. Around the end of the
20th century, the interest in non-Hermitian quantum mechanics increased [73].
By this time, non-Hermitian potentials had accurately predicted the behaviour
of decaying nuclei and other transport, dissipative or out-of-equilibrium effects.
Nonetheless, such predictions were allowed insomuch that phenomenological ar-
guments could be devised. The consideration of parity-time-symmetric systems
motivated attempts to modify the first principles that imposed the postulate of

18



Open Quantum Systems

Hermiticity [74]. Ever since, the systematic treatment of generators of quantum
dynamics with complex eigenvalues has become a focal point of research in the-
oretical physics.

Regardless of the approach one chooses to describe a scenario of open quan-
tum dynamics, three elementary underlying physical implications are to come
into play. Namely, the irreversibility of the dynamics, the dissipation of energy
and decoherence. The first two can directly be connected to the intuition one
carries about classical systems. Irreversibility refers to the idea that certain pro-
cesses in nature can only proceed forward in time. This arrow of time can be asso-
ciated with the increasing entropy of a classical system. In quantum mechanics
it is directly and simply linked to the non-unitarity of the dynamical map. The
dissipation of energy refers to the energy exchange between a system and its en-
vironment. In classical systems, energy is often dissipated as heat due to resistive
forces, mechanical friction, electrical resistance, fluid viscosity etc. In quantum
systems, energy might be lost due to emission of quanta. Quantum decoherence
on the other hand has no direct classical analog. It is a manifested through de-
phasing in the vanishing off-diagonal elements of the density matrix, rooted in
quantum correlations between different possible measurement outcomes [75, 76].
In particular, when a quantum system interacts with its environment, the coher-
ent superposition of eigenstates in a given basis may be lost. This means that
quantum interference between states is being lost, whilst the overall density ma-
trix evolves towards a collection of pure states weighted by classical probabilities.
As a result, decoherence plays a key role in understanding the classical limit of
quantum mechanics and poses a major challenge in building efficient quantum
devices, i.e., devices which can exploit quantum interference as a resource to per-
form a given task.

1.2.1 Density matrices, systems and subsystems

The density matrix formalism can account for classical ensembles of states and
quantum correlations between states [68, 77-79]. The first one is associated with
a collection of states weighted by classical probabilities. The latter is associated
with traced out environmental degrees of freedom, encoded in “quantum corre-
lations”. Nevertheless, given a density matrix, one cannot distinguish the origin
of the correlations without extra knowledge about its preparation process. Given
a classical mixture of pure states, one can always construct through purification
a larger entangled system, such that the corresponding density matrix can be
reduced through tracing over the auxiliary degrees of freedom.

Let us consider the space of bounded linear operators D(H) acting on the
quantum states of a Hilbert space 7. Formally, a density matrix p is a posi-
tive semi-definite, Hermitian and unit-trace element of D(#). Alternatively one
can say that j has real and non-negative eigenvalues, p = pf and Tr[p] = 1,
respectively, with  referring to the complex transpose of the given operator.
Any normalized element [1)) of the Hilbert space H is associated to a pure state
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p = |[¥)2)] and therefore is a projector, so p = p?. The above imply that any
density matrix that is not a projector onto a pure state will have purity less than
one, 0 < Tr[p?] < 1.

The von Neumann equation describes the time evolution of an isolated quan-
tum system’s density matrix, p through

dp(t) _ i
dt __%[Hap(t)L (1-13)

where H is the Hamiltonian of the system, & is the reduced Planck constant, and
[H,p] = Hp — pH denotes the commutator of H and p.

The study of many-body quantum systems is based upon the assumption that
the state of a collection of quantum objects is a linear combination of Kronecker
products of the states of its constituents. If for example we consider different
vector states of two subsystems, |¢;) 4, € Ha,|V;) 5 € Hp, any normalized
linear combination of the form

) = cijlhi) 4 ® [W5) 5 » (1.14)
(2]

with ¢;; € Cand 3, ; ]cij|2 = 1, is an element of the Hilbert space H4 ® Hp
describing a vector state of the whole system. On the other hand, when a state
|1} of the above form is given for the whole system, the description of any of the
subsystems with a single pure state is not always possible. When it is possible,
we say that the overall state is separable. The following thought experiment il-
lustrates the obstacle. Bob and Alice have a qubit each, in two different rooms
A and B respectively and they can perform measurements on them. They can
collectively write a normalized state of the form

[0) = 0004 10) 5 + o1 10) 4 110 + 101 4 [0} + €11 [1) 4 [V, (1.15)

with |cool® + |co1|* + |e10]® + || = 1 and |n) 4 |m) 5 = |n) , @ |m) 5. One
could think that it would be perfectly fine for e.g. Alice to write a pure state
for her qubit of the form, |¥) , = (coo + co1) [0) 4 + (c10 + c11) [1) 4. However,
|coo + 001\2 + |10 + 611\2 = 1+ 2Re[cfgco1] + 2 Re[c]gc11], meaning that, in
general, she cannot normalize her state without affecting the normalization of
the collective state with Bob. In the special case where she can, the state |)
is separable, otherwise we say that the qubits A and B are entangled. Another
way to express the above is that, when the two qubits are entangled, Alice’s mea-
surements affect the probabilities of any future measurement outcomes of Bob.
Now if we consider Alice’s and Bob’s being separated by a large spatial distance,
there is something that does not fit well between the proper times at which the
measurements are conducted and the postulate that information cannot travel
faster than light [80]. Regardless of the implications of the above in the theory
of relativity [81], the point made is that pure density matrices cannot describe
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quantum systems which are entangled to an environment, therefore mixed states
are required. While entanglement appeared in the literature 89 years ago [80], its
existence in nature has only recently been experimentally validated and widely
accepted [82-85].

1.2.2 Master equations

Despite the elegance of the density matrix approach, its exact time evolution
necessitates an exhaustive monitoring of the environmental dynamics, which is
often unfeasible due to the large number of environmental degrees of freedom.
An alternative approach to explore the dynamics of open quantum systems is
through the master equation framework, which models the time evolution of the
subsystem’s density matrix through a modification of Eq. (1.13) [78]. Within this
framework the Gorini—-Kossakowski—Sudarshan-Lindblad (GKSL) master equa-
tion, often simply referred to as the Lindbladian in its canonical form, is the most
popular and widely used in the study of open quantum systems

d5(t L d2—1 L 1 oars
A0 — L1 o)) + > (Lkp(t)LL - Q{LZLk7p<t>}> o (116)

where H is the Hamiltonian governing the subsystem, Ly the Lindblad opera-
tors and 7;, > 0. The commutator term [H, p] accounts for the unitary part of
the evolution, while the summation over k, also known as the dissipator, accounts
for the interactions with the environment. Its popularity is largely due to several
key features that make it particularly suitable for a wide range of applications in
quantum mechanics, ensuring the complete positivity and trace preservation of
the density matrix over time. It is well-suited for describing quantum Markovian
processes, where the system’s evolution at any given time depends only on its
current state and not its past history. The Lindblad operators effectively sum-
marize the relevant environmental degrees of freedom that have a bearing on
the subsystem’s dynamics, thereby encoding the effects of both dissipation and
decoherence. The maps generated by Eq. (1.16) form a dynamical semigroup,
introducing a preferred direction in time. In particular they form a Completely
Positive and Trace-Preserving (CPTP) 1-parameter family of maps ®;, parame-
terize by t € R, acting on the elements of a von Neumann algebra [69], respecting
the condition ®;®; = &, ¢ [71].

1.2.3 Theory of quantum operations

The progression from the master equation formalism to the framework of quan-
tum operations and channels offered the methodological generalization which
laid the foundation of quantum information theory. While the GKSL master
equation provides an effective theory of quantum Markovian processes in con-
tinuous time, the Kraus-Choi representation offers a direct description of any
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physically allowed CPTP transformation of quantum states, including measure-
ments and non-Markovian processes. Given a quantum operation @, it can be
expressed in terms of a set of Kraus operators {Kn} such that for any density
operator p, the operation ® is represented as

p=2(p)=> K,pK}, (1.17)
n

where (' is the transformed density operator. For the map to be trace-preserving,
the Kraus operators must satisfy the completeness relation, given by

d?—1 o R
Y KK, =1, (1.18)
n=1

where [ is the identity operator. The map ® is completely positive and therefore
preserves the Hermiticity of the density matrix even when extended to larger
Hilbert spaces, while preserving its trace.

The Kraus representation of quantum channels is not just a theoretical con-
struct, but a practical tool in the arsenal of quantum information theory, enabling
the exploration and implementation of robust quantum technologies. This math-
ematical formulation is crucial for several reasons. It provides a versatile and gen-
eral method for representing a wide variety of quantum channels, both unitary
and non-unitary, upholding the fundamental principles of quantum mechanics.
Moreover, it offers a clear and intuitive way to analyze and design quantum in-
formation protocols, accounting for scenarios involving noise and decoherence.

1.3 Quantum Chaos and Open Quantum Systems

In isolated systems, the connection between quantum chaos and spectral statis-
tics systems hinges on the distribution of energy differences, as determined by
the eigenvalues of a given Hermitian Hamiltonian. However, when interaction
with an environment is allowed, the generator of dynamics is not necessarily
Hermitian, and as a result, the eigenvalues can be complex. Several innovative
approaches have been proposed to identify signatures of quantum chaos in open
systems. One notable method involves analyzing the radial repulsion of complex
eigenvalues [86]. Additionally, the study of steady-state eigenvalue distributions
[87-90] and complex spacing ratios [91] provides valuable tools for characteriz-
ing the unique dynamical properties of open quantum systems. Moreover, the
classification of symmetries has emerged as a powerful framework for under-
standing dissipative quantum chaos [92-94]. This approach categorizes various
dynamical behaviors based on the symmetry properties of the system, adding
a new dimension to the analysis of quantum chaos. A critical development we
focus on, is the adaptation and generalization of the spectral form factor (SFF) to
open systems. [2, 4, 95-98]. This adaptation involves redefining and interpreting
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Figure 1.7: The definition (1.19) of the SFF as a SP allows its generalization to open
systems. Here, we show the infinite temperature SFF for the reduced dynamics
of a single spin evolving in a system of satellite spins. The full system is evolving
under unitary dynamics, generated by a random Hamiltonian drawn from GOE,
with ¢ = 1, setting h = 1. Then, the reduced density matrix of the first spin is
calculated at every time-step. In every panel we show the Hamiltonian average
over a sample of 2000 matrices.

the SFF in a way that accommodates the non-Hermitian nature of the dynam-
ical generators, allowing for a comprehensive understanding of quantum chaos
in open many-body systems.

1.3.1 Spectral form factor for open quantum systems

The SFF provides insights into the energy level correlations. This concept, tradi-
tionally applied to isolated systems, has been successfully adapted to open sys-
tems, extending its utility. The fidelity-based interpretation of the SFF [2, 4, 95,
96, 98], i.e., the overlap between an initial CGS and its time-evolved counterpart
can be generalized to open systems as

Fa(t) = (¥s] ps(t) [¥s) , (1.19)

where the density matrix pg(t) is not necessarily evolving under unitary dynam-
ics. This generalization is profound, as it allows for the study of the interplay
between quantum chaos and decoherence, by relating the changes in the corre-
lation hole to dynamical quantities directly associated to the loss of coherence.
Such an approach entails a broader exploration of quantum dynamics, moving
beyond the constraints of Hermitian Hamiltonian systems, embracing a variety
of physical processes. As a first example shown in Figure 1.7, let us consider the
infinite temperature SFF of Eq. (1.19) for the reduced density matrix of a spin
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Figure 1.8: The characteristic dip-ramp-plateau structure of the SFF persists in
the SP of randomly chosen initial states. As the size of the environment grows
the correlation hole shrinks due to the loss of quantum coherence in the energy
eigenbasis. In the six panels above, we show the SP of the reduced dynamics of
a single spin evolving in a system of a: 1 spin (isolated), b: 2 spins, c: 3 spins,
d: 4 spins, e: 5 spins and f: 6 spins. The full system is evolving under unitary
dynamics, generated by a random Hamiltonian drawn from GOE, with o = 1,
setting A = 1. For every element of the ensemble, we choose the initial state as
the constant state [¢)) = {1/d, 1,...,1/d} in the random basis the Hamiltonian
is originally drawn. Then, the reduced density matrix of the first spin is calculated

at every time-step. The Hamiltonian averages presented are over samples of 2000
matrices.
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interacting with a different number of spins. An initial infinite temperature CGS,
B =0, is pure. The reduced density matrix of the first spin is in an initial infinite
temperature CGS too. As the number of interacting spins increases, the correla-
tion hole is substituted by regular damped oscillations, reflecting the dominant
average frequencies. The suppression of the correlation hole in this simple case
is better appreciated in the SP of random initial states as in Figure 1.8. Again,
with increasing number of spins, starting from a single isolated spin (panel a)
and progressively including more, up to six spins (panel f). In both Figures 1.7
and 1.8, the overall system undergoes unitary evolution, governed by a random
Hamiltonian sampled from GOE with a standard deviation ¢ = 1 and Planck’s
constant set to unity, 4 = 1. At each time interval, we consider reduced density
matrix for the first spin.
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2 QuUANTUM CHAOs AND Co-
HERENCE AS A RESOURCE

Resource theories are a framework to study and understand the manipulation of
quantum states and operations in various quantum information processes [99].
They provide a systematic way to quantify the resources and their change re-
quired for performing specific tasks. In a resource theory, the following key
components are typically defined. First, the resource is the valuable quantity or
property of a quantum state that is relevant to a particular quantum information
processing task. Second, the resource monotones are functions or measures that
quantify the amount of the resource in a quantum state or the extent to which
a state can be transformed into another while preserving the resource. Finally,
free operations are defined as the ones that do not generate the resource in ques-
tion. Resource theories are widely used to study a range of quantum phenomena
related to entanglement, coherence, and thermodynamics.

Quantum coherence is inherently linked to a choice of basis {|j) [j = 0, ..., d—
1} for a d-dimensional Hilbert space . This reference basis may be determined
by the underlying physics of the problem or the specific task at hand [100, 101].
In the context of the resource theory of coherence, given a specific basis, all di-
agonal density matrices are referred to as incoherent. Therefore, they will be of
the form

d—1
p=> riliil, (2.1)
j=0

with r; being classical probabilities. Said differently, the set of incoherent states
Z C D(H) consists of all classical mixtures of basis states that do not possess
quantum coherence and can be created without consuming it. Any other state
possesses coherence which can be consumed as a valuable resource to perform a
task. Naturally, the next component of the specific resource theory is the set of
incoherent operations, i.e., all allowed operations that cannot generate coherence
when acting on an incoherent state. Hence, one can define maximally coherent
states as the ones that allow for the deterministic generation of all other quantum
states by the action of only incoherent operations. Distillable coherence refers to
the maximum amount of coherence that can be extracted from a given quan-
tum state by performing certain allowable operations. It quantifies the potential
usefulness of coherence in a state for specific quantum tasks. Conversely, coher-
ence cost represents the minimum amount of coherence that must be added to a
quantum state to make it maximally coherent.

Naturally, the above discussion requires the definition of appropriate coher-
ence monotones, C' : D(H) — R, respecting non-negativity, monotonicity and
convexity [100, 101]. Specifically, a coherence monotone must be non-negative
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for any quantum state which is expressed as
C(p) >0 Vp, (2.2)

and C(p) = 0 if and only if the state is incoherent. This property ensures
the physical meaningfulness of the coherence measure. Additionally, coherence
monotones must not increase under the action of incoherent operations. If A is
an incoherent operation, then the monotone must satisfy

C(A(p)) < C(p). (2.3)

Finally, for a set of states {p;} with probabilities {r;}, the coherence monotone
must be convex, which is expressed as

C <Z Ti/%‘) < ZTiC(Pi). (2.4)

In the following publication, we explore the connection between one of the
simplest coherent monotones, the [1-norm of coherence, and the SFF. We define a
2-parameter family of random Parametric Quantum Channels (PQC) as a generic
model to probe the interplay between quantum chaos and decoherence. The en-
vironment’s influence is modeled through the introduction of Kraus-Choi opera-
tors. Our model has a well-defined Markovian limit, thereby generalizing the pre-
viously studied models of Energy Dephasing (ED) with [95] and without [1, 96]
quantum jump terms. Nevertheless, the theoretical understanding and control
over non-Markovian quantum processes [102] is crucial for the development of
novel devices that can demonstrate a range of memory effects. PQCs have sev-
eral potential applications, including the fundamental microscopic description of
open systems, akin to collision models or repeated interaction schemes [103], ir-
reversible cellular automata [104], random quantum circuits [89], and periodic
measurements [105]. The discrete-time Kraus map representation of completely
positive quantum dynamics has been demonstrated to capture universal spectral
properties of generic dissipative quantum circuits [89] providing a physically rele-
vant refinement through the direct introduction of a Hamiltonian. This approach
allows for sampling over RMT ensembles, directly at the level of the dynamics’
generator, while preserving the known spectral characteristics of the dynamical
map.
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The survival probability of an initial Coher-
ent Gibbs State (CGS) is a natural extension of
the Spectral Form Factor (SFF) to open quan-
tum systems. To quantify the interplay be-
tween quantum chaos and decoherence away
from the semi-classical limit, we investigate the
relation of this generalized SFF with the corre-
sponding [;-norm of coherence. As a working
example, we introduce Parametric Quantum
Channels (PQC), a discrete-time model of uni-
tary evolution periodically interrupted by the
effects of measurements or transient interac-
tions with an environment. The Energy De-
phasing (ED) dynamics arises as a specific case
in the Markovian limit. We demonstrate our
results in a series of random matrix models.

1 Introduction

Realizable complex quantum systems are always sub-
ject to decoherence. Research over the last decades
has led to the independent development of the the-
ory of quantum chaos in isolation from environmen-
tal effects, [1, 2], and that of open quantum systems
[3, 4]. Nevertheless, a common framework for their
understanding without relying on semi-classical meth-
ods [5], a theory of open quantum chaos, is yet to be
developed.

Decoherence plays a crucial role in the emergence
of classical-like chaotic behavior in quantum systems,
such as phase-space islands and divergent trajecto-
ries governed by a positive Lyapunov exponent [6—

|. Nonetheless, as the notion of chaos in quantum
mechanics evolved, the spectral characterization of
the system’s Hamiltonian became the primary focus
[10, 11, 2]. The Bohigas-Giannoni-Schmit conjecture
uncovered a relation between the distribution of en-
ergy levels in quantum analogs of classically chaotic
systems and Random Matrix Theory (RMT) [11], al-
lowing the use of simple diagnostic tools, such as level-
spacing distributions, for the heuristic classification
of quantum chaotic systems, without reference to the
semi-classical limit. Soon, the application of Fourier
methods shifted the identification of signatures of
quantum chaos from the energy to the time domain

[12-15]. Notably, the analysis of the SFF revealed
the importance of a “correlation hole”, reflecting the
effect of level repulsion. The SFF is closely related
to the survival probability, the Loschmidt echo [16],
quantum work statistics [17], frame potentials and t-
designs [18, 19], the partition function with complex
temperature [20-22], and the full-counting statistics
of the Hamiltonian [23]. The recognition of the role of
statistical correlations associated with quantum chaos
has motivated additional proposals for diagnostics di-
rectly related to entanglement [24-31] and quantum
discord [32]. In this context, coherence in the energy
eigenbasis is an essential ingredient of quantum chaos
[33].

The unitarity of the dynamical maps generated by
Hermitian Hamiltonians preserves the inner product
between two arbitrarily close states. Consequently,
quantum irregular motion cannot be characterized by
a direct analog of the Lyapunov exponent or any other
measure of sensitive dependence on initial conditions.
An intuitive alternative is the study of the sensitivity
of the evolution to slight changes in the dynamical
parameters, i.e., the Hamiltonian itself, quantified by
the Loschmidt echo [16]. More recently, the fidelity
susceptibility [34, 35] has attracted considerable at-
tention as a measure of eigenstate sensitivity to de-
formations. Out-of-Time-Order Correlators (OTOC)
[36-38] are promising candidates for the link between
the phenomenology of eigenstate thermalization [39—

|, quantum information scrambling [45—48| and op-
erator growth [19, 50]. Lately, efforts have targeted
the direct generalization of OTOC to study the fate
of these effects in open systems [51-53].

In isolated systems, the Hermiticity of the Hamilto-
nian guarantees a set of real eigenvalues whose spac-
ing distributions can exhibit level repulsion. In close
analogy, an approach to open quantum chaos relies
on characterizing the spectrum of Liouvillians and
quantum channels. Nevertheless, one cannot uniquely
order the differences between their eigenvalues since
they are complex numbers, in general. Therefore,
the comparison of the corresponding distributions re-
quires extra assumptions. Such static signatures are
pursued on different fronts, including the radial repul-
sion of complex eigenvalues [54], steady state eigen-
value distributions [55-58], complex spacing ratios




[59], and symmetry classification [60-64]. While some
of the above studies preserve the simplicity and ele-
gance of the Hermitian setting, they are less suited
for quantifying the interplay between quantum chaos
and decoherence, on which we focus.

A complementary approach we pursue in this arti-
cle relies on the generalization of the notion of SFF
in an information-theoretic interpretation, i.e., as the
Uhlmann fidelity [65] between an initial state — the
thermofield double or a coherent Gibbs state — and
the time-evolving state, with no restrictions on the
underlying dynamics [66—69]. This generalization of
the SFF to open systems differs from alternative pro-
posals focused on the spectral properties of the gener-
ator of the dynamics [70-72]. Within this approach,
decoherence generally suppresses the dynamical sig-
natures of Hamiltonian quantum chaos. Namely, with
the increase of dissipation, the depth and area of the
correlation hole shrink, and the span of the ramp de-
creases [66—68, 73, 69]. This feature is also present in
generalizations of the SFF based on the characteristic
function of the local energy distribution in multipar-
tite systems [23]. An interesting counterexample to
this generic observation is that of balanced norm gain
and loss in ED processes, where the duration of the
linear ramp before the plateau is extended and the
depth and area of the correlation hole can increase
with finite dissipation [68, 69].

We consider a quantitative bridge between the spec-
tral correlations witnessing quantum chaos and deco-
herence by studying the survival probability, the pu-
rity, and the l;-norm of coherence of an initial CGS.
At this level, the connection to the SFF becomes ex-
plicit. This analysis reveals how the decay of the den-
sity matrix’s off-diagonal elements in the energy eigen-
basis directly suppresses the manifestation of level re-
pulsion in the correlation hole. Such a line of thought
links quantum chaos in open systems to the resource
theory of coherence [71-77]. We note that the latter
has recently motivated the use of coherence measures
as diagnostic tools for quantum chaos [78].

To illustrate the generality of our approach, after
discussing the case of ED dynamics, we introduce
PQC, a family of mixed quantum operations whose
consecutive application results in principle in non-
Markovian quantum dynamics [79, 80]. Specifically,
by splitting the dynamical map into two weighted
channels, we introduce dissipation through the recur-
ring effect of a set of Kraus-Choi operators on the
isolated dynamics generated by a Hamiltonian. This
model is of interest as a paradigm of mixed Com-
pletely Positive and Trace-Preserving (CPTP) oper-
ations involving a fixed fundamental period of inter-
action with a reservoir. So as to quantify the inter-
play between quantum chaos and decoherence, we an-
alyze the spectral signatures and the correlation hole
in the SFF for varying values of the control parame-
ters, sampling the constituent matrices of the channel

from random matrix ensembles.

The paper is structured as follows. Sec. 2 intro-
duces the fidelity-based definition of the SFF as a rel-
evant extension of the notion to open systems. Sec. 3
reviews the definitions of the purity and the most rel-
evant coherence monotones of the CGS, relating them
to the SFF. Sec. 4 addresses the case of decoherence
in the energy eigenbasis when the Hamiltonian and
the dissipator commute. Sec. 5 discusses the proper-
ties of random PQC.

2 Spectral Form Factor for Open
Quantum Systems

The survival probability of a quantum state evolving
under unitary dynamics carries information about the
structure of the energy levels and their correlations.
It equals the fidelity between a pure initial and the
time-evolving state, while its Fourier transform is a
weighted sum of Dirac §-functions positioned at the
Hamiltonian eigenvalues. The role of a so-called cor-
relation hole in the survival probability and its con-
nection to level statistics have appeared early on in
the literature. At the same time, its depth and area
have been linked to the amount of quantum chaos in
a system [12, 81, 13-15]. The depth of the correlation
hole is thus a measure of eigenvalue repulsion, typ-
ical of Hamiltonian quantum chaos, which could be
carried over into dissipative systems.

Let us consider a Hilbert space of finite di-
mension d € N, a Hermitian Hamiltonian H =
22:1 E,, |n)¥n|, the corresponding partition function
Z(B) = trlexp(—SH)] and the Boltzmann weights
pn = exp(—BE,)/Z(). The CGS at inverse tem-
perature 8 = (kgT)~! is defined as

d
W)= Vbaln). (1)

n=1

For isolated dynamics, the SFF coincides with the fi-
delity between an initial CGS and its time evolution

[66, 17, 52]

SFF(t) = [(Wal e [ws)| =

Z(B+it)|?

Z(B)

The generalization of the above definition for open
quantum systems has been put forward in [67] and
further studied in [68, 69, 72]. These results indi-
cate that decoherence generally suppresses the depth
and area of the correlation hole. Nevertheless, the
time duration of the ramp can be extended when the
quantum jumps are neglected [68, 69]. Here, we fo-
cus on the dynamics generated by a CPTP operation.
In general, given an arbitrary CPTP quantum chan-
nel @, depending on a discrete or continuous time
parameter ¢, the fidelity-based SFF reads [67],

SEFs(t) = (Wslps(t) [Vs) 3)

(2)




with pg(t) = @[ ¥} Pps|]. We note that this is equiv-
alent to the standard notion of the SFF for unitary
maps while applicable to any other quantum evolu-
tion involving a Hamiltonian, such as circuit models,
dissipative Floquet systems, etc. Nonetheless, at infi-
nite temperature, 8 = 0, all the Boltzmann factors are
equal p, = 1/d hence a reference Hamiltonian is not
necessary for the above definition, which is reduced
to

d
SFF(t):é 142 )" Re[ponm(®)] |, (4)

n,m=1
m<n

writing for simplicity SFF(t) = SFF(¢), since our cal-
culations in this article will mainly refer to the infinite
temperature CGS. In Sec. 4, the quantum channel
will be generated by a Linbladian having as only dis-
sipator the system Hamiltonian itself, while in Sec. 5,
we construct a heuristic discrete-time CPTP map in
which unitary evolution is mixed with arbitrary phys-
ical processes.

In what follows, we will often adopt a specific ma-
trix representation of all superoperators for the intu-
itive simplification of their spectral properties, often
referred to as the Liouville space formalism [33]. In
particular, we consider the horizontal vectorization of
any density matrix

d d
p= Z Prm [n)Xm| = |p) == Z Prm 1) @ [m)" .
n,m=1 n,m=1

(5)

Once the density matrix is decomposed in such a
representation, the choice of basis is fixed, and any
further transformation of a superoperator has to be
treated consistently. The horizontal decomposition
allows the expression of the Hilbert-Schmidt inner
product between two operators as the usual projection
product between vectors Tr[ATB] = (A|B). In addi-
tion, it allows the expression of linear superoperators
acting on a state as a Kronecker product between the
operator acting from the left and the transpose of the
operator acting from the right, ApB — A®BT|p). We
use calligraphic capital letters (e.g., ®, A, ...) for the
superoperators acting on a density matrix in the stan-
dard density operator formalism, and the correspond-
ing blackboard bold (e.g., ®,A,...) for their matrix
representation in the Liouville space formalism. The
horizontal vectorization of the CGS is

4. =5 (EntEm)

s) = > 70

n,m=1

n) @ |m)".  (6)

The proposed SFF for open systems (3), given the
matrix represQentation of the quantum channel ®; —
o, = {¢t7gk}?7k:1, becomes SFF3(t) = (pg|P:|pg). At

infinite temperature, it is equal to the sum of all ele-
ments

3 Coherence Monotones and Quan-
tum Chaos

Dephasing is a form of decoherence that suppresses
the density matrix’s off-diagonal entries on a given ba-
sis. When examining thermalization and quantum er-
godicity, the diagonal ensemble motivates the Hamil-
tonian eigenbasis as the most relevant for the study
of decoherence. In the energy eigenbasis, coherence
measures can capture how "localized" or "uniformly
spread" a quantum state is, i.e., they serve as delo-
calization measures [78].

The CGS and the closely related thermofield dou-
ble state are natural probe states for quantum chaos.
They are coherent quantum states with support in
the whole energy spectrum and a tunable filter (the
square root of the Boltzmann weights), preferentially
sampling low-energy states at finite inverse temper-
ature § > 0. Furthermore, in the resource theory
of quantum coherence, the infinite temperature CGS,
B = 0, is a maximally coherent state, saturating the
value of any well-defined coherence monotone. In this
context, any quantum state can be prepared from the
infinite temperature CGS, using only incoherent op-
erations [84, 85, 74].

Motivated by the central role of the CGS in the
study of quantum chaos and resource theory of co-
herence, we propose the known coherence monotones
of its time evolution as relevant diagnostic tools for
the interplay between the two. We introduce a rela-
tion between the SFF and the /;-norm of coherence,
suggesting the study of other relevant signatures of
quantum chaos or coherence monotones for future in-
vestigations.

The l1-norm of coherence is a coherence monotone

[84], defined as

d
Cr)=2 " |pam(t)]. (8)

n,m=1

n<m
The purity of a density matrix, P = Tr [pz], is in any
basis equal to the sum of the squares of all elements

d d
Pt = lpan®+2 Y loam®F.  (9)
/=1

n,m=1
n<m

By observing that 0 < [ppn,(t)] < 1, for all n,m =
{1,2,...,d}, one can directly relate the two through




the inequality

d
P(t) < Y |pun()” + O (1). (10)

In what follows, we will study the properties of the
purity, the [;-norm of coherence, and their relation to
the fidelity when the initial state is the CGS. We first
note that in general, at infinite temperature, 8 = 0,
the SFF is bound by the [1-norm of coherence of the
CGS through

1+ Cy, (t)

N (1Y

%ll(t) < SFF(t) <

4 Energy Dephasing

The time-continuous description of dephasing in the
energy eigenbasis is a natural model of decoherence
known as ED. It arises in scenarios involving timing
of the quantum unitary dynamics with noisy clocks
[36], the theory of fluctuating Hamiltonians [37], time
coarse-graining, continuous measurement of energy,
and stochastic modifications of quantum mechanics
[88-91], to name some relevant examples. Due to its
simplicity, it is amenable to analytical description and
has been used in open quantum chaos and black hole
physics [22, 21, 67-69]. The ED dynamics is governed
by the equation

i

duplt) = —1

[H, p(t)] —~v[H, [H, p(t)], (12)

with dephasing strength v. The general solution reads

d
pH) = D pum(0)e” A= Em) = EER" ).
n,m=1
(13)
For an initial CGS, p;m(0) = \/Pnpm and the SFF
becomes

SFF4(t) = F, (14)
+2 Z pnil?me_"ﬁ(E”_Em)2 cos (En ;Em t),
m<n

where F, = Z(2)/Z?(B) is the value of the plateau
reached after the Heisenberg time. Accordingly, the
Cj, of the CGS under dephasing is

Chp(t) =2 Z \/pnpmeiwt(EniEm)i (15)

m<n

while the corresponding purity reads

Ps(t) =F,+2 Z Prpme” 2V En=Em)®, (16)

m<n

We note that the SFF and purity of the CGS sat-
urate at the same plateau, F,, while the /;-norm of
coherence goes to zero. The reason is the following.

Incoherent states are always diagonal in the reference
basis, p = 22:1 T [n)(n|, with probabilities r, [74].
Here, the reference basis is the energy eigenbasis, and
the dissipative part of Eq. (12) commutes with the
Hamiltonian; consequently, coherence can never be
generated. We note that ED is a maximally inco-
herent and translationally-invariant operation in the
sense of [74], mapping all incoherent states into inco-
herent states while asymptotically consuming all co-
herence of an initial coherent state such as the CGS.

In isolation (v = 0), the Heisenberg time is defined
as ty = 2wh/A, with A being the mean level spac-
ing of the Hamiltonian H. It determines the onset of
the plateau of the SFF and sets a limit to the dura-
tion of any control protocol of quantum information.
After this timescale, all incommensurable frequencies
governing the dynamical evolution of a complex quan-
tum system have been expressed on average, canceling
each other effectively, regardless of their contribution
to the initial state. In Fig. 1, we see that the onset
and value of the plateau remain unchanged under ED
dynamics. By contrast, the minimum of the correla-
tion hole, associated with the Thouless time [92], is
delayed.

For the purity and the l;-norm of coherence of a
CGS, we see from Eq. (10) that

Pp(t) < Fp + Ci, 5(t)- (17)

At infinite temperature, § = 0, one can make a Taylor
expansion of the cosine in Eq. (14) and relate the SFF
and the derivatives of Cj, with respect to v of the CGS
through the equation

1 S :
== § J
SFF(t) ¥ 1+j:O th(Qj)!a’YCll(t) . (18)
The two first terms give the inequality
1
SFF(1) > (1 O + 670211(%) (1)

The above, together with Eq. (11), bound the fluc-
tuations of the SFF around the plateau at large
timescales. Said differently, the volume of the "quan-
tum noise" [93] in the SFF is bound by the derivative
of the [1-norm of coherence of the CGS.

In Fig. 1, we sample the Hamiltonian matrix from
GOE(d), whose eigenvalue probability density func-
tion is the semicircle law

vV2do? — E?
WE) = R p

denoting with o the standard deviation of the Gaus-
sian distribution. Before unfolding the spectrum, the

mean level spacing for a Hamiltonian sampled from
GOE(d) is A = "d\@?d. As a result, for ED dynamics,
the Heisenberg time becomes

_ mh(d—1)
ty = R (21)

(20)
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Figure 1: The SFF is bounded by the l;-norm of coherence
of the CGS, from above by the general Eq. (11) and from
below by Eq. (19) when ED (14) is considered. Here, we
show the corresponding numerical ED calculation for a sin-
gle GOE(64), o = 1 Hamiltonian, increasing the dephasing
strength from v = 0.1 in panel a to v = 4 in panel b. The
bounds become tight under strong ED, when the correlation
hole is suppressed, but are weak otherwise.

The increase of the dephasing strength ~ gives rise
to the gradual loss of the correlation hole [67]. The
lower and upper bounds to the SFF derived in terms of
the coherence monotone €, are weak in the presence
of quantum coherences in the energy eigenbasis when
the dynamical signatures of quantum chaos are man-
ifest and become tighter as the dephasing strength is
increased.

5 Parametric Quantum Channels

In the previous sections, we examined the quantitative
relation between the SFF and the [;-norm of coher-
ence of an initial CGS. As a first example, we per-
formed numerical calculations for the maximally in-
coherent operation of ED. In this section, we define a
non-Markovian model describing a binary mixture of
quantum channels; one unitary, the other generic.

Let us consider the convex subspace of a Hilbert-
Schmidt space D(H), containing all unit-trace, Her-
mitian and positive semi-definite density matrices p €
D(H), acting on a Hilbert space, H C C? of finite di-
mension d € N. Extending the 1-parameter model
[57], we introduce the operator-sum representation of
the PQC on D(H) through

K
Acelpl = (1= e)e T pe' i + ¢ 3N, pNf, (22)
r=1

with the parameters ¢ € [0,1], T € R, and K €
{1,2,...,d*> — 2}. This 2-parameter family of CPTP
maps can be thought of as a prototype of unitary tem-
poral evolution, periodically interrupted by the effects
of measurements [94] or transient interactions with an
environment [95]. We define the dissipation strength e
to be a small parameter that weights the non-unitary
part of the channel, comprising arbitrary environmen-
tal degrees of freedom by the action of the Kraus-Choi

operators N, € HS

K
> N/N, =1. (23)

r=1

We explicitly include a dissipation period T, which re-
solves the unitary propagator by rescaling the Hamil-
tonian H, bounding the eigenvalue distribution of the
corresponding superoperator spectrum within a spe-
cific angle on the complex plane. The inverse of this
time step defines the frequency with which an ef-
fect interrupts the unitary evolution with a dissipative
kick of strength €. Thus, a relative timescale and a
corresponding energy scale /i/T are set, indicating how
fast the internal degrees of freedom change compared
to the accessible environmental processes.

5.1 Discrete Time Evolution

The vectorized representation of a PQC of Eq. (22)
becomes

K
Aee=(1—eeRUSHT=HE 1 NN @ NF. (24)

r=1

Accordingly, 7 € N consecutive applications of a
PQC can be represented as

K J
M= (- oeroem=ien L 3 n o)
r=1

(25)

The generated discrete-time dynamics can provide a
heuristic approach to a class of physical phenomena
by the introduction of a time parameter t = jT, gener-
ally irreproducible by a continuous master equation,
p(t) = Lp(t), with £ being in the Lindblad form
[96, 97]. The latter implies that such an evolution is
non-Markovian in principle. Nevertheless, whenever
the channel A, is infinitesimally divisible [79, 98],
the evolution of Eq. (25) is by construction Marko-
vian and thus can be described by a master equation
of Lindblad form [3, 4]. Indeed, in the limit of very
small dissipation strength and large dissipation pe-
riod, we can define ¢ = 2T and the difference

p(t+1) = p(t) = Arclp(t)] — p(t) (26)

K
~ (1= &) (p(t) — i [H. p(8)]) + € D" N, p(O)N] = p(2).

r=1
From the trace preservation Eq. (23), one obtains the
identity

1K

p(t) =5 > {NIN,.p(t)}- (27)

r=1

Finally, the division of both sides of Eq. (26) by the
dissipation period, followed by the limit T — 0, yields
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Figure 2: Schematic representation of unitary evolution pe-
riodically interrupted by a 1-parameter channel.

the time-continuous master equation

7

(t) == 5 1H.p() (28)

us 1
23 (NeplON] - HNIN, 00} )

r=1

In this limit, the Kraus-Choi operators become the
Lindblad operators. As a remark, weak but frequent
interactions with the environment can result in large
~. Moreover, the ED model discussed in Sec. 4 can be
derived from the PQC, choosing the system Hamilto-
nian as the single Kraus-Choi operator Ny = H. The
master equation (12) results from PQC in the contin-
uum limit T — 0 keeping v = €/(21) constant.

In the model of Eq. (22), the fidelity between the
initial pure CGS and the state after j applications of
the PQC is

SFFs(j) = (Wg[Ao---o A[pp][Wg),  (29)
Et.,_/
j-times

or equivalently, in the vectorized notation

SFFs(j7) = (psl cls)- (30)

We note that the discrete evolution of Eq. (25) has
a unique steady state whose eigenvalue distribution
determines the asymptotic value of the purity at long
times P(t — 00). The PQC evolution can effectively
result from a unitary quantum evolution that is pe-
riodically interrupted by the action of a dissipative
quantum channel. Specifically, let us consider the se-
quential application of a unitary

Uy = /A OBAT-HOL), (31)

and an 1-parameter channel

K
W.=(1-€elg+ey N, ®N;, (32)

r=1

acting alternately j times on an initial density matrix
lpo)

|pj) = (WEUT)j|p0)7 (33)

as shown in Fig. 2.
The time evolution at every step is described by

WUr=(1-¢

K
+e (Z N, ® Ni‘> eiRteHTHEL),
r=1

)eit ABHT—H®1) (34)

The channels A¢ . of Eq. (24) and WU differ in the
unitary U; multiplying the dissipative part. When all
constituent matrices are sampled randomly, this plays
a minor role in the spectral properties of the overall
channel.

5.2 Random Quantum Channels

The spectral signatures of complex Hamiltonian sys-
tems, carrying all information needed for the descrip-
tion of the evolution of an isolated system, have served
for almost four decades as an archetype of quantum
chaos [10, 11, 2, 1]. Consequently, the classification
of self-adjoint and unitary ensembles has been a pri-
ority of mathematical physicists in the previous cen-
tury. In parallel, a concrete theory of open quantum
systems has been developed [96, 97, 95, 3, 4], shifting
the attention to the overall dynamical maps governing
the temporal evolution of a subsystem. In the Lind-
bladian decomposition of the generators of such dy-
namical maps, the Hamiltonian operator becomes an
element of a set of not-necessarily-Hermitian opera-
tors determining the dynamics. From an information-
theoretic perspective, a dynamical map is a com-
pletely positive superoperator acting on the quantum
state (i.e., the density operator), altering its surprisal
in ways that only have to preserve its trace. The PQC
introduced in Eq. (22) allows the explicit inclusion of
a quantum chaotic Hamiltonian in the later picture
while incorporating the decohering action of arbitrary
environmental effects.

We next perform a series of random matrix calcu-
lations to unveil and quantify the behavior of various
signatures of Hamiltonian quantum chaos in the pres-
ence of decoherence. The first part of the PQC of
Eq. (22) encodes the standard paradigm of Hamil-
tonian quantum chaos [2, 99], while the second part
is taken as a composition of random Kraus-Choi op-
erators, the weight of which represents the strength
of the interaction with the environment. Specifically,
we sample the Hamiltonian matrix H from the Gaus-
sian orthogonal ensemble, GOE(d) and construct the
rest K Kraus-Choi operators N, as block-truncations
of an enlarged random CUE(Kd) element as follows
[100-103, 57]. Let V € CKdxKd e  unitary, implying

f:dl v;fivej = dj;. One can introduce the submatri-
ces N, as the K consecutive dxd blocks of the (Kd)xd
matrix created by any d columns of V. Suppose we
interchange two columns of a unitary. In that case,
we obtain another unitary, so we consider the n to
n+d, 1 <n <d(K —1) consecutive columns without
any loss of generality, N.,, = V_1)atv,ntp, With
v, =1,2,...,d. Then, N, are Kraus-Choi matrices
respecting the trace preservation property (23).

5.3 Spectral Phases

There is a growing interest in the classification of the
spectral properties of random non-Hermitian Hamil-
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Figure 3: Spectral phases of random PQC. Density plot on
the complex plane (blue to red) of 16384 eigenvalues of the
superoperator defined in Eq. (24), together with the theoret-
ical boundaries (black dashed lines). Each panel was gener-
ated by 4 independent realizations, with the Hamiltonian H
sampled from GOE(64), 0 = 1, setting h = 1 and a set of
K = 3 random Kraus-Choi matrices N,., drawn as trunca-
tions of an enlarged random CUE(192) element. a. Shifted-
disk phase: the boundary of the spectral locus is given by
Eq. (38). b. Disk phase: the boundary of the spectral locus
is given by Eq. (36). c. Crescent phase (transitive area):
the spectral locus is confined within the angle of Eq. (39).
d. Annular phase: the boundaries of the spectral locus are
given by the two concentric circles of Eq. (35).

tonian operators [104-107], random Liouvillian oper-
ators [58, 108], random Lindblandian operators [109—
112, 64] and random Kraus maps [57, 103]. We ded-
icate this subsection to the characterization of the
spectral phase diagram of random PQC, providing an-
alytic estimations of the spectral loci as functions of
the dissipation parameters.

Let A € C be the solutions to the eigenvalue prob-
lem Ar(|A) = AA). The eigenvalue A = 1 is always
a solution corresponding to the stationary point of
A<z ,c. We refer to the rest of the spectrum as the spec-
tral bulk. The boundaries of the spectral bulk can be
categorized into four main classes, as shown in the nu-
merical examples of Fig. 3 and the qualitative spectral
phase diagram of Fig. 4. Specifically, for large values
of the dissipation period T > 7. there are two possible
spectral phases referred to as "annular" and "disk",
a fact known in the literature as the single ring theo-
rem [113-120, 103]. When a dissipation strength € is
introduced, a phase crossover takes place [57]. The de-
crease of the period T breaks the rotational invariance
of the superoperator spectrum, eventually suppress-
ing its bulk within a "shifted disk". The crossover
from an annulus to a shifted disk happens through an
extended "crescent" transitive area.

In the annular phase of Fig. 3d, the spectrum is
bounded the two concentric circles

Cazx=1\/(1-€2+ gew, pel0,2n], (35)

while the boundary of the disk phase, shown in Fig.
3b, follows the equation of the outer radius

2
Cp=1/(1—e?+ %e% pel0,2r.  (36)
For large dissipation periods, the annulus-to-disk
crossover appears at the critical dissipation strength

! (37)

€c = —71 >
1+ 2=
i.e., when the argument of the square root of the in-
ner concentric circle in Eq. (35) becomes negative [57],
turning the corresponding radius into a purely imag-
inary number, see appendix A for more details.
As shown in the example of Fig. 3a, small dissi-
pation periods confine the spectral bulk within the
shifted-disk

et & g0
Csp=1—¢+ \/Ee R
result of the angular suppression mechanism ex-
plained in more detail in the appendix C. In par-
ticular, the argument of the unitary exponential of
Eq. (22) limits the angular distribution of the spec-
trum on the complex plane by a ¢pmax = Tmax{E,, —
E,}/h. Here, we sample the Hamiltonian matrix from
GOE(d), whose spectrum is given by the semicircle
law of Eq. (20), resulting in a maximum angle

¢ € [0, 27], (38)

D = %a\/@. (39)

The crossover from an annulus or a disk to a shifted
disk roughly starts when all eigenvalues are confined
in angles less than 2w, determining the critical dis-
sipation period T. = 7h/(ov/2d), which is related to
the Heisenberg time of the ED models (21) through

This result is not restricted to RMT, but applicable
whenever disordered averages are considered, given
that the dimension of the Hilbert space is finite and
the spectrum of the Hamiltonian bounded.

For € < €., the crossover to a shifted disk goes
through the transitive crescent area of Fig. 3c, end-
ing when the imaginary part of all bulk eigenvalues
becomes less than the radius of the shifted disk

1

e < T . (41)

R )

We note that Eq. (41) is valid until the critical dissi-
pation period T., after which it reduces to Eq. (37).
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Figure 4: Spectral phase diagram of random PQC. Quali-
tative classification of the behavior of the spectral bulk for
h = 1. The dashed lines separate the four main areas of the
numerical examples of Fig. 3, as described by Eq. (37), (40),
and (41).

5.4 Correlation Hole

The existence of a correlation hole in the structure
of an auto-correlation function, such as the SFF of
Eq. (3), is a signature of the underlying complexity,
reflecting the level of commensurability between the
frequencies associated with the dynamics [12-16, 29].
In the energy eigenbasis of a subsystem, the con-
tribution of these frequencies in the time evolution
is weighted by the size of the corresponding coher-
ences of the density matrix, i.e., by the size of its
off-diagonal elements. Said differently, starting from
an initially coherent state, the relative phases of the
probability amplitudes of the energy eigenstates van-
ish as the state becomes incoherent. The suppres-
sion of coherences due to the dynamical map’s non-
unitarity is thus expected to suppress the correlation
hole’s size.

In Sec. 4, we illustrated the mechanism underlying
the dynamical suppression of the correlation hole in
the paradigmatic case of ED, interpreting the results
of [67-69] through the resource theory of coherence
[71]. There, the maximally incoherent operation of
the ED channel turns the maximally coherent CGS
at infinite temperature asymptotically into an inco-
herent one. The random PQC is incoherent but not
necessarily maximally incoherent. Thus, the [;-norm
of coherence does not saturate asymptotically to zero.
This results in loosening the bounds of Eq. (11) when
we increase the dissipation strength or decrease the
dissipation period, while the saturation time of the
SFF and the [;-norm of coherence is shifted to the left
of ty before the correlation hole closes. In Fig. 5, we
show the corresponding shrinking of the correlation
hole with the increment of the dissipation strength or
the decrement of the dissipation period for random

PQC.
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Figure 5: Shrinking of the correlation hole. The infinite tem-
perature SFF, 8 = 0 at time t = jT, evolved through the
consecutive applications of a random PQC (25). In panels
a. and c. we show the shrinking of the correlation hole and
the corresponding decay of the CGS l;-norm of coherence,
respectively, for constant dissipation period T = 0.01 and in-
creasing €. In panels b. and d. we show the shrinking of
the correlation hole and the corresponding decay of the CGS
l1-norm of coherence, respectively, for constant dissipation
strength ¢ = 0.01 and decreasing T. We have taken the av-
erage fidelity in all panels over a sample of 500 GOE(64),
o = 1 random Hamiltonian matrices, setting o = 1. The cor-
responding sets of K = 3 random Kraus-Choi matrices N,
were drawn as truncations of an enlarged random CUE(192)
element.

We define the effective depth of the correlation hole

Jju F
Deg =, 11 - — 42
=y 1] SFF(j1) (42)
J=JTh

The time steps of the Thouless and Heisenberg times
are defined through the ceiling functions jpn, =
[trn/T|, ju = [tu/T]. The relative effective depth
can be defined as the effective depth normalized by
the corresponding value for the isolated dynamics. In
Fig. 6, we show the relative effective depth of the
correlation hole in the plane of the PQC parameters.

5.5 Complex Spacing Ratios

The relation between the static signatures of quan-
tum chaos and the corresponding dynamical ones has
been explored in isolated dynamics. In particular, the
rigidity of the Hamiltonian spectrum has been related
to the existence of a linear ramp in the correlation
hole after the Thouless time ¢7}, and before its satu-
ration to the plateau at ty. However, the spectrum of
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Figure 6: Relative effective depth of the correlation hole. The
infinite temperature SFF(jT) for the channel /\]T',€ is averaged
over 100 Hamiltonians H sampled from GOE(64), with 0 =
1, setting i = 1. The corresponding 100 sets of K = 3
random Kraus-Choi matrices N, are drawn as truncations of
an enlarged random CUE(192) element. The pointsa, b,
c and d correspond to the four panels in Fig. 3,7, and 9.

the generators of open quantum dynamics or the cor-
responding dynamical maps is, in principle, spread
around the complex plane. Hence, the generalization
of signatures involving level spacing distributions is
not straightforward. One possibility introduced in
[59] is the following. Given an eigenvalue A\ of A
on the complex plane, one can find the nearest, ANV
and next nearest, AVVY neighboring eigenvalues re-
spectively, and thus define the complex spacing ratio
2= (ANN —X)/(ANNN _)).

As we saw in the previous sections, the shrinking
of the correlation hole of the SFF is a purely dynam-
ical effect linked to the behavior of the corresponding
coherence monotones of the CGS. Static signatures of
open quantum chaos, such as complex spacing ratios,
do not necessarily diagnose the long-time behavior of
the coherences in a direct way. In Fig. 7, we show the
density plots of the complex spacing ratios for PQC
parameters corresponding to the four spectral phases
of Fig. 3. We see that the angular and the radial re-
pulsion persist in all parameter areas, even where the
correlation whole has vanished.

6 Summary

Known signatures of quantum chaos, coherence, and
Markovianity are measures of quantum correlations.
Based on this observation, our work proposes an
information-theoretic framework to explore the inter-
play between environmental noise and complexity in
quantum systems. By relating the survival probabil-
ity of an initial CGS to the associated [;-norm of co-
herence, we account for complex dissipative and not-
necessarily-Markovian quantum effects. The mani-
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Figure 7: Complex Spacing Ratios of random PQC. Density
plot on the complex plane (blue to red) of 16384 complex
spacing ratios corresponding to the spectral densities of pan-
els a, b, c and d of Fig. 3 and 9 respectively. Each panel was
generated by 4 independent realizations, with the Hamilto-
nian H sampled from GOE(64), o = 1, setting h = 1 and
a set of K = 3 random Kraus-Choi matrices N,, drawn as
truncations of an enlarged random CUE(192) element. The
color scheme and scaling are the same as that of Fig. 3 and
6.

festations of correlations between energy eigenvalues
associated with quantum chaos, which result in the
correlation hole of the SFF, are suppressed by non-
unitary dynamics during the time evolution. This
suppression is a direct consequence of the loss of co-
herence in the energy eigenbasis, measured by the dif-
ferent coherence monotones. Nevertheless, such dy-
namical phenomena are hard to capture by the pro-
posed static spectral signatures of dissipative quan-
tum chaos. We work on paradigmatic examples of
maximally incoherent Lindbladian dynamics and a
discrete-time model of CPTP maps involving a uni-
tary generated by a Hamiltonian. The latter is inter-
esting in its own right. We have thus discussed its
spectral properties, sampling the constituting opera-
tions by random matrix ensembles.

Our work provides a natural and tractable frame-
work to explore the interplay between environmen-
tal noise, resource theories and complexity in scalable
quantum systems. This quest is of particular impor-
tance for the transition from the NISQ era in quan-
tum technologies [121]. Finally, our work contributes
to understanding the emergence of classical behavior
from the quantum substrate, e.g., the quantum-to-
classical transition [3]. In particular, we have shown
that signatures of Hamiltonian quantum chaos rely
on the presence of quantum coherence and are thus
suppressed by dephasing mechanisms stemming from
decoherence. These findings are complementary and




in stark contrast with the pioneering works exploring
the interplay of quantum chaos and decoherence that
relied on the latter for the emergence of classical chaos

[6-9].
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A Shrinking of the Correlation Hole

As we have seen, the suppression of the correlation
hole in the survival probability of an initial CGS is
related to the suppression of coherence in the evolved
state, a phenomenon that cannot be straightforwardly
diagnosed in the spectral structure of the dynamical
generators. Fig. (8) shows the correlation hole of
the averaged SFF closing next to the corresponding
Liouvillian spectra by increasing the ED dissipation
strength of Eq. (12). This is a case of maximally in-
coherent operation leading to the complete vanish-
ing of the density matrix’s off-diagonal elements in
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the energy eigenbasis. The Heisenberg time remains
unchanged, while the Thouless time is shifted to the
right.

Fig. (9) shows the correlation hole of the averaged
SFF closing by increasing the dissipation strength e
or decreasing the dissipation period T for the discrete
PQC evolution in Eq. (25). In this case, the Heisen-
berg time is shifted to the left while the Thouless time
remains unchanged.

B Annulus to Disk Crossover

The circular law is a fundamental result of RMT, stat-
ing that the distribution of eigenvalues of square ran-
dom matrices, with independent and identically dis-
tributed complex entries, in the limit of infinite di-
mension is uniform over a disk [113, , , ].
The single ring theorem concerns the confinement of
the eigenvalue distribution of a large class of non-
Hermitian random matrices within a disk or an annu-
lus [115, , , , , 103]. The annulus to disk
spectral crossover of the PQC follows directly from the
study of the corresponding 1-parameter CPTP maps
[57]. In this case, the critical dissipation strength
can be calculated for an effective model using non-
Hermitian free probability. Fig. 10 shows an example
of the inner radius collapse.

C Angular Suppression and Shift of the
Superoperator Spectrum

The angular suppression of the superoperator spec-
trum of Eq. (25) originates in the finite range of the
Hamiltonian eigenvalue distribution. In this section,
we discuss how the maximum energy gap can con-
fine all superoperator eigenvalues in a circular sector
of the complex plane, resulting in the spectral phase
crossover to a shifted disk.
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Figure 8: Shrinking of the correlation hole in ED dynamics.
a. Hamiltonian average of the SFF for different dephasing
strengths. We consider a sample of 100 GOE(64), 0 = 1
matrices, at inverse temperature 5 = 0.1. We have set /i =
1. b. Spectra of the corresponding Liouvillians generating
the dynamics.
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Figure 9: Averaged SFF corresponding to the spectral den-
sities of panels a, b, c and d of Fig. 3,7 respectively. The
relative effective depth of the correlation holes for the specific
values of the parameters T and € is shown in Fig. 6. In all
panels, we have taken the average fidelity over a sample of
100 GOE(64), 0 = 1 random Hamiltonian matrices, setting
h = 1. The corresponding sets of K = 3 random Kraus-
Choi matrices N,- were drawn as truncations of an enlarged
random CUE(192) element.

Let us first illustrate how the suppression mecha-
nism breaks the rotational invariance of the spectrum
when € = 0, i.e., when our system is isolated from the
environment. In this case, the Hamiltonian operator
is Hermitian, the superoperator A% . is unitary, and
its eigenvalue problem becomes

N (In) ® [m)) = &'F ASHT=HED (1) & |;m))

HERE (jn) © [m)).

=e (43)
Then, the spectrum belongs in a circular sector of
central angle 2¢y.x, where ¢pax = jrmax{E,, —
E,}/h. In Fig. 10c, we show the example of a
Hamiltonian sampled from GOE(64) for two differ-
ent values of T and j7 = 1. There, the largest en-
ergy difference is given by the semicircle (20) radius,
max{E,, — E,} = 01/8d, resulting in a maximum an-
gle, pmax = jToV/8d/H.

When the periodic interaction with an environment
is introduced by increasing €, the above mechanism
gradually shifts the real part of the overall superoper-
ator spectrum to the right of the complex plane. For
time-independent systems, the Hamiltonian eigenval-
ues are fixed, and the only parameter controlling the
spectral crossover to a shifted-disk phase is the dis-
sipation period T. For decreasing T, the crossover to
a shifted disk starts roughly when ¢na.x < 27, and
ends when the characteristic radius of the spectral
locus of the dissipative term in the quantum chan-
nel becomes of the order of sin(¢max), as indicated
by Eq. (41). After this point, the spectrum asymp-
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Figure 10: Annulus to disk crossover. The crossover of the
spectrum from an annulus to a disk is manifested in the
collapse of the inner radius (dashed blue line) of Eq. (35)
into a complex number. After the crossover, the outer radius
(solid red line) becomes the disk's radius. For illustrative
purposes, we plot the example of K = 3, corresponding to a
critical dissipation strength ¢, ~ 0.634.

totically approaches the one of the dissipative part,
shifted to the right by 1 — €, since the overall channel
fort — 0 is

K
Aoe— (1—)l®@T+eY N, @N:. (49

r=1

If the dissipative part is composed of a set of random
Kraus-Choi operators, as in the RMT examples of sec-
tion 5, the shifted spectrum belongs in a disk of radius
given by the inverse of the square root of the number
of the Kraus-Choi operators €/v/K [37], a result that
can also easily be obtained by taking the limit € — 1
in Eq. (36). In Fig. 12, we show the agreement of the
numerical calculations with the prediction of Eq. (38).

D Time Evolution of the PQC Spec-
trum

The powers of the eigenvalues of a matrix are the
eigenvalues of the corresponding matrix powers. Ac-
cordingly, the spectral loci of the different powers of
the PQC (25) are bounded by the powers of Eq. (35),
(36) and (38), for the annular, the disk and the shifted
disk respectively. In the case of the annular and disk
phases, they result in concentric circles, while in the
shifted-disk case, they form the cardioids of Fig. 13.
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Figure 11: Angular suppression of the superoperator spec-
trum. a. Histogram of the eigenvalues of 10* Hamiltoni-
ans and the corresponding semicircle law. b. Histogram of
the eigenvalues of 10" Liouvillians, i.e. all energy gaps. c.
Spectrum of a exp{—i%H} ® exp{i%H} for Tt =1 (blue)
T = 0.05 (red). The Hamiltonians H were sampled from
GOE(64), o0 =1, setting h = 1.
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Figure 12: Shifted-disk phase. a. Radii (o, solid colored
lines) and centers (+, dashed colored lines) of the border
of the spectral loci, together with the corresponding ana-
lytic prediction of Eq. (38), for different numbers of Kraus-
Choi operators K. b. Spectra on the complex plane for
K = 3 and varying €. c. Spectra on the complex plane for
e = 0.7 and varying K. The dashed black circles are the
theoretical border of Eq. (38). For every set of parameters,
we show the eigenvalues of a single Hamiltonian H sampled
from GOE(64), 0 = 1, setting i = 1 and T = 0.0001, while
a set of K random Kraus-Choi matrices N, are drawn as
truncations of an enlarged random CUE(192) element.
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Figure 13: Time evolution of the PQC spectrum. a. Dif-
ferent powers k of the spectral boarder of the channel A« .
in the shifted-disk phase. b. Eigenvalues (grey points) and
border (blue line) of the superoperator A% . with k = 25 and
€ = 0.2. Single realization with the Hamiltonian H sampled
from GOE(64), o0 = 1, setting i = 1 and T = 0.0001, the
set of K = 2 random Kraus-Choi matrices N, are drawn as
two sequential blocks of a random CUE(192) element.

E Proof of the C;, bound to the SFF

The fidelity between an initial CGS and its time evo-
lution can be written as

SFF(t) = (V| @¢[ps] [¥s) = tr [psQe[ps]]  (45)
d
S Vrmm e [l @lpsl]  (46)
n,d'fn/f .
= anpﬁ,nn(t)"' Z \/pnpmpﬁ,nm(t)v
n=1 n,m=1
n#m

(47)

which at infinite temperature g = 0 becomes

d

d
1 1
SFF Z EPO nn Z EPO,nm (t) (48)
n=1 n,m=1
n#m
1 d
—-11 @ 49
v n;ﬂ/)o, (t) (49)
ryzyém
and thus we arrive to Eq. (4)
1 d
SFR(t) =~ | 1+ 27L;1Re[pgynm(t)] (50)
77n<n
We now remind Eq. (8)
Ci,(t) =2 Z |po,ex (t (51)
£k=1
k<t
and notice that —[ponm(t)] < Re[ponm(t)] <

|p0.nm (t)], which by the addition property of inequal-
ities gives

- Z |p0nm |< Z Re POnm Z |p0nm (52)
nnzzml n 7r:"< nl nnzzml
1 ¢ 1 d 1 d
2172 2 @l | <5 | 142 3 Relmant0] | < 5| 142 3 manl| & 69
n#m m<n n#m
-0 w) < SFFG) < 51040, 1), (54)
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3 SUPPRESSION OF QUANTUM
NOISE AND SELF-AVERAGING

HE role decoherence in quantum chaos, as manifested in the correlation hole
T of the SFF [1, 96], has recently been studied in relation to spectral and fre-
quency filtering. As we saw in the previous chapter, the suppression of quantum
noise in the SFF, and the shrinking of the correlation hole are a consequence of
the same mechanism that governs the loss of information in open quantum sys-
tems driving them in general into a unique steady state [4, 95]. In the following
article we demonstrate that both disorder and time averages can be interpreted
as breaking of unitarity in the dynamical map, linking them to open quantum
dynamics, where quantum noise is suppressed even in single realizations. Addi-
tionally our findings are suggesting potential pathways for information recovery
in systems where unitarity is broken.

Self-averaging refers to the property of certain physical quantities or observ-
ables becoming independent of the system size as the number of measurements
increases. It occurs when the fluctuations or randomness in a physical quantity
diminish as one collects more data, and the average measurement outcome con-
verges to a well-defined value. The self-averaging property of a quantity is crucial
for numerical and experimental systems that are not easily scalable. This prop-
erty ensures that studying a limited number of smaller samples can offer insights
into the behavior of larger ones. It is quantified by the relative variance. Given a
sample of disordered realizations of a system, the relative variance of a quantity
is defined as the ratio of its variance over the square of its mean value. If the
relative variance tends to zero as the system size increases, the quantity under
study is said to be self-averaging. Said differently, if this limit holds true, it im-
plies that as the system size increases, individual measurements of the quantity
converge to the ensemble average. If the relative variance does not decrease with
increasing system size, the quantity under study is not self-averaging, making
its behavior dependent on individual realizations and potentially complicating
theoretical and experimental analyses.

For dynamical quantities, the self-averaging property depends on the timescale
under consideration. Specifically, at short times, quantities local in space are of-
ten self-averaging [106]. For example, the equal-site correlation function of the
one-dimensional Heisenberg model with quenched disorder and periodic bound-
ary conditions is self-averaging for short times [107]. At longer times, self-averaging
is either much weaker at small disorder, or it might break down at stronger
disorder. Accordingly, at long times, quantities local in time often exhibit self-
averaging [108]. The dynamical quantity of interest in this work is the SFF. In
isolated systems, it has been shown that survival probabilities such as the SFF
are not self-averaging at any timescale. We show that eigenvalue and frequency
filtering can make the SFF self-averaging at long times.
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The complex Fourier transform of the two-point correlator of the energy spectrum of a quantum system is
known as the spectral form factor (SFF). It constitutes an essential diagnostic tool for phases of matter and
quantum chaos. In black hole physics, it describes the survival probability (fidelity) of a thermofield double state
under unitary time evolution. However, detailed properties of the SFF of isolated quantum systems with generic
spectra are smeared out by large temporal fluctuations, whose minimization requires disorder or time averages.
This requirement holds for any system size, that is, the SFF is non-self-averaging. Exploiting the fidelity-based
interpretation of this quantity, we prove that using filters and disorder and time averages of the SFF involve
unitarity breaking, i.e., open quantum dynamics described by a quantum channel that suppresses quantum noise.
Specifically, averaging over Hamiltonian ensembles, time averaging, and frequency filters can be described by
the class of mixed-unitary quantum channels in which information loss can be recovered. Frequency filters
are associated with a time-continuous master equation generalizing energy dephasing. We also discuss the use
of eigenvalue filters. They are linked to non-Hermitian Hamiltonian evolution without quantum jumps, whose
long-time behavior is described by a Hamiltonian deformation. We show that frequency and energy filters make

the SFF self-averaging at long times.

DOI: 10.1103/PhysRevA.108.062201

I. INTRODUCTION

The spectral form factor (SFF) is an essential diagnos-
tic tool in the characterization of complex quantum systems
[1-6]. Given a Hamiltonian H of a single system with spec-
trum Sp(H) ={E,ln=1,...,d}, the SFF is a real-valued
function defined as

Z(B +it)|?

Z(B)
1
Z(p)*

SFF(t) = ‘

d
Z e_.B(En+En1)_it(En_Em)’ (1)

n,m=1

where we use units with 7z = 1. The partition function
Z(B) = trlexp(—pBH)] is included as a normalization such
that SFF(0) = 1. Finite values of the inverse temperature
B exponentially suppress the contribution from the excited
states. Thus, the Boltzmann factor exp(—BE,) acts as an (en-
ergy) eigenvalue filter, where large values of B preferentially
sample the low-energy part of the spectrum, and 8 = 0 gives
equal weight to the whole spectrum.

The SFF admits several information theoretic interpreta-
tions. In particular, it can be expressed as the fidelity [7-10]
between a coherent Gibbs state |/5) = ﬁ >, e P2 |n)

and its unitary time evolution

SFF(1) = [(Ygle ™ [yrg) [*) )

or equivalently, as the survival probability of the evolving
coherent Gibbs state. Likewise, in bipartite systems, it is

2469-9926/2023/108(6)/062201(11)
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convenient to consider the entangled state

1

TFD) =
D VZ(P)

D el @ In), 3)

known as the thermofield double state (TFD). In terms of it,
SFF(t) = |(TFD|e~""®1|TED)|2. The TFD is the purification
of the thermal state of a single copy of the system, obtained
by doubling the Hilbert space. The TFD was first introduced
as a convenient reference state to extract thermal averages
in field theory [11]. The TFD dynamics was used early
on to model the “hot” thermal vacuum observed outside
the horizon of a single radiating eternal black hole [12].
In the context of the anti-de Sitter/conformal field theory
(AdS/CFT) correspondence, it describes an eternal two-sided
black hole in AdS [13,14]. The SFF captures the survival
probability of the TFD state under unitary time evolution
[7-10]. The conjecture that black holes are maximally
chaotic [15] has led to a surge of activity in the study
of the dynamical manifestations of quantum chaos in the
SFF [8,16-20].

In theoretical and numerical studies, it is customary to
average the SFF by considering a Hamiltonian ensemble, e.g.,
in random-matrix theory or in disordered systems. In such a
scenario, a property is said to be self-averaging when its esti-
mate using a typical member of the ensemble and the explicit
average over the ensemble coincide. Self-averaging largely
eases numerical studies in many-body systems, disposing of
the need for Hamiltonian ensemble averages in characterizing

©2023 American Physical Society
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FIG. 1. Spectral form factor for a single realization (solid red line) and upon Hamiltonian average (solid black line), together with the
corresponding RV (black dashed line). The averages are taken over a sample of 500 random GOE(64) Hamiltonians H, with o = 1. (a) In
the unfiltered case, k = 0, the RV saturates at the unit value after the dip time. (b) RV using frequency filtering with the Gaussian function
(26) and a finite dephasing strength ¥ = 0.1. The RV reaches a maximum value at the dip time and then drops to a plateau of value RV, =

((ZR2B)?*/Z(BY*Y/(Z(2B)/Z(B )2)2. (c) RV with eigenvalue filtering using the Gaussian function (30) with f(E) = E. The RV increases to its
maximum at the dip time and then drops to a plateau given by RV, = (1/Z(8)*)/{1/Z (ﬂ))z. In all three panels, the inverse temperature is

B =0.1.

the desirable property of the system. However, the SFF is not
self-averaging [21].

The structure of the SFF in the time domain is well charac-
terized [16,17]: it exhibits a slope-dip-ramp-plateau structure,
as shown in Fig. 1(a), that is manifested under averaging
over disorder or a Hamiltonian ensemble. In the absence of
averages, erratic time-domain fluctuations appear, making it
difficult to appreciate some of its features. An exception is
the SFF computed using the gauge-gravity duality in the
semiclassical approximation, where the erratic fluctuations
are absent [22]. These fluctuations are sometimes referred
to as noise [21], or quantum noise [23], terminology to be
distinguished from the standard one in the theory of open
quantum systems [24]. Erratic wiggles in the time domain
are a consequence of the discreteness of the energy spectrum
and can be associated with quantum coherence in the energy
eigenbasis in the time evolution of the coherent Gibbs state
or the TFD. Quantum noise is further responsible for the
lack of self-averaging in the SFF. Fluctuations with respect
to the signal do not cancel out upon averaging, e.g., over a
Hamiltonian ensemble [1,21,25-27]. This can be quantified
by the finite value of the relative variance (RV)

(SFF%(¢)) — (SFF(1))?
(SFE(1))?

which does not vanish as the size of the Hilbert space is
increased. The lack of self-averaging of the SFF and the
survival probability was analytically shown for random matri-
ces and disordered spin models [28-30]. It has been related
to the zeros of the partition function in the complex tem-
perature plane, known as Fisher zeros [31]. This implies
that no matter how large the system size is, an ensemble
average is required, adding an extra layer of complexity to
numerical studies, which are generally challenging due to the
large Hilbert space involved in analyzing many-body quantum
systems. As an alternative to averaging over a Hamiltonian
ensemble, numerical and analytical studies often resort to
running averages over time that smear SFF(¢) over intervals
of time [1,27]. A yet different approach resorts to modifying
the definition of the SFF restricting the Fourier transform

RV(?) =

, “)

of the two-point function over an energy window, or more
generally, using a filter function over an energy or frequency
band [18,21,32-34].

In what follows, we build on the interpretation of the SFF
as a fidelity between quantum states related by time evolution
and show that suppressing the erratic wiggles implies the
breakdown of unitarity in the dynamics. To this end, we re-
formulate as quantum operations described by a (nonunitary)
quantum channel the different approaches to reduce the time
fluctuations in the SFF, such as ensemble averages, and to
enforce self-averaging, such as filters in the energy and fre-
quency domain. For a particular class of filters, the resulting
channels are of the mixed-unitary class, and the information
lost due to the unitarity breaking can be recovered.

The paper is organized as follows. We review the structure
of the unfiltered SFF in Sec. II, and introduce the general-
ization of the SFF to arbitrary physical processes in Sec. I,
paving the way to the description of filtering of the SFF in
terms of nonunitary quantum channels in Sec. IV. Physical
mechanisms associated with energy dephasing and giving
rise to different spectral filters are discussed in Sec. V. Sec-
tion VI discusses the filtered SFF as a function of the system
size, while Sec. VII focuses on information recovery under
mixed-unitary quantum channels and the frequency filter de-
convolution. Fundamental limits to quantum noise associated
with the fidelity-based SFF are presented in Sec. VIII. The
relation between eigenvalue filters and Hermitian Hamiltonian
deformations is discussed in Sec. IX. Time-continuous master
equations for frequency filters are derived in Sec. X before
closing with a discussion and conclusions.

II. FEATURES OF THE SPECTRAL FORM FACTOR
IN AN ISOLATED CHAOTIC QUANTUM SYSTEM

We start by reviewing the well-known structure of the
SFF for a chaotic system in isolation. The (unfiltered) SFF
averaged over a Hamiltonian ensemble can generally be
written down in terms of different contributions. Invoking
the annealed approximation, which replaces the average of a
quotient by the ratio of the averages at high temperature, and
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in the absence of degeneracies in the energy spectrum, one
finds [8,16]

(SFE(1)) = [{Z(B +it)* + g.(B, 1) + (Z(2B))].

®)

The first term in brackets is known as the disconnected
part as it can be derived from the average density of states
(p(E)) = (3, 8(E — E,)) (one-point function) as

1
(zp)*

(Z(B+1it)) = /dE(p(E))e*(ﬁHf)E'

The second term captures correlations among eigenvalues and
is governed by the Fourier transform g.(8, t) of the connected
two-level correlation function of the energy spectrum
(P(E)p(EN)e = (p(E)p(E") — (p(E)){p(E")). Specifically,

g(B. 1) = / dEdE'(p(E)p(E')) e~ PHDE = (F=IDE",

The last term is constant and governs the long-time
asymptotics. The SFF reduces to unit value at 7 =0.
The short time evolution gives rise to a parabolic decay
(SFF(t)) = 1 — (AH?)¢? in the time scale fixed by the inverse
of the energy fluctuations (AH?) = [dE(E — (E))*(p(E))
and extends, forming a slope. This decay is governed by
the disconnected part of the SFF. In chaotic systems, the
decay reaches a dip below the long-time asymptotics. The
region where (SFF(t)) < (Z(28))/(Z(B))? is known as a
correlation hole or dip [1,3]. The latter is followed by a
ramp, governed by the eigenvalue correlations, and is thus
a proxy for quantum chaos. The ramp extends from the dip
time to the plateau time, at which it takes the constant value
(SFF) = (Z(2B))/{Z(B))? in the annealed approximation, in
the absence of degeneracies expected in chaotic systems.

III. SPECTRAL FORM FACTOR IN ARBITRARY
PHYSICAL PROCESSES

The fidelity-based interpretation of the SFF can be lever-
aged to consider more general sorts of time evolution beyond
the unitary case. In particular, this makes it possible to gen-
eralize the SFF to non-Hermitian and open quantum systems
characterized by nonunitary evolution [10,35-39]. This sec-
tion introduces tools used to describe nonunitary evolution
that will be employed in the explanations that follow in the
next sections.

Several generalizations of the SFF have been put forward
when the dynamics is not unitary. At variance with alternative
proposals with a restricted domain of applicability [40,41],
the fidelity-based generalization of the SFF has the advan-
tage of involving only the eigenvalue correlations that govern
quantum dynamics and applies to arbitrary physical processes.
Provided that the evolution is described by a quantum channel
®,(-) (i.e., a completely positive and trace-preserving map),
the fidelity-based SFF is given by [10,36-39]

SFE(r) = (Y| @i ([9p) (¥pDlp). (6)

An arbitrary quantum channel admits a Kraus representation,
®,(po) = Y »_; KupoK], where r is known as the Choi rank
[42]. The case of unitary evolution corresponds to the case

of a single Kraus operator that equals the time evolution
operator, i.e., K(t) = K;(t) = U(t) and K,(t) = 0 for o« > 1.
Given that Kraus operators need only obey the condition of
adding up to the identity >, KJK, = for the dynamics
to be trace-preserving and that the Kraus decomposition in-
volves 1 < r < d? Kraus operators in a d-dimensional Hilbert
space, it is apparent that the chaotic features of the SFF under
unitary dynamics are generally suppressed under nonunitary
time evolution. As a result, quantum channels with a simple
representation in the energy eigenbasis are singled out to study
filtering in quantum chaos and self-averaging of the SFF.

An important class of channels that will be of relevance in
the following is that of mixed-unitary channels [43]. A chan-
nel ® is a mixed-unitary channel if there is an alphabet X, a
probability vector p, and a collection of unitaries {U, : y € X}
such that

®(p) =) (UL ()

yeX

The channel is thus a convex combination of unitaries. This
kind of quantum channel is unital and thus preserves the
identity I, i.e., ®,(1) = I.

The fidelity-based interpretation of the SFF extends to
higher moments of the SFF. Indeed, given that the initial state
po = |¥p) (gl is pure, the kth moment reads

SFF* = tr[popr - - popi] = (WplodWp)". (8)
e —

k times

The kth moment can be associated with a Zeno sequence in
which the time evolution is interrupted by sequential projec-
tive measurements onto the initial state. Therefore, the RV in
Eq. (4) probes the degree of factorization of the time evolution
in a sequence with k = 2 in the presence of averaging.

IV. UNITARITY BREAKING: SPECTRUM FILTERING
AS A NONUNITARY QUANTUM CHANNEL

In what follows, we consider three approaches frequently
used to reduce the erratic wiggles in the SFF. They involve av-
eraging over a Hamiltonian ensemble and the use of frequency
filters and eigenvalue filters. The last two involve different
kinds of time averaging and ensure the self-averaging of the
SFF at long times. We show that all three cases involve unitary
breaking described by a nonunitary quantum channel.

A. Averaging over Hamiltonian ensembles

Averaging over a Hamiltonian ensemble constitutes a pop-
ular approach that smooths out the quantum noise wiggles
in the SFF. This approach is at the core of the random-
matrix theory, the study of disordered systems, and matrix
models [5,6,44]. Given a Hilbert space H of dimension d,
consider an ensemble of Hamiltonians £y with a probability
density function P(H) and integration measure dH such that
/. ¢, P(H)dH = 1. The average of the SFF over &y is given by

tr(e~(B+DH) 2

tr(e—PH) ©)

(SFFE(1))¢, :/ dHP(H)
En

The fidelity-based interpretation of the SFF illuminates the
underlying physical process involved in such an average. For
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a specific Hamiltonian H = ), E,|n)(n|, the initial state is
chosen as the coherent Gibbs state (or the TFD in the case of
a bipartite system),

o—PH/2

Z Jir(eBH)

The Hamiltonian ensemble &y provides an alphabet, to-
gether with the collection of unitaries {Uy(t) = e " : H €
Eu}. The state |yg(H)) is chosen with probability measure
P(H)dH and evolved unitarily into Uy (t)|y/3(H)). The SFF
is then computed as the averaged survival probability over the
Hamiltonian ensemble,

[Vp(H)) = (10)

(SFF(1))e, = /5 dH P(H)|(yrs (H)|U ()| (D). (11)
H

As a result, averaging the SFF over a Hamiltonian ensemble
involves breaking the unitarity of the dynamics by classically
mixing a distribution of states and unitaries. When the ini-
tial state pg is fixed and independent of the Hamiltonian H,
the process can be associated with a mixed-unitary channel
D(pg) = fgﬁ dHP(H)Uy(t)poUn (t)'. As a relevant instance,
this is the case when the initial state is the coherent Gibbs state
in the infinite temperature limit 8 =0, |y) =), %ﬂn),
where the Hilbert space dimension fixes the probability
amplitudes.

B. Frequency filtering and the time-averaged SFF

As an alternative to Hamiltonian averaging, in numeri-
cal and analytical studies, it is customary to enforce the
SFF’s self-averaging by using a filter function w(E, — E,,)
that acts on the frequency domain, suppressing contribu-
tions from given eigenvalue differences in the spectrum of
a single Hamiltonian. This is equivalent to filtering eigen-
values of the Liouville superoperator L = —i(H @ [ - I ®
HT) that governs the unitary evolution in the vectorized
density matrix |p;) according to %|p,) = L|p,), i.e., when
representing the Liouville-von Neumann equation as a linear
matrix equation. We assume the frequency filter to be de-
scribed by a symmetric function w(x) : R — [0, 1] satisfying
w(x) = w(—x). The frequency-filtered SFF is then propor-
tional to ., e PEFED=itE=En)y)(E, — E,,). Making use of
the Fourier transform of w, the frequency-filtered SFF reads

4 p=BEAE,)—it(E,—Ep)

SFF,,(t) = E, —E,
(t) n;] Z(,3)2 UJ( )
= —/ dtw(t — 1) (g(—;)w) . (12)

with w(y) = f_oooo dE exp(—iyE)w(E). Filtering in frequency
space is equivalent to time-averaging the canonical SFF
associated with the unitary time evolution. Without degen-
eracies in the energy spectrum, the long-time behavior of
SFF,, saturates at the plateau value set by w(0). Further,
in the fidelity-based interpretation of the SFF, frequency
filtering can be recast as the result of a nonunitary time
evolution. To this end, consider a quantum channel &,
such that the time evolution of the initial coherent Gibbs

state [Yg) (Vgl = >, € PETED2 7 (B) reads

pr = P (1¥p) (Vs

e PEAER)2—it(E,—Ey)

Z(p)
The latter can be rewritten as
@) = [ aKOIMKO)' (14)
with
K() = (17’2%)) s, (15)

For the time evolution to be trace preserving, it is required that

00 i 1 00 _
f aYKO)KO) = 5 / i) =1, (16)

—00

that is, w(0) = 1. The above equations provide an analog of
the Kraus decomposition with a continuous index [45]. They
are associated with energy diffusion processes. Generally,
the Fourier transform w(y) of the frequency filter can take
both negative and positive values. However, given Eq. (16),
whenever p(y) = —w(y) 0, it can be thought of as a prob-
ability d1str1but10n Frequency filtering is then described by a
mixed-unitary channel, i.e., the convex combination of uni-
tary quantum channels, each with a single Kraus operator
that equals the time-evolution operator shifted as ¢t — ¢ + y.
The collection of unitaries, in this case {U,(r) = e /T)H
y € R}, is generated by one single Hamiltonian H, lead-
ing to a time average of the quantum state at time ¢, p;, =
[ dyp(y)e™"HIH poeltNH [ from which the SFF is obtained
as the fidelity SFF,, (1) = (Vg|o;1¥g).
An important example concerns the time averaging of the
SFF over a time window of duration T,

1 +7/2

T ./—T/Z Z(B)

for which w(y) = 27 /T for y € [-T/2,T/2] and zero oth-
erwise. This is tantamount to considering the averaged

time-dependent state o, = + _Tﬁz dye 1HIH i tHIH

2
SFF(1) = dy, (17

C. Eigenvalue filtering

An alternative filtering of the SFF involves expressions
of the form |, e PE—itEiy(E,)> with a filter function
w(E) > 0 that acts directly on the eigenvalues. This is equiv-
alent to selecting an energy band to study the SFF, while
disregarding contributions from other parts of the spectrum
[21,27]. As noted in the introduction, the Boltzmann factor
exp(—pBE,) can be considered as an exponential eigenvalue
filter acting on the SFF with § = 0. The use of an energy-
eigenvalue filter function can be associated with the evolution
governed by a single nonunitary Kraus operator

K@) = e "™ Jw(H). (18)
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The selection of the energy window corresponds to a post-
selection represented by the operation

K K T
W) (Wpl — o = (t)wzﬂ)((?;l =

which is always a pure and normalized state, including the
state at t = 0. Here, the modified partition function

Zu(B) = KOl Yp) (Wsl K ()]
= tr[w(H)e PM]. (20)

) 19)

This accounts for the correct normalization, so that the SFF
at all times # > 0 is still given as the Uhlmann fidelity
SFF, (t) = tr(pop; ), i.e., the survival probability of the posts-
elected coherent Gibbs state pg and its time evolution,

- —it(Ey—Ey) WEDW(Ep)
SFF, () = Y e AEtEm—ittEymby) 0200 0 (2])
2 Zy(B)?

The choice of the Kraus operator is nonlinear in the quantum
state, as it is tailored for the initial coherent Gibbs state,
ie., tr[K(t)llpﬁ)(w,ﬂK(t)"'] = 1, making (only) in this case
the dynamics trace preserving. While this scenario is not the
standard one in the theory of open quantum systems, it admits
a natural interpretation in terms of energy dephasing without
quantum jumps, as discussed in Sec. V B.

For completeness, we note that in terms of the Fourier
transform of w(y) = ffooo dE exp(—iyE)w(E) and the defini-
tion p(y) = w(y)/(27), the filtered SFF can be found in terms
of the analytically continued partition function

nm

o) 2
SFF,(t) = / dypt —y)Z(B —iy)| . (22)

(o]

1
Z,(B)?
Naturally, for w(E) = 1, Z,(8) = Z(B), p(t —y) = §(t — ),
one recovers the canonical SFF in Eq. (2).

Before moving forward, let us characterize the perfor-
mance of frequency and energy filters in the SFF. We consider
random matrix Hamiltonians as a paradigm of quantum chaos.
We sample the Hamiltonian matrices H from the Gaussian
orthogonal ensemble GOE(d), calculate the corresponding
SFF(¢) and SFF?(¢), and then perform the average over the
different realizations. Specifically, we consider samples of
real matrices H = (X + XT)/2, where all elements x € R of
X are pseudorandomly generated with probability measure
given by the Gaussian, exp[—xz/(202)]/(a x/ﬂ), where o is
the standard deviation.

Figure 1 shows three panels corresponding to the isolated,
unfiltered SFF in panel (a) and its modified versions with
frequency and energy filters in panels (b) and (c), respectively.
A single realization of the SFF exhibits quantum noise, mani-
fested in the erratic oscillatory behavior in the time evolution
[red line in Fig. 1(a)]. This is suppressed by performing a
Hamiltonian ensemble average [solid black line in Fig. 1(a)].
Alternatively, the frequency filter can suppress quantum noise
in the SFF for a single random-matrix Hamiltonian without
relying on ensemble averages, as illustrated in Fig. 1(b). Its
effect is to reduce the oscillatory wiggles and the RV. The
use of filters acting on energy eigenvalues directly provides
a different alternative, shown in Fig. 1(c). Note that for the
unfiltered SFF, RV equals 1 from the time of the dip onward,

as seen in Fig. 1(a). This result holds for random matrices
of any dimension [28] and for chaotic many-body quantum
systems of any size [28,29], which means that the unfiltered
SFF is non-self-averaging. RV = 1, because the distribution
of the SFF(¢) for large times [30] is exponential, so the square
of the mean of the distribution and its variance are equal. In
contrast, the asymptotic values of the RV under frequency and
energy filters become smaller than 1. Furthermore, as we shall
see in Sec. VI, the long-time values of the RV of the filtered
SFF further decrease as d increases, indicating that the SFF
becomes self-averaging.

V. ENERGY DEPHASING PROCESSES
AND SPECTRAL FILTERING

This section explores the relationship between energy-
dephasing processes and the effects of different spectral
filters.

A. Frequency filters from energy dephasing

Energy dephasing processes, also known as energy diffu-
sion processes, arise in various scenarios [46,47]. They are
postulated in modifications of quantum mechanics involving
wave-function collapse models [48-50]. They also arise in
the description of unitary time evolution timed by a realis-
tic clock subject to errors [51,52]. They have been used to
study the interplay between quantum chaos and decoherence
[10,36,53]. Energy dephasing has also been analyzed in the
context of AdS/CFT [45,54-56] to explore the relation be-
tween entanglement and space-time connectedness [13]. It can
be described by the master equation

dtpf = _i[Ha )Oz] _K[Xv [Xa )Oz]]’ (23)

with the condition that [H, X] = 0, so that both Hermitian
operators have a common set of eigenvectors, i.e., H =
>, Esn)(n| and X =), x,|n)(n|. The nested commuta-
tor plays the role of the dissipator and induces dephasing,
suppressing coherent quantum superpositions in the energy
eigenbasis. This is explicitly seen by considering the time
evolution of an initial quantum state pg = )_,,,, Pum(0)|n){(m|,

—i —E,)— —x,,)?
pr =) pun(O)e BT EM T ) (] (24)

nm

For an initial coherent Gibbs state, the SFF is obtained as the
survival probability

SFE() = ¢

nm

—B(Ey+Ep) =it (Ey—En)
Z(p)y?

When the Hermitian Lindblad operator is a deformation of
the Hamiltonian, X = f(H), x, = f(E,), and w(E, — E,,)) =
exp{—«t[f(E,) — f(E,)]?} in Eq. (12). When they are equal,
X = H, one recovers the canonical case of energy dephas-
ing. In this case, one can recast SFF(¢) in Eq. (25) as the
frequency-filtered SFF,, (12) with the identification of a time-
dependent Gaussian filter function

w(E, — E) = expl—«t(E, — E,)*]. (26)

The action of the frequency filter (26) in the SFF is shown
in Fig. 2(a) for fixed g = 0.1 and varying «; see also Fig. 1.

e*Kt(Xn —Xm )2. (25)
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FIG. 2. Frequency filtered SFF and its RV for different dephas-
ing strengths and inverse temperatures. (a) and (b) SFF next to the
corresponding RV for inverse temperature 8 = 0.1 and different
dephasing strengths «. (c) and (d) SFF next to the RV for a dephasing
strength ¥ = 0.01 and different values of the inverse temperature 3.
In all panels, the Hamiltonian averages were taken over a sample of
500 random GOE(64) Hamiltonians H with o = 1.

Such filtering delays the onset of the ramp, reduces its span,
and decreases the depth of the correlation hole. In short, it
decreases the dynamical manifestations of quantum chaos.
The corresponding RV is shown in Fig. 2(b) indicating that
the long-time plateau of the RV is independent of x for x > 0,
as expected from Eq. (25). Figure 2(c) shows the effect of
varying B for fixed «, with the corresponding S-dependent
long-time plateau being associated with the RV of a canonical
thermal equilibrium state, as shown in Fig. 2(d).

B. Eigenvalue filtering from energy dephasing
without quantum jumps

In what follows, we show that eigenvalue filtering can
be described as the non-Hermitian evolution associated with
energy-dephasing processes without quantum jumps. To this
end, consider the evolution operator U (t) = exp(—itHr) gen-
erated by the time-independent non-Hermitian Hamiltonian
Hr =H —il', with H=H" and ' = I'". In this case, the
evolution is not trace preserving, and one can introduce a sin-
gle nonlinear Kraus operator dependent on the initial state pg

K= ! e M | 27)
tr(e—itHT poeitﬂ;)

The latter is associated with a master equation of the form
dipy = —i(Hrp — piHp) +20(Coor, (28)

which describes non-Hermitian dynamics subject to balanced
norm gain and loss [57,58].

In particular, consider a non-Hermitian Hamiltonian in
which the Hermitian and anti-Hermitian parts commute

[H,I'] =0 and thus have common eigenstates {|E,)}. The
action of the filter function can be identified by noting that
w(H) = exp[—itT'], i.e., T|E,) = —1 Inw(E,)|E,).

As an illustrative example, consider the master equation for
energy dephasing in Eq. (23) with the condition [H, X] = 0.
This evolution is of the Lindblad form with a single Hermitian
Lindblad operator +/2X and is thus Markovian [42]. As such,
it can alternatively be written in terms of a non-Hermitian
Hamiltonian Hy = H — i2«X? and a quantum jump term
J(p) =2kX pX. Disregarding the quantum jump term in-
duces a non-Hermitian evolution exclusively governed by Hr.
This can be justified at short times or by postselection of
quantum trajectories to the absence of quantum jumps [59].
The evolution of the subset of quantum trajectories exhibiting
no quantum jumps from time ¢ = 0 to time ¢ is governed by
Eq. (28), which is known as the nonlinear Schrédinger equa-
tion for null-measurement conditioning in this context [57].
Specifically, the time evolution subject to energy dephasing
in the absence of quantum jumps is governed by (28), which
admits a closed-form solution [36]. Explicit computation of
the survival probability for the coherent Gibbs state yields the
expression of the SFF

—kKt (x,2, +x5,)

; e
SFF(t) = e PENE—it(E,—Ep) , (29)

; Z(B)Zy(B. 1)
where the modified partition function Z,(8,t)=
trfw(X)>exp(—BH)]. The case of the Hamiltonian

deformation X = f(H) corresponds to the choice of the
time-dependent filter function

w(E,) = exp[—kt f(E,)*] (30)

in Eq. (21). The time dependence of the SFF with eigenvalue
filtering in Eq. (30) engineered through energy dephasing in
the absence of quantum jumps is illustrated in Fig. 3. At fixed
B, increasing « reduces the correlation hole; see Fig. 3(a). For
k > 0, the long-time plateaus of the SFF and RV differ from
the unfiltered case. Increasing 8 for fixed « favors contribu-
tions to the SFF from the low-energy part of the spectrum
and generally reduces the correlation hole and increases the
plateau value of the SFF and the RV, as shown in Figs. 3(c)
and 3(d), respectively.

We emphasize that the definition of the SFF (1) involves
a finite inverse temperature 8. In the fidelity-based interpre-
tation, this presumes a TFD state with finite 8 at t = 0. The
corresponding Boltzmann factors (probability amplitudes in
the TFD) can be associated with an eigenvalue filter acting on
an initial infinite-temperature TFD state. Varying the value of
B can be similarly associated with a non-Hermitian evolution
conditioned to balanced norm gain and loss. We further notice
that the difference in the SFF at 8 = 0 and 8 — 07 has been
associated with the emergence of many-body quantum chaos
in a field theory analysis [60].

VI. SELF-AVERAGING AT LONG TIMES

Under chaotic quantum dynamics, quantities that are lo-
cal in space are expected to be self-averaging at short times
[28-30]. It has further been suggested that time locality im-
plies self-averaging at long times. The SFF can be interpreted
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FIG. 3. Eigenvalue filtered SFF and its RV for different dephas-
ing strengths and inverse temperatures. Hamiltonian averages over a
sample of 500 random GOE(64) Hamiltonians H with o = 1. (a)
and (b) SFF and the corresponding RV with inverse temperature
B = 0.1 and different dephasing strengths «. (c) and (d) SFF and the
associated RV with fixed dephasing strength « = 0.01 and varying
inverse temperatures f3.

as a time autocorrelation function, thus a nonlocal quantity in
time. The unfiltered SFF lacks the self-averaging property at
all timescales in isolated quantum systems [28].

We have shown that filters ubiquitously used to reduce the
erratic wiggles of the SFF can be associated with quantum
channels involving nonunitary dynamics. The breaking of
unitarity contributes to suppressing quantum noise. In what
follows, we numerically investigate the dependence of the RV
as a function of the system size to identify when RV decreases
as d increases, thus rendering the SFF self-averaging.

Figure 1 implies that unitarity breaking can suppress
the quantum noise of the SFF. Nevertheless, the robustness
against sample-to-sample fluctuations is associated with the
reduction of the RV as the Hilbert space dimension in-
creases. Figures 4(a) and 4(b) show that the frequency- and
eigenvalue-filtered SFFs become self-averaging at the small
inverse temperature shown and large times. Figures 4(c) and
4(d) confirm that the filtered SFFs become self-averaging at
times after the correlation hole, where, according to Figs. 1(b)
and 1(c), (SFF(t)) > RV(?).

The effect of the inverse temperature depends on the filter
considered, as shown in Fig. 5. The long-time SFF is only
self-averaging for moderate to high temperatures in the case
of frequency filtering; see Fig. 5(a). By contrast, the long-time
eigenvalue-filtered SFF remains self-averaging as the inverse
temperature varies, as shown in Fig. 5(b).

VII. INFORMATION LOSS AND ITS RECOVERY

We have shown that the different approaches to suppress
quantum noise in the SFF can be described as quantum

(b)
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FIG. 4. Asymptotic self-averaging of the filtered SFF. Hamilto-
nian averages over a sample of 1000 random GOE(d) Hamiltonians
H with 0 = 1. (a) and (b) Plateau value of the frequency-filtered and
the energy-filtered RV, which is independent of «, as a function of
the Hilbert space dimension d is shown for different inverse temper-
atures. (c) Frequency-filtered RV for inverse temperature 8 = 0.5,
dephasing strength « = 0.2, and different Hilbert space dimensions
d. (d) Corresponding energy-filtered RV for the same parameters. In
both cases, the relative variance plateau decreases with the dimension
increment, i.e., the SFF becomes self-averaging.

channels involving nonunitary physical processes. In partic-
ular, Hamiltonian averaging, frequency filtering, and time
averaging of the SFF are all associated with mixed-unitary
channels. The latter are unital and thus satisfy the necessary
conditions for the purity P, = tr[D,(po )?] of the time-evolving
state to decay monotonically under the action of the channel
[53,61]. Conversely, the linear entropy S;, = 1 — P, increases
monotonically. Thus, these channels lead to monotonic

—
2

(b)
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FIG. 5. Self-averaging of the filtered SFF as a function of the
inverse temperature. (a) Value of the long-time RV plateau in the
frequency-filtered SFF, reflecting a breakdown of self-averaging as
the inverse temperature is increased. By contrast, (b) indicates that
self-averaging remains robust against variations of the inverse tem-
perature in the case of eigenvalue filtering.
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information loss. Yet, the lost information is fully recoverable
[43,62]. To appreciate this, it is convenient to consider the
Hilbert space of the system together with the Hilbert space Hg
of the environment with initial density matrix pg, such that

@, (po) = tre(Use po ® prUgy), (31)

in terms of a global unitary Usg. One can consider a
measurement on the environment associated with a family of
operators M,, such that Zy M, = Ig. The expectation value
of an operator A on the system can be described in terms of a
family of completely positive maps ®,,

tr[®,(p0)A ® Il = ) trp(Use po ® prUspA © M)

y

= > tr[®y(po)Al. (32)
S

The decomposition of the channel ®; = Zy ®, is known as
an instrument. The measurement of M on the environment
yields outcome y and the quantum state ®,(pg)/tr[P,(00)]
with probability p(y) = tr[®,(pg)]. It is then possible to
select the reverse operation

Ry = U, ®:(po)Uy, (33)

so that the information-recovery channel is

R= ZRy o ®,. (34)
y

In short, the information acquired by performing a
measurement on the environment can be used to reverse
the action of the quantum channel ®; on the system, thus
recovering the initial state.

This information-recovery protocol involves access to the
degrees of freedom of an environment, which may be physical
or an auxiliary construction, depending on the context. Any
physical system is embedded in an environment that may
give rise to decoherence and filtering through interaction with
the system of interest. By contrast, in an effectively isolated
system, one may still consider using nonunitary operations
for filtering as done in numerical analysis without an explicit
physical environment.

In what follows, we tackle a complementary problem, the
recovery of information masked exclusively by the filter. We
focus on frequency filtering and aim at obtaining the unfiltered
SFF from the filtered one by undoing the action of the filter.
The filtered SFF is the convolution of the Fourier transform of
the filter function and the canonical SFF, as shown in Eq. (12),
which can be written as

SFF, (1) = %w(z) % SFE(7). (35)

By the convolution theorem, it is thus possible to retrieve SFF
from knowledge of SFF,, and w using

SFF() = % (36)

provided that w(v) is nonzero everywhere in the domain
of SFF, (v). Even when the inverse frequency filter func-
tion 1/w(v) is nonsingular, the inversion can be unstable for
small values of w(v). Furthermore, knowledge of SFF,,(v)

generally comes with additive noise, whether resulting from
limited machine precision in a numerical simulation or sta-
tistical errors in measured data. This scenario is common in
filter analysis and motivates alternatives to direct deterministic
deconvolution, such as the Wiener deconvolution.

VIII. INTRINSIC QUANTUM NOISE
FROM EIGENVALUE STATISTICS

In the fidelity-based interpretation, the SFF is the survival
probability of the time-evolving quantum state p; in the initial
coherent Gibbs (or TFD) state. As such, one can introduce a
projector onto the initial state

P = py = [¥p)(Vgl, 37)

satisfying P> = P, i.e., with eigenvalues £ 1. Such eigenvalues
correspond to measurement outcomes in a projective measure-
ment of P. The full counting statistics associated with the
projective measurement associated with P is thus that of a
discrete random variable, i.e., the Bernoulli distribution. Its
characteristic function reads

tr[p e = 1 + (¢ — 1)SFF(z). (38)

For any nontrivial evolution, an intrinsic quantum noise can-
not be suppressed (other than by postselection), whether the
dynamics is unitary or not. The quantum noise associated with
the uncertainty in the measurement outcomes of a projective
measurement of P can be quantified by the relative variance
of the eigenvalue statistics encoded in the relation

var, (P) _ tr(P*p;) —tr(Pp)* 1 —SFF
tr(Pp,)? tr(Pp, )? ~  SFF

For any ¢ > 0, up to recurrences of zero measure [63,64],
var,, (P) > 0.

(39

IX. EIGENVALUE FILTERING
AS HAMILTONIAN DEFORMATION

We first note the following identity for the modified parti-
tion function (20) with an eigenvalue filter w(E):

Z,y(B) = tr[e PH= 7 logw D)) (40)

As aresult, Z,,(8) can be understood as the standard partition
function of the operator

Fy=H— %logw(H), (41)

which describes a one-parameter family of Hermitian Hamil-
tonian deformations of H [65,66]. Formally, this deformation
takes the form of a Helmholtz free-energy operator analogous
to that introduced to bound the charging power of quan-
tum batteries [67]. In particular, the filter gives rise to the
entropy (surprisal) term S(H) = logw(H). The eigenvalue-
filtered SFF in Eq. (21) is then

tr(e—BEs—itH) 2

SFFw(t) == W

(42)
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At long times, in the absence of degeneracies, SFF,, (¢) tends
to

tr(e=2bF
SFF, = e ")
tr(e—PFs)2

(43)

This expression is nothing but the purity P[p,(8)] =
tr[ pw(B)?] of the canonical Gibbs thermal state p,,(8) defined
with respect to the deformed Hamiltonian, i.e., the free-energy
operator Fg,

e PFs
Z,(B)

Indeed, the asymptotic value of SFF,(#) can be writ-
ten in terms of the second Rényi entropy S:[p,(B)] =

—logtr[p, (B)*] as
SFF,, = P[p,(B)] = e S2lru(®), (45)

pw(B) =

(44)

For an eigenvalue filter function w(E):R — [0, 1],
SFF,, < SFF and $:[p,(B)] > S:[p(B)], where p(B) =
exp(—BH)/Z(B) is the canonical thermal state of the
undeformed Hamiltonian.

X. MASTER EQUATIONS FOR FREQUENCY FILTERS
FROM LIOUVILLIAN DEFORMATION

We next show that frequency filters are associated with
a family of master equations that generalize the dynamics
related to energy dephasing. Consider the master equation in
which time evolution is generated by a Liouvillian L,

d
P =Lip), (46)

where |p,) denotes the vectorized density matrix at time ¢. In
terms of it, SFF(¢) = (poy|p,). Formally, Eq. (46) is solved by
1) = €| po). We focus on the case in which the Liouvillian
is diagonalizable, so that it admits a spectral decomposition of
the form L. = Zu A lp)(ft] using a biorthogonal basis. Here,
;) and (fi| are the right and left eigenstates, respectively,
with complex eigenvalue A, [68,69]. We next consider the
Liouvillian of the form

L()=—ilH, ] (47)

associated with an isolated system with Hamiltonian H.
Its spectrum is purely imaginary, and left and right eigen-
vectors coincide. Given a complex function W(z) : C — C
we define the associated Liouvillian deformation W(IL) =
> W) (] [37]. By specifying the Liouvillian defor-
mation in terms of the frequency filter function w(x) : R —
[0, 1] as

W(L) = log w(iL), (48)

we consider a physical process in which the initial, unfiltered
coherent Gibbs state |1/g) (4| evolves into a generalization
of the frequency-filtered time-dependent density matrix in
Eq. (13). Specifically, we consider the time evolution for¢ > 0
described by the time-dependent density matrix

e BEAER)2—it (Ey—Ep)

Z(B)

o= eX(f)W(Eu—Em)ln) (m|,

nm

where x (¢) is a real function satisfying x (0) = 0 and W(E,, —
E,) = (n|W(IL)|m) are matrix elements in the Hamiltonian
eigenbasis. This evolution fulfills the master equation

d
7P = (L + x OW L)1), (49)

with the initial condition py = |v¥g)(¥s|, and x denotes the
time derivative of y. While IL is anti-Hermitian, W(IL) is
Hermitian. Thus, W (IL) breaks unitarity and can be identi-
fied as the dissipator in the master equation (49). Given that
the W (z) = W(—z), its Taylor series expansion involves only
even powers of z, i.e., W(z) = Y ne s W(0)z%"/(2n!). The
master equation can be written as

d _ W)
—op=—ilH, p] + x(t); G e (50

where the nested commutators in each term of the Taylor
series have been written compactly in terms of the adjoint map
adyY = [X, Y], adyY = [X, [X, Y]], etc.

The case of a time-independent frequency filter for t > 0
is described by choosing x (¢) as the Heaviside step function,

x (1) =0@), x (1) =48(). D

The delta function 6(¢) = %@(t) in the master equation is
thus required for the frequency filter to be time independent.
Implementing this filter relies on a single kick with the dissi-
pator W (IL).

Naturally, for the conventional energy-dephasing fre-
quency filter (26), the master equations (49) and (50) truncate
at ad,zip and reduce to (23) for the choice x () =1t, x(t) = 1.

XI. DISCUSSION AND CONCLUSIONS

The lack of self-averaging in the SFF is tied to quantum
noise, manifested by erratic wiggles in the time domain. Ana-
lytical and numerical studies of the SFF enforce the reduction
of the wiggles by resorting to Hamiltonian ensembles, time
averaging, and spectral filters in the energy or frequency
domain. Through scaling analysis of the relative variance
of the SFF, we have shown that the frequency and energy
filters ensure that the SFF becomes self-averaging at long
times.

We have established that suppressing the erratic wiggles
(quantum noise) in the SFF implies nonunitary dynam-
ics characterized by information loss and decoherence.
Hamiltonian averaging, time averaging, and frequency filters
can be described by a mixed-unitary channel representing
the application of a random unitary with a given prob-
ability distribution. Mixed-unitary channels are unital and
induce information loss that can, however, be recovered by
environment-assisted channel correction. By contrast, filters
acting directly in the energy eigenvalues can be interpreted
as a nonlinear quantum channel describing the non-Hermitian
evolution of an energy-dephasing process conditioned to the
absence of quantum jumps.

The identification of the canonical, filtered SFFs for iso-
lated systems in terms of the survival probability of a coherent
Gibbs state under nonunitary evolution singles out the fidelity-
based generalization of the SFF to open quantum systems
put forward in Refs. [10,36-39] with respect to alternative
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proposals [40,41]. The fidelity-based approach makes it pos-
sible to unify SFFs for isolated systems with and without
filters and for open quantum systems in a single framework.
Further studies of self-averaging SFFs can be envisioned by
tailoring the filter function in accordance with the system size
or Hilbert space dimension.

Our results rely on the combination of tools in quantum
information science and quantum chaos, and contribute to the
understanding of filters in the characterization of the spectral
properties of many-body systems (e.g., in numerical studies)
as physical operations breaking unitary. In particular, our re-
sults establish how such filters can be implemented in digital
or analog quantum simulation experiments of the nonequi-
librium dynamics of many-body systems. This conclusion
should be generalizable to quantities other than the SFF, such
as correlation functions, that admit an information-theoretic
interpretation associated with a quantum evolution. Our re-
sults hold for the dynamics of finite-dimensional systems and
thus can be applied to the description of black hole physics

in this framework, where self-averaging SFFs appear in a
semiclassical description. In view of our findings, the latter
involves unitarity breaking.
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4 NoN-HERMITIAN HAMIL-
TONIAN DEFORMATIONS

HE research for a quantum description of black holes has a rich history be-
T ginning with the discovery of black hole mechanics [109-112]. Within this
theory, a relationship between the area of the black hole’s event horizon and
its entropy tied together the theories of general relativity and thermodynamics.
A critical implication is that when a quantum field theory is considered in the
curved space-time around a black hole, it can radiate particles in a thermal spec-
trum, a phenomenon now known as Hawking radiation [113]. In the decades that
followed the aforementioned realizations, the exploration of black holes’ quan-
tum characteristics grew intertwined with the quest for a comprehensive theory
of quantum gravity.

The AdS/CFT correspondence offered a connection between gravity in a higher-
dimensional AdS space and a CFT defined on its boundary [114, 115]. The AdS
space arises as a solution to Einstein’s field equations with a negative cosmologi-
cal constant. The negative cosmological constant gives the space its characteristic
negative curvature. It has a boundary at spatial infinity, known as the conformal
boundary. The AdS/CFT correspondence posits that a gravitational theory in AdS
space is equivalent to a CFT living on the conformal boundary of that space. It
offers a way to describe gravitational phenomena, including black holes, in terms
of strongly-coupled quantum field theories and vice versa. More recently, in this
context, it has been suggested that quantum chaos theory can provide insights
into the way quantum information is being scrambled on the horizon of black
holes [21, 30]. Moreover, OTOCs can be computed in the boundary CFT, reveal-
ing the chaotic nature of the corresponding black hole. Specifically, the OTOC’s
early exponential growth has been proposed to provide a quantum analog of the
Lyapunov exponent, reaching a theoretical maximum for black holes. The growth
rate of OTOC:s is related to the black hole’s surface gravity and thus their tem-
perature. Furthermore for what regards this thesis, the SFF has been employed
to study quantum chaos in the boundary CFT. More precisely, the characteristic
features of the SFF in a chaotic quantum system have analogs in the behavior of
certain gravitational objects in the bulk [57].

Recently, the Sachdev-Ye—Kitaev (SYK) model [116] has attracted consid-
erable attention as a potential holographic dual to certain black holes in two-
dimensional AdS space. It is a solvable model of quantum mechanics involving
a large number of Majorana fermions with random all-to-all interactions. The
randomness and the specific form of the interactions give rise to strong quantum
correlations resulting in chaotic level statistics. It has further been shown that
the OTOC of the model exhibits a maximal initial growth [117], which at low-
temperatures is similar to the one found in black holes [118]. At low energies,
the SYK model is effectively a holographic dual to a specific type of black hole
in two-dimensional AdS space described by Jackiw-Teitelboim (JT) gravity [119].

56




The connection between JT gravity and the SYK model comes when one examines
the low-energy part of the SYK spectrum. In particular, the dynamics of the SYK
model at low temperatures or in the infrared limit, can be captured by an effec-
tive action that is governed by the Schwarzian derivative. The T'T deformation
introduces a specific type of perturbation to the corresponding two-dimensional
quantum field theory by adding a term to the action that is proportional to the
product of the left-moving and right-moving components of the stress-energy
tensor [120]. The above line of thought has motivated the study of a wide class of
solvable deformations in field and quantum-mechanical theories [121, 122]. The
following article originated in the observation that, in a non-relativistic setting, if
one allows the perturbation parameter to take complex values, then the resulting
non-unitary dynamics can be described by a Lindbladian master equation in the
absence of quantum jumps.
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1 Introduction

Nonperturbative methods play a key role in physics to unveil phenomena that do not
admit an approximate description in terms of a perturbative expansion in a small coupling
constant [1]. A number of techniques have been developed to describe families of models that
are solvable in a broad sense. Paradigmatic instances include Hamiltonian integrability [2],
Bethe ansatz [3-5], Yang-Baxter integrability [6], quantum inverse scattering method [7],
quantum groups [8], random matrices [9, 10], conformal field theory [11], supersymmetric
methods [12], gauge-gravity dualities [13], and unitary quantum circuits, among many others.

An important advance in this direction is the introduction of infinite families of
deformations of two-dimensional integrable field theories that preserve integrability [14—
17]. In quantum mechanics, this motivates the introduction of families of exactly-solvable
Hamiltonian deformations [18-24]. The latter are of relevance for a system in isolation, that
is described by a time-independent Hermitian Hamiltonian with real eigenvalues. However,
the interaction of a system with the surrounding environment gives rise to decoherence [25]
making the system open, and no longer isolated [26]. The evolution of the quantum state
of an open system can be described by a master equation, in which an effective non-
Hermitian Hamiltonian can be identified. This prompts the consideration of non-Hermitian



Hamiltonian deformations discussed in this work and the associated infinite family of
solvable dissipative models.

These results should be put in a broader context aimed at finding exactly-solvable
models of complex open quantum systems, which is being pursued by exploiting a variety
of techniques. Among them, we mention exact diagonalization of many-body Liouvil-
lians [27, 28], random matrix theory [29] including non-Hermitian Hamiltonians and bath
operators [30-33], random Liouvillians [34, 35] and quantum channels [36], noisy and fluc-
tuating Hamiltonians [37], mappings between open systems and integrable systems [38],
nonunitary quantum circuits [39-43], etc. The subclass of many-body open systems that
admit a description solely in terms of non-Hermitian Hamiltonians has given rise to an
emergent field, that of non-Hermitian many-body physics, and is comparatively more
developed [44]. Additional efforts rely on the study of gravitational duals in the context of
AdS/CFT for strongly-coupled dissipative quantum systems [31, 45-49]. The use of Krylov
subspace methods provides yet a different approach [50, 51].

From a practical point of view, Hermitian Hamiltonian deformations imply powerful
identities relating the partition function and equilibrium correlation functions of the deformed
and undeformed theories. In the generalized non-Hermitian deformations we introduce
here, the Hamiltonian eigenvalues are complex and their imaginary part is associated
with characteristic time scales that manifest in the dynamics of the deformed theory.
Non-Hermitian deformations thus imply a novel class of identities relating nonequilibrium
properties of the deformed and undeformed theories. In particular, it is possible to relate
the propagators of the deformed and undeformed theories, and thus, the corresponding
time evolutions, using integral transforms with a given kernel. As specific applications, we
discuss the time-dependence of the fidelity, purity, Rényi entropies, logarithmic negativity,
and the spectral form factor (SFF) in non-Hermitian systems. For particular initial states,
such as the coherent Gibbs state and the thermofield double state (TFD), these relations
become particularly transparent and can be compactly expressed in terms of analytical
continuations of the partition function. As non-Hermitian Hamiltonians can be derived from
an open quantum dynamics by conditioning the evolution to the absence of quantum jumps,
we apply the framework of non-Hermitian deformations to explore the role of quantum
jumps in a variety of applications, including the characterization of decoherence times and
the signatures of chaos in open quantum systems.

This manuscript is organized as follows. We first review Hermitian Hamiltonian defor-
mations in section 2 and generalize them to the non-Hermitian case in section 3. In section 4,
we provide a short summary of the basic properties of non-Hermitian quantum dynamics.
Complex deformations are justified in the theory of open quantum systems while their rele-
vance to physical energy-dephasing models is presented in section 5.1. In section 5.2 we study
the spectral properties of the corresponding dynamical generators, presenting numerical ex-
amples from random matrix theory and the Sachdev-Ye-Kitaev (SYK) model. In section 5.3
we study the dynamics of a TFD, under the dynamics generated by a specific class of non-
Hermitian deformations, and characterize the associated Rényi entropies and logarithmic
negativity. In section 5.4 we discuss the deformed SFF in the non-Hermitian setting, defined
as the fidelity between an initial coherent Gibbs state and its time evolution, and use it to



characterize the dynamic manifestations of quantum chaos in open quantum systems, with
and without quantum jumps. Finally, in section 6 we comment on possible generalizations
of our results at the level of the Liouvillian and summarize our findings in section 7.

2 Hermitian Hamiltonian deformations

An infinite family of exactly-solvable Hamiltonian deformations has been introduced in
quantum mechanics [18, 19]. In particular, given a d-dimensional Hilbert space H and
an isolated quantum system described by a Hamiltonian Hy, one considers a deformation
f(Hp), where f : R — R is a function parameterized by A € R with the property that
f(Hy) — Hp when A — 0. In such a case, as the original and deformed Hamiltonians
commute [Ho, f(Hp)] = 0, they share the same set of eigenvectors, while their eigenvalues
are given by {E,} and {f(E,)}, respectively.

The partition functions can be written as

Zo(8) = / dEe P o(E), (2.1)
Z( / dEe AIE) o / dEe PP (B), (2.2)

where o(E) and o¢(F) are the density of states associated with Hy and f(Ho), respectively.

The two are related by

-1
os(8) = o) LA,

assuming f to be strictly monotonic, so that it can be inverted.

(2.3)

The Boltzman factor for the deformed system can be written as an integral representa-
tion,
e | aB'e IR (B, (2.4)
f

When FE is real, it is appropriate to choose a Laplace transformation to keep the exponent
real and the inverse temperature 5’ on a real contour, C'y being the line € [0, +00) or the
full real axis. The corresponding kernel is

Ky(B,8)

=5 / dE e BIE) B (2.5)

with C + denoting the contour of the inverse transformation, which, for the Laplace transform,
is the Bromwich contour (v — i00,7 4 i00). It is easy to verify that the partition function
of the deformed system is then related to the original, undeformed one through

73(8) = [Lap [ adexp(6.000(8) = [ 8BS 38). 20

In particular, we are interested in the deformation

g(BE)=E+\E%* X>0, (2.7)



because this spectrum originates from a non-Hermitian Hamiltonian generating an energy
dephasing (ED) evolution [32] in the absence of quantum jumps [52], when the deformation
parameter A is purely imaginary, as we discuss in section 5.1. Taking the contour C’g as
(=00, +00), the kernel reads

| e ,
K,(8,8) = — / dE ¢ P9 H'F
gA 2mi J— oo 28
L s (2.8)
Bx

=———¢
i/T4PBA

The deformed partition function is then obtained from the inverse transformation (2.4) with

integration on Cy being the line (y — ico,y 4 i00). Interestingly, the inverse deformation

f(E) = % (VI+DE-1), (2.9)

defined such that g(f(F)) = E, is known in the context of AdS/CFT correspondence as
the 1-dimensional 7T deformation [18, 19]. Its kernel (2.5) readily follows from the inverse
Laplace transform £~![eV; 2] = 2=3/2e=%/(42), /g /(2,/7) [53] that gives

B _(5=p)?
We 48X (210)

Note that the contours are related as Cy = Cp-1 = C’f and that C is on [0, +00) while C(ffl
requires the bi-lateral Laplace transform with a contour on the full real axis (—o0, 400).

Ky(B,B') =

More generally, the kernels of the original and inverse deformations are related through

N b —BfNE) BB
Kf_1(,6’,5)—%7r édee e
1 /
= _— [ dzePTf(z)e’ 1@
20T Cy
B

as can be shown using the change of variable E = f(x) and integrating by parts, assuming
that e #7eff(#) cancels at the edges of Cy.

3 Non-Hermitian Hamiltonian deformations

In the context of deformations, it is also useful to relate the propagator of the deformed
Hamiltonian Uy (t) = e~/(H0) to the original one Up(t) = e *Hot. Thus, all time-evolved
quantities in the deformed picture can be related to the undeformed ones. This applies to
the partition function too since Z(8) = Tr[U(—if3)].

We assume the Hamiltonian Hy = )", E), |[n)}n| is diagonal in the bi-orthogonal basis
with right (left) eigenstates |n) ((7]) and E,, being complex in general [54]. The evolution
operator reads Uy = e7#0t = 3~ ¢=Fnt |n)|. A generally complex deformation w gives
w(Hp) = Y, w(Ey) |n)#| and Uy, = ¥, e ™ (En)t |n)7|. In the standard case of a Hermitian



Hamiltonian, right and left eigenvectors coincide and the spectrum is real. Therefore, the

—iw(E)t and e—tE

relation between e is expected to change depending on whether E is real
or complex.

For a Hermitian Hamiltonian Hy, such a relation can be derived even if the deformation
is implemented by a complex function w : C — C. For real FE, it is appropriate to write the

deformed evolution using the Fourier transform, namely

e_iw(E)t _ / dE/ 6(E _ El)e—i’w(E’)t — / dtl Kw(t,t,)e_iEt, (31)
R R
B@Ktﬂ)zi/*—feWE_“MEﬁ- (3:2)
R 2m

We then get the relation between deformed and undeformed propagators
U (t) = / at’ Koo (t, 1) Us (1)), (3.3)
R

from which one recovers Z,,(F) as in (2.2) and eq. (2.6) using the Wick rotation it’ = (3’
For a non-Hermitian Hamiltonian Hy with a possibly complex spectrum, the rela-
tion (3.1) can be generalized as

efiw(E)t :/ dE/ 1 e*’i’w(E,)t — / dt/IC (t t/' E)efiEt/ (3 4)
c 2mi E'—F R v ' '

This kernel is obtained using [5° dte " = 1/(is) for Re(is) > 0 to write

1 e(mE-EY) / Tt e F B _ 9(Im(E' - E)) / T B
i(E'— F) 0 0 (3.5)
= / dt =P O(—Ap)O(—t) — O(AR)O(1)],
that gives
/
Kult.t3E) = [ 57 [0(-8p)0(~1) ~ OO F7 N (30)

where Apr = Im(E’) — Im(E) and C is an appropriate contour that includes all the
eigenenergies of the original spectrum, E. Notice that eq. (3.4) is formally equivalent to
eq. (3.1), so that eq. (3.3) is still valid upon the replacement K — K.

Motivated by these observations, we introduce and study families of exactly-solvable
and generally complex deformations of (non-)Hermitian Hamiltonians, bringing forward
their use for the understanding of the effect of decoherence in chaotic quantum systems.
Eq. (3.4) fully generalizes real deformations of Hermitian Hamiltonians to complex ones
and to non-Hermitian Hamiltonians. However, the applications we will consider in section 5
are based on the energy dephasing channel which can be understood as a non-Hermitian
deformation of a Hermitian Hamiltonian. Therefore, eq. (3.1) will be the most relevant in
the following.



4 Non-Hermitian dynamics

One of the fundamental postulates of quantum physics states that an isolated system is
described by a Hermitian Hamiltonian. As a result, the dynamics it generates is described
by a unitary time-evolution operator. Given the state of an isolated system, this assures
the conservation of probability in the measurement outcomes and restricts the expectation
value of energy to the real numbers. Nevertheless, since the very early days of quantum
theory [55, 56], numerous heuristic attempts to account for dissipative phenomena in nuclear,
atomic and molecular physics, have employed effective non-Hermitian Hamiltonians [44, 57].
In the last two decades, the proposal of parity-time (P7) symmetry as an alternative to
Hermiticity [58, 59] paved the way for the systematic study of non-Hermitian physics. By
now, it is understood that non-Hermitian Hamiltonians can be rigorously justified when
the dynamics is restricted to a subspace of interest (e.g., making use of projection operator
methods) and in the context of quantum measurement theory, by conditioning quantum
trajectories on given measurement outcomes [44].
Starting from the Schréodinger equation with a non-Hermitian Hamiltonian H

i0; [(1)) = H |1(1)) (4.1)

one gets
Orp(t) = —i (Hp(t) — p(t)H') (4.2)

for the corresponding density matrix p(t) = |1(¢) X (t)].
One can always decompose the Hamiltonian H into a sum of a Hermitian and an
anti-Hermitian term
H = Hy —ily, (4.3)
where Hy = £(H + H') and Ty = 3;(H' — H) are Hermitian. Then, the non-Hermitian

evolution (4.2) becomes

Aip(t) = —i[Ho, p(t)] — {To, p(t)}, (4.4)

involving only a commutator for the Hermitian part Hy and an anti-commutator arising
from the anti-Hermitian part —il'g. We note that under such dynamics, the trace of the
density matrix is in general not preserved. Nevertheless, one can enforce the property
Tr[p(t)] = 1, starting from a normalized initial state, by the addition of a term involving a
time-dependent coefficient

x(t) = 2Tx{Top(t)] (4.5)
In such a scenario, the dynamics is generated by the nonlinear equation [60]

Aip(t) = —i [Ho, p(t)] — {To, p(t)} + 2Tx[Top(t)](t), (4.6)

with general analytic solution

p(t) = : (4.7)



This kind of evolution characterized by balanced norm gain and loss (BNGL) is known
to arise in PT-symmetric quantum mechanics [60]. In the context of continuous quantum
measurements, the above equation is also known as the nonlinear Schrédinger equation
for null-measurement conditioning [61]. In addition, it has recently been pointed out that
an arbitrary evolution characterized by a time-dependent density matrix p(t) admits an
equation of motion characterized by BNGL dynamics [62].

We observe here that pure states remain pure under BNGL dynamics. Indeed, an
initial pure state p(0) = |1)(¢)|, under the evolution (4.6) has Rényi entropy

Salp()] = In (Tr[p(t)°]) /(1 — ) = 0, (4.8)

with a > 0, # 1.

For the undeformed Hermitian Hamiltonian Hj the evolution given by BNGL dynamics
simply yields po(t) = Uo(t) p(O)Ug(t), as the trace is preserved. As shown in appendix A,
the corresponding BNGL dynamics generated by the deformed Hamiltonian w(Hj) is given
in terms of py(t) as

Jrds [grds’ Ky(t, s) Ky (—t,—s)Uo(s — s')po(s)

Jrds Jads’ Ky (t, 8) Ky (—t,—s") Tr[Up(s — )p(s")] (4.9)

Pw (t> =

In order to motivate the BNGL equation, which we will use throughout the manuscript,
we shortly describe here its connection with the standard Lindblad dynamics for open
quantum systems.

The embedding of a quantum system in a surrounding environment makes its dynamics
open and not unitary. The time evolution of an open quantum system is generally described
by a master equation of the form [26]

Op(t) = —i[Ho, p(t)] + Dlp(t)], (4.10)

where Hj is the system Hamiltonian (including the Lamb shift) and the breaking of unitarity
is induced by the dissipator D]-], which accounts for the interaction with the environment.
A seminal result in the theory of Markovian open quantum systems is that the evolution is
described by the Gorini-Kossakowski-Sudarshan-Lindblad (GKLS) equation that admits
the canonical Lindblad form [26, 63, 64]

Aup(t) = —ilHo, p( +z%(ap AL L <>}), (4.11)

where v, > 0 are the time-independent coefficients, L, are the jump operators, and Hy is
the Hermitian system Hamiltonian. In the quantum jump approach [61], it is customary to
rewrite the above equation as

Ouplt) = ~i (Henp(t) = p(t) Hly) + 3 Ja [o(8)] . (4.12)
in terms of the effective non-Hermitian Hamiltonian

i
Her = Ho — > VoLl La, (4.13)
(0%



and the jump superoperators

Jo [p(t)] = YaLap(t)Li,. (4.14)

In the context of continuous quantum measurements the Lindblad master equation can be
seen as the unconditional dynamics of the system, that is as an average over all possible
trajectories in which quantum jumps take place. One can interpret then the BNGL
evolution conditioned on the absence of quantum jump, i.e., disregarding the contribution
from J, [p(t)] for a subensemble of trajectories [61, 65, 66]. The time-evolution is then
exclusively governed by the non-Hermitian Hamiltonian

Oup(t) = —i (Hesrp(t) = p() Hly ) (4.15)
Upon normalization, the dynamics becomes trace-preserving and leads to the BNGL

equation (4.6) with I’y = %Za Yo Ll L.

5 Applications of non-Hermitian deformations

In this section we will introduce and study in detail the energy dephasing channel. This can
be described as a complex, i.e., non-Hermitian, deformation of an Hermitian Hamiltonian.

5.1 Energy dephasing and decoherence time

We consider here the simplest energy dephasing (ED) model, i.e., a dissipator with a single
jump operator L, = LI, = Hy. In this case, the Lindblad form (4.11) reduces to the master
equation describing energy diffusion

Owp = —i[Ho, p| — v[Ho, [Ho, pl], v > 0. (5.1)

We note that the quantum state under energy-dephasing (5.1) evolves as
) = 3 (0)eEn B ) . 6:2)
nm

To characterize the role of decoherence during the time evolution, we consider the purity
P(t) = Tr[p(t)?], which is related to the Rényi-2 entropy Sa[p(t)] as P(t) = e~52[P®] In
the case of ED, it reads
P(t) = 3 pum(0)%e” 2 b, (53)
nm

The corresponding evolution in the absence of quantum jumps is given by the BNGL
equation (4.6) with the deformed Hamiltonian

w(Hy) = Hy — ivHE, (5.4)

for which the kernel in eq. (3.2) reads

T 2
Ky(t,s) = | —e =8/t 5.5
(t,s) \/we (5.5)



With this kernel, the propagator of the deformed theory, and therefore the time evolution
under BNGL, can be explicitly found. We note that the deformation (5.4) is equivalent to
the inverse TT-deformation in eq. (2.7) with a purely imaginary value of the deformation
parameter A = —iy. Making use of eq. (4.9), the explicit expression of the evolved state
under BNGL energy dephasing is

S P (0)e En =Bty E+ B ) (m|

t) = , 5.6
p( ) Z] pjj(o)e_zt,yEJQ_ ( )
and the corresponding time-dependent purity equals
(0 2 —2yt(E2+E2)
P(t) = Tifp(ty?] = Zum om0 ¢ 5.7)

(X Pun(0)e=20ER)2
The last expression has the remarkable feature that whenever the initial state is pure, such
that the factorization pm(0) = ¢,(0)c,(0)* holds, then P(t) = 1 (equivalently as shown in
section 4, Sa[p(t)] = 0). Thus, the evolution preserves the purity of a pure quantum state,
even when it exhibits a dissipative evolution. In particular, in this case, eq. (5.6) reduces to

S n(0) ey (0)* e En—Em)t—t(ER+Er)
S len(0)[2e—200ER

Comparison of the time evolution under ED (5.2) and BNGL (5.6) reveals the role of
quantum jumps. The latter becomes particularly transparent by analyzing the decoherence

p(t) = ) {ml. (5-8)

time, that can be derived from the purity, as we next show. Specifically, for an initial mixed
state, the decoherence time 7p can be extracted from the short-time decay of the purity [28]

P(t) = P(0) [1 - T’;] + O, (5.9)

For an arbitrary Markovian evolution described by a Lindblad master equation, the deco-
herence time is given by the inverse of the covariance of the Lindblad operators evaluated in
the initial state [37]. For an initial mixed state evolving under ED, it is set by the inverse
of the energy fluctuations in the initial state [30-32]

L= (Tu(p(0)2 HE] — Trlp(0) Hop(0) Hol) (5.10)

™  P(0)
We note 1/7p > 0 and it vanishes only when the initial state is diagonal in the Hamiltonian
eigenbasis, [p(0), Hyo] = 0. This latter case includes the possibility that the initial state is a
(pure) eigenstate of Hy or that pg is a mixed equilibrium state. By contrast, in the case of
BNGL, the decoherence time reads
1 4y

™ P(0)

This expression identically vanishes when the initial state is a pure state describing an

(Txlp(0)* H3) — PoTx[p(0) HF)) (5.11)

arbitrary coherent superposition of energy eigenstates, i.e., when P(0) = 1 and p(0)? = p(0).
In addition, an initial mixed state that is diagonal in the energy eigenbasis has finite 7p
and evolves nontrivially under BNGL. In short, the absence of quantum jumps associated
with non-Hermitian deformations alters the value of the decoherence rate and changes the
conditions under which it vanishes.



5.2 Spectral structure of the dynamical generators

Quantum chaos has historically been founded upon the study of complex Hamiltonian
spectra, which in principle contain all the information required to describe the evolution
of an isolated system [29, 67, 68]. At the same time, a robust theory of open quantum
systems has been established, focusing on the overall dynamical maps that control the
temporal evolution of a subsystem [26]. Thus, the study of the spectral properties of complex
non-Hermitian dynamical generators and maps is of great relevance to the investigation of
the fate of the signatures of quantum chaos in open dynamics [34, 35, 69-75].

In order to study the spectral properties of the dynamical generators discussed in the
previous sections, we fix a vectorization process for all elements of the space of the density
matrices, H* ® H. The Hilbert space of all linear superoperators acting on the density
matrices is often referred to as Liouville space. The Liouville space formalism is extensively
used for the study of the spectral properties of quantum channels and open systems [29, 76].
The properties of vectorized matrices have to be treated carefully, as the vectorization
process is basis dependent.

Let {|i)|i € {1,2,...,d}} be the complete eigenbasis of the undeformed Hamiltonian
Hy for the Hilbert space H. Any linear operator p={p;;} can be represented as a vector

d—1 d—1
p= 2 piilifil = 1p) = >_ pijli) @15)". (5.12)
i,j=0 1,j=0

For this specific choice of horizontal vectorization, any set of linear operators A={a;;},
B={b;;} acting on the vectorized operator p from left and right respectively, can be
represented as a superoperator with the use of the Kronecker product ® of A and the
transpose BT,

ApB — (A® BT)|p). (5.13)

For example, the Liouvillian which generates the unitary evolution of the Hermitian
Hamiltonian Hy is represented as

L=—i[Hy |- L=—i(H®l—-1H]). (5.14)

In what follows, we shall study the spectral properties of the generators of the non-
Hermitian deformations discussed in the previous sections, relating them to the ones of
the associated energy dephasing double bracket Lindbladians. Specifically, we will see that
ED models have their spectrum on a one dimensional locus, reflecting the freedom in the
choice of the ground state of Hy. The removal of the quantum jump term, which leads to
the associated non-Hermitian deformation BNGL model, spreads the spectrum in an area
determined by the deforming function. The eigenvalue density on the complex plane is then
rigidly shifted with time by x(¢) in eq. (4.5).

For the sake of illustration, we consider as well the more general complex deformation

w(z) =z —iyz". (5.15)

We highlight here some properties that will be useful in the following.

~10 -



The state at time ¢ is given by
d —1 — — K K
p(t) = Z pnm(0)e HEn = B )t (BB
- d —2vEF
n,m=1 ijl pjj(o)e 7
The corresponding Liouvillians in the vectorized formalism read

LW =il @ H] — Hy® 1) —y (1 ® (H))" + H @ 1) + 29 Tr(Hp(t)) (1 @ 1), (5.17)

|n)m| . (5.16)

and satisfy the eigenvalue equation
L m) = (i(En — Ew) = J(E5 + B5) + 2 T(Hp(0) ) lnm), (518)

denoting |n,m) = |n) ® |m)*. For Hamiltonians with a bounded spectrum (that is, included
in the interval E € (—R, R), with R > 0), the spectrum of L(®) is bounded, for even &, by
the boundaries of the three functions

—yEf — 21E + 27Tr(H§p(t))
A = —3(R" + E®) +i(R — E) + 2¢yTr(H§p(t)) (5.19)
—3(R*+ E®) —i(R+ E) + 2¢yTr(Hf p(t))
and by the boundaries of the four functions
Ap = i%(R"‘ + E") +i(R — E) + 2yTe(H p(t)), (5.20)

for odd &.
When x is even, one can construct the vectorized canonical Lindblad forms of eq. (4.11),
having the kth power of the undeformed Hamiltonian as a single Lindblad operator

L) — i1 o H] — Hyo 1) -~ (]1 @ (HI) + Hf 01— 2H (Hg)'z> (521

and compare their spectra with the corresponding generators, after removing the quantum
jumps in eq. (5.17).

Considering the case of BNGL when k = 2, we see that the spectrum of the ED
Liouvillian L](EZ])D only depends on the energy gaps Fn, = E, — E,, laying on the parabola
A= —%Eﬁm + iEpy with a probability distribution given from the density of gaps of the
Hamiltonian Hy. Neglecting the time-dependent shift of the spectrum, when the jump
term is removed, the eigenvalues A are spread on a two dimensional locus defined by the

boundaries of the three parabolas

—vE? - 2%iE

=S -2R*+E*)+i(R-E), Eec(-RR), (5.22)

—J(R*+E?) —i(R+E)
where R is the largest allowed eigenvalue. For simplicity, one can always consider the
spectrum of Hy to be distributed in the interval (—R, R). Every eigenvalue of the L(*)
spectrum can be thought of as a point on a shifted parabola of the corresponding ED
spectrum, centered on itself, within the domain (—R, R). Finally, the inclusion of a time-

dependent and initial condition-dependent term in the Liouvillian L®) of eq. (5.17) shifts
the spectrum on the real axis by x(t) = 2yTr[H3p(t)].

- 11 -
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Figure 1. Liouvillian spectra of different non-Hermitian deformations. Spectra of L(®) with v =1
when t — oo, for k =1,2,3,4,5,6 (gray points) on the complex plain, together with the theoretical
boundaries (dashed black lines) given by eq. (5.19) and eq. (5.20). In all six plots we show the
spectrum of a single random GOE(2%) Hamiltonian Hy with o = 1.

Examples from random matrix theory. Since Wigner’s groundbreaking work on the
neutron excitation spectra of heavy nuclei [77], it has become clear that random matrices can
adequately describe the statistical features of several quantum systems [9, 29]. As paradigms
of quantum chaotic Hamiltonians with bounded spectrum and time-reversal symmetry,
we sample random d-dimensional matrices from the Gaussian orthogonal ensemble, Hy €
GOE(d). Specifically, we consider samples of real, orthogonal matrices H = (X + XT)/2,
where all elements x € R of X are pseudo-randomly generated with probability measure

given by the Gaussian J\}%e_i% with standard deviation o [9, 29]. When d or the sample

size is large, the spectral density distribution of such matrices can be approximated by the

semicircle law

V2do? — E?

E =
o(E) ndo?

(5.23)

so R = 0v/2d. In figure 1 we show the BNGL spectra of L(®) when ¢ — oo for k = 1,
2,3,4,5,6 with the corresponding theoretical boundaries of eq. (5.19) and (5.20). Each
panel has the spectrum of a Hamiltonian drawn from GOE(64), with o = 1.

— 12 —



Examples from the Sachdev-Ye-Kitaev model. For the illustration of the relation
between BNGL and ED Liouvillian spectra, we consider the example of a Hilbert space of
dimension d = 2V and the undeformed SYK Hamiltonian of 2N Majorana Fermions with
an all-to-all random quartic interactions in the occupation number representation

1 2N
Ho= 10 > JutmnXkXiXmXn, (5.24)
k,lmmn=1

obeying the anti-commutation relation {xx, x;} = 2dx;. The factor of two in the latter can
be seen as a rescaling of the operators [78, 79]. The coupling tensor Jyj,, is completely
anti-symmetric, and independently sampled from a Gaussian distribution

3!
Jitmn €N (0, ooz J? 5.25
klmn N( y (2N)3 ) ) ( )
where J2 = 3 37, (JZ0n) is sometimes set to J = 1 for convenience, cf. ref. [80].
One can represent 2N Majorana Fermions in terms of N Dirac Fermions, obeying the

normal anti-commutation relations {c;,cx} = 0, {c¢;, CJ]L} =0,

; (5.26)

CT::

¢j = 5(x2j-1 +ix2j)
1
9 2

(X2j—1 +ix2j)

which can be further expressed by spin-1/2 operators {¢c%,c¥,0% I} through a Jordan-

Wigner transformation

ng_lZUZ®"'®0Z®U$®I®"'®I
—_———— —_—

i1 N=3 5.27
X2jzgz®...®gz®0y®l®...®l ( )
— —
Jj—1 N—j

In the limit of large number of particles N — oo, the Hamiltonian spectral density
of Hp has been shown to be a Gaussian, while for finite N the density deviates outside
the support of the Gaussian and is well approximated by a Q-Hermite form [79]. The
ground-state Ej, associated with the thermodynamic properties of the system in the low
temperature limit [79, 81, 82|, is expected to be proportional to N, due to the fermionic
nature of the model. The spectrum of the ED Liouvillian Lg% in (5.21) only depends on the
energy gaps, laying on the parabola \ = —%E?Lm ~+ 1Fnm, with a probability distribution
given from the density of gaps of the Hamiltonian Hy. When the jump term is removed,
the eigenvalues A of L) in (5.17) are spread on a two dimensional locus defined by three
boundary parabolas parameterized by the ground-state R = |Fy| of Hy, rigidly shifted with
time by the trace preservation scalar term in eq. (4.6).

In figure 2 the spectral density of a BNGL, k = 2, v = 1 Liouvillian of 26 Majorana
Fermions is plotted, together with the corresponding spectrum of ED. The eigenvalues of
the undeformed SYK Hamiltonian Hy were calculated with exact diagonalization. From
eq. (5.21) it becomes evident that the spectral density of ED is given by the Hamiltonian

spectral density of Hy, deformed to a parabola on the complex plane, (—%EQ, E), while the
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Figure 2. Spectral loci of BNGL for the SYK model. FEigenvalue density distribution on the
complex plane (from white to green) of the BNGL, x = 2 Liouvillian (5.17) and distinct eigenvalues
(orange) of the ED Liouvillian (5.21). In both models the dephasing strength is taken as v = 1.
The eigenvalues of the undeformed SYK Hamiltonian Hy for 2N = 26 Majorana Fermions were
calculated with exact diagonalization. The spectral density of the BNGL, x = 2 Liouvilian can be
approximated by the product of two identical Q-Hermite forms, deformed to parabolas (gray solid
lines), centered on the spectral locus of the ED model. The theoretical boundary (dashed grey line)
is given by eq. (5.22).

exclusion of the jump operators spreads the superoperator eigenvalues in a two dimensional
locus. In general, as shown in figure 1 (d,e,f), for even k, given the spectral density of
the undeformed Hamiltonian, one can construct the corresponding spectral density of the
BNGL by the product of two identical undeformed densities, deformed on their xkth power,
centered on the spectral locus of the ED model.

5.3 Correlation dynamics with thermofield double initial state

To further illustrate the relevance of non-Hermitian deformations in quantum dynamics
we next discuss the evolution of correlations of an entangled state describing two identical
copies of a system. We focus on the thermofield dynamics, initially introduced in the study
of statistical field theories at finite temperature [83]. In the search for a formalism where
statistical thermal averages can be calculated without trace operations, the TFD of inverse
temperature 8 was defined as

|n,n) . (5.28)

By that time, Bardeen, Carter and Hawking [84] had already introduced “black hole
mechanics”, putting forward the consideration of the surface gravity of an axisymmetric
stationary solution of Einstein equations as an analogue of temperature. Soon after,
thermofield dynamics was used by Israel [85] to formalize the “hot” thermal vacuum

~ 14 -



observed outside the horizon of a single radiating eternal black hole. More recently,
thermofield dynamics has been extensively used in the context of AdS/CFT correspondence
for the description of contemporaneous black hole pairs in disconnected spaces [86, 87].
Furthermore, as we will discuss in more detail in section 5.4, the survival probability of
a TFD in an isolated system is related to the spectral form factor, a powerful tool in
the study of dynamical signatures of quantum chaos [32, 52]. In this section we focus on
quantum informational quantities, namely the Rényi entropy and the logarithmic negativity
of a bipartite system, when an initial TFD is evolving under the dynamics generated by
non-Hermitian Hamiltonian deformations.

In isolation, the dynamics of two identical non-interacting systems is governed by the
Hamiltonian Hy = Hy ® 1 + 1 ® Hy. In the absence of interactions, the entanglement
between the two copies is preserved. Let us consider the evolution of the whole bipartite
system, obeying the dynamics given by the non-Hermitian deformation H = Hy — i’yI:Ig.
The square of the Hamiltonian Hy, describing two identical non-interacting systems is

Hi=H{®1+1® Hj +2Hy,® Hy. (5.29)

By making use of eq. (4.9) and the kernel in eq. (5.5), the time-dependent density
matrix of an initial TFD (5.28) can be written in the energy eigenbasis of the undeformed
Hamiltonian Hj as

d 8 . 2 2
Z e—5(En+Em)—z2t(Em—En)—4vt(En+Em)

n,m=1

|n, n)m,m|. (5.30)

prED(t) = 3
3 e PE e

v=1

Rényi entropy. To characterize the evolution of quantum correlations in eq. (5.30), we
resort to the Rényi entropy. For o € N, the a-th power of the reduced density matrix, when
the partial trace is taken over the second subsystem, is given by

d
§ : fﬁaEnf&/atE%
e
p(t) = 2= a [n)n| . (5.31)

d 2
(Z e—ﬁEu—8’YtEU>

v=1

For a > 2, the a'® Rényi entropy of the subsystem can be written as

d
Z e—BaEn —8yatE2

1 —
S1a(t) = In | =1 : (5.32)

1l -« d @
(Z 6515,,8%155)

v=1
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Using the Hubbard-Stratonovich transformation, the above Rényi entropies can be found in
terms of the partition function of the undeformed theory

fe'e) 2
) ) | dye T Zoas + iy)
S1a(t) = 1 In e 5 = |- (5.33)
— Va(32myt) 2 (/ dyeiﬁwZo(ﬂ n 1?/))

In isolation, the system Rényi entropy remains constant and equal to the initial value

_ 1 n Zg(aﬁ)
S1.a0) = 11 (Zo(,e)a)' (5.34)

A remarkable fact is that S; o(t) — 0 at large times. The Rényi-2 entropy (o = 2)
is related to the purity by Pi(t) = e512() — 1. The first copy of the TFD is becoming
asymptotically a pure state with time, and thus the two copies are disentangled on this

limit and described by a product state.

When the ground state energy is non-negative, the Rényi entropies decrease mono-
tonically. Contrarily to this, as shown in figure 3 for samples of GOE(d) Hamiltonians,
at finite temperature the Rényi entropies can display a single maximum when the energy
spectrum contains negative eigenvalues. For finite low temperature, the Rényi entropies
grow to the maximum value after which they converge to zero monotonically. In that case,
the short time behavior of the Rényi entropy is governed by the exponential of the smallest
negative eigenvalue Fj;. Specifically, the timescale at which the positive exponents start
vanishing in the argument of eq. (5.32), given by BEy + 87ty E3, = 0, provides a good
approximation for the maximum of the Rényi entropy

B
ty = —— . 5.35
M= 8 Ew (5.35)

For a sample of GOE(d) Hamiltonians the average minimum negative eigenvalue can be
approximated by the radius of the semicircle law of eq. (5.23), (Ey)n = ov2d, and

fr = —D
8yov2d

The short time behavior in high temperature 5 — 0 is dictated by the critical timescale

(5.36)

tp at which 8ytp(H3) ~ 1 which is connected to the Zeno [88] and decoherence timescales
through tp = 87p = 72/(87). Specifically, for a sample of GOE(d) Hamiltonians it can be

approximated by
1
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Remarkably, the critical inverse temperature at which t3; = ¢p is independent of the

ip (5.37)

dephasing strength ~ and only relies on the characteristics of the Hamiltonian ensemble,
namely

(5.38)

In figure 3 we show the Hamiltonian averages of the second Rényi entropy for a sample of
100 GOE(64) Hamiltonians in rescaled time to illustrate the universality of the above result.
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Figure 3. Rényi-2 entropy of the thermofield double state. Hamiltonian averages of 100 GOE(64)
Hamiltonians in rescaled time. a: at high temperature, 8 — 0, the Rényi entropies start decaying to
zero after time tp. The two copies of the TFD are effectively being disentangled to a product state.
At low temperatures, the decay comes after the growth to maximum value around a timescale ¢y,
until which entanglement increases. The two regimes are separated by the critical temperature scale
1/Bc. b: Rényi-2 entropy for 8 = 0.2. In the rescaled time the structure of the Rényi entropies rely
only on the value of 3.

Logarithmic negativity. For an alternative characterization of quantum correlations,
we resort to the logarithmic negativity LN|[p], proposed as a non-convex entanglement
monotone with an operational interpretation that sets an upper bound to distillable
entanglement [89, 90]. It is defined in terms of the partial transpose pt'T of the bipartite
density matrix as

LN[p] = logs(Tx ||| ). (5.39)

The logarithmic negativity of the time-evolution of the TFD, in eq. (5.30) reads

d 2
Z e BEn /2—y4tE2

n=1

LN[pTFD (t)] = 10g2 d . (540)
Z o BB, —81tE}

v=1

The resulting logarithmic negativity carries all the characteristics of the Rényi entropies
calculated earlier, strengthening our results for the evolution of the entanglement properties
of an initial TFD state evolving under BNGL. To check that, one can observe that the
expression (5.32) for a — 1/2 differs from (5.40) only by a multiplicative factor. We observe
that for the TFD, the logarithmic negativity is related to Sy ;/2(t) as LN[prrp(t)] =
In(2)Sy,1/2(t) and we defer from a further characterization of it.

Before closing this section, we recall that the above discussion is based on the global
deformation of a bipartite system, initially prepared in a TFD. One could be tempted
to assume that the reduction of entanglement is due to the induced interaction term
Hy ® Hy of eq. (5.29). Nevertheless, even if deforming only the local Hamiltonian, i.e.,
H=H®1+1®H, with H = Hy — iyH2, when the interaction term is absent in the
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Liouvillian, the Rényi entropies and the logarithmic negativity of the TFD state behave
similarly. Specifically, the corresponding expressions for the local deformation are equal to
the ones obtained by the global transformation for half the dephasing strength.

5.4 Deformation of the spectral form factor

In the characterization of quantum chaos in terms of the spectral properties of the Hamilto-
nian describing an isolated quantum system, the correlation between eigenvalues plays a
crucial role. For any initial pure state undergoing unitary evolution, the Fourier transform
of the survival probability (auto-correlation function, two-point correlation function or
fidelity between initial and final state) is a weighted sum of d—functions positioned at the
eigenvalues of the Hamiltonian. Inversely, the absolute square value of the Fourier transform
of the local density of states is the survival probability of the initial quantum state. When
the probability amplitudes of the initial state are the square root of the Boltzmann factors,
the survival probability is known as the spectral form factor and provides a convenient tool
to characterize dynamical signatures of quantum chaos [88, 91-96]. The partition function
with a complex-valued inverse temperature can be considered as a generalization, involving
a complex Fourier transform instead [80, 88, 97]. The SFF and its generalization exhibit
key features as a function of time that include a decay to a minimum value known as the
correlation hole, a subsequent growth characterized by a ramp linear in time, and saturation
to an asymptotic plateau value. The depth and area of the correlation hole have been shown
to measure the long- and short-range correlations of the energy levels [94]. This behavior is
better appreciated in an ensemble of Hamiltonians, though it can be manifested as well
in a single self-averaging system. The features of the SFF under Hermitian Hamiltonian
deformations have been studied in ref. [98].

In open quantum systems, different quantities have been proposed to characterize the
interplay of quantum chaos and decoherence using spectral properties [29, 30, 32, 34, 52, 96,
99, 100]. An analogue of the SFF is given by the fidelity between a coherent Gibbs state

d —@En/2

|1hg) = Z In), Zo(B) = Tr[e PHo], (5.41)

and its time-evolution [32, 52]. Provided that the latter is described by a quantum channel
A, the state at time ¢ is given by a density matrix p(t) = A[p(0)]. The analogue of the SFF
then reads [32, 52]

F(t) = (dplp()[vs) = (s [M[9s) (bslll D) (5.42)

In the case of unitary dynamics generated by Hg, one recovers the familiar expression

F(t) = | Zo(B + it)/ Zo(B) . (5.43)

It has been pointed out that decoherence suppresses the dynamical manifestations
of quantum chaos in the ED case of eq. (5.1), i.e., it shrinks the correlation hole of the
proposed SFF [32]. By contrast, the corresponding dynamics of the BNGL equation for the
deformed Hamiltonian w(Hy) = Hy — iyHg can enhance the aforementioned signatures of
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quantum chaos [52]. Furthermore, BNGL dynamics leads to an extension of the ramp’s
span while lowering the values of the dip and plateau, providing an experimentally-feasible
physical mechanism for the kind of spectral filtering often used in numerical studies of
many-body systems [52].

Let us recall some results from refs. [32, 52]. The explicit expression of the SFF under
Lindbladian ED (5.1) reads

d
Flt) = 1 S e AEntEn) =it (B En) ~yt(Em—En)? (5.44)

Note that this equation also describes the fidelity for an initial TFD, by time rescaling [30-
32]. Importantly, it can be written in terms of the partition function analytically continued
to complex inverse temperature as [30-32]

1 o y?
Ft)=4/— [ dye %
( ) 47T’}/t /—oo ve

thus facilitating its study in cases in which the partition function is readily available, e.g.,

Zo(B 14y +1) ‘2, (5.45)

Zo(B)

in certain integrable models and conformal field theories. For ¢ > 7p, the time-evolving
density matrix is effectively diagonal and

1

P~ Fy = 5

Zo(2
3 Nye 20En > ZZE 6?3 (5.46)

where N, is the degeneracy of the eigenvalue F,.
By contrast, under the BNGL evolution a direct application of eq. (4.9) yields

| o ds Koy(t,8)Zo(B +is)|?

0= Z06) s T Koults 0o () Zo(B 1 s =) 47
In the special case of w(z) = z — iy2? it reads [52]
J 2
Z e (B+it) En—ytE]
F(t) ==L . (5.48)
Zo(B) > e PP
j=1

In figure 4 we show examples of the characteristic behavior of the deformed SFF (5.48),
for averages over different Hamiltonian matrices drawn from the Gaussian orthogonal
ensemble when the Hilbert space dimension is d = 256.

The long-time limit of the fidelity, for any v > 0, reads F(t) > 1/Zy(5) where the
inequality is saturated for systems lacking degeneracies, e.g., exhibiting quantum chaos [52].
By contrast, for v = 0, the value of F}, under ED is given by eq. (5.46).

The choice of the coherent Gibbs state [¢3) also allows to illustrate, somewhat dra-
matically, the different nature of the dissipative dynamics in the presence and absence of
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Figure 4. The deformed SFF for BNGL in random matrix theory. The time-dependence of the
fidelity between a coherent Gibbs state and its time evolution generalizes the notion of the SFF
of Hermitian Hamiltonians to open quantum systems, including those governed by non-Hermitian
Hamiltonians. Different panels correspond to different temperatures of the initial state. Each panel
shows the evolution under BNGL for x = 2 and different values of the dephasing strength. The
average is taken over a sample of 1000 GOE(2®) undeformed Hamiltonians Hy. At infinite and
high temperature, the nonunitary dynamics under BNGL preserves the main features of the SFF,
displaying a decay, a dip, a ramp and a plateau. Deviations from the unitary case (v = 0), suppress
quantum noise in the neighborhood of the dip as well as in the plateau. Increasing the dephasing
strength ~ alters the decay, delaying the appearance of the dip and shortening the ramp, while
keeping the onset of the plateau unaltered. At lower temperatures (when the annealed approximation
is expected to fail), BNGL prolongs the decay, enhancing the dip. As a result the ramp and the
plateau take lower values than in the unitary case.

the quantum jump term. To this end, consider the evolution of the purity for an initial
coherent Gibbs state. Under ED [30, 31],

B_B(En+Em) 2 1 00 _i
P(t) = —2yt(En—Em)® _ 7/ d 8+t
®) ; Zo(B) ¢ Syt ) oo VT

By contrast, as previously mentioned, for an initial coherent Gibbs state evolving under
BNGL, the purity remains equal to unity at all times P(t) = 1. We also note that if the
initial state is mixed, in both cases the purity varies as a function of time, according to (5.3)
and (5.7).

In short, for a coherent Gibbs state in the cases of ED with a single Lindblad operator

Zo(B +iy) [*

Zo(B)

and the corresponding evolution with BNGL, we have been able to express the fidelity and
the purity in terms of the partition function of the undeformed Hermitian Hamiltonian

using non-Hermitian deformations.

To explore the extent to which the SFF for eq. (5.1) and BNGL equation differ, let us
assume that Hy is a chaotic Hermitian Hamiltonian with time-reversal symmetry sampled
from Hy € GOE(d). Specifically, in figure 5, we sample 1000 Hamiltonians with d = 32,
choosing dephasing strength v = 0.2 for different temperatures.
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Figure 5. Energy-Dephasing vs BNGL in Random Matriz Theory. The time-dependence of the
fidelity between a coherent Gibbs state and its time evolution is compared for energy-dephasing
(orange dashed line) and the nonlinear evolution for null-measurement conditioning associated with
BNGL (green dotted line) with v = 0.2. For the sake of comparison, we also show the SFF of the
corresponding isolated system (black solid line), v = 0. We consider a sample of 1000 independent
Hamiltonians Hy taken from GOE(2%). At long times, the fidelity reaches a plateau with the value

(2(28)/23(8)) for v =0 and (1/Z(8)) for 7 # 0.

For the non-Hermitian Hamiltonian deformations defined in eq. (5.15) the deformed
SFF becomes

d
d (prapn
S ple 2Bt n;ﬂpnpme (ER+ER)E cos ((Em — En)t>
F(t) = "3 1 gnsm d . (5.49)
3 pje2E3! S pye 2Bt
J=1 j=1

where p, = e PFn /Zy(B) are the Boltzmann factors of the undeformed Hamiltonian Hy.

The timescale at which all frequencies E,, — E,, have on average been expressed in the
evolution can be approximated by the inverse of the average level spacing A, sometimes
referred to as Heisenberg time ty = 27/A [29, 101]. After this time, the cosines of
frequencies whose ratio is irrational cancel each other on average, leading the SFF to its
plateau, while the distribution of the smallest ones, i.e., the level spacing distribution
determines its behavior right before tg. In a quantum chaotic system, level repulsion is
manifested in the ramp which follows the dip of the correlation hole leading the SFF to
saturation. In this context the absence of a correlation hole before the Heisenberg time
is associated with regular dynamics. The mean level spacing for a Hamiltonian sampled
from GOE(d), whose spectrum has not been unfolded, is A = 0v/8d/(d — 1), and thus the
Heisenberg time, ty = 7(d — 1)/(cv/2d).

In the non-Hermitian Hamiltonian deformations of eq. (5.15), the dissipative part of
the Liouvillian commutes with the system Hamiltonian, leaving the frequencies in eq. (5.49)
unaffected. Namely, the Hf part of the deformation affects the depth and area of the
correlation hole. In figure 6 we show the shrinking of the correlation hole with the increase
of the dephasing strength, while the Heisenberg time remains unchanged. In all three panels
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Figure 6. Correlation hole shrinking for different non-Hermitian deformations. Fidelity between
initial and time evolved infinite inverse temperature coherent Gibbs state under the BNGL dynamics
of L") for even k and characteristic values of the dephasing strength ~. Three different deformations
for k = 2,4,6 are averaged over a sample of 1000 GOE(2°) undeformed Hamiltonians Hy with o = 1.

we show the Hamiltonian averages of 1000 Hamiltonians, sampled from GOE(64) for infinite
temperature S = 0 and different values of the dephasing strength.

6 Liouvillian deformations

Before closing, we discuss the generalization of our results to the case of arbitrary open
quantum dynamics. The evolution of the quantum state is generated by a Liouvillian
Lo, which may be diagonalizable or not. For simplicity, we focus on the former case. Let
Lo = >, A\u|n) (7| be a Liouvillian without any exceptional points [65, 66], diagonal in a
bi-orthogonal basis, after the vectorization process presented in section 5.2, with |n) and
(1] being the right and left eigenstates, respectively, of the complex eigenvalue A, [54, 76].
The equation

;|p(t)) = Lolp(t)), (6.1)

is solved by |p(t)) = ®g|p(0)), for the dynamical map ®g = eto! = 3 e*t|n)(7|. Extending
the discussion of section 3 to Liouville space, a deformation w gives w(Lo) = 3, w(Ayn)|n)(7]
and @, = 3, e*)Hn)(72|. As an example, consider the case in which the undeformed
Liouvillian Lo describes a system in isolation. The Liouvillian takes the form (5.14) and is
thus anti-Hermitian. The right and left eigenvectors coincide and the eigenvalues are purely
imaginary, given by the frequencies w,,, which determine the dynamics, A\, = —iw,. The
deformed and undeformed propagators can be obtained through a Fourier transform

/dt’ (t, ") D (t), (6.2)

with d
Kw(t,t/) _ dw eit’w—iw(w)t‘ (63)

R 27

A simple deformation that preserves the Lindblad structure is w(Lo) = Lo + vLo?, v € R,
starting from a Liouvillian describing an isolated system Lo = —i(H ® 1 — 1 ® HT). In
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this case, one recovers the full energy dephasing dynamics of eq. (5.1). In addition, one
can consider the deformation w(Lg) = Lo + vLo?* with s € N, which leads to the master
equation

Op = —i[Ho, p|] + (=1)*vy[Ho, [Ho, - - - , [Ho, pl]], (6.4)

involving a dissipator with 2s nested commutators. While the latter is not manifestly of
Lindblad form, it is solved by the quantum state

p(t) =3 prum (0)e = En=Em)EH (COIHE=ER ) (1) (6.5)
nm
Therefore, for odd s, the dynamics generalizes the usual case of energy dephasing (s = 1).
For even s, with a bounded spectrum, it has the opposite effect as the time evolution
enhances the coherences in the energy eigenbasis.
This example illustrates the versatility of leveraging the notion of non-Hermitian
Hamiltonian deformations to more general open dynamics. Quantum channel deformations
at other levels are left for future investigations.

7 Conclusions

Integrable and exactly-solvable Hamiltonian deformations constitute a powerful tool among
non-perturbative methods. Using them, equilibrium correlations of the deformed theory
can be found via integral transforms in terms of those in the original theory [18, 19].

In this work, using the theory of open quantum systems, we have motivated the
introduction of non-Hermitian Hamiltonian deformations. In the context of continuous
quantum measurements, the latter describe the dynamics of a subensemble of trajectories
selected according to a measurement record, i.e., the absence of quantum jumps. For
such subensemble, the dynamics is governed by a non-linear non-Hermitian evolution
characterized by balanced norm gain and loss. The spectrum of the deformed non-Hermitian
Hamiltonian is no longer real, but complex-valued. This makes it possible to express
nonequilibrium correlations of the deformed theory in terms of those of the undeformed
theory, using integral equations, i.e., generalizing the relations known in the Hermitian
setting. In doing so, we have elucidated the relation between the time-evolution operators,
density matrices, and the spectral properties of the generators of time evolution in both the
deformed and undeformed theories.

We have explored the energy dephasing channel under both Markovian and BNGL
evolution. We found that the spectral properties are significantly altered, as the Liouvillian
spectrum constitutes a one dimensional locus in the complex plane, while the BNGL
spectrum corresponds to a two dimensional one. As an example, we considered the SYK
model and random Hamiltonians from the GOE. We characterized quantum correlations
starting from a thermofield double state. Remarkably, entanglement and Rényi entropy
display a maximum value under BNGL evolution, scaling with inverse temperature.

As an application of non-Hermitian deformations and building on earlier results, we
considered signatures of quantum chaos, using the survival probability of a coherent Gibbs
state, identifying the effect of quantum jumps. The spectral form factor exhibits a decay,
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dip and plateau. The dip is generally suppressed under energy dephasing, in the presence
of quantum jumps. However, when conditioning the dynamics to the absence of the latter,
we have shown that non-Hermitian evolution of the energy dephasing channel under BNGL
can actually enhance signatures of chaos by broadening the duration of the ramp. This is
contrary to the expectation that decoherence generally suppresses signatures of quantum
chaos. Further, the value of the plateau is fundamentally distinct from the isolated case
and is characterized by the inverse of the partition function in quantum chaotic systems.

Finally, we discuss a possible way to generalize the presented theory of non-Hermitian
deformations to Liouvillians, through the introduction of integral kernels which associate
the deformed and undeformed dynamical maps.

Beyond these findings, non-Hermitian and Liouvillian deformations should find broad
applications in the study of dissipative quantum many-body systems, the interplay between
information scrambling and information loss, black hole physics and unitarity breaking, and
gauge-gravity dualities in open systems.
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A Time evolution under BNGL

From eq. (3.2), we have that

Kw(t, 8)*_/R(;f€—isE+iw*(E)t (Al)
:/dEei(—s)E—iw*(E)(—t) (A.2)
R 2w
= Ky (—t,—3) (A.3)
so that
Ul (1) = / ds Ky (—t, —5)Ul (s) (A.4)
R
Therefore

pu(t) = Uw(t)p(0)UL () (A.5)
_ e—iw(Ho)t ,0(0) €iw(Ho)th (AG)
— / ds / ds' Ko (t, 8) Ko (—t, —s ) Uo(3)p(0) U (') (A7)

R R
_ / ds / A’ Ko (t, $) K (—t, — ") Uo() 07 (") Uo (s p(0) U (') (A.8)

R R
_ / ds / ds' Ko (t, 8) K (—t, —')Uo(s — 5')po(s). (A.9)

R R
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5 EXPERIMENTAL OBSERVATION
OF MANY-BODY QUANTUM CHAOS

The SFF provides a direct insight into the way correlations are built and expressed
as time evolves. Mathematically, as we saw in section 1.1.2, it can be defined as
the Fourier transform of the two-point function of the energy spectrum, the ab-
solute value squared of the normalized analytically continued partition function,
or the SP of an initial CGS. It is a fundamental diagnostic tool for examining
many-body quantum chaos, characterizing the statistics of energy eigenvalues
in quantum systems, even in the presence of environmental noise. From an ex-
perimental perspective, the accurate construction of level spacing distributions
of many-body systems is impractical, due to the exponentially large number of
possible transitions between energy states and the very short gaps that sepa-
rate neighboring eigenvalues. Nevertheless, the characteristic dip—-ramp—plateau
structure of the SFF is predicted to persists in the SPs and the correlation func-
tions of experimentally accessible initial states. Given a method to monitor the
time evolution, the main difficulties that arise in noisy intermediate-scale quan-
tum devices are the preparation of appropriate initial states together with the
preservation of coherence after Heisenberg time, to access the plateau. Recent
works [123-125] have proposed measurement protocols amenable to spin mod-
els which can be realized in superconducting qubit [126], Rydberg [127] and cold
atom platforms [128].

In the next article we introduce a novel approach for detecting quantum chaos
in many-body quantum systems, employing the SP of initial states around the
middle of the Hamiltonian spectrum, and spin autocorrelation functions as key
diagnostic tools. We give examples from realistic condensed matter systems,
namely disordered spin—1/2 Heisenberg model and long-range interacting Ising
models. Our proposal could allow for the detection of many-body quantum chaos
in small systems and therefore shorter timescales, which is more practical for ex-
isting experimental platforms.
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In this work, we use the term “quantum chaos” to refer to spectral correlations similar to those
found in random matrix theory. Quantum chaos can be diagnosed through the analysis of level
statistics using the spectral form factor, which detects both short- and long-range level correlations.
The spectral form factor corresponds to the Fourier transform of the two-point spectral correlation
function and exhibits a typical slope-dip-ramp-plateau structure (aka correlation hole) when the
system is chaotic. We discuss how this structure could be detected through the dynamics of two
physical quantities accessible to experimental many-body quantum systems: the survival probability
and the spin autocorrelation function. When the system is small, the dip reaches values that are
large enough at times which are short enough to be detected with current experimental platforms

and commercially available quantum computers.

I. INTRODUCTION

The main mechanism for the onset of quantum chaos
in many-body quantum systems is the interactions be-
tween particles. Similar to what one finds in random
matrix theory, realistic many-body quantum systems in
the chaotic regime are characterized by correlated energy
levels [1] and middle-spectrum eigenstates that approach
random vectors by filling the energy shell [2]. When
these systems are taken far from equilibrium, quantum
chaos underlies the spread and scrambling of quantum
information, hindering the reconstruction of the initial
state through local measurements. Such redistribution
of quantum information is intertwined with the thermal-
ization of subsystems [2, 3] and the difficulty in reaching
a localized phase [4, 5]. Understanding and quantifying
many-body quantum chaos is thus essential for describ-
ing and controlling many-body quantum dynamics and
for the development of quantum technologies. In this
work, we discuss how spectral correlations indicative of
quantum chaos can be experimentally detected via the
dynamics of many-body quantum systems.

The spectral form factor provides direct access to
short- and long-range correlations among the eigenval-
ues. Mathematically, it is defined as the Fourier trans-
form of the two-point function of the energy spectrum [6].
In chaotic systems, it presents a slope-dip-ramp-plateau
structure analogous to the one found in random matrix
theory, therefore signaling a rigid spectrum. This struc-
ture can persist even in the presence of environmental
noise [7—13]. The ramp only appears when the levels are
correlated and the plateau represents the saturation value
of the spectral form factor. The ramp reaches the plateau
at the Heisenberg time, which is inversely proportional

to the mean level spacing and thus proportional to the
dimension of the Hilbert space.

The analysis of level statistics through the spectral
form factor is an excellent way to detect many-body
quantum chaos in experiments with access to the spec-
trum, as in nuclear physics. Level statistics is a less ef-
ficient diagnostic tool of chaos in experiments with cold
atoms [14-19], ion traps [20-23] and available quantum
computers [24, 25], where the spectrum is not easily ac-
cessible and the focus is instead on many-body quan-
tum dynamics. To detect the slope-dip-ramp-structure
through dynamics, recent works have proposed to mon-
itor the fidelity of thermofield double states evolved un-
der the Sachdev-Ye-Kitaev model [8] and to use mea-
surement protocols on evolved random product states
that are amenable to spin models realizable in platforms
of Rydberg atoms [20], superconducting qubits [27] and
stroboscopically-driven cold atoms in optical lattices [28].

Our approach to detect many-body quantum chaos is
suitable to different experiments that study dynamics.
We probe two dynamical quantities that can be experi-
mentally measured and that, like the spectral form factor,
exhibit the characteristic slope-dip-ramp-plateau struc-
ture when the system is chaotic. They are the survival
probability and the spin autocorrelation function.

The survival probability is defined as the squared ab-
solute value of the overlap between the initial state and
its evolved counterpart. The spectral form factor can be
interpreted as the survival probability of an initial ther-
mofield double state or a coherent Gibbs state [3, 29, 30],
but the preparation of such initial states is not straight-
forward in current experiments. Instead, we investigate
the survival probability of experimentally accessible ini-
tial states.



The idea of detecting quantum chaos through the sur-
vival probability was first proposed in Ref. [31], where the
slope-dip-ramp-plateau structure was originally known as
the “correlation hole” [, 10, ]. It was later shown
that the correlation hole emerges also in the spin autocor-
relation function [41, 42], which contrary to the survival
probability, is local in real space.

We study the evolution of the survival probability and
the spin autocorrelation function in two different many-
body spin-1/2 models that can be realized in current ex-
periments with cold atoms, ion traps, nuclear magnetic
resonance (NMR) platforms [50, 51], and in digital quan-
tum computers. They correspond to the one-dimensional
(1D) disordered spin-1/2 Heisenberg model and the 1D
disordered long-range Ising model in a transverse field.
When the disorder strength is comparable to the inter-
action strength, these systems are chaotic.

The main challenges of our proposal lie on the mini-
mum value of the correlation hole and the timescale for its
appearance. The lowest value (timescale) decreases (in-
creases) with the dimension of the Hilbert space, which
in turn grows exponentially with the size of our many-
body quantum systems. Nevertheless, we show that the
correlation hole can emerge even when our systems have
only 6 or 8 sites. For such small chains, the dip happens
at sufficiently large values and the Heisenberg time is suf-
ficiently short for the potential detection of many-body
quantum chaos with current experimental capabilities.
Our analysis includes the effects of shot noise.

Due to the small Heisenberg time of small chains, the
quantum circuits for the time evolution of our spin-1/2
models should be relatively shallow, allowing for the im-
plementation in current commercial quantum comput-
ers. We demonstrate this possibility through noiseless
time evolution of the Heisenberg model with 6 qubits in
Qiskit.

In addition to the many-body spin models, we also
present results for a disordered spin-1/2 chain with a
single excitation and nearest-neighbor coupling. This
system is analogous to the one-particle Anderson model,
thus being localized in the thermodynamic limit for an
infinitesimal disorder. However, when the chain is finite,
it can present level correlations that get manifested in
the dynamics and could be experimentally detected.

The paper is organized as follows. In Sec. II, we review
the definition and properties of the spectral form fac-
tor, survival probability, and spin autocorrelation func-
tion. In Sec. IT1, we analyze the dynamics of the survival
probability and the spin autocorrelation function for the
1D disordered isotropic Heisenberg spin-1/2 model with
nearest-neighbor couplings and the 1D disordered long-
range Ising model in a transverse field. We also compare
the numerical results for the survival probability evolv-
ing under the Heisenberg model with results from Qiskit,
and discuss how the distributions of measurements of the
survival probability at a few times might suffice for the
detection of the correlation hole. In Sec. IV, the anal-
ysis is extended to the 1D spin-1/2 model with a single

excitation. Conclusions are presented in Sec. V.

II. DYNAMICAL INDICATORS OF
MANY-BODY QUANTUM CHAOS

The two-point spectral form factor captures both
short- and long-range correlations in the energy spec-
trum, thus providing a complete diagnostic of quantum
chaos. This quantity has also been used to question the
existence of a many-body localized phase [5] and in re-
cent studies of scale-invariant critical dynamics [52]. The
two-point spectral form factor is defined as [6],

SFF(t) = % <Zei(Em—En)t> 7 (1)

m,n

where h = 1, D is the dimension of the Hamiltonian ma-
trix that describes the system, E,, represents its eigen-
values, and (-) indicates an ensemble average. For large
random matrices from the Gaussian orthogonal ensemble
(GOE), we have [11, 12]

JZ(2I't 1 I't 1
SFF(t) ~ EIEt)Q ) _ 552 (2D> o (2)

where Ji(t) is the Bessel function of the first kind, T is
the width of the semicircular density of states, and ba(t)
is the two-level form factor [6],

1—-2t+tlog(1+2t), t<1,
by (t) = 2t+1 (3)
tl -1 t> 1.
®\gr—1) " -

In Fig. 1, we show the spectral form factor averaged
over an ensemble of GOE random matrices. The first
term in Eq. (2) represents the slope in the slope-dip-
ramp-plateau structure. The slope exhibits oscillations
characteristic of the Bessel function, whose envelope de-
cays as a powerlaw oc t72, as seen in Fig. 1. The dip
corresponds to the minimum value of SFF(¢), and the
ramp is the region that follows the dip, being below the
saturation value (plateau) at 1/D. The interval where
SFF(t) is below the plateau corresponds to the correla-
tion hole.

The ramp is described by the two-level form factor
in Eq. (3) and it emerges due to spectral correlations.
Unless averages are performed, the dip-ramp structure is
hidden by fluctuations, because the spectral form factor
is non-self-averaging [12, 53-56]. The beginning of the
ramp and its end at the Heisenberg time are marked with
vertical lines in Fig. 1.

It is usual to add a filter to the spectral form factor, a
common choice being the Boltzmann factors [30],

¢—BEn

where § is the inverse temperature. The case in Eq. (1)
is recovered for infinite temperature, § = 0.
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FIG. 1. Slope-dip-ramp-plateau structure (correlation hole)
of the spectral form factor obtained with an ensemble of 100
GOE random matrices of dimension D = 200. The elements
of the matrices have (H;;) = 0, (H7;) = 1/2 for i # j, and
(H2) = 1, so that T' ~ /D/2. The dark solid line is the
analytical expression in Eq. (2) and the shaded curve is the
average over the ensemble. Vertical dashed lines mark the
beginning and the end of the ramp.

A. Survival probability

The survival probability is defined as
2 .
Sp(t) = ‘<\1;(0)|\1;(t)>‘ = 3 e Plenf2eiEn B ()

where ¢, = (E,|¥(0)) is the nth component of the ini-
tial state |¥(0)) written in the energy eigenbasis {|E,)}
of the Hamiltonian H that describes the system. If one
equates the product of components |c,,|?|c,|* with the
product of Boltzmann factors, f(E.,)f(E,), in Eq. (4),
then the spectral form factor can be interpreted as the
survival probability of an initial Gibbs state [30]. How-
ever, this is not an easy state to prepare experimentally,
so we focus instead on experimentally accessible initial
states evolving under physical many-body quantum sys-
tems, as specified in Sec. III.

We study quench dynamics, where the initial state is
an eigenstate of the unperturbed Hamiltonian Hy and it
evolves according to the total Hamiltonian,

H=Hy+\V, (6)

where V is the perturbation and A is the strength of the
perturbation. In many-body quantum systems with two-
body couplings, as considered in this work, the density
of states of H is Gaussian [57].

When the system is perturbed far from equilibrium
(A ~ 1), the energy distribution of the initial state, which
is often referred to as local density of states (LDOS),

D

Po(E) = D leal*8(E — En), (7)

n=1

is also Gaussian [58, 59]. In the equation above, D is
the dimension of the Hilbert space. The width I' of the

LDOS is obtained as [60]

% = (U(0)| H2|¥(0) — (¥(0)|H[W(0))*  (8)

D A
> |l [ w(0))

n#ng

2
’

where |e,,) are the eigenstates of Hy and ng corresponds
to the index of the initial state, |¥(0)) = |en,). Notice
that the calculation of I' only requires knowledge of the
off-diagonal elements, (,| H |¥(0)), of the total Hamil-

tonian H written in the basis of eigenstates of ﬁg.
The survival probability in Eq. (5) can be equivalently
expressed in terms of the Fourier transform of the LDOS,

2

/Emax p(E)e PR | (9)

Emin

Sp(t) =

where FEni, and En.x are the lower and upper energy
bounds of the LDOS. In terms of Eq. (9), it becomes
clear that the initial decay of the survival probability
is Gaussian, e’Pth, followed by a power-law decay that
presents oscillations [29, 61, 62]. This is the slope of the
slope-dip-ramp-plateau structure.

Since Sp(t) is non-self-averaging [54, 55], we work with
the averaged survival probability, (Sp(t)) to capture the
subsequent features of the slope-dip-ramp-plateau struc-
ture. In strongly chaotic many-body quantum systems
with time-reversal symmetry, (Sp(t)) reaches a minimum
value at a time tq;, oc D?/3/T" [12], after which a ramp
emerges. The ramp is closely described by the by(t) func-
tion in Eq. (3), and it persists up to the Heisenberg time,
tg o< D/T' [42]. This is the largest timescale of the sys-
tem. Beyond tp, the averaged survival probability ex-
hibits small fluctuations around its infinite-time average,

- D 4
Sp = (L lenl*).
B. Spin autocorrelation function

The spin autocorrelation function also detects the cor-
relation hole [41, 42] and is also non-self-averaging at long

times [54-56]. This quantity is defined as
1 & ; ;
L(t) = fZ<\1/(0) erefioie ™ w(0)),  (10)
k=1

where L is the number of sites of the spin-1/2 chains that
we consider and 67, is the Pauli operator acting on site
k. We denote the asymptotic value of the average (I,(t))
as 1.

Like the survival probability, the spin autocorrelation
function is nonlocal in time, but contrary to survival
probability, it is local in real space. Another differ-
ence between the two quantities is that the correlation
hole fades away for the spin autocorrelation function as



the system size increases [45]. In NMR platforms, this
quantity can be directly measured for initially mixed
states [51]. Upon choosing a Néel state as the initial
state, I,(t) is comparable to the density imbalance ex-
perimentally probed in cold atoms [16, 18].

For both quantities, (Sp(t)) and (I,(t)), the dynamics
need to resolve the discreteness of the spectrum for the
emergence of the correlation hole. This explains why tqip,
and ty grow exponentially with the system size, which
makes the detection of the correlation experimentally
challenging. To handle this problem, we deal with small
system sizes. The other issue for both quantities is the
lack of self-averaging | |, which requires the use of
ensemble averages for any system size. We use ensembles
that are small, although large enough for revealing the
ramp.

III. DYNAMICAL MANIFESTATIONS OF
MANY-BODY QUANTUM CHAOS

We start the analysis of the correlation hole with the
spin-1/2 Heisenberg model and show that dynamical
manifestations of many-body quantum chaos can be de-
tected in a chain with only 6 sites. Moving next to the
long-range interacting Ising model, we verify that the cor-
relation hole is not as clearly discernible for small system
sizes as in the Heisenberg model.

A. Disordered spin-1/2 Heisenberg model

Spin-1/2 Heisenberg models and similar models can be

experimentally realized with NMR platforms [50, 51], in-
elastic neutron scattering [63], cold atoms [17], Rydberg
atoms [64], ion traps [23], and quantum dots [65]. In the

presence of onsite disorder, this model has been exten-
sively used in studies of many-body localization [66-68].

We consider a 1D isotropic spin-1/2 Heisenberg (XXX)
model with nearest-neighbor couplings and open bound-
ary conditions described by the Hamiltonian

1 L JL—l
Hyxx = 5 > hioj+ I > Gk dr,  (11)
k=1 k=1

where L is the chain size, ¢, = {6} ,6}, 67} are the Pauli
operators on the kth site, the random Zeeman splittings
hi are uniformly distributed within [-W, W], and the
coupling strength J = 1. The Hamiltonian conserves
the total spin in the z-direction, S; = >, 67/2, so the
Hamiltonian matrix consists of L+ 1 mutually decoupled
diagonal blocks. We choose L to be even and work in the
largest subspace, where S, = 0 and the Hilbert-space
dimension is D = L!/(L/2)!%.

In the absence of disorder, W = 0, the XXX model is
integrable and solvable via the Bethe ansatz [69]. When
the disorder strength W ~ J, the system is chaotic, thus
presenting correlated eigenvalues [70-72]. For W > J,

the spectra of finite systems show Poisson statistics [72]
suggesting localization.

To study the dynamics, the system is initially far
from equilibrium. It is prepared in an eigenstate of
H, = Sr_ hoi/2 + T 5] 6767, 1/4, which repre-
sents the unperturbed part of the total Hamiltonian
Hxxx. These initial states have on each site a spin point-
ing up or down in the z-direction, such as the Néel state,
| 1414 ...), and they can be experimentally prepared. We
choose initial states from the middle of the spectrum,
(U(0)|Hxxx|¥(0)) ~ 0, where chaos is certain to de-
velop.

1. Survival probability

In Fig. 2(a) and Fig. 2(b), we show the evolution of
the averaged survival probability for the XXX model in
Eq. (11) in the chaotic (W = 0.5) and localized (W = 3)
phase, respectively. The data are averaged over 10 initial
states and 50 disorder realizations for the chaotic model
and 500 disorder realizations for the localized regime.
The solid lines are obtained by further smoothing the
data by passing them through a Savitzky-Golay filter [73]
using a zero-order polynomial running over 10 consecu-
tive points, which is equivalent to a running time-average.
The horizontal dot-dashed lines indicate the saturation
value, Sp. Our goal is to identify a ramp below Sp for
the system in the chaotic regime.

In Fig. 2(a), we observe that the averaged survival
probability exhibits the slope-dip-ramp-plateau structure
even for system sizes as small as L = 6 and L = 8. The
structure is particularly visible for L = 6, because the
system size is so small that the dynamics does not de-
velop a power-law decay. In this case, the Gaussian de-
cay, e*F2t2, is followed by the ramp, which makes the
correlation hole rather evident. For L = 6, the minimum
value of (Sp(t)) at taip is large enough, (Sp(tdip))min ~
O(1071), and tqip is small enough, tqip, ~ O(10), to be
within the grasp of current experimental setups. Even
the saturation time, ty < 102, is at the limit of what
can be experimentally reached. Notice, however, that
it is not essential to run the experiment up to ty. To
convince oneself that chaos has been dynamically cap-
tured, it should suffice to detect the ramp, that is, to
measure values of (Sp(t)) that consistently increase as
time passes, following the ramp described by the ba(t)
function in Eq. (3).

The purpose of Fig. 2(b) is to make evident that even
though one can find values of (Sp(t)) below the satura-
tion line when the system in non-chaotic, these values are
not consistently below Sp and they are not on a ramp
described by ba(t), so they are not caused by the pres-
ence of correlated eigenvalues. We chose to show the
non-chaotic case with W # 0 instead of W = 0, because
we could smooth the curves using averages over disorder
realizations, but the discussion is valid for both cases.

Due to its lack of self-averaging, the survival proba-
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(a)-(b) Evolution of the survival probability under the Heisenberg spin-1/2 model in Eq. (11) in the (a) chaotic

(W =0.5) and (b) localized (W = 3) regime for various system sizes L. Average over 10 initial states and 50 (500) disordered
realizations for W = 0.5 (W = 3). All data are further smoothed with the Savitzky-Golay filter [73] resulting in the solid lines.
The shaded area around the lines denotes the 95% confidence interval of the ensemble averaged survival probability. Blue dots
in (a)-(b) for L = 6 indicate the survival probability obtained with the Qiskit statevector simulator, averaged over the same
trajectory parameters as the classical simulation. Horizontal dot-dashed lines mark the asymptotic values, Sp. Time is in the
unit of J = 1. (c¢)-(f) Shot noise experiment for the survival probability with M = 100 measurements for each initial state (10
samples) and disorder realization (50 samples). Distributions P of S for different system sizes, disorder strengths, and times
as indicated in the panels. The shaded distribution is obtained for a time in the saturation region. Vertical lines mark the

average values (S) for the chosen times.

bility has to be averaged to display the correlation hole.
In Fig. 2(a), we have 10 initial states and 50 disorder
realizations, but we verified numerically that 10 random
realizations suffice to reveal the ramp. A much larger
number of realizations are needed for the convergence of
the results in the localized phase [Fig. 2(b)] than in the
chaotic regime [Fig. 2(a)]. This is because in the chaotic
regime, the relative variance of the fluctuations of (Sp(t))
at long times remains constant as L increases [54], while
it increases with system size in the localized phase [55].

In Fig. 2(a) and Fig. 2(b), for L = 6, we compare the
results obtained with classical simulations (solid lines)
with simulations performed with Qiskit (blue dots) [74].
The agreement is excellent both in the chaotic and lo-
calized regimes. The simulations in Qiskit use the stat-
evector backend, which is a noiseless simulator that re-
turns the exact quantum state of the system at each time

step after evolution. The obtained statevector is then
compared to the initial state to determine the survival
probability. In a real quantum computer the survival
probability can be computed with a swap test between
the initial and evolved state [75]. The success of the ex-
perimental execution on a modern quantum hardware is
dependent on the circuit robustness to shot noise, the
random fluctuation associated with measurement.

2. Shot-noise experiment

Experimentally, the averaged survival probability is
measured as follows. One chooses a particular realization
of the onsite disorder, prepares the system in a specific
initial state |\I/(O)>, and after letting it evolve unitar-
ily for a time ¢, one performs a projective measurement.
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Each measurement corresponds to a “shot” and its out-
come can be either 0 or 1 [12]. For M number of shots,
one gets the outcome 1 for M; number of times, where
0 < My < M. According to the measurement postu-

M
late of quantum mechanics, lim; oo —Ll_g p(t), where

Sp(t) is the survival probability, as defined in Eq. (5).
This procedure is repeated for 10 initial states and 50
random realizations to get the averaged survival proba-
bility, (Sp(t)).

To emulate the experiment, we define a random vari-
able

(12)

1 with probability Sp(¢)
0 with probability 1 — Sp(t)

For each initial state and disorder realization, the se-
quence of M random numbers s gives a value S(t) =
M, /M. We then define S(t) as the average of S(t) over
10 initial states and 50 disorder realizations. If M is very
large, then S(t) — (Sp(t)).

For a finite M, every time we repeat the procedure
above, we get a value of S(t) that fluctuates around
(Sp(t)). This fluctuation is called shot noise and is pro-
portional to 1/yv/M. The distribution of the values of
S(t) has a width K/v/M, where K can be obtained by
studying the width of the distribution of S(t) as function
of M.

To identify the correlation hole, the uncertainty in S(t)
must be smaller than the depth of the correlation hole,
0= (Sp(ta))—(Sp(taip)). To resolve S(taip) from S(tx)
with 99.73% certainty, we need to have § > 3K/v/M.
Based on this reasoning, we estimate that M ~ 40 for
the survival probability evolving under the XXX model
with L = 8 and even less for L = 6. This means that
O(10%) shots per initial state and realization should be
sufficient to separate the minimum of (Sp(t)) from its
corresponding asymptotic value.

In Figs. 2(c)-(f), we show distributions of the val-
ues of S(t) for W = 0.5 [Figs. 2(c),(e)] and W = 3
[Figs. 2(d),(f)] for L = 6 [Figs. 2(c),(d)] and L = 8
[Figs. 2(e),(f)]. We use 10 initial states, 50 disorder re-
alizations, and M = 100, and repeat the procedure 103

times to obtain the density of S(t). The distributions are
depicted for three different times. Their choices are based
on the numerical results for the dynamics for W = 0.5,
so that the shortest time is close to the point where the
ramp starts, the second one is an intermediate time on
the ramp, and the largest time is already in the region of
the saturation of the dynamics. The distribution for the
longest time is shaded.

We see that in the chaotic regime [Figs. 2(c),(e)], the
distributions of S(t) are well separated, so that the values
of the survival probability on the ramp can be reliably
identified against the asymptotic value, and the averages
of the distributions grow monotonically as time increases.
In contrast, the distributions of S(¢) for the localized
phase [Figs. 2(d),(f)] are not separated. Furthermore, the
average (S(t)) does not grow monotonically with time. In
Fig. 2(d), (S(¢)) for t = 20 is smaller than for ¢ = 8, and
in Fig. 2(f), the shaded distribution, which is for a time
already in the saturation region, has (S(t)) smaller than
for the chosen intermediate time.

The results in Figs. 2(c),(e) imply that the experimen-
tal detection of the correlation hole should be possible
with a chain with only L = 6 or L = 8 sites. It requires
approximately 10* measurements done at a few selected
times in the interval where the ramp develops.

8. Spin autocorrelation function

In Fig. 3(a) and Fig. 3(b), we show the evolution of
the averaged spin-autocorrelation function for the XXX
model in Eq. (11) in the chaotic (W = 0.5) and local-
ized (W = 3) phase, respectively. The data are aver-
aged and smoothed as in Fig. 2. Similarly to the case
of the survival probability, a correlation hole is visible
in the chaotic regime [Fig. 3(a)] even for small system
sizes. However, despite the experimental advantage of
the spin autocorrelation function as a local quantity, the
numerical results are noisier than for the survival proba-
bility, because I,(t) can also have negative values. This
means that, compared with the survival probability, a
larger number of measurements should be experimentally
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FIG. 4. Evolution of the (a) survival probability and (b) spin-autocorrelation function under the long-range interacting spin-1,/2
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Time in the unit of J = 1. The horizontal dot-dashed lines denote the asymptotic values.

required to reproduce the results in Fig. 3 and to distin-
guish the ramp from the saturation value.

B. Disordered long-range interacting Ising model

We now analyze a disordered chain of spin-1/2 parti-
cles with long-range interaction, as those experimentally
realized with ion traps [20-22]. Our model also has onsite
disorder and open boundary conditions, being described
by the Hamiltonian

L

F 1 ~ AT AT
Hig = —Z(B+Dk G+ i )ao-ok, (13)
k=1 i<k J

where B indicates a constant magnetic field in the
transverse direction, Dy is uniformly distributed within
[-W, W], and « controls the range of the spin-spin inter-
action. To link with the experiment in [22], we choose
B = 2 and a = 1.1. As in the XXX model, we take
J =1 to fix the energy unit and W = 0.5 to access the
chaotic regime. For W = B = 0, Hpr describes the
Sherrington-Kirkpatrick spin glass model [76], while the
infinite-range interaction limit (o = 0) yields the Lipkin-
Meshkov-Glick model, which is an ideal test-bed for phe-
nomena like excited-state quantum phase transition [77—
79] and quantum scars [30].

The Hamiltonian HLR decomposes into two symmetry
sectors, one spanned by spin configurations with an odd
number of up-spins in the z-direction and the other with
an even number of up-spins. To maximize our access to
the center of the spectrum, we use the the sector with an
even number of up-spins when L/2 is even, and the odd
sector otherwise. The initial states are once again prod-
uct states in the z-direction, which are experimentally
accessible.

In Fig. 4, we show the evolution of the averaged
survival probability [Fig. 4(a)] and the averaged spin-
autocorrelation function [Fig. 4(b)] for the long-range in-
teracting Ising model in Eq. (13) in the chaotic regime
(o = 1.1, W = 0.5). In contrast with the Heisenberg

model, the correlation hole for (Sp(t)) becomes clearly
visible only when L > 8 and for (I,(¢)), it needs L > 8,
which makes the experimental detection of the correla-
tion hole more challenging for the long-range interacting
Ising model.

IV. SINGLE-EXCITATION CASE

To provide one more case in which dynamical manifes-
tations of spectral correlations could be experimentally
detected with available capabilities, we resort to a sys-
tem with a single excitation described by the following
Hamiltonian

L
N 1 -
H= §Zh o+ + — Z(Uk0k+1 +6757011),
k=1
(14)

where hy’s are random Zeeman splittings uniformly dis-
tributed in [-W, W]. This Hamiltonian is similar to that
in Eq. (11), where only nearest-neighboring couplings are
present, but it does not have the Ising interaction. In the
thermodynamic limit, the system in Eq. (14) exhibits An-
derson localization for any finite disorder strength [31]
with a localization length for eigenstates away from the
edges of the spectrum given by | ~ 6.5653/W?2 [32].
To investigate finite system sizes, one can then take the
scaled localization length & = 6.5653/(W?2L) as a param-
eter.

The system in Eq. (14) is not chaotic, but if the local-
ization length is larger than the system size, the energy
levels are correlated and show Wigner-Dyson distribu-
tion [33-85]. Despite being just a finite-size effect, these
spectral correlations also get dynamically manifested [34]
and could then be experimentally detected.

Figure 5(a) provides the results for the analysis of
short-range correlations done with the ratio [36, 87],

En+1 - En

—. (1
En*Enfl ( 5)

1
r, = min (rn, — |, where 7, =

n
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FIG. 5. Results for the spin-1/2 model in Eq. (14) with a single excitation. (a) Average ratio of level spacing, (r), as a function
of &€ o« (W?L)™! for different system sizes, L. The red dashed line indicates the value £ = 2.11 where (r) ~ 0.68, which is
the average ratio observed in GSE. The inset shows the density of states p(E) averaged over 10* disorder realizations for two
different values of £ and L = 8192; the dashed line indicates the analytical expression of the density of states for £ > 1. (b)-(c)
Participation ratio as a function of energy from a single disorder realization for (b) £ = 2.11 and (c¢) £ = 0.01. (d)-(e) Survival
probability for (d) £ = 2.11 and (e) £ = 0.01 for different system sizes. The initial state has the excitation on the first site of
the chain. The data are averaged over 200 disordered realizations and further smoothed with the Savitzky-Golay filter. Time
is in the unit of J = 1. The horizontal dot-dashed lines denote the asymptotic values of (Sp(t)).

The figure shows the average (r) over r,, for states in the
middle of the spectrum as a function of £. As & increases
and the localization length becomes larger than the sys-
tem size, the level spacing distribution moves from Pois-
son (absence of correlations) to distributions that indi-
cate stronger and stronger level repulsion, reaching statis-
tics equivalent to those for Gaussian orthogonal ensem-
ble (GOE), Gaussian unitary ensemble (GUE), Gaussian
sympletic ensemble (GSE), and beyond (picket-fence).
When ¢ = 2.11 [dashed line in Fig. 5(a)], the average ra-
tio (r) is approximately that observed in the GSE. This is
the value that we use for the analysis of the survival prob-
ability. We compare the results with those for £ = 0.11,
for which the level spacing distribution is Poissonian.
The comparison of the participation ratio,

1
PR = = [REST (18)

as a function of E,, for £ = 2.11 [Fig. 5(b)] and & =
0.01 Fig. 5(c)] further corroborates that the finite system
in Eq. (14) is delocalized when & is large. Notice that
the density of states, shown in the inset of Fig. 5(a),
is not Gaussian as in many-body systems, although the
most delocalized states are still those in the middle of the
spectrum.

To investigate the evolution of the survival probability,
we prepare the system in a initial state where the excita-
tion is on the first site of the chain. This is done, because

for W — 0, the shape of the LDOS for this state is semi-
circular [84], which brings us closer to case of Fig. 1 and
should facilitate the visibility of the dip below Sp.

We show the evolution of the averaged survival proba-
bility obtained for £ = 2.11 in Fig. 5(d) and for £ = 0.01
in Fig. 5(e). The behavior in the two panels is completely
different. The survival probability in Fig. 5(d) exhibits
a “correlation plateau” at (Sp(t) ~ 2/L, which is below
the saturation plateau at Sp ~ 3/L [35], while (Sp(t))
in Fig. 5(e) simply oscillates around Sp.

The results in Fig. 5(d) indicate that even though the
long-time dynamics of the survival probability for the
Hamiltonian in Eq. (14) is not described by the bo(t)
function in Eq. (3), as in truly chaotic systems, one can
still capture dynamical manifestations of spectral corre-
lations in spin systems with a single excitation. In this
case, since the saturation (Heisenberg) time scales lin-
early with the chain size (ty o< L/T", where I' ~ 1/2), it
should be viable to experimentally run the entire evolu-
tion up to saturation. This simple scenario could serve as
a first step towards the experimental detection of many-
body chaos.

V. CONCLUSION

Experimental advances in engineering pure initial
states, preserving quantum coherences for long times,



and monitoring the time evolution of quantities of inter-
est to many-body quantum systems set the stage for the
direct observation of dynamical manifestations of many-
body quantum chaos, specifically of the onset of the
slope-dip-ramp-plateau structure (correlation hole), that
is typical of systems with correlated eigenvalues. Sev-
eral existing quantum simulators and quantum comput-
ers manipulate ensembles of coupled qubits, which can
be generally described by interacting spin-1/2 models.
This motivated our analysis of the emergence of the cor-
relation hole in the survival probability and in the spin
autocorrelation function evolved under two chaotic spin-
1/2 models: the 1D disordered Heisenberg model with
nearest-neighbor couplings and the 1D disordered long-
range interacting Ising model in a transverse field.

We concluded that the averaged survival probabil-
ity evolved under the disordered Heisenberg chain with
only 6 sites offers the best prospect for the detection of
many-body quantum chaos with available experimental
resources. Furthermore, our analysis of the shot-noise ex-
periment for the survival probability indicated that mea-
surements at just a few times within the correlation hole
should suffice for inferring its presence.

Due to the small number of qubits and the short
Heisenberg time of the 6-site chain, the quantum circuits
needed to evolve the state is relatively shallow. Several
algorithms, such as Trotterization[39, 90] or hybrid algo-
rithms, are promising candidates for the detection of the
correlation hole. For a quantum algorithm to be success-
ful on current hardwares, it will need to balance circuit
depth and the precision of the results. For example, if
Trotterization is employed, the step size can be increased,
sacrificing precision for a lower gate depth. Hybrid ap-
proaches to time evolution are also promising, as these
algorithms limit the required gate depth through the in-
troduction of a classical computer.

The detection of dynamical manifestations of spec-
tral correlations, but not necessarily many-body quan-
tum chaos, could also be achieved with quantum systems
of few excitations or few degrees of freedom. In the pre-
sented case of a spin-1/2 model with a single excitation,
correlated eigenvalues are due to finite-size effects. They

get manifested in the dynamics at times that are shorter
and at values of the survival probability that are larger
than what we have for many-body systems of the same
length. Another model that could be used for the exper-
imental detection of quantum chaos is the Dicke model,
which describes a set of N spin-1/2 particles collectively
interacting with a single-mode field. Because the inter-
action is collective, the system has only two degrees of
freedom. In the chaotic regime, a “correlation ramp”
emerges in the evolution of the survival probability [413]
even when considering initial coherent states [91].

We close this work with a brief discussion about
the case of noisy systems. Recent investigations of
the spectral form factor in energy dephasing scenar-
ios [8, 10, 12, 13], non-Hermitian Hamiltonians [9, 11],
and parametric quantum channel models [13] suggest
that weak interactions with the environment reduce the
need for ensemble averaging. This implies that some
noise can be beneficial for the experimental detection of
the correlation hole.
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N the previous chapters we studied the behaviour of the generalized SFF in open
I quantum systems described by master equations, non-Hermitian generators
and quantum channels. We shall now restrict the discussion again to isolated
quantum systems, whose dynamics is governed by Hermitian Hamiltonians, to
investigate the connection between the SFF and a recently proposed signature of
quantum chaos, the so-called “Krylov complexity”.

Krylov subspace methods are it-
erative techniques in linear algebra,
used for solving systems of equations
and eigenvalue problems [129-132].
They offer a series of approximations
within the Krylov subspace, i.e., the
span of the powers of a matrix act-
ing on a vector. Historically, their
development traces back to the early
20th century, following the discovery
of matrix analysis. The advent of com-
puter technology and the necessity to
address large-scale problems in var-
ious fields have led to their promi-
nence. Their applicability is particu-
larly noted in certain classes of prob-
lems due to their convergence prop-
erties, minimal memory requirements, N
and scalability which facilitates par- [(t)) = exp{—itH/h}.
allel computations. In quantum me-
chanics, the vector may represent the initial state in the Schrodinger picture or
an evolving observable in the Heisenberg picture, with the matrix representing
the system’s Hamiltonian.

Figure 6.1: Schematic representation
of the Krylov subspace, corresponding
to and initial state |1)g) evolving into

Let us consider a Hamiltonian H and the corresponding Schrodinger equa-
tion, iho; [1(t)) = H |1(t)), of a pure initial quantum state |¢)g) € H, where H
is a d—dimensional Hilbert space

(

—it)"
Ann!

@) =3 S0 gy (6.1
n=0

The above state is a linear combination of the powers of the Hamiltonian acting
on the initial state. It will therefore belong in the Krylov subspace spanned by
span{|to) , H |[1o) , H? [t)) , ... }. Next, one can define an orthonormal basis
{|v0) , |t1) , [12), ...}, i.e, the Krylov basis, constructed by the Gram-Schmidt
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process or equivalently by Lanczos algorithm or the Arnoldi process [133, 134].
The Lanczos algorithm in this case becomes

H 1) = By [hu_1) + au ) + Bot1 [tbur) (6.2)

with «,, and B, being the corresponding Lanczos coefficients and 5y = 0. We
note that the Krylov dimension di can be finite even if the original Hilbert space
is infinite-dimensional. The knowledge of the Lanczos coefficients is equivalent
to the knowledge of the moments of the Hamiltonian. In particular, the first off-
diagonal Lanczos coefficient is equal to the energy dispersion 1 = AE. The
time evolution of the quantum state can then be written in the Krylov basis

d—1

W) = > &(t) ), (6.3)
v=0

with the amplitudes £, (¢) obeying the equation

ihatfl/(t) = Bljfllfl(t) + Oézzgu(t) + 5u+1£u+1(t)- (6-4)
The Krylov complexity operator (or spread complexity operator) is defined as

drg—1

C= Z v Y b - (6.5)

v=0

The expectation value of the Krylov complexity operator from (6.3) and (6.5) be-
comes

dig—1 dig—1
C(t) = W®)Cl1) = Y vW®)b) (Lulp®) = Y VG @) (66)
v=0 v=0

reflecting the mean position on the Krylov chain [135]. Its time derivative can be
found by the use of Heisenberg equation 7h9,C = i[H,C] or the corresponding
Ehrenfest theorem

et = (;)J WA A, A ] ew).  67)

In the following we will focus on two implications of the expression above. The

first is related to the first derivative of the spread complexity in combination with

the uncertainty principle, while the second is related to the structure of the sec-

ond derivative and the SFF. We note that the even derivatives of the complexity

operator are Hermitian operators while its odd derivatives are anti-Hermitian.
The generalised uncertainty principle

AEAC > %WI [11,C] )], (68)
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for the dispersion of the complexity operator (AC)2 = (| C? |y) —

gives the “dispersion bound”

2
0,0] < ﬂAo

The first derivative of the complexity operator can be written as

drx—

Z |wu Qp1/+1| |%+1><¢u|),

and the first derivative of the spread complexity as

dr—1
0C = Y Bl — &E 1)
v=0
10()_| 3
S 107 r
i <
CS%N 10—21 m(‘ N\/WW r
Q
107 J
104 ]
L 107 [
7 1077 ]
1077

02 1000 100 10! 102

(W[C1))°

(6.9)

(6.10)

(6.11)

Figure 6.2: The normalized Krylov spread complexity —92C'(t)/(2/3%) (top) over
the corresponding SFF (bottom) for an initial infinite temperature CGS. We have
considered the Hamiltonian average of 1000 GOE(64), 0 = 1 matrices, setting

h=1

The second derivative of the complexity operator can be written as

00 = KZ 2 ) W Y 4 B (ot )l N |+ s o ),
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(6.12)



and the second derivative of the spread complexity as

dg—1

020 =2 3 ((82 - B21) 161* + Burilon — onsn) Rel€fora]) . (613)
v=0

The importance of the above expression is better appreciated when the initial
state is the CGS, noticing that |¢,(t)|* = SEFF(t). It reveals how the important
timescales and behaviour of the spread complexity are present in the SFF

02C = —2B3SFF
d—1

+2 3 ((82 = BL) 16 + Buri(ow — ap) Rel§6pi]) . (614)
v=1

In Figure 6.2 we show the behaviour of the quantity —9?C(t)/(2/3?), averaged
over 1000 GOE(64), 0 = 1 Hamiltonians, for an initial infinite temperature CGS.
In the following article we investigate the corresponding dispersion bound in
the Krylov space of observable operators. The conditions for its saturation are
presented together with a series of analytical models that satisfy them.
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uantum speed limits (QSL) impose fundamental con-

straints on the pace at which a physical process can

unfold. Since their conception:2, they have been for-
mulated as bounds on the minimal time at which a distance
between quantum states can be traversed. The freedom in the
choice of the distance can be used to sharpen the discrimination
between quantum states, and with it, the notion of the speed of
evolution®*. Additional efforts have been devoted to exploring
the role of the underlying dynamics, generalizing early results
from isolated systems to open®~8 and classical processes>?. The
resulting speed limits have become a useful tool in various
branches of physics, ranging from information processing!! to
many-body physics!2, quantum control'3, and quantum
metrology!4. However, traditional QSL are too conservative in
estimating the relevant time scales in many processes, such as
thermalization!®. This has motivated the development of speed
limits suited for specific measures and observables!®, as in the
pioneering work by Mandelstam and Tamm!. In this sense,
certain speed limits follow from generalized uncertainty relations
such as those derived by Heisenberg and Robertson!’.

In parallel with the study of QSL, quantifying the complexity of
a physical process is a central task for the advancement of fun-
damental physics and quantum technologies. Lloyd pointed out
that the computational complexity of physical processes is limited
by QSL!8. Analogously, the circuit complexity of a quantum
state!?, defined as the number of elementary operations required
to generate it from a reference state, can be characterized in terms
of conventional QSL29-23. A complementary approach for many-
body quantum systems focuses on the buildup of complexity in
the time evolution of an initial local observable, known as
operator growth?*=28. The intuition is that simple operators
unitarily evolve into increasingly complex ones. Quantum infor-
mation initially encoded in a few degrees of freedom is thus
scrambled over the system in the course of evolution, making it
impossible to recover it through local measurements and giving
rise to thermalization. The unambiguous description of this
scrambling process remains an open problem. One possibility is
to probe it via an out-of-time-ordered correlator?®30 that may be
used to identify an analog of the Lyapunov exponent, providing a
connection with classical chaos, e.g., the butterfly effect. Such
quantum Lyapunov exponent obeys a universal upper bound3?,
which helps refine the notion of maximal chaos, is saturated by
black holes and is further tied to the eigenstate thermalization
hypothesis31:32. A related approach, which we shall pursue in this
work, is to study the dynamical evolution of operators in Krylov
space, exploited in numerical techniques such as the recursion
method33. In this context, operator growth is quantified by the
so-called Krylov complexity, a measure of the delocalization of
the time-dependent operator in the Krylov basis®*-38. The
authors of** made a conjecture on the universal operator growth,
namely, that Krylov complexity can grow at most exponentially,
and it does so in generic non-integrable systems. Remarkably, its
growth rate upper bounds the Lyapunov exponent, establishing a
connection with the bound on out-of-time-ordered
correlators®3°. Further studies have shown that exponential
operator growth is possible in free and integrable systems*0, while
the role of the interaction graph in a quantum network has been
explored in*l.

Here, we characterize the growth of Krylov's complexity by
deriving a fundamental limit on its rate of change and by studying
analytically the conditions under which this bound is saturated.
Our results show that saturation, which is also found to corre-
spond to a particular notion of minimum uncertainty, occurs
whenever the dynamical evolution of the system has the under-
lying structure of a three-dimensional complexity algebra, which
was introduced by#2. In this setting, the unitary evolution of an

operator can be represented as the displacement of generalized
coherent states*2, which display classical-like behavior®3. As
demonstrated in several paradigmatic examples, the saturation of
the growth rate may be possible in some chaotic systems, but
quantum chaos is not required for it.

Results and discussion
Quantum dynamics in Krylov space. Consider an isolated
quantum system in which the time evolution of an observable O
is generated by a time-independent Hamiltonian H according to
the Heisenberg equation of motion 9,0(t) = i[H, O(t)], setting
h=1. The solution to this equation with the initial condition
0(0) = O is given by O(t) = ™ Oe™™ . In terms of the Liou-
villian superoperator given by £ = [H, -], the Taylor expansion of
the time-evolving observable O(f) = 372 (’;—fn L"O shows that its
dynamics is contained in the complex linear span of the operators
{L"0}2,. This span is completely determined by the Hamilto-
nian and the initial observable and is known as the Krylov space.
From now on, we consider the restriction of each operator and
superoperator to the Krylov space. To highlight the vector space
structure, we make use of the bracket notation |A) when
expressing operator A in an equation. We choose to equip the
Krylov space with an inner product satisfying the properties

1. (A|LB) = (LA|B),V A,B.
2. (A|LA) = 0, when A is Hermitian.

An example of a family of inner products satisfying these two
properties is given by (A|B) = (eff/2ATe~F1/2B) . The bracket
(-)p denotes the thermal expectation value with respect to the
equilibrium Gibbs state e=PH/Z and thus (A|B) reduces to the
Hilbert-Schmidt inner product when 8 = 0, up to a normalization
factor. It follows from the second property of the inner product
that the operators O and LO are orthogonal. Let b, =[|O|| and
b, =|LO||, where ||-|| is the norm induced by the inner product.
By starting from the normalized vectors O, = O/b, and
O, = LO/b,, we can construct an orthonormal basis {O,}"~)
for the Krylov space by applying the Lanczos algorithm. This
algorithm works as follows: given the first #n 4 1 basis vectors, one
constructs the orthogonal vector |A, )= L]|O0,)—b,|0,_)),
where b, = ||A,]| and then normalize it to obtain |0, ;). We call
the constructed basis the Krylov basis. It is possible that the
Krylov dimension D is infinite, in which case the Lanczos
algorithm never halts. We remark that the Lanczos algorithm is
only guaranteed to construct an orthonormal basis if the
Liouvillian is self-adjoint, ie., the first property of the inner
product is satisfied. Generally, the Lanczos algorithm involves a
third term on the right-hand side of the equation for |A, ). This
term is, however, always zero whenever the second property of
the inner product is satisfied. Thus, with our chosen inner
product, the action of the Liouvillian on the Krylov basis takes a
specific form £]0,) = b, ,10,,,)+ b,|0,_,). As pointed out in
ref. 42, this motivates one to consider abstract raising and
lowering operators that we denote by £, and L_, respectively.
Their action on the Krylov basis is given by L |O0,) =
b,.110,4,) and L_|O0,) =b,10,_,). The Liouvillian can then
be expressed as their sum.

It is further convenient to introduce the real-valued functions

¢,(t), which appear in the expansion of O(t) as
|O(t)) = ﬁ 5;01 i"¢,(1)]0,). We will refer to these functions

as the amplitudes of the observable. These amplitudes evolve
according to the recursion relation 0,p,(t) =b,_19,_1(t) — b,p,
+1(#) with the initial conditions ¢,(0) =1 and ¢,,(0) =0 for n > 0.
Thinking of the Krylov basis vectors as forming the sites of a one-
dimensional lattice, b, can be interpreted as a hopping amplitude,
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see, e.g.,>»3%. In this sense, one can think of O as a one-
dimensional discrete wave function that is initially localized and
then spreads out over the lattice as time evolves. An increase in
the population of the sites further away from the origin reflects a
greater increase of complexity of the observable. In order to
quantify this, it is natural to consider the Krylov complexity of

O(t), defined to be
D-1 5
K(t) = gon}gon(t)| . 1)

The main task of our work is to bound the growth of Krylov's
complexity. Due to unitary dynamics, the norm of the evolution
is preserved and the Krylov complexity is unchanged if one
normalizes the operators studied. We will, therefore, without loss
of generality, consider O to be normalized. By introducing the
complexity operator K = Zf:_ol n|O0,)(O,|, which plays the role
of the position operator in the Krylov lattice, it is possible to
express Krylov complexity as the “expectation value” of K with
respect to O(t). More precisely, if (KC), = (O@)|KO(t)) then
K(t) = (K),.

Dispersion bound on Krylov complexity. If the Krylov space
forms an inner product space in which A and B are self-adjoint
superoperators, then there ought to exist a Robertson uncertainty

relation given by AAAB > 1|([A, B])|, where AA = +/ (A%) — (A
is the dispersion of .4 with respect to some state |A). When the
Krylov dimension is infinite, it is necessary that |A) is contained
in the intersection between the domains of AB and BA, other-
wise the inequality might not hold**. Letting A = O(t), A = L,
B = K and noting that AL = b;, we can rewrite the uncertainty
relation as

|0,K(1)] <2b,AK. )

In other words, the growth of Krylov complexity is upper
bounded by a constant times the dispersion of the complexity
operator. By defining a characteristic = time scale
T = AK/ |at1< (t)|, one obtains 7xb;>1/2, which takes the form of
a Mandelstam-Tamm bound, and emphasizes the role of
b, = LO]| as a norm of the generator of evolution in Krylov
space. To avoid confusion with the uncertainty relation for
observables, we will refer to this bound as the dispersion bound.
We note that no bound tighter than (2) can be found by con-
sidering the more general Schrédinger uncertainty relation, as the
extra term given by the anticommutator identically vanishes, as
shown in Methods.

It is not self-evident that saturation of the dispersion bound
can be achieved under the unitary dynamics of the observable.
There are very specific relations between £, O and K that need to
hold: the Liouvillian is required to be tridiagonal in the eigenbasis
of the complexity operator and the initial state of the observable is
required to be parallel to the eigenvector with the lowest
eigenvalue. The conditions for the saturation of the dispersion
bound are thus highly constrained and differ from those known
for saturation of a Robertson uncertainty relation in general. The
required conditions admit a geometrical interpretation, elabo-
rated in Methods. The bound is saturated if and only if the
evolution curve moves along the gradient of the Krylov
complexity. This requires that the dynamics is directed along
the direction that maximizes the local growth of complexity; see
Methods. The only exception involves extremal points in which
any direction away from the extremal point leads to saturation.
This is indeed the case for t = 0. Indeed, there exists Liouvillians
of the form £ = £, 4 L£_ for which the tangent of the generated
path will be parallel with the gradient for all times.

Saturation of the dispersion bound. Time evolutions saturating
the dispersion bound are characterized by a unique algebraic
structure. Define the superoperator B = £, — £_. Following??,
we consider their simplicity hypothesis: namely, the assumption
that £, B and the commutator K = [£, B] close an algebra with
respect to the Lie bracket. It was shown in*2 that this forces K to
be related to the complexity operator via K = ak + y, where
a,y € R. We show in Supplementary Note 2 that y is a positive
number and « is a real number satisfying the condition « > 0 for

infinite Krylov dimension and a = — % for finite Krylov
dimension. Moreover, the only possible closure of the algebra is

given by the commutation relations
[£,B]=K, [K,L]=aB, [K,B]=aL. (3)

Given this algebra, the evolving observable can be interpreted
as a curve of generalized coherent states evolving according to the

displacement operator D(§) = e*%+~%£-, where &= it. Moreover,
the initial state is the highest weight state of the representation,
which is annihilated by £_ by construction. Coherent states can
be viewed as the states closest to the classical ones in the sense
that they typically minimize an uncertainty relation. It is for
example known that coherent states of the Harmonic oscillator
saturate the Robertson uncertainty relation for the pair of
observables of position and momentum. Building on this
intuition, we could expect that the dispersion bound is saturated
for the simplicity hypothesis. It turns out that this intuition is
indeed correct. In fact, as we show in Supplementary Note 2, the
dispersion bound is saturated if and only if the simplicity
hypothesis holds. The saturation of the dispersion bound dictates
the evolution of the Krylov complexity, where three different
scenarios are possible, as shown in Fig. la. The growth of
complexity at the speed limit is described by the differential
equation

O7K(t) = aK(t) + v, 4)

with the conditions that K(0) =0 and K(— t) = K(¢). For finite
Krylov dimension, saturation of the dispersion bound sets the
complexity growing according to K(t) = (D — 1)sin’wt, where

w= In this, case, the corresponding complexity algebra

y
20-1y
(3) reduces to the SU(2) algebra. By contrast, for infinite Krylov

109r
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Fig. 1 Growth of Krylov complexity at the speed limit. Saturation of the
dispersion bound occurs in three different scenarios, each of which is
associated with a different complexity algebra that is specified by the sign
of a. a Time-dependence of the Krylov complexity. b The corresponding
growth of the Lanczos coefficients in the Krylov lattice. The plots are
representative of the three different scenarios. The Krylov dimension in the
SU(2) case is D =100, and infinite in all other cases. In b we choose a =4
and —4 for the SL(2, R) and SU(2) algebras, respectively, while « is always
zero in the HW case. Finally, the parameter y in b is chosen in each case
such that the corresponding Lanczos coefficients share the same behavior
near the origin of the Krylov lattice. Specifically, y =202, 200, and 198 for
the SL(2, R), HW and SU(2) algebras, respectively.
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dimension there are two distinct scenarios for the complexity
growth: for > 0 one finds K(¢) = %’ sinh? @, while for « = 0 the
solution reads K(t) =1#*. The complexity algebra in these two
cases reduces to SL(2,[R) and the Heisenberg-Weyl algebra
(HW), respectively. Reference examples maximizing the Krylov
complexity growth rate at all times are discussed in Supplemen-
tary Note 1. One such example with a>1 is the Sachdev-Ye-
Kitaev (SYK) model#°, a paradigm of quantum chaos. However,
the saturation of the bound does not require quantum chaos and
can indeed be achieved by a single qubit, with a=0
(Supplementary Note 1). Together with the time-dependence of
K(t) and the complexity algebra, the value of « also determines
the growth of the Lanczos coefficients in the Krylov lattice. As
proven in Supplementary Note 2, the dispersion bound is
saturated if and only if the Lanczos coefficients grow according to

/1 1
5
b, = 4om(n 1)+2yn, )

exhibiting three different scalings as a function of «, see Fig. 1b.
That the simplicity hypothesis implies (5) has already been
pointed out in*2. For & > 1 and large #, this dependence captures
the linear growth b, = \/an conjectured by Parker et al. to hold
in generic non-integrable systems, maximizing the Krylov
complexity growth34,

Krylov complexity in generic systems. We next discuss the
Krylov complexity growth in generic systems not fulfilling the
simplicity hypothesis. We can use Eq. (5) to estimate when and at
what time scale a generic system deviates from the bound. By
expanding Krylov complexity up to fourth order, we find that
K(t) = bj? + L1b](2b5 — b})t* + O(t°). Since we can always find
a value on « and y such that b; and b, satisfy (5), we conclude
that the bound (2) is saturated up to the third order in time. By
expanding the Krylov complexity up to sixth order, we find that
the Lanczos coefficient b; will appear in the last term, and since
we are not guaranteed to be able to find a value on « and y such
that by, by, and b; satisfy(5), we conclude that the system can only
start deviating from the bound (2) as a result from fifth-order
terms in the expansion. We can estimate this time scale by finding
the value of t for which the third order coefficient of 9,K(t) is
equal to its fifth-order coefficient. We will call this time the
deviation time, denoted by 74, and it is explicitly given by

2bj(2b; — b))
Ty = .
d LUV + b2) — L0202 + B2 + b2) + L b2

To get an understanding of the complexity growth in a generic
setting, we next illustrate the Krylov dynamics of a system described
by a random matrix Hamiltonian. Specifically, we consider the
Krylov complexity of an ensemble £(H) of random matrix
Hamiltonians, a paradigm of quantum chaos*0. We sample the
Hamiltonian matrices H from the Gaussian Orthogonal Ensemble
GOE(d), where d is the dimension of the Hilbert space. We then
calculate the Lanczos coefficients {b,} with partial re-
orthogonalization3%47. Specifically, we consider samples of real
matrices H= (X+ XT)/2, where all elements x € R of X are
pseudo-randomly generated with probability measure given by the
normal distribution, exp(—x?/(20%))/(c+/27). In order to study
the general behavior of Lanczos coefficients, we choose an initial
observable, which is represented as the normalized vector
|0) =(1/d,1/d, ... ,1/d)T, expressed in a fixed eigenbasis of
the Liouvillian. However, the following results do not depend
strongly on the choice of O, provided it is dense in the eigenbasis of
the Hamiltonian. Figure 2a shows the squares of the Lanczos
coefficients for a single realization and the average ({b,}) ¢y, over

(6)
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Fig. 2 Growth of Krylov complexity in a generic system. a Squares of the
Lanczos coefficients for a single realization (gray points) and an average
over 100 random Hamiltonian matrices (black line). b Operator growth in
the Krylov lattice as displayed by the dynamics of the amplitudes |¢,(t)|?
for a single random matrix realization. ¢ Krylov complexity (green solid
lines) together with the deviation time (gray dashed line) for three
independent random matrix realizations. d The corresponding absolute
value of the growth rate of the Krylov complexity (blue solid lines), together
with the dispersion bound (red dashed lines), Eq. (2). In all figures, the
random Hamiltonian matrices are sampled from GOE(d) with standard
deviation 6 =1, maximal Krylov dimension D =993 and a uniform initial
observable operator O.

100 different Hamiltonians of dimension d =32, sampled from
GOE(d) with standard deviation o=1. Operator growth is
displayed by the time-dependent amplitudes, which are found by
solving the recursion relation and exhibit diffusion-like dynamics
on the Krylov basis, shown for a single realization in Fig. 2b. The
corresponding time evolution of Krylov complexity and its growth
rate are shown in panels ¢ and d, respectively. Hamiltonians
sampled from GOE(d) behave as a generic system, given that the
Lanczos coefficients do not, in general, grow according to (5), as
shown in Fig. 2a. As a result, the growth rate starts deviating from
the dispersion bound around the time scale 74 in Eq. (6), indicated
by the vertical line in Fig. 2 ¢, d. In short, while GOE Hamiltonians
provide a useful paradigm in the description of quantum chaotic
systems, the dynamics generated by them do not maximize the
growth of Krylov's complexity for t> 4.

Our results establish the ultimate speed limit to operator growth
in isolated quantum systems. Specifically, the dispersion bound
governs the growth rate of Krylov complexity, playing the role of a
Mandelstam-Tamm uncertainty relation in operator space. This
bound is saturated by quantum systems in which the Liouvillian
governing the time evolution fulfills a simple algebra. The latter
arises naturally in certain quantum chaotic systems, such as the SYK
model. However, other paradigmatic instances of quantum chaos,
such as random matrix Hamiltonians, do not maximize the growth
of Krylov complexity. Indeed, a saturation of the bound does not
require quantum chaos and can be achieved, e.g., by a single qubit.

Methods

Vanishing of the anticommutator contribution in the Robertson uncertainty
relation for /C and £. We establish a universal feature of Krylov complexity, valid
for any physical system: namely, that its anticommutator with the Liouvillian £ has
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vanishing expectation value over the evolved operator |O(t)). The relevance of this
result relies on the fact that this quantity enters the Schrédinger uncertainty
principle for the two operators K and £

4AKALY = [(O)|IK, £ 0w [

2 @)
+HOMK, Lo,
from which one can bound the complexity rate 9,K. We have that
(OWIIK, £1|O®) = 2iIm (O()|KL|O®)) ©)
and
(OO|{K, £} O®) = 2Re (O(1)|KL|O®)), )
where
KL= b, [110) @ + (1[0, (O,]. (0

Let us now demonstrate that the anticomutator term in Eq. (9) is identically
zero. By expanding |O(t)) over the Krylov basis, we obtain

D—1
(omlKkL|ow) = ; gzo (=)0 @byt (18,0 O 1

(1n
+ (n + 1)6m,n+16nk)‘r
which, by performing the sums over k and #, yields
D-1
(OW)|KLIO®) =i & mP,(Prirburss — Prn1 bwr)
m=0 (12)

D-1
= =i mg,0,9,.

Since the amplitudes ¢, and the coefficients b, are real quantities, comparing
Egs. (9) and (12) we immediately conclude that

(OO, LHow) =0 vt

Let us note that the key condition to obtain this result is the fact that the
Liouvillian connects only states that are nearest neighbors on the Krylov lattice so
that we are left with a purely imaginary phase (—i)™(i)"™*! = +i. It is this peculiar
property that allows the Liouvillian to be interpreted as a sum of generalized ladder
operators £, 42. However, let us point out that here we are not making any
assumption regarding the commutation rules between these operators: we are
considering the structure of Krylov space in full generality.

Moreover, from Eq. (8), we immediately obtain the relation between the
anticommutator [K, £] and the complexity rate 0,K:

(13)

D-1
(O®|IK, L|o®) = —2i 20 me,.9,,, = —id,K. (14
Therefore, the Schrodinger uncertainty relation (7) can be recast as the
dispersion bound (2) on the growth of Krylov complexity:
|0,K|<2b,AK. (15)

Geometrical interpretation of the saturation of the bound. For the geometrical
interpretation of the saturation of the bound, we assume the Krylov space to be of
finite dimension. However, the results could potentially be extended to infinite-
dimensional Krylov spaces as well.

The Krylov space is isomorphic to a 2D-dimensional real vector space, and we
can therefore consider the Euclidean metric g, given by the real part of the inner
product. The evolution curve of O will then be restricted to the unit sphere of the
Krylov space. This unit sphere forms a Riemannian manifold and we can consider
the Krylov complexity as a function on this manifold defined by K(A) = (A|ICA),
for any element |.A) in the Krylov space with a unit norm. In this sense, when we
write K(t) we simply mean K(O(t)) which is consistent with how we defined
complexity for the evolution. The differential of Krylov complexity will be denoted
by dK and its action on any tangent vector A at A is given by dK(A) = (A|.A)+
(A|.A). This differential together with the metric can be used to define the gradient
of Krylov complexity. It follows from the theory of differential geometry that the
gradient of Krylov complexity at A, denoted by VK(A), is the unique vector
satisfying the expression g(VK(A), A) = dK(A) for all tangent vectors A at A48, It
can be checked that the gradient must then be given by VK(A) = 2(K — (K))A,
which indeed is tangent to the unit sphere at A. The change of Krylov complexity
along the curve O(t), generated by the Liouvillian, is given by
9,K(t) = g(VK(t),0,0(t)), where V K(t) is the gradient at O(t). Applying the
Cauchy-Schwarz inequality on the right-hand side gives us the inequality

[8,K®)| < IVKOIIR,O() -

The right-hand side of this inequality is exactly 2b; AKC and we note that it is
saturated if and only if the tangent vector of (O(t) is parallel to the gradient of

(16)

Krylov complexity. We also note that the gradient is the zero vector at time zero
and so the dispersion bound is always initially saturated.

The unitary orbit of O is the set of all points UTOU, where U is a unitary
operator. We emphasize that this is a proper subset of the unit sphere in Krylov
space which, in contrast, is the set of all points /O, where U is a unitary
superoperator. The gradient we have considered is with respect to the unit
sphere, and it is therefore not obvious that this gradient will ever be tangential
to the unitary orbit of O. However, the gradient is indeed tangential to the
unitary orbit at time zero and at all times, provided the simplicity algebra is
fulfilled.

On the closure of the complexity algebra. Here we show the proof that the only
possible closure of the complexity algebra introduced by*? is given by Eq. (3). The
(anti-Hermitian) operator B = £, — £_ “conjugated” to the Liouvillian can be
expanded in Krylov space as
D-1
B= nZ::O bn+l HOVH—I)(OV!! - ‘On) (OVH—IH' (17)

We note that one can establish a formal analogy with the harmonic oscillator: £
plays the role of the position of the harmonic oscillator, while i3 corresponds to its
momentum. However, in general, the commutator between £ and B is not pro-
portional to the identity, indeed:

- D-1

K=2AL L 1=2 % (b1~ 5)|0:) (O], (18
where it is understood that b, has to be replaced with 0. Let us now investigate the
conditions under which £, B and K form a closed algebra with respect to the
operation [,]: the so-called complexity algebra®. This happens if and only if the
commutators [£, K] and [B, K] can be written as linear combinations of the

operators £, B and K themselves. These commutators can be expanded over the
Krylov basis as follows:

- D-1
[£.K1=2 & fbys1 [|0001) (O] = 10,) (O] 19
- D-1
[BK1=2 % {1 [|0011) (O] +10,) (O] 20)
where we have defined
fn)= bfx-H - bi - (sz—Z - bi+1) = M @n

2

Now, it is clear that the commutator (19) between £ and K cannot contain any
element of the complexity algebra other than
B= 25;01 b, 1 [10,,:1)(0,| —10,)(O,,], while the commutator (20) can only
contain £ = Zln);ol b, 1110, (0, +10,)(O,;,1]. Moreover, the only possibility
for the algebra to be closed is that the discrete function f(n) is a constant. By
looking at Eq. (21), we conclude that f{n) is constant if and only if

2(byy, — b)) = an+ 2y, (22)

for some constants « and y (the factors 2 are included for convenience). Again, b,
has to be replaced with 0, so that Eq. (22) holds for n > 1, while be =a+2y.
Then, the function f(n) takes the constant value f= —a/2, so that the only possible
closure of the complexity algebra is given by:

[£,8]=K, [K.L]=aB, [K,B]=aL. (23)
Moreover, from Eq. (22), we immediately conclude that
K=ak+ y. (24)

Therefore, if a # 0, the Krylov complexity is related to K by a shift. Conversely,
if @ = 0, there is no simple relation between the Krylov complexity and the operator
K. In this case, K is proportional to the identity and the complexity algebra reduces
to the Heisenberg-Weyl algebra??, being [£,, £_] = y1.

Possible scenarios under the closure of the complexity algebra. As already
discussed, if £, B and their commutator K closes an algebra, then the only possible
commutation relations are given by (23). This complexity algebra is then reduced
to the Heisenberg-Weyl algebra whenever « = 0. We next show that for the cases
a <0 and « >0, the complexity algebra reduces to the SU(2) algebra and the
SL(2, R) algebra, respectively. Let us introduce the operators ], and J_, which are

defined by vJ, = £, and vJ_ = L_, where v is a strictly positive scaling para-
meter. We can then write £ =v(J, +J_) and B=v(J, —J_). Let us also
introduce the operator J, defined by J, = — 355 K. By substituting these operators
into (23), one can rewrite the commutation relations as
o
UeJd=Jo, UoJel=F5 575 (25)
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By choosing the scaling parameter such that 212 = a, we find that the algebra (23)
is equivalent to

Updd=Jo, UpJul==%]. a<0 SUQ), (26)

U J1=To, UpJel=F. a>0 SLZR). @7)

What we have shown is that, whenever the simplicity hypothesis holds, then the
algebra generated by £, B and their commutator can always be reduced to either
SU(2), SL(2, R) or the Heisenberg—-Weyl algebra, and for which of these it reduces
to depends on the value of a.
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Supplementary note 1: Explicit models

In this appendix we introduce three dynamical models that, having the structure
of a closed complexity algebra, display a maximal growth of complexity, in the
sense that the complexity rate saturates the dispersion bound. Moreover, we
show that quantum chaos, in the Hamiltonian sense, is not necessary to have
maximal complexity growth. In particular, it is shown that the dynamics of simple
solvable Hamiltonians can saturate our bound.

We first consider a finite-dimensional model, namely the SU(2) algebra, and
then turn to the infinite-dimensional case, which allows us to comment on the
famous conjecture by Parker et al. [136]. In particular, we show that our notion
of maximal complexity growth is more general than the one proposed in their
work, as the latter represents a special case of the former.

SU(2) algebra

Let us start with the SU(2) algebra [J;, J;| = i€;;1Ji. That is, let us consider the
dynamical evolution generated by the Liouvillian

L=uv(],+J.), (6.15)

where Jy = J; £ iJy are the familiar SU(2) ladder operators and L1 = vJy.
Now, the Krylov basis corresponds to the usual basis of the representation j:
|Orn) = |j,n) with —j < n < j. Following [137], let us relabel the vectors with
n — n+j,sothatn =0,...,2j, the dimension of the Krylov space being equal
to 25 + 1. By construction, the initial operator |Qp) is just the highest weight
state |j, —j) and is annihilated by J_. From the action of the ladder operators
on the representation basis:

Jilj,=j+n) =vVn+1)2j—n)lj,—j+n+1), (6.16)

being £L_|0,,) = b,,|Op—1), we can read off the Lanczos coefficients:

b, =vy/n(2j+1—n). (6.18)

The Heisenberg evolution of an operator can be understood as the displacement
of a generalized coherent state [137]:

|0(t)) = e Oy) = D(€ = ivt)|Op). (6.19)
Indeed, the displacement operator is defined as
D(§) = 8+ =87, (6.20)
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The generalized coherent state |£, j) can be expanded in the spin basis | j, —j + n)
as follows [137]:

2 I'(2j+1)
A 2\— n . .
€,5) = (L+[€F) J;}& %!mj_nﬂ) G, =3 +n). (6:21)

For this model it is convenient to use complex polar coordinates ¢ = €'? tan 6.
Indeed, by replacing § = vt and ¢ = 7/2 and by using the correspondence
between the spin and the Krylov basis |O,,) = |j, —j + n), from above one can
read the components of the operator wavefunction:

r'(2j+1)
(2 —n—+1)

(6.22)

on(t) = tan™(vt) cos2j(1/t)\/

from which we can compute both the mean (i.e. the Krylov complexity) and the
variance of the complexity operator K:

2
K(t) =Y neh(t) =2jsin’vt, (6.23)

n=0

2j

AK(t) = J%n%ﬁ%(t) - K?= \/Z] sin 2vt|, (6.24)

Since b1 = /27, one can check that |0K| = 2b;AK at any time t: that is, as
expected from the closure of the 3-dimensional complexity algebra, the dispersion
bound is identically saturated.

Given the expression of the Liouvillian in Krylov space, it is generally a dif-
ficult task to derive a corresponding Hamiltonian that generates the dynamics
in the Hilbert space. In particular, the former contains less information than the
latter and therefore many different Hamiltonians can give rise to the same dy-
namics in Krylov space. Moreover, one has not only to specify the Hamiltonian
but also the initial operator Oy. Nevertheless, we find that the evolution of the
operator Oy = o1 + o3 under the single-qubit (two-level) Hamiltonian H = vos,
where o; is the i-th Pauli matrix, is given in Krylov space by the representation
j = 1 of the SU(2) algebra. More precisely, by explicitly performing the Lanczos
algorithm, which in this case involves only two steps, we find Lanczos coefficients
b1 = by = vv/2, which coincide with Eq. (6.18) for j = 1. We note that here the
dimension of the Krylov space is D = 3, which is the maximum allowed for a
Hilbert dimension d = 2, being D < d? — d+ 1 [138]. This is achieved due to the
choice made for the initial operator Op, which has non-zero components along all
the Liouvillian eigenspaces. If instead one starts with an initial operator Oy = o1,
the Krylov dimension shrinks to D = 2, in which case the bound is always triv-
ially saturated, being the complexity algebra given by the representation j = 1/2
of SU(2). From this example, we deduce that non-chaotic Hamiltonian can give
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rise to maximal complexity growth in Krylov space. Interestingly, the same ob-
servation was made also in [139] with respect to the different notion of maximal
complexity growth proposed by Parker et al. [136], proving that the exponential
growth of complexity can be achieved also without chaos.

As a final remark, let us note that by considering a more general two-level
Hamiltonian H = ¢l + 0 - @ we can still obtain the same dynamics in Krylov
space, i.e. representation j = 1 of SU(2), provided that we tune the parameters
and we choose the initial operator in such a way that b; = bs: if this condition
does not hold, the bound cannot be saturated. More generally, in any Krylov
space of dimension D = 3, the algebraic closure and thus the saturation of the
bound is possible if and only if by = by, i.e. if and only if the underlying algebra
is given by the representation j = 1 of SU(2). This can be checked by explicitly
computing the double commutator [£, [, B]] and observing that it vanishes only
if by = by. Indeed, as emphasized in the main text, the only possible closed
complexity algebra in the case of a finite Krylov dimension D is given, up to a
multiplicative constant, by the representation j = % of SU(2).

Heisenberg-Weyl algebra

Let us now consider the case of infinite-dimensional Krylov space. An emblem-
atic example in which the bound is saturated is the one in which the dynamical
evolution is given in terms of the Heisenberg-Weyl (HW) algebra [a,af] = 1. In
this case, the Liouvillian is given by

L=v(a+a), (6.25)

and the generalized ladder operators L4 are just the raising and lowering opera-
tors al and a, times the constant v. Here the initial operator |Op) is represented
as the vacuum state |0) and the Krylov basis corresponds to the usual basis con-
structed by acting with a' on the vacuum:

1 n
|On) = |n) ﬁw )™ 10) (6.26)

that is, the eigenbasis of the number operator a'a, which coincides with the com-
plexity operator K. We note that in this case the Krylov space has infinite dimen-
sion. From the well known relations

adny=vn+1ln+1), aln)=vnln—-1), (6.27)

one can see that b,, = vy/n. The time-evolved operator |O(t)) can be represented
as the standard coherent state

1612/ o= &
€) = D(€)]0) = e K /E)ﬁ\m (6.28)
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for £ = ivt. Therefore, the components of the operator wavefunction are

Pn(t) = e~ WO/ (%, (6.29)

from which we can compute that
K(t) = (AK)? = v2#2, (6.30)

We thus conclude that, being b; = v, the dispersion bound is always saturated:
that is, |0K| = 2biAK Vt. This model provides an example in which maximal
complexity growth (in the sense of saturation of our bound) is achieved, while the
conjecture by Parker et al. [136], i.e. linear growth of Lanczos coefficients, does
not hold. We therefore see that the two notions of maximal complexity growth
are not equivalent.

SYK model

Finally, let us consider the celebrated prototype for quantum chaos: the SYK
model of N Majorana fermions with g-body interaction, given by the Hamilto-
nian

Héq}ZK == iq/2 Z Jil»--iq,yil ...’)/iq. (6.31)

1<i) <ig<-<ig<N

In the large-N limit the model can be solved analytically and, for asymptotically
large g, has been proven to obey the universal growth hypothesis by Parker et al.
[136]: namely, the growth of the Lanczos coefficients is asymptotically linear in n,
resulting in the exponential time-behaviour of Krylov complexity. More precisely,
it can be shown that, in this limit, the SYK belongs to a family of exact solutions
with Lanczos coefficients [136]

b, = vy/n(n—1+n) (6.32)
and amplitudes
on(t) = (7771)'” tanh" (vt) sech” (vt), (6.33)

where (7)), =n(n+1)...(n+ n — 1) is the Pochhammer symbol. From these
amplitudes one can extract the complexity K (t) = nsinh?(vt), which, as ex-
pected from the asymptotic linear behaviour of the Lanczos coefficients, shows
an asymptotic exponential growth. Remarkably, the linear growth of the Lanczos
coefficients is a sufficient (but not necessary, as shown above) condition for the
saturation of the dispersion bound on complexity, as shown in Supplementary
Figure 6.3. This saturation is due to the presence of an underlying complexity
algebra: indeed, one of the main results of our work is the proof that the clo-
sure of the complexity algebra is both a sufficient and a necessary condition for
the dispersion bound to be saturated. For this particular family of solutions, the
underlying algebra is that of SL(2,R) [137].
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Figure 6.3: For the SYK model, the complexity rate (solid light blue line) satu-
rates the dispersion bound (dashed red line) at any time. In the plot we fix the
parameters appearing in Eq. (6.32) to be v = n = 1, that is we consider an exact
linear growth of the Lanczos coefficients: b, = n for n > 1.

Supplementary note 2: Equivalence between the satura-
tion of the dispersion bound and the simplicity hypoth-
esis

In this appendix, we show that there is an equivalence between the saturation
of the dispersion bound and the simplicity hypothesis being satisfied. When we
say that the complexity algebra is closed, we will simply mean that the simplicity
hypothesis is satisfied.

The right-hand side of the dispersion bound is equal to two times the norm
of the vectors (K — (K);)O(t) and (L — (L);)O(t), while the left-hand side is
obtained by applying the Cauchy-Schwarz inequality. From this, it is clear that
the bound is saturated if and only if the two vectors are linearly dependent. In
other words, the bound is saturated if and only if the vectors (K — K)|O(t))
and L£|O(t)) are linearly dependent, where we have chosen to suppress the time
dependence of K. What will follow is a series of steps proving that the com-
plexity algebra being closed is both necessary and sufficient for the vectors (K —
K)|O(t)) and L]|O(t)) to be linearly dependent. Said differently, the complex-
ity algebra being closed is equivalent to the dispersion bound being saturated.
When carrying out the proofs, we will use the convention that by = 0 and for
finite Krylov dimension D, we will also introduce bp = 0. For any superopera-
tor M we will write M, ,, = (O0,,|MO,,), where M, ,,, can be thought of as the
entries of a matrix representing M.
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Proving necessity

Linear dependence between (K — K)|O(t)) and L|O(t)) is equivalent with linear
dependence between e £ (IC — K)e'** O and |O). To simplify, we will use the
notation L" to mean [L, -] applied to K n times. By Taylor expanding the vector
e (K — K)e'*|O) at t = 0, we have that

_ZtL(IC K) th’O ( K+ Z nLntn) |O) (634)

It is clear that L = £_ — L while L? = 2[L£,,£_] is diagonal in the Krylov

basis with eigenvalues (L?),, , = —2(b2; — b2). Applying [L, ] once more, one
finds that IL? consists only of a subdiagonal and superdiagonal with values given
by (L?’)nﬂm = —(L3)n7n+1 = —2b,41f(n), where f is the discrete function

defined by f(n) = (b2, — b2,;) — (b2, — b2). By the k-diagonal of a ma-
trix, we mean the diagonal of the matrix going top-left to bottom-right direction
where k is an offset from the main diagonal. We use the convention that k = 0
is the main diagonal while ¥ = 1 and k¥ = —1 are the superdiagonal and sub-
diagonal respectively, and so on. From the form of IL3, it should be clear that
k-diagonals of "3 for which |k| > 1 + n must only consist of zero-valued en-
tries. Consequently, we must have that (L"), ni0.m = [L4, L") imiom
which more explicitly can be written as the recursion relation (L"), 4,10 m =
brtm+3(L" ) ntmttm — Om1 (L") tmi2.m+1. To simplify some notation,
we will write L(n,m) = (L"™),,4,n42.m and the recursion relation can then be
written as L(n,m) = bpymioL(n — 1,m) — b1 L(n —1,m+ 1) forn > 0.
We now observe that the following proposition must be true:

Proposition 1. The condition: L(n,0) = 0V 0 < n < D — 3, is a necessary
condition for the vector e ="~ (KC — K)e™£|0) to be linearly dependent of |O1), and
therefore, a necessary condition for the dispersion bound to be satisfied.

By applying [£, ] to L3, one finds that L(0,m) = 2b,,+1bm129(m), where
we have defined g(m) = f(m) — f(m + 1). We will show that the condition
L(n,0) = 0V 0 < n < D — 3is equivalent to the complexity algebra being
closed. Together with Proposition 1, this would then prove that the algebra being
closed is a necessary condition for saturation of the dispersion bound. In order
to prove this however, we will first prove another proposition.

Lemma 2. Consider the discrete function L(n,m) where0 <n < D —3 and0 <
m < D — 1. The recursion relation L(n, m) = by ymi2L(n—1,m) — b1 L(n —
1, m + 1) together with the initial condition L(0,m) = 2by,+1bm+2g(m) implies:

24n+m n
Lin,m)=2 ][] bz <> (m + k). (6.35)

j=14+m k=0
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Proof. We prove this by using mathematical induction. For the base case we have
that

L(1,m) = by43L(0,m) — b1 L(0,m + 1)
= bm+3 (Qbm+1bm+2g(m)) — b+ (Qbm+2bm+3g(m + 1)) (6.36)
= 2bm4+10m+y2bm+3 (g(m) —g(m + 1))

For the inductive step we have

L(n,m) = bpyms2L(n —1,m) —bpi1L(n —1,m+ 1)
n+m-+2 (n 1

=2 J[ & X ’“(”klg<m+k>

j=m+1 k=0

n—1
- Z(—l)’“(” . 1)g<m +1+ k))
k=0
n+m+42 n—1 n—1
=2 ] bj<Z(—1)k< . )g(m—i—k:)

j=m+1 k=0
3y k(n—;) ) o
k=1
n+m-+2
=2 H b (g "g(m +n)
j=m-+1

where, in obtaining the second last line, we have made use of the binomial iden-
tity (3) = (;=1) + ("4 ) =
Corollary 3. L(n,0) = 2H2+nb Sico(=DF () g(k).

Proposition 4. L(n,0) =0YV0<n<D-3<g(n)=0v0<n<D-3.

Proof. We can think of the set of functions g(n) as spanning a subset of RP =3, It
should then be clear from Corollary 3 that the set of functions L(n,0) must then
have the same span. This means that we can express each g(n) as a linear com-
bination of the functions L(n,0) or vice versa. Equating each function L(n,0)
(g9(n)) with zero then results in g(n) = 0(L(n,0) = 0)forall0 <n < D-3. O

We are now ready to prove the following proposition:

Proposition 5. The saturation of the dispersion bound implies that the complexity
algebra is closed.
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Proof. We have that B = L and K = L.? and the complexity algebra is closed per
definition if and only if L? = [£, K] can only be written as a linear combination
of £, B and K. It should be clear that this is possible if and only if f(n) = C
VO <n <D -2 where C' € R. This is clearly equivalent to the condition
g(n) =0V 0 <n < D — 3, which together with Proposition 1 and 4 is implied
by saturation of the dispersion bound. O

Proving sufficiency

As we pointed out in the proof of Proposition 5, the complexity algebra being
closed is equivalent with f(n) = CV 0 <n < D — 2, where C' € R. We note
that

fln)=C VY0<n<D-2 (6.38)
& 202, —b)=an+y Y0<n<D-1 (6.39)
1 1
& bn:\/4an(n—1)+27n+5 vV0o<n<D, (6.40)

where «, v and J are real constants and C' = %a. We stress that (6.40) holds
under the convention that by = 0, and we note that this implies that § = 0 and
so we must have

1 1
by, = \/4an(n—1)+27n V1<n<D. (6.41)

The right hand side of the equivalence sign in (6.38) is equivalent to K = oK +
v. Consequently, the closed complexity algebra is entirely determined by the
commutation relations [IC, £] = B, [, B] = L and [£, B] = aK + 7.

Lemma 6. The complexity algebra being closed implies that

L2 = (1) (V)" (0K +7) (6.42
and 1
L2n+1 — (_1>n+17(\/a)2n+18 (6.43)

Va
when o # 0 and L = —B,1L? = —y and L™ = 0 forn > 2 when o = 0.

Proof. The case for when e = 0 is trivial while for a # 0 we will use mathemat-
ical induction. For the base case we have .2 = [£, [£,K]] = —[£,B] = —(aK +
7) and L? = [£,—(aK + )] = aB. For the inductive step, we have L?" =
£, [£, L2 ]] = (1) (V)DL LK) = (<1)" 5 (Va)* (aK + )
and L2n+1 — [E’L2n] — (_1)n+1L(\/a)2n+IB‘

Ja
]

Proposition 7. The complexity algebra being closed implies that the dispersion
bound is saturated.

120



Proof. By Lemma 6 we have L?* = (—1)"1(\/a)**(aK + 7) and L2+ =

«

(—1)”“%(\/5)2”“‘18 when a # 0. By substituting these into the Taylor ex-
pansion of e 7 (I — K)e**|0), we have

(K - K)e™10) = (- K+Z ”]L”t")|(9)

—iLt)2" 4+ Z z']u)%“) 0)

[
Z
i
Mg
g

n=1
- (_KJFZ‘;;( ol (ft)”%thBZ » +1) (Vat)?+1)|0)
— ( - K+ g(cosh Vat —1) + ﬁilgsinh \/&t)](’)).

(6.44)

Since B|O) = b1|0,), it follows from the definition of Krylov complexity that the
first two terms in the expression above must cancel. We thus have that

. . b
—itL (4~ itL _ 9
e " (K — K)e'"0) NG sinh /at|Oy). (6.45)

When o = 0, one hasthat L = —B,1.%2 = —~vand L™ = 0forn > 2. Substituting
these into the Taylor expansion, one finds that

) ) 1
(K — K)e'|0) = (- K —ilt — S12#2)|0)
2 (6.46)
= (- K+ %tQ +iBt)|0) = ib1|Oy).

We thus have that the algebra being closed is a sufficient requirement for satu-
rating the dispersion bound. O

The proofs of Proposition 5 and 7 leads to the conclusion that saturation of
the dispersion bound is equivalent with the complexity algebra being closed.

Remark 8. We would like to point out that equation (6.44) and (6.46) shows that the
general solution for Krylov complexity, whenever the dispersion bound is saturated,

is given by K (t) = —2) sin? @ when a < 0, K(t) = 3t* when o = 0 and
K(t) = %7 sinh? @ when o > 0. These three scenarios correspond to the three
algebraic models discussed above: SL(2,R), HW and SU(2) respectively.

Remark 9. The requirement that b, > 0 for all n implies that v > 0 and o >
——'yfor alln. In the infinite dimensional case we see that this implies that o > 0.
In the finite-dimensional case, the condition bp = 0 implies that o« = — _17 and
so the solution of Krylov complexity only depends on v, namely K(t) = (D —

1)sin? /mt. By setting w = /2(D 1y we have that K(t) = (D —1)sin?wt
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and the Lanczos coefficients grow according to b, = w+/n(D — n). Therefore, by
comparison with Eq. (6.18), we see that, in a finite D-dimensional Krylov space,
the saturation of the bound for each time can be achieved only when the dynamics is
governed, up to a multiplicative constant, by the SU(2) algebra, in the representation

]:DQ .

122



7 CONCLUSIONS

C LASSIFYING physical processes according to appropriate universal complexity
measures has been a central endeavor in contemporary science. Quantum
chaos concerns the complexity of the temporal evolution of quantum systems.
Nevertheless, a direct extension of the notions and tools used to define and di-
agnose classical chaos, such as the Lyapunov exponent, is not possible. At the
time of writing, different definitions of quantum chaos are employed. Probably
the most prominent regards the classification of the spectral characteristics of
the generator of the dynamics. This approach has a long history which is tightly
bound to the study of quantum analogs of classically chaotic systems. However,
its application to open dynamics is restricted by the fact that the corresponding
spectra are not-necessarily real, but rather spread all around the complex plane.
Identifying the most effective methods to probe the mechanisms underlying or-
dered and chaotic many-body open quantum systems is crucial. While some of
the currently employed definitions of dissipative quantum chaos involve RMT,
its analytical relation to classical physics, reminiscent of the Berry-Tabor and the
BGS conjectures remains unclear. The exploration of quantum chaos represents
a confluence of theoretical intrigue and practical necessity, with direct implica-
tions for the improvement of the stability and efficiency of quantum devices.

This thesis has presented an analysis of the interplay between quantum chaos
and decoherence in open quantum systems, focusing on the SFF as a key diag-
nostic tool. The first study regarded the generalization of the SFF as the SP of
an initial CGS and its relation with the [ —norm of coherence. The second work
delved into the interpretation of time- and ensemble-averaging in the context
of non-unitary dynamics. It revealed that such averaging could be modeled by
quantum channels, indicating a profound connection between filtering processes,
information loss, and energy dephasing. Moreover, we showed that open dynam-
ics renders the SFF self-averaging at long timescales. The third piece of research
expanded the understanding of exactly-solvable models in quantum mechanics,
focusing on non-Hermitian Hamiltonian deformations. It provided a compre-
hensive framework for describing a wide range of models. The insights gained
from this analysis were applied to explore the relationship between decoherence,
quantum chaos, and the spectral properties of Liouvillians in deformed theories.
A series of examples where given, related to black hole toy models of random
matrix Hamiltonians and the Sachdev-Ye-Kitaev model. Next, we introduced a
framework for the potential measurement of the correlation hole in correlation
functions closely related to the SFF. Its applicability to existing experimental se-
tups, simulating few-body disordered spin—1/2 Heisenberg and long-range in-
teracting Ising models, was discussed. Finally, a connection between the newly
introduced notion of the Krylov complexity and the SFF revealed how the dy-
namical behaviour of the first is dominated by that of the second.
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The effect of decoherence on the long-term behavior of quantum states is
reminiscent of ensemble averages in isolated systems. This analogy offers intrigu-
ing insights into the transition from quantum to classical behavior. Decoherence
is an inevitable aspect of interacting systems, especially evident when examin-
ing subsystems. It suppresses quantum characteristics and enables classical be-
havior, thereby consuming valuable technological resources. Interestingly, this
similarity between Hamiltonian and state averaging and the role of decoherence
in reducing quantum noise is beneficial for the experimental observation of the
correlation hole. Said differently, weak noise can facilitate the extraction of uni-
versal characteristics of quantum systems, leading to observations that require
smaller sample sizes. Future research will extend the approach of [4] to other
coherence monotones and measures, as defined by [101], exploring the behavior
of the correlation hole in decoherence-free subspaces [140]. Moreover, essential
inquiries into the fundamentals of quantum mechanics in Krylov space will be
addressed, focusing on understanding speed limits and the physical interpreta-
tions of various concepts.

Universal quantum computing might be a long way from being integrated
into everyday laptops, and it’s possible that it may never be. Nevertheless, history
has shown that when humanity collectively addresses a technological challenge,
the side effects and discoveries that emerge are of great value. One such challenge
is the control of interacting many-body systems. Achieving a comprehensive un-
derstanding of this area requires the unification of our knowledge about complex
many-body and open quantum dynamics with quantum information theory.
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